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Abstract

A multiscale moving contact line theory and its applications on the simulations of dynamic
droplet wetting and cell motility on soft substrates

by

Houfu Fan

Doctor of Philosophy in Engineering–Civil and Environmental Engineering

University of California, Berkeley

Professor Shaofan Li, Chair

In this dissertation, a multiscale moving contact line (MMCL) theory is proposed, to simu-
late liquid droplet spreading, capillary motion and in particular, to study cell motility on the
extracellular matrix. The proposed multiscale moving contact line theory combines a coarse-
grained contact model (CGCM) with a generalized Gurtin-Murdoch surface elasticity theory,
so that it can couple the molecular scale adhesive interaction with the macroscale motion.
The intermolecular adhesive force (van der Waals force) separates and levitates the liquid
droplet from the supporting solid substrate, such that the proposed MMCL theory can avoid
the singularity problem caused by the no-slip condition in the conventional hydrodynamics
of moving contact line theory. The proposed MMCL theory is formulated as a variational
principle and implemented within a Lagrangian finite element method. Two different im-
plementations with different ways of calculating the contact/adhesion forces, regarding the
computational efficiency, are proposed. Numerical examples are presented to illustrate the
applicability of the MMCL theory. Several simulations of complete three-dimensional water
droplet spreadings upon various elastic substrates are performed. The numerical results are
in good agreement with those of molecular dynamics simulations and experiments reported
in literature. In addition, the capillary motion around a spherical cap is captured using the
MMCL theory. The contact model (CGCM) used in the MMCL theory is initially designed
to simulate contact and adhesion at nano or submicro scale. By using a second level coarse
graining technique, it can be employed to simulate problems at meso or even macro scales
and thus make the MMCL theory available to simulations of cell motility, which is usually at
a scale ranging from ten micrometer to several millimeter. At last, the MMCL theory is used
to study the interactions between cells and their extracellular matrices. In our framework,
a cell is modeled as Nematic liquid crystal or liquid crystal elatomer and the extracellular
matrix is treated as an elastic substrate. Cell spreading upon various extracellular substrates
are successfully simulated, aiming to improve the understanding of the mechanotransduc-
tion mechanism that is in charge of mechanical information exchange between a cell and
its surrounding environment. Through the numerical simulations, it is demonstrated that
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the cell can sense the substrate elasticity in many different ways. In fact, together with a
proposed scheme that resembles a linkage between the traction forces and cell substrate elas-
ticity based on experimental observations, self-propelled movement of a cell on the gradient
of substrate elasticity (called durotaxis) is successfully captured.
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Chapter 1

Introduction

1.1 Motivation

Whenever a liquid droplet is placed on the surface of a solid substrate, it is expected to
evolve until an equilibrium state is reached. This type of process that involves a liquid and
gas or another liquid phase concurrently interacting with the surface of a solid substrate is
called wetting. Wetting is an area where chemistry, physics, and engineering interplays. The
degree of wetting is referred as wettability. It is of great significance in understanding and
controlling the wettability of solid materials, which plays an important role in many industrial
processes, such as lubrication, liquid coating, printing, and spray quenching [1, 2, 3, 4, 5]. At
small scale, wetting solutions can be used to solve technological problems in microfluidics and
nanoprinting, inkjet printing. On large scales, wetting or non-wetting plays an important
role in oil recovery and the efficient deposition of pesticides on plant leaves and also in the
drainage of water from highways and the cooling of industrial reactors.
There are three different systems that come into play when considering a liquid droplet on
a solid surface—the liquid, the surface and the vapor, which represents the surrounding
environment. The droplet may either completely spread over the surface or remain as a
droplet or in some cases even partially cover and try to leave the surface up, as shown in

Figure 1.1: Different degrees of wetting. Case A presents very low wettability; Case B
indicates intermediate wettability; Case C shows high wettability
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Figure 1.2: Young’s equation equates the surface tension forces at equilibrium.

Figure 1.1. Wettability of a droplet upon a solid surface is governed by the intermolecular
adhesive and cohesive forces. Adhesive forces between the liquid and the solid cause the
liquid drop to spread over the surface, while cohesive forces within the liquid go against
this process and tend to maintain the spherical shape of the droplet. The contact angle
(θ), as shown in Figure 1.2, is the angle at which the liquid-gas interface meets the solid-
liquid interface. From macro-perspective, the wetting or spreading of the liquid droplet can
be described by the famous Young’s law. That is, at static equilibrium, a spherical liquid
droplet with uniform contact angle θ satisfies:

γSV = γSL + γLG cos θ (1.1)

Where S, G and L denotes to the solid, the gas and the liquid respectively. Generally,
when a liquid droplet is placed on a solid surface, it is far from equilibrium. If the fluid-
solid interaction is small enough, compared to the fluid-fluid interaction, one would expect
that the drop will remain as the general shape of a perfect sphere, transform itself from
some initial configuration into its equilibrium shape, hence minimize the free energy of the
whole system. On the contrary, if the fluid-solid interaction is rather strong, the drop will
transform itself into a film, thus maximizing its contact with the solid surface. The wetting
dynamics, or the spreading of a liquid droplet over a solid surface is of great interest from
both fundamental and application point of view. Numerous studies of these phenomena
have been carried out during the past two decades, both experimentally and computationally
[6, 7, 8, 9, 10, 11, 12, 13]. However, as is well known, the so-called no-slip boundary condition
in classical hydrodynamics poses great challenges in the simulations of wetting or droplet
spreading. The no-slip boundary condition states that no relative motion is allowed at the
fluid-solid interface [14, 15, 13], which is termed as the moving contact line (MCL). Due to
this restriction of the relative motion, a velocity discontinuity occurs at the MCL, and the
tangential force exerted by the fluids on the solid bounding surface in the vicinity of the MCL
becomes infinite. Macroscopically, many different mechanisms have been proposed to resolve
the contradiction between the no-slip condition and the stress singularities at the MCL,
but mainly concentrate within the conventional MCL hydrodynamics theory with different
modifications or alleviations on the no-slip conditions [16, 17, 18, 10]. Meanwhile, as the
considerably increasing in computational capacity in the past ten to fifteen years, molecular
dynamics simulations have also been extensively used to study the dynamic wetting and
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Figure 1.3: Patterning droplets with durotaxis1. (A) Photograph of water droplets deposited
by condensation onto a flat stiffness varying surface. (B) Droplets deposited by condensation
onto soft, flat surface coated a “Y” shape etched into a silicon wafer.

spreading process, mainly in nano-scale [19, 20, 21, 22, 23, 24]. Due to the limitations on the
computational cost, simulation size and time, MD simulations can only focus on the scientific
principles and would never be applicable to engineering applications in the foreseeable future.
In fact, in most practical engineering problems, the detailed micro scale information such as
the positions, velocities of atoms/moelecules inside a continuum body, is of little interest.
And furthermore, even if a super computer does exist, whether or not one can fully simulate
a macro system purely by Molecular Dynamics and hence represent all macro quantities by
atomic information is still questionable.
In this dissertation, a novel multiscale moving contact line (MMCL) theory is proposed.
The proposed multiscale moving contact line theory combines a coarse-grained contact mod-
el (CGCM) with a generalized Gurtin-Murdoch surface elasticity theory, so that it can couple
the molecular scale adhesive interaction with the macroscale motion. The intermolecular ad-
hesive forces (such as van der Waals forces) can separate and levitate the liquid droplet from
the supporting solid substrate, such that the singularity problem caused by the no-slip con-
dition in the conventional hydrodynamics of moving contact line theory can be avoided. To
increase the computational efficiency of the contact model, a mathematically elegant surface-
surface CGCM is proposed, which successfully converts a double-layer volume integration
into a double-layer surface integration. Numerical comparisons between the surface inte-
gration and volume integration based contact model shows that the former requires far less
computational resources while at the same time maintain the robustness and accuracy. By
using the this surface integration based MMCL theory, complete three-dimensional droplets
spreading over various elastic substrates are conducted. The simulation results compare well
with experimental and Molecular Dynamics solutions reported in literature. In addition,
capillary motions upon a spherical cap are successfully captured, which may explain the im-
portance of capillary effects in the measuring of forces using Atomic Force Microscope(AFM)
[25].

1image sources: http://www.pnas.org/content/110/31/12541/F4.expansion.html
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Aside from dynamic spreading, researchers found that droplets are able to move along the
underlying substrate with a gradient in stiffness—a process called durotaxis, as shown in
Figure 1.3 [26]. In fact, numerous types of cells also present strong adhesion/spreading over
unform substrates and remarkable abilities to detect and move along gradient varying sub-
strate [27, 28, 29]. The exact mechanisms leading to cell durotaxis are still unresovled, but
it is generally believed to involve active sensing and locomotion induced by the polymeriza-
tions of the actin filaments that push the cell membrane forward. Meanwhile, as the first
step of cell motility, cell spreading is a fascinating and very complex, biological process. In
the early stage of cell spreading, the main driving force is believed to be passive, that is
pure mechanical effect of the adhesion/contact between the cell and the substrate, together
with the effect of the membrane elasticity. The elasticity of a cell membrane is the main
factor in maintaining the shape of a cell [30], similar to the effect of surface tension on the
surface of a liquid droplet. Despite the obvious difference, the physical laws controlling the
state of adhension/spreading and the shapes of cells and liquid droplets does share some
common features. Thus it is tempting to view early stage cell adhesion/spreading as the
wetting dynamics of a bag of soft-matter material conducting a complex, adhesive/contact
interaction with the surface. In this respect, a generic liquid-crystal based soft-matter cell
model is proposed, with the introduction of extra terms in the constitutive relation indicating
the active behaviors, to simulate cell adhesion/spreading over elastic substrates of different
stiffness, by using the proposed MMCL theory, aiming to explain the mechanical information
exchange between the cell and the surrounding environment (termed as mechanotransduc-
tion [31, 32]). In addition, through a substrate stiffness versus traction relation extracted
from experimental results, cell movements along substrates with a gradient in stiffness are
successfully simulated.

1.2 Scope of the Dissertation

In Chapter 1, the introduction of the dissertation is provided. In specific, we discussed the
conventional moving contact line theory and its short comings. To address this problem, a
different approach, termed as the multiscale moving contact line theory, is proposed. Possible
applications of the proposed method are briefly discussed.
In Chapter 2, the overall picture of the proposed Multiscale Moving Contact Line theory is
introduced. We first provide the global picture of the multiscale moving contact line model,
which essentially involves the combination of the lately developed coarse-grained contact
model (CGCM) and a set of the dynamic interface equations. A numerical example is given
to explain why the proposed MMCL works. In the end, the Galerkin weakform of the
dynamic interface equations are presented.
In Chapter 3, an overview of the Coarse-Grained Contact Model is provided. In particular,
a mathematical consistent approach in transferring a double-layer volume integral to sur-
face integral is presented, aiming to reduce the computational efficiency and enhance the
numerical accuracy. The Galerkin weakform, FEM discretization and implementations are
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discussed, for both the volume integral and the proposed surface integral method. In addi-
tion, analytical integrations of rigid infinite plates and spheres are introduced, which is of
great significance if one of the contacting bodies is rigid.
In Chapter 4, several conventional constitutive models are first provided, followed by two
novel soft-matter cell models, all of which are to be used in the upcoming numerical simu-
lations.
In Chapter 5, numerical investigations of the CGCM are performed. Two quasi-static exam-
ples of the CGCM are carried out, in both the volume integral and surface integral approach.
Results show that the surface integral approach is better in terms of computational efficien-
cy as well as that of numerical accuracy. Meanwhile, an explicit dynamic contact/impact
example is conducted. It is revealed that the proposed CGCM (surface integral approach)
is energy conserving even at long time impact/contact simulation.
In Chapter 6, several numerical examples are employed to investigate the proposed MMCL
model. It is shown that the proposed model can successfully simulate the dynamic spreading
of droplets on solid substrates and capture the capillary motion of liquid around a spherical
tip.
In Chapter 7, cell simulations are presented using the proposed MMCL model. In particular,
a special way of incorporating the active effects (the actin-polymerization and actin-myosin
contraction) are introduced into the MMCL frame work. Using the proposed approach,
the universal dynamics of cell spreading are modeled, which is in good agreement with
experiments results reported in literature. In addition, a qualitative simulation of the cell
migration is carried out, showing that with the incorporating of the active effects, the MMCL
is capable of modeling very complex cellular behaviors.
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Chapter 2

The Multiscale Moving Contact Line
Theory

In fluid mechanics, contact line denotes the intersection of immiscible gas-fluid/fluid-fluid in-
terface with the solid boundary. When one fluid moves against another immiscible gas/fluid,
the contact line has to move relative to the solid boundary. The moving contact line (MCL)
is almost ubiquitous that exists in our everyday lives and in many industrial processes, such
as spreading of lubricants and coatings [33], screening of a DNA [34] and the tearing of a
film at the cornea [35]. The hydrodynamics theory of moving contact line has been stud-
ied for more than three decades. The conventional hydrodynamics theory usually employs
a so-called no-slip condition as part of the interface condition. However, when the no-slip
condition is imposed in the conventional moving contact line theory, it leads to a singularity
in shear stress at the vicinity of the liquid/solid interface, which presents a huge challenge
or difficulty in solving the moving contact line problem e.g. [14, 15, 36, 37].
The no-slip boundary condition referred here is a boundary condition that imposes zero rel-
ative velocity at the fluid-solid interface. When it is employed in hydrodynamics of moving
contact line theory, at the vicinity of the moving contact line, it leads to a non-integrable
singularity in shear stress at the contact line front of the interface. This implies infinite
dissipation, and it incapacitates the conventional moving contact line theory from solving
any practical problems. Because of its vast potential in applications and its intellectual ap-
pealing, this challenge has attracted many attentions from applied mathematics and fluid
mechanics community, bioengineering, chemical engineering and transport system commu-
nity, and computational materials and computational physics community. In recent years,
many attempts have been proposed to modify the no-slip boundary condition in order to
resuscitate the moving contact line theory to a fully working theory and formulation. Exam-
ples are: Slip boundary condition approach [38], Diffused interface model [39, 40]; Dynamic
phase field approach [41]; Variational approach [42], among others. It should also be men-
tioned that a hybrid atomistic-continuum formulation of the moving contact-line theory has
been proposed by [43]. However, the multiscale boundary coupling scheme appears to be
too complex to solve any macroscale dynamic wetting problems.
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Figure 2.1: Schematic illustration of three phase interacting system

In fact most of the authors recognized that the moving contact line problem is not a purely
fluid mechanics or applied mathematical problem, but a multiscale chemomechanics problem
near the interface. Despite of so much research effort in many years, the current consensus
is that the problem is still largely open, and we are still looking for a simple, viable, and
predictive chemomechanical model at continuum scale that can solve this problem in the
sense that it can predict experimental measurement and apply to engineering practice.
Following this trend, we proposed a multiscale moving contact line (MMCL) theory that
combines the moving contact line theory with a recently developed coarse grained contact
model (CGCM) [44, 45, 46], so that we can model the multiphase dynamic contact without
encountering the singularity problem that stems from the no-slip boundary condition.

2.1 Global Picture of the Multiscale Moving Contact

Line Model

Before proceeding to any detailed theory, we would like to present the global picture of the
model problem. In specific, we are considering the triple phase system of liquid ΩL, solid ΩS,
and gas ΩG, as shown in Figure 2.1. In the rest of this chapter, the bulk index L, S, G refers
to liquid, solid and gas, respectively. The interfaces of the triple phase system are labeled
as ΓLS, ΓGS and ΓLG. The moving contact line is denoted as ΓMCL = ΓLS ∩ ΓGS ∩ ΓLG.
The three phases are subjected to the conventional equations of motion in the bulk, a series
of surface equations of motion, and mutual interaction forces among the three phases. In
contrast to conventional hydrodynamics moving contact line theory, the proposed MMCL
theory adopts the Lagrangian description.
At macroscopic scale, we can treat each phase of the triple phase system by using continuum
mechanics modeling, and the equation of motions of each phase are,

∇x · σα + ραbα = ραüα, ∀x ∈ Ωα, α = L, S,G (2.1)

where σα is the Cauchy stress tensor, ρα the density, bα the body force per unit mass and
uα the displacement for each phase, correspondingly.
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In addition to the conventional equations of motion in the bulk (Eq. (2.1)), a set of sur-
face dynamic equations, similar to the Gurtin-Murdoch surface formulations [47, 48, 49] is
considered,

∇s · σsα + tα = ρsαaα, α = L, S,G (2.2)

where the subscript α denotes the corresponding quantity in each phase. ρsα is the surface
mass density, σsα is the surface stress tensor, tα is traction vector, and aα is the mass material
acceleration. ∇s is the surface gradient operator, defined as

∇s := ∇− n(n · ∇) (2.3)

where n is the unit out-normal of the surface at the point of interest.
Between any two of the three phases in the system, the small scale adhesive contact force are
considered. This type of adhesive contact have been described by many theoretic mesoscale
contact models, notably the JKR model [50] or the DMT theory [51]. Instead of using
analytical models, the recently developed coarse grained contact model [44, 45, 46] is adopted
in capturing these mutual interactions in the system. The CGCM is designed to capture the
macroscopic interaction between deformable solids, especially at nano/micron scale, based
on the microscopic interaction forces between individual atoms or molecules in two adjacent
bodies. Details of the CGCM and a mathematical consistent approach aiming to improve
the computational efficiency will be provided in Chapter 3.
To understand how the proposed MMCL method works, we have carried out a comparison
study by using the conventional moving contact line method and MMCL method proposed
in the work to simulate the adhesive contact between two continuum objects (shown in
Figure 2.2). The main advantage to combine the coarse grained contact model with the
moving contact line theory is that the interphase adhesive-repulsive force can levitate the
liquid droplet above the solid substrate (see Figure 2.2(b)). By doing so, it completely
eliminates singularity problem of the conventional moving contact line theory, while retaining
the surface energy description in dynamics wetting modeling. From a purely mechanics
perspective, in the conventional moving contact line theory hydrodynamics simulation, a
singular shear stress arises due to the fact that the initial contact line front between the
liquid phase and solid phase forms a crack shaped cleavage (see Figure 2.2(a)), and the
abrupt change of surface tangent direction will cause stress concentration. On the other
hand, if one can levitate the liquid droplet over the solid substrate, and it will separate
the liquid phase and solid phase. This creates a gap between the solid surface and liquid
surface and makes the contact line front a traction-free surface, which is essentially what
happens in physical reality. A direct consequence of this approach is that we can eliminate
mathematical idealization induced pathology, which is the main and simple reason that the
proposed method may work.
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(a): singularity in shear stress (σ12)
distribution obtained from MCL.

