
Lawrence Berkeley National Laboratory
Recent Work

Title
THE SPECTRUM AND THE STABILITY OF THE CHEBYSHEV COLLOCATION OPERATOR FOR THE 
SMALL DISTURBANCE EQUATION OF TRANSONIC FLOW

Permalink
https://escholarship.org/uc/item/3rm3b6gg

Author
Fishelov, D.

Publication Date
1987

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/3rm3b6gg
https://escholarship.org
http://www.cdlib.org/


,» 

'i 

" 

LBL-22859 
Preprint c_~ 

Lawrence Berkeley Laboratory 
UNIVERSITY OF CALIFORNIA 

Physics Division 

Mathematics Department 

To be submitted for publication 

THE SPECTRUM AND THE STABILITY OF THE 
CHEBYSHEV COLLOCATION OPERATOR FOR THE 

RECEIVED 

MAR 3 ~1~a7 

LlIRA~Y AND 
DeCUMENTS SECT/ON 

SMALL DISTURBANCE EQUATION OF TRANSONIC ~LOW 

D. Fishelov 

January 1987 

/~ ------ --
, -- -'- ~- -- - .~-~ ~.---

TWO-WEEK LOAN COPY,:: 

This is a Library Circulating Copy 

which may be borrowed for two 
", '. 

'J' \i<'" '::- ", ~' ,- t-

Prepared for the U.S. Department of Energy under Contract DE-AC03-76SF00098 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



• • 

LBL-22859 

THE SPECTRUM AND THE STABILITY OF THE 
CHEBYSHEV COLLOCATION OPERATOR FOR THE 

SMALL DISTURBANCE EQUATION OF TRANSONIC FLOWl 

Dalia Fishelov 

Lawrence Berkeley Laboratory 
and 

Departmen t of Mathematics 
University of California 

Berkeley, California 94720 

January 1987 

iSupported in part by the Applied Mathematical Sciences Subprogram of the Office of Energy Research, U.S. 
Department of Energy under contract DE-AC03-76SFOOO9S. 



THE SPECTRUM AND THE STABILITY OF THE 
CHEBYSHEV COLLOCATION OPERATOR FOR THE 
SMALL DISTURBANCE EQUATION OF TRANSONIC 

FLOW. 

Dalia Fishelo'IJ 

Department of Mathematics and Lawrence Berkeley Laboratory, 
University of California, Berkeley, California 94720. 

ABSTRAOT 

The extension of spectral methods to the small disturbance equation of transonic flow 
is considered. It is shown that the real part of the eigenvalues of its spatial operator is non
positive. Two schemes are considered. The first is spectral in the x and y variables, while 
the second is spectral in x and of second order in y . Stability for the second scheme is 
proved. Similar results hold for the two dimensional heat equation. 
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1. Introduction 

Consider the transonic small disturbance equation 

and its steady state version: 

where tP is the velocity potential, k and "f are positive constants. 

The small disturbance equation is a model for describing subsonic and supersonic flow close to the local 

speed of sound. The flow is assumed to be that of inviscid perfect gas. 
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The time dependent equation (1.1) and the time independent one (1.2) are of practical importance in 

computing flows around an airplane flying in a speed close to Mach number 1. They are also used as models 

for more complex problems, since they describe important phenomena such as shock waves and discontinuities 

of partial derivatives of the solution ~ near the tips of the airplane. They constitute a good model because 

their steady state (1.2) is of mixed type, which is easily seen from the following form of (1.2): 

(1.3) (k - h + 1) ~:6) ~:6:6 + 4~1111 = O. 

(1.3) is elliptic for~:6 < 
",(+1 

k 
and hyperbolic for ~:6 > __ k_. In addition ,the time dependent equation is 

",(+1 

a model for other two space variables problems approximated by spectral methods, for which we develop sta-

bility theorems. 

The present paper contains 8 sections. In section 2 we present the small disturbance equation (SDE) of 

transonic flow and review finite difference methods [11],[4] for solving it numerically. Well posedness of the 

linearized differential problem is proved in section 3. 

In section 4 we present two schemes for solving the SDE. The two schemes are spectral in x.One of them 

is spectral in y too,while the other is of second order in y. Our numerical scheme is based on splitting (1.1) 

into two differential problems: 

(1.4) 

(1.5) 

2¢Jt:6 = (k~:6 - "'(; 1 ¢J:z2):6 

2~t:6 = 4¢J 1I1I 

In section 5 we discuss stability for (1.4) and in section 6 we prove that the eigenvalues of the spatial 

operator for the two schemes approximating (1.5) have non positive real part. Stability is proved for the semi-

discrete approximation of (1.5) using a spectral method in the x direction and finite differencing in the y 

direction.Similar results,ar.eprovedjn section 7 for the two dimensional heat equation. 

The extension of these schemes and numerical results for high Mach numbers are given in [5]. It is shown 

that orie may still use these schemes when shocks are present (high Mach number) by filtering their results. 

