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1. INTRODUCTION

A recent paper [Rogers (1965)], outlined a statistical
procedure for analyzing the spatial clustering of retail esteblish-
ments in urban areas. There it was concluded that competing
shopping goods establishments tend to cluster together in order
to share in the increased volume of sales that such aggregation
produces. The empirical findings, in other words, supported
the merketing principle that [Nelson (1958), p. 58] "a given
number of stores dealing in the same merchandise will do more
business if they are located adjacent or in proximity to each
other than if they are widely scattered.”

The empirical findings for convenience goods stores,
however, were less clear. Marketing researchers have asserted
that such establishments do not profit from cohesion and, therefore,
typically do not group together [Welson (1958), p. 179]. Yet
analysis of the data revealed that convenience goods establishments
tend to exhibit a more highly clustered pattern than shopping
goods stores. This spatial clustering was attributed to the spatial
clustering of the residential population. It was argued that
because of the unspecialized and recurrent function that they
perform, convenience goods stores tend to be drawn toward the
consumers they serve and thus assume a distributional pattern
vhich mirrors that of the residential population. Hence, it
was concluded, both spatial patterns must be considered simul-

taneously.



In this paper, we extend the previous efforts in this
direction by introducing bivaeriate clustering models which may
be used to account for both the number of convenience goods
establishments in a cell and the number of people residing in
that same cell. The data used for empirical testing are the
spatial patterns of retail esteblishments, retail employment,
end residential population in Ljubljana, Yugoslavies during the

year 1966.



2. BIVARIATE QUADRAT MODELS OF SPATIAL DISPERSION

We begin cur analysis by considering an urban area
that has been gridded into a network of sguares and focus on
a model which described the clustering of establishments within
these cells by means of a stochastic process. In what follows
it will be shown how different postulates for this stochastic

process will lead to different models of urban dispersion.

2.1 Bivariate Correlated Poisson (BICP) Model

Postulates:

1) Two classes of establishments, type X establishments

and type Y establishments, are randomly (i.e., Poisson)

distributed in the study area.

2) The number of type X establishments, say x, and the

number of type Y establishments, say y, in each cell

are correlated and may be described by the probability

law P(x,y), called the BICP distribution.

It will be shown that under the above postulates the
univariate distributions of type X and tvpe Y establishments
are Poisson with parsmeters a and b, respectively. The derivation
of the model proceeds as follows:

Let X and Y be two random varigbles with the joint BICP
distribution (X,Y) such that

X

X'+U

Y

Y' + U

L)



and X',Y',U are independent Poisson variebles with parameters
a'=8a-4d,b'=b -~ 4, and 4, respectively.
The probability density function of the BICP, P{X = x,

Y = y) = P(x,y), is given by:

- -k k
P(x,y) = o~ (8+0-) - (a0} (0-0)" g (1)
& k}; (x-k;7 (y=k)! k!

vhere a and b are marginal means, 4 is the covariance and
z = min(x,y).
Except for the fact that the origin a = b = d = 0 is excluded,

the parsmeter space is defined by the inequality

0 < d < min(a,b). (2)

The correlation coefficient is

and the inequality (2) implies a restriction on the correlation

coefficient. First, suppose min(a,b) is a then

0<d<a,

squaring and dividing by b yields

&%
ol

0< <

or

0 <

qp.

ez
17
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Similarly, if min(a,b) is b then

0 ——=< /.
vab Ja

Hence

-

0 <p<min “?_: /‘EW .
b J aJ

The probability generating function of the BICP is glven by

oo 0
T

\ = P(x,v)sit‘j
% 3m

Pry (s,t)

o = min(x,y)
= e“(a+b‘d) p b '

S (o )> 7% (b-q )3 Xak
Gl =L FS6

(i-x3! (3-k)! k!
exp{a{s~1)+b(t~1)+d(s~1)(t-1) }

exp{{a-d)(s-1)+(b-d)(t-1)+d(st-1) } (3)

The marginal distribution of X and Y are Poisson with parameters

a8 and b respectively, since

- - ‘3(1‘5) °
gx(s) = pxy(s,l) = e
with mean and variance

E(x) = VAR(x) = a

and.

b (8) = b, (1,) = &)

with mean and variance

E(Y) = VAR(Y) = b

Since the parameter 4 is the covariance it follows that

two uncorrelated Poisson variables distributed according to (1)

are independent. The probability generating function, in this case,
is

pxy(s,t) exp a (s-1) + b (t-1) (L)

sit

J



2.2 Generalized Processes

Postulates:

1) The spatial distribution of type X establishments

is a clustered one,

2) The number of type X establishments in an X cluster,

say X, is a random varieble with a probability function

G(x).
In order to include the spatial distribution of type B establishments,
we also adopt the following postulates:

3) The spatial distribution of type Y establishments

is a clustered one.