(b): shear stress (σ12) distribution from a
MMCL.

Figure 2.2: Comparison study of MCL and MMCL

2.2 Galerkin Weak Form of the Surface Equations

It is assumed that the surface mass density for the atmosphere ρsG << ρsL, ρsS. In addition,
in our computation, there are no drastic deformation for the elastic substrate, that is the
surface acceleration asS << asL, asG. Thus the surface inertia effects for the atmosphere and
the substrate can be neglected and the surface dynamic equations can be written as

∇s · σsL + tL = fD,L (2.4)

∇s · σsS + tS = 0 (2.5)

∇s · σsG + tG = 0 (2.6)

where fD,L = ρsLaL is the DÁlembert inertia force applied on the liquid surface.
Consider the Galerkin weak form of the above surface equations,∫

∂ΩL

δu · fD,Lds =

∫
ΓLS+ΓLG

δu · (∇s · σsL)ds+

∫
ΓLS+ΓLG

δu · tL (2.7)

0 =

∫
ΓLS+ΓGS

δu · (∇s · σsS)ds+

∫
ΓLS+ΓGS

δu · tS (2.8)

0 =

∫
ΓLG+ΓGS

δu · (∇s · σsG)ds+

∫
ΓLG+ΓGS

δu · tG (2.9)

where δu is the weighting function. It is required that δu satisfies the homogeneous essential
boundary condition, and belong to the H1 space.
According to Newton’s third law, across each interface, the traction between two adjacent
phases shall be equal and opposite to each other. That is,

tL + tS = 0, ∀x ∈ ΓLS (2.10)

tS + tG = 0, ∀x ∈ ΓGS (2.11)

tL + tG = 0, ∀x ∈ ΓLG (2.12)
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Adding Eq. (2.7), (2.8) and (2.9) together, the traction parts shall cancel with each other,
and one may get∫
∂ΩL

δu·fD,Lds =

∫
ΓLS

δu·(∇s·(σsL+σsS))ds+

∫
ΓGS

δu·(∇s·(σsS+σsG))ds+

∫
ΓLG

δu·(∇s·(σsL+σsG))ds

(2.13)
Define the interface stress tensors

σsLS := σsL + σsS, ∀x ∈ ΓLS (2.14)

σsGS := σsS + σsG, ∀x ∈ ΓGS (2.15)

σsLG := σsL + σsG, ∀x ∈ ΓLG (2.16)

And the interface weakform can be written as∫
∂ΩL

δu·fD,Lds =

∫
ΓLS

δu·(∇s ·σsLS)ds+

∫
ΓGS

δu·(∇s ·σsGS)ds+

∫
ΓLG

δu·(∇s ·σsLG)ds (2.17)

Integration by part, and assuming that σsαnα = 0, ∀x ∈ ∂2Ωα, α = L, S,G, we can get,∫
∂ΩL

δu · fD,Lds = −
∫

ΓLS

∂δu

∂x
: σsLSds−

∫
ΓGS

∂δu

∂x
: σsGSds−

∫
ΓLG

∂δu

∂x
: σsLGds (2.18)

In computations, the following surface stress tensors are used for the three different phases,

σsG = γGI
(2)
S (2.19)

σsL = γLI
(2)
S +∇SγlI

(2)
S +

µS
2

(
∇S ⊗ v + (∇S ⊗ v)T

)
(2.20)

σsS = γSI
(2)
S +

∂ΓS
∂εS

+ γS∇S ⊗ u . (2.21)

where u and v are displacement and velocity fields; µS is the surface viscosity; γS, γL and
γG are the surface tension in different phases, ΓS is the solid surface strain energy, εS is
the surface strain tensor; ∇S is the surface gradient operator defined in Eq. (2.3); and the
operator ⊗ is the standard notation for tensor product in tensor algebra or analysis. For
infinitesimal deformation case, Gurtin and Murdoch proposed the following quadratic form
of the surface strain energy,

ΓS =
1

2
εSijC

S
ijklε

S
kl, i, j, k, l = 1, 2 (2.22)

in which the surface elastic tensor is related to surface tension γs as well,

CS
ijkl =

(
λS + γS

)
δijδkl + µS (δikδjl + δilδjk) , i, j, k, l = 1, 2 (2.23)

where λS and µS are the surface Lame constants. Hence, the surface constitutive equation
for the solid phase becomes,

σsS = γSI
(2)
S + 2

(
µS − γs

)
εS

+
(
λS + γS

)
tr(εS)I

(2)
S + γS∇S ⊗ u (2.24)
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Subsequently, one can readily derive the interface constitutive relation, for instance,

σsLS = γLSI
(2)
S +∇SγLI

(2)
S + 2

(
µS − γS

)
εS

+
(
λS + γs

)
tr(εS)I

(2)
S + γs∇S ⊗ u

+
µS
2

(
∇S ⊗ v + (∇S ⊗ v)T

)
(2.25)

where the surface strain εS is determined by projecting the bulk strain onto the surface, i.e.

εS := P · ε ·P (2.26)

Note that I
(2)
S denotes the unit tensor on a smooth surface or two-dimensional manifold,

which is defined as
I

(2)
S := PI = P, (2.27)

where I is the unit tensor in a three-dimensional Euclidean space, and P is the projection
tensor defined as,

P := I− n⊗ n, (2.28)

where n is the unit out-normal of the surface at the point of interest. In some part of the text,
in order to emphasize the material properties of the manifold, we write it as I

(α)
S , α = L, S,G

or LS,GS and LG etc, in a manner that is self-evident. One may note that

∇S · I(2)
S = ∇S ·P = 2κn (2.29)

where κ is the local mean curvature of the surface.

Finite element discrete equations of motion

Since our focus is the droplet deformation, here we first consider the Galerkin weak form for
the Nematic droplet,∫

ΩL

ρLü · δudv = −
∫

ΩL

σ :
∂δu

∂x
dv +

∫
ΩL

ρLbL · δudv +

∫
∂ΩL

fD,L · δuds

−
∫

ΩL

∫
ΩS

βLβS
∂φ (r)

∂x
· δudv2dv1, ∀δu ∈ H1(ΩL) (2.30)

where δu is the test function, which belongs the function space δu ∈ H1(ΩL), and satisfies
homogeneous boundary condition on displacement boundary ∂ΩL. The main task for the
interface part is to discretize the surface weak form, Eq.(2.17) or (2.18), and get the corre-
sponding surface tension force resulting from the interface effect. We choose the following
Bubnov-Galerkin finite element interpolation field for the bulk volume,

u(x, t) =

Nnode∑
I=1

N I(x)dI(t), (2.31)

δu(x, t) =

Nnode∑
I=1

N I(x)δdI(t), (2.32)
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where Nnode is the total number of element nodes, NI(x) are the Finite Element shape
functions, dI and δdI are the nodal displacement and the virtual displacement at node
I, I = 1, 2, · · ·Nnode. In addition, the following surface finite element interpolation field is
chosen,

us(x, t) =

NSnode∑
Is=1

N Is(x)dIs(t), (2.33)

δus(x, t) =

NSnode∑
Is=1

N Is(x)δdIs(t), (2.34)

where NSnode is the total number of surface element nodes, N Is(x) are the surface finite
element shape functions, dIs and δdIs are surface nodal displacement and the surface virtual
displacement at surface node Is, Is = 1, 2, · · ·Nnode. Note that the surface FEM nodes are a
subset of the bulk FEM nodes, and the virtual displacements of the surface nodes are not
independent with the virtual displacements of the bulk nodes. There is a connectivity map,
say Mapc(Is), to connect the two, i.e. Mapc(Is) = I or vice versa.
By substituting Eqs. (2.31, (2.32) (2.33), and (2.34) into Eq. (2.30), the preceding weak
form becomes

Nnode∑
I=1

Nnode∑
J=1

δdI ·
∫

Ω1

ρ1N
I(x)NJ(x)d̈J(t)dv = −

Nnode∑
I=1

δdI ·
∫

Ω1

σ
∂N I

∂x
dv

+

Nnode∑
I=1

δdI ·
∫

Ω1

ρ1N
I(x)bdv −

Nnode∑
I=1

δdI ·
∫

Ω1

N I(x)f
(adh)
1 dv

+

NSnode∑
Is=1

δdIs ·
∫
∂Ω1

N Is(x)fD,Lds. (2.35)

where

Fs
L =

NSnode∑
Is=1

∫
∂ΩL

N Is(x)fD,Lds (2.36)

denotes the surface tension force applied on the active nematic droplet. Based on (2.17) and
(2.18), this surface force can be expressed in two different forms,

Fs
L =

NSnode∑
Is=1

{∫
ΓLS

N Is(x)∇s · σsLSds

+

∫
ΓLG

N Is(x)∇s · σsLGds+

∫
ΓGS

N Is(x)∇s · σsGSds
}
, (2.37)
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or

Fs
L = −

NSnode∑
Is=1

{∫
ΓLS

∂N Is

∂x
: σsLSds

+

∫
ΓLG

∂N Is

∂x
: σsLGds+

∫
ΓGS

∂N Is

∂x
: σsGSds

}
. (2.38)

If we neglect the surface energy gradient and surface displacement gradient, then one can
easily get divergence of interface stress tensors as,

∇s · σsLS = 2γLSκn, ∇s · σsLG = 2γLGκn, and ∇s · σsGS = 2γGSκn. (2.39)

where ∇s = ∇− n (n · ∇) is the surface gradient operator. Based on Eq. (2.37) and (2.38),
we can compute the surface force due to surface tension as long as we can get the value of
the surface curvature κ and surface normal n.
We would like to mention that to obtain the surface curvature and surface normal for any
material point on an evolving surface is never easy. In literature, this is usually accomplished
by fitting the surface curve [52, 53], which is both theoretically unreliable and computation-
ally inaccurate. Luckily, using continuum mechanics, we can calculate the current surface
normal n based on the deformation gradient F and the corresponding surface normal N in
the material configuration.
In fact, based on Nanson’s formula, nda = JF−TNdA, where J , da and dA are all scalars,
and using the fact that n is a unit vector, one can easily get,

n =
F−TN√

N ·C−1N
(2.40)

where C = FTF is the right Cauchy-Green tensor.
The mean curvature is related to the divergence of the surface normal (e. g. [54]) as

2κ = −∇ · n. (2.41)

By substituting Eq. (2.40) into Eq. (2.41), the following equation can be obtained,

2κ =
FTG... (C−1N⊗C−1N⊗C−1N)−∇XN : (C−1N⊗C−1N)

(N ·C−1N)3/2

−
(
nTG

)
: C−1 +

1√
N ·C−1N

C−1 : ∇XN, (2.42)

where G is the derivative of the deformation gradient tensor, and it is defined as,

G :=
∂2x

∂X⊗ ∂X
. (2.43)
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Figure 2.3: Surface tension nodal for 2D case

Notice that computation of the curvature requires the second derivatives of the shape func-
tions, which do not exist in linear Finite Element interpolation field. Even if they do exist
for a traditional iso-parametric based shape function, the functional space is not complete.
Luckily, one can construct a complete second order polynomial based shape function, using
the shape function from a meshfree particle method, for instance, the reproducing kernel
particle method (RKPM)[55]. An example that uses the meshfree method to apply to sur-
face tension force is presented in Chapter 6. The only problem for the meshfree method is
that it is computationally expensive.
To improve the computation efficiency, we turn our attention to the another formulation
of the surface nodal force, i.e, Eq. (2.38). In fact, for simplicity, here we only considered
constant surface stress part, i.e, σsLS, σsGS and σsLG are constant stress tensors. If we choose
the linear finite element interpolation function over the interface, then for a fixed element J ,∫

SJ

∂N I

∂x
ds = ±ISJ

s . (2.44)

where ISJ
s is the unit surface tensor of the surface patch SJ . Here both I and J are free

indices. Therefore, Eq. (2.38) suggests a very simple way to calculate surface tension force.
The following is how it works:
The surface tension is defined as the force per unit length, where the force lies within the
surface, and it is perpendicular to surface element edge or boundary. In 2D cases, the
thickness of the surface element is in unit length and the surface tension force with unit
[N/m] is simply the surface force [N ]. Thus we may apply the surface tension as the surface
force to each node of the surface patch, and the direction of the force is parallel to the edge of
the surface patch, shown in Figure 2.3. By taking the summation of the surface tension forces
at each node, we obtain the resultant forces. This is consistent with the surface traction
theory, and the proposed surface tension model only requires to calculate the tangential
direction of the surface patch.
In 3D case, it is necessary to multiply the half of the edge length, since the unit of the
surface tension is the force per length [N/m], and there are two nodes in each edge for linear
elements Figure 2.4. The only thing that we need to do is to add the surface nodal forces to
the corresponding FEM or meshfree nodes.
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Figure 2.4: Surface tension nodal force for a 3D element patch.

3D Implementation of the surface tension forces

We are particularly interested in applying the surface tension nodal forces to a triangle
surface element patch. Because in three-dimensional space, a triangle element has the very
robust property that the three nodes can always remain on a same plane, which enables
the direct applying of surface tension forces onto the element nodes, based on Eqs. (2.38)
and (2.44). If the bulk element is tetrahedron, we automatically have the surface discretized
into triangle elements. Even if the bulk element is brick element, one can easily discretize
a four node quadrilateral surface element into two triangle surface element patches. Figure
2.5 shows the triangular surface patches in a three-dimensional finite element surface mesh.
For a triangular surface patch, we need to distinguish the following four cases:

• Case a (Figure 2.5 (a)):
None of the three nodes are in contact with the solid surface.
This is the simplest case, The surface energy between the liquid and gas phases, γLG,
is applied to all edges a, b and c based on the proposed FEM surface tension model,
because the surface patch is fully in contact with the gas;

• Case b (Figure 2.5 (b)):
Only one of the nodes is in contact with the solid surface.
This is the same as that in Case a, the surface energy between the liquid and gas
phases, γLG, is applied to the all edges.

• Case c (Figure 2.6 (c)):
Only two nodes are in contact with the solid surface.
This is the most important case, which happens in transition element in the moving
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Figure 2.5: The triangular surface patches of the liquid in the three-dimensional finite element
implementation.
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Figure 2.6: The direction of the surface tension between the solid and gas phases

contact line. The surface energy between the liquid and gas phases, γLG, is applied to
all edges. Additionally the surface energy between the solid and gas phases, γGS, is
applied to the edge a. The direction of the surface tension γGS is shown in Figure 2.6,
where n is the normal vector of the solid surface, and xa is the unit vector of the edge
a, and e is the direction of γGS. The direction of the surface tension between the solid
and gas phases, e, can be obtained by the cross product,

e = xa × n. (2.45)

• Case d (Figure 2.5 (d)):
All nodes are in contact with the solid surface.
The surface energy between the liquid and solid phases, γLG, is applied to all edges,
because the surface patch is fully in contact with the solid surface.

This implementation algorithm implied that, for every single time step, one needs to,

(1) detect the intersection location of the three different interphases, i.e, the location of
the moving contact line; and

(2) apply the surface tension nodal forces for the three interfaces, one by one.

In the current framework of the MMCL, the moving contact line is formed by the edges of
the surface element patches. As a demonstration, Figure 2.7 shows several examples of the
MCLs during the spreading process of a liquid droplet on an elastic solid substrate.
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(a) (b) (c)

Figure 2.7: MCLs at three different instances during the spreading process of a liquid droplet:
(a) Case-I, (b) Case-II, (c) Case-III. The red lines denotes the positions of the moving contact
line.
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Chapter 3

The Coarse Grained Contact Model

The CGCM is essentially a continuum model for computational multiscale contact mechanics
developed by R. Sauer and S. Li [44, 45, 46]. In this chapter, an overview of the Finite
Element Method based Coarse Grained Contact Model (CGCM) is first provided. Then, a
mathematical approach to reduce the computational cost is presented, aiming to accurately
compute the inter-body contact forces with minimum effort. This approach successfully
converts a double-layer volume integral to a double-layer surface one (in 3D case), or a
double-layer surface integral into a double layer line one (in 2D case) and it is formulated in
the frame work of continuum mechanics in finite deformation. Meanwhile, general Galerkin
weakform formulations and computer implementations of the CGCM are provided for both
the volume and surface integral approaches, using the principle of virtual work.

3.1 Overview of the Coarse-Grained Contact Model

The CGCM is designed to capture the macroscopic interaction between deformable solids,
especially at nano/micron scale, based on the microscopic interaction forces between indi-
vidual atoms or molecules in two adjacent bodies. It is of fundamental significance to many
scientific fields, ranging from surface, interface science, micro/nano objects manufacturing
to soft matter science such as investigations on the mechanisms of liquid droplets spreading
or cell motility. Contact phenomena at small scale can be modeled by several theoretical
models, such as Johnson, Kendall and Roberts (JKR) model [50] and Derjaguin, Muller and
Toporov (DMT) model [51]. Finite element based numerical methods have also be employed
in modeling adhesive/contact. These analytical or numerical models have been successful-
ly applied to a lot of areas, but they have some intrinsic limitations. They either assume
infinitesimal deformations, contacting bodies with special geometries, or require one of the
contacting body to be rigid, and thus substantially simplify the computational treatment.
Thus the CGCM, a more general contact algorithm that can deal with finite deformation,
regardless of the geometries of contacting bodies involved is developed. As shown in Figure
3.1 , consider the two interacting bodies that occupy the physical domains in the current
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Figure 3.1: A schematic of the Coarse-Grained Contact Model

configurations Ω1 and Ω2. If the system is conservative, the total potential energy of the
system can be written as,

Πtotal =
2∑
I=1

(
Πint,I − Πext,I + ΠC

)
, (3.1)

where Πint,I and Πext,I represent the internal elastic energy and the external potential energy
for body ΩI , I = 1, 2, respectively. ΠC denotes the homogenized interaction potential energy
due to the adhesive contact. From microscopic perspective, this internal energy Πint,I can
be viewed as the short range particles interactions within body I, which is mainly due to
the covalent or ionic bonds. On the other hand, ΠC comes from the interactions between
atoms/molecules from two different bodies, which could originate from different physical
phenomena [56]. But normally it can be described by a potential energy that is dependent
on their relative position. It is not hard to perceive that generally only long range forces
prevail in terms of the interaction between two adjacent bodies. Thus the long range van der
Waals interaction is a suitable candidate for describing the two body interactions, instead
of short range interactions such as the covalent, ionic or metallic bonds. The van der Waals
interaction is generated by instantaneous polarization of atoms or molecules due to quantum
mechanical effects [57, 58, 59]. It is the sum of attractive or repulsive forces of the three
different types: (1) the Keesom force between two permanent dipoles, (2) the Debye force
between a permanent dipole and a corresponding induced dipole and (3) the London dis-
persion force between two instantaneously induced dipoles. The van der Waals interaction
potential can be written as a function of the separation distance r between two particles, i.e.,
w(r) = − C

r6
, where C is a material dependent positive constant. In this work, the inter-body
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particle interaction is modeled by the 12-6 Lennard Jones potential

φ(r) = ε

[(σ0

r

)12

− 2
(σ0

r

)6
]
, (3.2)

where ε is the potential well (in the unit of energy) and σ0 is the equilibrium distance. The
1
r12

term characterizes the short range Pauli repulsion force resulting from electron orbital
overlapping, preventing the two particles being much too close. Summing up all the inter-
body interactions between particles in the two bodies, one may arrive at the final form of
the homogenized interaction energy for the adhesive contact,

ΠC =

∫
Ω1

∫
Ω2

β1β2φ(r)dv2dv1, r = |x1 − x2|, (3.3)

where β1 and β2 represent the current particle densities located at points x1 ∈ Ω1 and
x2 ∈ Ω2.

