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THE SCATTERING OF 22-Mev POSITIVE PIONS ON PROTONS 

Stanley L. Whetstone, Jr. 

Radiation Laboratory 
University of California 

Berkeley, California 

July 26, 1955 

ABSTRACT 

The differential cross section for the reaction tr + + p - tr + + p 

was measured in the angular interval 45° to 135° in the center-of

mass system at a pion energy of 2L5 ± 3.5 Mev in the 1aboratory 

system. 

A pion beam of sufficient flux and energy resolution was obtained 

by selecting pions produced at 0° in the reaction p + p - 1r + + d, using 

quadrupole magnets to strong -focus the 340 -Mev proton beam electro

statically deflected from the Berkeley synchrocyclotron, and by ex

ploiting the double-focusing properties of .the wedge-shaped pion-ana~ 

1 yzing magnet. 

The pion beam entered liquid hydrogen contained in a styrofoam 

scattering target at 25.0 Mev, with an energy spread of± 0.6 Mev, and 

left at 18.0 Mev. 

Scattered pions were detected in an emulsion stack placed 1 inch 

from the beam edge and 7/8 inch from the liquid hydrogen. Scattering 

angles were determined by measuring the angles of entrance into the 

emulsion. Pions coming from the directions of the target ends were 

rejected. A small number of elastic carbon scatters occurring in the 

0.004-inch polyethelene container window could be distinguished by 

range measurements. 

The proton beam current was monitored witp an ionization cham

ber and an integrating electrometer. The number of ~ions passing 

through the scattering target per electrometer dump was determined 

by sampling the pion beam with emulsion stacks. Absolute measure-
\ 

ment of the scattering cross section was thereby attainable. 

The data, consisting of 41 acceptable events, were analyzed by 

a maximum-likelihood method to obtain the following best values for 

the phase shifts: 
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a.3 = - o.047 ~ oo_.oooo98. , a.33 =. + o.Ol8 +0.013. a31 = o.ooo ~~:~l~,., . ..,-0.019 

This experiment provides ifttie.l.nformation with regard to the 

P-wave scattering. The value obtaine.d for a 33 is consistent with 

currently popular extrapolations·from the values measured at higher 

energies. The phase shift a. 31 is expected to be very small at low 

energies. 

The S-wave phase shift is sufficiently well-determined to rule out 

the possibility of it.s changing sign near 20 Mev. The value of a. 3 is 

in agreement with the linear momentum dependence proposed by J. 

Orear. This value agrees almost as well with a least-squares fit of 
. . 0 6 3 

a momentum dependence - ti 3 = 6. 78 11 + 1. 70 11 to presently available 

data at energies below 220 Mev. 

A reversed-sign solution .wa.s possible, with a relative likelihood 

1/8 that of the accepted Fermi-type solution. These solutions are now 

rejected from other considerations. 

'·.i 

\ 

'· 
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THE SCATTERING OF 22 -Mev POSITIVE PIONS ON PROTONS 

Stanley L. Whetstone, Jr. 

Radiation Laboratory 
University of California 

Berkeley, California 

July 2 6, 1 9 55 

I. INTRODUCTION 

Study of the scattering of charged pions by protons in the low

energy region will yield invaluable information concerning the funda

mental pion-nucleon interaction -- in particular, the characteristics 

of the interaction in the lowest angular momentum states, the strength 

and type of the coupling involved, and, as a general consequence, the 

significance of pions to the properties of the low-energy nuclear force. 

Experimental data capable of revealing, specifically) the effects 

of the pion-nucleon interaction are urgently needed at present, not so 

much to judge the qualifications of the -rigorously formulated relativistic 

quantum field theories (which are at present incalculable), but rather 

to facilitate alternate semi-theoretic "phenomenological" formulations, 

as well as to guide programs devoted to the approximate solution of 

the rigorous theories. 

The study of pion-proton scattering has provided considerable 

information concerning the interaction in the lowest two angular mo

mentum states, usually expressed in terms of the S-and P-wave phase 

shifts. The behavior of the P 3; 2 phase shift for the state of total iso

topic spin T = 3/2 (i.e., for the state of the pion-nucleon system com

posed of a positive pion and a proton), which largely determines the 

scattering cross section at pion energies between about 30 and 300 Mev 

by its "resonantf1 behavior in the neighborhood of 180 Mev, hal? been 

rather well determined by experiments in this energy region, and quite 

well explaint:;ti by a phenomenological meson theory. The behavior of 

the S-wave phase shifts, which have an appreciable effect on the cross 

sections only at low energies, is much less well-known experimentally, 

and is a current subject of debate among theorists. 
1

' 2 

At the time this experiment was begun, the available experimental. 

data 
1 

(from the Panofsky effect at zero energy and the pion-proton 
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scattering at energies higher than.about 3} Mev) ind,icated quite strongly 

that the T = 3/2 S -wave phase shift, although negative at the higher ener

gies, approached the value zero a11,d ,~hanged sign at about 20 Mev, to 

approach zero energy with ·a positive slope. This evidence favored the 
' . . . 3 

theoretical S -state potentlal model proposed earlier by Marshak; cal-. . . 4 
culations based on this model were performed, and the assumed presence 

of a long -range .potential in addition to that of .a strong repulsive core 

led to speculation on ~he importance of meson-meson interactions. 
5 

Several experiments to determine the value of the S -wave phase shift 
':> ·, • ·,. 

frorrt pion -J?roton. scattering at about 20 Mev were attempted. Both 

this experi~ent and .the preliminary ,results of the scattering-in-emulsion 

experim~nt of Ore~r 6 
indicate that the S -wave phase shift l.s sufficient! y 

negative at 20 Mev to preclude any eros s over in this energy region. 

Meanwhile, the zero-energy data were improved, with valuable infor

mation obtained from the study of mesic atoms, so that the original re

quirement th'1t the S -wave phase shift approach zero energy with a posi-

tive slope waJ' invalidated. 7 . -

The specification of the over -all sign of the phase shifts was ~lso, 
8 . ' 

until recently, a matter for question. At the time., the only way to ex-

perimentally determine this over -all sign was to note the effect on the 

angular distribution of the interference between the nU:clear scattering 

amplitudes and the amplitudes for the Coulomb scattering, the signs of 

the latter being known for interacting particles of known charge. Since 

at low energies the effect of the Coulomb interaction extends to scatter

ing angles l~rge enough to be experimentally accessible,_ it was possible 

to infer from this experiment that the interference involved was con

structive; also, from the additional evidence that the influence of the 

S -wave phase shift predominated over that of the P -wave shifts at this 

energy and in this angular region, the s -state interaction must be re

pulsive, that for the P 3/ 2 state, attractive. This was in agreement 

with theoretic expectations, based. largely on the strong-coupling argu

ment (perhaps questionable) for an ·•excited isob~ric state" with T=3/2, 
. I . 

P 
3

/ 2 of the pion-nucleon system at an energy tO: explain the resonance 

behavior of the scattering cross section at about 180 Mev. Measure

ments of the angular distribution of the scattering in the region from 
' 9 . . ' ·' 

40 to 65 Mev could not establish the behavior of the interference 

i 
- 1, 

\ ,,, 

J_ 
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because of a chance near canceling of the nuclear amplitude in the inter

ference term. Experiments ·near 120 Mev
10

.(where the scattering cross 

sections are large), performed using the scattering-in-emulsion method-

in which the cross sections could be ·determined (with some difficulty) 

down to fairly small angles -- permitted a rather definite determination 

of the interference, with which the present experiment is in agreement. 

More recently, it has been shown that application of causality require

ern~nts to the general scattering theory requires a positive sign for the 

T = 3/2, P 3/Z phase shift, 
11 

in view of the resonance behavior of this 

phase shift. 

II. THE EXPERIMENTAL APPARATUS AND PROCEDURE 

A. The Experimental Problem 

The experimental study of pion-proton scattering in the lower

energy region is rendered increasing! y more difficult by the smaller 

scattering cross sections involved, the lower flux of the available pion 

beams, and the shorter range and greater multiple Coulomb scattering 

in the targets and detectors. 

The small cross sections and beam intensities have a dominant 

influence on the experimental design, and, sacrifices must be made to 

en$ure the collection of a statistically significant amount of data. In 

the experiment discussed here the use of an emulsion stack just an inch 

removed from the. target represents a practical maximization of the 

solid angle subtended by such a detec;tor, yet at the same time aggravates 

the scanning problem. Similarly, the use of a pion beam of smaller 

area would simplify the reduction of the data as well as the scanning; a 

narrower beam should even permit a good measurement of the scatter

ing energy for each individual event detected in the stack. 

The problems arising from the short range and multiple scatter

ing have thus far prevented the use of counters for IT!-easurements of 

differential cross sections in the energy region below 40 Mev. Perhaps 

the best solution to these problems is the emulsion technique, where 
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scatters from the hydro~en in the emulsion gelatin are recognized by 

the kinematics of the observable. event. St1.1die.s a.re also po!;sible -- and 

down to the lowest energies, moreover (to about 2 Mev) -,....using high

pressure hydrogen-fille.d diffusion cloud cha,~be!s. 12 
F,or the future, 

the recently developed hydrogen ''bubble chamber" shows much promise, 

although low-energy pion beams suitable for use with them are not yet 

available. 

