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- ABSTRACT

We have dévelopéd a method for the determination of the

_orientétional distribution function of partially ordered

' systems from the EPR lineshape thdt is an alternative to the

usual one oflexpansion in the elements. of the Wigner rotation
ﬁatriéés. The'method'Can'be applied to distribution functions
whosekexpansipn in fhe rotationvmatrix elements are slowlyv.
convergént or where the EPR intensity cannot be computed
analyfically; It can also be used to extract geométrical
informétion'relafing the pfincipal magnetic axis system |

to théfpreferred direction of orientafibn, An application

to a partially-ordered ensemble of triplets observed in the

photosynthetic bacterium Rps. viridis is given, and it is
suggested that our technique may prove particularly valuable

in analysis of biologiéal systems.



I.  INTRODUCTION .
In a recent paper Hentschel et ql.” presented a general

method for determining the oriehtatiqnal distribution :function
of partially ordered ensembles of spin systems. The funda-
‘mental equation which is the' starting point of such calculations

can be written as R , - o ‘ .
T(H) = S/ P(aBY) I(a,B,v,H ) dadBdy ()

where P(aBy).is the probability that a member of the ensemble

can be g2nerated by an Euler rotation with angles a, 8, and y.

I(a,B,Y,HO) is the EPR intehsity at field position Hoifor‘a

mehber of the ensemble specified by (aBy), and T(Ho)'ié the

‘ ekperimental intensity,observed at HO. | t
Hentshel et alwl following McBriertyz, began by éxpanding

the orientational distribution function P(aBy) in téfms‘of

the elements of the Wigner rotation matrices.

. A .
P(aBY) = Z Z Z P D (asB,y) - o (2)
- g mn ‘M m |
where
2n 1 27w v i
P = 2211 s 7 DY (a,B,y) P(aBy) dadcosBdy (2a) 3
Lmn 2 mn : v |
8w 0 -10 ) :
is the .anth moment of the distribution function.  When : N ' Y

equation (2) is substituted into equation (1); théllineshape
is expressed in terms of the moments Pomn. By lineshape

fitting with the moments PRmn asiadjustable parameters, it is

possible to determine these moments .




This‘method'is,adVantageous for two reasons: [1] If the

- distribution function is of a suitable form, only a few terms

in the expansiqn need be Considered, For éxample, in an

axially symmetric ensemble, szh is zero if m # 0 or n # 0,

and we can write

P(aBy)

= I Pygol 00(0 8,00 o Ga)
=;i gooPplcosB) - (3b)

[2] If the EPR intensitiés I(a,B,Y,Ho);_can.be'written (or

approximated in closed form, the integral of Eq. (2) now

consists of integrals over.rotation;matrix elements and some
angular functions. These inteérals can sometimes be |
evaluated analytigally,‘allowing one to calculate subspectra
corresponding to ?hé various momentS'leﬁ.

In practice, one may_éncoﬁnter distribution functions

which dé not rapidly converge when expanded in rotation matrix

- elements. In spch a case, the'eXistence of many of the

momentstzmn would breclude a meaningful lineshape analysis.
In addition, some EPR intensities‘have to be computed numerically
fér each orientation, which makesrc¢nsideration 2] above
irrelevant. 1In other Qordé, it is not possible to caiculate
subspectra. |

Andthér difficulty arises when the relation between
thé molecular axes undergoing partial ordering and the prin-

ciple magnetic axes is not known, (e.g. the relation between a



vpaftially oriented membrane and the principal'mégnetic,axes
of a membrane bound méleculej, It.is then best to pick trial
distribution functions based on a model and attempt to fit
the lineshépe by treating the relétion. between axe% as an

adjustable parameter.

_ For these reasons,vthefé is a'neéd for a different,
albeit equivalent, appfoach to determining diétribution func-
tions of partially ordered ensembles. Our apﬁpoach is tg
reduce Eqn. (1) to a double integral over the -magnetic:
variables 6 and ¢, specifyingvthe orientation of the external
- magnetic fiéld go in the principal.magnetic-ékis'Systém. The

form of I is then
I(H ) = /7 D(6,¢)I(6,¢,H ) dods )

where I(6,¢,ﬁo) is the EPR intensity measured at fiéld
position Ho.when the orientation of the exterﬁal magnetic
field is given by 6,¢. vD&6,¢) is a dehsity of states functidﬁ,
giving the probability that the external magnefic field has
angular orientation between 6 and 6+d6,,and_¢'aﬁd ¢¥d¢ in the
principal mégnétic-axis'system.