3.2 Galerkin Weakform Formulation of the CGCM

In this section, the Galerkin weakform formulation of the CGCM is briefly reviewed. Consider
the system shown in Figure, the total kinetic energy of the system can be written as

Ktot =
2∑
I=1

KI =
2∑
I=1

∫
ΩI

1

2
ρIv

2
IdvI , (3.4)

where ρI and vI = u̇I are the mass density and velocity field in body ΩI , respectively. The
total Lagrangian of the system is given by

L = Ktot − Πtot, (3.5)

where Ktot and Πtot are the total kinetic energy and potential energy of the system, respec-
tively. The least action principle requires that

S =

∫ t2

t1

Ldt (3.6)

attain its stationary value, that is, δS = 0 holds for all kinematically admissible variations,

δS =

∫ t2

t1

δLdt = 0

=

∫ t2

t1

{
2∑
I=1

[
δKI − δΠint,I + δΠext,I

]
− δΠC

}
dt, ∀δuI (3.7)
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The first variation of the kinetic energy for body ΩI is given by

δKI =

∫
ΩI

ρIvI · δvIdvI . (3.8)

By using integration by parts,∫ t2

t1

ρIvI · δvIdt = (ρIvIδuI)
t2
t1
−
∫ t2

t1

ρI v̇IδuIdt = −
∫ t2

t1

ρI v̇IδuIdt, (3.9)

where δuI is chosen to be zero at time t1 and t2. By switching the order of integration, one
can obtain, ∫ t2

t1

δKIdt =

∫ t2

t1

∫
ΩI

ρIvI · δvIdvIdt = −
∫ t2

t1

∫
ΩI

ρI v̇IδuIdvIdt (3.10)

Also, the first variation of the internal energy for body ΩI can be written as

δΠint,I =

∫
ΩI

σI :
∂δuI
∂xI

dvI . (3.11)

For a conservative system, the variation of the external potential energy for body ΩI is given
by

δΠext,I =

∫
ΩI

ρIbI · δuIdvI +

∫
∂ΩIT

tI · δuIds, (3.12)

where bI is the body force in ΩI and tI represents the traction force on the Neumann
boundary ∂ΩIT . Meanwhile, the first variation of the homogenized interaction energy ΠC

can be derived as

δΠC =

∫
Ω1

∫
Ω2

β1β2

(
∂φ(r)

∂x1

· δu1 +
∂φ(r)

∂x2

· δu2

)
dv2dv1. (3.13)

Noting that Eq. (3.7) is valid for all spatial and temporal variations δuI , the expression in
the bracket should be equal to zero, that is,

2∑
I=1

[∫
ΩI

ρI v̇IδuIdvI +

∫
ΩI

σI :
∂δuI
∂xI

dvI −
∫

ΩI

ρIbI · δuIdvI −
∫
∂ΩIT

tI · δuIds
]

+

∫
Ω1

∫
Ω2

β1β2

(
∂φ(r)

∂x1

· δu1 +
∂φ(r)

∂x2

· δu2

)
dv2dv1 = 0, ∀δuI , I = 1, 2 (3.14)

This is the Galerkin weak form of the Coarse Grained Contact Model.
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Figure 3.2: The surface to surface interaction for the CGCM

3.3 Double-layer Volume Integral to Surface Integral

In the CGCM, one of the main tasks is to compute the contact forces resulting from body
interactions. That is, as represented in the Galerkin weakform, the evaluation of the double-
layer volume numerical integration over the domains of the two interacting bodies. In this
section, following the approach outlined in [60, 61], a mathematical approach of converting
the double-layer volume integral to a surface integral is formulated in the framework of
continuum mechanics.
As shown in Figure 3.2 , the force applied on an infinitesimal volume element dv1 in body
Ω1 due to the presence of an infinitesimal volume element dv2 can be written as,

df = −β1β2
∂φ(r)

∂x1

dv1dv2 = β1β2
∂φ(r)

∂x2

dv1dv2, (3.15)

where x1 is the position vector of a generic particle in body Ω1 with a volume dv1 and x2

that of a generic particle in body Ω2 with a volume dv2. The relative distance is defined
as r := |x1 − x2|. The particle densities β1 and β2 are assumed to be constant over the
corresponding domain. It is easy to see that the interaction force density in Ω1 due to Ω2

can be written as,

b̂1 =

∫
Ω2

df

dv1

dv2 =

∫
Ω2

β1β2
∂φ(r)

∂x2

dv2 =

∫
∂Ω2

β1β2φ(r)n2da2, (3.16)

where n2 and da2 is the surface unit out normal and the corresponding area of the infinites-
imal surface element on ∂Ω2, respectively. Thus the interaction force density in Ω1 due to
the presence of da2 ∈ ∂Ω2 is

db̂1 = β1β2φ(r)n2da2 (3.17)
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The corresponding interaction force in Ω1 can then be expressed as

F1 =

∫
Ω1

db̂1dv1 = β1β2

∫
Ω1

φ(r)n2da2 dv1 (3.18)

If we partition Ω1 into infinite number of spherical cones, with AB the axis of these cones,
then the infinitesimal volume element dv1 can be expressed as dv1 = t2dαdt. A and B are
the intersection points on ∂Ω1 and ∂Ω2 when one connects the center of the volume element
dv1 with that of dv2, respectively. dα is the solid angle of the cone, and t is the distance
to the apex of the cone B. If we assume that the particle density is uniform for each body,
then the force in Eq. (3.18) can be evaluated by the summation of a series of integrals along
the cone axes,

F1 = β1β2n2da2

Ncones∑
i=1

dαi

∫ si2

si1

φ(t)t2dt (3.19)

= β1β2n2da2

Ncones∑
i=1

dαi

(∫ ∞
si2

φ(t)t2dt−
∫ ∞
si1

φ(t)t2dt

)
where si1, si2 are distances from the apex of the i-th cone (B) to the intersections of the
cone axis with ∂Ω1 (A1 and A2), respectively. It is assumed that the potential function
φ(t) decays faster than 1/t3, such that the integral remains finite. This indicates that the
interaction force F1 in Ω1 due to the presence of da2 can now be written as the sum of a
series of integrals,

F1 = β1β2n2da2

Ncones∑
i=1

(
dαi

2∑
j=1

(−1)j+1

∫ ∞
sij

φ(t)t2dt

)
=

Ncones∑
i=1

2∑
j=1

dFij =
∑
k=1

dF1k (3.20)

where the index k = 2(i− 1) + j refers to j-th intersection point of the i-th cone axis with
∂Ω1. The proposed partitioning of the interaction force F1 to dF1k aims to represent the
successive contribution from each infinitesimal surface element da1k associated with a generic
intersection point Ak (or Aij) on ∂Ω1. The mathematical expression for dF1k is

dF1k = β1β2n2da2dαk(−1)k+1

∫ ∞
sk

φ(t)t2 dt (3.21)

where sk is the distance from the apex B to the intersection Ak and dαk is the solid angle of
the cone with axis BAk. Set r1 and r2 as the position vectors on ∂Ω1 and ∂Ω2 (A1 and A2),
respectively, then direction of the cone axis can be obtained e = r12/s, where r12 := r1 − r2

and s = ‖r12‖. Based on the definition of solid angle, s2
kdαk is the projection area of da1k

onto the cone axis e,

s2
kdαk = (−1)k+1e · n1da1k = (−1)k+1 1

sk
r12 · n1da1k (3.22)
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where n1 is the unit surface out-normal at point r1. Substitute Eq. (3.22) into Eq. (3.21),
one can get,

dF1k = β1β2(n2 ⊗ r12) · n1da2da1k
1

s3
k

∫ ∞
sk

φ(t)t2dt (3.23)

Define the function

ψ(r) =
1

r3

∫ ∞
r

φ(t)t2 dt, r > 0 (3.24)

and drop the index k, the force in Eq. (3.23) can be written as

dF1 = (β1β2(n2 ⊗ r12) · n1ψ(s)) da2da1, (3.25)

which represents the interaction force applied on an infinitesimal element da1 ∈ ∂Ω1 due to
the presence of an infinitesimal element da2 ∈ ∂Ω2.
Similar to Eq. (3.25), the interaction force applied on an infinitesimal surface element
da2 ∈ ∂Ω2 due to the presence of an infinitesimal surface element surface da1 ∈ ∂Ω1 is
expressed as,

dF2 = (β1β2(n1 ⊗ r21) · n2ψ(s)) da1da2, (3.26)

One thing to be noticed is that dF1 6= −dF2, but the total force applied on body Ω1 due to
the presence of body Ω2 is equal to that of the force applied on body Ω2 due to the presence
of body Ω1, i.e,

∑
i=1

dF1 =
∑
j=1

dF2.

With the introduction of the surface integral, the Galerkin weak from of the contact model
can now be expressed as

2∑
I=1

[∫
ΩI

ρI v̇IδuIdvI +

∫
ΩI

σI :
∂δuI
∂xI

dvI −
∫

ΩI

ρIbI · δuIdvI −
∫
∂ΩIT

tI · δuIds
]

+

∫
∂Ω1

∫
∂Ω2

β1β2 [(n2 ⊗ r12) · n1ψ(s) · δu1

+ (n1 ⊗ r21) · n2ψ(s) · δu2] da2da1 = 0, ∀δuI , I = 1, 2 (3.27)

Based on the above the derivation process, one may find that the total contact interaction
energy ΠC can also be written as a double-layer surface integral,

ΠC,s =

∫
∂Ω1

∫
∂Ω2

u(r)(n1 · n2)da1da2 (3.28)

where r is the distance between points from the two surfaces, and u(r) is the surface-surface
potential

u(r) =

∫
ψ(r)rdr (3.29)

This surface contact interaction energy can be used to verify the energy conservation of a
dynamic contact simulation in CGCM using the surface integral contact force.
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Figure 3.3: surface stress tensor of a rigid infinite plate

3.4 The Surface Stress Tensor and Analytical

Integration for Rigid Bodies

Moreover, from Eq. (3.25), one can get

dF1

da1

= {β1β2 (n2 ⊗ r12)ψ(s)da2} · n1 (3.30)

The quantity in the curly bracket of the equation above, can be interpreted as an infinitesimal
surface stress tensor at r1 ∈ ∂Ω1, due to the presence of the infinitesimal surface element
da2 ∈ ∂Ω2. Thus if we perform the integration over the surface ∂Ω2, we may arrive at a new
quantity—the surface stress tensor,

σ1 :=

∫
Ω2

β1β2 (n2 ⊗ r12)ψ(s) da2 (3.31)

which represents the surface stress tensor at point r1 ∈ ∂Ω1, due to the total interaction
from body Ω2. The corresponding total surface traction at point r1, due to the presence of
Ω2, can then be expressed as,

t1 = σ1n1, (3.32)

Similarly, we can obtain the surface stress tensor and traction at point r2 ∈ ∂Ω2 as,

σ2 =

∫
Ω1

β1β2 (n1 ⊗ r21)ψ(s) da1, t2 = σ2n2, (3.33)

Notice if one of the two interacting bodies is rigid, then we can perform the integration of
Eq. (3.31) analytically for a given interatomic potential φ(r), and then apply the surface
stress tensor to numerical computations directly.
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An infinite rigid plate

For instance, for the 12-6 Lennard-Jones potential given by Eq. (3.2), if Ω2 is a rigid infinite
plate as shown in Fig. 3.3, then one can get the surface stress tensor as,

σ1 = −
{

2πaβ1β2

∫ +∞

a

ψ(s)sds

}
ez ⊗ ez

= −
{
πεβ1β2a

3

45

[(σ0

a

)12

− 15
(σ0

a

)6
]}

ez ⊗ ez (3.34)

where a is the shortest distance of the particle r1 to the plate, ez is the unit vector along
the z axis.

A rigid sphere

If Ω2 is a rigid sphere with radius R as shown in Fig. 3.4, the surface stress tensor can be
derived as a diagonal second order tensor,

σ1 = σ1xxex ⊗ ex + σ1yyey ⊗ ey + σ1zzez ⊗ ez (3.35)

where

σ1xx = σ1yy

= πβ1β2εσ
6
0

{
4 (5a4 + 14a2R2 + 5R4)R3

135(a−R)8(a+R)8 σ6
0

+
(a2 +R2)R

3a2(a2 −R2)2 −
1

12a3
log

[(
a−R
a+R

)2
]}

(3.36)

σ1zz = πβ1β2εσ
6
0

{
−4R3 (55a6 + 207a4R2 + 117a2R4 + 5R6)

135(a−R)9(a+R)9 σ6
0

+
2 (a4 + 4a2R2 −R4)R

3a2(a−R)3(a+R)3 +
1

6a3
log

[
(a−R)2

(a+R)2

]}
(3.37)

In the equations above, a is the shortest distance of the surface particle r1 to the center of
the rigid sphere. ex, ey and ez are defined to be the unit vector along the axis shown in Fig.
3.4.

3.5 FEM Discretization

In this section, the implementations of the weak form of the Coarse-Grained Contact Model
by the finite element method are presented. We shall begin with the finite element discretiza-
tion and then apply the discretized approximation fields to the weak from Eq. (3.14), from
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Figure 3.4: surface stress tensor of a rigid sphere

which the global mass matrix, internal force vector, external force vector and the contact
force vector are identified. In particular, the contact force vector is reformulated in terms
of the surface integral approach. Consider the following interpolations of the displacement
field uI and the corresponding variation δuI for body ΩI ,

uI(x) =

nnode∑
A=1

NA
I (x)dAI , I = 1, 2 (3.38)

and

δuI(x) =

nnode∑
A=1

NA
I (x)δdAI , I = 1, 2 (3.39)

where nnode denotes the number of nodes in the system, NA(x) is the finite element shape
function associated with node A, and dAI and dAI are the displacement and the corresponding
variation at node A. In practical application, Eq. (3.38) and (3.39) are usually written
element-wisely, i.e,

uI(x)|Ωe
I

=
nen∑
A=1

NA
I (x)dAI I = 1, 2 (3.40)
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and

δuI(x)|Ωe
I

=
nen∑
A=1

NA
I (x)δdAI I = 1, 2 (3.41)

where nen is the number of nodes for each element.
Substitute Eq. (3.40) and (3.41) into Eq. (3.14) and reorganize, one may get

2∑
I=1

nelem∑
iel=1

nen∑
A=1

nen∑
B=1

δdAI ·
∫

Ωe
I

ρIN
A
I N

B
I d̈BI dvI +

2∑
I=1

nelem∑
iel=1

nen∑
A=1

δdAI ·
∫

Ωe
I

σI
∂NA

I

∂xI
dvI

−
2∑
I=1

nelem∑
iel=1

nen∑
A=1

δdAI ·
∫

Ωe
I

ρIN
A
I bIdvI −

2∑
I=1

nelem∑
iel=1

nen∑
A=1

δdAI ·
∫
∂Ωe

TI

NA
I tIdsI

+
2∑
I=1

nelem1∑
iel=1

nelem2∑
jel=1

nen∑
A=1

δdAI ·
∫

Ωe
1

∫
Ωe

2

β1β2N
A
I

∂φ

∂xI
dv2dv1 = 0, ∀δdI , I = 1, 2 (3.42)

which is essentially

δdI ·
(
MId̈I + f intI + f cont,vI − f extI

)
= 0, I = 1, 2 (3.43)

where we have defined the following quantities

MI =

nelem∑
iel=1

nen∑
A=1

nen∑
B=1

∫
Ωe

I

ρIN
A
I N

B
I dvI (3.44)

f intI =

nelem∑
iel=1

nen∑
A=1

∫
Ωe

I

σI
∂NA

I

∂xI
dvI (3.45)

f extI =

nelem∑
iel=1

nen∑
A=1

∫
Ωe

I

ρIN
A
I bIdvI +

nelem∑
iel=1

nen∑
A=1

∫
∂Ωe

TI

NA
I tIdsI (3.46)

f cont,vI =

nelem1∑
iel=1

nelem2∑
jel=1

nen∑
A=1

∫
Ωe

1

∫
Ωe

2

β1β2N
A
I

∂φ

∂xI
dv2dv1 (3.47)

Due to the arbitrariness of the variation δdI , Eq. (3.43) can be reduced to

MId̈I + f intI + f cont,vI − f extI = 0, I = 1, 2 (3.48)

which is the discretized equations of motion of the system.
As one may notice, the contact force in Eq. (3.47) requires a double layer integration over
the two bodies, which is in need of great computational cost. Using the weak form in Eq.
(3.27), one can get a set of discretized equations of motion as that in Eq. (3.48), with the
only difference that the contact interaction force is of the following form,

f cont,sI =

nselem1∑
isel=1

nselem2∑
jsel=1

nsen∑
A=1

∫
∂Ωe

1

∫
∂Ωe

2

β1β2N
A
I (nJ ⊗ rIJ) · nIψ(s)da2da1, I, J = 1, 2, I 6= J,

(3.49)
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where nselem1 and nselem2 are the total number of surface elements on ∂Ω1 and ∂Ω2, respec-
tively, nsen is the number nodes for each surface element, nI and nJ are the unit surface
out-normal at corresponding surface points rI ∈ ∂ΩI and rJ ∈ ∂ΩJ , and rIJ = rI − rJ is the
vector pointing from rI to rJ .