The spectral filter proposed fits the approximated solution to a sum of a step function and a truncated Che-

byshev series. As a result spectral accuracy is retained. 
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2.Derivation of the problem and finite differeI;lce methods for solving it. 

The small disturbance equation of transonic flow is derived by asymptotic expansion applied to the equa-

tions of gas dynamics.The small expansion parameter is the airfoil thickness ratio T and .the Mach number is 

assumed to be near 1. 

To first order the following equations result for the disturbed flow: 

v~ - u!I = ° 
A velocity potential is then introduced by 

U = tP~ v = tP7I 

and (1.1) results.For more details see [3],[2],[5]. 

Boundary Conditions 

We consider a bounded spatial domain -1 :::; x,y :::; 1,in which the airfoil is represented by 

y(x)=-l+TF(x) I x I < Xo , xo« 1 . 

Assume that the boundaries x =±1, y =1 can be viewed as far away from the airfoil, so that the dis-

turbed flow there is zero. Hence, we have 

(2.1) tP(-l,y ,t) = ° 
(2.2) u(l,y,t)=O 

(2.3) tPlI(x ,1,t) = ° . 
On the airfoil the flow is tangent to the body. Since in our asymptotic expansion T tends to zero, this 

condition should be applied at y = -1, I x I < Xo .Thus 

(2.4) 

(2.5) 

{ 
F' (x) 

tPlI (x ,-l,t) = ° 
We should supply initial conditions for (1.1) 

I x I < Xo 

I x I > Xo 

tP(x ,y ,0) = 4>o(x ,y) 
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During the last decade many numerical calculations using equation (1.1) or (1.2) have been presented (see 

[11], [4], [1], [2], [10]). We shall describe two of them. 

The first is the Murman and Cole [11] treatment of the steady state equation and the second is the 

Engquist and Osher scheme [4] for the time dependent and the time independent equation. 

The scheme of M urman and Cole (M-C) 

Murman and Cole treated numerically the steady state equation. As was noted, the equation is of mixed 

type. At each mesh point the. velocity ifJ" is computed (approximately) to determine if the flow is supersonic 

( ifJ" > _k_) or subsonic ( ifJ" < _k_ ). The appropriate hyperbolic on elliptic type of difference equa-
~+1 ~+l 

tion is then selected for that mesh point. 

The resulting large system of algebraic equations is solved iteratively by a line relaxation algorithm. 

Each vertical line is relaxed successively proceeding in the positive x -direction. At each stage of the iteration 

process the local velocity is tested to select an elliptic or a hyperbolic difference approximation. 

It was pointed out in [4], [2] that the Murman-Cole scheme leads to nonlinear instabilities,even if the 

scheme should be stable according· to linear stability analysis. Furthermore, it was reported in [4], [10] that the 

M -0 scheme admits entropy violating shocks as"solutions, 

The scheme of Engquist and Osher (E-O) 

Engquist and Osher [4] have modified the Cole-Murman scheme, so that entropy violating shocks cannot 

be obtained. They presented a stability analysis for the full nonlinear problem. 

Define 

_. k: 
u = ---. 

~+1 

In regions where 

the M -0 differences for the point (Xi ,y,,) are identical to those of E-O for the time-independent scheme. 

There are modifications near the surface of interference of subsonic and supersonic regions. 



It was proved in [4] that this scheme, with the Courant condition 

All (x) If' (u;'O I = fo < ~, 

is stable due the norm 

M 

E Uj; .a.x .a.v· 
k=O 

The scheme is of first order. If it is convergent to a time-independent solution then it is of second order 

in subsonic regions and of first order in supersonic regions. From the discussion above it seems worthwhile to 

look for a high order scheme for the small disturbance problem. We focus our attention on the x direction 

since changes spread much more slowly in the V direction. Moreover, the difficulty to develop high order finite 

difference schemes is due to the type dependent equation, for which hyperbolic 'or elliptic regions are deter-

mined by the coefficient of tP..... We expect this scheme to have spectral acuuracy in x ,instead of the first or 

at most second order accuracy obtained by the finite difference schemes. Before we turn to the descrip~ion our 

the spectral schemes (in section 4), we shall prove in section 3 the well posedness of the linearized small distur- . 

bance equation. 

3. Well posedness of.the linearized differential problem 

Consider first the linearized differential problem with homogeneous boundary conditions. In theorem (3.1) 

we establish the well posedness of the problem. 

Define HP (0) to be the Sobolev space of functions, for which U and its spatial derivatives up to order p 

are in L 2(0) and 

O={x,y 1-1 ~ x,Y ~ I} . 

Theorem 3.1. Consider the problem 

(3.1) tPtz = - a(x,v)u" + tP yy x ,v EO, ~o 

(3.2) tP(-I,V ,t) = 0 

(3.3) u (1 ,v ,t ) = 0 
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(3.4) <PlI(x, ± l,t) = ° 
(3.5) <p{x,y ,0) = <Po(x,y) 

(3.6) where U = <Pz. 

and assume 

(3.7) a (± l,y) 5 ° 
(3.8) a (x ,y) E 0 1 

and 

Then (3.1) - (3.5) is a well posed problem,i.e., there exists a constant 0 such that 

1 1 [ ]2 1 1 [a<p ]2 £ £ ~~ (x,y,t) dxdy 5 eat £ £ a: (x,y) ·dxdv. 