Rather than expanding D(6,¢) iﬁ d series of moments,
- we proceed by calculating‘the form of D(8,¢) directly from

consideratidhs_of a physical:model. In some cases, this -



process is trivial, e.g. a Gaussian distribution about an

-axis of'symmetry yields
iy o 2,2 | |
D(0) = exp[-87/4"1] - : —— (s)

whefé A‘is‘a disdrder'paraﬁeter. In the general case,
!expreésion of'the distfibutibn function in terms of 0 and ¢
ié‘more'difficult. _u' o | |

We describe here a génefal mefhod for calculating thé
density 6f statés D(6,¢). The partiaily ordéred ensemble 1is
;generated by set éf distincf~symmétr§ opera&ions Rl ....Rn
with arbitrarY-weighting functions gy -+ 83 the density
of states D(6,¢) is obtained és integraIS‘bver'the weighting\
functions whichxcén:be eygluétéd numerically. This method
is~appropriéte fér any»functionai form of the distribution
fpnctibn and for any type’éf magnetic Hamilfonian; It also
éxplicitly prbvides for the determination of‘geémetrical
information (e.g. the relétion ' between the molecular
axeSfuﬁdergoing partial-ordering and the magnetic axes)
if this iﬁformation is not known. - Finally, the method is
abplied to the particular case of a polarized triplet signal
observed in  the photosynthetic bacterium Rhodopseudomonas
viridis, wholevcells>of which have been aligned by'magnetic

field orientation.



'II. THEORY

A.  General Form of the Distribution Function

We first define a set of codrdinate systems needed for .
 the enSuiﬁg derivation. Our-appfoach is essentially the samé
as that of Hentshel et al.} The only difference is that
we do not define an axié.system equivalent"toztheir "laboratory
| Sysfem"'which has the externail magnetic fiéld, H > along its
z axis. We instead_definé a flaboratory axis system" equi-
valenf'to their "sample sys?emﬁ;_ In our "iéboratory.axis R
system",bgo is a constant.vector,

The three coordinate systemé.afe then. given as follows:

1) The laboratory axis system is a coordinate system with

its'z axis defined by the direction of the external forces
that haQe produced orientafion in the sample._ In magnetic
field alignment, the aligpmeﬁt:field H,, is alpng the z axis.
The orientation of various members df the ensemble of spin
systémé is specified with respect to this fixed reference

frame. ' v R

2)  The prinéipal'magneti¢ axis system is the coordinate
systém in which the dipolar Hamiltonian X =:§99-§ris
diagonal.’ It is related by a fixed.éet of Euler angles,
a', B' and y', to the intermediate axis system.

3) The intérmédiatevaxis system serves as a bridge between

the laboratory frame and the magnetic axis system. One can
thiﬁk of the magnetic systemaas-being,endlosed in a cubej; the
unit vectors of the infermediate axis system (x',y',2') 1lie

along 3 joined edges ofvthe cube. The principal magnetic



axis system is flxed w1th1n the cube, so that an Euler rotatlon

'__matrlx A(a',B' sY') w1ll brlng the pr1nc1pal magnetlc ax1s_
hsystem 1nto 001nc1dence w1th the 1ntermed1ate axes. This
-vtransformatlon is the same for every member of the ensemble.

fThexensemble is generated as an‘array,of these cubes in

"thellaboratory axis system; We begin by placing the cube at

o1

"the:origin'of'the laboratory'axis system such that the &', §

'andvgirunit'vectorslare coincident with the s 'g and 2 uﬁit
'ovectors; Then the cube is rotated by n rotations (Rl .;.‘Rﬁ)
in the laboratory frame 1nto a member of the ensemble.
Associated with each. rotatlon is a dlstrlbutlon function ’
g.(a.) g1v1ng the probab;llty that the ith .angular variable
has ' the value a; .' o

The task is to express the unit vectors of - the rotated
cube'(§ ,x ,5') in the laboratory coordinate system. This
:objeotive'can be accomplished by applying the n rotations

' and %' which are originally equal to (1,0,0),

1<

to ﬁ',
(0,1,0) and (0, 0,1). Rotation of an arbitrary vector
u(x,y,z) counterclockw1se through an angle ® about an

