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Ivan R. Linscott
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ABSTRACT

The 37° decay of the K(L offers the opportunity for observing

0

a possible resonant 7 - 7° interaction. Six shower events from the

de cay K‘L - 37° have been reconstructed kinematically to obtain the

0
L

solid-angle, lead plate, spark chamber gamma ray detector.  The

37° Dalitz plot, using a monoenergetic K. beam and a neé.rly 4w

Dalitz plot does not show any resonant structure. Representing the

Dalitz positibn in polar coordinates (r, 8), the Matrix element for the

de'cay, expanded to second order, is of the form M(37%) = 1+« 'rZ.

The radial distribution of these events has a slope @ = .05+.08, con-

0

sistent with a small 7° - m° scattering length.
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I. INTRODUCTION
The system of two interacting pions is one of the simplest and
most fundamental in strong interaction physu:s, and yet presents one

of the most eluswe exper1menta1 problems S1nce p1ons are sp1n1ess

bosons, the interacting states are few and depend only on the quantum

: numbers of charge and overall angular momentum. The study of the
two pion system has been extremely attractlve, not only because the

form of the interaction is part1cu1ar1y uncomphcated and thus the

nature of the strong interaction readily observable, but also due to the
resonant structure in the system. Since the pion is unstable, (life-

-16

time of the order of 10"’8 sec for the charged pions and 10 sec for
the neutral pio_n) the production of pion targets has not been feasible

to date, and so other means have been .s'ought to observe the direct

interaction of pions at low energy.

The presence of resonances in the T - w interaction has been
anticipated for some time. A resonant amplitude with a mass of about
600 MeV and a width of about 100 MeV for I(JP) = 1(1-) was predicted
to explain the total cross-section in 1r,—‘p scattering in '1955.1 Also

about that time a similar resonant state was required to explain the

electromagnetic form factor of the nucleon2 and fit the electron nucleon

scattering data. 3 The subsequent study of the w - system in produc-

tion reactions of the type N > 77N revealed a large enhancement in

the - 1nvar1ant mass at 760 MeV. 4 This resonance, called the p,

had three charged states and implied that it had an 1sosp1n quantum
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| nurnber‘I =1, Furthe.r_re sonances were discovered in the two pion
- system at higher energies, for _examplé, the £(1260) meson5 with
1Py = o(a™y.

A more detailed examination .of the angular diz:atribution in the
two pion system uncovered asyammetries in the decay distribution of |
the wir . This asymmetry was attributed to the interference of the

p withan I =0, JP

= 0+.reéonance réferred to as the epsilon or the
sigma, of about the same masvs as the p. Detailed examinations of the
-7 system since that time have always produced inconé_lugivé re;
sults. | |

The optimum condition for the formation 6f such a spin zero
resonance would be in the interaction of two neutral pions, since this
resultant state must be even in isospin. Hence the desirability of
observing a situation where neutral pions can interact at low énergy
makes the 37° decay mode of the K‘L meson attractive. In this‘exper‘-
iment, a measurement of this interaction was performed By cbhstfuct-
ing the 37’ Dalitz plot from K‘}_‘—f 3n® - 6y events detected in a lead
plate spark chamber array. |

Inherent in this 37° system are several difficulties. The weak

0
L

icantly distort the phase space of the three pion system, but there is

transition of the K7 into three neutral pions is not expected to signif-
no direct way of verifying this. The energy range over which the pions
can interact is very limited by the low Q value of the decay (about 100
MeV), and since each pion decays principally into two photons, all the

resolution problems associated with the dete ction and observation of



high energy photohs will be propagated into the w- 7 system.

. In a straightforward analysis, these errors are such as to oblit-‘
erate any structuré on the Dalitz plot. The principal effort of this ex-
périment has been to formulate the kinematiés and methods of analysis
to obtain a Dalitz plot re solution capable of rex}ea'ling a strong 17; T in-
teraction. Uéing various techniques, thé effects of a non-resonant,

threshold 7~ 7 interaction will be estimated. These show that a very

‘high resolution would be necessary to measure such effects.




A. Phenonienology of K%J» 370,

The K‘L meson decays into three neutral pions via the Weak in-

6 -1

teraction with a rate of "'=4.81% .41X 40" sec ~. The matrix element .

for the decay process, defined in terms of the rate, is

dr= |M|% dr

- with dR the phase space, and M the matrix element containing any dy-
namic energy dependence for the decay. The matrix element may be

expanded in terms of the pion kinetic energies as,

. 2 : | 1
‘M123-—a+2biTi+2ciTi +ZdiTka+ (1)

i i i
i=1,3 and k#£j # i
where the expansion includes terms up to second order, and Ti = Ei- m.,

Ei is the pion energy in the K(}_, rest frame. Other functions of the

pion e.nergies, such as relativistic invariants may be useful. Since
these classes of functions are usually linearly related to each other, |
then any such class will sufficef for a bdisc_ussion of form. The sym-
metry due to Bose' sfatisti.cs requires the matrix element to be invari- -

ant under the interchange of any two pions, so,

=M =M =M .:M =M

M123 132 213 231 321 312

which reduces (1) to:

2

2
M(31°) = a+ (T, +T,+T,) + c(Ty +T,

2 ' , '
+T3) + <ﬁ1('1?1'1"2+'r11~3 + T,Ts).

Since T,+T,+T; =Q, Q =My - 3m_, then

1 72 K

M(37°) = &' (1 +oz'z T:-),'
i



Now the coefficients are, al=a +bQ+ d92 and ! = (c = d/Z)/ao . With
: 2
?Tiz = g(l + 3 rz) , where r is the distance for the configuration

(T1, T T3) from the center of the Dalitz plot (see section on Dalitz

2!
plot analysis), the 37° matrix element, to second order, becomes,

M(31r°) = ao(1+a rz)." ' (2)
Hence, the determination of the Dé.litz radial distribution is a measure
of fhe effects of the weak transition and final state interaction on the

‘three neutral pions; The sensitivity of a to the dynamics of the m - =
system may be undérstbod by calculating o using several formalisms.

Since the KOL is a superposition of the states of definite strange-
ness K°, 'Ré _thé.t a.re in turn members of an isotopic spin doublet, the

amplitudes for other 3 modes of K decay are related to each other.

An estimate of a in (2) can be obtained, for example, from fits to a

simi_lar expansion of the matrix element for K‘++1r"'1r+w—-Al'so, the ani'pli-
tude for K;: +31ro may jbe related to the arhpiitude for K;—# 2jr°- in the
limit of 6ne of the pion four momenta vanishing, providng a direct
calculation of o, Additionally, a simple phase shift model may be used
to parameterize the 3-1rv0am};.>litude‘ in tefms of the m-w scattering lengths,

allowing an estimate of & to be made.

Each of these methods will be detailed in the following sections.



B. 1Isotopic spin formalism.

Since K° and T{o are mesons of definite -sfra.ngeness, and
K°® = CcP K°, then states of def1mte lifetime Ko and K%. may be formed

from superp051t10ns of the K° and K states. 6

K°i = «/1/ [K°+K°
K) = «/1/2[K°-"R°].

So CP K® = K° and CP K’ = -K%. CP is not conserved in K° decay,

1 1 2 2
But the ""amount'' of CP non-conservation is small, 7 and its effects will
be negligible in the 3w amplitudes.

Since for the 3w state, CP = (-1)1, then I =1 or 3 if CPis con-

served. The decay amplitudes may be expressed in factored form as,

M z M; Mg M;p
MI contains the 1sot0p1c spin transformation properties -

MF are form factors of the pion energy and momenta

MJP contaln the spm-panty transformatlon prOpertles

where the sum is carried out over the various spin states. M’I may be
;:onstructed out of isospin vectors Zi = (ai1 a5 a13) which transform
like rectangular coordinafes under isospin rotations. Then, for ex-
ample, the I = 1 amplitudes can be represented as,

My = Ayay(ayrag)t Ay ay(ay-ag) + Agasla,ay) (3)
-(A, + A, +Ay) for 30

2

A1 + AZ for wtatn-

where the A; may be regarded as symmetric functions of the pion momenta

and are invariant under the interchange, "j T for j#k# i. For



decays with small Q, these functions may be expanded as,

. a+bs.+cs?’+ds.s
i i i j k

>
H

)]
It

T, - Q/3
] +ag2 ts, = 0 |
where the expansion is up to order two.

Characterizing the decay amplitudes by their isospin transfor-
mation properties requires MI z MI AT’ since for I=1, Al = 1/2,
or 3/2, and for 1=3, AI=5/2 or 7/2. Experimentally, the I = 1,
Al=1/2 amplitude is domiﬁant, 8 so neglecting contributions from states
withI # 4, or Al # 1/2, table 1 lists fhe amplitudes, to second order,

for various K— 37 decays.

‘I‘able 1
Decay -  Amplitude I = 4, Al = 1/2
Ki-—> ﬂ%wi-n'? i 2a - b s3+ c(s2 + sg) + d(s S + 5183)
Ki‘_,,n,o“,o“_ﬂ: a+bs3+cs§+d 8152
K = 3n° -[3a + (s 455 +55) - (c - d/2)]
K(}_,"’ 1r+1r-1r° .-[a +bsytec sg +d 8152]

‘The matrix element M(+-_i-—) for the decay Kts otetn is then,

= 2 2, 2 2
M(++-,.— 4lal” [1+a, s, +b+(si+sz)+c+s3]

where
a = —Z(a b+ab } b = Zga’ﬁc+ac*)’ c = | bl -Z(a d+ad )
+ + 2 +
4la| 4]al 4|a|
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Fits of this decay to matrix elements of the form 1 +gy+h yz, and

1+r xz, give,9 |

g=.24% .04, h=-.023%.019, r = - .04 +.02, where

x and y are the cartesian Dalitz variables. So from these projections,
- - T

a, =g b, =(83)r, ¢ =h kb,

Similarly, the matrix element M(oo0) for the de cay K‘L - 3n° is,

P2 2
M(ooo) = 9lal” [1 +an si]
)

*etac *d+ad”

= (4/3) [2b, + ¢, - (1/4)1b1%/1a1?].