4) The number of type Y establishments in a Y cluster,

say ¥, is a random variable with a probability function

H(y).
To consider the Joint spatial pattern of X and Y establishments
we include the additional postulate:

5) The number of type X establishments, say x, and the

number of type Y establishments, say y, in each cell are

correlated and may be described by the probability law

P(x,y).

It is easily established that a generalized bivariate
distribution has a probability generating function of the form

£(s,t) = plg(s),n(t)] . (5)

where p[ ° ], g(s), and h(t) are the probasbility generating
functions of P(x,y), G(x) and H(y), respectively. A series of
bivariate models may be derived by assuming arbitrary probability
density functions for P(x,y), the distribution defining the number

of type X and type Y clusters in eech cell, or G(x) and H(y), the



distributions defining the number of type X and type Y establish-
ments, respectively, per cluster.

Alternatively, we may reformulate the fundamental model
by postulating a clustering process which is univariate in the
distribution of clusters, but is bivariate in the number of
establishments in each cluster. Such a formulation leads to

slightly different results [Holgate (1966)].

2.2.1 The Generalized Bivariate Correlated Poisson (GBCP) Model

For the bivariate clustering model defined above, let:
P(x,y) be the Bivariate Correlated Poisson, with probability
generating function from (3)

pxy(s,t) = exp{(a-d)(s-1)+(b-d)(t-1)+d(st~1)}.
Let G(x) be an univariate Poisson distribution with parameter m
and probability generating function

g () = L)

and let H(y) also be a univariate Poisson distribution with

parameter n and probability generating function

h (t) = en(t—l) .
y

Then the probability generating function for the generalized

process in (5) becomes

fxy(s,t) = exp{(a—d)(em(s'l)-1)+(b-d)(en(t'l)-1)+d(em(s'1)+n(t'1)-1}
(6)

This is the probebility generating function of & bivariate
generalization of Neyman's Univariate Type A distribution.
Differentiation of (6) x+1 times with respect to a and y times
with respect to b leads, on setting a = b = 0, to the recurrence

relation:



-(r+n) x y i3
dme - m i
F(x+l,Y - x—.;.i—_ —{J T i—'—r"l"" F(X—l ,Y‘J )
=0 =0 ~°
m & i
+ (a-d)me" > m :
L““E%i”"' Gz0 ir Tlx-iny)

with the initial éondition

F(0,0) = £, (0,0) = expl(a-a)(e -1} (b-a) (e )rale” ™))
where a and b are the means of the G(x) and H(y) distributions and
d its covariance
0°< & < minfa,b] .
The correlation between the number of type X clusters and the

number of type Y clusters in g cell, is given by

iﬂ-

p1 = .

a

~
o'

The marginal distributions are univariate Neyman Type A distributions

g (s) = 1, (s,1) = R
with mean and variance
E(x) = am
VAR(x) = am(m+1)
and
b(en(t—l)-l)
e

hy(t) = fxy(l,t) =

with mean and variance

2(x)

bn

VAR(y)

1}

bn(n+l)
and covariance

Cov(x,y) = dmn .



Finally, the correlation between the number of establishments

of type X and the number of type Y is given by

W mn

Yam{m+1 Yon(n+l) vmn (m+1) (n+1)

P

2.3 Compound Process

Postulates:

1) The spatial distribution of type X establishments

is a clustered one.

2) The number of type X establishments in a cell, say x,
is a random variable with probability function G(xlk). It
jis assumed that for any rendomly selected cell the parameter
A is a particular value of a positive randem variable with
probebility function L(A).

3) The spatial distribution of type Y establishments is

a clustered one.

4) The number of type Y establishments in a cell, say

y, is a random variable with probability function H(v|A).
5) The number of type X end type Y establishments in

each cell may or may not be correlated, and may be
described by the conditional probability law P(x,ylk).

Tt can readily be shown that a compound bivariate function

has an unconditional probebility density function of the form:

F(x,y) = f: P(x,y|A) L(X) @ (7

and once again several models mey be derived by assuming arbitrary

probability functions for L(A), G(x), H(y) and the presence or

absence of correlation between both types of establishments.



