UC Merced
Proceedings of the Annual Meeting of the Cognitive Science
Society

Title
Joint Modeling of Choices and Response Times in Multi-stage Decisions via Likelihood
Approximation

Permalink

btt_gs:[[escholarship.orq/uc/item/3rh489g__ri

Journal
Proceedings of the Annual Meeting of the Cognitive Science Society, 48(0)

Authors

Li, Jialin

Correa, Carlos G.
Yu, Doris

Publication Date
2026

Copyright Information
This work is made available under the terms of a Creative Commons Attribution License,

available at bttgs:cheativecommons.orgglicensesgb¥44.od

Peer reviewed

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/3rh489qr
https://escholarship.org/uc/item/3rh489qr#author
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/

Joint Modeling of Choices and Response Times in Multi-stage Decisions via
Likelihood Approximation

Jialin Li (jl16057 @nyu.edu)', Carlos G. Correa (carlos.correa@nyu.edu)’, Doris Yu (dorisyu @uw.edu)?,
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' Department of Psychology, New York University
2Center of Neural Science, New York University
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Abstract

Planning involves a process of considering future states be-
fore acting. To understand this process, researchers typically
infer planning algorithms by fitting computational models to
choices. However, different planning models often predict the
same choices, despite relying on different computations. Re-
action time can help distinguish among models, since different
computations produce different temporal signatures. However,
incorporating reaction time into fitting is challenging because
analytical likelihoods are typically unavailable. Here we pro-
pose a likelihood-free method to estimate the density for choices
and reaction times in multi-stage decision making. We vali-
date the method through comparisons with analytical solutions,
parameter recovery, and showing robust estimates relative to
distribution-free and summary statistic approaches. Through a
new human experiment and fitting evidence accumulation mod-
els from Solway and Botvinick (2015), we demonstrate that
modeling the full distribution is important to explain human
behavior. Overall, our method is a valuable tool for modeling
reaction times in multi-stage decision-making.

Keywords: planning; evidence accumulation; decision tree;
likelihood free estimation

Introduction

Every day, people engage in sequential decisions that require
mentally simulating multiple future outcomes before acting.
This ability to anticipate and evaluate future consequences
is a defining characteristic of planning (Mattar and Lengyel,
2022), formalized as a tree search problem in which people
construct and search a decision tree that links present actions
with distant rewards (Kuperwajs et al., 2025).

Because planning is an internal, unobservable process, re-
searchers must infer its structure indirectly from behavior.
Extensive work has modeled human planning by fitting com-
putational models to choices in multi-stage decision-making
(Daw et al., 2011). This approach reveals that people rarely
engage in exhaustive planning, instead employing approxi-
mate and bounded algorithms that selectively expand promis-
ing branches while pruning costly ones (Huys et al., 2012,
2015). Planning depth and precision adapt flexibly to un-
certainty (Fan et al., 2024), working memory capacity (Ying
etal.,2024), and effort costs (Callaway et al., 2022), consistent
with a resource-rational trade-off between expected reward
and cognitive expenditure (Lieder and Griffiths, 2020).

While choice data yields numerous insights, additional be-
havioral measures are often needed for fine-grained algorith-
mic distinctions. This is because different planning mod-

els can produce the same choice—often the best available
option—despite relying on different computations. To mit-
igate this indeterminacy, planning models can also be com-
pared by their ability to predict human reaction time, since it
provides an additional constraint on the underlying computa-
tion. Reaction time thus serves as a key behavioral measure
for distinguishing among planning algorithms (Callaway et al.,
2024; Schwobel et al., 2024). Solway and Botvinick (2015)
demonstrated this approach by modeling planning as an ev-
idence integration process and found that planning is best
explained as parallel evidence accumulation over time with
competition across independent paths.

