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ABSTRACT

Nuclear moments of inertia calculated from the cr§§king model show the
depéndence on fairing cbrrelation to be nearly exponential over most of the
region of physical interest. Furthermoré, thevuncorreiatéd wave functions
yield moments-of-inertia deviating in some cases considefébly from rigid body
values. A two-dimensional péiring stretch model is de&eloped.and rotational
energies are calculated up to spin 18 for five deformed:nuclei. With two
adjustable paraﬁeters the energy‘fité are quite good, but our calculations

show neither pairing collapse nor "back-bending'.
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* | THE EXPONENTIAL DEPENDENCE

One of tﬁe central problems in the study of deformed nuélei is how to
calculate the mbhent—of—inertia* J. It is now well-known that 1): The
experimental value pf J for the nucleér ground state iiéé between. the rigid-
body and irrotational‘flow limits, and it depends strongly on the'nuclear
pairing correla.tipns;l 2): In the ground rotational band the value of J
increases for.increasing spin due to cenfrifugal stretéhing, Coriolis-anti-
pairing, higher-order crankiﬁé; and.other effects; 3)3- More recently thev
experimental discovery of back—bending2 showed that some nuclei exhibit sharp,
almost discontinuqus increases in moment—qf-inertia.aboveva eritical spin.
In gll cases the pairiﬁgvcorrelation Plays an important rble. Hence, we shall
restrict_ourselves in this paper to the relation'bet#éen pairing correlation
and the moment-of-inertia and the application of these reiationships to calcu-
lation of the rotational energies. We shall not attempt a comprehensive
réferencing to the extensive work in this field but refer the reader to a

recent review artic¢le Dependence of Moment—of-Inertia on Pairing.3

The moment—of-inertia can be calculated using the well-known second-

"order cranking fbrmula of Inglish and Belyaev5

(a'lj Ia )| | . : '
25| >
= 2 Z 1 (UU«' VU- - Va' UO,) : B ‘ (l)
Q >0 a ;

where Ia ) is the single particle wave function with o representing the appro-
priate quantum numbers; Qa is the magnetic quantum ngmber'along the symmetry

[ N ' )

We shall use ordinary J for the moment-of-inertia, rather than the script

letter in common usage. There should not be any confusion with angular
‘momentum, for which the symbol I is used.
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axis; Ua and Va.are the probability amplitudes of the orbital a in the presence

of pairing; and Ea is the quasi—particlé energy expressed by .

B = (e, -\ (02 = V2) +2u Vv G D v vy (2
_ k>0 :

where Ea is the single particle energy, A is the chemical potential and G the
pairing force strength. Following our previous treatmént,6 we parametrize Ua

and Va by introducing a pairing correlation parameter v

o 1 £ - A _
=5 1t 2 ‘ : (3)
Vi V&;a - A)g + v2

The quantity v/G is the effective number of Nilsson orbitals participating in
the pairing correlation. If v = 0, we have a sharp Fermi surface with no
pairing correlation. If v = A, vhere A is the pairing gap parameter, we have

the BCS ground state, and Eq. (2) reduces to the usual BCS result, i.e.

2

E, = \kéa - A)z + v for v = A B (W)

In what follows we shall vary the pairing corfelétion parameter V for
a given fixed pairing strength G to study‘the behavior‘of'J és expfeSsed by
Eq. (1). Sincevfor \V ¥=A the BCS gap equation no lohgér-holds, Eq. (4) is
not valid. It is thus important to use Eq. (2) rather than Eq. (4) for the

energy denomiﬁators-in the moment-of-inertia expression; they yield identical

|
|

results only for the BCS ground state where v = A.
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We have carried out granking model mqment—of—inértia calculations for
& range of'v values for rareiLarth.nuclei, and the results are plotted in

Figs. 1 and 2 for‘protons and neutrons, respectively. Ig our present calcu-
lations the lab) and €, 8re chosen to be the Nilsson functiqns and eigenvalues
expanded across oscillator shells up to N = 12 for heutrons and N = 11 for
protdns, using computer programs derived from the 1969 work of Nilsson'gg_g;.T
Thé quadrupqle and hexadecapole deformation parameters € And eh,for each.
nucleus were chosen equal td the £heoretical values of Fig. 12a of Ref. 7

and were kept fixed while varying v. The values of pairing-force strength

were also taken from Ref. T as
=1 N-2 o :

with plus sign for protons and minus sign for neutrons, and 8¢ = 19.2 MeV,i
gi = 7.4 MeV. For calculations with v # A, we have adjusted A so that the

particle number equation

:E: 2Y§ =N
o>0 - »
is always saﬁigfied, although the BCS gap equation is not.