If a and b are both mostly real then |b12/|a12= a_ZF. However, if a
is mostly imaginary, and b is mostly real, or vice versa, then
| bl 2/lal 2 ~0. So bl 2/Ial 2 does not make a significant contribution

to a_, and,
n

Thus «a = an/6 =~ -,003. (4)
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C. Single Pion reduction.

The algebra of currents as applied to the weak interaction
and the notion of a partially conserved axial-vector current (PCAC),

have given an impressive quantitative account of effects in B decay

+ 0

and K-meson decay. In pa:r,ticular, for the decay K(;_‘ -~ 7w w, the
matrix element depends only on the energy of the m°, to first order,
and the calculation for the slope of that dependence is in good agree-
_ment wifh experiment. So by exfending this technique of expressing
the matrix elemeﬁt’for the three pion process in terms of the matrix
element for a two pion process (in other words reducing ou£ one pion)
the amplitude and matrix element for .K(L-> 37 decay will be calcu-
lated. |

Define the amplitude for a transition from a state of n non-

interacting particles, l(pi, Pyt pn)) = | @, ), to a state of m non-

intera'cting particles, | (qi, Qpise qm)) = | ﬁout), as

Sﬁoz = Bou.‘cI %n )
In particular, let |a'in) = lain’ p) be the above assembly plus an addi-
tional scalér boson. Then, 10

<po.ut| ain) = ( ﬁout‘ a;‘n(vp) ! ain> =.< Bout |~ acjut(p) | ain> + <p'out' aiTn; a’;Zutl ain> :

- With a(p), and aT(p) the annihilation and creation operators for one
particle states with momenturmn p expressed in terms of scalar fields

$ (x) satisfying the Klein-Gordon equation a.s,"lll1

a(p) = iS. d3x e-.ip'x | *5(; (x).

Jizm3 20,
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Substitution and integration by parts gives for the matrix el-

ement,

ate o
Lipx g2, 2 ‘

where A (ﬁout 1:(p)lozin) represents, for example, forward
elastic scattemng.

—_ 0 0 _
Now for the decay KL—> 31r., M-S K- ((1r1r)1r|H (0)|K )

where HfV(O) is the weak, strangeness changing non-leptonic Hamilton-

ian current densi’cy,12 then

a4 -igex, 2, 2 y )
M= 1S‘d X e (O%m )’((wﬂ)lT(qa"j(x) H‘W(O_HKI) .
The factor N (2m)3 qu has been absorbed into the amplitude. Inte-
grating by parts,with neglect of surface terms, ‘and using the PCAC

hypothesis, 13

5\ ._ ‘c v -
9y ?j (x) = __;»\l—z" ¢, (x) , c=F

(where ? jS)\(x) is a member of the axial vector octet lof currents

having the quantum numbers of the ‘I'l'j meson, j =+, -, 0; and

¢ = ZgaMnm'rrZ/gr(O), with g, the ratio of axial-vector to vector f -
decay coupling constants, and g, thé strong pion-nucleon coupling

constant), the decay amplitude becomes, in the limit of q2 -0, q)\-' 0,

M(q —>O)=r m qu (‘I'l"ﬂ')l[?/ £ .
s S‘ i (x),Hw(O)]IK‘;).
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Usirig fhe commutation relation, 14.[ F j50 (x), H&(O)]=(1/Z) 6(x) HfV(O),

for j = 3 only, then,

i

Mg, -~ 0) —-—-mf &' 9%(4/25(x) (nm | KL (O W1/Z (K° - B°))

1/2 ic":m <n°w°|H:V(0)|«/T/’£ (K° +K%).

Note that the term in brackets on the right hand side is just the ampli-

tude for Kos—’ 27°, so finally, denoting the amplitude’s by A,

Ag(00) = [2g, M, /g _(0)] A (000). S ®

Experimenta.lly,’15 Ag= 56X 10° 6, and assuming AL is a con-

~ stant, [Zga Mn/gr(O)] AL=_ .4)('10-6, indicating some structure may be

present in the decay amplitude. So let

\’ S a2 A2
A= ______a4 (2, 8 - 4Mp Q /3)1]
‘ m_ 4
™ i
, e e B 2_ 2
where s, is fche relativistic invariant for the ith pion, 8;= .(q4j+q4k) ={q 4K-q4i) .

2 2 .2

When q(w:) - 0,. then 8,= MK’ s,=m_, s;=m,_. The form of AL is

chosen because of the relation,

2 _ 22 2 .2/...2
Zsi =B +4MyQ /3 +(2MpQ /3)r

i

where Bo= 3(,MK5 m“)4 - 4(MK-' m“)ZMKQ; and r is‘the radial dis-

tance on the Dalitz plot. So evaluating A when q(1r°)_-> 0, and using

_ L
Eq. (5), gives
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Thus, from Eq. (2),

a = a 1 = .033. -(6)



D. Phase shift model.

1f the pions are predominantly in an I = 1 state in the Ki* 37°

decay, then the amplitude for ’che process, Eq. (3), may be written,

CA(3m) = -(A, +A +A3)

Let A be the amphtude for the scattermg of two p1ons in the presence

of a third pion as an obServer. Then,

A. = A %47
1 m.T
ik

where A-rr is the scattering of pions j # k # i, 9 is the momentum
N ‘ - k N . . ‘
of pion i in the j,k frame, and r is the region'in which the scattering

"occurs. Since two neutral pions are inanl =0, or I = 2 state,

Aoo=-1Io )+J du ).
i "k _'

Representing the mm amplitude by a phase shift deco-mposition,

1 1
“k cotd-i 1/a1-ik

where a; is the di-pion scattering length, and k is the momentum in

the di-pion frame. Specifically, the di-pion mass is,

a2, .2
Mmr —4(m_"+k )
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0

L frame,

“so in the K

12 =14 (My-m )2 - 4/ 2AM T-mZ= m? [1 - 251,
. ) : ’ w

Since 1/a is probably larger than m_, and 0 <k < m_, then,

AiI (wr) ; aI[i + iaIki] .
For consistency, the approximation should be carried out to highe.r
order, but sinée k2 ié. linear in T,- the sum of the thfee amplitudes Ai
yiélds only a constant term of negligible effect. The third order term
will produ;:e non linear terms in T, but these are also negligible, being
suppressed by af. Now by apprqximating fhe amplitude for ti'xe spec-
tator pion by unity, (since the momenta are small el - 1), the com-

bined amplitude Ai becomes,

Ai(m'r) = -,\/_—31:- (a.o Nz a_LZ) [1+ iaOZki]_

_ L2 a2 e ' .
where ag, = (ao 2 az)/( a - N2 az). Assuming a2<< a s then

‘ aj, = a - Approximating k; by the expansion,

k, = m_[1 - (Ti/m“) -(1/2) (Ti/m“)z] .

By substifuting the approximation for k. into the amplitude. Ai’

summing the three amplitudes and usirig the relation,

2 QZ r2 : .
Z Ti = —-3-—('1+—z—) where r is the radius on the Dalitz

i

‘Vplc-:i:w:- “givve.s‘ for the three pion é,mplitude,

 A(3m) = a[3 +ig - ihr%]
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with

[+
i

7@(8'0 -2 2z) g = aomw[3 +Q/m1r- %(Q/mﬂ)z]’

h a mﬁ(Q/mﬂ)Z-.

“ *
Evaluating the matrix element as M = A A, and keeping terms to order

2
.r’

M(31r) = Ia,'l2 [1 - 259_}}1‘2],

and using ao-'1 &~ 5m_, 16 gives for the coefficient of r2 in Eq. (2),

- 2 :
2 414 ™
«-% Ly B2 o/m, - die/m PN @/,
m,“_ .
e . ,001. | )

The estimates, Eqs. (4), (6), (7), all show the slope of the
Dalitz radial distribution to be near zero, indicating that the 37° Dalitz
plot should be flat to within a few percent. However, a very large
0

1r9 -1 scattering length, or the existence of a narrow, low mass m° -

resonance would affect a much larger value for @ and produce a signif-

~ icant enhancement at the periphéry or at the center of the Dalitz plof.

Assuming that the weak transition KOL—'» 37° does not distort the 3w°
phase space significantly, any structure on the Dalitz plot is then a

direct measure of the ° -n° interaction.
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II. EXPERIMENTAL APPARATUS

A. General procedure.

" The K% - 37 decay was the principal background in the exper-

L
iment designed to measure the rate of K(}_' decay to 2n° relative to 3n° A7

The experimental apparatus produced approximately monoenergetic K°

L

mesons which decayed in flight within a nearly 4w solid-angle gamma
ray detection system. The arrangement of the experimental apparatus

is shown in Fig. 1.

