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ABSTRACT 

Nuclear moments of inertia calculated from the cranking model show the 

dependence on pairing correlation to be nearly exponential over most of the 

region of physical interest. Furthermore, the uncorrelated wave functions 

yield moments-of-inertia deYiating in some cases considerably from rigid body 

values. A two-dimensional pairing stretch model is developed and rotational 

energies are calculated up to spin 18 for five deformed nuclei. With two 

adjustable parameters the energy fits are quite good, but our calculations 

show neither pairing collapse nor "back-bending". 
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THE EXPONENTIAL DEPENDENCE 
I 

I 

One of the central problems in the study of deformed nuclei is how to 

* calculate the moment-of-inertia J. It is now well-known that l) : The 

experimental value of J for the nucle.ar ground state lies between the rigid-

body and irrotational flow limits, and it depends 'strongly on the nuclear 

pairing correlations;1 
2): In the ground rotational band the value of J 

increases for increasing spin due to centrifugal stretching, Coriolis-anti-

pairing, higher-order cranking~ and o~her effects; 3): More recently the 

experimental discovery of back-bending2 showed that some nuclei exhibit sharp, 

almost discontinuous increases in moment-of-inertia above a critical spin. 

In all cases the pairing correlation pl~s an important role. Hence, we shall 

restrict ourselves in this paper to the relation between pairing correlation 

and the moment-of-inertia and the application of these relationships to calcu-

lation of the rotational energies. We shall not attempt a comprehensive 

referencing to the extensive work in th.is field but refer the reader to a 

recent review article Dependence of Moment-of-Inertia on Pairing. 3 

The moment-of-inertia can be calculated using the well-known second-

4 ' 5 · order cranking formula of Inglis and Belyaev 

(UN 1 V - V U )
2 

.... a a' a 
(1) 

where Ia) is the single particle wave function with a representing the appro-

priate quantum numbers; Q is the magnetic quantum number along the symmetry a 

1
we shall use ordinary J for the moment-of-inertia, rather than the script 

letter in common usage. There should not be any confusion with angular 
momentum, for which the symbol I is used. 
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axis; U and V . are the probability amplitudes of the orbital a in the presence a a . . 

of pairing; and E is th-e quasi-particle energy expressed by 
a . . 

Ea = (£a - A} (~ - ~) + 2ua vaG ~ uk vk 
k>O 

(2) 

where £a is the single particle energy, A is the chemical potential and G the 

pairing force strength. Following our previous treatment, 6 we parametrize Ua 

and V by introducing a pairing correlation parameter v a 

= 1 
2 

( 3) 

The quantity v/G is the effective number of Nilsson orbitals participating in 

the pairing correlation. If v = 0, we have a sharp Fermi surface with no 

pairing correlation. If v = 6, where A is the pairing gap parameter, we have 

the BCS ground state, and Eq. (2) reduces to the usual BCS result, i.e. 

for v = 6 (4) 

In what follows we shall vary the pairing correlation parameter v for 

a given fixed pairing strength G to study the behavior of J as expressed by 

Eq. (1). Since for v * 6 the BCS gap equation no longer holds, Eq. (4) is 

not valid. It is thus important to use Eq. (2) rather than Eq. (4) for the 

energy denominators in the moment-of-inertia expression; they yield identical 

results only for the BCS ground sfate where v = 6. 
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We have carried out cranking model moment-of-inertia calculations for 
!I , 

a range of v values for rare~arth nuclei, and the results are plotted in 

Figs. 1 and 2 for protons and neutrons, respectively. In our present calcu-

lations the I a ) and £a are chosen to be the Nilsson functions and eigenvalues 

expanded across oscillator shells up to N = 12 for neutrons and N = 11 for 

protons, using computer programs derived from the 1969 work of Nilsson ~~.7 

The quadrupole and hexadecapole deformation parameters £ and £ 4 for each 

nucleus were chosen equal to the theoretical values of Fig. 12a of Ref. 7 

and were kept fixed while varying v. The values of pairing-force strength 

were also taken from Ref. 7 as 

1 [ N - z1 G = 'A go ± gl A 

with plus sign for protons and minus sign for neutrons, and g0 = 19.2 MeV, 

g1 = 7.4 MeV. For calculations with v *~'we have adjusted A so that the 

particle number equation 

~ 2~ = N 
a>O 

is alweys satisfied, although. the BCS gap equation is not. 