Proof: Multiplication of (3.1) by <Pz = u and integration with respect to x,v over the square 

-1 5 x,v 5 1 yields 

1 1 1 1 1 1 

f f tPtz tPzdxdv =, - f f a {x,y )U:r tPz dxdv + f f tPlIlI tPz dxdV· 
-1 -1 -1 -1 -1 -1 

Hence 

(3.10) 

We integrate by parts the first term with respect to x and the second with respect to y. Therefore, 

I I 

+ £ [<p:r <PII J: :_~ dx - £ £ <P:r'J <P'J dxdy . 

lrivoking (3.3), (3.7) and (3.5), we find 

a I I 

12 - f J U 2 dxdy 
at -I -I 

JI JI 2 aa JI JI a 2 + 12 U - dxdy -12 a", (<P 1I )dx -I -I ax -I -I ... 



By (3.8) 

Hence, (3.10) yields 

1 1 

12 
a II u 2dxdy 
at -1 -1 

By (3.2) 4>,1 I 'z =-1 = 0, therefore 

1 1 

12 
a II u 2dxdy 
at -1 -1 

or: 

~!2 
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aa 
ax 

1 1 

a I I 
-1 -1 

1 1 

~!2 011 
-1 -1 

1 1 

u 2dxdy -12 

u 2dxdy -12 

~ 12 a I I u 2dxdy , 
-1 -1 

1 z=1 

I ( 4>; L =-1 dy. 
-1 

I 4>;(I,y,t )dy 
-1 

£ £ u 2(X ,y ,t )dxdy ~ eat £ £ [:x 4>o(x,Y) r dxdy: 

4. The numerical scheme 

We now describe our spectral scheme for (1.1),(2.1)-(2.5). As in [4], we split the problem (1.1),(2.1) - (2.5) 

into two differential problems. The first one is 

(4.1) Ut = - (J (u»z 

(4.2) U (l,y,t) = 0, 

where u = 4>z. Observe that (4.1) is in conservative form. The second problem is: 

(4.3) 4>tz = 4>1111 

(4.4) 4>(-I,y,t) = 0 

(4.5) 4>,1 (x, ±1,t) = F ±(x). 

Both of them must be supplied with initial conditions. 
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(a) Discretization in time 

Since we are interested in the steady state only, we discretize Ut in (4.1) or (4.3) using finite differences. 

One may present both problems above in the form: 

UI =G(u) 

For the first one 

a 
G (u ) = G 1( u ) = - ax ! (u ) 

and for th~ second 

We apply the Modified Euler scheme 

U .Il +¥.I = u" + ~t G ( u " ) 

Denote by L (.::It) the operator.which acts on u" to-yield u" +1. 

L(.::lt)u" = U"+1 = U" +.::It G(u" + ~t G(u")) 

L I(.::lt), L 2(tl.t) are defined as L (.::It) with G" G 2 replacing G. According to [7], the following discretiza-

tion in time for (1.1) 

(4.6) 

is accurate up to order two in the time variable, even in the nonlinear case. 

(b) Discretization in Space 

In both problems (4.1) - (4.2) and (4.3) - (4.5) derivatives or integrals with respect to the spatial variables 

:i 

X or y appear. It is sufficient to describe how we discretize ~ and J u (T)d T • ax -I 
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Let PN u be the Chebyshev-pseudospectral projection of u on the subspace of polynomials of degree 

N or less, i.e., 

where 

N 
UN(X,V)=PNu(x,V)= E a,,(v)T,,(x), 

,,=0 

UN (Xi ,V) = U (Xi ,V ) Xi = cos 7ri O<'<N N' - t - . 

a 
We discretize by differentiating PN U and denote the resulting operator by LN , hence ax 

N N 
(4.7) E a" (V) T,,' (x) = E b" (V) T" (x ), 

,,=0 11=0 

where 

and 

Co = CN = 2 

and 

Cj = 1, 1 ~ j ~ N-1. 

We apply LN U for V =Yj = cos ';j , 0 ~ j ~ M 

Next, integration is done in a similar way, 

N Z 

IN = PN J PNudr= PN E a1l (v) J TN (r)dr 
-1 "=0-1 

N+1 
=PN E d,,(y)T,,(x). 

,,=0 
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. By integrating the recurrence formula 

we find 

and we choose do such that 

'!" ,,+l(X) 
2T,,(x) = --n-+-l-

an-l - an +1 
d" =12-----

n 

N+l 

T' "_l(X) 
n-l 

aN-l 

2(N +1) 

3 ::s n < N-l 

E d" (V )T" (-1) = O. 
,,=0 

We shall consider two types of schemes for the discretization of 8
2

2 , The first is spectral in y (scheme 
8y • 

A), and the second is a finite difference one (scheme B). It is possible to use the latter, as for the transonic 

problem changes spread much more slowly in the V - direction, in comparison to.those in the x - direction. 

