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Exact Spin Map in a Uniform Magnetic Field with Application to
Sector Bend Dipoles

C. Mitchell
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Abstract

In this note, we develop in closed form the time-evolution SO(3) spin map determined by
the Thomas-BMT equation for a charged particle with general gyromagnetic ratio in a uni-
form magnetic field. This result is then applied to determine the corresponding s-evolution
spin map in the curvilinear Frenet-Serret coordinate frame associated with the transport of a
charged-particle beam through an ideal sector dipole (bending magnet). The map is expressed
in a factorized Lie-algebraic (axis-angle) form, making it straightforward to determine the cor-
responding SU(2) or quaternion representation. To facilitate numerical implementation, the
Lie generators are expressed as functions of the six phase space variables commonly used for
charged particle transport in s-based tracking codes. This capability allows exact transport
of both phase space and spin variables over an entire ideal sector dipole, without the need for
numerical integration. The results can also help to validate alternative spin tracking approaches.

1 Time Evolution of Spin in a Uniform Magnetic Field

The Thomas-BMT equation for the rest-frame spin 3-vector Sofa particle of mass m and charge ¢
moving in a magnetic field B, where B is expressed in a fixed laboratory frame, takes the following
form [1, 2, 3, 4]:

s < - ~ q 1\ = Yoz ==
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Here G denotes the gyromagnetic anomaly of the particle, given in terms of the gyromagnetic
ratio g by G = (g — 2)/2, and t denotes the time in the laboratory frame. Consider the case of a
uniform, static magnetic field B. In this case, the time-dependence of the precession vector {2 on
the right-hand side of (1) is determined by the time-dependence of the relativistic factors g and
along the particle orbit. Since « is invariant in a static magnetic field, the time-dependence of j3 is
determined by the relativistic Lorentz force equation as follows:
dE L= qé
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Let L; (j = 1,2,3) denote 3 x 3 matrices that form a basis for the Lie algebra of SO(3). We assume
the specific representation [5]:

00 O 0 01 0 -1 0
Li=10 0 —-1], Lo={(0 0 0}, Lsy={(1 0 0. (3)
01 0 -1 0 0 0 0 O
These matrices have the property that for any two vectors @, b € R3:
3
@ L)b=Y (ajL;)b=dxb. (4)
j=1
Then (5) can be rewritten in terms of the L; (j = 1,2, 3) to give the equation:
dp o 2
— =—(4J-L)5. 5
= @D (5)

Since the matrix appearing on the right-hand side of (5) is independent of ¢, the solution is clearly:

B(t) = e LGy, (6)

which represents rotation about the direction of the magnetic field with angular frequency ||&]].
This shows that ||S]| is an invariant of motion, as expected. Likewise, we see that the projection
of 8 along the magnetic field is invariant:

— — — - 7 = T — - 7 — — —
Bty -B=F3W)7TE = [e—tW'Lﬁo} B=4" [etw'L} B=p- B (7)
where we have used the fact that the rotation /L leaves B invariant, since & x B=0. As a

consequence of (6-7), the time-evolution of the precession vector (t) in (1) can be expressed in
the form:

(1) = —% [(G + }y) B- G# (ﬁ(t) - B) B(t)} (8a)
_ _% [(G + i) B- Gﬁ (ﬁo : é) e~to L *0] (8b)
— ot L {—;{L [(G + i) B- G# (“0 : é) go} } = e LG (0). (8c)

In the third line, we have again used the fact that B is invariant under rotation by the matrix

e—tw-L‘

2 Exact Solution for the Spin Map

We will represent the spin evolution determined by (1) in the form:



where M (t; 50) is a 3 x 3 orthogonal matrix, whose elements depend on the evolution time ¢ and
on the initial value of fy along the particle orbit. The choice of particle species sets implicitly the
values of the charge ¢, the mass m, and the gyromagnetic anomaly G.

It follows from (1) that the spin map M satisfies the following time evolution:
M(t) = () - L)M(t), M(0) =1, (10)
where [ is the 3 x 3 identity matrix. We have suppressed the dependence of M on the constant

value 3y on both sides of (10), which we will continue to do in the following discussion.