'-arbltrary axis is glven-by ' : 3
1 =1, ' :
u (x,¥,2z) = R (¢)u(x,y,z) , (6)

where u'(x,y,z) is the rotated Veotor in the original
,'ooordihate system and R(¢) is a‘real'orthogonalhrotatiOn

matrix (See Appendix A). Thus, when the set of n rotations



is applied to %', §' and 2', the result is

A ;"-l. } Pl' | | o

A. - “1 . -.i | : . 1 .
st = RN ) ... R:N(a)€0,0,1) - (7e)
~ . n B v :

- The external méénetic,field in the intermediate axis
system, g', is now easily found to be k  
' - Po X I rvAv. v; : T .
~HY = (R  §0,¥v @o,g 50) o . (8)

Rearrangement using equations (7a - 7c¢) yields

H'

~

-1 ' -1, T - ‘ - o
[Rn (a ) ... Ry (al)] Ho | o (Sa)

RyCap) e RyGaE, (D)

We denote the coordinates of H' by the fbllowing functions

H;.? ?X(gl ?{-,Gn):' | L vv . : glOa)
Hy = Folog oovoop) S am
H} = F_(a, .;..an):- - o (10c)

The external magnetic field in thevmagnétic axis system,’

H", is then
H" = ACa',B',y')H' (1)

where a', B' and y' are constants, perhaps unknown:



| Ho_difectlyvaS»an integral over the variables a ... 0 .

. Now we cén write down the EPR intensity at magnetic field

n

T | = l in oo |‘l ' |
I(Ho) Ni, oo J I(Hx’Hy’Hz)gl(al) co gn(an) 
. : 1 Cln :

X dal dan o v (12)

~where N is a normalization constant, and H;, and H; are functions

of Gy v - o a', B', and y'. , , |
The set of points {(a.) such that H"2-+ H"2 + H"2 = H 2}
_ i T Tk Ty z o)

is a two dimensional manifold in (n+l) space. We therefore

transform to a new set of variables in which‘H;; H;,.and HY

are_functions'of ohly two variables 6 and ¢. This transfor-

mation involves mapping the old manifold into a two dimensional

manifold in three space.

This transformation‘can be accomplished by defining a

_néw set of variables Vi eee Voo to complement 6 and ¢; 6 and

¢'afe defined to bevthe.magnetic variables giving the location

of Hé'in the principal magnetic axis system; Vi s Voo must be

- chosen to satisfy the formalvrequiremehts of the coordinate

transformation. We thus perform. the transformation

(Hysoy s an)'-r (H,¢,vp - v;l;z,e) _ (13)
under the constraints

HY = sihecos§  o | | | (1ka)

H; = sinesin¢ _ . o o (14b)

HY = cosf o _ v | (14c)
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and 6 and ¢ are détermined by the rotation'angles Ay oo Qs
d’, B', and y'. Application of the n-dimensional-change-of -
variable theorem to equation (12) yields an integral in

terms of the new variables

= _ 1 "n.-v'n \ " y
I(Ho)f ﬁff I[Hx(6,¢),Hy(6,¢),HZ(6,¢)]d9d¢

8¢ .
A SR ;F gi[ai(¢,vl_... vn_z,e)]
v \Y% i=l S _
1 . n=2
Bal ce. O ' ’ _
et dv, ... dv. - (18)

a¢,vl ...'vh_z,e 1 n-2

" where (3a ...‘an/3¢,vl .o vn~2,6)'ié the Jacobian of the

1
coordinate_transformatiqn.

By inspection, we can set

D(0,0)= X/ ... f T og Lo (9,9, wov v__50)]
v, . v i=1 T
1 n-2 '
day ... @ . -
|38y v _,08| dvy .- dvp, (16)

Eqﬁétion (16) 1is the key result of this paper. This equation

expresses the distribu%ion»fuhqtion of‘I;lo in any axis system -

"that has a fixed reiation- . to the intermediate axis system
.v(efg.'Eulerlrotation angles d', Bf,'and y'). In particular,
,itigives fhe"distribution of 55 in the intermediate axis system

' when a! = B! =:Y' = 0. For¥use in:equation (W), one_spécifically

' heeds D(6,¢) for the-distribﬁtion'of Ho'iﬂ the principal

magnetic axis system.