A striking result of our calculations is the degree to which the 

calculated moments-of-inertia conform to an exponential dependence on the 

pairing correlation parameters v and v , as is evident in the excellent 
,, p n 

(5) 

straight line behavior in the inJ vs v plots of Figs. 1 and 2. This exponential 

dependence is valid for a wide range of v values above the lower limit vL which • 

is about 20% - 30% of the energy gap ~ of the BCS ground state. For v values 
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smaller than \IL there are usually some deviations. Thus,. we can express the 

moment-of-inertia J as 

J(v} = J{o). -yv e (6a) 

\) 

~ "' o. 3 ( 6b) 

where J(O) is the v = 0 extrapolated value from the ~n J vs. v plot. The 

values of y and J(O) for protons and neutrons of rare-earth nuclei can be 

extracted from Figs. 1 and 2 and are given in Table I. The deviation from the 

exponential dependence at small \! values does not limit the usefulness of 

Eq. (6). In fact, the region (vL ~ v ~ 6) in which the exponential dependence 

holds usually covers the region of physical interest for most problems. For 

example, the pairing correlation decreases as one goes up the rotational band 

due to the Coriolis-anti-pairing effect, but our model calculations outlined 

later in this paper show that even for spin I = 18 corresponding to the rota­

tional frequency near the Mottelson-Valatin limit,8 the equilibrium value of 

v(I = 18) will still be larger than vL. 

It is interesting to note that the exponential dependence of the 

moment-of-inertia on pairing holds only for well deformed nuclei, which lie 

far from closed shells. As an example, the lnJ vs. v plot of neutron and 

proton for. several Pt isotopes is given in Fig. 3. In the case of neutrons, 

since their number is still far a~ from the magic number N = 126, the neutron 

moment of inertia continues to follow the exponential dependence very well. 

On the other hand, the proton number of Pt isotopes is close to the magic 

... , 
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number Z = 82, and as a result, the proton plots are now no longer straight 

lines. In fact, the low-lying levels of Pt isotopes resemble more closely 
I 1! 

vibrational spectra. 

We have also directly calculated the moment-of-inertia at zero pairing 

(v = 0) which we denoted as J 0 . Note that in general J
0 

does not equal the 

extrapolated value J(o). · The difference between J
0 

and J(O) is an indication 

of the degree ofdeviation from the exponential dependence at small v. The 

resulting J 0 for several rare earth nuclei together with the corresponding 
,·1 

I 
rigid-body values are listed in Table II for comparison, where the rigid-body 

value is evaluated by 

J rig = £ M A R2(1 
5 

with R = 1. 2 • Al/3 fm. 

+ 0.33 £) 

It is seen from Table II that there are often substantial deviations of 

J
0 

from J .• 
rl.g 

1 It has been proved that for nucleons moving in a pure anisotropic 

harmonic oscillator potential the moment-of-inertia of the system should be 

equal to the rigid-body value for the nucleus at its equilibrium deformation. 

Evidently, the spin-orbit term and the anharmonicity (t2 term) of the Nilsson 

potential cause the deviations, positive at the beginning of the deformed region 

and going negative with increasing mass, corresponding to the filling of the 

* highest-j .orbitals. Thus, for. realistic treatments one should not autqmatically 

assume that the moment-of-inertia goes to the rigid body limit after pairing 
. I 

correlation is lost. Furthermore, diagonal elements of the pairing-interaction 

(G in the notation of Belyaev) 5 can, by increasing energy denominators, reduce vv 

the cranking moment-of-inertia below our calculated values of a sharp Fermi surface. 

* Our calculations are not carried.out at the precise equilibrium deformation values 
in the absence of pairing. Rather are the equilibrium deformation values those of 
Nilsson et al.7 calculated in the presence of pairing. The differences for these 
strongly~efc;rmed nuclei are not-expected to be very significant. 
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Usually the calculations of moment of inertia are performed only in 

the region of physical interest where v is less than the ground state pairing 

gap parameter ~. We have, however, carried out the cranking calculations for 

v values larger than ~ in a few cases and the results are given in Fig. 4. 

