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Abstract

Visualizing soft material and ionic liquid dynamics using interferometric and Fourier

microscopy techniques

by

Alexandra Victoria Bayles

This work extends and exploits two new video microscopy platforms to perform high-

throughput characterization of soft material dynamics. The first portion uses microfluidic

Fabry-Perot interferometry to provide mechanistic insight into gradient-driven diffusion of

molecular solutes in ionic liquids. The second portion uses differential dynamic microscopy

to measure rheological properties of viscoelastic materials.

Ionic liquids (ILs) are promising solvents that are poised to replace conventional

industrial fluids in a number of separation and reaction processes. In these applications,

ILs offer improved solute selectivity, energy efficient recyclability, higher loading capacity,

and reduced environmental toxicity in comparison to traditional organic solvents. However,

multiple IL-solute pairs are known to suffer from slow solute dynamics, which impede

mass transfer in emerging IL technologies. Since slow solute diffusivity is commonly

associated with high IL bulk viscosities, ILs are often selected from a vast ion design space

on the basis of their viscosity–despite the fact that continuum viscosity-based models

provide inaccurate diffusivity predictions.

In part one of this work, we develop mechanistic understanding of anomalous diffusion

in ILs, and use it to provide direct insight into solute transport limitations in ILs and

develop quantitatively accurate analytic predictions of solute diffusivity. In our approach,

we develop and employ a novel method, microfluidic Fabry-Perot interferometry, that

enables label-free visualization of solute concentration fields as they evolve spatially and
xii



temporally. This technique is used to measure the gradient-driven sorption of solutes in

three canonical IL-solute systems: (1) CO2 reactive absorption by amine-based ILs; (2)

H2O sorption by methylimidazolium halide ILs; and (3) H2O sorption by poly(ethylene

glycol) methylimidazolium ionogels. In system (1), the measured concentration profiles

directly map the propagation of CO2 reaction fronts, and quantify the effect of viscosity

increases upon sorption. In systems (2) and (3), the concentration profiles enable high-

throughput extraction of composition dependent diffusivities over a broad phase space,

and the development of mechanistically distinct transport models. Specifically, diffusion is

modeled by an activated process of water molecules hopping between ion pairs where the

magnitude of the electrostatic activation barrier follows the strength of hydrogen bonding

with the methylimidazolium head group. We find that hydrogen bonding strength can

be measured independently via 1H NMR, and subsequently used to calculate accurate

solute diffusivities. We anticipate that the new conceptual frameworks developed using

this visualization platform will improve a priori diffusivity predictions, help identify ion

moieties that control diffusion, and ultimately enable rational design of task-specific ILs.

Engineered soft materials are often designed around their dynamic properties – e.g.

diffusivities, viscous and elastic moduli. Navigating broad formulation-design space

requires rapid, accurate, material-robust and volume-efficient tools to measure these

critical properties. In the second portion of this work, we report how to measure critical

rheological properties using differential dynamic microscopy (DDM). DDM measures

the ensemble dynamics of colloidal and complex fluid motion by analyzing statistical

intensity fluctuations due to scatterer motion in optical video micrographs. Here, we recast

conventional DDM analysis in terms of a particle-displacement theoretical framework. The

new framework directly illustrates how DDM can be used to (1) extract the mean squared

displacement of Brownian particles embedded in soft materials, (2) measure microrheology
xiii



of viscoelastic materials, and (3) analyze images obtained in previously elusive imaging

modes. These predictions are experimentally verified by conducting DDM on dilute

probes in Newtonian fluids, viscoelastic wormlike micelles, and crosslinking polymer gels.

All analyses were performed using a software package, DDMCalc, that we developed and

distributed. DDMCalc was the first DDM software package made publicly available. The

examples and analyses expose the relative strengths and weaknesses of DDM compared to

existing analysis techniques. Significantly, DDM retains all ensemble information encoded

in the images, requires few user inputs, and can be applied to optically dense systems

that would otherwise be difficult to measure using traditional multiple particle tracking

or photocorrelation spectroscopy. These results show that DDM can extend the range

of probe microrheology experiments, and highlight its potential as a high-throughput

characterization platform.
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9.5 DDM of Brownian motion simulation in an LSV imaging system with high,
physically unrealistic χ. (a) Spatial dependence of the magnitude of particle
intensity, α in a physically unrealistic illumination system where the value
of α varies sinusoidally from left to right. Sine wave is oscillates about
α = 127.5 with an amplitude of 127.5. In this system, χ = 0.04pix−1. (b)
Micrograph of 49 particles initialized on a square lattice. Particles centered
in dark regions are barely perceivable. (c) Particle trajectories after 900
frames. (d) The image structure function calculated from the simulated
micrograph. Dashed and dotted lines correspond to the analytical LSV
(Eqn 9.3) and LSI (Eqn 9.2) functions for Gaussian particles respectively.
Simulated D(q,∆t) is not modeled well by the Eqn 9.3 because the Taylor
expansion used in Eqn 27 to approximate changes in α. . . . . . . . . . 187
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9.10 Measuring nanoparticle diffusivity via dark-field DDM and multiple particle
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Chapter 1

Introduction to ionic liquids and

emerging IL technologies

1.1 The unique physicochemical properties of ionic

liquids

Arguably, the most familiar ionic material is table salt. As most readers learn in

middle school, table salt is composed of a positively charged cation, sodium, and a

negatively charged anion, chloride. These ions pack together in a crystalline structure

that melts at 801 ◦C.1 If the sodium or the chloride is replaced with a bulky, asymmetric,

charge-disperse ion (like those listed in Figure 1.1), it is possible to frustrate crystalline

packing and create a salt that is liquid at low temperatures (<100 ◦C). These fluids,

composed entirely of cations and anions, are known as ionic liquids (ILs).

As a class of materials, ILs possess a remarkable combination of physicochemical

properties. ILs have negligible vapor pressure. Negligible volatility obviates evaporative

loss, reduces explosion risk, and simplifies separation in IL technologies. ILs also have

1
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Figure 1.1: Common ions used in ionic liquids. From left to right, cations (top
row) include: 1-methyl-3-alkylimidazolium [Cnmim]+, pyrrolidinium [Cnmpyrr]+,
pyridinium [Cnmpyr]+, ammonium [Nnnnn]+, phosphonium [Pnnnn]+. Anions (second
row) include: halides [X]−, hexafluorophosphate [PF6]−, tetrafluoroborate [BF4]−,
tetrachloroferrate [FeCl4]−, amino acid anions, (bottom row) thiocyanate [SCN]−,
bis(trifluoromethylsulfonyl)imide [NTf2]−, dicyanamide [N(CN)2]−.

high thermal (up to 300 ◦C)2,3 and electrochemical stability windows (up to 5 - 6 V)4,5

relative to conventional liquids (e.g. water is stable over 0 - 100 ◦C and 1.23 V).1 This

widens operating windows in industrial processes (e.g. reaction media, separations) and

electrochemical devices (e.g. batteries, capacitors) that utilize ionic liquids. Finally, the

polar and non-polar moieties present in IL ions allow the fluids to solvate molecules of

variable hydrophilicities.6

Each of the bulk properties described above, as well as several others, can be tuned

through anion and cation choice. Herein lies both the major advantage and major

challenge of implementing ILs in large scale applications. For a specific application, it is

possible to optimize the viscosity, conductivity, degradation point, solvophoretic capacity,

etc. by carefully selecting cations and anions. However, to arrive at this goldilocks

IL, a series of ILs have to be synthesized, purified, characterized, and tested at pilot

scales. Early estimates claimed (rather famously) that potentially 106 binary ILs (i.e.

2
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one cation and one anion) exist, and that potentially 1018 IL blends exist.7,8 The NIST

ILThermo database, a repository of published physicochemical properties of ILs, contained

1,752 individual ILs and 13,829 IL mixtures as of May 2018.9 Clearly, synthetic and

characterization efforts have only scratched the surface of the apparent iceberg that is

IL-ion parameter space.

Navigating the ion-selection parameter space in small batches drives the cost of ILs

up enormously, making their use in most applications prohibitively expensive. Techno-

economic analysis indicates that it is feasible to produce some ILs–specifically protic ILs

synthesized via acid-base neutralization–for $1.24 kg−1 at scale.10 This price point is

comparable to those found in large scale production runs of acetone and ethyl acetate.

While this techno-economic analysis sounds promising, large scale IL production requires

engineers and scientists to confidently identify a single IL that has the appropriate

physicochemical properties for the task at hand.

To fully realize the potential of ILs, it has become increasingly important to develop

a rational understanding of which combinations of moieties produce the optimal physical

properties for a given application. Our approach for arriving at rational IL design rules is

as follows: develop high-throughput techniques that measure critical physical quantities,

use those techniques to characterize a series of ILs, and then carefully analyze the rich

data sets to develop continuum level, universal models for the property of interest.

1.2 Property prediction: solute mobility

The studies included in this dissertation target one extremely simple, but inherently

deterministic and ubiquitous property: solute mobility. We specifically focus on the

mobility of charge-neutral, small molecular solutes in ILs. As previously described,

accurate predictions of IL physicochemical properties like solute diffusivity is technological

3
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importance in the selection of ILs for applications. Additionally, understanding solute

mobility is of fundamental scientific importance. Molecular diffusion is governed by solute-

ion associations and dissociations, which are intrinsically linked to solute-ion interactions

that govern a host of other properties such as nanostructure, catalytic activity, phase

separation, etc. An improved understanding of mobility should provide broader insight

into how to rationalize ionic liquid behavior.

It is inherently challenging to predict how fast solutes move within ILs for two main

reasons. First, IL mixtures undergo dramatic changes in bulk physical properties with

increasing solute content. To provide just two specific examples: adding a small molecular

solute like water to the canonical IL 1-hexyl-methylimidazolium chloride reduces the

mixture viscosity from 18 Pa s to 0.2 Pa s over 0 ≤ xH2O ≤ 0.56.11 On the other hand,

as CO2 is added to the amino acid-based IL trihexyl(tetradecyl)phosphonium leucinate,

there is 240-fold increase in the viscosity over 0 ≤ xCO2 ≤ 0.5.12 Given these large changes,

it is a fallacy to expect a single solute diffusivity to capture solute mobility, particularly

in scenarios where solute transport is driven by composition gradients.

The second reason diffusivity is hard to predict is because many ILs have a heteroge-

neous nanostructure that precludes the use of standard mobility models. For example,

sufficiently bulky methylimizaolium ILs are known to self-assemble into charge-rich and

charge-lean domains.13 These domains create a structure that is not only spatially hetero-

geneous, but is also dynamically heterogeneous. The strong coulombic interactions in the

charged region make the polar domain stiff, while the weak van der Waals interactions in

the charge-lean domain make non-polar moieties soft and floppy.14 Simple hydrodynamic

relations like the bulk viscosity-based Stokes-Einstein relation do not predict diffusion in

these heterogeneous microstructures well. The SE-relation tends to under-predict solute

diffusivities by factors of 10 to 50, even when changes in the bulk mixture viscosity are

incorporated.15–17
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Figure 1.2: Spectrum of mesostructures formed by one class of ILs, methyalkyllim-
idazolium halides. ILs that contain cations with short ethyl tails exhibit complete
complexation of the cation and anion. As the length of the alkyl chain increases, the
ions self-assemble into polar and nonpolar domains, forming sponge-like or pseudomi-
cellar domains. For n ≥ 12, alkyl chains interdigitate and form smectic A ionic liquid
crystals. Structural representations reproduced from Chen et al.,18 Yamammuro et
al.19 and Pan et al.20

1.3 Practical implications of accurate mobility pre-

dictions

Accurate predictions of solute diffusivity is of great practical importance in the design

of ILs as task-specific industrial solvents. Currently, the majority of commercialized IL

applications use ILs as solvents, where ILs are mixed with another species, rather than

in their neat form. In 2017, the commercial IL supplier IOLITEC published a report on

the current and future realization of IL applications.24 There, emerging IL technologies

were evaluated in terms of Technology Readiness Levels (TRL). TRL are rated on a scale

of 1 - 9, where 1 denotes technologies where the basic principles have been observed,

and 9 denotes that the actual system has been proven in an operational environment.

Applications that use ILs as process chemicals mixed with another species (e.g. BASIL,

Chevron alkylation25) were assigned TRL ratings spanning 7 - 9, 7 indicating that a

prototype has been demonstrated in an operational environment. Applications that use

5
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Figure 1.3: Types of emerging ionic liquid based chemical separation technologies. ILs
can be synthesized to reactively absorb or physically absorb target solutes. These
ILs can then either be used in their liquid form, or used in combination with solid
matrices that provide superior mechanical properties. Ionic liquid-solid hybrids include
Supported Ionic Liquid Phases (SILP) and ionogels. The case studies included in this
work were chosen to span these four categories, and address open questions regarding
mass transfer limitations. Images reproduced from: bubbling,21 IL-silica particles,22
desulfurization.23

ILs as solvents (e.g. in cellulose, lignin and nanoparticle synthesis) were assigned TRL

ratings spanning 6 - 9, 6 indicating that the technology that has been demonstrated in a

relevant environment. Conversely, the technological readiness of electrochemical devices

using neat ILs (e.g. fuel cells, batteries, and capacitors) span 2 - 8, with a group average of

4 which indicates that the technology validated in lab. This study captures the sentiment

that the realization of neat IL electrochemical devices has lagged behind academic buzz.

Some of the most successful commercial implementations of ILs are those that use ILs

to carry out chemical separations and chemical reactions. In these applications, ILs offer

improved solute selectivity, increased solute capacity, lower environmental toxicity, and

are generally more energy efficient to recycle than the traditional, often volatile organic

solvents that are used.26 These and other advantages have been described in detail for
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specific technologies, which include:

• Gas purification27

– Chlorocuprate ILs on SILP for the scrubbing of mercury from natural gas,

commercialized by Petronas22

– [C12mim][Cl] on SILP for desulfurization of heptane23

– [C2mim]+ for drying of natural gas and specialty gases28,29

– Tetramethylguanidinium ILs for scrubbing of acidic gases from flue gas30

• Carbon capture31–33

– Amine functionalized dialkylimidazolium [BF4]− for natural gas sweetening34

– [C4mim][Ac] for post-combustion capture35

• Liquid-liquid extraction36,37

– Methylimidazolium ILs for the extraction of sulfur from alkanes38,39

– Methylimidazolium ILs for the extraction of aromatics from aliphatics40

• Azeotropic distillation41

– [C2mim][TFSI] for separation of the azeotrope tetrafluoroethylene and CO2
42

• Metal extraction43–45

– Thiol functionalized methylimidazolium ILs for extraction of heavy metals

Hg2+ and Cd2+ 46

• Solvents for chemical reactions6,47,48

– Chloroaluminate IL catalyzed C4 alkylation, commercialized by Chevron25,49

7
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In the list above, references on the categories refer to review articles. Notable examples

are listed in sub-bullets and in Figure 1.3.

In all of the technologies listed above, it is critical to design ion chemistry not only for

solute selectivity and capacity, but also for fast solute transport. Slow mass transfer can

easily render real processes inviable. Multiple large-scale applications would benefit from

an accurate, predictive model for solute diffusivity as a means to design ILs to avoid mass

transfer limitations. It would be inherently useful to calculate the complete composition

dependent diffusivity a priori, using no or few independent material properties. Ideally,

any required independent properties would be easier to measure than diffusivity constants

themselves. Having these diffusivities at hand–and having confidence that they describe

gradient driven mass transfer–will provide engineers with a much better basis to select

ILs for a given application, and to design process equipment and recycling times.

1.4 Approach: Exploiting microfluidic Fabry-Perot

interferometry to inform mechanistic diffusivity

models

The overarching objective of this work is to provide mechanistic insight and accurate

design rules to facilitate rapid sorption of neutral solutes by ILs. We are particularly

interested in diffusion that occurs over length and time scales relevant to IL-based

separation and reaction technologies. Our three-tier approach to accomplish this goal is

depicted in Figure 1.4. First, we developed a new experimental microfluidic platform to

measure the evolution of solute concentration gradients in ILs and ionogels. Second, we

used the rich data that this technique provides to develop mechanistic models for solute

transport. Finally, we developed continuum models based on these mechanisms to derive

8
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quantitatively accurate master curves for diffusivity, identify independent predictors of

transport, and identify moieties which limit mass transfer.

Figure 1.4: Three-tier approach used to provide mechanistic insight and accurate
design rules to facilitate rapid solute sorption in ILs.

The following work details how we have used this approach to characterize sorption

dynamics in three canonical systems: (1) H2O absorption by alkylmethylimidazolium

halide ILs; (2) H2O absorption by alkylmethylimidazolium halide poly(ethylene glycol)

diacrylate (PEGDA) ionogels; and (3) CO2 physical and reactive absorption by amine-

functionalized ILs. These systems were intentionally chosen to address common concerns

raised in the IL literature. Specifically, systems (1) and (3) undergo complementary bulk-

property transformations upon solute absorption; the viscosity of system (1) precipitously

decreases with increasing solute content, while the viscosity of system (3) dramatically

increases with increasing solute content. System (2) serves as a representative ionic

liquid-solid hybrid that possesses robust mechanical properties desirable in a number of

IL applications.

The first case study uses mFPI to visualize water as it is absorbed from a vapor phase

into 1-alkylmethylimidazolium halide ILs [Cnmim][X], specifically [C6mim][I], [C6mim][Br],

[C6mim][Cl], and [C4mim][I]. These IL-solute pairs were selected because halide-based

9
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ILs are particularly hygroscopic.50,51 As such, system (1) serves as a model, task-specific

IL chosen to absorb a neutral polar solute. Additionally, H2O is ubiquitous in any

process operating in ambient conditions, whether it acts as an undesired impurity,50 or

an enhancing additive.52 Knowledge of its diffusive behavior is of practical importance

even in technologies targeted at other solutes.

The second case study uses mFPI to visualize water as it is absorbed from a vapor

phase into poly(ethylene glycol) diacrylate (PEGDA) gels polymerized in the same

methylimidazolium halide ILs. Since these ILs are particularly hygroscopic, their ionogel

counterparts are sensitive to low water contents and capable of high solute loading.

Consequently, this H2O-ionogel pair serves as a model, task-specific ionogel chosen to

absorb and release a neutral polar solute.

The final case study uses mFPI to visualize CO2 as it is absorbed by ILs. Two ionic

liquids representative of the physically absorbing and reactively absorbing ILs are con-

sidered: 1-hexyl-3-methylimidazolium bis(trifluoromethylsulfonyl)imide ([C6mim][TFSI])

and trihexyl(tetradecyl)phosphonium leucinate ([P66614][ILe]). [C6mim][TFSI] serves as

a canonical physical IL absorbent. Though other physical IL absorbents have higher

saturation capacities than [C6mim][TFSI],53 a wealth of comparative physicochemical and

sorption data has been tabulated for this widely-regarded "reference" IL.49 [P66614][ILe]

serves as representative chemical IL absorbent. As previously mentioned, it undergoes a

dramatic viscosity increase upon CO2 absorption, potentially slowing down CO2 uptake.

1.5 Outline

The following chapters are organized in terms of technique development and material

case studies. Specifically:

• Chapter 2: Experimental details of microfluidic interferometry
10
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• Chapter 3: Absorption of H2O by alkylimidazolium halide ILs

• Chapter 4: Universal scaling for absorption of H2O by PEGDA ionogels

• Chapter 5: Direct evidence of viscosity-impeded CO2 uptake by reactively absorbing

ionic liquids

• Chapter 6: Conclusions and future directions

11
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Chapter 2

Experimental details of microfluidic

interferometry

2.1 Introduction

Numerous systems of scientific and technological relevance involve time dependent

processes in which species absorb, dissolve, react, or equilibrate. Integral to these dynamic

process are spatiotemporally evolving concentration gradients of solutes.1 Although it

is widely recognized that the dynamics of concentration gradients are critical to system

efficacy, there is a lack of generalizable methods to measure the evolution of concentration

fields in situ. Characterization is instead performed by modifying the process of interest

to be compatible with existing techniques, or by parsing together independent measures

transport and structure.

For example, consider a multi-layer composite (perhaps containing an ionogel) that

serves as selectively permeable membrane to a particular solute. To characterize transport

across this soft material, a user could perform a simple bulk permeation measurement,

where one side of the membrane is charged with a bath of solute and the amount that
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accumulates on the other side is monitored over time. This accumulation metric is useful

for a first-order evaluation; however, it convolutes several independent parameters affecting

transport, such as each layer’s porosity, tortuosity, thickness, the diffusivity of the solute,

and transport limitations in the bath. In principle, these parameters could be deconvolved

by performing a secondary measurement with a specialized technique. For example,

small angle X-Ray or neutron scattering measurements performed at equilibrium may

yield valuable structural information provided that there is sufficient contrast between

membrane’s solid matrix and liquid solvent. Pulsed-field gradient NMR could be used to

measure the diffusivity of solute in the membrane’s liquid solvent by tracking the decay

of the chemical shift as a function of field strength. This equilibrium method, however,

only provides the diffusivity at one composition, and averages all of the diffusivities over

microenvironments in the bulk of the material. To get a spatially resolved picture of

transport, a user could expose the composite to a fluorescent dye and record a video

micrograph as it diffuses. However, this method is limited to molecules which contain

fluorophores, which may not interact in the same manner with the membrane as the native

solute of interest. Moreover, quantitative analysis of fluorescence intensity is inherently

challenging. Intensity values are highly dependent on exposure times and the optical

path, and are susceptible to photobleaching. Even with the most careful controls and

calibration, intensity derived measurements of concentration are often erroneous.

To circumvent some of the limitations of these conventional measurements, microfluidic

Fabry-Perot interferometry (mFPI) was developed in the Squires lab. Microfluidic Fabry-

Perot interferometry is an interference based, label-free technique that enables visualization

and measurement of the spatiotemporal evolution of concentration fields, including those

near liquid interfaces. To conduct these measurements, a microfluidic device is fabricated

out of semi-reflective slides and put onto an inverted microscope. When white light is

passed through the device, there is constructive and destructive interference of the light.
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Interference is visualized by passing the transmitted light through a spectrometer paired

with a high-resolution digital video camera. Since the interference pattern depends upon

the refractive index of the material between the slides, it is possible to quantitatively

convert the interference patterns to solute concentration using a separate calibration

curve. This conversion can be performed at multiple times and across one dimension of

the field of view of the microscope, thus enabling a measurement of the concentration c

as a function of space y and time t.

There a several aspects of mFPI that distinguish it from conventional techniques.

Since the concentration is obtained from changes in the refractive index, mFPI is material

agnostic; solutes do not have to be fluorescently tagged nor NMR active to obtain a

signal. Instead, solute mixtures/neat solvent pairs must have a minimum refractive index

contrast of 2×10−5 RIU, which is amenable to a wide range of materials. Additionally, the

precise changes in refractive index provide a quantitative measurement of concentration.

The measured signal is not reported in terms of "arbitrary fluorescent units," and it is

robust to photobleaching or exposure times. Finally, users can draw the arsenal of the

existing tricks in the field of microfluidics to expose the material to different stresses

that induce a dynamic response. It is possible to manipulate geometries and flows to put

different materials (e.g. a membrane in contact with a fluid) in contact, and subsequently

set up controlled gradients. Alternatively, one can easily trigger dynamic processes with

external stimuli. For example, simply ramping the temperature around the device may

initiate release of a solute; exposing the sample to UV light may initiate a reaction, etc.

The first iteration of the mFPI was primarily developed by Doug Vogus and Vincent

Mansard, and reported in a 2015 publication.1 Following this publication, Arash Nowbahar

adapted the technique to study interfacial polymerization;2 I adapted the technique to

study sorption in ionic liquids. This chapter details how to prepare, perform, and

analyze mFPI experiments to (1) characterize ionic liquid-based materials, and (2) extract
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composition dependent diffusivities. Much of the content is similar to that reported by

Vogus et al.1 Nevertheless, it is recorded in detail here to highlight differences in the

second iteration, and more generally for posterity. Sections are ordered in the same

sequence that a user would execute to conduct mFPI. Explicitly, users must:

1. Fabricate devices

2. Configure fluid flows

3. Configure the optical path

4. Track fringes of equal chromatic order and correct for drift

5. Convert refractive index to concentration

6. Extract diffusion coefficients through iterative PDE solving

7. Evaluate the accuracy of diffusivity functions

8. (or) Extract diffusion coefficients through numerical PDE approximation

2.2 Device fabrication

Each mFPI device consists of a single, 90 µm layer of double sided tape (Permanent

Double Sided Tape, Scotch®) sandwiched between semireflective slides. A computer

controlled laser cutter (Trotec Speedy 100) is used to cut the T-junction design into the

tape. For experiments involving neat ionic liquids, slides are cut into 3x4 cm2 pieces

from sheets of mirrored acrylic prepared through vacuum metalization (1/8" acrylic See-

Thru Mirror, American Acrylics). To prevent multiple layer interference, the protective

polyethylene film is removed from the sheets by soaking them for at least 8 hrs in DI

water. Holes are drilled through the acrylic to provide access for inlet and outlet tubing,
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which is secured to the device using epoxy (note: UV polymerized adhesive does not

adhere well to acrylic; as such, epoxy is used).

The acrylic slides are not compatible with experiments that involve polymerization

since acrylic absorbs light in the UV range. For ionogel experiments, glass microscope

slides are coated with 25 nm of Al via electron beam deposition. Glass transmits light

in the UV, allowing the ionogel precursor to be polymerized in situ. Holes are drilled in

the glass to provide access for tubing, which is secured to the device using acrylic inlets.

Glass devices are generally more robust to expansion and contraction. Since the CO2

sorption experiments are particularly prone to expansion drift, glass devices are used.

Due to the nature of impurity-sensitive IL experiments, a brand new device is used

for every trial instead of rinsing the device with a cleansing solvent and reusing it as done

by Vogus et al.1 and Nowbahar et al.2

2.3 Flow configuration

Figure 2.1: Flow configuration for ionic liquid sorption studies.

The piping system used to controllably generate concentration gradients for IL sorption

studies is illustrated in Figure 2.1. At the beginning of each experiment, the device and
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tubing are purged with N2 (purity 99.998%) for 30 min to remove ambient water. Next,

the dried IL is transferred from a vacuum oven or a Schlenk line and immediately loaded

into a syringe which is used to fill stem of the microfluidic T-junction. Care is taken to

exclude air bubbles in the stem. Clamping the tubing after injection prevents backflow

into the syringe. The syringe is secured to the microscope stage to prevent the plug of

fluid slipping in response to slight movements of the syringe.

In the ionogel experiments, the liquid ionogel precursor is injected into the stem of

the microfluidic device and polymerized in situ via exposure to UV light for at least 5

min. Tracking the FECO over the course of the exposure ensures that the polymerization

is complete and uniform across the exposed area as illustrated in Figure 2.2.

Figure 2.2: Recording changes in FECO over the course of polymerization illustrates
that gelation is complete and uniform. The ionogel precursor is exposed to UV light
on the microscope at time = 0. The precursor begins polymerizing after ∼1 min,
as evidenced by the shift in FECO. Polymerization is complete after ∼1 min. After
polymerization, FECO display the same shape as observed at t = 0, indicating that a
gel with a uniform composition has formed.

The flow of N2 is maintained during injection and polymerization. Adjusting the

pressure using Regulator A tunes the location of the interface relative to the junction,

and additionally ensures that the IL-vapor interface remains stationary during sorption.

Maintaining the location of the interface at a single position makes subsequent data analysis

significantly easier, since the initial set of fringes can be used to evaluate displacements
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and concentrations. For typical measurements of H2O or CO2 sorption by a neat IL,

Regulator B is maintained at 1 - 1.2 bar; regulator A is initially set at 300 mBar and

increased to 700 mBar over the course of a 30 min experiment. This adjustment maintains

the position of the interface to within ±6 µm. The capillary between Regulator A and

the device lowers the pressure below the coarse regulator’s limit, thus providing finer

control. In ionogel measurements, the interface is mechanically robust, and the pressure

does not have to be adjusted over the course of the experiment.

Concentration gradients are established by switching between different vapor streams.

As shown in Figure 2.1, two vapor streams are connected to the device through a system

of valves. In H2O sorption experiments, the N2 steam is partially diverted to a reservoir

containing H2O. Bubbling the N2 through the water produces a water vapor stream. The

humidity of the water vapor stream was measured using an ambient humidity meter,

which shows that the stream is approximately 75% relative humidity, with ∼15% variation

with the temperature. Precise control over vapor pressure is not required since the

measured H2O content at the interface serves as a boundary condition in each experiment.

The empty reservoirs connected before and after the reservoir are critical to regulator

maintenance. When the main reservoir unintentionally overflows (usually due to vigorous

bubbling), liquid water enters the tubing and often comes in contact with the regulator.

Once this happens, it is difficult to completely purge the semi-corroded regulator of

impurities; flooded regulators must be replaced for the impurity-sensitive IL experiments.

At the start of the experiment, N2 flows through both the pure N2 stream and the

water reservoir. Valve B is set such that only N2 passes through the device. Turning

Valve B to the vapor stream initiates H2O absorption into the IL; switching back to dry

N2 initiates desorption. The purge streams remain open throughout the experiment in

order to maintain smooth pressure transitions. Discontinuous pressure transitions cause

the interface to move, and complicate data analysis.
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For the CO2 experiments, the water reservoirs are replaced with a CO2 tank. Care

must be taken to match the pressures of the CO2 and N2 streams such that transitions

switching between the streams is smooth.

For elevated temperature measurements, microfluidic devices are secured on a dual

Peltier-controlled thermal microscope stage (INSTEC, TSA02i). The chamber temperature

is monitored with a thermocouple whose lead is attached to the midplane of the microfluidic

device. Due to internal temperature gradients caused by the microscope objective

opening, we measured temperature fluctuations of ±1 ◦C during experiments. All other

measurements are performed at ambient room temperature, 21.2±1.6 ◦C.

2.4 Optical path configuration

Figure 2.3: Optical path for microfluidic Fabry-Perot interferometry

The optical path of the mFPI setup is depicted in Figure 2.3. The semireflective

microfluidic device is secured on an inverted microscope (Nikon Eclipse Ti). White light

is passed through a bandpass filter (500 - 580 nm), which excludes wavelengths that

contribute to device heating and are not used in the analysis. The filtered light interferes
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between the reflective surfaces to form fringes of equal chromatic order (FECO). The

intensity of these fringes, IFECO is predicted by the Airy function:3

IFECO = I0

[
1 +

( 2r
1− r2

)2
sin2

(
2πnd
λ

)]−1

(2.1)

where I0 is the intensity of the incident light, r is the reflection coefficient of the mirrors,

d is the distance between the slides, n is the refractive index of the layer, and λ is the

wavelength of the incident light. These interference fringes are resolved by passing the

transmitted light through a slit and spectrometer (Andor Shamrock 303i, 600 lines per

mm grating). The diffracted light is projected onto the detector of a CCD camera (Andor

Luca-R), forming images where the horizontal axis in each image corresponds to the

physical dimension in the microfluidic device and the vertical axis corresponds to the

wavelength of diffracted light (Fig. 2.4a). The concentration profile sampling rate is set

by the video acquisition frame rate. The spatial resolution of the concentration profiles

is set by the magnification of the objective, since the microscope objective included in

the path restricts the transmitted light to a particular field of view. In H2O sorption

experiments, FECO were acquired at every 1.92 µm at 0.5 Hz over 20 - 30 min. In the

CO2 physical sorption experiments, FECO were acquired at every 1.92 µm at 4 Hz over

approximately 2 min. In the CO2 reactive sorption experiments, FECO were acquired at

every 1.28 µm at 0.25 Hz over 1 hr.

2.5 Tracking FECO and correcting for drift

FECO positions are tracked in order to extract the refractive index n as a function

of space y and time t. Fringes are observed at wavelengths that produce a maximum in
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Figure 2.4: Tracking fringes of equal chromatic order. (a) Image of FECO generated
during an IL-H2O sorption experiment. (b) Transmitted intensity profile (taken at
position shown in (a)) plotted as a function of wavelengths. Fitting the intensity to
multiple Gaussian functions enables sub-pixel λFm tracking. (c) Shift in the IL FECO
after exposure to H2O vapor illustrates water sorption and diffusion. Figure based on
Figure 2 in.1

transmitted light

λFm = 2nd
m

(2.2)

where m is the chromatic order of the fringe. λFm are extracted at every position y and

time t by fitting the intensity profile in MATLAB to a sum of Gaussian functions, which

approximate the Airy function as shown in Figure 2.4b. Changes in λFm result due to

changes in n and d. Explicitly,

mλFm(y, t)
2 = n(y, t)d(y, t). (2.3)

Over the course of an experiment, the value of λFm may change for two reasons. Changes

in the solute concentration induce changes in n. Additionally, device expansion and

contraction induces changes in d. The latter effect is referred to as drift. These two effects
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must be deconvoluted in order to accurately measure concentration profiles.

To correct for drift, Eqn 2.3 is rewritten in terms of departures from the initial FECO

location:
δλ

λ0
= λ(y, t)− λ(y, 0)

λ(y, 0) = n(y, t)d(y, t)− n(y, 0)d(y, 0)
n(y, 0)d(y, 0) (2.4)

The quantity δλ
λ0

is commonly referred to as the waveratio, and denoted by the symbol ω.

Equation 2.4 can be rearranged to solve for the change in refractive index, which is the

quantity used to compute the concentration:

δn

n0
= d(x, 0)
d(y, t)

(
δλ

λ0
+ 1

)
− 1 (2.5)

Note that δn
n0

is equivalent to δλ
λ0

in the absence of drift. As such, it is often referred to as

the drift corrected waveratio, ωcorr.

In order to calculate δn
n0
, a functional form for d(y, t) must be assumed. We have found

that linearly interpolating or extrapolating d(x, t) from points with known refractive

indices provides reasonable corrections and ultimately yield concentration profiles that

make physical sense. Here, we detail the process of calculating d(y, t) and correcting for

drift using an extreme example. Figure 2.5a shows the raw waveratio measured over the

course of a 250 s experiment where CO2 is absorbed by [C6mim][TFSI]. This particular

experiment was performed in an acrylic device, which is more prone to drift than glass

devices. Points A and B are on the vapor side of the interface; point C is deep in the

IL. Figure 2.5b plots the magnitude of ω at these three points over the course of the

experiment. When the vapor stream is switched from N2 (RIU = 1.00029839) to CO2

(RIU = 1.00044915),4 the vapor side jumps by 1.5 x 10−4. The refractive index of the

IL drops as CO2 is absorbed. After the switch, the device expands and ω monotonically

increases, likely due to differences in pressure in the N2 and CO2 vapor streams and
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gradual buildup of pressure within the device. Looking at the slope between points A

and B in Fig. 2.5a, it is clear that this expansion is not uniform across the device. Let us

assume that the device expansion is linear, and the normalized d(y, t) can be written as

d(y, t)
d(y, 0) = M(t)

d(y1, 0)(y − y1) + d(y1, t)
d(y1, 0) (2.6)

M(t) = d(y2, t)− d(y1, t)
y2 − y1

(2.7)

where M(t) is the time dependent slope of the expansion, and y2 and y1 are two locations

where the refractive indices are known or unchanging. If the refractive indices are

unchanging at position yi, then d(yi, t) can be calculated via

d(yi, t) =
1 + δλ

λ0

∣∣∣∣∣
yi

 d(yi, 0) (2.8)

Combining these equations, we obtain

d(y, t)
d(y, 0) =

 δλ
λ0

∣∣∣∣∣
y2

− δλ

λ0

∣∣∣∣∣
y1

 (y − y1)
(y2 − y1) +

1 + δλ

λ0

∣∣∣∣∣
y1

 . (2.9)

We have assumed d(y1, 0) = d(y2, 0) in deriving Equation 2.9. Since d can be defined in

terms of a common baseline reference and subsequently written in terms of departures

from the baseline, this is a valid assumption even if the device height is not perfectly

uniform at the beginning of the experiment.

Equation 2.9 can be substituted into Equation 2.5 to obtain the change in refractive

index. Figures 2.5c-f illustrate the consequences of choosing different locations for y1

and y2. When locations exclusively on the vapor side (i.e. points A and B) are used to

calculate the time dependent slope, the slope is overestimated across the field of view.

The overcorrection yields non-physical negative values of CO2 concentration (Fig. 2.5c).
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Conversely, when it is assumed that pure IL exists at point C, and instead points A and

C are used to calculate the slope, physical values are obtained. Given this IL-dependent

drift correction, analysis of the experiment must be cut off at times well CO2 reaches the

edge of the frame of view.

Figure 2.5: Correction of device expansion drift that takes place over the course of a
250 s experiment where CO2 is absorbed by [C6mim][TFSI] in an acrylic device. Time
increases as colors change from blue to green. (a) Measured waveratio. The gas-IL
interface is located at y = 0. (b) The gradual increase of the waveratio at refractive
index invariant locations A, B, and C suggest the device in expanding over time. (c)
Correcting for drift using linear interpolation between points A and B results in an
overcorrection and (d) unphysical values of CO2 concentration. (e) Correcting for drift
using linear interpolation between points A and C yields (f) reasonable values of CO2
concentration.

2.6 Converting refractive index to concentration

Changes in IL-mixture refractive index are converted to changes in concentration

using independently calibration curves described in the following sections.
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2.6.1 IL-H2O mixtures

Rilo et al.5 report that the refractive indices, nmixture of binary mixtures of ionic

liquids with water and various alcohols scale linearly with the volume fraction of solute,

or

nmixture = φH2OnH2O + (1− φH2O)nIL (2.10)

where φH2O is the volume fraction of H2O, ni is the refractive index of neat species i.

Assuming the density is not a strong function of composition (ideal mixing), this relation

can be written in terms of xH2O via

φH2O = xH2OMWH2OρIL

xH2OMWH2OρIL + (1− xH2O)MWILρH2O
(2.11)

where MWi and ρi are the molecular weight and density respectively of species i.

Figure 2.6 shows measured refractive indices of mixtures of H2O and the [Cnmim][X]

ILs characterized in Chapter 3. The measured values are fit to Eqns 2.10 and 2.11 with

ρIL and nIL as fitting parameters (Table 2.2). During fitting, ρH2O and nH2O are taken to

be 0.99704 g/mL and 1.3332 respectively.

Table 2.1: Refractive index fitting parameters
Ionic liquid ρIL (g/mL) nIL
1. [C4mim][I] 1.6764 1.5814
2. [C6mim][I] 1.7183 1.5661
3. [C6mim][Br] 1.5352 1.5352
4. [C6mim][Cl] 1.2451 1.5195

2.6.2 Ionogel - H2O mixtures

Each ionogel mixture has four components: poly(ethylene glycol) (PEGDA), ionic

liquid, H2O, and photoinitiator. To convert between refractive index and mole fraction
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Figure 2.6: Refractive indices of [Cnmim][X]-H2O mixtures. Measured values (points)
are fit to Eqns 2.10 and 2.11.

of the sorbed component (H2O), we took care to mimic the sorption experiment while

constructing the RI correlation. Specifically, we first prepared one nominally dry ionogel

precursor containing PEGDA, IL, and photoinitiator at a particular volume fraction of

φH2O, and measured its refractive index. This solution was then serial diluted with water,

producing mixtures that have a higher water content, but where the relative amount of

PEGDA to IL and photoinitiator is held constant. In all mixtures, the water content was

determined precisely via Karl-Fischer titration.

For all ionogel precursors, we find that refractive index grows linearly with water

volume fraction. Specifically,

nmixture = φH2OnH2O + φILnIL + φPEGDAnPEGDA + φPInPI. (2.12)

The mass of PEGDA and PI relative to the mass of the IL are constant in both the
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refractive correlation measurements and the sorption experiments. As in the case of the

IL-H2O mixtures, we assume that the density of each component is not a strong function

of composition. Under this ideal mixing assumption, Eqn 2.12 can be rewritten as

nmixture = φH2OnH2O + φIGnIG = φH2OnH2O + (1− φH2O)nIG (2.13)

where φIG and nIG are the volume and refractive index of all components excluding water.

The volume fraction of water is converted to mole fraction of water via

φH2O = xH2OMWH2OρIG

xH2OMWH2OρIG + (1− xH2O)MWILρH2O
(2.14)

where

xH2O = molH2O

molH2O + molIL
. (2.15)

and

ρIG =
(

1
ρIL

+ 1
ρPEGDA

MWPEGDA

MWIL

molPEGDA

molIL
1
ρPI

MWPI

MWIL

molPI

molIL

)−1

. (2.16)

Eqn 2.15 defines the mole fraction of water in terms of the fluid ionogel phase in order to

make accurate comparisons between the pure ILs and the ionogels. Under the ideal mixing

assumption, ρi are not functions of composition. As such, ρIG is treated as a constant, and

is used as lump fitting parameter for each ionogel composition. The measured refractive

indices of the ionogel-H2O mixtures are modeled well by these assumptions and by Eqns

2.13 and 2.14, as shown in Figure 2.7. During fitting, ρH2O and nH2O are taken to be

0.99704 g/mL and 1.3332 respectively. ρIG and nIG are left as fitting parameters (Table

2.2).

Analysis of refractive indices of CO2 laden ILs are included in Chapter 5.
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Table 2.2: Refractive index fitting parameters
Ionic liquid ρIL or ρIG (g/mL) nIL or nIG
[C6mim][Cl] 1.2451 1.5195
[C6mim][I] 1.7183 1.5661
[C6mim][I], φIL = 0.81 1.3885 1.5484
[C6mim][I], φIL = 0.66 1.0962 1.5319
[C6mim][I], φIL = 0.48 0.7639 1.5192
[C6mim][I], φIL = 0.33 0.5237 1.5052

Figure 2.7: Refractive indices of ionic liquid and ionogel H2O mixtures. Measured
values (points) are fit (line) to the equations described above.

2.7 Extracting diffusion coefficients through itera-

tive PDE solving

The composition dependent diffusivity D is extracted from measured concentration

profiles by treating the sorption process as a diffusion into a semi-infinite slab. The

following derives the equations used to fit c(y, t) from first-principles. This section is

adapted from Section 3.3.2 of Fast diffusion into a semi-infinite slab of Diffusion by E.L.

Cussler.6

32



Experimental details of microfluidic interferometry Chapter 2

Let the origin of the coordinate system (y = 0) be the liquid-vapor interface. The

ionic liquid [Cnmim][X] occupies y > 0; the vapor stream y < 0.The mass balances on

H2O and [Cnmim][X] are
∂c1

∂t
= − ∂

∂y
(Ṅ1) (2.17)

∂c2

∂t
= − ∂

∂y
(Ṅ2) (2.18)

For brevity, species 1 denotes H2O; species 2 denotes [Cnmim][X]. The flux of H2O, Ṅ1, is

the sum of diffusion and convection

Ṅ1 = −D∂c1

∂y
+ c1v

0 (2.19)

where the volume average velocity is

v0 = Ṅ1V1 + Ṅ2V2. (2.20)

In the equation above, Vi is the molar volume of species i.

The molar average velocity can be written in terms of concentration by enforcing mass

conservation across the entire system. We assume that V1 and V2 are independent of

composition (ideal mixing), multiply Eqns 2.17 and 2.18 by V1 and V2, and add to obtain

∂

∂t

(
c1V1 + c2V2

)
= − ∂

∂y

(
Ṅ1V1 + Ṅ2V2

)
. (2.21)

In the equation above, ciVi = φi is the volume fraction of species i. The terms c1V1 + c2V2

always sum to unity, making the left-hand side of the equation equal to 0. Therefore

Ṅ1V1 + Ṅ2V2 must be independent of y. Additionally, Ṅ2 is zero at the vapor interface
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because the IL has negligible volatility. As such,

Ṅ1V1 + Ṅ2V2 = V1Ṅ1|y=0 = V1

−D ∂c1

∂y

∣∣∣∣∣
y=0

+ c1V1Ṅ1|y=0

 . (2.22)

Solving Eqn 2.22 for V1Ṅ1|y=0, we obtain

V1Ṅ1|y=0 = −
(
DV1(∂c1/∂y)

1− c1V1

)∣∣∣∣∣
y=0

= v0 (2.23)

Combining Eqns 2.17 and 2.23 yields the governing equation for concentration of H2O

∂c1

∂t
= ∂

∂y

(
D
∂c1

∂y

)
+
(
DV1(∂c1/∂y)

1− c1V1

)∣∣∣∣∣
y=0

∂c1

∂y
(2.24)

In the absorption/desorption experiments, the concentration at the interface c1|y=0

changes with time. The diffusivity at the interface may be concentration dependent, and

consequently also may change with time. This being the case, v0 is time dependent. To

capture this dependence, we define a new characteristic dimensionless variable, a time

dependent Peclet number

Pe = Lv0

D|y=0
= −

(
LV1(∂c1/∂y)

1− c1V1

)∣∣∣∣∣
y=0

(2.25)

where L is the length interrogated by interferometry, ∼1500 µm. Pe is the ratio of

the characteristic time scales of convection to diffusion. With this definition, the H2O

governing equation becomes

∂c1

∂t
= ∂

∂y

(
D
∂c1

∂y

)
− D|y=0Pe

L

∂c1

∂y
. (2.26)

34



Experimental details of microfluidic interferometry Chapter 2

To aid in numerical PDE solving, y is nondimensionalized by L as shown

∂c1

∂t
= 1
L2

∂

∂ỹ

(
D
∂c1

∂ỹ

)
− D|y=0Pe

L2
∂c1

∂ỹ
. (2.27)

Pe gives an approximate measure of the relative magnitudes of convention and diffusion

(approximate because D does not necessarily equal D|y=0 in the IL/H2O system). Pe can

be measured directly from the experimental data by measuring the concentration and

slope at the interface prior to model fitting. The insets of Fig 3.1 show dependence of

Pe for an example absorption/desorption experiment. During absorption, Pe is positive,

reflecting that the volume engendered convection is away from the interface. At an

intermediate time (t > 600s), the gas stream is switched from humidified N2 to dry N2.

When H2O is drawn out of the IL, Pe < 0, v0 is toward the interface. Pe is small, but

not vanishingly small. As such, we expect that including solute volume effects in the

experimental fitting will have a small effect on the measured diffusivity.