(hI) Spectral approximation in the V - direction (scheme A) 

As described above, we discretize 8
2

2 by a Chebyshev pseudospectral method. For a fixed x, define 
8y 

PM U (x ,y) to be the Chebyshev pseudospectral projection of u (x ,V) onto the subspace of polynomials of 

degree less or equal M ,i.e., 

M 
PMu - E em(x)Tm(Y). 

m=O 

Define D.J1)(V ) as follows: 

(4.8) 

M 

E fm(x)Tm(Y). 
m=O 
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We are now ready to present 'our semi discrete spectral scheme for (4.1) - (4.5). 

Denote by U the approximation to 1.1 and by <P the approximation to f/J, where 

The semi-discrete approximation to (4.1) - (4.2) is 

(4.9) au - LN(:r:)/ (U) -= at 

( 4.10) U(-l,y,t) = 0 

and for (4.3) - (4.5) we have the following scheme: 

scheme A 

(4.11) 

( 4.12) 

This scheme has spectral accuracy in the space variables. o 

(b2) Finite Difference Approximation in the 11 - direction (scheme B) 

U . fi· d· er .. •• a2 h SlOg mte luerences Jor approxlmatlOg --2 we ave ay 

where fly = :1' y; = 1 - (fly)· i 1 :::: i :::: M - 1. 

We apply DJ21(y) for x = Xi = COS ;;. 0 :::: i :::: N-1. 

To conclude, for (4.1) - (4.2) we use the same discretization as in (4.9) - (4.10) and for (4.3) - (4.5) and we 

obtain the following semi-discrete scheme: 

scheme B 
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(4.14) 

(4.15) 
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<P(Xi ,1) - <P(xi,1 - 6.y) _ F ( .) 
---.,;-.....;....------ - + XI 

6.y 

<P(Xi ,-1 + 6.y) - <P(Xi ,-1) = F _(Xi) 
t1y 

O::S: i < N-l 

where <P = IN U. This scheme has spectral accuracy in the X -variable and is of second order in the y - vari-

able. 

. . [P. h The reason we have looked for other scheme rather than the spectral one for approximatmg oy 2 IS t e 

asymptotic behavior of the eigenvalues of DJ1l(y ) ,where 

The largest eigenvalue of DJ1l(y) grows like 0 (M4) when M grows to infinity (see [9] p. 115 ). This 

implies a restriction on t1t of the form 

6.t = 0 (~-l 
M 

For small M (8 or 16) we may still use spectral differentiation with respect to y and get spectral accu-

racy. But if we wish to increase M it is preferable to use a finite difference approximation, in which 

An alternative is to use an implicit scheme for the time discretization (see [9] section 9).In this case the 

scheme is unconditionally stable but one should invert a full matrix every time step. 

5.The y - independent problem 

In this section we consider stability questions for the semi-discrete approximation (4.9) _ (4.10) of the 

problem (4.1) - (4.2). We rewrite (4.1) in the form 



af 
where a ('II) = au . 
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'lit + a ('II )u~ = 0, 

In [6] there is a stability proof for the linear case a ('II) = -1, with the boundary condition 

'II (1,y,t ) = 0. A similar stability result is valid for the case a ('II )=1 with'll (-1,y,t) = 0, or even in a more 

general case, as long as a ('II ) = a (x) does not change sign. In such a proof, one obtains energy estimates for 

'II (x) rather then for'll (x). However, there is no proof for the general linear case. Stability of the Che-
v'la(x)1 

byshev pseudospectral approximation for two specific variable coefficients problems was proved by D. Gottlieb 

[6]. In numerical calculations for more general problems there were no reports of instabilities, as long as there 

is no shock involved. 

Consider the full discrete approximation to (4.1) - (4.2) 

Since I I LN I I is 0 (N 2
) (see [9], p. 90) 

or more precisely, 

~t max I a ('II) I < 8 
N 2 

One may notice that the Chebyshev collocation points Xi = cos ;;, i = O, ... ,N are more crowded 

near the boundaries x = ±1 . This will provide a good distribution of mesh points for problems for which a 

finer grid should be used near the boundaries ( for example boundary layers problems ): However, in the SDE 

and others (see [8]), the domain of most interest is the airfoil I x I < x ° and the former grid does not provide 

enough mesh points on the airfoil. We therefore divide the region -1 :::; x :::; 1 into three: -1 :::; x :::; -Xo, 

Xo :::; x :::; Xo, xo:::; x :::; 1 and thus have more collocation points on the body. Moreover, we obtain a 

," :: ~.~-:.. 
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natural refinement of the grid near the points x = ±x 0, which are the tips of the airfoil. We prove that with 

this procedure the scheme remains stable. 

Consider the model problem 

-1 ~ x ~ 3 

w(3,t) = g(t). 

