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Abstract 

A measurement has been made of the differential cross section 
I 

for the elastic scattering of positive and negative pions of knergies 51, 

60, 68, and 75 MeV scattered from helium. The experiment is dis-

cussed and a phase:- shift analysis is presented. An optical-model anal-

ysis has been used to extract the pion electromagnetic radius, yieldlng 
, 

2.96:f:O.43 F. There remain uncertaInties in this applicati~n of the model, 

which are discussed. 
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Introduction 

We present here a rneasurelnent of the elastic scattering processes 

:I: :I: ! 
1T + a -+ 1T + a, with 'a phenOlnenological analysis of our results. The 

I 
! 

experiment was performed in an effort to obtain the pion electromagnetic 

I 
form factor. Our theoretical analysis is based on an optidal model and 

I , 1 i 
follows that suggested by Auerbach et al. ' 

Hofstadter and Sternheim originally proposed
2 

that the pion charge 

form factor can be obtained by the analysis of charge asJmetry in pion-

'. ." . 3 helium scattering. " The flrst expenment by Nordberg and Klnsey, . 
I 

using 24-Me V pions, obtained R1T = 1.8:1: 0.8 F. However,: Schiff pointed 

out
4 

the importance of distortion effects in the analysis of this experiment, 

and a recalculation based on an optical model to compute the distortion 1, 5 

i 6 
leads to a'modification of this result, R < 2.0. F (2 s. d.). r Block et al. , 

1T 

interpreting their helium bubble chamber data at several energies, ob-

tained the resultsR < 0.9 F (1 s.d.) or < 2.1 F (2 s.d.). Auerbach , . 1T ' 

et al. have presented1 a detailed discus sion of the optical model as ap-
r 

plied to the problem. Ericson has pointed out
7 

the advantage of using the 

difference in the S- state phase shift where the major 'size gependence oc

curs. Berman8 and others have criticized the interpretati~n of the ex-

pe~iment, especially with regard to the exis tence of certain model

dependent distortion effects, which are neglected in this analysis. These 
i 

effects arise from the fact that the amplitude for our procerss contains 

contributions from relativistic effects which have not to our knowledge 

been calculated (see part D of Analysis). 

Our analysis gives' R:rr::: 2.96±OA3 F. Two other experimental 

techniques have been used in attempts to measure R
lT

• From the 
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scattering of pions off atoITlic electrons, Cassel et al. 9 were only able to 

assign a liITlit of R < 3.0 F. This ITlethod is limited by the sITlall value 
1T 

of mOITlentum transfer obtainable using present pion beaITl energies. 

Another phenomenological analysis using electroproduction has been used 

in two experiITlents. Akerlof et al. iO find R = 0.80 ±0.i0 F,'· and Mistretta 
, 1T 

et al. 11 obtain R = 0.86±0.14F. The vector-meson dominance model 
1T 

predicts an rITlS radius of ::::: 0.6 F. 

Experimental Description 

A pion beaITl of 90 Me V obtained froITl an internal target of the 184-

inch Berkeley Synchrocyclotron is shown scheITlatically in Fig. 1. . Neg-

ative pions produced in the forward direction at the target were accepted 

by the transport systeITl. Positive pions (produced in the backward direc

tion) were obtained in the saITle beaITl line by reversing the cyclotron 

ITlain field. Consideration of. sensitivity to the pion forITl factor leads to 

an optiITlUITl energy for the ITleasureITlent of about 60 MeV for the incident 

pions; 12 here {at the ITliniITlum in the nuclear cross section} a sufficiently 

large value of momentum transfer is obtained and the interference between 

the Coulomb and nuclear amplitude s is significant. The beaITl was de-

gr~ded at an inte rmediate focus. The m.omentum band of ± 3% was 

essentially the same for all energies. 
) 

Time-of-flight counters (TOF 1 and TOF 2) were used to reject 

electrons or positrons in the beam (about 25% for electrons and 5% for 

positrons) that would otherwise introduce an asymmetry in the beam 

normalization. The time resolution was set to include the muons from 

pion decay, \vhich were C!-pproximately 15% of the flux; the correction for 
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muons is described below. The direction of the incident pion in the hor-

, izontal plane and the spatial distribution of pions at the target were de-

fined by hodoscope A( 11 counters, 1. 9 cm wide, 0.63 cm thick) and B 

(5 counters, 1.9 cm Wide, 0.63 cm thick). Two further beam-defining 

counters were used for calibration purposes. A lead opening 10 cm long 

was situated about 30 cm from the target with a 7.6 X7.6-cm aperture to 

reduce the flux of particles incident on the walls of the target and the 

vacuum jacket. The target itself consisted of a 7. 6-cm-diameter vertical 

cylinder of liquid helium. 

