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[Best Student Paper] Y. Chen, N. González-Prelcic, T. Shimizu, H. Lu, C. Mahabal, “Sparse
Recovery with Attention: A Hybrid Data/Model Driven Solution for High Accuracy Position and

xv



Channel Tracking at mmWave,” in 2023 IEEE 24th International Workshop on Signal Processing
Advances in Wireless Communications (SPAWC 2023), Shanghai, China, Sep. 2023.

N. González-Prelcic, A. Ali, Y. Chen, “Radar-aided Millimeter Wave Communication,” in Signal
Processing for Joint Radar Communications, Wiley-IEEE Press, 2023.
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The sixth-generation (6G) cellular ecosystem is evolving toward integrated sensing and

communication (ISAC), where the same infrastructure supports both high-rate data exchange

and environmental perception. Vehicular networks are among the most demanding use cases:

autonomous navigation demands ultra-reliable connectivity and centimeter-level positioning

accuracy, yet conventional beam training protocols incur prohibitive overhead and global

navigation satellite system (GNSS)-based localization fails in urban canyons. This dissertation

develops a hybrid model/data-driven framework addressing these challenges through three

contributions.

xviii



The first introduces a passive radar-aided framework for multiuser millimeter wave

(mmWave) link configuration. A roadside unit senses existing automotive frequency modulated

continuous wave (FMCW) transmissions from multiple vehicles via a mixing filter bank with

constant false alarm rate (CFAR) detection, isolating individual vehicle signals from multiuser

interference. Three deep neural network architectures then map estimated radar spatial covariances

to communication covariances, compensating for frequency and geometry mismatches between

the 76 GHz radar and 73 GHz communication bands. The covariance-prediction-assisted

approach reduces beam search space by up to 32 times and improves the achievable rate by 21.9%

over radar-only methods.

The second addresses high-accuracy 3D vehicle localization from a single base station

snapshot. Two time-domain channel estimation algorithms, a two-stage multidimensional

orthogonal matching pursuit (MOMP) variant and ESPRIT-D (an off-grid subspace method),

extract multipath parameters while accounting for system filtering effects and unknown clock

offsets. A lightweight network, PathNet, classifies estimated paths to select geometrically useful

components, while a Transformer-based ChanFormer refines initial geometric position estimates

through cross-attention, achieving 28 cm accuracy for 80% of users in line-of-sight (LOS) and

sub-meter accuracy for 55% in non-line-of-sight (NLOS).

The third extends single-snapshot localization to continuous tracking and collaborative

multi-vehicle positioning. F-MOMP enables efficient high-resolution channel tracking by

exploiting temporal correlation and factored dictionaries. VO-ChAT and VP-ChAT leverage

channel sequence history through spatial-temporal and cross-attention mechanisms to track

vehicle orientation and refine position estimates. For NLOS vehicles, a model-based collaborative

framework exploits vehicle-to-vehicle (V2V) sidelinks to geometrically estimate per-vehicle

clock and orientation offsets, achieving 0.3 m average error with sub-meter accuracy for 90% of

cases.

Together, these contributions demonstrate that embedding physical-layer signal models

into deep learning architectures yields ISAC systems that are accurate, computationally efficient,
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and interpretable, key properties for safety-critical vehicular deployments.
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Introduction

The 6G cellular ecosystem is poised to transcend the traditional boundaries of wireless

communications, evolving toward intelligent, sensing-aware networks that unify the physical and

digital worlds [2]. As the standardization of 5G-advanced reaches maturity in 3GPP Release

18 and beyond [3], ISAC has emerged as a fundamental paradigm, enabling infrastructure to

simultaneously support high-rate data exchange and high-resolution environmental perception

[1, 4]. This convergence is particularly transformative for vehicular networks, where safety-

critical applications ranging from autonomous navigation to cooperative platooning (where

centimeter-level positioning accuracy is required for safe lane-keeping at highway speeds [5])

demand not only ultra-reliable low-latency communication (URLLC) but also precise, robust

localization and tracking capabilities that remain resilient under severe channel conditions.

Figure 1. Illustration of the different elements in the infrastructure of an ISAC network. Image
source [1].
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In ISAC systems as illustrated in Fig. 1, sensing data can be used to acquire channel

state information (CSI) and optimize beamforming and handover decisions, ensuring seamless

connectivity for vehicles moving at high speeds or in complex environments [6–8]. The mmWave

frequencies central to 6G vehicular systems present unique challenges: severe path loss and

channel sparsity necessitate high-gain beamforming through large antenna arrays, yet the overhead

associated with conventional beam training protocols ranging from hundreds of milliseconds

to several seconds becomes prohibitive in highly dynamic vehicular environments [9]. To

address this, Chapter 1 proposes a passive radar-aided communication framework wherein the

roadside unit (RSU) opportunistically senses existing automotive FMCW radar transmissions

to configure mmWave downlink links. An FMCW mixing filter bank with constant false alarm

rate (CFAR) detection isolates individual vehicle signals from multiuser interference, while deep

neural network (DNN) architectures map estimated radar spatial covariances to communication

covariances, accounting for frequency and geometry mismatches between radar (76 GHz) and

communication (73 GHz) bands, enabling up to 32× reduction in beam search space and 21.9%

rate improvement over traditional beam training methods.

Conversely, communication signals benefit sensing functions by enabling high-precision

localization without relying on GNSS, which becomes unreliable in urban canyons due to signal

blockage and multipath-induced ranging errors [10]. The geometric sparsity of mmWave channels

facilitates 3D localization from high-resolution channel parameter estimates, yet existing methods

either neglect realistic system impairments (such as pulse shaping, filtering effects, and unknown

transmitter-receiver clock offsets) or suffer from prohibitive computational complexity with

practical planar arrays. Chapter 2 addresses this through a hybrid model/data-driven localization

framework, introducing two low-complexity time-domain channel estimation algorithms: a two-

stage MOMP (an on-grid sparse recovery method) and ESPRIT-D (an off-grid subspace approach),

both accounting for system filtering effects. A lightweight neural network (PathNet) classifies

multipath components to identify LOS and first-order reflections, while a Transformer-based

ChanFormer employs cross-attention mechanisms to refine geometric localization estimates,
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achieving 28 cm accuracy for 80% of users in LOS and sub-meter accuracy for 55% of users in

NLOS, representing up to 10× improvement over state-of-the-art (SOTA) fingerprinting and

maximum likelihood methods.

Furthermore, the integration of artificial intelligence (AI) and deep learning methodologies

significantly broadens the capabilities of vehicular ISAC networks [11,12]. Rather than pure data-

driven approaches that demand extensive training data and lack interpretability, this dissertation

advocates for hybrid model/data-driven solutions that strategically embed physical layer knowledge

(such as antenna array manifolds, geometric propagation models, and radar signal structures) into

deep learning architectures. Chapter 3 exemplifies this through a robust vehicle-to-infrastructure

(V2I) tracking system that employs F-MOMP (Factored MOMP) for efficient channel tracking with

0.1 ns delay accuracy, reducing dictionary search complexity by factoring the five-dimensional

sparse recovery problem into independent per-dimension operations; VO-ChAT for orientation

tracking via spatial-temporal attention mechanisms; and VP-ChAT for position refinement through

cross-attention between channel evolution and trajectory history. This framework achieves 2D

position errors below 26 cm for 80% of cases with orientation errors below 0.5◦. Extensions to

collaborative V2V positioning further demonstrate the framework’s efficacy in NLOS conditions,

achieving 0.2 m average localization error through sidelink exploitation.

By co-designing sensing and communication functions through this hybrid lens, intelligent

ISAC systems can reduce hardware duplication and improve spectral efficiency while maintaining

the interpretability and reliability required for safety-critical automotive applications [13–15].

These advancements hold significant promise for transforming autonomous driving and smart

cities by enabling real-time, untethered user-environment interactions.

0.1 Dissertation layout

This work specifically presents radar-aided communication link establishment as a

representative use case of sensing-aided communication (Chapter 1). Conversely, we also
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explore how communication signals can support localization during initial access and tracking,

representing a communication-aided sensing scenario (Chapters 2 & 3). Throughout the studies,

hybrid model/data-driven approaches are employed, with the choice of model/data-based modules

guided by the limitations and suitability of each approach.

In Chapter 1, we address the challenge of high communication overhead in configuring

mmWave links using conventional beam training protocols. We propose leveraging a passive

radar array at the RSU to sense automotive radar signals from multiple vehicles, using a radar

processing chain that estimates radar timing, chirp rates, and spatial covariances, filters out

interference via CFAR detection, and isolates individual radar signals. Three DNN designs are

introduced to map radar spatial features to communication spatial covariances (azimuth power

spectrum (APS), covariance eigenvector, and covariance vector, each exploiting a progressively

richer representation of the covariance structure) in both LOS and NLOS scenarios. Simulation

results on ray-tracing simulated multiuser (MU) channels show that our approach reliably isolates

individual radar covariances and significantly outperforms traditional radar-aided methods in

terms of beam training overhead reduction and communication rate improvement.

In Chapter 2, we tackle the challenge of accurate vehicle localization in mmWave multiple-

input multiple-output (MIMO) systems. Two practical 3D time-domain channel estimation

algorithms are proposed, both accounting for system filtering effects: (1) a low-complexity

two-stage MOMP algorithm, and (2) estimation of signal parameters via rotational invariance

techniques (ESPRIT) with dictionary (ESPRIT-D), a beamspace extension of ESPRIT. These

algorithms estimate channel multipath parameters including azimuth and elevation angle-of-

arrival (AoA), angle-of-departure (AoD), and time-difference-of-arrival (TDoA). To address path

ordering, which is essential for applying geometric relationships among vehicles, RSUs, and

scatterers, we introduce a DNN (PathNet) to classify paths and select only the LOS and first-order

reflections for localization. We further develop a geometry-based 3D localization method robust

to LOS and NLOS conditions and unknown clock offsets, and refine the initial position estimates

using a Transformer-based attention network (ChanFormer). Ray-tracing simulations in realistic
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vehicular scenarios demonstrate angular errors below 0.01◦ and delay errors below 3×10−10 s

in LOS conditions; localization errors below 28 cm are achieved for 80% of users in LOS. In

NLOS, sub-meter accuracy is achieved for 55% of users, representing up to 10× improvement

over SOTA methods.

In Chapter 3, we present a robust mmWave vehicle tracking system for practical V2I

MIMO communication, explicitly accounting for clock offsets, filtering effects, and antenna

orientation misalignments. The system starts with a channel tracking algorithm, F-MOMP

(Factored MOMP), that uses reduced sparsifying dictionaries and prior frame estimates for

efficient high-resolution channel tracking. A geometric solver then provides an initial 2D position

estimate, adaptable to both orientation-known and orientation-unknown scenarios. For the

former, a Transformer-based network, VP-ChAT, refines position estimates after a geometric

single-shot localization. For the latter, two Transformer-based networks, VO-ChAT for vehicle

orientation tracking and VP-ChAT for position refinement, leverage historical channel and

trajectory data through cross-attention mechanisms. Evaluated on ray-tracing data in urban

canyon environments, the proposed system achieves a 90th-percentile 2D position error below 20

cm under the orientation-known condition. In the general case, it attains 2D position errors below

26 cm for 80% of cases, with orientation errors maintained below 0.5◦. Furthermore, we propose

a collaborative position tracking solution that leverages both V2I and V2V link parameters to

enhance localization accuracy for vehicles in NLOS conditions, treating them as targets localized

via sidelink channels. A Kalman filter (KF) is applied for temporal tracking. Simulations show

orientation offset errors below 0.05◦, clock offset errors under 10 ns, and average localization

errors of 0.2 m, with 90% of cases below 0.7 m.

In Chapter 4, the main contributions of this work are summarized, highlighting the key

methodological advances and performance gains. This is followed by a discussion of potential

future research directions to further enhance system robustness, scalability, and applicability in

more diverse vehicular environments.
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Chapter 1

DL-based Link Configuration for Radar-
Aided MU mmWave V2I Communication

1.1 Introduction

The automotive industry is incorporating advanced sensing and communication technolo-

gies to produce vehicles that are both more aware of their surroundings and able to communicate

with others. This perceptual awareness has been achieved through the use of several onboard sen-

sors, most notably automotive radars. The ability to communicate with infrastructure, referred to

as V2I communication, allows for the sharing of sensor data, navigation information, multimedia,

and more. These applications need high data rates to operate seamlessly.

Wireless communications at mmWave bands can achieve such high data rates. Commu-

nication at mmWave bands, however, typically requires gains through beamforming to reach

acceptable signal-to-noise ratio (SNR), often requiring large antenna arrays. The configuration of

these large arrays following standard beam training protocols introduces a large overhead (time

required to configure the link). For example, for initial access (initial configuration of the link

when the user enters the cell), when the number of antennas at the base station (BS) and the

user are 64 and 16 respectively, and considering an analog MIMO architecture at both ends, the

overhead of the beam training protocol associated with the 3GPP 5G NR standard varies in the

range of 750 ms to 5 s as a function of the number of synchronization signal blocks (SSBs) per

burst and the UE grid of beams [9]. This training overhead becomes even more demanding in
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multiuser V2I links, because the channel coherence times are short and users are rapidly entering

and exiting the communication cell, resulting in a high probability that users are in initial access.

The onboard radars on many of these next-generation vehicles provide a unique signal

of opportunity that contains out-of-band information that can be leveraged to reduce training

overhead during initial access [16]. Since many automotive radars operate in a mmWave band

adjacent to mmWave communications bands, the spatial covariance obtained at a passive radar

receiver can be sufficiently similar to the spatial covariance of the communication link, and

therefore, it can be utilized to reduce the training overhead required to configure the link, as

established in prior work [7].

This chapter proposes the use of a RSU equipped with a passive radar to aid in establishing

MU-MIMO communication links at mmWave. The passive radar senses the transmitted FMCW

signals from multiple automotive radars at once, isolates the signal from each individual vehicle,

estimates the spatial covariance of the individual FMCW signals, and then predicts the mmWave

communication spatial covariance. This predicted communication covariance is then used to

extract the main channel directions and select the beams that will act as analog precoders and

combiners at the RSU, significantly reducing training overhead.

1.1.1 Contributions

The main contributions of this chapter are as follows:

• We propose to leverage the spatial covariance information obtained with a passive radar

receiver at the RSU to configure the different mmWave communication links between the

RSU and different vehicles on the road.

• We propose a passive radar processing chain that uses a filter bank architecture to isolate the

individual FMCW signals from a reception containing multiple interfering FMCW signals

from different vehicles. These isolated signals are then used to estimate the individual

spatial covariances corresponding to the radar transmissions coming from different vehicles.
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• We design multiple deep learning architectures to predict the communication spatial

covariance from an estimated noisy radar spatial covariance. These neural networks

learn the intricate relations and differences between the spatial covariances in the radar

and communication bands. Three variations of neural networks are proposed to predict

different functions useful for beamformer design: APS prediction, eigenvector prediction,

and covariance vector prediction.