11

B. °~ Generalized Coordinate Transformation

Our'prOCedure‘will be to use equation (16) to calculate

'a distribution function in the intermediate axis syéteﬁ, ,
»DP(G{.¢'), where.e"and ¢! speéify the'ofientation of @o/in
vthé?intermediéte'axis syétem,vand'theh construct D(6,¢) for
vthe prihcipal magnetiébaxis System by usé'of the Euler rotation
.métfix'A(a',B',Y').- This;approach is advantageous because

one does nof have to ﬁorry about the.aﬁglés o', 8', and vy' when
calculating D'(6',¢'); Also, careful choice of.anvinterﬁédiate
axis syétem simplifies the calculations. 'in.particular, one

‘should choose an intermediate axis system'such.that the first

rotatign‘(dl) is about the laboratory z axis. Then, from

équation (9)

cosa, 81na1. | 0 » | | :

' = g 1rT , . . T . (
H sina, cosoy 0 ‘Rz(a2) ce 3n(an)Ho - (17)
0 0 1
More expliéitly

H! = sing@'cos¢' = P leosa, + Flsina (18a)

X , o X 1 y 1 '
H' = sine'sin¢' ?-Fn_lsina + P loosa, (18b)

y X 1 y 1

o]

. - - _-_l‘:: . . . ‘ | .
Hz  cos 6 “Fg ‘Fz(az cee Q) (18c)
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where .

| - _ ,n-1 .n-1 .n-1 -
| gz(az) .+« R (a )H_ = (Fz "F; ,FZ ) (19)

and Fn-l, Fn_l;'and Pnfl are functions of a. ... .
X y ‘ z : 2 n

The following transformation is convenient.

= (o' ' ry -
a; = £700hvy Ll v 5500
az. =. Vl
. R » o (20)
%h-1 ='Vn—2'
o = f2(vlv;,. yn_2,6')

where o  is defined by solving the equation

cos@'= Fz(aé fe an)_ : | o _ (21)

for a and setting Uy cee Oy equal to vy ...'vn_2
Clearly, |

ligi.= 8 ’ "2<i<n;i ' : (22)
v ,avj Ci,3+1 o
and ,

day R I

—_—— =z 0 o i#1 - ' (23)

39"
Then, from equations (18a) and (18b)

L . - ' : : aa
-9sin@'cos¢' __ . vl v, pn=1l_. . -1 1
=-sing 'sing (—Fi sina, + fy cqsal)567

(24)



| aa

~sind'sing’ =,_siﬁe'sin¢'<3$%)- (25)
or : . v

;;% = -1, | : - '”  - L o (28)

@ = ;¢fk+‘f3(vl, ;.;'yn;z,e')' . | (27) 

Using équations (22), (23), and (26), the Jacobian, J,
simplifies ‘to
. da : v o
which can be obtained from (18c) by differentiating both sides

"with respect to 6',

-sing' = £ =% (29)
or,
- sing' o .
Il = 55 G e o (30)
z 2 n : . :
3a,
““n
- with aé a replaéed by their transformed variables

v vn_zae'){ Substitution into equatioh

1 e vn_i,fé(vl
(16) yields

_sinef. ' ' _‘ . : ' '
D'(6',¢9"')= N i ...5 gl[ ¢+f3(v1 A vn-2’e)]gn[f2(vl ..._vn_z,e')]
1l 'n-=2 : ’ :

-2 '
iglgi(vi) dv.
v

n

X
n-2’f2(V

Ban

_ _
oF LIvy 17t Vpopo8T)J




1y

CIf gl(ai) = l;»we have an axially_symmétric'distribution
function [Z.e. D'(€',¢') is a function only of 6']. If we

~ have a randomly oriented system, it can be shoWn'that
D'(6',¢') = constant x sin@' o ~(32)

Clearly, one haé'some choice adet.whiCh variables to
set’eqﬁal tovthe Vi'S,'whiéh:fO séf‘eqﬁéi'to ¢' and‘which to
set.equal.to’g function ofivl ;..rvn_z,Vand 8'. Intelligent
decisionéiin:fhié regard can 5e uéed to'simplify equation
(31). I

- It isvnow necessary to transform the:distributidnqof go
_in the intermediaté axis.syStém to one in the principal
magnetié'axis system. The Euler rotation matrix A(a',B';Y')
in equation (il) eétablishes‘the fransfbrmationffrom o' and ol
to e'aﬁd ¢- Sihce‘A(a',B',Y') is a constant'rotation matrix,
siné/éinef ié the Jacobian for the tfénéformation. Thereforé

A

DCo,¢) = L0% 0r(er, o)

where : o o '