We claim that the solution of (10) is given by:

—

M(#) = exp(—t@ - L) exp (tK : E) . A=G0) +a, (11)

where Q(O) denotes the precession vector appearing in (1), evaluated at the initial time ¢t = 0. It is
clear from (11) that M (0) = I. The time derivative of M (t) satisfies:

M(t) = (—@ - L) exp(—t@ - L) exp (tX-E)+exp(—m L) - L)exp (tx E) (12a)
= (=@ - L)M(t) + e LK . D)@ Lot L exp (tK E) (12b)
= (~@ E)M(t)+([e—t@fx .E) %L exp (tA L (12¢)
- (—w L+ [e*w LG (o) +<;} .E) M(t) = (Q(t) L) M(t) (12d)

In the third line, we have used the following basic identity, which describes the adjoint action of
SO(3) on its Lie algebra:

CEE(E I_:)e—(_i-i — (eﬁi ) . E’ &»766 R?)‘ (13)

In the fourth line, we used the fact that the rotation matrix e~19L leaves the vector & invariant,
together with (8). This shows that (11) is the correct solution.

3 Exact Spin Map for a Sector Bend

We now wish to determine the spin map describing transport through an ideal sector bend, whose
magnetic field is given by B= By. Figure 1 illustrates the bending magnet, showing the region of
nonzero magnetic field. In this case, the spin and orbital variables are described in a Frenet-Serret
frame that is attached to the design orbit, and the reference path length s is used as the independent
variable. The design orbit describes a circular arc in the z-z plane that undergoes bending by an
angle:

(14)

As AsB As-qB As (¢qB
NPT A T
¢ pa  (Bp)a  mcBava  cBa \mq ad

In the chain of equalities above, h denotes the curvature of the design orbit, p; denotes the radius
of curvature, (Bp)q denotes the design value of the magnetic rigidity, and At; denotes the transit



Figure 1: A sector dipole. The region of nonzero magnetic field is shown in blue. The design
trajectory is shown in yellow. The arrows indicate the direction of the design momentum at the
entrance and exit faces of the magnet.

time of the reference particle through the magnet. To use the result (11) to obtain the spin map
for such a sector bend, we must address the following two issues:

e the rotation of the Frenet-Serret reference frame (from entrance to exit)

e the change of the independent variable (from ¢ to s)

3.1 Rotation of the reference frame

The map in (11) assumes that all quantities are evaluated with respect to a global Cartesian
coordinate system (x,y, z). It is natural to choose the global Cartesian coordinate system so that
it coincides with the local Frenet-Serret coordinate system at the location at which the reference
particle enters the magnet, as shown in Fig. 2. During transit through the bend, the vertical

X

Figure 2: Schematic of a sector bend of angle ¢, illustrating the rotation of the local coordinate
system. The vertical y-axis extends out of the page. The design trajectory is shown in yellow. The
reference particle moves clockwise (in the local +z direction).

axis y is left fixed, but the coordinate axes z and z are rotated by the bend angle ¢, taking
(.’L‘,Z) = (xoutazout)'

Consider a particle with spin S; and velocity B_; as it enters the magnet through the plane z = 0 at



some initial time ¢;. At later time ¢; it exits the magnet through the plane zy; = 0, and the spin
5’;‘? in the global (z,y, 2) coordinate system at time ¢; is given by (9), so:

SF = M(t; —t:: 5)S;. (15)

Evaluating the components of the spin in the local coordinate system (Zout, Yout, Zout) requires
rotation by the angle ¢ about the y-axis, so that:

Sy = e LSE = LMty — t:; §)S. (16)

It follows that the spin evolution of the particle in the local coordinate system, from entry to exit
of the bend, is given by the matrix Mpg, where:

Mp = %L exp (-(tf )G E) exp ((tf —t)K - E) . A=0t)+a. (17)

Since & is parallel to g, the two leftmost factors commute, and their exponents can be combined
to give:

Mp = exp ({¢g —(ty — )@} - E) exp ((tf A E) . (18)
Simplifying expression (1) for the precession vector somewhat, we find that:

—

Bi
183l
where 4 is a unit vector describing the direction of the initial particle velocity at the entrance to

the magnet. (The velocity is evaluated in the global Cartesian coordinate system, which coincides
with the local Frenet-Serret coordinate system at the magnet entrance.) Therefore we see that:

Qt) = —(Gy+ 13+ Gy —D(a-B)a,  d= (19)

N=—-Gy3+ G(y—1)(i- @) (20)
Simplifying further, we express the map (18) in the form:
Mp = exp (ﬁl . E) exp (ﬁg . E) ) (21a)
where the two generators are:
Fi=(6—-0)), F=G0{—v+(y—uyi}, (21b)

and we have introduced the symbol
0 =w(ty —t;). (21c)

Here 0 represents the change in cyclotron phase during the particle’s transit over the length of the
magnet. Since the orbit (phase space) map through an ideal sector bend is known exactly, the
transit time ty — t; is easily evaluated, and the spin map (21) can be applied using two simple
rotations. In the following subsection, we consider the particle orbits and provide an explicit
expression for (21c).



3.2 Phase space and orbits

We would like to evaluate the spin map in terms of the 6D phase space variables, expressed in a
local Frenet-Serret frame, that are used in symplectic tracking codes [8]. We denote these variables
by (X, P,,Y, Py, T, P;). The interpretation of the local X, Y coordinates is apparent from Fig. 2.
The variable T" denotes the deviation of a particle’s time-of-flight from the time-of-flight along the
design orbit, and the variable P; denotes the negative of deviation in energy between a particle
and the design energy [5]. We assume that the momenta P, and P, are normalized by the design
momentum pg = mcBqvyq, and the momentum P; is normalized by pgc, so all three momenta are
dimensionless. Likewise, the time-of-flight deviation 7' is multiplied by the speed of light, so that
all three coordinates have units of length (m).

We can express the quantities appearing in (21) in terms of these phase space variables as follows:

_ Px,y _ PS
— T = Uy = —=—,
|IPl] |IP]]

1Pl =\[1= S+ P2 Po=\IPIP - P2 = P}, (23)

These relations can be inverted to recover the definitions of the momenta (P, Py, P;) in terms of

Y= ’Yd(l - ﬁdPt)7 Ug,y (22)

where

-,

the relativistic factors (v, ).

We will characterize the sector bend magnet by the two parameters h and s, denoting the curvature
of the design orbit and the design path length through the magnet, respectively. We set s = 0 at
the entrance of the magnet. (The plane z = 0 of Fig. 2.) The bend angle is recovered using ¢ = hs.
The map describing transport of the phase space variables over a sector of design path length s is
known in closed form [6, 7], and the result is summarized as follows. The momenta evolve as:

P = P, cos(hs) + (P, — (1 + hX))sin(hs), ~P{ =P, P/ =P, (24a)
Pl =12 = Py - 13, (24)
and setting:
P, Pl
0=hs+sin! | —2nc | —sin! | ——n—], (24c)

VI1PI1? — P VIIPI? — P

the positions evolve as:

hX! = P/ — 1+ P,sin(hs) — (P; — (14 hX)) cos(hs), (24d)
hY' =hY + 0P, (24e)

1 hs
hTf:hT—9<P—>—. 24f
" Ba Ba (249)

Here, we have assumed that the design orbit follows the curvature of the dipole, so that h =
By/(Bp)a. In (24) the superscript f denotes the final value at the location s, while the unadorned



variables are evaluated at s = 0. It is straightforward to check that the map (24) is origin-preserving.
That is, the map takes (0,0,0,0,0,0) — (0,0,0,0,0,0). It is also symplectic, and the corresponding

flow is generated by the Hamiltonian:

2P, P 1
“toprop2— i (14+hX)%, (25)
Y Bg 2

H(X7PI7Y7PQ7T7Pt):_(1+hX)\/1+IDtQ_ ,8 T
d
with s as the independent variable. The reader may verify that (24) is a solution of the canonical

equations of motion.