0
L

from the Bevatron, momentum analyzed, and directed into a 1.2-m long,

To create K; mesons of known energy, a ™ beam was extracted
liquid hydrogen target. The momentum spectrum of the ™ beam was
ghosen to maximize K° production from the reaction 7 p *A°K’, with

a contamination of K%s from the reaction w-p*Eo K° of a few percent.
" The emerging beam pions and charged particle background produced in
the hydrogen target were swept aside by two bending magnets. ;I'he
neutral beam of forward-going K’'s, neutrons, and gamma rays passed
through 4-in. .of leadAwhere the gamma rays were absorbed.

The remaining K° 's and neutrons drifted downstfeam for 5m
and entered a 1 m3 air-filled decay volu.fne in the shépe of a five-sided
cube enclosed by lead-plate spark chambers. A tunnel of lead-Lucite
Cerenkov counters was placed at the entrance to the spark chamber
array to enhance the gamma ray detection geometry.

Electron showers, produced in the spark chambers by the con-

version of gamma rays originating from the decay of a K‘}_‘ meson into
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Fig. 1. Plan view of experiment.
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neutral pions, were detécfed by two banks of scintillator-Cerenkov
trigger coux'lters placed in the downstream spark chamber. A K‘L decay
into a neutral final stafe was sensed by requiring two gamma ray showers,
separé,ted by at least 11-in., ‘b_e detected, a ¥ meson entering but not
leaving the liquid ‘hydrogen target, ‘dete cting no charged particles in the
lead filter, and finally, no charged particles entering the épark cham-
bers. The separation requiremeﬁt for the trigger counters discrim-
inated against neutron interactions in the downstream spark chamber.
In this mode of_éperation, 464 000 pictures were taken, with 25000 K(;_‘
neutral decays occurring within the fiducial volume. Nearly all of the
events detected were 37° decays. | | |

The response of the spark chambers fo gamma rays of known
energy was determined by making calibfa,tion runs to observe the
K?L. + n7n 1 mode. In the 180000 pictures taken with the charged sig-
nature, 4000 K‘L - 1T+1r'1r° decays, and 4000 leptonic decays were found.

The calibration runs were distributed uniformly and frequently through-

out the collection of the neutral data.

B. Beam.

| Pions for the beam were produced by bomvbarding a 10X 1/4
X 1/2 -in. aluminum target with the 5.6 GeV intér‘nal circulating proton
beam of the Bevatron. Pions were extracted in the forward direction
to keep the apparent size of the pion source small. The forward direc-
tion was found by maximizing the electron contamination in the extracted

negative beam as a function of the internal target pdsition,- since gamma
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rays produéed obliquely in the target more readily escape without pro-
ducing electron-positron pairs. The electrons were monitored by a 1
atm, 3-ft long, Freon 12-filled, gas Cerenkov counter, placed, for

this purpose, in the beam upstream from the liquid hydrogen target.
11 |

F

A flux of 5X 10"~ protons incident on the Al target produced a
flux of 8X 106 pions, 2.6X 106 électrons, and 1.4X {lO6 muons in the mo-
mentum range 980 £40 MeV/c (FWHM) incident on the liquid hydrogen

. target, as determined by the use of a high pressure (0 to 300 psi),

Freon 13-filled, gas Cerenkov counter.

The elements of the beam transport system were:

Q1 - quadrupole dbublet, 12-in. bore, 16, 416-in. long

B1 - H magnet, 12-in. gap, 18-in. wide, 36-in. long

QZ - quvadrupole doublet, 12-in. bore, 16, 16-in. long
B2 - H magnet, 8-in. gap, 418-in. wide, 36-in. long

Q3 - quadrupole triplet, 8-in. bore, 16, 32, 16-in. long

]3.3' - H magnet, 20-in. gap, 18-in. wide, 36-in. lpng

B, - C magnet, 8-in. gap, 16-in. wide, 36-in. long

The foci of the target, for various momenta, produced by quad- -
rupole Q1 were dispersed horizontally across the entrance to Q2 by the

Bevatron field, and the field of magnet B Momentum selection was

T
made here by inserting an 11-in. long X 1/2-in. diameter lead collima-
tor into QZ' The selected momenta were recombined in a single focus
at the hydrogen target using QZ as a field lens. Magneté B3 and B4

were used as sweeping magnets to remove charged particles from the

neutr al‘ beam.
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A momentum distribution of the pion beam was measured using
magneit Bj as an analy.zer. Pion traje ctoriens in the beam were sampled .
by fw’o sets of finger counters, one, a set of ten 0.32-cm wide by 0.635-
cm thick by 20.3-cm high, placed at the exit of quédrupole Q3, and the |
other, a similar set placed at the entrance to magnet B;. Together '
with an additional single finger counter, placed at the normal beam
center '0.9-m_dov}nstream from the end of B3, trajectories through B,
were determined. The momentum spectrum for the beém was con-
sfructed from particles traversing 511 possible pairs of the first two
sets by measuring all tripies rates as a function of B3 current. Nor-
maiizing the triples rates to a monitor that covered the entire beam,
.‘and calculating the momentum value for the finger counter triplets by
a wire orbit technique, gave a n;omentum resolution for a triplet of
about 1%, and a momentum spectrum as shown in Fig. 2.

18-19

Using the known cross sections for K° production, the

K(L momentum distribution was calculated by Monte Carlo technique,
taking into account the effect of ionization energy loss of the pions in
the liquid hydrogen target. The variation in momentum due to the ab-
soi‘ption of pions in the 1iquid‘ hydrogen, and of the K(L's in both the

hydrogen and the lead filter, was assumed to be negligible. The mo-

0
L

momentum distribution of the K?L beam at the entrance to the spark

chamber array as is shown in Fig. 3. An incident flux of 8X 106 pions

mentum dependence of the KT lifetime was included in calculating the

on the hydrdgen target produced an average of 40 KI‘:'s traversing the

de casr volume.
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Fig. 2. Measured mome ntum distribution of the #~ beam
at the hydrogen target. Thresholds for A° and Z° production

~ are shown.



-22-

] , | ] , ]

200 400 . 600 800

_'K?_ momentum  (MeV/c)

i XBL695- 2662
{ : :

Fig. 3. Calculated momentum distribution of the K® beam

at the entrance to the spark chamber array. The pOints

are the result of the Monte Carlo calculation.
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C. Gamma ray detectors.

The 1 rn3 decay volume was surrounded on five sides by lead-
plate spark-chambérs, with the upstream side left open for the entering
K% mesons. The decay volume was further enclosed by a gamma

L

showei' counter, in the form of a four sided tunnel at the entrance to

>

the spark chamber array. The total solid angle subtended by the gamrha

‘detection assembiy was about 98% in the rest frame of the K‘L.

The spark chambers were assembled in modular form. The
first module in each chamber contained five 0.048-in thick aluminum
plates for the identification of entering charged pé.-rticles, The remain-
ing modules in each chamber contained only léad plates. vThe plates in
the lead modlvllevwere contructed from a 0.032-in lead sheet, stiffened
by gluing 0.016-in thick Al plates to each side. Six of these plates fol-
loWed by a single Al plate formed a six gap lead module with a total
thickness of 2 5/16-in, and 0.915 radiation lengths of lead. In the mod-

ule, the plates were glued to Lucite frames to form gaps of 5/16-in,

where the spacing was maintained by gluing 4/4X 4/4X5/16-in Lucite

blocks between the plates at intervals of 8 in. The faces of these
blocks were optically polished and aligned parallel to the edges of the
chamber. | |

The chambers were of two slightly different constructions. The
four chambers axial to the beam were 4 by 5-ft and consisted of one Al
module followed by seven lead modules. However, the downstream
chamber was 6 1/2 X6 1/2-ft, with one Al module followed by eight lead -

modules, and was electrically two different chambers. The chamber
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was separated into halves by a 1-in wide vertical Lucite bar, stagged
for the different modules, with one half 3 1/2 by 6 1/2-ft, and the other
3 by 6 1/2-ft. |

The entrance tunnel to the séark chamber array contained an
independent shower counter inaeach of its four sides. Each counter was
3-ft wide and 4-ft long in the beam. direction, with the downstream 2-ft
length containing 5.7 radiation lengths, and the upstream 2-ft section
containing 8.5 radiétion lengfhs. The tunnel, shown in Fig. 4, extended
6 in. into the region enclosed by the spark chambers. The counters
were consltruct'ed by laminétin'g sheets of 1/32-in lead.and 1/8-in Lucite,
with the laminate preceded by a 41/4-in sheet of scintillator. Cerenkov
light generated in the Lucite was viewed by six 58 AVP phototubes
located at the upstream edge of the counter, whose outputs were added
to form a single output for each of the four counters. |

Electron showers were detected by two banks of trigger counters
placed in the downstream spark chamber. Each bank had 11 cc‘>unters
stacked vertically, with each counter 5 1/2-in wide and 5-ft long, and
vwith the first bank arrayed after the first lead rriqdule, and the second
bank after the second lead module. Each trigger counter was a scin-
tillator-Cerenkov pair, with the Cerenkov member a Lucite slab 1 1/2-
| in thick. The effiéiency for detecting a single highly relativistic par-
ticle at normal incidence was 96% with a variation of 2% over the
counters' length; The Cerenkov pairs at the same height in the two
banks were combined optically at a 58 AVP phototube, while the cor-~
re s>ponding scintillators were 'vi'ewevd separately‘ byrtwo 56 AVP photo-

tubes, but with the two scintillator signals added passively at their
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Fig. 4. Vertical sei:tipn through garhma detector assembly.
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bases.

