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PRECISION MEASUREMENT OF THE NEGATIVE PION MASS 

FROM ITS RADIATIVE ABSORPTION IN HYDROGEN 

Kenneth Morse Crowe 

Radiation Laboratory, Department of Physics 
University of California, Berkeley, California 

December 18, 1952 

ABSTRACT 

The gamma ray spectrum, of the reaction 

rr+P 	)N+y 

has been remeasured with an improved design of the high energy pair 

spectrometer. This design has taken advantage of one of the focusing 

properties of a 90 degree wedge shaped magnetic field to minimize the 

effect on the resolving power of multiple scattering of the pair fiag-

ments in the converter. The theory of the spectrometer is developed 

in detail. The accuracy of the energy scale dee.nds on magnetic field 

measurements and the calculation of orbits, aberrations, and resolving 

power. The error apart from counting statistics for the energy scale is 

approximately 5 parts in 10. By the determination of the mesic absorp-

tion gamma ray energy, a precise mass value for the negative pion has 

been found. 

m = 273, 5 ± 0. 5 electron masses 

From the mass differences already obtained for the neutral pio.n by 

Panofsky, Aamodt and Hadley 1  and negative muon by Lederman, Tinlot 

and Booth 2 , it is possible to improve the mass values for the rr0 and the 

11- mesons, 	 . 

m 7r 
0  = 262. 9± 2,1 electron masses 

m 	= 207. 5 ± 3 electron masses 
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If one assumes that the positive and negative pions have the same mass, 

the mass of the positive muon can also be deduced from the work of 

Birnbaum, Smith and Barkas. 

M = 207. 0 ± 0. 5 electron masses. 
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PRECISION MEASUREMENTS OF THE NEGATIVE PION MASS 

FROM ITS RADIATIVE ABSORPTION IN HYDROGEN 

Kenneth Morse Crowe 

Radiation Laboratory, Department of Physics 
University of California, Berkeley, California 

December 18, 1952 

I. INTRODUCTION 

A. Survey of Meson Mass Measurements 

The discovery of the intermediate particle of mass between 

that of the electron and proton in both cosmic ray 4  and accelerator studies 

was based on the determination of its characteristic mass. 

The techniques of identifying mesons by measuring masses 

have also evolved into experiments whose object is to make precision 

determinations of various meson masses. In this type of experiment, 

the masses of the three pions and two muons have been determined. 

The energetics of the production and interaction reactions of 

pions provide methods of determining masses, if one is assured that the 

particles involved are properly identified. The production of positive 

mesons from -proton -proton collisions and the radiative capture of nega-

tive mesons by hydrogen have yielded independent accurate mass meas-

urements of the pions. 

The energetics of the decay reactions of pions and muons 

also furnish relations between the masses. It should be remarked that 

these experiments have a dual interpretation. If the reaction is assumed 

to be known, the mass relations are determined. On the other hand, if - 

one assumes the masses to be known one can study the assumptions in-

volved in describing the reaction. In most cases it is necessary to make 

both analyses. The justification for this procedure is, of.course, con-

nected with the consistency of the mass measurements as obtained in all - 

of these experiments, as will become apparent in the following discussions. 

We shall discuss these measurements in the following section in some 

detail. 
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The theory of elementaryparticles on the other hand, has 

yet to predict the particle masses with corresponding accuracy although 

several interesting attempts will be discussed briefly. 

There are a number of techniques used in the identifiè•ation 

of pions and muons, from which estimates f masses are obtained, that 

involve - only the electromagnetic interactions of the mesons. The unique 

dependence of momentum, range, multiple scattering and ionization loss 

on the mass and velocity indicates that anypair of these quantities would 

be sufficient to fix the mass. In practice however, only a few combina-

tions have yielded precise mass measurements. 
5-7 

Experiments by Brode and collaborators, 	using cloud 

chambers in connection with cosriic ray studies, measure masses by 

the simultaneous determination of momentum and range. The arrange-

ment is shown in Fig. 1. A particle enters the experimental apparatus 

from above, passes through the counters A, B, and C, is deflected by 

the magnetic field in the top chamber and stops in the second cloud cham-

ber, where absorbers are placed. The cloud chambers are expanded 

when a'.coincidence of Geiger tube pulses occurs. • Photography of the 

tracks gives a determination of the radius of curvature p and the range 

of the particle R. 

The momentum 

PC 	
Iv 	

= ze Hp 	 (1) 

The alternative method of determination is in the measure 

of the deflection angle 0 due to the magnetic field located between the 

cloud chambers at D. 

- Hds 
- 	Hp 

The range can be calculated from the ionization loss 

RM z (E) = f2 (dE)  dE = 
	

d 	(3) 

(2) 
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is the range of a particle of rest mass. M and charge z, whose 

relativistic energy is: E. 

dE = 	 2 3
MC 	 (4) 

Where is the relativistic velocity, Mc 2  is the rest energy .  

of the particle, and 

The ionization loss is, apart from small corrections 

dE - 47re 4z 2N,Z I 	2mc 22 	2 
22 	

log 	
2 mc 	. 	10(l-p) 

2 	2E 
=z f()=z f (.) 

NZ is the number of electrons per unit volume of the 

stopping material. 10  is the mean ionization potential in the material. 

mc 2  is the electronic rest energy. The constants which do not involve 

the particle being measured are lumped in f() 

R 	
(E M 	 p M F 

	
M 	E 	

6) 
M, z 	-. 	 - 	

( 13) - 

From the .range -energy relation, one can solve for the 

range in terms of the curvature for various masses of particles by 

eliminationj3 between Eqs. 1 and 6., 

One cloud chamber event can be represented by a point in 

a plot of R vs. p and this relation in principle uniquely determines the 

mass All the points should lie on a line for a given mass The un- 

certainties in both p and R lead to considerable straggling as seen from 

the actual data, shown in Fig. Z. The main sources of this straggling 

are the uncertainties of the momentum due to the distortion effects of 

(5) 
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turbulence in the cloud chambers, multiple Coulomb scattering along 

the path, 
8  and errors of photography. The uncertainty in the range is 

minimized by using many thin adsorber plates. The results obtained 

by different experimenters are listed in Table I. 

A series of experiments by Gardner and his collaborators, 

9-13 using the Berkeley 340 Mev proton synchrocyclotron, furnished the 

early mass data of the artificially produced pions as well as the muons. 

The method is similar in principle to the cosmic ray muon mass deter - 

mination. Positive: and negative pions are produced by the internal 

proton or alpha beam striking a small target, usually carbon. Positive 

pions which stop in the target give rise to positive muons. These 

mesons are bent in the cyclotron magnetic field through a channel which 

is designed to allow particles of a small momentum range to\come from 

the target and enter the nuclear emulsion plates. Figure 3 shows a 

typical target arrangement. The early experiments consisted of 

measuring the range of these tracks in the plates, and by knowing the 

entrance angle, the field, and the geometry of the apparatus, one 

ascertains, the momentum of the meson., From Eq. 6 the relation 

between the range and energy can be written 

(7) 

where T is the kinetic energy. Expressing this as a power law over a 

small range in energy 

Ft' T'•  - K T 
if n 

- 	

( ) 

one can write equation 7 as 

T = K Mln.Rn  Z Zn 	 (9) 

The constants n and K can be determined by measuring the range in the 

emulsions of protons of the correspondingknown velocities.. n is 
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approximately 0. 581. The energy in terms of an equivalent radius of 

curvature p  from Eq. 1 is, in the non-relativistic approximation: 

T (pc)Z 	= 1 z2e2 	(Hp) 2 	 (10) 
2Mc 2 	Mc 2  

Solving these two equations for M one obtains: 

2(1-n) r 	z 	1 
M = z 2-n 
	(eHp) 	I 2-n 	 (11) 

	

[2KR''c2 	] 

If one assumes the charge to be equal to the electronic charge, the mass 

can be evaluated by determining the equivalent radius of curvature of the 

particles orbit and its range R in the emulsion. 

The early experiments of this type were subject to consider-

able uncertainty in the calibration of the meson ranges due to emulsion 

shrinkage, moisture content, etc. The range-energy relations had been 

calculated using the known composition of the emulsion. Although the 

experimental range-energy calibration in photographic emulsions have 

been measured in the range in question, the error of these relations 

appeared as contributing to the systematic error in the mass. 

A refinement of this method was made by using an additional 

target as a source of protons: of nearly the same velocity as the meson 

being selected so that there would be no specific dependence upon range-

energy relations. The experimental set up for this later method is 

shown in Fig, 5... The meson and proton trajectories are shown passing 

•through separate entrance collimators. The method can be adapted for 

measuring the ratio of masses of positive pions, and muons by again 

choosing the same velocity for each type mSon coming from different 

targets. The positive muon is assumed to decay from pions at rest in 

the muon target. 

The pocedure for handling the data shows the main features 

of the experiment. Equation 6 can be rewritten in terms of momentum 
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as follows: 

(12) 

 2 

Vrr

K' = 
	q .. = 3.44 ± 0.05 

In order to determine the constant K', the equatio .n can be solved for 

K' with the range and momentum values from the proton tracks. 

K!  
-q 	P1 	

(13) 
1. 	 . 

Pp  
1 

The distribution of K' will be the range straggling distribution together 

with the uncertainties introduced from determining P. The r. m, s. 

width of the proton distribution is "-'2 percent. From the value of K' 

obtained over a small region of the plate the pion mass can be cal-

culated from Eq. 12: 

1 

M =[ 
_Ti:_ 

-]R 	

r 	 (14 

iT. 
1 

The r, rn. 5. width of the ra.nge distribution in Rrr  is 4 percent. 

From this one can see that the mean value of the mass is 

M [ 

	

r 	q] ql 
	 (15) 

Pp 

For orbits in a magnetic field the momentum ratio is inde-

pendent of the absolute value of the field in the approximation that the 

uniformity of the field does not vary rapidly. For the mass ratio s  the 

uncertainty in the experimental value of q is also not a significant 

source of error. 

This method is limited fundamentally only by the range 

straggling of the meson which is due to statistical fluctuations in the 

ionization loss. 
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.The distribution of track lengths for endings from i-p. 

decays in the emulsion can be compared with the meson range distribu-

tion. The fit of the range distribution serves to check the influence of 

background mesons which do not originate from the assumed target 

point. The histograms of track endings are shown in Fig. 5. The 

ratiOs of n+/P  and n'IP.and the ratio of rr+/ derived from these 

experiments are given in the mass table. 
14 The other general methods which have as yet yielded at 

best approximate mas.s information are the range ionization method or 

grain counting technique15' 16 of nuclear emulsion and the range -multiple 

scattering method. 
17 The results of these methods are included for 

comparison in the mass table. (Table I,) 

The energetics of the 	decay at rest 

1T+_L+ + -If 

allows a precise evaluation of the it+-J.+ mass difference if one assumes 

the third particle to have zero rest mass. The kinetic energy or in 

this case the momentum of the 	meso.n can be determined in the same 

experimental plates that the , r+/p.+ ratio is measured, One can solve 

for the 70- _± mass difference 

Mc 2  - Mc 2  = 2 p 0  C 	M t 	 (16) 

Ir 

where p0  is the decay momentum and.the mass ratio 	 is 

measured in the comparison method, Eq. 15. 

To determine the momentum of the , the following pro-

cedure can be followed. The distribution in range of the meson decay 

in the plate, R. , is measured and the mean value obtained. Equation 
po  
i 12 shows that f we solve for the ratio of R to the range R a meson p0 	. 	Pi 

of momentum p 1  which comes from the target where Pj  p0 , we have 

1 
= () or 

p0 = P1 
(: 	

(17) 
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This is true providing wetake events in the same portion of the plate so 

that K Pi = K,.. o 
	 Pi 
and that R is not very much 	 Po less that R so that the 

uncertaintyin the value of q is not a significant source of error. The 

basic accuracy of the value p 0  obtained depends in this case upon the 

distributions of both R p0 
 and R. p1 as well as the analysis of the orbit 

in the magnetic field. The 1r+-+, difference has been obtaine.d to high 

accuracy as shown in Table 1. The effect of the finite mass of the 

• neutral particles in the decay reaction has been examined, and it is 

possible to set an upper limit of a few electron masses. The latest 

limit for theV mass is given in Table 1. 

The apiication of the Gardner technique to negative i.'s is 

limited due to the predominance of pion capt.ure over decay inmost 

target materials as well as the reduced negative pion yields in the proton 

beam. However, the .1v mass has been determined accurately in an 

experiment of Lederman and collaborators. 
2  Here the decay of w in 

flight is studied in a cloud chamber with a magnetic field From the 

momenta and the angle of the decay, the pion-muon difference can be 

obtained. The relation is as follows: 

2 	
1/2/c 	24 	'' 22 = 	 c + 2 p.ff  c - 2 pcpc cos 0

ir 

/ 	24 	22' 	22 	22 	c 

	

- 2 y(M c + p 11. c ) 	c +. p c - 2 p 1. cos 9)
11 

The value of the mass obtained in this manner agrees favorably with 

the positive muon accelerato.r results and cosmic ray values. 

The decay of the ji meson proceeds as follows: 

(19) 

Since the energetic upper limit, W, is determined by the rest masses 

of the particles., it is in principle possible to determine the 	mass 

in a precise manner, if one assumes the neutral partioles. to have 

zero rest mass. 

•M 
2 

m 

= 	ZM 	
' 	 (20) 
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The P spectrum when measured with any finite resolving power spectro-

meter will have its end point shifted an amount which depends upon the 

detail of the spectrum at the high end. Tiomno and Wheeler, 18  Michel, 19  

and others, have discussed the theoretical values for this intercept, and 

it is clear that the values quoted as 	mass measurements must be 

qualified until better data exists. 
20 The effects on the mass of this type 

are easily of the order of a few percent with the resolutions used. The 

effect of a finite mass Mfor one of the neutral particle is to reduce W 

by an amount-'IM2/2M..  It is apparent that the limits on M obtained 

experimentally are extremely wide. 
21 Richman and Cartwright, and independently Peterson 

22 
hoff and Sherman, 	in the study of the energetics of the reaction 

P+P— ir+ + D 	 (21) 

have obtained the positive pion mass, 

The Q of the reaction is measured by determining the kinetic 

energy of the pion and the bombarding proton energy. Mesons produced 

by the external proton beam of the Berkeley cyclotron were used by these 

groups. The energy spectrum measured at zero degrees Lab angle is 

shown in Fig. 6, The energy of the proton beam was measured in two 

ways, For Cartwrights experiment, Mather measured  the velocity of 

the proton beam by using its Cerenkov radiation, Peterson used the 

range of the beam in copper, as measured with an ionization chamber, 
.55 

These two methods have been cross checked bySegre and Mather, and 

the range energy relation of both mesons and protons have been corrected 

accordingly. Therefore the accuracy of both measurements of proton 

energy rest on a Cerenkov method, The experimental details of the two 

measurements were different. Cartwright used polyethylene targets 

with mesons coming off at 00  in the Lab, system. They are bent through 

.190 0  and enter aluminum absorbers in which emulsions have been 

embedded. Peterson used liquid H 2  targets with mesons coming off at 

180  in the Lab, system. The magnet separator was designed for an 

angle of 20 0  and the emulsions are embedded in copper absorbers. The 

position of the track ending is used .to determine its energy within the 

range straggling. 
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The spectrum has been analyzed to determine the expected 

shape. Within the statistical accuracy, the workers claim that one ob-

tains a good fit when beam spread and range straggling have been in-

cluded and that the effect of the reaction 

P + 	+ N + P 
	

(22) 

has a negligible effect upon the ,i+ mass determination. Details of, the 

peak are shown in Fig. 8. 

The results of both determinations are listed in Table 1. - 

The 1T capture gamma ray in hydrogen provides another 

independent measurement of the meson mass. 1  In this experiment, 

negative pions produced by the cyclotron are slowed down and captured 

from the K shell in hydrogen. The "excited state" of the neutrom emits 

a gamma ray of —'130 Mev. The gamma ray is related to the meson mass 

by the, relation: 

E 2  
M.c 2  - 	

2 	- (MN - M) C. 	 (23) 

2 MNC 

The gamma ray energy is measured by use of a pair spectrometer. This 

instrument consists of a converter to produce electron positron pairs, a 

magnetic field to separate and sort the pairs by the momentum of the 

fragments, and suitable counting apparatus to record the events and 

classify the energy. The first measurements of this event were done 

with extremely broad resolution 22. 5 percent width at half maximum. 

Since the pair fragments come within an .angle mc 2/E, the angular di-

vergenc.e of the pair fragments is determined primarily by multiple 

scattering in the converter. One can consider the field as providing an 

angular lendof the pair fragments from the beam direction. The early 

spectrometer used was a small square, with a bending angle 0 900. 

A set of proportional counters served as detectors, and a multi-channel 

coincidence circuit served as sorter and recorder. The results of the 

early instrument yielded an apparently continuous spectrum as the 

magnetic field was raised, as shown in the spectrum, Fig. 9. We shall 

& 
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in the following sections consider the various improvements of this 

experiment in detail, the present research being the most recent attempt. 

The measurements of y-rays which results from the supposed 

decay of 1i0  mesons have led to several mass values for the neutral pions. 

- 	 Carlson, Hooper and King, 
23  have measured the energy of 

yrays in cosmic ray stars at high-altitudes by looking for gamma ray 

produced pairs in emulsions close to the stars. By measuring the 

multiple scattering of these pairs, they obtain the energy of the gamma 

ray. 

The spectrum of these events allows an estimate of the neutral 

pion mass as a result of the following analysis. The Doppler effect of 

the y-ray emitted at an angle O c  in the pion rest frame moving at a velocity 

1 produce.s an energy shift so that in the laboratory the energy 

EL 
= M1p c2 y (1 + p cos 9 	 (4) 

Assuming that the spontaneous decay of neutral pions is isotropic in the 

pion rest frame, one observes in this frame the number of gammas per 

pion in an angle dO 

dN  
ZdQ 
 2 	dOc 	 (25) 

However, the energy increment of the gamma rays from a monochromatic 

pion beam in the same angle dQ c  is 

M0c 
dEL = 2 	P 	OcCi 0c = 4 M 0 c 2  dN 

(26) 
dN = 	

2 dEL 	
yPM.rroc 

That is, the intensity will be independent of the angle of decay. The 

energy spectrum will be flat if it is obtained by integrating the intensity 

spectrum over all the h° decay angles. The last condition is auto-

mp.tically fulfilled if the it° 9 s are isotopically produced. The spectrum 

will go from 

M C 2 	 M c 2  

Emin 
= 	

y (l-) to E 	 (1 ~ ) 	(27)max 
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From this one has a simple relation that 

E 	E 	EMocz2  (l-p2) = (MocZ )2 
	

(28)
min 

Thus one can imagine the spectrum of y-rays as a composition of rec-

tangles whose end points satisfy this equation, the height of which depends 

upon the velocity spectrum of neutral mesons produced. If one has such 

a spectrum, one can measure the neutral pion rest mass by computing 

equation 28 for each velocity group. The constancy of the value is a 

measure of the purity of the source as well as a check of, the method. 

The spectrum obtained from cosmic rays is shown in Fig, 10. 

It is necessary to know the low energy points with high ac-

curãcy to obtain a mass value. Clearly the statistics of this edge is 

extremely important for establishing an error of the mass measurement. 

The value obtained in the cosmic ray work M 0  = 295 ± 20 electron masses 
IT 

has been considered to be evidence for the similarity of the observed 

events with the results obtained with artifical mesons. 

A measurement of the spectrum of gamma rays from 340 Mev 

protons on various targets has yielded a mass value for the ir° which 

depends upon the analysis of the neutral meson produced in the target 

which decay into two photons. A pair spectrometer was used in this 

work and the description of the instrument is found in.Section.I-B. The 

data are shown in Fig. 11. This value by recent measurements of 
24  

Crandall, 	under -this assumption, given M 0  = 280 ± 10 electron masses. 

The discrepancy between this mass value and one obtained by a more ac-

curate method implies that at least a small fraction of the y-rays are 

due to other sources. 

In the case of the absorption reaction of slowmesons, 

ir + P—'N + itO 
	

(29) 

it has been possible to establish that the energy spectrum agrees with the 

predicted result and that two gamma rays are produced in coincidence 

with the meson coming to rest in the hydrogen. Sachs and Steinberger 
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have shown that the angular correlation also agrees with the expected 

result. 	It therefOre seems that the gamma ray spectrum analysis 

from thi process veryprobably arises from the assumed reactions. 

From the kinematics it has been shown that the width of the spectrum 

is extremely sensitive to the difference of the negative and neutral pion 

rest masses. The spectrum has been measured with the pair speçtro-

meter that is considered in detail in Section I-B, The mass difference 

obtained is to a large extent independent of the precise energy scale 

and the uncertainty in the value predominantly statistical. It is clear 

that with the improved value of the negative pion mass, an improved 

measurement of this spectrum would be deir able. Figure 12 shows 

the composite spectrum of the best single gamma ray spectrum and 

previous neutral meson decay spectrum, of Panofsky and co-workers, 1 

A comparablyaccurate value of the ir -  - 	mass difference 

can be made by a precise measurement of the angular correlation of the 

two gamma rays from the exchange capture reactions, (Equation 29.) 