A custom-written MATLAB code was used to extract a composition-dependent

diffusivity D(cH2O) from the profiles by iteratively solving Eqn 2.27, and minimizing

the sum of squared differences between the measured concentration and the theoretical

concentration, cH2O,theory(y, t) as a function of different diffusivity fitting parameters. The

quality of fit measured by the residual sum of squares

δ = 1
N

∑
(cH2O,measured(y, t)− cH2O,theory(y, t))2 (2.28)

where N is the number of concentration points measured. The high spatial and temporal

resolution of these experiments makes N ∼ 700, 000. For all numerical fits, BCs and ICs
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are as follows:

c1(t, y = 0) = measured value (2.29)

c1(t, y = L) = 0 (2.30)

c1(t = 0, y) = measured value 80 s after start of hydration (2.31)

For all experiments, IL molar volumes are those measured by Sastry et al.7

We extract the composition-dependent diffusivity D(cH2O) from measured profiles by

solving the diffusion-advection equation

∂cH2O

∂t
= ∂

∂y

(
D(cH2O)∂cH2O

∂y

)
− v0∂cH2O

∂y
(2.32)

in MATLAB, starting with an assumed mathematical form for D(cH2O), then iteratively

adapting it to minimize the sum of squared differences between measurements and

solutions to Eqn 2.32. The final (advective) term in Eqn 2.32 reflects the volumetric

flux of water sorbed into the IL. Reported D0 and α errors are 95% confidence intervals

bounding at least 4 trials for each IL.

2.8 Comparing the accuracy of different diffusivity

functions

Here, we provide examples for fitting the PDE

∂c1

∂t
= 1
L2

∂

∂ỹ

(
D
∂2c1

∂2ỹ

)
− D|ỹ=0Pe

L2
∂c1

∂ỹ
(2.33)

36



Experimental details of microfluidic interferometry Chapter 2

to the concentration profiles using different D(cH2O) functional forms. The effect of

in/excluding solute volume considerations are also compared through fits with finite/zero

values of Pe.

Figures 2.8, 2.9, and 2.10 show the profiles obtained for [C6mim][Cl], [C6mim][Br],

[C6mim][I] respectively using the different D(cH2O). Only the finite Pe fits are shown for

brevity. Cursory examination of figures shows that the model D = β exp(αxH2O) provides

excellent agreement with the measured concentration in all cases, and clearly superior

agreement for [C6mim][Cl], [C6mim][Br]. For [C6mim][I], the δ values must be examined

distinguish between the linear and exponential model.

Tables 2.3 - 2.5 give values of the normalized residual sum of square δ associated

with those fits for [C6mim][Cl], [C6mim][Br], and [C6mim][Cl] respectively. Of the models

shown, β exp(αxH2O) provides the smallest value of δ. Including Pe generally improves

the quality of the fit, but only marginally.

The residual sum of squares is used to perform an Akaike Information Criteria (AIC)

test. The AIC test compares the quality of fits to one dataset with multiple fitting

functions. The AIC value is calculated via

AIC = N ln(δ/N) + 2K (2.34)

where N is the number of observation in the dataset, and K is the number of fitting

parameters in the function. The AIC test does not evaluate the absolute quality of the fit,

but instead compares relative accuracy. The K term penalizes overfitting using models

with excessive parameters. Models with better fits have lower AIC values. Tables 2.3

- 2.5 provide AIC values for the different case studies. The exponential model has the

minimum AIC value by 105 or more for [C6mim][Cl], [C6mim][Br] and [C6mim][I]. Tables
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2.3 - 2.5 also include frequently used goodness of fit parameters, χ2 and R2:

χ2 = 1
N

∑ (cH2O,measured(y, t)− cH2O,theory(y, t))2

cH2O,theory(y, t)
(2.35)

R2 = 1−
∑ (cH2O,measured(y, t)− cH2O,theory(y, t))2∑ (cH2O,measured(y, t)− cmean)2 (2.36)

where cmean is the mean water concentration over all of space and time.

Table 2.3: Comparison of diffusivity fits for [C6mim][Cl]
D(xH2O)[µm2s−1] Pe Process β α δ AIC (×106) χ2 R2

β 0 Absorption 131.39 - 0.1834 -2.18 0.0735 0.9681
β 0 Desorption 108.28 - 0.1542 -2.41 0.0632 0.9389
β 6= 0 Absorption 118.81 - 0.1707 -2.27 0.0683 0.9703
β 6= 0 Desorption 104.41 - 0.1450 -2.49 0.0601 0.9426
β + αxH2O 0 Absorption 0.00091 256.46 0.0575 -3.66 0.0233 0.9900
β + αxH2O 0 Desorption 0.00199 239.43 0.0603 -3.63 0.0237 0.9761
β + αxH2O 6= 0 Absorption 0.00204 233.05 0.0501 -3.84 0.0217 0.9913
β + αxH2O 6= 0 Desorption 0.00072 226.01 0.0524 -3.81 0.0209 0.9793
β exp(αxH2O) 0 Absorption 9.89 4.69 0.0054 -6.70 0.0024 0.99906
β exp(αxH2O) 0 Desorption 5.20 6.04 0.0022 -7.87 0.0012 0.99911
β exp(αxH2O) 6= 0 Absorption 9.34 4.52 0.0055 -6.69 0.0023 0.99905
β exp(αxH2O) 6= 0 Desorption 5.78 5.64 0.0015 -8.43 0.0007 0.99942

Table 2.4: Comparison of diffusivity fits for [C6mim][Br]
D(xH2O)[µm2s−1] Pe Process β α δ AIC (×106) χ2 R2

β 0 Absorption 177.80 - 0.3437 -1.54 0.1632 0.9621
β 0 Desorption 119.78 - 0.2446 -2.11 0.1211 0.9390
β 6= 0 Absorption 161.85 - 0.3198 -1.65 0.1547 0.9648
β 6= 0 Desorption 118.21 - 0.2250 -2.24 0.1167 0.9439
β + αxH2O 0 Absorption 0.00099 328.10 0.0934 -3.42 0.0415 0.9897
β + αxH2O 0 Desorption 0.00164 256.24 0.0662 -4.07 0.0301 0.9835
β + αxH2O 6= 0 Absorption 0.00176 291.67 0.0802 -3.64 0.0366 0.9912
β + αxH2O 6= 0 Desorption 0.00072 238.23 0.0514 -4.46 0.0240 0.9872
β exp(αxH2O) 0 Absorption 13.52 4.41 0.0009 -10.01 0.0008 0.99990
β exp(αxH2O) 0 Desorption 9.85 4.76 0.0034 -8.54 0.0026 0.99916
β exp(αxH2O) 6= 0 Absorption 12.81 4.23 0.0012 -9.69 0.0009 0.99987
β exp(αxH2O) 6= 0 Desorption 10.82 4.37 0.0016 -9.70 0.0012 0.99961

Table 2.5: Comparison of diffusivity fits for [C6mim][I]
D(xH2O)[µm2s−1] Pe Process β α δ AIC (×106) χ2 R2

β 0 Absorption 114.28 - 0.01816 -2.82 0.0248 0.9868
β 0 Desorption 92.72 - 0.01740 -2.84 0.0278 0.9473
β 6= 0 Absorption 109.26 - 0.01713 -2.86 0.0234 0.9875
β 6= 0 Desorption 91.43 - 0.01655 -2.88 0.0267 0.9875
β + αxH2O 0 Absorption 17.24 284.86 0.00071 -5.10 0.0013 0.9995
β + αxH2O 0 Desorption 14.14 288.33 0.000112 -4.76 0.0034 0.9966
β + αxH2O 6= 0 Absorption 17.24 267.04 0.00066 -5.15 0.0012 0.9995
β + αxH2O 6= 0 Desorption 16.12 270.48 0.00107 -4.80 0.0033 0.9968
β exp(αxH2O) 0 Absorption 37.49 2.96 0.00051 -5.32 0.00056 0.99963
β exp(αxH2O) 0 Desorption 30.56 3.52 0.00082 -4.99 0.00220 0.99752
β exp(αxH2O) 6= 0 Absorption 36.68 2.86 0.00054 -5.29 0.00057 0.99961
β exp(αxH2O) 6= 0 Desorption 31.96 3.27 0.00086 -4.95 0.00217 0.99740
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Figure 2.8: Spatiotemporal concentration profiles of H2O (i) absorption and (ii)
desorption by [C6mim][Cl]. Measured concentration values are demarked by circles.
Every 10th point in space is included; other points are excluded for clarity. Numerical
solution of Eqn 2.33 with various D(xH2O) finite Pe is demarked by solid lines. (a)
D = β; (b) D = β + αxH2O; (c) D = β exp(αxH2O). Time increases as colors change
from red to blue. Profiles are shown at 4 min time intervals.
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Figure 2.9: Spatiotemporal concentration profiles of H2O (i) absorption and (ii)
desorption by [C6mim][Br]. Measured concentration values are demarked by circles.
Every 10th point in space is included; other points are excluded for clarity. Numerical
solution of Eqn 2.33 with various D(xH2O) finite Pe is demarked by solid lines. (a)
D = β; (b) D = β + αxH2O; (c) D = β exp(αxH2O). Time increases as colors change
from red to blue. Profiles are shown at 4 min time intervals.
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Figure 2.10: Spatiotemporal concentration profiles of H2O (i) absorption and (ii)
desorption by [C6mim][I]. Measured concentration values are demarked by circles.
Every 10th point in space is included; other points are excluded for clarity. Numerical
solution of Eqn 2.33 with various D(xH2O) finite Pe is demarked by solid lines. (a)
D = β; (b) D = β + αxH2O; (c) D = β exp(αxH2O). Time increases as colors change
from red to blue. Profiles are shown at 3 min time intervals.
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2.9 Extracting diffusion coefficients through numer-

ical PDE approximation

An alternative method to determine D(c) involves converting each measured concen-

tration profile to a local diffusivity by numerically solving Eqn 2.32 without enforcing

a functional form. Although less precise due to numerical smoothing of the profiles,

the exponential dependence on xH2O is retained. Here, we attempt to extract D(xH2O)

without explicitly solving a PDE using a functional diffusivity function chosen a priori.

We first discretize the governing equation

∂c1

∂t
= ∂

∂y

(
D
∂c1

∂y

)
− D|y=0Pe

L

∂c1

∂y
(2.37)

by numerically approximating local concentration. Specifically, at each pixel i, we take the

N nearest pixels on either side of pixel i and find the best-fitting second-order polynomial

c(yi) ≈ ci0 + ci1y + ci2y
2 (2.38)

Substituting Eqn 2.38 into the governing equation and evaluating at the coordinate of

pixel i, yi = 0, gives

∂ci0
∂t

= 2D(ci0)ci2 +
(
ci1
)2 ∂D

∂c
|ci0 −

D|y=0Pe
L

ci1 (2.39)

We then forward integrate in time to obtain

ci0(tj+1)− ci0(tj)
tj+1 − tj

=
(

2D(ci0(tj))ci2(tj) +
(
ci1(tj)

)2 ∂D

∂c
|ci0(tj) −

D|y=intPe
L

ci1(tj)
)
. (2.40)
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We approximate ∂D
∂c
|ci0 by forward integrating in space from pixel i− 1

ci0(tj+1)− ci0(tj)
tj+1 − tj

=
(

2D(ci0(tj))ci2(tj) +
(
ci1(tj)

)2 D(ci0(tj))−D(ci−1
0 (tj))

ci0(tj)− ci−1
0 (tj)

− D|y=0Pe
L

ci1(tj)
)
.

(2.41)

Rearranging Eqn 2.41 for D(ci0(tj)) provides an expression that we can use to calculate

the diffusivity at every pixel i and every time point tj, i.e. at every concentration in the

spatiotemporal profile:

D(ci0(tj)) =
[
ci0(tj+1)− ci0(tj)

tj+1 − tj
+ PeD|y=0c

i
1(tj)

L
+ D(ci−1

0 (tj))(ci1(tj))2

ci0(tj)− ci−1
0 (tj)

]
(2.42)

×
[
2ci2(tj) + (ci1(tj))2

ci0(tj)− ci−1
0 (tj)

]−1

. (2.43)

In Eqn 2.43, Pe is calculated from the slope a the interface, given by Eqn 2.25. For

every time tj, D|y=0 is calculated by writing Eqn 2.43 at positions i = interface and

i = interface + 5 pixels, and then solving for D|y=0. This value of D|y=0 is then used for

every evaluation of Eqn 2.25 for the remaining time points.

Figure 2.11 compares the composition dependent diffusivities extracted using this

model-free discretized method to those extracted using iterative PDE solving using the

functional form D(xH2O) = β exp(αxH2O). In each figure, the points indicate diffusivities

calculated at every pixel, with colors changing from blue to green as time increases. The red

line gives the optimum PDE solution. For both [C6mim][I] and [C6mim][Cl], diffusivities

calculated using the discrete method appear to have an exponential dependence. However,

they are generally noisier, have a larger spread, and underestimate the PDE diffusivity in

some places. The noise is a strong function of the method and range over which the second

order polynomial is fit. Poor fitting near the interface introduces erroneous diffusivities

at high concentrations. Forward integration from the lowest concentrations may also

bias the magnitude of the diffusivity. Improving the quality of the local first and second
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derivative calculations and switching to a mid-point integration should, in principle, make

this model-free calculation more robust, but is beyond the scope of this work.

Figure 2.11: Composition dependent diffusivity in (a) [C6mim][I] and (b) [C6mim][Cl]
extracted from concentration profiles using discretization method. Blue and green
points indicate different times at which each profile was acquired. Red line denotes
optimum PDE solution.

Nomenclature

Symbol Unit Definition

α dimensionless Exponential fitting parameter

β µm2 s−1 Infinite dilution fitting parameter

cH2O M Concentration of water

Di µm2 s−1 Diffusivity of species i

L µm Field of view of interferometry

m dimensionless Chromatic order

ni RIU Refractive index of species i

N dimensionless Mesh size of PDE solving

Ṅi mols−1µm−2 Molar flux of species i
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MWi g mol−1 Molecular weight of species i

Pe dimensionless Peclet number

t s Time

t0 s Initial time

v0 µm s−1 Volume average velocity

V i mL mol−1 Molar volume of species i

xH2O dimensionless Mole fraction of water

y µm Position

δ M2 Cumulative squared difference between model and data

λ nm Wavelength

λi0 nm Center of fringe of chromatic order at time = 0

λFm nm Center of fringe of chromatic order m

φH2O dimensionless Volume fraction of water

ρi g mL−1 Density of species i
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Chapter 3

Case Study: Absorption of H2O by

alkylimidazolium halide ILs

3.1 Background and motivation

Ionic liquids (ILs) – salts that are liquid below 100 ◦C–possess unique physicochemical

properties including negligible volatility, moderate conductivities, variable hydrophilicity,

and high thermal and electrochemical stability windows.1–5 Because these properties can

be tuned through ion choice, ILs are commonly described as designer solvents that can

be synthesized to suit a particular application.6 Specifically, since ILs can be designed to

dissolve both polar and non-polar compounds, they are increasingly being considered as

replacements for common molecular solvents in processes including gas purification,7–13

liquid-liquid extraction,14–19 carbon capture,20–24 metal processing,25–29 and homogeneous

catalysis.5,30–32 In these applications, ILs offer improved selectivity, efficient recyclability,

and reduced emissions over traditional, often volatile organic solvents.33 Large scale

implementation of ILs, however, has been hindered by cost as well as the challenge

in identifying appropriate ILs from the ∼106 binary ILs thought to exist.34 This vast
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synthesis space contributes to IL cost: while it appears feasible to produce individual ILs

economically at scale,35 one must first identify the appropriate IL to design the reaction

process.

Widespread realization of ILs as task-specific solvents requires mechanistic understand-

ing of IL-solute interactions during diffusion and transport. For example, the feasibility

of green separation and reaction strategies depends on how quickly extracts, reagents,

and products diffuse through ILs. The simplest model for predicting solute diffusivity

(D) is the Stokes-Einstein (SE) relation

DSE = kBT

CπηR
, (3.1)

where η is the bulk viscosity of the surrounding liquid, R the hydrodynamic radius of

the solute, and C is a constant between 6 (no-slip boundary) and 4 (perfect slip). The

denominator in Eqn 3.1 follows directly from a solution to the continuum fluid mechanics

equations, and predicts translational diffusion of molecular solutes within continuum

liquids quite accurately under appropriate conditions. Indeed, measured self-diffusion

coefficients of cations and anions in neat ILs typically lie within a factor of 2 of DSE based

on the (macroscopically) measured viscosity of the IL.36

Anomalously large diffusivities in ILs have been reported, however, for electrochem-

ically neutral solutes (both polar and nonpolar) that are smaller than the average ion

size.37,38 Such violations of the Stokes-Einstein relation immediately reveal a breakdown

of the continuum approximation. Instead, solutes might hop from site to site–like dopant

diffusion in solids–or translate within one of the various self-assembled mesostructures

found in many ILs. Extensive X-ray39–44 and neutron scattering45,46 studies, combined

with molecular dynamics simulations,42–44,47–49 reveal neat ILs to exhibit a rich spectrum

of nanostructures absent in conventional solvents.50,51 The emergence of polar and apolar
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domains, and the affinity of particular solutes for them, is coupled to the mobility of

those solutes. For example, Araque et al. computed solute trajectories in dynamically

heterogeneous ILs, and argued that neutral solutes are often localized within stiff, cage-like

domains, occasionally hopping to a neighboring caging domain through the ‘soft’ domains

that separate them, where mobility is enhanced.37,38 The resulting diffusivity exceeds

Stokes-Einstein predictions (Eqn 3.1), which depends upon an IL viscosity η measured

via continuous flow and rearrangement of these stiff domains.

It is currently unclear how these anomalous dynamics manifest under more concen-

trated solute conditions. Mesostructure may change with solute concentration due to

IL-solute interactions, particularly at high solute concentrations.52,53 The strong coupling

between diffusion and mesostructure near infinite dilution prompts many uncertainties

in more concentrated solutions, necessitating studies of composition-dependent solute

transport. Indeed, traditional pulsed-field gradient-NMR (PFGNMR) studies have re-

vealed differences between ion and solute mobilities.54–57 However, PFGNMR probes

self-diffusion in equilibrium mixtures – meaning that concentration-dependence can only

be measured sample-by-sample. Moreover, PFGNMR cannot capture concentration gradi-

ents found in many practical applications, and measurements are limited to NMR-active

or isotopically-labeled species.

To complement these techniques and open new possibilities to probe transient processes

in ILs, we have developed microfluidic Fabry-Perot interferometry (mFPI),58,59 which

allows solute concentration profiles to be directly visualized as they evolve in space and

time. An immediate benefit of mFPI is that a single experiment enables concentration-

dependent diffusivities to be measured over much (or even all) of composition space.

Here, we use mFPI to visualize water as it is absorbed from a vapor phase into a series

of 1-alkylmethylimidazolium halide ILs [Cnmim][X], specifically [C6mim][I], [C6mim][Br],

[C6mim][Cl], and [C4mim][I]. This class of ionic liquids is particularly hygroscopic;60,61 and
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Figure 3.1: Measuring concentration gradient-driven diffusion of H2O in ILs (example:
[C6mim][I]). (a) Optical train of a microfluidic Fabry-Perot interferometry device.
Solute (H2O) gradients are manipulated by switching the composition of a flowing vapor
stream in contact with a stationary IL plug in a T-junction geometry. Experimentally
measured evolution of H2O absorption (b) and desorption (c) fronts (circles) compared
to a numerical diffusion model (solid line). Profiles are plotted at 3 min increments, and
change from red to blue with increasing time. Graphical insets show the dimensionless
advective velocity fit from concentration slope at the interface.

serves as a model, task-specific IL chosen to absorb a neutral polar solute. Additionally,

H2O is ubiquitous in any process operating in ambient conditions, whether it acts as an

undesired impurity,60 or an enhancing additive.62

Our results suggest water diffuses via activated ‘hops’ between relatively immobile

cations (or clusters thereof), akin to diffusion along a lattice in solids. The activation

energy increases with anion electronegativity, and decreases with water content. Our

model offers both conceptual guidance and quantitative predictions for water diffusivity.

More broadly, it offers insight into selection and design of task-specific ILs.

3.2 Transient sorption-diffusion measurements

We recently developed microfluidic Fabry-Perot interferometry (mFPI)58,59 as a label-

free technique to visualize and measure the spatiotemporal evolution of concentration fields,

including those near liquid interfaces. Experimental and analytic details are provided in
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Chapter 2. Briefly, the surfaces of a microfluidic device (Fig. 3.1a) are coated with a

semi-reflective aluminum film. Light passed through the device interferes to form fringes

of equal chromatic order (FECO), at wavelengths λi0 that are resolved with a spectrometer

paired with a high-resolution digital video camera. When the refractive index changes by

∆n(y, t) – e.g. as solute diffuses in the y-direction – the FECO wavelengths change via

∆λi(y, t) = ∆n(y, t)
n0

λi0. (3.2)

Sub-pixel FECO tracking algorithms allow ∆n to be reliably measured in mFPI with a

resolution of 2 x 10−5 RIU, which can then be related to changes in solute concentration

using a separate n(c) refractometry measurement.58 For example, refractive indices

of IL-H2O mixtures grow linearly with water volume fraction (Fig. 2.6).63 Evolving

refractive index profiles n(y, t) can thus be converted to dynamic H2O concentration

profiles cH2O(y, t) as water sorbs into and out of an IL of interest (Figs. 3.1b and 3.1c).

In these experiments, concentration is measured with a minimum spatial resolution of

1.92 µm at 0.5 Hz over a period of 20 - 30 min.

In the water-IL studies described here, we controllably generate concentration gradients

by filling the stem of a T-junction with an IL and flowing gas in the channel, perpendicular

to the IL of interest, adjacent to a stationary IL-vapor interface. Switching from dry

N2 gas to H2O laden N2 (75 % relative humidity) initiates H2O absorption into the IL;

switching back to dry N2 initiates desorption.
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3.3 Influence of anion, cation and temperature

The ease with which a single mFPI measurement can be used to generate an entire

concentration-dependent diffusivity relationship allows detailed investigation of the effects

of ion selection on solute diffusion within this class of ILs (Fig. 3.2). In general, we find

that the exponentially-dependent diffusivities given by

D(xH2O) = β exp(αxH2O) (3.3)

accurately describe alkylmethylimidazolium halide IL-H2O mixtures (associated profiles

are provided in Section 2.8). Furthermore, this combination of measurements elucidates

the effect of anion and cation chemistry on the diffusion parameters β and α (Table

3.1). For example, for [C6mim][X], we find that β decreases with increasing anion (X−)

electronegativity (βI > βBr > βCl), whereas α increases with increasing electronegativity

(αI < αBr < αCl). By comparison, modification of the non-polar alkyl group of the

imidazolium cation, probed here by comparing [C4mim][I] and [C6mim][I], appears to

have no significant influence on the measured diffusivity.

The incorporation of temperature control with the mFPI device (details provided in

Chapter 2) allows experiments to probe the temperature dependence of the measured

concentration-dependent diffusivity. Representative results for [C6mim][I] are summarized

in Figure 3.2 (inset). We find an approximate Arrhenius dependence of β (i.e. ln β ∼ 1/T ),

whereas α appears to vary as ∼ 1/T . Interestingly, α vanishes at T ∼ 313K, indicating

Table 3.1: H2O diffusivity parameters in various ILs at ambient temperature
Ionic liquid β (µm2s−1) α xH2O range
[C4mim][I] 47 ± 2 2.5 ± 0.1 0.014 - 0.499
[C6mim][I] 41 ± 2 2.7 ± 0.1 0.024 - 0.535
[C6mim][Br] 11.2 ± 0.3 4.45 ± 0.04 0.058 - 0.702
[C6mim][Cl] 7.0 ± 0.5 5.1 ± 0.1 0.146 - 0.694
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Figure 3.2: Microfluidic interferometry measurements reveal the ubiquity of the
exponential composition dependence over a range of ILs and temperatures. Room
temperature diffusivities measured in multiple alkylmethylimidazolium halide IL-H2O
mixtures show β decreases and α increases with increasing anion electronegativity.
Error in fit indicated by shading. Measurements performed over 20 - 40 ◦C in [C6mim][I]
- H2O mixtures (inset) reveal that β scales in an Arrhenius manner, and α ∼ 1/T .

the diffusivity no longer depends on composition at sufficiently high temperatures.

Taken together, these results identify the electronegativity of the anion to be an

important determining factor in setting the magnitude of the diffusivity, as well as its

composition-dependence, in the water-alkylmethylimidazolium halide system. Further-

more, they provide strong evidence for the hypothesized role of IL-solute interactions

in the discussion to follow. Interestingly, for all cations and anions, H2O diffusivities

appear to converge near xH2O = 0.7 when extrapolated. This might reflect a composition

where a discontinuous structural or physicochemical transition occurs. Similar transitions

have been observed in other solute/IL pairs, including H2O in [C4mim][BF4],52 and for

propylene in [C4C1Pyrr][NTF2]64,65 near xsolute = 0.7. However, even if such a transition

occurs in the systems in the current study, this would be insufficient to explain the
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observed composition-dependent behavior over the broad xH2O < 0.7 range.

3.4 Concentration profiles for [Cnmim][X]

Figures 3.3, 3.4, and 3.5 show concentration profiles for H2O absorption and desorption

by [C4mim][I], [C6mim][Br] and [C6mim][Cl] respectively. Measured concentration values

demarked by circles. Every 10th point in space is included; other points are excluded for

clarity. Solid lines demark numerical solution of Eqn 2.33 with finite Pe and D(xH2O) =

β exp(αxH2O). Time increases as colors change from red to blue. 4 min time intervals.
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Figure 3.3: Spatiotemporal concentration profiles of H2O (a) absorption and (b)
desorption by [C4mim][I].

0 500 1000 1500
Position, y (7m)

0

2

4

6

8

10

12

C
on

ce
nt

ra
tio

n 
of

 H
2O

 (M
)

0 500 1000 1500
Time (s)

0

0.5

1

1.5

Pe
cl

et
 n

um
be

r, 
v0 L/

D

0 500 1000 1500
Position, y (7m)

0

2

4

6

8

10

12

C
on

ce
nt

ra
tio

n 
of

 H
2O

 (M
)

0 500 1000 1500
Time (s)

-2

-1

0

1

2

Pe
cl

et
 n

um
be

r, 
v0 L/

D

Figure 3.4: Spatiotemporal concentration profiles of H2O (a) absorption and (b)
desorption by [C6mim][Br].
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Figure 3.5: Spatiotemporal concentration profiles of H2O (a) absorption and (b)
desorption by [C6mim][Cl].

3.5 Comparison of diffusivities: microfluidic interfer-

ometry, PFGNMR and Stokes-Einstein predic-

tion

To better inform hypotheses for the origin of the observed exponential dependence

of diffusivity on IL-H2O composition, we compare the results obtained by mFPI to

more conventional diffusivity measurements and models including PFGNMR and the

Stokes-Einstein relation.

First, we validate the H2O diffusivities extracted from mFPI using conventional 1H

PFGNMR. Species diffusivities in multiple H2O-IL mixtures of variable compositions were

measured according to the protocol described in the following.
1H NMR spectra and PFG Diffusion experiments were acquired on a Bruker 300

MHz Super-Wide Bore NMR spectrometer equipped with a AVIII console and a Bruker

micro-imaging probe Micro 5 that offers a gradient strength of up to 3 T/m. The samples

were sealed in 5mm o.d. NMR tubes and kept at 25 ◦C during the measurements.

For the PFG measurements, a bipolar stimulated echo sequence was used to compensate

internal gradients caused by the sample. The gradient pulse length δ was kept at 1 ms
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and the time between the gradients, ∆ (diffusion time), at 50 ms for all measurements.

The PFG NMR experiments of the chloride sample were additionally performed with a ∆

of 20 ms to check for diffusion time dependent effects like convection. It was found that

there is no dependence of self-diffusion coefficients on ∆. For each diffusion dataset 32

points (gradient steps) were acquired and the signal averaged over 16 scans.

The 1H spectra and diffusion data were baseline and phase corrected by an inhouse

MATLAB routine. To analyze the cations’ relative 1H peak shifts and dependence on the

water content, the H8 protons were used as an internal reference to avoid nanostructure

variations caused by an added reference. We note NMR measurements performed on

methylimidazolium halide–H2O mixtures using external double-reference methods66,67

reveal the same qualitative aspects about hydrogen-bonding as in our measurements.

The diffusion coefficient of the ionic liquid’s cation and the water component was

determined by fitting a mono-exponential decay to the integral of each peak of the spectro-

scopically resolved data according to the Stejskal-Tanner equation I = I0e
(γ2G2δ2(∆−δ/3 )D).

The fit results of the cation’s protons resulted in the same diffusivity within the error

margin and the cation’s total diffusion coefficient was calculated as the average of all

these values.

Figure 3.6 shows quantitative agreement between the H2O diffusivities measured in

[C6mim][I] using PFGNMR and mFPI. This validates the results of the mFPI method,

and further reinforces the exponential dependence of diffusivity on xH2O. By contrast,
1H PFGNMR measurements of the [C6mim]+ cation diffusivity are smaller than the

H2O diffusivity by an order of magnitude; a similar discrepancy in diffusivities has

also been measured in PFGNMR studies on methylimidazolium IL - H2O mixtures.54–57

As with H2O, the cation diffusivity increases with increasing H2O content, although

the difference in magnitude between water and cation is preserved over the measured

concentration range. In the context of the mFPI measurements, this result indicates
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Figure 3.6: Measured diffusivities of species in [C6mim][I] - H2O mixtures at ambient
temperature. Line denotes continuous diffusivity functional measured by mFPI. Points
denote diffusivities measured by PFGNMR in equilibrium mixtures. Error bars
are smaller than the markers. Blue and pink bands denote diffusivities of H2O and
[C6mim]+ computed from the Stokes-Einstein relation. Failure of DSE for H2O indicates
non-continuum mechanisms for H2O transport.

that the collective, gradient-driven diffusion during water sorption is dominated by the

relatively fast dynamics of the water solute.

In both samples, 1H PFGNMR measurements of the [C6mim]+ cation diffusivity are

smaller than the H2O diffusivity by an order of magnitude; a similar discrepancy in

diffusivities has also been measured in PFGNMR studies on methylimidazolium IL - H2O

mixtures.54–57 As with H2O, the cation diffusivity increases with increasing H2O content,

although the difference in magnitude between water and cation is preserved over the

measured concentration range. In the context of the mFPI measurements, this result

indicates that the collective, gradient-driven diffusion during water sorption is dominated

by the relatively fast dynamics of the water solute.

One might hope that the Stokes-Einstein relation (Eqn 3.1) would be accurate for
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the systems under study, and so would successfully capture the composition-dependent

diffusivity. After all, IL viscosity decreases with increasing H2O content; all species

diffusivities should increase accordingly. Indeed, the SE relation accurately predicts the

cation diffusivities using the measured mixture viscosity and cation dimensions of 4x6x15

Å based on the van der Waals radii of constituent atoms (Figure 3.6). However, the

SE relation fails dramatically for H2O, under-predicting the diffusivities by more than

an order of magnitude. This immediately reveals that H2O does not move through the

IL as through a continuum fluid, but instead follows a qualitatively different transport

mechanism.
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3.6 Microscopic origin of the failure of Stokes-Einstein

and diffusivities’ exponential composition depen-

dence

The failure of the SE relation begs the question: what microscopic features prevent

H2O from experiencing the IL as a continuum? A more accurate diffusion mechanism

must capture the anomalous high diffusivities that SE underpredicts, and additionally

account for the observed concentration-dependence of the solute diffusivity. We posit

two distinct possibilities capable of accommodating the observed phenomena. First,

alkylmethylimidazolium-halide ILs are known to self-assemble into heterogeneous polar

(charge-rich) and non-polar (charge-poor) domains. This mesostructure might undergo

significant or discontinuous changes with increasing water content, thereby changing path

tortuosities or connectivities experienced by diffusing solutes in these domains. Second,

IL-solute interactions might enable water to diffuse through the IL mesostructure by a

process that does not require ions to reorganize. Both cases diverge from Stokes-Einstein:

solutes diffuse without forcing the IL matrix and its mesostructure to flow and re-arrange.

The macroscopically-measured IL viscosity η, on the other hand, inherently reflects such

rearrangements – and thus becomes effectively decoupled from solute diffusivity.

The following experiments test whether one, if either, of the proposed cases accounts

for all of the concentration-dependent diffusivity. While both mesotructure and IL-solute

interactions may change with solute content, our aim is to identify a dominant contributor

in order to better inform IL design strategies aimed at fast solute diffusion.
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3.6.1 IL mesostructure

To evaluate the potential influence of mesostructure changes, we used scattering to

compare structural features over the broad composition range probed in mFPI experiments.

Previously, Yamamuro et al. used neutron diffraction to show that [C8mim][Cl], an IL

related to those studied here, forms a network of polar regions that have three characteristic

correlation lengths46 attributed (in order of decreasing distance) to: the separation between

polar ionic regions, the distance between adjacent ions within the regions, and interatomic

spacing within the alkyl chains located within the nonpolar region.68

We performed wide angle X-ray scattering (WAXS) measurements on [C6mim][Cl]-H2O

mixtures to examine the preservation of these correlations. During the WAXS measure-

ments, [C6mim][Cl]-H2O mixtures were hermetically sealed in 2 mm thick aluminum

washer cells with Kapton windows. Water content was determined using Karl Fischer

titration prior to loading. WAXS measurements were performed at beamline 7.3.369 of

LBNL’s Advanced Light Source over 25 - 50 ◦C at 5 ◦C increments. An X-ray beam energy

of 10.0 keV was used corresponding to a wavelength λ of 1.24 Å. Scattering patterns

were obtained by first calibrating against silver behenate and then subtracting off the

signal from an empty Kapton cell. Azimuthally averaged scattering intensity is plotted

versus the magnitude of the momentum transfer vector q = 4π sin θ/λ. Scattering data

were reduced using the Nika package70 for Igor Pro. Spectra were fit to a sum of three

Gaussians to determine domain spacing.

Our wide angle X-ray scattering (WAXS) measurements on [C6mim][Cl]-H2O mixtures

(Figure 3.8) reveal these three characteristic correlation lengths to be qualitatively pre-

served over the entire xH2O = 0.09− 0.69 composition space probed in mFPI experiments.

Our WAXS results are consistent with combined XRD and MD simulations reported by

Borodin et al. for [C8mim][BF4]-H2O mixtures.71 Gaussian fits to the peaks centered
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Figure 3.8: (a) WAXS spectra of [C6mim][Cl]-H2O mixtures (25 ◦C shown; spectra
over 30 - 50 ◦C provided in Figure 3.9). Curves shifted for clarity. Fitting the spectra
to a sum of three Gaussians (yellow line) yield characteristic spacings plotted in (b)
which are preserved over a broad composition range.

at 0.3, 1.0 and 1.6 Å−1 provide reasonable fits to the data, and are quantitatively sim-

ilar to the 0.3, 1.1 and 1.4 Å−1 reported by Yamamuro for neat [C8mim][Cl].46 These

peaks correspond to real-space distances of d = 2π/q plotted in Figure 3.8b, which seem

reasonable given the molecular dimensions of the cation. While the measurements do

not distinguish between discrete polar aggregates or a bicontinuous phase, the charac-

teristic correlations of the structure shows no significant variation with H2O. In the

[C6mim][Cl]/H2O mixtures studied here, correlations swell by 6% for a wide range of

water fractions (0.09 ≤ xH2O ≤ 0.69), which accounts for only a fraction of the 1600%

increase in measured diffusivity. Changes in H2O diffusion thus are not due to slight

changes in structural morphology, but rather dominated by the kinetics of transport.
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Figure 3.9: WAXS spectra (blue points) of [C6mim][Cl]-H2O mixtures over 25-50 ◦C.
5 ◦C increments. Lines indicate fit to sum of three Gaussians.
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3.6.2 IL-solute interactions

The very slight dependence of IL mesostructure spacing on water content suggests that

changes in IL-solute interaction energies are the primary source of composition-dependence

of the diffusivity. To evaluate this more closely, we examined local interactions with

water and the ions in our system using 1H NMR. Differences in solute-ion interactions,

particularly hydrogen bonding strength, have been implicated in composition-dependent

ultrafast dynamics of solutes. In methylimidazolium [NTf2]− and [BF4]− ILs, 2D IR

spectroscopy studies have shown that small molecular solutes (e.g. water, methanol,

and ethanol) form hydrogen bonds with ions at high concentrations, ultimately affecting

∼ O(10 ps) molecular reorientation timescales.72–74 In methylimidazolium halide ILs,

combined deuterium exchange NMR, Fourier Transform Infrared Spectroscopy, and

molecular dynamics simulation studies have established that halide ions hydrogen bond

strongly with the acidic H2 proton on the imidazolium ring (Fig. 3.10a).66,67,75–78 Our

measurements of relative NMR chemical shifts reveal this local hydrogen bonding to be

weakened by increasing H2O concentration: Figure 3.10b shows the full NMR spectra

of two [C6mim][I]-H2O mixtures, and Figure 3.10c-d show the change in shift of specific

protons as a function of xH2O. The most acidic H2 proton shifts upfield with water

content– indicating weakening H-bonding – with an approximately linear dependence

on xH2O. By contrast, H7 protons located on the apolar alkyl tail experience negligible

shifts with H2O, indicating that H2O has a strong local interaction with the polar head

group and associated anion. Deuterium exchange experiments further confirm this specific

interaction.66,67

NMR additionally provides qualitative information regarding the relative strength of

hydrogen bonding, as previously characterized in depth for H2O methylimizalium halide

mixtures.66,67,79 Examining H2 shifts in [C6mim][I]- and [C6mim][Cl]-H2O mixtures shows
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Figure 3.10: Relative NMR chemical shifts indicate local hydrogen bonding increases
with halide electronegativity, but decreases approximately linearly with increasing
water content. (a) Water screens hydrogen bonding between halide and H2 proton.
(b) Peaks of protons labeled in characteristic NMR spectra of [C6mim][I]-H2O (xH2O
= 0.03, 0.57) mixtures. For [C6mim][I] and [C6mim][Cl], chemical shifts of the H2 (c)
and H7 (d) protons illustrate local interactions between H2O and the head group.

that both the absolute shift, extrapolated to infinite dilution xH2O → 0, and the magnitude

of the H2O dependent upfield shift (i.e. the slope) are higher for the chloride IL. This

indicates that the strength of the hydrogen bonding increases with anion electronegativity.

3.7 An activated hopping model for water diffusion

in ILs

Water’s local, variable interaction with the composition-invariant IL mesostructure

suggests a potential mechanism for water diffusion. Given that H2O has a strong affinity

for the polar regions, and that these regions are preserved over a wide composition space,

we expect H2O to spend more time located within the polar regions than the nonpolar

regions. Since the cations move an order of magnitude slower than H2O, we approximate

H2O diffusion occurring as a series of hops between relatively immobile, polar sites, akin
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Figure 3.11: Depiction of water intercalating within polar hopping sites. Whether the
IL forms isolated aggregates (red regions) as depicted, or a bicontinuous polar network,
the sites do not rearrange for H2O to move. Instead, H2O hops between sites at a rate
dictated by an activation energy. The energy diagram (inset) illustrates the reduction
in Ea as the water content increases.

to lattice diffusion in solids (Fig. 3.11).80

In the context of such a model, the invariance of IL structure to the presence of water

indicates that the observed exponential concentration-dependence of the diffusivity cannot

come from changes in the lattice organization over which water hopping takes place.

Instead, we hypothesize that the changing diffusivity reflects changes in the hopping

time. The time scale for hopping is found by solving a Kramers type problem for an H2O

molecule trapped in a local potential well, until it experiences a large enough thermal

fluctuation to traverse an activation energy barrier and fall into a neighboring well. Such

processes have characteristic time scales τ ∼ τ0e
Ea/kBT , where τ0 is a time scale for each

‘attempt’(e.g. related to molecular vibration frequencies of the lattice), and Ea is the

height of the activation energy barrier over which the molecule must diffuse.81 With this

time scale, we expect the diffusivity to have the form

D(xH2O) ∝ λ2
0
τ0
e−Ea/kBT . (3.4)

Here, we propose that the activation energy Ea is intrinsically linked to the strength

of hydrogen bonding between H2O and polar IL moieties. These hydrogen bonds must be
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disrupted for a water molecule to hop. Since measured NMR chemical shifts (Fig. 3.10)

suggest this H-bonding to decrease linearly with xH2O, we assume that Ea decreases

linearly with xH2O according to

Ea = E0 − E1xH2O, (3.5)

where E0 is the intrinsic binding energy of the potential well at infinite dilution, and

E1 captures the H2O composition-dependence of the binding. Finite values of E1 imply

that each H2O molecule requires less energy to dissociate from its site when nearby H2O

molecules screen the strength of hydrogen bonding at that site. Eqn 4.4 in turn predicts

diffusivity to depend exponentially on xH2O, as measured interferometrically. Eqn 4.4 also

connects fitting parameters β and α in the (empirical) functional form of Eqn 3.3 with

H-bond characteristics via

β = λ2
0
τ0
e−E0/kBT (3.6)

and

α = E1/kBT. (3.7)

This activated hopping mechanism predicts relative diffusivities for different ILs

depending on the strength of IL-solute interactions through Eqn 4.4. Based again

on NMR, we expect E0 and E1 to increase with increasing anion electronegativity.

This should manifest as a decrease in β and an increase in α. Indeed, the mFPI

measurements of different ILs (Figure 3.2) show that β decreases with increasing anion

(X−) electronegativity (βI > βBr > βCl), and α increases with increasing electronegativity

(αI < αBr < αCl). This demonstrates the predictive capability of the hopping diffusion

model.

The temperature-dependent diffusivity measurements (Figure 3.2 inset) are addition-
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ally consistent with the activated hopping mechanism. WAXS measurements indicate

that the ILs mesostructure, or the arrangement of polar sites is quantitatively preserved

with increasing temperature over 25 - 50 ◦C (Fig. 3.8). Assuming that the activation

energy for hopping, Ea, is given by the Gibbs Free Energy ∆Ga = ∆Ha − T∆Sa, we

predict that the diffusivity should scale with temperature according to

D = λ2
0
τ0
e−S0/kBe−H0/kBT exp

((
H1

kBT
− S1

kB

)
xH2O

)
. (3.8)

Comparing Eqn 3.8 to Eqn 3.3, we therefore expect the infinite dilution diffusivity to

have an Arrhenius dependence on temperature,

β(T ) ∼ e−H0/kBT , (3.9)

and the concentration-dependence parameter α should vary linearly with inverse temper-

ature, via

α(T ) ∼ H1

kBT
− S1

kB
. (3.10)

These prediction are entirely consistent with measured values of β(T ) and α(T ), as plotted

in Figure 3.2 over 20 - 40 ◦C. From the temperature dependent measurements, we extract

values of H0 = 18 kBT , H1 = 40 kBT , and S1 = 38 J/K. Using DFT, Izgorodina et al.

report total ion-pair interaction energies of -163 and -170 kBT for neat [C4mim][Br] and

[C4mim][Cl] respectively.82 This suggests that the H2O interaction with the polar sites at

infinite dilution is roughly an order of magnitude weaker than ion-ion binding. While it

is impossible to decouple the impact of S0, λ0, and τ0 from these measurements alone,

the combination λ2
0
τ0
e−S0/kB – reflecting the contributions of lattice size, attempt frequency,

and entropic penalties to the infinite-dilution diffusivity – is found to be 0.04 m2/s.

This activated hopping formalism is conceptually distinct, but nonetheless consistent,
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with Arrhenius behavior previously reported for H2O diffusion in equilibrium IL-H2O

mixtures. By measuring diffusivities at different temperatures using PFGNMR, Menjoge

et al. report that ion and H2O diffusivities scale as D ∝ exp(−Ea/kBT )55 Self-diffusion

activation energies can be extracted from temperature experiments for different H2O

compositions. Using such measurements, Fadeeva et al. found that Ea decreases with

increasing xH2O content when comparing two mixtures of [Pyrr1,4][NTf2]-H2O.57 Menjoge

et al. found that Ea depends on xH2O across five discrete compositions of [C2mim][EtSO4]-

H2O and [C2mim][TFO]-H2O solutions; however, measured dependences are neither

smooth nor monotonic. By measuring activation energies over a continuous composition

space during gradient-driven transport, mFPI allows us to more directly identify and

construct mechanisms for the underlying composition and Arrhenius behavior, and thus

predict gradient driven diffusion in other systems.

3.8 Conclusion

By measuring concentration gradient driven solute absorption and desorption, microflu-

idic Fabry-Perot interferometry enables composition-dependent measurements of molecular

diffusivities in IL-solvent mixtures. Combining these measurements with PFGNMR and

WAXS analysis connects molecular and mesoscale structure to transport over industrially

relevant length (millimeters) and time (tens of minutes) scales. Specifically, we find that

water diffuses through alkylmethylimidazolium ILs much more quickly than the ions,

and faster than predicted by the Stokes-Einstein relation. Invoking the SE relation to

predict H2O diffusivities fundamentally assumes that H2O molecules move by forcing

the surrounding ionic mesostructure to flow and rearrange in the same way as during

macroscopic viscosity measurements. As an alternative to this SE picture, we present

a diffusive mechanism where H2O executes activated hops between polar ionic moieties
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that remain relatively immobile over the time scale of hopping. This mechanism provides

a simple analytical model that quantitatively accounts for the effect of changes in solute

concentration and IL ion selection through a binding energy. In the specific IL/water

mixtures studied here, attractive interactions originate from hydrogen bonding between

the solute and ions. Support for this hypothesis comes from complementary NMR mea-

surements, which reveal that the strength of hydrogen-bonding with acidic protons on

the cation (1) weakens linearly with water mole fraction, and (2) strengthens with anion

electronegativity. These trends predict the measured diffusivities’ solute concentration-

dependence and ion-dependence. As further support, the hopping mechanism predicts the

measured temperature dependence of diffusivity at infinite dilution and at higher solute

concentrations.