Scattered pions were detected in an array of 16 scintillation counter 

telescopes each consisting of three 'counters placed respectively 30.5, 

86.4, and 101.7 cm from the target, as sho\vn in Fig. 1. These tele-

scopes were mounted in such a way that they could be rotated about the 

target; this facility allowed each telescope to be set in the 'primary beam 

for efficiency measurement. Also, the telescopes were used to make 

measurements at several angles. The most interesting region, from 60 

to 80 deg, was covered by 10 of the telescopes, 5 on eithe:r; side of the 

beam. The remainder spanned the other angles between 30 and 150 deg. 

The dimensions of the counters were 2.54 cm wide, 1.27 dn thick, and 
, I 

, I 

either 30.5 or 50.8 cm long, the longer type covering the ahgular interval 

60 to 100 deg, where the cont;ributions to the angular resolution due to the 

length of the counters is small. 

The hvo contaminants among the scattered particles were inelasti-

cally scattered pions, and protons arising from pion capture. The in-

elastic pions \V-ere rejected by a range requirement in the telescopes. At 
, , 'I 

each angle, range curves were obtained and st'.fficient range (consisting 
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of slabs of CH
2

) was inse rted to reject the inelastic pions, which have at 

least 20 MeV less energy than those elastically scattered. A typical 

range curve is shown in Fig. 2. 

Protons were rejected by use of pulse-height inforInation as follows. 

InforInation on which of the counters fired for anyone event in the tele-

scope and hodoscope arrays was stored in a PDP5 cOInputer,and on tape, 

for subsequent analysis on the CDC 6600.' 

The trigger for an,event was a beaIn-particle trigger plus a scat-

tered-particle trigger. The [0 rIner was defined by a tiIne of flight within 

the appropriate gate as well as by the two hodoscopesj the latter required, 

all three telescope counters. 

At the tiIne of an event trigger, the pulse height obtained froIn the 

output of the first telescope counter was stored in the cOInputer. The 

separation of pions and protons was essential, since the protons froIn the 

capture process, if counted to any significant extent, could introduce a 
, , 

Inarked asyrrunetry between 'IT-and 'IT + cros s sections. The .probability 

of cailture of a pion in nuclear In,atter on two unlike nucleons is several 

tiInes that for like nucleons, which gives rise to an observed ratio of 

energetic proton yields froIn heliuIn of about 18 to '1 for 'IT+. and 'IT- cap-

ture respectively. To allow for the slight overlap of the pulse-height 

spectra for each telescope, each run was fitted by an expression which 

was the SUIn of two Gaussian distributions; the total area under th,e 'peaks 

was constrained to be the total mm~ber of counts in that teleScope, but 

the ratios of the areas of the peaks, their positions, and their widths 

were allowed to be free parameters: Exaniples of pulse-height spectra 

are shown in Fig. 3. 

.' 
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During the runs, many checks on the consistent behavior of the 

counters, on the electronics, and on the pion beam itself were made. 

Most of these check,s were monitored by the on-line computer. The im-

portant accidental coincidence rates were also ~onitored. 

Checks on the efficiency of each telescope were made by rotating 

each into the primary beam (O-deg direction) and measurihg the ratio of 
I 
I 
I 

telescope counts registered in the computer to the number; of coincidences 
! 

between three additional counters- - these coincidences defined a pion as 

having passed through all three telescope counters. 

The method of running was typically to spend about 1 hour with the 

target full (about 10
4 

events) and then 0.5 hour with the target empty, 

followed by about 5 minutes triggering the computer only on a beam par-

tide; this last type of run provided a random sample for measuring the 

angular and spatial distribution of the beam at the target as well as a 

monitor on the probability of random counts in the telesco~e counters. 

The signal- to- background ratio was typically 10: 1 at backward angles 

and about 2:1 around the minimum in the cross section. 

Several corrections were applied to the data, both to the number of 

scattered pions at a given angle and to the intensity of the incident beam. 

Those corrections are summarized in Table I, . and the important ones 

are' discussed below. It should be noted that several of the corrections 

are the same for both the positive and negative eros s- section measure-

ments. 