This arises since the relativistic abberation of the decay photons is also 

sensitive to the pion kinetic energy and hence the mass difference, The 

maximum abberation angle is approximately 22 0 , 

It should be remarked at this point that in all considerations 

involving electromagnetic interactions the charge of the mesons has been 

assumed to be the electronic charge. There are two direct experiments 

bearing on this point and a number of indirect but general arguments.  

with support this assumption. From the ratio of drop counts obtained 

from cloud chamber tracks of minimum ionization mesons and electrons, 
26,27 

the charge can be evaluated: 

z = 1. 02 ± 0, 03 in hydrogen 

z = 1. 005 ± 0, 02 in 'helium 

z =1,017 ± 0,03 in argon. 

The charge can be determined also by comparing mass 

values obtained by methods which have a different dependence upon 
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charge.. Bowker's 28 ' 1' 3  grain counting method and the Gardner method 

can be compared .to show: 

0. 99 ± 0, 03 

The more general arguments involve the conservation of 

charge in all, of the reactions in which mesons are involved. The possi-

bility of a light  particle with a small charge being involved with pion re - 

actions is most unlikely since the excitation energy' observed, for ex-

ample in ir stars, is of the order of the rest energy of the pion. An 

additional particle would reduce the excitation as, is evident in 	stars 

where the average excitation is of the order 10 percent of the rest 

energy. One would certainly have difficulty const.r'u.c't.irig for the two 

body process, a consistent alternative which involves a third particle, 

i.e. 

rr' + P—y + N ± t L,.r! 	 (30) 

for which the gamma ray spectrum would still be sharply peaked. One 

can compare directly the mass obtained in two body reaction with the 

latest result.s of the Hp range comparison of Smith, et al. 
12  in which 

the charge appears directly. The result indicate that 

z = 0. 991 ± 0. 007 

This would, on the surface, be an impressive improvement on the 

limit for the deviation of the charge'from the electron charge. The 

limit is, however, not free from the logical, criticism that in evaluating 

the mass from the capture gamma ray energy we .have assumed that the 

reactio,n is a two particle reaction,' where with the exception of the 

meson the charges are all known. Although the consequences of as-

suming other possible reactions have not been thoroughly investigated, 

it is maintained that this limit should receive some weight in the con-

s.ideration of the charge. . Further, one can argue that the .energetics 

and line width of the capture gamma ray process alone should also be 

taken as evidence that the reaction proceeds. in the manner assumed. 
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8. Previous Meson.Cap.ture GammaRay Work 

The experiment of Panofsky, Aamodt, and Hadley, 
1

on the 

gamma ray spectrum resulting from capture of negative pions in hydro-

gen and deuterium, provides an accurate method of measurement of the 

negative meson mass. The geometry of the experiment can be seen from 

Fig. 1.3. The 330 Mev proton beam produces negative pions at the 

wolfram target. The negative pions come to rest in the high pressure 

hydrogen vessel and the capture gamma rays are observed. It is as-

sumed that the reaction s.tudied is: 

	

ir + p _N*-_N + 'y 	 (31) 

If the pion is captured from the K shell 

2 	EZ 	1E,,4 	 2 	 .2 

	

E =Mc - 	.- 
2Mc 2 	(Mc)3 	

rr 	N P 
N 	N 	 (32) 

where the second term takes into accountthe recoil energy of the neutr6n. 

The third term is the energy of the pion in the me sonic Bohr orbit, K 

shell, which is. negligible for this work. The fourth term. comes from 

the N, P mass difference the value of which is well known. The purpose 

of this research is to extend the accuracy of the method to provide a 

precision measurement and to search for any fine structure present in 

the line. The previous gamma ray measurement is similar in many 

respects to the method used in the current determination. The difference 

between the two experiments lies in the design of the spectrometer. In 

order to compare the results, we will first consider the major features 

	

of the previous design. 	., 	 . 	 . 

The pair spectrometer used is shown schematically in Fig, 

14, The y-rays produce pairs at the tantalum, converter. The energy 

of the electron and positron is determined by measuring their momenta 

by recording the Geiger channels through which the particles pass. The 

energy calibration is made from the measured magnetic field and,cal-

culated orbits. The data is combined using the known fragment distri-

bution, and the geometrical counting efficiencies for various gamma 

energies. 
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The gamma ray measurement included the following main 

sources of error, 

Statistics in the fit of the spectrum ± 2. 2 em or 

Field and geometry uncertainties ±1, .2 or total 

of ±2. 5 em. 

For a given number of counts the size of the statistical 

error is given in terms of the resolving power, of the pair spectrometer. 

Figure 15 gives the data and theoretical resolving power of 

the instrument adjusted for the central value pion mass. 

It is clear that if it were possible to reduce the width of 

the resolving power a reduction of the percentage error in the 

determination of the determined meson mass would be possible. The 

- 	resolving power of the spectrometer was due to three major effects: 

The finite channel width. 2. Multiple scattering of the pair 

• 	fragments in the converter. 3. The radiation of the electrons •  in the 

converter. 

We shall discuss each of these briefly. 

The channel width resolution.results from the finite, size 

of the Geiger tubes which form the energy channels. The effect on a 

monochromatic y-ray would be to produce a triangular resolution of 

width a.t.half maximum equal to the energy width of the counter. (Fig. 

16.) 

• 	The multiple scattering 29  in the converter Of the pairs 

produce.s an energy broadening due to the geometry of the orbits in 

the spectrometei. One can show that 

ERMs=KpQRM5=E ..J =2l'/ 	(33) 

is the mean scattering width independent of energy, and of the order 

5 Mev in the previous work. Actually, the pairs produced at dif -  

• ferent thicknesses have different resolving widths so that by combining 

the Gaussian scattering for increments in t one obtains a peaked 

curve as shown in Fig. 17, 



-21- 

The radiation 30  of electron ,pair fragment8 also tends to 

decrease the observed gamma ray energy which has the effect on the 

resolving power as shown in Fig. 18. When one combines these suc-

cessively, one obtains the resolution curve shown in Fig. 19. 

The actual method of computation of these steps will not 

be dealt with here,' since the basic method is carried out in detail for 

the focusing spectrometer case in Section V-C, 

It will be seen that in the table of masses, Table 1, the 

entry for Panofskys method has been entered twice. The first value, 

275, 2 ± 2. 5 electron masses, is the one stated in, the paper. The 

second value, 278 electron masses, has been deduced from the same 

data with several small corrections which have been found in the pro-

cess of analysis of the focusing spectrometer. The major error was 

the omission of the effect of ionization loss, of the outgoing pair frag-

ments. 

In applying the corrections, such as the ionization loss 

correction, which are dependent upon the thicknes.s of the converter, 

the effective thickness is .reduced due to losses arising from multiple 

scattering in the vertical direction. This will 'again become apparent 

in the analysis of the precision spectrometer. The effect upon the 

mass can be estimated from the results obtained in the pre.sent york 

and the effective converter thickness is approximately 15 percent less 

than the total converter. 	 . 

The higher order effects due to the non-uniform magnetic 

field cannot be easily estimated in this experiment. On the basis of 

the calculation for the precision spectrometer one would estimate a 

maximum positive correction to beO. 5 Mev or-"l. 0 electron masses. 

This cor,rectio.n has not been applied in the table for the following 

reasons. The pole tip and hence the field for which this correction 

was calculated was not used in the early measurements. The one used 

was different in two respects., The gap was changed (Panofsky, et al) 

3-1/2 1 , Crowe 4 11). In addition a set of magnetic shields were used 

to shield the Geiger tubes. Without remea,s.urement of the field it would 

be difficult to estimate the field gradients in the region of these shims.' 
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The uncertainty of this correction is certainly of the order of the cor-

rection itself. 

C: The Theory.of Meson Masses 

From the historical point of view the prediction of the meson 

by Yukawa 31- was based upon an attempt to explain short range nuclear 

forces. By application of the relativistic wave mechanics to the nuclear 

force field, it can be shown that the range in potentials of, the form 

V(r) = & e 	 (34) 

can be identified with the Compton wavelength of a meson of mass M. 

- Mc 
 11 (35) 

If these heavy quanta of the potential field are associated 

with pions, one would expect that the pions rest mass should be a funda-

mental parameter of a successful theory of nuclear forces. 

The proton-proton scattering data, for example, when 

analyzed with the Yukawa potential gives an equivalent meson mass 32  

333. ± 2 m. The n-p data 32 , on the other hand, gives, a mass in the 

singlet and triplet interactions. 

	

MT = 274 ± 12 m 	Ms = 365 ± 80 m 	 (36) 

Hart and Hatcher 
33 have recently attempted .to adjust the 

p-p potential with a potential of the form 

	

r 	2. 	r 

(. 
-- e 	) 	 (37) 

where it turns out by choosing the constant 	to be the classical elec- 

tron radius, the equivalent meson mass can be lowered to 274 m, 
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The method of formulating a unified theory for the, many 

masses of elementary particles has been the subject of preliminary 

theoretical investigations. Born summarized the futility of the situa-

tion by remarking that one cannot continue inventing new field equa- 

tions if it is probable that there is an infinite number, vhich seems b be rot an 

extravagant extrapolation. The problem then involves building a theory 

for quantizing the mass values which may be used to predict the mass 

spectrum that is being discovered. 

The usual procedure in this work is to assume that when 

the distances under consideration are less than r 0,, the classical 

electron radius, the usual equations of relativistic quantum mechanics 

are inadequate and that they must be modified or generalized. The 

problems involved are for the most part building a formalism of inter-

actions in which several masses of particles' appear consistet with 

the known facts. In the following summary, only the conclusions or 

predicitions of the various worker.s will be stated. 

From the theory of special relativity the invariant length 

of the energy momentum tensor reduces to the rest mas.s in the rest 

frame of a particle. 

p p = Mc 2 
	

(38) 

By the correspondence principle one is led to a wave equation 

1 2 	(Mc\2l 

- (.T-:)j lj1 = g 	 (39) 

where g is the source strength or density to conform to the usual 

notation 	 ' 

and k = 	= 	 (40) 

El represents the d'Alembertian operator and k is the reciprocal 
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compton wave length. rne equation which results is the Klein-Gordan 

equation 

( 	_k 1 =g 	 (41) 

One might analogouslyconsider the generalized equation 

of the form 

F[ 0 , K.] ); = p 	 (42) 

to be a description of the mass sources p where the K1  would be pro-

portional to the rest masses. Depending upon the chosen prope.rties of 

F, various mass spectra may be predicted. The reciprocity theory of 

Born34  assumes that the laws of nattire are invariant under the trans- 

formation: 

Xk 	k*  
(43) 

k 	>ck* 

For illustration we see that by factoring the Planck constant into two 

parts 
2 

4i=ab 	a= e 2 	 (44 

where a is a length of order of the electron radius, YJ 1, and the 

quantity b is a characteristic momentum. This quantity can be intro-

duced into the formalism to be associated with the meson mass.;, 

In order tO arrive at a dimensionless equation, let us 

assume that distances are measured in units of a 

xi 	 (45) 

One can write the Klein-Gordon equation in dimensionless form 

FE(ak,)2l =P (46) 

LX1 
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ak=Kj =a() 	 (47) 

The mass M would therefore be related to the eigen value K of Eq. 46 

M = K. Ti/ac)= 	e2ic = 	137 m 	(48) 

Born is led to a series of values for the constants K. 
3 
 and q. K 

3  
. varies 

around 1. 41 and the values it turns out, are related to the roots of the 

associated Laguere polynomials.. There are of course an infinite number 

of meson masses from which to select a model for the pion, and one 

would hope that as more particles are measured the various consistent 

choices would be reduced. There are however major difficulties in 

this theory since the nucleon mass fixes Y1 to be 1. 025 whereas the elec'-

trôn mass as given fixes v to be 0. 846. There are many arguments in 
• 	 . 	 34 
favor of the theory for which one should refer to Born's work. 

Pais and Uhlenbeck 35  have investigated in general terms 

the significances of the multi-mass theory, such as Bornts  and they 

concluded that the convergence, casualties and positive definite re-

quirernents are fundamentally seyere restrictiOns' in all theories, and 

that' this approach to the problem of the elementary particles would 

appear .to be inadequate. 

On the other hand, Bhabha36' '' showed that for a particular 

model their conclusion does not apply and apparently he feels a solution 

of the multi-mass problem shô4d not be considered as ruled out solely 

on these accounts, 
39 

The m 	
38 ass theories of Darling and Zilsel are constructed 

by postulating the elementary particle to be associated with an "inherent 

irre ducibl&t volume of space time. The application of the wave eq'ua-

tions in a finite difference representation leads, to a constant of dimen-

sions of length. The mass spectrum of such a theory is quantized and 

the first value of the spectrum is approximately 218 and succeeding steps 

are separated by" 315 m. The roots are given in terms of the 

of the Bessel functions. By fixing the mass of the proton as the thirteenth 
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spin 1/2 particle the fundamental length 

2 

	

= yields k = 1. 610 	 (49) 
mc 

With this length one obtains the i mass and ir ,  masses 

M = 218. 76 m 	M 
iT 

= 271. 5 m 	 (50) 

The authors, suggest. that the discrepancy between their predicted values 

and the experimentally determined masses is due to a small positive 

electromagnetic self e.nergy correction. For the spectrum.of masses, 

the reader is referred to their work. 

One of the earlier and ostensibly simplest attempts to 

approach the problem of the intermediate mass particle was made by 
40  

Bohm and Weinstein. 	They considered the non-relativistic oscilla- 

tion of a finite electron assuming the energy of excitation as being 

supplied externally. -Although the value of the excitation depends upon 

the shape of the electron model and the entire formulation is not relati-

vistically invariant, the result is cert3inly suggestive. 

For a spherical shell, the frequency of oscillation 

c (51) 
Fo 

	

i=nir( 	\ mc 2 	 (52) 

	

e 	1c) 

where n is an integer. The first excited state would thus correspond 

to a rest mass of 

ir (137) m 430 m 	 (53) 

The rigorous solution of the electronic model, it. was suggested, may 

show that the Intermediate mass particles are really excited states of 

electrons. 
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In summary of the meson mass, theory one must admit that, 

with the exceplion of the original work of Yukawa, very little new informa-

tion or predictions of the expected particle spectrum have resulted from 

the theory. The theoretical values for.the most part. are not even suppo.se 

to be more than approximations due to higher order renormalization effects 

which have not been calculated seriously. For example, the ir - 	mass 

difference, which has been known for some time, seems to have no quanti-

tative theoretical explanation as yet. On the other hand, the problems 

which have slowed progress in finding a solution to the elementary particle 

mass problem., are presumably tied primarily to the general oversupply of 

t! e lementary par ticlesrr. and quantitative inadequacy of the field .theorie 

as applied to meson phenomena. In analyzing the mass. data of the prese.nt 

work, no attempt has been made to compare the theoretical results and 

the experimental results due to the tentative nature of all the theoretical 

considerations, 



II. THE DESIGN PRINCIPLES OF THE FOCUSING 

PAIR SPECTROMETER 

In the design of a pair spectrometer, there are a few 

general remarks which are necessary,  in order to appreciate the design 

problems for high energy instruments. 

From the historical point of view, the first pair spectro-

meter was that of Walker and McDaniel. 
41  Their spectrometer is 

designed for an energy range of approximately 5-20 Mev, where the 

effect of multiple scattering of the outgoing pairs is so large that it 

is essential to provide that the scattering in the horizontal plane can be 

focused at the point where the detectors, are located. For this reason 

the angle of deflection of the fragments is 180 degrees. The constant 

energy channels have the sum of the radii equal for various p3ir energy 

divisions. 

This design has also the property that pairs which are pro-

duced in the median plane at various positions in the converter will be 

recorded in the same energy channels as the central pair. This will 

be referred to as width or lateral width focusing. 

There will be abberations which result from multiple scat-  

teringin both horizontal and vertical planes that are proportionalto 

the mea,n square angle. 29 

0EK-) = (
1 - Co s 0) (#) 

2 

	
(54) 

t/t0  is the converter thickness in radiation units. 

The ionization loss 29  of the pair fragments, is usually un-

important except in the cases where the resolution is high. 

• -; 	 IdE.\ 	 1 It \ 
i -.-i 

 
At 	q = cons.tant . . 	i— i. (55) 

ionization 	I ionization 	 L t0  / 

where dE/dX is the ionization energy loss in material with atomic 

number Z. The higher the value of Z for the converter the lower this 

abberation becomesfor the same yield. 
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The radiation loss is also small for most resolutions. The 

tail of the straggling due to radiation goes roughly as l/E so that the 

resolution will appear to have a shift of the center and long low energy 

tail. Because of this tail, the energy shift due to this effect increases 

as the resolution beciesbroader. The radiation los.s is of course 

almost independent of the material for the same yield. 

For very high energy gamma rays it becomes, apparent that 

the 180 degree design would involve a, magnet of considerable proportion. 

In fact one would need a magnet of approximately three times, the weight 

of the 90 degree type spectrometer, other things remaining the same. 

There have been several spectrometers which, have used 

other than 180 degree apex angles. For example Lawson 42  has used 

an apex angle which varies from energy to energy. 

The choice of the magnetic field at which to run a pair spec-

trometer is governed by many factors. For instance, if one considers 

the problem of maximizing the yield by using various.pole tip inserts, 

one can show the main effects from the following type of analysis. 

For a given conversion efficiency, the detecting efficiency 

of the spectrometer is determined by the fraction of the pair fragments 

which pass through the counting area of the detectors. This fraction 

is limited by the multiple scattering in the vertical plane of the particles 

leaving the converter which causes them to strike the pole tips. In the 

horizontal plane the energy acceptance of the de.tector bank also reduces 

the number of events recorded. Let us hold the vertical loss factor 

constant on the yield and on the resolution and assume a converter 

height equal to the gap. The yield Y is given as follows: 

Yccgtcx.g (Hg) 2 cx(NI) 2  g 	 . (56) 

where H is the magnetic field, g is the gap and N is the ampere turns. 

For the same ampere turns on the magnet, the yield increases propor-

tionally to the gap. This means that the yield of a large area, low field, 

and big gap is higher if the available ampere turns are fixed for example 

by the power of the current source or by the heat dissipation of the coils. 
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This condition also optimizes the channel width for a given width detec-. 

tor. On the other hand, if the channel resolutions is unimportant, the 

higher the ampere turns the higher the yield. This implies, that the 

best design for yield would be a high field and a wide gap. The field 

is limited in an iron core magnet by saturation and if the field mus.t 

be varied to cover a wide energy spectrum, it is usually better to 

keep in the linear regions of the magnetization curve to minimize the 

changes in uniformity of the field. The maximum size of the gap is 

limited by the divergence of the beam, although a compromise must 

be made between the yield and resolution on this account. The other 

limiting factor in the choice of gap is. the availability of detectors in 

a multi-channel instrument. The number of channels in the design 

depends on the same factors. For a single, well resolved line, one 

can also show easily that the data rate is proportional to the number of 

channels and the square of the detecting efficiency and the counter heights. 

If one is not limited in beam intensity or by counting losses, 

it is apparent that the resolving power requirement can always be me.t 

by reducing the converter thickness until the conversion from other 

parts of the spectrometer becomes excessive. In most respects, the 

pair spectrometer is similar to most precision beta ray spectrometers 

with the addition of size, weight, and multi-channel requirements. The 

design of the focusing spectrometer has been made with the purpose of 

combining the better resol,tuion of the 180 degree spectrometer with 

smaller 90 degree magnet. 

The maIn features of the .focusing spectrometer can be 

examined in the simplified case where the effect,s of the fringe fields 

have been neglected. Figure 20 shows the 90 degree wedge with the 

orbits showing the effect of small angle scattering from the central orbit. 

The effect of the edge of the magnet is to produce a horizontal focus 

along the line as shown. It is ea.s.y to show that the distance from the 

edge of the magnet to the focus line is equal to the radius of curvature 

of the particle in the homogenous portion of the field. Figure 21 is 

intended to show the effect of the lateral converter width. In the 90 
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degree spectrometer, with the counters placed along the edge of the 

wedge, the lateral width abberation is not present in the firs.t order 

theory, since there is an approximate focus for all particles of the 

same energy which come out normal to the converter. On the other 

hand, in the 180 degree apex angle design, the effect of lateral width 

is cancelled since the sum of the radii is independent of the origin of 

the pair. This latter effect is responsible for a partial cancellation 

of the width abberation for the present spectrometer. In the analysis 

of the remaining lateral width effect, it is convenient to analyze the 

orbits on one side of the magnet by noticing that for determining the 

sum of electrons and positron energies the effect is the same as if one 

orbit was reflected by changing the sign of the initial displacement at 

the converter. For the orbits of Fig. 21 one sees that the energy ab-

beration due to width depends primarily on the angle of intersection of 

the orbits with the focus line among which the detectors are plaed, and 

will therefore depend on the counter l.ayout and the detailed orbits. 