D. Optical syétein.

A system of 46 front-surfaced mirrors combined two orthogonal

views of each of the spark chambers into one camera frame. The ten
views were a_rranged on the film in three groups corresponding to a
real-space view of the spark chamber array, as shown in Fig. 5. For
each group the geometrical ‘re_-lationship among the views b_f the cham-
bers was nearly the same on film as in real space,- making it possible
to count accurately the number of showers present in an event. In ad-
dition, the cases where a shower passed through more than one cham-
ber could be correétly interpreted easily, and some accidental tracks
<;,ould be eliminated because they clearly did not originate frorﬁ the ver-
tex formed by the other showers in the event.

To focus light leaving the chambers parallel to the optic axis of
the camera, plano-convex Lucite field lenses of fo.cal length A432-in‘
were mounted on the optical faces of the chambers. The camera lens
had a focal length of 75 mm and i)roduced a deinagnification of 138 from
- real space to film.

Reference marks were provided on the film for film to space
transformations by fixing‘ four fiducials at the corners of the spark
vchambers' optical facevs. A non-negligible distortion of the spafk
images, arising from the passage of the light from a spark through a
Lucite frame, a Lucite field lens, and reflection from four to six rﬁir-
rors before reaching the camera, was corfectable by the use of Mylar

grids. These transparent grids, photographed at the front and back of
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each optical view of the chambers, were placed in known relationships
, to the fiducials so that the transformation from film back to real space
could be precisely determined for many points distributed throughout

the views. The distortions were typically less than 0.1 in. but in sev-

eral locations were as large as 0.25 in.

E. Electronics.

- To monifor the flux of pions at the liquid hydrogen target, two
beam defining, 8-in diameter, ':'1/4-in thick scintillation counters, M1
and MZ’ were located at the exit of magnet Q3 and at the entrance to
the hydrogen targét re spectively. A sfrnilaf, third scinti_llation counter,
M;, detected pi.ons on their way to the beam dump, having not inter-

- aéte_d in the target, and was located at the entrance to magnet By- Cor-
rections to the pion momenta in the beam were obtained by morﬁtoring
the pion flux at the é‘ntranée to the momentum defining collimator in
magnet Q2 using three scintillators, P1_3, 3-in high, 4-in wide, 1/4-in
thick. They divided the beam into three momentum bands, each with a
momentum spread of 'approximaitely half that of the whole beam.

A lead filter was placed in the neutral beam to absorbA gamma
rays produced in the target by background reactions such as ﬁ-é» w'n
and w p - yn. To veto événts in which a shower in the filter was not
completely conta.ined and some gamma rays’ escaped out the downstream
side to possibly trigger the chambérs, four scintillation counters were |
placed at V&epths of 4, 2.25, 3.25, and 4 in. in the_ lead, L1_4. Then
the possible productiqn qf a K° was taken to have an electronic signa-

ture of M1M2M3L1 4 = M.
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The desirability of téking data at beam fluxes of 107 sec 1 re-
quired circuitry capable of operating efficiently at high repetition rates.
For this logic, the Cronetics 100 series, nominally capable of repetition
rates of 100 MHz, was used extensively. The high rates also required
that special precautions be “taken with the beam counters. By intfodqcing
a wide-band dc amplifier with 1 ns rigsetime -between the base and the in-
put"’}’}c"o the Cronetics 100 discriminator,zo the current output'required at
thc; base of counters M1_3, L1-4 could be reduced an order of magni-
tude. To furthe.r inéure stable operation of the phototube bases, Zener
diodes regulated the ,vol.tage for the iast four stages of mul‘;iplication, _
and 10 ma of additional current was sﬁpplied to the last two stages.

The veto efficiency was kepf high ‘at these rates by combining
the logic signals from M, and_the L, counters in a deadtime-free fashion.
For this purpose, a linear dc amplifier with multiple inputs summed the
veto signal, then this sum, through a dc coupling, was used in anti-
coincidence with the l\/Iil\/I2 coincidence.

The possibly- decay of a K(L into a neutral final state had a sig-
nature off (1) no response from the scintillation counters lining the in-
side walls of the épark chambers, (2) no response from the scintillation
counters embedded in the downstream chamber after the first aluminum
gaps, and (3) response from at least two of the scintillator-Cerenkov |
trigger units, separated by a minimum distance of two trigger units.
The signature for (3) was obtained by faking the output of each trigger
counté,r, splitting it into three signals, and recombing these signals as
shown in Fig. 6. The majority logic units require that a given number

of inpuf signals be present without specifying any in particular.
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Low energy gamma ray showers which fired a trigger counter
but produced only one or two sparks in the chamber were identified by
installing display iights on the side of the downstream chamber directly
over the ends of the corresponding counter. These lights were also
useful in discriminating ag;,inst accidental tracks in the downstre‘am
chamber. Similar lights re cofded on film coincident counts in the

entrance tunnel shower counters, T 4’ and coincident counts in the

1
- momentum counte;‘s, P1_3.

The counters mounted on or in the spark chambers had'iarge
variations in the light c.olle ction time since their lengths were of the
ofder of two meters. The variations were largest in the Lucite
"Cerenkov slabs be‘cause Cerenkov light is erﬁitted directionally and at
low intensity, giving rise tb statistical fluctuations in the low number
of photons reaching the phototubes. To make the jitter times of the
SC pairs comparable to that of the scintillator member alone, the
Cerenkov discriminator output length was set equal to the rlnaximum
jitter time and shifted- earlier. | The scintillator member then deter-
mined the timing of the pair. The differences among the various par-
ticles and light colle ction paths gave the circuits combining the SC
pairs unavoidably broad resolution times of 20 to 40 nsec. Neverthe-
less, the accidental trigger rate was fairly low, é.bout 25% at.max-

imum beam intensities..

0
L

no response from the A scihtillation counters, (2) no response from

The charged decay of a K. meson was given a signature of (1)

the top or bottom R counters, (the R counters were scintillators lining

the decay volume, see Fig. 4), (3) response from two or more of the
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inner R counters, apd (4) reéponse from two or more of the trigger
scintillators, separated by a minimum distance of one trigger unit.
‘The signature could be easily changed between charged and neutral,

and charged runs were regularly plaéed among the neutral runs, pro-
viding for several systematic checks and calibratiOns of the experimeh-

- tal apparatus.

0

When the overall signature for the production and décay of a KL

meson was met, the log‘ic‘: was gated off and the spark chambers were
fired. The repetition rate for taking pictures was limited by the time
required for the high voltagé supplies to recharge the chamber pulsers,
about 70 msec. The data taking rate was Eelo_w this capacity at one to
two picturebs per pulse for the neutral mode, and five to six pictures per
pulse f‘or the charged mode. The Bevatron pulse was usually 600 to 800
msec long. |

A low inductance connection to the plates of the spark chambers
was made possible by the geometry of the pu.lserz'1 design and Broad
connectors coupled directly to fhe spark chamber plates, and resulted
in rise times of about 25 nsec. The capacitance of each pulser was
15000 pf, while the capacitance of the gap it drove was 6000 pf. To
prevent spurious bréakdown in the chambers when no track was present
in the gap, the voltage vs./asldumped.using a self triggering spark gap
plugged into the chamber near critical areas like gas holes. 22 By
varying the spacing of these gaps the duration of the pulse on the plate
could be adjusted. For full multiple track efficiency, the minimum
pulse width was 40 nsec FWHM at a peak voltage of 8 kV, and with es-

sentially no spurious breakdown occurring in the chambers.
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The chamber pulsers were fired by a chain of triggered spark

gaps. Initially, the logic-level output generated by the electronics

‘when the signature for an event was satisfied fired a master pulser

which in turn drove six slave gaps located at each of the chambers.
Then the slave spark gaps friggered the 23 to 26 pulsers used to‘bring

each of the spark chambers up to voltage. About 350 nsec elapsed from.

the time an event occurred until voltage appeared on the plates.

A dc clearing field of 20 volts on the chambers swept out elec-
trons from old tracks. A f\irthef sweeping field of 150 volts was
pulsed for 40 msec while the pulsers were being recharged to clear out

the debris of heavy (or slow) ions.
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II1I. DATA ANALYSIS

A. Séanning and Me'asuring

To locate all K(L events eac:l;i roll of film was scanned twice..
For all events with three or ;nore showers prese‘nt in the chambe'rs;
the frame number, total number of showers, number of showers
present in the back chamber, chamber number of any'twb spafk show-
ers, and numbers of ény triggered tunnel or P,countfévrs were recorded.
Due to the difficuity of correctvly counting the number of showers in a
31° event, a list of six shower candidates was selected from any event
where eifher scanner found four or more showeré. A total of 25 120 of
these events were foun& in the film.

The six shower candidates were reevaluated and classified as:

1. Unambiguous six shower event, 28% of all K‘L, or 7040 events
total.

2. Questionable six shower event (confusing shower structure, or
one or more showers possibly unassociated with event, or one or more
showers may be non-shower tracks), 17% of all K(L, or 4322 events
totai. |

3. Non-six shéwer event: ,

a) clear five shower event, 27% of all KIOJ, or' 6724 events total.

b) seven or more shower event, 3% of all KI‘:, or 755 events
total.

c) poor five, or fewer shower event, 25% of all KIO_‘, of 6279

events total.



" The efficiency for finding and placing a six shower event in the first
; two categories was better than 99%. Geometric reconstruction and
. ' kinematic fitting were at‘cemptéd on the first two categories.