8 = cosfl(H"/H )
z o

¢ tan’l(H;/H")

y

sﬁecify thevorienfation_bf”g" in the pfincipal'magﬁetic Agisg,
éystem;v H;, H;, and H; are found'fromﬁeQQ;fién (11). The'angles
 a', B'}'and Y',.whiéh esfablish the felation between thé

_intermediate axis system and. the principal magnetic axis system
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éan bé treated as adjustéble parametersbif they are not known.
"In'c0nclusi0n;_in this séction, we have outlined a prescription.
fof'cdmputing‘0<6,¢) for all values of 6 and ¢.
III. APPLICATION - ORIENTATION AVERAGING IN Rps. viridis.
A. Descriptioﬁ of the Experimentél System’

Our'experimental‘results'on tﬁe'triplet.signals obtained
from the phofosyhthetié béctérium“Rps. viridis will be descfibed
in detail elsewhere (see reference 3). Here we calculate,
using the method of sectioh II, the distribution function
D'(6',¢') for intact bactérial,éells aligned in a magnetic
field;- | | |

The Rps. vifidis cell can be'represenfed as a prolate -
eliipsbid. We shall for the moment ignore énd effects (they
are indistinguishabie from'anofher,sort'of imperfection.iﬂ |
ordering, as will be explainéd_later), and consider the cell
tq-be a perfect éylinder.z'Insidé,thé.éell are hembranes
rolled into concentric cylindrical sheets having a common
axis with the long axis df thé éellf» Embedded in the membranes
are reaction center particles, whiéh contain the paramagnetic
species that gives rise to the observed light induced
triplet signal. We.assume that the principal axis system of
the-triplet is'fixed with respect to;the reaction center

_ particle.



L6

Linear dichroismu and'photoselécfcion5 experiments
sﬁggeSt.that‘there is_a‘UniquebaXis of the reaction center :
iﬁartiélé Which.is normél to the membbéne surface. Our
ensemble of intermediate éxi%:systems ié’then a set of
reaétion center,pafticles, raﬁdomly distributéd'in the
cylindrical membrane structure, each of which has the
designated axis ndrmal to the membrane at thaf point.

A 2l_kg magnetic field orienfs ©  the Rps._viridis
so thét the long axié of'fhe cylihderjtends to lieiin the
pléne normal tb the.oriénting'fiéldﬁ' One can then freeze
the sample and perform EPR_experiments with_the external
hagnetic'field either parallel.to,_or:berpendicular to,
the alignmenf field gaf
B. Symﬁetry.Operations‘in the Rps. viridis Ensemble..

We choose the 2' intermediate axié to be.the.uniqué
axis of thé reaction center particle. "This choice fits the guideé
lihe of‘ééc. II, because we assume that an unrestricted
fotation of the particle aréund this axis is possible. This
operation is then our firsfvrbtafidn, aﬁd we designate, the

angular variable as A.
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Two further symmetry'operatioﬁs are possible in the
laboratory frame; rotation of the cylihdrical cell about its
long axis;:and its rotation aroﬁnd‘the direction of the
'*alignment field. We arrange the iaboratory'coordinate syStem'
so that the z aXis ooincidea with the alignment field axis.

Then; the rotation about §a corresponds to a rotation
abouttthe laboratory z axis; the magnitude of this rotation
is spec1f1ed by the angle, X that the long. axis of the
rcell makes with the laboratory Y axis. Rotation about the
cylinder axis is given by an angle u; that a de31gnated
norhal,to the cylinder surface makes:with ga (see fig.1).

It remains only to take into account imperfections in
ordaring. .We consider two sourcesvof this,

15 Incomplete alignment-of the cells in the magnetic

field (i.e., tilt of the long axis of the call
from the plané normal to the alignment field)

2). Deviation of the membranes from perfect cylindrical

| shape}_.This could arise in two ways: (a) distortion

of the entire cell from an ellipsoidal shape; (b) local
imperfections in the membrane surface.