2.3.1 The Compound Bivariate Uncorrelated Poisson {CBUP) Model
For the compound process defined above, let L(A) be the

gamma, distribution:

B Sa;\a-les-ﬁ)\ -; A>0,8>0,%50
L) = S
=0 , A<0

let G(x|A) be the Poisson function with parameter al

G(xlk) = .‘?.ji(_).\.%,)f.

xi ?

let H(y|A) be the Poisson function with parameter b

e-)\b(l'b)y

H(y|r) = =1

H]

and assume thet G(x|A) and H(y|\) are stochastically independent.
Then, given A = Ao’ their conditional joint probability generating
function is:

fxy(s,tlxo) = exp(A [a(s-1)+b(t-1)1} .
Neyman and Bates (1952) have shown that the unconditional

probability generating function is of the form

£, (5:8) = [1+ 5(1-s) + 2(1-6)17° (8)

and they have termed it, in its most general form, the multivariate

negative binomial distribution. Measuring b in units of a

o

8 ;
[+ (1~s) + A(l_thx ’ (9)

fxy(s,t) =

where

o |
[ol]

>|>
1
=
<
-

i.

3]
)
»
~r|



By expanding (9) in powers of s and t, we obtain as the coefficient

of sxty

P(otxty) o= yio = (x+xty)
AyiT(e) B AV (B+A+1) .

Fix,y) =
Neyman and Bates have shown that whatever the distribution
function L()), provided it possesses the first two moments, the

correlation coefficient (p) between x and y is given by

B -1, _EQ) 1yt

a Var(A) b Vi

p=1{(1+ b Var(A)

In particular if L(A) is the Gamme distribution

E(A)

[t}
R

VAR(A) = «2/x ,

and if follows that
k )-1/2

. Ky g e K
o=la+5) ek

The marginal distributions of x and y and the distribution of
the sum z = x+y are all univariate negative binomial. Thus

from (9)

- - A T
gx(S) =- fxy(s’l) - [1 + 8 8 S] L]
with parameters
k =«
o
m= E‘ LY
and mean and variance

E(x) =

wj 8

VAR(x)

Similarly

= - A_A =
hy(t) = fxy(l,t) = {1+ z" 3 t]

11



with parameters

o«

k

g
- B

ahd mean and variance

E(Y)

1l
o=

wiR ™| 8

VAR(Y) = (1 +

|
=

Finally
v . = 1+A _ 1HA 4=
p, (Y} = fxy(v,Y) =[1+3 'SRl ,

with parameters

k =«

m = (1+A) §- ,

and mean and variance

E(z) = (1+A)

1+A
[1+ ) .

Wi’ WIR

VAR(z) = (1+A)

2.3.2 The Compound Bivariate Correlated Poisson (CBCP) Model
For the compound stochastic process, let L(A) be the
Gamme distribution:

R )
L(\) = ——Tr(‘;'\-)— A>0,B>0,x>0

|

=0 » A<0

let G(x|A) be the Poisson function with parameter al

let H(y|\) be the Poisson function with parameter b

e )Y

H(y|A) = -

12



as in the CBUP model. Now assume that there exists a positive
correlation between the number of type X establishments given
by G(xlk) and the number of type Y establishments given by

H(y|A), in each cell. Then, given A= A_, their conditional

09

Joint probsbility generating function is

fxy(s,tixo) = exp{A _[a(s-1) + v(t~1) + a(s-1)(t-1)1}
X,>0

0 < 4 < min(a,b) ,

vhere Aoa and lob are the means of the marginal Poisson distributions

and lod is the covariance. Then, as Edwards and Gurland (1961)
have shown, the unconditional distribution of type X and type

Y establishments in a cell has probability generating function:

fxy(s,t) = [1+9§9 (1-s) + ibégl (1-t) + %-(1-st)]"“ (10)
= (A +Bjs + Byt + Blgst)"oc (11)
where
B, = - l-(a-d) <0
1 B
=1
B, = - 3 (b-d) <0
=_4
Blp==-3<0
and

_ a_ b _4d._ - - -
A=1+ E* 8B " (1 B, - B, Blg) >0 .

Edwards and Gurland have called this distribution the Compound
Bivariate Correlated Poisson and they have shown that the CEBUP

is a special case of it when the correlation term 4 is equal to
zero. DNotice that when d = 0 then (10) reduces to the probability

generating function of the CBUP in (8).