To assist the geometric reconstruction, a grid zone was 'en-‘
a ~ coded for each shower, indicating its chamber, beginning point (with
g an a‘pproxirnate three inch re.solution), and quality (a five point scale
| measuring the confidence that the shower originated from the conver-

| ~ sion of a K° decéy photon). Geometric reconstruction consisted of

; . L
determining the spatial positions of all the sparks in each of the shower.s
in an event, and the subsequent decay point, or the intersection point

~of the showers.

‘ | | Measﬁrern‘ent of all the sparks in the events was ma'de feasible
by using SASS,%> a high resolution CRT digitizer controlled by a DDP-
24 computer. Avcontrol program for the SASS computer was developed,

"allowing the machine to scan along each gap of the ten views of the
chambers. 24 The gap positions on the film for each chamber were
‘calculated from the fiducial coordinates for that chamber, and the scan
for each event referenced on four of the more reliable fiducials. The
midpoint of each spark encountered in the gap scan was recorded along
with the spark's width, intensity and gap number.

The local optical distortions on the film were severe enough to

cause most views of the chambers to be scanned incorrectly for a small

. , fraction of the area. Here the linear scan was either not in the intended
gap or was between gaps. Since the average spark was almost two gaps

in diameter, these aberrations did not cause many sparks to be missed,
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however the larger sparks were digitized more than once. This double
counting of the larger sparks did not occur often enough to seriously ef-
fect the calculations o’f the showers direction or energy. The minimum
step in the SASS coordinatfe system is one part in four thousand, or six

>

microns on the film, an uncertainty of 5% of an average spark diameter.

B. Geometric reconstruction.

The showers in each event were extracted from the SASS data
using a pattern recognition techniqué assisted by the grid zone informa-
~ tion. The grid zone locates the beginning of the showers. If an-approx-
imate shower diréction can be established, then a search in a cone whose
apex is centered at the shower origin will collect the sparks associated
with that shower, provided the shower is clearly visible in both ortho-~
gonal views. Thé initial shower dire ction can be determined frorh the
existence of a tight clump of sparks in the vicinity of the grid zone, or
from the center of the grid zone together with the intersection i)oint of
two or more previously found showers. At the start of each event the
decay point is as sumed to be at the center. of the fiducial volume, and
the search cone's half angle is 45° . The decay point is reevaluated
after the showers in each chamber have been found, provided more
~ than two showers have been accumulated. At the end of fhe event, the
cone is reset to 5° and the event is reprocessed with the decay point
initialized to the best value of the previous iteration.

Having identified the sparks ina shower, the points in each
view are correlated to give the spatial position of each spark. Con-

sequently, for each shower the total number of sparks shower direction,
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directional error, lengvth and shape are known. Because of the rel-
atively high probability (20% per sho&er) that two or moré shovs.,"ers
will be superimposed in one of the views, the total number of sparks,
length and shape are takén fro;ﬁ the clearest view when overlapping

occurs.

The shower intersection point used in the’assemblyvof showers

. Was~ana1ytica11y calculated by minimizing the quantity

. n n
' n

where, with the aid of Fig. 7, w is the weight given to the nth shower,

and 6n is the perpendicular distance from the decay point to the ex-

trapolated line in the direction of the nth shower. The weight of a

shower was chosen to be the number of sparks in the shower.

C. Kinerhatics.
‘The kinematics of this experiment presented two essential
problerhs. The complexity of the kinematics formed highly convoluted

xz topologies.” 'In order to successfully fit the events, the kinematics

had to be formulated to reduce the fitted solutions' sensitivity to detec-

tion and measurement errors', while keeping the xz topology as simple

as possible. Also, to choose the correct (or true), pairing of the pho-
tons from among the fifteen possible pairings for each event, required

a complex and Monte Carlo dependent selection mechanism. To be

free of bias, a relatively simple selection technique was needed.
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The kinematics of the process K‘L - 3n° - 6y is completely
determined by measuring the directions of all the initial and final state
particleé, assuming all particle masses are known. The seven equa-
tions of constraint, four of energy-momentum conservation, three of
pairing gammas to the invariant mass of a pibn, are sufficient to deter;
mine all energies and momenta. Since all directional vectors are tiea
to the decay point of the K(L, the kinematics, using the spark positions
and estimates of the photonvenergies,' allow the decay point to be varied.
In so .doing, the geometric and kinematic factors may be'optir‘nized.

Events were fit by developing a basic three;dimensional X
search and applying this to an increasingly complex set of kinematics.
Siﬁce the six gafnmas may be paired into three pions in fifteen possible
ways, the outstanding difficulty in the fit was determining the correct
pairing. The fittihg procedure vhas been structured to allow an optimum
choice for the corrécfc pairing. First a geometric fit to all the sparks
in the showers was performed to locate a beginning point for the sub-
séquent kinematic fits. Then using the photon energies as estimated
from the spark counté, a fit was made to the best bal.ance of energy
and momentum. The photon energies so produced were used as ref-
erence in the remaining kinematic fits. The fifteen pairing were then
appraised and the best five selected, for in this set the correct pairing,

or an acceptabie alternate, almost always resided. The existence of

alternate pairings with nearly the same Dalitz radial position as the

true pairing, and their preferential occurrence in this selected set,

eliminated the need for developing a mecharﬁsm for choosing the true
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pairing. The full kinematic fit was then applied to each of these best
pairings.

The full fit was a costly procedure and practical considerations
forbade its application to all fifteen pairings. Since the momentum of |
the K‘L was known to within ten percent, the kinematics was used to cal-
culate the six photon energies, so only two of the three pairing equations
were needed. This made the pions distinguishable, requiring an order
for the pions to be chosen on the basis of the femaining pairing equation.

Each of the select pairings was then fit, vmeasuring the quality of
the fit by a combination of the third pairing equation, the reference pho- '
ton energies, and the geometry. The best pairing was chosen from
those pairings, if any, that survived the fitting with physical solutions
- and good quality.
| A specific deséription of the fitting technique will be given con-

sidering each of these steps separately.

D. Geometric fitting.

Measuring the events on SASS allowed the positions of all sparks
in each shower to be obtained. All the sparks were necessary to give
the best estimate of the geometric decay point, (see section on pairing

appraisal) which was found by locating the minimum on the surface

Z Z (X Y, 2)/o i

X,Y,Z is the spatial position of the decay point, and where, with the aid

i
b
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of Fig. 8,
6 is the minimum distance from the ij:h point in shower n to the line

through X,Y,Z tox

1 Y1 %y
62 = 1‘.2 - tz
1 1 1

r, is the distance from the de cay point to the _1_1:h spark

5

2, (2, - 2)

2 2 _
r, = (Xi.- X) + _(Yi -Y)
ti is the distance from the decay point to the base of 6i
t, ‘=oz(Xi - X) + [5(Yi -Y) + y(Zi - Z)
a,B,y are the direction cosines for shower n, given by the first point

@=(x; -x)/r, B=(y, -y)/r, y=(z,-2)/r
2, 2 2 2
r = (Xi-‘X) + (Y1 'Y) + (21 = Z) .

The error in the spark position, o 4 reflects the assumption
that the sparks lie in a cone whose opening angle is inveréely propor-
tional to the total number of sparks in the shower, or energy. Figure
9 shows the fitted Opehing half angle as a function of the estimated shower
energy for real six showér events. The errors indicate the fluctuation

of the showers' shape.

c.=0 +6GE)S.
ni 0 : n 1

with o, 2 first spark error of .3 in. and Si the distance along the

shower direction of the ith spar‘k from the first spark.



-42-

“Shower n

XBL 726-908

Fig. 8. Spark positions in a typicai shower illustrating
the spatial relationship among quantities used to determine
the geometric decay point. '
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Fig. 9. (top). Energy dependence of cone angle fitted to
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error. Bars enclose two-thirds of the showers in each en-
ergy interval. '



-44-

The w-e'i'ghting factor g, or inverse error for the nth shower
reflects the fact that the average angular deviation for a shower is also
a function of the photon energy. Figure 9 shows the angular deviation
of a straight line fit to the spa_:rks in a shower, fromthe estimated true

shower direction as a function of shower energy, estimated by use of

showers from the decay mode K(L »aTnn®. A choice of
/g, = g, /U +E/E))

with g, normalized to 20 degrées, and Eo set to 100 MeV, gave a
normal XZ distribution. |

A sampling of the xé surface along the X, Y plane, centered at
the final decay point, and taken over an 8X 8-in area within the

20X20X25-in. decay volume, is shown in Fig. 10.

E. Momentum-Energy balance.
A fit to the photon energies, balancing momentum and energy,
was made for each event, using the four conservation equations and

shower energies estimated form the spark count. Figure 11 shows the

0
L

energies E_, dete rmined by the following two methods.

distribution of total energy for the ‘K obtained by summing the shower

1) E. = Aisn
where Sn is the total number of sparks in the nth ‘shower. The spark
count for a shower was obtained by averaging the number of sparks |
found in each view of the shower. If a shower was obscured in one

view, the spark count was set to the number of sparks in the clearer

view - : A1 has been adjusted to give the best fit of the distribution
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SPARK COUNT ENERGY CALIBRATION

En =Ag Sp /C0s®,,

I N i 1 1

500 600 700 800 900

K{ ENERGY FROM TOTAL SPARK COUNT

XBL 725-146

Fig. 11
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E = %;En with the distribution of K% energy calculated from the beam

t L

momentum spectrum. This gives, A:l = 7.4 MeV/spark.