The next approximation to the actual instrument was a 

model which included the fringe field which was present due to the 

step in the pole tip. Figure 22 shows that there is an effective in- 

crease in the focal length although the change does not materially alter 

the focusing properties of the wedge. 

For the design of the focusing spectrometer the procedure 

was as follows. With the fringe field model as a starting design, the 

region of the interest .was mapped out and a preliminary set of field 

measurements were made to provide a more realistic model. A .  

series of orbits were calculated on one side of the magnet, in a 

manner similar to the final precise orbits, Sec. V-A. By choosing 

a set of initial conditions corresponding to the various, possible 

abberations in the median plane, it was possible to determine the focus 

line, make a calibration of the energy scale with .sufficiénce accuracy 

to locate the counters, and investigate the various, sources of error 

in both the magnetic measurements, and the orbit calculations.  The 

region of use was restricted to minimize the second order effects 
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which were apparent from the calculations. The magnetic measure-

ments were started with the object of providing a precise energy cali-

bration. With the preliminary field data and central orbits, it was 

possible to use a perturbation method using the differential analyzer 

to calculate the fir.st  order theory for the various abberations. (See 

Sec. V-B.) These results agreed closelywith the more laborious cal-

culations. This completed the preliminary de .sign from which the ex-

perimental apparatus was built. 
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III. THE EXPERIMENTAL EQUIPMENT 

Mos,t of the equipment of the present work has been developed 

from that used by Panofsky and co-workers, for the previous measure - 

ments of the meson capture gamma rays. Figure 23 shows the general 

layout of the apparatus. The high pressure gas target is shown in de- 

tail in Fig. 24. As in the previous work, no attempt is made to define 

the meson beam which is produced in the wolfram target. A small frac-

tion of the mesons come to rest in the gas target. Due to the large un-

certainty in the production cross sections, the internal beam current and 

the target penetration by the 330 Mev protons, we are not able to predict 

the yield of stopped negative mesons within a factor ten of the observed 

number of events. We observe les,s events than predicted. The dis-

crepancy seems to be in the calculations, rather than in the assumed pro-

cesses since the work of Sachs and Steinberger 25 . on the neutral meson 

decay gamma ray coincidences, and the electron positron gamma branching 

ratio shows no large deviation from the expected yields for the same 

capture procesèes, although it should be noted that the calculations of 

absolute yields are quite difficuli. The origin of the effect .seems well 

established. However, the existence of other mode.s of decay of the 

"excited neutron" may warrant further investigation. 

The major collimation problem arises from the decay gamma 

rays from neutral mesons produced in the primary target in large 

quantities. The ratio of these background events to the stopped mesons 

is approximately 10 	10. 

A series of collimators both inside and outside the cyclotron 

vacuum chamber were aligned with the hydrogen vessel in placç. The 

collimation is shown in Figs. 25 and 26. 	, 

The gas handling equipment for pumping the hydrogen into 

the vessel at 2700 psi was the same as in the preceding work. 
1  The 

time for filling,..dumping, or changing gases was reduced to less than 

30 minutes per operation. The pressure and temperature of the hydrogen 

vessel was monitored continuously for safety purposes. 
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The 17 ton pair magnet was carefully aligned so that the 

center of the target was within 1/16: 1 '. of the centerline of the co1liating 

system The magnet pole tip insert was accurately pinned to the magnet 

and all positions were measured relative to a large machined template 

that could be fastened directly to the insert pole tip. The precision 

template was bored with a series of holes and slots which formed the 

grid for the magnetic measurements. The tolerances were held so 

that the erior of the magnetic measurements due to the position of 

the template would be less than 1 part in 10 in the region of maximum 

field gradient. The target location, counter location and alignment were 

also made relative to the template. 

Figure 27 shows the layout of the counters on one side of 

the magnet, and several sets of orbits. In order to increase the active 

volume of the Geiger counter detecting channels, Geiger tubes were 

paralleled so that 4-1/2 inch length was obtained. The beam view of 

the vertical aperture is shown in Fig, 28. To reduce the channel width 

the number of tubes was increased to 54, and a coincidence overlap 

channel system was used. Using the energy scale from the preliminary 

design calculations, the centers of the tubes, were located such that 1, 5 

Mev separated the tubes. The channels defined by the coincidence 

between adjacent tubes served to further reduce the channel to approxi-

mately 0. 75 Mev. Due to variations, in the energy scale the overlap and 

non-overlap tubes had slightly different geometrical, apertures. Since 

the energy scale was improved by later calculations., the resulting channel 

width was really slightly larger than the design value. (See Sec. V-C.) 

The channels with paralleled tubes were placed in,four equally 

spaced rows, and centered about the focus line to allow for sockets and 

wiring. Corrections were made in each tube location for the angle of 

the intersection of the orbit with the focus line and for the small residual 

curvature due to the fringe" field along the counter lines. In the reduc-

tion of the data, the weights assigned to the overlap channels, were 

determined experimentally to be very closely the same as the non-overlap 

channels. In the background run the spectrum was found to be smooth, 
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Although the data was not sufficiently accurate to compare the density of 

counts for each channel, the average effect was found by adding up the 

counts in all overlap channels and determining the ratio to the total counts. 

This was also done for the hydrogen and deuterium gas runs for energies 

outside the signal region. The conclusion of thes,e reductions is that a 

5 percent difference in weight would have been detected. Since this is 

a very complicated process, which is sensitive to individual tube ef-

ficiencies and counting losses,, a further theoretical analysis of purely 

geometrical effects would be unjustified. There is, however, no 

appreciable error in the energy scale, or the resolving power introduced 

by the assumption of equal weights due to the small size of the channel 

width resolution and the averaging effect over all the channels. 

The electronics used to record the eventsis shown in block 

form in Fig. .29. In order than an event be recorded, the following re-

quirements were made. A quadruple coincidence between the four pro-

portional counters must occur within two microseconds. The cyclotron 

beam must be near full radius. One or more Geiger tubes must be 

fired on each side, as indicatedby a set of neon bulbs at the recording 

position. Any events with more than four tubes firing was excluded 

and some events were rejected in which two tubes were fired that were 

not adjacent; a resul.t of either a random coincidence or a large scatter 

of a pair fragment. For the maximum rate of data gathering of about 

20 counts an hour in these experiments, it was possible for one man to 

record the data without losing more than 10 percent of the events. When-

ever possible, two recorders were taking data. Since none of the 

energies are easily recognized during the recording of the channels fired, 

those events which were lost due to flurries of counts were probably a 

random sample of the entire spectrum. Whenever any doubt as to the 

time s.equence or channels involved was expressed, the data was dropped. 

It is possible that a few coincidence events due to overlaps may be re-

jected due to the higher probability of confusion in recording. In early 

runs, a slow speed camera was used to record all the events. This 

additional method it was found, was capable of resolving much higher 

data rates than were necessary for the present work. Visual observation 

proved to be entirely adequate. Any electronic device which could per-

form the function outlined above was considered at the time to be com-

pletely out of the question. 
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IV. MAGNETIC FIELD MASUREMENTS 

A. General Method and Requirements 

Figure 30 shows, the shape of the field with the approximate 

equal magnetic field contours indicated. The field rneasurments were 

divided into separate regions because of the various, field gradients and 

the accuracy requirement that was necessary. Figures 31 and 32 siow 

the complete set of measurements with the method used. 

The size of the field gradient divides the field into two parts. 

The region where the magnetic field is homogenous can be measured ac-

curately using the iiuclear induction technique. 	The area shown as A 

was measured in this manner. The remaining field was measured by 

the use of a high sensitivity .fluxmeter: and search coil. The system 

used was as follows: A grid was laid out to cover the entire region. 

The search boil was moved from point to poirt in the field and the re 

sulting deflection measured. This data is referred to as slip data. At 

a field value approximately one percent of the maximum field, another 

search coil was flipped and the deflection was recorded. The area and 

sensitivity of the .fiuxmetr were determined with reference to the pro-

ton moment. This data is called the flip data. 

This procedure would in principle be sufficient to determine 

the field to the desired accuracy in the following manner. Knowing the 

field by the proton moment data at approximately 99-100 percent field, 

and at approximately one percent field, one compares the change in 

• field with the total deflection of the slip measurements summed over 

any continuous path linking these two. This gives the conversion 

sensitivity of the slip data which can then be used to map the entire 

horizontal plane of the magnet. The accuracy, however, requires the 

conversion sensitivity to be accurate and constant over the region. It 

was found that this conversion sensitivity varied from path to path in 

an amount which although entirely consist&nt with the accumulation of 

reading errors was larger than desirable. For'this reason, an alter-

native system of measurement was developed for the purpose of 
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elimination of the accumulated errors due to these fluctuations. The 

measurement consisted of the rotation of two coils, one of which is 

in the spectrometer magnet, and the other in a slave magnet which 

has a uniform field measurable with the proton moment. By adjusting 

the slave magnet with the coils connected bucking, it is possible to 

balance the flux using the fluxmeter.' a,niil indicator. Using this 

cancellation technique, a set of points were measured in the regions 

where accuracy was required. The slip coil data was joined to these 

points in the following manner. Several slip runs were made,between 

cancellation points establishing a coarse net which is essentially free 

from effects due to accumulation of reading errors. The values ob-

tained were used as intermediate check points. In important regions., 

the error of closure was effectively distributed by determining the 

conversion sensitivity over each, small region. Although the adjust-

merit,s from the values obtained independent of cancellation measure-

ments were small, the cancellation method outlined yields a more 

accurate net for field values 

B. Proton Moment Data 

The instrument used was the Varian Associates Nuclear 

Induction Flux Meter. The frequency standard used was a General 

Radio Signal Generator, which has an operational .reading accuracy 

of approximately 0. 003 percent. The crystal standard has been 

checked indirectly agains.t WWV and is stable tb better than 1/1 5 . 

Limitation in thefrequency measurements here consisted of the 

strength of the .fluxmeter' oscillator output, pulling of the fluxrneter 

oscillator due to the frequency meter, and slight misalignment of the 

interpolation metering circuits, none of which were large enough to 

contribute appreciably to the error of these measurements., 

There were 248 measurements made in a region where a, 

sufficiently small field gradient permitted use of the proton moment 

method. Of the,se, about 1/3 were omitted, using in preference the 

slip measurements. which overlapped the region. The proton moment 

head was mounted in a brass block which could be adjusted for centering 
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the hydrogen sample. The effective electrical center of the sample 

was positioned by measuring the field with the sample located in a 

region of medium gradient; that is for a point where the prcton mo-

ment data would be normally .discarded due to the width of the signal. 

The sample was then rotated about the locating hole. The shift of 

the signal was minimized by adjusting the sample relative to the 

locating pin. This method although extremely crude, was found to 

be sufficient to reduce this source of error to well below 1/b 4  

The major source of error for these measurernents was 

in the location of the center of the nuclear induction pattern No 

attempt was made to shim the field so that the region where the meas-

urements were required the field was inhomogenous in varying degrees 

The region of overlap between the slip data and the proton data furnish 

a convincing check upon the consistency of the results for various 

gradients The disagreement is the combination of errors of both 

measurements and it was found that the spread is less than 2/10 

The regulation of the magnetic field played a roll in n-

creasing the spread of values during some of the measurements. This 

wa•  especiaUytrue for the slave magnet measurement, since the require - 

ment of 1/10 over the whole range of the regulator was desired. The 
i 3 

field regulator 44 was designed originally to hold 1/10 overlong period.s 

and transient changes of 2_.4/10 were apparent in some situations. In 

fact, for the best combination of generator and regulator regulation, 

considerably better than 1/1 4  was obtained for long periods No field 

measurements were made when any oscillations of the field greater 

than 2/10 4  were observed. Jumping of the regulator was noticeable 

which made it necessary to monitor the field, continuously during the 

cyclotrOn run.. 

C. Slip.Data 

The main bulk of the field measurements were made with a 

search coil and fluxmeter The search coil was selected with the 

maximum permissible area and mounted in an elaborate positioning 
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block. The block was made so that adjustment could be made in both 

directions relative to the positioning pin, as well as both rotational 

axes. The adjustments were made by rotating the coil holder about 

a vertical axis which passed through the center of the positioning pin. 

The iotation was made near the maximum field gradient, and the 

deflection on the fluxme'ter'  was reduced to a minimum by the .trans - 

latioñal adjustements. The deflection sensitivity was sufficient to 

detect an error of':a few thousandths of an inch of the electrical center 

from the rotation axis. The error due to the finite size of the search 

coil was less than 1/1 4. The reading sensitivity was chosen to be as 

high as possible without introducing errors due to the instability of 

the meter. Although it is difficult to determine the exact cause of, 

drifts, the 'behavior suggests that it arises from thermal effects. 

Since careful compensation of the Iiuxmeter.: was made for all measure-

ments, this effect was a negligible source of error. In general, the 

drifts were'measured by always returning to the starting point for each 

set of runs 'andthe e.rror of closure was spread equally throughout the 

run. No data was included when the accumulation of drift exceeded a 

millimeter deflection. 

There were two methods of checking the measurements for 

internal.consiste,ncy. A series of cros.,s runs were made to eliminate 

the accumulative errors. By determining the errors of closures, it 

was possible to check the accumulation effects s.evèrly for both gross 

errors of drift and genuine statistical fluctuations, due to the reading 

accuracy. Each series of runs was made to overlap by one step. 

These steps are sensitive to the drift compensation for a, run, siiice 

the entire error of an incorrect, drift correction is applied to the las.t 

measurement of a run, and very little correction is made to the first 

measurement of the next run. These results show that the error is 

on the average biased in one direction, and from these checks several 

sets of.runs were rejected and repeated until the drift error was 

reduced. The reproducibility of many measurements has also been 

analyzed statistically with satisfactory results. It should be empha-

sized that most of the errors of these results occur .during the high 
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gradient measurement. Therefore, one must use considerable judg-

ment in assigning a weighted probable error for these measurements. 

This problem is examined in Section V-B. 

Flip Data 	 - 

At a value of about one percent of the maximum field, the 

search coil used in the cancellation data was flipped. The flüxmetèr 

sensitivity and coil area were calibrated indirectly in terms of the 

proton moment standard These standardizations have been cross 

checked in many ways, and are reliable to better than a part in 10 3  

For this measurement, the entire uncertainty arises from the flux-

meter deflection and its. sensitivity calibration. 

Cancellation Data 

From the preceding sections, the fact.that most of the 

errors of the field occur due to accumulation of gradient dependent 

effects has been emphasized Due to the many steps in the Slip Data 

from the high field to the low field, both of which are.well known, 

considerable care must be taken to eliminate random and systematic 

errors properly. 	 . 

There are several widely used techni4ues of measuring 

strongly inhomogeneous fields The accuracy depends lagely on 

factors which include accurate locations, sensitivities, etc The 

method used as an overall master grid for the slip meaSurements 

was developed using two bucking search coils. The probe coil and 

the slave• coil are placed in series with asensitive.fluxmeter such 

that when they are rotated simultaneously by means of manually 

driven geared .selsyns the fluxmeter records the difference.between 

the flux linked by each coil. When the difference is zero or near 

zero, the field in the slave magnet is determined by the use of the 

nuclear induction fluxmeter. By measuring the ratio of the areas 

of the coils the field at the probe coil can be calculated, 

The set up for these measurements. became m..ore elaborate 

as the, various behayiors.of the system were understood. The  search 
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coil.s were chosen to have approximately the same areas, and were 

selected to maximize the fluxmeter sensitivity as in the Slip Data 

measurements. These coils were mounted in brass, blocks that were 

positionable; that is a number of degrees of freedom were provided 

to allow the electrical center of the coil to be positioned empirically 

over the centerline of the template grid hole as in the other adjust-

ments The design of the rotating mechanism required close me-

chanical tolerances, rigidity and portability The positioning was 

done with a sensitivity twice as high as that used on the runs since 

fluxmeter stability could be sacrificed. The rotating parts of the coil 

holder close to the coil were insulators to reduce eddy  current effects. 

The planes of the bucking coils, were aligned by rota.ting 

them and adjusting the relative phase angle to minimize the signal due 

to the phase error. Microswitches on the shafts were positioned to 

record the endpoints of the flip. The slave magnet, was regulated and 

controlled by the fluxmeter observer. Its field was just uniform enough 

to allow its use Most of the reading error of the nuclear fluxmeter 

was, due to the slight field gradient. The sensitivity of the fluxmeter 

was measured by varying the slave magnet between two field values 

monitored by the proton moment fluxmeter. The er.ror signal was 

kept low enough to prevent any noticeable error due to this calibration. 

The ratio of the two coil areas was also determined using the nuclear 

fluxmeter by placing the probe coil in a uniform field region. Both 

fields were measured simultaneously by switching the nuclear flux-

meter from one magnet to the other during the flip. Finally, the 

unifo:rmity variation in the slave magnet was measured and the moni-

taring probe placed in the most uniform region. It remained in the 

same position during all the measurements. 
The time required for a single measurement once the equip-

ment was properly aligned was 15 minutes on the average. The rota-

tion speed was approximately 15-20 ,seconds per flip. The speed was 
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varied to detect any eddy current effects and none were observed. Since 

the fluxmeter compensation for a long flip was somewhat critical, the 

flip was made from 0.to 180 degrees and the direction reversed back to 

0. The average of the deflections wasused when the error of closure 

was less than two millimeters. A minimum of three flips were averaged 

during which any slight drifts in the slave magnet regulation were ob-

served with the nuclear fluxrneter. The spectrometer field was also 

monitored in one spot by the nuclear fluxmeter, held constant against 

slow drifts due to temperature changes. The spectrometer magnet was 

sufficiently stabilized against short time drifts since the regulation 

electronics could be adequately adjusted for a fixed field. The slave 

field however was varied over a factor of three during the measurements 

so that some compromise in regulation accuracy was necessary to 

allow for the wide range covered. In order to check the reproducibility 

of the measurements, several points were repeated immediately pre - 

ceeding the determination of the meson mass after, which the pole tip 

was not disturbed. The agreement between these measurements and 

the main field determination was satisfactory. The ratio of areas and 

fluxmeter sensitivity were both checked during different sets of measure-

ments. 

By using the method's outlined in Section IV-A for analysis 

of the Slip Data there is an additional chance to check both measurements. 

One can compute an average sensitivity for the slip measurements with-

out reference to any cancellation data. The field can be mapped assuming 

this value to hold everywhere and the values obtained can be compared 

with the method using the cancellation data. There are several instances 

out of the thirty points where the disagreements obtained appear to be 

slightly larger than the combined errors assigned to either method. A 

careful study, including more measurements, was made to investigate 

if these were really significant. It was concluded that the accumulated 

statistical error of the slip coil data was in all cases sufficient to explain 

the deviations, Table Z lists the various checks with limits of accuracy. 
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F. Summary ofAccuracy.' 

The assignment of the error of the field measurements de 

pends. upon the relative weights assignedto the regions shown, in Fig. 30. 

The following remarks are intended to show where the main error,s are 

introduced from the field values alone. 

The error in the end position of the orbits can be understood 

in terms of the angular bend which the field produces. When a small 

error is made in the field, this corresponds. to an impulse or pertui'ba-

tion in the orbit. This problem has been treated in the following .section, 

VB'. Figure' 33 shows the solution for small displacements along the 

arbitrary length which may have been.caused by errors in the field. 

The impulses .which produce the largest effects are those which occur at 

defocusing positions, i. e., near, the middle of the orbit, 'small errors 

bf'the initial field values will be focused out and errors in the final field 

values will not have sufficient lever arms to produce any displacement 

along the detector line. Of course the impulse due to a number of suc-

cesive errors can become serious so that the weight of the region depend.s 

oi its relative position and its relative length. 

Table 2 summarizes the contributions to the energy scale 

error from the .error,s of the various typed of data. 

The main errors of the field measurements come from the 

uncertainty in the location of the proton moment signal and from the 

readings of the fluxmeter in the uniformity slip runs. The first of these 

depends upon the unfortunately wide signal due to the inhomogeneity of 

the slave magnet.. The stability of the field regulation contributes a 

sizeable error due to the fact that it appears in a majority of the errors 

which compound in.  the absolute cancellation check points. The fluxmeter 

reading,s have been converted to field values in a. manner which tends to 

minimize the accumulation of reading errors. Each value represents the 

average, of three or more readings. 