Modeling the temporal dynamics of multi-stage decision
making, however, poses a methodological challenge. Unlike
sequential sampling models (SSMs) used in simple choices
(Ratcliff, 1978; Brown and Heathcote, 2008; Turner et al.,
2018), computational models of multi-stage decision making
generally lack analytical solutions for the joint probability of
choices and reaction times. As a result, researchers have fit
models based on summary statistics, or used likelihood-free
inference approaches, both of which have limitations. Fit-
ting summary statistics compresses behavior into a few values
(Solway and Botvinick, 2015), potentially hiding variability
in the data. Approximating the likelihood using marginal
RT quantiles (Heathcote et al., 2002) assumes independence
across stages, an assumption often violated in multi-stage
tasks. Inverse binomial sampling (IBS) provides unbiased
likelihood estimates for discrete data (van Opheusden et al.,
2020), but extending it to continuous variables is nontrivial,
leaving detailed aspects of the data distribution unmodeled.

Here we develop a probability density approximation (PDA)
method, building on Turner and Sederberg (2014), for esti-
mating likelihoods in multi-stage decision making. We vali-
date PDA using evidence accumulation models from Solway
and Botvinick (2015) and a new human planning experiment,
demonstrating that PDA closely matches analytical solutions
where available and improve parameter recovery over alter-
native methods. When applied to human data, fitting the
full joint distribution of reaction times—rather than summary
statistics or marginal fits—reveals systematic model misspec-
ification undetectable from psychometric curves alone and
leads to different model selection conclusions. These results
demonstrate that modeling the full reaction time distribution
is critical for recovering planning dynamics and for reliably
evaluating multi-stage decision models.
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Figure 1: Task design and illustration of probability density approximation (PDA) method. (A) The reward associated with
each shape ranged from -4 to 4. (B) The task interface shown to the participants. Participants select a node by key press. Their
current state is highlighted in blue, and the chosen action is highlighted in orange. The goal is to maximize number of points
by navigating in the graph. (C) Two tree configurations. Each node is one state, and each arrow corresponds to an action in
the graph. (D) An illustration of PDA. The method draws samples from the simulator model and then uses a two-dimensional
Gaussian kernel to estimate the joint probability density of response time (RT). The red lines and star indicate the true response
time a participant had in this example trial. The blue dashed line indicates the mean of the response time distribution.

Methods

Decision tree navigation task

We adapted the sequential decision task from Solway and
Botvinick (2015), modifying the spatial layout to prevent par-
ticipants from using physical proximity as a cue to connectiv-
ity. States were arranged in a circle (Callaway et al., 2024;
Correaetal., 2023; Zhu et al., 2022), which limits rapid visual
scanning for high-reward regions and requires participants to
internally track action sequences, thereby increasing reliance
on internal planning. The task environment consisted of 11
states, each labeled with a shape indicating the points gained or
lost upon visiting (Fig. 1A). Arrows indicated available tran-
sitions between states. On each trial, participants navigated
from an initial state to a terminal state, accumulating points
along their trajectory (Fig. 1B). To select an action, partici-
pants cycled through available options using the ‘F’ key and
confirmed with the ‘J’ key; decisions were irreversible. Par-
ticipants’ goal was to maximize total points. Trials used one
of two tree configurations— ‘Tree 1’ or “Tree 2’—(Fig. 1C),
presented in random order.

Experimental procedure The experiment began with an in-
teractive instruction phase introducing the task structure and
rules. Participants then completed guided practice trials, in-
cluding moving to designated locations to demonstrate task
comprehension. To verify learning of the shape—reward as-
sociations, participants completed 10 binary-choice practice
trials and were required to achieve the maximum points on all
trials. Participants who did not meet this criterion received ad-
ditional clarification before proceeding. Following practice,
participants completed 200 or 300 experimental trials.

Participants Forty-five participants were recruited from
Prolific who is fluent in English. For model fitting and analy-
sis, we included only trials with the ‘Tree 2’ structure, which
provides the minimum branching complexity needed to dis-
tinguish between the candidate models. Following Solway
and Botvinick (2015), we excluded trials with response times
shorter than 500 ms or longer than 10 s. After exclusions, the
final dataset comprised 4589 trials.

Computational models

Solway and Botvinick (2015) proposed a family of 14 evidence
accumulation models for model-based tree search, differing in
their assumptions about noise structure, pruning mechanisms,
and search strategies. For brevity, we introduce only the two
models used to validate our likelihood-free inference method;
see full model specifications in Solway and Botvinick (2015).