• We create a ray tracing simulation of the radar-aided MU vehicular communication

scenario to evaluate the performance of the proposed systems in terms of both the sum-rates

and outage probabilities of different beam training strategies. This setup is consistent

with the 3GPP V2X evaluation methodology for vehicular communication systems, and

emulates the deployment of automotive radars in commercial vehicles. The obtained

radar-communication channels dataset is made available to the research community to

enable further work on radar-aided communication at mmWave [17].

1.1.2 Prior Work

Out-of-band information to aid mmWave communication [16] can come from several

sources, including sub-6 GHz systems [18–20], or sensors such as radar [7,21–23], light detection

and ranging (LiDAR) [24, 25], inertial-measurement-units [26, 27], or position information

[28–30].

Different approaches that exploit sub-6 GHz signals have been proposed to reduce the

beam training time or to estimate the spatial covariance, which is later used to design the

beamformers. mmWave link configuration assisted by sub-6 GHz systems has, however, many

limitations. The use of sub-6 GHz information in [18] is restricted to LOS channels. The

strategies in [19, 20] are applicable to NLOS channels, but require that both the mmWave and

sub-6 GHz channels have identical states (both LOS or both NLOS), which does not hold in

general.
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Position information extracted from a global positioning system (GPS) has also been used

in different ways to reduce the overhead of mmWave link configuration. For example, inverse

fingerprinting learns a subset of location-dependent beam-pairs based on past measurements

in similar locations, such that with a high probability at least one of the vectors in the subset

works well [31–33]. A more sophisticated version of this idea exploits the sparsity of the MIMO

channel to also provide beam recommendations in new positions where channel measurements

are not available [30]. Further reductions in overhead can happen if there is also knowledge of

other connected vehicles (which may have different sizes and act as blockages) [34] or other

context [35] information. Beam-tracking for automotive vehicles aided by inertial measurement

unit (IMU) was proposed in [26, 27]. The common limitation of all these approaches is that they

only target LOS scenarios. A mmWave communication system aided by LiDAR is described

in [24]. It considers two scenarios: the LiDAR is located at the BS, or LiDAR data from

two neighboring vehicles are fused. In [25, 36], different learning strategies predict V2I beam

selections using precomputed spatial information collected from LiDAR sensors. The main

limitation of these systems is that they are designed to operate only in LOS propagation. The first

work that proposed leveraging a radar sensor to aid millimeter wave link configuration considers

an active radar at the RSU [21] that transmits RF signals toward vehicles to estimate their spatial

covariance from the reflected echoes. This is also the first study that experimentally shows there

is a similarity between the angular information extracted from the radar and the communication

spatial covariances, even when the center frequencies of operation are different. In [22], a dual

function radar and communication system was proposed for simultaneously sensing vehicles

and establishing the communication link aided by the sensing information. Position information

obtained with a radar unit at the road infrastructure was also used in [37] to reduce the overhead

of the beam training protocol. The accuracy of position information provided by radar is higher

than that provided by GPS, which leads to a larger reduction in communication overhead when

exploiting position information provided by a radar sensor than when leveraging GPS-based

position, as shown in the field measurements provided in [38]. The high accuracy of radar
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locations was also exploited in [23] in the context of vehicle-to-vehicle (V2V) communication.

Although all these approaches based on an active radar provide an interesting reduction

of the link configuration overhead, they only perform well in LOS scenarios. An additional

limitation is that the allocation of power to active radar sensing may be prohibitive given a power

budget at the roadside unit. Alternatively, a passive radar approach was taken in [7], where the

RSU senses signals transmitted from automotive radars onboard the vehicles themselves. This

solves the power consumption issue and allows NLOS estimation, but the study was restricted to

a single-user case without interference from multiple radars. Furthermore, there is an inherent

mismatch between the estimated radar covariance and the true communication covariance due to

different operation frequencies or different locations of the radars and communication transceivers

in the vehicles.

In this chapter, we overcome these limitations by building upon our preliminary work

in [39] to add multiuser capabilities and to further refine the covariance estimate by translating

the radar covariance to the communication domain. To this aim, we use neural networks which

effectively learn the mismatches between radar and communication channels. Although the work

in [39] already explores the idea of learning mismatches, only a single user scenario and the

estimation of the APS are considered.

Notation: We use the following notation throughout this chapter. Bold lowercase x is

used for column vectors, bold uppercase X is used for matrices, non-bold letters x, X are used

for scalars. [x]i and [X]i, j, denote i-th entry of x and entry at the i-th row and j-th column of X,

respectively. We use the serif font, e.g., x, for the frequency-domain variables. Superscript T,

∗ and † represent the transpose, conjugate transpose and pseudo inverse, respectively. 0 and I

denote the zero vector and identity matrix respectively. CN (x,X) denotes a complex circularly

symmetric Gaussian random vector with mean x and covariance X, and U [a,b] is a Uniform

random variable with support [a,b]. We use E[·] and ∥·∥F to denote expectation and Frobenius

norm, respectively. NAPS(·;w), Neig(·;w), and Ncol(·;u) denote the DNNs for APS, dominant

eigenvector, and covariance column prediction, where w and u are the respective trainable
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parameters. SRSU,u and SV,u denote the beam search spaces at the RSU and vehicle for user u.

S1→2(L) denotes the similarity metric between two APSs within window L.

1.2 System Model

We consider the MU-MIMO V2I communication system represented in Fig. 1.1, where

the RSU is located on the side of a roadway and U ego-vehicles are driving along the road

with other non-connected vehicles. The RSU is equipped with a passive radar uniform linear

array (ULA) and a communications ULA. Both the radar and the communication system operate

at mmWave bands. The ego vehicles have 4 ULAs for communications and 4 single-antenna

automotive radars. The communication arrays in the vehicles are placed in accordance with

3GPP proposals [40], and the radar arrays are placed at the 4 corners of the vehicle as in many

commercial models. The passive radar array at the RSU will use receptions of the automotive

radar signals to estimate the radar spatial covariances for each link. These covariances will then

be used to configure the MU-MIMO mmWave communication link.

Red: Radar paths
Blue: Comm paths

Communication array

Communication array

Automotive Radar

Passive radar array

Figure 1.1. A multiuser V2I communication system with the RSU equipped with a passive radar
receiver and a communication array operating at mmWave in different bands. The radar array
receives automotive radar transmissions (red), while the RSU and vehicles exchange data over
the communication channel (blue).
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1.2.1 Communication System Model

The communication array on the RSU is equipped with NRSU antennas and MRSU ≤ NRSU

radio frequency (RF)-chains. We let A denote the number of communication arrays at the ego

vehicle. Each vehicle array has NV antenna elements and MV ≤ NV RF-chains. This hybrid

architecture supports Ns ≤min{MRSU,MV} data streams. The communication link is based on

a K sub-carrier orthogonal frequency-division multiplexing (OFDM) system, with modulated

symbols s[k] ∈CNs×1 such that E[s[k]s∗[k]] = Pc
KNs

INs and Pc denotes the total average transmitted

power. The baseband precoder FBB[k] ∈ CMRSU×Ns and RF precoder FRF ∈ CNRSU×MRSU are

combined to form the hybrid precoder F[k] = FRFFBB[k] ∈ CNRSU×Ns on sub-carrier k. The

RF precoder is realized using quantized phase shifters and is the same across all subcarriers.

Letting ζi, j, i = 1, . . . ,NRSU, j = 1, . . . ,MRSU, be the quantized phase shift, the RF precoder is

described as [FRF]i, j =
1√

NRSU
ejζi, j . The total power constraint is enforced as ∑

K
k=1 ∥F[k]∥2

F = KNs.

The baseband combiner W(a)
BB[k] ∈ CMV×Ns and RF combiner W(a)

RF ∈ CNV×MV , a = 1, . . . ,A, are

multiplied to form the hybrid combiner W(a)[k] = W(a)
RFW(a)

BB[k] ∈ CNV×Ns on sub-carrier k. In

the simulations we will assume that the number of streams and RF chains is equal to the number

of vehicles supported by the RSU, and that the analog precoder/combiner corresponding to the

link between the RSU and the uth vehicle is denoted as [FRF]u/[WRF]u, u = 1, ...,U .

The NV×NRSU frequency-domain MIMO channel at array a∈ A in vehicle u is denoted as

H
(a)
u [k]. Assuming perfect synchronization, the received signal on sub-carrier k after processing

is

y
(a)
u [k] =W(a)u∗[k]H(a)

u [k]F[k]s[k]+W
(a)∗
u [k]n(a)[k], (1.1)

where n(a) ∼ CN (0,σ2
nI) is additive white Gaussian noise.

1.2.2 Channel Model

The wideband channel is modeled geometrically with C clusters. Each of the clusters

experiences a mean time delay τc ∈ R, mean AoA θc ∈ [0,2π), and mean AoD φc ∈ [0,2π).

12



Assuming there are Rc paths in each cluster, each path rc ∈ [Rc] has complex gain αrc , relative

time-delay τrc , relative arrival angle shift ϑrc , and relative departure angle shift ϕrc . The array

response vectors are aRSU(φ) at the RSU and aV(θ) at the ego-vehicle. The uniform spacing

between array elements is ∆, normalized to units of wavelength. The RSU response vector and

ego-vehicle response vectors are defined as

aRSU(θ) = [1,ej2π∆sin(θ), · · · ,ej(NRSU−1)2π∆sin(θ)]T. (1.2)

aV(φ) = [1,ej2π∆sin(φ), · · · ,ej(NV−1)2π∆sin(φ)]T. (1.3)

We remove the notation (a) in the channel H for the following equations. We define the analog

filtering and pulse shaping effect at delay τ as p(τ). Tc denotes the signaling interval. The

delay-d MIMO channel matrix Hu[d] is [41]

Hu[d] =
C

∑
c=1

Rc

∑
rc=1

αrc,u p(dTc− τc,u− τrc,u)×aV(φc,u +ϕrc,u)a
∗
RSU(θc,u +ϑrc,u). (1.4)

If there are D delay-taps in the channel, the channel at sub-carrier k, H[k] is [41]

Hu[k] =
D−1

∑
d=0

Hu[d]e
−j 2πk

K d. (1.5)

1.2.3 Covariance Model

We define the spatial covariance at the RSU for the link with the uth vehicle on sub-

carrier k as RRSU,u[k] = 1
NV

E[H∗u[k]Hu[k]]. Assuming the covariance does not change across

sub-carriers [42], we can create an estimate by averaging over all sub-carriers R̂RSU,u =

1
K ∑

K
k=1 R̂RSU,u[k]. As we will describe in Sec. 1.2.5, our proposed system uses the covariance

estimates to design the RF precoder at the RSU, while training symbols are used to design the

baseband precoder, which can account for sub-carrier-dependent covariance variations [7] and

multiuser interference.
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1.2.4 Radar System Model

Each automotive radar in the environment is assumed to operate in the mmWave band,

transmiting a unique FMCW signal. We will assume there are M radars transmitting. The mth

radar, for m ∈ [M], has a chirp rate of βm, a time offset of ∆tm, and a phase offset of ∆φm. We

will assume all radars operate with the same bandwidth B. Then the chirp period is defined as

Tm = B
βm

.

Then the transmitted signal can be defined as

sm(t) =
√

Pr exp
(

j2π

(
frt +

β mt2

2

)
+ jφm

)
for t ∈ [∆tm,∆tm +Tm]. (1.6)

This transmitted signal repeats every Tm seconds. The received signal on the Nr element antenna

array on the RSU will be denoted as a vector x(t)∈CNr . Assume that due to multipath effects, the

radar transmission propagates along Rm paths. Each path rm ∈ [Rm] experiences an attenuation

of αrm and a time delay of τn,rm during propagation to the nth antenna. The received signal at

antenna n is

[x(t)]n =
M

∑
m=1

Rm

∑
rm=1

αrms(t− τn,rm). (1.7)

We can model the propagation delay as the sum of two components: one accounting for

common distance τ and another accounting for the difference among antenna elements at the

ULA τ ′n. This delay at antenna n is described as τn,rm = τrm + τ ′n,rm
[43]. We assume our ULA

has half-wavelength spacing and that the signal from radar m and path rm arrives at an angle of

θrm , so

τ
′
n,rm

=
sinθrm(n−1)

2 fr
. (1.8)

Then we collect the I samples of the signal into a matrix Y ∈ CNr×I . Let i ∈ {1,2, · · · , I}

denote the sample index, and Tr denote the sampling time. Then the ith sample on the nth antenna

is [Y]n,i = [x(iTr)]n. The spatial covariance of the received radar signal could then be estimated

as R̂RR = 1
I YY∗.
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However, this covariance estimate is not particularly useful when multiple vehicular

radars are transmitting. The covariance will contain all of the interfering signals from all M

vehicular radars that are transmitting. As a result, the APS computed from such an estimate may

be dominated by the contributions from higher SNR signals while the contributions from low

SNR signals are undetectable due to the interference and sidelobes. A more useful covariance

would be the isolated covariance of each transmitting radar signal. Let us define the true spatial

covariance for signal m. This will be done by propagating a unit power Dirac-delta signal through

the radar channel from radar m, i.e.

[x̌m(t)]n =
Rm

∑
rm=1

αrmδ (t− τn,rm). (1.9)

Then perform the same sampling and covariance estimation as before:

[Y̌m]n,i = [x̌m(iTr)]n, (1.10)

RRRm =
1
I

Y̌mY̌∗m. (1.11)

RRRm is our ideal isolated spatial covariance from the radar signal m. Section 1.3.1 describes our

designed signal processing chain that creates estimates R̂RRm of the isolated spatial covariance from

the total received signal x(t).

For this chapter, we assume that the communication links and automotive radars operate in

separate bands where mutual interference between the two bands is negligible. This assumption

is supported by the study in [44], which describes experimental results that show that the

radar-to-communication interference can be neglected in this context.

1.2.5 Link Configuration

We assume that the link configuration system at the RSU receives the estimated radar

covariance for the link with each vehicle from the passive radar receiver. Then, an additional
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processing stage translates these estimated radar covariances into the averaged communication

covariance R̂RSU,u for the link with the uth vehicle in initial access. Note that the radar and

communication covariances are similar, but there are mismatches due to, for example, the different

operation frequencies or different locations of the radar and communication antenna arrays.

Section 1.3.2 includes our proposed solutions for this stage.

Once the estimate of the averaged communication covariance is available, the RF precoder

phase shifts are configured based on a standard beam search over a restricted codebook. The

subset of beams in this restricted codebook is selected as those around the direction of maximum

power in the azimuth power spectrum (related to the communication covariance through the

Fourier transform). The number of beams in the restricted codebook is a parameter of the system.