13



By expanding (11) in powers of s and t, we obtain as the

coefficient of sxty

G R O W A 6 Dl G e oo D) BlBE]i
FPlesy) = A BT By ;Sj; (x=y+1)1 (y-1)151T(=) |AB

0 12J
Xx>yendx,y,1=1,2, 3, ... R

and vhen y>x, F(x,y) may be obtained by reversing the positions

of x and vy, Bl and B2.

Several recurrence relations can be obtained for the Joint

probabilities of the CBCP distribution. Two of the more useful are

i
y ! B
v = (ayXp XVn ¥ Plotx+i) 1 .
Floy) = (-A) 7B " 8" N )t (y-D)IT (o) [B 2J F(0,1)
~1=0 Pl
Bilt
F(r+t,r) ='§4 F(r,r+t) r>sand x, ¥y, ry, t, 1=1,2, 3, ...
21

“ 4

with the initial condition from the density function above

o«

F(0,0) = A”
The correlation between the number of type X and type

Y establishments in a cell is given by

Byp (By*By+B)5-1) + BB,

/(B +B,,)(1~(B+B, ,) ) (B,#B, ) (1-(B,*B ,)) .«

As in the CBUP, the marginal distributions of x and y are negative
binomial. However, the distribution of the sum, z = x+y, is not

a univariate negative binomial distribution unless d is equal to

zero. From (11)



gx(s) = fw(s,l) [(A+B ) + (B.+

1 12)s]
[1_(Bl4B ) + (B +B

-CC

)s] s

12
with parameters

k =

m —¢(B +B

12) ?

and mean and variance

E(x) = -=(B +B,,)
VAR (x) = ~ (B1+B12)(1-(B1+B12))
Similarly
hy(t) y(Lst) = [1-(B,#B) ) + (By+ l2)’c] ,

with parameters

k =«

1}

m —&(B2+B

12) 2

and mean and variance

-x(B_+B_,.)

E(x) o*Bio

VAR(x) ))

-°=(B2+Bl2)(1-(32+}312

2.4 Contagious Processes

Postulates:
1) 1Initially (i.e., at time t = 0), none of the cells
contains any type X establishments. The number of type
X establishments in a given cell, say x, at time t is
given by the probability law G(x,t).
2) The probability that a type X establishment locates
in a cell, P(x,t), is a function of the number of type X

establishments already in the cell.



3) The number of type Y establishments, say y, at time
t, for a given number of type X establishments, say x, is
* .given by the conditional pnobability.funcéiqn H(y,t]x).
4) The probability that a type Y establishment locates
in a cell, Q{x,y,t), is a function of both the number of
type X and type Y establishments already in the cell.
In another peper [Rogers (1969)], it has been shown that in the
univariate case the above postulates lead to the following single
differential equation

dgx(u) = (u—l)Rx(u)dt (12)

where

[e2]
T

R, (u) = wrx,t)6(x,t) .

\'s
L.
x=0

2.4.1 The Contagious Bivariate Negative Binomial (CBNB) Model
Let the probability P(x,t) that a type X establishment
locates in & cell be given by the linear function

P(x,t,) = B + ¥x B>0,Y>0 ,
where x is the number of type X establishments already in the cell.
Then (12) becomes
9 _ 9
5z 8, (w) = (u-1) [Bg (u) + yugs g ()]l
the solution of which is
g (w) = [ - u(e’®1 - 1P/

Thus the distribution of type X establishments 1is negative binomial

with probability density function

16



_ -Bt. T(B/y+x) ~Yt, \X
G(x,tl) =e 1 xlrp%/vy (1-e" "1}

Now let the probability that a type Y establishment locsates in

a cell, Q(y,t |x) be given by the linear function
olyst,lx) = 8 + y(xsy) B>0,v0

where x end y are the number of type X and type Y establishments,
respectively, already in the cell. In this case the sclution

of (12) becomes

hy(le) = [e"%2 - v(eT2 - l)]B/Ymx s

whence

) = (BRI, T(B/yaxdy) (g =Y,y
H(y,tzlh) = NG B/Y+x§£’ 2)

and the jJoint distribution of type X and type Y establishments,

measuring t2 in units of tl, as before, is given by

Flx,y) = G(x) * Hylx)
-B(1+A) gsg§z+§753 ( -yA_e-Y(1+A))x(l_e—yA)y
where tl = 1 and t2 A=+t /t =%X' s

with probability generating function

fxy(u,v) = [eY(l+A)-u(eY-l) ~veY (eYA-l)]-B/Y

The marginal distribution of x is negative binomial with probability

generating function

g () = £ (w1) = [e¥ ~u(e’ -1)T/Y

Setting

e )
il

[¢)
<
i

[ aad

il
—
=
+
=
!
el
i~
e

gx(u)

17



18
we have the paremeters
k = B/v
B (.Y
= ~1
Y(e )

m

and the mean and variance

E{x) = 2 (e¥-1)

VAR(x) - = (e'-1)e¥ .