The transit time of a reference particle on the design orbit is clearly given by:

Aty = —. (26)
cfaq

The transit time of a general particle is then given by:

tr—t; = At 4—(Tf—T)/c——i P—i (27)
f—ti = Alg = e i 3,

We now note the relationship between the cyclotron frequency w and the curvature parameter h:
w_ qBy _ qBy _ By Ba _ hB4 (28)
¢ mey  meva(l—Baly)  (Bp)a (1= Bal) (11— Bak)

Using (28) in (27) gives:
i hcﬁd 0 ( 1 >
wt! =ty =——2 . — (= —P ) =0. 29
( ) (1-BaP) he\Bs ' (29)

This justifies the use of the symbol 6 in (21c).

3.3 Evolution equation for the spin map

We would like to show directly that the spin map (21) follows from the Thomas-BMT equation,
expressed using the local Frenet-Serret frame, with s as the independent variable [4]:

s~ -
E - Qs X S, (30)
where |4+ hX
Q, = ———— |(1+Gy)B—G(y—1)(a- B)a| + hj. 31
e= (B, (1 OB = Gl =i By + hy (31)
In terms of the quantities that we just defined, this expression takes the simpler form:
(32)

L 14X ) g
Qs = ——5— (1 + G — Gy = Dhuyi + hy.

Note that (32) depends on s through the evolution of the phase space variables as described in the
previous section, and the vector @ is evaluated in the local Frenet-Serret frame at s.



As a result, we require that the map Mp(s) describing spin transport through a sector bend of
design path length s satisfies the following evolution equation:

Nig(s) = (uls) - L) Mp(s),  Mp(0) = 1. (33)

In order to check (33), we need to know the explicit evolution of the precession vector ,(s) along
the particle orbit, which follows from the phase space map described in (24). That (33) is satisfied
by (21) as a 3 x 3 matrix equation has been checked in detail using an explicit, tedious calculation
in Mathematica. We can also show this using the following shorter, more indirect argument.

Let us return to the defining expression (17), which we write in the form:

Mp(s) = e"ILNM (t(s) — t;). (34)
The initial condition in (33) is straightforward to check. Taking the derivative of (34) with respect
to s gives:

d _ (pa T\hsOL ) hsg-L dty(s) d
dsMB(s)f(hy L)e M(ts(s) —t;) +e Is dtM(t)

tf (s) —t;

= (hj - L)Mp(s) + ‘%?ehsﬁ'ﬁ(ﬁ(t) -L)M(t)

= (hj - L)Mp(s) + Tehsﬂf(ﬁ(t) CL)e T L g (s)
= (b~ D)Mp(s) + ) (1h0 G0y L) 2ap(s)

S

= { (hg + ““Zi('s)[ehs@fﬁ(t)]> - E} Mp(s), (35)

tr(s)—t;

S

where we just put ¢t = t(s) — t;, the particle’s transit time at the location s. If we can show that:

Gi(s) = hj + T o i) (36)

then (33) immediately follows. However, using the Hamiltonian (25) we see the relation:

dig(s) _ d . _ljom 1Y) _ 7\ (L= BaP!)
L2 = (1 Jet Atg) = - <8Pt + Bd> - <1+hX ) cﬂdPsft . (37)
Then the right-hand side of (36) becomes:
i N =8P ¢ B, e o hegEa
hij + (1 +hX ) T sft { (Gy +1)3 + Gy — ) (a(t) - 3)ehsd u(t)} (38)
f . B}
—hj~ D (04 oy 6 — D (06570} = 6,05, (39)

where we note that the vector @ appearing in Qs(s) is evaluated in the Frenet-Serret frame. This
shows that (33) is satisfied.



3.4 Spin map to first order in the phase space variables

In this section, we will study the first-order dependence of the spin map (21) on the initial phase
space variables describing a particle at the magnet entrance [9].