The method used in this experiment requires that the scattered 

pions escape from the liquidhydrogen, pass through a nearly negligible 

'
1thicknessu of polyethylene foil and styrofoam jacket, and reach the 

emulsion with an energy great enough to permit a true measurement 

of the scattering direction. Since the scattered pions enter the e

mulsion stack through the thin edges of the individual pellicles, the 

distortion and blackening at the edges of the processed emulsion render 

invisible the pion tracks within 500 to 600 microns of the entrance sur

face. It is the scattering in this blind region that contributes the most 

to the uncertainty of the measured scattering angle.s. Large -angle 

scattering might be expected to systematically raise the differential 

cross sections at the smaller scattering angles. 

The method used here recommends itself not only because it 

appears workable bu.t also because it seems to permit event collection 

at a rate perhaps 10 time.s as fast as the other successful method,that 

of scattering from the hydrogen in emulsion. This is particularly im

portant at the present time, since the study of the low-energy pion

proton scattering by the methods available at present are principally 

limited by therate of data collection. For example, the work of Orear 

at 24 Mev had resulted in but 8 events at the time of the Fifth.Rochester 

Conference, this winter, with but 4 having been reported 4 months earli

er. 
6 

The work of Orear et al. 9 reporting the angular distribution of 

'lf+ +pat 45 Mev, was reported on the basis of 37 events -- and at this 

energy the cross section is larger by a factor of 3 or 4;. than it is at 

22 Mev. 

B. The General Physical Arrangement 

·The 340 -Mev external proton beam emerged from the concrete 

. shielding surro~nding the synchrocyclotron into a shielded target area, 



. 
\ 
~ 

-9-

known as the 91 cave. iv (See Fig. 1). Traveling in a pipe providing an 

extension of the vacuum system, the beam passed through four quadru

.Pole 11 strong-focusing 11 magnets, which served to concentrate the beam 

on the meson production target. The protons passed through the poly

ethylene target essentially unattenuated and only slightly reduced in en

ergy, and on through an ionization chamber, which integrated the beam 

current. 

The proton beam and mesons produced in the forward direction 

then passed into a magnetic field region that bent the desired positive 

pions away from the higher -momentum beam protons. The geometry 

and magnetic field strength were such that the large number of nearly 

monoenergetic positive pions produced ne~r 0° to the proton beam were 

deflected into a collimator, which led them through the five-foot-thick 

concrete cave wall to the liquid hydrogen scattering target. 

The pions traversed the liquid hydrogen parallel to the face of 

the nuclear emulsion stack detector. 

A counter telescope positioned behind the scattering target pro

vided a continuous monitor of the pion beam. In addition, the meson 

beam was sampled, at intervals, by small nuclear emulsion stacks, to 

correlate the pion beam flux with the integrated proton beam current 

measured by the ionization chamber, to obtain the spatial flux distri

bution of the pion beam at the scattering target, and to permit a more 

precise measure of the beam energy distribution. 

C; Formation of the Pion Beam 

A low-energy pion beam of sufficient flux and adequate energy 

resolution was formed by the following means: 

Advantage was taken of the very large cross section, ~ • 

for the production of positive pions at forward angles in the reaction 

.. + d 13 u d f h . . t 't . p + p - 1T + . se was rna e o t e max1mum-1n ens1 y max1mum~ 

energy external proton beam available at Berkeley, the 340-Mev proton 

beam electrostatically deflected from the 184-inch synchrocyclotron. 

Target protons were provided by the hydrogen in polyethylene, (CH2)x. 

The target thickness was chosen to provide the energy degradation re

quired to give mesons produced in the above reaction at 0° to the beam 



-10-

CONCRETE 

QUADRUPOLE 
'------------'STRONG- FOCUSING 

MAGNETS 
5 FEET 

EXPERIMENTAL 
ARRANGEMENT 

340 Mev EXTERNAL 
PROTON BEAM 

SYNCHROCYCLOTRON 

CONCRETE SHIELDING- 10 FT. THICK 

Fig. 1 Experimental arrangement . 

HELIUM 
FILLED 
CH 2 BAG 

ONIZATION 
CHAMBER 

LPHONS 

MU-9247 



.. 

-11-

at the center of the target the desired energy on emergence from the 

polyethylene. Because of a degradation of the proton beam that is very 

nearly compensating for hydrogenous materials, 
14 

mesons produced at 

0° elsewhere in the target will have very nearly the same emergence 

energy. The dependence of the meson energy on the angle of production 
13 is so insensitive at small angles that mesons produced at angles up 

to several degrees to the forward direction are usable even in a beam 

of good energy resolution. A higher -energy incident-proton beam tends 

to increase the pion fluxJ owing both to the behavior of the excitation 

function in this energy region and to the greater thickness of production 

target used. 

Advantage was taken also of the double -focusing potentialities of 

the magnetic field provided by the analyzing mag nee s wedge -shaped 

pole piece. By proper positioning and orientation of the wedge with 

respect to the proton beam 1 and by placing the production target the 

proper distance in front of the wedge, it wa.s possible to obtain an approxi

mate focus at the liquid hydrogen scattering target in both the horizontal 

and vertical planes for pions of the desired energy. 

The double -focus conditions were first calculated for the simple 

case of an infinitely narrow fringe field. following Camac. 15 To cor

respond more closely to the actual situation presented by a 5 -inch pole 

gap, the field boundaries were considered to exist a distance outside 

the pole pie~.e.,boundaries, as determined by the "center of field gradi-

ent", x = J:~ xdx / J:~ dx. 

To check and improve on the focus conditions obtained in this way, 

the following procedure was used: An analogue computing machine, 

known as 11 the mechanical particle, uu 
16 was used to trace, out, on a full

scale contour plot of the magnetic field, various central trajectories. 

A vertical (or horizontal) focus point was determined by considering a 

trajectory leaving the source at a small angle in the vertical (or hori

zontal) plane to a given central trajectory, and -- by numerical inte

gration of the first -order equations of motion -- finding the point where 

the divergent ray returned to the central trajectory. A significant 

change in the original calculated focus conditions was found necessary. 

The trajectories were finally checked in the magnet itself by use 

of a current-carrying thread held in tension in the field. 



To increase the solid angle subtended by, the emulsion detector 

at the scattering target it was desirab~e to COJ?.C~ntrate the pion beam -

vertically at the target. The vertical collima.tion was chosen to define 

a pion beam roughly the same height as the emulsion stack detector, 

l. 5 inches (accepting an annoyingly large range of dip angles into the 

emulsion for the sake of collecting a statistically significant number 

of events.) The vertical magnification of approximately 2.4. calculated 

for the focus conditions, 15 suggested that the 2-inch-diameter full-in

tensity proton beam be concentrated .vertically at the production target. 

(The calculated rms. spread of the beam due to passage thrbugh the 

5 -inch polyethylene target was only .some 1/8 inch.)
17 

In addition; to 

obtain a good energy resolution, it was necessary also to concentrate 

the beam horizontally. By use of three pairs of quadrupole strong-
. 18 focus1ng magnets, one '!lensn at the exit of the steering magnet and 

the other two in the cave area, a proton beam roughly 3/8 inch wide 

and 3/4 inch high •. was obtained at the production target. 

An earlier attempt, in vvhich the ''intense linei' of the scattering -

deflected external proton beam was squeezed repeatedly in one direction 

by a series of four quadrupole magnets failed to yield a pion beam of 

sufficient flux density, This was a result of (a) .loss of the apparently 

significant portion of the beam outside the inten.se line (including the 

protons in the secondary, less intense, line observed during that ex

periment) .• and (b) the .smaller total initial beam intensity (roughly one

tenth that of the electrostatically deflected beam.) 

To avoid scattering by air and thus increase the efficiency of the 

focusing, the proton beam was brought up to the production target, 

through the quadrupole magnets, in a square pipe providing an 'extension 

of the vacuum system of the cyclotron. 

To avoid the difficulties in the design and construction of a vacuum 

container for the pion beam -- a .container that was to include the region 

between the magnet pole pieces and yet be flexible enough to allow various 

adjustments of the magnet position and orientation -- the scattering of the 

pions was simply reduced to a less worrisome amount by replacing air with 

helium gas at atmospheric pressure. This reduced the calculated rms 

lateral deviation due to multiple Coulomb scattering by a factor of nearly 

five, to approximately 5/8 inch. The helium was contained in a large 
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0 .004-inch-thick polyethylene bag, which bulged out from between the 

magnet pole pieces up against the production target, and which was taped 

around the c.ollimator opening. The other end of the collimator pipe was 

sealed against the styrofoam jacket of the scattering target to close the 

system. A small bag of the same polyethylene material was connected 

to the system outside the shielding, where it was always accessible for 

visual and tactual monitoring of the helium pressure. Very little pressure 

was required to keep the big bag well inflated. 

D, The Gounter Telescope 

The counter telescope, situated in the pion beam behind the scat

tering target, provided a continuous monitor of the pion beam intensity. 

The counters were thus indispensable for the initial location of the beam 

anCi the maximizing of the pion flux. (It should be emphasized, however, 

that the cross sections measured in this experiment depend in no way 

on the counting system. Even measurements of the pion beam energies 

were made independently with emulsions.) 