A striking result of our calculations is the degree to which thé.
calculated moments-of-inertia conform to an exponential dependence on the
pairing correiation parameters vp and vn, as is eviaent in the,excellént 
straight line behavior in the gnJ vs v plots of Figs,‘l and 2. This exponential'>
dependence is valid for a wide range of v valﬁes above‘the lower limit vL whi§h 

is about 20% - 30% of the energy gap A of the BCS ground state. For v values
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smaller than vL there are usually some deviations. Thus;_wé can express the

moment-of-inertia J as

J(v) ='J(0) e~V for v, <v < AL - o | _(6&)
v - |
_:[[3-','\,0.3 . L (6b)

(0)

where J is the v = 0 extrapolated value from the %n J vs. v plot. The

(0)

values of Y and J for protons and neutrons of rare-earth nuclei can be
extracted from Figs. 1 and 2 and'are given in Table I. The deviation from the
exponential dependence at small v values does not limit the usefulness of

i

Eq. (6). 1In fact, the region (vL < v < A) in which the exponential dependence
holds usually covers the region of pﬂysical interest for most problems. ‘For
example, the pairing correlation decreases as one goes up the.rqtational band
due to the Coriolis-anti-pairing effect, but our model calculations outlined
later in thiS'paper show that even for spin I = 18 cérresponding tp the rota-
tional frequency near the Mottelson-Valatin limit,8 the équilibrium value of‘
V(I = 18) will still be larger than 2
It ig'interesting.to note that the exponential dependence of the

moment—of—inertia.on'pairing holds only for wéil deformed nuclei; which 1ie'
far from closed shells. As an example, the InJ wvs. Vv .plot of néutron and .
proton for. several Pt‘isotopes is given in Fig. 3. Ig.thé case of neutrons,v'
since their number is still far away from the magic number N = 126, the neutron

moment of inertias continues to follow the exponential dependence very well.

On the other hand, the proton number of Pt isotopes is close to the magic

1
1

SN 2P
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ndmber Z = 82,:and as a result, the proton plots are noﬁ»no lohger straighf
iines. In facF, the low—lying levels of Pt isotopés resemble mdre closely
vibrational spectra. |

We have glso directly calculated the moment—of—inéitia at zero pairing
_dées not equal the
(0)

(v = 0) which we denoted as J

0"
extrapolated value J(O).' The difference between J

Note that in generallJo

0 and J is an indication

of the degree of deviation from the equnential dependence at small v. The
resulting JO for several rare earth nuclei together with the corresponding

v R . _ v
rigid-body values are listed iﬁ Table II for comparison, where the rigid-body

value is evaluated by

.2 2
Irig =5 M ART(1+ 0.33 €)
/3

with R = 1,2 - Al lfm.

It is éeen from Table II that,theré are often substantial deviations of
J, from Jrig' It has been prow}edl that for nucleons moving in a pure anisotropic
harmonic oscillator potential the moment-of-inertia of the system should be
eéual to the rigid-body value for the nucleus at»its equilibrium deformatibn.
Evidently, fhe spin—orbit term and the anharmonicity (22 term) of the Nilsson
pofential cause the deviations, poéiﬁivé at the Begiﬁningiof the'deformed region
and going negative with increasing mass; corresponding to the fillihg of the
highest—J‘orbitals;* Thus, for‘realistic.tréatments oné shQu1d not automatically
assume that thg momgnt-of-inerﬁia-goes té the rigiavbody limit_after pgiriné
correlaﬁibn is 1o§t. Furthermore, diagonal elements of thevpairingtinferaction

5 .

(E;v in the notation of Belyaev)

the cranking mpmeht-of—inertia below our calculated values of a sharp Fermi surface.

can, by increasing energy denominators, reduce

* - o :
Our calculations are not carried out at the precise equilibrium deformation values

in the absence of pairing. Rather are the equilibrium deformation values those of
Nilsson gﬁ_g;.? calculated in the presence of pairing. The differences for these
strongly deformed nuclei are not expected to be very significant.‘
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Usuélly the calculations of moment of inertia_aré performed only in
the regionvof physical interést where V is less than the,ground state pairing
gap parameter.A. We have, however, carriea.out the>cranking calculations fqr
vV values larger ﬁhan A in a few cases and the results are given in Fig. k.
The InJ vs. 1nv plot in Fig. U4 indicates thaf the moment-of-inertia for
unphysically 1§rge valugs of pairing_is better’described by an inveréé powér
dependence on pairing, rather than exponential. This result, hOWevér, is of
no practical importance because there are no physical siﬁuétions in whiéh
pairing would exceed its full strength at the ground state. Neverthéless
the fact that the exponential pairing dependence of momént—of-inertia'holds