<Xl X{w®

The marginal distribution of y has probability generating

function

hy(v) = fxy(l,v) = [ + (I-V)(eYA-l)]—B/Y .

thus setting

p = eYA—l
k = -B/y
hy(v) = [eV4p - pv1 ™™

we obtain the marginal conditional mean and veriance of y:

Bylx) = ( B+ x) (YO

w <™

VAR(y|x) = ( & + x) (eY(l+A)-1) e’ .

<

Pinally, the correlation coefficlent between the number of type X

and type Y establishments is

1 1 ~-1/2
) (1 4 ) ]
e'-1 eY(e'Y ~1)

p=[(1+
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3. PARAMETER ESTIMATION

In order to carry out statistical tests on the goodness-
of-fit of an empirical distribution to a hypothesized theoretical
model, it is first necessary to obtain estimates of that theoretical
model's parameters. In this paper, the method of moments is
utilized to derive estimates of the parameters for each of the
above described theoretical models. Maximum likelihood estimation

is only carried out for the CBUP model.

3.1 The Bivariate Correlated Poisson

For this model we have to estimate three independent
parameters: a, b, and 4., The first two parameters can be estimated

from the marginal distributions of x and y. Thus

hence

and we obtain the moment estimator:

a = E(X)
Similarly

Py(t) = oPt)
hence

m, =Db



and we have the moment estimator:
6 = E(Y) .
The sample covariance cov(x,y) is a consistent estimator of d. Thus
d = cov(x,y)
Numericel computations of the efficiency of moments [Holgate (1964)]
show that although the method of moments is fully efficient for
d = 0, its efficlency falls off with increasing correlation.
Maximum likelihood estimation is recommended for such cases.
Estimation of the parameters by maximum likelihood ylelds
& = E(x), 6 = E(y), but only a polynomial of random degree in

d [Teicher (1954)].

3.2 The Generalized Bivariate Correlsted Poisson

For this distribution we have to estimate five independent

parameters: a, m, b, n, and d. Moment estimators sre

~ _ VAR(x) ~ _ VAR(y)
= o) -1 8= 567 -2
§=E(X) -6=E(X)

ol 9)

and

4= cov(x,y)

A A

n f
The only restriction is that given by (2), namely that

0< &< min(d,6) .

3.3 The Compound Bivariate Uncorrelated Poisgson

Three independent parsmeters need to be estimated:

A, B and =,



21

3.3.1 The Moment Estimator

Moment estimators are derived simply as

a2 = Ely)
E(x)

o _ IE(2)°
~ VAR(z) - E(z)

_ (1 +A) E(z)
" VAR(z) - E(z)

™ D>

vhere E(z) and VAR(z) are the mean and variance of the sum of

X and Y.

3.3.2 The Maximum Likelihood Estimator
Let n be the number of independent observations on the
pair of valuves (X,Y). The letter y.y will then denote the
b

random variable representing the number of pairs [(x = x),

(Y = y)]. The joint frequency function of all the n is

X,y
represented by the product
o0 o
T n
g=c [ I Feay)xy , (13)
x=0 y=0

where C is a factor independent of the parameters and

Recalling that

Fix,y) = {cT(;.;—?I{%% B“ AY(B+A+1)-(¢+x+y) -

and substituting it into (13), taking Neperien logarithms and

dividing by n yields



o t
c, + «logB~{=+X,Y)log(B+A+1 }+Ylogh+ ) (1~ Tq_r)log(owt)
t=0 r=0 (15)

% log J

where X and Y are merginal means snd q,. represents the relative
frequency of pairs (X,Y) which have their sun X + Y = r. The

maximum likelihood equations are obtained by differentiating (15)
vith respect to «, B, and A, and by equating the resulting derivatives

to zero. Thus

t
® 1 -
log = 8 + 2: r;b or =0 (16)
Bravl 20 0,4
;_ HX+Y = 0 (17)
B B+A+l
I-E oo (18)
A B+A+1
Equations (17) and (18) imply that
~ Y
A==
X (20)
Then (16) becomes &
X+Y N AN
L
Q(=) = log (1 + =~ 2;6 r=0 b = 0. (21)
o« 4+ t

Fquation (21) must be solved iteratively using some
standard method such as the Newton-Raphson which begins with an
initial approximation of «, say ¢o, and obtains an improved

[+ 4
approximation, say «. , by means of the expression «, = =« - Q o)

1 0
(=)

2

wvhere Q'{x) is the derivative of Q(«).