The entire grid of field values is given in Table.3.,. 
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V. THE THEORY OF THE PRECISION FOCUSING SPECTROMETER 

• 	A. Central Orbits 

The energy scale of the spectrometer has been determined 

bya numerical integration method using the accurate field values. The 

differential equation for the radius, of curvature of a charged particle 

in a niagntic field can be written in rectangular coordinates: 

d2 y 

1 
j7.Y\zi 	= 	 ( 57) 

L 	 c 

where R c is given in terms of the magnetic field H(x, y), 

R = pclO 8  = E 11 1./2 	 + 	
108 	(58) 

where pc, E, mc are in Mev, H is in cersted, Rc  is in cm P( and c in 

cm/sec. The choice of the coordinate system for this integration was 

made to keep dy/dx always less, than one. The numerical method was 
45,56 

the Bessel central difference quadrature formu1a 

The coordinate system was chosen so that the independent 

variable steps of the integration, are along one coordinate of the magnetic 

field grid. In regions of low gradient where fewer field measurements 

were necessary consistent with the required accuracy field values used 
47 

for the integration were found by using Lagrangian interpolation tables. 

The error due to neglecting higher differences in the four point interpo-

lation was calculated to be a maximum of a part of 10 4  in the worst 

cases. The numerical work of the integration was to a large exte.nt 

self checking. Five decimals were carried throughout to reduce the 

error of round off and difference.s as high as necessary were used to 

assure that no accumulative error other than rounding off was introduced 

bythe.stepsize. The orbits were started with independent variable steps 1 

/ 

/ 



of 0 inch, It was necessary for some orbits to reduce the steps to 1/4 

• ' inch when the.high differences became unmanageable. At the ends of 

• 

	

	the orbits théfields were considerably lower and the steps were increased 

to 1 inch. The integrations took from 75 to 100 steps per orbit. 

Before analyzing the errors of the calculation, it is best to 

follow through the calculation steps in detail The differential equations 

that are solved'are: 

=H(x, y) 	
+ 	

2 3/2 

(59) 

= 'Y) 

The quantity R0  is the radius of curvature at the converter that depends 

upon the energy of the electron whose orbit is being calculated. The 

beginning of the 49 Mev. orbit is given for illustration in Table 4, 

The notation on the sample calculation is as follows: 

• 	 • 	 (60) 

2 
dx.. f  1 	dx 	- 	G 

Thus, G or F is given by the differential equation in terms of the field 

at the point x, y. and the estimate for the derivative g or f. The difference 

table is constructed from G or F, so that to the left the first sum 'G or 

F'. is related to the first derivative and the second.suni "G or "F is 

related to the y or x èoordinate. To the right the first and higher 

differences, '1, 2 refer to the third and higher derivatives. 

The interpolatio.n and extrapolation equations which constitute 

the Bessel central value quadrature method are as follows: 



g1  = 	f21G1 _~... 
z 1 +. 	 (61) 

	

g =g1+2G2+- 	_4....• 
There are similar equations for F. 

The quantity w is the stop size. The formulas are derived 

in the references They are used to extrapolate the difference table 

in a manner that converges rapidly and is not sensitive to errors in the 

unknOwn higher differences. In Eq. 61, the value for the appropriate 

odd difference is taken as the mean or central value for .the step, Thus, 

for example, 

+ 'G 3/2 	etc. 	 (62). 

The procedure for calculation of an orbit is as follows. The 

starting values of the difference table are obtained in an independent 

manner, as follows: By using the field values near the converted the 

orbit is constructed as a series of circular arcs over 1/2 inch steps. 

The radius of the arc is fixed by the field at the center of the arc. This 

approximation is valid to the ,required accuracy as long as the field is 

reasonably constant as it is near the converter. This permits the cal-

culation of five steps and the table can be constructed as far as the dotted 

line. Next, one fills in the difference table by guessing until line opposite 

step No. 3 is complete to the number of entries necessary for the accuracy 

required which depends upon the relative size of the differences and 

extrapolation coefficients.. y3 and can be calculated using Eq. 61.. 

is recalculated from the differential equation 

	

H(x1, y) 	+ g 	
3/2 	

(63) 

These three steps are repeated adjusting the differences until the. results 

are consistent with the starting values. 9 3  is then calculated with Eq. 61. 

can be calculated from the differential equation 

.1 	.H(x 3 , y3) 	[ 	2 1 3/2 
= ± 	 11 + g 3 	 (64) 

0 	 L 
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by interpolation of the field grid to determine H(x3 , y 3 ) 

If the independent variable is x, the steps are made with the 

magnetic field grid spacing equal to the step length so that interpolation 

is necessary in y only. Using the four values of the field centered about 

y, the value at y can be found by using the table of fcurpó.int Lágrangian 

interpolation coefficients. 

This allows the correction of the table that was, filled in by 

guessing. Since the differenceswill change, it is necessary to recal-

culate Y3.g3  and G 3  until G 3  remains unchanged. When this process 

converges, one is able to continue, on to the next step, beginning with 

Eq. 61, and repeating the procedure as described above. This.is,' 

compute y4 . g4  and G4  and correct differences, etc. When g approaches 

1, the independent variable is switched over to y, and Eq. 60 is used. 

The starting values for integral y values in the table for F are obtained 

by interpolating the table of y and G using five point .L:agrangian inter = 

polation coefficients and Eqs. 60. The integration prOceeds as before. 

f will begin approximately 1 and will go to zero, as the edge of the field 

is reached. fthen grows again slowly, until the end of the orbit at the 

focus line. 

The error in the calculations was in all cases due primarily 

to the accumulation of the uncertainties in the magnetic field. Although 

the step size was determined to minimize the computational difficulty, 

the resulting number of steps was probably very close to the optimum 

value, 	 . 

Orbits were computed for three energies 49. 65 and :81 Mev 

on each side of the magnet. One orbit was run at 57 Mev for the purpose 

of checking whether the three orbits were sufficient to determine the 

entirerange used which extended from 44 Mev to .86 Mev, 

Table 4 shows the results for the orbits calculated. The co-

ordinates for the point of intersection of the orbit with the counter line 

are given. The angle listed is the angle of intersection See Fig. 27 

for the orbit plot 
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B. Solutions for Small Deviations from the Central Orbit 

The small displacements produced by the finite area of the 

converter and the initial angles at the converter due to multiple scat-

tei'ing can be treated similarly to the vertical and horizontal oscilla-

tions in the inhomogeneous cyclotron field. If p  is the deviation in the 

median plane from the central orbit and Z is the vertical displacement 

the equations for the motion become: 

d2p + (1 -n) p 0 or p t ' + A(s) .p = 0 

(65) 
2 

d Z +(_ 
R ? 2 ds 2 	) 

_ Z = 0 or Z" + B(s) Z = 0 

where n(s) = ER(s)/H(s)J [dH(s)/d , A(s) = 11 - n(s) /R 2 , B(s) 

ri(s)/R 2 , R = radius of curvature and (s) is the distance measured along 

the central orbit, 	is the outward normal. For the case.where n is 

not constant over the orbit the equation still holds as the first approxi- 

mation. In this case the frequency or wavelength of the oscillation varies 

along the orbit. The terms neglected in this approximation are discussed 

in Sec. VD, 

The solution of the two equations for, p and .Z can be found 

easily by many methods. The application of a differential analyzer at the 

Radiation Laborator 48 ' 	was chosen since the equations are a relatively 

simple matter to handle. The restoring terms were computed from the 

field data along each of the three major orbits and are shown in Figs. 34 

and 35. The results for p  and Z are shown in Figs. .36. and 37. The 

general solutions of the perturbation equations can be found in terms of 

the two particular solutirns,p 1  and p11 , from the initial conditions for the 

prticle at the converter. The oscillation shows the focusing and defo-

cusing action of the field as discussed in Sec. II. The focus against 

multiple scattering which appears for p1  occurs along an approximately 

straight line. The effect of the lateral width on the energy scale can be 

found from p11. To determine the aberration in the first order theory, 

the initial condi,tion.s can be varied and the change in apparent energy at 
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the detector line calculated. This general procedure is followed for all 

types of abberations in the following sections dealing with the resolving 

power,  

To evaluate the dependence of the energy scale upon the mag-

netic field values, the solution of the perturbation I

problem can be used 

Consider the orbit of energy E which has been perturbed in the p  plane 

The perturbation solutions are such that if, due to an error in the field, 

an angular error of cce is produced at a position along the orbit corre-

sponding to the arc length S. the orbit will be distorted to an orbit 

p(s) = a p 1(s) + b p11 (s) 	 (66) 

Since the angle that the particle bends through as a result of a field H 

can be written as 

Hds 	
(67) Hp 

the change in the angle So is given by 

- 5$Hds • 	H As.: 	 68 

If this field error, occurs at s 

p(s)O 	
(69) 

p(s,) = SO 
since 

ps(s)=ap(s)+bp1 (s) = SO 	 K. 
(70) 

a p1(s) + b 	0 

we have that 

b Pj1S - 	Pj (s)) 	= SO 	 (71) 

However, the error of the energy is given in terms of the energy disper-

sion dE/dj along the detector line 	the angle + of intersection of 

the orbit and the detector line and the displacement produced by the per - 

turbation Since p 1  is zero at the orbit termination s the coefficient 

b determined the displacement at the detector.  
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b P11(S 	
Pir( 

f) 	
)

Pf(s)] 	
(72) 

Substituting for these quantities, we obtain: 

	

E idE 	ldEl, __  
- 	IT 	- 	 T sin 4H(s) T) Pj1 s 	p'(s)• 

P1. 

(73) 

It is also true that if the field were off by a constant the error of energy 

would be: 

cSE - 	H - S H (H\ 	 (74) 
H. 

The ratio of lhe,se two quantities is defined to. be the weight.: 

idE 	1 	f's, d S w('s)ds = 	a-- 	
k.  

(75) 
,p11(sf) 

f(s) = 
	

p11(s) 	1 p (s) LPI1 (5)  - p1(s) 	P1(s)] 

and the total,, energy. shift will be 

= 	
w(s)ds = J'Ew(s)ds = 

	
w(s)da (76) 

w(s) is the weighting function for an error of the field of S H(s)/H(s) =E 
that is, the field is in error by an amount which is a constant fraction 

However if the field is in error by a constant amount H = ' H the 

weight is multiplied by H/H The first case applies i.f the field varies 

as a result of change of the regulated current source, for example 

The latter case holds when the source of error is a constant such as one 

that depends upon the reading sensitivity Both of these weighting func-

tions are shown in Fig 33 
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C. .Re.solving..Power. First Order Theor.y 

The resolution of the pair spectrometer is calculated by com-

bining the various sources of line broadening. The main components are 

due to the finite size of the detector, the imperfect focus of multiple 

scattering in the converter, the ionization and radiation loss of pair 

fragments in the converter and the effects of higher order orbit correc-

tions which are discussed in Section V-D, 

The finite detector component is complicated due to the fact 

that the energy scale from which the counters were positioned was 

slightly in error. 

If one specifies the pair of counters.,. the probability of count-

- ing a gamma ray pair for various energy gamma rays is defined to. be 

the re.solviüg power. If the detector window.s are of equal width the re-

sult is a triangular resolution of base width equal to the sum of the de -

tector widths. One can write it thus: 

 00 

R(E) = f P(E)P(E)d(E) 	1P(E+)P(E-E+)dE+ (77) 

P(E) and PE) are the probabilities of counting the position of energy 

E+ and the electron of energy E = Ey_E+. For this simple case the 

resolution integral is recognized as the folding integral whi.ch  is. easily 

evaluated to yield a triangle. If the windows have unequal wi4ths, the 

.re.sulting re.olutiot is a trapezoid. If the energy widths and the centers 

of all the detectors are known, the channel width resbiution trapezoids 

can be constructed. 

Table 5 shows the counter positions and the energy of the 

center of each channel. 

The remaining problem of averaging over various channels 

was do.ne  using the trapezoids for .various pair division  intervals, 

weighted with the pair fragment distribution as given by Ro.ssi-Greisen 9  

The uncertainties of these weights are of no consequence in the accuracy 

of the energy scale. The result is shown in Fig. 38. The dotted curve 

is the. ideal resolution as predicted by the preliminary design. 
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In order to calculate the effect of multiple scattering on the 

resolving power, use was made of the differential analyzer result.s 

(Sec. IV B) for various cases. For a section of converter (at a given 

depth) from which pairs are produced, there is a distribution in the 

projected angle of either of the emergent particles which is nearly 

Gaussian with a r, m. s. width 
0M  given by the relation: 29  

• 	2 	(16 	 (78) 
MYr ' • O 

where. t/t is the path length in radiation units of the particles in the 

converter and Eis their energy. From the distribution in angles as 

calculated at the converter, one can convert to a distribution in energy 

as measured by the four rows of counters which are spaced symmet-

ricafly about the focus line at a distance u K is the ratio of the de-

viation angle at the detector to the scattering angle at the converter, 

obt3ined from the solution of the homogeneous p Eq. 65. 	is the angle 

of intersectjoi of the orbit with the focus line and is the distance 

measured along the focus line. 

tan0=p 1  1 0 

e 29M 

From the geometry of the focus line 

dE 	
=u [cot(K6 + 4)) - cot c] 	(80) 

Therefore the energy distribution will be 

dN = 	 dO 	sin 2 (KG,-i-) (81) 
dE 	••e 

ZOMKu 

It is. therefore possible to compute the distribution for a given 

energy due to pairs produced at a given depth in the converter by folding 

together the distribution for the two fragments. A typical result for a 

65 Mev electron and a 65 Mev poistron coming from the first 30 percent 



of the converter is shown in Fig, 39. The results for the different thick-

ness increments are then averaged over the converter thickness. 

It is clear that the results for the four separated detector 

lines are considerably narrower than for the resolution obtained in the 

previous: type spectrometer. A factô.r of 40 in the half widths has been 

obtaird, for the same converter .thickness (compare Fig. .17 and. Fig. 

3 

The other effect of multiple scattering is to cause loss of 

particles in the verticle plane, . The results of the Section IV-B can be 

applied to this problem in a manner similar to thai, for the horizontal 

case. If o.ne•.wants to know what fraction of the particles, is counted, 

one calculates the probability that a pair produced in a particular strip 

of the converter in the Z direction from a'given depth will fall within 

the counting volume height h. If 7-1  (Z 0  = 0, Z0 	eM)  and Z11(Z 0  = 1, 

0) are the two solutions to the Z equations of Eq 65, the general 

solution will be a linear combination whose coefficients will be given in 

terms of the initial conditions. 

Z(s) 
 =(°) Z

1(s) + (9) Z 1() 
	

(82) 

For the final value of s, Z must be less than or equal to h. 

The height h of the detector is 2 25 inches Thus, for a given Z 0  the 

maximum initial angle Z0V  is determined by Eq. 82. Figure 40 shows 

the plot, of Z 0  against Z. Only the region within the trapezoid will be 

counte.d in,,the detector. The distribution in angle of particles from 

variOus' depths is given by Eq. 79. The probability of counting the two 

fragments. 'simultaneously is an integral 	
2 

	

I(t Z ) 	 - ç° 	e 	4F 	
de'. 

	

0 	Zn e 8M 	l 	et 	 . 	 ('83) 

where 6 	 are the limiting angles in Fig. 40, This must 

be integrated over .  Z to find the efficiency for detecting pairs from a 

given depth of cc,n,verter, 
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-Zomax 	

I(t Z 0) dZ0 	
(84) W(t) _ 

	max N(Z 0) dZ 0  i 
Z O  

Where N(Z 0) is the probability of producing a pair at heightZ 0  This 

probability will be uniform if the collimation is properly alligned 

W(t) can be integrated to give the theoretical yield vs 

thickness relation. Fig. 41 shows the result together with the experi-

mentally determined points. All the resolution effects 'due to finite tar-

get thickness must be weighted with W(t) in a final average 

The energy loss in the converter due to radiation and ioni-

zation can be calculated in the usual way for each thickness increment 

of the converter. 

The radiation probability is given in terms of the thickness 
30 and the energy as follows. 

E0  

P(E) dE = K [log 
E O  E 	

dE 	 (85) 
J 

The constant b can be evaluated from the radiation probability 29  at the 

energy E0  with the corrections that have been observed in the Bethe-

Heitler theory. 
42 

 This correction amounts to about 7, 5 percent in tan-

talum. The error of this correction is about a percent which fortunately 

does.not contribute an appreciable error to the results,. Figure 42 shows 

a typical radiation straggling probability curve 

The ionization loss of fast electrons is the major remaining 

source of resolving width in the first order theory. Since it is respon 

sible for a skew effect as a result of finite target thickness, the calcu-

lation must be made carefully to eliminate any error in the location of 

the center of gravity of the resolution. 

The mean ionization loss of electrons and positrons has been 

calculated 29  in terms of a mean ionization energy 10  The results for 

both particles agree closely at this energy and in the following the elec-

trons an4. positrons are treated as being equivalent. 
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The equation for the ioxization loss from which the results 

were calculated was 

.dE 	Zn N 2 e 4  F 	(rnc 2 ) 2 	1 2 2 E- Mc 2  
- 	2 	log - 2 

	+ loge  I3 . 	2 me 	 21 	 [ 	mc 

l.+ p) log2 + (1 - 2] 
	

(86) 

20 39+3109 	2  -ZlogZ 
mc 

when X is expressed in grams/cm 2  and 10  13 5 Z 

In the calculations, the following corrections were n -iade to 

Eq. 86. 10  was altered to agree with that measured by Segre and Mather. 55  

This amounts to an-s'2, 8 percent reduction in the ionization loss. The 

Ha1pernHall density effect 56  calculation was applied and gave 'l3 per-

cent ± 2 percent reduction in the ionization loss. The effect of straggling 

in the collision processes was taken into account by the use of the Landau 
. distribution, 57 

 The effect of this correction on the width of the resolving 

power is by no means negligible since the most probable energy loss is 

30 percent lower than the mean energy loss.. There aie at present only 

a few experimental verifications 58  of the Landau distribution. The Landau 

straggring does not introduce any error in the mean energy loss on which 

the ,mas.s depends. It is possible that anaccumulatior, of errors, in these 

corrections may produce an error of as high as 5 percent. in .the ionization 

loss, and this uncertainty has been included in the, error of themeson mass. 

Figure 43 shows the distribution of energies 2  resulting from the Landau 

effect, of the pair fragments wh,ich are produced in the center of the con 

verter. Figure 44 shows, the results of ionizati,c'n loss alone averaged over 

the converter thickness This resolution component can usually be 

approximated by a rectangular curve in cases where it is only a small 

fraction of the..total resolution width, 
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The first order resolving power is found by £ol -diñg each of 

the sources of width together and applying the c$ctilat.ed weights in - 

averaging over energy and target thickness Figures 45 and 46 show the 

composition of the first order resolution as averaged over converter 

thickness. The final result is shown with the data for hydrogen. in Fig. 

47, 

The comparison shows that the line shape of the y-spectrurn 

is considerably broader than the resolution It is apparent that the 

second order theory must be included in order to account for the width 

of the line., 

The effects described so far are usually, what is meant by 

the first order theory of the spectrometer. 

The ionization loss of particles in air has also been calcu-

lated with the use of the solutions for small deviations from the central 

orbit (Sec V_B) The result of the magnetic field deviation calculation 

can be used since the effect of loss of energy in air of the electrons is 

to cause a change in the radius of curvature. In fact, if we use Eq. 76 

we can calculate the change in energy at the detector by integration of 

the energy loss over the arc length of the orbit The quantity to be 

weighted by w(s) has accumulated a deviation proportional to s which we 

must insert as the deviation from the unperturbed orbit 

iLl? 	
SidE 	ldE ds 

Substituting this in Eq. 76 

s f  
- 1 	dE 

w(s)ds 

s f  
- dE 	

(87) 

SE 
- 	

) sw(s)ds 

-0 



The values from this integration have been obtainedIor the 

three energies and results indicate that the energy scale is shifted 

downward with no appreciable broadening of, the distribution The shift 

in the energy scale isi included in Table 7. 

The accuracy of the orbit calculation can be checked by 

determining that the area under the weighting function for a constant 

fractional change in the field, is equal to one The integration checks 

within a few percent, 

The finite width of the converter appears to be in between 

the first and second order theory because although it depends on the 

first order orbit perturbations, the aberiation is quadratic in the 

width. The effect can be se'en to arise due to the angle of intersection 

of the orbits and the detector line. If the angle were 900,  the first 

order perturbation orbits would exactly cancel at the.focus line.similar 

to the situation with 1800  focusing. From the geometry one c.an show 

that the change in p 11 (s 1) for a. given initial p 11 (0) can be.written in 

terms of the first order solution and the angle between the focus line 

and the central orbit, The net effect on the energy for the 64 Mev 

orbit is, 

- 	dE P]EI(f)II'(f) 
	

(88) 
tan 

In the first approximation for the perturbation pII(sf)  and 

are both proportional to p11(0),  therefore Ap is proportional to 

40 	If .the starred quantities are those solutions obtained by the 

differential analyzer., the energy shift will be: 

r 

AIE.2 dE 	(Sf PII(f) Iu(° I 	(89) = 	
tan4 

k(E) p112(0) 
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The distribution in energies resulting from this shift is given 

by a:  caicuiatio.ñ analogous to the scatterijig.calculation. 