over most of the region of physical interest may be somewhat fortuitous.
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TWO-DIMENSIONAL PATRING STRETCH MODEL
It is now.known9 fromlmultiple Coulomb excitatibn, from u-mesic x—ray'wofk,

and from MBssbauef experiménts that quadrupole shape Stfétching with rotation

is quite small except for nuclei bordering the deformed fegion (i.e. N = 90,

92). Thus, the generalized—normal—coordinate stretch varidble of the VMI
(variable-moment-of-inertia) and other models (cf. Sec. III B of Ref. 6) is
predominantly a pairing correlation coordinate for most deformed nuclei and.

is not much coupled to shape changes. Hence, our miéfoséﬁpic demonstration

10

of the exponential dependence of J on v provides support for Draper's EXP

modification of the VMI model.
It seemed of interest to proceed further to make a two-dimensional
pairing modification of the Diamond, Stephens, Swiatecki stretch model.ll

Whereas their equation reads

h 1 a2 SR |
E=—>II+1)+35cC(8 ‘_Bo) , , (7)

688
we write an ahalogous equatioh in the two pairing coordinates vp and vn as:
ge v '

E = 2J§vp,vn$ I(I + 1) + Vppag(Vp) + Vppag(vy) o (8)
The kipetic énergy term will now be expressed in the exponentiél form found .
by cranking. Although cranking‘caiculations‘ﬁell reproduce the general
trend of experimental moﬁents—of-inertia,.cranking moments and higher ordér
correction terms do not agree quantitati#ely with experim_ent.12 Thus, in
applying the exponential relationvof Eq. (€) we shall introduce two'édjustable
correction factors a and b to allow adjustment of the calculated constants
JOp’ JOn?-Yp anq Yn as given in Tables I and ITI. The moment—-of-inertia in

Eq. (8) now reads
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exp (=by_ v_) + aJ

Ivpevy) = adg, P 'p “0n

The two correction~-factors a and b are fixed by essentially,forcing our calcula-

+ .+ o+ + : :
tions to fit the 2 > Q and 4 -+ 2 transition energies. It would be more con-

(0)

sistent to use the extrapolated J values rather than calculated zero-pairing

Jo values. However, the differences are small in most cases since the ratios of

. neutron to proton moments are about the same.

The number-projected BCS energy that plays the‘role of potential energy is

calculated in the continuous model (ef. Eq. (4.20) of Ref. 6) and has the»form

| 2,1/2 , 2 -1 b -1p2, .2
VPBCS(Y) ol-u(p® + Vo) + Vv sinh - G o v(sinh™ <) u- ]
. L o=1 U 2
(sinh™™ =) ‘
* Gev tan™" 5- sz TR _‘_le — 5
tan_ %- 8(tan” %) (= + v%)

Subscripts p and n have been suppressed in the above expression used for the

proton system and ﬁhe neutron system. The pairing force strength G is that of

Eq. (5). The matrix elements connect orbitals over an energy range *U centered on

the chemical potential., In the present calculations the cut-off M was chosen

as 0.8 hw, to correspond to the use of v15Z or V15N states above and below the

0

Fermi levels in Nilsson 23_2;.7 The Nilsson orbital density per MeV is p, and
it is determined by demanding that Belyaev's continuous model5 limit of the

BCS gap equation be satisfied for the experimental odd-even mass difference A

1=Gp sinh~t (11)

>l

These experimental A values were taken from Nemirovsky and Adamchuk.l3
For rough estimates of the CAP effect the potent1al energy of Eq. (10)

could be approximated by the harmonic form

e (by_ v) (9)

(10)
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Vbmes " const + 3 (2? + TTA)(l - pG)(v - A?