We divide the domain into two subdomains -1 ~ x ~ 1, 1 ~ x ~ 3 and apply pseudospectral methods 

to each domain. The two polynomials uj" u/! of degree N satisfy 

x = x .(1) = 2 + cos 7rj 
J N j = 1, ... , N -1 

(5.1) 
au/! au/! --=--
at ax 

x = x.(2) = cos 7rj 
J N J = 1, ... , N -1 

uj,(I,t) = g (t) 

and the continuity equation 

(5.2) uj,(I,t) = u/!(I,t). 

Consider now at the problem 

-1 ~ x ~ 1 

u(l,t) = g(t) 

and denote its pseudospectral approximation by UN . 

Define 

which yields VN (l,t) = o. 

Gottlieb and Turkel derived an energy inequality for VN 



(5.3) 

where 

(5.4) 
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o t_ 

~ IIVN(t)11 2 + WN fVN2(XN,T)dT~KNfg2(T)dT+~ 1 1 VN(O) 1 12, 
4 0 0 

N-l A 

1 I Vii 2 = ~ v 2(Xi )Wi 

11' 
W· =--

1 N' 

i=O 

A 

Wi = (1 + xi )wi 

1 ~ j ~ N-l, 
11' 

Wo =WN =~ N . 

We now use (5.3) for 'Ill. and u/J. 

Define 

(5.5) 

(5.6) 

By (5.3) 

(5.7) 

(5.8) 

In (5.7) and (5.8) 

T' N(x-2) vI. = 'Ill. - g (t) . --;:--
N 2 

T' (x) 
V ll - II I (1 t) N N - uN - UN, N 2 

W I 

!2 1 1 VJ.(t) 1 112 + : f [VJ.(1,T)J2d T ~ 
o 

~ KN f g2(T)dT+~ 1 VJ.(O) II? , 
o 

t 

!2 1 1 V/J(t) 1 Il + W: f [V/J(-1,T)j2d T ~ 
o 

t 

~ KN f [UJ.(1,T)J2d T + 12 1 1 V/J(O) lit' . 
o 



- 16 -

where XP)·(2) are defined in (5.1) and 

~(1) = w, ·(x.(l) - 1) 
J J J 

where the Wj are defined in (5.4). 

Summing (5.7) and (5.8), we obtain 

(5.9) 

t t 

:5 KN f g2(r)dr+ KN f [uk(l,rWdr+~ II VN(O) 1 11;2, 
o 0 

where 

Invoking (5.5), we find 

Hence, 

(5.10) 

Using (5.7) and (5.10), we conclude that 

Substitution of the above inequality into (5.9) yields 

t 

~ 1 1 VN (t) 1 1 ?+2 + w: fWP(-I,T)]2d T :S 
o 
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or 

t 

~ II VN(t)III~2+ W: f[VH(-I,r)] 2dr S 
o 

I 

SKINs f g2(r)d r + ~ K 2N2 1·1 VN (0) I I ?+2· 
o 

Thus, we proved that this procedure is algebraically stable (see [9], Chapter 5), i.e.,the constant appear-

ing next to I I VN (0) I 11~2 is bounded by N 2
r for some finite r . It was shown in [9] that if a scheme is 

algebraically stable and if its truncation error is spectrally small (i.e., less than N-P for p > r ), then the 

scheme is convergent. 

6. The y - dependent problem 

In this section we consider the problem (4.3) - (4.5). Since this problem is linear, attention is restricted to 

the case F ±(z) = 0, i.e., homogeneous boundary conditions. 

(6.1) tPb = tPw 

(6.2) tP(':'I,y,t) = 0 

(6.3) tPv (z ,±I,t) = 0 

(6.4) tP(z,y ,0) = tPo(z,y) 

This is a well possed problem, as one may check it in a way similar to theorem (3.1), omitting the term 

Next, consider semi-discrete approximations to (6.1) - (6.4), i.e., time is a continuous variable. Two types 

of approximations are treated. 
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(a) Pseudospectral in spatial variables, i.e., the scheme is described by (4.11) - (4.12) (scheme A). 

(b) Pseudospectral in % and finite differences in y. The scheme is presented in (4.13) - (4.15) with 

F ±(%) = 0 (scheme B). 

Recall again the following representation of (6.1) 

or equivalently 

tPt = J tP,IlI d% 
-1 

:g 

tPc = G tP, G tP = J tP1I1I dx. 
-1 

In the previous section we described two ways of approximating G. Denote by G NM the approximate 

operator. We shall inquire whether the approximate solution ~ does not grow as t -> 00. In other words we 

shall prove that the eigenvalues of G NM have a non positive real part. 

(a) The spectrwn of the spatial operator of scheme A 

Inquiring the eigenvalues of GNM is equivalent to seeking solutions of the form e).t ~NM (x ,'0) for (4.11), 

where ~NM is a polynomial of degree N in % and M in the y variable. Thus, up to a spectral error we may 

treat the equation 

at I 
% = %i = COS7r-

N 
0:$ i :$ N-l 

1 :$ j :5 M-l 

In order to prove-that ReA :$ 0, we shall present ~NM(X,'O) as a sum of M - 1 functions, denoted by 

{t/I~('O )h~l, which are the eigenfunctions of DJ1l(y) satisfying a:; ('0 = ±l) = O. In the following lemma 

we prove that there are such M - 1 independent functions, so that the desired representation is possible. 