With a production target thickness calculated to give pions from 

the "deuteron peak" the desired energy as they enter the analyzing mag

net, the correct magnet current to select these pions for the beam was 

determined by locating the corresponding peak in the curve of the counter

telescope counting rate versus magnet current (with .the counting rate 

normalized to the proton beam intensity as measured by the ionization 

chaptber). The actual absolute energy of the pion beam was determined 

by measuring the integral range curve, with the various thicknesses of 

copper absorber placed between the two crystals. The beam energy was 

then adjusted to a satisfactory value by adjusting the production target 

thickness and repeating the above procedure. The magnet current was 

then kept fixed; the beam intensity was peaked, the second day, by ad

justing the target thickness. To ensure that the image of the pion source 

was centered vertically at the scattering target, the tilt of the magnet 

wedge was also adjusted to maximize the pion-beam intensity. 
19 

The counter telescope consisted of a l-inch-thick polystyrene

terphenyl plastic scintillator. 1.5 inches in diarreter, placed 1.25 inches 

behind·.fi;flt ;;a.nthra·ceQ.e- crystal '3/4 ~by '3/ 4.·by, 1/8 '-inch·~ both viewed by. 

Dumont 6:2.92 phqtomultiplier tubes. 
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A schematic of the electronics is given in Fig. 2. 

E.. The ·Liquid'HydrogEm Scattering Target 

Details of target structure are shown in Figs. 3, 4, and 5. 

The advantage of a pure hydrogen target for the study of pion

proton scattering is obvious, and particularly so in the lower-energy 

regions where Coulomb scattering and energy loss become serious. 

The use of hydrogen in the liquid state (to obtain a sufficient target 

density) created the chief problem, that of providing an efficient insulating 

container which would not interfere with the scattering process and which 

would permit the close approach of an emulsion detector to the target 

protons. This problem :was largely solved by taking adv~ntage of the 

recently developed material, expanded polystyrene, (CH) , better known X . 

by the trade name, styrofoam. 

At ve.ry low temperatures, the insulation efficiency of styrofoam 

is truly astonishing. It is believed that at temperatures as low as the 

boiling point of hydrogen at atmospheric pressure ( -253°C) the gases 

filling the myriad separate thin.-walled bubbles are i 1frozen out11 , con

verting the mat.erial to an effective vacuum jacket. The elimination of 

the usual vacuum system; with its not-so-thin beam windows, is much 

to be appreciated. 

In addition to its excellent insulation properties, styrofoam features 

the extremely low density {for a solid} of about 0.035 g/cm3, a low 0 Z 11
, 

and :repsonable strength and durability. The material is readily obtainable 

and readily machinable to accurate dimensions, although warping must 

be expected on exposure to large temperature gradients. 

The actual target volume was defined by the pion beam cross

sectional area and by the length of the hydrogen container. This length 

was determined by a compromise between the maximizing of the numbe·r 

of scattering centers and the minimizing of energy loss in the target. 

The necessary use of a beam of large cross-sectional area, and the de

sire not to include scattering events from the directions of the carbon

rich ends of the target, argued for the length chosen.: 3.5 inches. 

Several attempts to use the styrofoam jacket as the actual container 

of the liquid hydrogen proved that cracks were bound to develope, .either 

on the bottom of the target (due perhaps to overhasty filling), or in the 

~ I 
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Fig. 4 Scattering target and detector, vertical section. 
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ZN-1349 

Fig. 5 The liquid hydrogen scattering target with polyethylene container 
removed. 
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weakened thin-wall section between the hydrogen an~ ,th~ emulsion stack. 

One could expect escape of the potentially dangerous liquid, jeopardy 

of the emulsion, and ruin of the target. 

After some trial, it was found that polyethylene sheet could be 

fabricated into a leakproof container for liquid nitrogen, and for liquid 

hydrogen as well. The welding of joints was fairly easily accomplished 

with the commercially available hot-air guns. Shrinkage ·of the expected 

amount was observed when the container was filled with liquid nitrogen, 

and the warping was not serious. The container, of 0.040-inch poly

ethylene, was cut away in the area of the beam entrance and exit and 

along the entire side facing the emulsion stack detector. This area 

was covered with 0.004 -inch polyethylene foil, stretched tight and welded 

to the heavier container. 

The styrofoam jacket was at least 2 inches thick, except for the 

5/8 -inch thin wall facing the emulsion stack, and a small l-inch thick 

beam entrance window. The jacket was made in two pieces which fit 

together by a tongue -and -groove joint, sealed with silicone grease, and 

pulled together by rods reaching from the plywood top and bottom plates. 

The target was designed to force the evaporating hydrogen vapor to flow 

down and around the sides of the polyethylene container before pas sing 

through the Jacket to the exhaust hose. Despite this design, the measured 

evaporation rate was about 7 liters/hour, requiring a refill every 20 to 

25 minutes. 

The level of the liquid was indicated by a long str.aw glued to a 

styrofoam float. For insurance and convenience, the target was also 

fitted .with a sensing element, borrowed from Dr. Clyde Wiegand, which 

consisted of a cylindrical nickel capacitor connected to the tuning circuit 

of a simple radio transmitter. The relation between the liquid height 

in the capacitor and the frequency of the radio signal was easily found 

by calibration against the float. 

The emulsion stack detector was held in a drawer like lucite holder, 

which slid into a hole in the styrofoam jacket at the side of the target and 

permitted an accurate determination of the detector position and orientation. 

The holder was designed so that warmed helium gas could be passed a

cross the fac.e of the emulsion stack, in an attempt to keep the emulsion 

temperature well above the temperature of the liquid hydrogen. Atliquid 



hydrogen temperature the sensitivity of the emulsion is reported to be 

zero. During each of the two days the stack was exposed, the tempera

ture at the stack face was monitored with an iron-constantan thermo

couple. This temperature was typically from -10 to -20°C, except for 

brief periods the first day when overfilling of the Hquid hydrogen con

tainer dropped the reading to the neighborhood of -80°C. Even at these 

lowest temperatures, the emulsion sensitivity is reported to be decreased 

by only a factor of two, so that aU tracks of scattered pions should still 

have been visible. 

The target design fulfilled well the requirements imposed by the 

low energy of the pions under study. The only elements in the path of 

the beam through the targ,et and of the scattered pions to the detector 

were hydrog_en and carbon. with atomic numbers Z = 1 and Z = 6. This 

minimized the Coulomb scattering, thereby rendering less uncertain 

the measurements of the scattering angles, There were only 0.28 g/cm
2 

of styrofoam, (CH)x·' and 0.02 g/ cm
2 

of polyethylene foil, (CHZ,)_x·' in the 

path of the beam, causing an energy loss of less than 2 Mev. Between 

the liquid hydrogen and the emulsion stack fa.ce there was the 0.004-inch 

GH2 thin window~ 5/8 inch of styrofoam; and another 0.004-inch CH2 
foiL . The chief disadvantage was that pions scattered at large backward 

angles from regions at the back of the target and away from the detector 

reached the emulsion face with such low energies that they did not have 

sufficient range in the emulsion to permit accurate measurements. The 

correction for this effect is described in the section dealing with the 

calculation of the eros s sections. 

F. The ·tinul'sion stadi' D'eted.or ·. 

A nuclear (track) emulsion is a specialized type of photographic 

emulsion adapted for recording the trajectories of charged particles 

passing through it. After a suitable chemical processing, microscopic 

silver grains are left embedded in the transparent, dry emulsion gelatin, 

delineating the paths of the 1 ionizing particles. 

An emulsion nstack1120 is simply a stack of thin emulsion pellicles 

clamped together to provide a solid block of sensitive material. After 

exposure, the stack may be separated into its constituent thin layers 

of emulsion, which can then with much greater convenience be processed 
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and scanned with a microscope. It is, of course, necessary to be able 

to realign the individual processed emulsions. so that individual tracks 

may be followed quickly from one plate to the next. 

There are various nuclear emulsion types, characterized by dif

ferent degrees of sensitivity to ionizing radiations. To be able to observe 

with ease and assurance the tracks of the scattered pions entering the 

emulsion detector with energies up to 25 Mev --hence. ionization down 

to nearly twice minimum -- it was advisable in this experiment to use 

the most sensitive emulsion available. Ilford G.5 emulsion is sensitive 

to minimum ionization, and thus to all charged particles to the highest 

energies. The use of G.5 emulsion --a so-called 11 electron-sensitive 11 

emulsion --had the disadvantage of adding .to the general background 

of silver grains, chiefly in the form of single grains and electron tracks 

produced by the gamma radiation around the cyclotron as well as by 

exposure to cosmic radiation, particularly during the high-altitude 

flight of the emulsion from the Ilford factory in England. Type G.O 

emulsion, just barely electron-insensitive, was decided against be-

cause of the expected decrease in emulsion sensitivity at the tempera

tures to which it would be subjected so close (about ln) to the liquid 

hydrogen in the target. This seems to have been a fortunate decision, 

since it was discovered that the emulsion used was markedly desensitized 

for about L 5 mm in from the edges, rendering the following of the tracks 

of .the scattered pions back to their point of entrance quite difficult. This 

desensitization, however, was probably due to a processing effect rather 

than a low-temperature exposure, since it varied decidedly with depth 

in the individual emulsion layers. 

The emulsion stack detector consisted of a stack of 60 Ilford 

G.5 pellicles 6 by 1-2/3 inches by 600 microns, bolted tightly together 

between two sheets of 0.25-inch black bakelite by stainless steel screws. 

The screws passed through holes in the individual emulsions, punched 

with a simple jig, in positions beyond the range of the scattered pions. 

Once the screws were tightened the stack could be exposed to daylight. 

All edges of the stack were then milled smooth and to the desired di

mensions. X -ray lines are placed in the stack to facilitate the later 

realignment of the individual processed layers. The milled front sur

face permitted a more accurate measure of the ranges of the scattered 



pions. 