The main correction to the incident beam intensity was for the 

muon contamination. This wafs calculated by using a Monte Carlo type 

program simulating the transport of pions f,rom the cyclotron internal 
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target to the helium target and including iT-fJ. decay in flight. The pre-

dicted range curves and time-of-flight spectra were compared with those 

obtained experimen'tally and were found to be in good,agreement. The 

fraction of Inuons varied from 20± 3% at 51 MeV to 12 ± 2% at 75 MeV. 
. . . . -, 

The other correction to the incident flux was the random coincidence 

between an electron or positron in the counters immediately ahead of the 

target and another particle counting in the upstream time-of-flight 

counter (TOF). This correction amounted to about 3% with less than 1% 

difference between the two signs of beam. 

The major correction to the numberof scattered pions is the loss 

due to multiple scattering in the target, counters, and range. This cor-

rection was con1puted for each angle with a Monte Carlo program includ-

ing energy loss of the particles and iT-fJ. decay, as well as the scattering 

process. The error of 1.5% in this correctionarose from thestatistical 

nature of the Monte Carlo process. Nuclear scattering and absorption 

were e~timated by using the data of Stork 13 and Byfield 14 as well as data 

obtained in the beam in this experim.ent, both so~rces of information being 

essentially in agreement; the error of 2%inthi,s figure is an estimate from 

the published data. 

Data for each sign of particle were obtaIned at 51, 60, 68,and 75 

MeV. The correction for the protons arising from iT~ capture was mea-

sured to be 5% at 60 MeV. The corrections at other momenta, were made 

+ - . by assuming that the ratio of the proton yields from iT and iT capture 1S 

cons tant \vith ene rgy .. 

As a check on the whole setup, some data were obtained at 60 MeV, 

with hydrogen used in the target. For these measurements the absorbing 

.. ' 
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ranges were removed from the telescopes. These data are shown in 

Fig. 4. compared With the predictions of the mos t recent 'lTP phase-

h' ·ft' 1 . 15 Slana YSIS. The agreement is reasonable considering the preci-

sion. in this region. of the data upon which the phase- shift analysis is 

based. 

Figure 5 shows 
do-
dO 

c.m. 

Analysis 

du+ 
dO 

c.m. 
and 

do- (av) 
dO 

c. in. 

The difference in the cross sections divided by the average (= D/ A) 

is shown in Fig. 6. This variable is sensitive to R because the nuclear 
'IT 

amplitude cancels to first order and because it is independent of those cor

;rection factors which are the san~e for 'IT- and 'IT+. The sensitivity to R 
'IT 

is shown for 60 MeV. The data in the form of differential cross sections 

versus e are presented in Tc.ble II. 
c.m.' , 

A phase- shift analysis has been made up to the D wave. Higher 

partial waves are not significant. The phase shifts are shown in Table III. 

6 
The total in~lastic cross-section data of Block et al. are used to con-

strain the imaginary parts of the phase shifts. 

Twornethods. described below. have been used to extract the pion 

radius. 

A. The Opti~al Potential Method 

In this method a particular potential is postulated for the strong 

.: :' 1 
interaction. Follo"ving the method of Auerbach et al.. a Kisslinger 

~ode116 is used for the form of the potential. The modified Klein-

Gordon equation 

(- v2 + I.t 2 ) l/J = [(E - V )2 - UJ l/J 
'IT c 
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is solved, where E is the totalc. m. energy of the pion, fJ. is the reduced 

mass, and Y is the Coulomb potential. The optical potential, U, is 
c 

defined by 

UljJ 2 - -= [-AbO k ~r) + Ab
1 

\1. {PN(r) V'}] ljJ, 

with A the number of nucleons, b
O 

and b
1

the complex optical param

eters which are introduced to represent the s- and p-wave iTN scatter-

ing, respectively, and PN(r) the nuclear density. To allow for the recoil 

of the ct particle and provide for relativistic kinematics, a modification 17 

18 . 
of the expression of Goldberger an!1 Watson is used: 

=(2E Y+(1-3E IW)y2-U)ljJ, 
. eq c eq c" 

(i) 

where E is the equivalent relativistic one-particle .c. n~. energy, W 
eq 

is the total c. m. energy, and k is the c. m. momentum. 19 

This equation is solved for the radial wave functions. Given b
O

' b
1

, 

E eq' PN{ r), and Y c' cross sections are obtained for the solutions by 

matching logarithmic derivatives at the nuclear surface to the external 

Coulomb wave functions in the conventional way. For a given energy, 

then, there are six parameters which lead to preciicted cross sections: 

the'real and imaginary parts of b
O 

and b l' and radius parameters for 

PN(r) and for P (r). A Gaus sian form is taken both for the nuclear 
c . 

density PN(r) and the combined iT-He charge density. P (r): 
. c. 