The RF combiner is defined at the vehicle using a beam search over a full codebook. Note that

overhead reduction in the beam training stage is achieved by the significant reduction in the size

of the restricted codebook used at the RSU.

To obtain the digital precoders and combiners after the RF stage has been designed, a

practical system could use different algorithms that can provide an estimation of the beamformed

channel (propagation channel plus RF stage) based on the transmission of a sequence of training

symbols. From the estimated channels, different state-of-the-art solutions for the frequency

selective digital precoders and combiners are also available [45, 46]. In our simulations in

Sec. 1.4, we show the performance of the analog counterpart of the proposed system, since our

only goal is to show the effectiveness of the radar-aided beam training strategy (the innovation

proposed in this work) independently of the approach for digital beamforming.

1.3 Radar-aided Multiuser Link Configuration

1.3.1 Multiuser Separation and Radar Covariance Estimation

As mentioned, the received signal Y contains contributions from all transmitting radars

in the environment. However, the RSU must now attempt to estimate the individual radar
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covariances for each vehicle, which will later be used to assist in RF precoder design for downlink

communications. We assume that for vehicles in initial access, the RSU has no knowledge

of the automotive radar chirp rate or timing. Furthermore, the RSU may have no knowledge

whether or not a new vehicle has entered its area-of-coverage and must be able to detect radar

transmissions from new vehicles. As such, we propose a FMCW mixing filter bank processing

chain to detect vehicles, suppress interference from other automotive radar signals, and estimate

the spatial covariance for each vehicle in the area-of-coverage individually. The FMCW mixing

filter bank correlates the received passive radar signals with several FMCW chirps, each with a

different chirp rate. This correlation is effectively a matched filter, maximizing the output power

of the correlator when the chirp rate of a received signal matches the chirp rate of the filter bank.

Individual FMCW signals can be detected from the peaks of the filter bank correlator output.

These detections provide an estimate of each FMCW signal’s chirp rate and time delay. With

knowledge of the chirp rate and time delay, the mixed signals corresponding to each detection can

be multiplied by a time-delay correction signal, concentrating the power of the matched signal

near DC. A lowpass filter is then applied, filtering out interference from other FMCW signals,

thereby isolating the individual radar signals corresponding to each detection. These isolated

signals are then used to estimate the spatial covariance of each detected radar.

Correlator

Chirp Signal

correlation
Detector

mixed signal

(before summation)
Covariance

Calculation

to 

communications 

controller 

passive 

radar signal

Mixing Block

to the rest of the 

mixing bank blocks
…

Figure 1.2. Visualization of a single mixing block within the mixing bank. The received signal is
mixed with a chirp signal, sampled, and correlated; the detector then identifies any FMCW signal
matching the block’s chirp rate, after which the covariance is estimated from the mixed signal.
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Figure 1.3. The correlator output of 3 mixing blocks with reference FMCW chirp rates of 11, 12,
and 19 MHz/µs. Sharp peaks are shown in the first and last output corresponding to passive
radar receptions of signals with a matching chirp rate. The second output has no such peak.

Let us consider a single block within the mixing bank, which is visualized in Fig. 1.2.

The received signal is mixed with a reference FMCW signal sref(t) with the desired chirp rate

βmix. Much like the transmitted FMCW signals, the reference FMCW signal has a chirp period

of Tmix and repeats every Tmix seconds,

sref(t) = exp
(
− j2π

(
frt +

βrt2

2

))
for t ∈ [0,Tm]. (1.12)

The output mixed signal is denoted as xmix(t), and can be written as

xmix(t) = x(t)sref(t). (1.13)

This signal after sampling is then called Ymix, and can be expressed as

[Ymix]n,i = [xmix(iTr)]n,i. (1.14)

Note that the received chirp signals are not time-aligned with the reference chirp signal. The

output of this mixer is then sampled and processed digitally.

The next stage in the processing block is the correlator. The sampled signal is then

digitally mixed with an offset-correction signal before the I samples are summed together. This
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digital mixing and summation is repeated for every lag. The output of the correlator is then

passed to a detector. The digital correction signal for lag l is defined as

[Scorr]l,i = exp
(

j2π

(
βm(lTr)

2

2
iTr

))
. (1.15)

The corrected sampled mixed signal at lag l is defined as

[Ymix,l]n,i = ([Ymix]n,i)([Scorr]l,i). (1.16)

And finally, the correlator output is defined as

[C]n,l =
I

∑
i=1

[Ymix,l]n,i. (1.17)

The digital correction signal accounts for the frequency of the reference FMCW signal at the

start of lag l. This makes the correlator output equivalent to mixing and summing with an

FMCW signal that starts at frequency fr at every lag l. This saves on hardware complexity by

allowing each mixing block to only require mixing with a single FMCW reference signal. The

digital correction is then an element-wise complex multiplication. Assuming that the FMCW

reference signal is controlled by a voltage-controlled oscillator (VCO), the digital processor can

have knowledge of the reference signals frequency at each sample time. When the chirp start

and chirp rate of the block align with the chirp start and chirp rate of a received signal, the

magnitude of the output of the correlator will exhibit a sharp peak. For chirp rates that do not

align, the output of the correlator will have its power spread out over the lag domain. To show

this, consider a case where 51 mixing blocks are used in the filter bank, each with a uniformly

spaced chirp rate between 10 and 60 MHz/µs. This is visualized in Fig. 1.3, where the correlator

output of the same received signals is shown for 3 of the 51 mixing blocks. In the 11 MHz/µs

bank and 20 MHz/µs bank, sharp peaks exist because the received signal contains FMCW pulses

matched to their mixing chirp rates of 11 and 20 MHz/µs. The 12 MHz/µs bank has no such
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peak, because the received signal contained no FMCW pulses with a chirp rate of 12 MHz/µs.

In the 12 MHz/µs bank, the power of the chirp detected in the 11 MHz/µs bank becomes spread

out over the lag domain. This spreading effects grow as the signal and mixing chirp rates become

further separated. In the 20 MHz/µs bank, the chirp detected in the 11 MHz/µs bank is spread

out significantly, allowing for the individual FMCW signal matching 20 MHz/µs to be detected.

The remaining interference from the spread out signal is not present across the entire lag domain,

however, so the detector of these peaks must be able to adapt to changing interference and noise

levels. The objective of the detector is to determine whether such a peak exists in the output of

the correlator and to remain robust against the interference power from other signals that have

different chirp starts and chirp rates.

Threshold

Ceiling

Floor

Figure 1.4. A visualization of the max CFAR detector. For each lag, the boundary box defined
by the guard cells and floor cells is defined relative to the power at the lag being tested. If the
signal does not conflict with the boundary box, a detection is marked at that particular lag.

For our purposes, we propose the use of a max CFAR (constant false alarm rate) detector.

The interference power at any given time delay and mixing block may not be known beforehand,

especially as vehicles enter and exit the area-of-coverage. As such, an adaptive detection algorithm

that estimates the interference power and determines a threshold dynamically is desirable. The

max CFAR detector is visualized in Fig. 1.4. Max CFAR estimates the noise and interference

power around a cell-under-test (CUT) by taking the maximum power of a set of cells that neighbor
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the CUT. A set of guard cells close to the CUT are ignored in this estimation, because power

from the CUT may leak into close-by cells. However, we enforce that the power at the CUT

is greater than all the powers in the guard cells. In our application, the set of guard cells must

account for the delay spread of the radar channel. Once the noise and interference power has

been estimated, a detection threshold is determined by multiplying the power by some scaling

factor. This scaling factor can be tuned by the system designer to achieve a desired false alarm

rate. If the power in the CUT exceeds this threshold, the system considers this a detection. Max

CFAR can be implemented efficiently digitally with an FPGA (see [47] for example).

Let the Nguard be the number of guard cells, Nfloor be the number of cells beyond the guard

cells that are used to estimate the noise and interference power, and Pdet be the power threshold for

detection. Define the set of guard cell offsets as ∆Lguard = [−Nguard,1]
⋃
[1,Nguard]. Define the

set of floor cell offsets as ∆Lfloor = [−Nguard−Nfloor,−Nguard]
⋃
[Nguard,Nguard +Nfloor]. Assume

that the correlator output at lag l is our CUT. We decide to take the maximum power across

antennas in these detection steps as well. The CUT power PCUT is defined as

PCUT = max
n
|[C]n,l|2. (1.18)

The noise and interference estimate is defined as

Pfloor = max
n

max
∆l∈∆Lfloor

|[C]n,l+∆l|2. (1.19)

The power in the guard cells is also defined as

Pguard = max
n

max
∆l∈∆Lguard

|[C]n,l+∆l|2. (1.20)
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The CUT is then marked as a detection if the following conditions are met:

PCUT > Pguard,

PCUT > PdetPfloor.

(1.21)

Let D be the set of lags where detections are found. The sampled output of the mixer

corresponding to these detected lags, [Ymix,l]n,i∀l ∈ D, is passed to the covariance estimator. It

should be clarified that the samples passed to the covariance estimator are samples before the

summation operation in the correlator. By detecting the correct time delay and chirp rate of a

particular FMCW reception and then mixing it with a reference chirp corresponding to these

exact parameters, we experience a power gain in this particular FMCW signal and a suppression

of the other interfering FMCW signals. Furthermore, this power is concentrated in spikes near

DC since the correct lag and time delay have been estimated. Therefore, a lowpass filter with a

bandwidth B f greater than the multipath spread of the propagation channel can be applied to the

detected signals to filter out the interfering radar transmissions.

Ŷl = lowpass{Ymix,l} (1.22)

Assuming the detection is accurate, this process isolates the received FMCW signals from

each vehicle, allowing the RSU to estimate each vehicle’s radar spatial covariance separately.

These spatial covariances are then subsequently passed to the communications controller, which

will establish a link with the newly detected vehicles in the area-of-coverage.

1.3.2 Radar-to-Communication Covariance Mapping

Background and Motivation

While radar and communication channels are inherently different due to variations in

operating frequencies, antenna geometries, antenna array sizes, and physical antenna placement

on both the BS and vehicles, they share a similar propagation environment. Consequently, their
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spatial covariance exhibits similarities, particularly as both operate in the mmWave band with

receivers typically separated by distances smaller than the vehicle size. Previous research, such as

in [7], directly utilized radar spatial covariance as an estimate for the communication covariance

without explicitly addressing the mismatch between radar and communication channels. This

mismatch presents substantial challenges, and developing an analytical model of the mismatch

between radar and communication covariances is unrealistic, particularly in NLOS scenarios,

due to the complexity and a large number of parameters involved.

To mitigate this mismatch and efficiently establish communication links, we propose

leveraging DNNs that explicitly learn the relationship between radar and communication spatial

covariances from a suitably constructed dataset. Specifically, the neural network takes the radar

spatial covariance estimates as input and outputs predicted communication spatial covariances.

The communication controller subsequently identifies the direction of maximum power in the

APS derived from the predicted covariance. It then selects a reduced set of beams from its

codebook, focusing on those closest to this direction of maximum power. A standard beam search

is then conducted only within this restricted subset. With this approach, the RF precoder phase

shifts are configured according to the selected subset of beams, while the baseband precoder is

adjusted using training symbols. By significantly reducing the size of the beam search codebook,

fewer training blocks need to be transmitted, substantially lowering the beam-training overhead

and enhancing system efficiency.

Proposed Covariance DNN Estimators

As per the previous section, the detector outputs a set of sampled post-mixing signals

[Ymix,l]n,i∀l ∈ D that are filtered out to obtain Ŷl . The radar spatial covariance can be estimated

independently for each of these signals

R̂RRl =
1
I

ŶlŶ∗l . (1.23)

23



Figure 1.5. The neural network architecture for APS predictions.

The filtering and mixing results in a large gain in the SIR, but some interference power may

still remain. Assuming that detection l corresponds to the vehicle our system is establishing a

communication link with, The controller must now estimate RRSU from the noisy radar covariance

estimate R̂RRl . A neural network will be trained and applied to handle this mapping between

the radar and communication domains. However, direct prediction of the complete covariance

matrices ignores much of the spatial structure and requires unreasonably high dimensional inputs

and outputs. Instead, we train neural networks to input and predict three lower-dimensional

features related to the covariance: 1) the APS, 2) the dominant eigenvector, and 3) the covariance

vector, which is obtained as the first column of the covariance matrix.

APS prediction: The APS gives the distribution of power as a function of the azimuth

angle. The beam search space can be reduced by referring to the angles corresponding

to the peaks in the communication APS. In this work, we first acquire both the radar and

communication spatial covariance matrices and then extract the APS from the covariance

matrix [7]. Specifically, we first construct a DFT matrix F = [f(θ1), ..., f(θN)], where f(θi) =

[e− j·0·2π∆sin(θi), ...,e− j·(NRSU−1)·2π∆sin(θi)]T and θi is uniformly spaced from −π

2 to π

2 . Then, the

APS can be obtained by extracting the diagonal elements of F∗RF, i.e., d = diag(F∗RF). A

DNN is designed to predict the communication APS d̂c based on the radar APS dr to assist

beam search. As the APS has obvious local features and the APS exhibits an identifiable shape

reflecting the power distribution over directions, and the DNN for APS prediction is mainly
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based on 1-D convolutional layers for feature extraction. In this work, we use N = NRSU, which

satisfies the Nyquist sampling of the array response, and accordingly dr(dc) ∈ R1×NRSU . We

design a DNN, denoted asNAPS(·), for R2C APS prediction, which aims to approximate the true

communication APS with the known radar APS, i.e.,

d̂c =NAPS(dr;w), (1.24)

where dr and d̂c are the given radar APS and predicted communication APS, and w represents

the network parameters of NAPS(·) to be trained. As the APS is the power distribution over

all the directions of arrival, we can observe peaks at directions where the energy is highly

concentrated. This constitutes a local feature that we want to capture when linking the radar and

communication APS through NAPS(·), based on the fact that radar and communication channels

share the same propagation environment. We apply 1-D convolutional layers in the network, since

convolutional layers are well suited for capturing local features. In addition, as the components

in the APS are real and non-negative values, we use LeakyReLU [48] as the activation function

in the network, which helps to avoid both dying ReLU and vanishing gradient problems during

the training process. The detailed architecture of the network is shown in Fig. 1.5. It is like

an Encoder-Decoder network [49] where the MaxPooling layers reduce the input dimension

and extract the local features of the radar APS efficiently, while the UpPooling layers are used

to reconstruct the communication APS based on the extracted features. As the target for the

prediction is to approximate the true communication APS for beam training, the mean squared

error (MSE) between the predicted communication APS and the true one is considered as the

loss function. The loss on the validation dataset is monitored during the training process for the

purpose of early stopping against overfitting. In implementation, the radar APS will be computed

and input into the trained neural network, which outputs a prediction of the communication APS.