The above procedure and much of the following has been described 

elsewhere, 21 . 

After the exposure, the stack was unbolted and the layers were 

stripped apart with the help of a sharp, sturdy knife. Each pellicle was 

dipped briefly in a 1% solution of glycerine in water at 5°C, swabbed 

with a chamois cloth and placed on a similarly treated gelatin-coated 

glass slide, The ensemble was then ptlssed under a weighted roller. 

which squeezed the water from between the emulsion and the glass and 

in general encouraged them to stick together. This procedure is known 

as 11 ro1ling on. vi The emulsions are soon well affixed to the glass, and 

in a condition to permit the chemical processing normal for ordinary 

glass -backed emulsions of the same type and thicknes.s. 

The chemical processing processing procedure followed clo.sely 

that developed by the BristoL Group for thick G.S emul.sion,. 
22 

Wh~nthe plates had dried thoroughly, they were coated with a 

solution of Duco cement, chiefly as a protection from sudden decreases 

in relative humidity, but also to prevent swelling due to penetration of 

the microscope objective immersion oil. The glass was then cut with 

respect to the X-ray fiducial marks, by use of a diamond scribe in a 

ruling machine. The breaks were so irregular however, that the align

ment thus provided was not much better than .::1: 250 microns, not counting 

a few accidents. To improve this alignment, brass tabs were glued a

cros·s the two back corners. of the plates with Duco cement, With the 

stage stops of the scanning. microscope for reference the tabs were then 

systematically sanded down until. the X-ray lines came into approximate 

coincidence in the field of view, Alignment to ::1: 0-50 microns was very 

easily attained; follow-through track shift near the plate edge due to 

misalignment was smaller than that resulting from emulsion distortion. 

G, The Scanriing'Procedure 

Certain! y the most time -consuming part of this experiment was 

the task of locating the tracks of the scattered pions in the emulsion 

stack detector. Fortunately, observation of the very characteristic de

cay at rest of positive pions in the G. 5 emulsion made their identification 

easy and certain. The track of a pion as it slows down can be confused 
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only with that of a muon. The 600-micron-long muon secondary signals 

the positive pion primary, and only in the rare cases where the secondary 

proceeds in the same direction as the primary and where the grain density 

is at the same time abnormally depressed, it is at all possible to confuse 

the positive pion ending with a long-range muon. (The mean life of the 

pion is so much longer than the stopping time for low -energy pions in 

emulsion that all the scattered pions should be expected to decay at rest.) 

The range of a 2 5 -Mev pion in G. 5 emulsion is about 11.5 rom. The 

scattered pions were therefore confined to the area within at most 12.5 

rom from the front edge of each of the 60 plates. One method of locating 

all the scattered pion tracks would be simply to scan this entire area, 

plate by plate, looking for the positive pion endings. Another method, 

suggested by the ·r··etahvely low number of background tracks and the 

possibility of following through tracks from one plate to the next, was 

to scan just one swath along the front edge of each plate, following every 

track that showed a likelihood of being a pion, until the likelihood was 

decisively reduced in some way -- excessive range, no follow-through 

(pre stacking background amounted to some 20"/o). proton endings, star 

events, etc. ---or until-- so rarely.! --the likelihood was rendered 

a certainty. An attempt was made to scan, by the second ~thod, one 

swath just 1.5 mm from the plate edge, but it was soon found that the 

quality of the processed emulsion this close to the plate edge was not 

good enough to make certain that every pion track would be seen. (The 

individual grains of the tracks were drastically reduced in size toward 

the deeper· regions of the emulsion of each plate.) This effect decreased 

so rapidly with distance from the plate edge that at 3.0 rom it appeared 

perfectly safe to use the follow-through method. As one professional 

scanner, highly experienced in area scanning for pi-mu endings, was 

available, it was decided that a combination of the two methods should 

prove the most efficient and perhaps the most rapid. The swath at 3.0 

mm would determine the solid angle of the detector, and the endings in 

the region nearer the plate edge would be picked up by the area scanning. 

All the scanning was performed with lOx .wide -field oculars and 

22x oil-immersion objectives. The field diameter of nearly 1.0 mm 

allowed area scanning in swaths spaced 600 microns apart, providing 

ample overlap. The use of an oil-immersion objective for the follow-
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through was found 'to be necessary to obtain the visiqility required for 
' ' . ' 1 . : '\ •• • - . • 

picking up all the tracks. With practice it b~cam.~possible to follow-

through under oil, using the Lei.tz normal-working-distance 22x ob

jective, very nearly as rapidly as with an air objective. The vexing 

formation of bubbles could be avoided if sufficient care was taken in 

retracting and inserting the pla,tes, with the focus set in the upper half 

of the emulsion (fortuitously). The follow through method depends for 

its speed on the scanner's judgment. Initially, no provision was made 

for judgment; every track, no matter how unlikely a pion, was followed, 

often to absurd lengths. The scanning rate was of the order of 3 mm/hr, 

With the conservative admission of some judgment, the rate was doubled. 

Toward the last of the scanning done, the rate had reached 9 mm/hr. 

In all,s.ome 350 hours were spent in this scanning of the center 12 of 

the 60 plates. The area scanning proceeded at suc.h a rate that it was 

continued inward to 5 or 6 mm from the edge, overlapping the follow

through swath. Rough estimates of the scanning time per plate by the 

method used and by area scanning alone indicated that they were com

parable in speed.· In a check'of tle efficiency of the two methods where 

they overlapped, and from the ma.ny endings picked up at random in 

the follow-throughs, only four endings were found {out of more than 

300 total) that had been missed in the area scan, and three of these 

endings were mere stubs at one of the surface's of the emulsion. The 

use of an acceptance swath of at lea.st 600 microns 1 width gave consider

able duplication to the follow-through method. The use of such a wide 

swath was advisable because of the top -to-bottom distortion shift, per

pendicular to the plate edge, of 100 to 150 microns. A recognition effici

ency of 95 ± 5% is likely; the uncertainty here adds little to the over· 

all statistical uncertainty of the experimental results. 
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II I. THE EXPERIMENTAL DATA 

A. The Pion· Be'am 

1. E'nerg·y Measurements. The energy of the pion beam was measured 

periodically duri~ the exposure. with and without liquid hydrogen in 

the beam, by two independent methods: integral range measurements 

with the counters, and projected range measurements in emulsion stacks. 

a. Integral range rneasure:i:nerits. Nine integral range curves were 

run in the pion beam, Two of these curves, both obtained during the 

second day of the scattering exposure -- one without the target in place, 

the other with the filled target in the beam --are shown in Fig. 6. 

{The counting rate was greater in the first case simply because the 

telescope could be moved nearer to the collimator exit without the tar

get in place.) The ranges are given along the abscissa in g/ cm
2 

of 

copper\ using a ~easured density of 8. 89 :1: 0.03 g/ em 
3 

to convert the 
-\, ... 

caliper micrometer measurements of the absorber thicknesses. The 

points, as plotted, include an addition of 0.072 g/ cm
2

, the equivalent 

copper thickness of the back cour1ter. (This correction results from 

the requirement that, to produce a coincidence count, a pion must 

reach the back counter with an energy sufficient to produce a pulse of 

height greater than the level-of the discriminator setting of the linear 

amplifier. The small energy los.s in the 0.002 -inch aluminum light 

shield is also included.) 

The ranges at half height, a good measure of the mean ranges in 

this case, since the incident bean was nearly monoenergetic, are 

3.80 :1: 0.22 g/cm
2 

and 1.55 :1: 0.22 g/cm
2 

for target out and for filled 

target in, respectively. The uncertainties represent a rough estimate 

of the range spread at half maximum of the differential range curves. 

Since copper is a fairly high-Z material. it was necessary to 

correct these ranges for the shortening in projected path length due to 

the multiple Coulomb scattering suffered by the pions in traversing the 

absorbers. This shortening is given by an approximate formula of 

Cartwright:2 3 . 

w*(x) =!·jme R0 Zf(~) , f(~ = (1 · ~) ln(l-~ + Ro • 
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Fig. 6 Pion beam; integral-range measurements in copper. 
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= ratio of pion to electron masses, 

= true residual range of the particle at point of entrance 
into material of atomic number Z) 

X r = fraction of the residual range tr1aversed at X. 

0 

(The constant includes the logarithmic factor taken as 1. 35, since it 

varies less than lOo/o over the energy region involved.) 

The true residual ranges, given by R
0 

= R*/ ( 1-w*/R
0
}. were calculated 

by successive approximation. where the R* are the measured ranges. 

The mean ranges at the front of the copper absorbers, corrected for 

scattering, are 3.95 and 1.60 g/cm
2

, corresponding to 23.9 and 14.2 
24 

M.ev according .to the range -energy curves of Aron. 

From these energy values. the pion beam energy into and out of 

the liquid hydrogen may be independently determined by making the appro

priate correction for the energy losses in the front counter and target 

container walls. The energy of the pion beam is found to be 25.5 ± 0.5 

Mev into the liquid hydrogen 'and 18.4 ± 0.3 Mev out. This corresponds 

to passage through a thickness of 8.61 ern of liquid hydrogen, a thickness 

just 3? 3o/o less than the designed length of the target. This would indicate 

that neither the shrinkage nor the bubbling was serious. 

