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Abstract

Model-Free Optimal Control of Distributed Energy Resources in Electric Power
Distribution Systems

by

Daniel B. Arnold

Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Professor David Auslander, Chair

Distributed Energy Resources (DER) have the potential to both improve the manner in
which the electric power distribution system is operated and provide services to the bulk
electric grid. A key question that has emerged in academic circles is the manner in which
DER is governed to provide such utility. While many of the suggested approaches are math-
ematically elegant and demonstrate positive performance in simulations, they face enormous
barriers to implementation due to their reliance on knowledge of network models and bur-
densome communications requirements. This dissertation focuses on the application of an
Extremum Seeking (ES) control approach to manage individual DER, that does not require
utility network models and or communication between agents. Results achieved from the
application of this technique are shown to be equivalent to those derived from centrally-based
optimization strategies that utilize convex relaxation techniques. Initially, I explore the use
of Extremum Seeking to manage reactive power resources to perform voltage constrained
optimization in balanced radial distribution systems. Next, also for balanced and radial dis-
tribution systems, I extend this work to consider the management of four-quadrant-capable
DER to enable voltage-constrained distribution substation real power and voltage reference
tracking. My approach essentially allows the distribution feeder to act as a controllable
(P,V) bus when viewed from the perspective of the Transmission System Operator. Finally,
in an attempt to extend my results to 3-phase distribution systems, I derive a linear ap-
proximation to unbalanced power flow and explore a new objective of using reactive power
resources to regulate and balance system voltages. While the latter-most piece does not
specifically consider ES, it lays the necessary foundation for the application of the approach
in unbalanced systems.
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Chapter 1

Introduction

The electric grid is presently undergoing a transformation that has the potential to funda-
mentally alter the manner in which power is bought and sold and the way that the system is
managed from an operational standpoint. The inexorable movement towards the adoption
of distributed renewable resources, electric vehicles, battery storage systems, and respon-
sive loads have opened the door to make the very fingertips of the power system act as
generators, loads, and miniature grids all rolled into one. From the perspective of a con-
trols engineer, this transition is littered with opportunities to apply our trade and, indeed,
academic publications on strategies to manage these newly controllable Distributed Energy
Resources (DER) are prolific.

The need for thoughtful approaches to control DER is evident in the problems faced by
utilities at the forefront of renewables integration. Challenges primarily lie in managing an
aging infrastructure and increasing reliability in the context of variable resources. As more
distributed energy resources are incorporated into the system, feeder voltage profiles and
power flows must be carefully managed to ensure power of sufficient quality and quantity
is available to retail customers at least cost. As has been experienced in Hawaii [1], the
negative impact of high levels of distributed PV under current interconnection standards
is significant, and has led to financial impacts to both consumers and the utility. DER,
under the correct operational control scenarios, can provide numerous benefits to the grid,
including voltage support and regulation services. At the moment, the restrictions imposed
by IEEE 1547 prevent these resources from broadly providing such utility to the system.
However, ongoing efforts to refine this standard, along with California Rule 21, aim to allow
more advanced control options for DER.

Many of the strategies propose for managing DER take the form of centrally-based opti-
mization problems (also known as Optimal Power Flow, or OPF, problems). Such approaches
are desirable as they can optimize an objective function while ensuring system voltages are
maintained within desired tolerances. The work in [2] proposes a combined gradient-based
optimization and rule-based search for Volt-Var Optimization in unbalanced distribution
systems. The authors of [3] consider voltage regulation and loss minimization in distribution
circuits using second order cone relaxations of balanced feeder models. The works of [4] and
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[5] consider voltage regulation in distribution networks in the context of power flow through
framing the decision process as a semidefinite program. The results of [4] provide condi-
tions under which the semidefinite relaxation of the nonconvex power flow problem is tight
in balanced distribution circuits. In [5], semidefinite relaxations are applied to unbalanced
distribution systems, but no optimality conditions are provided. For broad utilization, these
methods would require coordinating assets of different manufacturers. In addition, many
of these strategies require perfect knowledge of feeder characteristics, such as line segment
impedance and network configuration. This information may not be readily available to
utility operators. Finally, as these frameworks either depend on solving a centralized opti-
mization or rely on information exchange between decision-makers, it would be necessary
to develop an infrastructure to collect sensing information (such as real and reactive power
demands) and relay data and actuation signals. This would come at a cost and could require
the transfer of information across privately owned assets.

In contrast, decentralized strategies generally sacrifice optimality in favor of less reliance
on required communications and system models. Turitsyn et al. [6] considered a suite of
distributed control strategies for reactive power compensation using four quadrant inverters.
The authors concluded that using local information alone is sufficient for voltage regulation,
but the incorporating information about real and reactive power flows improves control sys-
tem performance. The work of [7] studies distributed voltage regulation in the absence of
communication, relying on locally obtained information. Their results extend to optimize a
cost associated with the use of reactive power. In [8], a two-stage control architecture for
voltage regulation is considered where distributed controllers inject power based on local sen-
sitivity measurements, but communicate with neighbors to makeup shortfalls. The authors
of [9] study local voltage reference tracking with integral-type controllers, based on local
voltage measurements. While their approach is completely decentralized and distributed,
reliance on local measurements precludes the controllers from directly addressing problems
in other areas of the network. Using a fully decentralized approach, the work of [10] stud-
ied the effect of the shape of different inverter volt-var control curves for voltage regulation
in high PV penetration scenarios. These works, while relying less on communications and
system models than the strategies in the previous paragraph, deal primarily with voltage
regulation and not voltage-constrained optimization.

This dissertation studies a method for solving distribution network optimal power flow
problems in a manner that admits minimization of objective functions such as those used in
central, model-based approaches while maintaining a distributed, model-free control archi-
tecture. This approach does not rely on system models, communications between distributed
controllers, or large deployments of additional sensors. To achieve this, I utilize a nonlinear
control algorithm known as Extremum Seeking (ES) [11]. ES has been used in a variety ap-
plications including: robotic motion control [12]-[13], photovoltaic MPPT [14], wind energy
conversion [15]-[16], and automotive engine control [17]. The algorithm utilizes a periodic
probing signal to perform real time optimization by approximating a gradient descent pro-
cess. The algorithm is shown to converge to a neighborhood around the global optimizer for
convex objective functions, the size of which can be adjusted via altering the strength and
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speed of the probing signal (though this will affect algorithm performance). Interestingly, ES
can also minimize non-convex objective functions provided the probing signal is sufficiently
large enough to “free” the controller from local minima.

The initial chapters of this dissertation explore the use of ES to control DER in appli-
cations of increasing complexity. First, for balanced and radial distribution systems, ES is
used to control distributed reactive power resources to regulate system voltages and mini-
mize resistive losses. In this section, I derive sufficient conditions under which the real and
reactive powers at every node are convex and squared voltage magnitudes are concave, with
respect to reactive power injection anywhere on the feeder. These sufficiency conditions can
be interpreted as limits on reverse power flow and losses that cannot be exceeded if feeder-
head real power is to be minimized using reactive power resources. Typically, these limits
are much greater than feasible operating conditions. In simulations, I demonstrate that mul-
tiple VAR resources, each controlled by an independent ES algorithm, can supply reactive
power to minimize feeder head real power and regulate system voltages without any explicit
knowledge of the feeder itself. The only sensing information required by the ES controllers
are knowledge of feeder head real power, which can be relatively easily broadcast from the
substation, and system voltage measurements. With these two contributions together, the
method presented is able to identify globally optimal control solutions (as with centralized
OPF formulations) while maintaining a decentralized, model-free formulation.

In the second application, again for balanced and radial distribution systems, ES is
used to control the dispatch of real and reactive power resources from controllable DER to
enable feeder-head real power and voltage target tracking, while simultaneously providing
distribution voltage regulation. In effect, this approach makes the distribution feeder act
like a controllable (P,V) bus when viewed from the perspective of the transmission system
operator. While in the previous situation, the ES algorithm utilized a unique sinusoidal
probe to enable reactive power control for individual DER, this application uses this and the
orthogonal sinusoid of the same frequency to enable simultaneous real and reactive power
control. Such controllable DER resources can be physically represented by 4-quadrant power
electric inverters associated with PV and battery storage systems. The main property of
these devices that is exploited here is their ability to continuously modulate real power and
reactive power outputs (as opposed to legacy devices, such as switched capacitor banks)
[18]. Obviously, the ability to control the real power output of PV arrays or battery storage
systems is dependent on the availability of sufficient solar insolation or battery state of
charge. The main contribution of this piece of research is to demonstrate that multiple DER
resources, each controlled by an independent ES algorithm, can dispatch real and reactive
power to minimize feeder head real power and voltage tracking errors while regulating system
voltages, without any explicit knowledge of the feeder itself and without communicating with
other ES controllers.

In the last chapter, I lay the groundwork to extend the ES control approach to man-
age DER in unbalanced 3-phase radial distribution systems. A direct application of ES to
unbalanced systems is not straightforward due to the absence of suitable linearized 3-phase
power flow models. As such, the derivation of a suitable linearization is a necessary first step
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before ES, and many other approaches for that matter, can be applied to manage 3-phase
systems. This piece of research attempts to fill that void by proposing a novel linearized
unbalanced power flow model that can be viewed as an extension of the LinDistFlow [19]
linear approximation for balanced systems. Using this linear model, I construct an OPF
formulation that dispatches reactive power resources from controllable DER to perform volt-
age balancing and regulation. My results show that the OPF formulation that utilizes the
linearized three phase LinDistFlow model results in a dispatch of inverter VAR resources
that successfully drives system voltages into acceptable regimes and simultaneously balances
voltages by reducing magnitude differences between phases. Application of ES to unbalanced
distribution systems is not considered in this dissertation, and is left for future work.

This manuscript is organized so that each piece of research that comprises this disserta-
tion is presented as a self-contained element. Individual chapters may be read in any order,
though the reader will most likely better understand the increase in problem complexity if
these sections are read in order. The rest of the document is organized as follows. Chapter
2 explores the use of ES to control distributed reactive power resources to regulate system
voltages and minimize resistive losses. Section 2.2 introduces the power flow model and the
objective function for distributed optimization. Additionally, this section provides conditions
for the convexity of optimal power flow problems for a generalized balanced radial distri-
bution feeder. Section 2.3 outlines the ES algorithm and provides a convergence analysis
for convex objective functions. In Section 2.4, explores the performance of ES-controlled
VAR resources in two numerical experiments. The first experiment demonstrates the ability
of ES control to perform unconstrained real power minimization for a 13 node distribution
system. Results are compared against an existing centralized approach based on a convex
relaxation of the problem. The second experiment considers voltage-constrained real power
minimization for a larger system with faster demand data and existing legacy voltage control.
Chapter 2 concluding remarks are provided in Section 2.5.

Chapter 3 studies the application of ES to manage four-quadrant-capable DER. Section
3.2 introduces the 2-dimensional ES control algorithm used to control DER inverter real
and reactive power contributions and provides a convergence analysis for convex objective
functions. Section 3.3 discusses the power flow model and the objective function used for
distributed optimization target tracking and voltage regulation. Section 3.4 explores the per-
formance of 2D ES-controlled DER resources in numerical simulations. Concluding remarks
for this chapter are then provided in Section 3.5.

Chapter 4 explores the development of a novel linearization for unbalanced power flow
which, as discussed, lays the foundation for 3-phase ES that will be studied in future work.
Section 4.2 introduces a model of nonlinear three phase unbalanced power flow. This model,
used in simulations later in the chapter, is also used in the derivation of the linear approx-
imation for three phase power flow in Section 4.3. In Section 4.4, I formulate an OPF to
perform voltage regulation and balancing, and discuss results from simulation. Concluding
remarks for this chapter are provided in Section 4.5.

Finally, concluding remarks and a discussion of future work is provided in Chapter 5.
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Chapter 2

ES Control of VAR Resources

Distributed power electronic reactive power sources – such as smart PV inverters –

may play an important role in regulating customer voltages and reducing system losses

in future distribution systems. Though it is natural to consider model-based optimal

control algorithms to coordinate these distributed resources, those strategies typically

require relatively large communications capabilities and accurate models. In this chap-

ter I present an alternative way to implement the optimization problem that circum-

vents these communications and modeling challenges. I utilize an Extremum Seeking

(ES) control algorithm to modulate the reactive power output of VAR resources to

minimize total real power delivery at the feeder substation subject to voltage magni-

tude constraints, without an explicit feeder model. To ensure convergence of the ES

approach I derive results that guarantee a variety of distribution feeder objective func-

tions are convex over a broad range of power flows. Simulation results demonstrate

that the method is equivalent to recently developed convex relaxations used to solve

distribution optimal power flow problems.
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2.1 Preface

Coordination of a diverse set of Distributed Energy Resources (DER) presents many chal-
lenges to utility operators, who strive to ensure power of sufficient quality and quantity
is available to retail customers at least cost. Such assets can vary in size from residential
rooftop PV units to larger PV arrays and, perhaps, battery storage systems located at com-
mercial and industrial sites. As has been experienced in Hawaii [1], the negative impact of
high levels of distributed PV under current interconnection standards is significant, and has
led to financial impacts to both consumers and the utility. However, distributed generation
resources could, under the correct operational control scenarios, provide numerous benefits
to the grid, including voltage support and VAR compensation.

Many of the strategies currently under investigation for VAR compensation involve solv-
ing centrally-based optimization problems. The work in [2] proposes a combined gradient-
based optimization and rule-based search for Volt-Var Optimization in unbalanced distri-
bution systems. The authors of [3] consider voltage regulation and loss minimization in
distribution circuits using second order cone relaxations of balanced feeder models. The
works of [4] and [5] consider voltage regulation in distribution networks in the context of
power flow through framing the decision process as a semidefinite program. The results of
[4] provide conditions under which the semidefinite relaxation of the nonconvex power flow
problem is tight in balanced distribution circuits. In [5], semidefinite relaxations are applied
to unbalanced distribution systems, but no optimality conditions are provided. For broad
utilization, these methods would require coordinating assets of different manufacturers. In
addition, many of these strategies require perfect knowledge of feeder characteristics, such
as line segment impedances and network configuration. This information may not be read-
ily available to utility operators. Finally, as these frameworks either depend on solving a
centralized optimization or rely on information exchange between decision-makers, it would
be necessary to develop an infrastructure to collect sensing information (such as real and
reactive power demands) and relay data and actuation signals. This would come at a cost
and could require the transfer of information across privately owned assets.