P(E) d(LE) = P [(O d 

P 	= constant = P 1  
,(.90) 

P'AE d E) - P1d(AE) - Pld(4E) - P1d(i.E) 
T2. K Pii(°) 2K 2S  E 

dp 

The result indicates a distribution proportional to the re 

cip.r.ocai square root of the energy. The average over energy is made 

by combining the distributions for the various energies weighting the 

results proportional to the pair fragment distribution, The final re - 

suit is shown in.Fig. 48. 

B., Higher Order Effects on the Energy Scale 

The solutions for a finite  sized.converter have been evaluated 

assuming that the.first order solution for small deviations from the 

central orbits can be used. In order to investigate the errors or aber-

r.ati which are caused due to higher order efIects the second order 

terms of the equations of Section VB have been investigated. Judd has 

.shon.  that assuming the median plane to be flat and in this case the 

plane of synixnetry of the magnets., the equations are of the form: 

NZ+p 
	+ 	

R
z z  

 L 	Z3 	 J 

- 	[J (p p 1 +Z Z) 
2. 	HR

+(_) .(p..Z1) 
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primes, are differentiation, with respect to arc length. 

R dH 	 R2 d2H 
w ar 	 () 

where iis always taken as the outward.norrnal. These coupled equa.-

.tions can be.soived and.the second order result will be sufficient to 

indicate the aberrations to the fourth order. The third order terms 

will he largely cancelled 9  since they are always odd in the energy de-. 

,viation similar to the first order terms. 

The method used to solvethese equation's was a.s'eries of 

successive approximations using the differential ana]yzer. If we write 

the equations in the form 

,p..! + A(s)p 	R(s,p,.Z,9 ,p'Z') 
(93) 

Z. B(s) Z = T( S 'pZ 9P.9 Za) 

the first order solutions will be those for which R and T are set equal 

to zero.. These are the homogeneous equations of Section V-B, The 

second order soluion can be determined by substituting the first 

order result in R and T. The p equation is then: 

:2' 	A(s).,p 2 	 (94), 

By subtracting off the homogeneous solutioii we obtain: 

p2U.+ A(s)Sp2  

R(,) is computed for various initial conditions andrun as ani:nput 

driving term in the differential analyzer for a number of cases. The 

input functions and The solutions for the various initial con4itions are 

shown inFigs.. 49 to 56. The effect of linearizing Eq. 93 has been 

studied for the most critical cases and it was found that this approxi 

mation does not introduce any significant error. Table 6 shows the 

summary of the results of all cases run, 

.i',y examining the form of the perturbing term one can see 

that for a given initial condition assumedfor p 1  or Z1  of their deriva-

tives p1 , Z1 1  a family of solutions can be derived If p1(0)  Z1(0) 
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and Z 1 '(0) are.the initial conditions at s = 0. that is, at the con-

verter, the.solutions have been obtained for cases corresponding to 

'p(0), *Z 1 (0), p1 1 (0), *Z1 1 (0) and various combinations Consider, 

for example,, the solutions for various widths of the converter. p 1 (0). 

One can seethat since p 1 (s) and p 1 1 (s) are linear in P]O.).  the final 

displacement can be related to the initial displacement as follows, 

.Letus writethe general solution p 3 (s) in terms, of a particular solu.-

,tion 	which we have solved with the analyzer. 

= 	,t*p r (0)., p1 (s.) = 

(96) 

The driving term can be written in terms of the known solution: 

R(s, *p 1 , A*p1!. . ..) A 2  R(s,*p 1 , *p, ,) 	(97) 

This property of the driving term simplified the results considerably. 

Thus if the solution is known for 	the solution for p 1  is given 

in terms of, A and *p 	 - 

$*pt ±.A(s)S*p 2  = R(s *, *p 1 1 . 

2 	
(98) 

Sp 2  11 + A(S) p2 =. R(s p 1 ,p 	,..) 	 A R(s *p1*p1. . 

or 	. 

(AZ 	+ A(s) E-) + R(s, *p1 	,.. 

it follows that the solution (äp2/22)  satified the same equation as 
S . *p 2 1 .  

A2 *p  

Therefore the solution S 	evaluated at the focus line 

is proportional to A 2  evaluated by using (96). 

= A2 	= 10 1 	(100) 

Lli 
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The energy change resulting from this final displacement is 

dI = 	_ 1p2(s) =f [ 
	* p 2 ( sf ) = K(RE)p1Z(0) 	(101) 

Here we have included the dependence of the constant K on 	- 

the analyzer case R for a particular energy E. From this one can ob-

tain the energy distribution resulting from the initial width of the 

converter due to second order perturbations. The method is identical 

to the first order finite width correction which .was calculated in the 

resoE,ing power. With the distribution one calculates the mean value 

of AE and in this case 	 - 

çPl(°)max  

= 	 Pp(0)J 	LK p1 2 (0 ) 	(102) AE 

The shift can then be averaged over energy and the average shift 

applied, to the data. 

The second order horizontal effects whic,h correspond to 

initial angles .p(0) at the converter, are calculate.d in an analogous 

manner. 

The energy shift is expressed interms of the.jnitial scat-

tering angle p(0). 

4Ep'.(0) = K(R.E) [p(03] 	 (103) 

The mean i'ultipleiscátteiihg angle ffMis  given in terms of thickness 

e 	= ! Vt/t0 	 (104) 
rMs rMs E 

It fol].ows from Eq. 103 that 

K. 2  (RE)t. 	 (105) 
rMs 

Hence the energy corresponding to the mean of the energy distribution 

due to scattering is proportional to t. For this second order effect 

one shou1d, therefore, average' over the converter-thickness using 
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Eq. 84. 	 t- 

t.W(t.) dt 	 (106) m f  t  W.(t.) dt 

This procedure is only approximate for the distribution. However. 2  

the errors introduced in .the mean value are sufficiently small to 

make it unnecessary to follow an averaging procedure similar to 

the iirst order calculations of resolving power. 

In the previous discussion which derived the weighting 

function (Eq. 84) or loss function, the only concern was with.the 

losses due to vertical scattering. There is an additional loss that 

enters through the radiation straggling distribution because the 

analysis of the data is made over a limited energy range, In prin-

ciple one could.cal.culate the spectrum or resolution.to zero energy in 

which. case there would be error in the mean of the resolution. In 

studying a line spectrum s  however, it is convenient .to cut off the.tail 

of the straggling curve at an energy which corresponds to an intensity 

well. 1 elo.w .that useful in calculating the moments. The treatment of 

the first order resolution avoided the radiation straggling loss men-

tioned above. The radiation straggling distribution was cut off but 

was not renormalized b.efore folding. In this way the final resolution 

function reflects the same loss as does the actual data. The treat-

ment of the second order resolution, however, does not reflect this 

loss unless this effect is included in the averaging procedure. W(t) 

therefore should include bothth.e scattering loss and the radiation loss. 

The latter amounts to a 6 percent, reduction of the effective converter 

thickness if the integration range is ±6 Mev. In the measurement of 

an, integrated continuous spectrum it is, of course true .that the radi.- - 

ation loss does not enter into theyield efficiency for various depths 

providing the energy integration range is broad. Thus the comparison 

of the ii °  spectrum with.the scattering losses in.Fig, 41 is valid,, 
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Since the multiple scattering is statistically independent, we 

can approximate the pair by one particle;with a scattering angle 4-2 

times that of one member. The form of distribution is as follows. 

e +K2 
p(E,) d(E) = K, 	 d( E) 	 (107) 

(E is negative) 

and K 2  are known constants derived from Eqs. 105 and 106 and in-

clude the 6 percent correction above. 1 . This distribution is derived 

from the gaussian angular distribution of the initial angle p' and the 

constants depend upon the analyzer results,, and the nean converter 

thickness. 

From the gaussian property of the primary distribution the 

shift in the energy scale will be the same as the energy change of one 

particle starting at the converter with twice.the mean squared ang1e 

The distribution is shown in Fig,. 57. The distribution has been folded 

into the resolution. 

The cross terms in the horizontal plane between ,p and p! . , 

which are obtained from the calculations on.the analyzer, are a small 

effect and for the purpose of getting the correct shift of the energy 

scale an ayerage was made over the first four cases and then averaged 

over the three energies. The.solutions in the horizontal plane are sub,-

ject to a.check which verifies the..main effects. The results obtained 

by preliminary long h.and.calculations made similarly to the precise 

orbit calculation are available for these two effects. Also the results 

as calculated.for the spectrometer with .a uniforn field up to the edge 

of the pole tip  can be compared to the case examined at a point, on the 

edge of the tip In both cases,, the agreement is satisfactory within the 

accuracy of the preliminary resu1ts The second order of refocusing of 

the lateral width effect is clearly indicated, and the magnitude of the 

scattering effect is also verified. 

The calculations of the effects of vertical scattering and the 

finite height of the converter are. inherently more complicated for the 
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follOwing reasons. The main effect in the vertical perturbations is due 

to the field lines which are crowded together at the edges of the pole tip 

Therefore,. if the orbit starts out in such a.dire.ction.so  as to. pass 

clos.e to the.top or bottom of the pole .tip as is leaves the magnet the 

per.turhing effect on.the.energy will he severe. This means that the 

Z 

 

and ZI separation.is  not.iikely to be at all satisfactory. The addi-

t.ion...o.f the requirement. that the particle arrive at the detector is simi-

lar in its cross coupling of Z and Z 1 . . The situation is considerably 

simpler analytically if we begin by making the approximation that we 

may replace the pair by one particle with twice the mean square scat-

tering angle. 

The.results of the analyzer for second order energy pertur-

.bations due to. .Z motion can be summarized by an empirical formula 

which fits a majority of the castes within a .few percent. 

AE A z 2 (0) + B Z( 0 ) .+ C .Z(0) .Z'.(0) 	 (108) 

The constants A, B, C can be found by suitably, averaging over the 

•analyze.r cases 540 irvolved, Table 6. A and B are seen to be cases 

.5 and 6.. The coefficient C turns out.to be . nearly a constant for a.set 

of cases whether.Z.tor Z changes its sign, cases 7 - 10, 

The solution of the problem then involves a.type .of folding 

operation which is easily gene ialized from the previous illustration. 

The .energyE. can be writtenin a.functional J.orm 

AE = f(Z,.Z 1 ) 

	

(1.09) 

and..t.he probabilities .Q(Z),, and S.(Z) of finding Z and Z' are known. 

Since Z and Z' are statistically independent, the probability of 

occurrence of Z and V is 

T(Z,Z') = Q(Z) S(Z)  

This distribution may be expressed.in  terms of AE .and Z". 

T(Z.Z")dZdZ' .= Q [Z(E..Z'.)]S.(Z') 

= (E,,.Z.d(iE.).dZ1  
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From the.fo.rm of I(Z,,Z') Eq. 108, the Jacobian is 

J 	
(1 E+K2  Z' 

where .K1  and K 2  are given in terms. of A, B and C. 

If the illumination is uniform 

Q(.Z.) = cOnstant 

.Nqw S(Z') is a gaussian of width 9
2  

1 	TRX) 
S(Z') 	 e 

Tr 

thus substituting from the above equations 

= k K
1 E + K2  Z' 

for which all the constants k, k', K1 , and K.2  are given.in  terms of A,B, C, etc. 

The distribution in AE,may be found by integrating over .Z. 

Z'(IE) max 

I 
t k 	

e 	 dZ' 	 (116) 

) 
'KE + K 2  Z 2  

Z'(LE) min  

The .limit.s in .1'. of this integral are not immediately obtained in .a simple 

form, because they are functions of the particular value of AE.. . To 

get a picture of what these limits are, consider the three dimensional 

plot of the surface give.n by Eq.. 108 for E as a function of Z and  .Z'. 

The main boundaries of this -surface are determined by the acceptance 

zone at the detector. These were shown in Fig. 40.. If the surface is. 

projected into the AE, Z' plane these limiting .sirfaces appear as quad 

.ratic curves and will in general overlap. Figure .58 shows the result 

 

 

 

 



when calculated for the numerical case under consideration. The lower 

outline of the curve is obtained by evaluating.the appropriate minimum 

condition. The surface is always concave upwards and the valley which 

Occurs in the middle of the.acceptance zon.e indicates those particles 

passing through the region at the edge of the pole tip near the median 

plane. 

The limits of integration of Eq. 116 are seen to be the ex-

tr.einities of the pi.ojected curve. The integral has been preformed for 

a series of AE increments and the probability distribution is shown in 

Fig, 59.. This function has been folded into the resolution,. The.final 

resolution curve is shown in Fig. 60 with the data 

The errors which are introduced by making the single 

particle approximation are not easily determined and the major effect 

comes from the cross term of Eq. 108. The constant B is addititive in 

the r. m. s, value. However the effectiv.e size of C will be reduced with 

two particles. 

When the exact expressions are used integration becomes 

tedious since the folding integral and the limits of integration are still 

more complicated. . We have carried out this integration and.the result 

is similar to the result of the simplified calculation. 

Cases 11-14, Table 6 are'the remaining higher order cross, 

coupling effects studied by the analyzer. These cases areseento be 

combinations of the second order cross .coupling.effects. The values 

for the latter were subtracted..from the appropriate cases 11-14 and the 

residuals averaged together and. applied as changes in the mean value 

of the energy. . The values of all the 'shifts in the energy scale are 

tabulated in Table 7. 	 . 
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VI, EXPERIMENTAL RESULTS AND CONCLUSIONS 

The data for the precision measurements were taken with 

a converter thickness chosen to minimize the error due to the statisti- 

cal uncertainty of the data. The procedure followed was to run various 

converter thicknesses spending  a bare minimum of time on the low 

yield rates of the hydrogen capture gamma ray for the purpose of 

checking the resolution for various target thicknesses. The data with 

0.050 in. tantalum converter are shown in Fig. 61. Fig. 62 shows 

the result as obtained with 0. 020 in, tantalum converter. Fig. 63 

shows the 0. 010 in, data from which the mass value was obtained. The 

values of the thass and the estimated widths, are given in Table 7. The 

solid lines of Figs. 61  and 62are rough theoretical resolution curves 

for the thick targets which were obtained by extrapolating the results 

from the accurate resolution theory. The data resulting from the 

previous mass determination by Panofsky, et al. are shown to contrast 

the resolution of the two spectrometer designs.. 

When the converter became prohibitively thin, the remaining 

dependence of yield as, a function of converter thickness was run using 

the decay gamma rays from neutra.l pions produced by protons on wolfram 

as shown in Fig. 41. This test had the dual purpose of checking the 

efficiency of various thicknesses ofc.onverter and determining the pres-

ence of any significant energy dependent losses resulting from scat- 

tering of pair fragments so as to miss the detectors. A furthe attempt 

was made to determine the effectiveness of the collimation. The 280 

Mev neutron' beam from an internal target of beryllium was used to 

check the gross alignment. An x-ray film was exposed to the beam, 

and a microphotometer trace was made' across the major axes of the 

beam, as shown in .Fig. 26. It is apparent that there is probably only 

a small loss due to the edges of the collimating system. The result.s 

obtained with the yield vs. converter area data taken for several con-

verter shapes are shown in Fig. 62. The ch.ange of efficiency due to 

the second order corrections to Z solutions of Eq. 65 is such as to 
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decrease the yield. The uncertainty of the edge loss is a maximum of 

lO percent of the efficiency of the outer 1/2 in. wide zone of the con-

verter. The effect on the energy scale has been included with the 

evaluation of the sources of errors, 

It should be emphasized that, throughout the experimental. 

runs, the lack of a sufficient flux of monochromatic gamma rays pre-. 

vented for the most part any detailed investigation into the behavior of 

the spectrometer. The checks for various converter size.s and thick-

nesses do provide gross agreement with the theory and, where they 

have been made, they add to our confidence in the theory of the spec-

trometer. 

There is one additional measurement of the energy depen-

dence of the efficiency of the spectrometer which has been investigated 

by measurements on the neutral pion spectrum. The 1800  spectrum from 

340 Mev protons on wolfram was measured with the conventional d .es.ign 

spectrometer with the counters located along the edge of the magnetic 

field. The energy dependent  losss in this spectrometer are estimated 

by varying the magnetic field keeping the mean scattering angle constant 

by choosing the converter thickness appropriately. The data are shown 

in Fig. 65. These da..a were obtained in connection with ir 0  s.tudies of 

Crandall et a].. 	The same source of y-rays was measured with the 

focussing spectrometer with the central field at the same value as 

used in the meson mass measurement. The data are shown in Fig. 66. 

Corrections which take into account the number of channels which are 

availablefor each energy and the variation of the pair production cross 

section were applied ,in the reduction of both data. 

The major test of the theory of the spectrometer is in the 

agreement of the theoretical resolution with the data. The data obtained 

for the mass measurement are given in detail In Table 8. The data 

and resolution were shown in Fig. 60, An error ba.sed on the amount 

of apparent disagreement has been included in the probable error of the 

meson mass obtained. 
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Concerning the background of gamma rays coming from 

the empty hydogen vessel, this is very meager information. A run 

on the background was made to discover whether any shape could: be 

observed in the region about 130 Mev, and none was found within, sta-

tistics. The data are shown in Fig. 67, The result as measured with 

the neutral p.ion decay gamma rays shows remarkable similarity. One 

is inclined to attribute most of the background to neutral pions for these 

reasons. Therefore, a smoothed correction has been subtracted from 

the hydrogen data. The normalization of this correction is made such 

as to reduce the counts attribute.d to hydrogen to zero in the region well 

• 	 outside of the interest region. This procedure seemed to be the most 

reliable of those considered, and a probable error of as little as 10 per-

cent of the correction is quite doubtful. The error in the spectrum due 

to treatment of the background is extremely small since only 10 percent 

of the maximum value of the hydrogen spectrum is affected. The re-

suiting error in the mass evaluation due to this effect has been included. 

Other possibl.e sources of gamma rays due to reactions with hydrogen 

are at most only a few percent in intensity due to the narrow region 

under consideration. This can be shown 64  with a reasonably conserva- 

• 	 tive estimate for the other known processes which may occur. The 

effeát of no-converter was measured in two ways. First, the ratio of 

signal with the tantalum converter in place to.no-conyerter signal was 

measured on neutral pion gamma rays, and the value of 9 ± 0.5 to 1 was 

obtained. Second, the hydrogen effect was observed to determine if 

this background signal was, strongly peaked at 130 Mev. Only enough 

data were accumulated to show that the signal from the beryllium con-

verter holder (4 ± 2 percent) and from air and pole conversion (the 

remaining 6 percent) do not appear to be distributed in an obviously 

anomalous way. Electronic cross talk, and noise pickup were also 

effectively eliminated as sources of error,. It is reasonable to assume 

there are no processes that would cause stray counts tobe introduced 

in such a manner as to satisfy the pair fragment unique channel re- 

quirements for a range of only 5 percent of the total efficie.ncy. 
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The no-converter spectrum of ,  neutral pions has been run 

with the 90 degree apex angle spectrometer and the results for gamma 

rays is at most an effective increase in efficiency toward low energy 

of an order of magnitude of 10 percent from maximum to minimum 

energy. Here the agreement for the two geometries of the neutral 

pion spectrum with converters, eliminates the possibility of any .  gros.s 

effect. The probability of error due to these effects is apparently 

remote. 

Finally an effect due to changing efficiency during the run 

will be considered briefly. The angle of passage through the propor-

tional counter depends on the energy of the fragment. Therefore one 

would expect that the smaller path length particles woul,d be counted 

with les.s efficiency as the, stability of the equipment varie.s the thres-

hold of the proportional counter. During the week's run on the spec-

trum such instability was observed and perhaps the fit of the hydrogen 

data to the background shows a possible effect in the high energy re-

gion, although this is only slightly significant statistically. This effect 

could therefore introduce an error similar to those considered above, 

and the error over the region under observation is of the order of a 

few percent of the maximum hydrogen signal. 

The evaluation of the mass and the error of the mass. has 

been done in the following way. The first moment of the data have 

been computed by weighting.'ea'ch point 'y.the number of counts: 

- Z N . 	
., 	 (117')' - EN1 

number of counts corrected for background and 

energy channel efficiency. This result was, then matched to the first 

moment of the theoretical, resolving power. The data was also fitted 

to the resolution by eye to minimize the statistical errors. The 

values obtained are in good agreement. This method determines the 

energy of the gamma ray responsible for the spectrum observed from 
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which the mass was calculated. The details of the calculation are 

found in Table 9, 

The error of the moment can be computed using a crude 

theory of the statistical errors. The method used as based on the 

assumption that the resolving power was gaussian down to approxi-. 

mately 10 percent of the peak value. The degree to which this is a 

good approximation is seen in Fig. 68. The error was calculated 

by dividing the R. M. S. width of the equivalent gaussian by thesquare 

root of the number of counts contained within this region. Since the 

statistics, is 'only a small fraction of The total erro further ana.ysis 

seems to be unwarranted. Table 10 summarize.s all the errors as-

sociated with the mass value. 