Forward greedy model (FG) The forward greedy (FG)
model assumes that decisions at each stage are made inde-
pendently, based only on immediate rewards. At the first
stage, evidence for each action accumulates according to:

E'=E' +d; Ry +er,

E;;l ZE% +d; - RR + €gR,

(D

where E denotes cumulative evidence for a given action,
dy is the drift rate, Ry and Rg are rewards at the respec-
tive next states, and e denotes zero-mean Gaussian noise
€ ~ N(0,02I) with standard deviation o = 0.01. Follow-
ing Solway and Botvinick (2015), we use L and R to denote
the two actions, though these do not correspond to spatial lo-
cations given our circular layout. A decision occurs when the
evidence difference exceeds threshold 6.
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At the second stage, the two states within the chosen branch
compete via an analogous process. For example, if action R
is selected:

E;;Ll = E;?L + d2 . RRL + €rr,

@)

E;;}Ql = E;?R +ds - RRR + €RR,
with threshold ;. Each stage includes a non-decision time
parameter (77 and 73) accounting for perceptual and motor
processes. Integrators reset to zero at each stage.

Two stage independent-path model (TS) In contrast to the
stage-wise FG model, the two-stage independent-path (TS)
model treats each complete path through the tree as a sin-
gle evidence integrator, allowing information about future
rewards to influence the first-stage decision. Evidence for
each of the four paths is updated according to the cumulative
reward along that path:

Etfi =E;  +(d\RL+e€) + (d\RLL + €LL),

EIL+11e =E] g+ (di\R +€L) + (d\RLR + €LR), .

E?lL = Ep ; + (diRR + €r) + (diRRL + €RL),

E;;:;? = E;Q,R + (leR + ER) + (leRR + ERR)-
A first-stage decision occurs when the difference between the
best and second-best paths exceeds threshold ;. The second
stage continues accumulating evidence for the two remaining
paths until their difference exceeds 6, with 6, > 6, to ensure
the second-stage decision follows the first. Non-decision time
parameters 77 and 75 apply as in the FG model.

Model fitting

We compare three approaches for fitting models to behavioral
data: probability density approximation (PDA), which we
develop here for multi-stage decisions; residual sum of squares
(RSS) (Solway and Botvinick, 2015); and inverse binomial
sampling (IBS) (van Opheusden et al., 2020).

Probability density approximation (PDA) Our approach
extends the PDA framework of Turner and Sederberg (2014)
to multi-stage decision-making. The key idea is to approx-
imate the likelihood of observed choices and reaction times
by simulating the model many times and using kernel den-
sity estimation on the resulting samples. PDA requires two
components: (1) a dataset D = {s;, ¢;, t[}l’.\;l consisting of N
trials, each characterized by a state vector §;, choice vector
¢;, and reaction time vector #;; and (2) a generative model M
that takes a state s and parameter vector € as input and outputs
responses r over choices and reaction times.

Assuming independence across trials, the joint likelihood
of choices and reaction times for a particular model is:

N
LO|D) =] [Meiti16.50) @
i=1
Following Turner and Sederberg (2014), we factorize the joint
distribution using the chain rule for trial i:

p(ci.ca,ti 12 ] 0,8) = p(cr,c2]80,s) p(t1,12 | c1,¢2,0,5)
%)

We use this identity to compute the empirical likelihood of

choices and reaction times in our experimental dataset for

each parameter/model combination. The choice probability,

p(c1,ca | 0,5s), is estimated from empirical frequencies:
n(ci, c2)

P(Cl,02|9,s)=T (6)

where n(cy, ¢3) is the number of simulated samples yielding
choice pair (¢, ¢2), and J is the total number of samples. The
conditional RT density, p(t1,; | c1, 2,0, 5), is estimated via
multivariate kernel density estimation. Letx = (71, f) and let
{x;}", be the simulated RTs matching the observed choice.
The density estimate is:

. 1 ¢
fux) == > Kulx —x)), (7)
e
where Kp is a Gaussian kernel with bandwidth matrix H:

Ky(u) = exp(—%uTH_lu) 8)

1
(2n)412|H|1/2
The bandwidth matrix H uses a rule-of-thumb scaling based
on the sample covariance matrix X, which balances bias and
variance in the density approximation (Silverman, 1986):

4\

(d + 2) " ©)

where d is the RT vector dimensionality and X is the sample

covariance. Asn — oo, H — 0 and the estimate converges to
the true density.