In contrast, decentralized strategies generally sacrifice optimality in favor of less reliance
on required communications and system models. Turitsyn et al. [6] considered a suite of
distributed control strategies for reactive power compensation using four quadrant inverters.
The authors concluded that using local information alone is sufficient for voltage regulation,
but incorporating information about real and reactive power flows improves control system
performance. The work of [7] studies distributed voltage regulation in the absence of commu-
nication, relying on locally obtained information. Their results extend to optimize the cost of
reactive power, but not other objectives. In [8], a two-stage control architecture for voltage
regulation is considered where distributed controllers inject power based on local sensitivity
measurements, but communicate with neighbors to makeup shortfalls. The authors of [9]
study local voltage reference tracking with integral-type controllers, based on local voltage
measurements. While their approach is completely decentralized and distributed, reliance
on local measurements precludes the controllers from directly addressing problems in other
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areas of the network. Using a fully decentralized approach, the work of [10] studied the
effect of the shape of different inverter volt-var control curves for voltage regulation in high
PV penetration scenarios. These works, while relying less on communications and system
models than the strategies in the previous paragraph, deal primarily with voltage regulation
and not voltage-constrained optimization.

In this chapter, I propose and evaluate a method for solving distribution network optimal
power flow problems in a manner that admits minimization of objective functions such as
those used in central, model-based approaches while maintaining a distributed, model-free
control architecture. The specific problem addressed is optimal real-time distributed reac-
tive power support and voltage regulation. The proposed approach does not rely on system
models, communications between distributed controllers, or large deployments of additional
sensors. To achieve this, I utilize a model-free control algorithm known as Extremum Seek-
ing (ES) [11]. ES has been used in a variety applications including: robotic motion control
[12]-[13], photovoltaic MPPT [14], wind energy conversion [15]-[16], and automotive engine
control [17]. The algorithm utilizes a periodic probing signal to perform real time opti-
mization, and the approach is guaranteed to converge to within a neighborhood around the
optimizer. The size of this neighborhood as well as the rate of convergence can be adjusted
via altering the strength and speed of the probing signal. Though I am unaware of ES appli-
cations in distribution systems, it should be noted that it is common to deliberately inject
periodic signals into feeders, for example as in Power Line Carrier (PLC) communications
[20], as well as beacon load detection [21].

The following sections address a specific case of ES control applied to VAR compensation.
Here, I consider the dispatch of distributed reactive power resources to minimize feeder
head real power. Such resources can be physically represented by 4-quadrant power electric
inverters associated with PV and battery storage systems. The main property of these
devices that is exploited in this work is their ability to continuously modulate reactive power
outputs (as opposed to legacy VAR compensation devices, such as switched capacitor banks)
[18].

There are several contributions in this work. First, for any balanced radial distribution
feeder, I derive sufficient conditions under which the real and reactive powers at every node
are convex and squared voltage magnitudes are concave, with respect to reactive power
injection anywhere on the feeder. These sufficiency conditions can be interpreted as limits
on reverse power flow and losses that cannot be exceeded if feeder-head real power is to
be minimized using reactive power resources. Typically, these limits are much greater than
feasible operating conditions. The second contribution is to demonstrate that multiple VAR
resources, each controlled by an independent ES algorithm, can supply reactive power to
minimize feeder head real power and regulate system voltages without any explicit knowledge
of the feeder itself. The only sensing information required by the ES controllers are knowledge
of feeder head real power, which can be relatively easily broadcast from the substation, and
system voltage measurements. With these two contributions together, the proposed method
is able to identify globally optimal control solutions (as with centralized OPF formulations)
while maintaining a decentralized, model-free formulation.
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This chapter is outlined as follows. Section 2.2 introduces the power flow model and the
objective function for distributed optimization. Additionally, this section provides conditions
for the convexity of optimal power flow problems for a generalized balanced radial distribu-
tion feeder. Section 2.3 outlines the ES algorithm and provides a convergence analysis for
convex objective functions. In Section 2.4, I explore the performance of ES-controlled VAR
resources in two numerical experiments. The first experiment demonstrates the ability of ES
control to perform unconstrained real power minimization for a 13 node distribution system.
Results are compared against an existing centralized approach based on a convex relaxation
of the problem. The second experiment considers voltage-constrained real power minimiza-
tion for a larger system with faster demand data and existing legacy voltage control. I then
provide concluding remarks for this chapter in Section 2.5.
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2.2 Preliminaries

System Model

Let T = (H,E) denote a rooted tree graph representing a balanced radial distribution
feeder, where H is the set of nodes of the feeder and E is the set of line segments. Nodes are
indexed by i = 0, 1, . . . ,m, where m is the order (number of nodes) of the graph T . In this
formulation, node 0 denotes the feeder head (or substation) and is the root of T . The feeder
head is treated as an infinite bus, decoupling interactions in the downstream distribution
system from the rest of the grid. While the transmission voltage seen at the substation may
evolve over time, it is assumed this evolution takes place on a slower timescale than our
inverter control action.

For all i ∈ H let yi denote the squared magnitude of the node voltage. For adjacent
nodes i and j, the power/voltage relationship is captured by the system:

Pi = pi +
∑

j:(i,j)∈E

Pj +
rij
yj

(
P 2
j +Q2

j

)
(2.1)

Qi = qi + ui +
∑

j:(i,j)∈E

Qj +
xij
yj

(
P 2
j +Q2

j

)
(2.2)

yi = yj + 2rijPj + 2xijQj +
r2
ij + x2

ij

yj

(
P 2
j +Q2

j

)
∀j : (i, j) ∈ E. (2.3)

Eqs. (2.1)–(2.3) is a reformulation of the DistFlow [19] equations. In this system, node
i real and reactive power demands are treated as constant power loads and denoted by pi
and qi, respectively. In this convention, positive demand denotes power consumption and
negative demand is power injected, or supplied, to the grid. In this formulation, Pj and Qj

represent the real and reactive power that flows into node j from node i, over line segment
(i, j). The terms rij and xij are rectangular components of edge (i, j) electrical impedance
and are assumed to be positive. The quantity ui represents reactive power that can either
be sourced or consumed by a VAR resource.

Problem Formulation

We are interested in solving an optimal reactive power compensation problem, where the
objective is to minimize real power supplied by the distribution substation to the rest of the
feeder and to regulate system voltages within ±5% of nominal value. Denote the vector of
all control inputs as u. The problem is defined as:
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minimize
u,yi,Qi,Pi

P0

subject to (2.1)− (2.3),

y ≤ yi ≤ y, i ∈ H.

(2.4)

The equality constraints of problem Eq. (2.4) govern the physics of the real/reactive
power and voltage relationship between adjacent buses in the feeder. In general, these are
nonlinear and nonconvex. While this program can be relaxed into a convex form (see [3, 5,
4]), such approaches are not well suited to the problem considered here, as the ES control
algorithm is feedback-based and does not allow for the relaxation of the physics of the system.
An alternative representation of Eq. (2.4) can be obtained through successive substitutions
of Eqs. (2.1)–(2.3) into the objective and inequality constraints. This process eliminates all
variables Pi, Qi, and yi, leaving u as the only decision variable:

minimize
u

P0(u)

subject to y ≤ yi(u) ≤ y, i ∈ H.
(2.5)

It is now possible to approximate Eq. (2.5) by an unconstrained problem of the form:

minimize
u

J(u), (2.6)

where

J(u) = cPP0(u) + cyg(u), (2.7)

where g(u) is the penalty associated with the inequality constraints of Eq. (2.5), with positive
constants cP and cy that weight the different terms of the objective. As will be show in
Section 3.2, ES control can solve Eq. (2.6) if J(u) is convex.

Convexity

The first major contribution of this chapter is to establish conditions that can be used to
guarantee the convexity of P0 for the un-approximated system of (2.1) – (2.3), with respect
to u. This result is needed to guarantee that ES control algorithms will dispatch reactive
power to minimize feeder-head real power. Although this chapter focuses on using reactive
power assets to minimize feeder-head real power, the upcoming results generalize to a wide
variety of potential objective functions.

It is now shown that all real and reactive powers are convex and all squared voltage
magnitudes are concave with respect to injected reactive powers, ui. These results are valid
for arbitrary balanced radial distribution networks with heterogeneous impedance ratios
(homogeneous impedance ratios greatly simplify the results). These sufficiency conditions
hold in the absence of large amounts reverse power flows and line segment losses.
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To begin, consider a distribution feeder represented by T . Let m represent the order
(i.e. number of nodes) of T and let u be the vector of all controllers (ui) at nodes in H,
where u = [u1, . . . , um]T ∈ <m×1. Without loss of generality, we assume a controller exists
at every node in H. For a node i ∈ H, denote the Hessians of Pi and Qi with respect to
u as ∇2

uPi ∈ <m×m, ∇2
uQi ∈ <m×m respectively. In addition, denote the Hessian of yi with

respect to u as ∇2
uyi ∈ <m×m. Finally, denote the gradients of Pi, Qi, and yi with respect

to u as ∇uPi ∈ <1×m, ∇uQi ∈ <1×m, and ∇uyi ∈ <1×m respectively. The following theorem
outlines the regions under which the Hessians ∇2

uPi and ∇2
uQi are positive semidefinite and

∇2
uyi are negative semidefinite.

Theorem 1. Suppose that for all i, j ∈ H, (i, j) ∈ E, where i is electrically upstream
(closer to the distribution substation) from j, the following assumptions hold: y0 behaves as
an infinite bus (i.e., evolves independently of, and on a timescale slower than, u), and the
variables Pj, Qj, and yj satisfy the following:

C1: 1 +
cij
yj
Pj ≥ 0

C2: 1 +
dij
yj
Qj ≥ 0

C3: 1−
(
P 2
j +Q2

j

y2j

) (
r2
ij + x2

ij

)
≥ 0

C4: eijyj + Pj + αjQj ≥ 0

C5: fijyj + βjPj +Qj ≥ 0

where the positive constants cij, dij, eij, fij, αi and βi are defined according to:

cij = max

[
2rij,

(
r2
ij + x2

ij

rij

)]
(2.8)

dij = max

[
2xij,

(
r2
ij + x2

ij

xij

)]
(2.9)

eij =

{
1

2αj

1
rij

if
xij
rij
≥ αj

1
2αj
· αi−αj
αirij−xij if αj >

xij
rij

(2.10)

fij =

{
1

2βj

1
xij

if
rij
xij
≥ βj

1
2βj
· βi−βj
βirij−xij if βj >

rij
xij

(2.11)

Then the following results hold ∀i ∈ H, where v is any nonzero vector:
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R1: vT∇2
uPiv ≥ 0

R2: vT∇2
uQiv ≥ 0

R3: vT∇2
uyiv ≤ 0

The proof can be found in the appendix. Constraints C1, C2, C4, and C5 place bounds
on how much reverse power flow (negative P and Q) can occur while still guaranteeing the
convexity and concavity conditions R1 - R3. Condition C3 is a bound on the quantity of
resistive losses allowable to ensure convexity and concavity conditions. Recall that in the
present notation, at any node, j for instance, Pj and Qj denote the real and reactive power
flowing into node j. This is also the power flowing in line segment i, j (where i is the parent
of j) minus losses. It is obvious that the network topology of the system, especially line
segment r/x ratios, greatly affects these conditions.

Parameters cij and dij are, in the per unit system, typically ∼ 10−1 (i.e. on the order
of 0.1) or less, implying C1 and C2 are only exceeded when Pj and Qj are substantially
less than -1 p.u.. A similar conclusion can be drawn from C3 which, as r2

ij + x2
ij is typically

∼ 10−2 or less, is exceeded if Pj and Qj are substantially greater than or less than 1 and -1
p.u..

The parameters αi and βi are chosen to account for downstream impedance ratio hetero-
geneity (i.e. these parameters are determined at the leaves of the feeder first and proceeding
up to the feeder head). The choice for these parameters, illustrated in (2.10) - (2.11), reflects
a trade-off which must be made between allowable reverse power flowing in a line segment
and upstream α and β. For example, one can choose α and β so that the conditions allow
more reverse power flow on downstream line segments, but this would require larger values
of upstream α and β.

For a system with homogeneous impedance ratios, the most generous choices for α and
β are: α = 1/β = x/r, implying eij = 1/2xij and fij = 1/2rij. With this choice C4 - C5
become: yj + 2rijPj + 2xijQj ≥ 0. As, typically, rij and xij are ∼ 10−1 or less in per unit,
this constraint, along with C1 - C3 allow amounts of reverse power and losses that greatly
exceed normal operating conditions.

For systems with heterogeneous impedance ratios, it is not always possible to choose
αi = xij/rij and βi = rij/xij. In this situation, effective choices for these parameters are:

αi = max
j∈H,(i,j)∈E

[
αj − 2krij
1− 2kxij

,
xij
rij

]
(2.12)

βi = max
j∈H,(i,j)∈E

[
βj − 2kxij
1− 2krij

,
rij
xij

]
, (2.13)

with k > 0. This simplifies C4 - C5:
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kyj + Pj + αjQj ≥ 0 (2.14)

kyj + βjPj +Qj ≥ 0, (2.15)

via setting eij = fij = k. In Section IV, using Eqs. (2.12)–(2.13), I will evaluate Eqs. (2.14)–
(2.15) with network model parameters to show that the constraints allow for very large
amounts of reverse power flow before the sufficiency conditions of the proof are violated.

When the conditions of Theorem 1 hold, one can use R1 - R3 to construct the objective
functions for ES control. The form we will use in this instance is:

J(u) = cy
∑
i∈H

([
y − yi

]+)2

+ cy
∑
i∈H

(
[yi − y]+

)2

+ cPP0 (2.16)

where the first term keeps voltages above a lower threshold y, and the second term serves to
keep voltages below an upper threshold y.
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2.3 Control Design

Scalar Gradient-Based Extremum Seeking

This section introduces the scalar gradient-based Extremum Seeking control algorithm used
to control individual VAR resources to solve the problem of Eq. (2.6). A brief overview of
the technique is provided for clarity.

The basic scheme for a single gradient-based ES controller is shown in Fig. 2.1. The
algorithm injects a sinusoidal perturbation a cosωt into the system, resulting in an objective
function J(u) that now consists of two components: DC and oscillatory. The DC component
of the objective function output is removed by the washout filter s/(s+h) and the oscillatory
part is subsequently multiplied by cosωt and passed through a low-pass filter l/(s+ l). The
resulting signal, ξ̂ is an estimate of the gradient of the objective function with respect to
u. The gradient estimate is then passed through an integrator −k/s and added to the
modulation signal.

Figure 2.1: Block diagram for scalar gradient-based Extremum Seeking control algorithm.