However, we havg,uséd.the full fﬁnctidnal éxpression»of Eq..(lo) in our ﬁwo-
dimensional stfetch.calpulation.' The Befkeley miﬁimum éearch routine MINSER
was used to fiﬁd the minimum of the energy function (8) for sﬁcceséivé'eyen
values of spin.. - | |
These'calcuiations were carried ouf for five weil-déformed nuclei
162DY9 8E ling 178Hf and 1$§W.v Table III summarizes the fesults for
rotational trénsition energies, comparing both with experiment and with the
3-parameter, "extende&5VME model” x2 fits of Saethre gﬁ_giflh. In general,
ouri2—parametér model_Calculations agree as weli with exﬁeriment as the
3-paremeter extended VMI (variable moment-df-inértia) ﬁédel x2 fits of_'
Saethre gg_§£.lhi However, w;_get a more rapid increase of apéarent moﬁent—
of-inertia at.high spin than extended VMI 'though we do not get "back-bénding".
For the stretch model calculations of Table ITII the values of parameters
a and b in Eq. (9) are summarized in Table IvV. the,that the a parameters
are close to 0.61 except for 82W. That is, thé éranking
moments-of-inertié at zero pairing have to be further decreased in order that
the rotors be stiff enough t§ match experiment. This reduction was neceésaiy

in spite of the fact that the values of J were already less than rigid-body

0
- except for l6,2Dy. It is tempting to suggest that diagdndl pairing matrii

elements G are involved in the réduction, but the lowest order cranking model
cannot really be trusted quantitatively at very high angular momenta, and one

must reserve Judgment on diagonal pairing effects until much more sophisticated

calculations have been done. In that connection the calculations with



-10- S LBL-1677

Hartree-Fock-Bogoliubov theory and particle number projection are encoﬁraging.

5

Such calculations of Faessler g&_g&,l also have angular momentum projection
and avoid the cranking model. However, their conStraint thaf the ratio of

- neutron and proton pairiﬂg-remains constant is probably unrealistic, as our
Table V brings out. Ih all cases the ﬁeutron pairing dropé faster-than proton
pairing. | —

We note that in no.case has there been a pairiﬁg collapse. The reason
that pairing collapse does nof occur hére up to spins above the Mottelson-Valatin
limit may be_maihly due to our inclusion of a particle—ngmber projecfion term
in the pairing energy. Such projection always stabilizes pairing.

Thouéh the stretch-model calculationsvpresented ﬁere are not sufficiently

sophisticated to be trustworthy at high spin, we hope that the physicel insights

of this model'will be of value as a guide to future calculations on the challenging -

problem of nucleaf rotational moment-of-inertia.
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Table I. The Extrapolated Values of Cranking Moment#o_f-—In‘ertia. At Zero Pairing

and the Exponential Pairing Coefficient, See Eq. (6). [A1l Units in Mev1].
RO R C !
Nucleus A -—i-g—- :2 - e Yp . Y,
P 152 65.37 113.30  1.43 1.58
15k 64.43 ©o13k.29 1.28 s
156 62.80 99.98 5 | 1.27 1,22
6,64 Cask . 57.97 11.05 1.35 159
156 60. 0k - 132.95 ‘ 1.29 1.54
158 61.56 101k 1.30 1.26
160 62.80 102.51 - 1.32 1.1k
; 162 64.0T 109.95 - 1.35 | 1.33
66D '158 65.04 | 127. 74 © 1.bb _ 1.58
160 65.0k 103.54 1.0 1.32
162 61.56 102,50 1.33 1.29
164 62.18 109.95 - 1.36 1,36
166 62.18 83.10 - 1.38 1.06
168 62.80 90.02 1w 1.15
GeET 162 47.70 10723 17 1.40
164 46.99 101.49 | 1.13 v1.31
166 47.23 © 11413 R 1.4k
168 - 46.06 - 83.10 1.06 1.05
170 45.60 - 90. 47 ~1.05 1.15 .
»172 45.60 | 88.68 1.05 ©1.18

(continued)
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Tabhle I. (éo_qt.) S
OO -
Nucleus A . —!;La—— | - . :2 7 Yp Yn
To¥® 166 46.99 1102.51 .20 1.36
168 48.42 116.75 .19 - 1.47
170 K7.9k 85.63 k! 1.11
172 47.94 - 93.22 11 ' 1.201 ,
| 17h L7.70 - 90.92 .10 1.23
176 LB.k2 67.36 .12 0.89
7oHE ,17h‘ 35.52 '90.92 .95 1.19
‘176 33.95 98.49 | .90 1.29
178 33.L5 72.97 .90 1.05
© 180 32.95 - 61.56 .88 0.81
- ' 180 23.10 79.8k ). 72 1.17
182 23.10 62.80 .T1 0.83
18k 2429 60.95 .80 0.92
186 25.79 54,60 .9k 1.01
7608 18l 20.29 71.52 .70 1.06
. 186 21.12 64.07 .76 1504
2220 56. 26 .86 111