Although illustrated here for water, we believe a similar mechanism and model should

apply to any small solute molecules that effectively ‘bind’ to ions, and that hop between

binding sites more rapidly than the ions themselves rearrange. Altogether, our work

indicates that charge-segregated mesostructure and local interactions in ionic liquids can

have a dramatic effect on the mobility of neutral solutes, and provides simple principles

to select IL constituents to facilitate the sorption and transport of specific solutes.
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Nomenclature

Symbol Unit Definition

α dimensionless Exponential fitting parameter

β µm2 s−1 Infinite dilution fitting parameter

cH2O M Concentration of water

C dimensionless Geometric constant

DSE µm2 s−1 Stokes-Einstein diffusivity

Di µm2 s−1 Diffusivity of species i

Ea J Activation energy

E0 J Intrinsic binding energy of a potential well

E1 J Energetic modification due to water

G J Gibbs free energy

H J Enthalpy

kB J K−1 Boltzmann constant

L µm Field of view of interferometry
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m dimensionless Chromatic order

ni RIU Refractive index of species i

N dimensionless Mesh size of PDE solving

Ṅi mols−1µm−2 Molar flux of species i

MWi g mol−1 Molecular weight of species i

Pe dimensionless Pectlet number

R nm Hydrodynamic radius

S J K−1 Enthropy

t s Time

t0 s Initial time

τ s Characteristic timescale of activated process

τ0 s Jump attempt frequency

T ◦C Temperature

v0 µm s−1 Volume average velocity

V i mL mol−1 Molar volume of species i

xH2O dimensionless Mole fraction of water

y µm Position

δ M2 Cumulative squared difference between model and data

λ nm Wavelength

λi0 nm Center of fringe of chromatic order at time = 0

λFm nm Center of fringe of chromatic order m

λ0 nm Lattice spacing

η Pa s Bulk viscosity

φH2O dimensionless Volume fraction of water

ρi g mL−1 Density of species i
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Chapter 4

Case Study: Universal scaling of

water diffusivity with hydrogen

bonding strength in polymer

ionogels

4.1 Background and motivation

Ionic liquids (ILs) – fluids composed entirely of anions and cations – possess unique

physicochemical properties including tunable hydrophilicity, moderate conductivities, and

negligible volatility.1–5 One strategy for imbuing solid materials with these desirable

properties is to immobilize the IL on a supporting matrix, such as a crosslinked polymer

network or silica gel. Resultant "ionogels" are mechanically robust materials that provide

practical advantages in a number of emerging IL applications. In electrochemical devices,

ionogel electrolytes offer the same improved safety features as ILs, but additionally

prevent dendrite formation and ameliorate leakage concerns.6–8 In gas purification and
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wastewater treatment, ionogel beads are easier to handle than their IL counterparts, and

often integrate seamlessly with existing process equipment.9–11 Moreover, the ability of

ionogels to swell, expel fluid, or vary conductivity in response to external stimuli make

them promising actuators, valves, and chemical sensors,10,12–15 a class of applications

inaccessible to pure ILs.

These applications generally rely upon the transport of molecular solutes within the

gel. The rate at which extracts, analytes, and solvents diffuse must be critically considered

during the design of ionogel-based separation, electrochemical, actuating, and sensing

technologies. Development of quantitatively accurate models for molecular diffusivity

should facilitate a priori material selection, and provide a basis around which to tune

process operating parameters.

Predicting molecular diffusivities is inherently challenging in ionic liquid-based mate-

rials, since the self-assembled mesostructure present in ILs precludes the use of standard

diffusivity models. From extensive X-ray16–21and neutron scattering22,23 studies, combined

with molecular dynamics simulations,19,21,24–26 it has been well-established that neat ILs

exhibit a rich spectrum of nanostructures absent in conventional solvents.27,28 When

molecular solutes are similar in size to the structures present, the continuum approxi-

mation invoked in hydrodynamic diffusion models breaks down. For example, neutral

solutes (both polar and nonpolar) that are smaller than the average ion size often have

diffusivities that exceed predictions of the Stokes-Einstein relation by over an order of

magnitude.29–31

Mechanistic explanations for anomalously high diffusivities have only recently been

identified. Rather than displacing entire nanostructures (as Stokes-Einstein would require),

polar solutes are reputed to move by executing hops between regions for which they have

a local affinity. Araque et al. investigated solute mobility using molecular dynamics to

simulate trajectories of solutes in ILs.30–32 At infinite dilution, solutes move by hopping
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between relatively stiff polar domains in the neat IL, traversing relatively soft regions

during each hop. This cage-jump motion results in a global Fickian diffusivity that

is faster than the bulk viscosity based Stokes-Einstein diffusivity.30–32 Recently, we

experimentally demonstrated that water molecules diffuse through methylimidazolium

halide ILs by activated hopping between relatively immobile cation head groups that

are segregated from their apolar tails. This hopping is preserved at remarkably high

solute fractions, throughout 0 ≤ xH2O ≤ 0.7. Furthermore, we showed that a simple

activation energy-based model captures the qualitative and quantitative features of solute

mobility across a range of temperatures, ions, and solute concentrations. In this activated

process, the rate of diffusion is set by the height of the energetic barrier between relatively

immobile polar sites.

While the activated hopping mechanism predicts solute diffusivities in ILs far more

successfully than the Stokes-Einstein relation, it is entirely unclear whether or not it

holds in ionogels. The new components (e.g. the organic or inorganic material that

forms the solid matrix) could alter the path that molecular species take in a number of

ways. The supporting matrix may destroy existing aggregates in the ILs or template new

mesostructures. Structural disruption has been observed in ILs due to strong polymer

interactions,33 as well as ILs confined in silica-based gels,34–37 graphitic surfaces,38,39 and

ceramic membranes.40 Structural changes have ultimately been linked to differences in

diffusion both in ions and neutral species like CO2 and H2. Alternatively, the supporting

matrix may have a high affinity for the solute, and subsequently act as an absorption

site, or as a "short circuit" pathway. This pathway could be higher in resistance, e.g.

where water diffusion is restricted near the matrix surface in low molecular weight

gelator/tetramethylammonium bromide ionogels,41,42 or where ion conductivity is impeded

in zwitterionic gels.43 On the other hand, the matrix backbone may provide lower resistance

pathways, as has been reported for Li+ conduction in poly(ethylene glycol) diacrylate
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(PEGDA) ionogels.44 Functionalizing the gel matrix, as done for silica-based ionogels,37,45

offers a route to tune the affinity and subsequently the transport of liquid components.

Finally, the supporting matrix may change the energetics of ion-solute interactions and

therefore impede or enhance diffusion.

To further elucidate the impact of the solid matrix on solute transport properties,

and to specifically test the activated hopping mechanism for ionogels, here we measure

the diffusion of H2O through poly(ethylene glycol) diacrylate (PEGDA) gels polymerized

in methylimidazolium halide ILs. Methylimidazolium halide ILs are particularly hygro-

scopic,46,47 making their ionogel counterparts sensitive to low water contents and capable

of high solute loading. As such, this H2O-ionogel pair serves as a model, task-specific

ionogel chosen to absorb and release a neutral polar solute.

We exploit microfluidic Fabry-Perot interferometry (mFPI)48,49 to directly visualize

H2O concentration profiles inside ionogels as they evolve in space and time. An immediate

benefit of mFPI is that concentration-dependent diffusivities can be measured over much

(or even all) of composition space in a single experiment. The diffusivity and absorption

dynamics of solutes into ionogels are frequently characterized using visualizable dyes

as solute mimics; however, such mimics may not behave like the solute of interest.10,14

Alternatively, solute uptake measurements of diffusion have been extracted from a bulk

gel’s weight or height, using a lumped parameter model to determine dynamic parame-

ters.15,50,51 Since the transport properties of most IL mixtures are known to be strong

functions of solute content, parameters extracted from such experiments inherently repre-

sent some effective average over a range of distinct compositions and transport properties.

More detailed measurements should not only improve the accuracy of transient modeling,

but additionally provide a route to develop improved mechanistic understanding of solute

transport in ionogels.

Our experiments reveal that water molecules do indeed diffuse through methylimida-
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zolium halide PEGDA ionogels via activated ‘hops’ between relatively immobile polar

sites, in the same manner as in neat liquid methylimidazolium halide ILs. The rate of

diffusion is set by the activation energy required to hop between the most acidic protons

on neighboring methylimdazolium rings. We use 1H NMR chemical shift measurements to

quantitatively measure the relative height of activation barriers, and to evaluate hydrogen

bonding affinity at multiple ionogel compositions. Remarkably, these simple, independent

NMR measurements collapse diffusion coefficients measured over a range of ILs, polymer

contents, and water compositions onto a single master curve. This scaling illustrates

the universality and accuracy of the hopping mechanism, and its dependence on specific

solute-IL interactions. We anticipate that this model will provide conceptual guidance

and quantitative predictions for water diffusivity in ionic liquids and ionogels, and more

broadly offer insight into ionogel design.

4.2 Materials and methods

4.2.1 Ionic liquids, PEGDA and PEG

Ionic liquids ([C6mim][I] ≥ 98% purity, [C6mim][Cl] ≥ 97% purity), poly(ethylene

glycol) diacrylate (PEGDA) (Mw ∼700 g/mol), poly(ethylene glycol) (PEG) (Mw ∼600

g/mol), and the photoinitiator 2-hydroxy-4-(2-hydroxyethoxy)-2-methylpropiophenone

(PI) were obtained from Sigma-Aldrich and used without further purification. All ionogels

were prepared with photoinitiator at 1 vol% of the total mixture volume. For NMR

measurements, IL-PEG-H2O mixtures were prepared. All mixtures were prepared using

ultrapure water (resistivity 18.2 MΩ cm), and their H2O content was measured precisely

through volumetric Karl Fischer titration.

83



Case Study: Universal scaling of water diffusivity with hydrogen bonding strength in polymer
ionogels Chapter 4

1H NMR

Solution-state 1H NMR spectra were acquired on a Bruker AVANCE 500 MHz spec-

trometer operating at a 1H frequency of 500.1 MHz. Each single-pulse 1H NMR spectrum

is a signal average of 32 transients conducted using a 90◦ pulse and an acquisition time

of 0.5 s. Baseline corrections were made using automated software. The chemical shift

of each proton in the ionogel provides information on its relative acidity and hydrogen

bonding strength. We used an external double-reference following protocols described

previously in the IL literature to avoid nanostructure variations caused by an added

reference.52,53 Ionogel precursors were loaded in a standard 5mm o.d. NMR tube. A

smaller 2 mm o.d. tube was filled with a mixture of tetramethylsilane (TMS), the internal

reference, and CDCl3 mixture, inserted coaxially into the precursor, and sealed. Spectra

were collected at room temperature.

Results and discussion

4.3 Effect of polymer content on diffusivity

Because each mFPI measurement generates an entire concentration-dependent diffusiv-

ity relationship, we can investigate the effects of IL volume fraction on solute diffusion over

a broad parameter space in a single experiment. Our measurements reveal that diffusivity

of H2O grows exponentially with the mole fraction of water in the liquid component of

the gel, specifically via

D(xH2O) = βφ,IL exp(αφ,ILxH2O). (4.1)
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where the mole fraction of water is defined as

xH2O = nH2O

nH2O + nIL pair
. (4.2)

Eqn 4.1 gives excellent agreement between measured values and model fits (Fig. 4.1),

and is consistent with measurements of solute diffusivity in pure IL-water mixtures.54

Two fitting parameters appear in Eqn 4.1: the infinite dilution diffusivity βφ,IL and

the exponential modifier αφ,IL. Similar values of βφ,IL and αφ,IL are measured during

absorption and desorption, obviating the possibility of hysteresis. Reported βφ,IL and

αφ,IL errors are 95% confidence intervals bounding at least 6 trials for each ionogel.

Figure 4.1: Measuring concentration gradient-driven diffusion of H2O in a φ0.48,[C6mim][I]
ionogel. Profiles for other compositions are provided in the Figure 4.2. (a) Optical train
of a microfluidic Fabry-Perot interferometry device. Micrograph scale bar is 300 µm.
A vapor stream flows through the T-junction geometry perpendicular to a stationary
ionogel. Switching the stream from pure N2 to water-laden N2 initiates absorption of
water by the ionogel and establishes a concentration gradient. Experimentally-measured
evolution of H2O absorption (b) and desorption (c) fronts (circles) compared to a
numerical diffusion model (solid line, Eqn 2.32). Profiles are plotted at 3 min increments,
and change from red to blue with increasing time. For clarity, the full spatial resolution
is omitted; only every 10th point in space is shown.
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Figure 4.2: Spatiotemporal concentration profiles of H2O (i) absorption and (ii)
desorption by (a) [C6mim][I], φIL = 0.33; (b) [C6mim][I], φIL = 0.48; (c) [C6mim][I],
φIL = 0.66; (d) [C6mim][I], φIL = 0.81.
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Figure 4.3: Diffusivities of water in neat [C6mim][Cl], [C6mim][I], and
[C6mim][I]-ionogels grow exponentially with xH2O and are composition-dependent.
The diffusivity fitting parameters (b) αφ,IL and (c) βφ,IL increase with φIL.

Both the infinite dilution diffusivity βφ,IL and the exponential modifier αφ,IL grow with

IL volume fraction φ (Table 4.1, Figure 4.3). By contrast, βφ,IL and αφ,IL have opposite

trends for anion electronegativity in the pure ILs; βφ,IL decreases with increasing anion

electronegativity (β1,I > β1,Cl), whereas αφ,IL increases with increasing electronegativity

(α1,I < α1,Cl).

Table 4.1: Ionogel composition alters water diffusivity (Eqn 4.1 fitting parameters)
and proton acidity (Eqn 4.8 fitting parameters)
Ionic liquid φ βφ,IL [µm2s−1] αφ,IL Λφ,IL κφ,IL
[C6mim][Cl] 1 7.0 ± 0.5 5.1 ± 0.1 10.59 ± 0.06 1.55 ± 0.14
[C6mim][I] 1 41 ± 2 2.7 ± 0.1 9.52 ± 0.01 0.74 ± 0.03
[C6mim][I] 0.81 32.4 ± 0.8 1.83 ± 0.07 9.49 ± 0.01 0.53 ± 0.03
[C6mim][I] 0.66 27.3 ± 0.3 1.33 ± 0.03 9.46 ± 0.01 0.39 ± 0.03
[C6mim][I] 0.48 20.3 ± 0.4 0.77 ± 0.04 9.45 ± 0.02 0.25 ± 0.05
[C6mim][I] 0.33 15.7 ± 0.2 0.44 ± 0.03 9.43 ± 0.009 0.15 ± 0.02
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4.4 Diffusion via activated hopping

The similarities between the functional form of the diffusivities in neat ILs and ionogels

suggest that water may diffuse through the ionogel in the same manner as it would a neat

IL. Prior to discussing the ionogel results, we revisit the activated hopping mechanism

that we previously established for H2O diffusion in methylimidazolium halide IL - H2O

mixtures.

In mixtures of ILs and water, multiple pulsed-field gradient NMR measurements have

shown that ions move one to two orders of magnitude slower than water molecules.55–58

The ions, strongly associated by Coulombic forces, lock into a matrix that is relatively

immobile compared to water. In methylimidazolium halide ILs, this ionic matrix is

structurally heterogeneous, since the apolar alkyl tails self-segregate from the polar

halides and cation head groups.23 Given the heterogeneous structure and the discrepancy

between water and ion mobility, we argued that water molecules diffuse rapidly across the

approximately stationary ionic background by hopping between polar regions for which

they have a local affinity. Prior studies, including deuterium exchange NMR, Fourier

Transform Infrared Spectroscopy, and molecular dynamics simulations, establish that

H2O exhibits particular affinity for this acidic, hydrogen bond-donating H2 proton on the

methylimidazolium ring.52,53,59–62 As such, we identified that this H2 proton as a likely

hopping site during H2O diffusion.

Borrowing from the mathematical formalism used to describe lattice diffusion in solids,

we modeled molecular hopping by casting it as an activated process. The average time

scale for a hop is found by solving a Kramers type problem for H2O in a local potential

well, thermally fluctuating until it has a large enough fluctuation to traverse an activation

energy barrier and fall into a neighboring well. Such processes have characteristic time

scales τ ∝ τ0e
Ea/kBT where τ0 is a time scale for each jump attempt, and Ea is the height
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of the activation energy barrier over which the molecule must diffuse.63 With this time

scale, the diffusivity of water has the form

D = λ2
0
τ0
e−Ea/kBT (4.3)

where λ0 is a typical hop distance between hopping sites.

Our previous measurements in methylimidazolium halide ILs reveal that water’s

diffusivity increases exponentially with the mole fraction of water. The functional form

in Eqn 4.3 accounts for the diffusivity’s composition dependence through the activation

energy, Ea, which we argued decreases linearly with xH2O via

Ea = E∞ − EH2OxH2O. (4.4)

Ea is intrinsically linked to the strength of hydrogen bonding between the water molecules

and H2 binding site. As more water molecules surround a cation head group, they screen

the pull of a single ion, and delocalize the binding. The linear dependence of Ea on xH2O is

consistent with the 1H NMR measurements reported in Chapter 3. To reiterate, 1H NMR

indicates that hydrogen bonding with the H2 proton increases with anion electronegativity

and decreases with water content.54 Other 1H NMR studies of H2O-methylimizalium

halide mixtures support the same qualitative trends.52

Incorporating Eqn 4.4 into Eqn 4.3 predicts diffusivity to depend exponentially on

xH2O, explicitly

D = λ2
0
τ0

exp
(−E∞
kBT

)
exp

(
EH2OxH2O

kBT

)
. (4.5)

This functional form is consistent with our measurements of diffusivity. Specifically,

β = λ2
0
τ0
e−E∞/kBT (4.6)
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α = EH2O/kBT. (4.7)

Moreover, the model qualitatively captures the opposing α and β trends measured for ILs

with increasingly electronegative (or stronger binding) anions, namely that α increases

and β decreases with electronegativity.

4.5 Diffusivities scale with 1H NMR energetic land-

scape

Water sorption by PEGDA ionogels follows the same scaling (Eqns 4.1 - 4.4) as water

sorption by pure ILs, suggesting that it occurs by the same hopping mechanism. However,

since both PEG and the methylimizaolium have polar moieties, H2O may hydrogen bond

at several different locations as depicted in Figure 4.4. Interactions between the PEGDA

and the ionic liquid may indirectly modify the energetic landscape for water hopping.

Given the multitude of coordination states, it is not a priori obvious what types of jumps

take place, nor how they relate to differences in measured α and β.

Figure 4.4: Potential hydrogen bonding sites within the ionogel. Both halides, water
oxygens, and oxygens within PEGDA have the potential to serve as hydrogen bond
acceptors, whereas water protons and the methylimidazolium’s H2 proton serve as
donors.
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Instead, we hypothesize that differences in βφ,IL and αφ,IL reflect changes in the overall

energetic landscape introduced by the presence of PEG. To characterize hydrogen bonding

energetics in PEG-laden ILs, we performed NMR of PEG/IL solutions, which are assumed

to be structurally analogous to the ionogel/IL matrix after the acrylate end groups have

been reacted.

Chemical shifts measured using 1H NMR serve as a proxy for hydrogen bonding

strength, since the chemical shift is fundamentally related to the electron density sur-

rounding each proton. The proton’s electron cloud collectively circulates in response to

the external magnetic field. This circulation induces a magnetic field that opposes the

external field, shielding the proton from the full strength of the external field. When

electron density is pulled away from a proton by neighboring atoms, the shield weakens,

and the proton itself resonates at higher frequencies (i.e. a shift ‘downfield’ toward higher

ppm).

Figure 4.3 compares the 1H NMR spectra of [C6mim][I]/H2O mixtures and

[C6mim][I]/PEG/H2O mixtures. Spectra for the remaining PEG compositions are pro-

vided in Figure 4.5. In both the IL and the ionogel mixtures, the H2 proton on the

methylimidazolium ring shows the greatest downfield shift, which corresponds to the

strongest electron deshielding (Fig. 4.6b). This makes the H2 proton of imidazolium

the primary candidate for hydrogen bonding with a nearby halide or water molecule.

As the fraction of H2O increases in the mixtures, more water molecules are available to

screen the hydrogen bonding between the acidic H2 proton and nearby halides. Screening

coordination of the water’s oxygen electrons with the H2 proton (and the water’s protons

with the halide) causes the H2 peak to shift upfield, indicating a weaker hydrogen bonded

state. These observations are consistent with previously reported NMR measurements in

methylimidazolium halide - water mixtures, and indicate that the strength of hydrogen

bonding is tuned by water content.52,54
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Although the H2 peak shifts upwards with increasing water content in both IL/H2O

and IL/PEG/H2O mixtures, the extent to which it shifts differs. Specifically, the relative

H2 chemical shifts for each IL are described by

δ = Λφ,IL − κφ,ILxH2O (4.8)

where Λφ,IL and κφ,IL are fitting parameters, also listed in Table 4.1. Figure 4.6c shows

that adding more PEG to the solution reduces the H2O dependence (the slope, κφ,IL)

on the upward shift. Adding PEG, however, does not significantly change Λφ,IL, the

shift at infinite H2O dilution. Instead, the ‘dry’ shift Λφ,IL is a strong function of anion

electronegativity. Table 4.1 shows that indeed, Λφ,[C6mim][I] ≈ Λ1,[C6mim][I] for all φIL;

whereas Λ1,[C6mim][I] << Λ1,[C6mim][Cl].

We hypothesize that the differences in chemical shift fitting parameters, Λφ,IL and κφ,IL,

and the differences diffusivity fitting parameters, αφ,IL and βφ,IL are intrinsically related.

Specifically, the H2 chemical shift reflects changes in electron density, and subsequently

the H2 proton’s hydrogen bond energy. The strength of hydrogen bonding sets the

activation barrier for hopping time scale of water molecules between ionic groups, and

therefore the time scale for hopping in the activated hopping model. If this hypothesis is

correct, quantitatively connecting these two measurements should enable quantitative

predictions of molecular diffusivities.

To test this implication, we first note the similarity in the functional forms of the

proposed activated hopping energy (Eqn 4.4) and the relative chemical shifts (Eqn 4.8):

both decrease linearly with xH2O. Given that both are related to the H2 proton’s electron

density, we anticipate that they are related via

Ea
kBT

= E∞,φ,IL
kBT

− EH2O,φ,IL

kBT
∝ Λφ,IL − κφ,ILxH2O. (4.9)
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Figure 4.5: 1H NMR spectra of ionogel-PEG mixtures indicate changes in acidity of
the H2 proton of the methylimidazolium cation. (a) Chemical structures with associ-
ated hydrogens labeled. (b) Representative spectra of (top 3) H2O/PEG/[C6mim][I],
(bottom 3) H2O/[C6mim][I] mixtures show the H2 shift decreases with increasing water
content. (c) Extracting the H2 chemical shift from spectra in (b) shows that the extent
to which H2 decreases depends on the halide and polymer content.

It is possible to equate terms in Eqn 4.9 by casting the each of parameters relative to the

fitting parameters measured for a single IL - H2O mixture:

EH2O,φ,IL

EH2O,ref
= κφ,IL

κref
(4.10)

E∞,φ,IL
E∞,ref

= Λφ,IL

Λref
(4.11)

where the subscript ref denotes parameters measured for a reference system, e.g. [C6mim][I]/H2O,

and the subscripts φ, IL denote an ionogel containing the ionic liquid IL and a fluid volume

fraction φ.

Examination of Eqn 4.10 immediately reveals a direct correspondence between the

measured diffusivity parameter and the measured chemical shift parameter. Since α =

EH2O/kBT ,
αφ,IL
αref

= κφ,IL
κref

. (4.12)

The values reported in Table 4.1 obey Eqn 4.12.
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Figure 4.6: 1H NMR spectra of ionogel-PEG mixtures indicate changes in acidity of
the H2 proton of the methylimidazolium cation. φ denotes the IL volume fraction. x
denotes the mole fraction of H2O in the fluid.

Connecting the dry shift Λφ,IL to the diffusivity in the dry IL βφ,IL requires marginally

more algebraic manipulation. Recall that

βφ,IL = λ2
0
τ0
e−E∞,φ,IL/kBT (4.13)

Combining Eqns 4.10 and 4.13 yields

βφ,IL = φβref exp
[
−E∞,ref

kBT

(
Λφ,IL

Λref
− 1

)]
(4.14)

The φ prefactor is included to geometrically scale the dry diffusivity in the ionogel by the

volume of IL accessible. E∞,ref is the energy required to capture the Arrhenius dependence
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of solute diffusivities at infinite dilution, which can be measured by performing mFPI

sorption experiments at different temperatures, and fitting the temperature dependence

of β.54

Taken together, Eqns 4.9 - 4.14 recasts the quantitative description of water molecules’

diffusivities in ILs and ionogels in terms of the hydrogen bond energies represented by

changes in H2 proton chemical shift measured by NMR,

D(xH2O) = φβref exp
{
−1
kBT

[
E∞,ref

(
Λφ,IL

Λref
− 1

)
− kBTαrefκφ,IL

κref
xH2O

]}
(4.15)

Figure 4.7 illustrates the accuracy of this scaling relation. Water diffusivities measured in

multiple ILs and ionogels of various compositions are scaled by the fitting parameters

obtained for the reference system, [C6mim][I]/H2O. We note that the energy E∞ obtained

from the Arrhenius dependence of [C6mim][I]/H2O mixture is 18 ±3 kBT , which we

obtained from previously reported measurements.54 The collapse of all of the measurements

onto a single universal curve supports the direct proportionality between the hydrogen

bond strength between H2O and H2 imidazolium proton and the activation barrier for

water hopping.

The simple scaling relationship represented by Eqn 4.15 is a powerful tool that can be

used to predict transport across a range solute contents within methylimidazolium halide

ILs and ionogels thereof. Only three elements are required to calculate water’s composition

and temperature-dependent diffusivity in these materials: (1) composition-dependent

water diffusivities in one reference ionic liquid mixture of the same class, (2) the 1H

NMR spectra of the reference mixture at different compositions, and (3) the 1H NMR

spectra of the mixture of interest at different compositions. Since 1H NMR measurements

are ubiquitous in academic and industrial research, this offers a route to rapidly screen

different formulations for fast or slow water diffusion.
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Figure 4.7: Diffusivities of H2O in ILs and ionogels of various compositions collapse
using NMR shift factors. Inset illustrates the spread of the unscaled diffusivities.
Horizontal error bars are calculated by propagating the error from the 3 fitting
parameters used to scale the mole fraction; vertical error bars are from the 6 fitting
parameters used to scale the diffusivity. Since the measured diffusivities are continuous
functions, error bars exist at every point. For clarity, only 6 error bars per formulation
are shown.

To the best of our knowledge, this is the first use of relative 1H NMR shifts to (1)

quantitatively map hydrogen bonding strength, and (2) to measure key energetic quantities

which enable predictions of D(xH2O). The simple NMR measurement accurately averages

the soup of interactions and hydrogen bonding sites depicted in Fig. 4.4

More generally, the success of this model provides a conceptual framework to reconcile

anomalous solute diffusivity in different ionogels, and guide ionogel design. The similar

values for the dry shift Λφ,IL measured in ILs and PEGDA ionogels containing the same

anion suggest that the intrinsic binding strength is not affected by PEG. Presumably,

there exists a non-zero number of hopping sites (or polar aggregates) buried within the

fluid-filled voids of the polymer matrix that are identical to those in the pure IL. At
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infinite dilution, a free water molecule will prefer these pure ionic, tightly binding sites

to the relatively less polar PEG backbone. Sites surrounded only by cations and anions

have a binding strength that only depends upon the electronegativity of the associated

anion. Subsequently, statistically identical values of Λφ,IL are measured at all values of φ,

and the dry diffusivity βφ,IL is identical to that in the pure IL (after it is scaled with the

geometric factor φ).

With the influence of the anion at infinite dilution in mind, we can think about

changes in hopping rates as a departure from an energetic baseline. In Eqn 4.15, E∞,ref

is the the binding energy between a single water molecule and a reference binding site,

i.e. the paired anion and H2 on the methylimidazolium cation. The fraction Λφ,IL/Λref

accounts for differences in binding strength for anions of different electronegativities.

Anions with large electronegativities form sites with high binding energies, reflected in the

larger dry chemical shift λ of the associated H2 proton. When more water is added to the

system, it dissipates the binding of a single site. The term αref quantifies the amount each

H2O screens interactions and reduces the site binding strength in the reference system.

The fraction κφ,IL/κref accounts for differences in energetics caused by PEG inclusion,

potentially competitive binding events with oxygens along the polymer backbone. In

principle, one could tune how rapidly the diffusivity of the solute changes with solute

content by tuning the chemistry of the polymeric backbone, and providing more or less

opportunities for competitive binding.

Although illustrated here for water, we anticipate that similar solute-IL-ionogel

combinations will exhibit activated solute hopping and obey this simple analytical model.

Broadly speaking, two elements are required for activated hopping: (1) the solute must

have a specific affinity for a local region of the IL and/or supporting ionogel backbone, and

(2) the ionic and polymeric backbone must remain relatively stationary on the time scales

of solute diffusion. A wide range of IL-based materials are expected to meet these criteria,
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since the amphiphilic nature of many common IL ions coulombically lock the ILs into a

sufficiently rigid mesostructure, and gives rise to regions which small molecules selectively

populate. Notable systems that may not meet these criteria are those that contain charge

disperse, bulky ions that fluidize IL mesotructure (e.g. [TFSI]−), or systems where the

solutes do not associate strongly with any particular moiety. Systems which qualify as

the latter tend to have low solute loading capacities, and as such are not as relevant for

many ionogel applications. This work identifies a straightforward measurement users can

perform to guide intuition about solute binding in a given material. To first order, a user

can estimate whether a solute hydrogen-binds tightly with a specific moiety by simply

preparing a few compositions of the IL/solute or ionogel/solute solutions, measure whether
1H NMR chemical shifts of the constituents change with solute content. If individual

shifts change while others remain constant, it is reasonable to expect an extreme change

in diffusivity with the composition.
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Nomenclature

Symbol Unit Definition

αφ,IL dimensionless Exponential fitting parameter

βφ,IL µm2 s−1 Infinite dilution fitting parameter

cH2O M Concentration of water

C dimensionless Geometric constant

DSE µm2 s−1 Stokes-Einstein diffusivity

Di µm2 s−1 Diffusivity of species i

Ea J Activation energy

E∞ J Intrinsic binding energy of a potential well

EH2O J Energetic modification due to water

G J Gibbs free energy

H J Enthalpy

kB J K−1 Boltzmann constant

L µm Field of view of interferometry

m dimensionless Chromatic order

ni RIU Refractive index of species i

N dimensionless Mesh size of PDE solving

MWi g mol−1 Molecular weight of species i

Pe dimensionless Pectlet number

R nm Hydrodynamic radius

S J K−1 Enthropy

t s Time
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t0 s Initial time

τ s Characteristic timescale of activated process

T ◦C Temperature

v0 µm s−1 Volume average velocity

V i mL mol−1 Molar volume of species i

xH2O dimensionless Mole fraction of water

y µm Position

δ M2 Cumulative squared difference between model and data

λ nm Wavelength

λi0 nm Center of fringe of chromatic order at time = 0

λFm nm Center of fringe of chromatic order m

λ0 nm Lattice spacing

η Pa s Bulk viscosity

φH2O dimensionless Volume fraction of water

ρi g mL−1 Density of species i

τ0 s Jump attempt frequency
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Chapter 5

Case Study: Direct evidence of

viscosity-impeded CO2 uptake by

ionic liquids

5.1 Background and motivation

In the wake of anthropogenic climate change, it is apparent that there is an urgent

need to reduce global CO2 emissions. Moving toward a predominantly renewable, non-

carbon sourced energy economy should help achieve this goal. However, progress has been

impeded by several obstacles, including poor economic competitiveness, slow build-up

of infrastructure, geographical incompatibility of certain sources, and, perhaps most of

limiting of all, public and political resistance to change. Given these challenges, it is

anticipated that conventional fossil fuels (e.g. coal, natural gas) will serve as our primary

energy source over the coming decades. Consequently, it is worthwhile to develop new

technologies to limit CO2 emissions associated with fossil fuel use. Progress in this area

will help attain a more robust, source-diverse, and low CO2 emitting energy landscape.
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Ionic liquids have been touted for their use as next-generation CO2 absorbants, both

pre- and post-combustion of carbon-based fuels. In particular, ILs are capable of removing

CO2 (as well as other acidic contaminants such as SOx, NOx and H2S) from natural

gas,1 shale gas, and biogas streams, sweetening the fuels to useful purity. Incorporating

IL-based strippers in flue gas streams in coal-fired plants1–4 could similarly remove CO2

and limit the total emission of the point source.

Ionic liquids offer many advantages over conventional liquid CO2 absorbents, such as

the widely used monoethanolamine (MEA) and methyldiethanolamine (MDEA). Due to

ILs’ negligible volatility and high thermal stabilities, it is more energy efficient to recycle

CO2-laden ILs than saturated amines.5 Recycling improvements would significantly

advance carbon capture and storage (CCS) processes, since separation is the most

expensive stage of current technologies. Specifically, the energy required to recycle amines

accounts for 70-80% of the total operating cost in CCS post-combustion processes.6–9

Using amines to scrub flue gas produced by coal-fired plants requires roughly 30 % of

the energy produced by the plant,10 thus making the scheme infeasible. Simulations

of natural gas sweetening processes indicate that replacing MDEA with IL-based CO2

capture process can reduce the total energy of scrubbing by 66%.11 In addition to these

energetic advantages, the negligible volatility of the ILs additionally obviates solvent

loss, and reduces secondary environmental emissions. Finally, ionic liquid chemistry can

be tuned to be selective/multi-selective for particular contaminants. These, and other

advantages, have been the subject of multiple reviews1,3, 9, 12

Efforts in ionic liquid-CO2 research are largely targeted at synthesizing new chemistries

that have a higher CO2 selectivity and saturation capacity, and whose physicochemical

properties are commensurate with processing conditions. CO2 sorbing ILs can largely be

grouped into two categories: those that physically absorb CO2 and those that reactively

absorb CO2. Physical IL absorbents saturate quickly, but are limited by low CO2 capacities,
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particularly when the partial pressure of CO2 containing stream is low. On the other hand,

reactively absorbing ILs have high capacities (frequently 1:1 mole ratio CO2 to IL pair, and

even higher in more exotic cases13,14). Many reactively absorbing ILs, however, undergo

large viscosity increases upon CO2 complexation, which likely impedes CO2 sorption. As

a canonical example, the viscosity of the ionic liquid trihexyl(tetradecyl)phosphonium

leucinate ([P66614][ILe], Figure 5.1b) increases 240-fold upon exposure to CO2.15 This

increase is attributed to the development of an extensive hydrogen bond network upon

the reaction of CO2.16

While it is generally understood that these viscosity increases are disadvantageous,

much less is known about the dynamics of sorption. Most transient sorption measurements

used to extract kinetic or diffusion parameters are performed in bulk. In pressure decay

measurements, the headspace above IL of interest is charged with a vapor, and the pressure

is monitored over time.2,17,18 Gravimetric measurements are similar, except that the

weight of the IL rather than the pressure is precisely monitored over time.19–23 Multiple

factors can convolute the measurement of diffusivity in these experiments. Stirring the IL,

the thickness of the IL, bouyancy corrections, and bubbling rate all affect the observable.

Each experiment must be carefully calibrated and compared against controls to obtain a

reproducible diffusivity measurement.

To provide direct insight into viscosity-impeded sorption, here we use microfluidic

interferometry24–26 to measure rates of CO2 absorption and desorption by ionic liquids.

Microfluidic interferometry (mFPI) directly images the evolution of spatiotemporal con-

centration gradients that develop near the IL-vapor interface. The refractive-index based

technique requires no chemical (e.g. fluorescent or NMR active) tags, allowing species to be

characterized in their native form. Isolating interfacial transients provides a de-convoluted

window into CO2 diffusive dynamics, unlike bulk measurements which inherently sum

multiple layers of mass transfer. We anticipate that these results will translate well to
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modeling of industrial separation processes. The non-stirred, µm to mm thick film mimics

those incorporated on supported ionic liquid phases (SLIP) materials used in conventional

gas scrubbing columns.27 Furthermore, the measured gradients reflect diffusive dynamics

(independent from convective dynamics) surrounding vapor bubbles moving through a

bubble column.28

This study considers two ionic liquids representative of the physically absorbing and

reactively absorbing ILs: 1-hexyl-3-methylimidazolium bis(trifluoromethylsulfonyl)imide

([C6mim][TFSI]) and trihexyl(tetradecyl)phosphonium leucinate ([P66614][ILe]). The

chemical structures of these ILs are shown in Figure 5.1. [C6mim][TFSI] serves as a

canonical physical IL absorbent. Though other physical IL absorbents have higher

saturation capacities than [C6mim][TFSI],29 a wealth of comparative physicochemical and

sorption data has been tabulated for this widely-regarded "reference" IL.30 [P66614][ILe]

serves as representative chemically absorbing IL. As previously mentioned, it undergoes a

dramatic viscosity increase upon CO2 absorption.

(a)

(b)

CO2

Figure 5.1: ILs characterized in this study. (a) [C6mim][TFSI] and (b) [P66614][ILe].
Photo shows neat [P66614][ILe] and [P66614][ILe] after 4 hrs of exposure CO2.
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5.2 Materials and methods

5.2.1 Materials

1-hexyl-3-methylimidazolium bis(trifluoromethylsulfonyl)imide ([C6mim][TFSI], ≥

98%), trihexyltetradecylphosphonium bromide ([P66614][Br], ≥ 95%), Amberlite IRN78

Hydroxide Form (capacity ≥ 1.1 meq/mL by wetted bed volume), L-isoleucine (ILe,

Reagent Grade, ≥ 98%), and acetonitrile (CH3CN, ACS reagent, ≥99.5%) were obtained

from Sigma-Aldrich. Methanol (MeOH, ACS reagent, ≥ 99.8%) was purchased from

Fischer Scientific. All chemicals were used as received.

5.2.2 Synthesis of [P66614][ILe]

[P66614][ILe] was synthesized using a method adopted from Goodrich et al.15 [P66614][Br]

(11.3 g, 20 mmol) was diluted in MeOH (10 mL). Amberlite IRN78 resin (25 g, 40 mmol

hydroxide) was then added to the solution. The total amount of resin was added in two

equal portions, allowing 1 day of reaction for each addition. After ion exchange and

formation of [P66614][OH], the resin was removing by filtration. L-isoleucine (2.9 g, 22

mmol) was added and the resulting solution was left to stir over night at room temperature.

Subsequently, MeOH was removed under reduced pressure at 45 ◦C. Cold CH3CN was

added to the crude product to selectively crystallize out any excess L-isoleucine. The

formed solids were removed by vacuum filtration. Finally, the product [P66614][ILe] was

retrieved as a clear viscous, slightly yellow fluid after removal of the solvent and drying

under high vacuum at 60 ◦C for 3 days. [P66614][ILe] was stored under argon atmosphere.

Before each use, the ionic liquid was dried by exposure to high vacuum and 60 ◦C overnight.
1H NMR (600 MHz, DMSO-d6): δ 0.72 - 0.79 (m, 6 H), 0.83 - 0.9 (m, 12 H), 0.98 (m, 1

H), 1.18 - 1.6 (5 overlapping m, 52), 2.15 - 2.27 (m, 8 H), 2.6 (s, 1 H); FT-IR (ν): 1585
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cm−1 (C=O).

5.2.3 Characterization

1H NMR spectra were recorded on a Varian VNMRS 600 MHz spectrometer. In Figure

5.2, chemical shifts (δ) are reported in ppm relative to residual DMSO in DMSO-d6.

Infrared (IR) spectra (Figure 5.3) were obtained using a Thermo Nicolet iS10 FTIR

Spectrometer operating in attenuated total reflection (ATR) mode. Refractive indices

were measured using an Abbe Refractometer.
CO2 Absorbing	Ils – NMR	

a
b

c

a
b

c

i

ii

iiiiv

v

[P66614][Br]

[P66614][ILe]

a

c

b

12508

DMSO

a

c

b + iv 

i

v + ii

iii 
0.85 8 52 1 11.8 5.4

DMSO

Figure 5.2: 1H NMR spectra of the synthesized [P66614][ILe] (top) and the commercially
obtained [P66614][Br] precursor. Labels a-c, i-v correspond to protons denoted in the
chemical structures. Values in grey correspond to integrated peak intensity, with
(c) used as a reference. The 1:1 ratio between [P66614]+ and [ILe]− peaks confirms
complete ion exchange.

5.2.4 Microfluidic interferometry

Our laboratory developed mFPI25,26 as a label-free technique to visualize and measure

the spatiotemporal evolution of concentration fields within soft materials. We recently
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[P66614][ILe]

[P66614][ILeCO2] 

ILe

[P66614][Br]

(a) (b)

Figure 5.3: IR spectra of the reactive absorbing IL and its precursors. (a) From bottom
to top, full spectra of precursor [P66614][Br], precursor ILe, synthesized [P66614][ILe],
and [P66614][ILe] after exposure after 4 hrs of exposure to CO2. The diagnostic C=O
vibration, highlighted in grey, confirms the replacement of [Br]− by ILe in [P66614][ILe].
This range is expanded in panel (b), which shows C=O vibration shifts from 1578 to
1587 cm−1 in the isoleucine and ILs respectively. This shift consistent with coordination
with the cation. The shoulder at 1750 cm−1 in the [P66614][ILe] + CO2 spectra is
indicative of absorbed CO2.

applied this technique to measure the absorption and diffusion of H2O in methylimida-

zolium halide based ILs.24 Experimental and analytic details are similar to those reported

previously24 with a few minor distinctions detailed below.

mFPI devices consist of a single, 90 µm layer of double sided tape (Permanent Double

Sided Tape, Scotch®) sandwiched between semireflective slides. A T-junction geometry is

cut into the tape using a computer controlled laser cutter. Glass microscope slides are

coated with 25 nm of Al via electron beam deposition. Drilled holes provide access for

tubing, which is secured to the device using acrylic inlets. Prior to filling, microfluidic

devices and tubing are purged with N2 (purity 99.998%) for 30 min to remove ambient

water.

Light passed through the device interferes to form fringes of equal chromatic order

(FECO), at wavelengths λi0 that are resolved with a spectrometer paired with a high-
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resolution digital video camera. When the refractive index changes by ∆n(y, t) – e.g. as

solute diffuses in the y-direction – the FECO wavelengths change via

∆λi(y, t) = ∆n(y, t)
n0

λi0. (5.1)

Sub-pixel FECO tracking algorithms (written in-house in MATLAB) allow ∆n to be

reliably measured with a resolution of 2 x 10−5 RIU.25 In the physical sorption experiments,

n is measured over 1500 µm with a minimum spatial resolution of 1.92 µm at 4 Hz over

approximately 2 min. In the reactive sorption experiments, n is measured over 1000 µm

with a minimum spatial resolution of 1.28 µm at 0.25 Hz over 1 hr. The following section

details how changes in refractive index are analyzed for physical and reactive sorption

experiments.

At the start of each trial, the ionic liquid is injected into the stem of the microfluidic

device. For sorption measurements, vapor is continuously flowed perpendicular to the IL

interface to establish controlled CO2 gradients. We begin by flowing N2 (99.998% purity),

then switch to CO2 (99.999% purity) to initiate CO2 absorption. Switching back to dry

N2 initiates desorption. Throughout this process, precise control over vapor pressure is

not required, since the measured refractive index at the interface serves as a boundary

condition in each experiment. Additionally, changes in λi due to device expansion (’drift’)

are corrected by tracking refractive index changes on the vapor side of the interface and

deep within the neat IL. All experiments were performed at room temperature. The

temperature measured at 19.6± 0.1 ◦C during physisorption experiments and 21.6± 0.4
◦C during chemisorption experiments.
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Figure 5.4: Propagation of CO2 sorption fronts in (a) [C6mim][TFSI] and (b)
[P66614][ILe]. The vapor-IL interface is located at y = 0. The ionic liquids are
exposed to CO2 in panel (i), and subsequently exposed to N2 in (ii). Curves are plotted
at 5 s and 5 min intervals in (a) and (b) respectively. Insets show a portion of the
FECO micrographs recorded over the course of the experiment. All micrograph scale
bars are 100 µm.

5.3 Results

Figure 5.4 shows the refractive indices measured for a physical absorbent, [C6mim][TFSI],

and a reactive absorbent, [P66614][ILe]. Examination of refractive index profiles immedi-

ately reveals qualitative differences in sorption. During absorption (Figure 5.4ai), the

refractive index of the physical absorbent is lowest at the interface, and increases mono-

tonically moving away from the interface. Since the refractive index of CO2 is lower

than that of [C6mim][TFSI], it is evident that the concentration of CO2 is highest at

the interface and decreases with increasing distance, as one would expect for traditional
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Fickian diffusion. The inverted error function shape suggests that this process is governed

by a single diffusivity. During the desorption cycle (Figure 5.4aii), the refractive index at

the interface increases to its original value, and the CO2 gradient behind the interface

dissipates.

The profile measured in the reactive IL absorbent takes on an entirely different shape.

In the absorption cycle (Figure 5.4bi), n jumps up at the interface from the initial value

of n = 1.4778, the refractive index of neat [P66614][ILe]. There is a moderate increase in n

moving away from the interface, and then a precipitous drop down to the baseline. In the

micrograph montage, this drop is marked by a discontinous line in the FECO intensity.

The sharp change marks the front of the reaction

[P66614][ILe] + CO2 → [P66614][ILeCO2] (5.2)

The refractive index n drops when moving from a [P66614][ILeCO2] rich to [P66614][ILe]

rich region because n[P66614][ILe] < n[P66614][ILeCO2]. CO2 has a lower refractive index than

both ILs. The moderate increase between the interface and the reaction front suggests

that there is some free, unreacted IL diffusing through the reacted film, sustaining the

reaction at the front. The unreacted CO2 is at its highest concentration at the vapor

interface, y = 0. The location of the front propagates away from the interface with time.