The designer chooses the parameters ω, l, and h so that the perturbation is passed by
the washout filter, but is removed by the lowpass filter (i.e. l � ω and h � ω). [11] shows
that if one chooses parameters such that:

ω = εω′ (2.17)

l = εδl′ (2.18)

h = εδh′ (2.19)

k = εδk′, (2.20)
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where ε and δ are small and positive and ω′, l′, h′, and k′ are O(1) positive real numbers,
then for sufficiently small ε, δ, and a, the output J(u) will converge to an O(ε + δ + a)
neighborhood of J(u∗).

Results of the single controller case of Fig. 2.1 can be extended to allow multiple ES
controllers to operate in parallel, as is shown in Fig. 2.2. In the context considered in this
chapter, each ES controller (denoted by ESC in Fig. 2.2) would represent an individual
controllable VAR resource. As outlined in the figure, each controller operates independently
of the others, but all utilize the same input signal. To ensure proper convergence of the
vector of control inputs u to the optimum u∗, it is necessary to choose the perturbation
frequencies of the individual controllers such that ωi 6= ωj and ωi + ωj 6= ωk for distinct i, j,
and k. This ensures that the different ES controllers will not “fight” each other during the
optimization [11].

Figure 2.2: Multiple ES controllers in operating in parallel.

Convergence Analysis

I now provide an analysis showing that the application of ES control to the problem of
Eq. (2.6) minimizes the objective Eq. (2.7) to a neighborhood of the optimum.

Consider a convex objective function J(u) with minimizer u∗ and define φ(u − u∗) =
J(u) − J(u∗). It is clear that φ(u − u∗) is convex with minimizer 0 and optimum value
0. Additionally, let u ∈ <m×1 be the vector of all control inputs, û ∈ <m×1 be the vec-
tor consisting of the outputs of the integrator block for each ES controller and q(t) =
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[a1 cos(ω1t), . . . , am cos(ωmt)]
T be the vector containing all perturbation signals. The op-

timization is performed by placing m ES control loops in parallel as outlined in Figures 2.1
and 2.2. It is assumed that control parameters for each ES loop have been chosen according
to Eqs. (2.18)–(2.20) and all probing frequencies have been chosen such that ωi 6= ωj and
ωi + ωj 6= ωk for distinct i, j, and k

In this setting, the vector of control inputs can be expressed as: u = û + q(t). For
convenience, define the error system ũ = û− u∗. Looking now at the ith ES control loop, we
have the following nonlinear error dynamics:

ėi = hi(φ(ũ+ q(t)) + J(u∗)− ei) (2.21)

ξ̇i = li(−ξi + cos (ωit)(φ(ũ+ q(t)) + J(u∗)− ei)) (2.22)

˙̃ui = −kiξi. (2.23)

Let τ = ωτ t be the lowest common multiple of all time periods in the system such that
the entire system is τ -periodic. We may now express the individual probing frequencies as:
ωi = γiωτ , where γi is a positive constant. In the timescale τ = ωτ t, Eqs. (2.21)–(2.23)
become:

ėi =
hi
ωτ

(φ(ũ) +∇uφ(ũ)q(τ) + J(u∗)− ei) (2.24)

ξ̇i =
li
ωτ

(−ξi cos(γiτ)(φ(ũ) +∇uφ(ũi)q(τ)) (2.25)

˙̃ui = − ki
ωτ
ξi, (2.26)

where we have approximated φ(ũ+ q(t)) using a Taylor Expansion around ũ. As the system
of Eqs. (2.24)–(2.26) is now in the form to which averaging is applicable, we integrate over
the period 0 to ωτ/2π:

ėi,av =
hi
2π

(φav(ũav) + J(u∗)− ei,av) (2.27)

ξ̇i,av =
li
2π

(
−ξi,av +

ai
2γi

dφav
dui

(ũav)

)
(2.28)

˙̃ui,av = − ki
2π
ξi,av, (2.29)

where the subscript “av” refers to: 1
T

∫ T
0

(·)dτ and T = ωτ
2π

. Note the dot notation on the
derivative terms refers to d

dτ
. The averaging process has removed the sinusoidal term in

Eq. (2.27) and extracted the averaged gradient of φ with respect to ui (i.e. the input channel
to this controller) in Eq. (2.28). The following properties hold for φav(ũ) and ∇uφav(ũ):
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φav(0) =
1

T

∫ T

0

φ(0)dτ = 0 (2.30)

φav(u) > 0, ∀u(t) 6= 0 (2.31)

φav(u) ≈ ∇uφav(u)u, (2.32)

where Eq. (2.32) results from a Taylor Expansion of φav(0). In light of Eqs. (2.30)–(2.32), the
system of Eqs. (2.27)–(2.29) has equilibrium at (eeqi,av, ξ

eq
i,av, ũ

eq
i,av) = (J(u∗), 0, 0). At this stage,

it is convenient to separate Eqs. (2.27)–(2.29) into two sub-systems: ėi,av and (ξ̇i,av, ˙̃ui,av),
as the latter system does not depend on any states of the former. We continue the analysis
with the system:

ξ̇i,av =
li
2π

(
−ξi,av +

ai
2γi

dφav
dui

(ũav)

)
(2.33)

˙̃ui,av = − ki
2π
ξi,av, (2.34)

with equilibrium at the origin. In order to show the averaged dynamics for all ES control
loops converge to the origin we seek a Lyapunov function V (ξav, ũav) =

∑m
i=1 Vi(ξi,av, ũi,av),

such that V > 0 and V̇ < 0. It can be verified that choosing Vi(ξi,av, ũi,av) such that:

Vi(ξi,av, ũi,av) =
1

2

[
ξi,av ũi,av

]
Ai

[
ξi,av
ũi,av

]
+ d

∫ ũi,av

0

dφav
dui

(ũav(y))dy, (2.35)

where

Ai =
2γi
ai

[ki
li
d −c
−c li

ki
c

]
, (2.36)

with d > c > 0 yields the desired functions:

V (ξav, ũav) =
1

2

m∑
i=1

[
ξi,av ũi,av

]
Ai

[
ξi,av
ũi,av

]
+ d

∫ ũav

0

∇yφav(y)dy (2.37)

=
1

2

m∑
i=1

[
ξi,av ũi,av

]
Ai

[
ξi,av
ũi,av

]
+ dφ(ũav) (2.38)

V̇ (ξav, ũav) = −(d− c)
2π

m∑
i=1

(
2kiγi
ai

)
ξ2
i,av − c∇uφav(ũav)ũav, (2.39)
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where the integral term of Eq. (2.37) is the line integral of a gradient vector (which is equal
to φav(ũav) − φav(0)), see Eq. (2.38). It is easily verified that Eqs. (2.38) and (2.39) are
positive and negative definite respectively, indicating that V (ξav, ũav) decreases along the
state trajectories of the system (i.e. ũav → u∗). Convergence of the vector u to within a
neighborhood of u∗ is then guaranteed by the proper choice of the ES control parameters
and averaging [11], [22].
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2.4 Simulation Results

Real Power Minimization

I first illustrate the use of ES control to manage VAR resources to minimize feeder head real
power flow. This simulation operates in a range where voltage magnitude constraints are
not binding and the objective function does not consider voltage constraints. These results
will be used to illustrate the ability of the approach to perform model-free decentralized
optimization and meaningfully reduce real power supplied by the distribution substation. In
the next section I will demonstrate the use of ES control for voltage-constrained distribution
system optimization.

Simulations were conducted of ES-managed VAR resources interacting with a 13 node
balanced distribution feeder. The feeder model can be found in [23] and is depicted in Fig.
2.3.

Figure 2.3: Feeder model used in simulations [23]. Nodes in red indicate where VAR resources
controlled by ES are located.

This experiment tested the response of multiple ES controllers in the presence of time-
varying loads. In this test, VAR resources were located at nodes 3, 8, and 9 and loads were
located at nodes 1, 5, 7, 8, 11, and 12. The simulation was driven by publicly available
30 minute demand information (kW) from the Pacific Gas and Electric Company [24] with
filtered Gaussian noise added to all real and reactive power demands. This data was inter-
polated over the duration of a 4 hour experiment with timesteps of 0.1 seconds. A constant
power factor of 0.9 was used to create reactive power demand and feeder head voltage was
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Figure 2.4: Real power demands on the 13 node feeder.

Table 2.1: ES simulation parameters for the 13 node feeder experiment.

Node 3 8 9

f (Hz)
√

2
100

√
5

100
3

100

h ( rad
s

) 2.5× 10−3 2.5× 10−3 2.5× 10−3

l ( rad
s

) 1× 10−3 1× 10−3 1× 10−3

k −7 −7 −7
a (p.u.) 0.0075 0.0075 0.0075

fixed to 1 p.u.. The individual real power demand profiles are shown in Fig. 2.4. Feeder base
values were 7200 V and 1 MVA, respectively, and all feeder line segments had an impedance
of Z = 0.3 + j0.6 Ω (or, 0.033 + j0.065Ω p.u.). As this system has homogeneous impedance
ratios with impedances that are ∼ 10−2, one can easily verify that it would require reverse
power flows on the order of several times the per unit rating of the feeder to violate conditions
C1 - C5. Thus we can conclude that the objective function, P0, is convex. VAR resources
were unconstrained by upper and lower limits to demonstrate the ability of the controllers
to update in real-time in the presence of time-varying demand. For comparison, the optimal
results using the approach of [3] are also plotted. Simulation parameters for the three ES
controllers are given in Table 2.1.

Simulation results provided in Figs. 2.5 - 2.8 show the ES controlled VAR resources
injecting reactive power into the system and, after an initial settling period, almost perfectly
tracking the optimal results. It should be noted that the overshoot and settling time are
dependent on the parameter choices for each ES controller and the initial condition. ES
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control action results in an improvement in the system voltages (illustrated at node 4, in
Fig. 2.6) as well as reductions in reactive and real power supplied to the circuit by the
distribution substation (see Figs. 2.7 and 2.8, respectively). Note in Fig. 2.7, the controllers
almost completely offset the reactive power supplied to the feeder by the substation.

12 13 14 15 16

−0.4

−0.3

−0.2

−0.1

0

Control signal

time (hour)

p.
u.

 

 

node 3
node 8
node 9

node 3

node 8

node 9

Figure 2.5: Reactive power output of controllable VAR resources. The thickness of the line
is due to the small perturbation signal of each controller.
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Figure 2.6: Node 4 voltage profile during the simulation.
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Figure 2.7: Feeder head reactive power
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Figure 2.8: Feeder head real power

Voltage-Constrained Real Power Minimization

In this section I demonstrate the ability of ES control to regulate system voltages during the
optimization process. Compared to results presented in the previous section, this experiment
utilized much faster (1 minute) demand profiles [25] as well as a larger feeder with capacitor
banks that switch independently of ES control actions.

A modified IEEE 37 node distribution feeder model, seen in Fig. 2.9, was utilized in
this simulation [26]. The feeder voltage and power ratings were left unchanged (4.8kV and
2.5MVA), as were line segment configuration assignments (see [26]). However, in order to cre-
ate a balanced network, all line segments were assumed to be three phase with configurations
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in Table 2.2.
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Figure 2.9: IEEE 37 node feeder model.

For this particular feeder configuration per unit impedance values are ∼ 10−2, thus
making C1 - C3 unrestrictive. With the given impedance ratios of Table 2.2, one can verify
that choosing k = 4 and computing the parameters α and β according to Eq. (2.12)–(2.13)
yields α1 = 0.78 and β1 = 4.2. As α and β increase moving upstream on the feeder, these
values at the first node are always the most restrictive. Considering Eq. (2.14) and Eq. (2.15),
Eq. (2.15) is the more restrictive constraint: 4y1 + 4.2P1 + Q1 ≥ 0. Assuming y1 ≈ 1, then
this constraint is satisfied – and convexity of P0 with respect to u can be guaranteed – even
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Table 2.2: 37 Node Feeder Line Configurations (see [26] for line segment assignments). Note
these values are not p.u.. For this experiment, a base value of Zbase = 9.2Ω was utilized.

Configuration R
(

Ω
mi

)
X
(

Ω
mi

)
x
r

r
x

721 0.592 0.394 0.66 1.50
722 0.95 0.891 0.94 1.07
723 2.588 1.342 0.52 1.93
724 4.19 1.55 0.37 2.70

with values of P1 = −0.75 p.u. and Q1 = −1 p.u.. In fact, if Q1 happens to be positive,
then even more reverse real power is allowed before losing convexity guarantees.

One minute demand information used in the simulation was obtained from the Pecan St.
project [25]. Demand at each node consists of an average of 10 daily load profiles randomly
chosen from sites over the period of July 1, 2014 - Aug. 1, 2014. In order to test the
performance of the ES approach in scenarios of high renewables penetration, 40% (4 out of
10) of the load profiles at each node came from sites with PV generation. A constant power
factor of 0.9 was used to create reactive power demands.

In this simulation, ES controllers were placed at nodes: 711, 708, 744, 718, 742, and
724. In addition, these nodes were also monitored for voltage regulation within ± 5% of
feeder head voltage. Parameters of individual ES controllers can be found in Table 2.3, and
parameters of the objective function were: cP = 10, cy = 500, y = 0.9552, and ȳ = 1.0452.
Note that the voltage threshold values are tighter than ± 5% to prevent voltages from
crossing the 5% limit (had these values been set at ± 5%, the ES controllers would only
take action when the voltage was exceeded.). In addition, the transformer at node 775 was
replaced by a capacitor bank with a 0.1 p.u. rating, which was activated halfway through
the simulation.

Figures 2.10 – 2.14 depict results from a two hour simulation from 14:00 to 16:00 with
timesteps of 0.1 seconds with a fixed feeder head voltage of 1 p.u. For comparison, optimal
results using a second order cone relaxation technique [3] are also shown (with voltage
constraints set at ± 5%). As the results show voltage-constrained ES control is able to
substantially offset the amount of reactive power supplied to the feeder by the substation
and drive system voltages to within acceptable ranges (see Figs. 2.13 and 2.14). In addition,
note substantial reduction in variability of the voltage profile in Fig. 2.13. Figure 2.14 depicts
the number of voltage violations (for the set of regulated voltages only) of the ± 5% threshold
throughout the experiment. It should also be noted that the step change in reactive power
due to capacitor action at 15:00 had no destabilizing effects on ES control.
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Table 2.3: ES simulation parameters for the 37 node feeder experiment.