The lnJ vs. lnV plot in Fig. 4 indicates that the moment-of-inertia for 

unphysically large values of pairing is better described by an inverse power 

dependence on pairing, rather than exponential. This result, however, is of 

no practical importance because there are no physical situations in which 

pairing would exceed its full strength at the ground state. Nevertheless 

the fact that the exponential pairing dependence of moment-of-inertia holds 

over most of the region of physical interest may be somewhat fortuitous. 

• i 
i 
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TWO-DIMENSIONAL PAIRING STREI'CH MODEL 

It is now known
9 

from! multiple Coulomb excitation, from ~-mesic x-ray wotk, 

and from Mossbauer experiments that quadrupole shape stretching with rotation 

is quite small except for nuclei bordering the deformed region (i.e. N = 90, 

92). Thus_, the generalized-normal-coordinate stretch variable of the VMI 

(variable-moment-of-inertia) and other.models (cf. Sec. III B of Ref. 6) is 

predominantly a pairing correlation coordinate for most deformed nuclei and 

is not m~ch coupled to shape changes. Hence, our microscopic demonstration 

D . ' 10 of the exponential dependence of J on v provides support for raper s EXP 

modification of the VMI model. 

It seemed of interest to proceed further to make a two-dimensional 

pairing modification of the Diamond, Stephens, Swiatecki stretch model. 11 

Whereas their equation reads 

(7) 

we write an analogous equation in the two pairing coordinates v and v as: p n 

(8) 

The ki]letic energy term will now be expressed in the exponential :form found 

Although cranking' calculations well reproduce the general 
I 

by cranJdng. 

trend of experimental moments-of-inertia, cranking moments and higher order 

correction terms do not agree quantitatively with experiment. 12 Thus, in 

applying the exponential relation of Eq. (6) we shall introduce two adjustable 

correction .factors a. and b to allow a.djustment of the calculated constants 

JOp' JOn, Yp and yn as given in Tables I and II. 

Eq. (8) now reads 

The moment-of-inertia in 



J( \) '\) ) = aJOp p n 
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( 9) 

The two correction-factors a and b are fixed by essentially forcing our calcula­

tions to fit the 2+ ~ 0+ and 4+ ~ 2+ transition energies. It would be more con­

sistent to use the extrapolated J(O) values rather than calculated zero-pairing 

J
0 

values. However, the differences are small in most cases since the ratios of 

neutron to proton moments are about the same. 

The number-projected BCS energy that plays the role of potential energy is 

calculated in the continuous model (cf. Eq. (4.20) of Ref. 6} and has the form 

+ Gpv tan -1 1!. _ 
2 \) 

. -1 ].l)2 
Gpv (s~nh v 

2 -1 ].l tan -
\) 

+ 
Gv J.l 

1 8( tan- H.) 
\) 

Subscripts p and n have been suppressed in the above expression used for the 

(10) 

proton system and the neutron system. The pairing force strength G is that of 

Eq. (5). The matrix elements connect orbitals over an energy range ±J.l c~ntered on 

the chemical potential. In the present calculations the cut-off ].l was chosen 

as 0. 8 hw0 to correspond to the use of ll5Z or ll5N states above and below the 

Fermi levels in Nilsson ~~. 7 The Nilsson orbital density per MeV is p, and 

it. is. determined by d.emanding that Belyaev's continuous model 5 limit of the 

BCS gap equation be satisfied for the experimental odd-even mass difference ~ 

1 = G e sinh-1 
l.l 
~ 

These experimental ~ values were taken from Nemirovsky and Adamchuk.l3 

(11) 

For rough estimates of the CAP effect the potential energy of Eq. (10) 

could be approximated by the harmonic form 
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1 . . 2 2 
VPBCS ~ const + 2 (2~ + n~)(l - pG)(v - ~) 

However, we have used the full functional expression of Eq. (10) in our two-

dimensional stretch calculation. The Berkeley minimum search routine MINSER 

was used to find the minimum of the energy function (8) for successive even 

values of spin. 