The mean ranges determined from the three integral range curves 

obtained during the first day of the exposure agree to within about 1.5o/o 

with the corresponding mean ranges obtained above, although these curves 

were not quite as complete as the two analyzed above. This indicates that 

the energy of the pion beam varied less than l o/o over the two days of the 

scattering exposure. 

b. Projected range measurements. Seven samples of the pion beam 

were taken with emulsion stacks during the two days of the scattering ex

posure. A swath was scanned across the entrance edge of one of the 

plates; all tracks were picked up and followed. There was thus no se

lection bias. In .the course of determining the spatial distribution of the 

pions in the beam it was possible to obtain an unbiased projected range 

distribution by simply recording one microscope coordinate for each 



pion ending found. (The individual plate edges were aU parallel to the 

stage motion along .the swath direction, with the perpendicular coordi

nates equal to within ::1: 0.04 to 0,06 mm.) 

The projected range distributions obtained from emulsion stacks 

exposed in the pion beam during the first day of the scattering exposure 

both without target and with filled target are given in Fig. 7. 

The analysis of these distributions to determine the mean energy 

and rms spread of the pion beam into and out of the liquid hydrogen 

may be summarized as follows: 

Target out 

Range interval included 

Median projected range 

Mean projected range 

Rms deviation from mean 

Rms deviation of mean 

Rms range straggling 

Corrected rms beam 

8.3-14.3 mm {::1:3.500")2.5-9.0 mm(±4.5~) 

spread 

Median range corrected for 
scatter -shortening. 
(Z = 41} 25 

M . t 1 . 26 ean energy 1n o emu s1on 

Mean energy into liquid 
hydrogen 

Mean energy out of liquid 
hydrogen 

Rms deviation of 
mean 

Rms spread 

(Rms spread assuming 
reasonable contri-

11.15 mm 

11.10 mm 

±0. 75 mm (6. 75o/o} 

±0.021 mm 

11.8 mm 

25.4 Mev 

24.9 Mev 

±0.05 Mev 

±0.8 M~v 

(3.0o/o) 

(6.0o/o) 

bution from scatter- ' 
straggling) (::1:0.5? kev} 

Indicated effective target 
shortening ( ..:4. 8o/o) 

5.29 mm 

5.30 mm 

±0. 75 mm (13.4o/o) 

±0.063 mm 

(3.1o/o) 

5.61 mm 

16.55 Mev 

17.9 Mev 

±0.10 fv1ev 

±1.2 Mev 

{13.0o/o) 

A projected range distribution taken on the second day gives 

17.6::1: 0.15 Mev, for the mean energy O"!lt of the liquid hydrogen in good 

agreement with the value found above. 
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Fig. 7 Pion beam, projected range measure1nents in einulsion. 
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With con.siderabl y greater weight given to the emulsion deter

minations than to those with copper absorber, the pion beam en.ergy 

may be taken as: 

Into the liquid hydrogen, 

with rms spread 

Out of the liquid hydrogen, 

(this indicates an equivalent 
target shortening of 4. S'/o). 

Midtarget mean energy,. 

25.0 -~ 8:2 Mev 

:1: 0.6 Mev, 

18.0 Mev 

21.5 Mev. 

2~ The Spatial Beam Distribution. Pion beam intensity distributions, 

measured in emulsion stacks across the approximate beam center in 

both the horizontal and vertical planes, are presented in Fig. 8. The 

vertical distribution was obtained at the exit ofthe collimator the first 

day -of the scattering exposure. The symmetric trapezoid (dashed lines) 

represents the distribution expected at the collimator exit, assuming 

a uniform diffuse source of pions across the collimator entrance a per

ture, and using the average of the central points for the value of the 

"full: beam 11 intensity. The agreement with the poi-nts is satisfactory 

except for the one point about three standard deviations r'emoved from 

the- ~mean intensity: this point was rechecked, and all but one of the 

57· pion tracks stop in the small stack and decay. (All but 10% of the 

·pions forming this total distribution stopped also_, -with m'Ost of the 

remaining ones identifiable, scattering out just before the ends of 

their ranges), 

The horizontal distribution, although n.ot so likely to be affected 

by the focusing, was also checked. The one shown was obtained from 

a stack exposed the second day behind the filled liquid hydrogen target. 

The slightly asymmetric trapezoid expected in this case again agrees 

well with the points. 

3.. The Total Number of Pions Through the Target. If the ratio of 

pions through the target to protons through the ionization chamber is 

assumed constant, the total number of pions can be determined from 

the .total number of recorded electrometer dumps, the average number 

of pions found per unit area per dump in the full-intensity regions of 

the beam-sampling monitor stacks, and the total equivalent full-intensity 
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area of the beam in the scattering target. {The area of the idealized 

target, described in Section IV may be conveniently used.) The pion

proton ratio should certainly be constant to much bette-r than the 5% or 

so required for this experiment, particularly since proton beam energy 

variations and current variatioo.s in the focusing ·-magnets are believed 

quite small. Before averaging, intensities measured at different dis

stances from the pion source (taken to be the collimator entrance aper

ture) are normalized to the mean scattering target distance (an inverse

square dependence is assumed). 

1. 

2. 

3. 

4. 

To summarize the determination: 

Day 

lst 

2nd 

" 
li 

I . z Tr/ mm
2 
/dump 

Tr mm /dump (normalized~ 
Ta'rget'IH

2 
Plane (not normalized) to midtarget) 

Oui 

In 
n 

n 

Vert. 0.964 0.904 ::l: 0.054 

In Horiz. 0. 785 0.848:!: 0.093 
ii 11. 0. 780 0.848 ::l: 0.102 
li II 0.792 0.857 ::l: 0.124 

Grand Average 0.8"80 ::l: 0.040 
(about 9 v/in2 -sec) 

Total 2 -day scattering exposure 12 77.10 dumps 
Tatar. number Tr/mmZ 1.123 x 103 

For idealized target: Area 48.6 mm x 31.6 mm 
Total number ofpions, N = 1.727 ::l: 0.079 x 106 

(about 21 Tr/ sec) 

B. The Scattered Pions 

Tracks of scattered pions entering the face of an emulsion stack 

detector possess certain readily obtainable information useful in re

constructing the kinematic details of the individual scattering events. 

1. The Measurements. A measurement of the 'entrarrce angles a., 5 

{see Fig. 9) specifies the direction of the scattered pion. Since the 

direction of the incident pion beam is known, this permits a direct 

calculation of the scattering angles 8, cp . A measurement of the point 

of entrance into the· stack, x
0 

-z
0

, then specifies the actual line of 

scatter. Since the position of the stack with res>pect to the liquid hydro

gen target is known, this permits the rejection of scatters not passing 

through the target, and further permits selection of only those scatters 

that do not come from the direction of the ends of the target. A measure-
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ment of the residual range of the pion at the stack face R specifies 
0 

the energy E there. From the above information it would be possible, 
0 

in principle, to reconstruct the scattering event if the point along the 

line of scatter at which the scatter occurred were known. Useful in

formation can still be obtain.ed by making the assumption that the scatter 

occurred at either the near or the far edge of the effective target. At 

the near edge, defined by the thin polyethylene window, the scatter could 

possibly have been from a carbon atom. For elastic carbon scattering, 

as well as for scattering from hydrogen, knowledge of the scattering 

angle and of the ene~gy of the pion after scattering permits the calculation 

of the energy before scattering. (For elastic scattering from carbon, it 

may be assumed here that there is no energy change.) For each of the 

three assumptions --elastic carbon or ~ydrogen event at the thin win

dow or hydrogen event at the far side of the target -- it is possible to 

calculate the expected energy of the pions incident on the liquid hydrogen. 

The estimated incident energies may be compared with the known pion 

energy into the liquid hydrogen. The two estimations for hyd.rogen 

scattering represent the lower and upper limits for the estimated energy, 

assuming the event to have taken place in the target volume. For true 

hydrogen events, these limits should bracket the beam energy, to with-

in the limits of experimental error and the beam energy spread. The 

separation between the estimated energies of the hydrogen and elastic 

carbon events is of course more pronounced (ari:d more useful) at the 

larger scattering angles. (See Fig. 10). 

All measurements were made using 6x oculars a:nd a 53x oil ob

jective. The most important measurement, that of th~ projected scatter

ing angle 101., was made with an eyepiece goniometer. Range measure

menta of extreme accuracy were not required. The tracks were measured 

by space -coordinate differences; the microscope stage coordinates and 

vertical coordinate of the ending, and points of entrance into or exit 

from a plate, and any point of rather large angle scatter were all re

corded. A point was measured as near to the stack-face edge as the 

distortion and blackening would permit, and another 4(}0 to 800 microns 

farther in along the track, to permit a determination oJ the entrance dip 

angle. The vertic.al coordinates, measured with the calibrated fine-

focus adjustment, were all corrected for the emulsion shrinkage by 
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Fig. 10 The plot of the scattering events. 
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determining the fractional depth in the emulsion and assuming the origi

nal thickness to have been 595 microns. (This value is equal to the 

measured net thickness of the emulsion in the clamped stack divided by 

the total number of pellicles. This value of the thickness, combined with 

accurate measurements of the length and width of the milled stack and 

of the net weight of the emulsion, yielded the value 3.80 g/ em 3 , in very 

good agreement with the value 3.81 g/cr:p 3 , commonly obtained
27 

under 

normal Berkeley conditions of relative humidity.) 

The emulsion-to-glass bond is strong, 
28 

the original position of 

the much distorted edge is preserved there. The point of entry (x , z ), 
0 0 

and the length of track through the edge region, could therefore be cal-

culated on the assumption that the direction given by (m, o) is preserved. 