Node 711 708 744 718 742 724

f (Hz) 1.9
√

3 1.8
√

11
2

2.1 2.5

h ( rad
s

) 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001

l ( rad
s

) 0.025 0.025 0.025 0.025 0.025 0.025
k -10 -10 -10 -10 -10 -10

a (p.u.) 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005
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Figure 2.10: Feeder head real power
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Figure 2.11: Reactive power output of controllable VAR resources.
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Figure 2.12: Feeder head reactive power.
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Figure 2.13: Voltage at node 708 profile during the simulation.
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Figure 2.14: Voltage violations for regulated nodes (711, 708, 744, 718, 742, and 724) during
the simulation.
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2.5 Concluding Remarks

This work explored distributed model-free optimization of distribution systems using reactive
power assets. There are two main contributions of this research. First, for balanced radial
distribution systems, I derived conditions that guarantee feeder real and reactive power flows
are convex and squared voltage magnitudes are concave with respect to injected reactive
powers anywhere on a feeder. These conditions require that reverse real and reactive power
flows and apparent power magnitudes remain below values that are extremely unlikely to
occur on appropriately sized infrastructure. These results are based on the exact balanced
distribution power flow equations (i.e. no approximations are required). The second major
result is to demonstrate that ES control can manage distributed reactive power resources to
perform optimal voltage-constrained real power minimization. This optimization operates in
real time, without knowledge of any system models and with purely local decision-making.

In this work, I focused on applications with independent controllers that require rela-
tively little communication. However, centralized multivariable ES may have better perfor-
mance [14]. The convergence results still hold for this application, and in situations where
high amounts of communication and a centralized architecture are acceptable, a multivari-
able approach may be preferable.

Although the specifics of the hardware providing optimal VAR support were not consid-
ered in the analysis and simulation sections, the ES control approach could be utilized by
advanced power inverters associated with PV, electric vehicle, and battery storage systems.
Such devices have the potential to modulate their power outputs on timescales suitable for
ES control and can either provide their own independent probes and/or share probing re-
sponsibilities with neighbors. However, it is also possible to extend the approach to control
legacy VAR support equipment incapable of actuating on timescales required for ES probing.
To do so, it would be necessary to utilize the probing signal from another piece of hardware
such as nearby inverters or a dedicated probing resource.

This work constitutes an important step towards practical implementation of distribution
optimal power flow. While several existing studies already consider distributed and model-
free voltage regulation, this contribution allows for a variety of objectives to be optimized,
while ensuring voltages remain acceptable. Moving forward, there are several areas in need
of further study. First, it is naturally desirable to extend the results in this work to loads
other than constant power. In preliminary analytical and simulation work I have seen that
convexity results are lost if a high fraction of loads are voltage dependent; I intend to ex-
actly quantify this fraction in future work. Secondly, an extension of the current approach to
unbalanced distribution systems is worth investigating. As the unbalanced power flow equa-
tions are considerably more complex than the balanced case, it is not expected to be able to
derive sufficient conditions similar to Theorem 1. However, one may study approximate sys-
tem behavior using suitable linearized power flow models. Though not considered explicitly
in this dissertation, Chapter 4 lays the groundwork for 3-phase ES through deriving such a
linearization.
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Chapter 3

ES Control of Four-Quadrant DER

Collective control of Distributed Energy Resources (DER) – such as smart PV inverters

– may play an important role in providing regulation services to the bulk electric grid.

Though it is natural to consider model-based optimal control algorithms to coordinate

these distributed resources for this purpose, those strategies typically require relatively

large communications capabilities and accurate network models. In this chapter, I

present an alternative way to implement the optimization problem that circumvents

these communications and modeling challenges. I present a 2-dimensional Extremum

Seeking (ES) control algorithm to modulate the real and reactive power output of

DER to enable feeder substation real power and voltage reference tracking subject to

voltage magnitude constraints, without an explicit feeder model. From the perspective

of the transmission grid, this approach essentially transforms the distribution feeder

into a controllable (P,V) bus. Simulation results confirm the ability of the approach to

track substation real power and voltage reference signals while maintaining distribution

system voltages within acceptable tolerances.
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3.1 Preface

Coordination of a diverse set of Distributed Energy Resources (DER) presents many chal-
lenges to system operators, who strive to ensure power of sufficient quality and quantity
is available to retail customers at least cost. Such assets can vary in size from residential
rooftop PV units to larger PV arrays and, perhaps, battery storage systems located at com-
mercial and industrial sites. As has been experienced in Hawaii [1], the negative impact of
high levels of distributed PV under current interconnection standards is significant, and has
led to financial impacts to both consumers and the utility. However, distributed generation
resources could, under the correct operational control scenarios, provide numerous benefits
to the grid, including voltage support and VAR compensation at the distribution level, and
regulation services at the transmission level.

Many of the strategies currently under investigation for coordinating DER involve solving
centrally-based optimization problems. The work in [2] proposes a combined gradient-based
optimization and rule-based search for Volt-Var Optimization in unbalanced distribution
systems. The authors of [3] consider voltage regulation and loss minimization in distribution
circuits using second order cone relaxations of balanced feeder models. The works of [4] and
[5] consider voltage regulation in distribution networks in the context of power flow through
framing the decision process as a semidefinite program. The results of [4] provide condi-
tions under which the semidefinite relaxation of the nonconvex power flow problem is tight
in balanced distribution circuits. In [5], semidefinite relaxations are applied to unbalanced
distribution systems, but no optimality conditions are provided. For broad utilization, these
methods would require coordinating assets of different manufacturers. In addition, many
of these strategies require perfect knowledge of feeder characteristics, such as line segment
impedances and network configuration. This information may not be readily available to
utility operators. Finally, as these frameworks either depend on solving a centralized opti-
mization or rely on information exchange between decision-makers, it would be necessary
to develop an infrastructure to collect sensing information (such as real and reactive power
demands) and relay data and actuation signals. This would come at a cost and could require
the transfer of information across privately owned assets.

In contrast, decentralized strategies generally sacrifice optimality in favor of less reliance
on required communications and system models. Turitsyn et al. [6] considered a suite of
distributed control strategies for reactive power compensation using four quadrant inverters.
The authors concluded that using local information alone is sufficient for voltage regulation,
but the incorporating information about real and reactive power flows improves control sys-
tem performance. The work of [7] studies distributed voltage regulation in the absence of
communication, relying on locally obtained information. Their results extend to optimize the
cost of reactive power, but the proposed framework does not consider providing feeder-level
regulation services. In [8], a two-stage control architecture for voltage regulation is consid-
ered where distributed controllers inject power based on local sensitivity measurements, but
communicate with neighbors to makeup shortfalls. The authors of [9] study local voltage ref-
erence tracking with integral-type controllers, based on local voltage measurements. While
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their approach is completely decentralized and distributed, reliance on local measurements
precludes the controllers from directly addressing problems in other areas of the network.
Using a fully decentralized approach, the work of [10] studied the effect of the shape of differ-
ent inverter volt-var control curves for voltage regulation in high PV penetration scenarios.
These works, while relying less on communications and system models than the strategies in
the previous paragraph, deal primarily with voltage regulation and not voltage-constrained
optimization.

In this chapter, I propose and evaluate a method for solving distribution network optimal
power flow problems in a manner that admits minimization of objective functions such as
those used in central, model-based approaches while maintaining a distributed, model-free
control architecture. The specific problem addressed is optimal feeder-head real power and
voltage reference tracking subject to distribution system voltage constraints. This approach
does not rely on system models, communications between distributed controllers, or large
deployments of additional sensors. To achieve this, I utilize a model-free control algorithm
known as Extremum Seeking (ES) [11]. While Chapter 2 explored the use of ES to conduct
model-free optimal VAR compensation and voltage regulation, ES has been used in a variety
of other applications including: robotic motion control [12]-[13], photovoltaic MPPT [14],
wind energy conversion [15]-[16], and automotive engine control [17]. The algorithm utilizes
a periodic probing signal to perform real time optimization, and the approach is guaranteed
to converge to within a neighborhood around the optimizer. The size of this neighborhood
as well as the rate of convergence can be adjusted via altering the strength and speed of the
probing signal. Though I am unaware of ES applications in distribution systems, it should
b noted that it is common to deliberately inject periodic signals into distribution systems,
for example as in Power Line Carrier (PLC) communications [20], as well as beacon load
detection [21].

This chapter considers the dispatch of real and reactive power resources from controllable
DER to enable feeder-head real power and voltage target tracking, while simultaneously pro-
viding distribution voltage regulation. In effect, this approach makes the distribution feeder
act like a controllable (P,V) bus when viewed from the perspective of the transmission sys-
tem operator. While previously, ES was used to manage power electronic inverter reactive
power output, this work considers control both the real and reactive power output of an
inverter simultaneously. Such controllable DER resources can be physically represented by
4-quadrant-capable Distributed Energy Resources such as PV and battery storage systems.
The main property of these devices that is exploited in this work is their ability to contin-
uously modulate real power and reactive power outputs (as opposed to legacy devices, such
as switched capacitor banks) [18]. Obviously, the ability to control the real power output
of PV arrays or battery storage systems is dependent on the availability of sufficient solar
insolation or battery state of charge.

The main contribution of this work is to demonstrate that multiple DER resources, each
controlled by an independent ES algorithm, can smartly supply real and reactive power to
minimize feeder head real power and voltage tracking errors and regulate system voltages,
without any explicit knowledge of the feeder itself and without communicating with other
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ES controllers. The only sensing information required by the ES controllers are knowledge of
substation voltage and real power consumption, which can be relatively easily broadcast from
the substation, and system voltage measurements. While in Chapter 2, the ES algorithm
utilized a unique sinusoidal probe to enable reactive power control for an individual inverter,
this work uses this and the orthogonal sinusoid of the same frequency to enable simultaneous
real and reactive power control. The method presented is able to make the distribution feeder
act as a controllable (P,V) bus while maintaining a decentralized, model-free formulation.

This chapter is outlined as follows. Section 3.2 introduces the 2-dimensional ES control
algorithm used to control DER inverter real and reactive power contributions and provides
a convergence analysis for convex objective functions. Section 3.3 discusses the power flow
model and the objective function used for distributed optimization target tracking and volt-
age regulation. Section 3.4 explores the performance of 2D ES-controlled DER resources in
numerical simulations. I then provide concluding remarks for this chapter in Section 3.5.
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3.2 Control Design

This section discusses the two-dimensional scalar gradient-based Extremum Seeking algo-
rithm used to control individual DER resources. I now provide an overview of the technique
for clarity, followed by a convergence analysis for a convex objective function.

2-D Scalar Gradient-Based Extremum Seeking

The scheme for a single 2-D gradient-based ES controller is shown in Fig. 3.1. In this
situation, we seek to minimize an objective that is a function of two variables: u and v. In
the context of this work, u represents controllable real power of a DER and v represents
controllable reactive power. The algorithm injects orthogonal sinusoidal perturbations of
a cosωt into channel u and a sinωt into channel v. This results in an objective function
J(u, v) that now consists of two components: DC and oscillatory. The DC component of the
objective function output is removed by the washout filter s/(s+h) and the oscillatory part
is split into two channels and subsequently multiplied by cosωt (in channel u) and by sinωt
(in channel v). Post-modulation, each signal is passed through a low-pass filter l/(s+ l). We
note that it is not necessary that the lowpass filter in each channel have the same critical
frequency. The resulting signals, ξ̂u and ξ̂v, are estimates of the gradient of the objective
function with respect to u and v, respectively. The gradient estimate in each channel is then
passed through integrators −ku/s and −kv/s and added to its respective modulation signal.

𝑠𝑠
𝑠𝑠 + ℎcos𝜔𝜔𝑡𝑡

−
𝑘𝑘𝑢𝑢
𝑠𝑠

𝑎𝑎 cos𝜔𝜔𝑡𝑡

�𝑢𝑢

𝑢𝑢 𝐽𝐽 𝑢𝑢, 𝑣𝑣
Objective

𝑙𝑙
𝑠𝑠 + 𝑙𝑙

sin𝜔𝜔𝑡𝑡

−
𝑘𝑘𝑣𝑣
𝑠𝑠

𝑎𝑎 sin𝜔𝜔𝑡𝑡

𝑙𝑙
𝑠𝑠 + 𝑙𝑙

𝜉𝜉𝑢𝑢

𝜉𝜉𝑣𝑣�𝑣𝑣

𝑣𝑣

Figure 3.1: Block diagram for scalar gradient-based Extremum Seeking control algorithm.
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The designer chooses the parameters ω, l, and h so that the perturbation is passed by
the washout filter, but is removed by the lowpass filter (i.e. l � ω and h � ω). It is
straightforward to extend the analysis of [11] to show that if one chooses parameters such
that:

ω = εω′ (3.1)

l = εδl′

h = εδh′

ku = εδk′u
kv = εδk′v, (3.2)

where ε and δ are small and positive and ω′, l′, h′, k′u, and k′v are O(1) positive real numbers,
then for sufficiently small ε, δ, and a, the output J(u, v) will converge to an O(ε + δ + a)
neighborhood of J(u∗, v∗).

Results of the single controller case of Fig. 3.1 can be extended to allow multiple 2-D ES
controllers to operate in parallel, as is shown in Fig. 3.2. In the context considered in this
research, each ES controller (denoted by ESC in Fig. 3.2) would represent an individual
controllable DER resource capable of simultaneously modulating its real and reactive power
output. As outlined in the figure, each controller operates independently of the others, but
all utilize the same input signal. To ensure proper convergence of the vector of control inputs
[u, v] to a neighborhood of the optimum (u∗, v∗), it is necessary to choose the perturbation
frequencies of the individual controllers such that ωi 6= ωj and ωi + ωj 6= ωk for distinct i, j,
and k. This ensures that the different ES controllers will not “fight” each other during the
optimization [11].

Convergence Analysis

I now provide an analysis showing that 2D ES control will minimize a convex objective
function of two variables. The optimization is performed by placing m ES control loops
in parallel as outlined in Figures 3.1 and 3.2. It is assumed that control parameters for
each ES loop have been chosen according to Eqs. (3.1)–(3.2) and all probing frequencies
have been chosen such that ωi 6= ωj and ωi + ωj 6= ωk for distinct i, j, and k. To begin,
consider a convex objective function of two variables J(u, v) with minimizer [u∗, v∗] and
define φ(u − u∗, v − v∗) = J(u, v) − J(u∗, v∗). It is clear that φ is convex with minimizer
(0, 0) and optimum value 0. Additionally, let u ∈ <m×1 and v ∈ <m×1 be the vectors of
all real and reactive power control inputs and let û ∈ <m×1 and v̂ ∈ <m×1 be the vectors
consisting of the outputs of the integrator block for each ES controller for channel u and v,
respectively. Finally, define q(t) = [a1 cos(ω1t), . . . , am cos(ωmt)]

T as the vector containing all
cosine perturbation signals and s(t) = [a1 sin(ω1t), . . . , am sin(ωmt)]

T as the vector containing
all sine perturbation signals.
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𝑢𝑢𝑚𝑚, 𝑣𝑣𝑚𝑚

Figure 3.2: Multiple ES controllers in operating in parallel.