If the DFT beamforming matrix is not oversampled, this reduces the dimensionality of the neural

network input and output from N2 to N.
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Eigenvector prediction: An alternative approach consists of using the dominant

eigenvector of the estimated radar covariance to predict the dominant eigenvector of the

communication covariance. Similar to APS prediction, it reduces the dimensionality of the neural

network input and output from N2 to N, simplifying the training and implementation of the neural

network. Second, it can help further isolate the signal of interest from the remaining interference

after isolation and filtering. In our communication protocol, which will be described in detail in

Section 1.4.1, only a single stream will be transmitted to each target to ensure each link has the

highest possible SNR. Therefore, predicting the dominant eigenvector of the communication

covariance will naturally approximate the spatial weights corresponding to this stream. Consider

the eigen decompositions R̂RRl = QlΛΛΛlQ−1
l and RRSU = QRSUΛΛΛRSUQ−1

RSU, where the columns of

Ql and QRSU are the eigenvectors of each covariance, and ΛΛΛl and ΛΛΛRSU are diagonal matrices

containing the eigenvalues of each covariance. Let vl be the eigenvector in Ql corresponding to

the greatest eigenvalue in ΛΛΛl . Let vRSU be the eigenvector in QRSU corresponding to the greatest

eigenvalue in ΛΛΛRSU. The neural network Neig(·) will take vl as input and predict v̂RSU. Just as

the covariance has an APS, we can define the APS d of an eigenvector vvv as

ddd = |FFF∗vvv|2. (1.25)

Fig. 1.6 illustrates the network design for dominant eigenvector prediction. Unlike the APS

network, the eigenvector prediction neural network has to handle complex data. The input to

the network is a 64 element vector containing the complex values of the input eigenvector. This

complex input vector is then converted from complex values to magnitude and phase components.

The magnitude and phase components are then stacked together in a single vector of 128 elements.

After this restructuring, the vectorized data passes through 5 fully-connected layers containing

128, 256, 512, 256, and 128 activation units each. Each activation unit uses a LeakyReLU

activation function with a shape parameter of α = 0.1. A dropout layer is also placed after

the activations of the 3rd fully-connected layer, with a dropout rate of 50%. The output of the
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last layer is then scaled to unit norm before being output. The output data is a 128-element

real-valued vector where the first 64 elements correspond to the real components of the predicted

eigenvector and the last 64 elements correspond to the imaginary components of the predicted

eigenvector. For optimizing this network, the loss function shown in Algorithm 1 is used. This

loss function computes the mean squared error between the predicted eigenvector’s APS and the

true eigenvector’s APS. Each APS is computed using a fast Fourier transform (FFT) with a 35

dB Chebyshev windowing function applied.

Output 64 x 2

128 x 1
256 x 1 512 x 1 256 x 1

Fully-Connected layer

128 x 1

Activation layer

Input 64 x 2

Figure 1.6. The neural network architecture that is trained to predict communication link spatial
eigenvectors from radar spatial eigenvector estimates.

Algorithm 1. APS Loss.
Inputs:
vvvpred ∈ CN×1 - Predicted eigenvector
vvvtrue ∈ CN×1 - True eigenvector

Begin:
ccc← chebwin(N,35)
zzzpred← |FFT(c⊙ vvvpred)|2
zzztrue← |FFT(c⊙ vvvtrue)|2
loss← 1

N ∑
N
n=1 |[zzzpred]n− [zzztrue]n|2

return loss

Covariance prediction: The spatial covariance matrix contains redundant information

and it can be characterized by a featured column after Toeplitz completion [7]. The idea is to

project the measured covariance matrix to a Toeplitz, Hermitian and positive semi-definite cone.
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Thus, the projected matrix R̃ can be fully described by its first column r ∈ CNRSU×1, i.e.,

R̃l(R̃RSU) = arg min
X∈TN

+

||X− [R̂l(R̃RSU)−σ
2
n I]||F, (1.26)

where R̃l and R̃RSU are the projected covariance matrix for the radar and communication channels,

which could be fully represented by their first columns, denoted as r̃l, r̃RSU ∈CNRSU×1 and called

covariance vectors. The DNN designed for covariance prediction outputs the estimation for the

column of the communication channel r̂c when the input is the column of the radar covariance

rr. Considering that the column is structure agnostic (no special assumption needs to be made

about the input), we choose fully connected (FC) layers as the basis for the network. The real

and imaginary parts of the column are treated as a 2-channel input for the network, and the

output is also 2-channel containing the real and imaginary parts of the predicted communication

column. A DNN denoted as Ncol(·) is designed for R2C covariance column prediction. Thus,

our proposed covariance column prediction can be described as

r̂c =Ncol(rr;u), (1.27)

where u contains the network parameters to be trained. The structure of Ncol(·) is different from

NAPS(·). First, the covariance column contains both real and imaginary parts, thus we treat the

two parts of rr as a 2-channel input for the network. Second, as the covariance column is not

like the APS, which has obvious local spatial coherence, the network is mainly built with FC

layers, which offer learning features from all the combinations of the features embedded in the

input. There are three hidden FC layers in the network, which are sufficient considering the

complexity of our prediction problem while making the DL process computational-friendly. Tanh

is selected as the activation function, which constrains the values to [−1,1], since the input can

be either positive or non-positive values. The network architecture is shown in Fig. 1.7, where

the 2-channel output contains the real and imaginary parts of r̂c. This projection keeps most
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Figure 1.7. An illustration of the architecture of Ncol.

of the information of a covariance matrix as it approximates the closest Toeplitz matrix. This

method also reduces the dimensionality of the neural network input and output from N2 to N.

The loss function L(u) is computed by transforming the column back to the Toeplitz

matrix R̃(r), calculating the APS, and evaluating the MSE between the predicted and true APS,

i.e.,

L(u) = E{||F∗R̃(r̂c)F−dc||2}. (1.28)

The training process minimizes the loss on the training dataset, and we monitor the loss on the

validation dataset for early stopping.

1.4 Experimental Results

We will now present simulation data demonstrating the utility of multiuser covari-

ance separation, machine-learning based covariance prediction, and our downlink MU-MIMO

communication scheme using these new methods to reduce training overhead.

1.4.1 Simulation Setup

To generate our V2I communication and radar channels, ray-tracing simulations were

conducted in Wireless Insite [50]. The simulated communication channels operate at 73 GHz

and the simulated radar channels operate at 76 GHz. The ray-tracing environment models an

urban roadway, which is visualized in Fig. 1.8. In this environment, a mix of medium and large
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Figure 1.8. The ray-tracing propagation environment. This models an urban roadway with 4
lanes.

Active Vehicles

Roadside Unit

Antenna Arrays

Figure 1.9. An aerial view of the ray-tracing environment that shows the location of the RSU
and multiple active vehicles equipped with both radar and communication transceivers.

buildings are located along both sides of the roadway. For simulation purposes, the material

of the buildings is assumed to be concrete with a relative permittivity of 5.31, conductivity of

1.0509Sm−1 in the communication band at 73GHz, and a conductivity of 1.0858Sm−1 in the

radar band at 76GHz [51, Table 3]. The surface of the roadway is assumed to be asphalt that has

a relative permittivity of 3.18, a conductivity of 0.4061Sm−1 at 73GHz, and a conductivity of

0.4227Sm−1 at 76GHz [52]. Root-mean-square (RMS) surface roughness is also modeled as

0.2mm for concrete and 0.34mm for asphalt [52, Table 1]. In Wireless Insite, diffuse scattering is
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parameterized by a scattering coefficient in the range [0,1], which we select to be 0.4 for concrete

and 0.5 for asphalt [53]. The fraction of diffuse reflections that experience cross-polarization

is also parameterized with another coefficient in the range [0,0.5], which we select to be 0.5

for both concrete and asphalt. The material for the vehicles is assumed to be a perfect electric

conductor metal.

The placement of the vehicles along the roadway is in accordance with option B for Urban

scenarios as suggested by 3GPP [40, 6.1.2]. In this setup, we simulate 80% of vehicles being cars

of size 5×2×1.6m and the remaining 20% of vehicles being trucks of size 13×2.6×3m. We

assume the speed of vehicles is dependent upon the lane they are positioned in, and that the spacing

between vehicles is exponentially distributed with a mean dependent upon the vehicle speed. The

speed of vehicles in each lane are 60, 50, 25, and 15kmh−1, denoted sl . For each vehicle, let

dl ∼ Exp(0.5/sl). Then the distance from the previous vehicle is given by max(2,dl) [40, 6.1.2].

Note that despite ascribing a velocity to each vehicle, each ray-tracing simulation operates in a

static environment frozen in time. For each simulation, the type and placement of vehicles are

generated randomly and independently according to the above distributions. After generating the

vehicle placements, M cars are selected within the area-of-coverage to be active vehicles equipped

with radar and communication arrays. In our simulations, M = 4 and the area-of-coverage is

defined as the 60m section of roadway centered around the RSU.

The active cars are equipped with 4 communication arrays and 4 radar arrays. The

communication arrays are placed at the front, sides, and rear of the car at a height of 1.6m. The

radar arrays are placed at the 4 corners of the car with 10◦ rotation toward the front or rear of the

car and a height of 0.75m. The antenna patterns for both the communication and radar antenna

elements are chosen to have a half-power beamwidth of 120◦. The arrays are assumed to be

ULA with an inter-element spacing of half a wavelength. The radar and communication channels

generated this way are available at [17].

We simulate our communication link with a transmit power of 24 dBm. We assume

rectangular pulse-shaping for simplicity. We use K = 2048 subcarriers with a subcarrier spacing
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of 240kHz. D = 512 time-domain channel taps are used to capture the delay spread of the

ray-traced channels. Furthermore, a canonical polyadic (CP) of D−1 samples is included in

each OFDM symbol. At the RSU, the system has 4 RF-chains and 64 antenna elements. At the

vehicle, the system has 1 RF-chain and 16 antenna elements per array. The downlink protocol is

visualized in Fig. 1.10. This protocol is modeled after the standalone-downlink (SA-DL) scheme

proposed in the beam management tutorial for 3GPP NR. In our protocol, synchronization (SS)

blocks are transmitted every channel coherence time. Each SS block spans 100% of the available

subcarriers, uses 4 OFDM symbols, and supports up to 4 simultaneous beams in accordance

with the number of RF-chains. Tracking (CSI-RS) blocks are transmitted 4 times per coherence

time. Each CSI-RS block spans 25% of the available subcarriers, uses 1 OFDM symbol, and

also supports up to 4 simultaneous beams. All other resources not occupied with SS or CSI-RS

blocks are used to transmit data to the UE vehicles. We evaluate three protocol variants for initial

access: exhaustive search, assisted narrow search, and assisted wide search. The exhaustive

variant requires all possible beam configurations to be searched over when establishing a link.

This corresponds to a typical approach unaided by out-of-band or radar information. The assisted

variants use either the direct radar covariance estimates or any of the three neural network

predictions. In these assisted variants, the search space of beam configurations is reduced to a set

of beams significantly smaller than the full codebook which the exhaustive search uses. Table 1.1

lists the number of RSU beams that are searched over for each variant, as well as the number of

SS blocks required to search over that quantity of beams. This can be determined since each SS

block supports 4 beams and the UE vehicle needs to search over 16 beams for every RSU. The

narrow search only uses 4 beams, while the wide search uses 12 beams. For too small of a search

size, the best beam may not be selected. For too large of a search size, the training overhead may

become too costly and leave little to no resources available for data transmission.

The FMCW radars are capable of transmitting at chirp rates in the range [10,60]MHzs−1.

Each vehicle independently selects a chirp rate β ∼ U [10,60]MHzs−1. Regardless of the chirp

rate, each radar transmits an FMCW waveform with bandwidth of Br = 1GHz without downtime.
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Figure 1.10. The downlink-based protocol. SS blocks use 100% of the subcarriers for training
data. The CSI-RS blocks use 25% of the subcarriers for training data to track the channel.

Table 1.1. Required search parameters for the three protocols.

Protocol Beam Search Size SS Blocks

Exhaustive Search 64 256
Assisted Narrow Search 4 16
Assisted Wide Search 12 48

The chirp period is defined as Tp =
Br
β

. A random timing offset ∆t ∼ U [0,Tp]s is also selected

for each vehicle. Each vehicle uses this chirp rate and timing offset for all 4 of its radars,

assuming that all 4 radars transmit in a synchronized manner. An additional random phase offset

ε ∼ U [0,2π] is added to each transmitted radar signal.

1.4.2 DNN Training and Covariance Predictions

A learning dataset was generated using the true covariances of the communication

channels and the estimated radar covariances after detection and filtering. 3000 independent

environments were generated, each with 4 covariance pairs corresponding to the 4 active vehicles.

This resulted in 12000 unique covariance training pairs. Of the 12000 pairs, 208 pairs were not

detected from their radar transmissions and were discarded from the learning dataset, leaving

11792 properly detected pairs. This learning dataset was isolated and kept independent from

the evaluation set used for the results shown later. The learning dataset was randomly sampled

into a training dataset of 9434 entries and a validation dataset of 2358 entries. For each of the 3
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(a) Good APS prediction (b) Bad APS prediction

Figure 1.11. Good and bad R2C APS (dB scale) prediction examples with the similarity value
of (a) 0.9958 and (b) 0.7290 between the predicted and true communication APS.

neural networks, these covariances were pre-processed into APS’s, dominant eigenvectors, and

1st columns of the covariance matrices.

The neural network was trained using the Adam optimizer. Early-stopping was used to

halt training after a plateau of 16 training epochs and to restore the best weights that minimized

the validation set. The learning rate was also halved after plateaus of 6 training epochs, down to

a minimum learning rate of 1e−6. The training was run using Tensorflow and accelerated using

an Nvidia GTX 1060 GPU.

Similarity Performance of the DNN Predictions

The similarity metric [7] compares two APS’s d1 and d2 within a given window L, i.e.,

S1→2(L) =
∑i∈I1

d2[i]
∑i∈I2

d2[i]
, where I1 (I2) contains indices of L largest components of d1 (d2). This

similarity metric rather than the MSE is used to evaluate the prediction accuracy, because the

angles corresponding to the largest components of the APS are of particular interest for the beam

search process. We evaluate the similarity between the estimated communication APS from the

two prediction methods and the true communication APS. As an example shown in Fig. 1.11 with

L set to 5, higher similarity (Fig. 1.11a) indicates that the predicted APS and the true APS align

better. While the APS prediction method cannot always capture the mismatching in the angle

shift between the radar and communication APS (Fig. 1.11b), covariance column predictions
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Figure 1.12. Examples of the trained network predicting an eigenvector input from the evaluation
dataset: (a) good alignment between the main beam of the communication APS and the predicted
eigenvector’s APS; (b) some angular error between the peaks of the predicted and communication
APS.