Lemma 6.1 
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Let ..pM (y ,A) be an eigenfunction of the problem 

(6.5) A..pM(y,A) = DJl)(Y)M(y,A) + (A + By)T' M(Y) 

(6.6) a~; (±I,A) = 0, where ..p~ (y ,A) is a polynomial of degree less or equal M. 

Then there are M -1 independent functions satisfying (6.5)- (6.6). 

Proof: According to [8], one can present the solutions of (6.5) - (6.6) as a sum 

..pM (y ,A) = A cf>M (y ,A) + B XM (y ,A) 

where 

(6.7) 

(6.8) 
00 a2k 

XM(y,A)= E A-k
- 1_a 2k (yT'M(Y)) 

k=O Y 

and A satisfies 

a4>M aXM ay (I,A) . ay (I,A) = o. 

Moreover, it is proved in [8J that the eigenvalues A that satisfy 

. (6.9) 
acf>M a:g (I,A) = 0 

are real, negative and distinct. The same is true for the eigenvalues that satisfy 

(6.10) a;; (I,A) = 0 

It is easy to see that if we look for eigenfunctions that satisfy (6.5) - (6.6) with B = 0 (or A = 0) then 

4>M (y ,>') (or XM (y ,A)) are the eigenfunctions that correspond to the eigenvalues satisfying (6.9) or (6.10) 

respectively. 

Without loss of generalily, assume that M is even. From (6.7) it is clear that cf>M (1,>.) is a polynomial of 

degree ~ in v = ~. We exclude the case v = 0, so that (6.9) has ~ - 1 distinct negative roots, denoted by 

,'<'. -
•. > 
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All ... , AM' 
-1 
2 

M Similarly, there are distinct, negative roots of (6.10), denoted by 
2 

M-l 

1'1, ... , I'M 
2 

We shall prove that {~M (y, Ai )h~1 are linearly independent, and by a similar method one may ver-

M 

ify the same for {XM (y , I'i )}'!1 . This will complete the proof that the whole set 

M-l M 
{~M(Y' Ai )}i~1 , {xM(Y, 1'. )}i~1 

is linearly independent, since for even M, ~M (y , Ai) are odd functions, while XM (y , JJi) are even func-

tions. Thus, we shall prove that if 

(6.11) 

then 0/. = 0 . 1 M 
I = , ... "2'"'- 1. 

Define an inner product, (u "v) by 

1 

(u,v)=J 
-1 

u (x)v (x) dx 
y'i"":? 

and take the inner product of both sides of (6.11) with TM-1(y,) TM-3(Y), ... , T 3(Y)' 

Then, 

Ie = 1, ... , M /2-1. 
t· =-'1 

For Ie = ~ - 1, by orthogonality properties, and by (6.7), we have 

(6.12) 

M./1.-1 
~ O/j 

.=1 

By the same argument 

MA-l M!2-"-1 
~ O/j I; Ai-i -1 (T J2i +1) (y), T 2k+l(Y )) = 0 

j=1 i=O 
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Ie ~1, ; .. , ~ - 1. 

Eqns. (6.12) are a set of ~ -1 linear equations for 0'11 • •• , aM /2-1 in the form: 

where 

Ie = 1, ... , M /2-1 , 
i=1 

M /2-11-1 
Mill E )..i-;-1 (TJ2i+ 11(y), T 2H1(y)) . 

;=0 

It follows from the above that ai = 0 for i = 1, ... , M /2-1 if and only if 

(T' M, Tm -3) 
Multiplying the last column of Mill by - , adding the result to the M /2-2th column and 

(T' M, TM - 1) 

repeating this procedure for the other columns,we find 

det Mill = det 

( 
1 )M/2-1 

)..M/2-1 

1 

where V(XI1 ... , Xl) is the Vondermonde determinant 

v (x" . . . , X, ) = det 
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1 1 
It was already verified that 'I"'" are real, and distinct, so that 

1\ AM /2-1 

det Mile =f: 0 . 

Remark: We could have proved the independence of the vectors 

M/2-1 

i=1 

by arguing that a set of eigenvectors which corresponds to distinct eigenvalues is linearly independent. In the 

proof of the Lemma one can see how det Mil< depends on the distances between the eigenvalues. 

We are in a position to state one of the three main results of this paper. 

Theorem (6.2). 

Let A be an eigenvalue of the problem 

(6.13) 

for 
11'; ; =0, . .. , N-1 x = Xi = cos-
N 

'!I = '!Ii = cos lI'j 
M 1 = 1, .. . ,M-1 

(6.14) <I>NM (-I,'!I ,A) = 0 

(6.15) 

where LN (x ),DJI)('!I) are defined in (4.7) and (4.8) respectively. 

Then 

Re (A) :5 O. 