During the desorption cycle (Figure 5.4bii), the refractive between the interface and

reaction front levels out over time. This suggests that the gradient of unreacted CO2

dissipates in the absence of a new supply. Without more CO2 to supply the reaction, the

position of the reaction front remains stationary during desorption, but gradually smooths

out. The softening reveals that individual FECO (and subsequently n) are actually

continuous through the reaction front, but appear as a hard break in Figure 5.4bi simply

because the reaction front is sharp and well-defined. One potential explanation for this
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behavior is that the high viscosity of the [P66614][ILeCO2] film causes the characteristic

time of inter-diffusion of the [P66614][ILeCO2] and [P66614][ILe] to be significantly longer

than the time scale of the reaction. Once the reaction is "turned off" during the desorption

cycle, diffusive mixing is the dominant process that controls spatiotemporal gradient

evolution.

In the following sections, we model the evolution of these refractive index gradients,

and in doing so provide predictions for CO2 mass transfer as well as suggestions for IL

chemistry design.

5.4 Analysis and discussion

5.5 Modeling physical absorption dynamics

The error function-like shape of the refractive index profile in Figure 5.4ai suggests

that mass transfer is governed by simple Fickian diffusion with a constant CO2 diffusivity:

∂cCO2

∂t
= DCO2

∂2cCO2

∂y2 (5.3)

The diffusivity is extracted from the measured n(y, t) profiles under the assumption that

refractive index of the solution n is linearly proportional to the concentration of CO2

n = mcCO2 + n0 (5.4)

cCO2 = m−1(n− n0). (5.5)

Above,m is a proportionality constant, and n0 is the refractive index of neat [C6mim][TFSI]

at 20 ◦C, 1.43169.31 This relation invokes a simple concentration average of the constituents’

refractive indices. The molar volume of mixtures of physical IL absorbents and CO2 is
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modeled well by mole fraction average of constituent molar volumes,20 suggesting that

invoking effective ideal mixing for other volume-correlated properties (like refractive

indices) is a reasonable approximation.

Incorporating Eqn 5.5 into Eqn 5.3 yields

m−1∂n

∂t
= m−1DCO2

∂2n

∂y2 (5.6)

∂n

∂t
= DCO2

∂2n

∂y2 (5.7)

DCO2 is measured by fitting the data in Figure 5.4 to Eqn 5.7. Specifically, Eqn 5.7 is

solved in MATLAB subject to the initial and boundary conditions

n(t = 0, y) = measured value 5 s after initial CO2 exposure (5.8)

n(t, y = 0) = measured value (5.9)

n(t, y = L) = 0 (5.10)

where L is the length interrogated by interferometry, ∼1500 µm. DCO2 is iteratively

changed to minimize the residual sum of square between the fit and the measured values

δ = 1
N

∑
(nmeasured(y, t)− ntheory(y, t)))2 (5.11)

where N is the number of concentration points measured. The high spatial and temporal

resolution of these experiments makes N ∼ 700, 000.

We measure DCO2 = 277 ± 39 µm2s−1; the error is the standard deviation across

4 sorption measurements performed at 19.6 ± 0.1 ◦C. This value compares well with

previously reported values, specifically CO2 diffusivities in [C6mim][TFSI] reported by

Moganty et al. at 10, 25, and 40 ◦C.18 Interpolating between those temperatures using an
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Arrhenius model predicts that DCO2 = 307±87 µm2s−1 at T = 19.6 ◦C. Interferometrically

measured diffusivities agree within the reported errors.

As illustrated in Figure 5.4ai, the Fickian model provides excellent agreement for the

absorption cycle. In order to examine the influence of hysteresis, the desorption cycle

was fit separately, with the concentration profile at 25 s (the time at which the vapor

was switched from CO2 to N2 was used as the initial condition for this fit). Iterative

PDE solving converges on a value of DCO2 = 274 µm2s−1, which is within the error of

all absorption cycles. However, the fit underpredicts the refractive index in a manner

not observed during absorption. Future work includes performing more desorption

measurements to examine the reproducibility of the measurements, and the quality of the

simple Fickian fit.

Having established that CO2 sorption in physical IL absorbents is approximated well

by simple Fickian diffusion, we can write predictive equations for the amount of CO2

absorbed by a finite IL volume. Following the example summarized by Shiflett et al.,20

we predict the total CO2 absorbed by an IL film of thickness L. The governing partial

differential equation is
∂cCO2

∂t
= DCO2

∂2cCO2

∂y2 . (5.12)

The initial and boundary conditions are

cCO2(t = 0, 0 < y < L) = 0 (5.13)

cCO2(t > 0, y = 0) = cs (5.14)
∂cCO2

∂y
(t > 0, y = L) = 0 (5.15)

where cs is the saturation concentration. Solving Eqns 5.12 - 5.15 yields an equation for
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the concentration profile in the ionic liquid.

cCO2(y, t) = cs

(
1− 2

∞∑
i=0

exp(Λ2
iDCO2t) sin Λiy

LΛi

)
(5.16)

Λi = (i+ 1/2)π
L

(5.17)

A practically valuable quantity is the total amount of dissolved gas in the IL, M , which

can be found by integrating the profile over the film’s thickness

M = A
∫ L

0
cCO2dy (5.18)

M = Acs

(
1− 2

∞∑
i=0

exp(Λ2
iDCO2t)
LΛi

)
(5.19)

In Eqns 5.18 - 5.19, A is the exposed interfacial area of the IL.

The experiments described here are not used to directly measure the saturation con-

centration at the IL-CO2 interface. The saturation concentration could be independently

obtained from another method, such as gravimetric solubility measurements, and then

incorporated into Eqn 5.19. Since the diffusivity of CO2 is constant over the entire

composition range probed (and likely moderately beyond it as well), Eqn 5.19 should be

accurate for a multitude of CO2 partial pressures and saturation concentrations. As a

practical note, we estimate that the CO2 pressure in the microfluidic device is bounded

by 0.1 - 0.13 MPa. Based on CO2-[C6mim][TFSI] solubility measurements performed by

Shiflett et al,32 we interpolate that the mole fraction of CO2 at the interface lies between

0.038 - 0.048 in our experiments.

In principle, mFPI could be used to measure the saturation concentration provided

that there was an accurate correlation between the refractive index of the mixture and

cCO2 . A forthcoming publication describes how to measure partition coefficients and

Henry’s Law constant using mFPI. There, we measure the Henry’s law coefficient of
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water in a different IL, [C4mim][PF6]. It is straightforward to measure accurate refractive

indices in IL-H2O mixtures, allowing for a precise measurement of Henry’s constant. The

lack of methods to directly and precisely measure CO2 solubility makes extracting gaseous

Henry’s constants more challenging.

5.6 Modeling reactive absorption dynamics

[P66614][ILe] absorbs CO2 via the reaction

[P66614][ILe] + CO2 → [P66614][ILeCO2] (5.20)

To maintain local electroneutrality, the number of [P66614]+ ions must balance the sum

of [ILe]− and [ILeCO2]− at all times. We formulate the reaction-diffusion problem by

assuming that [P66614]+ exists as a background solvent at a constant concentration. Any

exchange of [ILe]− and [ILeCO2]− must happen in equal concentrations, which implies

that the density of the IL is constant throughout the reaction. Unreacted CO2 exists as a

dilute species within the IL solvent.

With these assumptions, the governing mass balances on all mobile species are:

∂cCO2

∂t
= ∂

∂y

(
DCO2

∂cCO2

∂y

)
− kcCO2cILe (5.21)

∂cILe
∂t

= ∂

∂y

(
DILe

∂cILe
∂y

)
− kcCO2cILe (5.22)

∂cILeC
∂t

= ∂

∂y

(
DILeC

∂cILeC
∂y

)
+ kcCO2cILe (5.23)

For brevity, the subscripts ILe and ILeC denote [ILe]− and [ILeCO2]− respectively. The

value of k sets the rate of reaction, which is first order in CO2 and [ILe]−. To maintain

electroneutrality, DILeC must equal DILe. This diffusivity is the mutual diffusivity of the
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anions.

To expedite numerical solving, Eqns 5.21 - 5.23 are non-dimensionalized using the

definitions

ci = cmaxc̃i (5.24)

t = L2t̃

Dmax
(5.25)

y = Lỹ. (5.26)

Dmax is the maximum species diffusivity (that of CO2), L is the length interrogated by

interferometry (∼1000 µm), and cmax is the maximum concentration of the anions. Note

that the maximum (or total) concentration of anions is constant at all points in space

and time during the reaction, since electroneutrality requires cP66614 = cmax = cILe + cILeC.

We anticipate that the reaction is limited by diffusion rather than kinetics, and choose

the diffusive time scale as the characteristic time scale of mass exchange.

Non-dimensionalizing Eqns 5.21 - 5.23 gives

∂c̃CO2

∂t̃
= ∂

∂ỹ

(
DCO2

Dmax

∂c̃CO2

∂ỹ

)
− kL2cmax

Dmax

c̃CO2 c̃ILe (5.27)

∂c̃ILe
∂t̃

= ∂

∂ỹ

(
DILe

Dmax

∂c̃ILe
∂ỹ

)
− kL2cmax

Dmax

c̃CO2 c̃ILe (5.28)

∂c̃ILeC
∂t̃

= ∂

∂ỹ

(
DILe

Dmax

∂c̃ILeC
∂ỹ

)
+ kL2cmax

Dmax

c̃CO2 c̃ILe (5.29)

The Damkohler number characterizes the relative rates of reaction and diffusion

Da = Reaction rate
Diffusion rate = Diffusion time

Reaction time = kL2cmax
Dmax

(5.30)

When Da » 1, transport is diffusion limited as we anticipate to be the case here.
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Initial and boundary conditions are required to solve the PDE. Initially, only [ILe]−1

is in the system:

cCO2(y, 0) = 0 c̃CO2(ỹ, 0) = 0 (5.31)

cILe(y, 0) = cILe0 c̃ILe(ỹ, 0) = 1 (5.32)

cILeC(y, 0) = 0 c̃ILeC(ỹ, 0) = 0 (5.33)

Since cmax = cILe + cILeC , and cILeC0 = 0, cmax = cILe, reducing the non-dimensionalized

BC of c̃ILe(ỹ, 0) to 1.

Since the anions are non-volatile, their fluxes at the vapor interface (y = 0) are 0 for

all time. The concentration of the CO2 at the interface is determined by the saturation

concentration of CO2 in [P66614][ILe].

cCO2(0, t) = cCO2,int c̃CO2(0, t̃) = cCO2,int/cILe0 (5.34)
∂cILe
∂y

(0, t) = 0 ∂ ˜cILe
∂ỹ

(0, t̃) = 0 (5.35)

∂cILeC
∂y

(0, t) = 0 ∂ ˜cILeC
∂ỹ

(0, t̃) = 0 (5.36)

Infinitely far away from the interface, the concentration of all species match the initial

condition. The interferometry experiment is designed such that the field of view (at

position L) extends well beyond the reaction front. As such, the remaining boundary

conditions are

cCO2(L, t) = 0 c̃CO2(1, t̃) = 0 (5.37)

cILe(L, t) = cILe0 c̃ILeC(1, t̃) = 1 (5.38)

cILeC(L, t) = 0 c̃ILeC(1, t̃) = 0 (5.39)
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The observable in interferometry is the refractive index of the mixtures. We assume

that this is a molar average sum of the species in system

nmixture = xCO2nCO2 + xILenILe + xILeCnILeC (5.40)

where

xi = ci
cCO2 + cILe + cILeC

= c̃i
c̃CO2 + c̃ILe + c̃ILeC

(5.41)

The model presented above is compared to the measured observable by solving the system

of PDEs, computing nmixture, and evaluating the residual sum of squares between the fit

and the measured values (Eqn 5.11).

To solve the system of PDEs, all coefficients and concentrations must be obtained

independently, approximated, or left as fitting parameters. Eqn 5.40 can, in principal,

be used to calculate the concentration of CO2 at the interface. The refractive index of

CO2 is nCO2 = 1.00044915. The refractive index of reacted [P66614][ILeCO2] is obtained

from the maximum n (located at the reaction front) in the interferometry experiment,

nILeC = 1.4826. At the interface during sorption, the measured refractive index is

nmixture = 1.4818. Since xILe = 0 at the interface, we can solve Eqn 5.40 and 5.41 to

obtain c̃CO2 = 0.0017. Through ad hoc adjusting, we find that the relation

c̃CO2 = 0.0017(3.5− t/600) (5.42)

captures the transient recovery of n during desorption. This approximation is used as the

boundary condition during the desorption cycle.

In the spirit of full transparency, we note that Eqn 5.40 does not describe the physical

sorption case well. If Eqn 5.40 is used to calculate the mole fraction of CO2 at the interface

of [C6mim][TFSI], one obtains x = 0.003, which is an order of magnitude smaller than
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the estimated range described in the previous section.

In the absence of a more accurate refractive index correlation, we choose to proceed

anyway, and use c̃CO2(0, t̃) = 0.0017 and Eqn 5.42 as a boundary conditions during

absorption and desorption respectively. Anticipating a diffusion-limited reaction, we set

k at a sufficiently large value (e.g. k = 500 s−1) such that Da � 1. Anticipating a

diffusivity decrease in the [ILeCO2]−1 rich region, we allow the diffusivities to have an

exponential composition dependence on c̃ILeC, explicitly

DCO2 = β1 exp(α(1− c̃ILeC)) (5.43)

DILe = DILeC = β2 exp(α(1− c̃ILeC)) (5.44)

Iteratively solving the PDE with β1, β2 and α as fit parameters ultimately converges on

the values:

α = 0.33 (5.45)

β1 = 1.79 µm2s−1 (5.46)

β2 = 0.285 µm2s−1 (5.47)

With these fit parameters, the Damkohler number is 108, squarely in the diffusion limited

regime.

The spatiotemporal concentration evolution of CO2, [P66614][ILe], and [P66614][ILeCO2]

calculated using these fit parameters is is depicted in Figure 5.5. The refractive indices

calculated from Eqn 5.40 are plotted against the measured values in Figure 5.4. The fit

captures qualitative features of the measured values in both absorption and desorption.

During absorption, the model produces a sharp refractive index front that propagates

forward in time, and a gradual gradient in the region between the front and the interface.
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During desorption, the model successfully captures the leveling out of the gradient in

the reacted region, as well as the halt and relaxation of the front. We note that the

quantitative accuracy of the fit could be improved by relaxing some imposed variables (e.g.

CO2 at the interface, k), or testing different diffusivity and refractive index constitutive

equations. Tuning the fit is is the subject of future work.
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Figure 5.5: Calculated spatiotemporal concentration evolution of (a) CO2, (b)
[P66614][ILe], and (c) [P66614][ILeCO2] based on reaction-diffusion model, Eqns 5.27
- 5.47 . The vapor-IL interface is located at y = 0. The ionic liquids are exposed to
CO2 in panel (i), and subsequently exposed to N2 in (ii). Curves are plotted at the 5
min intervals as shown in Figure 5.4.
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The diffusivity values tell us multiple things regarding mass transport limitations in

reactive absorbing ILs. In the reacted region where c̃ILeC = 1, the diffusivity of CO2 is

1.79 µm2s−1, which is approximately 150-fold slower than its diffusivity in [C6mim][TFSI].

Simply examining the characteristic times required to propagate similar distances in

Figure 5.4 (CO2 propagates 100 µm in 10 s in [C6mim][TFSI], while CO2 takes 1200

s to cover the same distance in [P66614][ILeCO2]) shows that the factor of ∼150 holds,

and suggests that the diffusivity difference is not just an artifact of diffusivity parameter

optimization. The viscosity of neat [C6mim][TFSI] is 88.7 ± 1.4 mPas at 20 ◦C.31 The

viscosity of reacted [P66614][ILeCO2] is 123 Pas at 20 ◦C,15 which is over 1000× larger than

that of [C6mim][TFSI]. This comparison implies that while the viscosity increase does slow

down the diffusivity and propagation of sorption fronts, the effect isn’t as pronounced as

simple bulk viscosity proportions predict. The CO2 case study described here, and the

H2O case study described in Chapter 3 are emblematic of the inaccuracies that arise from

using bulk viscosities to predict diffusivities of small molecular solutes in ionic liquids.

The simple model presented here captures the major features of the evolution of the

refractive index profile during both absorption and desorption. To calculate the total

amount of absorbed CO2 in a finite film of thickness L (as done in the physical absorbent

case), one could solve the equations listed in Eqns 5.21 - 5.23 subject to finite length,

no flux boundary conditions, and then integrate the concentration profile over the film

thickness. Since the current model contains a non-linear diffusivity term, it would be

easiest to solve these coupled PDEs and integrate the solution numerically. We leave this

exercise to interested readers.

One important take-home message from this analysis is that total CO2 chemisorption

by ILs is not only impeded by slow diffusivities (e.g. the viscosity), but also by low amounts

of unreacted CO2 that is physically absorbed in the reacted IL (i.e. [P66614][ILeCO2]). A

potential strategy for speeding up sorption would be to blend the reactive IL with another
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IL that not only has a lower viscosity, but additionally has voids capable accommodating

unreacted CO2. This strategy has the potential to synergistically enhance the rate of CO2

capture. For example, blending [P66614][ILe] with [C6mim][TFSI], which rearranges voids to

accommodate physisorbed CO2,33 may significantly speed up front propagation. Viscosity

reduction has been the primary target of blending efforts; however our experiments suggest

that increasing the CO2 saturation concentration in the reacted IL is just as worthwhile

of a pursuit.
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Nomenclature

Symbol Unit Definition

A m2 Exposed interfacial area

α dimensionless Exponential fitting parameter

βi µm2 s−1 Infinite dilution fitting parameter of species i

ci M Concentration of species i

c̃i dimensionless Dimensionless concentration of species i

cmax M Maximum concentration in chemisorption

Di µm2 s−1 Diffusivity of species i

Dmax µm2 s−1 Maximum diffusivity during chemisorption

Da dimensionless Damkhohler number

L µm Field of view of interferometry

m RIU M−1 Refractive index proportionality constant

M g Total mass absorbed by an IL

ni RIU Refractive index of species i

t s Time

t̃ dimensionless Dimensionless ime

xi dimensionless Mole fraction of species i

y µm Position

ỹ dimensionless Dimensionless position

δ RIU2 Cumulative squared difference between model and data

λ nm Wavelength

λi0 nm Center of fringe of chromatic order at time = 0

λFm nm Center of fringe of chromatic order m

Λi dimensionless Summation variable
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Chapter 6

Conclusions and Future Directions

6.1 Summary

We developed a novel technique, microfluidic Fabry-Perot interferometry (mFPI), to

directly measure concentration gradient-driven solute transport in ionic liquids without

the use of chemical labeling. The high-throughput characterization platform enables

measurement of composition-dependent molecular diffusivities in IL-solvent mixtures.

Moreover, it provides a window into transient absorption and desorption that occurs

near the vapor-IL interface over industrially relevant length (millimeters) and time (tens

of minutes) scales. This information is of immediate relevance in ionic liquid-based

separation, extraction, recycling, and reaction technologies.

We use the technique to characterize sorption dynamics in three canonical systems: (1)

H2O absorption by hygroscopic alkylmethylimidazolium halide ILs; (2) H2O absorption

by hygroscopic alkylmethylimidazolium halide PEGDA ionogels; and (3) CO2 physical

and reactive absorption by amine-functionalized ILs. Systems (1) and (3) undergo

complementary transformations upon solute absorption; the viscosity of system (1)

precipitously decreases with increasing solute content, while the viscosity of system (3)
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dramatically increases with increasing solute content. System (2) serves as a representative

ionic liquid-solid hybrid that possesses robust mechanical properties desirable in a number

of IL applications.

The rich data sets provided by mFPI enable rigorous testing, development, and

refinement of mechanistic models of solute diffusion. In system (1), combining mFPI

analysis with PFGNMR and WAXS analysis connects solute-ion interactions and mesoscale

structure to solute transport. We find that water diffuses through alkylmethylimidazolium

ILs much more quickly than the ions, and faster than predicted by the Stokes-Einstein

relation. Invoking the SE relation to predict H2O diffusivities fundamentally assumes that

H2O molecules move by forcing the surrounding ionic mesostructure to flow and rearrange

in the same way as during macroscopic viscosity measurements. As an alternative to

this SE picture, we develop a diffusive mechanism where H2O executes activated hops

between polar ionic moieties that remain relatively immobile over the time scale of hopping.

This mechanism provides a simple analytical model that quantitatively accounts for the

effect of changes in solute concentration and IL ion selection through a binding energy.

Attractive interactions originate from hydrogen bonding between the solute, halides,

and H2 proton on the methylimidazolium ring. Support for this hypothesis comes from

complementary NMR measurements, which reveal that the strength of hydrogen-bonding

with acidic protons on the cation (1) weakens linearly with water mole fraction, and (2)

strengthens with anion electronegativity. These trends predict the measured diffusivities’

solute concentration-dependence and ion-dependence. As further support, the hopping

mechanism predicts the measured temperature dependence of diffusivity at infinite dilution

and at higher solute concentrations.

Microfluidic interferometry H2O sorption studies in PEGDA ionogels (system (2)) indi-

cate that activated hopping is preserved in the presence of a supporting matrix. However,

the affinity of PEG ether oxygens to hydrogen bond with both the water molecules and
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the ions modulates the hydrogen bonding energetic landscape, and ultimately results in

molecular diffusivities that vary over an order of magnitude across the composition space

probed. To reconcile these differences in diffusivities, we used relative 1H NMR shifts as

a proxy for the hydrogen bonding strength and the associated activation energetic land-

scape. To the best of our knowledge, ours is the first study that makes this quantitative

connection. The independent 1H NMR measurements successfully collapse diffusivities

across a range of ILs, polymer content, and water contents onto a single master curve.

The accuracy of the model over the composition space probed underscores the generality

of the activated hopping mechanism.

In addition to providing mechanistic insight into diffusion, this study demonstrates

that the activated hopping model serves powerful predictive tool. In principle, one

could predict the molecular diffusivity in an IL or ionogel of interest at any composition,

temperature, or solute content by (1) measuring composition-dependent water diffusivities

in one neat ionic liquid of the same class, and (2) measuring the 1H NMR spectra of the

reference IL and the IL or ionogel of interest. The ubiquity of 1H NMR measurements

makes this model particularly user-friendly. Furthermore, it highlights how 1H NMR can

be used as a high-throughput characterization and first-order screening tool for tuning

solute diffusivity.

Finally, we exploit mFPI to directly visualize and measure mass transfer limi-

tations CO2 sorbing ILs. Two representative ILs are characterized: (1) 1-hexyl-3-

methylimidazolium bis(trifluoromethylsulfonyl)imide ([C6mim][TFSI]) which physically

absorbs CO2, and (2) trihexyl(tetradecyl)phosphonium leucinate ([P66614][ILe]), whose

amine functionalized anion reactively absorbs CO2. The spatiotemporal propagation of

CO2 fronts are monitored by precisely measuring changes in the mixture refractive index

over space and time. Measured refractive indices are analyzed by iteratively fitting the

results to the solution of mass transfer PDEs. From this analysis, we extract diffusivities
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for all species involved, and establish models capable of predicting the time dependence

of the total amount of CO2 absorbed by unstirred IL films.

CO2 absorption and desorption by [C6mim][TFSI] follow Fickian diffusion with a

single diffusivity of ∼ 275 µm2s−1 at 20 ◦ C. The measured diffusivity agrees within error

of previously reported diffusivities obtained via gravimetric methods. This value results

in a front that takes ∼ 10 s to penetrate 100 µm into the IL film.

The IL [P66614][ILe] undergoes a dramatic, two orders of magnitude increase in bulk

viscosity upon CO2 complexation. As has been previously anticipated, penetration of CO2

is impeded by this increase in viscosity; approximately ∼ 1200 s or 20 min are required

for the CO2 to penetrate 100µm. However, the reduction in propagation rates does not

scale inversely proportionally to the bulk viscosity change. The spatiotemporal evolution

of the refractive index during sorption and desorption is modeled using a diffusion limited,

first order reaction-Fickian diffusion equation. Fitting the refractive index to these

curves indicates that unreacted, physically absorbed CO2 diffuses through the viscous

[P66614][ILeCO2] with a diffusivity of ∼ 2 µm2s−1. This diffusivity is approximately

2 orders of magnitude slower than that in [C6mim][TFSI], however the viscosity of

[C6mim][TFSI] and reacted [P66614][ILeCO2] differ by over three orders of magnitude.

Yet again, the discrepancy in the differences illustrates that the bulk viscosity is not a

quantitative predictor of small molecule diffusivities in ionic liquids. Bulk viscosities

provide information on relative rankings of diffusivities, but fail to provide quantitative

predictions for mass transport.
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6.2 Future Work

6.2.1 Diffusion mechanisms in ionic liquids

This work established a new mechanism–activated hopping–for polar small molecule

diffusion in ionic liquids. We demonstrated the utility of this mechanism in predicting

the diffusion of water in 1-methyl-3-methylimidazolium halide ionic liquids and PEGDA

ionogels. We anticipate that similar solute-IL-ionogel combinations will exhibit activated

solute hopping and obey this simple analytical model. Broadly speaking, two elements are

required for activated hopping: (1) the solute must have a specific affinity for a local region

of the IL and/or supporting ionogel backbone, and (2) the ionic matrix and polymeric

backbone must remain relatively stationary on the time scales of solute diffusion. A wide

range of IL based materials are expected to meet these criteria, since many common IL

ions coulombically lock into a sufficiently rigid mesostructure, which gives rise to regions

which small molecules selectively populate. Different ionic liquid-solute combinations

must be characterized in the future to validate or invalidate this model.

Notable systems that may not meet these criteria are those that contain charge

disperse, bulky ions that fluidize IL mesotructure (e.g. [TFSI]−), or systems where the

solutes do not associate strongly with any particular moiety. Systems which qualify as

the latter tend to have low solute loading capacities, and as such are not as relevant for

many neat IL and ionogel separation applications. This work identifies a straightforward

measurement users can perform to guide intuition about solute binding in a given material.

To first order, a user can estimate whether a solute hydrogen-binds tightly with a specific

moiety by simply preparing a few compositions of the IL/solute or ionogel/solute solutions,

measure whether 1H NMR chemical shifts of the constituents change with solute content.

If individual shifts change while others remain constant, it is reasonable to expect an

extreme change in diffusivity with the composition.
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The study performed in Chapter 5 provides a direct window into mass transfer of

CO2 at the IL-gas interface for the first time. We anticipate that the mFPI platform can

be used to reproducibly characterize transport limitations in a number of ionic liquid

designed for gas scrubbing applications. At this time, analysis of the observable recorded

in mFPI (the refractive index) is challenging due to the lack of refractive index-composition

correlations. Analysis is particularly non-trivial in systems that contain 3 components,

like the reactively absorbing IL. Complete characterization of mass transport limitations

of gases dissolved in ILs requires improved analysis schemes to unambiguously measure

dynamics. Development in this area is the subject of future work.

6.2.2 Continued development of microfluidic Fabry-Perot inter-

ferometry

mFPI provides un-convoluted, high resolution, dynamic access to concentration distri-

butions in materials. The rich data sets spawned by mFPI are immediately compatible

with the time-dependent population balances engineers learn in undergraduate courses

and use to predict mass transfer. We firmly believe that this material agnostic platform

can provide unique, useful insight into transport in a wide range of materials.

To fully realize the potential of mFPI, many practical (but not necessarily trivial)

improvements need to be made to the experimental setup and analysis schemes. The

current version of mFPI is not turn-key. Modifications to microfluidic devices, tracking

algorithms, and fit algorithms must be made nearly every time a new material is interro-

gated. For example, the material must be compatible with the microfluidic devices. Many

fluids (ILs included) etch specific thin metallic films or supporting walls, introducing

impurities in the material of interest. Time-intensive prototyping must be performed

until an inert device is found. Time-intensive prototyping must also be performed to
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converge on the geometry that generates controlled gradients in the material. Further-

more, impurity-sensitive materials like ionic liquids require a brand new device for every

single experiment. Fabricating these devices is tedious and time-intensive. It would be

of tremendous value to create a device that users are confident do not introduce any

impurities upon reuse. This may require a protective film on top of the reflective coating.

If such a film were deposited, the FECO analysis would have to be recast to account for

multiple beam interference.

Currently, the FECO tracking algorithms are not all that robust. When fringe

propagation deviates from an expected trajectory, new routines must be written to link

and correlate fringe position. New fit routines must also be written each time a different

model is tested. In the spirit of full transparency (and for purposes of documentation for

future mFPI users), we note that the current analysis scripts are cumbersome. Going

from a FECO video to a single diffusivity requires multiple unit and non-dimensional

conversions, some of which are hard-coded, some of which are not. Streamlining the

scripts, speeding them up through more efficient coding, and making a user-friendly

package would be of tremendous practical value.

The fit algorithms currently used to extract composition dependent diffusivities require

the user to assume a particular form (e.g. an exponential) a priori, and then iteratively

solve governing PDEs subject to that original form. We are actively working to move

toward a model-free analysis scheme. We recently established a collaborations with the

Bazant group at MIT to apply their adjoint analysis methods to our measurements, and

extract diffusivities at every composition. This method should also provide improved

error estimates for the extracted diffusivity.

In the author’s opinion, "simply" making mFPI turn-key would realistically constitute

the work of an entire PhD thesis. The author is eager for future, bright-eyed students to

lend their own creativity to mFPI.
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6.2.3 Development of 2D microfluidic Fabry-Perot interferom-

etry

Inspired by multiple brainstorming conversations, I have considered building a 2D

version of mFPI. That plan is recorded here for posterity.

10.1039/C1CP22554E

Visualizing diffusive dynamics through 2D microfluidic Fabry-Perot interferometry 
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Figure 6.1: Optical path and anticipated capabilities of 2D microfluidic Fabry-Perot
interferometry

The objective of 2D mFPI is to record a real space optical video micrograph and

simultaneously measure the 2D concentration field. An optical apparatus that should be

capable of doing this is shown in Figure 6.1. The experimental platform works as follows.

First, users construct a microfluidic device that has semi-reflective surfaces on the top

and the bottom. As in 1D mFPI, when white light is passed through these surfaces, there

is constructive and destructive interference of the light. These interference patterns are

tracked by passing the transmitted light through a system of mirrors and a spectrometer

which separates out interference wavelengths. Securing the mirrors to a translating track

will enable the apparatus to raster across the field of view, and acquire a set of FECO

at every point in x, y and t. Recording the FECO with a camera gives a 2D map of the

interference pattern. The interference pattern is dependent upon the refractive index

of the material between the slides. Using a separate calibration curve, it is possible
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to directly convert the interference patterns to concentration. Ultimately, it should be

possible to obtain a quantitative heat map of the concentration of the material inside the

microfluidic device. If the light is simply split before it is sent to the spectrometer, then

it can be directed to a secondary camera which will acquire regular video micrographs.

This simultaneous acquisition will provide a direct correspondence between structure and

concentration. On the regular microscopy images, it is possible exploit techniques like

microrheology and differential dynamic microscopy (described in exhaustive detail in the

next four chapters) to simultaneously extract local structural and rheological information

about the material, and map it to concentration changes.

Several aspects of the proposed technique are particularly unique and advantageous,

especially when compared with bulk or label-intensive methods. Since concentration

extraction is entirely based on changes in the refractive index, it’s material agnostic. It is

not necessary to tag the species of interest with fluorescent moieties to obtain a signal.

Additionally, the precise changes in refractive index provides a quantitative measurement

of concentration. Unlike 2D fluorescent microscopy maps, the observable is not measure

in terms of arbitrary fluorescent units, whose values are sensitive to photobleaching

and exposure times. Instead, the measured concentration profiles can be quantitatively

analyzed directly. Finally, since the material of interest in incased in a microfluidic

platform, users can draw on the arsenal of existing tricks in the field of microfludics to

expose materials to different stresses that induce a dynamic response. Manipulation of

geometries and flows will be used to put different materials into contact (e.g. a porous

membrane in contact with a fluid) and to establish controlled gradients. Alternatively,

users can easily trigger dynamic processes with external stimuli. For example, simply

ramping up the temperature around the device may initiate phase separation. Exposing

the material to UV may initial a reaction.

The author firmly believes that this platform could be used to characterize and inform
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understanding of dynamic processes in a wide variety of soft materials. Potential studies

include (but are no means limited to): solvent and vapor induced phase separation in

polymers; solute permeability of porous membranes; solute diffusion across impinging

grains in liquid crystals; and the permeability of biofilms to destructive microbial agents

under realistic flow conditions. The author is eager to (hopefully) develop this technique

in the future, and exploit it to characterize multiple classes of soft materials.
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Introduction to differential dynamic

microscopy (DDM)

7.1 Optical characterization of soft material dynam-

ics

Soft materials are ubiquitous in modern life. From the most benign shampoos to

life-saving antibody suspensions, the application space for complex fluids, formulations,

and gels is just as broad as the design space. Despite the differences within this vast

array of engineered materials, they are unified in the importance of dynamics: material

efficacy is often set by how quickly fluid constituents move in response to passive stresses

(like thermally driven motion) and external stresses (like shear). This being the case,

fluid dynamic properties – e.g. diffusion constants, viscous and elastic moduli – are

key parameters that formulations are designed around. As the complexity of engineered

solutions grows, so does the need to develop rapid, accurate, and volume efficient tools

for measuring these critical properties.

143



Introduction to differential dynamic microscopy (DDM) Chapter 7

For over a century, we’ve developed a suite of techniques to measure passively and

actively-driven dynamics in soft materials. On optical length scales, statistical analysis has

been employed to infer particle dynamics from temporal and spatial intensity fluctuations

of light directed at samples. Well-developed techniques include: multiple particle tracking

microrheology (MPT),1–3 particle image velocimetry (PIV),4–6 diffusing wave spectroscopy

(DWS),7,8 fluorescence correlation spectroscopy (FCS),9,10 and dynamic light scattering

(DLS, also known as photon correlation spectroscopy).11 Each of these techniques has its

own advantages and disadvantages, making certain techniques better suited to measure

specific materials and dynamics than others.

Multiple particle tracking microrheology,1–3 for example, is well-suited to measure

dynamics of individual colloids in both heterogeneous and scarce materials. Particles

between nanometers and microns in size can be directly visualized using different types

of microscopy. From video micrographs, the position of particles can be determined to

sub-pixel resolution by fitting different intensity masks over the micrograph and their

dynamics correlated by tracking the centers as a function of time. It is possible to

characterize spatially heterogeneous samples using MPT by examining particle movement

at different locations within a micrograph.

Dynamic light scattering, on the other hand, is well-suited to measure average, ensemble

dynamics across multiple length scales. In DLS, light from a collimated source is directed

onto a sample and the light scattered at a particular angle θ (or wave vector q) is recorded

by a detector. Fluctuations in the scattered light arise when scatterers in the sample

move within (and pass into and out of) the incident beam. Based on the time correlations

of these fluctuations at different values of θ, it is possible to extract the dynamics of the

scatterers at multiple length scales.

Unfortunately, neither MPT nor DLS are well-suited to measure the dynamics of dense

samples. In MPT, particles have to be optically isolated to be tracked, limiting the use
144



Introduction to differential dynamic microscopy (DDM) Chapter 7

of MPT to samples with dilute, easily identified scatterer centers such as high-contrast

tracer particles dispersed in a solvent. In DLS, multiple scattering convolutes intensity

fluctuation correlations. DWS and fiber optic quasi-elastic light scattering can be used to

overcome this limitation by directly analyzing the multiply scattered light.8,12 However,

these techniques require specialized equipment that is not as common as that used for

MPT or DLS.

Recently, differential dynamic microscopy (DDM), a type of digital Fourier microscopy

analysis,13,14 was developed15 based on the same principles of MPT and DLS. The

technique measures sample dynamics by reconstructing dynamic scattering patterns from

both temporal and spatial variations in micrograph image intensities. As a hybrid, DDM

combines many of the advantages of MPT and DLS. Specifically, DDM

• can characterize spatially heterogeneous and concentrated samples

• can extract dynamics from micrographs that bear little resemblance to the actual

sample (e.g. weak scatterers or optically dense samples)

• requires small sample volumes

• uses unmodified microscopes already present in most academic and industrial labs

With this unique combination of advantages, DDM has great potential to complement

existing techniques like DLS and MPT that are widely used to characterize soft materials.

In an effort to realize this potential, we strove to (1) develop theoretical support for

the DDM analysis method; (2) demonstrate the utility of using DDM to measure the

dynamics and rheological properties of optically intractable materials and (3) make DDM

more accessible to the soft matter community.
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7.2 Basics of differential dynamic microscopy

Before describing our contribution to the development of DDM, we provide an overview

of the mechanics of the technique. Those interested in a more detailed description can

refer to a recent review article by Giavazzi and Cerbino.13

DDM measures the dynamics of colloidal and complex fluid motion by analyzing

the intensity fluctuations of simple video micrographs. From DDM, it is possible to

extract the same dynamical correlation function measured in dynamic light scattering as

a function of wave vector (q) space in systems that are not compatible with DLS, and

using smaller sample volumes. The Fourier-based technique has been applied in a range

of imaging systems, including bright-field,16–19 fluorescence,17 confocal,20 polarized,21 and

phase-contrast,22–24 making it ideally suited to characterize a broad range of complex

fluids. Notable DDM studies have characterized the dynamics of concentrated colloidal

dispersions and gels,16,19,20 active suspensions,20,22,23,25 and liquid crystals.21

Much like in MPT, the first step of DDM is to collect a series of images of material in

motion using a microscope. The video micrograph series is analyzed by first computing

the change in intensity of each pixel I(x, t) between two micrographs separated by time

step ∆t. The 2D Fourier transform of the resulting difference image ∆Î(q,∆t) is a

convolution of the visual representation of scattering centers and the displacement of

scattering centers over ∆t. It is possible to decouple these two contributions by analyzing

the expectation value of the Fourier power spectrum of the difference images, defined as

the dynamic image structure function, D(q,∆t)

D(q,∆t) ≡
〈∣∣∣∆Î(q,∆t)

∣∣∣2〉 (7.1)

This analysis scheme is illustrated in Figure 7.1.
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Figure 7.1: Differential dynamic microscopy workflow.

In a seminal text, Giavazzi and coworkers showed that in linear space invariant forms

of microscopy, the dynamic image structure function decomposes analytically into three

sub-functions:26

D(q,∆t) = A(q) [1− g(q,∆t)] +B(q) (7.2)

In Eqn 7.2, the function A(q) is a convolution of the particle scattering properties, the

optical transfer function of the imaging optics, and the material structure factor. B(q) is

related to the imaging noise and incoherent scattering. For uncorrelated image noise, B(q)

is a constant that is independent of q. The term g(q,∆t) is equivalent to the intensity

autocorrelation function measured by DLS.

In systems where scatterer motion is spatially isotropic (e.g. Brownian motion),

radially symmetric scattering patterns are produced if averaged over a sufficiently large

time. In such cases, the dynamic image structure function is radially averaged and

subsequently analyzed in terms of two independent variables, ∆t and q, the magnitude

of the wavevector q. The image structure function D(q,∆t) can be fit to Eqn 7.2 for

lines of constant q provided that a suitable model for g(q,∆t) can be can be found for

a particular material system. In addition to A(q) and B(q), this provides wave vector

dependent values of the parameters chosen in the model for g(q,∆t). For instance, in the
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canonical case where the intensity autocorrelation function decays according to

g(q,∆t) = e−∆t/τ(q) (7.3)

q dependent values of τ are obtained.

7.3 Three specific opportunities for DDM

At the outset of our work, we identified three specific needs within the DDM field.

We introduce these needs in the context of contemporaneous work below. Given the fairly

rapid publication rate within the DDM field, we encourage interested readers to actively

check for new work in this evolving field.

7.3.1 Extending DDM to dark-field microscopy

Prior to 2016, differential dynamic analysis had been successfully applied to bright-

field,16–19,25,27 fluorescence,17 confocal,20 polarised,21 and phase-contrast22–24 forms of

microscopy. One widely used imaging mode that was absent from this list was dark-

field microscopy. In dark-field microscopy, direct light is blocked such that only the

light scattered by the sample enters the objective and is recorded by the camera as

shown in Figure 7.2a. This form of illumination provides a better signal-to-noise ratio

in many samples with strong scattering but insufficient contrast to be observed in other

imaging modes. For example, dark-field microscopy is commonly used to image unstained

biological samples,28–30 crystal grain boundaries,31 and nanoparticles.32 Figure 7.2b shows

the enhanced signal obtained using dark-field microscopy to image gold nanoparticles

compared to bright-field imaging, in this case due to the strong surface plasmon resonance

of the nanoparticles.33 Since dark-field microscopy provides a better signal-to-noise
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ratio for specific soft matter classes than other illumination systems, applying DDM to

dark-field micrographs instead of poorer images obtained in other illumination systems

has the potential to yield high quality dynamic statistics, as well as applicability to

material systems that are incompatible with other imaging modes. This is illustrated in

Fig. 7.2d where we measure the image structure function from dark-field and bright-field

micrographs of dilute 100 nm Au nanoparticles undergoing Brownian motion in aqueous

sucrose solutions. The dark-field image structure function has a strong exponential

dependence, allowing for precise measurement of τ(q), whereas the bright-field image

structure function is essentially just a measurement of the camera noise.

Figure 7.2: Higher signal-to-noise ratio in dark-field imaging yields improved DDM
statistics. (a) In dark-field illumination, light that is normally incident directly on
the objective is blocked by an opaque stop. The remaining light is focused on the
sample using a condenser lens. Light scattered by the sample is captured by the
objective, while the direct light is outside of the objective view. (b) Dark-field and (c)
bright-field micrographs of 100 nm Au nanoparticles dispersed in a Newtonian fluid
(30 wt% sucrose solution) at φ = 5.4× 10−8. Due to surface plasmon resonance, Au
nanoparticles scatter large amounts of light, which is recorded well using dark-field
microscopy. Comparison of the dark-field and bright-field micrographs shows the higher
fidelity of dark-field imaging. Scale bars are 10 µm. (d) Image structure function of
the Au nanoparticle dispersion imaged under dark-field microscopy (open symbols)
and bright-field microscopy (closed symbols).

Prior to our work, differential dynamic analysis had not yet been applied to dark-field

micrographs for theoretical reasons. Namely, dark-field is a linear space variant (LSV)
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imaging system. In linear space variant illumination systems, the intensity distribution

projected by a scatterer onto a micrograph varies as the scatterer traverses the x-y sample

plane. It was unclear whether this intensity variation could reliably be deconvoluted from

intensity fluctuations associated with scatterer dynamics. The theoretical arguments

DDM was built upon left little room to probe this question. Specifically, the sub-function

decomposition derived by Giavazzi et al.26 (Eqn 7.2) and employed in nearly every

subsequent application of DDM published before 2016 begins by assuming that the

illumination system is linear space invariant. The micrograph intensity at time t, I(x, t)

is described according to the Nemoto-Streibl model of imaging optics34,35

I(x, t) = IB +
∫∫∫

dx′dz′K(x− x′,−z′)c(x′, z′, t) (7.4)

In Eqn 7.4, IB is the background intensity, and x′ and z′ are coordinates within the three

dimensional sample. K(x− x′,−z′) is the optical transfer function, and c(x′, z′, t) is the

concentration distribution of the scatterers. Implicit in the kernel of Eqn 7.4 is that the

described illumination system is linear space invariant. That is, a scatterer’s intensity

profile remains the same when the scatterer moves in x′.

In order to fully test whether DDM could still provide valuable information about

fluid dynamics in dark-field imaging despite its linear space variance, we developed a new

theoretical framework for relating DDM measurables to scatterer dynamics. We recast

DDM theory in terms of the displacements of scatterers that project arbitrary intensity

profiles in the micrograph plane, rather than relying on the original, point-spread-function-

based theoretical justification (Eqn 7.4). This framework is described in depth in Chapter

8. Additionally, we verified this analysis by simulating micrographs of particles undergoing

2D random walks in LSV imaging systems, and measuring the dynamics of nanoparticle

suspensions in Newtonian fluids. These experiments are described in depth in Chapter 9.
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Chapter 10 summarizes these results, and the opportunities and limitations of applying

DDM to dark-field microscopy

7.3.2 Performing passive microrheology

Our second contribution in the field of DDM involves using it to characterize the

fluid rheology. The mechanical properties of soft materials are typically measured with

macroscopic rheometers. However, recent decades have seen the development of microrhe-

ology, which has enabled deeper characterization of the mechanics and microdynamics

of fluids with measurement of smaller sample volumes, weaker moduli, and extended

frequency ranges.36 Specifically, passive microrheology characterizes the linear rheological

properties of soft materials by measuring the Brownian motion of embedded colloidal

probes. Thermally fluctuating probes stress the material, and the material’s frequency-

dependent mechanical response can be characterized by measuring the probes’ collective

mean-squared displacement 〈∆r2(∆t)〉 over a lag time ∆t.

Multiple particle tracking (MPT) is the conventional tool for acquiring probe mi-

crorheology data, in which particles are imaged using video microscopy and 〈∆r2(∆t)〉 is

extracted by identifying particle positions based on their intensity profile and linking them

to generate trajectories.1–3 While used extensively, MPT is limited to optically dilute

materials, and requires probe particles with known intensity profiles. Additionally, MPT

requires several user inputs that must be adjusted for each experiment, including intensity

profile thresholds and widths, maximum displacements, and the number of frames a probe

can skip in a long trajectory before it is declared a different probe. Specific choices for

these inputs impact measurement accuracy in a non-obvious way. Even with judiciously

chosen inputs, MPT discards a significant fraction of particles that do not meet these

criteria that would otherwise contribute to the ensemble. Overcoming these limitations
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could dramatically expand the range of fluids accessible to passive microrheology, and

circumvent the need to tailor fluids toward these measurements.

In this work, we showed that DDM can be used to extract 〈∆r2(∆t)〉 and linear

viscoelastic material functions from passive probe video microscopy, as graphically depicted

in Figure 7.3. DDM does not require these user inputs and therefore overcomes limitations

of MPT. Chapter 8 employs the new particle displacement theoretical framework to show

how self-intermediate scattering function obtained by DDM can be inverted to obtain

〈∆r2(∆t)〉 over length and time scales comparable to MPT. DDM is then used to perform

passive microrheology of Newtonian fluids, viscoelastic wormlike micelles, and cross-linked

polymer solutions and gels in Chapter 9. These examples include cases where DDM is

more robust than MPT and provides better measures of ensemble statistics, and thus

reveal DDM to be a powerful, complementary and accessible tool for microrheology.