3.6 Implementation

This section discusses the implementation of the Coarse-Grained Contact Model. The tran-
sient and the quasi-static implementations of Eq. (3.48) are presented, both in terms of the
volume integral and surface integral approach.
Define the resultant force vector

fI(d) = f extI (dI)− f intI (dI)− f contI (d1,d2), I = 1, 2 (3.50)

then the discretized equations of motion in Eq. (3.48) can be written as

MId̈I = fI(d), I = 1, 2 (3.51)

To reduce the computational cost, the following row-sum lumped mass matrix is usually
used in transient analysis

MI =

nelem∑
iel=1

nen∑
A=1

∫
Ωe

I

ρIN
A
I 1dvI , I = 1, 2 (3.52)

where 1 is the identity matrix of dimension ndim by ndim.
In explicit time integration analysis, given the nodal displacement dn, velocity vn = ḋn and
acceleration an = d̈n at step time tn, one needs to find these corresponding quantities in the
next time step tn+1 = tn + ∆t. By using central difference method in the time integration,
the solution algorithm for the explicit dynamic analysis of the CGCM is shown in Table 3.1
For the quasi-static case, we have dI = 0 and the static equilibrium is simply governed by
the nonlinear equation for each body ΩI

fI(d) = 0, I = 1, 2 (3.53)

This type of equation can only be solved approximately. One may notice that the contact
interaction force f cont1 and f int1 both depend on the displacement vectors d1 and d2 of the
two interaction bodies, which means that the resultant force vectors in Eq. (3.53) for the
cases I = 1 and I = 2 are coupled. Thus, to solve the displacement fields in the two bodies
simultaneously, we rewrite Eq. (3.53) as

f(d) = f ext − f int(d)− f cont(d) = 0 (3.54)

where f(d) = [f1(d); f2(d)], f ext(d) = [f ext1 (d1); f ext2 (d2)], f int(d) = [f int1 (d1); f int2 (d2)] and
f cont(d) = [f cont1 (d); f cont2 (d)]. Under the condition of dead external load, that is f ext(d) is
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preprocess: compute the mass matrix M, initialize the displacement u0,
velocity v0 and acceleration a0

time loop: at each time step
1. compute the half step velocity vn+ 1

2
by vn+ 1

2
= vn− 1

2
+ 1

2
an∆t

2. compute the full step displacement dn+1 by dn+1 = dn + vn+ 1
2
∆t

3. prescribe the essential boundary conditions; e.g, displacement boundary condition
4. loop over the volume elements Ωe to compute feint

assemble feint into the global force vector ftot
5. volume integral approach: double loop over the volume elements to compute fecont

surface integral approach: double loop over the surface elements to compute fecont

note that fecont are computed through each quadrature point pair xi and xj
(1). volume integral approach: evaluate the contact force based on Eq. (3.56) and (3.57)
(2). surface integral approach: evaluate the contact force based on Eq. (3.60) and (3.61)
assemble fecont into ftot

6. compute the full step velocity vn+1 = vn+ 1
2

+ 1
2
∆tan+1, if needed.

Table 3.1: Solution algorithm for the explicit dynamic analysis of the CGCM

independent of the displacement field d, the whole system is conservative and we can employ
the famous Newton-Raphson method to solve Eq. (3.54).
To apply the Newton-Raphson iteration, for each iteration step in a load step, we not only
need to compute all the force vectors, but also the tangent stiffness matrices related to
the displacement dependent force vectors. For the calculation of the external and internal
force vectors (f ext and f int), as well as the stiffness matrix Kint = ∂f int

∂d
, we refer to the

nonlinear finite element literature [62]. In the rest of this section, we are going to focus on
the computation of the contact interaction force vector based on the volume integral and
surface integral approach. Detailed derivations of the contact stiffness matrices for both
approaches can be found in Appendix A.
In practice, the global force vectors or matrices are assembled from element force vectors
and matrices. For the volume integral approach, we shall consider the contact interaction
from two elements Ωe

i and Ωe
j . Obviously, if the two elements are from the same body, say

Ω1, then there would be no contact interaction, and hence no contribution to the contact
force vector or matrix. Thus we introduce the following characteristic function

χ(Ωe
i ,Ω

e
j) =

{
0, if element i and j belongs to the same body
1, if element i and j belongs to different bodies

(3.55)

With this characteristic function, the element contact force vector acted on element Ωe
i

becomes

fecontv,iij =

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)βiβjN

i ∂φ

∂xi
dvjdvi (3.56)
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and the contact force vector applied on element Ωe
j is

fecontv,jij =

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)βiβjN

j ∂φ

∂xj
dvjdvi (3.57)

where Ni and Nj denote the shape function for element i and element j, respectively. The
shape function for a generic element with nen nodes can written in matrix form as

N =
[
N11, N21, ..., Nnen1

]
(3.58)

in which, 1 is the identity matrix and NA, A = 1, nen is the value of the shape function at
each node A.
The first derivative of the potential φ(r) with respect two the position vector xi can be
obtained using the chain rule

∂φ

∂xi
=
∂φ

∂r

∂r

∂xi
=
∂φ

∂r

xi − xj
r

=
∂φ

∂r

xji
r
, (3.59)

where we have defined that xji = xi − xj and r = ‖xji‖. It is easy to see that ∂φ
∂xj

= − ∂φ
∂xi

For the surface integral approach, the element contact interaction force vectors acted on
element ∂Ωe

i and ∂Ωe
j can be written as

feconts,iij =

∫
∂Ωe

i

∫
∂Ωe

j

χ(Ωe
i ,Ω

e
j)βiβjN

i(nj ⊗ rij) · niψ(s)dajdai (3.60)

and

feconts,jij =

∫
∂Ωe

i

∫
∂Ωe

j

χ(Ωe
i ,Ω

e
j)βiβjN

j(ni ⊗ rji) · njψ(s)dajdai (3.61)

where ni and nj are the unit surface out-normals at surface points ri and rj, respectively, χ
is a characteristic function in analogy to the one defined in Eq. (3.55 ), rij = ri − rj is the
relative position vector with length s = ‖rij‖ and ψ(s) is the function defined in Eq. (3.24)
One thing that deserves to be noticed is that the shape function Ni is still defined to be of
the same with that of the volume based approach in Eq. (3.58), if we are to use the mesh of
the two body surfaces that are formed by the surface elements of the bulk elements, as shown
in Figure. In other words, we use the bulk element shape functions Ni in the surface based
approach, although some of the shape function values are zeros, given that the integration
is performed upon only on the surface. The solution algorithms for quasi-static analysis of
the coarse-grained contact model are shown in Table 3.2.
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loading loop: apply load in increments, e.g., prescribed forces and displacements
Newton-Raphson iteration: to obtain the solution displacement of Eq. (3.54)
• provide an initial guess u0, e.g, set u0 = 0 at first load step

or based on the solution of the previous load step.
• iterate until convergence: (energy residual fTtotdu < TOL)

1. loop over the volume elements Ωe to compute feint and keint

assemble them into the global force vector ftot and stiffness matrix Ktot

2. volume integral approach:
double loop over the volume elements to compute fecont and kecont

surface integral approach:
double loop over the surface elements to compute fecont and kecont

note that kecont and fecont are computed through each quadrature point pair xi and xj
(1). volume integral approach: evaluate the contact force based on Eq. (3.56) and (3.57)
(2). surface integral approach: evaluate the contact force based on Eq. (3.60) and (3.61)
assemble fecont and kecont into ftot and Ktot

3. impose the boundary condition
4. solve Ktot∆u = −ftot
5. update ui+1 = ui + ∆u

Table 3.2: Solution algorithm for the quasi-static analysis of the CGCM
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Chapter 4

Constitutive Relations

In this chapter, a few constitutive relations are presented. Several conventional constitutive
models are first given, and then two soft matter based cell models are provided, which will
be used in the simulations of cell motility in this dissertation.

4.1 Conventional Constitutive Models

The Newtonian Fluid Model

In continuum mechanics, a Newtonian fluid is a fluid in which the viscous stresses are linearly
proportional to the rates of change of the fluid’s velocity vector as one moves away from the
point of interest in different directions. The mathematical formulation of the constitutive
equation for a Newtonian fluid can be found in literature, e.g. [63].
For a viscous incompressible fluid, the Cauchy stress tensor is usually written as the sum-
mation of the hydrostatic and viscous parts,

σ = −pI + τ , (4.1)

where p is the hydrostatic pressure, I is second order identity tensor and τ is the viscous
stress tensor. By the definition of a Newtonian fluid, the viscous stress tensor τ can be
expressed as a linear function of the rate of deformation tensor d, through a fourth order
proportional constant tensor C,

τ = C : d, (4.2)

where the fourth order tensor C can be expressed as the viscosity constants λ and µ,

C = λI⊗ I + 2µI. (4.3)

Substitute Eq. 4.3 into Eq.4.2, one can get

τ = λtr(d) + 2µd. (4.4)
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Notice that for an incompressible material, we have tr(d) = 0, thus we arrive at the following
constitutive equation for a Newtonian Fluid,

σ = −pI + 2µd, (4.5)

where the hydrostatic pressure can be expressed as,

p = κ(J − 1), (4.6)

in which κ is the bulk modulus and J = det(F) is the determinant of the deformation
gradient.

The Kirchhoff Solid Model

The St. Venant-Kirchhoff material model (see [64]) is a full nonlinear model in the displace-
ments, and thus it can be used for large displacement calculations with a formulation similar
to small strain case. The free energy density function is given by

W (E) =
λ

2
(trE)2 + µtrE2 (4.7)

where E is the Green-Lagrange strain tensor, λ and µ are the Lame constants. The second
Piola-Kirchhoff stress tensor S can then be derived as

S =
∂W

∂E
= λ (trE) 1 + 2µE (4.8)

The Modified Mooney Rivlin Model

The strain energy density function W for the modified Mooney-Rivlin material is

W = c1(I1 − 3I
1/3
3 ) + c2(I2 − 3I

2/3
3 ) +

1

2
λ(ln I3)2 (4.9)

where c1, c2 and λ are material constants. I1, I2 and I3 are three invariants of the right
Cauchy-Green tensor C = FTF , given as follows,

I1 = tr(C), I2 =
1

2
[(tr(C))2 −C2], I3 = det(C) (4.10)

The corresponding constitutive relations can be expressed in terms of the second Piola-
Kirchhoff stress tensor S = SIJEI ⊗ EJ , and the invariants of the right Cauchy-Green
tensor,

S = 2{(c1 + c2I1)I− c2C− (c1I
1/3
3 + 2c2I

2/3
3 − λ ln I3)C−1} (4.11)
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The Neo-Hookean Model

The strain energy density function W of a compressible Neo-Hookean material is expressed
as

W =
1

2
µ(I1 − 3− 2 ln J) +

1

2
λ(J − 1)2 (4.12)

where λ and µ are the lame constants, which are usually selected to give the same response
in linear elastic case. I1 is the trace of the right Cauchy-Green tensor C, and J is the
determinant of the deformation gradient F.
With the strain energy density function, the 2nd Piola-Kirchhoff stress tensor can be derived
as

S = µ(1−C−1) + λJ(J − 1)C−1 (4.13)

In this dissertation, this material model is going to be used to conduct nonlinear quasi-static
analysis, which requires the computation of the elastic moduli for the finite elasticity model.
The elastic moduli with expect to the material configuration can be written as

C = 4
∂2W

∂C∂C
(4.14)

The corresponding moduli in the current configuration can be obtained by

cijkl =
1

J
FiIFjJFkKFlLCIJKL (4.15)

Substitute W into the two equations above, one can get

CIJKL = λJ(2J − 1)C−1
IJ C

−1
KL − 2 [µ− λJ(J − 1)]C−1

IKC
−1
JL (4.16)

and

cijkl =
λ

2J
δijδkl − 2

[µ
J
− λ(J − 1)

]
δikδjl (4.17)

4.2 Soft Matter Cell Models

Nematic Liquid Crystal Model

Liquid crystals have biphasic properties by exhibiting both liquid and solid characteristics.
For instance, a liquid crystal may be fluid similar to a liquid with vanishing shear modulus,
while having a long range orientational order and therefore a strain gradient elasticity associ-
ated with deformations of the order parameter. Many biological materials contain liquid crys-
talline phase, and the most common examples are cell membranes, phospholipid,cholesterol,
DNA, various proteins, among others (see [65]).
Actin cytoskeleton filaments have polarity, and actin monomers orient with their cleft to-
wards the pointed or the minus end and their head towards to the barbed or plus end. Under
suitable physiological conditions, G-actin monomer may be transformed to F-actin (polymer
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form) by ATP at the plus end, which is called polymerization, and it may be depolymerized
at the minus end. For mesoscale modeling, we may assign a unit vector at each material
point, hence a continuous director field may be established to represent local polarization
of a homogenized actin filament/cytoplasm representative volume element (RVE). This is
the bio-physics foundation or justification for developing a nematic fluid hydrodynamics to
model a polar actin filament/cytoplasm gel at mesoscale level. The local orientation of this
director field is central to many cellular processes such as cell motility and locomotion, cell
adhesion, and cell division.
Although liquid crystal behaviors of cytoskeleton filaments were discovered in late 1990s and
early e.g. [66, 67], it is not until recently that people have started to model actin cytoskeleton
motion or lamellipodium motion by using nematic liquid crystal hydrodynamics [68, 69, 70].
In this dissertation, we adopt the following constitutive equation for the simulation of the
cell. The Cauchy stress is determined as

σ = κ ln(J)1 + 2µd +
λ

2
(h⊗ s + s⊗ h)− 1

2
(h⊗ s− s⊗ h) (4.18)

where κ is the bulk modulus of the cell, µ is the viscosity, d is the rate of deformation tensor,
s = −η∇2h is the molecular field conjugate to the director field [71] and λ, η are positive
constants.
Such a constitutive equation for the cell model is based on the characteristic of a cell, that
is liquidity and polarity. The first two terms in Eq. (4.18) are from the constitutive relation
of that of the newtonian fluid Eq. (4.5), and the rest terms are to capture the polarity of
the cell.
One may notice that aside from the displacement field u, the Cauchy stress for the Nematic
droplet is also dependent on the director field h. Thus in order to solve the equations of
motion for the Nematic droplet, extra governing equations for the director field are needed.
In our simulation, these governing equations for the director field h are based on that of
[70, 71], except that we add a Landau-Ginzburg type of potential as a free energy, which
serves as a penalty to regulate the magnitude of the director field,

Dh̃

Dt
= γ {∇ · (∇⊗ h)− r(h)} − ν1dh− ν2tr(`)h, ∀x ∈ Ω1(t) (4.19)

where

` = ḞF−1, and d =
1

2
(`+ `T ) (4.20)

and F is the deformation gradient, v = viei is the velocity field, γ is the director elastic
constant, ν1 and ν2 are positive constants. r is the force vector resulting from the Landau-
Ginzburg type free-energy,

r =
dR(h)

dh
=

h

ε2
(‖h‖2 − 1), and R(h) =

1

4ε2
(‖h‖2 − 1)2 (4.21)
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One may note that in Eq.4.33, an objective time rate
Dh̃

Dt
is used, which is very important

for large deformations dynamic computations. To be specific, it could be one of the following
forms:

(1) The corotational rate:
4
h = Dh

Dt
− ωh

(2) The convected rate:
◦
h = Dh

Dt
− `Th

where ω is the spin tensor given by, ω = 1
2
(`− `T ).

Similar to the conventional derivation of the weak form of equation of motion, a Galerkin
variational weak formulation for governing equation of the director field of the nematic liquid
crystal, Eq. (4.33), can be obtained as follows,∫

Ω0

(
Dhi
Dt

+
1

2
(`ji − ωij)hj

)
δhidΩ0 +

∫
Ω0

γJ
(
hi,BF

−1
Bj F

−1
Aj δhi,A

)
dΩ0

+

∫
Ω0

ν1dijhjδhiJdΩ0 +

∫
Ω0

ν2`jjhiδhiJdΩ0 = 0 (4.22)

where J = det F, and we assume that on the traction boundary ∂TΩ0,

NAJF
−1
Aj F

−1
Bj hb,B = 0, ∀x ∈ Γt (4.23)

where N = NAEA is the unit out-normal of boundary surface in the referential configuration.
In fact, in this work, the displacement (essential) boundary condition for the director field
is prescribed all over Nematic droplet surface during the entire simulation process. That is,

h = h0 = n,∀x ∈ ∂Ω1 (4.24)

where h0 is the initial director field and n is the current unit out-normal on the Nematic
droplet surface at each material point. The reasons why we choose the such initial director
field and essential boundary condition are the following. The orientation the lipid bilayer
membrane is always along the normal direction of cell surface, which may be viewed as an
ideal smectic A phase. In the original undeformed droplet configuration, the direction of lipid
bilayer is along the radial direction. Thus, it is a natural choice of boundary condition and
initial condition that the stress fibers have the same orientation as that of the lipid bilayer
at the boundary, and it is natural to assume the interior stress fiber being as a continuation
of lipid bilayer from surface to interior.