21 2 I 1/2 3· 2 2 1/2 3 
PN{r) = A exp(- r a) [(iT) a] and pc(r) = Ze exp(-r IRc H(iT , RJ . 

The Coulon1b radius parameter is related to the rms radius of the pion 

222 
by R = 1.5 R - RH ' with R H· = 1. 65 ±.03 F, from electron 'scattering iT c e e . 

. 20,21 
expe runents. 

;) 
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An optimum set of parameters is found by searching for the best 

fit to the data. A fit is made simultaneously to the average .cross section 

and to the D/ A data. 

The parameters b
O

' b
i

, a, and Rc obtained by this direct method 

of fitting the data with an optical model are listed in Table IV. 22 The 

errors quoted are derived from the diagonal elements of the error matrix 

shown in Table V. R' s diagonal element is sufficiently larger than its 
c 

off-diagonal elements. so that the error quoted for R , and consequently 
c 

for R , is, we believe, reliable. The errors on the parameters in the n . 

table also include uncertainties in absolute and relative n- -IT + normaliza-

tion. 

The values of X2 obtained by using statistical errors only for the 

best fits are somewhat larger than expected frOln the numbers of degrees 

of freedom. In propagating the errors of the data to include systematic 

errors, we have increased the estimate of the errors by an appropriate 

factor ( 2/ 2' ) 1/2 
X X expected . The fits to the D/ A data are better than 

, 
those for the average, since some system.atic errors in the experimental 

co~rections made fo r a particular angle would cancel in D/ A. 

A problem in this analysis has been pointed out by Baker et al. 23 

The radial wave equation arising from (i) IS 

dX ,e 
+ p(r} dr + q(r) X,e = 0, 

where p(r) 
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and q(r) = 
k

2 
_ AbOPN(r) - 2E V - (1-3E /W) V 2 

eo c eg c £(£+1) 
"2 r 

Because of the term 1 +Ab
1 

PN(r) in the denominators of the co

efficients, there is a regular singular point in the equation when 

" 24 
Ab 1 PN(r) = -1-

Since A" and PN(r) are real, the denominator factor, 1 + Ab
1 

PN(r), 

induces a logarithmic branch point in the radial wave function, for 

Reb"1 = - 1/ApN(r) and 1mb
1 

=" O. For the 1mb
1 

small, the singularity 

b~comes a sharp peak. The presence of the singularity means that cer-

tain regions of the optical parameter space are forbidden implicitly by 

25 
the model. Because of the coupling between 1mb

O 
and 1mb l' in fitting 

our data, the above restriction on 1mb
1 

forces 1mb
O 

to a slightly positive 

1 h · h . 1 t ". t . t 2 6 va ue, W IC VIO a es unI arl y. 

B. The Phase-Shift Method 

Another method of analysis uses the optical model only to calculate 

the distortion amplitudes. The phase-shift analysis is used to obtain 

+ -amplitudes for 1T and 1T scattering. 

If one writes the total amplitude as the sum of a nuclear amplitude, 

" ~, a distortion amplitude, ~, and the point Coulomb amplitude, [pt, 

the total cross section is 

This equation is solved to find the form factor, F, for each data point at 

each energy, giving 

F !:::: A+ B, (2) 
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where A = (da+ 
dO ' 

c.m. 

da- )/ 
dO·· 4 

c.m. 

and 

The measured quantity is A and the distortion effect is B. Where A» B, 

the distortion effect is negligible. 

The distortion amplitude is calculated following Auerbach. 1,27 In 

Fig. 7, -A and B vs cos () for 60 MeV are shown. This figure shows 
. c.m. 

that fD is extremely important· in determining F. Combining all the data 

for the various energies, we can plot F 1T(q2) vs q2 (Fig. 8a). Assuming 

a Gaussian charge distribution for the helium and pion F = exp(_q2 R2/6) 

with R2= R2 + R_~ , we fit the F (q2) to find R. The result is 2.96±0.43 F. 1T -"He 1T 1T 

In assigning the error the same X
2 

factor mentioned in part A is used. 