2. c'o·r're',c'tion 'for Ernuis'ioh :bistor'tion. The distortion of the emulsion 

near the plate edges was investigated by measurements made on very 

steep, light tracks that could be followed through many successive layers. 

Effects of plate misalignment were removed to good approximation by 

measuring the emulsion edges at the glass. The distortion, as was ex

pected, affected appreciably only the coordinate y, perpendicular to the 

edge. The y-coordinate distortion shift between the bottom (fixed) sur

face of one emulsion and the top (displaced) surface of the next was 

measured along the same steep track through many plates. The results 

are plotted in Fig. 11. The magnitude of the shift is seen to be quite 

systematic, decreasing linearly from a value near 160 microns at a 

distance from the edge of 1.0 mm to 0 at about 11.5 mm. For a first 

order correction, the shift of the y-coordinate of a track grain may be 

considered equal to the total shift appropriate for its distance from the 

emulsion edge, times its height in the emulsion, divided by the total 

emulsion thickness. This correction to all y-coordinates was made 

in all measurements. 

3. Uncertainties in the Determination of the Scattering Angles. The 

factor~ introducing uncertainties in the measured values of the individual 

scattdring angles, e, and the magnitudes of their respective effects 

may be summarized as follows: 
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Fig. 11 Emulsion-distortion correction curve . 



a. 

b. 

c. 

d. 

e. 

-3'8-

Beam divergence: J 1).6 t ~ 2. 5° 

Stack line -up with respect to beam: lt:.O I < 1° 

Instrumental limitations (goniometer 

and microscope coordinate readings); J t:.a.j, /. t:.6[ < 1° 

(cos e =cos (1 cos 6) 

Emulsion distortion: j t:.a.J. = 1 

lt:.6j. ~ 1-2°, with use of distortion 
1 correction curve 

Multiple scattering in the liquid hydrogen target and in the 

entrance edge region of the emulsion. 

It is demonstrated below that the .multiple scattering along the 

unobservable portions of the trajectories contributes the predominant 

amount to the over -all uncertainty in the determination of the scattering 

angles' e. 
The convenient approxima~ion of Cartwright23 for the accumulated 

mean square angula.r spread, 0.2 due to multiple Coulomb scatter-rms 
ing in traversing, in a material of atomic number Z, the fraction 

x/R of the initial residual range may be expressed 
0 

( m )' ( ) 
2 e · . 1 

® (x) = 0. 76. - Z J. n 
7

.. , 
rms m 1-x R 

11' . 0 

where L(E) has again been taken as 1. 35. 

Since 8 5 o/o to 95o/o of the accepted scatters (the percentage depend

ing on the angle B) occur with. q,< 30, the relations cos e = cos a. cos 6, 

tan q, = tan 6 sin a. indicate that the uncertainty in e introduced by the 

multiple scattering is mainly determined by the projected angle of the 

j 

scattering, a., or 

The following table illustrates the magnitude of the uncertainties 

to be expected in the center -of -mass scattering angle X , q, , because 

of the In,ultiple Coulomb scattering in the track-concealing edge of the 

emulsion. (E is the assumed minimum energy (Mev) into the emulsion. 
0 

The obscured region has been taken as extending 500 microns in from 

the stack face.) 

-. 
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1 ®2 -L: rms ~X 

6.1° 

6.8° 

5.6° 

6.0° 

5.7° 

6.1° 

7.0° 

7.7° 

7.5° 

8.5° 

The 11:!Dlll:aill accumulated root-mean-square angular spread due to 

multiple Coulomb scattering in the target (both before and after scatter

ing, but neglecting the small amount of carbon) was, for the worst case 

(E. = 10 Mev}. about 3.8° 
.0 

The over all uncertainty in the determination of the individual 

scattering angles X in the range considered, was of the order of 7° 

to I 0°. 

4 .. Summary of the Analysis of the Pi.on Endings. 

Total 'No. of positive pion endings that satisfy 
the criteria (a) entrance through the stack face, 
(b) .acceptance in the 12 -plate solid angle 

No. rejected, too short to measure 
No. reje,cted, 8 < 30°. 

6 
211 
7T'7 

..... 329 

No_. meas . .ured fo.r entrance point (x.
0

, y 
0

) and range R
0 

..... 112 

No. rejected, R •:::-2300- microns 
-(E < ro Mev) 0 20 
(iri~ludes 5 not from target, 4 from tar-

- 0 .:;..· 0 get ends, 3 X < 45 • 1 JC 135 , 
4 90° < x<l35°, 3 45 <X< 90°) 

No. rejected, 
not from target (forward angles) 20 
not from target (backward angles} 6 
from unaccepted ta::t:"get region, 

front end 17 
back end 1 

""'64 
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of remaining events • plotted in Fig. 1 (:) 

N b. rejected, x < 45° 
0 0 

of events, 45 <X < 135 

No. rejected, certain e.lastic carbon 
scatters from thin window 

No. of probable hydrogen events 45° <X< 135° 

No. of possible elastic carbon events 

No. of certain hydrogen events 45° < x < 135° 

No. of probable hydrogen events 60° < x < 12.0° 

No. of certain hydrogen events 60° < x < 1Z0° 

5 

2 

3 

48 

43 

41 

38 

28 

27 

IV. CALCULATION OF THE DIFFERENTIAL CROSS SECTION 

A. The Gerieral Expression 

The expected number of scatters cO in.to the differential element 

of solid angle, sine dB' d<j> d<j> at e, <j>, from a volume element of the 

target, dxdydz, is given by the expression 

(
'' ·. dC: . sin 8d8d<j>dxdydi 

sin Bd8d<j>dxdydz 

where 

p 

e 

_ ( du'fB) ... ')( dN _l . 
- sm tldtld(j) dxdylpd. Sln 8d8d<J>d'_'dydz' 

du (8) 
d'2 = 

= 

= 
= 

= 

the differential scattering cross 
section per unit solid angle (cm2) 

the total No. of pions passed 
through an element of area 

2 
dxdy normal to the beam (No./cm) 

the proton density (No./ cm3 ) 

the angle of scatter with respect 
to the beam direction (1 aboratory 
system) 

. the azimuthal angle of the scatter. 

( 1) 

This calculation is simplified by assuming an idealized target 

(described in Section IV -BL of length L, and characteriz.ed by a uni-
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form beam intensity across a constant rectangular transverse area A. 

fH is assumed that 

dN N n 
crxay= A. IOJ= 1: • 

where 

N = the totai No. of pions passed through the total 
target area. A. 

2 
n = the total No. of target protons per em . 

The expression for the expected number of scatters (in d8 at 6, 

from aU volume elements of the idealized target} that would fall into 

an infinitely long emulsion layer. 

dC (8) 
ae de= sin ede 

dO" ( 8) 
au 

is given by 

Nn r2 r 
A'1: q,-1 yi 

(2) 

where V 1 represents the boundaries of the idealized target. (The angu-

lar integration limits depend on the coordinates of the individual vo~ume 

elements, as well as on the emulsion layer thickness and position 1 ) 

<1>2 
The quantity F' = ~ [ { d<f>dV 

.tu 4>1 v~ 
represents the interval 

of the angle q, subtended by the emulsion layer at a point in the target, 

averaged over the entire target volume. 

Three considerations complicate the evaluation of the quantity 

F 1 for the actual situation: 

(a) the finite length of the emulsion layer, 

(b) the requirement tl~at no scatters come from the direction 

of a target end, 

(c) the requirement that only pions entering the stack with energies 

greater than a specified amount be counted. (The 10 -Mev limit means 

that pions scattering at large angles from the back portions of the tar

get can not be counted. ) 

The main effect of these conditions is to modify the boundary of 

the volume integration, vv fl so that the quantity F 1 becomes a function 

of e, hence a weighting factor for the measured angular distribution 

of the scattering. 

Not only-is it necessary to determine a function Fi(B) for the 

range of 8 to be considered. but also the boundaries are rendered 



sufficiently complex to make fully analytic calculations of the values 

of the function impractical. 

Dividing~ (B) by the constant {.~(j) ), which is equal to the readily 
' 0 

calculable mean azimuthal angular interval, subtended by a single emul-

sion layer, averaged over the fuU rectangular transverse area A of 

the idealized target, gives the quantity F (B) that is interpretable as the 

nfractional utilization11 of the target. 

F (B) = F' (B) 1 .6T = {V (e) .6. Cj){B) 1 (V .6. <1> ) 
0 0 0 

Expression ~ 2) becomes, .for scattering into q layers of emulsion, 

dC (8} 
ae dO = q nN £(j) FUn sin 8 

0 

d<T ( 8) 
au 

B. The Calculation of the Weight Factor. F ( 6) 

dO ( 3) 

An estimate of F ( 8} could have been made to an arbitary degree 

of accuracy, in principle, by performing a Monte Carlo type calculation. 

Applied to the problem, at hand this method would have consisted of 

tracing the trajectories of a large number of hypothetical scattering 

events, with scattering parameters assigned by a carefully randomized 

system, to measure the fraction satisfying the detection criteria. 