As pointed out in the introduction .there are several other 

values of particle masses which are directly connected to the pion 

mass, The masses of the 7t 0  and both p.'s can be found and are gh'en 

in Table 1, The errors given are combined from the above error and 

the various errors .quoted by the other workers. No attempt has been 

made to evaluate' the accuracy of these assigned errors. 

The value of the pion mass and the desirable masses as 

obtained from this measurement is in fair agreement with the majority 

of previous measurements. The previous experiment based on the 

sane type of measurement is approximately two probable errors higher 

than the present result. As yet there is no satisfactory explanation of 

the discrepancy other than the..statistical inaccuracy of the early work 

as mentioned in Sect, I-B, Only a gross, error in the present experi-

men,t would allow any appreciable reduction of the disagreement. The 

most accurate independent work by Smith, et al., is unfortunately not 

complete at the present time. Their preliminary result is quoted in 

Table 1, Their results indicate a reduction from the published values 
65 

for reason:s, already discussed by Barkas. 
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TABLE I 
Summary of Meson Mass Masurrezits 

Particle Type 	Mass Values 4ethod Comments 	Reference 

202 ± 5 (Hp) R 26 mesons 5 
212 ± 5 Sage data, different 

statistical analysis 

215 & 2 AQ.j, R Grand aver- 6 
215±4 age 

37 events 

196 ± 3 Cloud Chamber 25 	- mesons 7 
Hp; R 23 	+ mesOns 

220±12 Hp-R .  - 50 

217 a 4 Cloud chamber Cosmic ray 20 

endiôint 

214 to 206 Spectrometer Artificial 20 
(i 6) + 2f Mesonss  

end point Value depends 
upn theory 
of 	decay" 

66 ± 3 Cloud chamber Artificial 2 
decay in 'flight Mesons 

+ V (25 events) 

+5+  
63 	•2 + V Artificial 2 

Mesons 
22 events 

264 + 26 Grain count 18 mesons 15, 
- 22 

2801 15 Grain count 13 mesons '51 
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ThELEI,, 
(continued) 

PartiCle Type Mass Values Method Comments Reference 

272 ± 12 Scattering Nuclear 17 
- ulsions 

202± 8 Scattering Nuclear 17 
Thiulsions 

290 ± 80 Scattering 30 events 17 

290 ± 20 Range grain Nuclear 52 

count Emulsions 

n t  s 270 ± 23 Momentum range Cosmic ray 53 
• 	220 j 26 '• particles 

281 ± 7 Hp R in Cosmic ray 54 
• 217 ± 4 plates events 

1t1r 283 ± 7 Grain counting 16 
scattering 

itiC 276 ± 6. 	• Hp t Artificial 9,10,15 
210 * 4 Hp R Mesons 	:. 

277.4 A 1.1 Ratio to protone • U 
276.1 A 1.3 by range and 

momentum 	- 

273-5 Ratio to protons Latest valueS 12 
273.0 by range and- from work 

momentum in progress * 
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(continued) 

Particle Mass Values Method Comnents, Ref- 
Type erence 

66.46 ± 0.16 Decay momentum 3 
276.1 ± 2.3 ratio method and 

difference 
209.6 2.4 Decay momentum 

ratio method and 
difference 

1.318 ± 0.004 Ratiomethod 

66.50 ± 0.15 Decay momentum Research in 13 

273,7 + 2.0 ratio method and progress, 
- difference latest value 

207.2 ±, 2.0 Decay momentum is reported' 
ratio method and 
difference 

1.321 ±. 0.003 Ratio method 

275.1 & 2.5 P + p-n 1  + d 21 

n. 279.0 ± 1.5 p + pii 	+ d 22 

275.2 ± 2.5 	- ir + pn + 1 

278.0 ± 2.5 n 	+ p-in +r Ionization loss 1 
correction made 

no 280.0 4 10.0 6 spectrum 340 Error doos not 24 
Mev protons on include errors 
carbon due to coritam- 

• • ination 

It0 295.0 ' 20.0 spectrum cosmic 23 
rays 

10.6 ' 2.0 
1.  

1L. + p-4n° + n toppier shift 1 



TABLE I 
(continued) 

Particle 	Mass Values Method 
Type 

273.5 ±. 0.5 Present method 
262.9 ± 2.1 Presert method 

and difference 
207.5 ± 3.0 Present method 

and difference 
207.0 ± 0.6 Present method 

and difference 

Comments 
	

Ref- 
erence 

1 

2 

3 

* These values have been supplied by the experimenters as 
current values and it should be -noted that both the central 
value and probable errors are subject to modification upon 

• the completion of the work0 



±0.016 7o 
(<0.01 7, 
±0.016 

±0,02 1 

0.0l7 7.,  

±0.056 7 

±0. 088 7 

±0.025 7 
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TABLE 2 

Magnetic Field Analysis 

A. 	Proton Moment Data 
 Frequency readings: 

 The accuracy of the location of signal 
depends strongly on quality of pattern 
and width of pattern.. 	Average devia- 
tion of repeated measurements: 

 Centering of probe where points, were 
used: 

 Stability of fields: 

 Reproducability of results indicates 
chaüges of uniformity for variou.S cen- 
tral field values. 	Effect reduced to: 

 Agreement with over lapping slip run 
measurements: 

 Frequency standard: 

 The number of points used 	250 in- 
dependant measurements: 

 Total assigned error: 

B.. 	Flip Coil Data 
1. Reading accuracy ± 0. 3 mm on flux- 

meter scale: 

2.. Positioning accuracy: 

 Errors in calibration: 

 Total error assigned for each point: 

C. 	Slip Coil Data  
 Reading accuracy: 

 Positioning checked in high gradient 
maximum error: 

 Errors, accumulated in..loops at 16 
inches. 	Standard deviation: 

 Consistancy for single measurements 
standard deviation for points overlapped 

±0.003 70 

0.02 7 

<<0.01 7 
S 0.01 70 

((0017 

±o.oiz7 

<<0.01 % 

±0.015 



-82- 

• 	 TABLE 2 
(continued) 

5 j  Influence of varying the conversion 
constant to êliniinaté accumulated 
errors and positioiing errors. 
Standard deviation 

6. 'Number of points used (three or 
more readings averaged for each 
point.): 

T. Total error assigned to each point: 

D.. 	Caceiiation Data 
 Sensitivity 1 mm on flux meter scale 

equivalent:: 

 PositIon of electrical center of rotor 
used in high gradients —2 mm ex- 
cursion On rotation. 	Error: 

 Readings of end point settings for 
limit. switches 

 End point reading in masurement: 

 Proton moment monotoring of 
spectrometer magnet: 

 Proton'moment monotor of slave 
magnet 

Error of calibration of fluxmeter. 
reading:. 

Error of area, ratio: 

Reproducibility including errors 
of repositioning: 

Error of correction due to the rnag 
netization effect on uniformity of 
slave field: 

Total number of points.used: 

12. Total error assigned to each point:' 

±0.072 7 

900 points 

± 0.03 % 

0.011 7 

± 0.011% 

±0.005 

±0.008 70 

±0.005 

± 0. 01. to 
±0.02 

± 0. 003 

±0.015' 

± 0. 025 

± 0, 017 

32 

± 0.03 
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TABLE 2 
('continued) 

E. 	Templat.e Accuracy 	 - 
L Location of holes: ± 0. 002 in. 

(As measured from reference center 
line.) 	Contribution to field accuracy: S 0. 01 	7 

 Fit of pinned hole,s in plate as measured 
by actual deflections of fluxrneter ràadings: <0. 005 7 

 Relative position of pole tip, template 
etc. 	No observable effect as seen in 
reproducability of results in large 
gradients:: 	 5±0.01 % 

F. 	Total Error Diae To Field 
1. The errors are estimated. 	 ' ' 

Proton moment region: 7p *0.015 
High.gradient region: *0.060 7 
Low field region: ± 0. 035 	7, 

These values are the estimated stand- 
ard deviation for each value in the region 

2 Weighting factors (W 1 ) as evaluated from 
theoretical weighting analysis. (fig. 33) 

49Mev 	81Mev 

A 	 0.526 	0.602 
B 	 0.433 	0.597 

0.328 	0.338 

3. The weighted errors combined 

49 Mey- * - 	0.046 7 
81 Mev--- 	=0.057 

4 Combined percent probable error averaged 
overenergy 

0. 67 	49 + 	81 	E65 

43 

0.035 Z 
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TABLE 3 

>0 1 2 3 

0 10Q000 100053 10Q10310Q155 100186 100213 100239 10(1271 100304 10038 
99980 10(1059 100.].]4 10(1139 100174 100.191 10Q210 100.242 100280 100324 

-1 99930 100014 100059 10Qb9B 1003.06 100129 100165 100.212 100273 
99918 99851 99856 99912 100009 100125 

-2 99,292 99411 99,597 99812 
98.113 98361 98748 99194 

-3 95.928 92159 98027 
94554 •  

-4 .90$55 
86275 

-5 

-6 

-8 61766 

-9 53.777 

-10 44247 48907 55.071 
53.039 

-11 4J82 43.033 50.7C4 
48025 

-12 33.968 3E27 45120 
42059 

-13 28J419 31004 36266 38.948 40327 
33316 35,905 37.233 

-14 • 	 23.728 25909 283.87 30549 32.969 34.220 
29080 30223 31383 

-15 19806 216,1+5 23.566 24553 25.561 24605 27.658 28.732 
19784 21546 22443 23.362 2h316 25296 24280 

-16 16565 18085 19694 20.514 23360 22,235 23129 
15,156 16532 17249 	17984 18734 19603 20.302 21115 
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TABLE 3 
(continued) 

0 1 2 3 4 

-17 1373 	14494 15.115 15,758 1618 17,099 17830 	18.532 19,264 
12703 	13265 13826 14401 14992 15607 1244 17,579 

-18 11.f33 	12,142 12.651 13164 13.692 14249 1h28 142, 
10.643 11573 12.030 12506 13.611 

9742 10.589 13425 12.394 13356 

20 8220 8879 9533 10304 11121 

-p21 6,937 7A41 7951 8.569 9232 

22 677 6681 .7177 7703 

-'23. 5.624 008 6422 

4774 5086 5397 

4p62 4311 4579 

26 1662. 3,896 

-'27 1072 3314 

-28. . .sio 2.759 

-'29' . 
2.251 

	

-30 
	

1B14 

	

-'31 	 . 	 . 	 1463 

	

-32 	 . 	. 	 1,076 
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TABLE 3 
(continued) 

.5 	 6 	 7 	 8 	 9 

O 	100366 100380 100.387 100,407 
100363 100385 100396 

-.1 	100330 100355 100382 
100236 100291 100347 100380 100.393 

-2 	10C)18 1002.60 100,256 100329 100371 100418 100.444 
94,620 99,883 10Q089 100231 100316 100.392 100.428 

-.3 	9a859 99409 99796 10QD59 100.190 100318 100385 10Q410 
97.563 98.591 99.286 	99,727 	99999 100212 100.331 100.367 10Q403 

i ..  

-10 

-.11 

-.1.2 

13 

14 

-'15 

-16 

95.506 97212 98395 
9Z482 94987 96984 

88.588 	94037 
84089 	91280 

79369 	82836 
74319 	83343 

70.975 
67.695 

99,186 
98,282 

946 
94700 

91440 
87707 

	

78.678 83.194 	91518 94.566 96748 

	

74297 78.526 	87.587 91472 94533 

7Q405 74136 78h.38 83.073 87.520 91453 
62105 70.248 744014 78.356 83.015 8'Z432 

4316 6€91 70.098 73.876 78258 8289 
61946 644)30 6664 69864 73.709 78092 

59.783. 61539 63.701 66353 69.592 73477 
57.683 59226 6].p59 63.237 65.974 69.32 

9686 
99.129 

98.231 
96780 

94.37 
91574 

87655 
83.125 

].00p24 10Q218 100313 100360 100.396 
99,685 1004)22 100.176 10Q295 100.35:6 

99131 99,693 99992 10Q,178 100.286 
98.229 99146 9670 99,977 100a61 

96.772 98239 99123. 99642 .99.966 
94593 96780 98210. 99.091 99.627 

98173 99066 
96.705 98343 

77$93 82.621 
733-94 77706 

E4435 62.689 65,524 68.983 7279 
57.763 .59.703 62.098 64983 68477 

94496 96.665 
91339 94449 

87.340 91293. 
82,742 87266 

55523 56927 58575 
53,122 545144  555 

50508 51912 53437 
47606 49066 50.579 

44536 	47523 
41.360 	44320 

38184 	41066 
35,132 	37857 

32208 	34.750 
29.546 	31$26 

26958 
24.546 	26506 

64983 
62.714 

60.780 
58984 

57192 58.375 
55.235 56385 

5302 .54.255 
50579 51,827 

42837 49159 
44.841 46212  

41.722, 432.16 
38585 39.955 

35504 322 
32-589 

29840 
27397 

24954 

55.011 521 58$91 61.397 64.337 
52'159 53831 55.762 57951 60.525 

50.749 52541 54.566 537 
47481 	51119 

44145 	47.602 
4Q806 42.373 44P45 

3110 37529 38.992 40.544 
34393 35.720 37.166 

33.937 
28.620 	3Q883 
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TABLE 3 
(continued) 

5 6 7 8 9 

-17 20.759 22401 24420 264J20 28.058 
2Q427 21981 2Z798 23.651 

-18 1?276 18.623 19300 19.994 20.716 21484 23048 
18168 18832 

-19 34334 15424 16532 17:704 18.898 19521 
14$)37 15010 

-20. 11906 12.774 13,622 14.546 15.443 15.911 
137 U616 

21 9862 10560 13,238. 11934 1299 12945 
98 

-22 8180 8.727 9272 9803 10,051 1Q296 10.552 

-23 6821 727 7.657 8,042 8.232 4418 8,601 

-24 5700 29 6351 (637 6778 6917 7059 

25 4,800 5.061 5,312 5,423 5527 5,628 5.725 

-26 4078 4281 443 4574 •455 4722 43 

-7 3.457 3.637 .3:798 3.879 3,954 4,012 4063 

-28 2886 3.066 3.340 3.210 3290 3364 3.453 

-29 9361 2518 2.591 2.664 2242 2814 2.918 

-30 3,83 L969 	204.4 205 Z163 304 2413 

-31 3487 1546 	1606 1666 3226 1$48 L931 

-32 3,182 ],15 	1255 1304 1.356 3454 1.531 



x —> 

6 

-33 	 Q992 

-34 

35 

3 6 
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• TABLE 3 
(continued) 

7 8 

1124 1136 

Q89]. 0.881 

u717 0688 

0531 

9 

1198. 

q928 

722 
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TABLE 3 
X 	) 	 ( continued) 

10 	 11. 	12 	 13 

-1 

-2 

-3 

-4 100416. 100.424 
10Q402 100468 

-5 100352 100412 
100.276 100.326 

-6 100144 100253 100319 100348 
99955 100124 100230 100295 

-7 99.612 99.934 100104 100195 100.254 100.257 
9901. 99589 99.905 100.074 100153 100.218 

-8 98112 99015 99558 99.864 100034,100]47 100160 
96.624 98.079 98.979 99,522 99.812 100.056 

-9 94393 96587 9835 98952 994469 99.915 
91234 94333 96.536 97976 98.856 99.673 

-10 87.172 91139 94249 96427 97.894 98.869 99278 
82458 91p04 94059 96336 97872 98654 

-11 77457 8E27 90746 93951 96,216 97615 
72488 8].854 86467 90584 93703 95990 

.-12 67$55 76598 81499 86,217 .90.348 93,493 
63566 71369 76.122 81,015 85564 89931 

-13 59503 66323 70.680 75A17 80,250 85,273 
55567 61574 65,427 69.763 7487 79,631 

-14 51714 57015 60.369 64222 684610 7320 
47838 52.566 55481 58852 62777 67,223 

-15 414033 46027 48.264 50.787 53,692 60981 
40344 4132 44110 46305 4805 55,018 

-16 3E04 38399 40.340 42,044 44121 49389 
33454 34828 36380 38335 40381 4h031 
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TABLE 3 
(continued) _____ 

y 
10 1]. 12 	. 13. 

-17 3O.317 31548 32859 3454 	35.753 39134 
28506 29623 34715 

-18 24.796. 25.709 2E650 27b21 	28.625 30749 
22369 2-1143 23.932 27212 

-19 20159 2Cil 2]469 22.782. 24p69 
18174 18:723 21318 

-20 1381 14844 17297 . 	1151 18.903 
34753 15142 . 

-21 13,287 13.611 1-1919 14473 14.902 

-22 10798 1].p15 11210 

-23 8:775 9.074 

-24. 790 7381 

'1 
-25 5.911 E066 

-26 4,910 5.045 

-27 . 	60 4251 

-28 1541 3.627 

-29 3,003 

30 21515 • 

-31 2.020 .. 

-32 1,622 . . 

-33 	.]254 
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TABLE 3. 
(continued) 

x 

0 	 1 2 3 4 

o 100.000 100053 100103 100155 100186 100213 100239 100271 100304 100.338 
99952 100034 10(1090 100114 100.152 100174 100.196 100.229 100265 100303 

+1 	9988999933 	99976 100015 100053 100.063 100082 100123 100174 100231 
99005 99805 99806 99865 99.977 100063 

+2 99304 	99264 99223 99338 91511 99.729 
98373 	98.216 98058 98.268 98.642 99109 

+3 . . 	 96569. 	96232 95,894 96302 97,022 97.964 
91140 94,6]4 9042 
88.046 93.138 

+4 . 

+5 

72388 

+7 . . . . 

+8 59,2 59370 59960 60698 6L736 63119 
58.569 59,246 6],288 

+9 54324 56L73 56.699 57,181 57,890 58.713 59.708 
• 

. 5450 57280 58198 

+10 47289 49857 52389 53,265 54p35  54855 55.725 56.677 
51p66 52964 54.962 

+11 41,295 44,295 47322 48.521 49622. 50763 5:058 52981 
• H 4224 .45:730 48192 50692 

+12 35.180 38186 41307 42.703 44044 45400 46.727 48,108 
3600 39644 42,397 45,227 

+13 29,520 32,290 35,194 36479 37.951 39318 40.757 42,215 
30.911 33,640 36320 39.149 

+14 24.655 27.021 29557 30.819 32093 33389 34.724 36102 
2845 28198 301303 33172 

+15 20565 22563 • 	 • 24.699 25.775 2(871 28.012 29163 30388 
21576 • 23.558 • 25613 27.796 

+16 rzisi • 18.847 20.610 21514 22442 .23399 2438 25409 
18004 19640 21367 23.214- 
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TABLE 3 
(continued) 

x 	') 

0. 1 -  2 3 4 

+17 14366 15.718 17.174 18.689 19487 20322 21.132 
13.743 15.008 16362 17773 18519 19305 

+18 12020 13.124 14?11  15567 119 1E83 17573 

+19 1Q064 10.946 11.913 12953 13.482 114)36 14.569 

+20 84" 91-26 9.922 10341 10,769 11,196 11637 1079 

+21 7.102 .7.649 7.950 	a269 8665 8957 9,286 9.648 9994 

+22 6414 6915 7/4.58 7.724 8.039 8273 

+23 5,405 5$39 . 6232 .6467 6.696 E879 

+24 493 4593 4920 547 5415 5585 5753 

+25 . 4182 4)19 4455 4588 4718 4850 

+26 3.770 3909 3.993 4125 

+27 . 	 . •. . 	 3.193 3301 3366 3.511 

+28 238 2759 227 2.953 

+29 Z200 2253 2.305 423 

+30 . . 
1955 

+31 . . 
. 1.559 

+32 . 
. 3.176 ]21 
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TABLE 3 
(continued) 

x 	) 

I 5 	 6 	 7 	 8 

o 100.366 100.380 100387 100392 100.397 100402 100407 
100337 100361 100371 

+1 100282 100298 100332 100358 100380 
100.158 100,212 100262 100314 100340 100362 

+2 99936 10a066 100a60 100.226 100295 100.306 100.338 100.348 
99479 99.786 99,974 100.108 10Q223 100269 100288 100.310 

+3 98.689 99.279 99.654 99.910 1OQ100 100172 10Q243 100270 10Q287 
97335 98,419 99115 99.578 99,883 100.032 100137 100.213 100250 100,262 

+4 95251 97D36 98222 99038 99538 99830 100013 100121 100181 10018 
92253 94900 9683 97763 98.977 99475 99790 99.991 100.073 100167 

+5 88354 91,873 94.654 96672 97.835 98.903 9943 99.784 99951 100,062 
83834 87,989 91423 94538 96.615 97,980 98,875 99,401 99.726 99.916 

+6 79.152 83509 87.687 91488 94476 96555 97.955 98,826 99351 99.688 
74706 78,8 64. 83222 87.571 91411 94,378 96.501 97.901 98.777 99338 

+7 70.839 74482 78,630 83111 87.519 91339 94316 94442 97845 98.723 
67626 70.626 74,238 78.510 83.054 87438 91.25]. 94.249 96383 97.791 

+8 64957 67391 70.397 74093 7$426 82970 87365 91,248 94191 96320 
62.794 64739 67.184 70.265 74040 78.349 82,880 87290 9]127 94153 

+9 60.939 62.525 64470 67012 7Q139 73.963 78.200 82.792 87.214 91,072 
59301 60.621 62,186 64125 6626 7Q069 73.740 78088 82.691 87146 

+10 57.727 58,881 60197 61,892 63,996 66680 69738 73584 77.956 82.567 
• 5004 57085 58345 59.784. 61577 63.774 66272 69498 73395 77.784 

+11. 5418 55,247 54400 57.74J 59294 61,184 63219 65940 69,215 73,141 
51955 53127 54,368 5640 57.134 58,670 6Q606 62.788 65555 6874 

+12 49441 . 5Q815 52021 53359 54771 54401 57,940 59.920 . 62,278 65109 
46730 48062 49485 50814 5478 53738 55417 57130 59189 61.635 

+13 43680 45262 46586 48031 49498 50895 52579 5488 56195 58.348 
40.675 . 42p67 43,611 45.028 44481 4066 49589 .51317 53094 55.093 

+14 •37,542 39099 
34559 35903 

+15 31653 33024 
28.955 30.157 

+16 24468 27.555 
24162 25143 

40412 
37372 

34d7° 
31,44.4 

28.693 
36171 

41,889 
38724 

35.630 
32.671 

29876 
27247 

4400 44867 
40,183 41,706 

37032 381+77 
33.996 35382 

31097 32389 
29557 

46535 
43.239 

3 12978 
3 6.796 

33.726 
30.792 

48186 
44921 

41.564 
38268 

35098 
31967 

49935 51787 
46.625 48423 

43226 44947 
39,828 41463 

36528 38029 
34723 
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TABL3 
(continued) . 