2) En = AZSn/cosﬂ |
where 8 is the angle between the fitted shower direction and the normal
to the plates of the spark chamber, and A, has been adjusted as in (1)
to give, A2 = 5.7 MéV/equivalent spark. Choosing the angle 6 as the
direction of the shower, rather than the most probable direction of the
photon, appears best (éee section on pairing appraisal) altimugh the
analogous distribﬁtion Et is nbt clearly distinguishable as best.

o

The data from the decay mode K‘i > wtn were measured

~ on SASS and subject to the same shower analysis as the 31° data. The

kinematics for this mode allows the photon energies to be calculated
unambiguously. Figure 12.plots the energies calculated both from the
spark count and kinematics for this mode, and indicates the photon
energies may be estimated within a factor of two by using the spark

count.

The shower energies estimated as in method (2) were used to

find the photon energies kn that best balance momentum and energy' by

formulating a correction e, such that
k =E +e n=1,6
n n n
Then stating the conservation equations as
ak = P

where « is the four by six matrix of direction cosines, (using @y = 1)
and k is the six-dimensioned vector whose elements are the photon

energies, and P is the four-dimensioned vector referring to the
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momegtum-energy of the K(L as (p < pY.’ P, EK), the correctiop is

ae =P -aE =4d.
,Now the e, may be considered as a function of any two of the corrections,
say e; and e,. With Hij éaij 1 i=14,4, j=4,4 then the remaining

corrections are

" So

The values of e 5 and e 6 May be fixed by minimizing

6
2 .
XA—Z ei/Ei'
i=1

= 2 ‘
- XA (esi e6) i
For a fixed decay point (X, Y, Z), v XZA = 0 gives an analytic solution

for e. and e 6 from the linear equations:

5

Fyr®s * Fya8g = Gy

Fa1%s5 * Fpp06 = 3

- where
4
. : ’ S BnCn
F“=(Z Bn/En)+1/E5 F12=F21=z .
: n=1 . : : ' n

. 2
F,, (Z Cn/En) + 1/;6

Q
1

1 = 2 Aan/En _GZ z AnCn/Eh
n .
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with

A =uHYa, B=ula e, c =u1a .
n nm m n nm m5°5" “n nm mé6 6

A fit may be performed allowing the decay point to vary with

4

the interpretation

e(X,Y, Z).

e =
n
So
2 2
Xa = XalX Y, 2)

and a deéay point can be fpund which best balances energy and momen-
tum by finding the minimum on the xi surface. A two-dimensional
sampling of such a surface is shown in Fig. 13. |

The photon energies k = E +e, produced at the best balance
point, are used to appré.ise the pairings, and reference the subsequent
kinematic fits. |

The large error in the photon directions, and the poor abilityA to
estimate the. photon energies are the principal factors limiting the
Dalitz plot resolution. Knowing either the decay poiht or shower ener-
gies with more precision would greatly improve the quality of the kine-
matic fits, and vconseque’ntly place the events on the Dalitz plot closer
to their true pésitions. The emerging technology of multi-wire pro-
, portionallchaxnbers25 holds the hope of solving both these problems.
An experiment could be designed to observe K‘L - 37® decay by placing
these chambers behind thi‘n, high density photon converters and allowing
long flight paths for the showering electrons and positrons. The reduced
et, e scattering would allow the shower dir.e ctions, and hence the photon

directions, to be determined to perhaps better than 1°, instead of the 5°
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to 10° err;':r of this experiment. The signal pulse from the chambers
should be able fo measure the shower energy to within 30%, .consider-
ably better than the factor of two variation found here. Such precision .
- would improve the Dalitz plot radial error by an order of magnitudé,
~and with appropriate statistics, provide the maans for a detailed mea-

surement of the structure of the 31° system.

F. Pairing appraisal.

Six photons may be _pairbed to form tﬁree pions in fifteen distinct.
combinations. Each pairiﬁg yields three invariant masses for the pions:
m? =25k k. (4-cos0,) a=4,3 and i#j.
o i7j ij A :
If each mass is interpreted as a distance along a coordinate axis, then
~ an orthogonal, three dimensional space is defined. Each éairing is
represented as a point in this space, as in Fig. 14. The correct or true
pairing, in the absence bf measurement error, would lie along the prin-
cipal di.agonal at a distahce rp = N3 m, from the origin. A convenient
description of points in tﬁis space is in terms of a polar coordinate sys-
tem with origin at the 3w .point. o
Because of measurement error, the correct pairing will be dis-
placed from the 3w point, with the magnitude of the displacerhent being
a measurement of the combined error. For many _eveﬁts, the corret
pairings should cluster about the 3w point, while the incorrect pairings
should be dispersed somewhat uniformly throughout this space.
The geometry of this spherical system provides a natural

weighting to the true or near-true pairings, and allows them to stand

out against a background of many incorrect pairings. The ''radial



e pairing n

Fig. 14. Three pion mass

XBL 725-149

space.
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pairing density' or density of points from all pairings of many events
as a function of r3, the radial distance from the 3w point in this space,
‘has been an effective means of seeing "'pions' in the data, and a good
measure of the methods of ana;lysis. For instance, Fig. 15 shows the
advantage of using all the sparks in the geometric fit. The invariant
masses hé,ve been evaluated at the decay points found when all, and then
at most six,consecuti\./e sparks were used in the fit. Figure 15 shows
the difference between using the fitted showér direction, or the final

. photon direction in calculating the shower energy, with the invariant
masses evaluated at the geometric decay point.

The density of points resulting from the evaluation of the invar-
iant masses at the point of optimum momentum-energy balance is Fig.
416, and indicates that the estimates of the decay point, and shower en-
ergies have been significantly improved. If the peak contained only the
correct pairings, the area of the peak should be 1/45th of the total area.
However, the ratio of the area above background within the ''pion peak"
to the fotal area is greater than 1/15, and suggests that in general,
more than one pairing, in each event, is physically likely.

By letting the probability that the nth pairing is the true pairing
be proportional to 1/rn" and evaluating r for all pairings in an event,

a small subset of the best may be selected, within which the true pairing
will generally reside. Table 2 lists the probabilityl P, that the true pair-
ing will be included in a subset of N of the best pairings, using Monte

’

Carlo events.
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600 |-
——— CXperiment

_...’....».. Monte Carlo
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r3(100 MeV)®
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Fig. 16. Distribution in r3 in three pion mass space for all pairings
where each event is evaluated at the point in the decay volume of op-
timum energy-momentum balance. :
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Table 2

Best N. 1 2 3 4 5 6 7 8 9 40 11 12 13 14 45
P54 65 77 89 94 96 96 99 99 99 99 99 99 99 100

P s o it ettt e ——
————— —— — ———

These probabilities were established by analyzing data produced by a

Monte Carlo simulation of the K‘L - 31° decay process.

" 1. Monte Carlo simulation.

To provide thé pairing efficiencies, and in general, a detailed
knowledge of the resolutions of the dete cﬁon, measurement, analysis
system, a Monte Carlo computer program was written to simulate the
appearance of the 31° events in the experimental apparatus.

The K‘L mesons were produced with the experimental momen-
tum spectrum, and passing through the fiducial volume, decayed in
flight. The decay into three pions could be modified away from phase
space distribution by a matrix element of arbitrary form. Severe al-

terations of the pion momenta away from-three body phase space had

" no noticeable effect on the overall appveara.nce of the detected events.

0
L

rest frame. The gamma rays were generated with equal and oppositely

| The three pions were generated in a plane randomly oriented in the K

directéd momenta in each of the pion rest frames, and th.éir. four vectors
transformed to first, the K(}_‘ rest frame and finally to the lab systefn.
The photons were converfed to electron showers at points de-
termined from Compton and pair-creation cross sections. 26 The
showers were given a structure from a library of measured,v réal show-
+

ers of known energy from the mode K;_, -~ a'm n°. These shower
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patterns were infused into the geometry of the spark chambers, allow- |
ing a modification;due to the structural features of the apparatus, of
the showers to be made.

The use of the shower lilzrary freed the program of the neces- | '
sity of using efficiency functions for the conversion and observation of
gamma in the spark chambers. Predictions of the Monte Carlo of
properties of the data, depending only on the chamBers, were rigorous
tests of the programs validity. | Correct predictions were obfained for
the observed distribution of gamma ray conversioﬁ points, the shower
angular deviations from the various decay points, and the multiplicities
of showers -appearing in the chambers. 17‘ Again, the pion mass space
pairing distribution is a good fest of the Monte Carlo reliability, and

Fig. 16 shows agreement with the experimental data.

Thus with confidence that the true pairing was present in the set of the

best five, full kinematic fits were attempted on each pairing in the select

group.

G. Kinematic fitting.
Assuming a particular pairing for the gamma rays, the six

o
L

mentum at 530 MeV/c, the nominal value. The calculation i‘equires

photon momenta may be determined using a fixed value of the K. mo-

the use of the four equations of energy-momentum conservation, to-

gether with two of the pairing equations, say

k,k, mi/[z (1-cosQiz)] = _111
(8)

2
kgk, lm"/[?. (1-cos 634)] =0,

I

This combination results in a fourth degree polynomial in one of the

photon momenta.
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The quartic equation may be easily obtained by reducing the four
momentum-energy conservation equations to one equation in three un-
known energies. Perforrhing this reduction twice, keeping a different
set of unknowns each time, producés a pair of comparable equations of

>

the form,

Q kg +Qpok, + R 3ky =Py

Q21k1+ Q22k2 + Q24k4 1-"‘2 .