Substituting the finite element interpolation field hi(X) =
Np∑
I=1

N I(X)hIi into the weak form,

i.e Eq. (4.22), and with some manipulation, one may arrive the following discrete equation
of motion,

M IJ,hDhJi
Dt
− f I,hi = 0 (4.25)
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where

M IJ,h =

∫
Ω0

N INJdΩ0 ≈
∫

Ω0

N IδIJdΩ0 (4.26)

f I,hi = −
∫

Ω0

(
−1

4
`ij +

3

4
`ji

)
NKhKjN

IdΩ0 −
∫

Ω0

γJ
(
N I
BF
−1
Bj F

−1
Aj N

I
A

)
hJidΩ0

−
∫

Ω0

ν1dijN
KhKjN

IJΩ0 −
∫

Ω0

ν2`jjN
KhKiN

IJdΩ0 (4.27)

Active stress based liquid crystal elastomer model

Inside a living cell, the actin filament is only responsible for cytosis process, while micro-
tubules make mitosis and cell locomotion possible, because it provides most strength and
structure support in cytoskeletons. The microtubule is the main component of cytoskeleton,
and it has a hollow, cylindrical structure assembled by polymerization of α/β dimers of
tubulin. Microtubules have a distinct polarity or lattice structure that is important for their
biological function. Tubulin polymerizes end to end with an α subunit of one tubulin dimer
connecting with a β subunit of the next. We refer the end terminated by the α-subunit as
the minus end, and the end terminated by the β-subunit as the plus end. In vitro, puri-
fied tubulin polymerizes more quickly from the plus end, while slowly growing at the minus
end. In essence, the microtubule is a bio-polymer with crystal structure, or in short a liquid
crystal elastomer.
Moreover, microtubule assemblies are highly dynamic, and they frequently grow and shrink
at a rapid yet constant rate at the plus end, which is known as ’dynamic instability’. During
polymerization, both the α- and β-subunits of the tubulin dimer are bound to a molecule
of GTP. While the GTP bound to α-tubulin is stable, the GTP bound to β-tubulin may
be hydrolyzed to GDP shortly after assembly. The kinetics of GDP-tubulin are different
from those of GTP-tubulin; GDP-tubulin is prone to depolymerization. A GDP-bound
tubulin subunit at the tip of a microtubule will fall off, though a GDP-bound tubulin in the
middle of a microtubule cannot spontaneously pop out. The main factor dictates whether
microtubules grow or shrink is the rate of GTP hydrolysis. At high free GTP-tubulin dimer
concentrations, hydrolysis is outpaced by rapid assembly at the plus end, thereby forming a
rigid GTP-cap, whereas concerted GTP hydrolysis at the plus end will cause protofilaments
rapidly disassemble. Once assembled, polarized arrays of microtubules provide tracks for the
transport of organelles and chromosomes. This transport is driven by the motor proteins
such as kinesin and dynein that interact with and move along the lateral surface of the
microtubule. Motor proteins are molecular machines, and they convert chemical energy
derived from ATP hydrolysis into mechanical work used for cellular motility.
At mesoscale or macroscale level, if one assigns a crystal lattice structure to an entropic
elastomer, one will end up with a soft matter material — the liquid crystal elastomer Liquid
crystal elastomers or polymers consist of networks of cross-linked polymeric chains, each of
which contains rigid rod-like molecules called mesogens with long range structure order e.g.
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(a) (b)

Figure 4.1: Comparison between (a) Micro domains of Non-muscle Myosin II (NM II) and
(b) Mesogens in liquid crystal elastomers

[72, 73]. Liquid crystal elastomers combine the elastic properties of polymers with the order
inherent in nematic liquid crystals. Liquid crystal elastomer has an interesting property:
Stretching a monodomain strip of nematic elastomer in a direction transverse to the nematic
director will result in an energy-free rotation of the director, giving rise to a soft elastic
response [74].
Thus we also propose in the first time to use a liquid crystal elastomer-like constitutive
relation to model microtubule bundles or aggregates (see Figure 4.1).
In fact the cell is a living object, the conventional passive liquid crystal hydrodynamics is
insufficient to model many important features of a living cell, because the free-energy based
soft matter approach may not be valid, and it is intended for systems at equilibrium states.
Like the modeling of actin filament e.g. [75], we postulate that the Cauchy stress inside the
microtubule aggregated may be divided into two parts: σ = σp +σa, in which, σa is the an
active stress expressed as,

σa = −ζh⊗ h (4.28)

which accounts for the force generated along the direction of the local director field h; ζ is
an activity constant that is related to the chemical energy release rate of the GTP inside
the cell. In order to get the passive part of the stress, we adopted the following free energy
density of the liquid crystal elastomer ([74]),

F =
µ

2

[
|F|2 − s− 1

s

∣∣∣ FTh
∣∣∣2 +(s− 1)|Fh0|2

− (s− 1)2

s
(FTh · h0)2 − 3

]
+ J

κ(s− 1)2

2s
|FTG|2 (4.29)

where F is the deformation gradient and J is its determinant, i.e.

F =
∂x

∂X
, and J = det |F| .
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where x is the position vector of a material point at the current configuration that is defined
as

x = X + u,

where u is the displacement field, and X is the position vector of the material point at the
reference or material configuration.
The corresponding passive part of the first Piola-Kirchhoff stress part can be obtained by,

Pp =
∂F
∂F

= µ

[
F− s− 1

s
h⊗ (h · F) + (s− 1)(Fh0)⊗ h0

− (s− 1)2

s
(h · Fh0)(h⊗ h0)

]
+
κ(s− 1)2

s
JGGTF−T − pF−T (4.30)

which can be converted to the Cauchy stress as,

σp =
1

J
Pp · FT =

µ

J

[
C− s− 1

s
h⊗ (h · F) + (s− 1)Fh0 ⊗ (Fh0)

− (s− 1)2

s
(h · Fh0)(h⊗ Fh0)

]
+
κ(s− 1)2

s
GGT − p

J
I (4.31)

where the µ is the shear modulus, κ is the Frank modulus, s is the step length anisotropy,
C = FTF is the Right Cauchy-Green tensor, G = ∇x⊗h is the gradient of the director field,
h and h0 represents the director field in the current and reference configuration, respectively.
In addition to the displacement field u, the Cauchy stress for the active Liquid crystal
elastomer is also dependent on the director field h. In order to find the director field of
liquid crystal elastomer, an additional equation for the director field h is needed. In the
proposed microtubule cytoskelton model, the evolution of the director field h is obtained by
adopting the following Allen-Cahn approach [76],

Dh̃

Dt
= −LδF

δh
(4.32)

where L is a material tensor parameter, which characterizes the diffusivity or transport prop-
erty of microtubules. With some manipulations, one may arrive at the following governing
equation for the director field h,

Dh̃

Dt
= µL

[
s− 1

s
hFFT +

(s− 1)2

s
(h · Fh)

(
Fh0

)]
+

κ(s− 1)2

s
L · ∇

[
F−1J(F−TG)

]
(4.33)

Similar to the case of the Nematic droplet model, in Eq. (4.33), a corotational or convected

objective time rate
Dh̃

Dt
is used. In addition, the displacement (essential) boundary condition
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for the director field is prescribed all over cell surface during the entire simulation process.
That is,

h = h0 = n,∀x ∈ ∂Ω (4.34)

where h0 is the initial director field and n is the current unit out-normal on the cell surface
at each material point.
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Chapter 5

Numerical Investigation of the Coarse
Grained Contact Model

5.1 Frictionless Sliding

In this section, we present an application of the CGCM in simulating the frictionless sliding
contact between two half spheres, as shown in Figure 5.1. This idealized contact model can
happen between the rough surfaces of two macro bodies. The two half spheres are both
modeled as hyperelastic Neo-Hookean materials, with Young’s modulus E0 and Possion’s
ratio ν = 0.2. The radius of the sphere is R0 and the corresponding contact interacting
parameters are provided as σ0 = 0.15R0, ε = 3

2
β2

0R
3
0. Quasi-static simulations are carried out

for both the volume integral and surface integral methods, using the Finite Element Method.

During the simulation, the base of the lower half sphere is fixed with zero displacement and
that of the upper half sphere is subjected to an imposed nonzero displacement u in the
horizontal direction. The total resultant reaction force at the base of the upper half sphere

Figure 5.1: Sliding contact: geometry of the two sliding half spheres
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(a): u = 1.2R0 (b): u = 1.5R0 (c): u = 1.8R0

Figure 5.2: Sliding contact: normal stress distribution of the frictionless sliding of two half
spheres.

Figure 5.3: Horizontal resultant force versus the prescribed displacement. The result is
obtained from a quasi-static solution.

in the horizontal direction is denoted as P , which is a function of u. Figures 5.2 (a-c) show
the deformation and the pressure (I1 = tr(σ)) within the two half spheres, for the case of
u = 0.2R0, 0.4R0, 0.6R0. The stress and deformation of the two half spheres are symmetric,
due to the symmetric contact interaction forces, which is expected. As can be seen, the
two asperities are undeformed and stress free at the beginning and the end of the sliding
process. Adhesion is a long-range effect characterized by the attractive forces within large
separations and repulsive forces at small ones. The resultant reaction force P (u) versus
the prescribed displacement u curves are shown in Figure 5.3, for the two methods. The
work required to move the right half sphere can be described by the area between the curve
and the u axis. From the two curves in Figure 5.3, one can see that during the sliding
contact process, attractive forces first dominate, but they are gradually overpowered by the
repulsive forces. It can be easily confirmed numerically that the total work for this process
is equal to zero and the considered process with the two different formulations is energy
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Figure 5.4: Horizontal resultant force versus the prescribed displacement.

conserving, due to the fact that the contact interaction force between the two half spheres
are frictionless, as can be perceived from the derivation of the surface integral approach.
However, If dissipative processes are included, e.g. through plastic deformations, the total
energy of system is not going to be conserved. Another obvious observation is that the load-
displacement curves for the two different integral methods actually have a margin, although
they present similar general trend. This can be explained by the key features of the two
integral methods in computing the contact interaction forces. For both cases, the horizontal
and vertical displacement of the top half spheres are prescribed, which means the two spheres
have identical relative positions at every single load step, if one does not consider the elastic
deformation. In the numerical computation, the contact interaction forces are obtained
through the integration of the Gauss quadrature points. For the volume based method,
no matter how small the size of the element is, one can never have a quadrature point
located on the surface of the bulk. On the other hand, surface integral method, obtains
the interaction force based on quadrature points on the surface element. With the same
macro configurations (positions of the two macro bodies, meshes, etc.), the surface integral
method would for sure provide larger repulsive forces, given that the overall integration
points from two macro bodies are much closer. If one does not consider the errors from
interpolations, i.e, the approximation of the curvy edges, the surface integral shall provide a
better approximation of the interaction force, due to the fact that the main contributions of
the interaction forces between the two interacting bodies shall come from particles with the
closer distances, particularly from particles located on the surface. It can be postulated that,
by successive refinement of the mesh, the curve from volume integral shall asymptotically
approach that of the surface integral one, at the cost of great computational effort. As an
illustration, a mesh refinement of the two half spheres is carried out and the corresponding
load-displacement curve is provided in Figure 5.4, together with the original ones. One can
easily see that the mesh refinement makes the result from the volume integral become closer,
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Figure 5.5: The model problem. (a) geometry and boundary conditions. (b) FEM mesh

while the result from surface integral almost does not change. This indicates that the surface
integral method is more accurate than the volume integral one.

VI, Mesh1 SI, Mesh 1 VI, Mesh 2 SI, Mesh 2

Number of dofs 684 684 1668 1668
Number of elements (volume/surface) 300 80 768 132
Number of contact pairs 5.6× 107 1.6× 105 3.7× 108 4.4× 105

CPU time 1.326s 0.0312s 7.77s 0.0936s

Table 5.1: Computational efficiency of the Coarse-Grained Contact Model

In addition, to assess the computation efficiency, a comparison study of the two methods in
computing the contact interaction forces and contact tangent stiffness matrix is conducted,
as shown in Table 5.1. It is easy to see that the surface integral method is much cheaper
than the volume integral one.

5.2 A Model Indentation Problem

To further test the numerical performances of the CGCM, the following model problem are
investigated. Consider the model problem of a cylinder, with radius R0, located above the
half space, which are pushed together by a displacement u, as shown in Figure 5.5 (a). The
half-space is modeled by a block of size 5R0 × 10R0, such that there would be no spurious
boundary effects. An initial gap of g0(u) = 0.2R0 exists between the half space and the
lowest point of the cylinder. In the simulation, the cylinder and the half-space are both
modeled by the hyperelastic Neo-Hookean material with Young’s modulus E0 and Possion’s
ratio ν = 0.2. The cylinder is pushed down by the relative displacement u, which causes the
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(a) (b)

Figure 5.6: normal stress distribution (a) normal stress I1 = tr(σ) at load step 0.8R0. (b)
enlargement of the refined region

(a): u = 0.2R0 (b): u = 0.4R0 (c): u = 0.6R0

Figure 5.7: Normal stress I1 = tr(σ) distribution of the model problem.

resultant reaction force P (u). For simplicity, the problem is considered in the state of plane
strain. A quasi-static analysis of the problem is conducted, by FEM. The model is discretized
into 960 nodes and 898 quadrilateral elements, as shown in Figure 5.5 (b). Notice that the
mesh is refined at the contact region, so as to reduce the computational cost, which is of great
importance for the volume integral method, especially for three-dimensional computations.
A set of reduced units are used, in the simulation of the CGCM. The radius of the cylinder R0,
Young’s modulus E0 of the Neo-Hookean material and particle density β0 of both material
are selected to be the three basic units. In this framework, the unit of stress is represented
by E0

R3
0
. To reduce the computational cost, the interaction force F(r) = −∂φ

∂r
is neglected

for cases when the two particles are far away such that their interaction force drops blow
1

1000
of the largest attractive force possible. Both the volume and surface integral methods

are used in this quasi-static model problem. For both methods, the step size chosen in this
simulation is 0.01R0 and it is decreased to 0.005R0 after 40 steps, but increased to 0.01R0 for
the last 40 steps. To make sure the stability and accuracy, we use 5×5 quadrature points for
volume integral method, and 5 quadrature points for surface integral method. The deformed
mesh and the normal stress I1 = tr(σ) is shown in Figures 5.6 for u = 0.8R0. The resultant
reaction force P (u) and the gap between the cylinder and the half space g(u) are shown in
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Figure 5.8: Resultant reaction force versus the prescribed displacement.

Figure 5.9: Gap versus the prescribed displacement.

Figures 5.8 and 5.9. It is seen that the force P (u) are practically equal for the two different
methods. A small difference can be seen for the gap g(u) between the two methods, due
to the intrinsic features of Gauss quadrature integrations (Volume integral makes use of
quadrature points in bulks, while surface integral employs points on the surfaces).

5.3 Dynamic Impact of Two Cylinders

In this section, a numerical example is presented, to illustrate the ability of the proposed
method in the simulation of dynamic contact. In specific, we are considering the impact of
two nonlinear elastic cylinders in side a rigid frame. The two cylinders are treated in the
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Figure 5.10: Impact of two cylinders.

state of plain strain, with a radius of 1.0 and are discretized with four node quadrilateral
elements, as shown in Figure 5.10. Notice that a mesh of the rigid wall is needed, for
the computation of the contact interaction forces between the cylinders and the wall. The
hyperelastic Neo-Hookean material model is assumed for the two cylinders with Young’s
modulus E = 1.0×103, Poisson’s ratio ν = 0.2, and density ρ = 1.0. The contact interaction
parameters between any two of the three objects (two cylinders and the wall) are β1 = β2 =
1.0, σ0 = 0.2 and ε = 1.5, with the interaction potential given by Eq. (3.2). We are
interested in energy conservation of the system in a long time simulation. A constant time
step ∆t = 0.002 is chosen in the simulation. The left cylinder is given an initial velocity
of vx = 0.6, vy = −0.9. The explicit dynamic solution algorithm in Table 3.1 is employed.
During the simulation, the surface integral method is used to compute the contact interaction
forces and the corresponding energy. The total energy of the system contains three different
parts, the kinetic energies and elastic strain energies of the two cylinders and the contact
interacting energy among the wall and the cylinders. The time history of the energies are
plotted in Figure 5.11. As can be seen, the total energy is conserved during the simulation.
Figures 5.12 and 5.13 depicts the time sequence results. The left cylinder first hits the
bottom wall at t ≈ 2.2, resulting in a decrease of the kinetic energy and an increase of the
internal (strain) energy and the contact interaction energy, but the total energy remains at
the same level. After bouncing from the wall, the left cylinder impacts the right cylinder at
rest, which happens at t ≈ 3.8, as can be seen from the energy history and the time sequence
plot. In fact, each sudden jump of the kinetic energy shown in Figure 5.11 indicates an
impact, either between a cylinder with the wall or between the two cylinders. Nevertheless,
the total energy of the system remains at the same level even after a very long period of
simulation. Compared to dynamic contact methods in macro scale simulations, here we do
not need any enforcement of the non-penetrability condition or other advanced techniques to
ensure the conservation of energy [77]. In fact, the Coarse-Grained Contact Model has certain
similarities to the classical contact method—the Barrier method ([78, 79]). In the Barrier
method, a special function is carefully chosen and added into the total potential energy of
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Figure 5.11: Energy history for the impact of two cylinders. The result is obtained with the
dynamic contact algorithm in Table 3.1.

the system and hence penetration is readily avoided. While in the CGCM, the corresponding
function that ensuring the non-penetrability originates from the physical interaction between
particles in distinct bodies.

5.4 Summary

This chapter first presents two quasi-static analysis of the CGCM with two numerical exam-
ples, conducted by the two different integral methods. It is shown that the surface integral
method is better in terms of accuracy as well as computational efficiency. After that, an
explicit dynamic contact/impact example is presented to illustrate the energy conservation
of the proposed scheme. Results show that the proposed contact method is stable and energy
conserving in long time explicit time integration.
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t = 0 t = 1.0 t = 2.0

t = 2.2 t = 3.0 t = 3.8

t = 4.0 t = 5.0 t = 6.0

t = 7.0 t = 8.0 t = 9.0

t = 9.4 t = 10.0 t = 11.0

Figure 5.12: Time sequence of the impact of two cylinders, t = 0→ 11.0. The contour shows
the instant von mises stress inside the two cylinder.
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t = 12.0 t = 13.0 t = 13.6

t = 14.0 t = 15.0 t = 16.0

t = 17.0 t = 17.8 t = 18.0

t = 18.2 t = 19.0 t = 20.0

Figure 5.13: Time sequence of the impact of two cylinders, t = 12.0 → 20.0. The contour
shows the instant von mises stress inside the two cylinder.
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Chapter 6

Numerical Investigations of the
MMCL

6.1 Validation of the Surface Tension Model

In this example, a three dimensional liquid droplet is embedded in the atmosphere as shown
in Figure 6.1. The only driving force for the evolution of the system is the surface tension
on the interface of the liquid and the atmosphere. The surface tensions are applied based
on Eqs. (2.37). Constitutive equation of the droplet is given by Eq. (4.5). The material
parameters used in the simulation are κ = 2.2×109 Pa, µ = 0.6×10−3 Pa ·s and the surface
tension between the droplet and the atmosphere γGL = 7.28 × 10−2 N/m. A total of 4341
particles is used in the discretization of the droplet of ellipsoidal shape, with a = 5nm and
the initial aspect ratio a : b : c = 1 : 1.5 : 1, as shown in Figure 6.1. The simulation time
step is chosen as dt = 2.0× 10−14s. Time history of the ellipsoid changing to perfect sphere
process are shown in Figure 6.2.