Figure 7.3: Workflow for using differential dynamic microscopy to measure fluid
rheology. Video micrographs are analyzed using differential dynamic microscopy.
The measured image structure function D(q,∆t) is converted to probe mean squared
displacement using the relations derived in Chapter 9. The Generalized Stokes-Einstein
Relation is then employed to convert

〈
∆r2(∆t)

〉
to rheological properties.

7.3.3 Developing software for DDM

Our final contribution in the field of DDM involves making the technique more

accessible to the soft matter community. As previously described, the equipment required

to conduct DDM (a microscope and camera with a sufficiently high frame rate) is standard
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in many academic and industrial labs. That being the case, the primary barriers to user

entry are performing the video analysis and interpreting the results. Historically, the

public distribution of image analysis software has broadened the user base and reduced

ambiguity in published results. For instance, Crocker and Grier first published particle

tracking algorithms written in IDL.1,37 These algorithms were subsequently adapted for

other languages, including MATLAB,38,39 C++40 and Python,41 leading to widespread

implementation of particle tracking. Similarly, cross-correlation based particle image

velocimetry packages42,43 have increased the use of PIV.

Building on an in-house routine written by Yongxiang Gao, we developed a MATLAB

analysis routine to perform DDM named "DDMCalc." This routine was made publicly

available on the Helgeson Lab Website44 in an effort to reduce user barrier to entry to

DDM. To the best of our knowledge, our software package was the first DDM package

made publicly available. A copy of the DDMCalc and its supporting information are

provided in Appendices A - G.

7.4 Outline

The following chapters are organized in terms of theoretical and experimental contri-

butions. Specifically:

• Chapter 8: An intensity profile displacement framework

• Chapter 9: Experimental realizations of DDM

• Chapter 10: Conclusions and future directions
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7.5 Permissions and attributions

Portions of Chapters 7 - 10 were reproduced in part with permission from:

Alexandra V. Bayles, Todd M. Squires, and Matthew E. Helgeson, “Dark-field differential

dynamic microscopy,” Soft Matter, 12, 2440-2452, 2016. DOI: 110.1039/C5SM02576A

Alexandra V. Bayles, Todd M. Squires, and Matthew E. Helgeson, “Probe microrheology

without particle tracking using differential dynamic microscopy,” Rheologica Acta,

11, 863-869, 2017. DOI: 10.1007/s00397-017-1047-7

Appendices A - G were reproduced in part with permission from:

“DDMCalc” Alexandra V. Bayles, Yongxiang Gao, Todd M. Squires, and Matthew

E. Helgeson. MATLAB Software package for performing differential dynamic

microscopy. Copyright ©University of California, Santa Barbara. January 20, 2016.

Available at: http://engineering.ucsb.edu/~helgeson/ddm.html

Nomenclature

Symbol Unit Definition

A(q) a.u. Fitting parameter related to particle scattering

B(q) a.u. Fitting parameter related to background noise

c(x, z, t) M Scatterer concentration distribution

D(q,∆t) a.u. Dynamic image structure function

g(q, t) dimensionless Autocorrelation function

I(x, t) a.u. Two-dimensional micrograph intensity

IB(x, t) a.u. Two-dimensional background intensity

∆Î(q,∆t) a.u. Two-dimensional Fourier transform of the difference image

K(x− x′,−z′)mol−1 Optical transfer function
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q µm−1 Wave vector

q µm−1 Wave vector magnitude

〈r2(∆t)〉 µm2 Mean-squared displacement

t s Time

∆t s Time step

τ(q) s characteristic time scale

θ ◦ Scattering angle

φ dimensionless Particle volume fraction

x µm Two-dimensional position
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Chapter 8

An intensity profile displacement

theoretical framework

8.1 Introduction

In this chapter, we elucidate the relationship between scatterer displacement and

the quantity directly measured in DDM, the image structure function D(q,∆t). The

original theoretical justification of DDM analysis was developed from the point-spread

function of a microscope.1 Since it is difficult, and in DDM often unnecessary, to measure

a microscope’s point-spread function, we recast the theoretical development in terms of

the displacements of scatterers that project arbitrary intensity profiles in the micrograph

plane.

This analytical approach affords several advantages. In the case of dark-field mi-

croscopy, incorporating linear space variance into probe intensity profiles provides a

framework for determining the mechanism by which the linear space invariant DDM

formalism fails in linear space variant forms of microscopy. In the case of microrheology,

incorporating generic probabilities for particle displacements illustrates how DDM can be
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used to recover arbitrary probe mean-squared displacements 〈r2(∆t)〉.

We begin this theoretical development by considering the archetypal case of Brownian

motion of non-interacting scatterers in a Newtonian fluid. We first derive the explicit

relationship between D(q,∆t) and scatterer motion in linear space invariant systems.

We then use the same scatterer displacement approach to derive a decomposed form of

D(q,∆t) in LSV imaging systems. After demonstrating that LSV makes a marginal

impact except in the most extreme imaging systems, we derive the relationship between

scatterer’s 〈r2(∆t)〉 and D(q,∆t).

8.2 Scatterers taking a random walk in linear space

invariant systems

Consider a 2D micrograph taken of a sample containing scatterers in motion. Let

I(x, t) be the intensity of the micrograph at the position x at a particular time t. After

some time step ∆t, the scatterers in the sample move to a new position and the background

intensity IB(x, t) fluctuates due to noise in the detector and illumination source.

The change in intensity after ∆t is simply ∆I(x,∆t) = I(x, t + ∆t) − I(x, t). Sta-

tistical analysis of the time-dependent differences in intensity gives information about

the dynamics of the sample. The expectation value of the Fourier power spectrum of

∆I(x,∆t) is defined as the image structure function, D(q,∆t)2

D(q,∆t) ≡
〈∣∣∣∆Î(q,∆t)

∣∣∣2〉 (8.1)

The image structure function contains information about movement of the scatterers, their

contribution to changing the micrograph intensity, and fluctuations in the background

intensity. As shown by Giavazzi and Cerbino et al.,1 it is possible to deconvolute these
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contributions in LSI imaging systems. The image structure function can thus be broken

into three independent functions:

D(q,∆t) = A(q) [1− g(q,∆t)] +B(q) (8.2)

To explicitly relate these functions and the physical system, we will consider the

system in terms of a generic intensity profile projected by scatterers onto the micrograph.

Let the total intensity of each image be the sum of the signals produced by scatterers in

the sample plane, iS(x, t) and the background intensity, IB(x, t)

I(x, t) = iS(x, t) + IB(x, t) (8.3)

Let us assume the intensity profile of a single scatterer is not influenced by other scatterers.

As such, the analysis can be limited to a single scatterer that, when centered at the origin,

projects an intensity profile iLSI(x) onto the plane of the micrograph. In this case, the

total micrograph intensity is I(x, t) = iLSI(x, t) + IB(x, t). Time manifests as a change in

location of the scatterer center to a position ri. In LSI imaging systems, the functional

form of the intensity profile does not change as the scatterer moves within the sample

plane. Consequently, the scatterer’s intensity profile can be written in terms of the shift

x− ri(t) and the total micrograph intensity becomes

I(x, t) = iLSI(x− ri(t)) + IB(x, t) (8.4)

The Fourier transform of the micrograph intensity is

Î(q, t) = FT [iLSI(x− ri(t)) + IB(x, t)] = î(q)e−jri(t)·q + îB(q, t) (8.5)
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where î(q) is the Fourier transform of iLSI(x− ri(t)) when the scatterer is centered at the

origin. Let the scatterer be centered at r0 at t. After a time ∆t, the scatterer moves to

position r1, for a displacement δr = r1 − r0. The resulting change in micrograph intensity

is

∆Î(q,∆t) = î(q)
(
e−jq·r1 − e−jq·r0

)
+ îB(q, t+ ∆t)− îB(q, t) (8.6)

The image structure function is determined by finding the expectation value of the square

modulus of the change in intensity, ∆Î∗(q,∆t)∆Î(q,∆t). Analytically, the expectation

value of the quantity · · · is defined as

〈· · · 〉 = 〈〈· · · 〉t〉V (8.7)

The symbol 〈· · · 〉t denotes the average over time

〈· · · 〉t =
∫ ∞
−∞

d(δr) [p(δr,∆t) · · · ] (8.8)

where p(δr,∆t) is the probability that the scatterer will move by an amount δr during

the time ∆t. The functional form of p(δr,∆t) varies depending on the dynamics of the

scatterers. For the archetypal case of 2D Brownian motion of dilute, non-interacting

scatterers, p(δr,∆t) is

p(δr,∆t) = (4πDSelf∆t)−1 e−δr
2/4DSelf∆t (8.9)

where DSelf is the self-diffusivity of the scatterer.3 Study of more complex systems

(e.g. concentrated suspensions) requires replacement of p(δr,∆t) with an appropriate
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probability distribution. The symbol 〈· · · 〉V denotes the average over the sample volume

〈· · · 〉V =
∫ lx

−lx
d(x0)

∫ ly

−ly
d(y0) [p(x0, y0) · · · ] (8.10)

where lx and ly are the dimensions of the sample volume imaged. For the case of a uniform

initial distribution of scatterers, p(x0, y0) is

p(x0, y0) = 1
4lxly

(8.11)

Combining Eqns 8.6 - 8.11 gives

〈∣∣∣∆Î(q,∆t)
∣∣∣2〉 = 2

〈∣∣∣̂i(q)
∣∣∣2〉 [1− e−∆t/τ(q)

]
+
〈∣∣∣∆îB(q,∆t)

∣∣∣2〉 (8.12)

The material relaxation time τ is equal to

τ(q) = 1
q2DSelf

(8.13)

Comparing Eqn 8.12 to Eqn 8.2, we see that the three independent functions are

A(q) = 2
〈∣∣∣̂i(q)

∣∣∣2〉 (8.14)

g(q,∆t) = e−∆t/τ(q) (8.15)

B(q) =
〈∣∣∣∆îB(q,∆t)

∣∣∣2〉 (8.16)

In Eqns 8.14 - 8.16 A(q) depends only on the intensity profile of the scatterer, g(q,∆t)

depends only on the dynamics of the scatterer, and B(q) is solely related to the background

fluctuations. Note that B(q) is not an explicit function of ∆t since the fluctuations in

the background are assumed to be random on the time scale of ∆t. We also note that if
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we consider a system of N scatterers with additive intensity profiles as done by Reufer et

al.,4 A(q) = 2
〈∣∣∣̂i(q)

∣∣∣2〉NS(q). S(q) is the static structure factor of the material, which

is equal to 1 for simple dilute dispersion of scatterers in a Newtonian fluid. Under the

physically dilute conditions studied here, we find that it is reasonable to assume intensity

profiles are additive (see Fig. 8.1).

Figure 8.1: Additivity of intensity profiles in dark-field micrographs of Au nanoparticles.
(a) Original dark-field micrograph. (b) Contrast enhanced micrograph makes the
overlapping rings of the intensity profiles more obvious. Path 1 is in a direction where
the intensity profiles of the two relatively close intensity profiles overlap. Paths 2
and 3 pictured in (c) and (d) are approximately perpendicular to Path 1. (e) Adding
Paths 2 and 3 across the intersection shows that the rings in the intensity profile are
roughly additive. The difference between the sum of the two paths and the recorded
value is 8.8 intensity units, which is 37% of the recorded value at the intersection, and
5% of the value of the maximum intensity of the main peaks which are the principal
contributors to the image structure function

It is useful to analyze the empirically obtained D(q,∆t) signal in terms of Eqn 8.2. In

practice, the signal D(q,∆t) is first radially averaged in q = (qx, qy) space such that it is

a function of the scalar q, where q = (q2
x+ q2

y)1/2. Then, each curve of constant wavevector,

q, in D(q,∆t) is fit as a function of time such that there are three independent parameters,

A, τ and B. Doing so allows the structure relaxation time τ(q) to be extracted without

prior knowledge of the functional form of A(q).
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8.3 Scatterers taking a random walk in linear space

variant systems

Here, we use the same scatterer displacement approach to derive a decomposed form

of the image structure function in LSV imaging systems. Specifically, we show that in

LSV systems, the image structure function can be approximated as

D(q,∆t) ≈ A(q) [1− g(q,∆t) + V (q,∆t)] +B(q) (8.17)

Again, let the total intensity of each image be the sum of the signal produced by scatterers

in the sample plane iS(x, t) and the background intensity IB(x, t) as written in Eqn 8.3.

Let us then assume that a scatterer centered at the origin of the sample projects an

intensity profile iLSV(x) onto the plane of the micrograph. In this case, the micrograph’s

intensity will be I(x, t) = iLSV(x, t) + IB(x, t). As in the LSI imaging system, time

manifests as a change in position of the scatterer center ri. However, in the LSV imaging

system, the intensity distribution projected by a scatterer onto a micrograph varies as the

scatterer traverses the x-y sample plane. This effect is captured in Fig. 8.2.

Figure 8.2: Linear space variance in dark-field microscopy. (a) Dark-field micrograph
of 100 nm Au nanoparticles deposited on a glass slide. The same glass slide is imaged
under dark-field as it is translated horizontally. (b) Compilation of the translated
images, i.e. the trajectories of the particles, as they move in (x) but remain at a
constant (y, z). Intensity variation across the image is primarily due to linear space
variance.
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In many LSV imaging systems, it is the absolute intensity of the intensity profile, but

not the functional form, that changes as the object shifts, as depicted in Fig. 8.3.

Figure 8.3: Mathematical approximation used for linear space variance. (a) Dark-field
micrograph of Au nanoparticles traversing the (x, y) plane illustrates the spatial
dependence of the magnitude of the intensity profile. (b) Magnitude of Gaussian
intensity profile changes as scatterers move.

In such a system, the intensity profile can be approximated by an absolute intensity

multiplicative factor α(ri) altering the space invariant functional form, iLSI(x− ri(t)):

iLSV(x, t) = α(ri)iLSI(x− ri(t)) (8.18)

As such, the total micrograph intensity is

I(x, t) = α(ri)iLSI(x− ri(t)) + IB(t) (8.19)

The Fourier transform of the micrograph intensity is

Î(q, t) = FT [iLSV(x− ri(t)) + IB(x, t)]

= α(ri)̂iLSI(q)e−jri(t)·q + îB(q, t)
(8.20)

where îLSI(q) is the Fourier transform of the LSI portion when the object is centered at

the origin. Let the scatterer be centered at r0 at t. After a time ∆t, the scatterer moves to

position r1, for a displacement δr = r1 − r0. The resulting change in micrograph intensity

166



An intensity profile displacement theoretical framework Chapter 8

is

∆Î(q,∆t) =îLSI(q)
(
α(r1)e−jq·r1 − α(r0)e−jq·r0

)
+ îB(q, t+ ∆t)− îB(q, t) (8.21)

Ensemble averaging ∆Î(q,∆t) will eventually involve integration of α(ri). To do so

without a priori knowledge of its functional form, we employ a Taylor expansion to

approximate changes in α(ri)

α(r1) ≈ α(r0) + (r1 − r0) · ∇α|r0 +O((δr · ∇)2α) (8.22)

α(r1) ≈ α(r0) + (δr) · ∇α|r0 +O((δr · ∇)2α) (8.23)

where O((δr · ∇)2α) denotes higher order terms. Substituting the Taylor expansion into

Eqn 8.21 gives

∆Î(q,∆t) ≈ îLSI(q)
(
α(r0)(e−jq·r1 − e−jq·r0) + (δr) · ∇(α)|r0e

−jq·r1
)

+ îB(q, t+ ∆t)− îB(q, t) +O((δr · ∇)2α)
(8.24)

The image structure function is determined by finding the expectation value of the square

modulus of the change in intensity, ∆Î∗(q,∆t)∆Î(q,∆t) and employing Eqns 8.38 - 8.11.

Doing so gives

〈∣∣∣∆Î(q,∆t)
∣∣∣2〉 ≈ 2

〈
α(r0)2

〉〈∣∣∣̂i(q)
∣∣∣2〉 [1− e−∆t/τ(q)

]
+ 2

〈
α(r0)2

〉〈∣∣∣̂i(q)
∣∣∣2〉 〈(∇α|r0)2〉

〈α(r0)2〉
DSelf∆t

+
〈∣∣∣∆îB(q,∆t)

∣∣∣2〉+O([(δr · ∇)2α]2)

(8.25)

where 〈α(r0)2〉 is the average square magnitude of the intensity amplitude, α, of scatterers

over the micrograph and 〈(∇α|r0)2〉 is the average square of the magnitude of the gradient
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of the intensity over the micrograph. The term 〈(∇α|r0 )2〉
〈α(r0)2〉 quantifies the first effect of the

degree of linear space variance in an illumination system. We define a new variable, χ, as

the linear field variance factor:

χ ≡
(
〈(∇α|r0)2〉
〈α(r0)2〉

)1/2

(8.26)

Comparing Eqn 8.25 to Eqn 8.17, we see that the four independent functions in the LSV

decomposition are

A(q) = 2
〈
α(r0)2

〉〈∣∣∣̂i(q)
∣∣∣2〉 (8.27)

g(q,∆t) = e−∆t/τ(q) (8.28)

B(q) =
〈∣∣∣∆îB(q,∆t)

∣∣∣2〉 (8.29)

V (q,∆t) = χ2DSelf∆t (8.30)

Examining these equations, it is clear that A(q), g(q,∆t) and B(q) have the same

physical dependence as they did in the LSI imaging system. The additive LSV correction,

V (q,∆t) accounts for the effects of linear space variance, and is shown here for the case of

Brownian motion of dilute scatterers. To determine V (q,∆t) for more complex dynamics,

one would need to employ a different equation for p(δr,∆t) in the framework developed

here.

For the case of Brownian motion, V (q,∆t) depends on two parameters, χ and DSelf .

Casting the image structure function in terms of dimensionless quantities shows the

relative effect of V (q,∆t) on D(q,∆t) across all possible experimental parameters (q, set

by the magnification and ∆t set by the frame rate). Figure 8.4 plots the normalized LSV
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image structure function

〈∣∣∣∆Î(q,∆t)
∣∣∣2〉

2 〈α(r0)2〉
〈∣∣∣̂i(q)

∣∣∣2〉 ≈ 1− e−∆tq2DSelf +
(
χ

q

)2

∆tq2DSelf (8.31)

as a function of dimensionless time ∆tq2DSelf . We see that the LSV image structure can

be physically understood in terms of two time scales, the material relaxation time τ(q) and

the so called LSV time scale τLSV, which is the characteristic time required for the scatterer

to experience a significant change in intensity due to the LSV field gradient. For the

case of Brownian motion, these time scales are (q2DSelf)−1 and (χ2DSelf)−1 respectively.

The value of the image structure function at any time step will be the sum of intensity

differences due to pure scatterer displacement and due to intensity variation across the

field. When ∆t� τ(q), the normalized image structure function approaches

〈∣∣∣∆Î(q,∆t)
∣∣∣2〉

2 〈α(x0)2〉
〈∣∣∣̂i(q)

∣∣∣2〉 ∼
∆t
τ(q)

1 +
(
χ

q

)2
 (8.32)

When χ� q linear space variance does not contribute significantly to the image structure

function, and the LSI decomposition should fit the experimental LSV image structure

function at very short times. This implies that the shortest q (i.e. the longest distance)

that can be accurately fit to the LSI decomposition is limited by gradient in α(xi).

On the other hand, when ∆t � τ(q), the normalized image structure function

approaches 〈∣∣∣∆Î(q,∆t)
∣∣∣2〉

2 〈α(r0)2〉
〈∣∣∣̂i(q)

∣∣∣2〉 ∼ 1 +
(
χ

q

)2 ∆t
τ(q) ∼ 1 + χ2DSelf∆t (8.33)

At long times, there are significant deviations from the LSI image structure function

when ∆t ∼ χ−2D−1
Self or larger. In our experimental system, χ/q ≤ 0.01. Referring back
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to Fig. 8.4, the contribution from LSV at this ratio is nearly imperceivable, particularly

when compared to noise in a real experimental system. Furthermore, at this ratio the

contribution from LSV should be less than the contribution due to intensity changes when

the particle moves into and out of the focal plane. 3D motion can cause a change not

only in the magnitude of the scatterer intensity, but also the spread or fringe spacing

of the profile. In LSI systems, the error associated with neglecting contributions due

to 3D motion are frequently assumed to be negligible.1 Considering all of these factors,

fitting empirical image structure functions to the LSI decomposition Eqn 8.2 and the

LSV decomposition should give identical measures of the diffusivity within acceptable

margins of error.

Figure 8.4: The theoretical image structure function for scatterers undergoing Brownian
motion in linear space variant imaging systems. Deviation from the linear space
invariant case (solid black line) increases with increasing magnitude of space variance,
quantified by the factor χ normalized by q.

This analysis indicates that it is practically reasonable to use the LSI decomposition to

analyse LSV micrographs when q � χ. It is advantageous to use the LSI decomposition
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over the LSV decomposition since the LSI decomposition does not require a measurement

of the value of χ a priori. We test this claim using simulations and experiments described

in Chapter 9.

8.4 Recovery of mean squared displacements of Brow-

nian probes

As described previously, D(q,∆t) contains the same autocorrelation function measured

in dynamic light scattering.1 Traditionally, DDM analysis involves fitting this autocorrela-

tion function to known models of particle motion assumed a priori.5–7 An example of this

traditional approach is provided in Section 9.3, where dilute Au nanoparticles are assumed

to diffuse via a random walk. Here, we employ the particle displacement framework to

alternatively show how to extract the 2D 〈∆r2(∆t)〉 from D(q,∆t) without enforcing

particular functional forms. Although this approach had been anticipated previously,1 it

had not been derived or demonstrated experimentally at the time of our study.

Consider a series of 2D micrographs of a sample containing N probes in motion. We

will assume that the probes are relatively dilute, such that the intensity profile of one

probe is insensitive to the locations of other probes. Furthermore, we will assume that the

intensity profile is invariant to linear transforms of the image. (This is implicitly true in

linear space invariant imaging systems. As shown in Section 8.3, invoking this assumption

in linear space variant systems introduces negligible error.) Under these assumptions, the

intensity profile of a probe does not vary at different locations within the imaging plane,

and the total micrograph intensity I(x, t) can be written as

I(x, t) =
N∑
k=1

ik(x− ri,k(t)) + IB(x, t), (8.34)
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where ri is the position of probe k at time i, IB(x, t) is the background intensity, and ik is

the generic probe intensity profile. The Fourier transform of the micrograph intensity is

Î(q, t) = FT
[
N∑
k=1

ik(x− ri(t)) + IB(x, t)
]

=
N∑
k=1

î(q)e−jri,k(t)·q + îB(q, t) (8.35)

where î(q) is the Fourier transform of ik(x− ri,k(t)) when the scatterer is centered at the

origin. If all of the scatterers are optically identical, i.e. they project the same intensity

profile into the micrograph, then î(q) will be independent of the index k.

Let the scatterer k be centered at r0,k at t. After a time ∆t, the scatterer moves to

position r1,k, displacing δrk = r1,k − r0,k. The resulting change in micrograph intensity is

∆Î(q,∆t) = î(q)
[
N∑
k=1

e−jq·r1,k −
N∑
k=1

e−jq·r0,k

]
+ ÎB(q, t+ ∆t)− ÎB(q, t) (8.36)

∆Î(q,∆t) = î(q)
[
N∑
k=1

e−jq·r1,k −
N∑
k=1

e−jq·r0,k

]
+ ∆ÎB(q,∆t) (8.37)

∆Î(q,∆t) = a− b+ c (8.38)

For derivation convenience, we use a, b, and c to denote the larger terms in Eqn 8.37:

a = î(q)
N∑
k=1

e−jq·r1,k (8.39)

b = î(q)
N∑
k=1

e−jq·r0,k (8.40)

c = ∆ÎB(q,∆t) (8.41)

The image structure function (Eqn 8.1) is determined by finding the expectation value

of the square modulus of the change in intensity, ∆Î∗(q,∆t)∆Î(q,∆t). In the interest of

being thorough, we work out ∆Î∗(q,∆t)∆Î(q,∆t) explicitly. Note that throughout this

algebraic exercise, we include the background term even though we could assume from
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the beginning that the difference ∆ÎB(q,∆t) = ÎB(q, t+ ∆t)− ÎB(q, t) averages out to 0.

We leave the background terms in for this section of the derivation to illustrate that it

indeed cancels out.

∣∣∣∆Î(q,∆t)
∣∣∣2 = ∆Î∗(q,∆t)∆Î(q,∆t) = (a− b+ c)∗(a− b+ c) (8.42)

= a∗a− a∗b+ a∗c− b∗a+ b∗b− b∗c+ c∗a− c∗b+ c∗c (8.43)

where

a∗a =
N∑
k=1

N∑
l=1

∣∣∣̂i(q)
∣∣∣2 ejq·r1,k−jq·r1,l (8.44)

a∗b =
N∑
k=1

N∑
l=1

∣∣∣̂i(q)
∣∣∣2 ejq·r1,k−jq·r0,l (8.45)

a∗c =
N∑
k=1

î(q)ejq·x1,k∆ÎB(q,∆t) (8.46)

b∗a =
N∑
k=1

N∑
l=1

∣∣∣̂i(q)
∣∣∣2 ejq·r0,k−jq·r1,l (8.47)

b∗b =
N∑
k=1

N∑
l=1

∣∣∣̂i(q)
∣∣∣2 ejq·r0,k−jq·r0,l (8.48)

b∗c =
N∑
k=1

î(q)ejq·r0,k∆ÎB(q,∆t) (8.49)

c∗a =
N∑
k=1

∆Î∗B(q,∆t)̂i(q)e−jq·r1,k (8.50)

c∗b =
N∑
k=1

∆Î∗B(q,∆t)̂i(q)e−jq·r0,k (8.51)

c∗c = ∆ÎB(q,∆t) =
∣∣∣∆ÎB(q,∆t)

∣∣∣2 (8.52)

Note that since the background fluctuations are statistically random on the timescale ∆t,

the average of any quantity multiplied by a single ∆îB(q,∆t) term is 0. As such, 〈a∗c〉 =
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〈b∗c〉 = 〈c∗a〉 = 〈c∗b〉 = 0. The remaining terms are:

D(q,∆t) = 〈a∗a− a∗b− b∗a+ b∗b+ c∗c〉 (8.53)

Let’s examine each term individually.

a∗a =
N∑
k=1

N∑
l=1

∣∣∣̂i(q)
∣∣∣2 ejq·r1,k−jq·r1,l (8.54)

=
N∑
k=1

∣∣∣̂i(q)
∣∣∣2 ejq·r1,k−jq·r1,k +

N∑
k=1

N∑
l 6=k

∣∣∣̂i(q)
∣∣∣2 ejq·r1,k−jq·r1,l (8.55)

=
∣∣∣̂i(q)

∣∣∣2
 N∑
k=1

1 +
N∑
k=1

N∑
l 6=k

ejq·r1,k−jq·r1,l

 (8.56)

=
∣∣∣̂i(q)

∣∣∣2
N +

N∑
k=1

N∑
l 6=k

ejq·r1,k−jq·r1,l

 (8.57)

The average of the a∗a is

〈a∗a〉 =
〈∣∣∣̂i(q)

∣∣∣2N〉+
〈∣∣∣̂i(q)

∣∣∣2 N∑
k=1

N∑
l 6=k

ejq·r1,k−jq·r1,l

〉
(8.58)

If we assume that all of the particles are identical, then the identity of the particles with

respect to every other particle is lost at a single time point. Consequently, the summation

terms are independent of the index k, and 〈a∗a〉 reduces to

〈a∗a〉 =
∣∣∣̂i(q)

∣∣∣2N +
〈∣∣∣̂i(q)

∣∣∣2N N∑
l 6=k

ejq·r1,k−jq·r1,l

〉
(8.59)

We note that a∗a is equivalent to b∗b when averaged over time.
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Now, let us examine 〈a∗b〉

a∗b =
N∑
k=1

N∑
l=1

∣∣∣̂i(q)
∣∣∣2 ejq·r1,k−jq·r0,l

=
∣∣∣̂i(q)

∣∣∣2
 N∑
k=1

ejq·r1,k−jq·r0,k +
N∑
k=1

N∑
l 6=k

ejq·r1,k−jq·r0,l

 (8.60)

The average of a∗b is

〈a∗b〉 =
〈∣∣∣̂i(q)

∣∣∣2 N∑
k=1

ejq·r1,k−jq·r0,k

〉
+
〈∣∣∣̂i(q)

∣∣∣2 N∑
k=1

N∑
l 6=k

ejq·r1,k−jq·r0,l

〉
(8.61)

Again, if we assume that all of the particles are identical, then the identity of the particles

with respect to every other particle is lost. The summation terms are independent of the

index k, and 〈a∗b〉 reduces to

〈a∗b〉 =
〈∣∣∣̂i(q)

∣∣∣2Nejq·r1,k−jq·r0,k

〉
+
〈∣∣∣̂i(q)

∣∣∣2N N∑
l 6=k

ejq·r1,k−jq·r0,l

〉
(8.62)

Under the same treatment, 〈b∗a〉 is equivalent to 〈a∗b〉.

The terms in 〈a∗a〉 and 〈b∗a〉 contains components of the intermediate scattering

function (ISF). The ISF is the spatial Fourier transform of the van Hove correlation

function, which quantifies the probability of finding a probe at position r at t + ∆t

given there is a probe at the origin at t. The ISF can be divided into self and distinct

contributions, F (q,∆t) = Fs(q,∆t) + Fd(q,∆t) or

Fs(q,∆t) =
〈
e−jq·(rk(t+∆t)−rk(t))

〉
(8.63)

Fd(q,∆t) =
〈

N∑
i 6=k

e−jq·(rk(t+∆t)−rl(t))
〉
. (8.64)

The self-ISF (SISF) reflects the probability that the probe at the origin has moved to r,
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and the distinct-ISF probability that a different probe has moved to r. Invoking these

definitions, we can rewrite 〈a∗a〉 and 〈b∗a〉 as

〈a∗a〉 =
∣∣∣̂i(q)

∣∣∣2 [NFs(q, 0) +NFd(q, 0)] (8.65)

=
∣∣∣̂i(q)

∣∣∣2N [1 + Fd(q, 0)] (8.66)

=
∣∣∣̂i(q)

∣∣∣2NF (q, 0) (8.67)

〈a∗b〉 =
∣∣∣̂i(q)

∣∣∣2 [NFs(q,∆t) +NFd(q,∆t)] (8.68)

=
∣∣∣̂i(q)

∣∣∣2NF (q,∆t) (8.69)

Bringing all of these components together, we finally relate the image structure

function to the ISF

D(q,∆t) = 2
∣∣∣Î(q)

∣∣∣2NF (q, 0) [1− F (q,∆t)/F (q, 0)] +
〈∣∣∣∆ÎB(q,∆t)

∣∣∣2〉 (8.70)

We note that F (q, 0) is the static structure function, S(q) = 1+Fd(q, 0). The distinct

ISF vanishes for hydrodynamically dilute, non-interacting scatterers (as is the case for

traditional microrheology experiments), so that S(q) = 1 and F (q,∆t) = Fs(q,∆t).

The self-ISF Fs(q,∆t) encodes the distribution of displacements across an ensemble

of probes. This distribution has been shown to be exactly Gaussian in special cases,

including harmonic solids, ideal gasses, and systems governed by Langevin’s equation.8

The distribution of displacements is not necessarily Gaussian in systems where there is

spatial and dynamic heterogeneity as in gels9 and glasses.10 A more general distribution

is captured by expanding Fs(q,∆t) as11

Fs(q,∆t) = e
−q2〈∆r2(∆t)〉

4

[
1 + λ2q

4 〈∆r2(∆t)〉2

32 + ...

]
, (8.71)

176



An intensity profile displacement theoretical framework Chapter 8

where the first order non-Gaussian parameter

λ2 = (d 〈∆r4(∆t)〉) /
(
(d+ 2) 〈∆r2(∆t)〉2

)
− 1 (d is the dimensionality) measures

heterogeneity.10

In principle, a closure approximation is required to compute the higher order terms in

Eqn 8.71 to solve for 〈∆r2(∆t)〉 and higher-order moments of the displacement distribution,

including κ2. However, with a sufficiently large sample of displacements in a homogeneous

ensemble, the distribution of thermally driven displacements is expected to be Gaussian,

and higher order moments of Eqn 8.71 can be neglected, i.e. κ2 = 0. Substituting Eqn

8.71 into the dilute, non-interacting version of Eqn 8.70 allows us to solve for 〈∆r2(∆t)〉

directly

〈
∆r2(∆t)

〉
= 4
q2 ln

[
A(q)

A(q)−D(q,∆t) +B(q)

]
(8.72)

where A(q) = 2
∣∣∣Î(q)

∣∣∣2N and B(q) =
〈∣∣∣∆ÎB(q,∆t)

∣∣∣2〉. Direct measures of A(q), the

Fourier transformed probe intensity profile, and B(q), the incoherent background, are

not required to measure 〈∆r2(∆t)〉; they can be fit from the D(q,∆t) signal, as will be

described in Chapter 9.

Nomenclature

Symbol Unit Definition

A(q) a.u. Fitting parameter related to particle scattering

α(ri) dimensionless Change in scatterer intensity profile at it transverses the focal

plane

∇α|r0 µm−1 Gradient of α evaluated at r0

B(q) a.u. Fitting parameter related to background noise
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c(x, z, t) M Scatterer concentration distribution

D(q,∆t) a.u. Dynamic image structure function

Dself a.u. Self-diffusivity

g(q, t) dimensionless Autocorrelation function

FT a.u. Fourier transform operation

F (q,∆t) dimensionless Intermediate scattering function

Fd(q,∆t) dimensionless Distinct-intermediate scattering function

Fs(q,∆t) dimensionless Self-intermediate scattering function

I(x, t) a.u. Two-dimensional micrograph intensity

∆I(x,∆t) a.u. Difference between micrograph intensities

IB(x, t) a.u. Two-dimensional background intensity

is(x, t) a.u. Sum of scatterers’ intensity profiles

iLSI(x, t) a.u. Scatterer intensity profile under LSI illumination

iLSV (x, t) a.u. Scatterer intensity profile under LSV illumination

∆Î(q,∆t) a.u. Two-dimensional Fourier transform of the difference image

î(q) a.u. Fourier transform of intensity profile centered at the origin

îB(q) a.u. Fourier transform of the background intensity

j a.u. Imaginary number

K(x− x′,−z′)mol−1 Optical transfer function

lx, ly µm Dimensions of the imaging sample volume

λ2 dimensionless First order non-Gaussian parameter

N mol Number of scatterers

p(δr,∆t) dimensionless Scatterer displacement probability

φ dimensionless Particle volume fraction

q µm−1 Wave vector
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q µm−1 Wave vector magnitude

〈r2(∆t)〉 µm2 Mean-squared displacement

ri µm Two-dimensional position of scatterer

δr µm Displacement of scatterer

S(q) dimensionless Static structure function

t s Time

∆t s Time step

τ(q) s Characteristic material relaxation time

θ ◦ Scattering angle

φ dimensionless Particle volume fraction

χ dimensionless Linear space variance factor

x µm Two-dimensional position

〈· · · 〉 NA Expectation value
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Chapter 9

Experimental realizations of DDM

9.1 Introduction

Here, we demonstrate the utility of the particle displacement theoretical framework

in DDM measurements. We first use the theory to predict, simulate (Section 9.2), and

experimentally verify (Section 9.3) that standard DDM analysis holds under practical dark-

field imaging conditions. We then use the derived relations to conduct DDM microrheology

in three canonical soft material systems: AuNPs dispersed in Newtonian sucrose solutions

(Section 9.4), polystyrene particles dispersed in wormlike micelle solutions, polystyrene

particles dispersed in polyacrylamide gels, and particles dispersed in silk fibroin protein

gels (Section 9.5). Each section contains material preparation descriptions and a discussion

of the presented results. Section 9.6 describes use of the ”DDMCalc” software package in

detail.
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9.2 Simulated motion of probes in various imaging

systems

9.2.1 Methods: Simulated micrographs

2D random walk trajectories were computed in MATLAB, and simulated particle

intensities were generated in both LSI and LSV imaging systems. Random walk trajectories

were simulated by first initializing 49 point particles on a square lattice within a 490 x 490

pixel2 space. For each time step, a new particle coordinate was determined by selecting

the direction from a random number generator and selecting the length of the diffusion

step by sampling a Gaussian distribution of displacements. The Gaussian distribution

was based on a self-diffusivity of 0.5 pixel2/frame.

To form each micrograph, the intensity over the 490 x 490 pixel2 space was calculated

by centering a 2D Gaussian beam at each of the particle centers. The magnitude of the

Gaussian beam, α, varies according to the location of the particle center ri depending on

the illumination system being simulated. Explicitly, a particle centered at ri produces the

intensity profile

iGauss(x|ri) = α(ri) exp
(
−(x− ri)2

2σ2

)
(9.1)

where α(ri) is the magnitude of the Gaussian profile as a function of particle center, ri,

and σ is the standard deviation of the Gaussian. Noise was not added to the intensity

distributions nor to the background of the image. These simulated intensity distributions

were saved as images and analysed using the same DDM algorithm described in the Image

Processing section. To be consistent with the experiments conducted, each simulated

micrograph series was 900 frames long. The physical duration of the simulations were

varied by changing the sampling interval. Simulations that mimic the real experiments

were sampled at ∆t = 1 frame; simulations that are 10x as long as an experiment were
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sampled at ∆t = 10 frames.

9.2.2 Analyzing simulated micrographs using DDM

To test the accuracy of using the LSI decomposition analysis in a controlled LSV

imaging system, we simulated micrograph series of particles undergoing 2D Brownian

random walks in different illumination systems. Figure 9.1 shows the simulated illumi-

nation systems and micrograph series. Three illumination systems were studied: (1) a

LSI imaging system where α = 255 across the entire image; (2) an LSV imaging system

with a linear gradient in α in one dimension; and (3) an LSV imaging system with

radially symmetric α variation. These three systems closely resemble what is observed

experimentally in fluorescence microscopy, dark-field microscopy at high magnification,

and dark-field microscopy at low magnification, respectively.

Figure 9.1: Brownian motion simulations in LSI and LSV imaging systems. Rows
correspond to three different illumination systems. Row (a) control, LSI where χ = 0.
Row (b) LSV imaging system where χ = 5× 10−3pix−1. Row (c) LSV imaging system
with χ = 6× 10−3pix−1. Columns correspond to aspects of the simulation. (i) Spatial
dependence of the magnitude of the particle intensity, α; (ii) Particles at t = 0. (iii)
Particle trajectories.
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Figure 9.2 shows select q of D(q,∆t) for each of the simulated micrograph series.

Substituting Eqn 9.1 into Eqn 8.12 and 8.25 gives the analytical equations of D(q,∆t) for a

single particle undergoing Brownian motion in LSI and LSV imaging systems respectively.

D(q,∆t)LSI = 2σ4e−σ
2q2 〈

α2(r0)
〉 [

1− e−DSelfq
2∆t
]

(9.2)

D(q,∆t)LSV = 2σ4e−σ
2q2 〈

α2(r0)
〉 [

1− e−DSelfq
2∆t + χ2DSelf∆t

]
(9.3)

Figure 9.2: Analyzing the image structure function of simulated micrographs. The
calculated image structure functions in (a), (b), and (c) correspond to simulations (a),
(b), and (c) in Fig. 9.1. Dashed and dotted lines correspond to the analytical LSV
(Eqn 9.3) and LSI (Eqn 9.2) functions for Gaussian particles respectively.

These functions are plotted (multiplied by the number of particles simulated but with

no other adjustable parameters) along with the measured D(q,∆t) in Fig. 9.2. As seen

in Fig. 9.2, both the LSI and LSV functions quantitatively match the simulated D(q,∆t)

for ∆t corresponding to those typically observed in experiments. The effects of LSV

are barely perceivable in the simulated signal, and are only noticeable in the analytic

function after multiple orders of additional time magnitude. Since the functional forms of

α(xi) in the simulations were specifically chosen to accurately represent the experimental

system, these results suggest that in analyzing the experimental micrographs and image
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structure functions, it is reasonable to use the LSI decomposition in place of the LSV

decomposition without any significant loss of accuracy, e.g., for cases where χ cannot be

directly measured. Simulations conducted for much longer time than required to extract

the diffusivity (Fig. 9.3) indeed show an increase in D(q,∆t) (Fig. 9.4) at long times that

is modeled by Eqn 9.3, illustrating that it captures the first-order effects of LSV well.

Figure 9.3: Brownian motion simulations in physically reasonable LSV imaging system
for long times. Rows correspond to three different simulations that take place in
the same linear gradient illumination system where χ = 5 × 10−3. (a) is the same
simulation described in Fig. 5b; it has a total length of 900 frames. (b) is a simulation
that takes place over the time equivalent of 9000 frames where no boundary conditions
are applied (c) is a simulation that takes place over the time equivalent of 9000 frames
where periodic boundary conditions are imposed in the horizontal direction and mirror
boundary conditions are imposed in the vertical direction. Columns correspond to
different aspects of the simulations. (i) Spatial dependence of the magnitude of particle
intensity, α. (ii) Micrograph of 49 particles initialized on a square lattice at t = 0. (iii)
Micrograph at t = 800 frames in simulation (a) and t = 8000 frames for simulation (b)
and (c). Close examination at this time step shows that N = 49 in simulation (a); N
= 43 in simulation (b); and N = 49 in simulation (c). iii) Particle trajectories after
the full duration of the micrograph series.

Through simulations, it is possible to generate LSV systems with large, but physically

unrealistic values of χ (O(10−2)). Figure 9.5 shows an LSV imaging system with harsh

sinusoidal α variation in one dimension at χ = 0.04pix−1. D(q,∆t) is not modeled well

by the Eqn 9.3 because the Taylor expansion used in Eqn 8.23 fails to approximate sharp
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Figure 9.4: Analyzing the image structure function of long time simulated micrographs.
The calculated image structure functions in (a), (b), and (c) correspond to simulations
(a), (b), and (c) in Fig. 9.3. Dashed and dotted lines correspond to the analytical
LSV (Eqn 9.3) and LSI (Eqn 9.2) functions for Gaussian particles respectively. As
discussed in the main text, both the LSI and LSV analytical expressions fit D(q,∆t)
in simulation (a) agree well over the time period required to extract diffusivity. In the
longer simulation (b), there is an upturn in D(q,∆t) at long times. This upturn occurs
at the time step predicted by the LSV theory, and the height of the upturn relative to
the uncorrelated plateau is predicted by the theory. However, both the LSI and LSV
theory quantitatively overestimate the uncorrelated plateau because the particles are
allowed to diffuse their true displacement out of the micrograph space. This causes the
simulation to on average have fewer than 49 particles per frame. A(q), which primarily
determines the magnitude of the uncorrelated plateau, is directly proportional to the
number of particles N . Consequently, when there are fewer particles in the frame,
both theories overestimate the long term plateau. The issue of particles diffusing out
of frame can be reconciled by imposing periodic and mirror boundary conditions on
the simulation, as done in simulation (c). Imposing the BCs corrects the plateau
overestimation, but also introduces additional artifacts, including unreasonably small
displacements near the edge of the boundary which weakens the increase in the image
structure function at long times.

changes in the intensity α across the image.
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Figure 9.5: DDM of Brownian motion simulation in an LSV imaging system with high,
physically unrealistic χ. (a) Spatial dependence of the magnitude of particle intensity, α
in a physically unrealistic illumination system where the value of α varies sinusoidally
from left to right. Sine wave is oscillates about α = 127.5 with an amplitude of
127.5. In this system, χ = 0.04pix−1. (b) Micrograph of 49 particles initialized on a
square lattice. Particles centered in dark regions are barely perceivable. (c) Particle
trajectories after 900 frames. (d) The image structure function calculated from the
simulated micrograph. Dashed and dotted lines correspond to the analytical LSV
(Eqn 9.3) and LSI (Eqn 9.2) functions for Gaussian particles respectively. Simulated
D(q,∆t) is not modeled well by the Eqn 9.3 because the Taylor expansion used in Eqn
27 to approximate changes in α.

9.3 Brownian motion of plasmonic nanoparticles

9.3.1 Methods: Gold nanoparticle dispersion sample prepara-

tion

Three Newtonian fluids comprised of aqueous sucrose solutions were prepared at

29.92, 40.05 and 50.03 wt% sucrose (EMB Millipore) in deionized H2O. Hereafter we refer

to these solutions as 30 wt%, 40 wt%, and 50 wt% respectively. The viscosities of the

solutions (see Fig. 9.6) were measured using an Anton Paar vibrational density meter with
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an inline falling ball viscometer (DMA 4100m). Citrate capped gold nanoparticles (TEM

diameter: 94.6 ± 12.5 nm) were purchased from NanoComposix, Inc. and used without

further modification. To prepare optically dilute samples, nanoparticles were dispersed

in the three sucrose solutions at 5.4×10−6 vol% gold. For the optically dense sample,

nanoparticles were dispersed in a different 50.00 wt% sucrose at 3.2×10−3 vol% gold.

At these low volume fractions, it is reasonable to assume that both the optically dilute

and optically dense dispersions are physically dilute and that hydrodynamic interactions

between particles can be neglected.

Figure 9.6: Temperature dependence of sucrose solution viscosities. Error bars smaller
than markers.

Sample chambers for microscopy studies were fabricated from glass slides and UV-

initiated thiolene resin (Norland Optical Adhesive, No. 81). Two glass spacers were

first cut from a cover glass slide (Fisherbrand 24 x 50 mm - 1.5) to be ∼5 mm in width.

Thiolene resin was then applied on one side of two separate spacers, and the spacers were

set on a 25 x 75 x 1 mm microslide (Gold Seal), which serves as the top of the chamber.