Figure 1.13. Examples of resulted communication APS from R2C covariance column prediction
with samples randomly chosen from the test dataset. Column prediction captures the angle shift
information, yielding high similarity with the true APS (shown on each subplot).

capture the mismatching and result in accurate communication APS estimations that align with

the true APS, as shown in Fig. 1.13, where all the samples are randomly selected from the test

dataset.

Fig. 1.14 shows the cumulative distribution function (CDF) of similarity values (L = 5) on

the test dataset for the two proposed methods, with the similarity between the original radar APS

and the true communication APS as the benchmark. The benchmark shows that the radar and the

communication APS do not necessarily have high similarity, while our proposed APS prediction

improves the similarity performance where the values are generally ≥ 0.6. The covariance
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Figure 1.14. CDF of the similarity between the predicted communication APS and the true APS
for the test dataset.

column prediction method outperforms the APS prediction method as high similarity occurs with

higher frequency; specifically, the 10th-percentile similarity value reaches 0.9. The results are

reasonable since for APS predictions, the DNN mainly captures the magnitude properties for the

prediction, while the covariance column contains more complete inner features of the covariance

matrix including the phase shift information.

1.4.3 mmWave Link Configuration

Using the parameters above, we evaluate the communication link in a Monte Carlo fashion

to characterize the performance of the analog beamforming stage, and compare the three proposed

network architectures for radar-to-communication mapping. 1000 independent environments

were generated. For each environment, one active vehicle was selected at random to be in initial

access, while the remaining three vehicles were selected to be in tracking. Channels were labeled

as LOS if a direct path with zero reflections existed in the ray-tracing results. Otherwise, the

channels were labeled as NLOS. Since the communication link operates in the band from 73 GHz

to 74 GHz and the automotive radars operate in the band from 76 GHz to 77 GHz, we assume

that spectral leakage is negligible.
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As mentioned in Section 1.4.1, three beam training protocols were evaluated: exhaustive

search, assisted narrow search, and assisted wide search. Each protocol defines a search space of

beams which will be evaluated during the SS transmissions and requires a different number of SS

blocks to be sent. Assume the RSU uses the same 2-bit DFT codebook for its NRSU = 64 beams,

and that the UE uses the same 2-bit DFT codebook for its NV = 16 beams. Let Q(.) define the

2-bit quantization function. Then the RSU codebook CRSU is defined as

[CRSU]i =Q
(

1
NRSU

aRSU

(
arcsin

(
2i−NRSU−1

NRSU

)))
∀i ∈ [NRSU]. (1.29)

Similarly, the UE codebook CV is defined as

[CV]i =Q
(

1
NV

aRSU

(
arcsin

(
2i−NV−1

NV

)))
∀i ∈ [NV]. (1.30)

Let the beam search spaces for vehicle u be defined as a set SRSU,u and SV,u. Then the

best RF-precoder fu and RF-combiner wu are selected as

{fu,wu}= arg max
fu∈SRSU,wu∈SV

K

∑
k=1

log2
(
1+(w∗uHu[k]fu)

2) . (1.31)

We assume that the vehicles in tracking always select the best pair of RF-precoders and RF-

combiners, so for those vehicles SRSU,u = [NRSU] and SV,u = [NV]. Let the selected RF-precoders

and RF-combiners be stacked into matrices such that [FRF]u = fu and [WRF]u = wu. If we assume

that FBB[k] and WBB[k] are diagonal matrices, then the signal power and interference power for

the stream to UE u at subcarrier k can be defined as

Psig,u[k] = ([WRF]
∗
uHu[k][FRF]u)

2, (1.32)
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and

Pint,u[k] = ∑
l ̸=u

([WRF]
∗
l Hu[k][FRF]l)

2. (1.33)

Recall that we transmit each stream with a power of Pt = 24 dBm. With equal power allocation

across all subcarriers, each subcarrier in each stream has a transmit power of Pt =−9.1 dBm.

Assume a thermal noise of N0 =−174 dBm/Hz, a system noise factor of 10dB, and a subcarrier

spacing of Bsc = 240kHz. Then the noise power per subcarrier is Pn = −110.2 dBm. The

signal-to-interference-noise ratio (SINR) can be defined as

SINRu[k] =
Psig,u[k]Pt

Pint,u[k]Pt +Pn
. (1.34)

After computing the SINR, the spectral efficiency can be defined as

su =
K

∑
k=1

log2 (1+SINRu[k]) . (1.35)

Let Ttrain be the effective time spent transmitting training data from the SS and CSI-RS blocks.

“Effective” refers to an average over all subcarriers. Let NSS be the number of SS blocks and

NCSI-RS be the number of CSI-RS blocks sent in the transmitted frame. Also let ν denote the

fraction of subcarriers used by CSI-RS blocks. The effective training time is then computed as

Ttrain = Tsym
NSSNsym-per-SS +νNCSI-RSNsym-per-CSI-RS

Nbeams
. (1.36)

Now define Tcoh as the channel coherence time and assume that the communication system

repeats its training protocol every Tcoh seconds. We can then compute the effective rate Ru for

each link as

Ru = (1− Ttrain
Tcoh

)Bscsu. (1.37)
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The sum-rate is then defined as

RΣ = ∑
u

Ru. (1.38)

Single-User Rate Results

We consider a single stream transmission (Ns = 1) with the transmit power of 24 dBm

using 2048 subcarriers. The bandwidth for the transmission is 491.52 MHz. We adopt the

codebook design based on 2-bit phase-shifters [19], while the region of the interest is a 180°

sector spanning the angles [−π

2 ,
π

2 ). Thus, the nth codeword in the TX is 1√
Nv

av(arcsin(2n−Nv−1
Nv

))

and the codeword in the RX is defined similarly. We use the rate metric [7] for rate calculation

considering a highly dynamic channel with the coherence time of 4NRSU TsymNv (s), where

Tsym = 4.7667 (µs) is the symbol period.

Exhaustive search and radar-only search are treated as the benchmarks to compare with

the two methods exploiting DL. For exhaustive search, the training overhead is NRSU ×Nv OFDM

blocks, and the optimal beam-pair is determined by which brings the largest absolute value of the

received signals over all the sub-carriers. Radar-only search reduces the beam search size at RX

from 64 to 12, which finds the best combiner from the top 12 beams whose angles are close to the

reference angle corresponding to the largest entry of the radar APS. The beam search size of 12

is found heuristically to maximize the rate by minimizing the likelihood of missing the optimal

beam and minimizing the overhead. Similarly, we use a search size of 12 for the APS prediction

method, the only difference is the reference angle which corresponds to the largest component of

the predicted communication APS instead of the original radar APS. As the covariance column

prediction has the best similarity performance, the search size could be further reduced to 2

according to the estimated communication APS from the prediction.

The rate results are fully based on the test dataset. The average rate of the samples in

the test dataset is used for performance comparison for each method. As shown in Fig. 1.15,

exhaustive search achieves the lowest rate comparing with the other three methods, as it needs

to allocate more resources to training blocks. The beam search based on R2C APS prediction
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Figure 1.15. Rate results as a function of the coherence time. The beam search size is 12
for radar-only and APS prediction-based beam training and 2 for covariance prediction-based
beamtraining.

requires similar training overhead as radar-only search due to the same beam search size, but

later it achieves a rate of 1.450 Gbps, which is 200 Mbps (13.3%) higher than the rate achieved

by radar-only search. The covariance column prediction method outperforms all other three

methods by achieving the final rate of 1.63 Gbps (21.9% higher than radar-only search) with the

lowest training overhead.

Linking the rate results to the similarity performance, higher similarity in the APS from

the DNN predictions implies more accurate R2C translation, which directly contributes to the

efficient beam search.

MU Case Rate Results

The sum-rate results are plotted in Fig. 1.16 for the assisted narrow search and Fig. 1.17

for the assisted wide search. Both plots include the exhaustive search results for comparison.

Due to the large training overhead of the exhaustive search, the exhaustive strategy achieves

poor sum-rates for short coherence times. Below 0.005 s, the exhaustive strategy requires

more training symbols than what can be fit within one coherence interval, resulting in no data
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Figure 1.16. The Monte Carlo sum rate results over all 4 users using an exhaustive search and all
versions of the assisted narrow search.
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Figure 1.17. The Monte Carlo sum rate results over all 4 users using an exhaustive search and all
versions of the assisted wide search.

transmission. Comparatively, the assisted strategies allow the links to be established for even

short coherence intervals. In Fig. 1.16, the assisted search based on covariance vector prediction

achieves the highest rate for the entire range of coherence times, with the assisted search based

on the eigenvector prediction slightly below. The pure radar-assisted search without learning

based radar-to-communication mapping has similar performance at long coherence times, but the
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performance declines much faster at shorter times. The APS prediction neural network provides

the lowest sum-rates of the assisted strategies at longer coherence times, yet outperforms the

radar-assisted search at very short coherence times. All of the assisted strategies show significant

rate improvements over the exhaustive search, which is infeasible for short coherence times

due to the large training overhead required. In Fig. 1.17, all the assisted methods use slightly

more training overhead to reduce the likelihood that the optimal beam is missed. As a result,

the difference in sum-rates between assisted strategies based on covariance vector prediction,

eigenvector prediction, and pure radar-assisted is reduced.

1.5 Conclusion and Future Work

In this chapter, we extended the application of radar-assisted beam training to multi-user

communications. We designed a processing chain to estimate the individual spatial covariances

of multiple interfering FMCW signals measured at a passive antenna array, and trained a neural

network to predict selected features of the communication spatial covariances based on the

estimated radar covariances. The proposed approaches were evaluated against a traditional

exhaustive beam search strategy and an approach that used the APS of the estimated radar

covariance without any further refinement based on a neural network. The features used for

neural network prediction include the APS, the dominant eigenvector, and the covariance vector.

Ray tracing software was used to generate mmWave radar and communication channels to create

a training set for optimizing the neural network, and an evaluation dataset for comparing the beam

training methods. Results indicate significant overhead reductions and performance improvements

in single-user scenarios: using neural network-based APS and covariance translations yields rate

increases of 13.3% and 21.9%, respectively, compared to directly leveraging radar APS without

mapping. In MU environments, the proposed radar-assisted methods notably enhance sum-rates

over exhaustive search methods. Specifically, the learned covariance vector approach consistently

delivers the highest sum-rates and lowest outage probabilities across LOS and NLOS conditions.
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These results demonstrate that out-of-band spatial information from passive radars can

be leveraged for multi-user systems when special processing is implemented to estimate signal

parameters and filter out interference. The intricate differences between radar and communication

channel spatial characteristics can be learned through deep learning, yielding more accurate

channel predictions even in NLOS channels. Predicting the full communication covariance, rather

than a single dominant direction, preserves the rank information that determines how many spatial

streams the link can support, making the proposed pipeline compatible with both single-stream

beamforming and spatial multiplexing regimes. From a limited-feedback perspective, passive

radar sensing replaces the uplink feedback path by providing the RSU with the minimum spatial

statistic needed to self-configure the analog precoder.

Future work should explore the detection of automotive radars beyond FMCW, including

OFDM and PMCW radar. On the communications side, addressing the problem of radar-aided

beam reconfiguration, to track the variations of the vehicular channels after the link has been

established, is also an interesting area of research. In particular, blockage prediction from radar

tracks can preserve a covariance prior across blockage events, so that beam reselection starts

from sensing-derived spatial information rather than from exhaustive search, which is especially

relevant in the dense-deployment regime characteristic of mmWave. Finally, integrating the

proposed processing chain with a software-defined mmWave RSU and commercial automotive

radars in over-the-air experiments is a natural next step to validate the radar-to-communication

mapping under hardware impairments not captured by ray tracing.
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Chapter 2

Learning to Localize with Attention:
from Sparse mmWave Channel Estimates
from a Single BS to High Accuracy 3D
Location

2.1 Introduction

Wireless networks operating at mmWave bands exploit large arrays and bandwidths,

which lead to a high angle and delay resolvability when performing basic functions in the

receiver such as channel parameter estimation, either for communication or localization purposes.

Unlike at lower frequency bands –where the multipath is dense and becomes an interference for

localization– the sparsity of the mmWave channel makes it simpler to map the relevant channel

paths to the geometry of the environment [54]. More specifically, the user location can be

obtained from high resolution estimates of the multipath components of the channel between

the user and a single BS, by exploiting the geometric relationships between the path parameters

and the location of the scatterers, the BS (assumed to be known), and the user [54, 55]. This

approach has the potential to become a cost-effective alternative for precise localization, required

in many envisioned applications such as highly automated vehicles or robot automation in smart

factories [56]. In the vehicular setting, a CSI based approach is robust to unfavorable weather

or light conditions that may impact methods that exploit onboard automotive sensors, such as
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radars, LiDAR, cameras, and IMUs [57–61]. Moreover, it does not suffer from the low accuracy

of GNSS in urban scenarios. However, state-of-the-art solutions do not provide the required

localization accuracy for some envisioned use cases –for example, an accuracy in the order of

0.1 m in vehicular settings [62]– when evaluated in a realistic propagation environment with a

practical mmWave MIMO architecture.

2.1.1 Prior Work

Existing work on localization and channel estimation exploiting a snapshot from a single

BS [55, 63–75] can be based on two kinds of methods: 1) Two-stage approaches [55, 63–73],

where the first stage focuses on channel parameter estimation, while the second stage has to solve

an optimization problem to determine the user location from the channel path parameters, usually

exploiting the geometry of the propagation environment. 2) Joint statistical approaches [74, 75],

which typically solve the optimization problems leveraging joint probability distributions of

the parameters to be estimated. For the first category, the required accuracy of the channel

estimation stage for precise localization is higher than for communication, since the estimated

channel parameters are introduced into nonlinear geometric transformations very sensitive to

estimation errors. Proposed channel estimation methods usually exploit the sparse nature of

the mmWave channel, and include on-grid approaches based on variations of OMP such as

simultaneous orthogonal matching pursuit (SOMP), distributed compressed sensing simultaneous

orthogonal matching pursuit (DCS-SOMP), or others [55, 63–65], off-grid strategies including

subspace-based algorithms like multidimensional estimation via rotational invariance techniques

(MD-ESPRIT) [66–69] and atomic norm minimization [70], algorithms based on probability

models such as the generalized turbo methodology [71] or maximum likelihood estimation

(MLE) [72] to name a few. The user location can then be obtained by exploiting geometric

relationships which involve path parameters and the known anchor node positions [55,63,67–71].