The first trial value, say “O, may be conveniently

obtained as follows. Substituting <, B, and A in (14) for X = 0

and Y = 0, should give a result comparable to a,

A A

7(0,0) = ( =) = q

9
B+A+1 0

and using (19) and (20), we find that

o o

0 0
(———=) " =q5 >
¢0+X+Y
which is equivalent to
log q,
log(1+z) + —z =0, (22)
X+Y
where
_X+Y
Z - o« .
0

In order to obtain GO we must solve (22) iteratively. Once mO
is obtained, we may use it as a first approximation to « in (21)

to get «, and then using (19) and (20) obtain A and B.

3.4 The Compound Bivariate Correlated Poisson

In this model there are only three independent parameters

to be estimated: B2, B12’ and «, since

o E(x) E(x) -
Bl-ﬁ-yB2+(ﬂ—;-)-—l) Blp -

One combination of moments that might be used to provide these
estimates is E(x), E(y), VAR(y), and COV(x,y). TFstimates of the

parameters may then be obtained from the relations

E(x)
X

~
o€ =




2k

where

N,

B(y)

_ yar(y) - E(x) [E\xl
®(x) [E(y 2

k

~

=
"

3.5 The Contagious Bivariate Correlated Poisson

Three parameters have to be estimated in this model:
A, B, and Y. The mean and variance of the sum Z = X+Y may be

used to derive these estimates, as well as the marginal means of

X and Y. Thus

_ E(y)
A=3 x)

_ logVAR(Z) - log E(Z)
Y= 1+ A
8 = £(Z)

eY‘l+A "‘1 3



k. SOME EXPFRIMENTAL RESULTS

The above models were fitted to the observed bivariate
distribution of food stores and population in Ljubljana, Yugoslavia
presented in Table 1. Table 2 presents the resulting sample
statistics, parameter estimates and chi square statistics.

Tables 3,-4, S5, and 6 present a few of the expected distributions
that are generated by these sample statistics and parameter

estimates.
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TABLE 2--- SAMPLE STATISTICS, PARAMETER ESTIMATES, AND

CHI SQUARE STATISTICS

I. Sample Statistics:

E(x) = 2.0100

E(y) = 1.1100
Var(x) = 11.545h
Ver(y) = 1.7353
Covixy) = 2.4189
R=Corr(xy) = .5hok

II. Parameter Estimates and Chi Square Statistics:

A. Bivariate Correlated Poisson:

A=2,0100 Along rows: T2.53
B = 1,1100 cols: 83.98
D = 1.1000 diag: 82.52

B. Generalized Bivariate Correlated Poisson

104.f.
©104.f.
9d.f.

(Heyman's Type A):

BME = L.7hko Along rows: 81.66
ENE = ,5633 cols: 1bk.29
U= .ho37 dieg: 22.79
V = 1.9706
W= .L4237

1ld.f.
13d.f.
124.f.

C. Compound Bivariate Correlated Poisson (Vegative Binomial):

K= .h237 Along rows: 52.49
B1 = 1.4368 cols: 30.68
32 = 2.6098 diag: 33.91

B, = -.0100

A = 5,0566

D. Compound Bivariate Uncorrelated Poisson (Negative Binomial):

l104.f.
lod.f.

9d. f.

(i) Moments:

AIFA = .6L469 Along rows: 29.23

BETA = ,3219 ® cols: 12.97
A= ,5522 * diag: 21.33

(ii) Max. Likelihood

ALFA = .586L Along rows: 30.05

BETA = .2917 * cols: 12.50
A = .5522 * diag: 18.6L4

E. Contagious Bivariate Negative Binomial

GAMMA = 1.1350 Along rows: 27.10
BETA = .7343 % cols: 1L4.L48
A= .5522 # dieg: 18.15

# Mull hypothesis not rejected at the 5 percent level of significance.

164.f.
13d.f.
1kd.f.

15
13
1k

15
1k
1k

P.05
18.30
18.30
16.90

P.05
19.70
22.40
21.00

P.05
18.30
18.30

16.90

P.05
26.30
22.40
23.70

25.00
22.40
23.70

25.00
23.70
23.70
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