Proof. <I>NM (x ,1/ ,A) satisfies (6.15), so by Lemma (6.1) it may be represented in the form 
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M-l 

(6.16) 4>NM(X ,v ,X) = E ak(x,X)II1.dv) , 
k=1 

where ak (x ,X) are polynomials oC degree N or less. Invoking (6.16) and (6.13) we find 

M-l M-l 
X E LN ak (x ,X)lI1k (V) = E ak (x ,X)II1; , (V) = 

k =1 k =1 

M-l 
= E J.'k ak(X,X)lI1k(v) 

~ .. 1 

Cor 
1fi 

x = Xi = cos N i = 0, ... , N -1 

V = V; = cos 1f j )' - 1 M 1 • M -, ... ,-

I-'~ are the eigenvalues of (6.5) - (6.6). Hence 

M~ M~ 

E (XLNa.(x,X)-I-'. a. (x ,X» 1I1.(V) = E d.(x) II1dv) =0 , 
.=1 .=1 

for x = Xi , V = Vi . 

Since the vectors 

are linearly independent, by the remark after Lemma (6.1), it results that 

dIe (x) = ° Cor x = Xi , i = 0, ... , N -1, k = 1, ... , M-l 

Hence, 

(6.17) x = Xi i = 0, ... , N-l 

and by (6.14) 

(6.18) 
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We shall prove that the eigenvalues of (6.17) - (6.18) have non-positive real part. 

Consider the problem 

x = Xi i = 0, ... , N-1 

UN (-1, t) = 0 . 

In [6] there is a stability proof for the above problem and therefore the eigenvalues v of the following 

problem 

i = 0, ... , N-1 , 

UN (-1, v) = 0 

have non-positive real part. Returning to (6.17) ~ (6.18), we exclude the case A = 0, since this yields jJ.,. = 0, 

and we have seen that the eigenvalues of (6.5) - (6.6) are negative. 

Hence 

Since Ilk is real and negative; Re(A) $ 0 . 

(b) The spectum and the stability of the spatial operator of scheme B 

Approximating (6.1) - (6.4) by (4.13) - (4.15), we seek again solutions of the form eXt iPNM (x ,V). We 

shall prove that ReA $- 0.' 

Theorem (6.3). Let A be an eigenvalue of the problem 

(6.19) 

for x = Xi = cos 1f'j i = 0, ... , N-1 
N 

Y = Vj = I-jAy 1 $ i $ M 
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(6.21) 

2 
tl.1/ = M 

<PNM (-1,1/ ,X) = 0 

Then, 
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Re(X) ~ 0 . 

Proof. By taking the Fourier Transform of (6.19) with respect to 1/ , we find 

(6.22)(a) 

at x = Xi i = 0, ... , N-l 

(6.22)(b) ¢>(-I,e,X) = 0 , 

where ¢>(x ,e,X) is the Fourier transform of <PNM (x ,1/ ,X). We may carry on the proof as in Theorem (6.2). 

The only difference is that for (6.22) we have 

instead of Ilk appearing lD (6.17) and lD the latter we used only the negative sign of Ilk' When 

e = 0 , X = 0 and therefore Re X ~ 0 . 

(6.23) 

For scheme B we can prove stability as well. 

Theorem (6.4) Consider the problem 

x = Xi = cos 1r j i = 1, ... , N -1 
N 
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v = Vi = i J::..V -00 =::; i =::; 00 

(6.24) ~(-I,V ,t ) = 0 

Then, 

(6.25) 

where 

00 1 

I I / I 12 = j j (l-x)/ 2 d d 
-00 -1 v'1-x2 X V 

Proof. By taking the Fourier Transform of (6.23) with respect to V, we find 

(6.26) 

at x = Xi i = 1, ... , N-l 

4>(-l,e,t) =,0 , 

where 4>(x ,e,t) is the Fourier Transform of ~(x,v,t). 

Multiplying (6.26) by. Wi (l-x;)¢" (Xi ,e,t) and summing over i =l, ... ,N -1 ,where W,' are defined 

in (5.4) ,we get 

Since (I-x) I 4>(x ,e,t) 1
2

" is a polynomial of degree 2N -2 in x, if we use Gauss integration formula,we 

have 

a .f., 2- sin2EAVjl 14> 1
2

" -a- L.J (l-xdwi I 4>" (x ,e,t ) I = -4 )2 (I-x) v'(1-";2 dx' 
ti=o (AV -I (i-x) 

Integration by parts and the Parseval equality yield (6.25). 



- 27 -

7. The two dimensional heat equation 

The same technique for investigating the eigenvalues of an operator may be implemented for other two 

dimensional equations, for example the two dimensional heat equation. 

(1.1) Ut = Uu + Uw 

(7.2) u(±l,V,t)=O 

au 
(7.3) By (x, ± l,t) = 0 

(7.4) U (x,V ,0) = uo(x,V) . 

Conditions (7.2) may be replaced by u" (± 1, V ,t ) = 0, or more generaly by . 