In particular, when the user location has to be determined from the parameters of the channel

between the user and a single BS, measurements of the direction-of-arrival (DoA), direction-
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of-departure (DoD), and delay are required. If the channel is LOS, the user can be localized if

these angular and delay measurements are available for the LOS path and at least one first-order

reflection. In the NLOS scenario, the measurements for at least three first-order reflections

are required [76]. Methods of the second category consider a joint estimation of the channel

and position parameters. The joint probability distributions of these parameters are exploited

by methods such as MLE [74] or expectation maximization (EM) to reduce complexity [75].

The main limitation comes from the assumptions of specific joint distributions which may not

hold for realistic channels. To understand the limitations of prior work on joint localization and

channel estimation at mmWave we focus first on reviewing previous work on channel estimation.

Greedy strategies for mmWave channel estimation exploit the sparsity of the channel to obtain

the parameters for every multipath component using a dictionary-based approach [77–83]. For

example, a greedy approach based on a low-complexity orthogonal matching pursuit (OMP)

algorithm that operates with a reduced dictionary constructed by exploiting statistical information

of the scatters is proposed in [77]. A parameter perturbed OMP algorithm is provided in [78].

Although a frequency-flat channel model is considered in [77, 78], other prior work [79–83]

offers dictionary-based solutions for frequency-selective mmWave channels. The simultaneous

OMP (SOMP) algorithm [84] is the core for the solutions developed in [79, 80]. In [79], a joint

subcarrier-block-based scheme is proposed using continually distributed angles of arrival and

departure, while in [80], simultaneous weighted OMP simultaneous weighted orthogonal matching

pursuit (SWOMP) is presented to account for the correlated noise after combining. In [81], the

authors focus on compressive channel estimation on the uplink to configure precoders/combiners

for the downlink based on channel reciprocity, and develop two algorithms for both purely

digital and hybrid architectures. In [82], a multi-layer sparse Bayesian learning (SBL) method

for selectively increasing the angle resolution for channel estimation layer by layer helps to

reduce the computational complexity and improves the performance. However, all these methods

operate in the frequency domain, without estimating the path delays, which are required in any

localization strategy that exploits the information about the channel between a user and a single
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BS. A time domain channel estimation technique that accounts for the pulse shaping and filtering

effect in the received signal, and can identify the path delays as well as angular parameters,

was proposed in [83]. However, it suffers from an extremely high complexity when operating

with planar arrays and high resolution dictionaries. To overcome this complexity limitation, an

alternative approach called MOMP, which also operates in the time domain estimating directions

and delays, was recently proposed in [85] and is applied in this chapter (see Sec. 2.4 for details).

The main idea behind MOMP is to operate with a multidimensional dictionary and perform

the matching operation by independent tensor multiplications along each dimension, to later

introduce a refinement stage based on alternating minimization.

Off-grid sparse recovery strategies were also developed in previous work to solve the

channel estimation problem at mmWave [86–88]. The method in [86] operates with a nonuniform

grid, but it can be applied only to narrowband channels without filtering effects. The key idea

in [87] is to approximate a continuous infinite dictionary, acquiring the channel parameters

by solving a convex optimization problem, but again, it only applies to the unrealistic case of

a narrowband channel without filtering effects. In [88], the authors assumed some specific

distributions of the channel parameters, and a SBL-based block EM algorithm is proposed to

perform Bayesian inference, assuming a MIMO-OTFS system, neglecting the filtering effects

again, and focusing on time-varying channels. Other studies on off-grid mmWave channel

estimation that focus on the narrowband case can be found in [89–92], but share the same

limitation. An off-grid sparse recovery method is proposed in [93] for frequency selective

mmWave channels including the filtering effect, but it operates in the frequency domain and

cannot be used to estimate the delay parameters required for single snapshot localization from a

single BS. Another category of off-grid methods exploits the ESPRIT algorithm [94, 95], but

they also neglect the filtering effects in the channel model.

Methods based on deep learning (DL) have also been recently proposed to estimate the

mmWave channel exploiting suitable datasets [96–98]. Different network architectures have been

proposed, including a 3D convolutional neural network (CNN) that approximates the sparse
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Bayesian learning process [96], a concatenated block architecture based on CNN for extracting

the channel coefficients [97], and a FC network for beamspace channel amplitude estimation

and channel reconstruction [98]. Strong limitations of all these DL methods are again that they

operate in the frequency domain (i.e. the delays are not estimated), the discrete time channel

model does not account for the pulse shaping and filtering stages at the receiver previous to

analog-to-digital conversion, and the combining process is omitted in [97, 98], which results

in the implicit assumption of using a fully digital architecture with high resolution converters,

which is not feasible at mmWave.

Apart from using a DNN for channel estimation to subsequently derive the user locations,

DNN can be directly applied to map channels to user locations based on channel fingerprinting,

where channel characteristics such as reference signal received power (RSRP) [99], CSI [99–101],

beamformed fingerprints [102, 103], angle-delay profiles [104], etc., are leveraged. Networks

based on CNN architectures are proposed in [99, 101–104], where channel information can be

structured as image-like inputs for convolutional layers to extract inherent features associated

with user locations. While these methods require a stable environment with static channels, the

work in [100] considers dynamic environments and enables robust feature learning via attention

schemes. However, these methods assume the availability of perfect channel information, without

running into issues related to the computation complexity and inaccurate channel representations.

In addition, localization accuracy is compromised when avoiding overfitting. In addition to the

previously discussed limitations of most of the previous work on the channel estimation strategy

itself, specific work on model-based localization from a snapshot from a single BS exploiting

the channel parameters suffers from additional drawbacks: 1) an oversimplified communication

system model, which employs a limited number of antenna elements [55, 63, 65, 67, 69–75],

or neglects the filtering effects at the receiver [55, 63–75]; 2) assumption of perfect TX-RX

synchronization to exploit the time-of-arrival (ToA) [55, 65–68, 70, 71, 73–75]; 3) artificially

controlled evaluation settings which lead to simplistic and impractical channels, resulting in the

lack of strategies to extract the LOS and first-order NLOS paths [55, 63–75]; 4) high complexity
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of the 3D high resolution channel estimation process [55, 63, 65]; 5) unsatisfactory localization

accuracy–for example, ≥ 10 m [101, 102]–when evaluated with realistic channels.

2.1.2 Contributions

In this chapter, we propose a hybrid model/data-driven strategy for single shot joint

localization and channel estimation. The data driven stage has been customized with data

corresponding to vehicular channels, but the strategy could be applied to any scenario by using

the appropriate datasets. Our approach begins by implementing a low complexity compressive

channel estimation technique based on the MOMP algorithm [85, 105], which enables operation

in realistic 3D environments. Then, a data driven method using PathNet is employed to solve

the path classification problem, identifying the necessary LOS and first-order NLOS paths.

A new position estimator, which can work in both LOS and NLOS channels with imperfect

TX-RX synchronization, is then applied to convert the estimated parameters into the vehicle’s 3D

location. To further improve the localization accuracy, we introduce a novel strategy for position

refinement – a DNN called ChanFormer inspired by the Transformer architecture [106]. It is

used to analyze the estimated paths, evaluate the consistency between the estimated channel and

the initial location estimate, and generate a probability distribution of the true position exploited

to obtain a more precise location estimate. The main contributions of the paper are as follows:

• We propose a realistic 3D mmWave channel model that includes the effects of the filtering

stages at the receiver and the unknown clock offset between the TX and the RX, which

needs to be considered when the channel parameters are exploited for localization.

• We develop a two-stage MOMP channel estimation algorithm to reduce the complexity

of the high resolution channel estimation process, turning computational burden from a

product to a sum of terms. It operates by jointly estimating first, for every path, the DoD in

azimuth and elevation, the delay, and a parameter that contains a combination of the DoA

information and the complex gain. An additional estimation stage is defined to retrieve the
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DoA information. We also include an off-grid channel estimation algorithm, ESPRIT-D

which accounts for system filtering effects, as a benchmark for performance comparison.

• We build the lightweight yet effective PathNet architecture for classifying the estimated

channel paths. The training loss function is formulated to minimize the misclassification

of high-order reflections as an LOS or a first-order NLOS path. The network exhibits a

strong generalization ability in new environments, achieving a classification accuracy of

99% (with perfect channel knowledge).

• We develop a model-driven location estimator that exploits the channel geometry and can

operate in both LOS and NLOS situations, as long as a sufficient number of paths are

estimated. It provides sub-meter accuracy for more than 85% of the users in LOS vehicular

channels and for 35% of the users in purely NLOS channels.

• We design ChanFormer, a network that exploits the concept of “attention” to evaluate

which estimated paths are more credible and assess the likelihood of a given location being

accurate. A mathematical formulation that models the likelihood based on the straight-line

distance to the true location is proposed. ChanFormer is intended to refine the location

results obtained from the model-driven location estimator.

• We generate a dataset containing realistic vehicular channels together with their associated

vehicle positions generated by ray-tracing in an urban environment. All the simulations

and evaluations of our algorithms are based on these channels, which are mostly composed

of high-order NLOS paths. The dataset is available at [107] and can be used by the

research community to evaluate any new solution to the joint localization and channel

estimation problem in vehicular channels. Simulation results show that 80% of the users in

LOS conditions experience localization errors below 28 cm when exploiting our proposed

strategy for localization, while sub-meter accuracy is achieved for 55% of users in NLOS

conditions.
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Our overall scheme has been built upon our initial design in [76], completing all the details and

derivations of the channel estimation strategy, extending the initial datasets for path classification,

modifying the model-based initial localization strategy, adding the Transformer-based location

refinement stage and including additional numerical experiments and comparisons with prior

work.

The rest of the chapter is structured as follows: Sec. 2.2 describes the general V2I

communication setup, including the system model and the training strategy for joint channel

estimation and localization. Sec. 2.4 develops the different stages of our hybrid model/data-driven

approach to joint localization and channel estimation. Then, Sec. 2.5, shows the numerical results

of the experiments designed to evaluate the proposed strategy and the comparisons with previous

work. Finally, Sec. 2.6 concludes the chapter, summarizing the main results and outlining future

research directions.

Notations: Non-bold Italic letters x, X are used for scalars; Bold lowercase x is used for

column vectors, and bold uppercase X is used for matrices. [x]i and [X]i, j, denote i-th entry of x

and entry at the i-th row and j-th column of X, respectively. X∗, X̄ and XT are the conjugate

transpose, conjugate and transpose of X. ∥X∥F denotes the Frobenius norm of X. [X,Y] and

[X;Y] are the horizontal and vertical concatenation of X and Y. N (x,X) denotes a complex

circularly symmetric Gaussian random vector with mean x and covariance X. IN denotes a

N-by-N identity matrix. N, R, and C are the set of natural numbers, real numbers, and complex

numbers, respectively. E[·] denotes expectation. For mathematical calculations, X⊗Y, X⊙Y,

and X◦Y are the Kronecker product, Hadamard product, and Khatri-Rao product of X and Y.

< x,y > is the dot product of x and y.

2.2 System Model

We consider a mmWave MIMO system where the users are active vehicles either

communicating with the BS or in initial access. The BS is equipped with a single uniform
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rectangular array (URA), and each vehicle is equipped with 4 URAs facing front, back, right, and

left, as suggested by the 3GPP methodology to simulate vehicular channels [40]. The URA at the

BS is equipped with Nt = Nx
t ×Ny

t antenna elements and is connected to NRF
t radio frequency

(RF) chains, while each URA on the vehicle has Nr = Nx
r ×Ny

r antenna elements and is connected

to NRF
r RF-chains. We focus on the downlink transmission during initial access, assuming hybrid

analog-digital precoding and combining at both ends. We assume that Ns data streams are

transmitted, with Ns ≤min{NRF
t ,NRF

r }. The hybrid precoder is defined as F = FRFFBB ∈CNt×Ns ,

and the hybrid combiner is W = WRFWBB ∈ CNr×Ns , where the subscript RF stands for the

analog counterpart of the precoder/combiner and BB for the digital one. We consider a fully

connected phase shifting network [108].

To develop the 3D channel model we define θ x and θ y as the DoA in azimuth and

elevation, while φ x and φ y represent the DoD also in both dimensions. Note that the az-

imuth and elevation angles are in the range of [0,π) and [−π

2 ,
π

2 ), respectively. The uni-

tary vectors for the DoA and DoD are given by θθθ = [cosθ y cosθ x,cosθ y sinθ x,sinθ y]T, and

φφφ = [cosφ y cosφ x,cosφ y sinφ x,sinφ y]T. Assuming the arrays are placed in the yz-plane with a

half-wavelength element spacing, the array response at the receiver (RX) a(θθθ) can be formulated

where:

[a(θθθ)](nx
r−1)Ny

r+ny
r
= e− jπ((nx

r−1)cosθ y sinθ x+(ny
r−1)sinθ y), (2.1)

which can be represented as the Kronecker product of two vectors as a(θθθ) = a(θθθ q)⊗ a(θθθ⊥)

for later multidimensional operations, where
[
a(θθθ q)

]
n = e− jπ(n−1)cosθ y sinθ x , and

[
a(θθθ⊥)

]
n
=

e− jπ(n−1)sinθ y . Similar definitions can be built for a(φφφ) as a(φφφ) = a(φφφ q)⊗a(φφφ⊥). The effective

discrete time baseband channel is seen through the RF front end, so the effects of the filtering

stages before analog-to-digital conversion should be included in the channel model. We represent

the overall response of the filtering stages by the function fp. The channel matrix for the n-th
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delay tap is Hn ∈ CNr×Nt, n = 0, ...,Nd−1, which can be written as

Hn =
L

∑
ℓ=1

αℓ fp (nTs− (tℓ− t0))ar(θθθ ℓ)at(φφφ ℓ)
∗, (2.2)

where αℓ and tℓ are the complex gain and the ToA of the ℓ-th path, Ts is the sampling period, and

t0 is the unknown clock offset. Since the channel estimation algorithm in the mmWave receiver

will provide an estimate of the relative delay τℓ = tℓ− t0, ℓ= 1, . . . ,L, it is convenient to define

the channel model as a function of τℓ instead of the absolute delays tℓ.

During initial access, training signals are transmitted/received through several pairs of

training precoders and combiners to sound the channel and localize the vehicle. We focus on the

initial access stage, seeking to realize sub-meter vehicle localization accuracy as a byproduct of

the link establishment. Further refinement of the location is possible by exploiting subsequent

channel tracking stages, but it is out of the scope of this chapter.

Next, we build the model for the received signal during training. The q-th instance of the

training sequence is a vector denoted as s[q] ∈CNs×1,q = 1, ...,Q, satisfying E[s[q]s[q]∗] = 1
Ns

INs .