In this setting, the vectors of control inputs can be expressed as: u = û + q(t) and
v = v̂ + s(t). For convenience, we define the error systems ũ = û − u∗ and ṽ = v̂ − v∗.
Looking now at the ith ES control loop, we have the following nonlinear error dynamics:

ėi = hi[φ(ũ+ q(t), ṽ + s(t)) + J(u∗, v∗)− ei] (3.3)

ξ̇ui = li [−ξui + cos(ωit) (φ(ũ+ q(t), ṽ + s(t)) + J(u∗, v∗)− ei)] (3.4)

ξ̇vi = li [−ξvi + sin(ωit) (φ(ũ+ q(t), ṽ + s(t)) + J(u∗, v∗)− ei)] (3.5)

˙̃ui = −kuiξui (3.6)

˙̃vi = −kviξvi . (3.7)

Let τ = ωτ t be the lowest common multiple of all time periods in the system such that
the entire system is τ -periodic. We may now express the individual probing frequencies as:
ωi = γiωτ , where γi is a positive constant. In the timescale τ = ωτ t, Eqs. (3.3)–(3.7) become:
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ėi =
hi
ωτ

[φ(ũ, ṽ) +∇uφ(ũ, ṽ)q(τ) +∇vφ(ũ, ṽ)s(τ)] +
hi
ωτ

(J(u∗, v∗)− ei) (3.8)

ξ̇ui =
li
ωτ

cos(γiτ) [∇uφ(ũi, ṽi)q(τ) +∇vφ(ũi, ṽi)s(τ)]

+
li
ωτ

cos(γiτ) [φ(ũ, ṽ) + J(u∗, v∗)− ei]−
li
ωτ
ξui (3.9)

ξ̇vi =
li
ωτ

sin(γiτ) [∇uφ(ũi, ṽi)q(τ) +∇vφ(ũi, ṽi)s(τ)]

+
li
ωτ

sin(γiτ) [φ(ũ, ṽ) + J(u∗, v∗)− ei]−
li
ωτ
ξvi (3.10)

˙̃ui = −kui
ωτ
ξui (3.11)

˙̃vi = −kvi
ωτ
ξvi , (3.12)

where we have approximated φ(ũ + q(t), ṽ + s(t)) using a Taylor Expansion around (ũ, ṽ).
As the system of Eqs. (3.8)–(3.12) is now in the form to which averaging is applicable, we
integrate over the period 0 to ωτ/2π:

ėi,av =
hi
2π

[φav(ũav, ṽav) + J(u∗, v∗)− ei,av] (3.13)

ξ̇ui,av =
li
2π

(
−ξui,av +

ai
2γi

dφav
dui

(ũav, ṽav)

)
(3.14)

ξ̇vi,av =
li
2π

(
−ξvi,av +

ai
2γi

dφav
dvi

(ũav, ṽav)

)
(3.15)

˙̃ui,av = −kui
2π
ξui,av (3.16)

˙̃vi,av = −kvi
2π
ξvi,av, (3.17)

where the subscript “av” refers to: 1
T

∫ T
0

(·)dτ and T = ωτ
2π

. Note the dot notation on the
derivative terms refer to d

dτ
. The averaging process has removed the sinusoidal term in

Eq. (3.13) and extracted the averaged gradients of φ with respect to ui in Eq. (3.14) and of
φ with respect to vi in Eq. (3.15). The following properties hold for φav(ũ, ṽ), ∇uφav(ũ, ṽ),
and ∇vφav(ũ, ṽ):

φav(0, 0) =
1

T

∫ T

0

φ(0, 0)dτ = 0 (3.18)

φav(u, v) > 0, ∀u(t), v(t) 6= 0, (3.19)

φav(u, v) ≈ ∇uφav(u, v)u+∇vφav(u, v)v, (3.20)
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where Eq. (3.20) results from a Taylor Expansion of φav(0, 0). In light of Eqs. (3.18)–
(3.20), the system of Eqs. (3.13)–(3.17) has equilibrium at (eeqi,av, ξ

eq
ui,av

, ξeqvi,av, ũ
eq
i,av, ṽ

eq
i,av) =

(J(u∗, v∗), 0, 0, 0, 0). At this stage, it is convenient to separate Eqs. (3.13)–(3.17) into two
sub-systems: ėi,av and (ξ̇equi,av, ξ̇

eq
vi,av

, ˙̃ueqi,av, ˙̃veqi,av), as the latter system does not depend on any
states of the former. We continue the analysis with the system:

ξ̇ui,av =
li
2π

(
−ξui,av +

ai
2γi

dφav
dui

(ũav, ṽav)

)
(3.21)

ξ̇vi,av =
li
2π

(
−ξvi,av +

ai
2γi

dφav
dvi

(ũav, ṽav)

)
(3.22)

˙̃ui,av = −kui
2π
ξui,av (3.23)

˙̃vi,av = −kvi
2π
ξvi,av, (3.24)

with equilibrium at the origin. In order to show the averaged dynamics for all ES con-
trol loops converge to the origin we seek a Lyapunov function V (ξu,av, ξv,av, ũav, ṽav) =∑m

i=1 Vi(ξui,av, ξvi,av, ũi,av, ṽi,av), such that V > 0 and V̇ < 0. It can be verified that choosing
Vi such that:

Vi =
1

2
zTi Aizi + d

∫ ũi,av

0

dφav
dui

(ũav(y), ṽav)dy + d

∫ ṽi,av

0

dφav
dvi

(ṽav, ṽav(y))dy, (3.25)

where zi = [ξui,av, ξvi,av, ũi,av, ṽi,av]
T and

Ai =
2γi
ai


kui
li
d −c 0 0

−c li
kui
c 0 0

0 0
kvi
li
d −c

0 0 −c li
kvi
c

 , (3.26)

with d > c > 0 yields the desired functions:

V (z) =
1

2

m∑
i=1

zTi Aizi + d

∫ ũav

0

∇yφav(y, ṽav)dy + d

∫ ṽav

0

∇yφav(ũav, y)dy (3.27)

=
1

2

m∑
i=1

zTi Aizi + dφ(ũav, ṽav) (3.28)
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V̇ (z) = −(d− c)
2π

m∑
i=1

[(
2kuiγi
ai

)
ξ2
ui,av

+

(
2kviγi
ai

)
ξ2
vi,av

]
− c [∇uφav(ũav, ṽav)ũav +∇vφav(ũav, ṽav)ṽav] , (3.29)

where the integral terms of Eq. (3.27) are the line integral of gradient vectors (which are
equal to φav(ũav, ṽav) − φav(0, 0)), see Eq. (3.28). It is easily verified that Eqs. (3.28) and
(3.29) are positive and negative definite respectively, indicating that V (ξp,av, ξq,av, ũav, ṽav)
decreases along the state trajectories of the system (i.e. (ũav, ṽav)→ (u∗, v∗)). Convergence
of the vectors (u, v) to within a neighborhood of (u∗, v∗) is then guaranteed by the proper
choice of the ES control parameters and averaging [11], [22].
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3.3 Problem Formulation

In this section, I introduce a linearized power flow model for balanced radial networks which
is subsequently used to construct a piecewise linear objective function that will enable feeder
substation real power and voltage target tracking and distribution voltage regulation.

System Model

Let T = (H,E) denote rooted tree graph representing a transmission system link serving
a balanced radial distribution feeder, where H is the set of nodes of the feeder and the
transmission link and E is the set of line segments. Nodes are indexed by i =∞, 0, 1, . . . ,m,
where m is the order (number of nodes) of the distribution feeder, and node 0 denotes the
feeder head (or substation). Immediately upstream of node 0 is an additional node used
to represent the transmission system, indexed by ∞. We treat node ∞ as an infinite bus,
decoupling interactions in the downstream distribution system from the rest of the grid.
While the transmission voltage may evolve over time, we assume this evolution takes place
on a slower timescale than our inverter control action.

For all i ∈ H let yi denote the squared magnitude of node i voltage. For adjacent nodes
i and j, the power/voltage relationship is captured by the system:

Pi = pi(yi) + ui +
∑

j:(i,j)∈E

Pj +
rij
yj

(
P 2
j +Q2

j

)
(3.30)

Qi = qi(yi) + vi +
∑

j:(i,j)∈E

Qj +
xij
yj

(
P 2
j +Q2

j

)
(3.31)

yi = yj + 2rijPj + 2xijQj +
r2
ij + x2

ij

yj

(
P 2
j +Q2

j

)
∀j : (i, j) ∈ E. (3.32)

Equations. (3.30)–(3.32) are a reformulation of the DistFlow [19] equations. In this
formulation, Pj and Qj represent the real and reactive power that flows into node j from
node i, over line segment (i, j). The terms rij and xij are rectangular components of edge
(i, j) electrical impedance. The quantities ui and vi represents real and reactive power,
respectively, that can either be sourced or consumed by a DER resource. In this convention,
positive demand denotes power consumption and negative demand is power injected, or
supplied, to the grid. In this system, node i real and reactive power demands, denoted by
pi(yi) and qi(yi) respectively, are voltage dependent and modeled as:

pi(yi) = pi

(
a0
i + a1

i y
1
2
i + a2

i yi

)
(3.33)

qi(yi) = qi

(
a0
i + a1

i y
1
2
i + a2

i yi

)
. (3.34)
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Eqs. (3.30)–(3.32) along with Eqs. (3.33)–(3.34) represent the power flow model that will
be used to generate simulations in Section IV.

Approximate Model

Unfortunately, it is not straightforward to utilize Eqs. (3.30)–(3.34) to construct a convex
optimal power flow program as these equalities are nonlinear and nonconvex. While mathe-
matical programs based on this system can be relaxed into a convex form (see [3, 5, 4]), such
approaches are not well suited to the problem considered here, as the ES control algorithm
is feedback-based and does not allow for the relaxation of the physics of the system.

As such, in this section we study the properties of a system that approximates Eqs. (3.30)–
(3.34) for small perturbations around the current operating state, (u∗, v∗). Our interest lies
in understanding if the proposed 2D ES control scheme will be able to drive the system to
a nearby desired state and keep it there in the presence of small disturbances. Denote δu
and δv as small perturbations around (u∗, v∗) such that nearby states are characterized by:
ũ = u∗ + δu and ṽ = v∗ + δv. We define the approximate system as:

Pi(ũ, ṽ) ≈ pi(yi) + ũi +
∑

j:(i,j)∈E

Pj(ũ, ṽ) + rijlj(u
∗, v∗) (3.35)

Qi(ũ, ṽ) ≈ qi(yi) + ṽi +
∑

j:(i,j)∈E

Qj(ũ, ṽ) + xijlj(u
∗, v∗) (3.36)

yi(ũ, ṽ) ≈ yj(ũ, ṽ) + 2rijPj(ũ, ṽ) + 2xijQj(ũ, ṽ) +
(
r2
ij + x2

ij

)
lj(u

∗, v∗), (3.37)

where

lj(u
∗, v∗) =

P 2
j (u∗, v∗) +Q2

j(u
∗, v∗)

yj(u∗, v∗)
. (3.38)

In the system of (3.35)–(3.38), we are assuming that δu and δv are small enough that the
nonlinear terms of Eqs. (3.30)–(3.32) are essentially constant. This model can be thought of
as an extension of the LinDistFlow approximation of [19] with constant losses (as opposed
to no losses). We further approximate nonlinearities in the load model of Eqs. (3.33)–(3.34)
via:

pi(yi) = pi

[
a0
i +

(
a1
i

2
+ a2

i

)
yi

]
(3.39)

qi(yi) = qi

[
a0
i +

(
a1
i

2
+ a2

i

)
yi

]
. (3.40)

Note that [3] uses this model to approximate ZIP load behavior. It is easily verified that
Eqs. (3.35)–(3.40) are an affine system in the variables δu and δv. Thus, we can conclude
that near the point (u∗, v∗), the system of Eqs. (3.35)–(3.40) behaves linearly.
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Objective Function Construction

In this section I develop an objective function for an optimal power flow problem, where the
goal is to drive substation real power demand and voltage magnitude to track real power
and voltage reference signals, denoted by Pt and yt, while regulating system voltages within
±5% of 1 p.u.. Let T́ ⊂ T represent distribution system portion of T (nodes 0 to m),
where T́ = (H́, É). Without loss of generality, we assume that a DER with four quadrant
capability exists at all nodes H́. Denote the vector of all real power control inputs as
u = [u1, · · · , um]T , and the vector of all reactive power control inputs as v = [v1, · · · , vm]T .
The problem is defined as:

minimize
u,v,yi,Qi,Pi

J = αP |P0 − Pt|+ αy|y0 − yt|

subject to (3.30)− (3.34),

y ≤ yi ≤ y, i ∈ H́,

(3.41)

with positive constants αP and αy that weight the terms in the objective. An alternative
representation of Eq. (3.41) can be obtained through successive substitutions of Eqs. (3.30)–
(3.34) into the objective and inequality constraints. This process eliminates all variables
Pi, Qi, and yi, leaving u and v as the only decision variables. The resulting program is
approximated by replacing the inequality constraints with a penalty function in the objective:

minimize
u,v

J(u, v), (3.42)

where

J(u, v) = αP |P0(u, v)− Pt|+ αy|y0(u, v)− yt|

+ cy
∑
i∈H́

|y − yi(u, v)|+ |yi(u, v)− y|, (3.43)

where positive constant, cy, weights the penalty on voltage magnitude constraints. As was
discussed in Section 3.3, the power flow model of Eqs. (3.30)–(3.34) is locally approximated
by an affine system (3.35)–(3.40) for small perturbations around the present operating state.
As such, Eq. (3.43) is approximated by a linear program for small perturbations around
the optimizer, and satisfies convexity requirements required for 2D ES control to work.
Simulation results in the following section utilize the un-approximated power flow model of
Eqs. (3.30)–(3.34) and demonstrate convergence of the ES controllers.

Although the choice of objective function of Eq. (3.43) might seem unusual, simulation
experiments with more traditional quadratic-type terms produced results that were less
effective in tracking Pt and yt. While the different objectives tested always produced results
that would converge, quadratic objectives consistently converged to larger neighborhoods
around the tracking signals. I provide an expanded discussion of this phenomena in the
Appendix.
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3.4 Simulation Results

In this section I demonstrate the ability of ES control to enable feeder-head real power and
voltage target tracking, while maintaining acceptable system voltages.