A careful examination of the geometrical considerations
indicates that the effect of both of these factors can be
described by one:parameter,rthé angle that the membrane normal
makes'with.the projection of,tha'long axis of the cell on the

plane oerpendicular to the alignment field (see fig.1).
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':Forvthevcase_Of pebfecf ordering, this angle, ¥, is always
‘909; Both incomplefe alignment and membrane curvature
reduce the angle in 1dent1cal fashlon.-
We define the complement of ¥, 90°-y, to be the "wobble"
- angle w. We further assume that devmatlonS~of w from 0°
are random fluctuations, andbthUS‘set fhe probability

distribution in w to be
| R S SO |
g,(w) = cosw exp [-w"/8"]=cosw h(w) (33)

owhere A 1s the "disorder parameter" giving the standard
deviation of w, and”oosw is the proper angular volume element,
corresponding fo the arc length swept out by a vector
‘inclined at:abgle_w when the cell is rotated around its
loﬁg-a#is. B : ‘ | - x

We introduce the "wobble" into the-density of states
calculation as a rotation around_the axis perpendicular
- to the long axis of the cell. A careful choice of the order
of opebationS»then allowé us:to'represent eyer&-syﬁmetry
operation as one rotation in the'laboretory coordinate
system (A about the -z axis, w about the x axis, u about the y axis,
and x about the

z axis). The final result for the external magnetic fleld

in the intermediate axis system, H', is given by

-1
B = IR,

(x) ] <u) R; (w) R] (A)] H_  (3sa)

‘Rl(x)chw>R3<p>Ru<x>-§o --‘_ | (3ub)
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C. H_Parallel to H
, <0 ~a

We set H = (0,0,1), i.e. aiohg.the alignment field
' ‘diréction; .Then; the rotation R(Yx) is unnecessary, since

the pfojection of (0;0;1) on the &',9', and %' axes is ”
.Qnaffected>by a final_rotation aroﬁnd.the z-éxis. Following"

éectiQnAIIb;'we obtain o "’_ S

ay = A s-' £i(vi,8') (35a)

1 | _
G Tervy S € 1 2
ag =4 > fzcvl,e').  - (35¢)

From (34) without R(¥x),

F, = cos®' = cosu cosvy . | (36a)
. or cosp = cose'/cosvi' o (36b)
Evaluation of arz/ap and substitution into equation (31)
results in |

cosv.,=cosf'

Qe 1 g (v.) . '
Do) = sin_ . _j- | ot ¢ =L dv, (37)
I cosy. =1 ¢ . cos“H8'’ 17 cosvy
1 A (1 - '—'—25—)
cos. Vy

Substituting for vy we transform the above integral (see

Appendix B ) to

o ian oo
pycery = B8 1 n(v)) au (38)
ZNJ 0 B
where v = cos [ =(1 + cosze'-+cosu 51n26 )11/2

1
This integral has ‘no singularities, and can be easily

'bev31uated numerically. ~Fig. 2 plots Dd(e ) vs 8' for several

- values of the disorder parameter, A.
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- D.  H°'Perpendicular to H_

We now set Ho = (0,1,0) [a choice of (1,0,0) would be
equivalent). .Pfoceeding'aé before, we obtain |

0

- . . ‘ . .‘: . . .v
H -Rl(A)RZ(w)Rs(u)Ru(x) | % F39)
‘This yields
oy ='A»»-¢’+f3(v1fvv’el>' ' ‘.  _ | 4 (MOa).
a, = f vy (40b)
ay = x.+'v2 _ ‘(&OC)
- ( ’ 1 ) | . V L ' ‘
a, = u > f2(vl,v2,6 ) R - (40d)
From equation (39)
Fz=cose"£ cosu cosw cosx.* sinw siny (40e)
or cospy = (cosB' - sinvl sinvz)/(Cosvl COSVz) (40f)

'Evaluation of BFZ/ap, substitution into equation (31),

and evaluation of the v, integral yields (see Appendix C

2
for details)
pl(et) = N} é h(vl) G(Q',vl? dvq (41)

where

G(é',v‘l)=2K(k){[lisin(e'fvl)][lisiﬁ(e'-.vj_)]}71/2 (42)
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k = ([:2(sincef+vi)+sin<e'-vl)ﬂ/{[1:sin(e';vl)Jtl-sin(ef+vl)j}]l/2
~ for sin(e'gvl) t-sin(6'+vl) 2 0.
K(k) is the complete elllptlc 1ntegral of the first klnd

1
In spite of thls 31ngular;ty, the integral can still be

_The 1ntegrand has a 31ngu1ar1ty at 8'+v =-n/2 (here k=1).