We consider a frequency selective MIMO channel with Nd delay taps. Assuming that the

transmitted power is denoted as Pt, the q-th instance of the received signal can be written as

y[q] = W∗
Nd−1

∑
n=0

√
PtHnFs[q−n]+W∗n[q], (2.3)

where n[q] ∼N (0,σ2
nINr) is additive white Gaussian noise. We compute the variance of the

noise term as σ2
n = KBT Bc, where KB is the Boltzmann’s constant, T is the absolute temperature

of the receiver, and Bc is the system bandwidth. Note that the noise after combining is no longer

white, i.e. E[W∗n[q]n[q]∗W] = σ2
nE[W∗W] ̸= I. To whiten the receive signal in (2.3), y[q] is

multiplied by the inverse of a lower triangular matrix L as y̆[q] = L−1y[q], where L is obtained

from the Cholesky decomposition W∗W = LL∗. Let W̆ = L−1W and n̆[q] = L−1W∗n[q], then
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Figure 2.1. Diagram of the joint initial access and localization system model.

(2.3) can be rewritten as

y̆[q] = W̆∗
Nd−1

∑
n=0

√
PtHnFs[q−n]+ n̆[q], (2.4)

where E[n̆[q]n̆[q]∗] = σ2
nI. Let Y̆ = [y̆[1], ..., y̆[Q]] ∈CNs×Q be the matrix collecting the received

samples for the different training frames, and N̆ = [n̆[1], ..., n̆[Q]] be the noise matrix. The

whitened received signal matrix can be written as

Y̆ =
√

PtW̆∗[H0, ...,HNd−1] ((INd⊗F)S)+ N̆, (2.5)

where

S =



s[1] s[2] . . . s[Q]

0 s[1] . . . s[Q−1]
...

...
. . .

...

0 0 . . . s[Q− (Nd−1)]


. (2.6)

When using a set of Mt precoders {Fmt|mt = 1, ...,Mt} and a set of Mr combiners {Wmr |mr =

1, ...,Mr} for training, it is possible to write the expression of the received signal for a particular

precoder/combiner pair Y̆mr,mt from (2.5) by substituting F by Fmt , W̆ by W̆mr and N̆ by N̆mr,mt .

In the next sections, we develop the stages that process this received signal for channel estimation

and precise positioning.

The block diagram of our proposed joint initial access and 3D vehicle localization strategy
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is shown in Fig. 2.1. First, we collect in YM the mmWave received signals for M different

combinations of the training precoders and combiners. Then, we employ a low complexity

channel estimation technique to acquire Nest estimated paths Ẑ = [ẑ1, ..., ẑNest], where each vector

ẑℓ contains: the magnitude of the estimated channel gain |αℓ| , the relative delay τℓ = tℓ− t0,

the DoA θθθ ℓ, and the DoD φφφ ℓ. Then, every channel path is classified by PathNet, a lightweight

network which predicts the probability of ẑℓ being a LOS component, a first-order reflection,

or a high-order reflection, so that the LOS and first-order reflections are later exploited for

localization using the geometric relationships between the path parameters and the vehicle’s

position. Note that these relationships depend on the channel state (LOS or NLOS). Since the

location estimates provided by this stage cannot guarantee sub-meter accuracy for most of the

users, an additional data driven stage realized with ChanFormer, a self-attention network, is thus

proposed for location refinement. To this aim, a set of tiles with a given size is built around the

initial position estimate, and the output from ChanFormer provides a probability map showing

which tile contains the true location with the highest probability. ChanFormer analyzes the

relationships among the estimated paths in Ẑ and measures the congruence between the channel

features and the initial location estimate x̂qr . The input estimated channel features are extracted

through self-attention in the encoder section of the network. These features are then decoded and

matched to a more precise location estimate associated with the center of the highest probability

tile. Though we use a square tile structure in this chapter, the number and the shape of the tiles

could both be customized to suit the specific environment and required accuracy.
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2.3 3D mmWave Channel Estimation via On-Grid and
Off-Grid Methods for Initial Access

2.3.1 Two-Stage MOMP-Based Channel Estimation

Channel Estimation at mmWave Exploiting Sparsity and Conventional OMP

Prior work on compressive channel estimation at mmWave exploiting OMP (see for

example [80, 81, 109]), leverages a representation of the channel in terms of a sparsifying

dictionary ΨΨΨ, defined as a Kronecker product of several matrices built from the steering vectors

at the transmitter and at the receiver evaluated on a grid for the DoD and the DoA, and an

additional component to represent the delay domain. By definition, the Kronecker structure

creates a dictionary with a size related to the product of the sizes of the matrices which represent

the angular and delay domains. These sizes are also related to the array dimension and the

required resolution of the dictionary. When operating at mmWave with large planar arrays, the

size of the dictionary becomes too large, posing challenges in terms of memory and the number

of operations required to solve the sparse recovery problem. Mathematically, the first step to

define the sparse recovery problem consists of vectorizing the received signal matrix in (5). By

exploiting the properties of the vectorization operator, we can obtain that

vec(Y̆) = ϒϒϒΨΨΨc+vec(N̆), (2.7)

where ϒϒϒ =
(
(INd⊗F)

√
PtS
)T⊗W̆∗ ∈CNsQ×NrNtNd and ΨΨΨ∈CNrNtNd×Na

r Na
t Na

d are the measurement

matrix and the sparsifying dictionary, with Na
r , Na

t , and Na
d depending on the required angular

and delay resolutions, and c ∈ CNa
r Na

t Na
d×1 is the sparse vector representing the channel. The

dictionary matrix ΨΨΨ is computed as [57]

ΨΨΨ = Ad⊗ (At⊗Ar) ∈ CNrNtNd×Na
r Na

t Na
d , (2.8)
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where Ad =
[
p(ẗ1), ...,p(ẗNa

d
)
]

is the dictionary for the delay, being p(t) = [ fp(0 ·Ts− t), . . . ,

fp((Nd−1)Ts− t)]T ∈RNd×1 a sampled version of the function that models the filtering effects in

the discrete time equivalent channel model in (2), and {ẗn|n = 1, ...,Na
d} the grid points in the delay

domain; At =
[
a(φ̈φφ 1), ...,a(φ̈φφ Na

t
)
]
∈ CNt×Na

t is the dictionary for the DoD considering the grid

points {φ̈φφ n|n = 1, ...,Na
t }, and it can be decomposed as At = Ax

t ⊗Ay
t , where [Ax

t ]:,n = a(φ̈φφ q
n) and

[Ay
t ]:,n = a(φ̈φφ⊥n ), with φ̈φφ

q
n and φ̈φφ

⊥
n the n-th selection of the grid values for the DoD in azimuth and

elevation, respectively; finally, Ar =
[
a(θ̈θθ 1), ...,a(θ̈θθ Na

r )
]
= Ax

r ⊗Ay
r ∈ CNr×Na

r is the dictionary

the DoA defined in a similar way as At. Given these definitions, prior work (see for example

[57]) estimates the sparse representation of the channel c by exploiting OMP to solve the problem

min
c

∥∥Y̆−ϒϒϒΨΨΨc
∥∥2

, (2.9)

which has a complexityO(NestNsQNrNtNdNa
r Na

t Na
d). Given the practical values of the parameters

that impact this complexity when operating with large antenna arrays and fine dictionary

resolutions, the OMP algorithm could not be executed in a conventional server or a high end

personal computer. To address this limitation, the recently proposed MOMP algorithm [85, 105]

solves the associated sparse recovery problem by exploiting independent dictionaries for every

sparse dimension instead of a single, very large dictionary, built as a Kronecker product of these

independent dictionaries, as described next.

MOMP based channel estimation

The fundamental idea of MOMP is to rearrange elements in ϒϒϒ and ΨΨΨ into ND orthogonal

dimensions and execute tensor multiplications independently along each dimension. Considering

the received signals Y̆ ∈ CNs×Q, the algorithm starts by constructing ND independent sparsifying

dictionaries {ΨΨΨk ∈ CNs
k×Na

k | k = 1, ...,ND}, where Na
k is the number of atoms in the dictionary

ΨΨΨk, and Ns
k is the size of each atom. Then, the measurement tensor is defined as ΦΦΦ ∈CNs×⊗

ND
k=1Ns

k ,

where⊗ND
k=1Ns

k represents the tensor shape of Ns
1×Ns

2× ...×Ns
D. The target of the algorithm is to
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solve the multidimensional matching pursuit problem in (2.10) to extract the sparse coefficients

from the tensor C ∈ C⊗
ND
k=1Na

k×Q:

min
C

∥∥∥∥∥Y̆−∑
i∈I

∑
j∈J

[ΦΦΦ]:,i

(
ND

∏
k=1

[ΨΨΨk]ik, jk

)
[C]j,:

∥∥∥∥∥
2

F

 , (2.10)

where I = {i = (i1, . . . , iND) ∈ NND |ik ≤ Ns
k , ∀k ≤ ND}, and J = {j = ( j1, . . . , jND) ∈ NND | jd ≤

Na
k , ∀k ≤ ND} represent the multidimensional indices.

The application of MOMP to joint localization and channel estimation in an indoor

scenario was proposed in [85, 105], where all the additional details for the problem formulation

and solution can be found, including a link to the algorithm implementation in GitHub (https:

//github.com/WiSeCom-Lab/MOMP-core.git). In this work, ND = 5 independent dictionaries are

considered – for the DoD in azimuth, DoD in elevation, delay domain, DoA in azimuth, and DoA

in elevation, namely, ΨΨΨ1 = Ax
t , ΨΨΨ2 = Ay

t , ΨΨΨ3 = Ad, ΨΨΨ4 = Ax
r , and ΨΨΨ5 = Ay

r . MOMP computes

first the projections on these five different sparsifying dictionaries (which cover all possible

angular domains and the delay component) independently, and exploits an alternating optimization

strategy to converge to the same solution that conventional OMP would provide. Although

MOMP requires additional steps for initialization and iterative refinement, the complexity of

each step is much lower than those in OMP, resulting in a much lower overall complexity. In

particular, the complexity is reduced to O
(

NestNsQNiter(∑
ND
k=1 Na

k )(∏
ND
k=1 Ns

k)
)

from the previous

O
(

NestNsQ∏
ND
k=1 Ns

kNa
k

)
when exploiting OMP, where Niter is the number of iterations for refining

the estimates associated with each dictionary. This advantage becomes particularly interesting

when operating with high resolution dictionaries, because both computational complexity and

memory requirements are significantly reduced, since ∑
ND
k=1 NiterNa

k ≪∏
ND
k=1 Na

k .

Two-Stage MOMP Enabling Finer Resolutions

To further reduce memory requirements targeting the outdoor 3D localization problem,

which considers large arrays and fine resolutions, we propose a modification of the MOMP-based
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channel estimation strategy in [85, 105]. It comprises two stages: 1) estimating delays, DoDs,

and a parameter that we define as equivalent gains, which include the combined effect of the

path complex gains and the DoAs; this way we can apply MOMP for channel estimation with

ND = 3 dictionaries instead of 5; and 2) estimating the DoAs from the equivalent gains. In the

next paragraphs, we develop the estimators to implement this two-stage approach.

For stage 1), we start by constructing three independent sparsifying dictionaries ΨΨΨ1, ΨΨΨ2,

and ΨΨΨ3 as defined before. Considering training with Mr combiners, the effect of combiners and

the arrival angular information are embedded into what we define as the equivalent gain tensor

C ∈ CNa
1×Na

2×Na
3×NsMr , which is sparse, and can be written as

[C]j,: =


βββ
T
ℓ if

φ x
ℓ = φ̈

q
j1,φ

y
ℓ = φ̈⊥j2 ,

tℓ− t0 = ẗ j3

;

0 o.w.

, (2.11)

where [βββ ℓ]Ns(mr−1)+ns = αℓ[W̆mr]
∗
:,ns

ar(θθθ ℓ). For a given training combiner W̆mr , we define the

part in (2.5) that contains the combiner and the channel matrices for different delays as the

combined channel H(mr) = W̆∗
mr
[H0, ...,HNd−1], with H(mr) ∈ CNs×NdNx

t Ny
t , which can also be

represented by the multiplication of ΨΨΨk and C as

[H(mr)]ns,(i3−1)Nx
t Ny

t +(i1−1)Ny
t +i2 = ∑

j∈J

(
3

∏
k=1

[ΨΨΨk]ik, jk

)
[C]j,(mr−1)Ns+ns. (2.12)

Now (2.5) can be alternatively written as

[Y̆mr,mt]ns,q =∑
i∈I

[(INd⊗Fmt)
√

PtS](i3−1)Nx
t Ny

t +(i1−1)Ny
t +i2,q

· ∑
j∈J

(
3

∏
k=1

[ΨΨΨk]ik, jk

)
[C]j,(mr−1)Ns+ns +[N̆]ns,q. (2.13)
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We can now derive the measurement tensor, which is the remaining key component for solving

the MOMP problem. In [85,105], the measurement tensor ΦΦΦ includes the effect of both precoder

and combiner, however, it currently only contains the information of the precoder in our solution,

with the combiner effects factored into the equivalent gain C to be estimated. Hence, we define

ΦΦΦmt ∈ CQ×Nx
t ×Ny

t ×Nd as the measurement tensor obtained with Fmt , and the whole measurement

tensor composed of ΦΦΦmt , where 1≤ mt ≤Mt, is ΦΦΦM ∈ CQMt×Nx
t ×Ny

t ×Nd , where

[ΦΦΦM]Q(mt−1)+q,i = [(INd⊗Fmt)S](i3−1)Nx
t Ny

t +(i1−1)Ny
t +i2,q (2.14)

= [Fmts[q− (i3−1)]](i1−1)Ny
t +i2 . (2.15)

Now the components of (2.10) are ready, where Y̆M is formed by collecting multiple observations

using different pairs of Fmt and Wmr:

Y̆M =


Y̆T

1,1 · · · Y̆T
Mr,1

...
. . .

...

Y̆T
1,Mt

· · · Y̆T
Mr,Mt

 ∈ CQMt×NsMr . (2.16)

We employ the MOMP algorithm in [85] to solve this problem and obtain the estimated values of

φφφ ℓ, τℓ, and βββ ℓ, ℓ= 1, . . . ,L.

For stage 2), to retrieve the DoA information from the non-zero coefficients of C, i.e.

βββ ℓ, the main idea is to correlate the coefficients with angular dictionaries, so the DoA for the

different paths can be obtained by finding the peaks of this correlation. Let ΨΨΨr = ΨΨΨ4⊗ΨΨΨ5

and W̆M = [W̆1, · · · ,W̆Mr] (note that we remove the notation for measurement indices for

simplicity), then βββ ℓ can be rewritten as βββ ℓ = αℓW̆∗Mar(θθθ ℓ). Hence, assuming every entry of W̆M

is orthonormal, by multiplying βββ
∗
ℓ , W̆∗M, and the angular dictionary leads to

βββ
∗
ℓW̆∗MΨΨΨr = αℓar(θθθ ℓ)

∗W̆MW̆∗MΨΨΨr = αℓa(θθθ ℓ)
∗
ΨΨΨr, (2.17)
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and the DoAs can now be retrieved as

θ̂θθ ℓ = argmax
θ̈θθ

β̂ββ
∗
ℓW̆∗MΨΨΨr. (2.18)

Note that (2.18) can also be solved using MOMP by independent tensor multiplications in

the arrival angular domain in azimuth and elevation, especially when Ns
k and Na

k are large.