Figure 6.1: Computational model for the surface tension validation.
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(a): t = 0.004 ns (b): t = 0.04 ns (c): t = 0.08 ns

(d): t = 0.2 ns (e): t = 0.28 ns (f): t = 0.4 ns

Figure 6.2: Time history of the simulation of a 3D ellipsoidal droplet embedded in atmo-
sphere, driven by the surface tension effect.

Based on the energy argument, the droplet tends to stay the shape that has the lowest
energy. Minimizing the surface area of an ellipsoid shall make it become a sphere. The
simulation result confirms that the implementation of surface tension force agrees with the
physics.

6.2 Liquid Droplet Spreading

In this example, simulations of droplet spreading by the MMCL are presented. The droplet
is modeled as a perfect sphere with a radius r = 5nm and the substrate is a cylinder with
the dimension H × R = 4.5nm × 20nm, as shown in Figure 6.3(a). The liquid part is
chosen to be a water droplet and the solid substrate is treated as a single crystal copper.
Constitutive equations of the liquid droplet and solid substrate are provided by Eqs. (4.5)
and (4.8). Initially the droplet is placed at 5nm above the top of the substrate. 4341 nodes
and 4000 elements are used to discretize the droplet and 4036 nodes and 2916 elements are
used to discretize the substrate, as shown in Figure 6.3(b). The material properties are
given as follows: for the droplet (water), we have the density ρd = 1.0× 103kg/m3, viscosity
µ = 0.6× 10−3Pa · s and bulk modulus κ = 2.2× 109Pa; for the substrate (copper), we have
the density ρs = 8.94 × 103kg/m3, Young’s modulus E = 1.2 × 1011Pa and Possion’s ratio
ν = 0.34.
The parameters for the coarse-grained contact model are provided as: the droplet atomic
density βd = 3.33 × 1028/m3, the substrate atomic density βs = 8.47 × 1028/m3. Lennard-
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(a): The MMCL computational model (b): FEM mesh of the MMCL model

Figure 6.3: Computational model of the droplet wetting

Jones parameters for the interactions between the droplet and the substrate are σds =
3.05 × 10−10m, εds = 8.4725 × 10−21J , which are obtained based on the Lorentz-Berthelot
rule: σds = 0.5(σd + σs), εds =

√
εdεs

In the simulation, the time step is ∆t = 5× 10−15s and the total steps is nsteps = 200000.
Reduced units are used through out the simulation, with the unit of time t0 = 1.0× 10−12s,
length l0 = 1.0× 10−10m and mass m0 = 1.0× 10−27kg.
A time sequence of one dynamic droplet spreading is shown in Figure 6.5. One can see that
the droplet first adheres to the substrate Figure 6.5(a-b) and then gradually spreads over it
Figure 6.5(c-h).
To validate the MMCL model, a comparison study of the dynamic contact angle evolutions
of during droplet spreadings with MD simulations is performed. The surface tension between
water and the atmosphere is γGL = 7.28×10−2N/m. The surface parameters of the substrate
are γS = 1.0398N/m, surface Lame parameters λS = 15.6N/m, µS = −8.6N/m, which are
obtained from [80]. The only unknown parameter for the interphase is γL, which can be
obtained based on the target contact angle ([81]). In this simulation, three sets of target
contact angle are chosen, to illustrate the capability of the MMCL in modeling hydrophobic
and hydrophilic behaviors in wetting phenomenons. The dynamic contact angle is defined
as the average of all tilted angles of the elements on the moving contact line. Time history
of the MMCL is displayed in Figure 6.4, in which the molecular dynamics simulation results
are taken from [23]. One can see that the dynamic contact angle of the MMCL are in good
agreement with the result obtained by molecular dynamics simulations [23].

6.3 Capillary Motion On A Spherical Tip

In this example, a nano-sized rigid sphere is first slowly pushed into the surface of an infinite
large water film, and then gently pulled back to the original position. In the end, the rigid
sphere is held still at that position, in a hope to capture the capillary motion of the liquid
around the spherical tip. The model is shown in Figure 6.6. The radius of the spherical tip
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Figure 6.4: The dynamic contact angle.

is r = 5nm. The thickness of the water film is H = 4.5nm. Notice that the water film is
rested on an infinite large substrate. A total of 5812 nodes and 2904 elements are used to
discretize the water film. No mesh is needed for the spherical tip and the substrate, given
the fact that we are using the analytical integral for the tip and substrate.
The interaction between the rigid sphere and the water film and the interplay between the
water film and the infinite substrate are derived from a 12-6 Lennard-Jones potential. The
corresponding surface stress tensors for the interaction of the water film with the rigid sphere
and the infinite plate are given in Eqs. (3.36),(3.37) and (3.34).
The constitutive equation and material properties of the water film is the same as the previous
example. The simulation time step is ∆t = 1.0×10−16s, and the total simulation time steps is
nsteps = 1000000. Before t = 2.5× 10−11s, the rigid sphere is gradually pushed down at the
speed of ∆z = 2.0×10−14m per time step (see Figure 6.7 (a-c)). Then from t = 2.5×10−11s
to t = 5.0× 10−11s steps, the sphere tip is pulled up with the same magnitude of speed (see
Figure 6.7 (d-f)). One can find that during the push and pull process the water film motion
simply follows the front surface of the rigid sphere, and the substrate acts as a glue that
fixes the vertical displacement of the water film. After t = 2.5 × 10−10s, the sphere is held
still at that position until the end of the simulation (Figure 6.7 (g-j)). It is easy to tell that
even though the sphere is fixed, water can still keep climbing up until an equilibrium state
is reached, which is the capillary effect.
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(a): t = 0.010ns (b): t = 0.020ns

(c): t = 0.030ns (d): t = 0.040ns

(e): t = 0.070ns (f): t = 0.100ns

(g): t = 0.130ns (h): t = 0.150ns

Figure 6.5: Time sequence of the droplet spreading on an elastic substrate.
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Figure 6.6: The model for capillary motion on a spherical tip
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(a): t = 0.005ns (b): t = 0.015ns

(c): t = 0.025ns (d): t = 0.030ns

(e): t = 0.040ns (f): t = 0.050ns

(g): t = 0.055ns (h): t = 0.060ns

(i): t = 0.065ns (j): t = 0.100ns

Figure 6.7: Time sequence of the capillary motion on a spherical tip.
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Chapter 7

Cell Simulations using the Multiscale
Moving Contact Line Theory

Researchers found that the cell spreading process can be categorized into two distinct stages
[82, 83, 84]—the early stage and the late stage. In the early stage, the cell will initially
contact with the extracellular matrix (ECM), and sense the ligands on the substrate. Gen-
erally speaking, the early stage spreading is a passive process, in which the cell remains in
suspension and presents a roughly spherical morphology. The deformation of the cell is pure-
ly mechanical, which disrupts the cortical cytoskeleton. Due to the lack of focal contacts,
the interaction of the cell and the ECM is very weak. Once the area reaches a threshold
along with the disruption of the cortical cytoskeleton, the cell spreading will enter the late
stage, activated by the rapid increase of certain proteins resulting from the ligand-receptor
adhesion. These proteins will cause steady state polymerization of the cortical actin in the
cytoskeletal network, leading to an increase in the protrusive forces and the ligand-receptor
adhesion sites. These protrusive forces will facilitate the extension of the lamellipoida and
filopodia, causing the cell spreading area continously increase. Aside from actin polymeriza-
tion, another feature of the late stage cell spreading is contractility of the cell cytoskeleton,
accomplished by the actin-myosin based stress fibers linked to focal adhesions. The con-
tractile forces serve to detach the cell from the substrate or compress and reconstruct the
corresponding extracellular matrix. It is worth noting that the late stage of cell spreading
is governed by the relative magnitudes of the forces from actin polymerization and myosin
dependent contraction. It is the competition of the two that decides the cell margins will
extend or contract [85, 86]. The whole process in the spreading of living cells is considered to
be the universal dynamics of cell spreading. Despite the extreme complexity, cell spreading
is a fundamental biological process that plays a vital role in many cellular processes such as
cell migration, proliferation, wound healing, tumor metastasis, drug delivering and artificial
culture design for tissue engineering, etc.
There has been a lot of effort on the modeling of cellular behaviors, like adhesion, spreading
or crawling. Bischofs and his co-authors introduced a mechanical model that can predicts
cellular force distributions for cell adhering [87]. Albert and Schwarz proposed a three-
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dimensional Potts model, to capture the dynamics and steady states of cell shape and forces
without any prior knowledge on the way the cell will spread on a given micro-patterned
substrate [88]. Giomi and Desimone employed a model of active Nematic droplets embedded
in an isotropic Netwonian fluid, and successfully captured the spontaneous division and
motility, a reminiscent of the behaviors from a typical living cell [89]. These modelling of
cellular behaviors are successful in their respective fields. Nevertheless, investigations on
the spreading of living cells are mainly conducted through experiments [90, 83, 91, 92, 93],
accompanied by some phenomenologically explanations. And to the best of the author’s
knowledge, there are very few three-dimensional numerical simulations implemented in a
continuum mechanics based approach that can successfully capture the above cell spreading
process.
Recently, Style and his co-workers found that water droplets can spread or even move, by
simply modulating the stiffness of the underlying substrate [26]. These striking behaviors of
water droplets presents great similarities with that of living cells. In fact, several researchers
have proposed to treat cell spreading process as that of the traditional wetting transition
[94, 95, 96]. In addition, Gabella and his co-workers incorporate the contact angle concept
into the migration of living cells, by considering the actin tension forces generated through
polymerization of the cytoskeleton or actin-myosin contraction at the cell leading edge [97].
Inspired by their work, we propose to combine the MMCL theory and this actin tension
scheme, such that it can be used to study cell spreading over elastic substrates. In our
simulations, cells are modelled as nematic droplets, which have been used to simulate cellular
level behaviors by many researchers [98, 99, 70]. And without loss of generality, the substrate
is modeled as a St.Venant Kirchhoff elastic medium. The main novelty and distinction of the
present work is the synergy of the following two aspects: (1) A multiscale moving contact
line theory is developed such that it can simulate dynamic droplet spreading. and (2)The
active effects (actin polymerization or actin-myosin contraction) is incorporated into the
MMCL framework. The combination of the two enable us to model complex active cellular
phenomena, such as extensive cell spreading or even migration [90].
The model is implemented in Lagrange type Galerkin formulations using conventional finite
element method. Early stage cell spreading simulations are first performed. In the early stage
spreading, the main driving force comes from the surface energy of the cell membrane and
the corresponding substrate adhesion/contact. Then late stage cell spreading simulations
with the active effect from actin polymerization or actin-myosin contraction are carried out.
Simulations of cells spreading upon substrates with different stiffness are offered, hoping to
shed some light on the machnotransduction of living cells. From the simulations, it is proved
that complete three-dimensional cell spreading modelling can be accomplished by the model
proposed. In addition, the spreading areas versus time curves of different stages from the
simulation results present a power law, which is in good agreement with experiments and
theoretical prediction in the literature. Moreover, comparison studies of the cell spreading
upon substrate with various elasticities, revealed the mechanotransduction between cells and
their surrounding environment.
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(a) (b)

Figure 7.1: (a) initial shape for cell membrane model and (b) biconcave cell shape from
simulation.

7.1 Soft Matter Cell Model Verification: Simulation

of Biconcave Shape of Red Blood Cells

A verification problem for Helfrich’s cell membrane model [100] is to simulate the shape of
red blood cells, and the Helfrich model successfully captured the biconcave shape of red blood
cells. To validate the proposed liquid crystal elastomer model, in this example, we construct a
thin liquid crystal elastomer vesicular shell to represent a red blood cell membrane structure,
and watch it to deform until reaching to its equilibrium state. Just as that of the Helfrich
model, the simulation result shows that the proposed model can also replicate the biconcave
cell shape of the red blood cell as shown in Figure 7.1. Moreover, we would like to point
out that the Helfrich model is a membrane model that has no intrinsic thickness, whereas
the thickness of a typical red blood cell is ranging from 0.5µm ∼ 2.5µm. The thickness of
the presented liquid crystal elastomer shell is set about 0.3µm, and we believe that similar
simulations would work for thickness up to 2µm for a 10µm diameter cell. An open cross
section of the initial shape of the hollow cell is shown in Figure 7.1(a). The dimension of
the cell model is R(radius)×H(height)×T (thickness) = 5µm× 3µm× 0.5µm. The initial
director field is prescribed along the surface normal direction of the outer surface.
The density of the liquid crystal elastomer is chosen as ρ0 = 1.0× 103 kg/m3. The following
material properties and constants are used in the simulation: the shear modulus µ = 1.0×
104 N/m2, the Frank modulus κ = 1.0× 10−11 N , the step length anisotropy s = 2.0.
In this simulation, the RKPM meshfree particle method [55] is used. A total of 30,728
particles are used in the meshfree discretization of the hollow cell. As shown in Figure 7.1(b),
during the simulation, the hollow cell eventually relaxes into a biconcave cell membrane
shape.
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Figure 7.2: Schematic illustration of three phase interacting system

7.2 Modeling the Universal Dynamics of Cell

Spreading

Before proceeding to any detailed theory, we would like to present the global picture of
the model problem. In specific, we are considering the following triple phase system that
consists of a cell (Nematic droplet) ΩL, an extracellular matrix (elastic substrate) ΩS, and
surrounding extracellular medium (atmosphere) ΩG, as shown in Figure 7.2. Through out
this paper, the bulk index L, S, G refers to the Nematic droplet, the elastic substrate and
the atmosphere, respectively. The interfaces of the triple phase system are labeled as ΓLS,
ΓGS and ΓLG. The moving contact line is denoted as Γmcl = ΓLS ∩ ΓGS ∩ ΓLG. The three
phases are subjected to the conventional equations of motion in the bulk, a series of surface
equations of motion, mutual interaction forces among the three phases, and the active effects
(actin-polymerization or actin-myosin contraction) from the cell.

Incorporating the active effects

In this section, we aim to present a very simple demonstration in explaining the basic idea on
how the active effects can be incorporated. Similar to the liquid droplet example in Chapter
2, let’s consider the 2D case of a cell placed on an elastic substrate embedded in the ambient
space with permissable conditions, as shown in Figure 7.3(a). Using the MMCL theory, the
nodal force on the node at the moving contact line Γmcl can be obtained as,

FS
I = −
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Γls

∂NI
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s ds+

∫
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Figure 7.3: Moving contact line of a 2D droplet.

At equilibrium state, the dynamic surface tension nodal force should be zero in the horizontal
direction, i.e,

γLS + γLG cos θ − γGS = 0, (7.1)

which is the famous Young’s equation [101], relating the surface tensions between the three
phases merging at the contact line Γmcl. Following Gabella and his co-authors [97], the active
effect induced extra surface tension γactin can be directly introduced into the Young’s equa-
tion. With the actin polymerization or actin-myosin contractile mechanism, the force balance
at the moving contact line Γmcl is first broken, and then the system will reach to another
equilibrium state with a new contact angle θ′. The original interphase tensions γLS, γLG and
γGS, which are in general material constants, together with the active effect induced tension
γactin and the new contact angle θ′, shall satisfy the following balance equation:

γLS + γLG cos θ′ − γGS = γactin (7.2)

or
γLS + γLG cos θ′ − (γGS + γactin) = 0 (7.3)

It is easy to see from Eq. 7.3 that, the actin tension can be simply viewed as an extra
contribution to the surface stress on ΓGS. If the active effect induced surface actin tension
γactin is uniform along Γmcl, then one would expect the cell to spread isotropically, as shown in
Figure 7.3(b). On the contrary, with non-uniform actin tension, one might see anisotropically
movement of the cell, possibly resulting in cell migration event. In the current work, we
mainly focus on the universal dynamics of cell spreading. To model the universal spreading
process, we make the following assumptions:

(1) The early stage spreading can be completely treated as a mechanical process, similar
to the dynamic wetting process of a water droplet;
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Figure 7.4: Different stages of a spreading cell

(2) The adhesion strength between the cell and the ECM is only dependent on the stiffness
of the substrate, i.e, independent of the cell morphology or any other factors in the
spreading process;

(3) In the late stages, actin polymerization or actin-myosin contraction induced actin ten-
sion is uniform and the cell spreads isotropically.