Higvaluated numerically. Fig. (3) plots Qf(eﬁ).vs. 6' for
‘severai values of.A. | |
CONCLUSION |
Nur method of determining the'orientational distribution
| functlon of a partlally ordered system from the EPR lineshape
is; in a sense, conceptually dlfferent from that of Hentschel et al. 1
This latter treatment makes no.phy81cal assumptlons about the
form of the distribution function other than tnat it can be
conVienently'expanded in the Wigner rotation matrix elements,
and the effectiveness of their parametrization of the dis-
tribution function is tnus dependent upon how rapidly the
Series_of moments_szn converges. Furthermore, no explicit
prescription is given for extracting geometrical information
(.e. relation of.the principal axis system to the
preferred alignment direction), althodgh*presumably it would
be possible to introduce_pafameters specifying these quantities.
Our me thod is based on'constructing'a distribution function
- which from the flrst takes .into account the mathematlcal nature’

of the orderlng in the system, and the ‘symmetry properties of

the ensemble. ' The choice of fitting parameters can thus be



22

tailofed to'one;sspﬁysical ihtuition about the ordering of
.the'sysfem and not restricted to a rigidly prescribed ex-
pansion; lIhithe.problem described in section III, for
-example,fthe-distributithfuhction was fit to a single
Gaussiaﬁ parameter, A; whereas expan31on in angular functions
could requlre many terms (and thus require flttlng many
parameterS) to insure_convergence; VWe were also able to fit
two geehetrical parameters_specifying fhe orienfations of
the normal to the_membrahe in the pfineipal.magnetic axis
system c¢f the triplet (see reference 3). The fit was:
relatlvely sharp when compared to experlmental error, i.e.
only a small set of values of the three above parameters gave
an adequate‘flt of the theoretical spectra tq the' experimental
- EPR intensity:measured parallel andeefpendicuiar'to the
alignment field. | o |

Itfwas also possible tp\include in our calculation_
orienfation—dependent intersystem crossing to the ground
state singlet_(see reference,3); vThis" bhenomenon ﬁakes

a momentvanalysis very difficult, because analytical

'ﬁsubspectra" cannot be easily worked out for this case.
Our approach has .particularrappeal in applications to
biological problems' In many simpler systems (e.g. crystals,

11qu1d crystals) hlgh degrees of orderlng are common, and
' typlcal dlstrlbutlon functlons are trlgonometrlc terms with

llttle random variation; here; expansion in ngner'functlons,
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is straightforward and fruitful. Our method would probably
.;yieldaequivalent"résults, but would be unlikely to produée
a significant saVing_in computer time or gain in conceptual

‘understanding.

Biological systems, however, are complex heterogeneous structures

and. often contain inhomogeneous-ensémblés which have small
.but.;ignifiéant_statistical variations. lsach:variatiohs blur
the observation of ofientation effects, making the oriented
EPR spectra look'mopelliké a random’speCtrum and lesa like

: that of a single crystal,

The resulting sﬁailer and lesa-sharpveffects,maké it
difficult to extract meaningful quaﬁtitative inforﬁation
about such systems. It is in this regard that we hope that
our formulatlon will prove valuable.  We have shown that
: it is p0831ble to take into account the random dlsorder that
is characteristic of biological ensembles and still extract
shafp valueé farvthe relafively,invariant properties of the
ensemble membersj we have also obtained a good estimate of
the degree of disofdef ﬁresent,- These results3wera achieved
with a modest amount of computer time, and from a conceptual
v1ewp01nt that is perhaps more intuitive and ea31ly understandable

than the W1gner rotation matrix formallsm

The method described here can be applied to calculation of
other properties of partially_orderedaensembles. For example,
optical properties like linear”dichboism can be determined if the

diatribution function can be modeied effectively.
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B APPENDIX A: |

| The'matpicéé thét describe the rotatidn‘are defined as
'folloﬁs.' Rﬁ(¢) iélthe.rotationrmatpix forvrotation'cQuntgr-
::cldckwise_through an‘angié_¢ about an axisxin the.ﬁ direcfion.'

"Theimatrix elements of,Rﬁ(¢) are given by

.. = cos(Lx,x! | -
[RQK¢)]13 _ycosg.xlxj) S - D
'where_(inxg) is the angle betwéen the ith axis of the original

coordinate system and the jth axis of the coordinate system

bbtained after the rotation.
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 APPENDIX B
Equatlon (38) is obtalned from equatlon (32) by the

follow1ng substitution:

2.