' ' These calculations were carried out for five well-deformed nuclei 

162- 16~ 17~ 178 18~ 
66uy' 68 r' 70 . ' 72Hf' and 74 • Table III summarizes the results for 

rotational transition energies, comparing both with experiment and with the 

' 2 ' . 14 
3-parameter, "extended-VMI model" X fits of Saethre et al. In general, 

our 2-parameter model calculations agree as well with experiment as the 

3-parameter extended VMI (variable moment-of-inertia) model x2 fits of 

14 Saethre ~ al. . . However, we get a more rapid increase of apparent moment-

of-inertia at high spin than extended VMI, though we do not get "back-bending". 

For the stretch model calculations of Table III the values of parameters 

a and b in Eq. 'C9l are summarized in Table IV. Note that the !. parameters 

182__ 
are close to 0.61 except for -w. That is, the cranking 

moments-of-inertia at zero pairing have to be further decreased in order that 

the rotors be stiff enough to match experiment. This reduc_tion was necessary 

in spite of the fact that the. values of J
0 

were already less than rigid-body 

162 except for . py. It is tempting to suggest that diagonal pairing matrix 

elements G are involved in the reduction, but the lowest order cranking model 

cannot really be trusted quantitatively at very high angular momenta, and one 
! 

must reserve judgment on diagonal pairing effects until much more sophisticated 

calculations have been done. In that connection the calculations with 



-10- LBL-1677 

Hartree-Fock-Bogoliubov theory and particle number projection are encouraging. 

. . 15 Such calculat~ons of Faessler et &· also have angular momentum projection 

and avoid the cranking model. However, their constraint that the ratio of 

neutron and proton pairing remains constant is probably unrealistic, as our 

Table V brings out. In all cases the neutron pairing drops faster than proton 

pairing. 

We note that in no case has there been a pairing collapse. The reason 

that pairing collapse does not occur here up to spins above the Mottelson-Valatin 

limit may be mainly due to our inclusion of a particle-number projection term 

in the pairing energy. Such projection always stabilizes pairing. 

Though the stretch-model calculations presented here are not sufficiently 

sophisticated to be trustworthy at high spin, we hope that the physical insights 

of this model will be of value as a guide to future calculations on the challenging 

problem of nuclear rotational moment-of-inertia. 

• i 
I 

I 

i 
i 

_ ... i 
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Table I. The Extrapolated Values of Cranking Moment-of-Inertia At Zero Pairing 

and the Exponential Pairing Coefficient, See Eq. (6}. [All Units in Mev-1 ]. 

Nucleus A 

62Sm 152 

154 

156 

64Gd 154 

156 

158 

160 

162 
I 

66Dy 158 

160 

162 

164 

166 

168 

68Er 162 

164 

166 

168 

170 

172 

2J (0) 
p 

65.37 

64.43 

62.80 

57-97 

6o.o4 

61.56 

62.80 

64.07 

65.04 

65.04 

61.56 

62.18 

62.18 

62.80 

47.70 

46.99 

47.23 

46.06 

45.60 

45.60 

2J (0) 
n 

113.30 1.43 1.58 

134.29 1.28 1. 52 

99.98 1.27 1.22 

111.05 1.35 1.59 

132.95 1.29 1.54 

101.49 1.30 1.26 

102.51 1.32 1.14 

109.95 1.35 1.33 

127.74 1.44 1.58 

103.54 1.40 1.32 

102.51 1.33 1.29 

109.95 1.36 -1.36 

83.10 1.38 1.06 

90.02 1.41 1.15 

107.23 1.17 1.40 

101.49 1.13 1.31 

114.43 1.11 1.44 

83.10 1.06 1.05 

90.47 1.05 1.15 

88.68 1.05 1.18 

(continued) 

• i 
; 
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I 

I 
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I 

l 
I 
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Table ·.r. (cont.l. 