A simple, not-too-tedious semianalytic calculation, however, was 

possible, since the fairly well -defined effective target volume could be 

well approximated by a simple rectangular parallelepiped.· 

This so-called nidealized targetn was constructed in the following 

way. The front and back plaries were, of course, taken at the designed 

position of the hydrogen-container thin windows (when cold). (The de

signed target length was in reasonable agreement with the measured 

energy loss of the beam through the hydrogen. See Section III -A.) The 

vertical plane toward the detector was placed at the position of the long 

thin window. The position of the opposing plane, defining the .far side 

of the idealized target, was determined by averaging .the factors of 

solid angle and beam intensity in the region of the fall-off. The top 

and bo~tom planes were placed at positions corresponding to the mid

target positions of half -maximum·bearn intensity. For detector plates 

at the center of the stack, this approximation is quite accurate .. Events 

may be expected to be found at slightly greater azimuthal angles <1> than 

the maximum values calculated using this idealization of the target. 

These are not to be thrown out if found. (Two such .events with angles 

. " 
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<!> a few degrees larger than 11 maximum11 were found and retained") 

· .. The combined effect of the first two considerations of page No" 
·,·-·· . ' 0. 

40. was to alter the ends of the effective volume (except for 0 = 90 ") 

Since this alteration -- though simply represented by the passage of 

parallel planes at the angle «1 specified by the scattering angle 0 and 

<!> --depended on <!> as well as upon e. it was necessary to perform the 

calculation at a given 0, with the volume divided into zones of approxi

mately equal <!>" {These a.re shown in Fig" 12,} The effective volume was 

further affected for the larger values of e by the restriction on the ac

ceptable minimum energy E
0

" The excluded target volume was separated 

from the remainder of the target by a single vertical plane for each 

zonal volume, characterized by a given 0, q> " (A typical zonal volume 

is shown in Fig" 12") These zonal volumes could be subdivided into at 

most three simple subvolumes. for which simple analytic expressions 

were found to permit evaluation of the quantities Y" IT' " (Numerical 
1 1 

integration was required for a few of the subvolumes at la~ge angles eo) 

Values of F (e) for various values of e were thus obtained by sum111ing 

the quantities V" n found for their respective subvolumes to obtain 
1 1 

the ""V.,.....,..{ B""},..-:~-(j).,....,.(..,..&.,..) "· F (X), where X is the center -of -mass scattering 

angle corresponding to the laboratory scattering angle, e, plotted in 

graphical form to permit interpolation, is presented in Fig" 14" The 

effect of the energy cutoff at larger angles is indicated" 

C. The Experimental Differential Scattering Cross Section 

The relatively small number of accep~able scattering events 
, I 

found restricts severely the statistical sign~ficance of an angular dis-

tribution purely experimentally derived" The data may, however, be 

grouped into perhaps six equal angular intervals, for each of which a 

mean differential scattering cross section can be calc\].lated" These 

points can be compared with the semitheoretical curves fitted to the 

data by the phase -shift analysis described in the next section" 

From Eq" (3} of Section IV -A we obtain the following expression 
' 

for the mean Com" differential scattering croSS section: 

('dda ""'(X_\\ =- (~c uX~)I ~ _:_ 
\ u ') \b.x' Jllj(A'FlXl smx}. 
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Fig. 12 Zonal areas, for calculation of the weight factor. 
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Fig. 13 Type zonal volume. 



-46- . 

I \ 
WITHOUT I \ 
ENERGY~ O 0 

0,9 CRITERION t/0 \ 
0 

/o \ 

I \ 
\ 

\ 
0 0 

I \ 
0 0 

I \ 
0 \ 

0 0 

I 
\ 
\ 
\ 
I 

0 0 
,.._ 

I 
\ 

>< I 
\ 

I 

0 0 

I 
0 I 

0.4 I 
I 
I 
I 
I 

0 0 

I I 

0 

\ 
0.1 

45 75 105 135 

CENTER OF MASS SCATTERING ANGLE, 

x, (DEGREES) 

MU-9961 

' . 

Fig. 14 The weight factor, F(x). 
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b..C (X} = N Oo of events found in the interval b. X about X . 
b..x· 

A = qnN KCi>: 
G) 

q = 12 
2A 0 

n = -,vr t = 30 768 x 1023 pr.otons 
2 

em 

M = L 72 7 x 106 pions 

q, =: L31 x Io-2 
0 

The calculaticns may be summarized: 
Probable H -events Certain H,-events 

¢-x -.:::r --1 b..C du ~mb) b..C du 
Gmb) (F <x) · (sin x} b.x ·en tero b.. X em stero 

45 60 1.72 1.26 8 Oo64 ::1: Oo23 6 0. 48 :i: 0 0 2 0 

60 75 1.31 1.09 5 Oo26 ::1: Oo \2 5 

75 . 90 1.16 1.01 8 Oo35±0o12 7 o.31±P.12 

90 - 105 1.12 1.01 10 0.42 ::1: 0.13 10 

105 12 .. 0 1.40 1.09 6 Oo 34 ± 0,14 6 ,, 
" 120 - 135' 2.28 1.26 4 0.43 ± 0.22 4 

4r ~ 

See plot in Fig. 15. 

V. THE PHASE -SHIFT ANALYSIS 

A. General Description 

Theoretical calculations of scattering cross sections are usually 

compared with the experimental data via the set of parameters --the 

phase shifts -- that characterize the scattering in the partial;'wave treat-

ment of the quantum-mechanical scattering system. 

The first simplifying assumption commonly made in the analysis 

of pion-nucleon scattering at energies below, say, 200 Mev, is that only 

the lowest two orbital angular momentum states (S- and P -waves} con

tribute significant! y to the cross sections. 29 The neglect of the next 

higher state, the D-wave, although much debated, has received some 

experimental justification, and in most cases appears to produce such 

small effects that they are overwhelmed by the experimental uncertain

ties. The D -wave contribution at 22 Mev is expected to be very small 



indeed according to the usual arguments based on the range! of the nu

clear forces and the suppression with higher o:rbital-angular momentum 

f h . 1 f . h t• . . 30 o t e parha -wave unchons at t e sea ter1ng center. 

Although the scattering of positive pions on prot?ns can be analyzed 

independently of any as13umptions as to the charge independence of the 
' 

nuclear inter~ction involved, it is convenient to discuss this reaction 

in terms of the total isotopic ;spin so that this reaction may be included 

in a unified treatment of aU the possible pion-nucleon scattering reac

tions. 
31 

The second assumption .commonly made in the analysis of 

pion=nucleon scattering is therefore that the nuclear part of the inter

act1ons. involved is charge -independent, or (in terms of the convenient 

isotopic -spin formulation} the total isotopic spin is conserved in ail 

, possible pion -nucleon reactions~ 2 9 

With the above two assumptions, the pion-nuCleon scattering 

cross sections are completely specified by six phase shifts, correspond

ing to the six states derived from the two total isotopic spin states 

(T = 1/2, .3/.2) ~nd the three a.ngular mom.entum states. (5 1; 2 , P 1; 2 , P~!z)· 
These phase sh1fts are commonly symbohzed tt p a 

1
1' a 13 for T = 1/2 

and the angular momentum in the order writ.ten above, and a
3

, a:
31

, a:
33 

for T ::; 3/2~ Only the last three phase shifts are involved in thi.s an

alysis. 

At energies as low as 22 Mev it is essential that the Coulomb 

scattering be treated carefully, since the effects of its interference 

with the nuclear scattering amplitudes are significant to scattering 

angle-s as large as 90°. Several recent treatments of this problem are 

available, all of which t.ake advantage of the probable very strong short

range nature of the nuclear force to effect a mathematical .separation 

from the long-range Coulomb force. A convenient relativistic generali

zation of the Van Hov~and Ashkin
33 

formulation has been given by 

S 1 
. 34 · o m1tz. 

Because of the small number of events found, it is necessary to 

employ a statistical method of analysis that utilizes all the information 

provided by the data. The common method of grouping that data to ob

tain mean differential cross sections over wide intervals of scattering 

angle, as illustrated in Fig. 15, results in but a few points, each with 

great {and poorly defined) uncertainties. A least-squares fit to such 
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differential scattering cross section. 
Curve II: 38 Events, 45°<x < 135°, a.

3 
= -0.048, a.

33 
= +0.011, 

0.31 = O; 

Curve II': Reversed sign solution, a. 
3 

= + 0.025, a.
33 

=- 0.052, 

0.31 = O; 
0 0 

CurveiV: 29Events, 60 <x~120 ,a.
3
=-0.047,a.

33
=+0.020, 

0.31 = o. 
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a collection of points has little meaning. 

The maximun:i-likelihood method
35 

of adjusting the parameters 

of a theoretical cuive tb 11best fit" ungrouped data' not only permits the 

maximum utilization of the available information but also is convenient! y 

applied to relatively small amounts of data. The application of this 

m.ethod to these data to obtain the nbest valuesvv of the _phase shifts may 

be summarized briefly: 

The likelihood function, L(x 1• x 2 , · · ·, Xm; o.y a.31' a33)' 

expressing the relative 11 joint probability11 of obtaining the set of scat

tering events at x 1' x2 •... , Xm' and no events elsewhere, is maxi

mized by varying the individual phase shifts. 