" cosu =_;;l——— (1 + cos ef'- 20052v ) : ('B—l)
. 2y : - 1 . 4
sin © -
The upper limit at COSVi = cose"is'tbansformed to cosu = -1,
or u = n. The lower limit at cos v, = 1 ié’transformed to

1

cosu = +1 or u = 0. From equation (B -1), one can readily

’obtain
gv. = sinu sinfe' du ' ~ ( B-2)
' 1 ll»sinvl cosvl '
‘ c052vl :-%(1 + cosze' +. cosu sin26') ( B-3)
'and
'sinv1;= [— 81n26'(1 c:osu)]l/2 : ( B-y)
Substitution into equatioﬁ (37) yields
y T ’ .
D;(e') Slﬁ? S h vl)[31nu 31n26' du]/{u[—81n B9 (1~ cosu)]l/2
I o ,
1 . cos?e' , sinZer 2 . .1/2
O 7 * 57— cosu - cos”§']7" "} (B -5)
which simplifies to
40 (6)'= Siﬁer y ii(v 5 du | “v  (B ;6) :
| : 2:N"' 17 7 o

where - ,
vy © cos {[ (l+c0329'+cosu 81n26')]l/2}
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- APPENDIX C
~ Using equations (31) and (40e), the perpendicular density
of states can be written down |
hiv))

 picary o osine' . . e _
v (e;) - _ i / cosvl_sinu cosv, dv,dv, ¢c-D
1Y © L0 |

Solving-equatioﬁ (40e) for sinp and subétituting:intd equation
( C -1) yields | ' - _ f

phepy = cing" ; vh(vl) 4 | dv

. = T v I

1 Ni v cosvy 1 v cosv
| 1 . 2

l»sin‘vzi)/(cosv co;vé)]z}_l/2 ( C -2)

x {1-[(cos@'+sinv 1

The denominator of the v2 inﬁegral is quadratic in sinv2.

- When expanded and factored, D'(6') simplifies to

_ : ' s Q! o .
p)o') = SO ;1 av. h(v)) S av, {[sinCe'-v))
1 vy Vo

1/2

-sinsz[sin(e'+yl)+sinv2] - ( C -3)

The v2 integration is performed over ‘the region where the

integrand is realé i.e. the'sinv2 quadratic is greater than

2
—(Q'+Vl)'t°'(61—Vi),-»NOW, make the substitution x = siﬁvz and E

equation ( C -3) becomes D } L } o

‘zero. This requirement means the v, integration is from s

sin(8'-v,)

prceny = s dvy nevp 7 P axl(x-1)(xe1)
_— 1 vy -sin(6'+vy)

3
-1/2

'xi[X*Sih(e'—vl)J[X+sin(6'fvl)]} ( C -y)
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VlThe X integrai is an elliptic integral of_the first kind
where the limits of integration are two roots of thev
quartiéyin'x; Using equation 254.00 in Boyd & Freidmans, the

X integfation canbbe,perfofmed., The end result for D/ (8") is

- p . '. R 11-/2 . i -
“v‘l'(e'>,='31§f s h(vy) G(8',v,) dv; (c-5)
where G(e',vl) iS'given_by equétion (42) and the

integration are by inspection 0 and w/2.

'limité5df the Vo
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FIGURE CAPTIONS

lo_.‘

Axis systems and symmetry operations in the Rps. viridis '
ehsembie.x,y, and z define the laboratory axis system;
x',y',_and z' define the intermediate axis system; and
x",y", and>z"'definelthe principal magnetic axis system.

L is the long axis direction of the cell. P is the

projection of L onto the xyvplane. Y- -is the angle between

the membrane normal (z') and P. X> H, and X are rotations
about the indicated axes. Hy is the alignment field

direction, and H, and H show the external magnetic field

il
directions used in the EPR experiments. The insert

displays a section of the cylindrical membrane surface.

Distribution function [D"(GSJ for Ho parallel to Ha;
a) Plot of D"(d) for several values of the disorder

' v e e ' L, .
parameter A in radians. b) Plot of D"(e)/81n6 versus 8/

for several values of the disorder parameter A in radians.

. : /. RN 4 : .
‘Note that ql(e)/51n9_must approach a constant as A approaches

© (A = = corresponds to a random sample).

.Diétribution.function_fql(€)] for H_ perpendicular to Hys

al , Plot of'QL(§)bversus 6 for several values of the-
disorder parameter A in radians. b)  Plot ofvﬂl(d)/sinef
versus 6 for several values of the disorder parameter A in
radians. Note that Ql(y)/sinéfmust approach a constant as A

approaches « (A = « corresponds to a random sample).
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