This error does not include the uncertainty in the form factor due to 

the error in the relative norlnalization of the 1T+ and 1T- data. This is 

displayed-in Fig. (8a). Figure (8b) shows the radius computed indepen

dently for each F (q2) data point with different relative normalizations. 
1T 

It is noted that below 1 F- 2 the radius shows only slight sensitivity to the 

relative normalization. In fact, for all data points the best fit to F (q2) is 
1T 

2 -2 almost independent of the rel?-tive normalization. At q > 1 F the larger 

fluctuations are' a con~equericeof the insensitivity of D/A to R in this re
. 1T 

gion (see Fig. 6). The nO'rn.1.alization error in Table I common to both 

signs of beam, has a negligible effect on the form factor. 

This method can, in principle, be used to shov.' the consistency of 

the f<;>rnl-factor nlcasurCluent at different energies. In this measurement 

the statistics arc not sufficiently accurate for this check to be made. 
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C. Distortion Amplitudes by Other Methods 
I 

It is interesting to compare our distortion amplitudes with those ar-

rived at by using other approximate calculations of fD West
5 

obtains 

D S" [ZH>£ Z Z . Zio£ Z ZJ Z i£ = - Vc(r} e ,R£ (r) - j£ (kr) - (e -1}/Zk r r dr, 

co 

where V(r) = 4 n k r F (q2) F (q2) jO(qr} dq, with a Yukawa form for 
c iT JO iT a 

F and a square-well density leading to F = 3 j 1(qb)/qb. Here, b is 
iT a 

the'radius of the square well. The nuclear radial wave function is R£ 2.nd the 

nuclear phase shift is 0 £. To evaluate R£ West has chosen a square well; 

',the Kisslinger model is modified by substituting [1 - Ab
1

PN(r}] for 

[1 + Ab
1

PN(r)]-1, following Baker etal. 23 

Block
6 

obtains for the distortion aluplitude another approximation, 

. D [ 2iO£ Zio.e ] 
f £ = nx £ e + ( e - 1)(" £ - "O) /k, 

2iO£ 
where an additional term of the form (e -1) 2n 10g[1/2(1-cosO)]/k IS 

neglected~ and \\,here nx £ = -k J V c(r) [R..e
2

(r) - j.£ 2(kr)] r
2
dr and".e are 

the Coulon~b paramete rs defined by "£ = arg r (.£ + 1 + in) and 

n = 2/ 2 nk ' / ZZ' e flv I t· . Here, V (r) = -- erf(r R). Block's Rn is re a 1 ve c r c KI 

found by using a local potential for each partial wave and a Gaussian dis-

tribution for both the nuclear and Coulomb interactions. The results for 

60 MeV obtained from these equations are also presented in Table VI for 

6 
comparison; the distortion amplitudes obtained by Block et al. from the 

bubble chanlbe r data are shown. 

Ericson has shown
7 

that all the inform,ation on the pion charge radius 

IS in the s wave, due primarily to'the s-wave overlap of the pion with the 
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negligible, Re fD,g = 0 is the 

It will be noted that Re f~=O 
differs in sign according to the .method used. The corresponding radii 

computed by the phase- shift method (except for Block' sdata, where his 

radius for all his energies is quoted) are shown for each set of distortion 

amplitudes .. 

D. Discussion 

There are some deficiencies in the optical-potential description as 

applied to this problem. 

Firstly, although it may provide a good phenomenological fit to pion-

nucleus scattering data in the sense that it attempts to include the strong 

p-wave 'TT-nucleon scattering, the model itself may not be sufficient to 

calculate the distortion amplitudes to the accuracy required in this Inea-

surement. Secondly, as emphasized in the introduction, the optical 

potential is a nonrelativistic description of the 'It-He interaction. Specif

ically, diagrams of the type shown in Fig;. 9 are neglected;8, 28 such 

diagranls are clearly of hnportance for our purposes, since their ampli-

tudes are linear in the pion charge, and a fundamental assumption in our 

analysis is that the only ternlS of this type are the pure CoulOlnband the 

CouloITl-b-nuclear distortion terms. Electrodynamic corrections of this 

nature involving strong intera.ctions have not been calculated to our knowl-

edge. In this connection we remark that since the pion form factor effect 

is at most 10% in the differential cross section, violation of charge sym-

rnetry in the strong interaction at a relatively low level would be serious 

fronl. our point of view. However, in a recent review, Henley29 sets an 

upper limit of 0.8% on charge-symmetry violation in hadronic forces; this 

would correspond to less than 0.05 F in the pion radius. 
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Conclusion 