Dynamic Spreading of A Living Cell

In this section, the simulation of a living cell spreading upon the ECM is presented. The
cell is modelled as a Nematic droplet, while the ECM is treated as an elastic substrate. The
Nematic droplet in was initially in suspension and placed above the elastic substrate, as
shown in Figure 7.4(a). We carried out the simulation, attempting to capture the different
stages of the spreading process, i.e, early stage spreading (see Figure 7.4(b))and the late stage
spreading (see Figure 7.4(c)). As indicated in the three assumptions made in section 7.2, only
physical interactions among the cell, the ECM and the extracellular medium are considered
for early stage spreading. We expect that the cell will show a weak contact/adhesion on the
substrate, resembling a “ball-up” phenomena. In the late stage, an actin tension force γactin
is introduced, applying at the moving contact line, parallel to the ECM surface, as shown in
Figure 7.4(c). Due to the effect of the actin-polymerization and/or actin-myosin contraction,
the cell will then spread over the substrate.
Initially, the Nematic droplet is chosen as a perfect sphere with a radius r = 5 µm, which
is discretized into 4000 eight-node brick elements with 4341 nodes. The elastic substrate is
a thick cylinder plate with the dimension H = 4.75 µm, R = 20.0 µm, which is discretized
into 2916 eight-node brick elements with 4036 nodes. The computational model is shown
in Figure7.5. The material properties of the Nematic droplet, and the simulation related
constants are density ρl = 1.0 × 103 kg/m3, viscosity µ = 1.0 × 10−2 Pa · s, bulk modulus
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Figure 7.5: Computational model of the Nematic droplet and the elastic substrate

κ = 2.2 × 108 Pa, η = 5.0 × 10−8, µ1 = 2.0, µ2 = 2.0, ε = 1.0 × 10−4, γ = 1.0 × 10−4.
The material parameters for the St.Venant Kirchhoff elastic substrate are density ρs =
1.0× 103 kg/m3, Young’s modulus E = 220 KPa and Possion’s ratio ν = 0.493. The Lame
constants can be obtained by

λ =
νE

(1 + ν)(1− 2ν)
(7.4)

µ =
E

2(1 + ν)
(7.5)

For the Coarse-Grained Contact Model, we choose σ0 = 1 µm, ε = 8.0× 10−16J , βl = βs =
3.3× 1019/m3, which usually results in an average gap of 400 nm between the Nematic gel
droplet and the elastic substrate. The surface tensions between the three different phases
are given as follows: the Nematic droplet and the atmosphere γLG = 7.28 × 10−2N/m; the
Nematic droplet and the substrate γLS = 1.35×10−2N/m; the substrate and the atmosphere
γGS = 9.85 × 10−1N/m; the actin-tension γactin = 6.3 × 10−2N/m. During the simulation
process, the bottom part of the substrate is fixed. The Nematic droplet is prescribed with
essential director field boundary condition, i.e, the director h in the out-layer of the droplet
are fixed in out-normal direction of the surface.
Figure 7.6 presents time sequence snap shots of the cell spreading process. The simulation
time step is dt = 1.25×10−10s, with a total amount of time t = 12µs. To capture the dynamic
spreading process as a whole, we divide the total simulation time into two parts. The first
part is pure mechanical, by which we mean the cell is treated as a passive object. In the
second part, the actin tension γactin is applied at the MCL. The equilibrium shapes of the cell
at the end of each part are shown in Figure 7.6(e) and (i), respectively. We want to mention
the importance of the role the actin tension force γactin played in the spreading process. As
can be seen from Figure 7.6, the cell first adheres to the substrate ((a)-(d)), guided by the
contact/adhesion force from the CGCM, resembling the ”ball-up” shape. Without the effect
of the actin tension, the cell would stay there, with no further spreading. At the moving
contact line Γmcl of the three phase system, a net force parallel to the surface of the substrate,
pointing to, approximately, the out-radius direction of the cylinder, is applied to the fringe
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(a): t = 0.45µs (b): t = 0.9µs (c): t = 2.7µs

(d): t = 3.6µs (e): t = 4.5µs (f): t = 5.4µs

(g): t = 7.2µs (h): t = 8.1µs (i): t = 9.0µs

Figure 7.6: Time sequence of the cell spreading on an elastic substrate.

of the cell. Thus the cell continues spreading till another equilibrium is achieved Figure
7.6(e-i). The MMCL is highly dependent on the contact model, and one is always required
to detect the current location of moving contact line. It is this MMCL model, combined
with the treatment of the actin tension effects, that makes the spreading possible for the
cell on the substrate. To validate our modelling of the cell spreading, the spreading areas
are measured during the simulation so as to compare with experimental findings. In our
simulation, the spreading area is obtained from the position of the MCL. Due to the discrete
feature of finite element method, the MCL is approximated by the surface element edges of
the Nematic droplet. Using the coordinates of the nodes at the MCL, one can easily obtain
the average radius of the contact region, and hence the spreading area.
Figure 7.7 shows the spreading area versus time evolution of the entire process. Initially,
the long-range attractive force between the cell and the substrate drives the rapid spreading
of the cell. An equilibrium is reached through the balance between the forces from the
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Figure 7.7: Spreading area of the cell on an elastic substrate. The units are A0 = 78.54µm2

and t0 = 12µs

contact/adhesion and the passive surface tensions. With the introduction of the actin tension
γactin , the early stage equilibrium is broken and the system will reach a new equilibrium
position, with the increase of the spreading area. The spreading of cells over elastic substrate
have been studied by many researchers [82, 96, 84, 83, 102]. It is found that the evolution
of contact radius follows specific power laws, for a wide range of cell types and substrates.
In particular, the early stage spreading contact radius versus presents a square root law√
A ∼

√
t or A ∼ t, where A is the spreading area and t is the spreading time. Cuvelier

and his co-workers also find that, both experimentally and theoretically, subsequent to the
early stage spreading, the cell spreading slows down and the behavior is then captured by
the scaling law

√
A ∼ t1/4 or A ∼ t1/2 [82]. As can be seen from Figure 7.7, the temporal

evolution of the cell spreading area approximately follows the trend A ∼ t in the early stage
and A ∼ t1/2 in the late stage, which in a way proved the validity of our model. We want
to make a remark on the late stage spreading that the isotropic spreading behavior lies
in the assumption that the actin polymerization or actin-myosin contraction induced actin
tension is uniform around the moving contact line Γmcl. In reality, this is not always the
case. In fact, we believe that a specific asymmetrical actin tension effect resulting from actin
polymerization or actin-myosin induced might lead to the cell crawling phenomenon.

Investigation of the cell mechanotransduction and the force dipole
field

In this section, cell spreading simulations over substrate with various stiffness are studied,
in an attempt to probe the mechanotransduction due to the interaction between the cell
and the extracellular environment. Here it is assumed that the adhesion strength is larger
in substrate with higher Young’s modulus [103]. The potential wells of the three coarse
grained potentials, which characterize the surface and interface energies of three substrates,
are chosen as εI = 4.0×10−16J , εII = 6.0×10−16J , and εIII = 8.0×10−16J . Other material
parameters used in the simulations for the cell are the same as that in the previous example.
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We set E0 = 40 KPa, ν0 = 0.493 as the base Young’s modulus value, and the Young’s
modulus for the three different substrates are subsequently represented as,

Substrate I: ESI = 2E0; νSI = ν0 (7.6)

Substrate II: ESII = 5E0; νSII = ν0 (7.7)

Substrate III: ESIII = 10E0; νSIII = ν0 (7.8)

where E denotes the Young’s modulus, and ν is the Possion’s ratio. The relationship

Figure 7.8: Temporal evolutions of the cell spreading areas over various elastic substrates.
The units are A0 = 78.54µm2 and t0 = 12µs

(a) (b) (c)

Figure 7.9: Final state of a cell spreading over substrates with different stiffness: (a)
Substrate-I, (b) Substrate-II, (c) Substrate-III.

between spreading area versus time for the three different substrates are given in Figure 7.8.
It reveals that the stiffer the substrate, the more (large area) the cell spreads (see Figure
7.9). Despite of similar spreading trend, at the same instance, the spreading areas of the
cell on the three different substrates are quite different. Specifically, for a fixed instant, the
stiffer the substrate, the larger the spreading area, which is in good agreement with results
reported in literature.
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Because of the presence of the director field, which is the mesoscale representation of the
polarized actin filaments, the Cauchy stress tensor is no longer symmetric (see Eq. (4.18) ).
This will lead to a local force dipole distribution inside the cell. We can calculate the force
dipole moment inside a cell as,

m = εijkσjkei (7.9)

where εijk is the permutation symbol. To investigate the effect from the interaction between
the cell and the substrate, we define the dipole moment field as,

p(x, t) = m(x, t)−m0(x) . (7.10)

where m0 is the initial dipole moment field induced by pre-stress.
For simplicity, we choose an initial state so that the initial direction of the director field is
along the radical direction, i.e. h(x, 0) = n(x, 0) = n0(x). In fact, by doing so, the pre-stress
state due to the initial director field h(x, 0) is purely dilatational and hence m0 = 0. In this
case, one may find the initial molecular field,

s0 = − η

r2
h0 (7.11)

where r is the radial distance between the center of the droplet to the point under consid-
eration. Under this condition, the polarization field is the dipole moment field, i.e. p = m.
During the spreading of the cell over the elastic substrate, we can calculate the projection
of the polarization vector onto the original director filed axis n,

cos θ̄ := p̄ · n, p̄ :=
p

|p|
, (7.12)

where n(x) is the direction of the local nematic axis, and it may be interpreted as the chosen
direction of the actin stress fiber. In this paper, we name cos θ̄ as the orientation order
parameter.
To study the internal dipole moment field inside the cell, we make horizontal cuts of the
cell at different heights, with the cutting plane parallel to the XOY surface (substrate sur-
face). Figure 7.10 shows the distribution of the orientational order parameters for the dipole
moment field of a same cell spreading over three substrates with different elastic stiffnesses.
One may find that the distributed dipole moment field seems to exert torques on the center
area of the droplet, where the cell nucleus is supposed to reside. This observation implies
that: (1) Substrate elasticity can quantitatively activate and then transduce dipole moment
distribution inside the nematic droplet, which may provide an overall or effective signaling
pathway for mechanotransduction other than the specific molecular cellular signaling path-
ways; (2) The distinct distribution pattern of the order parameter may provide a viable
measurement or quantification for mechanotransduction of substrate elasticity.
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(a) Substrate I (b) Substrate II (c) Substrate III

(d) Substrate I (e) Substrate II (f) Substrate III

(g) Substrate I (h) Substrate II (i) Substrate III

Figure 7.10: Horizontal views of the orientational order parameter distribution cos θ̄(x) in a
deformed droplet for three different substrates, with the section distances to the substrates
as 1500 nm above the substrate: (a),(b),(c); 1000 nm above the substrate: (d),(e),(f); 500
nm above the substrate: (g),(h),(i).
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Figure 7.11: 3D Computational model of cell spreading on a stiffness-varying substrate, the
color in the substrate stands for different stiffness, the stiffness at the right end is the highest
(top view).

7.3 Simulation of Cell Movement under Elasticity

Gradient

One of the main advantages of the liquid crystal elastomer cell model proposed here is
its potential to describe acto-myosin dynamics and lamellipodium dynamics, which are the
central issues of modeling cell motility and migration. It is maybe of great interest to
examine cell interaction with a substrate that has non-uniform stiffness, because the non-
homogeneous rigidity provides an external stimuli that may trigger contractility of the cell,
and eventually leads to the typical crawling phenomena. For this purpose, a cell is placed
on an extracellular matrix that has a gradient of rigidity along the y direction. In specific,
the Hyperelastic constitutive parameters of the substrate is a function of y coordinate,

c1 = 2.126(
4.0y

L0

+ 0.5)× 103Pa ,

c2 = 1.7(
4.0y

L0

+ 0.5)× 102Pa,

λ = 1.7(
4.0y

L0

+ 0.5)× 105Pa (7.13)

where L0 is the length of the matrix in y direction. A schematic of the problem statement
is shown in Figure 7.11. Notice that, to reduce the computation cost and increase the
integration accuracy, surface integral method is adopted. In Figure 7.12, we display a time
sequence of a cell spreading/crawling over the elastic stiffness-varying deformable substrate.
For a homogeneous elastic stiffness, a cell would move approximately in the same speed
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in every radius direction of the cell. Based on the simulation results obtained from the
inhomogeneous substrates, one may find that the cell first adheres to the substrate (see
Figure 7.12a-d). Then it protrudes towards the direction of higher rigidity (see Figure 7.12e-
h). From t = 4.2µs (Figure 7.12h) to t = 4.8µs (Figure 7.12i), it seems that the front part
of the cell adheres to the substrate and the rear part contacts and moves towards the y
direction. Compare the center of the cell at the starting point with its center at the end of
the simulation (t = 6.6µs), one can clearly see the cell actually moves towards the right side
of the substrate. This real three dimensional simulation not only demonstrates a preliminary
cell crawling and protrusion behaviors, but also indicates that the cell motility is in favor
of a stiffer substrate, which is in good agreement of the experimental measurements of cell
adhesion and migration reported in [104, 105].
There are several crucial points for the simulation of cell crawling or motility. First, an active
term is needed to be included in the modeling of the soft-cell model. The active stress term,
γactin, provides contractile force that will generate internal treadmilling of the cytoskeleton
polymer. It represents the stress contribution from the internal “energy pump”. Second, the
Coarse-Grained Contact Model, which successfully makes the cell adhere to the substrate.
And third, the moving contact line formulation, which includes the surface tension effects
for the three phase system based on the Gurtin-Murdoch theory, has to be included.
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(a): t = 0.03µs (b): t = 0.6µs (c): t = 1.2µs

(d): t = 1.8µs (e): t = 2.4µs (f): t = 3.0µs

(g): t = 3.6µs (h): t = 4.2µs (i): t = 4.8µs

(g): t = 5.4µs (h): t = 6.0µs (i): t = 6.6µs

Figure 7.12: Time sequence of the cell adhesion/crawling over an elastic substrate.
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Chapter 8

Conclusions

In this dissertation, a novel multiscale moving contact line theory is developed. The MMCL
theory combines the lately developed coarse-grained contact model (CGCM) and a set of
surface dynamic equations. A mathematically consistent way to convert the double-layer
volume integral computing the contact interaction force (and contact stiffness matrix) in
the original CGCM to a surface integral is first derived, in the framework of continuum
mechanics. Contact forces and stiffness matrices for the two cases of rigid infinite plates
or rigid spheres are also considered with analytical integrations, which is very important
in reducing the computational cost. The CGCM is implemented in an Updated Lagrange
formulation. Two quasi-static analysis of the CGCM are presented. Results show that the
modified CGCM (using surface integral) is better than the original CGCM (using volume
integral), in both numerical accuracy and computational efficiency. Meanwhile, an explic-
it dynamic contact/impact example using the modified CGCM reveals that this method is
energy conserving, even in a very long time contact/impact simulation. Using the Galerkin
weakform of the set of surface dynamic equations, one can calculate surface tension induced
forces above, on and below the moving contact line. The resulting surface tension model
(from the surface equations) are confirmed by the relaxation of a three-dimensional water
droplet of ellipsoid shape. The proposed MMCL model is verified by comparing the dynamic
contact angle evolution of a droplet spreading on a solid substrate from an explicit dynamic
FEM computation with that from a molecular dynamic simulation. A qualitative example
of capillary motion around a spherical tip is also conducted, to illustrate the usage of ana-
lytical integrations for infinite rigid plates and rigid spheres, which can greatly reduce the
computational cost. In the end, the MMCL is applied to cell simulations.
Despite the fact that cell spreading is a fundamental biological process that plays a key role in
many important cellular behaviors, investigations on the spreading of living cells are mainly
conducted through experiments, e.g. [90, 83, 91, 92, 93]. Although some phenomenological
cell models have been developed at continuum level, e.g. [102, 106, 107, 108], there are
very few soft matter cell models that can direct simulate three-dimensional cell spreading
based on the intrinsic characteristics of living cells. In this work, two novel soft-matter
based cell models are developed, based on the characteristic of a living cell in the mechanical
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viewpoint. The first one is based on Nematic liquid crystals, considering the polarity of
the actin-filaments. The second one is based on liquid crystal elastomers, embracing the
polarities from the main stress fibers inside a typical living cell.
Using the multiscale moving contact line theory and the soft-matter based cell models,
dynamic cell spreadings and cell motility are simulated. In the two cell simulations, a
special way of incorporating the active effects (the actin-polymerization and actin-myosin
contraction) are incorporated into the MMCL frame work. It is revealed that the current soft
matter model can successfully simulate cell spreading over elastic substrates. In particular,
the temporal evolutions of the cell spreading area in the early stage (passive spreading
process) and the late stage (active spreading process) approximately follow the experimental
observed power laws A ∼ t and A ∼ t1/2, respectively. The early stage spreading is a
passive spreading process and our assumption that no actin tension effect exists may be
valid, according to the literature. As for the late stage spreading, we assumed that both
the actin polymerization and actin-myosin contraction induced tension effects are isotropic,
which may not always be the case, especially for the contraction part. It is the competition
between the actin-polymerization and actin-myosin contraction that leads to cell crawling
phenomenon. In fact with the introduction of certain asymmetrical actin-tension effect, the
cell crawling phenomenon is successfully captured.
In addition to the universal cell spreading law, investigations on the effect of substrate
stiffness on the cell spreading area as well as the dipole moment distributions inside the
cell are also performed. It is found that for a fixed time spot, the stiffer the substrate, the
larger the final spreading area. The patterns of the order parameter seems to indicate that
the distributed moment field actually exerted torques on the center of the cell, which might
provide a viable measurement for mechanotransduction of substrate elasticity.
It should be noted that the behaviors of cells are complex biological phenomena. The
proposed soft matter cell model is only intended to model mechanical behaviors of cells at
mesoscale level, which may not and cannot explain the molecular mechanisms of cellular
processes such as cell division or proliferation, and to understand the molecular mechanism
of the cellular process requires an in-depth study of every aspects of molecular cell biology
including all relevant bio-chemical, bio-physical, as well as bio-mechanical factors and their
interactions at different scales.
Nevertheless, developing soft matter models for cells may help us understand mechano-
biology of cells. It has been shown in this work that the soft matter cell model may offer
a unique approach that is sound in thermodynamics and statistical bio-mechanics, and it
provides much more explanations on interaction between the cell and its mechanical niche
than that of conventional hyperelastic or viscoelastic cell models. In some cases, the soft
matter model has even shown its predictive power, such as cellular morphology change and
the origin of cell motility [109, 110, 98].
Taken together, our model provides us with a unified framework for understanding the
universal cell spreading by focusing on the collective aspects of the cell whose behavior is
determined by its coarse-grained geometry and material properties. It is worth mentioning
here that a variety of other molecular models, suggesting that a macroscopic model that
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focuses on the collective material properties of the cell are sufficient to explain the data.
The predictive ability of the soft matter cell model may provide both scientific insight as
well as clinic guidance on many of health care problems, such as regenerated medicine and
drug design problems.
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[96] Stéphane Douezan, Karine Guevorkian, Randa Naouar, Sylvie Dufour, Damien Cu-
velier, and Françoise Brochard-Wyart. Spreading dynamics and wetting transition of
cellular aggregates. Proceedings of the National Academy of Sciences of the United
States of America, 108(18):7315–20, May 2011.
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Appendix A

Tangent Stiffness Matrix of CGCM

A.1 Tangent Stiffness of the Volume Integral

Approach

In the volume integral approach, the contact force vectors resulting from two generic volume
elements can be written as

fecontv,iij =

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)β1β2N

i ∂φ

∂xi
dv2dv1 (A.1)

and

fecontv,jij =

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)β1β2N

j ∂φ

∂xj
dv2dv1 (A.2)

where fecontv,iij , fecontv,jij represents the force vector acted on element i and j, Ni and Nj

denotes the element shape functions of element i and j, and χ(Ωe
i ,Ω

e
j) is the characteristic

function defined in Eq. (3.55).
The contributions of the force vector fecontv,iij to the element stiffness matrix of element Ωe

i

can be obtained as follows,

kecontv,ii =
∂fecontv,iij

∂ui
=
∂fecontv,iij

∂xi
Ni (A.3)

where
∂fecontv,iij

∂xi
=

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)β1β2N

i ∂2φ

∂xi∂xi
Nidv2dv1 (A.4)

Define

Kv
ii =

∂2φ

∂xi∂xi
=

1

r

∂φ

∂r
1 +

(
∂2φ

∂r2
− 1

r

∂φ

∂r

)
x̂ji ⊗ x̂ji (A.5)
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then the stiffness matrix kecontv,ii can be written as

kecontv,ii =

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)β1β2N

iKv
iiN

idv2dv1 (A.6)

where
∂2φ

∂xi∂xi
=

1

r

∂φ

∂r
I +

(
∂2φ

∂r2
− 1

r

∂φ

∂r

)
x̂ji ⊗ x̂ji (A.7)

in which I is the identity matrix and x̂ji :=
xji

r

Similarly, one can define

Kv
ij =

∂2φ

∂xi∂xj
; Kv

jj =
∂2φ

∂xj∂xj
; Kv

ji =
∂2φ

∂xj∂xi
, (A.8)

such that the other contributions to the element stiffness matrices from the two contact force
vectors can be written as

kecontv,ij =

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)β1β2N

iKv
ijN

jdv2dv1 (A.9)

kecontv,jj =

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)β1β2N

jKv
jjN

jdv2dv1 (A.10)

kecontv,ji =

∫
Ωe

i

∫
Ωe

j

χ(Ωe
i ,Ω

e
j)β1β2N

jKv
jiN

idv2dv1 (A.11)

It is easy to see that Kv
ij = Kv

ji, which indicates that the global contact stiffness matrix is
symmetric.