Let’s first evaluate (21) for a particle on the design trajectory. Note that on the design trajectory
we have X = P, =Y = Py =T = P, = 0, so clearly:

04 = o, Uy.q = 0. (40)
Then the two generators in (21) become:
Fia=0,  Fha=—Gradj. (41)
Therefore, we have for a particle on the design trajectory that the spin map My is simply:
My = exp(Fyq- L). (42)
For a general particle we can then write:
Mp = MyM,, (43)
where the “remainder” factor M, is:

M, = exp(—FEd . I_:) exp (ﬁl . E) exp (ﬁg . E) . (44)

The generators in the two leftmost factors both point in the direction ¢, so these factors commute.
As a result, we can write this as:

M, = exp ({ﬁl — ﬁQ’d} . E) exp (ﬁg . E) ) (45)

Every element of SO(3) can be written in terms of a single Lie generator (axis-angle form). We wish
to evaluate the single generator of M, to first order in the phase space variables (X, P,,Y, P,, T, ;).
Leting € denote an order parameter so that (X, P,,Y, Py, T, P;) ~ O(e), we see that Fy ~ O(¢), and
we can write:

Fy=Fyq+08F,  6Fy~O(e). (46)

In fact, to first order in the phase space variables we have, by expanding the generators in (21):

(F1)y = —Pi(1 — cos ¢) — (P;/By + hX)sin ¢, (47a)
(0F3), =0, (47b)
(0F2)y = —Gyg{P(1 — cos ¢) + (P/Bq + hX)sinp — P,By0}, (47¢)
(0F2). = Gp(va — 1) Py (47d)

Then we have:
M, =exp ({Fi = Foa} - L) exp ({ Foa+6F5} - L) (48)

Since ﬁl and Iy 4 are both parallel to ¢, we see that this is a 3 x 3 matrix equation of the following
form: . . o
e(—a?)+ebz})~Le(az}+eE)~L _ eG)\'L’ a,beR ¢ /_\’ cR3 (49)



where we want to determine X to leading order in €. The leftmost and rightmost exponentials in
(49) can be trivially expanded to first order in e. The nontrivial factor is the second one. This factor
can be treated using Rodrigues’ formula, but we note instead the following trick, which exploits
the properties of the Lie algebra. We claim the following factorization holds:

e(az[/-l—eE)f _ eeife(agj—f—ecyg)fe—afi + 0(62), d= (i x &)/a. (50)
To check this, note that:

od-L y(aj+ecy§)-L,—ed L _ exp [e dL aerecyg)} ~E>

(
= exp ([ (I+ed- L) :L]—i—ecyﬁ)} -E—i—O(eQ))
({ay + ecyy + ea(d x Q)} L+ 0(62))
= exp ([ay + ecyy + €(C— cyy)] - L+ 0(62)) = lated-L | O(e?)).  (51)

Using this factorization, all the factors in (49) can be trivially expanded for first-order in €, and
corresponding terms collected. The result is:

X=(b+c,)j+ (67“37'5 ~I)d. (52)
Written explicitly, in terms of components:

I sina . (1 — cos a)7 (53)
a a

Ay = b+cy, (53b)
1_ .

/\Z:cx( cosa)+czs1na. (53¢)

a a

This result has also been checked by evaluating the explicit 3 x 3 matrix representation of (49) in
Mathematica, followed by a series expansion in e. Applying this result to (48) with

a=Fhg- 7, b=F 9, ¢=6F,, (54)

and using the explicit expressions in (47), we find the result:

o= P, < — 1) (1 — cos(Gras)), (55a)
Ay = —(1 4+ Gra){Pe(1 = cos ) + (P/Ba + hX) sin ¢} + P.GBavag, (55b)
A =Py <’Yd7; 1) sin(Gvyq¢). (55¢)

Therefore, we have expressed the spin map in the approximate form:

Mp = exp(~Gradg - L) exp(X- L) + O(e?), (56)
with X given by (55).
The result (56) may also be obtained by linearizing the Thomas-BMT equation (30) (with respect

to the phase space variables) around the design trajectory and applying a Magnus expansion.
Following this procedure yields a spin map of the form [9]:

MER = Mge? L 4 O(||ACIP), (57a)

10



where A( = (X, P,.,Y, P, T, P;), interpreted as a column vector, My € SO(3) and A is a real 3 x 6
matrix defined by the equations:
M,

ds

(6i(s) - L) My %: TDO(s)R(s). (57b)

In (57), both §(s) and its Jacobian DS(s) are evaluated along the design orbit, and R(s) denotes
the 6 x 6 symplectic matrix that describes transport of the initial orbit vector A( over a sector

bend of design arc length s. A careful investigation confirms that the solution of (57) coincides
with (56).
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