Figure 1D illustrates PDA for a single trial: the model is
simulated repeatedly for a given reward configuration, and the
resulting RT samples are used to estimate the joint density
(Eq. 7). The observed RT (red marker) falls near the density
peak, indicating high likelihood under the current parameters.

Residual sum of squares (RSS) In Solway and Botvinick
(2015), for each candidate parameter vector €, the model was
simulated once for every empirical trial, and predictions were
summarized into psychometric curves (i.e., choice accuracy
and mean RT as functions of task difficulty). The objective
function was the residual sum of squares (RSS) between em-
pirical and simulated curves, after rescaling RTs to balance
their contribution:
7 . 2
RSS(O) = ) (v~ yim(9))

Jj=1

(10)

where y?a‘a and yj.im(O) are the j-th binned statistics from data

and simulation, respectively.

Inverse binomial sampling (IBS) IBS estimates log-
likelihoods by repeatedly simulating from the model until a
simulated response matches the observed one. For continu-
ous variables like RT, a match is defined when the difference
between a simulated response 7; and the observed response r;
falls within a threshold € (van Opheusden et al., 2020):
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N
L:(0)= Y logPr(|Fi—ril <& 6,5) (1)
i=1
As € — 0, the estimate approaches the true likelihood under
regularity conditions, but the expected number of required
samples diverges, leading to a bias—variance tradeoff.

Optimization All three fitting methods require stochastic
simulation, making objective function evaluation noisy and
computationally expensive. We used Bayesian Adaptive Di-
rect Search (BADS) (Acerbi and Ma, 2017; Singh and Acerbi,
2024), a derivative-free optimizer designed for expensive, po-
tentially non-smooth objectives.

Validation of the PDA approach

Comparison with analytical solution To evaluate the ac-
curacy of PDA under finite sampling, we compared it against
an analytical likelihood available for the FG model. Because
the FG model treats stages independently, each stage can be
formulated as a drift—diffusion process:

dx = udt + odW (12)

where W is the standard Wiener process and the drift rate
u = d;i(Rp — Rg) is determined by the reward difference at
each stage. This formulation yields closed-form first-passage
time (FPT) densities for each stage (Drugowitsch, 2016):

g1 = feer(t1 | 11,01, upper;),

(13)
g2 = frer(t2 | 2, 62, upper,),
with total log-likelihood:
log p(t1,12 | ¢,0) =log g1 +log g>. (14)

To compare analytical and PDA likelihoods, we first fitted
the FG model using the analytical solution, then evaluated
trial-wise PDA log-likelihoods at the fitted parameters us-
ing J = 1000 simulations, requiring at least 100 samples with
matching choices. We found that PDA closely matches analyt-
ical log-likelihoods, exhibiting high correlation and minimal
deviations across the likelihood range (Fig. 2A-B). PDA also
captures the local geometry relevant for optimization when
we varied 6, locally around the optimum and fixed all pa-
rameters at their fitted values (Fig. 2C). Finally, subject-level
root mean square error (RMSE) are uniformly low, indicating
stable agreement across participants (Fig. 2D).

Parameter recovery Parameter recovery assesses whether
an inference method can reliably recover true generative pa-
rameters under controlled conditions (Wilson and Collins,
2019). We used this approach to evaluate PDA relative to
RSS and IBS, with analytical likelihood as a benchmark.

We generated 50 synthetic datasets of 100 trials each from
the FG model. For each dataset, parameters were sampled
from the following distributions: d; and d» log-uniformly
from [1077, 10‘3], 0, and 6 uniformly from [0.01, 1], and
Ty and T3 uniformly from [100, 5000] ms. All six parameters
were then jointly refit using each method.
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Figure 2: Comparison between analytical solution and PDA
likelihood estimates in FG model. (A) Trial-wise PDA and
analytical log-likelihood show strong correlation. (B) Dif-
ference indicates near-zero bias and tight agreement, with no
systematic deviation across the likelihood range. (C) A one-
parameter likelihood slice around the fitted optimum shows
that PDA preserves the local shape and peak of the likeli-
hood landscape. (D) Subject-level RMSE of trial-wise log-
likelihood differences remains low across participants.