. ± ~ 

The 1T - He elastic differential cros ssection has been measured at 

several energies and phase shifts evaluated. In attempting to extract the 

pion electromagnetic radius from the difference in the cross sections, the 

most detailed model available for describing the pion nucleus interaction 

has been used, yielding R = 2.96 ±0.43 F. This result is clearly incon-
. 1T 

sis tent with the vector meson dominance model and with measurements of 

R1T using electroproduction. Some inadequacies in the model have been 

emphasized, particularly in relation to its nonrelativistic nature. 
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Table 1. Corrections applied to the new data. 

Description of measurement or 
correction Source of estimate 

CORRECTIONS TO AND MEASUREMENTS OF BEAM INTENSITY: 

1. Number of beam particles 

2. fl fraction 

3. Randoms 

4. Dead time 

Scaled at 100 mHz 

(i) Monte Carlo 
(ii) Range + time-of-flight measurements 

Measured expe rimentally 

Measured experimentally 

COR~CTIONS TO AND MEASUREMENTS OF NUMBER OF PIONS SCATTERED: 

1. Number of pions 

2. Solid-angle measurement 

3. Multiple scattering in target 
+ counters 
+ range 

4. 'IT-fl decay 

5. fl's detected from 'IT-fl decay 

6. Nuclear absorption and scattering in 
counters and range 

7. fl's Coulomb scattering in 4 He-

-8. Inefficiency of counters 

9. Contamination by protons from 'IT 
capture 

10. Correction due to two C counters 
firing 

a. Cancels for D/A. 

-0 

Scaled 

From counter position survey 

Monte Carlo 

I (i) G inela ,tic and G el.,tic data 
(ii) measurements in beam 

,- Calculated 

Measured frequently during expt. 

Distinguished by pulse height 

From "beam triggered" runs 

Approximate 
amount of 

correction 

I 

(%) 

-15 

3 

< 1 

+10 

+15 

- 5 

a 

+ 7 a 

2 

f a 

at fo~:vard angles a 

-, i 

1 to 2a ' 

~ 

Approximate error 
in measurement 0 r 

correction 

3 

1.5 

( % ) 

2 (statistical) 

1.0 

±1.5 

2 (exptl. errors) 

<0.5 

<0.5 

<0.5 

..... 
00 
I 

~ 
() 

::0 
t"' 
I ..... 
00 
t+>-
--.] 

W 
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Table II. Data for each of the four energies in the form of differential 
cross sections as a function of e' c.m . 

. ~., 

e du+ 
ern-c.m. E+ 

du+ 
ern- E 

(deg) {mbLsr) {mbLsr) {mbLsr) {mbis r ) 

.,:1. 51 MeV 

31.5 1.516 0.140 5.192 0.254 
36.7 1.611 0.136 3.969 0 .. 166 
41.9 1.223 0.093 2.978 0.145 
47.1 1.131 0.093 2.033 0.107 
62.5 0.434 0.024 0.560 0.025 
67.6 0.266 0.023 • 0.371 0.020 
12.7 0.323 0.020 0.269 0.019 
77.8 0.375 0.023 0.314 0.020 
82.8 0.581 0.026 0.427 0.023 
92.9 0.993 0.050 0.950 0.041 

102.8 1.610 0.057 1.638 0.053 
122.5 3.433 0.144 3.715 0.132 
132.2 4.095 0.164 4.471 0.148.. 
141.8 4.764 0.177 4.791 0.147 
151.4 4.918 0.194 5.034 0.156 

60 MeV 

31.5 2.661 0.075 6.712 0.146 
36.7 2.634 0.071 5.033 0.106 
41.9 2.327 0.052 3.854 0.076 
47.1 1.663 0.046 2.835 0.062 
62.6 0.534 0.010 0.747 0.013 
67.7 0.366 0.009 0.436 0.009 
12.8 0.325 0.008 0.306 0.008 
77.9 0.375 0.008 0.336 0.009 
83.0 0.618 0.012 0.521 0.011 
93.0 1.128 0.021 1.077 0.021 