A modified IEEE 37 node distribution feeder model, seen in Fig. 3.3, was utilized for
simulations [26]. The feeder voltage and power ratings were left unchanged (4.8kV and
2.5MVA), as were line segment configuration assignments (see [26]). However, in order to
create a balanced network, all line segments were assumed to be three phase with configu-
rations in Table 3.1. To simulate the connection to the transmission system, an additional
node and line segment was added ahead of node 799, with impedance of 0.02 + j0.08 Ω p.u.
(representing the substation transformer and transmission line segment impedance).

Table 3.1: 37 Node Feeder Line Configurations (see [26] for line segment assignments). Note
these values are not p.u.. For this experiment, a base value of Zbase = 9.2Ω was utilized.

Configuration R
(

Ω
mi

)
X
(

Ω
mi

)
x
r

r
x

721 0.592 0.394 0.66 1.50
722 0.95 0.891 0.94 1.07
723 2.588 1.342 0.52 1.93
724 4.19 1.55 0.37 2.70

One minute demand information used in the simulation was obtained from the Pecan St.
project [25]. Demand at each node consists of an average of 10 daily load profiles randomly
chosen from sites over the period of July 1, 2014 - Aug. 1, 2014. In order to test the
performance of the ES approach in scenarios of high renewables penetration, 40% (4 out
of 10) of the load profiles used to generate demand at each node came from sites with PV
generation. A constant power factor of 0.9 was used to create reactive power demands and
voltage-dependent load coefficients for all nodes were: [a0, a1, a2] = [0.75, 0.05, 0.2].

In this simulation, lossless four quadrant-capable PV inverters were placed at nodes: 741,
732, 744, 718, 742, and 724, each controlled by a 2-D ES algorithm. Solar insolation data
(which limits the amount of real power available for control) was also generated from the
Pecan St. dataset via averaging PV real power output from 10 randomly chosen sites for each
controllable inverter. The maximum solar insolation seen at each inverter was selected as the
inverter capacity (see Table 3.2). In addition, these nodes were also monitored for voltage
regulation within ± 5% of feeder head voltage. Parameters of individual ES controllers can
be found in Table 3.3, and parameters of the objective function were: αP = 15, αy = 25,
cy = 100, y = 0.9552, and ȳ = 1.0452. Note that the voltage threshold values are tighter
than ± 5% to prevent voltages from crossing the 5% limit (had these values been set at ±
5%, the ES controllers would only take action when the voltage was exceeded.).

Figures 3.4 – 3.9 depict results from a one hour simulation from 13:30 to 14:30 with
timesteps of 0.1 seconds with a fixed transmission system voltage of V∞ = 1.035 p.u. The
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Figure 3.3: IEEE 37 node feeder model.

Table 3.2: Inverter capacities for controllable DER during the simulation. Scap represents
the per unit inverter apparent power capacity.

Node 741 732 744 718 742 724

Scap 0.036 0.038 0.041 0.05 0.04 0.045
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Table 3.3: ES simulation parameters for the 37 node feeder experiment.

Node 711 708 744 718 742 724

f (Hz) 1.9
√

3 1.8
√

11
2

2 1.59

h ( rad
s

) 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001

l ( rad
s

) 0.05 0.05 0.05 0.05 0.05 0.05
ku -0.5 -0.5 -0.5 -0.5 -0.5 -0.5
kv -0.05 -0.05 -0.05 -0.05 -0.05 -0.05

a (p.u.) 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005

real power target, Pt was generated from a scaled version of a PJM regulation self test
signal [27], and the voltage reference signal, yt, was fixed to 1.02 for the duration of the
simulation. As the results show, the 2-D ES controllers successfully track the real power
and voltage targets at the substation and drive system voltages to within acceptable ranges.
For comparison, Figs. 3.4 - 3.5 also depict a “Unity Power Factor” case where controllable
inverters are not managed by 2D-ES algorithms and, instead, output only real power (i.e.
no reactive power control). “Base Case” depicts the feeder behavior in the absence of any
control entirely. It should be noted that, in this situation, in order to track simultaneously
both real power and voltage reference signals, ES controllers needed to curtail PV real power
output. It should also be noted that the physical devices that provide real and reactive power
control capabilities need not be PV inverters. DER with the ability to continuously modulate
power outputs (such as inverters associated with battery storage systems) would also suffice.
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ES
Unity PF
Target

Figure 3.4: Feeder head (substation) real power.
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Figure 3.5: Feeder head (substation) voltage.
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Figure 3.6: Feeder head (substation) reactive power.
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Figure 3.7: Reactive power output of controllable DER.
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Figure 3.8: Real power output of controllable DER.
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Figure 3.9: Voltage profiles for regulated nodes during the simulation.



CHAPTER 3. ES CONTROL OF FOUR-QUADRANT DER 48

3.5 Concluding Remarks

This work considered distributed model-free optimization of distribution systems using four-
quadrant-capable DER. A 2 dimensional Extremum Seeking control algorithm was employed
to manage both the real power and reactive power output of controllable resources. While
in Chapter 2, I utilized a sinusoidal probe to control only reactive power, in this work I used
the orthogonal sinusoid of the same frequency to allow for simultaneous control of inverter
real and reactive power. In simulations I demonstrated distribution feeder substation real
power and voltage reference tracking using PV systems managed by 2-D ES controllers,
which essentially allows the distribution feeder to emulate a (P,V) bus when viewed from
the perspective of the transmission system operator.

Although Section 3.4 demonstrated PV systems providing real and reactive power sup-
port, the ES control approach could be utilized by advanced power inverters associated with
other types of DER, such as electric vehicle and battery storage systems. Such DER have
the potential to modulate their power outputs on timescales suitable for ES control and
can either provide their own independent probes and/or share probing responsibilities with
neighbors. However, it is also possible to extend the approach to support equipment inca-
pable of actuating on timescales required for ES probing, such as demand response assets.
To do so, it would be necessary to utilize the probing signal from another piece of hardware
such as nearby DER capable of probing, or a dedicated probing resource.

With this work, I have shown that model-free and distributed control algorithms can
optimally provide regulation services to the bulk grid while maintaining internal voltage
stability in the distribution system. Moving forward, I intend to explore the use of ES control
to manage four-quadrant-capable DER in unbalanced distribution systems, and incorporate
binary and integer-type controllable resources (such as demand response assets and legacy
voltage regulation equipment) into this control paradigm. As was discussed in Section 2.5,
an extension of ES to manage unbalanced power flow is considerably more complex than
the balanced case, and it is not expected to be able to derive sufficient conditions similar to
Theorem 1. However, one may study approximate system behavior using suitable linearized
power flow models. Though not considered explicitly in this dissertation, Chapter 4 lays the
groundwork for 3-phase ES through deriving such a linearization.
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Chapter 4

Linear OPF Formulation for
Unbalanced Systems

Optimization of distributed power assets is a powerful tool that has the potential to

assist utility efforts to ensure customer voltages are within pre-defined tolerances and

to improve distribution system operations. While convex relaxations of Optimal Power

Flow (OPF) problems have been proposed for both balanced and unbalanced networks,

these approaches do not provide universal convexity guarantees and scale inefficiently as

network size and the number of constraints increase. In balanced networks, a linearized

model of power flow, the LinDistFlow model, has been successfully employed to solve

approximate OPF problems quickly and with high degrees of accuracy. In this work, an

extension of the LinDistFlow model is proposed for unbalanced distribution systems,

and is subsequently used to formulate an approximate unbalanced OPF problem that

uses VAR assets for voltage balancing and regulation. Simulation results on the IEEE

13 node test feeder demonstrate the ability of the unbalanced LinDistFlow model to

perform voltage regulation and balance system voltages.
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4.1 Preface

Coordination of a diverse set of Distributed Energy Resources (DER) presents many chal-
lenges to utility operators, who strive to ensure power of sufficient quality and quantity is
available to retail customers at least cost. Such assets can vary in size from residential rooftop
PV units to larger PV arrays and, perhaps, battery storage systems located at residential,
commercials and industrial sites. As has been experienced in Hawaii [1], the negative impact
of high levels of distributed PV under current interconnection standards is significant, and
has led to financial impacts to both consumers and the utility. However, distributed gen-
eration resources could, under the correct operational control scenarios, provide numerous
benefits to the grid, including voltage support and VAR compensation.

A variety of strategies for the management of DER presently exist for balanced distribu-
tion system models. Turitsyn et al. [6] considered a suite of distributed control strategies
for reactive power compensation using four quadrant inverters. The work of [7] studies dis-
tributed voltage regulation in the absence of communication, relying on locally obtained
information. Their results extend to optimize the cost of reactive power and are based on
linearized power flow approximations. In [8], a two-stage control architecture for voltage
regulation is considered where distributed controllers inject power based on local sensitivity
measurements. The authors of [9] study local voltage reference tracking with integral-type
controllers, based on local voltage measurements. The authors of [3] address voltage regu-
lation and loss minimization through solving an Optimal Power Flow (OPF) problem, and
address convexity issues using second order cone relaxations. The work of [4] also considers
an OPF approach for voltage regulation in distribution networks by framing the decision-
making process a semidefinite program. The authors provide conditions under which the
semidefinite relaxation of the nonconvex power flow problem is tight in balanced circuits.
It is worth noting that many of the aforementioned approaches can be traced back to the
seminal work of [19], that introduced nonlinear and linear-approximated recursive branch
power flow models.

Approaches to coordinate DER in unbalanced distribution systems are much less preva-
lent. Perhaps the best known efforts have been put forth by the authors of [5], who consider
semidefinite relaxations for OPF problems in unbalanced systems, but do not provide condi-
tions under which optimality is guaranteed. In addition to inefficient scaling as the problem
size increases, the work of [28] points out that it becomes more difficult to find a tight re-
laxation as the ratio of constraints to network buses increases. A likely reason that more
strategies focusing on coordination of DER in unbalanced systems do not exist is the lack of
suitable linear models that approximate three phase power flow.

This work attempts to fill that void by proposing a linearized unbalanced power flow
model that can be viewed as an extension of the LinDistFlow [19] linear approximation for
balanced systems. While additional complexities due to cross-phase interactions increase
the degree of nonlinearity of unbalanced power flow, this new approximation derived in this
work is made possible by assuming that the ratio of voltage phasors are constant and equal
to 1 ± 120◦. Using this new linear model, I construct an OPF formulation that dispatches



CHAPTER 4. LINEAR OPF FORMULATION FOR UNBALANCED SYSTEMS 51

reactive power resources from controllable power electronic inverters to perform voltage
balancing and regulation. Voltage balancing is an important objective to reduce neutral
current flow in wye connected circuits, simplify the operation of voltage regulation equipment,
and, for the efficient operation of three phase induction motors (which are commonly de-
rated if voltage imbalance is too high). My results show that OPF formulations that utilize
the linearized three phase LinDistFlow model result in a dispatch of inverter VAR resources
that successfully drives system voltages into acceptable regimes and simultaneously balances
voltages by reducing magnitude differences between phases.

This work is organized as follows. A model of nonlinear three phase unbalanced power
flow is introduced in Section 4.2. This model, used in simulations later in the chapter, is also
used in the derivation of the linear approximation for three phase power flow in Section 4.3.
Section 4.4 formulates an OPF to perform voltage regulation and balancing, and discusses
results from simulation. Finally, concluding remarks are provided in Section 4.5.

Nomenclature

Vφ,k : Voltage phasor at node k on phase φ
Vk : Vector of voltage phasors at node k
yφ,k : Square magnitude of voltage at node k on phase φ
Yk : Vector of square magnitudes of voltage at node k
Zφφ,jk : Impedance of segment (j, k) on phase φ
Zφψ,jk : Impedance of segment (j, k) between phases (φ, ψ)
Zjk : Impedance matrix of line segment (j, k)
Iφ,k : Current phasor entering node k on phase φ
Ik : Vector of current phasors entering node k
iφ,k : Load current of phase φ at node k
ik : Vector of load currents at node k
Sφ,k : Complex power entering node k on phase φ
Sk : Vector of complex powers entering node k
sφ,k : Complex load on phase φ at node k
sk : Vector of complex loads at node k
uφ,k : Inverter VAR dispatch on phase φ at node k
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4.2 Preliminaries

Let T = (H,E) denote rooted tree graph representing a balanced radial distribution feeder,
where H is the set of nodes of the feeder and the transmission link and E is the set of line
segments. Nodes are indexed by i = 0, 1, . . . ,m, where m is the order (number of nodes) of
the distribution feeder, and node 0 denotes the feeder head (or substation). We treat node
0 as an infinite bus, decoupling interactions in the downstream distribution system from the
rest of the grid. While the substation voltage may evolve over time, we assume this evolution
takes place independently of our inverter control action. For adjacent nodes j and k, the
current/voltage relationship is captured by KVL and KCL:

VaVb
Vc


j

=

VaVb
Vc


k

+

Zaa Zab Zac
Zba Zbb Zbc
Zca Zcb Zcc


jk

IaIb
Ic


k

(4.1)

IaIb
Ic


j

=

iaib
ic


j

+
∑

k:(j,k)∈E

IaIb
Ic


k

, (4.2)

where ia denotes phase a load current, and Zaa and Zab are the self impedance for phase a
and mutual impedance between phases a and b, etc.. We assume that each node serves a
complex load in each phase, sφ,k = Vφ,ki

∗
φ,k whose real and reactive power components are

given by (4.3) and (4.4), respectively.

pφ,k(Vφ,k) = pφ,k
(
a0
φ,k + a1

φ,k |Vφ,k|
2) (4.3)

qφ,k(Vφ,k) = qφ,k
(
a0
φ,k + a1

φ,k |Vφ,k|
2)+ uφ,k (4.4)

where a0
k + a1

k = 1 and are, for simplicity, assumed constant across all phases at each node.
uφ,k is the reactive power that can be sourced or consumed from a VAR resource on phase
φ at node k. In our convention, positive demand denotes power consumption and negative
demand is power injected, or supplied, to the grid. Equations (4.1)–(4.4) represent the power
flow model that will be used to generate simulations in Section 4.4.
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4.3 Derivation of Linearized Model

In this section, I derive a linear approximation of three phase power flow. This model can be
thought of as an extension of the LinDistFlow model to unbalanced circuits. Consider two
adjacent nodes of the distribution feeder, (j, k) ∈ H. We begin by expressing (4.1)–(4.2) in
vector form:

Vj = Vk + ZkIk (4.5)

Ij = ij +
∑

k:(j,k)∈E

Ik. (4.6)

We now right multiply each side of (4.5) by its complex conjugate and right multiply
both sides of (4.6) by V∗j and take the complex conjugate, resulting in:

VjV∗j = VkV∗k + ZkIkV∗k + VkI∗kZ∗k + ZkIkI∗kZ∗k
= VkV∗k + 2<{VkI∗kZ∗k}+ ZkIkI∗kZ∗k, (4.7)

VjI∗j = Vji
∗
j +

∑
k:(j,k)∈E

(Vk + ZkIk) I∗k. (4.8)

Similar to the derivation of the LinDistFlow system, we neglect loss terms in (4.7)–(4.8),
which yields:

VjV∗j ≈ VkV∗k + 2<{VkI∗kZ∗k} (4.9)

VjI∗j ≈ Vji
∗
j +

∑
k:(j,k)∈E

VkI∗k. (4.10)

where (4.9)–(4.10) are 3 × 3 matrix equations. Focusing our attention first on (4.10), we
apply the power equation Sφ,k = Vφ,kI

∗
φ,k to the diagonal elements and collect these into the

vector equation:

Sj ≈ sj +
∑

k:(j,k)∈E

Sk. (4.11)

Returning attention to (4.9), we expand Ik according to Sφ,k = Vφ,kI
∗
φ,k, resulting in:

VjV∗j ≈ VkV∗k + 2<
{
Vk

[
SaV

−1
a SbV

−1
b ScV

−1
c

]
k
Z∗jk
}

(4.12)
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which is equivalent to:

VjV∗j ≈ VkV∗k + 2<


 Sa VaSbV

−1
b VaScV

−1
c

VbSaV
−1
a Sb VbScV

−1
c

VcSaV
−1
a VcSbV

−1
b Sc


k

Z∗jk

 . (4.13)

Note that even after neglecting the loss terms, (4.13) is still nonlinear. To further sim-
plify the system, we adopt an approximation that assumes the ratio of voltage phasors are
constant:

Va,kV
−1
b,k ≈ α Vb,kV

−1
c,k ≈ α Va,kV

−1
c,k ≈ α2 (4.14)

where

α =1∠120◦ =
−1 + j

√
3

2
, α2 = 1∠240◦ = −1 + j

√
3

2
. (4.15)

The simplification of the quotient of the voltage phasors according to (4.14)–(4.15) trans-
forms (4.13) into:

VjV∗j ≈ VkV∗k + 2<


 Sa αSb α2Sc
α2Sa Sb αSc
αSa α2Sb Sc


k

Z∗jk

 (4.16)

Although (4.16) is a 3 × 3 matrix equation, we are intertested only in the diagonal
elements, which we gather and place into 3× 1 vectors resulting in (4.17):

Yj ≈ Yk + 2<


Z∗aa,jkSa,k + αZ∗ab,jkSb,k + α2Z∗ac,jkSc,k
α2Z∗ba,jkSa,k + Z∗bb,jkSb,k + αZ∗bc,jkSc,k
αZ∗ca,jkSa,k + α2Z∗cb,jkSb,k + Z∗cc,jkSc,k

 , (4.17)

where we have defined the vector of the square of voltage magnitudes in phases a, b, c as

Yk =
[
ya yb yc

]T
k

. The 3 × 1 vector inside the < operator can be broken up into a 3 × 3
matrix of impedances for line segment (j, k) and a 3× 1 vector of node k power injections,
as is shown in (4.18).

Yj ≈ Yk + 2<


 Z∗aa αZ∗ab α2Z∗ac
α2Z∗ba Z∗bb αZ∗bc
αZ∗ca α2Z∗cb Z∗cc


jk

SaSb
Sc


k

 (4.18)

Viewed in this form, the approximation to the ratio of voltage phasors essentially in-
troduces ±120◦ rotations of the cross-phase impedances. Expanding the impedance matrix
entries as Zφψ,k = rφψ,k + jxφψ,k, the complex power as Sφ,k = Pφ,k + jQφ,k, and using



CHAPTER 4. LINEAR OPF FORMULATION FOR UNBALANCED SYSTEMS 55

the definition of α, it can be shown that (4.18) simplifies into the following linear matrix
equation:

Yj ≈ Yk −MP
jkPk −MQ

jkQk (4.19)

where

MP
jk =

 −2raa rab −
√

3xab rac +
√

3xac
rba +

√
3xba −2rbb rbc −

√
3xbc

rca −
√

3xca rcb +
√

3xcb −2rcc


jk

(4.20)

MQ
jk =

 −2xaa xab +
√

3rab xac −
√

3rac
xba −

√
3rba −2xbb xbc +

√
3rbc

xca +
√

3rca xcb −
√

3rcb −2xcc


jk

. (4.21)

We now restate (4.11) for completeness:

Sj ≈ sj +
∑

k:(j,k)∈E

Sk (4.22)

Equations (4.19)–(4.22) represent a linearized model of unbalanced distribution power
flow that maps node k real and reactive power injections into squared voltage magnitude
differences. As the system shows, power contribution in all three phases collectively influence
each phase’s squared voltage magnitude difference. It is easily verified that a reduction to a
single phase network results in the LinDistFlow model discussed in [19].
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4.4 Simulation Results

In this section, I incorporate the linearized three phase power flow model into an OPF
program. The goal of the optimization is to control inverter VAR resources in a distribution
system to regulate and balance system voltages. The problem is defined as:

minimize
u,yi,Qi,Pi

∑
i∈H

 ∑
φ,ψ∈{a,b,c}

φ 6=ψ

(yφ,i − yψ,i)2

+ ρu2
φ,i

subject to (4.19)− (4.22),

y ≤ yi ≤ y, ∀i ∈ H,

(4.23)

where ρ is positive (0.5 in simulations) and y and y represent upper and lower bounds on
voltage magnitude (which are fixed to 0.952 and 1.052), respectively. The first term in the
objective function is the sum of squared Euclidean distances of squared voltage magnitude
differences across phases at each node. The second term penalizes the use of inverter VAR
resources.

The OPF is tested on the IEEE 13 test node distribution feeder [26], seen in Fig. 4.1.
This simulation neglects the presence of the voltage regulator between nodes 650 and 632,
the transformer between nodes 633 and 634, the switch (assumed closed) between nodes 671
and 692, and capacitors at nodes 675 and 611. Constant power and constant impedance load
fractions were assigned as a0

i = 0.85 and a1
i = 0.15.

Feeder configurations, per-length line segment impedances, and line segment lengths can
be found in [26]. All line segment impedances were increased by a factor of 1.25. Spot loads
(also found in [26]) were assigned to nodes according to Table 4.1. Distributed loads were
neglected. For the simulation, feeder power and voltage base values were chosen as the power
rating and secondary voltage of the substation transformer, 500kVA and 4.16kV respectively.
Additionally, feeder head voltage was fixed to 1 p.u.. Controllable three phase inverter
resources were placed at nodes 632, 675, 680, and 684. These resources were purposefully
left unconstrained to test the effectiveness of the OPF, with the ability to source or sink
arbitrary amounts of reactive power.

Simulation results are presented in Figs. 4.2 - 4.8 and in Table 4.2. Voltage profiles
for the base scenario (where inverter VAR resources are not utilized) and control scenario
(inverter VAR resources are determined by the OPF of (4.23)) can be seen in Figs. 4.2 -
4.4. As the figures show, in the control case, the voltage magnitudes of phase a are kept
almost constant with the base case. The voltage magnitudes of phase b are decreased, and
of c are increased, to achieve greater voltage magnitude balance. Additionally, the voltages
of phase c, originally in violation of the lower voltage bound, are now within the acceptable
±5% threshold. It should be noted that the rise in voltage magnitude for the base scenario
from node 632 to node 671 reconciles with power-flow simulation results in [26] and is likely
due to the fact that off diagonal components of (4.20)-(4.21) have opposite signs of the
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692 675611 684
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Figure 4.1: IEEE 13 node feeder model.

diagonal components, indicating that large voltage drops in some phases actually contribute
to voltage rises in other phases.

Voltage magnitudes for all phases at each node with and without control action can be
seen in Figs. 4.5 and 4.6, respectively. As the figures show, the voltage magnitudes are much
closer together when inverter reactive power is dispatched according to the results of the
OPF of (4.23).

Figure 4.7 evaluates the first term of objective function of (4.23) for all nodes with and
without control action. The results show that the objective function value (which measures
the Euclidean distance between squared voltage magnitudes) decreases at all nodes following
control action with the exception of node 646, which increases very slightly.

Optimal inverter control output is shown in Fig. 4.8 and listed in Table 4.2. As the
figure shows, to balance the system, inverters at node 675 and 632 actually consume VARs.
This effect is believed to attributed the fact that phase voltages at these nodes are increasing
compared to voltages in the remaining phases.

Control action reduced feeder head real power slightly, from 0.660 p.u. to 0.659 p.u. and
feeder head reactive power more significantly, from 0.425 p.u. to 0.383 p.u.
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Table 4.1: Spot loads of the 13 node feeder.

Phase
Node a [pu] b [pu] c [pu]
650 0 0 0
632 0 0 0
633 0 0 0
634 0.032 + j 0.022 0.024 + j 0.018 0.024 + j 0.018
645 – 0.034 + j 0.025 0
646 – 0.046 + j 0.0264 0
671 0.077 + j 0.044 0.077 + j 0.044 0.077 + j 0.044
692 0 0 0.034 + j 0.0302
675 0.097 + j 0.038 0.0136 + j 0.012 0.058 + j 0.0424
680 0 0 0
684 0 – 0
652 0.0256 + j 0.0172 – –
611 – – 0.034 + j 0.0106
Total 0.2316 + j 0.1212 0.1946 + j 0.1254 0.227 + j 0.1506

Table 4.2: Optimal reactive power output of controllers.

Phase
Node a [pu] b [pu] c [pu]
632 -0.0081 -0.0346 0.0437
675 0.005 0.0522 -0.058
680 0.003 0.0011 -0.0038
684 -0.0003 – -0.0389
Total -0.0003 0.0187 -0.057
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Figure 4.2: Phase a voltage magnitudes for base and control scenarios plotted individually.
Dashed lines represent line segments between nodes.
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Figure 4.3: Phase b voltage magnitudes for base and control scenarios plotted individually.
Dashed lines represent line segments between nodes.
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Figure 4.4: Phase c voltage magnitudes for base and control scenarios plotted individually.
Dashed lines represent line segments between nodes.
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Figure 4.5: Phase a, b, and c voltages magnitudes without control.
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Figure 4.6: Phase a, b, and c voltages magnitudes with control.
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Figure 4.7: Phase voltage imbalance for all nodes, defined as the first term in the objective
function of (4.23).
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Figure 4.8: Optimal inverter VAR dispatch according to (4.23).



CHAPTER 4. LINEAR OPF FORMULATION FOR UNBALANCED SYSTEMS 62

4.5 Concluding Remarks

This chapter considered optimization of three phase unbalanced distribution systems. In
order to achieve this, I utilized a novel linearized model of distribution system power flow
that maps real and reactive power injections into squared voltage magnitude differences. This
approximate model can be viewed as an extension of the LinDistFlow [19] linear model to
unbalanced distribution systems. The model was also used to give insight into an interesting
phenomena regarding voltage rises on lightly loaded phases. As was discussed in Section 4.4,
a rise in voltage magnitude in one phase can now be attributed to the fact that off diagonal
components of (4.20)-(4.21) have opposite signs of the diagonal components, indicating that
large voltage drops in some phases actually contribute to voltage rises in others.

Using the linear approximate power flow model, I also developed an Optimal Power
Flow (OPF) program to control reactive power of DER to drive system voltages to within
a ±5% threshold of 1 p.u., while simultaneously minimizing the squared Euclidean distance
between squared voltage magnitudes at each node. This approach resulted in voltages that
were much more balanced at each node, compared to the uncontrolled case. Although the
objective considered in this work was to balance feeder voltages, the derived model is capable
of optimizing over a variety of objectives as the equality constraints are now linear.

Having derived a suitable linearization for unbalanced power flow, I desire to extend
the results of Chapters 2 and 3 to three phase systems. Apart from ES, I plan to conduct
additional research aimed at exploring other useful applications of three phase unbalanced
OPF driven by the new approximate model such as: voltage reference tracking, battery and
electric vehicle charging, load forecasting, and state estimation.
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Chapter 5

Conclusions

This work focused on the development of an approach to conduct model-free optimization
of Distributed Energy Resources in electric power distribution systems. Initially, for radial
and balanced distribution systems, an Extremum Seeking approach was utilized to enable
distributed optimization of reactive power assets, followed by optimization of both real and
reactive power assets. Finally, as a necessary step to lay the groundwork to extend the ES
approach to unbalanced systems, a novel linearization of 3 phase power flow was derived and
tested in an OPF formulation.

Chapter 2, which explored distributed model-free optimization of distribution systems
using reactive power assets, presented two contributions. First, for balanced radial distri-
bution systems, I derived conditions that guarantee feeder real and reactive power flows are
convex and squared voltage magnitudes are concave with respect to injected reactive powers
anywhere on a feeder. These conditions require that reverse real and reactive power flows
and apparent power magnitudes remain below values that are extremely unlikely to occur on
appropriately sized infrastructure. These results are based on the exact balanced distribution
power flow equations (i.e. no approximations are required). The second major result was to
demonstrate that ES control can manage distributed reactive power resources to perform op-
timal voltage-constrained real power minimization. This optimization is capable of operating
in real time, without knowledge of any system models and with purely local decision-making.
This work constitutes an important step towards practical implementation of distribution
optimal power flow. While several existing studies already consider distributed and model-
free voltage regulation, this contribution allows for a variety of objectives to be optimized,
while ensuring voltages remain acceptable.

Chapter 3 considered distributed model-free optimization of distribution systems using
four-quadrant-capable DER. A 2 dimensional Extremum Seeking control algorithm was em-
ployed to manage both the real power and reactive power output of controllable resources.
While previous efforts utilized a sinusoidal probe to control only reactive power. In this work,
I utilized the orthogonal sinusoid of the same frequency to allow for simultaneous control of
inverter real and reactive power. In simulations I demonstrated distribution feeder substation
real power and voltage reference tracking using PV systems managed by 2-D ES controllers,
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which essentially allows the distribution feeder to emulate a (P,V) bus when viewed from
the perspective of the transmission system operator. With this work, I have shown that
model-free and distributed control algorithms can optimally provide regulation services to
the bulk grid while maintaining internal voltage stability in the distribution system.

In this manuscript, I focused on applications with independent controllers that require
relatively little communication. However, centralized multivariable ES may have better per-
formance [14]. The convergence results still hold for this application, and in situations where
high amounts of communication and a centralized architecture are acceptable, a multivari-
able approach may be preferable.