6 7• ; 8 9 

+17 22.057. 22902 23844 24812 25,830 26,887 2024 29136 	30294. 31546 
20105 20.916 

+18 18312 115 19.795 20.563 21364 2209 23.104 24900 

+19 15169 15.729 16378 16964 17612 . 1275 18.997 2(1346 

+20 12.518 .13.018 13493 13.995 14505 15017 155.51 16581 

+21 10.369 .10.731 11p96 11.910 12296 12706 13488 

+22 8.572 8.868 9155 9780 1Q06]. 10388 10.963 

+23 7100 7350 7545 8039 ,  8261 8493. 8939 

+24 5.925 4112 685 4463 6638 05 6977.. 7310 

+25 4976 5139 5.249 5517 5.645 5.796 4018 

+26 4200 4354 4429 4.620 4.756 * 4844 .5.043 

+27 1564 3.683 3.767 3.934. 4P42 4112 4255 

+28 .3,001 3.116 3,186 3324 3427 3494 3.626 

/ +29 2,481 2.566 2.651 . 2.800 2.878 2938. 3.071 

+30 2,004 2,096 24156 2.299 2,372 2429 2.571 

+31 1595 1648 1721 1788 1,854 1910 1978 2090 

+32 1256 1301 1.355 1408 3464 3,1516 1557. 1651 
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TABLE 3 
(rrn+.iniid 

• 	 6 

+33 0.97 	1,017 1057 

• +34 0.755 • 	025 

+35 	• 0.653 0L6 

+36 

7 8 

•1171 1181 1.04 

897 0.905 0936 

0.691 a720 0.732 

o.561 0565 

9 •  

1)08 

1.022 

Q79]. 
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TABLE3 
(continued) 

I 10 U 	 12 	 13 

+2 

+3 

+4 100233 100231 
100191 100197 

+5 100a16 100.012 100.157 
100.011 100.083 100108 

+6 99871 99.968 100.033 10a064 
99648 99816 99921 99984 

+7 99283 99592 99759 99.877 99.929 
98,670 99.229 99533 99716 99826 

+8 97.73 6 98.621 99,170 99480  99.668 99768 99792 
• 96276 97675 98576 99119 99437 99,680 

+9 94,103 9200 97.611 98.516 99055 99510 
91001 93999 96.119 97557 94i..0 98.960 99233 

+10 87053 90.885 93882 9060 97484 99339 9841 
8414 86900 90.752 93799 95,979 97365 98,217 

+11 77572 82.225  86:717 9Q638 93.691 95,835 97210 
72833 7318 83,996 8E545 90485 93512 95,641 

+12 68465 72482 77004 81741 86321 90242 93.277 
64536 .7994 7052 76.631 83,407 85.988 89.925 

+13 60867 63,883 67.406 71.537 76139 80.940 85566 
57354 59,979 63.050 66.667 7Q861 75463 80.357 

+14 53.848. 56904 58921 62p65 65.724 69.934 74.625 
50353 52492 54908 57665 60843 64.504 68786 

+15 46784 48769 50958 53.385 56,151 59329 63032 
43186 45033 47030 49211 53,,615 57468 

+16 39,617 41.309 43,123 45066 47190 54139 
• . 	 • 37.685 39306 41p2]. 4853 46.976 
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TABLE 3 
x (continued) 

10 11 12 13 

+17 32.861 	34220 3561+1 37a35 	38706 42105 
32178 34,779 . 37542 

+18 2683 28.962 . 	 31143 33349 
2996 27821 2539 

+19 21821 23312 24780 26,123 
2Q872 22,071 23095 

+20 17,657 18,685 1661 . 20436 
16708 

+21 14235 14,951 15.573 1EO08 
13.378 

+22 1L533 1I,987 12.387 
• 	 . 

. 10,741 

+23 V50 9.663 . 	 98 

+24 7592 	.. . 782 7977 

+25 6= 6386 

+26 5167 5 274 

+27 448 4.24 

+$ 3707 	•• 3764 

+29 3,165 1232 

+30 	665 

+31 2,187 

+32 1751 

+33 	363 

Field values are shown as percentages relative to the value at the 
converter position (x. 0, y, 0). taken to be 100o00 	The position 
coordinates,are indicated on Figures 27, 30, 31, and. 32 
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TABLE 4: (cbntinüed) 

Results For Orbits 

Positive Side 	 Negative Side 

T 	x 	y 	1 	4(rad) 	x 	y 	1 

49 1.403 17.9404 5.2545 1.034 	1.5030 -.0228 	5.3399 1.0296 

57 2,3521 21.1W8 8.5348 .9278 

65 32787 24.4640 12.0214 p8243 	3.3319 —24.6569 12215 	.8065 

81 5.3637 32.0271 19.8667 	066395 	54587 -32.3717 20.2241. .64665 

T Kinetic energy of the electron. 

x,y Coordinates of the intersection of the orbit with the focus linea 

1 Coordinate as measured along the focus line; The origin was placed 
at an arbritrary point0 

0 Acute angle of the intersection of the orbit with the focus line. 

The polynomials for the energy scale derived from these orbits are: 

Positive side 

35.783468 + 2.715793 Z 0.0192342  + 0.00001 3  

Negative side 

E = 350667337 + 2.709313 	0.02l8822 
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TABLE5 

ThE TUBE LOCATIONS 

(Explanation of symbols will be found at the end of the table) 

Positive A (Top Row) 
N 	x 	x 	u 	 I 	E 	SE 

5 6.733 31:329 1.505 19.55 21.550 84.5651 0.0651 0.6481 
7 6.310 29.852 1.491 18.022 19.936  81.6386 0,1386 0.6632 
9 5901 28434 1.473 16,545 18.357 78.6541 0,1541 0.6846 
11 5.542 27.065 1.491 15.130 16.874 75.7437 0.2437 0.7102 
13 5.162 25.755 1.473 13.766 15.389 72.7263 0.2263 0.7406 
15 4.849 24.456 1.516 12.431 13.999 69.8102 0.3102 0.7729 
17 4.477 23 , 195 1.493 11.117 12.553 66,684 0.1834 0.8100 
19 4.160 21.997 1.505 9.877.11.226 63.7324 0.2324 0.8468 
21 3.839 20.811 1.511 8.649 9.904 60.7153 0.2153 0.8857 
23 3.500 19.651 1, 492 7.441 8 4 587 57 , 6343 0.1343 0.9263 
25 3.196 18.528 1.497 6.277 7.34.1 54.6515 0.1515 0.9660 
27 2,889 11.418 1.497 5,125 66107 51.6330 0.1330 1.0065 
29 2.590 16.324 1.500 3.991 4.899 48.6170 0.1170 1.0468  
31 2.295 15.266 1.497 2.892 3.730 45.6415 0.14.15 1.0862 

SE +O.1747 

Positive B (Bottom Row) / 

N x y u J .  1. E SE 

4 6,319 33.727 0.469 21.759 22.385 86.0295 0,0295 0.6432 
6 5.903 32.178 0,480 20.155 20.781 83 , 1869 0.1869 0.6543 
8 5.482 30.692 0.469 18.611 19.201 80.2646 0.2646 0.6723 
10 5.056 29.215 0.453 17.075 17.616 77.2129  0.2129 0.6967 
12 4,661 27.796 0.447 15.601 16,106 74.1958 0.1958 0.7253 
14 4313 26.429 0.475 14.190 14.695 .71,2814 0,2814 0.7563 
16 3 0 957 25093 0,487 12.808 13,291 68.2910 0.2910 0.7907 
18 3 , 592 23.793 0 , 480 11.458 11.901 65.2432 0.2432 0,8278 
20 3.246 22,523 0.484 10.141 10.555 62.2105 0.2105 0,8662 
22 2.04 21.306 0.481 8.851 9.231 59 , 1501 0.1501 0.9061 
24 2.553  20,063  0.471 7.586 7.928 56.0648 0,0648 0.9470 
26 2.243  18.880  0.486 6.63 6.687 53.0597 .0.0597 0.9872 
28 1.932 17.715 0.496 5.158 5.461 50.0276 0.0276 1.0278 
30 1.601 16.574 0.479 3.969 4.236 46.9362 -0.0638 1.0689 
32 1.297 15.410. 0.496 2,766 3,018 43.8023 -0.1977 1.1101 

= +o,]3o4 
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TABLE 5 (continued) 

Positive C (Top Row) 
N x 	y 	u 1' E 	SE 00  

0.6425 
0.6534 
0. 6712. 
0.6943 
0.7222 
0.7539 
0. 7887 
0.8250 
0.8636 
0. 9037 
0.9446 
0. 9952 
1.0269 
1.0670 
11079 

If 50755 35.422 -00525 
6 5.318 33 , 783 -00511 
8 4.883 32.235 -00519 
10 4.479 30.710 -0.503 
12 40070 29.224 -0.503 
14 3.671 27.785 -0.504 
16 3.274 26,381 -0.514 
18 2.915 25.008 -00496 
20 2.551 23660 -0.488 
22 20178 22,362 -0,503 
24 1,823 21.069 -0.501 
26 1.496 190814 0.482 
28 1.142 180587 -0.498 
30 0.829 170394 -0.483 
32 0.495 160208 -0.490 

23 , 243 220542 
21.547 20.880 
19.939 19.287 
18 , 36217.757 
160821 16.251 
15.327 14.792 
13.869 13 , 360 
120449 11.993 
110053 10,638 
9.702 9 , 308 
8.362 8.003 
70065 6.748 
5.787 5.490 
4.555 4.293 
3,322 3.083 

86,3021 0.3605 
83.3663 0.3663 
80.4270 0.4270 
77.4.96 0.4896 
7404906 0.4906 
71.449 0.4849 
68,4402 0.4402  
65.4478 0.4478 
6203999 0.3999 
59.3303 0.3303 
56.2445 0.2445 
52.2090 0.2090 
50.1000 0.1000 
57.0815 0.815 
43.9711 -0.289 

= +0.3229 

Positive D (Bottom Row) 
N 	x 	y 	u 

	
I 
	

E 	BE 

5 4.911 
7 4470 
9 4.037 
11 3.577 
13 3.183 
15 .2.738 
17 2 0348  
19 1 , 964 
21 1.565 
23 1.202 
25 0.847 
27 0.475 
29 0,121 
31 -0.213 

36.224 
34.572 
33.027 
31.390 
290 849 ,  
280 34.0 
26.882 
25.463 
23. 997 
22.690 
21. 351 
200031 
18.74.6 
17.482 - 

-1.559 
-1.538 
...1.54.5 
-.1.554 
-10523 
-.1.551 
-1.540 
-1.533 
-.1.528 
-1.531 
-1.517 
-1.525 
-1.515 
-1.511 

23.793 21731 
22.082 20.108 
20,418 180521 
180777 16.970 
17.187 15. 520 
15,614 14.031 
14.105 12.643 
12,635 11.288 
11.115 9.884 
90759 8.624. 
84374 7 , 348 
70002 6.067 
5.670 4,831 
40362 3.613 

84.8860 0.3860 
81.9575 0.4575 
78.9695 0.4695 
75.9356 0.4356 
7209967 0.4967 
69.8793 0.3793 
66.8825 0.3825 
63.8730 0. 3730 
60.6694 0,1694 
57.7229 002229 
54. 6692 0.1692 
51.5335 0.0335 
48.4464 -0.0536 
45.3401 -0.1599 

0.6468 
0.6611 
0. 6819 
0.7081 
0. 7374 
0.7717 
0.8071 
0.8446 
0.8858 
0.9247 
0.9655 
1.0075 
1.0488 
1.0899 

SE =  +0.2687 
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TABLE 5 (continued) 

Negative A (Top Row) 
N x 	y 	u 

40 2288 -15.272 -1.490 2.896 3.709 
42 2.603 -16.342 --1.499 4.011 4.922 
44 2.881  -17.430  .1.486  5.134  6.120 
46 3.193 -18.539 -1.485 6.289 7.366 
48 3.536 -19.686 -1.517 7.483 8.682 
50 3.843 -20,835 -1.507 8.672 9.960 
52 4,210 -22.029 -1.492 9.921 11.348 
54 4.487 -23.218 -1.495 11,141 12,619 
56 4.859 -24.472 -1.519  12 , 448 14.057 
58 5.201 -25.766 -1.505 13.787 15.485 
60 5540 -27.018 -1.500 15.174 16.872 
62 .5.972 -28.442 -1.487 16.572 18.445 
64 6.330 -29.872 -1.501 18.045 20.027 
66 60740  -31.362 -1.502 19. 591 21.658 

Negative B (Bottom Row) 
N 	x 	y 	u 	...L' 

39 1.315 -15.508 -0.487 2.865 3.106 
41 1.644 -16.62 -0.506 4.032 4 , 314 
43 1.940 -17.781 -0.485 5,223 5.523 
45 2.287 -18.959 -0.505 6.450 6.796 
47 2.608 -20.134 -0.502 7.668 8 , 043 
49 2.939 	21.346 -0.501 .8.925 9.333 
51 3.270 -22.577 -00494 10,200 10.632 
53 3.638 -23,846 -0.509 11.521 12.005 
55 3,993 . .-25,139 -0.508 12.862 13.380 
57 4.350 -26.487 -0,495 14.256 14.796 
59 4,723 -27.862 -0.488 15.681 16.247 
61 5.119 -29.263 -0.498  17.137 17.748 
63 5.534 -30.730 0.50718.661 19.316 
65 5.951 -32.235 -0.510 20,223 20.911 
67 6.399 -33.12 -0.522 .21.862 22 , 594 

45.4151 -0.0849 1. 0943 
48.4727 -0.0273 1.0459 
51. 4291 -0.0709 1.0005 
54.4366 -0.0634 0.9559 
57.5406 +0,0406 0.9116 
60.4815 -0.015 0.8713 
63.5943 -0.0943 0.8307 
66,3719 -0.1281 0.7962 
69. 4283 -0.0713 0.7606 
72.3740 -0.1260 0.7286 
75.3392 -0.1608 0.7008 
78.1959 -0.3041 0. 6731 
81.1500 -0, 3496 0.6495 
84. 0811  -0,4189 0.6295 

= -o.12o6 

E 	SE 
	

4) 
43 , 8719 -0.1281 1.1191 
46.9469 -0. 0531 1.0697 
49.9626 -0..•0374 1.0227 
53.06$2 +0D0682 0,9758 
56. 0435 0435 0.9325 
$9. 0465 -0. 0465 0.8905 
61.9998 -0.0002 0.8510 
65.0385 +0.0385 0.8123 
68,0014 +0.0014 0.7767 
770.9636 0,0364 0.7434 
73.9095 -0.0905 0.7127 

	

76.8594 	0, 1406 006847 

	

79.8357 	...0.1643 0.6595 

	

82. 7540 
	

0.6380 
85.7101 -0,2899 0.6200 

= -0.0659 
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TABLE 5 (continued) 

(Negative C (Top Roi 

N 	x 	y 
39 0.484 -16.216 
.41 0.832 -17.408 
43 1.150 -18.613 
45 1.486  -19.50 
47 1.826 -21.111 
49 2.174 -22.392 
51 2 .542 -23.696 
53 2.902 -25.030 
55 3.291 -26,409 
57 3.676 -27.818 
59 4.087 -29 , 255 
61 4.486 -30.726 
63 4.910 -32.256 
65 5.329 -33.806 
67 5.785 -35.450 

U 

0.501 
0.485 
0.497 
0.502 
0.510 
0.516 
0.506 
0.516 
0.507 
0.511 
0.495 
0.503 
0.498 
0.508 
0.506 

I' 	I 
3.327 3,089 
4.568 4.307 
5.815 5.515 
7.097 6.761 
8.403 8.028 
9.730 .9.314 

11.085 10.643 
12.472 11.986 
13.899 13.384 
15,360 14,805 
16.855 16.282 
18.379 17. 763 
19.967 19.325 
21.572 20.888 
23.278 22.570  

43. 8279 -0.1721 
46.9299 -0.0701 
49.9432 -0.0568 
52.9852 -0,0148 
56.006? +0.0062 
59.0035 +0.0035 
62.0238 +0.0238 
64.9975 -0.0025 
68.0094 +0,0094 
70.9826 -0.0174 
73.9795 -0.0205 
76.$9 -0. 1107 
79.8527 -0.1473 
82.7120 -0.2880 
85.6701 -0.3299 

-0.0791 

1.1198 
1.07,00 
1.0229 
0.9770 
0.9330 
0,8911 
0.8506 
0.8128 
0.7766 
0.7429 
0.7120 
0.6844 
0.6593 
0.6383 
0.6203 

Negative D (Bottom Row) 	 . 

N 	x 	y .  u  
40 0171.-17 , 532 1,484  4.422 3694 45.3762 -0,1238 1.0945 
42 0.175 -18.805 1 , 490 5.741 4.910 48 ,4428 -0.0572 1.0460 
44 0.520 -20,096 1.499 7.077 6.141 51.4793 -0.0207 0.9993 
46 0.881 -21,407 1.499 8.437 7.399 54.5146 +0,0146  0.9543 
48 1.261 -22.749 1.491 9,831 8 , 694 57.5683 +0.0683 0.9107 
50 1.613 -24.056 1.497 11.186 9.944  60.4441 -0.0559 0.8713 
52 2.020 -25.512 1.491 12,697 11349 63.5968 +0,0968 0.8302 
54 2.436 -26 , 939 1.471 14.183 12.746 66.6451 +0.1451 0.7925 
56 2.845 -28.405 1.466 15.705 14.166 69.6569 +0.1569 0.7576 
58 3.230 -29.910 1.497 17.258 15.582 72.5708 +0.0708 0.7262 
60 3.639 -31.453 1.511 18.855 17.059 75.5169 +0.0169 0.6970 
62 4.085 -33.028 1.500 20.492 18.599 78.4.863 +0,0020 0.6684 
64 4.531 -34.630 1.495 22155 20.182 81 , 4342 '  -0.0658 0.6472 
66 4.991 -36,268 1,486 23,856  21.812  84, 3519 -0.1474 0.6278 

+0,0072. 



-104- 

TABLE 5 (continued) 

EXPLANATION OF SYMBOLS 

N 	Channel number is chosen so tht the equal energy channels 

correspond to a constant difference between the electron 

and positron channel numbers, 

x,y 	Coordinates of the tube relative to the precision template. 

u 	Coordinate perpendicular to the focus line. 

Angle of intersectidn of the orbit and the focus line 

Obtained by expressingas polynomial mi which is constructed 
j  

to fit the results of the precise orbit calculations.
/  

I 	Coordinate of orbit which passes through the. cter of the 

tube as measured along the focus line. 

i u cotd- u2  see3  
R .  

Rc is the average curvature of the orbit. 