The spacers were positioned such that there was 25 mm between them. The spacers and
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the glass slide were then exposed to ultraviolet light (SpectrolineTM , Model XX15A, λ =

365 nm) for ∼30 s. After the initial exposure, a line of resin was applied to each of the

top spacers and between the spacer columns on one side. A coverslip (Fisher Scientific,

22 x 50 - 1) was positioned on top of the spacers, and the entire chamber cured for 5

minutes. The Au nanoparticle dispersions were introduced through the remaining open

side of the chamber and sealed with the UV resin, forming a hermetic glass chamber.

9.3.2 Methods: Dark-field and bright-field microscopy

A representative schematic of the dark field illumination system is found in Fig. 7.2a.

In the dark-field illumination system used here, an inverted microscope (Olympus 1x71)

was outfit with a high-resolution dark-field condenser illumination adapter (CytoViva).

The adapter contains an opaque stop that blocks direct light from the illumination source

and a condenser that focuses the remaining light on the sample. Light scattered by

the sample was captured by 10x and 40x air objectives (NA 0.25 and 0.75 respectively).

Videos (512 x 512 pixels2) of the motion of the Au nanoparticles were recorded using an

Andor Clara CCD camera at 10.001 frames/s and an exposure time of 1 ms. Videos were

900 frames in length and recorded as multipage TIF files. The ambient temperature was

measured using a Fisher Scientific traceable thermometer throughout the experiments.

The magnitude of the particle intensity profile as a function of space was experimentally

approximated by depositing 100 nm Au nanoparticles on a glass slide. A dark-field

micrograph video was recorded as the glass slide was translated horizontally and vertically.

Projecting the maximum local intensity of each frame of the micrograph video (i.e. the

center of each intensity profile) gave the field variance (see Fig. 8.2b). Smoothing this

image using ImageJ software gave an approximate measurement of α(ri) (see Fig. 8.3a).

The measured value of χ in the smoothed micrograph was 1.4 ×10−2µm−1, which is
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artificially high since the particle trajectories produce streaking that is not representative

of the true value of α(ri). Nevertheless, the measurement provides an extreme maximum

bound on the value of χ.

Bright-field micrographs were recorded using identical exposure, resolution, frame rate

and magnification settings as used for the dark-field micrographs.

9.3.3 Measuring the diffusivity of optically dilute Au nanopar-

ticles

Figure 9.7: Imaging the movement of Au nanoparticles dispersed in 40 wt% sucrose
solutions using dark-field microscopy. Row (a) corresponds to 10x magnification;
(b) corresponds to 40x magnification. (i) Spatial dependence of the magnitude of
the particle intensity. (ii) Individual micrograph. (iii) Projection of the maximum
intensity of each frame of the micrograph video gives the particle trajectories. (iv)
Closer examination of the micrographs in (ii) show that nanoparticles produce Gaussian
intensity profiles (inset) present under 10x magnification and Bessel-Gaussian beam-like
intensity profiles (inset) under 40x magnification. All scale bars are 10 µm.

To test the accuracy of using the LSI decomposition analysis in a real LSV experimental

system, we imaged Au nanoparticles diffusing in viscous sucrose solutions under dark-field

microscopy. We then compared the diffusivity measured via DDM analysis and MPT
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analysis of the micrographs. Figure 9.7 shows the linear space variance in the experimental

system and the micrographs collected. Au nanoparticles produce different intensity profiles

under different magnifications: Gaussian profiles are observed under 10x magnification

and profiles reminiscent of Bessel-Gaussian beams are observed under 40x magnification.

Notably, the mechanics of DDM is identical during analysis of the two magnifications

since it conveniently requires no knowledge of the scatterer intensity profiles a priori.

Figure 9.8 provides one example of the image structure function calculated from the

dark-field micrographs at 10x magnification. As expected based on the theoretical and

simulation analysis, the LSI decomposition fits the measured values well over the course

of the micrograph series. Fitting D(q,∆t) to Eqn 8.2

D(q,∆t) = A(q) [1− g(q,∆t)] +B(q) (8.2)

with g(q,∆t) = e−∆t/τ(q)gives the relaxation time, τ as a function of q The same is seen

in Figure 9.10 for the image structure functions calculated from micrographs at 40x

magnification.

Figures 9.9a and b give the material relaxation time obtained from DDM and the

mean squared displacement obtained from MPT in each of the three sucrose solutions

respectively. The material relaxation time decreases as q−2 as predicted for Brownian

motion in all samples. The mean squared displacement is linearly proportional to ∆t as

expected for Brownian motion. The diffusivities of the particles are measured by fitting τ

to τ = q−2D−1
selfand 〈r2

2D(∆t)〉 to

〈
r2

2D(∆t)
〉

= (4λ2 − 4
3DSelftE) + 4DSelf∆t (9.4)

which accounts for the effects of static and dynamic localization error, described in
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Figure 9.8: Image structure function of the Au nanoparticle dispersion imaged under
dark-field microscopy (open symbols) and bright-field microscopy (closed symbols).
Experimental dark-DDM image structure function fits well to the linear space invariant
decomposition, Eqn 8.2. Inset shows that the bright-DDM image structure function
exhibits no exponential time dependence other than the increased spread at long times,
which reflects that fewer difference images contribute to the ensemble average at long
times.

detail in Section 9.6. Table 9.1 gives the average diffusivity extracted from the dark-field

micrographs. We see good quantitative agreement between the diffusivities calculated

from DDM and MPT for single movies, thus validating the use of LSI DDM analysis in

LSV imaging systems for sufficiently small χ.

It is interesting to note the differences in error of the diffusivity calculated at the two

different magnifications in Table 9.1. Specifically, the errors in DDM at 10x magnification

are lower than the errors at 40x magnification by factors of 2 to 10. This reflects the fact

that a larger population contributes to the ensemble at a low magnification. In DDM, not

only do more particles contribute to the intensity fluctuations at higher magnification,

but additionally the analysis samples the statistically valid q range (0.2 - 3 µm−1) at a

higher frequency. This can easily seen by the larger number of τ(q) data points present
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Figure 9.9: Measuring nanoparticle diffusivity via dark-field DDM and multiple particle
tracking (10x magnification). (a) Relaxation time τ(q) as a function of wavevector q
for 100 nm Au NPs sucrose dispersions.τ error bars are smaller than the markers. (b)
Mean squared displacements of tracked 100 nm Au NPs. Noise in

〈
r2

2D(∆t)
〉

at large
∆t is due to the smaller number of trajectories that contribute to the average.

in Fig. 9.9a compared to those in Fig. 9.10b.

Table 9.1: Diffusivities of optically dilute 100 nm Au nanoparticles in sucrose measured
using d-DDM and MPT.

Diffusivity (µm2 s−1)
Magnification Method 30 w/w% 40 w/w% 50 w/w%
10x d-DDM* 1.5809 ± 0.0006 0.8070 ± 0.0006 0.373 ± 0.001

MPT** 1.58 ± 0.01 0.811 ± 0.005 0.372 ± 0.002
Stokes-Einstein*** 1.50 ± 0.20 0.746 ± 0.099 0.307 ± 0.041

40x d-DDM* 1.56 ± 0.01 0.803 ± 0.005 0.3636 ± 0.0008
MPT** 1.56 ± 0.05 0.82 ± 0.02 0.368 ± 0.007
Stokes-Einstein*** 1.54 ± 0.20 0.757 ± 0.100 0.312 ± 0.041

*σDDM calculated from scatter in τ(q)
**σMPT calculated using methods developed by Michalet1

***σStokes−Einstein calculated based on Au NP polydispersity (dia = 94.6± 12.5 nm) and
error in ambient temperature measurement (±0.2◦C)

By contrast, in MPT analysis, low magnification contributes both beneficially and

detrimentally to the measurement error. On one hand, more particles are tracked at
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Figure 9.10: Measuring nanoparticle diffusivity via dark-field DDM and multiple
particle tracking. (a) Image structure function of 100 nm Au nanoparticles in 50
wt% sucrose imaged under dark-field microscopy (40x magnification). Experimental
image structure function fits well to the linear space invariant decomposition, Eqn 8.2,
due to the low value of χ in the experimental system. (b) Relaxation time τ(q) as a
function of wavevector q for 100 nm Au NPs sucrose dispersions. (c) Mean squared
displacements of tracked 100 nm Au NPs. Noise in < r2

2D(∆t) > at large ∆t is due to
the smaller number of trajectories that contribute to the average.

the low magnification, which improves the statistics of the mean squared displacements

at long times (which is observed when comparing Fig. 9.9b to Fig. 9.10c). On the

other hand, there is greater error in the localization accuracy of the particle tracking

algorithm, thereby increasing both the static and dynamic tracking error, which corrupts

the mean squared displacement at short times.1,2 From a computational standpoint, the

computation time of MPT scales like ∼ eN , where N is the number of particles tracked,

such that the computation time increases considerably at lower magnification in order to

achieve greater statistical precision. However, the computational time to conduct DDM

is identical for all magnifications. The absolute computational times of the two methods

depends on a multitude of factors (e.g. in DDM, algorithms used, whether parallelization

is employed,3 the dimensions of the image; in MPT, algorithm used, displacement of

particles between frames, number of particles tracked); as such, it is difficult to generalize

whether one method is faster than the other for all systems.

From this observation and discussion, we surmise that DDM can be used to obtain

potentially better statistics compared to MPT, and moreover that improved statistical
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accuracy of DDM can be obtained by switching to lower magnifications without incurring

any additional computational time. What remains to be seen, however, is whether the

absolute error is smaller using MPT or DDM. In this work, we used an ad hoc method

to calculate error of the measured diffusivity (inversion of the multi-parameter Jacobian

fit matrix). In light of the extensive work that has been done1,2 to understand static

and localization uncertainty in calculating the simple Brownian diffusivity of particles

using MPT, it is likely that calculation of the true diffusivity error using DDM is as (if

not more) complex as calculating the error from MPT. Clearly, a more exhaustive error

analysis needs to be completed to elucidate relative accuracy of the two techniques in the

optically dilute limit.

Regardless of whether DDM or MPT is used to analyze the micrographs, dark-field

micrograph videos provide a substantial improvement over bright-field micrograph videos.

As illustrated in Fig. 7.2, dark-field micrographs of optically dilute gold nanoparticles

dispersed in sucrose are substantially higher fidelity than bright-field micrographs of the

same sample. The bright-field micrographs are of such low fidelity that distinct particle

intensity profiles are not observed. Consequently, the particle tracking algorithms could

not identify any particles within the micrograph series, rendering MPT useless.

Generally, one of the advantages of DDM is that it can be used to extract dynamic

information from micrographs where distinct particle profiles are unobservable. Cerbino

et al.4 and He et al.5 have demonstrated that it is possible to measure the diffusivities

of 73 nm and 100 nm particles in Newtonian fluids by analyzing bright-field speckle

patterns with DDM. In these experiments, an exponential increase in D(q,∆t) is observed

if the volume fraction of particles is large enough to make A(q) sufficiently greater than

B(q).5 Since our dispersions (φ ∼ 10−8) are more dilute than those previously studied4,5

(φ ∼ 10−2 and φ ∼ 10−6 respectively), the collective intensity fluctuations due to particle

movement are negligible compared to the background noise. D(q,∆t), dominated by B(q),
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therefore has no time dependence as seen in Figure 9.8. This low concentration effect is

ameliorated through the use of dark-field imaging; |i(q)|2darkfield � |i(q)|2brightfield, making

A(q)/B(q) sufficiently high even at low particle concentrations. The large A(q)/B(q) in

dark-field experiments is illustrated in representative plots of A(q) and B(q) given in Fig.

9.11.

Figure 9.11: Representative plots of A(q) and B(q) obtained during fitting of the image
structure function. (a) A(q) and B(q) obtained from the image structure function of 100
nm Au nanoparticles in 30 wt% sucrose solution imaged under dark-field microscopy
at 10x magnification (see Fig. 9.8 for the corresponding image structure function). (b)
A(q) and B(q) obtained from the image structure function of 100 nm Au nanoparticles
in 50 wt% sucrose solution imaged under dark-field microscopy at 40x magnification
(see Fig. 9.10a for the corresponding image structure function).

9.3.4 Measuring the diffusivity of optically dense Au nanopar-

ticles

To further illustrate the utility of dark-field DDM, we measured the diffusivity of Au

nanoparticles that produce optically dense micrographs. At a volume fraction of 3.2×10−3

vol%, the optically dense dispersion is still physically dilute in the sense that it is still

expected that the nanoparticles do not interact hydrodynamically and therefore undergo

independent Brownian motion. However, at this concentration, they are optically dense in
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that it is impossible to distinguish individual particles within a dark-field micrograph. Fig.

9.12 shows a dark-field micrograph of this sample. Examining the intensity profile (Fig.

9.12c) across one small portion of the micrograph further illustrates that the intensity

contributions from individual particles are indistinguishable. As such, it is not possible to

perform traditional MPT on this micrograph to measure particle diffusivity. It is possible,

however, to measure the diffusivity using DDM.

Figure 9.12: Optically dense dark-field micrographs. (a) Dark-field micrograph of
100 nm Au nanoparticles in 50 wt% sucrose solutions at a hydrodynamically dilute
volume fraction, φ = 3.2× 10−5. (b) Close-up of a portion of the micrograph. Arrow
designates a row of pixels whose intensity is plotted in (c). The close proximity of
the intensity profiles prevents accurate particle tracking required in multiple particle
tracking microrheology.

Using the techniques developed here, DDM overcomes the limitations of MPT in

analyzing the optically dense samples. Figure 9.13a shows the image structure function of

the optically dense sample. As expected, it displays the expected exponential approach to a

plateau characteristic of Brownian motion. Fitting D(q,∆t) to Eqn 8.2 gives the relaxation

time, τ as a function of q which is plotted in Fig. 9.13b. The diffusivity measured from

the relaxation time is 0.3115 ± 0.0006 µm2/s. The Stokes-Einstein diffusivity calculated

from the diameter of the nanoparticles measured by TEM is DES = 0.32± 0.04µm2/s.

The close agreement suggests that (1) dark-DDM successfully measures the diffusivity for

optically dense samples and (2) dark-DDM can be used to measure the hydrodynamic

197



Experimental realizations of DDM Chapter 9

Figure 9.13: Dark-DDM of optically dense micrographs. (a) The measured image
structure function displays the classic exponential plateau expected for Brownian
motion. Solid lines designate LSI fits. (b) Relaxation time τ(q) (�) as a function of
wavevector q obtained from linear space invariance fit. Solid line designates fit to q−2.
τ error bars are smaller than the markers for q > 0.16µm−1.

radius of a nanoparticle in solution if the suspending medium viscosity is known.

9.4 Microrheology of Newtonian fluids

In order to preform microrheolgy on a particular fluid, the 〈∆r2(∆t)〉 of embedded

probes must be extracted from D(q,∆t) without assuming a functional form for the

intermediate scattering function. From Chapter 8, we recall the the image structure

function is related to the ISF via

D(q,∆t) = 2
∣∣∣Î(q)

∣∣∣2NF (q, 0) [1− F (q,∆t)/F (q, 0)] +
〈∣∣∣∆ÎB(q,∆t)

∣∣∣2〉 (8.70)

In Chapter 8, we showed that under conditions where probes are non-interacting and

probe displacements are expected to be Gaussian, Eqn 8.70 reduces to Eqn 8.72

〈
∆r2(∆t)

〉
= 4
q2 ln

[
A(q)

A(q)−D(q,∆t) +B(q)

]
(8.72)

198



Experimental realizations of DDM Chapter 9

which directly relates 〈∆r2(∆t)〉 to D(q,∆t) without enforcing a functional form. In the

following, we outline how to obtain 〈∆r2(∆t)〉 from measured D(q,∆t) using Eqn 8.72.

Figure 9.14 depicts D(q,∆t) measured for dilute Au nanoparticles (AuNPs) dispersed

in a Newtonian sucrose solution. From Eqn 8.70, it is evident that as ∆t→ 0, D(q,∆t)→

B(q). We find that B(q) is well approximated by min[D(q,∆tmin)] provided that the

frame rate is sufficiently small and that the background noise is uncorrelated. Though

this approximation overestimates B(q), the uncertainty in A(q) dominates uncertainty in

the MSD. As ∆t→∞, D(q,∆t→∞)→ A(q) +B(q); thus, A(q) can be extracted from

the long ∆t plateau. To ensure that D(q,∆t) values at high q and long ∆t are not used

to calculate large displacements, we truncate the calculation of 〈∆r2(∆t)〉 at ∆t where

D(q,∆t) exceeds 80% of A(q) +B(q). Additionally, we exclude curves for which D(q,∆t)

does not approach and sustain an appreciable plateau. Excluded data typically correspond

to low-q regions (large displacements) where the video is too short to adequately sample

D(q,∆t), or high-q regions where video frame rate and out-of-plane intensity fluctuations

introduce errors. Criteria for excluding q on the basis of standard deviation in the plateau

is given in Section 9.6. The statistical tolerance for accepting A(q) is the only user input

in DDM analysis.

To demonstrate the accuracy of DDM in measuring 〈∆r2(∆t)〉, we used dark-field

microscopy to record the Brownian motion of AuNPs of diameter 2a = 100 nm in 30, 40

and 50wt% in aqueous sucrose solutions (these are the same experiments described in

Section 9.3). At low concentrations (volume fraction φ = 5× 10−8), the dispersions are

dilute in both hydrodynamical and optical senses: particle intensity profiles are isolated

enough for traditional MPT to be performed (see micrograph in Fig. 9.15a). In MPT,

static and dynamic particle tracking errors are accounted for during 〈∆r2(∆t)〉 fitting,

as suggested in Fig. 9.15. In DDM, the contribution of static error (incoherent image

intensity fluctuations) to the MSD is accounted for by B(q). Dynamic error is manifest
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Figure 9.14: Measuring
〈
∆r2(∆t)

〉
using DDM. (a) Radial average of D(q,∆t) of

AuNPs in 50wt% sucrose solution. B(q) and A(q) + B(q) are obtained from short
and long ∆t limits of D(q,∆t). (b)

〈
∆r2(∆t)

〉
is calculated using Eqn 8.72. Colors

illustrate short ∆t truncation of
〈
∆r2(∆t)

〉
at high q. Error bars demark propagated

error from A(q) calculation; the majority of error bars are smaller than the markers.

in the probe intensity profile encoded in A(q), although its exact contribution to the

MSD requires further analysis. Nevertheless, mean squared displacements extracted from

videos using both DDM and MPT algorithms show excellent agreement.

In contrast, MPT is generally impossible in optically dense suspensions, whereas

DDM retains accuracy. This is evident in a suspension of 100 nm AuNPs dispersed in

50 wt% aqueous sucrose solutions at φ = 3× 10−5. At this volume fraction, probes are

hydrodynamically dilute, yet their particle intensity profiles overlap significantly across the

image (Fig 9.15b). While MPT fails in these suspensions, DDM continues to successfully

extract 〈∆r2(∆t)〉. As expected for a purely viscous solution, measured 〈∆r2(∆t)〉 scales
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Figure 9.15: AuNP
〈
∆r2(∆t)

〉
measured using DDM (open symbols) agree well with

those measured using MPT (filled symbols) in optically dilute AuNP dispersions
(micrograph pictured in inset (a). In optically dense dispersions (inset b), DDM can be
used to measure

〈
∆r2(∆t)

〉
where MPT fails. Solid line indicates fit (which accounts

for static and dynamic tracking error) used to obtain AuNP self-diffusivity Dself .
Error bars indicate the standard deviation of

〈
∆r2(∆t)

〉
calculated for each ∆t across

accepted q values.

linearly with ∆t, and the sucrose solution viscosity can be accurately measured via the

probe self-diffusivity.

We note that in optically dilute experiments, MPT can be used to measure 〈∆r2(∆t)〉

for lag times up to the entire length of the video. However, these values are typically

averaged from such small ensembles (< 1000 displacements) that they are statistically

dubious, as evidenced by the scatter of the values. These displacements are usually

excluded when fitting 〈∆r2(∆t)〉 to measure fluid properties. In the model-free method of

DDM analysis presented here, including only q values that decorrelate over the course of the

experiment effectively excludes large displacements that are statistically indeterminate.

In principle, this statistical limit could be circumvented and 〈∆r2(∆t)〉 measured by
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assuming a functional form for the ISF, and fitting D(q,∆t). This, however, would require

a priori knowledge of the viscoeastic properties of the material being characterized, which

highlights the need for a model-free approach as illustrated in the following example.

9.5 Microrheology of viscoelastic fluids

Here, we employ the model-free Eqn 8.72 to measure rheological properties of wormlike

micelles, polyacrylamide gels, and protein gels.

9.5.1 Measuring G∗(ω) of WLM solution using DDM

A wormlike micelle solution (12.5 mM sodium salicylate (NaSal) and 15 mM cetylpyri-

dinium chloride (CPyCl)) forms an entangled network with an average mesh size of

∼ 300 nm based on the plateau modulus.6 Polystyrene probes of diameter 2a = 860nm

were dispersed in the solution at an optically dilute φ = 3 × 10−4, the solution was

sealed in capillary tubes, and probe motion was imaged using fluorescent microscopy

on a temperature-controlled stage. A CCD Andor CLARA camera was used to acquire

512x512 pixel videos at 10 Hz with an exposure time of 40 ms.

Figure 9.16a shows the mean squared displacement of probe particles in the WLM

solution. As with the viscous sucrose solutions, DDM and MPT show excellent agreement

in their measured 〈∆r2(∆t)〉. DDM measurements show less noise in 〈∆r2(∆t)〉 for long

∆t. Because DDM retains all dynamic information encoded in the video images, statistics

are improved. Unlike MPT, no probe displacements are rejected in DDM, causing more

displacements to contribute to the ensemble, and ultimately yielding higher precision.

In various forms of microrheology, viscoelastic moduli can be determined from the

SISF7,8 or from the probe 〈∆r2(∆t)〉. The Generalized Stokes-Einstein relation relates
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Figure 9.16: (a) Mean-squared displacement of polystyrene probes in a viscoelastic
WLM solution at 25 ◦C measured using DDM and MPT. Error bars indicate the
standard deviation of

〈
∆r2(∆t)

〉
calculated for each ∆t across accepted q values. (b)

Storage (closed symbols) and loss (open symbols) moduli measured extracted from〈
∆r2(∆t)

〉
agree well with those measured using macroscopic oscillatory rheometry.

the complex shear modulus G∗(ω) to 〈∆r2(∆t)〉

G∗(ω) = 2kBT
3πajωFT [〈∆r2(∆t)〉] . (9.5)

The mean-square displacement exhibits a power law dependence on lag time, 〈∆r2(∆t)〉 ∼

∆tκ, where the ∆t dependence of the logarithmic slope κ reflects the frequency dependent

moduli of the fluid. At short ∆t, κ < 0.5, reflecting the elastic response of the micelles at

high ω. At long ∆t, κ approaches unity, reflecting the viscous domination at low ω.
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We avoid truncation errors introduced by taking the numerical Laplace transform,

and instead estimate |G∗(ω))| using the approximation developed by Mason.9 Both the

instantaneous 〈∆r2(t)〉 and logarithmic slope κ = ∂ ln 〈∆r2(t)〉 /∂ ln t are substituted into

an algebraic Stokes-Einstein form

|G∗(ω)| ≈ 2kBT
3πa 〈∆r2(t = 1/ω)〉Γ [1 + κ(ω)] . (9.6)

G′(ω) and G′′(ω) are calculated using

G′(ω) = |G∗(ω)| cos(πκ(ω)/2) (9.7)

G′′(ω) = |G∗(ω)| sin(πκ(ω)/2) (9.8)

κ was obtained using MATLAB’s cubic smoothing spline function.

Figure 9.16b shows the agreement between moduli measured by MPT, DDM and bulk

rheology measurements on an ARG2 stress-controlled rheometer with a cone and plate

geometry. Some discrepancy in G′′ is evident between the microrheology methods (both

MPT and DDM) at ω > 0.2 rad/s, possibly due to non-continuum effects related to the

similarity of the probe and micelle mesh size.

9.5.2 Mapping extent of gelation in crosslinked polyacrylamide

solutions

Next, we use both MPT and DDM to determine 〈∆r2(∆t)〉 for polystyrene probes of

diameter 2a = 1.05 µm dispersed in crosslinked polyacrylamide solutions and gels from

fluorescent video microscopy obtained by Larsen et al.10 The extent of crosslinking in

these materials is controlled by the amount of bis-acrylamide. The material transitions

from a purely viscous polymer solution to a percolated, elastic gel as the bis-acrylamide

204



Experimental realizations of DDM Chapter 9

Figure 9.17:
〈
∆r2(∆t)

〉
of polystyrene probes dispersed in polyacrylamide gels with

bis-acrylamide crosslinker ranging in concentration from 0.00 wt% (dark blue) to
0.08 wt% (green).

〈
∆r2(∆t)

〉
measured using DDM agree well with those measured

via MPT for sufficiently large displacements where the concentration of bis-acrylamide
is < 0.055 wt%. Error bars indicate the standard deviation of

〈
∆r2(∆t)

〉
calculated

for each ∆t across accepted q values.

concentration increases from 0.0 to 0.08 wt%, corresponding with a decrease in κ. The

rheological properties of the gels, as well as the sol-gel transition can be quantitatively

mapped via 〈∆r2(∆t)〉.

We focus on the differences in measuring 〈∆r2(∆t)〉 using DDM and MPT. At low bis-

acrylamide concentrations where probe displacements are large, 〈∆r2(∆t)〉 is successfully

extracted from DDM, and the results agree well with MPT (Fig. 9.17). At higher

concentrations, however, the probes move, on average, less than the decay length of Ii(r)

during the 30 s video. Consequently, D(q,∆t) does not decorrelate for length scales

smaller than the decay of î(q). In such cases, A(q) cannot be accurately fit, and 〈∆r2(∆t)〉

cannot be measured via DDM using a model-free approach. Although 〈∆r2(∆t)〉 could be

extracted in principle using the highest q values, we find that D(q,∆t) does not sustain a

plateau at these high q values, limiting their utility. Comparative examples are provided

in Figures 9.18 and 9.19. We speculate that at high q values, out-of-plane intensity
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fluctuations are on the same order of magnitude as the in-plane intensity fluctuations,

limiting measurement of 〈∆r2(∆t)〉. Excursions of probes outside the boundaries of the

image also limit analysis of the highest q values as described by Giavazzi et al.11

Figure 9.18: Image structure function for polyacrylamide solutions with 0.00 and 0.08
wt% bisacrylamide. (b) Illustrates upturn in D(q,∆t) for 0.08 wt% that prevents
image structure fitting and extraction of

〈
∆r2(∆t)

〉
.

Figure 9.19: Image structure function for polyacrylamide solutions with 0.00 and 0.05
wt% bisacrylamide.

As illustrated by this example, the lowest measurable 〈∆r2(∆t)〉 is set by the maximum

q value for which A(q) and B(q) can be adequately resolved. The theoretical upper limit

of this q-value is set by the absolute size of the imaging system. Provided the total

particle displacement is greater than the pixel size, D(q,∆t) should decorrelate, and

subpixel displacements can be measured at small ∆t. Practically, out-of-plane probe
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motion and excursions of outside the image boundaries limit resolvable q values further,

and subsequently reduce 〈∆r2(∆t)〉 resolution.

9.5.3 Identifying critical gel points using time-cure superposi-

tion

Finally, we use time-cure superposition to characterize gelation kinetics of silk fibroin

proteins gelled via crosslinking of amino acid phenolic groups. Silk protein hydrogels

have the potential to serve as degradable biomaterials with tunable elasticity in tissue

engineering applications.12 Since the mechanical properties of the protein gels are key

parameters in synthetic biomaterial design, it is critical to accurately measure rheological

properties. Microrheology not only measures gel rheology, but also enables precise

measurement of the time at which the solution forms a percolated gel. The silk example

presented here complements the analysis of chemically crosslinked gels described in Section

9.5.2, where microheology instead is used to precisely identify the composition at which a

mixture gels.

In situ gelation experiments were conducted by Rhett Martineau and Maneesh Gupta

of the Air Force Research Laboratory. Prior to gelation, two solutions were prepared:

Solution A consisted of 3% silk protein extracted via the procedure described by Partlow

et al.,12 100 nm tracking beads (750 nm excitation), and 0.01% hydrogen peroxide in

water. Solution B consisted of 3% silk, 100 nm tracking beads (750 nm excitation), and

40 µM/mL horseradish peroxidase. The solutions were added together, briefly mixed by

pipetting, and then added to an 8-well plate with a #1.5 coverslip bottom. Horseradish

peroxidase forms free radicals in the presence of H2O2, and subsequently serves as an

enzymatic catalyst for chemical crosslinking of tyrosines on the silk proteins.12 The motion

of the embedded probes was recorded via fluorescent microscopy (Vutara 352 inverted
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microscope, 750 nm laser) while the solution gelled. 1000 frames were captured at 50

Hz every 2 minutes over a 30-minute gelation Micrographs were 491x491 pixels with a

pixel size = 0.082 µm. The stage temperature was maintained at 30 ◦C, although the

temperature of the mixture was not tracked.

Figure 9.20: The
〈
∆r2(∆t)

〉
of probes dispersed in silk protein hydrogels. Gelation

proceeds with time as markers change from blue to yellow.
〈
∆r2(∆t)

〉
measured

using DDM agree well with those measured via MPT before 16 minutes, when the
probes have sufficiently large displacements. Error bars indicate the standard deviation
of
〈
∆r2(∆t)

〉
calculated for each ∆t across accepted q values. The solid black line

demarks κ = 1; the dashed line demarks κ = 0.5.

Both MPT and DDM were used to measure the 〈∆r2(∆t)〉 of the polystyrene probes

The biomaterial transitions from a purely viscous solution to a percolated, elastic gel as

time increases, corresponding with a decrease in κ as shown in Figure 9.20. As with the

polyacrylamide gels, DDM cannot accurately resolve small probe displacements as well as

MPT. At short times where where probe displacements are large, 〈∆r2(∆t)〉 is successfully

extracted from DDM, and the results agree well with MPT (Fig. 9.20). At longer times,

however, the probes move, on average, less than the decay length of Ii(r) during the
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20 s video. Consequently, D(q,∆t) does not decorrelate, A(q) cannot be adequately

resolved, and 〈∆r2(∆t)〉 cannot be accurately measured. This example reiterates that

MPT outperforms DDM for sufficiently small displacements. When choosing analysis

tools, users must carefully consider the displacement operating regime before executing

the analysis.

The 〈∆r2(∆t)〉 of the embedded probes maps the liquid-solid transition of the gel.

Following the approach laid out by Larsen et al.,10 we shift the individual 〈∆r2(∆t)〉

curves along their ordinate and abscissa (Fig. 9.21a). The independent time step ∆t

is multiplied by a time-shift factor a, and the 〈∆r2(∆t)〉 is multiplied by an MSD shift

factor b. These shifts collapse the curves onto a bifurcating master curve. Purely viscous,

diffusive dynamics dominate at short times. As gelation proceeds, a and b monotonically

decay until the percolation point is reached (Fig. 9.21b). After percolation, the material

enters into a viscoealstic solid regime and probes exhibit a long ∆t plateau. The shift

factors required to collapse these 〈∆r2(∆t)〉 increase monotonically.

Figure 9.21: Individual
〈
∆r2(∆t)

〉
curves in Fig. 9.20 are superimposed onto (i) a

bifurcating master curve using (ii) shift factors a (blue circles) and b (green triangles).
a and b bifurcate at the critical gel time.

The divergence of a and b indicates that the gel point occurs between 14 and 16

minutes after gelation. In principle, one could extrapolate the a and b curves in Figure
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9.21 toward their asymptote, and identify the gel time to higher precision. However,

this would require videos to be taking more frequently, since the asymptotic approach

(particularly after percolation) is captured by only a few data points.

9.6 Methods: Image processing

All of the experiments described in the previous sections were processed using the

following methods.

9.6.1 Conventional particle tracking

In order to directly evaluate the accuracy of measuring the motion of particles using

d-DDM, multiple particle tracking microrheology was used to analyze the same videos

used for DDM. A more detailed description of the algorithms used for multiple particle

tracking, a widely employed technique, can be found elsewhere.13–15 Briefly, MPT extracts

particle dynamics by first isolating the center of distinct particles to subpixel resolution in

each frame of a video. As the particles move from frame to frame, their centers displace.

Linking centers of the same particle between frames forms a particle trajectory, from

which the displacement of each particle can be calculated as a function of time step

∆t. For Brownian motion non-interacting particles, the ensemble-averaged mean-squared

displacement is related to ∆t by

〈
r2

2D(∆t)
〉

= (4λ2 − 4
3DSelftE) + 4DSelf∆t (9.9)

whereDSelf is the particle self-diffusivity, λ the static localization error, and tE the exposure

time.1,2 Particle isolation and trajectory construction were performed in MATLAB using

algorithms made freely available by Kilfoil and coworkers.16 In these algorithms, thresholds
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for distinct particles, including both the maximum diameter and minimum intensity of the

particle are chosen by the user to minimize effects of static and dynamic particle tracking

error. Diffusivities were extracted by fitting the measured mean squared displacement to

Eqn 9.9 and calculating the localization uncertainty according to the methods described

by Michalet.1,2

9.6.2 Image structure function calculation

In each example, we calculateD(q,∆t) using the MATLAB software package DDMCalc

introduced in Section 7.3.3.

In imageStructureFunc.m of DDMCalc (Appendix C), each video is first separated

into individual frames. Frames separated by time step ∆t are subtracted from one another,

and the resulting difference image was fast Fourier transformed. In q = (qx, qy) space, the

transformed intensity is radially averaged with q = (q2
x + q2

y)1/2. The ensemble average

is taken over all frames separated by ∆t, giving D(q,∆t). At minimum, 100 image

differences contribute to each average to ensure adequate statistics.

In fluorescent microscopy, illuminated polystyrene probes typically photobleach over

time. This often causes the average intensity of the image to decrease over the course

experiment. Figure 9.22 shows this effect for two of the videos described in Section 9.5.3.

The average intensity generally decreases, but can also undergo large fluctuations as new

probes enter into the illuminated volume. To ensure that these photobleaching-induced

intensity fluctuations do not interfere with motion-induced intensity fluctuations, we

correct the intensity of each micrograph using

Icorrected(x, t) =
〈〈I(x, t)〉x |t〉t
〈I(x, t)〉x |t

Icorrected(x, t). (9.10)

After this normalization, the average intensity is uniform over the course of each video.
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Figure 9.22: Micrograph intensity decay due to photobleaching during fluorescent
imaging. Representative examples of the average frame intensity shown from gelation
experiments describe in Section 9.5.3. Video (a) was recorded at the outset of the
experiment; video (b) was recorded after 28 minutes. Correcting for photobleaching
using Eqn 9.10 results in a uniform intensity.

9.6.3 Image structure function fitting using a predetermined

model (the conventional approach)

In conventional DDM analysis, the autocorrelation function in D(q,∆t) is fit to an

expected type of scatterer motion. We used this approach to demonstrate the utility of

dark-field DDM. In those experiments, each q value or D(q,∆t) was fit to

D(∆t) = A
[
1− e−∆tΓ

]
+B (9.11)

using DDMAna_ExpFit.m of DDMCalc (Appendix E). The routine employs MATLAB’s

nonlinear curve fitting function, lsqcurvfit. A, B and Γ are fitting parameters that vary

with each isowavevector (note that Γ = τ−1). Using the lsqcurvfit algorithm, the user has

the option to specify (1) the fitting algorithm (here, we used the trust-region reflective

algorithm) and (2) to specify initial values and upper and lower bounds on the three
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parameters A, B and Γ to improve convergence toward physically reasonable fits in a

shorter amount of time. Since the D(q,∆t) spans multiple orders of magnitude , the

isowavevectors were divided into 4 ranges, each of which had different bounds and initial

guesses for the fit parameters. The q ranges and corresponding initial values and bounds

are listed for the 10x and 40x videos in Tables 9.2 and 9.3 respectively. The A and

Γ bounds were intentionally made to be orders of magnitude larger than the values

identified in the final fits so as to prevent biasing toward local fit minima. The constraints

placed on B(q) were such that the fit values obtained for A(q) and Γ(q) were within

their constrained ranges. In some cases, this produces vanishingly small values of B(q)

(i.e. B(q) is statistically indistinguishable from zero). Bounds and initial values could be

found for B if a faster camera was used to sample the plateau in B(q) at short times, as

done by He et al.17 Despite not having access to a faster camera, we still obtain fits that

agree well with the MPT diffusivities using this fitting procedure.

Fits with R2 correlation values less than 95% were excluded from further analysis of

τ(q) to eliminate cases where Eqn 8.2 did not fit the empirical D(∆t). Fits that were

rejected were nearly exclusively in regions of low q (typically q < 0.2 µm−1) where the

video was too short for the image structure function to reach an appreciable long-time

plateau, and in regions of high q (typically q > 3 µm−1) where the frame rate was too

slow to measure dynamics.

Table 9.2: DDM fit parameter bounds and initial values for micrograph videos recorded
at 10x
q range Γ upper bound Γ initial A bounds A initial B upper bound B initial
(µm−1) (s−1) (s−1) (a.u.) (a.u.) (a.u.) (a.u.)

0.019 < q ≤ 1.180 Dselfguess ∗ 1.1802 + 100 Dselfguess ∗ 1.1802 10 ≤ A ≤ 106 103 0.25 0.1
1.180 < q ≤ 2.398 Dselfguess ∗ 2.3982 + 100 Dselfguess ∗ 2.3982 10 ≤ A ≤ 105 102 0.25 0.1
2.398 < q ≤ 3.616 Dselfguess ∗ 3.6162 + 100 Dselfguess ∗ 3.6162 0 ≤ A ≤ 105 102 0.25 0.1
3.616 < q ≤ 4.851 Dselfguess ∗ 4.8512 + 100 Dselfguess ∗ 4.8512 0 ≤ A ≤ 105 0 0.25 0.1
Note: Dselfguess was 0.4µm2/s, 0.8µm2/s, and 1.5 µm2/s for the 30 wt%, 40 wt% and 50 wt% sucrose solutions respectively.
Lower bounds for Γ and B are both zero.
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Table 9.3: DDM fit parameter bounds and initial values for micrograph videos recorded
at 40x
q range Γ upper bound Γ initial A bounds A initial B upper bound B initial
(µm−1) (s−1) (s−1) (a.u.) (a.u.) (a.u.) (a.u.)

0.076 < q ≤ 4.729 Dselfguess ∗ 4.7292 + 100 Dselfguess ∗ 4.7292 10 ≤ A ≤ 106 103 0.25 0.1
4.729 < q ≤ 9.611 Dselfguess ∗ 9.6112 + 100 Dselfguess ∗ 9.6112 10 ≤ A ≤ 105 102 0.25 0.1
9.611 < q ≤ 14.493 Dselfguess ∗ 14.4932 + 100 Dselfguess ∗ 14.4932 0 ≤ A ≤ 105 102 0.25 0.1
14.493 < q ≤ 19.451 Dselfguess ∗ 19.4512 + 100 Dselfguess ∗ 19.4512 0 ≤ A ≤ 105 0 0.25 0.1
Note: Dselfguess was 0.4µm2/s, 0.8µm2/s, and 1.5 µm2/s for the 30 wt%, 40 wt% and 50 wt% sucrose solutions respectively.
Lower bounds for Γ and B are both zero.

9.6.4 Extracting the mean squared displacement from the im-

age structure function

To measure 〈∆r2(∆t)〉 via DDM, A(q), the Fourier transformed probe intensity profile,

and B(q), the incoherent background, are fit from the D(q,∆t) signal. Figure 9.14

illustrates how 〈∆r2(∆t)〉 is obtained by fitting D(q,∆t) for dilute Au nanoparticles

(AuNPs) dispersed in a Newtonian sucrose solution. As ∆t → 0, D(q,∆t) → B(q).

Provided that the frame rate is sufficiently small and that the background noise in

uncorrelated, we find that B(q) is well approximated by min[D(q,∆tmin)].

As ∆t → ∞, D(q,∆t → ∞) = A(q) + B(q); thus, A(q) can be extracted from the

long ∆t plateau. We truncate the calculation of 〈∆r2(∆t)〉 at ∆t where D(q,∆t) exceeds

80% of A(q) +B(q). This truncation ensures that D(q,∆t) values at high q and long ∆t

are not used to calculate large displacements. Additionally, we exclude values of D(q,∆t)

for which it does not approach and sustain an appreciable plateau. These exclusions

are typically in regions of low q (large displacements) where the video is too short for

D(q,∆t), and in high q which is limited by frame rate and/or out of plane intensity

fluctuations. Figures 9.23 to9.26 demonstrate how q values are selected for the 〈∆r2(∆t)〉

calculation. A(q) is the average of D(q,∆t) − B over a long ∆t range, typically from

half the total time of the microscopy video to the end of the microscopy video. σ is the

standard deviation of D(q,∆t)−B over the same ∆t range. The normalized standard

deviation, A−1σ quantifies whether a particular q reaches an appreciable plateau. In
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our experiments, we find that q values for which A−1σ < 0.025, result in small standard

deviations of 〈∆r2(∆t)〉 that also agree well with those obtained via MPT.

Figures 9.27 and 9.28 illustrate the effect of increasing the A−1σ threshold. While

small 〈∆r2(∆t)〉 can be calculated with and extended q range, the error of the 〈∆r2(∆t)〉

increases substantially, and there is generally poorer agreement between 〈∆r2(∆t)〉

measured by DDM and MPT.

We note that users may need to adjust this particular threshold value depending on

the experiment, as the standard deviation depends on microscopy video length, number

of particles (e.g. how large of an ensemble is sampled affects noise in the plateau).

Figure 9.23: (a) q value acceptance criterion, A−1σ, as a function of q for AuNP
aqueous sucrose dispersions. (b)q values accepted using A−1σ < 0.025 criterion for
AuNP aqueous sucrose dispersions.
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Figure 9.24: (a) q value acceptance criterion, A−1σ, as a function of q for WLM
solution. (b)q values accepted using A−1σ < 0.025 criterion for WLM solution.

Figure 9.25: Standard deviation of A normalized by A. Lines are 0.025, 0.05 and 0.1
respectively.
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Figure 9.26: q selection with σ/A < 0.025. (a)
〈
∆r2(∆t)

〉
of polystyrene probes

dispersed in polyacrylamide gels with bis-acrylamide crosslinker ranging in concentra-
tion from 0.00wt% (dark blue) to 0.08wt% (green). σ/A < 0.025 defines criteria for
q-value acceptance in

〈
∆r2(∆t)

〉
calculation. (b) Shows q values accepted for different

bis-acrylamide concentrations.
〈
∆r2(∆t)

〉
measured using DDM agree well with those

measured via MPT for sufficiently large displacements where the concentration of
bis-acrylamide is < 0.055wt%. Probe displacements are small where the concentration
of bis-acrylamide is > 0.0525wt%; above these concentrations, no q -values meet
σ/A < 0.025.

Figure 9.27: q selection with σ/A < 0.05. (a) σ/A < 0.05 defines criteria for q-value
acceptance in

〈
∆r2(∆t)

〉
calculation. (b) Shows q value accepted for different bis-acry-

lamide concentrations. Increasing σ/A includes q values that haven’t reached a sufficient
plateau. This results in inaccurate fit of A(q), large standard deviations of

〈
∆r2(∆t)

〉
and poor agreement between

〈
∆r2(∆t)

〉
measured using DDM and those measured via

MPT.
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Figure 9.28: q selection with σ/A < 0.1. (a) σ/A < 0.1 defines criteria for q-value accep-
tance in

〈
∆r2(∆t)

〉
calculation. (b) Shows q value accepted for different bis-acrylamide

concentrations. Increasing σ/A includes q values that haven’t reached a sufficient
plateau. This results in inaccurate fit of A(q), large standard deviations of

〈
∆r2(∆t)

〉
and poor agreement between

〈
∆r2(∆t)

〉
measured using DDM and those measured via

MPT.
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Symbol Unit Definition

A(q) a.u. Fitting parameter related to particle scattering

a nm Probe radius

α(ri) dimensionless Change in scatterer intensity profile at it transverses the focal

plane

B(q) a.u. Fitting parameter related to background noise

Dself a.u. Self-diffusivity

FT a.u. Fourier transform operation

G ∗ (ω) Pa Complex shear modulus

G′(ω) Pa Elastic modulus

G′′(ω) Pa Viscous modulus

iGauss(x|ri) a.u. Intensity profile of a particle

î(q) a.u. Fourier transform of intensity profile centered at the origin

j a.u. Imaginary number

κ dimensionless Logarithmic slope of 〈r2(∆t)〉

kB J K−1 Boltzmann constant

q µm−1 Wave vector magnitude

〈r2(∆t)〉 µm2 Mean-squared displacement

ri µm Two-dimensional position of scatterer

σ µm Width of Gaussian profile

∆t s Time step

τ(q) s characteristic time scale

φ dimensionless Particle volume fraction

χ dimensionless Linear space variance factor

ω Hz Frequency
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Chapter 10

Conclusions and Future Directions:

DDM

10.1 Summary

Differential dynamic microscopy is a new tool for characterizing colloidal and complex

fluid motion in soft materials. The Fourier-based technique measures sample dynamics

by reconstructing dynamic scattering patterns from temporal and spatial fluctuations

in simple video micrographs. The analysis scheme employed in DDM is well-suited to

characterize materials that are incompatible with other techniques, including samples that

are spatially heterogeneous, concentrated, optically dense, or scatter weakly. Furthermore,

since DDM requires small sample volumes and uses unmodified microscopes already

present in most academic and industrial labs, it is poised to become a standard tool used

in soft matter characterization.

Here, we strove to advance this burgeoning field by (broadly speaking) developing

theoretical support for the DDM analysis method, conducting new experiments that

demonstrate DDM’s utility, and publishing DDM software. Our contributions addressed
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three specific needs in DDM: (1) extending DDM to dark-field microscopy; (2) performing

passive microrheology; and (3) making DDM more accessible to the soft matter community.