Although the specifics of the hardware providing optimal real and reactive power support
were not considered in the analysis and simulation sections, the ES control approach could be
utilized by advanced power inverters associated with PV, electric vehicle, and battery stor-
age systems. Such DER have the potential to modulate their power outputs on timescales
suitable for ES control and can either provide their own independent probes and/or share
probing responsibilities with neighbors. However, it is also possible to extend the approach
to support equipment incapable of actuating on timescales required for ES probing, such as
demand response assets. To do so, it would be necessary to utilize the probing signal from
another piece of hardware such as nearby DER capable of probing, or a dedicated prob-
ing resource. Additionally, the resolution of real-time feedback measurements also presents
important design considerations. In my research, I ran simulations with small probing am-
plitudes to allow, potentially, small rooftop inverters to participate in the control effort.
However, if the resolutions of substation real power and feeder voltage measurements are
poor, than it may not be possible to have these units probe independently, as their small
dither signals might be imperceptible in feedback measurements. As a work-around to this
issue, one could coordinate smaller DER resources to probe as a collective unit, or “piggy-
back” on probes already in the system. These probes could originate from dedicated probing
resources, which would need to be installed at several locations in a distribution system, or
could come from larger resources that are attempting to optimize their own contributions to
the grid. I intend to explore these ideas during my postdoctoral fellowship.

Chapter 4 constitutes the first effort to extend the ES control approach to optimize three
phase unbalanced distribution systems. In order to achieve this, I derived a novel linearized
model of distribution system power flow that maps real and reactive power injections into
squared voltage magnitude differences. This approximate model can be viewed as an exten-
sion of the LinDistFlow [19] linear model to unbalanced distribution systems. The model
was also used to give insight into an interesting phenomena regarding voltage rises on lightly
loaded phases. As was discussed in Section 4.4, a rise in voltage magnitude in one phase can
now be attributed to the fact that off diagonal components of (4.20)-(4.21) have opposite
signs of the diagonal components, indicating that large voltage drops in some phases actu-
ally contribute to voltage rises in others. Using the linear approximate power flow model,
I also developed an Optimal Power Flow (OPF) program to control reactive power of DER
to drive system voltages to within a ±5% threshold of 1 p.u., while simultaneously mini-
mizing the squared Euclidean distance between squared voltage magnitudes at each node.
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This approach resulted in voltages that were much more balanced at each node, compared
to the uncontrolled case. Although the objective considered in this work was to balance
feeder voltages, the derived model is capable of optimizing over a variety of objectives as
the equality constraints are now linear. Although the intent of this piece of research was to
extend the ES control approach to unbalanced systems, I believe the 3-phase OPF driven
by this unbalanced power flow approximation also warrants further study. I plan to conduct
additional research aimed at exploring other useful applications including: voltage reference
tracking, battery and electric vehicle charging, load forecasting, and state estimation.

Although we have derived a linear approximation that performs well when incorporated
into a classical OPF, much work remains to transition ES control from balanced to unbal-
anced formulations. From an analytical standpoint, one still has to argue that the linear
behavior of the model dominates other nonlinearities during normal operations of distribu-
tion systems. Such an argument will be necessary to claim that ES will work when managing
DER in a simulation that uses un-approximated power flow equations (and, by extension,
when ES is deployed to manage physical DER). I believe that there is also an oppurtunity to
improve the ES algorithm itself. Using ES to control both real and reactive power contribu-
tions from up to 3 phases yields 6 possible control channels per controllable device. Although
it would be possible to use 3 unique probes per node to accomplish full real and reactive
power control across all phases, I believe, using intuition drawn from the spherical coordi-
nate system, that it may be possible to reduce this number to 2 probes and smartly design
their frequencies so that the product of sinusoidal terms (e.g. cosφ cosψ) results in a unique
probe. This tradeoff would increase the complexity in designing the probing frequencies for
a distribution system, but would reduce the number of probes within the system.
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Appendix A

Appendix

A.1 Proof of Theorem 1

Consider a distribution feeder represented by T . Let m represent the order (i.e. number
of nodes) of T and let u be the vector of all controllers (ui) at nodes in H, where u =
[u1, . . . , um]T ∈ <m×1. Without loss of generality, we assume a controller exists at every
node in H. For a node i ∈ H, denote the Hessians of Pi and Qi with respect to u as
∇2
uPi ∈ <m×m, ∇2

uQi ∈ <m×m respectively. In addition, denote the Hessian of yi with
respect to u as ∇2

uyi ∈ <m×m. Finally, denote the gradients of Pi, Qi, and yi with respect
to u as ∇uPi ∈ <1×m, ∇uQi ∈ <1×m, and ∇uyi ∈ <1×m respectively. The following theorem
outlines the regions under which the Hessians ∇2

uPi and ∇2
uQi are positive semidefinite and

∇2
uyi are negative semidefinite.

Proof. Proceeds by induction beginning from the ends of the feeder, and infinite node as-
sumption (y0 evolves independently and on a timescale slower than our control actions). To
prove the induction step, consider the nodes that makeup the kth level of the graph T (i.e.
the set of nodes which are k line segments away from the root of T ). In a radial feeder, these
nodes are all children of nodes at level k − 1, which are one segment close to the substation
than nodes at level k. Considering just the nodes and line segments that link level k − 1
to level k, these nodes and line segments define a forest of rooted tree graphs of maximum
height 1. Define this rooted forest as Tk = (Hk, Ek) where the root nodes (all nodes at level
k − 1 of T ) are indexed by i. The induction hypothesis assumes the following are true for
all nodes at level k (or all nodes j ∈ Hk, j 6= i):

vT∇2
uPjv ≥ 0 (A.1)

vT∇2
uQjv ≥ 0 (A.2)

αjv
T∇2

uPjv ≥ vT∇2
uQjv (A.3)

βjv
T∇2

uQjv ≥ vT∇2
uPjv. (A.4)
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For the purposes of the proof, it is also necessary to satisfy the following condition
∀(i, j) ∈ Ek:

−
P 2
j +Q2

j

y2
j −

(
r2
ij + x2

ij

) (
P 2
j +Q2

j

)vT∇2
uyiv ≥ 0 (A.5)

Condition (A.5) implies two allowable regions of Pj and Qj depending on the sign of
vT∇2

uyjv. If the Hessian of yi is positive semidefinite, then Pj = Qj = 0. On the other hand,
if the Hessian term is negative semidefinite, then (A.5) is satisfied for any Pj and Qj that
also satisfies condition C3.

We begin the proof of the induction step with writing the Hessians of Pi, Qi, and yi with
respect to all controllers in H (i.e. all controllers associated with nodes in the entire feeder,
or T ). As node i is the root of Tk and Tk has a height of 1, the Hessians ∇2

uPi, ∇2
uQi, and

∇2
uyi can be expressed in terms of ∇2

uPj, ∇2
uQj, and ∇2

uyj for all j ∈ Hk, j 6= i.

∇2
uPi =

∑
j:(i,j)∈Ek

∇2
uPj +

2rij
yj

Λj +
2rij
yj

(
Pj∇2

uPj +Qj∇2
uQj

)
− rij
y2
j

(P 2
j +Q2

j)∇2
uyj (A.6)

∇2
uQi =

∑
j:(i,j)∈Ek

∇2
uQj +

2xij
yj

Λj +
2xij
yj

(
Pj∇2

uPj +Qj∇2
uQj

)
− xij
y2
j

(P 2
j +Q2

j)∇2
uyj (A.7)

∇2
uyi =

(
1−

r2
ij + x2

ij

y2
j

(P 2
j +Q2

j)

)
∇2
uyj +

2(r2
ij + x2

ij)

yj
Λj +

(
2rij + 2

r2
ij + x2

ij

yj
Pj

)
∇2
uPj

+

(
2xij + 2

r2
ij + x2

ij

yj
Qj

)
∇2
uQj ∀(i, j) ∈ Ek, (A.8)

where

Λj =

[(
∇uPj −

Pj
yj
∇uyj

)T (
∇uPj −

Pj
yj
∇uyj

)

+

(
∇uQj −

Qj

yj
∇uyj

)T (
∇uQj −

Qj

yj
∇uyj

)]
. (A.9)

Using a bit of tedious algebra, it can be shown that application of the induction hypothesis
(C1 - C3) and conditions (A.1) - (A.4) to the system (A.6) - (A.8) yields the following results:

vT∇2
uPiv ≥

∑
j:(i,j)∈Ek

−rij
(

P 2
j +Q2

j

y2
j − (P 2

j +Q2
j)(r

2
ij + x2

ij)

)
vT∇2

uyiv (A.10)
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vT∇2
uQiv ≥

∑
j:(i,j)∈Ek

−xij
(

P 2
j +Q2

j

y2
j − (P 2

j +Q2
j)(r

2
ij + x2

ij)

)
vT∇2

uyiv (A.11)

vT∇2
uyiv ≥

(
1−

P 2
j +Q2

j

y2
j

(
r2
ij + x2

ij

))
vT∇2

uyjv

∀(i, j) ∈ Ek, j ∈ Hk, j 6= i. (A.12)

Application of (A.5) to the system (A.10) - (A.11) satisfies the first two components
of the induction hypothesis ((A.1) - (A.2)). Eq. (A.12) is proven as a consequence of the
induction hypothesis and will be useful later in the proof. Conditions (A.3) - (A.4) can be
proven by showing αiv

T∇2
uPiv − vT∇2

uQiv ≥ 0 and βiv
T∇2

uQiv − vT∇2
uPiv ≥ 0:

αiv
T∇2

uPiv − vT∇2
uQiv =

∑
j:(i,j)∈Ek

(
αi + 2

Pj
yj

(αirij − xij)
)
vT∇2

uPjv

+

(
2αirij

Qj

yj
−
(

1 + 2xij
Qj

yj

))
vT∇2

uQjv + (αirij − xij)
(
−
P 2
j +Q2

j

y2
j

vT∇2
uyjv +

2

yj
Λj

)
(A.13)

βiv
T∇2

uQiv − vT∇2
uPiv =

∑
j:(i,j)∈Ek

(
βi + 2

Qj

yj
(βixij − rij)

)
vT∇2

uQjv

+

(
2βixij

Pj
yj
−
(

1 + 2rij
Pj
yj

))
vT∇2

uPjv + (βixij − rij)
(
−
P 2
j +Q2

j

y2
j

vT∇2
uyjv +

2

yj
Λj

)
.

(A.14)

Again, using the induction hypothesis and the conditions of the theorem on (A.13) -
(A.14), the following can be shown:

αiv
T∇2

uPiv − vT∇2
uQiv ≥ −

∑
j:(i,j)∈Ek

(αirij − xij)
P 2
j +Q2

j

y2
j − (r2

ij + x2
ij)(P

2
j +Q2

j)
vT∇2

uyiv (A.15)

βiv
T∇2

uQiv − vT∇2
uPiv ≥ −

∑
j:(i,j)∈Ek

(βixij − rij)
P 2
j +Q2

j

y2
j − (r2

ij + x2
ij)(P

2
j +Q2

j)
vT∇2

uyiv. (A.16)

Since (αixij − rij) ≥ 0 and (βirij − xij) ≥ 0, condition (A.5) shows that (A.15) - (A.16)
are positive semidefinite which validates (A.3) - (A.4) and completes the induction step.
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To satisfy the basis step of the induction, consider the maximum height of the tree T ,
denoted by h. All nodes at level h are leaves of T . For these nodes (2.1) - (2.2) become:

Pj = pj, Qj = qj + uj, j ∈ L (A.17)

Where L is the set of all nodes at level h. Inspection of (A.17) shows that∇2
uPj and∇2

uQj

are matrices with 0 entries, which satisfy the conditions of the induction with αj = βj = 0.
It is quite possible that nodes at levels less than h will also be leaves of T . However, as

(A.17) shows, these nodes do not contribute any terms of the form: vT∇2
uPjv, v

T∇2
uQjv (as

these are equal to 0) to the Hessians of their parent nodes and can directly be incorporated
into the induction step.

It remains to be shown that the result R3 is satisfied. For any node i in T which is
the parent of another node j, we have already proven (A.12) is globally satisfied. Consider
the voltage Hessian at node 0. Our initial assumption that y0 is unchanging with respect to

control decisions implies that vT∇2
uy0v = 0. As the quantity: 1− (r2ij+x

2
ij)(P

2
j +Q2

j )

y2j
≥ 0 for all

(i, j) ∈ E, condition (A.12) implies the Hessians of all nodal voltages with respect to u are
negative semidefinite.

A.2 Discussion of Objective Function for Eq. (3.43)

Here I discuss the choice of Eq. (3.43) as the objective function to enable feeder head real
power and voltage target tracking, as opposed to a more conventional quadratic form. The
difference in performance can be attributed to the presence of the loss terms of Eqs. (3.30)–
(3.32) (and subsequently the constant terms of the approximate power flow model in Eqs. (3.35)–
(3.37)). As was previously mentioned, simulation experiments of the quadratic objective con-
sistently resulted in convergence to larger neighborhoods around (u∗, v∗), leading to larger
tracking errors. The following analysis on a simplified problem is intended to motivate the
reasoning behind this observed phenomena.

Consider a simplified ES scheme outlined in Fig. A.1. This block diagram features a
single ES loop without high and low pass filters. Let us consider an objective of the form:
J(u) = (P0 − Pt)2, where P0 = u + g. This model for P0 represents a 2 node feeder, where
g accounts for the real power losses. Defining the error system: ũ = û− Pt, we can expand
the objective function:

J(u) = (ũ+ g)2 + a2 cos2(ωt) + 2a cos(ωt) (ũ+ g) . (A.18)

Demodulating J(u) and passing the resulting signal through the integrator block of Fig.
A.1 results in the following equation governing the error dynamics of the ES controller:

˙̃u = −k cos(ωt)
[
(ũ+ g)2 + a2 cos2(ωt)

]
− k cos(ωt) [2a cos(ωt) (ũ+ g)] . (A.19)
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Figure A.1: Simplified ES block diagram. High pass filter before demodulation and low pass
filter after demodulation are neglected.

We now define the time constant τ = ωt and integrate Eq. (A.19) over the time period
0 to ω

2π
, which results in the averaged error dynamics of ũ:

˙̃uav = −ka
2π

(ũav + g) , (A.20)

where k and a are positive constants. Let us assume for the moment that g is constant.
This means that ũav will not converge to the origin. Rather, when ũav dominates g then
ũav will decrease, but will subsequently stop decreasing as g becomes greater than ũav. This
implies convergence of ũav to a ball around the origin, the size of which is determined by g.
Such an explanation is consistent with observed simulation results when using a quadratic
objective function, where controllers would converge to a larger neighborhood around the
tracking signals compared to results obtained using the objective function of Eq. (3.43).