A.2 Tangent Stiffness of the Surface Integral

Approach

In the surface integral approach, the contact force vectors resulting from two generic surface
elements ∂Ωe

i and ∂Ωe
j can be expressed as

feconts,iij =

∫
∂Ωe

i

∫
∂Ωe

j

χ(Ωe
i ,Ω

e
j)βiβjN

i(nj ⊗ rij) · niψ(r)daidaj (A.12)

and

feconts,jij =

∫
∂Ωe

i

∫
∂Ωe

j

χ(Ωe
i ,Ω

e
j)βiβjN

j(ni ⊗ rji) · njψ(r)daidaj (A.13)

where χ(Ωe
i ,Ω

e
j) is the characteristic function defined in Eq. (3.55); Ni, Nj are the shape

functions associated with the bulk element Ωe
i and Ωe

j , respectively; ni, nj are the unit out
normal at the surface points ri and rj; rij = ri − rj = −rji and r = |rij|.
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To obtain the tangent stiffness matrix associated with the two contact force vectors above,
we first convert them into the reference configuration. Using the Nanson’s formula nda =
JF−TNdA and noticing βi0 = Jβi, βj0 = Jβj, one can get

feconts,iij =

∫
∂Ωe0

i

∫
∂Ωe0

j

χ(Ωe
i ,Ω

e
j)βi0βj0N

i
[
(F−Tj Nj)⊗ rij

]
· (F−Ti Ni)ψ(r)dAidAj (A.14)

and

feconts,jij =

∫
∂Ωe0

i

∫
∂Ωe0

j

χ(Ωe
i ,Ω

e
j)βi0βj0N

j
[
(F−Ti Ni)⊗ rji

]
· (F−Tj Nj)ψ(r)dAidAj (A.15)

where Ni, Nj and Fi, Fj denote the initial unit surface out-normals and the deformation gra-
dient tensors at the points of interest. Notice that the meaning of Ni and Ni are completely
different.
Contribution of the force vector feconts,iij to the element stiffness matrix of Ωe

i can be obtained
by chain rule,

keconts,ii =
∂feconts,iij

∂ui
=
∂feconts,iij

∂xi
Ni (A.16)

where

∂feconts,iij

∂xi
=

∫
∂Ωe0

i

∫
∂Ωe0

j

χ(Ωe
i ,Ω

e
j)βi0βj0N

i(F−Tj Nj)⊗
∂
[
rij · (F−Ti Ni)

]
∂xi

ψ(r)dAidAj

+

∫
∂Ωe0

i

∫
∂Ωe0

j

χ(Ωe
i ,Ω

e
j)βi0βj0N

i
[
rij · (F−Ti Ni)

]
(F−Tj Nj)⊗

∂ψ(r)

∂xi
dAidAj (A.17)

in which
∂
[
rij · (F−Ti Ni)

]
∂xi

=

(
∂rij
∂xi

)T
(F−Ti Ni) +

(
∂(F−Ti Ni)

∂xi

)T
rij (A.18)

and
∂ψ(r)

∂xi
=
∂ψ(r)

∂r

∂r

∂xi
=
∂ψ(r)

∂r

rij
r

(A.19)

The potential function ψ(r) is defined in Eq. (3.24). In the case of the 12-6 LJ body-body
interacting potential φ(r) defined in Eq. (3.2), ψ(r) can be obtained as

ψ(r) =
2

3
ε

[
1

6

(σ0

r

)12

−
(σ0

r

)6
]

(A.20)

The corresponding derivative

∂ψ

∂r
=

4ε

r

[
−1

3

(σ0

r

)12

+
(σ0

r

)6
]

(A.21)
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In Eq. (A.18),
∂rij
∂xi

= I (A.22)

and (
∂(F−Ti Ni)

∂xi

)T
rij = (rij ⊗Ni) :

∂F−Ti
∂xi

+

(
∂Ni

∂xi

)T
(F−1

i rij) (A.23)

where
∂Ni

∂xi
=
∂Ni

∂Xi

F−1
i (A.24)

The derivative
∂F−1

i

∂xi
can be obtained in the following way

F−1
Bi FiC = δBC

⇒ ∂F−1
Bi

∂XA

FiC + F−1
Bi

∂FiC
∂XA

= 0

⇒ ∂F−1
Bi

∂XA

= −F−1
Bk

∂FkC
∂XA

F−1
Ci

⇒ ∂F−1
Bi

∂xj
= −F−1

BkGkCAF
−1
Ci F

−1
Aj (A.25)

where

GkCA =
∂FkC
∂XA

=
∂2xk

∂XC∂XA

(A.26)

The computation of G is discussed in Appendix B.1
Define the matrix

Ks
ii = (F−Tj Nj)⊗

∂
[
rij · (F−Ti Ni)

]
∂xi

ψ(r) +
[
rij · (F−Ti Ni)

]
(F−Tj Nj)⊗

∂ψ(r)

∂xi
(A.27)

Based on the derivation above, matrix Ks
ii can be expressed as

Ks
ii = (F−Tj Nj)⊗

[
F−Ti Ni + (rij ⊗Ni) :

∂F−Ti
∂xi

+ F−Ti

(
∂Ni

∂Xi

)T
(F−1

i rij)

]
ψ(r)

+
[
rij · (F−Ti Ni)

] ∂ψ(r)

∂r

1

r
(F−Tj Nj)⊗ rij (A.28)

The contribution of the force vector feconts,iij to the element stiffness matrix of Ωe
i can then

be written as

keconts,ii =

∫
∂Ωe0

i

∫
∂Ωe0

j

χ(Ωe
i ,Ω

e
j)βi0βj0N

iKs
iiN

idAidAj (A.29)
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Similarly, one can define matrix Ks
ij, Ks

jj and Ks
ji

Ks
ij =

[
rij · (F−Ti Ni)

]
ψ(r)

(
F−Tj

∂Nj

∂Xj

+ Nj ·
∂F−1

j

∂Xj

)
F−1
j − ψ(r)(F−Tj Nj)⊗ (F−Ti Ni)

+
[
rij · (F−Ti Ni)

] ∂ψ(r)

∂r

1

r
(F−Tj Nj)⊗ rji (A.30)

Ks
jj = (F−Ti Ni)⊗

[
F−Tj Nj + (rji ⊗Nj) :

∂F−Tj
∂xj

+ F−Tj

(
∂Nj

∂Xj

)T
(F−1

j rji)

]
ψ(r)

+
[
rji · (F−Tj Nj)

] ∂ψ(r)

∂r

1

r
(F−Ti Ni)⊗ rji (A.31)

and

Ks
ji =

[
rji · (F−Tj Nj)

]
ψ(r)

(
F−Ti

∂(Ni)

∂Xi

+ Ni ·
∂F−1

i

∂Xi

)
F−1
i − ψ(r)(F−Ti Ni)⊗ (F−Tj Nj)

+
[
rji · (F−Tj Nj)

] ∂ψ(r)

∂r

1

r
(F−Ti Ni)⊗ rij (A.32)

and the other contributions of the force vector feconts,iij and feconts,jij to the element stiffness
matrices of Ωe

i and Ωe
j becomes

keconts,ij =

∫
∂Ωe0

i

∫
∂Ωe0

j

χ(Ωe
i ,Ω

e
j)βi0βj0N

iKs
ijN

jdAidAj (A.33)

keconts,jj =

∫
∂Ωe0

i

∫
∂Ωe0

j

χ(Ωe
i ,Ω

e
j)βi0βj0N

jKs
jjN

jdAidAj (A.34)

and

keconts,ji =

∫
∂Ωe0

i

∫
∂Ωe0

j

χ(Ωe
i ,Ω

e
j)βi0βj0N

jKs
jiN

idAidAj (A.35)

Notice that in this surface integral approach, the contact force vector keconts,iij 6= keconts,jij ,

but
numelsi∑

i

keconts,iij =
numelsj∑

j

keconts,jij . Thus, in general, Ks
ij 6= Ks

ji, but the resulting global

contact stiffness matrix is still symmetric.
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Appendix B

Derivative of the Deformation
Gradient Tensor

In this appendix, the computational approaches for the gradient of the deformation gradient
tensor is discussed, in both the Finite Element Method (FEM) and the Reproducing Kernel
Particle Method (RKPM)[55]. The material gradient of the deformation gradient tensor is
defined as

G =
∂2x

∂X⊗ ∂X
(B.1)

In conventional FEM, the material gradient of the deformation gradient tensor in each ele-
ment can be expressed in discretized form as

G =
nen∑
A=1

∂2NA

∂X⊗ ∂X
xA (B.2)

where nen is the number of nodes in each element, NA is the shape function at node A and
x is coordinate in the current configuration.
Similarly, in the RKPM, this material gradient of the deformation gradient tensor in each
supporting domain can be expressed as

G =

nsp∑
A=1

∂2NA

∂X⊗ ∂X
xA (B.3)

where nsp is the number of particles in the supporting domain of the point of interest, NA

is the shape function at particle A.
In real computation, G is usually evaluated at the Gauss quadrature points and one needs to
get the second derivatives of the shape function in the reference configuration. In FEM, iso-
parametric elements are usually adopted. Normally only the first derivatives of the shape
functions are computed, in order to get the strain, stress and hence the force vector at
nodes. First derivative of the iso-parametric shape functions are well documented. But in
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the computation of G, the second derivatives of the shape functions are required. Because of
the bilinear (ξη) and trilinear terms (ξηζ), the second derivatives of the shape functions do
exist, on the contrary to intuition, even for linear interpolations in the iso-parametric space.
The problem with the FEM approach is that the second order derivatives coming from
the iso-parametric shape functions are not complete. Luckily, one can use shape functions
from a meshfree particle method (e.g, RKPM), to get the complete derivatives of a shape
function. In RKPM, depending on the polynomial basis selected, one can always get shape
functions with existing second order derivatives. In fact, the computation for the second
order derivatives of the shape function in RKPM is sometimes desirable, using a complete
second order polynomial basis. In the rest of this appendix, we are going to present the
evaluation of the second order derivatives of the shape functions, in both the FEM and
RKPM approach.

B.1 Derivatives of shape functions for FEM

To get the second order derivatives of a generic shape function NA(ξ), one has to obtain the
first derivative first. By using chain rule, one can write

∂NA

∂ξj
=
∂NA

∂Xi

∂Xi

∂ξj
(B.4)

Thus the first derivative of NA(ξ) can be written as

∂NA

∂Xi

=
∂NA

∂ξj

∂ξj
∂Xi

(B.5)

where
∂ξj
∂Xi

= J−1
ji (B.6)

and the Jacobian matrix J is

Jij =
nen∑
A=1

∂NA

∂ξj
XAi (B.7)

Starting from Eq. B.4, one may get

∂2NA

∂ξi∂ξj
=
∂NA

∂Xl

∂2Xl

∂ξi∂ξj
+

∂2NA

∂Xk∂Xl

∂Xk

∂ξi

∂Xl

∂ξj
(B.8)

Thus the second order derivatives of the shape function can be expressed as

∂2NA

∂Xk∂Xl

=

(
∂2NA

∂ξi∂ξj
− ∂NA

∂Xm

∂2Xm

∂ξi∂ξj

)
J−1
ik J

−1
jl (B.9)

where
∂2Xm

∂ξi∂ξj
=

nen∑
A=1

∂2NA

∂ξi∂ξj
XAm (B.10)
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B.2 Derivatives of shape functions for RKPM

In this section, we first offer a brief review of the reproducing kernel shape function and then
derive the corresponding second order derivative.

Moving Least-Square Reproducing Kernel Shape Function (RKPM)

For any sufficiently smooth function u(x) defined on a simple connected open set Ω ∈ Rn.
One can define a local function at a fixed point x̄ ∈ Ω,

ul(x, x̄) :=

{
u(x), ∀‖x− x̄‖ ≤ ρ

0, otherwise
(B.11)

One can approximate u(x) by a polynomial series locally,

ul(x, x̄) ≈ PT

(
x̄− x

ρ

)
b(x̄) (B.12)

where P is the polynomial basis and a(x̄) is the corresponding coefficients. For a complete
two-dimensional quadratic polynomial space, the polynomial basis can be written as

P(x) =
[
1, x, y, x2, y2, xy

]
(B.13)

To quantify the approximation error in Eq. (B.12), one can simply minimize the weighted
interpolation residual,

r (b(x̄)) :=

nsp∑
A=1

Φρ(|x̄− xA|)
[
PT

(
x̄− xA
ρ

)
b(x̄)− u(xA)

]2

wA (B.14)

where nsp is the number of particles in the supporting domain of particle x̄, Φρ(|x̄ − xA|)
is the window function and wA is the weight associated with node A. The window function
can be of different forms, but it should satisfy certain properties. In practice, the following
cubic spine window function is used

Φ(r) =


−1

6
(r − 2)3, 1 ≤ r ≤ 2

2
3
− r2

(
1− r

2

)
, 0 ≤ r ≤ 1

0, otherwise
(B.15)

Set ∂r
∂b

= 0, one can get

nsp∑
A=1

Φρ(|x̄−xA|)P
(

x̄− xA
ρ

)
PT

(
x̄− xA
ρ

)
b(x̄)wA =

nsp∑
A=1

Φρ(|x̄−xA|)P
(

x̄− xA
ρ

)
u(x̄A)wA

(B.16)
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That is,

a(x̄) = M−1(x̄)

nsp∑
A=1

Φρ(|x̄− xA|)P
(

x̄− xA
ρ

)
u(x̄A)wA (B.17)

where

M(x̄) =

nsp∑
A=1

Φρ(|x̄− xA|)P
(

x̄− xA
ρ

)
PT

(
x̄− xA
ρ

)
b(x̄)wA (B.18)

Substitute Eq. (B.17) into (B.12), one can get

ul(x, x̄) = PT

(
x̄− xA
ρ

)
M−1(x̄)

nsp∑
A=1

Φρ(|x̄− xA|)P
(

x̄− xA
ρ

)
u(x̄A)wA (B.19)

Take the limit x̄→ x and one can obtain

u(x) = PT (0) M−1(x)

nsp∑
A=1

Φρ(x− xA)P

(
x− xA
ρ

)
u(x̄A)wA (B.20)

By comparing with the conventional interpolation in FEM

u(x) =
nen∑
A=1

NA(x)u(xA), (B.21)

one can easily see that the shape function of the RKPM at a generic particle xA is

NA(x) = PT (0)M−1(x)P(
x− xA
ρ

)Φρ(x− xA)wA (B.22)

where PT (x) and M(x) are defined in Eq. (B.13) and (B.18), respectively. Denote the
coefficients of the polynomial basis

bT = PT (0)M−1(x) (B.23)

and the correction function

Cρ(x− xA,x) = bTP

(
x− xA
ρ

)
, (B.24)

then the shape function can be written as

NA(x) = Cρ(x− xA,x)Φρ(|x− xA|)wA (B.25)
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Derivatives of the RKPM Shape Function

For clarity, in the section, the arguments of the vector b, matrix M and function C are
omitted. A comma in the subscript denotes the derivative with respect to the corresponding
coordinates of x.
Eq. (B.23) can be written as

Mb = P(0) (B.26)

Take derivatives on both sides of the equation, one can get

b,i = −M−1M,ib (B.27)

and
b,ij = −M−1 (M,ij + M,ib,j + M,jb,i) (B.28)

In which the derivatives of the moment matrix M are given as

M,i =

nsp∑
A=1

[
Φ,iPPT + ΦP,iP

T + ΦPPT
,i

]
wA (B.29)

and

M,ij =

nsp∑
A=1

[
Φ,ijPPT + Φ,iP,jP

T + Φ,iPPT
,j

+Φ,jP,iP
T + ΦP,ijP

T + ΦP,iP
T
,j

+ Φ,jPPT
,i + ΦP,jP

T
,i + ΦPPT

,ij

]
wA

Similarly, denote the correction function as C = bTP, one can get

C,i = bT,iP + bTP,i (B.30)

and
C,ij = bT,ijP + bT,iP,j + bT,jP,i + bTP,ij (B.31)

Finally, the derivatives of the shape function NA(x) can be written as

NA
,ij = (C,ijΦ + C,iΦ,j + C,jΦ,i + CΦ,ij) (B.32)