The likelihood function is 

d .... * * ) 
L ( ) m v ( ~ - Mu T (a. ... x ... ,a. ... = .1r ':'~'?'> xJ .• a. ... ,e , 

J=1 uu 

where-"-

= 1.019 x 10
29 

cm
2 

, 

where 

M=nMq.6.cj> 
0 

* du ( \ F ( ) . du ( x , a. ... ). * an X. a. ... I = X Sln X <In , (}" T 

The differential scattering cross section is 

l 

4kY 
A.2 

1 

1
Xmax* 

du 
= ~ an dx 

X min 

1 6 -26 2 
----r- = 2. 0 5 x 1 0 em , 
4k~ 

for 11 = 
p 

c. m. = 0.49 
me 

1T 

The scattering amplitudes, in the small-angle approximation, 

1 2 
(sin.a = a, cos a = 1 - 'Z" a. ) are: 

for no spin flip: 

A 1 = 2 a. 3 + ( 4 a. 3 3 + 2 a. 3 l} c o.s X + 2 k f( nf} ( X ) 

2 2 
A 2 - - 2 a. 3 - (4a. 33 + 2 ()1. 31 } cos X 

for spin flip: 

A 
3 

= ( 2 a. 
3 3 

2 a. 
3 1 

) sin X + 2 k f( f)( X ) 

A4 = ('-2 a.33 2 + 2 a312) sin X 

•• 
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The relativistic Coulomb amplitudetare: 

for no spin flip: 

f{nf} = 
2 v 

-e 'II' 
v 

p 
(1tcosx) + ~· 2p(v +v) sin . (x/2) 2 c 2 

terms J 11' p smaller 

for spin flip: 

____ +_e_
2 
__ ...,.. ___ p.lP

2 

11
C. j v P t smaller terms l 

2p(v tv) sin
2

(x/2) L ~ 
Tr P· 

where vll' and vp are the pion and proton velocities in the c. m. 

!.l = the magnetic moment of the proton. (in nuclear magnetons.) (Spin 
p 

flip refers to the possibility of the proton1 s undergoing a cpange in 

spin orientation on scattering.) 

B. Phase Shifts from the Maxhnum-Likelihood Analysis 

To investigate the effect of possible systematic error in the 

measured angular distribution at the small- and large -angle ends, the 

data were analyzed for both the full angular interval 45° to 135° and 

the restricted interval 60° to 120°. In addition, to check the effect 

of including the three possible elastic carbon events (all of which 

occurred at forward angles), the full angular interval data were analyzed 

both with and without these events. The sensitivity of the analysis to 

the inclusion or exclusion of the single event at 120° in the restricted 

angular interval data was also determined. 
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The results for the four selections from the data may be 

summarized: 

I: 
H: 

III: 
IV: 

Q3 

I .,.0.050 

41 probable hydrogen events, 
38 certain hydrogen events, 
2.8 certain hydrogen events, 
29 certain hydrogen events, 

b.a3 G. 33 ~C133 

±0.006 +0.008 ±0.009 

45°< X < 135° 
45° <.X < 135° 
60° < X < 120° 
60° <X ~ 120° 

0.31 ~0.31 

~0 

... 

,._ ... 

II -0.048 ±0.006 +0.0 11 ±0.009 ;, +0.002 ±0.0 16 

III .-0.046 ±0.007 +0.0 15 +0.0 12 
~0 -0.014 

,IV -0.047 ±0.007 +0.020 +0.0 11 -0.003 ±0.0 14 
-0 014 . 

111 +0.025 +0.0 11 -0.053 ±0.005 EO 
-0.008 

The quoted uncertainties, b.a., represent the spread of the 
likelihood function at half maximum. 

·The Case II' is an example of the solution that is found by 
reversing the signs of c.

3 
and a: 33 . (See Fig. 16:) 

The analyses for Cases I, III, 111 were performed under the 
usual assumption that a 31 is negligibly small. 

.. 

The differential scattering cross sections determined by the phase 

shift sets II, n«, and IV have been plotted in Fig. 15, where their fit 

to the experimental points representing the grouped data may be com

pared. 

C. Discussion of the Phase -Shift Analysis 

Noteworthy feature.s of the above analysis are the poor determina

tion provided for the P-wave phase shift, a.
33

, and the existence of a 

second solution characterized by reversed signs for the phase shifts. 

lt may be shown that, in the region of the first solution, where 

a. 3 <.. 0 and j a.-31 >!2a. 33 1 , the differential cross section becomes very 

roughly, 
. . 2 

~ - @ a 3 3 cos X - / a. 3 + k f( nf~x ) I J 
Thus while the determination of a.

3 
depends largely on the total number 

of events found, the bulk of which were in the central region because 

of the factor F(x} sin x, the P -wave phase -shift determination is almost 
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Fig. 16 Maximum-likelihood phase-shift analysis. 



entirely dependent on the relatively small number of events found at the 

large- and small-angle ends of the angular distribution. The determina..:. 

tion of a. 33 is thus plagued by poor statistics. In addition there is suspect

ed to be a systematic error, difficult to correct. for iq. this sort of 'small

sample analysis, consisting of excess events at the smaller angles due 

to the multiple scattering of pions produced in the steeply rising Coulomb 

cross section in the forward direction. (The data of Case II, with three 

relatively small-angle events removed, although for a different reason, 

represents a correction in the right direction.) The effect of too many 

events at forward angles and too few at backward angles is (as is clear 

from the approximate expression for the cross section) to require are

duced value for a 33 . The low values found, relative to the favorably 

considered extrapolated values;,:(see Sect. VI), are thus clearly suspect. 

The a. 33 values found from the data of the central angles, although very 

poorly determined, enhance the suspicion, and there:fore thi.s experiment 

may be considered in agreement with popularly held beliefs. 

The data permit a second solution, where, in effect, the roles of 

a: 33 and a 3 are reversed~ With a
33 

negative, and larger in absolute 

value than a:
3
·, constructive interference maintains the cross section 

high in the forward direction, a term proportional to n
33 

2 
sin\ assumes 

sufficient importance to bolster the cross section in the central region, 

and the enormous increase at large angles takes place too late to be in

cluded in the angular interval studied. (See Fig. 15.) The relative likeli, .. 

hoods favor the first solution by a ratio of 8 to 1. The large value of 

I ~33 I required by the reversed-sign solution is about twice the value 

obtained by extrapolation from the results at higher energies. 

ln __ sumniation, the acc:epted solution here found may be given as 

. +0.009 
a.3 = - 0.047 ..0.'008 ' 

+0 . 0 1 3 +0. 0 18 
0.33 = + 0 ·018 -0.019 ,.0.31::: o.ooo -0.017' 

where the uncertainties represent the limits of th,e spread of the likeli

hood function found from the .several analyses. 
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VI. OlSCUSSION 

This experiment provides little information with regard to the 

P-wave scattering, other than a general agreement of the magnitude of 

m33 with the extrapolated value specified by the Chew-Low phenomeno

logical theory
36 

(a 33 = 0.0238} and the yalue given by the Ferrni-Orear 

recipe: 
37 

a 33 = 0.235 , 3 
= 0.0280. 

The experiments at 113 and 120 Mev, 
10 

and the strict stipulation 

of the causality requirement for the resonance behavior of the scat

tering, 
11 

both determine the sign of a 33 to be positive. The reversed

sign solution, not favored by the data in any event, can thu~ii certainly be 

discarded. It is not even to be conjectured that a. 33 itself changes 

sign between the higher energies and 22 M\ev without giving evidence at 

intermediate energies. 

The measured value of the S -wave phase shift, a.
3

, at 25.0 ±3. 5 Mev, 

appears sufficient! y well determined to permit the statement that this 

experiment confirms the current view that a.
3 

does not change sign in 

this energy region. The direct experimental evidence for this is the 

obvious presence of constructive interference between the nuclear and 

Coulomb scattering amplitudes to give so much forward scattering. 

The momentum dependence ofm
3 

is still poorly known.· If this 

dependence is si;mply a linear one, a.
3 

--11, up to energies of several 

hundred Mev, it would indicate an S-state positive pion-proton inter

action via a repulsive core alone. The available experimental deter

mina.tions of a 3 are plotted in Fig. 17. 38 
The straight-line fit to the 

data due to Orear
37 

is shown, as well as a least-squares fit including 
3 1113 

an 11 dependence. The predicted zero-energy slopes are - =- 0.11 , 
and -0.118, respectively. Values for this quantity can also be inferred 

from various combinations of data provided by other low-energy experi-

t Th . . f th k 0 t 39 0 0 men s ese exper1ments cons1st o e wor on mes1c a oms, g1v1ng 

an average value for {o.
1 

+ 2a.
3

) I 3Tj; the very low-energy negative pion 

direct-scattering cloud chamber results of Lederman, 
12 

et al. giving 

(2 a 1 +a 3) I '11; and the measurements of the total charge -exchange cross 

section between 20 and 42 Mev by Spry, 
40 

giving {!GL 
1 

- o: 3 ~ I 11. In addition, 

the Panofsky measurement
41 

of the ratio "'I'-+ p _,. N + '1'1'
0 /'II'-+p- N +a, 

c;:ombined with photomeson-production results near threshold, 
42 

and with 
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Fig. 17 Momentum dependence of the S -wave phase shift, a. 3 . 
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detailled balance arguments. gives --through a rather direct chain of 

arguments-- a value for (a.
1 

- a.
3
)/Tl at zero energy that is some 30'/o 

lower than that inferred from Spry 1s results. These experiments, taken 

in the combinations LM, MS, LS, MP. and LP give the values -0.122, 

-0.109, -0.097, -0.083, -0.047 for m3/'wf 43 
The assumptions of the 

two relatively simple momentum dependences given above are thus seen 

to be in agreement with the data pertinent to the zero-energy slope, 

with the possible exception of .the results (or associated analysis} of the 

Panofsky effect. 
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