Recovery quality differed markedly across methods (Fig. 3).
PDA achieved near-perfect recovery comparable to the analyt-
ical benchmark, with fitted parameters tightly aligned to the
identity line. RSS showed substantial variability and system-
atic deviations, reflecting poor identifiability. IBS performed
comparably to PDA in correlation but systematically underes-
timated decision thresholds, likely because its tolerance-based
matching criterion does not fully capture the right-skewed
shape of RT distributions.

Results

Inconsistent model selection across methods

We first aimed to replicate the key finding from Solway and
Botvinick (2015)—that the TS model best explains human
planning behavior. Using the original RSS fitting procedure,
we simulated all 14 candidate models from that study on our
new experimental data, aggregating predictions into group-
level psychometric curves and minimizing RSS between em-
pirical and simulated curves. Consistent with the original
findings, the TS model provided the best fit to both accuracy
and reaction time psychometric curves ! at the first stage and
second stage (Fig. 4). Model comparison using their Bayesian
information criterion (BIC) favored the TS model over alter-
natives (TS: BIC =-289.11; FG: BIC = -257.96).

!For brevity, we only plot TS and FG models via RSS and PDA.

3356



Analytical
1.0F, O,
r=0.987 O 10

08 O@ 08
< o6l <
et 0.6 > 06
2 2
i 04r i 04 A

0.2 yy 0.2 &P

0.0 L ) 0.0

0.0 0.5 1.0 . .
Ground truth 6, Ground truth 6,
RSS IBS
201 = 0.1669 S r=0.937 o,
e 1.00 ’
15F e} o) 7~
4 -

& L, & 0.75
T 10k ’ o @E@
g 10 o%o 2 £ os0f o0
[ [T

05 %%% 0.25F @@’&?

0.0 o @. \ 0.00 -g @ |

0 1 2 0.0 0.5 1.0

Ground truth 6, Ground truth 6,

Figure 3: Parameter recovery across different fitting method.
Analytical likelihood, PDA, RSS and IBS are shown as scatter
plots comparing ground truth ¢; with fitted 8; in forward
greedy model. Dashed lines indicate the identity line, and r
indicates Pearson correlation coefficient.

We next applied our PDA method by fitting model pa-
rameters at the individual level to assess the robustness of
the results. In contrast to the previous RSS result, the
forward greedy model emerged as the preferred model un-
der individual-level fitting (TS: BIC = 3556.85; FG: BIC =
3523.47). As a reference, IBS also prefers FG over TS (TS:
BIC = 446.68; FG: BIC = 432.79). To further examine this
discrepancy, we simulated data using individually fitted pa-
rameters and constructed group-level psychometric curves.
Although both models underestimate choice accuracy at low
difficulty levels in both stages relative to human data (Fig. 4A
and Fig. 4B), the most pronounced divergence arises in the
second-stage reaction times as a function of second-stage re-
ward difference (Fig. 4E), where the TS model differs sub-
stantially in its fit.

Model misspecification from posterior check

To elucidate the source of the divergent model comparison
results and the qualitative differences observed in the psycho-
metric curves, we draw on insights from Ritz et al. (2026),
who demonstrated that apparent model mimicry can arise
artefactually from model misspecification. Accordingly, we
conducted posterior predictive checks using parameters fitted
with RSS and PDA, examining the reaction time distributions
at both the first and second stages via kernel density estima-
tion. As shown in Fig. 5, although the TS model fitted using
RSS best reproduces the aggregate psychometric curves, it

systematically deviates from the empirical reaction time dis-
tributions. This discrepancy is particularly pronounced at
the second stage, where the model predicts an unrealistically
sharp peak rather than the right-skewed distribution observed
in human data. In contrast, while PDA does not fully cap-
ture all fine-grained features of the second-stage reaction time
pattern (in Fig. 4E), it more accurately reproduces the overall
distribution (Fig. 5). For reference, the reaction time distribu-
tion at the second stage is also not well accounted for by the
FG model using either RSS or PDA.