(9)

1]

Multiplying Eqgs. (9) together and using (8) gives the desired quartic.
i+ ki 10k, +Q,=0 (10)
1 a1 bt c1 d

where the coefficients are

9]
I

= - (PyQ,y t P1Q21)/D

Qp = [(Q,,0,+Q,,0, )1+ P Py~ Q,30Q,,m,1/D

Q, = ~(Q,,P, +Q,,Pn,/D

Q

O
I

2 _
4= Q,M/D D =0Q,,9,,

In general, four solutions of (10) are possible, but requiring

k, to be physical, (k1 real, and 10 € k, < 400) usually selected only

1
one or two of the quartic branches. Any choices between remaining

branches could be made by picking that solution whose resultant m,

2 _
my = 2k5k6(1- ‘_:05956) _

was closest to the pion mass. The photon momenta ki = 1, 6 deter-
mined by these kinematics can now be considered functions of the decay

point, ki = k(X, Y, Z)_, and a fit performed.
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Since only two of the three pairing equations are used ih the
fit, except for the choice of pion order, the pions are no longer indis-
tinguishable, the pi‘.o;x‘ formed by gammas five and six is distinct. A
pioﬁ order is chosen which gives the best value for mg and physical
solutions for all gamﬁa ener;ies. Approximately 40%, or two out of
the five best‘pairings in each eveht, will not produce physical solutions
for ény choice of pion order or quartic branch.

The photon energies for the selected pairings in each event were

fit by séarching for a minimum on a chi~square surface formulated from

the photon energies as,
2 2 /. 2
Xg = () Oy - EDP/E) G
n

Figure 17 shows this relatively simple ‘surface ‘sampled in the x, y plane
centered at the minimum point for two pairings.

|  The Xg minimum point was used as the starting point for the
final mirﬁmum search on the more complex surface formed by using
mg, the last equation of constraint.

2 _ 2
XM = (m3— m“_) .

A sampling of this surface for two‘_pairin.gs is in Fig. 18. With this
method more than one pairing were: usually found in each event with
dm = Abs(m3-mw) < .1 iMeV,. essentially satisfying all kinematic con-
straints.

A criteria was devised for the Monte Carlo data which selected

the true pairing from ainong the pairings surviving the kinematic fits,



|

e

s
.
N
-
Lo
&3

~ ~Y{in)
-4




-62-

AN /T
AU A
NS
AV Y 720 Aoy 4 1)
AL S
N - o aN
Y — ANAVAL W] i
AT Y f///.r///uf/ 2\ LN W
W»PVL. .,/udu,..azzzzzzzzzz//z AT
/a4awzdwaz/z//x/r//////// L
%;;a‘,/,/zazwza/wzzz// .“nAAA\amﬂ G Dty
wgaa//;,a;zzzzzzzzw//// eSS Ve 4
E,,—,,,,J,,z,/,,,///wzxz DO W W W Y G L2~ O
Ef,,aa,/,azzzzzvzwwA»/////////—., ol g
///ﬂaewrfﬂzabzzxzzzfzz/ LU N S
py,/,y,/,,f//’//,alzfzwz BN NP 1652 2
LV W T S W W W W W W Y W e B e S L
%,,/,//zz///z///,.z///Vm‘, LA D
wuzz/z/////w////,/ Y R 2
ULV T L W W W W W Y W W W W W W SeSet A
Eufafwu/,y/p,»///zuwzw//,//un_,, A
P R T VT YO W W W W W O, . . O WO el
00V V. Y Y Y W W W WO W R WA AN rv o TP~
T W T . O VO 0 WA O VO L W W L Y A
A AN A ALY

)

fx(‘x

-
]
VJ -t
= o
358
o«
..ma.s
£ Ao
V@
Qo O
pry
42
2]
©



~63-

I
3
R

; "l

i
L R

TR
1
4

+1.5

i

=3.0

\ Y(in.)




-64-

N
>
X

2
M

X

Chi-square surface for pion mass sampled in the X, Y
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with a 70% efficiency. However, this efficiency was highly sensitive
to the errors in the data and possible biases in the analy.sis. Fortu-
nately, the rad‘ial‘ position. of an event on the Dalitz plot (see the fol-
léwing section on Dalitz plot analysis), is approximately the same for
"more than one of the survi:ring pairings. So simply choosing the .be'st
(lowest) value of Xg? consistent with dm < .1, gave as good a resolution
as the more detailed selection. The probability for selecting the trﬁe
pairing was redﬁcea to 50%, but the method is much less sensitive to
error and bias and not dependent on the Monte Carlo.

_The feature of tile 37° - éy topology which allows than one péir;

ing in an event to be at the same radial position on the Dalitz plot is

studied in detail in the appendix.

H. Dalitz Plot Analysis.

" The 37 ﬁné.l state of the K‘}_‘ decay has nine degrees of freedom.
The four equations of energy-momentum conservation allow this state
to be specified by five independent variables. Choosing among these
the energies of aﬁy fwo of,th.e pions, and integrating over all other

directional variables gives the differential rate of decay dZF, as

a’r = iM% dE, dE,

where E1 and E2 are the pion energies, [M]2 is the matrix element

containing any energy dependence of the decay rate.
The phase space for the process, defined as

2, _ 2.
dR~1rdE1dE2
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is proportional to the area on the Ei' E2 plane and is thus ''flat."
This suggests a planar representation for the decay, proposed by Dalitz,

utilizing the fact tha.t the sum of the pion energies must be constant. In

the case of the pion k1net1c energies T = E.l-m_", _

T1+TZ+T3=Q, Q=M

¥

K" 3Mﬂ= 92.8 MeV
then the Ti_'s may be interpreted as the distances from the siders of an
equilateral triangle. |
This Dalitz plot may be parameterized in terms of other prop-
erties of the 37 system, with these various parameters linearly related

to each other. In addition to the total energy and kinetic energy repre-

sentations, invariant mass description may be formulated as,

v _ 2
8; =[Py + Py |
where P4i and P4k'are the pion and K‘L four -momentum vectors.

vAlternatively, these parameters are related to the kinetic energy by, .

g 2
5, = (M + m )"+ 2MT..

Taking the invariant mass of pion palrs gives another description,
$ = [P4 +P4k]2 (i, j, k)=1, 3and1f_]fk (11)
Again these are related to the kinetic energies, '
(MK m, ) - ZMKT
The kinetic energy repre sentatiop may be conveniently trans-

formed into a polar coordinate system r, 0 using,

Q
T, = 3

i (1+r°c039),

with 6, referenced from the T; axis. (See Fig. 23).

Since the matrix element for the 37’ process is expressable,

to lowest order, as

2
M(K-»3n?)=1+ —%—ZTi
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L , 27
then in terms of the polar system,

2_Q 2
ZTié—j—(i"‘r/Z) . (12)
and o
MK~ 31°) = A(1 +a' r°),
. a function of the radius squared only. The plot boundary, “in the polar -
system rb(e), ié

£ = 1/[1 +g(1+ r_cos 36)]

b b

where g = Z(Q/MK):/_(Z,- Q/MK)Z, and due to the small value of Q, e

deviates from a circle of unit radius by only ’10% .
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Iv. CONCLUSIONS

Of the unambiguous six shower events, 5629 survived the fit to
fhe .K‘L» 37° kinematics withya confidence level of 1% or better, and
their Dalitz plot is shown in Fig. 19. The Dalitz plot for 3m° has six-
fold symmetry, due to the indistinguishability of the pions, so in prin-
ciple, all the events could be combined into one segment. The full
Dalitz plot is presented here to show that no bias exists in the treat-
ment of the pioﬁé by the analysis. Since the Dalitz plot deviates from

a perfect circule by about 10%, the radial distribution was constructed
as a function of RZ, where, | |

R.2 = (r/r )2,

0

r is ti’xe' Dalitz position, and r, is the radial distance to the boundary
at the azimuthal position 6. The radial distribution is shown is Fig. 20
and the azimuthal distribution, combined into one segment of the Dalitz
plot due to its six-fold symmetry, is shown in Fig. 20. Fitting the
radial distribution to the form p(R) = Ao['l + é. R2 ], gives for ther co-

efficient,

a=.03%x.04.

Polynomials of higher order in R were fit. Terms in cos 6 were not

included due to the poor 0 resolution. For p(R) = A, [1+ aR%4 bR3] .
the fit gave a = .04 +.2, b =.001%.2, and for p(R) =A0[1+aR2+bR3+ cR4] ,

find a =.0002£.5, b=.4x1.4, c=-.07%.7.
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Fig. 20. (left) Radial distribution of fitted events on Dalitz plot
(right) Azimuthal distribution of fitted events folded into one seg-

ment of the Dalitz plot.
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Monte Carlo data generated using a matrix element of the form,
M=1+ arz, for @ =-1, 0, +1, were kinematically fit and analyzed by
a procedure’ identical to that for the real data. The RZ distributions.
for these data are pre sented in f‘ig. 24, and the azimuthal distributions
in F1g 22. The Dz’a.litz plojc resolution for these data is drav‘vn in Fig.

23 as an error ellipse. Fitting these data to the above polynomial

forms gives values for the coefficients as shown in the following table.