C¥I u (I,V ,t) + 131 u" (1, V ,t) = 0 

"11 u (-I,V ,t ) + 01 u" (-I,V ,t ) = 0 , 

as long as C¥b13b"1I,OI satisfy the conditions of the theorem proved in [8] i.e., 

or (b) "11 2: 0, 01 :5 0 

or (c) C¥I = 0 or /31 = o. 

One may also replace (7.3) by more general conditions in a similar way. 

Theorem 7.1: The eigenvalues of the problem 

rri 
for x = Xi = cos N i = 1, ... , N -1 

V = V)· = cos rrj } - 1 M 1 M - , ... , -

(7.6) <I>NM (± I,V ,)..) = 0 

a 
(7.7) ay <I>NM(X, ± 1,)..) = 0 

are real and negative. 
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Proof: Expand <PNM(X ,Y ,>') as a sum of the eigenfunctions of (6.5)- (6.6). 

M-1 
(7.8) ifJNM(X ,Y ,>') = E a1: (x ,>.) '111: (y) 

1:=1 

Substituting (7.8) into (7.5) yields 

M-1 M-1 M-1 
>. E a1:(x,>.)wdy)= E a1:"(x,>') W1:(Y) + E JA1: a1:(x)W1:(Y) 

11"1 
for x = Xi = cos N 1 :5 i :5 N-l 

1I"j 
Y = Yj = cos M 1 :5 j :5 M -1 , 

where JAIt are the eigenvalues of (6.5) - (6.6), which are real and negative by [8]. 

Since 

are linearly independent, we have 

or 

(7.9) (>. - JA1:) a1: (x ,>') - a1:" (x ,>') = (C1: + D/: x) T~ (x) 

(7.10) a1: (± 1,>') = 0 

where (7.10) is a consequence of (7.6). 

Using the results in [8] and looking at the eigenvalue problem 

(7.11) /.I adx ,>') - a1:" (x ,>.) . (C1: + D1: x) T~ (x) 

(7.12) a1: (± 1,>') = 0 , 

we conclude that the values of /.I are real and negative and that there are N -1 linearly independent eigenfunc-

tions corresponding to (7.11 )-(7 .12). 

Hence 
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A-I-',,=VI , 

or 

A" ,I = 1-'" + V, < 0 . 

There are (N -l)·(M -1) eigenvalues and the same number of linearly independent eigenfunctions of 

(7.5) - (7.7) and it is easy to see that the eigenfunctions are products of the one dimensional eigenfunctions. 

where III" (V) is an eigenfunction of (6.5) - (6.6) and 4>, (x) is an eigenfunction of (7.11) - (7.12). 

For the two dimensional heat equation, we may prove also stability of the Chebyshev pseudospectral 

approximation. 

Theorem (7.2) 

Consider the semi-discrete pseudospectral approximation 4>NM for the two dimensional heat equation, 

satisfying 

at 

(7.14) 4>NM(± I,V ,t} = 0 

(7.15) 4>NM (x ,± 1,t ) = 0 , 

where 

11'; 
:r = Xi = cos N 1 :5 i :5 N-1 

V = Vi = cos lI'j 1:5 j :5 M-1 
N 
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N M 
and PNM U (x ,y) = ~ I; a", T" (x) TI (y), aiel are chosen such that 

1e=0 1=0 

Then, 

where 

PNM U (Xi ,Yj ) = U (Xi, Yj) 0< i < N 0< . <M' _ J _ 

Proof: We multiply (7.13) by ~NM(X.· ,Yj ,t) and sum over 1 ~ i :$ N -1, 1 ~ j ~ M-1. 

Since (7.14) - (7.15) is valid we may include the indexes i = O,N, j = O,M in the summation. 

tJ. .E... ~ ~ ~ A.2 ( t) '" LJ LJ 'i'NM Xi ,Yj , = 
at NM i=O i=O 

M N 
I; ~ 

j =0 ·i==O 

N M 

~ ~ 
i-O i-O 

a2 a2 

(--2 ~ NM) ~ NM is a polynomial of degree 2N - 2 in x, ( --2 ~ NM ) ~ NM is a polynomial of degree 
ax ay 

2M - 2 in y, so by using the Gauss integration formula, we have 

a2 

a M 1 --2 ~NM (x ,Y ,t) ~NM (x ,Y ,t ) 
(7.16) I ~NM I IRM 

1r 
~f 

ax 
dx =-

~ at M i=O -1. 

a2 • 

N 1 -·-2 ~ivM (x ,Y ,t) ~NM (x ,Y ,t) 
1r 

~J 
ay dy +-
~ N i=O -1 

by [9] p. 82 the right hand side of (7.16) is non positive, so that 
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An integration with respect to t completes the proof. 

8.Conclusions 

We have shown that one may apply spectral methods to the the small disturbance equation 

of transonic flow. The two schemes presented for solving numerically this equation are spectral in 

r and either spectral in y as well or are of second order in y . 

Their spatial operators are proved to have eigenvalues with non-positive real part. More

over, stability is proved for one of them. Similar statements can be proved for other two dimen

sional problems, such as the two dimensional heat equation. 
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