102.9 1.928 0.031 1.916 0.031 
122.6 3.936 0.079 4.232 0.083 
132.3 4.592 0.104 4.875 0.109 
141.9 5.422 0.15.0 5.544 0.153 
151.5 5.121 0;196 5.924 0.203 

68 MeV 

31.6 4.031 0.190 7.299 0.273 
36.8 3.612 0.176 5.312 0.361 
42.0 3.247 0.135 4.494 0.164 
47.2 2.65.1 0.126 3.082 0.223 
62.7 0.722 0.025 0.925 0.034 
67.8 0.437 0.020 0.512 0.026 
12.9 0.382 0.018 0.366 0.022 
78.0 0.447 0.019 0.388 0.025 
83.1 0.692 0.025 0.556 0.030 
93.1 1.350 0.047 1.180 0.051 

103.0 2.094 0.063 2.018 0.069 
122.7 4.011 0.149 4.392 0.142 

'132.4 4.961 0.176 5.098 0.163 
142.0 5.853 0.213 5.543 0.316 
151.5 5.843 0.267 5.591 0.333 

75 MeV 

31.6 5.940 0.205 9.394 0.236 
36.9 5.252 0.167 7.080 0.215 

" 42.1 4.268 0.141 5.858 0.132 
47.3 3.006 0.104 3.979 0.127 
62.8 0.960 0.025 1.119 0.023 
67.9 0.623 0.019 0.667 0.017 
73.0 0.458 0.017 0.488 0.014 
78.1 0.529 0 .. 019 0.498 0.015 
83.2 0.776 0.023 0.7.10 0.018 
93.2 1.413 0.042 1.325 0.035 

103.1 2.203 0.057 2.361 0.050 
122.8 4.508 0.143 4.578 0.103 
132.4 5.264 0.152 5.379 0.116 
142.0 6.054 0.175 5.646 0.169 
151.6 6.114 0.200 6.046 0.203 
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Ta.ble III. 

Energy 
(MeV) ReS ImS 

+ 
- 7.5±.5 1. 6±1.8 'IT 

51 
'IT - 9.3±.2 1.9±1.2 

+ - 8.0±.5 2.9± .8 'IT 

6.0 
'i 'IT -10.4±.3 2.0±1.2 

+ - 8.6±.5 . 1.7± .8 'IT 

68 
'IT -.11.0±.5 2.4±1.8 

+ - 7.9±1.4 .1±1.6 'IT 

75 
:rr -10.7± .9 1.6±2.2 

t . 

. , 
.. 

Phase shifts (degrees) 

ReP ImP ReD 

9.0±.2 2.2±1.4 1.0±.1 

9.1±.2 2.4±1.3 1.0±~ 2 

11.4±.3 1.4±1.0 1.6±.1 

11.4±.5 3.3±1.8 1.4±. 1 

.13.4±.5 3.7± .7 2.1±.1 

12.8±.5 4.1±2.0 1. 7±. 2 

15.5±.5 7.2±1.8 2.8:±:.3 

15.2±.5 6.2±3~ 3 2.7±.2 

'"-

ImD 

· 2±. 3 

.1±.1 

· 3±. 3 

· 7±. 4 

· 6±. 2 

· 8±. 1 

· 6±. 5 

· 8±. 2 

''t-

I 
N 
0 
I 

c: 
() 
.~ 

t"' 
I ..,. 

co 
t+>. 
~ 
Vol 
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Table IV. Optical parameters. and radial parameters obtained by optical-model fits at each energy. 

. 3 3 3 3 2 2 2 2 Phase- shift 
T1T (MeV) RebO(F ) ImbO(F) Reb

1
(F ) Imb

1
(F ) a(F) Rc(F) R

1T
(F) X X X X method 

R 
(D/A) (av) exptd. 1T 

51.3 -2.94:1:.10 .099:1:.28 5.83:1:.30 .100:1:.40 1.25:1:.04 2.37:1:.30 2.39:1:.45 16;7 23.8 40.5 24 

59.7 -2.63:1:.09 - .165:1:.17 5.96:1:.20 .167:1:.25 1.26:1:.04 2.37:1:.18 2.39:1:.27 39.2 53.9 93.1 24 
2.96:1:.43 

67.6 -2.26:1:.11 -.568:1:.19 6.10:1:.30 .797:1:.39 1.19:1:.04 2.13:1:.33 2 .. 02:1:.52 27.2 25.1 52.3 24 

75.0 -2.18:1:.11 -.480:1:.18 6.22:1:.24 .567:1:.35 1.20:1:.04 2.38:1:.28 2.40:1:.42 28.6 29.5 58.1 24 

2 2 
X X 

exptd. 