10.1.1 Extending DDM to dark-field microscopy

We demonstrated that differential dynamic analysis can be applied to dark-field

micrographs to extract dynamic information in a similar manner as other imaging modes,

using plasmonic nanoparticle dispersions as a representative illustration. By re-casting

the fundamental framework of DDM in a particle-displacement approach, we showed that

in linear space variant illumination systems, the image structure function D(q,∆t) can

be approximated by four sub-functions: A(q), g(q,∆t), B(q) and V (q,∆t). V (q,∆t)

accounts for the contributions due to linear space variance, while the others are identical

to the linear space invariant analogues. The theoretical treatment is equally valid for

any imaging system that produces a non-uniform optical illumination field. As such, we

anticipate that our results should be applicable to other imaging modes not yet explored

by DDM, such as total internal reflectance microscopy1,2 or Brewster angle microscopy.3,4

Most importantly, our results show that DDM is quite robust to the type and uniformity

of illumination, provided that the length scale for gradients in the illumination is small

relative to the probing length scale of DDM. For the specific case of Brownian motion in

Newtonian fluids, our theoretical analysis suggests that in the limit where the LSV length

scale χ � q, V (q,∆t) is significantly less than the autocorrelation function g(q,∆t).

In this case, traditional LSI decomposition analysis can be used to analyze dark-field

micrographs. This claim was verified by conducting simple simulations in different

idealized illumination systems and by experimentally measuring the diffusivity of Au

nanoparticles in sucrose solutions.

It is likely that different types of dynamics will result in different forms of V (q,∆t)
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such that its dependence on the α(xi) field has a significant effect on the image structure

function, unlike in the case of Brownian motion case discussed. However, using the

framework presented in Chapter 8, it is possible to derive V (q,∆t) for different types of

dynamics by simply replacing the probability distribution of displacements p(δx,∆t) with

an appropriate model for the dynamics and subsequently determine whether the measured

signal needs to be fit to different functions to obtain accurate fitting and interpretation

of D(q,∆t).

In Chapter 9, we verified our theoretical claims by conducting simple simulations in

different idealized illumination systems and by experimentally measuring the diffusivity

of Au nanoparticles in sucrose solutions. The utility of dark-field DDM was illustrated by

measuring the diffusivity of Au nanoparticles in an optically dense solution where more

traditional MPT analysis fails. Furthermore, it appears that DDM may provide reduced

error compared to MPT with regards to obtaining accurate diffusivity measurements,

and with greatly reduced computational cost. Additionally, comparing DDM analysis

of bright-field micrographs of the same sample illustrates that dark-DDM has a better

signal to noise ratio than bright-DDM. Given these benefits, we anticipate that dark-field

DDM could become a preferred method for characterizing the dynamics of complex fluids

whose features lie below the optical limit in conventional projection imaging, but whose

dynamical fluctuations are still measurable in their scattering.

10.1.2 Performing passive microrheology

Using the particle displacement framework, we showed how to invert the SISF obtained

by DDM to obtain the real-space 〈∆r2(∆t)〉 without imposing particular functional forms,

thus enabling the use of DDM for passive microrheology measurements (Chapter 8). As

demonstrative examples, we applied DDM to videos of dilute probes in Newtonian fluids,
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viscoelastic wormlike micelles, and crosslinking polymer gels in Chapter 9. For sufficiently

large displacements, the 〈∆r2(∆t)〉 obtained by DDM is nearly indistinguishable from that

obtained by MPT. Successful extraction of 〈∆r2(∆t)〉 from optically dense dispersions of

AuNPs in sucrose solutions demonstrate the robustness of DDM compared to MPT. WLM

experiments demonstrate that DDM microrheological data compares well with mechanical

rheological data vis-à-vis the Generalized Stokes-Einstein Relation, and additionally

illustrates the improved ensemble sampling of DDM compared to MPT. Conversely, in

the limit of small displacements, the sub-pixel tracking algorithms of MPT provide more

accurate measurements of 〈∆r2(∆t)〉 than DDM. Although these examples help to identify

the relative strengths of DDM and MPT in various limits, a more systematic analysis

of these limits, how they can be overcome, and the effect of static and dynamic error

requires further study. Nevertheless, our results show that DDM can extend the range

of probe microrheology experiments to fluids inaccessible to MPT, while circumventing

many of the drawbacks of MPT.

10.1.3 Developing software for DDM

In an effort to reduce user barrier to entry to DDM, we developed a MATLAB analysis

routine to perform DDM named "DDMCalc." Operation and statistical considerations of

the routine are described in Chapter 9, and a copy of the DDMCalc and its supporting

information are provided in Appendices A - G. The software package was made publicly

available on the Helgeson Lab Website5 in 2016. To the best of our knowledge, our

software package was the first DDM package made publicly available. As of October 2018,

DDMCalc was downloaded by over 300 independent users.
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10.2 Future Work

Differential dynamic microscopy has the potential to become a go-to tool for rapid

characterization of soft material dynamics. To fully realize this potential and standardize

the technique, challenges in the areas of software development and theory (namely

statistical analysis) must be addressed. Advancing the technique will allow users to

investigate open questions in a variety of complex fluids, formulations, and gels, ranging

from those that are naturally occurring to those that are heavily engineered.

10.2.1 Software development

One of important advantage of microrehology over bulk rheology is that the full

viscoelastic spectrum of a material can be obtained from a video that spans tens of

seconds. Quickly recording G∗(ω) has enabled microrheologists to characterize rapidly

changing materials, such as the polymers with fast gelation kinetics discussed in Chapter

9. Analyzing these videos with existing particle tracking software takes significantly

longer than the experiments themselves. Improving microrheology analysis schemes to

the point where 〈r2(∆t)〉 and G∗(ω) could be extracted from small sample volumes in real

time would significantly advance the field. Users could gather a wealth of information

on formulations in a high-throughput manner, and rapidly screen and make decisions

regarding how to tune the material to obtain a particular rheological signature. The

input-free, image-robust nature of DDM makes it an ideal candidate for this type of

screening. However, efforts must be made to improve computational efficiency of DDM

scripts, and integrate them into a video microscopy to viscoelastic moduli workflow.

Implementing parallelization should significantly reduce the runtime of DDMCalc.

The most computationally expensive portion of DDMCalc is the 2D Fourier transforms

of difference images. In the current version of the script, these Fourier transforms are
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executed sequentially; Fourier transforms are performed on all image pairs separated by

∆t = 1 frame, then on all image pairs separated by ∆t = 2 frames, and so on. Distributing

these commands to N separate cores should, in principle, reduce the runtime of this

portion of the script by a factor of N . The runtime of DDMCalc can additionally be

reduced by changing how the script reads in and stores the stack of micrographs. Each

video microscopy file is currently read and stored as a m× n× t array, where m× n is

the dimensions of each micrograph, and t is the frame number. Simply indexing this large

array to calculate the difference image is expensive. It may be more efficient to adjust

the read-in scheme to store individual images as temporary arrays.

We anticipate that DDM will be much more conducive to parallelization than tradi-

tional particle tracking. In particle tracking, the center of each particle is found in a single

image, and then those particle centers are linked across videos. In our experience, the

former operation is fairly fast. In fact, there exist microscopes with built-in software that

can identify particle centers in real time. Linking the particles centers across different

frames, however, takes more time. The script has to define a search region surrounding

each particle (e.g. a grid 10x10 pixels), scan the next frame to determine whether a

particle has been identified within the search region, and reject certain particles if more

than one have been identified. Many particle tracking packages allow the user to specify

that particle centers can be linked even after dropping out of m frames. Particle motion in

the z direction (i.e. in and out of the focal plane) broadens the Gaussian intensity profiles,

and causes the measured intensity to fall below a predetermined intensity threshold.

When the same particle moves back into the focal plane, it is identified again. A user may

be able to easily see that that particle is the same particle, however it is more difficult for

the script to connect these centers. Defining the m dropout criteria allows the script to

link these meandering particles, but increases computational time since the script now has

to perform the same search for frames that are m frames away from the original frame.
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Since all of these operations are dependent upon what happens in prior frames, they

are more easily executed in series rather than in parallel. In DDM, each computation is

independent, making the scheme easier to parallelize and hopefully faster to run.

There is also an opportunity to combine DDM routines with existing particle lo-

calization software. As mentioned previously, some microscopes are sold with particle

localization schemes, which effectively perform the first step of particle tracking in real

time. Rather than linking the identified centers, it should be possible to construct binary

matrices of the particle locations, treat these binary matrices as micrographs, and then

perform regular DDM. Using the binary images should reduce the noise B(q) to zero,

and allow users to predict rather than fit A(q). Eliminating, or even narrowing the

range of A(q) and B(q) fits ahead of time should reduce uncertainty in the intermediate

scattering function or mean squared displacement. If this route is pursued, users will have

to determine whether particles dropping in and out of frame have a significant effect on

A(q), or if those effects are averaged out in the ensemble.

Future members of the Helgeson lab plan collaborate with the Air Force Research

Laboratory and pursue using DDM for high-throughput rheological screening of bio-derived

soft materials.

10.2.2 Statistical analysis

This work has made multiple comparisons between DDM and multiple particle tracking.

MPT is by far the more popular technique at this time. As we’ve shown, both DDM and

MPT can be used to characterize fluid dynamics and measure rheology, though there are

regimes where one outperforms the other. For example, DDM outperforms MPT for low

quality and optically dense images, however, MPT outperforms DDM when tracking the

motion of slow moving or stuck particles. Users would greatly benefit from an extensive

228



Conclusions and Future Directions: DDM Chapter 10

study and comparison of the errors associated with each analysis scheme. Others have

examined errors associated with extracting something as seemingly trivial as a diffusivity

using MPT, and have found that the calculation is by no means straightforward.6,7

As such, it would be useful for a future DDM analyst to quantitatively compare all of

the different sources of error, write up how to rigorously calculate them, and establish

guidelines for when to use one technique over another.

Sources of error in MPT include static and dynamic particle tracking error. Poor

fidelity images, i.e. ones with ill-defined particle intensity profiles, have higher static

errors. For optically dense images, there is also error with incorrectly linking a particle

center to a different previous particle.

The primary source of error in DDM is fitting the average intensity term, A(q) and

the background term B(q). Fitting A(q) is erroneous when videos are short, and when

there are few scatters in a region of interest. The former is important to consider when

characterizing a dynamically heterogeneous sample. The latter is important when users

consider splitting up the micrograph into different regions in order to characterize a

spatially heterogeneous sample. Fitting B(q) becomes erroneous when the frame rate is

long, and when the background is spatially heterogeneous.

It would be worthwhile to cast comparative analyses between these sources of erorr

in terms of ensemble size. Currently, the majority of DDM users abide by a truncation

guideline where all difference images that with less than 100 pairs contributing to the

average are discarded from the analysis. This 100 image threshold, established in one of

the first DDM papers,8 is quite arbitrary. In MPT, mean squared displacement curves

are often similar truncated at shorter total ∆t lengths than the span of the video, since

there are few particles that stay in frame for the entire video. Again, this truncation is

often made at times arbitrarily before the data gets noisy.

While an exhaustive error analysis like the one described is somewhat tedious, it would
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be of tremendous practical value in the use of DDM to characterize soft materials.
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Appendix A

DDMCalc Introduction

The following is a reproduction of the introduction to DDMCalc, accessed online at

http://engineering.ucsb.edu/~helgeson/ddm.html in 2018. This introduction was written

by M. E. Helgeson, and is included here for completeness.

What is DDM?

DDM, first developed by Cerbino and Trappe [Phys. Rev. Lett., 2008, 100, 188102], is

an image analysis method that extracts statistical information about intensity fluctuation

correlations from video microscopy images. In essence, it allows users to extract both

qualitative and quantitative information about the important dynamical processes occuring

within a video/material, including the important time and length scales associated with

them. The correlation functions provided by DDM are analogous to quantities that are

measured by other dynamic scattering and correlation spectroscopy methods (DLS, XPCS,

etc.), and can be used to gain deep insight into dynamic and kinetic processes in complex

fluids, biofluids and soft matter. Examples include:

• Accurate sizing of nanoparticles and colloidal objects (even when those objects are

not clearly visible in an image).
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• Quantifying rates associated with nucleation, growth and coarsening processes in

phase separating materials.

• Analyzing swimming and collective motion of microorganisms and active fluids.

• Dynamics of concentrated suspensions, glasses and gels.

Why use DDM?

DDM analysis can be applied to video images acquired from conventional imaging

modes including bright-field, DIC microscopy, confocal, fluorescence, and dark-field

imaging. Because it collects high-fidelity statistics from conventional video images, it

combines a number of the advantages of both imaging and scattering methods, while

avoiding many of the challenges and drawbacks. Specifically, DDM:

• Can characterize spatially or dynamically heterogeneous materials.

• Can be applied to low signal-to-noise or optically dense samples.

• Requires small sample volumes.

• Requires no image-specific or user-defined empirical parameters (cutoff sizes, inten-

sity scales, etc.).

• Uses unmodified microscopes and imaging systems.

How does DDM work?

The DDM algorithm is graphically described above. The analysis is applied to a

series of video images taken at a constant acquisition rate (frame rate), where each

image can be described as a 2D greyscale intensity map, I(x, y, t). First, the algorithm

locates all image pairs separated by a particular observation time, ∆t. For each of these

image pairs, a difference image, ∆I(x, y,∆t), is created by subtracting, pixel-by-pixel,
233



DDMCalc Introduction Appendix A

one image from the other. Then, the algorithm computes the spatial Fourier transform

(FFT) of each difference image, providing a 2D Fourier map of intensity fluctuation

correlations, I(qx, qy,∆t), for that particular image pair. If one assumes that dynamical

processes occuring in the image over the course of the video are not evolving with time,

thenI(qx, qy,∆t) can be averaged over all image pairs for a particular ∆t, yielding the

ensemble average 2D Fourier map, 〈I(qx, qy,∆t)〉. Finally, the "image structure function",

D(qx, qy,∆t), is obtained by calculating the power spectrum of the average 2D Fourier

map, D(qx, qy,∆t) =
〈∣∣∣∆Î(q,∆t)

∣∣∣2〉. The entire process is then repeated for all possible

values of ∆t in the image series.
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Differential Dynamic Microscopy (DDM)

What is DDM?

DDM, first developed by Cerbino and Trappe [Phys. Rev. Lett., 2008, 100, 188102], is an image analysis method that extracts statistical information
about intensity fluctuation correlations from video microscopy images. In essence, it allows users to extract both qualitative and quantitative
information about the important dynamical processes occuring within a video/material, including the important time and length scales associated
with them. The correlation functions provided by DDM are analogous to quantities that are measured by other dynamic scattering and correlation
spectroscopy methods (DLS, XPCS, etc.), and can be used to gain deep insight into dynamic and kinetic processes in complex fluids, biofluids and
soft matter. Examples include:

Accurate sizing of nanoparticles and colloidal objects (even when those objects are not clearly visible in an image).
Quantifying rates associated with nucleation, growth and coarsening processes in phase separating materials.
Analyzing swimming and collective motion of microorganisms and active fluids.
Dynamics of concentrated suspensions, glasses and gels.

Why use DDM?

DDM analysis can be applied to video images acquired from conventional imaging modes including bright-field, DIC microscopy, confocal,
fluorescence, and dark-field imaging. Because it collects high-fidelity statistics from conventional video images, it combines a number of the
advantages of both imaging and scattering methods, while avoiding many of the challenges and drawbacks. Specifically, DDM:

Can characterize spatially or dynamically heterogeneous materials.
Can be applied to low signal-to-noise or optically dense samples.
Requires small sample volumes.
Requires no image-specific or user-defined empirical parameters (cutoff sizes, intensity scales, etc.).
Uses unmodified microscopes and imaging systems.

How does DDM work?

 

The DDM algorithm is graphically described above. The analysis is applied to a series of video images taken at a constant acquisition rate (frame
rate), where each image can be described as a 2D greyscale intensity map, I(x,y,t). First, the algorithm locates all image pairs separated by a
particular observation time, Δt. For each of these image pairs, a difference image, ΔI(x,y,Δt), is created by subtracting, pixel-by-pixel, one image
from the other. Then, the algorithm computes the spatial Fourier transform (FFT) of each difference image, providing a 2D Fourier map of intensity
fluctuation correlations, I(qx,qy,Δt), for that particular image pair. If one assumes that dynamical processes occuring in the image over the course of
the video are not evolving with time, then I(qx,qy,Δt) can be averaged over all image pairs for a particular Δt, yielding the ensemble average 2D
Fourier map, ⟨I(qx,qy,Δt)⟩. Finally, the "image structure function", D(qx,qy,Δt), is obtained by calculating the power spectrum of the average 2D

Fourier map, D(qx,qy,Δt) = ⟨|I2(qx,qy,Δt)|⟩. The entire process is then repeated for all possible values of Δt in the image series.

DDMCalc - Perform DDM analysis in Matlab

DDMCalc - Perform DDM analysis in Matlab

As a resource for the soft matter research community, we have developed DDMCalc -

a Matlab computer code and associated documentation for performing DDM analysis on

video images. The code also includes a module for fitting DDM data to a model for discrete

objects undergoing diffusive motion (e.g. Brownian particles). Further details about the

code and associated computational methods can be found in a recent publication.1

The DDMCalc software package includes Matlab codes, installation instructions,

detailed documentation, and a brief tutorial (including sample data). DDMCalc is made

freely available for download and use by non-commercial entities at the link below. The

software was developed with support from the National Science Foundation under Award
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No. CBET 1351371.
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DDMCalc Instructional Guide

The following is a reproduction of the Instructional Guide provided with DDMCalc v1.0.

Differential dynamic microscopy MATLAB algorithms

This is an instructional guide written by Alexandra Bayles and Matthew Helgeson in

October 2015. The DDM MATLAB package consists of 4 scripts:

• imageStructureFunc.m calculates the radially averaged image structure function

from a video series

• txtRead.m reads in a radially averaged image structure results file produced by

imageStructureFunc.m

• DDMAna_Exp.m fits the image structure function to a three-parameter decomposition

• DDMAna_BrownianFit.m fits the image structure function to a three-parameter

decomposition and then fits the relaxation time to that of Brownian motion.

All codes are based on the work of Cerbino and Trappe, PRL 100, 188102 (2008).1 Each

script is described in detail below.
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B.1 Installation

All scripts should be downloaded and saved in a single folder within the user’s

MATLAB folder. Video series can be saved in the same folder or in an external folder.

B.2 imageStructureFunc.m

B.2.1 Theoretical background

This script calculates the radially averaged image structure function from a 2D video

series. The video series is composed of individual frames. For a frame taken at time

t, the intensity at pixel x is I(x, t). The change in intensity after time step ∆t is

I(x,∆t) = I(x,∆t+ t)− I(x, t). The expectation value of the Fourier power spectrum of

is defined as the image structure function D(q,∆t).1

D(q,∆t) ≡
〈∣∣∣∆Î(q,∆t)

∣∣∣2〉 (B.1)

For cases where motion is isotropic, it is useful to analyze the image structure function

in terms of the magnitude of q . The radially averaged image structure function is

D(q,∆t) where q = (q2
x + q2

y)1/2.

B.2.2 General script operation

Calling sequence:

[Dqt, t, q]=imageStructureFunc(fileName, nt, dt, pxsz, exportName,

exportLoc,expTime)

To calculate the image structure function, the script first reads in a user designated

video series as a 3D array using MATLAB’s imread function. This 3D array has dimensions:
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nx, ny, nt where nx is the image width in pixels, ny the image height in pixels and nt the

number for frames. Next, a for loop is used to compute Fourier transformed difference

images, or ∆Î(q,∆t). All pairs of frames in the series that are separated by a time step

are isolated, cropped to square images which can be Fourier transformed, subtracted from

one another, and then the difference fast Fourier transformed using MATLAB’s fft2

function. The complex modulus of Fourier transform of each pair is computed and the

average taken across all image pairs separated by ∆t. In accordance with,2 artificially

high values at qx = 0 and qy = 0 are suppressed (set to NaN).

At this point in the script, the image structure function for a particular time step

∆t exists as a 2D array. The values of the array at a specific index is equal to D(q) at

a specific value q = (qx, qy). This 2D array is radially averaged by defining a 2D array

(with the same dimension as the D(q) array) whose values are the magnitude of q at

each index of D(q). Indices with the same value of q are isolated and used to compute

D(q). This process is repeated for different time steps. NOTE: The user has the option

to specify whether the calculation is performed for all possible time steps over the video

series or exponentially spaced time steps. Choosing the latter reduces the computational

time and is recommended for preliminary screening/data analysis. The former provides

more statistics on the video series, but takes significantly more time.

After the for loop, the user is left with a 2D matrix Dqt, the radially averaged image

structure function. Each column represents D as a function of q at a fixed time step;

each row represents D as a function of time step at a fixed q. Vectors of time step t and

wavevector q are calculated in terms of dimensional values using the user designated lag

time and pixel size.

For the user’s convenience, select values of D(q,∆t) are plotted as a function q and

∆t . The user can easily change which ∆t and q are plotted by changing the values of

the vectors tprefactors and qprefactors respectively. In order to access the image
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structure function in another program or later in MATLAB, the array Dqt, wavevector

q, and time step vector t are written to a text file saved in a location specified by the

user. In the same location, a text ’notesDqt’ file is generated which saves the details of

the analysis.

B.2.3 Inputs and outputs

To operate the code, the user must specify the following:

B.3 textReadDqt.m

B.3.1 General script operation

Calling sequence:

[Dqt, t, q]=txtReadDqt(txtFileName)

This script reads in a radially averaged image structure results file produced by

imageStructureFunc.m and outputs the variables Dqt, t and q. This script allows

the user to easily plot, fit or analyze the radially averaged image structure function in

MATLAB without having to spend the computational time repeating the calculation.

B.3.2 Inputs and outputs

To read in a particular results file, the user should specify txtFileName, which is a

string that designates the path and name of the results file that contains the Dqt matrix.

These text files are named "exportNameDqtvsq.txt" by imageStructureFunc.m. Ex.

/Users/User1/Desktop/DDM/mov1ImageStrucDqtvsq.txt The outputs of txtReadDqt.m

are the same as those listed in Table B.2.
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Table B.1: Inputs for imageStructureFunc.m
Variable Description Notes
fileName A string that specifies

the path and name of
the image sequence

Image formats supported by imread are described
at: http://www.mathworks.com/help/matlab/
ref/imread.html Images can be rectangular or
square in dimension; the script will crop the im-
ages to the largest square dimension possible. Ex.
’/Users/User1/Desktop/DDM/mov1.tif’

nt The total number of
images to be analyzed

Ex. 1000

dt The lag time between
two consecutive im-
ages in units of sec-
onds*

*Seconds are only specified to match labels in
plots and the results files. Any time unit can be
chosen provided the user manually changes the
labels. Ex. 0.1 for a series recorded at 10 hz.

pxsz The size of one pixel
in units of microns**

**Microns are only specified to match labels in
plots and the results files. Any length unit can be
chosen provided the user manually changes the
labels. Ex. 0.5

exportLoc A string that specifies
the location where re-
sults files will be saved

Ex. ’/Users/User1/Desktop/DDM/’

exportName A string that specifies
the root name of the
text file the data will
be saved as

Ex. ’mov1’

exportTime Specifies whether to
compute with all avail-
able time steps or ex-
ponentially space time
steps

Specify as 0 to compute all available time steps.
Specify as 1 for exponentially spaced time steps
(saves computational time)
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Table B.2: Outputs for imageStructureFunc.m
Variable Description Notes
Dqt 2D matrix with the

values of D(q,∆t)
Each column represents D as a function of q at
a fixed time step; each row represents D as a
function of time step at a fixed q.

t The lag time vector,
units of seconds*

q The wavevector, units
of µm−1**

B.4 DDMAna_ExpFit.m

B.4.1 Theoretical background

Cerbino et al. [2] showed rigorously that that the image structure function decomposes

into three independent functions

D(q,∆t) = A(q)[1− g(q,∆t)] +B(q) (B.2)

where A(q) is a convolution of the particle scattering properties, optical transfer function

of the imaging optics and the material structure function; B(q) is related to the imaging

noise and incoherent scattering and g(q,∆t) is the material autocorrelation function.

This script fits the radially averaged image structure function to the function

D(q,∆t) = A(q)[1− exp(Γ(q)∆t)] +B(q) (B.3)

In the equation above, it is assumed that the material autocorrelation function decays

exponentially with time step with a characteristic relaxation time Γ−1 that depends upon

the magnitude of the wavevector.
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B.4.2 General script operation

Calling sequence:

[q, gamma, A, B]=DDMAna_ExpFit(txtFileName, exportName, exportLoc,

expWeight, timeCutOff, corrLimit)

To perform the fitting, the script first reads the Dqt results file using the script

txtReadDqt.m. Depending on the user’s statistical preferences, the script redefines the

matrix Dqt and the vector t. Specifically, the user can decide (in the inputs of the

script) to (1) set a timeCutOff and/or (2) weight using exponentially spaced time. The

timeCutOff sets the time step range considered in the fit; all time steps greater than

timeCutOff will not be considered in the regression. In DDM analysis, it is common to

exclude time steps where less than 100 pairs of frames contribute to the average difference

to ensure proper ensemble statistics. By choosing to weight using exponential spaced

time, the user pseudo-accounts for the fact that more pairs of frames contribute to the

average at small time steps.

Next, a for loop is used to fit each iso-wavevector to the function

D(∆t) = A[1− exp(−Γ∆t)] +B (B.4)

as a function of ∆t using MATLAB’s lsqcurvfit function. A, Γ, and B are parameters

that are varied in the fit and make up fit vector name beta. To improve the convergence

on physically reasonable fits, the user specifies initial guesses and upper and lower bounds

on each of the parameters using the vectors beta0, betalb, and betaub. Since the

image structure function (and the wavevector q) span multiple orders of magnitude,

the iso-wavevectors are divide into 4 ranges, each of which can have different bounds

and initial guesses for the fit parameters. After the D(∆t) vector is fit, the correlation

coefficient and absolute errors in each of the fit parameters are calculated using the
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outputs of lsqcurvfit.

It is often necessary to exclude certain wavevectors from the evaluation of Γ because

the frame rate is too slow to capture the dynamics (at high q) or video is too short to

capture the dynamics (low q). As a proxy for deciding which fits to reject, the user can

choose to specify a correlation minimum for fit acceptance. For example, the user can

choose to only accept fits that have R2 values greater than 95% by setting corrLimit to

0.95.

For the user’s convenience, the fit parameters are plotted as a function of q; A(q) and

B(q) are plotted in one figure, Γ(q) in another. After these plots are generated, the user

is prompted to enter 1 into the MATLAB command window if they are interested in

examining the fit at a particular q. If the user chooses to do so (enters 1), then a new

figure will appear with plots of A(q), Γ(q), and R2(q). The user can click near a point of

interest on any of the graphs. The script will then locate the nearest to where the user

click and subsequently plot the experimental values of Dqt and the fit at that particular

q. This process can be repeated indefinitely until the user inputs anything other than 1 in

the command window. Doing so causes MATLAB to exit the individual fit examination

while loop.

In order to access the fit parameters and/or their errors later in MATLAB or in

another program, the array Dqt, wavevector q and time step vector t are written to a text

file saved in a location specified by the user. In the same location, a text ’notesExpFit’

file is generated which saves the details of the analysis.

B.4.3 Inputs and outputs

To operate the code, the user must specify the following:
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Table B.3: Inputs for DDMAna_ExpFit.m
Variable Description Notes
txtFileName A string that specifies the

path and name of the Dqt
results file produced by
imageStructureFunc.m.

The text file should contain Dqt ma-
trix, t and q vectors with differ-
ent time steps in different columns.
Ex. ’/Users/User1/Desktop/DDM/
mov1ImageStrucDqtvsq.txt’

exportLoc A string that specifies the loca-
tion where results files will be
saved

Ex. ’/Users/User1/Desktop/DDM/’

exportName A string that specifies the root
name of the text file the data
will be saved as

Ex. ’mov1’

expWeight Specifies whether to weight fit
with all available time steps or
exponentially space time steps

Specify as 0 to give all times steps
equal weight; Specify as "1" to space
time exponentially and then com-
plete the fit.

timeCutOff The final time step after in-
cluded in the fit.

Ex. 900

corrLimit The correlation coefficient min-
imum for the fit to be included
in the characteristic time anal-
ysis

Ex. 0.95

Table B.4: Outputs for DDMAna_ExpFit.m
Variable Description Notes
q The wavevector, units of µm−1* *Same units as exported by

imageStructureFunc.m
gamma The inverse of the of the relax-

ation time, units of s−1**
**Inverse of the time units as ex-
ported by imageStructureFunc.m

A The optics fit parameter, a.u.
B The background noise fit pa-

rameter, a.u.

244



DDMCalc Instructional Guide Appendix B

B.5 DDMAna_BrownianFit.m

B.5.1 Theoretical background

Cerbino et al.2 showed rigorously that that the image structure function decomposes

into three independent functions

D(q,∆t) = A(q)[1− g(q,∆t)] +B(q) (B.5)

where A(q) is a convolution of the particle scattering properties, optical transfer function

of the imaging optics and the material structure function; B(q) is related to the imaging

noise and incoherent scattering and g(q,∆t) is the material autocorrelation function.

This script fits the radially averaged image structure function to the function

D(q,∆t) = A(q)[1− exp(Γ(q)∆t)] +B(q) (B.6)

In the equation above, it is assumed that the material autocorrelation function decays

exponentially with time step with a characteristic relaxation time Γ−1 that depends upon

the magnitude of the wavevector. For the case of Brownian motion, Γ(q) = q2Dself where

is the self-diffusivity.

B.5.2 General script operation

Calling sequence:

[q, gamma, A, B, D, Derror]=DDMAna_BrownianFit(txtFileName, exportName,

exportLoc, expWeight, timeCutOff, corrLimit)

To perform the fitting, the script first reads the Dqt results file using the script

txtReadDqt.m. Depending on the user’s statistical preferences, the script redefines the
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matrix Dqt and the vector t. Specifically, the user can decide (in the inputs of the

script) to (1) set a timeCutOff and/or (2) weight using exponentially spaced time. The

timeCutOff sets the time step range considered in the fit; all time steps greater than

timeCutOff will not be considered in the regression. In DDM analysis, it is common to

exclude time steps where less than 100 pairs of frames contribute to the average difference

to ensure proper ensemble statistics. By choosing to weight using exponential spaced

time, the user pseudo-accounts for the fact that more pairs of frames contribute to the

average at small time steps.

Next, a for loop is used to fit each iso-wavevector to the function

D(∆t) = A[1− exp(−Γ∆t)] +B (B.7)

as a function of ∆t using MATLAB’s lsqcurvfit function. A, Γ, and B are parameters

that are varied in the fit and make up fit vector name beta. To improve the convergence

on physically reasonable fits, the user specifies initial guesses and upper and lower bounds

on each of the parameters using the vectors beta0, betalb, and betaub. Since the image

structure function (and the wavevector q) span multiple orders of magnitude, the iso-

wavevectors are divide into 4 ranges, each of which can have different bounds and initial

guesses for the fit parameters. After the D(∆t) vector is fit, the correlation coefficient

and absolute errors in each of the fit parameters are calculated using the outputs of

lsqcurvfit.

It is often necessary to exclude certain wavevectors from the evaluation of Γ because

the frame rate is too slow to capture the dynamics (at high q) or video is too short to

capture the dynamics (low q). As a proxy for deciding which fits to reject, the user can

choose to specify a correlation minimum for fit acceptance. For example, the user can

choose to only accept fits that have R2 values greater than 95% by setting corrLimit to
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0.95.

In this script, is analyzed by fitting the values to the model Γ(q) = q2Dself . As with

the image structure function fitting, this done using MATLAB’s lsqcurvfit function.

The self-diffusivity is calculated for 2 Γ(q) series: (1) Γ(q) from all of the image structure

fits and (2) Γ(q) from the fits that have corrLimit.

For the user’s convenience, the fit parameters are plotted as a function of q; A(q) and

B(q) are plotted in one figure, Γ(q) in another. After these plots are generated, the user

is prompted to enter 1 into the MATLAB command window if they are interested in

examining the fit at a particular q. If the user chooses to do so (enters 1), then a new

figure will appear with plots of A(q), Γ(q), and R2(q). The user can click near a point of

interest on any of the graphs. The script will then locate the nearest to where the user

click and subsequently plot the experimental values of Dqt and the fit at that particular

q. This process can be repeated indefinitely until the user inputs anything other than 1 in

the command window. Doing so causes MATLAB to exit the individual fit examination

while loop.

In order to access the fit parameters and/or their errors later in MATLAB or in

another program, the array Dqt, wavevector q and time step vector t are written to a text

file saved in a location specified by the user. In the same location, a text ’noteBrownianFit’

file is generated which saves the details of the analysis.

B.5.3 Inputs and outputs

To operate the script, the user must specify the all of the same inputs listed in Table

B.3. The outputs of the script are listed in Table B.5.
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Table B.5: Outputs for DDMAna_BrownianFit.m
Variable Description Notes
q The wavevector, units of µm−1* *Same units as exported by

imageStructureFunc.m
gamma The inverse of the of the relax-

ation time, units of s−1**
**Inverse of the time units as ex-
ported by imageStructureFunc.m

A The optics fit parameter, a.u.
B The background noise fit pa-

rameter, a.u.
D Self-diffusivity, units of

µm2/s***
***Again, units related to those ex-
ported by imageStructureFunc.m

Derror Self-diffusivity error, units of
µm2/s***
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DDMCalc: imageStructureFunc.m

function [Dqt, t, q]=imageStructureFunc(fileName, nt, dt, pxsz, exportName,...
exportLoc,expTime)

%% Version 1.0
%% Copyright 2015, University of California Santa Barbara,
% All rights reserved.
%% Written by Alexandra Bayles and Yongxiang Gao in Prof. Matthew E.
% Helgeson’s lab at University of California Santa Barbara on Oct 15, 2015.
% The script calculates the radially averaged image structure function for
% a micrograph video series. This program was constructed based on the work
% of Cerbino and Trappe, PRL 100, 188102 (2008).

%% Inputs
% fileName, a string that specifies the path and name of the image sequence
% nt, the total number of images to be analyzed
% dt, lag time between two consecutive images in units of seconds
% pxsz, the size of one pixel in units of microns
% exportLoc, a string that specifies the location where results files will
% be saved
% exportName, a string that specifies the root name of the text file the
% data will be saved as
% expTime, specify as "0" to compute all available time steps. Specify
% as "1" for exponentially spaced time steps (saves
% computational time)

%% Outputs
% Dqt, structure function at various q and t. Each column represents D as
% a function of q at a fixed time step; each row represents D as a
% function of time at a fixed q
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% t, lag time vector, units of second
% q, wave vector, units of um^-1

%% Plots and Results files
% This script writes a result files in .txt format:
% "exportNameDqtvsq.txt" - Contains a record of the calculation, the Dqt
% matrix, t and q vectors with different time
% steps in different columns
% This script also produces 3 plots:
% (1) Image structure function as a function of q for selected t
% (2) Radially averaged image structure function vs. q
% (3) Radially averaged image structure function vs. t

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
close all;
%% Reading in the Images%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
if expTime ==0

id = 1:nt-1; %Using all of the time steps
checkProcessing = 50;

else
id=unique(round(exp(0:0.1:log(nt)))); %Exponentially spaced time

%reduces running time
checkProcessing = 10;

end
navg = nt - id;
img=imread(fileName, 1); %Reads in the first image of the stack
[ny, nx] = size(img); %ny is rows (# pixels in y direction), nx is

%number of columns (# pixels in x direction)
sz=min(nx, ny)-1; %sz is the # pixels in the square image
edge=floor(abs(nx-ny)/2);
mid = ceil((sz -1)/2)+1; %mid is the index of the middle pixel,

% (equal to the length of q)
%% Recasting in terms of dimensional variables%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
t=id*dt; % time in unit of second

%% Initializing variables%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
dimCheck = 0; %Dummy variable set to identify whether image

%has odd dimensions, called on later in calc.
if (abs(nx-ny)/2 - edge) > 0

dimCheck = 1;
end
Dqt=[];
exclude = 0; %The number of pixels to the left and right of
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%the center pixel that will be suppressed to 0 intensity
imStack = zeros(ny, nx, nt);
for k = 1:nt

imStack(:,:,k) = double(imread(fileName, k));
end

%% FFT of Difference Images%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
for k=1:length(id)

%Tracking where the calculation is
if rem(k, checkProcessing) ==0

fprintf(’%.0f of %.0f time steps processed.\n’,k, length(id))
end
avg=0;
for j=1:navg(k)

imdf=imStack(:,:, (j + id(k))) - imStack(:,:, j);
if dimCheck == 0

ft=fft2(imdf(1:sz, edge+1:end-edge-1));
% Fourier transform of the difference of two images
% only considers a square image

else
ft=fft2(imdf(1:sz, edge+2:end-edge-1));

end
absft=abs(ft).^2/sz^2; %D(qx, qy, dt) normalized by the size
avg=avg+fftshift(absft);

end
avg=avg./navg(k);

% Supressing artificially large intensities in the center image %%
avgRaw = avg; %avgRaw is the avg matrix before suppression
avg(mid-exclude:mid+exclude, :) = 0;
avg(:, mid-exclude:mid+exclude) = 0;
avgNAN = avg;
avgNAN(mid-exclude:mid+exclude, :) = nan;
avgNAN(:, mid-exclude:mid+exclude) = nan;
% Calculates the radially averaged 1D power spectrum, D(q, dt),
% where q=sqrt(qx^2+qy^2);
[X, Y] = meshgrid(-(sz-1)/2:(sz-1)/2, -(sz-1)/2:(sz-1)/2);
% Makes Cartesian grid, recall that sz is the square size
[theta ,q] = cart2pol(X, Y);
% Converts to polar coordinate axes
q = round(q);
if k == 1

figure (1)
subplot(2, 2, 1)
imshow(log(avgRaw),[-1 5]);
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colormap(jet); colorbar
title(strcat(’D(q, \Deltat’, sprintf(’ = %.1f)’, t(k))))

elseif k == round(1/3*length(id))
figure (1)
subplot(2, 2, 2)
imshow(log(avgRaw),[-1 5]);
colormap(jet); colorbar
title(strcat(’D(q, \Deltat’, sprintf(’ = %.1f)’, t(k))))

elseif k == round(2/3*length(id))
figure (1)
subplot(2, 2, 3)
imshow(log(avgRaw),[-1 5]);
colormap(jet); colorbar
title(strcat(’D(q, \Deltat’, sprintf(’ = %.1f)’, t(k))))

elseif k == length(id)
figure (1)
subplot(2, 2, 4)
imshow(log(avgRaw),[-1 5]);
colormap(jet); colorbar
title(strcat(’D(q, \Deltat’, sprintf(’ = %.1f)’, t(k))))

end
for r = 0:(sz-1)/2

i{r + 1} = find(q == r);
end
Dq = zeros(floor((sz-1)/2 + 1),1);
for r = 0:(sz-1)/2

Dq(r + 1,1) = nanmean( avgNAN( i{r+1} ) );
% Loop averages over only the points where r == q on the polar grid

end
Dqt = [Dqt, Dq];

end

%% Recasting in terms of dimensional variables%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
t=id*dt; % time in unit of second
q=(0:(sz-1)/2)*2*pi/(sz*pxsz);
%redefines q in terms of dimensional and real values

%% Plotting the image structure function%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
maxNum=max(max(Dqt));
ymax = max(max(Dqt)) +100;
markSize = 10;
tprefactors = [0, 1/4, 1/2,3/4, 1]; %User may change if desired
figure (2)
semilogx(.2, 1, ’.w’, ’markerSize’, .1)
name0 = ’\Deltat[s]’;
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hold on
semilogx(q, Dqt(:, 1), ’dk’, ’markerSize’, markSize)
name1 = sprintf(’%.2f’,t(1));
hold on
semilogx(q, Dqt(:, round(length(t)*tprefactors(2))), ’+r’,’markerSize’, ...

markSize)
name2 = sprintf(’%.2f’,t(round(length(t)*tprefactors(2))));
hold on
semilogx(q, Dqt(:, round(length(t)*tprefactors(3))), ’og’,’markerSize’, ...

markSize)
name3 = sprintf(’%.2f’,t(round(length(t)*tprefactors(3))));
hold on
semilogx(q, Dqt(:, round(length(t)*tprefactors(4))), ’*c’,’markerSize’, ...

markSize)
name4 = sprintf(’%.2f’,t(round(length(t)*tprefactors(4))));
hold on
semilogx(q, Dqt(:, round(length(t)*tprefactors(5))), ’.b’,’markerSize’, ...

markSize)
name5 = sprintf(’%.2f’,t(round(length(t)*tprefactors(5))));
legHandle = legend(name0,name1, name2, name3, name4, name5,’Location’,...

’NorthEast’);
xlabel(’q [\mum^{-1}]’)
ylabel(’D(q,\Deltat[s]) [a.u.]’)
figureHandle1 = gcf;
set(findall(figureHandle1,’type’,’text’),’fontSize’,16,’fontName’,’Arial’,...

’fontWeight’, ’bold’)
set(findall(figureHandle1,’type’,’axes’),’fontSize’,16,’fontName’,’Arial’,...

’fontWeight’, ’bold’)
ylim([0,ymax])

% Plotting Dqt vs t
figure (3)
plot(.2, 1, ’.w’, ’markerSize’, .1)
qprefactors = [1/6, 2/6, 3/6,4/6,5/6, 1]; %User may change if desired
name0 = ’q [\mum^{-1}]’;
hold on
plot(t, Dqt(2, :), ’dk’, ’markerSize’, markSize)
name1 = sprintf(’%.2f’,q(2));
plot(t, Dqt(round(length(q)*qprefactors(1)), :), ’+r’,’markerSize’, ...

markSize)
name2 = sprintf(’%.2f’,q(round(length(q)*qprefactors(1))));
plot(t, Dqt(round(length(q)*qprefactors(2)), :), ’og’,’markerSize’, ...

markSize)
name3 = sprintf(’%.2f’,q(round(length(q)*qprefactors(2))));
hold on
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plot(t, Dqt(round(length(q)*qprefactors(3)), :), ’*c’,’markerSize’, ...
markSize)

name4 = sprintf(’%.2f’,q(round(length(q)*qprefactors(3))));
hold on
plot(t, Dqt(round(length(q)*qprefactors(4)), :), ’.m’,’markerSize’, ...

markSize)
name5 = sprintf(’%.2f’,q(round(length(q)*qprefactors(4))));
plot(t, Dqt(round(length(q)*qprefactors(5)), :), ’.g’,’markerSize’, ...

markSize)
name6 = sprintf(’%.2f’,q(round(length(q)*qprefactors(5))));
plot(t, Dqt(round(length(q)*qprefactors(6)), :), ’.b’,’markerSize’, ...

markSize)
name7 = sprintf(’%.2f’,q(round(length(q)*qprefactors(6))));
legHandle = legend(name0,name1, name2, name3, name4, name5,name6,name7,...

’Location’,’EastOutside’);
xlabel(’\Deltat[s]’)
ylabel(’D(q,\Deltat[s]) [a.u.]’)
figureHandle2 = gcf;
set(findall(figureHandle2,’type’,’text’),’fontSize’,16,’fontName’,’Arial’,...

’fontWeight’, ’bold’)
set(findall(figureHandle2,’type’,’axes’),’fontSize’,16,’fontName’,’Arial’,...

’fontWeight’, ’bold’)
ylim([0,ymax])

%% Saving the results%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% % Writing details of to the text file
fileIDq = fopen(strcat(exportLoc,strcat(exportName, ’Dqtvsq.txt’)), ’w’);
fprintf(fileIDq,’DDM Script: [Dqt, t, q]=imageStructureFunc(fileName, nt,’ ...
’dt, pxsz, exportName, exportLoc,expTime)\n’);
fprintf(fileIDq,’Version: 1.0\n’);
fprintf(fileIDq,’Date: %6s \n’, date);
fprintf(fileIDq,’Inputs \n’);
fprintf(fileIDq,’fileName: %s\n’,fileName);
fprintf(fileIDq,’nt: %i frames\n’,nt);
fprintf(fileIDq,’dt: %f s\n’,dt);
fprintf(fileIDq,’Size 1 pixel: %f microns\n’,pxsz);
fprintf(fileIDq,’exportName: %s\n’,exportName);
fprintf(fileIDq,’exportLoc: %s\n’,exportLoc);
if expTime == 0

fprintf(fileIDq,’expTime: %i (all time)\n\n’,expTime);
else

fprintf(fileIDq,’expTime: %i (exponentially spaced)\n\n’,expTime);
end
fprintf(fileIDq,’Internal Calculations \n’);
fprintf(fileIDq,’Original Image Size: %i pix by %i pix (x by y) \n’, nx, ny);
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fprintf(fileIDq,’Square Image Size: %i pix by %i pix \n \n \n’, sz, sz);
% Writing Dqtvsq to the text file
% Printing Headings
fprintf(fileIDq, ’%6s\t%12s\n’,’q [um-1] ’,’t [s]’);
fprintf(fileIDq, ’%f\t’, 0);
for j = 1: length (t) -1

fprintf(fileIDq, ’%f \t’, t(j));
end
fprintf(fileIDq, ’%f \n’, t(length (t)));

% Printing the values
for i = 2:length(q)

fprintf(fileIDq, ’%f \t’, q(i));
for j = 1:length(t) - 1

fprintf(fileIDq, ’%f \t’, Dqt(i, j));
end
fprintf(fileIDq, ’%f \n’, Dqt(i, length(t)));

end
fclose(fileIDq);

end
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DDMCalc: textReadDqt.m

function [Dqt, t, q]=txtReadDqt(txtFileName)
%% Version 1.0
%% Copyright 2015, University of California Santa Barbara, All rights reserved.
%% Written by Alexandra Bayles in Prof. Matthew E. Helgeson’s lab at
% University of California Santa Barbara on July 31, 2014.
% This script reads in a text file of the matrix Dqt produced by during a
% DDM analysis so that the matrix can be manipulated or plotted within
% MATLAB.
%
%% Inputs
% txtFileName, a string that specifies the path and name of the Dqt results
% file produced by imageStructureFunc.m.
% Note: The text file should contain Dqt matrix, t and q
% vectors with different time steps in different columns.
% Typically these text files are named "exportNameDqtvsq.txt"
%
%% Outputs
%Dqt, structure function at various q and t. Each column represents Dqt as
% a function of q at a fixed time; each row represents Dqt as a
% function of time at a fixed q
%t, lag time vector in unit of second
%q, wave vector in unit of um^-1

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%% COUNTING THE NUMBER OF LINES/COLUMNS
%Opening the file
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fileID = fopen(txtFileName);
n = 0;
tline = fgetl(fileID);
while ischar(tline)

tline = fgetl(fileID);
n = n+1;

end
fclose(fileID);
lengthq = n - 18;
fileID = fopen(txtFileName);
while ~feof(fileID)

C = textscan(fileID,’%f’,’HeaderLines’, 1, ’Delimiter’,’\n’);
end
items = cellfun(@length, C);
fclose(fileID);
lengtht = (items - (lengthq))/(lengthq);

%% READING IN THE VALUES
fileID = fopen(txtFileName);
%Reading in the time vector
C = textscan(fileID,’%f’,lengtht+1,’HeaderLines’, 18, ’Delimiter’,’\t’);
t1 = cell2mat(C(1, :));
t = t1(2:end);
%Note: cell2mat converts the cell array to a numeric array

%Reading in Dqt and q
Dqt = zeros(lengthq-1, lengtht);
for i = 1:lengthq - 1

q(i) = cell2mat(textscan(fileID,’%f’,1, ’Delimiter’,’\t’));
Dqt(i, :) = cell2mat(textscan(fileID,’%f’,lengtht, ’Delimiter’,’\t’));

end
fclose(fileID);
end
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DDMCalc: DDMAna_ExpFit.m

function [q, gamma, A, B]=DDMAna_ExpFit(txtFileName, exportName,...
exportLoc, expWeight, timeCutOff, corrLimit)

%% Version 1.0
%% Copyright 2015, University of California Santa Barbara,
% All rights reserved.
%% Written by Alexandra Bayles in Prof. Matthew E. Helgeson’s lab at
% Helgeson’s lab at University of California Santa Barbara on Oct 15, 2015.
% The script calculates the coefficients A(q), B(q), gamma(q) in the
% image structure function D(q,t)=A(q)[1-EXP[-t * gamma(q)]]+B(q)
% The program is constructed based on the work of Roberto Cerbino and
% Veronique Trappe, PRL 100, 188102 (2008).