Monte vClarlo data (40000 fitted events per set)

2 L <
_ -.66+.031
a=-1 77 +.110 .085%.085
-.94+.266 .509 +.537 271%.34
.01%.033
a =0 . .07%.15 .01 +.44
.04 +.36 | .07 +.83 -.05 *.55
.84 +.037
@ =+ .81+.220 .06 +.193

.62 .49 .54 #1.13 -.3144%.760
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Azimuthal distribution of Monte Carlo events folded

into one segment of the Dalitz plot, 10000 events per set.
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Using this table, a correction to the slope of the R2 distribution
may be deduced of the form,

@ = a/ao+ 6

where a,= .7, and & =.01. The coefficient in Eq. (2), the matrix el-

ement for the K(}_," 3n° decay, is thus,

a = .05+ .08
"where the error has been enlarged to cover any systematic biases.
_Tﬁis measurement is consistent with the estimates of « derived earlier,
Eqs. (4), (6), and (7).
. The lack of any measurable structure on the Dalitz plot implies
the absence of any low mass, narrow w0 - 70 resonances, or a strong’
- low energy w°- 7° interaction. The statistics and resolution of this ex-

® resonance unob-

periment make the effects of a broad low mass w0
.servable. An experiment designed to imprové statistics by two orders

or magnitude, and re soiution by an order of magnitude would be capable
of seeing the structure of such a resonance, as well as provide a good

measurement of the rﬁodel de pendent 1r°-.11'0 scattering length. Since the
estimates of @ are not in sﬁbstaﬁtiai agreement as to magnitude or sign,
such a measurement could appraise the various models for the 0 - 7r®
interaction, as well as the weak transition of the K(L. A comparison

with an identical analysis for the proce'ss n - 31° would help in sep-

arating the effects of the n°-n’ interaction from the weak transition.
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APPENDIX

" Pairing Redundancy.

The existence of al’téfnaté pairings with épproxim’ately the same
radial Dalitz position can be understood by separating the expréssion
for the radius into pairing inde pendent and pairing de pendent terms.
The sensitivity of the pairing dependent term uhder the permuations of
the pairing éperation determines then the number of pairings sufficiently
similar to the true pairigg. Using Eq. 12, the radius, in terms of the

pion kinetic energies, is

r2=z(—3;-zz TZ-4)
Q" g

© Since

2 _ 2
Ti = (Ei -m)

~ 2
= (ki +ki -m)

4 2

where ki and k, are the momenta of the two photons forming the ith
: 1+ 2 , . '
“pion. Then, using the above relation,

6 3

ET?= 3m% - 2mM +Zk2 +22 k. k. .
i K n . 1,1 i,

n=41 i=4

Only the last term is pairing dependent, so writing

ro Rind + Rdep
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gives

-

For each event, fifteen values of deep may be calculated by choosing

the various pairing combinations. Let n label the particular pairings,

1 £ n €15, and denote these values by Rd (n). The error in R (n)
ep dep

for the fourteen incorrect pairings, expressed as,

| an =R (n) - Rdep(true) n # true

dep
appears quite inseﬁsitive to most of thé pairings, as indicated by placing
all fourteen an in a single distribution, as.in Fig. 24, and observing
that the distribution peaks strongly at an= 0. Since few of the incorrect
pairings combine the photons so as to form ''pions' with invariant masses
near m_, the Daliﬁz plot for these is n'ot'necessarily bounded by r = 1.

So radial error will probably exceed unity and, additionally,' since
Rdep(n) is not the full expression fpr the Dalitz radius, dR has no con-
straint to be less than unity. If the requirement that these incorrect
.pé.iring‘s.vsurvive the kiﬁematic fitting procve.,dure described in the analysis

is made, the Dalitz radii for these pairingsis bounded by r=1. The error

'dR'h need not in principle be less than unity, but as the shaded distribu-

tion _ianig. 24 (obtained by making a separate di§trib1_1tion of an for
thos‘e Ipa.i'rings surviving the kinematic fit) shows, the bound of unity is
nbt exceed.

To show that each event may have more than one pairing with

near zero an, the an are ordered by ma'gnitude'and placed in fourteen
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Fig. 24. Error in pairing dependént term for all incorrect
pairings. Pairings surviving the kinematic fit are within the
shaded inset.
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distributions. The d?}s‘triboi’:‘ion'in whlch a ﬂp.afriii.cule.r. an is placed is
determined by its position in the ordered sequence. These distfibutioos
are displayed in Fi-g. 25 as a line of points, where the density of points
on the line corresponds to the height of the distribution; and the distance
along the line measures the magnitudelof dR in Fig. 25, oraered: se-
quence 1 is the distribution of the best (or smalle st) dR for each event,
ordered sequence 2 is the dlstrlbu;:lon of the next best (or second largest)
dR _, and so on. Here then can be seen that each event has on the average
two or three incorrect pairings with an very near zero, and quite prob-
ably, with the radial error with respect to the true pairing, acceptably
small. The first distrib.ution in the .sequence, the best of an as shown
separately in Fig. 26, is again strongly peaked et zero, indicat/ing.?,a
preferential egreement by this pairing for the true Dalitz rad:ius. |

_ To show the dependence between the radial error on the Dalitz
plot and dR o’ for each of these best dR in the d1str1but10n in Fig. 26

* the radlus on the Dalitz plot for that 1ncorrect palrlng was determined,
and the rad1a1 d1fference with respe ct to the true pairing taken. A
scatter plot of this radial difference versus the corre sponding an is
shown in Fig. 2‘7‘, and indicates that the relationship between them is
fairly linear. In fect,' the Dalit’z i‘adial error i,s'ess_ent‘ielly dR.n,» and
80% of the events have a radial error of less than .~Z for this best alter-
nate pairing.. By numbering the pairings from one to fifteen, with the
true pairing number one, then the distribution of the pairing number (or’
n) for the best alternate pairing, shown in Fig. 28, reveals that certain

pairings will very likely resemble the topology of the true pairing.
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Fig. 25. Error in pairing dependent term, where for each
event the fourteen errors are ordered and placed in separate
- distributions. These distributions are displayed here as line
densities. L
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Fig. 26. Error in pairing dependent term for
pairing with smallest error. All pairings here
are incorrect pairings.
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~ the pairing dependent term for the pairing with smallest error.
All pairings here are incorrect pairings.
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To further illustrate the topological resemblance among the
pairings, use may be made of an additional Dalitz formulation. From

Eq. 14 the radius can be expressed in terms of the invariant masses:

2 P 2
SstohcaeYa
with A = 2(1\/Ik-m)4 - 4(1\/I.k-m)2MkQ

then

2 1

roo= -
2Mk2Q2/3

[z 52 - A, - aMZQ%/31].

In terms of the photon momenta,

s2

2
i )

2

i

- = = = 212
[(k. +k, +k_ +k - (k. +k, + + )71
ip 32 kk1 k iy g kki‘ kkz

1

[m? . +m? 2 2 2 2 g2
Jpdy TRgRy ik gk Tk iRk,

Or,

' 3 6

Y-y O mh

i=1n=1

Hence r2 is related to the fifteen invariant masses formed by taking all
poss.ible combinations of the six photons in pair 5.

The six mib‘s per pion may be grouped by their sensitivity in
deterrhining the radius. These group assignments are shown by repre-
senting each mib as a line segr:é1enj: connecting any two points (;epre-

senting the photons), placed at the corners of a hexagon, as in Fig. 29.
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F1g 29. Illustrating the two-photon invariant mass combination
arising from a particular choice of pairing.
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Assuming a pairing of (12) (34) (56), where (ij) means gammas i and
- j form a pion, Fig. 25 shows that the invariant masses of the hypo-
thesized pions have greater weight in the r2 determination. So the two

groupings are,

2 2
M,(i) = m. .
1 Jd2 kk,
2 2 2
M,(i}) = m + m. +m, +m.
2 ¥4 S P R PL

These parameters may be used to produce a two dimensional represen-
tation of the multi—dimensionai s{x photon-three pion topology. Each

of the pions is now described by two variables, M1 and Mz. To produce
a distinctive pattern for the three pion system, break a unit circle into
three equal é.rcs. Using each arc as an axis, plot a two parameter func-
tion with the boundary condition that at each end of the arc segment the
functions all have a common value. So for R, the function for the ith
pion, take for example, |

R =1 +Ai' sin[(Zn/S)biQ] i=1,3.

i

Set A= C Abs[Mi(i)—Zmz]/(Zrhz), and b= 1 + CZAbs[Mz(i)-4m2]/(4m2),

1

an integer. The values of .Cl and CZ were adjusted to give a good display

of 'Ml and MZ and set to Ci = Cz =4, If R"i and ¢ are interpreted as polar
coordinates, and the three.pion functions are joined in sequenée. then a
flower-like pattern emerg’es.. Figure 30 shows all pairings fér a typical Monte
Carl-o event. This two dimensional representation of a six dimensional system

allows similar topologies to be identified. The true pairing is a circle, thus

pairing 3, which is very nearly circular is near congruent in topology,
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Fig. 30a. ‘Pion flower topological representation
for each of the fifteen pairings in a typical Monte
Carlo event. ' ‘
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and at approximately the same Dalitz radial position as the true pairing.
Not coincidently, pairing 3 is among the more frequent in the distribu-
tion in Fig. 28. .4

Since the pairings near the same Dalitz radial position have, as
patterns in Fig. 30 show, sirr;ilar topologies and kinématics, they will
be preferentially selected by any pairing selection mechanism biased
toward selecting the true pairing. Thus a relatively simple selection
criteria can produce good radial resolution on the Dalitz plot. How-
ever, the azimuthal position for these alternate pairings is not approx-
- imately that of the frue >pairing. The azimuthal resolution is poor, thep,
for these selection procedures. Figure 31 are these patterns for a
typical event of K% - _31’r°, and shows the familiéu‘ similarities among

L

the pairings.
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Fig. 31b
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