Why does the bad prediction at the second stage reaction
time distribution only occur in RSS instead of PDA? A plau-
sible explanation related to the assumption in the TS model
that evidence continues accumulating between stages. In this
model, the first-stage decision threshold is determined solely
by the difference between the best and second-best paths.
Consequently, upon entering the second stage, the evidence
difference within the selected branch may already exceed the
second-stage threshold, resulting in near-immediate termina-
tion? and a small reaction time. This happen in 57.52% of
trials when using RSS, but only 24.73% of trials when us-
ing PDA. Rapid terminations occur more frequently when
second-stage reward differences are large and when the best
and second-best paths are in different branches. Because RSS
optimizes only mean reaction times and ignores distributional
variance, it disproportionately exploits these rapid termina-
tions to account for decreases in second-stage mean reaction
time with reward difference. In contrast, PDA penalizes as-
signing negligible probability mass to regions away from the
empirical distribution, preventing such degenerate solutions
from maximizing the likelihood and thereby yielding more
realistic reaction time distributions.

The rapid termination mechanism in the TS model also re-
sults in inferior fits relative to the FG model under likelihood-
based estimation methods such as PDA and IBS. Unlike RSS,
which primarily matches mean statistics, PDA accounts for
higher-order properties of the reaction time distribution, in-
cluding variance and skewness, making it insufficient to con-
centrate probability mass solely around the mean for each diffi-
culty level. To accommodate the broader variability observed
in second-stage reaction times, the TS model compensates by
substantially reducing its second-stage drift rate d,, yielding
estimates approximately an order of magnitude smaller than
those of the FG model under PDA (TS: d, = 7.53 x 1079,
FG: d; = 7.81 x 10~%). This adjustment produces excessively
long and highly skewed predicted reaction time distributions,
leading to systematic overestimation of second-stage reaction
times (Fig. 4E). In contrast, the FG model affords greater flex-
ibility in capturing second-stage dynamics, as it is not con-
strained by first-stage, and therefore provides a comparatively
better fit under likelihood-based methods, despite remaining
limitations in fully capturing the posterior distribution.

ZNear-immediate termination is defined as a second-stage deci-

sion occurring within 50 ms except non-decision time.
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Figure 5: Posterior predictive checks of first-stage and second-
stage reaction time distributions for the TS and FG models
fitted using RSS and PDA.

Discussion

In this paper, we developed a probability density approxima-
tion (PDA) method for fitting cognitive models with contin-
uous variables such as reaction time in multi-stage decision
making. Validation against analytical likelihoods and param-
eter recovery analyses demonstrated that PDA provides robust
and reliable estimates, outperforming both summary-statistic
(RSS) and tolerance-based (IBS) approaches. Applied to hu-
man data, PDA revealed that in our task, model selection
conclusion about planning, such as whether it proceeds via
parallel integration across independent paths (Solway and

Botvinick, 2015), depends critically on the fitting method:
when full RT distributions are modeled rather than summary
statistics, a simpler forward greedy model is preferred.

This reversal underscores a broader methodological lesson:
good agreement with psychometric curves does not guaran-
tee that a model adequately captures human behavior. In
our task, fitting only mean behavior while neglecting dis-
tributional shape proved misleading, as model-specific as-
sumptions (specifically, the rapid second-stage terminations
in the TS model) artificially improved fits to mean RT and
led to incorrect conclusions. PDA facilitates more principled
model evaluation by incorporating full distributional informa-
tion, revealing misspecification that summary statistics con-
ceal. Moreover, individual-level fitting becomes feasible even
when the number of trials per participant is limited, enabling
examination of individual differences in planning strategies.

Several limitations warrant consideration. First, the accu-
racy of PDA likelihood estimates depends critically on the
number of simulated samples used for kernel density estima-
tion. As the number of decisions increase, the state space and
the dimensionality of the joint reaction time distribution grow
rapidly, making likelihood estimation more computationally
demanding. Indeed, small sample sizes can introduce sub-
stantial bias, particularly for low-probability events. Future
work could address sample efficiency by incorporating impor-
tance sampling (Tran et al., 2020) or using neural networks to
approximate likelihood (Fengler et al., 2021). Second, prior
work has shown that omission trials can substantially affect
parameter estimates (Leng et al., 2024); integrating omissions
into our framework is another promising direction. Last, nei-
ther model we tested fully captured human RT distributions,
suggesting that more flexible architectures may be required.
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