%% Inputs
% txtFileName, a string that specifies the path and name of the Dqt results
% file produced by imageStructureFunc.m.
% Note: The text file should contain Dqt matrix, t and q
% vectors with different time steps in different columns.
% Typically these text files are named "exportNameDqtvsq.txt"
% exportLoc, a string that specifies the location where results files will
% be saved
% exportName, a string that specifies the name of the text file the
% data will be exported to
% expWeight, specify as "0" to give all time steps equal weight. Specify
% as "1" to space time exponentially and then complete the
% fit.
% timeCutOff, the final time step after included in the fit.
% Reassigning so that only points with at least 100 frames
% are included in the fit
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% corrLimit, the correlation coeficient minimum for the fit to be included
% in the characteristic time analysis

%% Outputs
% q, wave vector in unit of um^-1
% gamma, inverse of the relaxation time, units s^-1
% A, optics fit parameter, a.u.
% B, background noise fit parameter, a.u.

%% Plots and Results files
% This script writes a result files in .txt format:
% "exportNameExpFit.txt" - Contains a record of the calcuation, the
% fit parameters A, gamma, and B as a function of
% wave vector q as well as their absolute errors.
% This script produces 2 plots:
% (1) A(q) and B(q) vs. q
% (2) Gamma^-1 vs. q
% and (optionally) additional plots
% (3) D(q,t) vs. t with the calculated fit for a specific q

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
close all;
i = 1;
k = 1;
%% Reading in the text Sqt file generated by imageStructureFunc.m %%%%%%%%%
[Dqt, t, q] = txtReadDqt(txtFileName);

%% Redefining t vector to based on weighted fit choice %%%%%%%%%%%%%%%%%%%%
if expWeight == 0

id = 1:timeCutOff;
else

id=unique(round(exp(0:0.1:log(timeCutOff))));
end
temp=t(id);
t=zeros(length(id),1);
t = temp;
DqtTemp = Dqt(:, id);
Dqt = zeros(size(Dqt,1), length(id));
Dqt = DqtTemp;

%% Defining the fit model %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%% Model: Autocorrelation function decays exponentially
% Model:D(q,tau) = A(q)*[1-exp(-Gamma(q)*t))] +B(q)\n, calculated via the
% cumulant method
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% the vector "beta" is b = [b(1), b(2), b(3)]. These are the fit parameters
modelfun = @(b,T)(b(1).*(1-exp(-(b(2)).*T)))+b(3);
opts = optimset(’Display’,’off’);

%% Setting limits on fit parameters %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% q is divided into 4 regions:
% - q < q1
% - q1 < q < q2
% - q2 < q < q3
% - q > q3
q1 = floor(length(q)/4);
q2 = floor(length(q)*1/2);
q3 = floor(length(q)*3/4);

%%% USER MAY CHANGE THESE
dguess = .4;
betalbfirstfourth = [10,0, 0];
betalbsecondfourth = [10,0,0];
betalblastfourth = [0,0,0];
betalblastfourth = [0,0,0];
BLimit = 0.25;
betaubfirstfourth = [100000,q(q1)^2*dguess+100,BLimit];
betaubsecondfourth = [10000,q(q2)^2*dguess+100,BLimit];
betaublastfourth = [10000,q(q3)^2*dguess+100,BLimit];
betaublastfourth = [10000,q(length(q))^2*dguess+100,BLimit];
beta0firstfourth = [1000,q(1)^2*dguess,.1];
beta0secondfourth = [100,q(q1)^2*dguess,.1];
beta0lastfourth = [100,q(q2)^2*dguess,.1];
beta0lastfourth = [0,q(q3)^2*dguess,.1];
%%%
checkCorr = 0;
check90 = 0;
for j = 1:length(q)

if j <= q1
betalb = betalbfirstfourth;
beta0 = beta0firstfourth;
betaub = betaubfirstfourth;

elseif q1 > j >=q2
betalb = betalbsecondfourth;
beta0 = beta0secondfourth;
betaub = betaubsecondfourth;

elseif q2 > j >=q3
betalb = betalblastfourth;
beta0 = beta0lastfourth;
betaub = betaublastfourth;
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else
betalb = betalblastfourth;
beta0 = beta0lastfourth;
betaub = betaublastfourth;

end
[beta, resnorm, residual, exitflag,output,lambda,jacobian] = ...

lsqcurvefit(modelfun,beta0,t’,Dqt(j,:),betalb,betaub, opts);
%%% Calculating the correlation coefficient%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

rsquared(j) = 1 - resnorm / sum((Dqt(j,:)-mean(Dqt(j,:))).^2);
A(j) = beta(1);
gamma(j) = beta(2);
B(j) = beta(3);
res(j)=resnorm;
if rsquared(j) > corrLimit

indexAboveCorr(i) = j;
i = i+1;
checkCorr = 1;

end
%%% Finding the error in fit parameters

[Q,R] = qr(jacobian,0);
mse = sum(abs(residual).^2)/(size(jacobian,1)-size(jacobian,2));
warning(’off’)
Rinv = inv(R);
Sigma = Rinv*Rinv’*mse;
se = sqrt(diag(Sigma));
%Turning the sparse matrix into one that is usable
seMat = full(se);
Aerror(j) = seMat(1);
gammaerror(j) = seMat(2);
Berror(j) = seMat(3);

end

%% Plotting image structure function fits %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%% Plotting A(q) and B(q)
figure (1)
plot(q, A,’or’)
name0 = ’A(q)’;
hold on
plot(q, B, ’sk’)
name1 = ’B(q)’;
legHandle = legend(name0,’Location’,’NorthEast’);
xlabel(’q [\mum^{-1}]’)
ylabel(’A(q), B(q) [a.u.]’)
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ylim([0, (max(A)+100)])
figureHandle1 = gcf;
set(findall(figureHandle1,’type’,’text’),’fontSize’,16,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
set(findall(figureHandle1,’type’,’markerSize’),’markerSize’,20)
set(findall(figureHandle1,’type’,’axes’),’fontSize’,16,’fontName’,...

’Arial’,’fontWeight’, ’bold’)

%%% Gamma(q)
figure (2)
loglog(q, gamma.^(-1),’ok’)
name0 = ’\tau(q)’;
hold on
loglog(q(indexAboveCorr), gamma(indexAboveCorr).^(-1),’+b’)
name1 =strcat(’\tau(q),R^2>’, sprintf(’%.3f’,corrLimit ));
legHandle = legend(name0,name1,’Location’,’NorthEast’);
xlabel(’q [\mum^{-1}]’)
ylabel(’\tau(q) [s]’)
figureHandle2 = gcf;
set(findall(figureHandle2,’type’,’text’),’fontSize’,16,’fontName’,’Arial’,...

’fontWeight’, ’bold’)
set(findall(figureHandle2,’type’,’axes’),’fontSize’,16,’fontName’,’Arial’,...

’fontWeight’, ’bold’)

%% Examining individual fits %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
examineInput = input(’Input 1 to examine at individual fits. \n’);
if examineInput == 1

examineMoreInput = 1;
while examineMoreInput == 1
figure(3)
subplot(2,2, 1)
plot(q, A,’or’)
name0 = ’A(q)’;
hold on
plot(q, B, ’sk’)
name1 = ’B(q)’;
legHandle = legend(name0,name1,’Location’,’NorthEast’);
xlabel(’q [\mum^{-1}]’)
ylabel(’A(q), B(q) [a.u.]’)
figureHandle1 = gcf;
set(findall(figureHandle1,’type’,’text’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
set(findall(figureHandle1,’type’,’markerSize’),’markerSize’,20)
set(findall(figureHandle1,’type’,’axes’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
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subplot(2,2, 2)
loglog(q, gamma.^(-1),’ok’)
name0 = ’\tau(q)’;
hold on
loglog(q(indexAboveCorr), gamma(indexAboveCorr).^(-1),’+b’)
name1 =strcat(’\tau(q),R^2>’, sprintf(’%.3f’,corrLimit ));
legHandle = legend(name0,name1,’Location’,’northeast’);
set(legHandle, ’Color’, ’None’)
xlabel(’q [\mum^{-1}]’)
ylabel(’\tau(q) [s]’)
figureHandle2 = gcf;
set(findall(figureHandle2,’type’,’text’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
set(findall(figureHandle2,’type’,’axes’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)

subplot(2,2,3)
plot(q,rsquared, ’.’)
xlabel(’q [\mum^{-1}]’)
ylabel(’R^2 [s]’)
grid on
figureHandle3 = gcf;
set(findall(figureHandle3,’type’,’text’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
set(findall(figureHandle3,’type’,’axes’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)

%%% User picks piont on graph
[qlook,Y] = ginput(1);
[qval, qvalIndex] = min(abs(q - qlook));
qval = q(qvalIndex);
figure(5)
grid off
subplot(1,2,1)
h = semilogx(t, Dqt(qvalIndex, :), ’.b’);
hold on
h1 = semilogx(t, A(qvalIndex)*(1-exp(-gamma(qvalIndex).*t))...

+B(qvalIndex), ’k’);
xlabel(’t (s)’)
ylabel(’D(q, t)’)
titleStr = sprintf(’D vs. t \n: q = %f um^-1’, qval);
title(titleStr)
subplot(1,2,2)
h = plot(t, Dqt(qvalIndex, :), ’.b’);
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hold on
h1 = plot(t, A(qvalIndex)*(1-exp(-gamma(qvalIndex).*t))...

+B(qvalIndex), ’k’);
xlabel(’t (s)’)
ylabel(’D(q, t)’)
titleStr = sprintf(’D vs. t \n: q = %f um^-1’, qval);
title(titleStr)
hold off

examineMoreInput = input(’Input 1 to look at more fits. \n’);
close
end

end

%% Saving the results%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
fileID = fopen(strcat(exportLoc,strcat(exportName, ’ExpFit.txt’)), ’w’);
% Writing details of data analysis to text file
dateS = date;
fprintf(fileID,’DDMAna Script: [q, gamma, A, B]=DDMAna_ExpFit(txtFileName,’...

’exportName, exportLoc, expWeight, frameCutOff, corrLimit)\n’);
fprintf(fileID,’Version: 1.0\n’);
fprintf(fileID,’Date: %6s \n’, dateS);
fprintf(fileID,’exportName: %4s\n’,exportName);
fprintf(fileID,’exportLoc: %6s\n’,exportLoc);
if expWeight == 0
fprintf(fileID,’expWeight: %i (all equal weight)\n’,expWeight);
else
fprintf(fileID,’expWeight: %i (exponential weight)\n’,expWeight);
end
fprintf(fileID,’frameCutOff: %i\n\n’,timeCutOff);
fprintf(fileID,’Model and Fit Parameters \n’);
fprintf(fileID,’ Model:Brownian Diffusion, Single Particle \n’);
fprintf(fileID,’ Model:D(q,t) = A(q)*[1-exp(-Gamma(q)*t))+B(q) \n’);
fprintf(fileID,’ Algorithm:Trust-Region Reflective’);
fprintf(fileID,’ Correlation limit: %.3f \n’, corrLimit);
fprintf(fileID,’ Approximate .95 Fit Range \n’);
fprintf(fileID,’ qmin: %f \n’, q(indexAboveCorr(1)));
fprintf(fileID,’ qmin index: %i \n’, indexAboveCorr(1));
fprintf(fileID,’ qmax: %f \n’, ...

q(indexAboveCorr(length(indexAboveCorr))));
fprintf(fileID,’ qmax index: %i \n’, ...

indexAboveCorr(length(indexAboveCorr)));
fprintf(fileID,’ fits accepted: %i of %i\n’, ...

length(indexAboveCorr), length(q));
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fprintf(fileID,’Internal Calculations \n’);
fprintf(fileID,’Internal Calculations \n’);
fprintf(fileID,’Fit Constraints \n’);
fprintf(fileID,’ First Fourth of q range \n’);
fprintf(fileID,’ qmin: %f \n’, q(1));
fprintf(fileID,’ qmin index: %i \n’, 1);
fprintf(fileID,’ qmax: %f \n’, q(q1));
fprintf(fileID,’ qmax index: %i \n’, q1);
fprintf(fileID,’ lower [A, Gamma, B]: [%f, %f, %f]\n’, ...

betalbfirstfourth(1),betalbfirstfourth(2), betalbfirstfourth(3));
fprintf(fileID,’ initial [A, Gamma, B]: [%f, %f, %f]\n’, ...

beta0firstfourth(1),beta0firstfourth(2),beta0firstfourth(3));
fprintf(fileID,’ upper [A, Gamma, B]: [%f, %f, %f]\n’, ...

betaubfirstfourth(1),betaubfirstfourth(2),betaubfirstfourth(3));
fprintf(fileID,’Second Fourth of q range \n’);
fprintf(fileID,’ qmin: %f \n’, q(q1+1));
fprintf(fileID,’ qmin index: %i \n’, q1+1);
fprintf(fileID,’ qmax: %f \n’, q(q2));
fprintf(fileID,’ qmax index: %i \n’, q2);
fprintf(fileID,’ lower [A, Gamma, B]: [%f, %f, %f]\n’, ...

betalbsecondfourth(1),betalbsecondfourth(2),betalbsecondfourth(3));
fprintf(fileID,’ initial [A, Gamma, B]: [%f, %f, %f]\n’, ...

beta0secondfourth(1),beta0secondfourth(2),beta0secondfourth(3));
fprintf(fileID,’ upper [A, Gamma, B]: [%f, %f, %f]\n’, ..
betaubsecondfourth(1),betaubsecondfourth(2),betaubsecondfourth(3));
fprintf(fileID,’Third Fourth of q range \n’);
fprintf(fileID,’ qmin: %f \n’, q(q2+1));
fprintf(fileID,’ qmin index: %i \n’, q2+1);
fprintf(fileID,’ qmax: %f \n’, q(q3));
fprintf(fileID,’ qmax index: %i \n’, q3);
fprintf(fileID,’ lower [A, Gamma, B]: [%f, %f, %f]\n’, ...

betalblastfourth(1),betalblastfourth(2),betalblastfourth(3));
fprintf(fileID,’ initial [A, Gamma, B]: [%f, %f, %f]\n’, ...

beta0lastfourth(1),beta0lastfourth(2),beta0lastfourth(3));
fprintf(fileID,’ upper [A, Gamma, B]: [%f, %f, %f]\n’, ...

betaublastfourth(1),betaublastfourth(2),betaublastfourth(3));
fprintf(fileID,’Last Fourth of q range \n’);
fprintf(fileID,’ qmin: %f \n’, q(q3+1));
fprintf(fileID,’ qmin index: %i \n’, q3+1);
fprintf(fileID,’ qmax: %f \n’, q(length(q)));
fprintf(fileID,’ qmax index: %i \n’, length(q) );
fprintf(fileID,’ lower [A, Gamma, B]: [%f, %f, %f]\n’, ...

betalblastfourth(1),betalblastfourth(2),0);
fprintf(fileID,’ initial [A, Gamma, B]: [%f, %f, %f]\n’, ...

beta0lastfourth(1),beta0lastfourth(2),0);
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fprintf(fileID,’ upper [A, Gamma, B]: [%f, %f, %f]\n’, ...
betaublastfourth(1),betaublastfourth(2),0);

% Writing fit parameters to a text file
qTrans = q’; %transpose of matrices
gammaTrans = gamma’; %transpose of matrices
ATrans = A’; %transpose of matrices
BTrans = B’; %transpose of matrices
resTrans = res’;
gammaerrorTrans = gammaerror’; %transpose of matrices
AerrorTrans = Aerror’; %transpose of matrices
BerrorTrans = Berror’; %transpose of matrices
rsquaredTrans = rsquared’;
%fileIDt = fopen(strcat(exportLoc,strcat(exportName, ’ExpFit.txt’)), ’w’);
% Printing Headings
fprintf(fileID, ’%6s\t%6s\t%12s\t%10s\t%12s\t%10s%15s\t%8s\t%8s\n’,...

’q [um^-1]’,’gamma(q)’, ’A(q) ’,’B(q)’, ’Resnorm(q)’, ’R^2(q)’, ...
’gamma error’, ’A error’, ’B error’);

for i = 1:length(qTrans)
%each index i is a new row in the txt file%
fprintf(fileID, ’%f \t’, qTrans(i));
fprintf(fileID, ’%f \t’, gammaTrans(i));
fprintf(fileID, ’%f \t’, ATrans(i));
fprintf(fileID, ’%f \t’, BTrans(i));
fprintf(fileID, ’%8.3f \t’, resTrans(i));
fprintf(fileID, ’%f \t’, rsquaredTrans(i));
fprintf(fileID, ’%7.7f \t’, gammaerrorTrans(i));
fprintf(fileID, ’%9.3f \t’, AerrorTrans(i));
fprintf(fileID, ’%5.3f \t \n’, BerrorTrans(i));

end
fclose(fileID);

end
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DDMCalc: DDMAna_BrownianFit.m

function [q, gamma, A, B, D, Derror]=DDMAna_BrownianFit(txtFileName,...
exportName, exportLoc, expWeight, timeCutOff, corrLimit)

%% Version 1.0
%% Copyright 2015, University of California Santa Barbara,
%% All rights reserved.
%% Written by Alexandra Bayles in Prof. Matthew E. Helgeson’s lab at
% Helgeson’s lab at University of California Santa Barbara on Oct 15, 2015.
% The script calculates the coefficients A(q), B(q), gamma(q) in the
% image structure function D(q,t)=A(q)[1-EXP[-t * gamma(q)]]+B(q). It then
% fits gamma(q) to the function gamma(q) = D^2q, the inverse of the
% relaxation time for Brownian motion.
% The program is constructed based on the work of Roberto Cerbino and
% Veronique Trappe, PRL 100, 188102 (2008).

%% Inputs
% txtFileName, a string that specifies the path and name of the Dqt results
% file produced by imageStructureFunc.m.
% Note: The text file should contains Dqt matrix, t and q
% vectors with different time steps in different columns.
% Typically these text files are named "exportNameDqtvsq.txt"
% exportLoc, a string that specifies the location where results files will
% be saved
% exportName, a string that specifies the name of the text file the
% data will be exported to
% expWeight, specify as "0" to give all time steps equal weight. Specify
% as "1" to space time exponentially and then complete the
% fit.
% timeCutOff, the final time step after included in the fit.
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% Reassigning so that only points with at least 100 frames
% are included in the fit
% corrLimit, the correlation coeficient minimum for the fit to be included
% in the characteristic time analysis

%% Outputs
% q, wave vector in unit of um^-1
% gamma, inverse of the relaxation time, units s^-1
% A, optics fit parameter, a.u.
% B, background noise fit parameter, a.u.
% D, self-diffusivity, units of um^2/s
% Derror, self-diffusivity error, units um^2/s

%% Plots and Results files
% This script writes a result files in .txt format:
% "exportNameBrownianFit.txt" - Contains a record of the calcuation, the
% fit parameters A, gamma, and B as a function of
% wave vector q as well as their absolute errors.
% This script produces 2 plots:
% (1) A(q) and B(q) vs. q
% (2) Gamma^-1 vs. q
% and (optionally) additional plots
% (3) D(q,t) vs. t with the calculated fit for a specific q

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
close all;
i = 1;
k = 1;
%% Reading in the text Sqt file generated by imageStructureFunc.m %%%%%%%%%
[Dqt, t, q] = txtReadDqt(txtFileName);

%% Redefining t vector to based on weighted fit choice %%%%%%%%%%%%%%%%%%%%
if expWeight == 0

id = 1:timeCutOff;
else

id=unique(round(exp(0:0.1:log(timeCutOff))));
end
temp=t(id);
t=zeros(length(id),1);
t = temp;
DqtTemp = Dqt(:, id);
Dqt = zeros(size(Dqt,1), length(id));
Dqt = DqtTemp;
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%% Defining the fit model %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%% Model: Autocorrelation function decays exponentially
% Model:D(q,tau) = A(q)*[1-exp(-Gamma(q)*t))] +B(q)\n, calculated via the
% cumulant method
% the vector "beta" is b = [b(1), b(2), b(3)]. These are the fit parameters
modelfun = @(b,T)(b(1).*(1-exp(-(b(2)).*T)))+b(3);
opts = optimset(’Display’,’off’);

%% Setting limits on fit parameters %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% q is divided into 4 regions:
% - q <= q1
% - q1 < q < q2
% - q2 < q < q3
% - q > q3
q1 = floor(length(q)/4);
q2 = floor(length(q)*1/2);
q3 = floor(length(q)*3/4);

%%% USER MAY CHANGE THESE
dguess = .4;
betalbfirstfourth = [10,0, 0];
betalbsecondfourth = [10,0,0];
betalblastfourth = [0,0,0];
betalblastfourth = [0,0,0];
BLimit = 0.25;
betaubfirstfourth = [100000,q(q1)^2*dguess+100,BLimit];
betaubsecondfourth = [10000,q(q2)^2*dguess+100,BLimit];
betaublastfourth = [10000,q(q3)^2*dguess+100,BLimit];
betaublastfourth = [10000,q(length(q))^2*dguess+100,BLimit];
beta0firstfourth = [1000,q(1)^2*dguess,.1];
beta0secondfourth = [100,q(q1)^2*dguess,.1];
beta0lastfourth = [100,q(q2)^2*dguess,.1];
beta0lastfourth = [0,q(q3)^2*dguess,.1];
%%%
checkCorr = 0;
check90 = 0;
for j = 1:length(q)

if j <= q1
betalb = betalbfirstfourth;
beta0 = beta0firstfourth;
betaub = betaubfirstfourth;

elseif q1 > j >=q2
betalb = betalbsecondfourth;
beta0 = beta0secondfourth;

269



DDMCalc: DDMAna_BrownianFit.m Appendix F

betaub = betaubsecondfourth;
elseif q2 > j >=q3

betalb = betalblastfourth;
beta0 = beta0lastfourth;
betaub = betaublastfourth;

else
betalb = betalblastfourth;
beta0 = beta0lastfourth;
betaub = betaublastfourth;

end
[beta, resnorm, residual, exitflag,output,lambda,jacobian] = ...

lsqcurvefit(modelfun,beta0,t’,Dqt(j,:),betalb,betaub, opts);
%%% Calculating the correlation coefficient%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

rsquared(j) = 1 - resnorm / sum((Dqt(j,:)-mean(Dqt(j,:))).^2);
A(j) = beta(1);
gamma(j) = beta(2);
B(j) = beta(3);
res(j)=resnorm;
if rsquared(j) > corrLimit

indexAboveCorr(i) = j;
i = i+1;
checkCorr = 1;

end
%%% Finding the error in fit parameters

[Q,R] = qr(jacobian,0);
mse = sum(abs(residual).^2)/(size(jacobian,1)-size(jacobian,2));
warning(’off’)
Rinv = inv(R);
Sigma = Rinv*Rinv’*mse;
se = sqrt(diag(Sigma));
%Turning the sparse matrix into one that is usable
seMat = full(se);
Aerror(j) = seMat(1);
gammaerror(j) = seMat(2);
Berror(j) = seMat(3);

end
%% Finding D for Brownian motion %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
modelGamma = @(d,Q)(d(1).*Q.^2);
d0 = dguess;
if checkCorr ==1
[dCorr, resnormCorr, residualCorr, exitflagCorr,outputCorr,lambdaCorr,...

jacobianCorr] = lsqcurvefit(modelGamma,d0,q(indexAboveCorr),...
gamma(indexAboveCorr),[], [],opts);

end
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[d, resnormd, residuald, exitflagd,outputd,lambdad,jacobiand] = ...
lsqcurvefit(modelGamma,d0,q,gamma,[], [],opts);

%%% Finding the error using fits with R^2 > corrLimit% %%%%%%%%%%%%%%%%%%%%
if checkCorr ==1
[~,R] = qr(jacobianCorr,0);
mse = sum(abs(residualCorr).^2)/(size(jacobianCorr,1)-size(jacobianCorr,2));
Rinv = inv(R);
Sigma = Rinv*Rinv’*mse;
se = sqrt(diag(Sigma));
seMat = full(se);
dCorrerror = seMat(1);
else

dCorr = 0;
dCorrerror = 0;
indexAboveCorr = 1;

end
%%% Finding the error using all fits %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[Q,R] = qr(jacobiand,0);
mse = sum(abs(residuald).^2)/(size(jacobiand,1)-size(jacobiand,2));
Rinv = inv(R);
Sigma = Rinv*Rinv’*mse;
se = sqrt(diag(Sigma));
seMat = full(se);
derror = seMat(1);

D = [d, dCorr];
Derror =[derror, dCorrerror];

%% Plotting image structure function fits %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%% Plotting A(q) and B(q)
figure (1)
plot(q, A,’or’)
name0 = ’A(q)’;
hold on
plot(q, B, ’sk’)
name1 = ’B(q)’;
legHandle = legend(name0,name1, ’Location’,’NorthEast’);
xlabel(’q [\mum^{-1}]’)
ylabel(’A(q), B(q) [a.u.]’)
ylim([0, (max(A)+100)])
figureHandle1 = gcf;
set(findall(figureHandle1,’type’,’text’),’fontSize’,16,’fontName’,’Arial’...

,’fontWeight’, ’bold’)
set(findall(figureHandle1,’type’,’markerSize’),’markerSize’,20)
set(findall(figureHandle1,’type’,’axes’),’fontSize’,16,’fontName’,’Arial’...

,’fontWeight’, ’bold’)
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%%% Gamma(q)
figure (2)
loglog(q, gamma.^(-1),’ok’)
name0 = ’\tau(q)’;
hold on
loglog(q, ((q.^2).*d).^(-1), ’-r’)
name1 =strcat(’D_m,all [um^2/s]= ’, num2str(d));
hold on
loglog(q, ((q.^2).*dCorr).^(-1), ’-b’)
name2 =strcat(sprintf(’D_m,R^2> %.3f [um^2/s]= ’,corrLimit ), num2str(dCorr));
hold on
loglog(q(indexAboveCorr), gamma(indexAboveCorr).^(-1),’+b’)
name3 =strcat(’\tau(q),R^2>’, sprintf(’%.3f’,corrLimit ));
legHandle = legend(name0,name1,name2,name3, ’Location’,’northeast’);
set(legHandle, ’color’, ’none’);
xlabel(’q [\mum^{-1}]’)
ylabel(’\tau(q) [s]’)
figureHandle2 = gcf;
set(findall(figureHandle2,’type’,’text’),’fontSize’,16,’fontName’,’Arial’,...

’fontWeight’, ’bold’)
set(findall(figureHandle2,’type’,’axes’),’fontSize’,16,’fontName’,’Arial’,...

’fontWeight’, ’bold’)
set(findall(legHandle,’type’,’text’),’fontSize’,10,’fontName’,’Arial’,...

’fontWeight’, ’bold’)

%% Examining individual fits %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
examineInput = input(’Input 1 to examine at individual fits. \n’);
if examineInput == 1

examineMoreInput = 1;
while examineMoreInput == 1
figure(3)
subplot(2,2, 1)
plot(q, A,’or’)
name0 = ’A(q)’;
hold on
plot(q, B, ’sk’)
name1 = ’B(q)’;
legHandle = legend(name0,name1,’Location’,’NorthEast’);
xlabel(’q [\mum^{-1}]’)
ylabel(’A(q), B(q) [a.u.]’)
figureHandle1 = gcf;
set(findall(figureHandle1,’type’,’text’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
set(findall(figureHandle1,’type’,’markerSize’),’markerSize’,20)
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set(findall(figureHandle1,’type’,’axes’),’fontSize’,12,’fontName’,...
’Arial’,’fontWeight’, ’bold’)

subplot(2,2, 2)
loglog(q, gamma.^(-1),’ok’)
name0 = ’\tau(q)’;
hold on
loglog(q, ((q.^2).*d).^(-1), ’-r’)
name1 =strcat(’D_m,all [um^2/s]= ’, num2str(d));
hold on
loglog(q, ((q.^2).*dCorr).^(-1), ’-b’)
%loglog(q(indexAboveCorr), gamma(indexAboveCorr).^(-1),’-b’)
name2 =strcat(sprintf(’D_m,R^2> %.3f [um^2/s]= ’,corrLimit ), ...

num2str(dCorr));
hold on
loglog(q(indexAboveCorr), gamma(indexAboveCorr).^(-1),’+b’)
xlabel(’q [\mum^{-1}]’)
ylabel(’\tau(q) [s]’)
figureHandle2 = gcf;
set(findall(figureHandle2,’type’,’text’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
set(findall(figureHandle2,’type’,’axes’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
subplot(2,2,3)
plot(q,rsquared, ’.’)
xlabel(’q [\mum^{-1}]’)
ylabel(’R^2 [s]’)
grid on
figureHandle3 = gcf;
set(findall(figureHandle3,’type’,’text’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)
set(findall(figureHandle3,’type’,’axes’),’fontSize’,12,’fontName’,...

’Arial’,’fontWeight’, ’bold’)

%%% User picks piont on graph
[qlook,Y] = ginput(1);
[qval, qvalIndex] = min(abs(q - qlook));
qval = q(qvalIndex);
figure(5)
grid off
subplot(1,2,1)
h = semilogx(t, Dqt(qvalIndex, :), ’.b’);
hold on
h1 = semilogx(t, A(qvalIndex)*(1-exp(-gamma(qvalIndex).*t))...

+B(qvalIndex), ’k’);
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xlabel(’t (s)’)
ylabel(’D(q, t)’)
titleStr = sprintf(’D vs. t \n: q = %f um^-1’, qval);
title(titleStr)
subplot(1,2,2)
h = plot(t, Dqt(qvalIndex, :), ’.b’);
hold on
h1 = plot(t, A(qvalIndex)*(1-exp(-gamma(qvalIndex).*t))...

+B(qvalIndex), ’k’);
xlabel(’t (s)’)
ylabel(’D(q, t)’)
titleStr = sprintf(’D vs. t \n: q = %f um^-1’, qval);
title(titleStr)
hold off

examineMoreInput = input(’Input 1 to look at more fits. \n’);
close
end

end

%% Saving the results%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
fileID = fopen(strcat(exportLoc,strcat(exportName, ’BrownianFit.txt’)), ’w’);
% Writing details of data analysis to text file
dateS = date;
fprintf(fileID,’DDMAna Script: [q, gamma, A, B, D, Derror]=DDMAna_BrownianFit’...
’(txtFileName,exportName, exportLoc, expWeight, timeCutOff)\n’);
fprintf(fileID,’Version: 1.0\n’);
fprintf(fileID,’Date: %6s \n’, dateS);
fprintf(fileID,’exportName: %4s\n’,exportName);
fprintf(fileID,’exportLoc: %6s\n’,exportLoc);
if expWeight == 0
fprintf(fileID,’expWeight: %i (all equal weight)\n’,expWeight);
else
fprintf(fileID,’expWeight: %i (exponential weight)\n’,expWeight);
end
fprintf(fileID,’frameCutOff: %i\n\n’,timeCutOff);
fprintf(fileID,’Model and Fit Parameters \n’);
fprintf(fileID,’ Model:Brownian Diffusion, Single Particle \n’);
fprintf(fileID,’ Model:D(q,t) = A(q)*[1-exp(-Gamma(q)*t))+B(q) \n’);
fprintf(fileID,’ Algorithm:Trust-Region Reflective’);
fprintf(fileID,’ Gamma:Gamma(q) = D*q^2 , Gamma [=] 1/s \n’);
fprintf(fileID,’ Correlation limit: %.3f \n’, corrLimit);
fprintf(fileID,’ Diffusivity \n’);
fprintf(fileID,’ D(all) [=] um^2/s: %f +- %f\n’, d, derror);
fprintf(fileID,’ Approximate .95 Fit Range \n’);
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fprintf(fileID,’ qmin: %f \n’, q(indexAboveCorr(1)));
fprintf(fileID,’ qmin index: %i \n’, indexAboveCorr(1));
fprintf(fileID,’ qmax: %f \n’, ...

q(indexAboveCorr(length(indexAboveCorr))));
fprintf(fileID,’ qmax index: %i \n’, ...

indexAboveCorr(length(indexAboveCorr)));
fprintf(fileID,’ fits accepted: %i of %i\n’, ...

length(indexAboveCorr), length(q));

fprintf(fileID,’Internal Calculations \n’);
fprintf(fileID,’Fit Constraints \n’);
fprintf(fileID,’ First Fourth of q range \n’);
fprintf(fileID,’ qmin: %f \n’, q(1));
fprintf(fileID,’ qmin index: %i \n’, 1);
fprintf(fileID,’ qmax: %f \n’, q(q1));
fprintf(fileID,’ qmax index: %i \n’, q1);
fprintf(fileID,’ lower [A, Gamma, B]: [%f, %f, %f]\n’, ...

betalbfirstfourth(1),betalbfirstfourth(2), betalbfirstfourth(3));
fprintf(fileID,’ initial [A, Gamma, B]: [%f, %f, %f]\n’, ...

beta0firstfourth(1),beta0firstfourth(2),beta0firstfourth(3));
fprintf(fileID,’ upper [A, Gamma, B]: [%f, %f, %f]\n’, ...

betaubfirstfourth(1),betaubfirstfourth(2),betaubfirstfourth(3));
fprintf(fileID,’Second Fourth of q range \n’);
fprintf(fileID,’ qmin: %f \n’, q(q1+1));
fprintf(fileID,’ qmin index: %i \n’, q1+1);
fprintf(fileID,’ qmax: %f \n’, q(q2));
fprintf(fileID,’ qmax index: %i \n’, q2);
fprintf(fileID,’ lower [A, Gamma, B]: [%f, %f, %f]\n’, ...

betalbsecondfourth(1),betalbsecondfourth(2),betalbsecondfourth(3));
fprintf(fileID,’ initial [A, Gamma, B]: [%f, %f, %f]\n’, ...

beta0secondfourth(1),beta0secondfourth(2),beta0secondfourth(3));
fprintf(fileID,’ upper [A, Gamma, B]: [%f, %f, %f]\n’, ...

betaubsecondfourth(1),betaubsecondfourth(2),betaubsecondfourth(3));
fprintf(fileID,’Third Fourth of q range \n’);
fprintf(fileID,’ qmin: %f \n’, q(q2+1));
fprintf(fileID,’ qmin index: %i \n’, q2+1);
fprintf(fileID,’ qmax: %f \n’, q(q3));
fprintf(fileID,’ qmax index: %i \n’, q3);
fprintf(fileID,’ lower [A, Gamma, B]: [%f, %f, %f]\n’, ...

betalblastfourth(1),betalblastfourth(2),betalblastfourth(3));
fprintf(fileID,’ initial [A, Gamma, B]: [%f, %f, %f]\n’, ...

beta0lastfourth(1),beta0lastfourth(2),beta0lastfourth(3));
fprintf(fileID,’ upper [A, Gamma, B]: [%f, %f, %f]\n’, ...

betaublastfourth(1),betaublastfourth(2),betaublastfourth(3));
fprintf(fileID,’Last Fourth of q range \n’);
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fprintf(fileID,’ qmin: %f \n’, q(q3+1));
fprintf(fileID,’ qmin index: %i \n’, q3+1);
fprintf(fileID,’ qmax: %f \n’, q(length(q)));
fprintf(fileID,’ qmax index: %i \n’, length(q) );
fprintf(fileID,’ lower [A, Gamma, B]: [%f, %f, %f]\n’, ...

betalblastfourth(1),betalblastfourth(2),0);
fprintf(fileID,’ initial [A, Gamma, B]: [%f, %f, %f]\n’, ...

beta0lastfourth(1),beta0lastfourth(2),0);
fprintf(fileID,’ upper [A, Gamma, B]: [%f, %f, %f]\n\n’, ...

betaublastfourth(1),betaublastfourth(2),0);

% Writing fit parameters to a text file
qTrans = q’; %transpose of matrices
gammaTrans = gamma’; %transpose of matrices
ATrans = A’; %transpose of matrices
BTrans = B’; %transpose of matrices
resTrans = res’;
gammaerrorTrans = gammaerror’; %transpose of matrices
AerrorTrans = Aerror’; %transpose of matrices
BerrorTrans = Berror’; %transpose of matrices
rsquaredTrans = rsquared’;
% Printing Headings
fprintf(fileID, ’%6s\t%6s\t%12s\t%10s\t%12s\t%10s%15s\t%8s\t%8s\n’,...
’q [um^-1]’,’gamma(q)’, ’A(q) ’,’B(q)’, ’Resnorm(q)’, ’R^2(q)’,...

’gamma error’, ’A error’, ’B error’);
for i = 1:length(qTrans)

%each index i is a new row in the txt file%
fprintf(fileID, ’%f \t’, qTrans(i));
fprintf(fileID, ’%f \t’, gammaTrans(i));
fprintf(fileID, ’%f \t’, ATrans(i));
fprintf(fileID, ’%f \t’, BTrans(i));
fprintf(fileID, ’%8.3f \t’, resTrans(i));
fprintf(fileID, ’%f \t’, rsquaredTrans(i));
fprintf(fileID, ’%7.7f \t’, gammaerrorTrans(i));
fprintf(fileID, ’%9.3f \t’, AerrorTrans(i));
fprintf(fileID, ’%5.3f \t \n’, BerrorTrans(i));

end
fclose(fileID);

end
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DDMCalc License Terms

The following is a reproduction of the license terms of DDMCalc, accessed online at

http://engineering.ucsb.edu/~helgeson/ddm.html in 2018.

These license terms form an agreement ("Agreement") between The Regents of the

University of California ("The Regents") and you. Please read them. They apply to the

software named above ("Software"), including the media on which you receive it, if any.

The terms also apply to any updates, upgrades, supplements and documentation for this

Software. By using this Software, you are accepting these license terms. If you do not

accept them, do not use the Software. If you comply with these license terms, then you

have the rights and obligations below:

1. Grant of License. Subject to the limitations set forth in this Agreement and your

compliance therewith and to the extent The Regents may lawfully grant such rights,

The Regents hereby grants to you a non-exclusive, non-transferable worldwide

license to use, reproduce and display the Software for internal, non-commercial

academic research purposes only. Your rights to use the Software are limited to those

expressly granted in this license. You have no right to sublicense, redistribute or

prepare derivative works of the Software, or any portion thereof, under this license.
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The license granted to you hereunder is limited to use of the executable code version

of the Software. All other rights are expressly reserved by The Regents. You may

not: Disclose the results of any tests of the Software to any third party without

The Regents prior written approval; Workaround any technical limitations in the

Software; Reverse engineer, reverse compile, decompile, or disassemble the Software;

Make more than one (1) copy of the Software; Publish the Software for others to

copy; Rent, lease or lend the Software; Transfer the Software or this agreement to

any third party; or Use the Software to provide services to third parties, including

hosted application or Software services, or to otherwise operate a services bureau.

2. Backup Copy. You may make one backup copy of the Software. You may use it

only to reinstall the Software.

3. Documentation. You may copy and use any documentation about the Software for

your internal reference purposes only.

4. Export Control. This Software may be subject to United States export control

laws and regulations. You must comply with all domestic and international export

laws and regulations that apply to the Software. These laws include restrictions on

destinations, end users and end use.

5. Support Services. Because this Software is provided "as-is," The Regents will not

provide any support services for it.

6. DISCLAIMER OF WARRANTY. THE SOFTWARE IS NOT DESIGNED, IN-

TENDED OR AUTHORIZED FOR USE IN ANY TYPE OF SYSTEM OR AP-

PLICATION IN WHICH THE FAILURE OF THE SYSTEM OR APPLICA-

TION COULD CREATE A SITUATION WHERE PERSONAL INJURY OR

DEATH MAY OCCUR (E.G., MEDICAL SYSTEMS, LIFE-SUSTAINING OR
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LIFE-SAVING SYSTEMS). THIS LICENSE, THE SOFTWARE, THE DOCU-

MENTATION ARE PROVIDED "AS-IS," WITHOUT WARRANTY OF MER-

CHANTABILITY OR FITNESS FOR A PARTICULAR PURPOSE OR ANY

OTHER WARRANTY, EXPRESS OR IMPLIED. THE REGENTS MAKES NO

REPRESENTATION OR WARRANTY THAT THE SOFTWARE OR DOCU-

MENTATION WILL NOT INFRINGE ANY PATENT, COPYRIGHT OR OTHER

PROPRIETARY RIGHT. IN NO EVENTWILL THE REGENTS BE LIABLE FOR

ANY INCIDENTAL, SPECIAL OR CONSEQUENTIAL DAMAGES RESULTING

FROM EXERCISE OF THIS LICENSE OR THE USE OF THE SOFTWARE OR

DOCUMENTION.

This disclaimer does not: express or imply a warranty or representation as to the

validity or scope of any copyright or other intellectual property rights licensed

hereunder; express or imply a warranty or representation that anything used under

any license granted in this Agreement is or will be free from infringement of

copyrights, patents or other intellectual property rights of third parties; obligate The

Regents to bring or prosecute actions or suits against third parties for infringement;

confer by implication, estoppel or otherwise any license or rights under any copyrights,

patents or patent applications of The Regents other than Software as defined in this

Agreement, regardless of whether those copyrights, patents or patent applications

are dominant or subordinate to Software; or obligate The Regents to furnish any

know-how not expressly provided herein.

7. Confidentiality. You agree that the Software and documentation, including structure,

sequence and organization of the Software are proprietary and confidential to The

Regents and you will take all reasonable measures to protect the confidentiality

of the Software and documentation unless, and to the extent, The Regents makes
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them available to the public without such restrictions. You further agree that all

right, title and interest in and to the Software (and all intellectual property rights

embodied therein) or any modification or improvement thereof made by The Regents

or you is proprietary to, and owned by, The Regents.

8. Copyright Notices; Derivative Works. You agree: (a) not to remove from any copies

of the Software or documentation any product identification, copyright or other

notices; and (b) not to reproduce, modify, translate or create derivative works of all

or any portion of the Software or documentation except as expressly permitted by

the Agreement.

9. Term and Termination. Unless otherwise terminated by operation of law or by acts

of the parties in accordance with the terms of this Agreement, this Agreement will

be in force from the Effective Date until the first anniversary of the Effective Date.

10. Use of Names and Trademarks. Nothing contained in these license terms confers

any right to use in advertising, publicity or other promotional activities any name,

trade name, trademark or other designation of The Regents (including contraction,

abbreviation or simulation of any of the foregoing). You are not allowed to use the

"University of California" name, "The Regents of the University of California," or

the name, abbreviation, or logo of any campus of the University of California in

any advertising, publicity or other promotional activities.

11. Indemnification. You will indemnify, hold harmless and defend The Regents,

its officers, employees and agents; the sponsors of the research that led to the

Software and documentation; and the authors or developers of the Software and

documentation against any and all claims, suits, losses, liabilities, damages, costs,

fees and expenses resulting from or arising out of your exercise of this license.
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12. Assignability. This Agreement may be assigned by The Regents, but is personal to

you and assignable by you only with the written consent of The Regents.

13. Governing Laws. This agreement will be interpreted and construed in accordance

with the laws of the state of California without regard to conflict of laws or to which

party drafted particular provisions of this agreement, but the scope and validity of

any copyright will be governed by the applicable laws of the country of the copyright.

Disputes between the parties regarding this Agreement will utilize only judicial

courts within California.

14. Limitation and Exclusion of Remedies and Damages. You can recover from The

Regents only direct damages up to U.S. $5.00. You cannot recover any other damages,

including consequential, lost profits, special, indirect or incidental damages. This

limitation applies to claims for breach of contract, breach of warranty, guarantee,

or conditions, strict liability, negligence or other tor to the extent permitted by

applicable law.

This limitation applies even if The Regents knew or should have known about the

possibility of the damages.

15. Severability. In case any of the provisions contained in this Agreement is held

to be invalid, illegal or unenforceable in any respect, that invalidity, illegality or

unenforceability will not affect any other provisions of this Agreement and this

Agreement will be construed as if the invalid, illegal or unenforceable provisions had

never been contained in it.

16. Entire Agreement. This Agreement embodies the entire understanding of the parties

and supersedes all previous communications, representations or understandings,

either oral or written, between the parties relating to the subject matter hereof.
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