16 34~9 

16 85.8 

16 39.1 

16 .. 52.1 

I 
N ..... 
I 

c:: 
(') 
::u 
toot 
I ..... 

():) 

~ 
-.J 
W 



Reb
O 

Reb
O 

1.5 X 10 

Imb
O 

Reb
1 

Irnb
1 

aN 

R 
c 

-4 

Table V. Error matrix for best fit at 60 MeV. 

Imb
O 

Reb
1 

Imb
1 aN 

-1.4X10 
-4 -4.4X 10 

-4 1.6X10-4 1.4X10-4 

5.SX10- 4 
-7.SX10 

-4 
-1.6X10 

-3 
-9.9X 10 

-5 

-----
5.5X10- 3 4.3X10- 3 -6.6X10-4 

6.3X 10- 3 
-.S.7X10 -5 

1.6X10-4 

R 
c 

3.4X10- 4 

'-S.7X10 
-4 

3.6X 10-4 

2.4X10- 3 

3 X 10-4 

S.SX10- 3 

1,. 

I 
N 
N 
I 

c:: 
() 

~ 
t"' 
I ,..,.. 
00 
~ 
-..J 
LV 
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Table VI. Distortion amplitudes. See t"ext for more detaile<;i assumptions for each method. 

Re 1m 

Method of Auerbach et al. • Kisslinger model, 60-MeV data 

S -0.0024 % .0007 cO.010 % .0011 

p -0.0063 % .0010 -0.008% .0009 8.29 2:88 %0.37 

D -0.0021 % .0008 -0.003 % .0009 

Method of West. 60-MeV data 

S 0.00739 -0.00754 

p -0.01114 0.00097 -0.27 <1.20 (1 s. d.) 

D -0,00243 -0.00010 <1.77 (2 s. d.) 

Block integral Kisslinger n1odel, 60-MeV data 

S -0.00177 -0.00081 

P -0.00566 -0.00138 5.11 2.26 %0.16 

D -0.00180 0.00113 

Block integral and local EotcntiaIs, 60-MeV data 

S 0.00215 -0.00015 

P -0.01167 -0.00100 1. 66 1.29 %0.82 

D -0.00271 0~00203 

Block integral and local potentials. Block's 58-MeV data 

S 0.0033 

P -0.0141 

-0.014 

0.0038 

0.0025 

-0.4 < 0.9 (1 s. d.). <2.1 (2 s. d.) 

D -0.0019 

2 
X 

18.4 

84.0 

6.6 

76.1 

2 
expl-cted 

4 

4 

4 

4 
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Figure Captions 

Fig. 1. Layout of the pion beam line. 

Fig. 2. Range curve for ".- obtained in the scattered beam (data from 

70 and 7 5 deg combined). 

Fig. 3. Pulse-height spectra obtained in the scattered beam at 70 deg for 

+ + + {a} 51-MeV". , (b) 60-MeV"., {c} 75-MeV"., Cd} 60-MeV".-. 

Empty target background has been subtracted. Typical error bars 

are shown: The solid curves are the best fit of two Gaussian 

curves to the experimental distribution. 

Fig. 4. Elastic differential cross sections for "'p at 60 MeV for (a) + 
". , 

{b} ".-. The solid curves are the differential cross sections from 

the phase shifts of Ref. 15. 

, +-
Fig. 5. Cross sections for {a}". and {b}". at 60 MeV with best phase-

shift fits, and {c}average cross section with best opticalMmodel fit. 

Fig. 6. D/ A as a function of cos e , with best optical-model fits. c. m. ' 

Fig. 7. The quantities -A and B are plotted vs cos e for 60 MeV (see 
c. m. 

Eq.2). The data points represent -A. The shaded area represents 

B with its uncertainty. 

Fig. 8. 
2 

(a) F". plotted vs q Best-fit curve is shown together with dis-

placements of data points caused by shifting relative". + - ". 

norm,alization by its error. 

2 
{b} R vs q for both extrema of the relative normalization. 

". 

Two points at the largest value of q2 are missing because they are 

not real. The best-fit value and error are plotted for reference. 

Fig. 9. Feyn:'nan diagrams not taken into account by the optical model. 

" 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
. includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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