188
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Table II. cfanking Moments~of-Inertia With No Pairing (A1l Units in MéV-l)

| 2J5 ) I fad) 23
z A — — ) =
h</p h“/p h’total he/rigid
66 162 ' 60.22 102.68 162.90 143.96
68 168 40.98 76.39 117.37 . 153.66
70 172 10.65 82.38  123.03 159.66
72 178 38.05 ©76.30  114.35 168.12

™ 182 22.03 55.73 . T7.76 173.L49




S NNO R AR R ¢

Land
L

-17= 5 LBL-1677

Table III, Ground Band Transition Energies EI“ Er o (keV)
. Nucleus‘; ..I Calzﬁiztion ‘ 3?;Z:ZSZSeZM§2 S 'Experimgntalv
. lggDy 2 80.70 80.660 80,660
L 185.16 185.005 185,005
6 282,72 | 282,865 282,864
8 370.96 372.9 372.6
10 448,78 L55,4 453.7
12 516.09 : 530.9 526,2
( 1k 573.4k 600.5
| ' 621.67
168, 2 79.80 79,7994 79.7998
't 184.50 184,283 184,281
6 285.27. 284,634 28k .6L46
8 380,40 379.545 379.536
10 468.67 468.5
12 - 549.37 - 551.7
1 622.20
- 16 687.10
18 CThk 15
Hor 2 78.73 78,74 78.7h
L 181.57 181.52 181,52
6 279.57 279. 7k 279.7h
8 370.72 372.2 371.9
. 10 453,74 458.9 bhk,9
12 528.00 540, 2 498.0
™ 1k 593.38 616.9 |
16 650.01 689.9 |
18 698.12

(continued) .
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Table III. (continued)

LBL-167T

Nucleus I This . Extended VMIZ _Experiméntal
. Calculation - 3-parameter X
gt 2 93.20 93.118 93.181
I 213.63 213.503 213.kkY
6 325,62 325.533 325,562
8 426,12 426,377 426,371
-~ 10 513.60 515.2
12 587.69 592.7
14 648.69 ’
16 697.0L
18 732.70
l,?iw 2 100.09 100,104 100.102
_ L 229,34 229,323 229.317
6 349.29 350.69 351.02
8 456.65 4641 16k.0
10 549.80 571.5 567.6
12 628.41 676.4
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Table IV, Parameters a and b for Best Fits

A a . ' b

66 162 e 0.8
68 168 : o060 . o.12
70 172 0.62 : 0.75
72 118 0.625 ' 0.98
h 182 o076 1.25




Table V., Calculated Gap Parameters:
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Gap'Paramqtersv(MeV)

0.k410

Nucleus | sggn - AP(I) An(I)“ ’ Ap(I)/An(I)

122Dy 0 0.879 0.989 0.89
6 0.826 0.917 0.90

12 0.715 0.760 0.9

18 0.596 0.56k 1.06

lggEr 0 0.933 ’ 0.7Th 1.21
6 0.902 0.715 1.26

12 0.832 0.576 1.4

18 0.751 0.385 1.95
‘lf{gm 0 0.785 0.800 0.98
6 0.750 0.736 1.02

12 - 0.676 0.587 1.15

18 0.597 0.386 1.55

l$2Hf o 0.969 ©0.753 1.29
6 0;932_ 0.666 1.ko

12 0.86k 0.b7h 1.82

18 0.812 0.220 3.69

lgiw 0 0.585 0.734 0.80
6 0.543 0.645 0.84

12 0.467 0.448 1.04

18 0.183 2.2k
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.~ Figure Captions
> Fig. 1. This plot illustrates for proton systems of deformed_nuclei the near-

exponential_dependence of theoretical crahking moments#of*inértia on
pairing. The logarithm of the calculated moment-of—iﬁertia is plottéd vs.
the pﬁiring correlation parameter V (pa;ticle‘number and pairing strength
G held constant). The points arebthéoretical caléﬁiations with no referenCe
to éxperiment.

Fig. 2. Same as Fig. 1 except forrneuﬁron systems.’

Fig. 3. Same astig. 1 except that qalculation is made on transitional pl&tinum”
nuclei. Large deviations from exponentiai behavior are to be noted fof the

proton systems.

16 17k

Fig. 4. The 1nJ vs. 1nv plot for ODy'and Hf in region where the pairing
correlation parameter v is larger than the ground stéﬁe pairing gap parameter
A; p stands_for proton and n for neutron. The straight portions indicate

an inverse power dependence slightly greater thah*fifét power. Note deviations

at both high and low pairing limits.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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