2.J Cal I 2J {Ol 

Nucleus A l2 n 
yp yn !12 !12 

70Yb 166 46.99 102.51 1.20 1.36 

168 48.42 116.75 1.19 1.47 
I 

170 47.94 85~63 
I 1.14 ~ Lll 

172 47.94 93.22 1.11 . 1.20 

174 47.70 90.92 1.10 1.23 

176 48.42 67.36 1.12 0.89 

72Hf 174 35.52 90.92 0.95 1.19 

176 33.95 98.49 0.90 1.29 

178 33.45 72.97 0.90 1.05 

180 32.95 61.56 0.88 0.81 

74w 180 23.10 79.84 0.72 1.17 

182 23.10 62.80 0.71 0.83 

184 24.29 60.95 0.80 0.92 

186 25.79 54.60 0.94 1.01 

7~s 184 20.29 71.52 0.70 1.06 

186 21.12 64.07 0.76 1.04 

188 22.20 56.26 0.86 1.11 

..... , 
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Table II. Cranking Moments-of-Inertia With No Pairing (All Units in MeV-1 ) 

z A 
. ! 

66 162 60.22 102.68 162.90 143.96 

68 168 40.98 76.39 117.37 153.66 

70 172 40.65 82.38 123.03 159.66 

~2 178 38.05 76'. 30 114.35 168.12 

74 182 22.03 55-73 77.76 173.49 
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Table III. Ground Band Transition Energies EI - EI_2 (keV) 

This Extended VMI : r ,. Nucleus .I Calculation 3-parameter x2 · Experimental 

162Dy 
66 2 Bo. 70 Bo.66o 8o.66o 

4 185.16 185.005 185.005 

6 282.72 282.865 282.864 

8 370.96 372.9 372.6 

10 448.78 455.4 453.7 

12 516.09 530.9 526.2 

14 573.44 600.5 

621.67 

168E 
68 r 2 79.80 79.7994 79.7998 

4 184.50 184.283 184.281 

6 285.27 284.634 284.646 

8 380.40 379.545 379.536 

10 468.67 468.5 

12 549.37 551.7 
14 622.20 

16 687.10 

18 744.15 

172Yb 
70 

2· 78.73 78.74 78.74 

4 181.57 181.52 181.52 

6 279.57 279.74 279.74 

8 370.72 372.2 371.9 

10 453.74 458.9 444.9 

12 528.00 540.2 498.0 
'-I 14 593.38 616.9 

16 650.01 689.9 

18 698.12 

(continued) 



Nucleus I 

l78Hf 
72 2 

4 

6 

8 

10 

12 

14 

16 

18 

182w 
74 2 

4 

6 

8 

10 

12 

.,.18-

Table III. (continued) 

This Extended VMI 
Calculation 3-parameter x2 

93.20 93.118 

213.63 213.503 

325~62 325.533 

426.12 426.377 

513.60 515.2 

587.69 592.7 

648.69 

697.04 

732.70 

100.09 100.104 

229.34 229.323 

349.29 350.69 

456.65 464.1 

549.80 571.5 

628.41 676.4 

LBL-1677 

Experimental 

93.181 

213.444 

325.562 

426.371 

100.102 

229.317 

351.02 

464.0 

567.6 

.! 
~ .· 1 

• ! 

' 
I 
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Table IV. Parameters a and b for Best Fits 

z A I a b ... 

66 162 0.61 o.8o 

68 168 0.60 0.72 

70 172 0.62 0.75 

72 178 0.625 0.98 

74 182 0.76 1.25 I' 
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Figure Captions 

Fig. 1. This plot ill~trates for proton systems of deformed nuclei the near-

eXponential dependence of theoretical cranking moments...of ... inertia on 

pairing. The logarithm of the calculated moment-of-inertia is plotted vs. 

the pairing correlation parameter v (particle number and pairing strength 

G held constant). The points are theoretical calculations with no referen.ce 

to experiment . 

Fig. 2. Same as Fig. 1 except for neutron systems. 

Fig. 3. Same as Fig. 1 except that calculation is made on transitional platinum 

nuclei. Large deviations from exponential behavior are to be noted for the 

proton systems. 

Fig. 4. The lnJ vs. 160 . 174 . lnv plot for Dy and Hf ~n region where the pairing 

correlation parameter v is larger than the ground state pairing gap parameter 

6.; p stands for proton and n for neutron. The straight portions indicate 

an inverse power dependence slightly greater than first power. Note deviations 

at both high and low pairing limits. 
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..---------LEGAL NOTICE----------

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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