1' 	Projected coordinate as measured along the focus line. 

E 	Channel energy, obtained by expressing E as a polynomial 

inlwhich is constructed to fit the result of the precise 

orbit calculations. 	 / 

£ E 	The difference between the assigned channel energy and the 

calculated energy which resulted from the errors of the 

locating procedure. 

The Code for the Tubes 

There are two sides, positive and negative as indicated through-

out the calculations. Each side has four rows, A,B,C,D. Two 

are on the bottom of the geiger tube holder, two on top. The 

letters are assigned to match the rows in the order in which 

a particle passes through the array. 
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TABL7 

SHIFTS IN THE ENERGY SCALE 

A. 	Resolution 

Ionization energy loss 

Converter E' = 	w LE = 	— 0.526 Mev 

Air SE = 	 -0.174 Mev 
weighting factors due to scattering out 

t 	0.10 	0.30 	0.50 	0.70 	0.90 

W. 	0.2834 	0.2250 	0. 1893 	0. 1614 	0. 1410 

1 0 0.431 (for continuous spectra) 

Radiation energy loss (cut off at + 6 Mev) 

z w EE 	 -0.31 Mev 

Areas: under straggling curve 

t 	0.10 	0.30 	0.50 	0.70 	0.90 

A. 	0.967 	0.905 	0.841 	0.787 	0.736 

w 	0.3155 	0.2344 	0.143 	0.1462 	0.1195 

W. A. .t. 
T 	1 	 Zwt. = 	 0.404 

Ew 1  .A. 	11 
1 

Horizontal scattering 

first order theory (iS) 
= 	 +0.003 Mev 

second order theory (.25) 	
-0.153 Hey 

4 	Horizontal width 

first order theory (1L) 	
+0. 709 Hey SElL 
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TABLE 7 
(continued) 

second order theory (2L) 

ZL E 	= 	 -0.002 Mev 

Channel location shift (Table 5) 

-0.146 Mev 

Vertical scattering and height (See note - Table 10) 

second order theory 

E2V 	 -0,603 Mev 

Net moment of resolution (See note at end of Table 7) 

-l.23Mev 

B. 

	

	Effect of weighting of various energy channels due to statistical 

factor. (See Table 8) 

• 0.019Mev 

C. 

	

	Background subtraction; estimate of change in moment for 

various normalization of data 

Change if normalizing factor is varied± 10 percent 

	

= 	 ±0.05 Mèv 

Change if spectrum is not cut off at ± 6 Mev 

	

SE = 	 +0.256 Mev 

D. 	Discrepancy of fit by moment and fit by eye 

SE = -0.07 ± 0.045 4ev 
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TABLE? 
(continued) 

The net first moment of the resolution which is obtained from 

the fold of two or more components can be obtained by simply adding alge-

braically the first moments of the components. 

To prove this let us define 

R(x)Jf(x_t) g(t) dt 	 (1) 

The first moment of the resolution is defined to be 

f xRxdx 
X 	JR(x) dx 	 (2) 

This can be rewritten as follows 

f [x - 	R(x) dx . 0 	 (3) 

Let us define the first moments of the components to be 

F and G in a similar manner. 

j[ 	
F] f(s) d 	0 	 (4) 

f it - 	g(t)dto 	 (5) 

We can restate the Theorem 

(6) 

by the equation 

G-F]R(x)dx 	0 f IX  - 	 ( 7) 

or 

- G - F] f(xt) g(t) dt dx 0 
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TABLE 7 
(continued) 

	

If this integral vanishes our Theprn holds. 	 - 

From Equation 5 we can form the integral 

5 f()J ft-G g(t) dt d 	0 	 (9) 

Since 1' and g are well behaved we have that 

ff [t - 	f() g(t) dt d 0 	 (10) 

Similarly from Equation 4 

fJ[ 	F] g(t) f() d 	dt 0 	 (11) 

If we add Equations 10 and 11 

It + 	G F] f() g(t) ddt 	0 	(12) 

Transforming to the variables 

t 

x 	),+t 	 (12) 

x-t 	 d dt dxdt 

Thus Equation 12 becomes 

ff [xGF] f(xt) g(t) dxdt0 

This is Equation 8 and our Theorem is proved. 
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TABLE 8 

Correc- Cor- 
Normalized tion rected Probable 

Channel Energy H2 Counts Background Factor Intensity Error 

28 119. 50 17 17.9 1.204 - 	 1.08 4.04 

17 17, 8 1. 183 0.95 3.94 

29 121.00 16 17.6 1. 167 - 	 1.87 3.61 

23 17.4 1.147 6.42 4.20 

30 122. 50 13 17.2 1. 133 - 	 4.76 3. 29 

17 16.8 1. 118 0.22 3.66 

31 124.00 21 16.5 1. 104 4.97 3.88 

27 16.1 1.086 11.84 4. 14 

32 125. 50 23 15. 7 1.073 7.83 3.94 

33 15.2 1.059 18.85 4.45 

33 127.00 63 14. 8. 1.046 50.42 5.87 

100 14.2 1.033 88.63 7. 18 

34 128. 50 137 13. 7 1. 02.1 125.88 8.27 

96 	. 13, 1 1.009 83.65 6.88 

35 130.00 49 12.5 1.000 36.50 499 

24 11.9 1.021 12.35 3.63 

36 131.50 21 11.3 1.046 10. 15 3.52 

18 10.6 1.069 7.91 3.36 

37 132.00 13 10.0 1.096 3.29 2.93 

13 9. 2 1. 122 4. 26 3.05 

38 133. 50 10 8.6 1. 149 1.61 2.81 

11 8.0 1.181 3.54 3.05 

39 134.00 10 7.4 1. 210 3. 15 2.97 

2 6.8 1.240 - 	 5.95 1.81 

40 135. 50 9 6.3 1.272 3.43 2.99 
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TABLE 9 

Mass Calculation 

Reiatio.n'between energy of gamma ray and masses: 

2 	4 

E 6 
 Mc - 2M C2 	M NC) 

--a--- (MNMP)c +.. it 

The electronic rest mass, DuMond and Cohen: 59  

Mc 2  =0.510969 ± 2/10 Mev 

The N-P mass difference, Robson: 60 

(MN - M) c 2  = 1 293(± 0 013) Mev 

The magnetf moment of the proton as obtained by Thomas Driscoli 
and Hipple: 

• gp 2.67530 (± 0.0006) x 10 4  Sec 4  gauss 4  

The resulting conversion factor from frequency to field: 

H = 234. 865 (± 0.005)  .y  (Megacycles) gauss 

The field measured at the converter position (x = 0 y = 0) 

H0  = 9.12261 Kilo gauss 

The radius of curvature at the converter 

r1+.1 (Mc22±. 
0 H L ZJ 

The velocity of light. 

c = 2. 99790 x 1010 cm/sec 

To convert to the energy scale at the detector the results of Table 4 
were used 

The resolution has a first moment about the assumed zero of 

-1.23 Mev. 

The calculated moment of the data is 

12.303 Mev. 
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The moment as observed to be in good agreement with the resolving 
power is. 

12,214 Mev 

From these values one can evaluate the energy of the gamma ray. 

12954 t 0.23 Mey 

With this value of E the mass can be.obtained to be 

273.5 ± 0.5 m 

7 
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TABLE 10 

• SUMMARY OF ERRORS IN MASS MEASUREMENTS 

Statistical error, based on equivalent gaussian distribution an- 

	

• 	alysis: (RMS ) 

In AE. 2  Cr 	1.0Mev 0.048 Mev 
•

n 	n - 1) 	-jz 	1416 

	

• 	 3.7/10 

Uncertainty in central field monitoring based on estimates of 
deviations observed, which were corrected periodically dur-
ing the measurements of the Gamma Ray spectrum. Error 
assigned is 1/2 the maximum deviation: 

1. o/io 

Weighted errors' in field measurements obtained in Table 2: 

3, 5/l0 

Errors in Geometry--counter location templates, etc., based 
on a series of cross checks and measurements before and 
after cyclotron runs: 

3. 5/10 

Error of energy scale computations apart from uncertainties 
due to field. Includes error introduced by having only seven 
orbits: 

Errors of computations for the second order skew effects in-
cludes uncertainties of higher derivatives obtained from field 
data and estimated uncertainties in .target illumination: 

6/i 

Errors arising from first order resolving power includes 
estimated errors in ionization loss: 

2/10 

Total error calculated by combining squares of estimated 
electron masses: 

±0, 28.e1ectr,on-masses' 
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TABLE 10 
(continued) 

Additional probable errors, which are included by the experi-
menter to take into account many corrections which have been 
estimated to be smaller than those considered but which until 
the detailed calculations are completed may combine in a 
systematic rathe.r than random manner (also included here is 
as estimate of the error in the fit of the theoretical resolution 
to the data): 

± 14/10 	or ± 0.40 electron masses 

J. 	Total obtained by combining squares: 

± 0.50 electron masses 

Finally, since the method of estimating errors is to some ex-
tent one which is based on the usual conventions rather than detailed 
analysis of the error theory, the possibility exists that one or more 
estimated probable errors may be incorrect as much as a factor of 
two is possible. 

* The major source of this error is that caused by the approxima-
tionsinvolved in the calculation of the vertical motion perturba-
tion correction in the energy. scale. In particular the calculation 
of the two particle model which is discussed in Sectio.n V.-D is 
not completed at the present time and an estimate of the result 
has been applIed but .the error of this estimate is not included 
elsewhere. On the, completion of this calculation, the size of 
the errors of this Type (I) will be reduced considerably. 
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X. FIGURE CAPTIONS 

Fig. 1 	Typical cloud chamber arrangement for cosmic ray mèson 

mas.s measurements. The top chamber measures, momentum 

and the lower chamber determines ranges. An alternative 

position of the deflecting field, is at D. 

Fig. 2 	Cosmic ray meson mass data obtained by Retallic and Brode. 

The short lines, represent individual points with their 

associated uncertainties. 

• Fig. 3 	Target arrangement for negative meson mass measurement. 

Fig. 4 	Diagraxi illustrating geometry of experiments to measure 

meson to proton mass ratios. 

Fig. 5 	Range histogram of .+ mesons from decay of it+ mesons at 

rest in nuclear emulsions. 

Fig. 6 	The w energy spectrum from 340 Mev protons on hydrogen. 

Fig. 7 	The physical arrangement of apparatus used to study the 

reaction P -4- P4 ir+  + D. 

Fig. 8 	The detailed, spectrum from the reaction P + P w+  + D 

measured at 0 0 . This peak was used to measure the ir+ 

mass. 

Fig. 9 	The ir capture 'y-ry energy spectrum measured with poor 

resolution. Resolving powers "22. 5 percent width at half 

maximum. 

Fig. 10 	The photon spectrum associated with cosmic ray 'stars. 
-' 	 , 	 2 • 	 The circles are the values, of Mc /2 obtained for various 

energyir 0 
 S. 

Fig. 11 	The neutral. meson decay gamma ray spectrum averaged 

over all laboratory angles obtained with 340 Mev pro,t9ns on 

carbon. The dotted curves are drawn for various rr 0. masses 

assuming no other sources of y-rays. 

Fig. 12 	composite plot of y-ray spectrum resulting from the capture 

of negative pions in hydrogen. Note that the scale is ex-

panded by a factor of five below I 75 to show, details of 

peak. 
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Fig. 13 	Experimental arrangement used in early it" capture experi- 

ments. 

Fig. 14 	Outline diagram of pair spectrometer used in early ii cap- 

ture experiments. 

Fig. 15 	The gamma ray energy spectrum with the theoretical re- 

solving power used in previous ir mass measurements. 

The resolution does not include ionization loss, horizontal 

width corrections, and energyscale corrections due to fringe 

field. Probable errors are shown. 

Fig. 16 	Channel width resolution of the early measurements. 

= E-E where E0  is the total energy of the gamma ray 

and E is the observed energy. 

Fig. 17 	Scattering resolution of the early measurements. Multiple 

scattering of pair fragments in the converter widens the 

measured energy distribution. 

Fig. 18 	Radiation resolution of the early measurements. Radiation 

of pair fragments which leave the converter lowers the 

apparent energy. 

Fig. 19 	The total resolving pow, er which was used in previous -ray 

spectrum analysis. The ionization loss was not included. 

The changes in the energy scale due to the second order ab-

ber.ations and corrections due to fringe fields, were applied 

as changes in the meson mass. 

Fig. 20 	Wedge focusing for the small 'angle scattering in the hori- 

zontal plane at the converter. The shaded region  indicates. 

a uniform magnetic field. 

Fig. 21 	The finite converter width aberration simplified for the uni- 

form field case. Firs.t order cancellation is obtained since 

the sum of the electron and positron energy is measured. 

Fig. 22 	The qualitative effect of the fringe field on the horizontal 

scattering focus is to distort the focal line for different 

particle energies. 



Fig. 23 	The general layout of the experimental apparatus. 

Fig, 24 	Internal hydrogen target asembly• The vessel walls are 

stainless steel. 

Fig, 25 	Collimation system. The scale is chosen to show limiting 

rays arising from horizontal and vertical widths. The verti-

cal lirri.ting rays are shown from the Center and edge of 

the source. All of the horizontal limiting rays extend beyond 

the edge of the converter. 

Fig. 26 	Microphotometer trace of intensified x-ray film which has 

been exposed to 90 Mev neutrons passing through the colli-

mating system. The vertical profile indicates that the beam 

probably came from a point on the source below the center 

line of the collimation. The slope of the horizontal profile 

is due to non uniform development. The converter is in-

dicated by dotted lines. 

Fig. 27 	Top view of counter'holder in relation to magnet pole tip.. 

The orbits for 49 and 81 Mev electrons are shown. The 

overlap channels defined by coincidences between adjacent 

gie iger tubes are shown for the central energy of the 

spectrometer. The duplicate numbered sets of tubes corre-

spond to the top and bottom rows as is shown in Fig. 28 

Fig, 28 The side view (cross section) of the tube holder., magnet 

pol,e tip and multi wire proportional counter. The geiger 

counters straddle the focus line. 

Fig. 29 	The electronic block diagram. 

Fig, 30 	The field contours on one side of the magnet. 

Fig,. 31 	The grid of field measurements positron side. Cs indicate 

the range of errors, in percent of H which are estimated .to 

be associated with each of the regions in the field. 

Fig, 32 	Same as Fig. 31 electron side. 

Fig, 33 	The weighting function for errors in the magnetic field measure- 

ments plotted against the arc length of the orbits for the 

various energies. Both types of errors are weighted differently 

depending upon the point where they occur in the orbit. 
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Fig. 34 	The input functions for A(s), the restoring term in the 

horizontal motion. The curves are. plotted for the various 

energies considered. 

Fig. 35 	The input functions B(s) for the vertical motion. 

Fig. 36 	The family of p  solutions for the horizontal mtion. p  is 

approximately the mean square angle.of. scattering. 

Fig. 37 	The farnilyof Z solutions which determines the vertical 

motion in the first order theory. 

Fig. 38 	The finite detector channel width resolution. The ,dotted 

curve is the ideal resolution for a single pair of counters 

/ located at positions such that E+ + E = E0. The solid 

curve is the actual resolutIn when averaged over slight 

errors in location and in channel widths,. 

Fig. 39 	The gamma ray energy distribution in the first order reso- 

lution theory which results from multiple scattering in the 

converter in the horizontal plane only. This distribution 

results from the fac,t that the counters are not located on 

the focus line' but: are placed symmetrically on.each side. 

Fig. 40 

	

	The zone of acceptance for particles produced in strips of 

the converter at a height Z = Z 0  and with an initial angle 

e in the vertical plane. From the limiting angles the 

efficiency can be computed for various thicknesses, and 

heights of the converter. 

Fig. 41 	The theoretical and experimental yields for various con- 

verter thicknesses. The theoretical curve has been used 

to weight all the effects in the resolution which depend upon 

converter thickness. The experimental points, were measured 

with neutral meso,n.s y.-rays; probable errors are shown. 

Fig. 42 Gamma ray energy distribution resulting from radia.tion of 

the pair fragments leaving the converter. The curve shown 

results from pairs produced at the center of the converter. 
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Fig. 43. 	The distribution of 'yray energies which results from ioni'- 

zation loss of pairs. The curve shown results from pairs 

produced at the center of the converter. 

Fig. 44 	The qualitative effect of ionization loss of pair fragments 

in the converter when averaged over the converter thicknes's. 

The low energy tail comes from the fluctuation of the ioni-

zation effect (Landau effect). 

Fig. 45 	Combined resolving power due to ionization, radiation and 

scattering. These are the first order effects which depend 

upon converter thickness. Each curve represents a thick-

ness increment of the converter. 

Fig. 46 	The resolution due to first order converter thickness effects 

averaged over the converter. 

Fig. 47 	Mass data with first order resolving power only. Probable 

errors are shown. The channel width of Fig. 38 has been 

folded into the converter effects. The semilogarithmic 

scale emphasizes the discrepancy a,t the tails of the distri-

bution. 

Fig. 48 	Resolving power resulting from the finite lateral width of 

the converter. This term is the largest second order effect. 

It depends only however upon the first order solutions to the 

orbit perturbation problem. (The effect of the second order 

orbit perturbation theory has not been included in this curve.) 

Fig. 49 

	

	Differential analyzer input function R(s) which represents the 

perturbation term in the p equation when there is an initial 

= 1 with all other initial conditions set equal to zero. 

case i three different energies are shown, for one side of 

the spectrometer. 

Fig. 50 	Solution of perturbation for initial conditions of Case 1, 

From this the family of solutions for various initial condi-

tions can be found corresponding to the second order abbera-

tion due to the horizontal width of the converter. 
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Fig 51 	The analyzer input function for the case p (o) = 0M where 

OM.1s the root mean square horizontal angle of scattering 

in the converter. The other initial conditions are all zero. 

Case 2. 

Fig. 52 	The solution of Case 2 for the horizontal scattering in the 

•second order theory. 

Fig. 53 	The analyzer input function for the initial displacement in 

the vertical direction Z (o) = 1. Case 5 

Fig. 54 	The solution in the p plane for the vertical, height effect of 

the 'converter. Case 5. 

Fig. 55 	The analyzer input functions for the initial vertical scat- 

tering where Z(o) = 0M' 0M is the vertical root mean 

square angle of scattering Case 6, 

Fig. 56 	Solution in the p equation due to vertical scattering. Case 6. 

Fig. 57 	Resolution component due to scattering in the horizontal 

plane due to the second order perturbations in the orbits. 

Fig. 58 	This curve is the surface of AE due to Z and V perturba- 

tions when projected into the SE,. V plane. Z has been 

replaced by c which. is Z'/OM.  This curve is essentially 

independent of the energy of the particle orbit, and the 

ëonstants represent an averaging over all the analyzer 

cases involved. 

Fig. 59 	The second orde.r energy resolution component due to 

vertical scattering and vertical height of the converter. 

This. curve is obtained using the simplified model involving 

a single particle with twice the mean squa .red angle. 

Fig. 60 	The resolution curve which includes all the first and second 

order effects calculated by folding together the resolution 

components which are statistically independent. 

Fig. 61 	The pion capture v-ray spectrum which is obtained by 

using a 0. 050 in. tantalum converter. Probable error.s 

are shown. The solid curve is the estimated resolution. 

The effects. due to scattering out lo.sses are difficult to 

include, 
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Fig, .62 	The capture spectrum obtained by using a 0, 020 in, tanta 

lum converter probable errors are shown, The solid curve 

is the calculated resolution. 

Fig, 63 	The capture spectrum measured with the thin target, 0. 010 

in, tantalum, compared to the spectrum obtained by Panof sky, 

et al. The solid curves are theoretical resolution curves. 

Probable errors are shown. 

Fig, 64 	Experimental and theoretical yilds for various converter 

shapes. Experimental points were obtained from it °  gamma 

rays from the primary target. Probable errors are shown. 

Fig, 65 it0  gamma ray spectrum from protons on wolfram measured 

at 180 .degrèés using three overlapping field settings where 

energy dependent loss corrections are negligible. 

Fig, 66 . 	
O gamma ray spectrum from 340 Mev protons on wolfram 

target using the focussing spectrometer. The solid line 

is from the data taken using conventional. 90 degree spec- 

trometer. Probable errors are shown. The results show 

that the losses are unimportant over the range of energies 

considered. 

Fig, 67 	Gamma ray background from the empty hydrogen vessel. 

The solid line is obtained  from the it 
0  decay gamma s which 

are produced at the primary target with 340 Mev protons. 

Since the energy of the primary protons is reduced to '330 

Mev when the primary target is in the position at which the 

meson capture spectrum is measured one would expect 

the higher energy gamma ray yield to be reduced, Probable 

errors are shown. 

Fig, 68 	The meson capture spectrum is shown with a gaussian of 

RMS width of 1 Mev. The agreement extends to approximately 

10 percent of the maximum intensity, 
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