This way, the computational complexity of our two-stage channel estimation algorithm is

O
(
NestNsQNiter(∑

3
k=1 Na

k )(∏
3
k=1 Ns

k)
)
, which is lower than using the single stage MOMP for

simultaneous estimation across five dimensions [85]. Table 2.1 summarizes the computational

complexity for the three channel estimation methods. The channel parameters required for

localization – 3D DoDs/DoAs and TDoAs – are now available, except the path order which

determines whether to discard an estimated path or not, as only LOS and first-order reflections

will be used for localization. The path classification problem is addressed in Sec. 2.4.1.

Table 2.1. Complexity comparisons for various channel estimation algorithms.

Method Complexity

Conventional OMP [57] O
(
NestNsQ∏

5
k=1 Ns

kNa
k

)
MOMP [32,52] O

(
NestNsQNiter(∑

5
k=1 Na

k )(∏
5
k=1 Ns

k)
)

Two-stage MOMP (Proposed) O
(
NestNsQNiter(∑

3
k=1 Na

k )(∏
3
k=1 Ns

k)
)

2.3.2 Beamspace ESPRIT-D Channel Estimation

The 3D mmWave channel accounting for pulse shaping can be modelled as a tensor

spanning five dimensions. Thereafter, to tackle the task of estimating directions and delays for

multiple propagation paths, we introduce an innovative method termed ESPRIT-D. This method

combines the strengths of beamspace ESPRIT for the simultaneous extraction of azimuth and

elevation angles with a dictionary-based sparse recovery solution that targets delay estimation.

Furthermore, the algorithm’s performance is assessed through ray-tracing simulations, providing

a robust evaluation in the context of realistic channel conditions.
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Background of beamspace ESPRIT

The CP representation of a Zth-order tensor ϒϒϒ ∈ CN1×N2×...×NZ of rank NL is written as a

linear combination of the tensor outer products of rank-1 tensors uz,ℓ [110] as

ϒϒϒ =
NL

∑
ℓ=1

γℓu1,ℓ ◦u2,ℓ ◦ · · · ◦uZ,ℓ, (2.19)

where uz,ℓ is the rank-1 tensor spanning the z-th dimension of the ℓ-th tensor product, and γℓ is the

coefficient of the ℓ-th tensor product. To adapt the CP representation for our channel estimation

problem, uz,ℓ is defined in the form of a steering vector as uz,ℓ = [e j0ωz,ℓ,e j1ωz,ℓ, . . . ,e j(Nz−1)ωz,ℓ]T,

with ωz,ℓ being the frequency component of the z-th dimension of the ℓ-th tensor product. A

tensor decomposition method, e.g. canonical polyadic decomposition (CPD) in [110], can be

adopted to derive the estimated rank-1 tensors, denoted as ûz,ℓ. In this case, the optimization

problem to be solved is

min
Ûz

∥∥∥∥∥ϒϒϒ−
NL

∑
ℓ=1

û1,ℓ ◦ · · · ◦ ûZ,ℓ

∥∥∥∥∥ . (2.20)

Let us define Ûz = [ûz,1, ..., ûz,NL ], and


J(1)z =

[
INz−1 0(Nz−1)×1

]
J(2)z =

[
0Nz−1×1 INz−1

] , (2.21)

then, the shift invariance property can be applied, obtaining

J(1)z Ûz = J(2)z ÛzΦΦΦz, (2.22)

where ΦΦΦz’s diagonal elements contain the estimated frequency components ω̂z,ℓ for 1≤ ℓ≤ NL

for the z-th dimension, i.e., ΦΦΦz = diag[e− jω̂z,1 , ...,e− jω̂z,NL ].

When using beamspace tensors, we define the beamspace rank-1 tensor u′z,ℓ = B∗z uz,ℓ ∈

CMz×1, where Bz =
[
bz,1, ...,bz,Mz

]
∈ CNz×Mz contains Mz “beams”, each one of them defined
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by a vector of length Nz. Using this identity, (2.19) becomes ϒϒϒ = ∑
NL
ℓ=1 γ ′ℓu

′
1,ℓ ◦u′2,ℓ ◦ · · · ◦u′Z,ℓ.

Replacing ûz,ℓ with the beamspace tensor û′z,ℓ in (2.20), û′z,ℓ can be still acquired via CPD

as mentioned above. We denote the concatenation of the acquired beamspaces tensors of

the z-th dimension as Û′z =
[
û′z,1, ..., û

′
z,NL

]
, and it turns out (2.22) no longer holds, since

J(1)z Û′z ̸= J(2)z Û′zΦΦΦz. A way to restore the shift invariance structure is proposed in [67]. First, we

find ΦΦΦ
′
z s.t. J(1)z Bz = J(2)z BzΦΦΦ

′
z through least squares (LS) estimation as

ΦΦΦ
′
z = (J(2)r Bz)

†J(1)z Bz. (2.23)

Then, there exists an adjustment matrix

ΨΨΨz = IMz− ([B∗z ]:,Nz)([B
∗
z ]:,Nz)

∗− (ΦΦΦ′z)
∗[B∗z ]:,1[Bz]1,:ΦΦΦ

′
z ∈ CMz×Mz, (2.24)

s.t. 
ΨΨΨz[B∗z ]:,Nz = 0Mz×1

ΨΨΨz(ΦΦΦ
′
z)
∗[B∗z ]:,1 = 0Mz×1

, (2.25)

such that ΨΨΨz(ΦΦΦ
′
z)
∗U′z = ΨΨΨzU′zΦΦΦ

∗
z holds. Let U′z = Û′zDz, where Dz ∈CNL×NL is an unknown non-

singular matrix. We now have ΨΨΨz(ΦΦΦ
′
z)
∗Û′z = ΨΨΨzÛ′zDzΦΦΦ

∗
z (Dz)

−1. The value of ΓΓΓz = DzΦΦΦ
∗
z (Dz)

−1

can be determined by LS estimation as

Γ̂ΓΓz = (ΨΨΨzÛ′z)
†
ΨΨΨz(ΦΦΦ

′
z)
∗Û′z. (2.26)

As ΓΓΓzDz = DzΦΦΦ
∗
z , the eigenvalues of Γ̂ΓΓz, denoted as eig(Γ̂ΓΓz) ∈ CNL×1, are the estimation of the

diagonal elements of ΦΦΦ
∗
z = diag[e jω̂z,1 , ...,e jω̂z,NL ].
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Beamspace ESPRIT-D for Joint 3D Angle and Delay Estimation

We first define the delay response vector as

p(τℓ) = [p(0·Ts− τℓ), . . . , p((Nd−1)Ts− τℓ)]
T ∈ RNd×1, (2.27)

and rearrange the elements in (2.5) so that it can be reformatted as

y =
L

∑
ℓ=1

αℓw∗ȧ(θθθ ℓ)ȧ(φφφ ℓ)
∗fp(τℓ)T

√
PtS+ ň. (2.28)

Assuming that Mr combiners (the mr-th of which is denoted as wmr) and Mt precoders (the mt-th

of which is denoted as fmt) are used to collect M = MrMt measurements, a tensor containing all

the measurements can be written in the outer product format as

Y =
L

∑
ℓ=1

W∗ȧ(θθθ ℓ)◦FT ¯̇a(φφφ ℓ)◦αℓ

√
PtSTp(τℓ)+ Ň, (2.29)

where W = [w1, ...,wMr], F = [f1, ..., fMt], and [Y]mr,mt,q and [Ň]mr,mt,q are the q-th instance of

the received signal and the noise acquired with fmt and wmr . We introduce Ḣ as the spatial

representation of the channel including the precoder/combiner effects, whose ℓ-th component is

Ḣℓ = W∗ȧ(θθθ ℓ)◦FT ¯̇a(φφφ ℓ), (2.30)

which can be further extended to a 4D tensor as

Ḣℓ = W∗
xa(θ x

ℓ )◦W∗ya(θ y
ℓ )◦FT

x ā(θ x
ℓ )◦FT

y ā(θ y
ℓ ), (2.31)

where Wx =
[
w(1)

x , ...,w(Mx
r )

x

]
∈CNx

r ×Mx
r and Wy =

[
w(1)

y , ...,w(My
r )

y

]
∈CNy

r ×My
r are used to build

W as Wx⊗Wy, and Mr = Mx
r My

r . Similarly, Fx⊗Fy = F, where Fx =
[
f(1)x , ..., f(M

x
t )

x

]
and

Fy =
[
f(1)y , ..., f(M

y
t )

y

]
. Now Y can be written as the outer product of tensors spreading five
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dimensions as

Y5D =
L

∑
ℓ=1

W∗xa(θ x
ℓ )◦W∗ya(θ y

ℓ )◦FT
x ā(θ x

ℓ )◦FT
y ā(θ y

ℓ )◦αℓ

√
PtSTp(τℓ)+ Ň, (2.32)

and the relationship between Y and Y5D can be written as

[Y5D]mx
r ,m

y
r ,mx

t ,m
y
t ,q

= [Y](mx
r−1)My

r +my
r ,(mx

t−1)My
t +mx

t ,q
.

Now we solve the tensor decomposition problem so that Y5D can be approximated by the

summation of NL vector outer products, i.e.,

min
Û′1,...,Û

′
5

∥∥∥∥∥Y5D−
NL

∑
ℓ=1

γℓ

(
◦5

z=1û′z,ℓ
)∥∥∥∥∥ , (2.33)

where the first 4 dimensions will be associated with W∗
xa(θ x

ℓ ), W∗
ya(θ y

ℓ ), FT
x ā(θ x

ℓ ), and FT
y ā(θ y

ℓ )

respectively, and the last dimension corresponds to the delay domain. Let the tensor decomposition

result be Û′z = [û′z,1, ..., û
′
z,NL

] following that in Sec. 2.3.2, then the beamspace ESPRIT can be

performed to extract the angular information, while the delay information needs to be acquired

by solving the sparse recovery problem through a dictionary based method.

Angle estimation: To apply the beamspace model, we determine Bz for 1 ≤ z ≤ 4 as

B1 = Wx, B2 = Wy, B3 = F̄x, and B4 = F̄y. The frequency component of the steering vector in

each dimension is defined as: 

ω1,ℓ =−π cosθ
y
ℓ sinθ x

ℓ

ω2,ℓ =−π sinθ
y
ℓ

ω3,ℓ = π cosφ
y
ℓ sinφ x

ℓ

ω4,ℓ = π sinφ
y
ℓ

, (2.34)
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Algorithm 2. Beamspace ESPRIT-D.
1: Inputs: The received signal in the form of a 5D tensor Y5D as in (2.32); Transmitted signal matrix S;

The combiner matrices Wx and Wy that can construct W; The precoder matrices Fx and Fy that can
construct F; The number of taps Nd ; The delay dictionary resolution Gt ; The number of channel paths
NL to be estimated.

2: Initialize system parameters:
The rotation matrices J(1)z and J(2)z as defined in (2.21);
The matrices: B1 = Wx, B2 = Wy, B3 = F̄x, B4 = F̄y, and B5 = S̄;
The number of atoms Nz in u′z for each dimension: N1 = Mx

r , N2 = My
r , N3 = Mx

t , N4 = My
t , and

N5 = Q;
The delay dictionary P as in (2.37);
The tensor decomposition results by solving (2.33): Û′z = [û′z,1, ..., û′z,ℓ, ..., û

′
z,NL

].
3: % Angle estimation
4: for z = [1 : 4] do
5: Calculate the diagonal matrix ΦΦΦ

′
z as in (2.23);

6: Calculate the adjustment matrix ΨΨΨz as in (2.24);
7: Acquire Γ̂ΓΓz as in (2.26), and its eigenvalues eig(Γ̂ΓΓz);
8: Estimated frequency components: ω̂ωωz =− j ln

(
eig
(

Γ̂ΓΓz

))
;

9: if z ∈ {1,2} then

10: Estimated AoAs:

θ̂
y
ℓ =

[
sin−1

(
ω̂ωω2
π

)]
ℓ
;

θ̂ x
ℓ = sin−1

(
[ω̂ωω1]ℓ
−π cos θ̂

y
ℓ

)
.

11: else

12: Estimated AoDs:

φ̂
y
ℓ =

[
sin−1

(
ω̂ωω4
π

)]
ℓ
;

φ̂ x
ℓ = sin−1

(
[ω̂ωω3]ℓ

π cos φ̂
y
ℓ

)
.

13: end if
14: end for
15: % Delay estimation
16: for ℓ= [1 : NL] do
17: Acquire the estimation of ηℓp(τℓ) as in (2.39);
18: Calculate the distributed correlation c as in (2.40);
19: The index of the estimated delay in P: iℓ = argmax

iℓ
c;

20: The estimated delay: τ̂ℓ = ẗiℓ ;
21: end for
22: Calculate gain estimations γγγ as in (2.42);

so that u1,ℓ = a(θ x
ℓ ), u2,ℓ = a(θ y

ℓ ), u3,ℓ = ā(φ x
ℓ ) and u4,ℓ = ā(φ y

ℓ ). Hereby Ḣℓ defined in (2.31)

becomes

Ḣℓ = ◦4
z=1B∗z uz,ℓ ≈ ◦4

z=1û′z,ℓ. (2.35)

67



Based on beamspace ESPRIT mentioned in (2.21)-(2.26), the frequency components of each

dimension are estimated referring to eig(Γ̂ΓΓz)

ω̂z,ℓ =− j ln
(
[eig(Γ̂ΓΓz)]ℓ

)
, (2.36)

and the angle estimates are retrieved using (2.34).

Delay estimation: Previous work [67,95,111,112] neglecting the pulse shaping and filter-

ing effects express the channel at the k-the subcarrier as H[k] = ∑
L
ℓ=1 αℓȧ(θθθ ℓ)ȧ(φφφ ℓ)

∗e− j2πk∆ f τℓ ,

where ∆ f denotes the subcarrier spacing. In such cases, beamspace ESPRIT remains applicable

considering B5 = IK with K being the number of subcarriers, and ω5,l = −2π∆ f τℓ. In our

model, however, the delay response p does not follow the formulation of a steering vector, and the

decomposed vectors of the 5th dimension should be converted into delay estimates. Consequently,

a dictionary based method emerges as the most viable solution to estimate the delay through

sparse recovery. We first construct the delay dictionary P as:

P = [p(ẗ1), . . . ,p(ẗGt )] , (2.37)

where Gt determines the dictionary resolution, and the g-th column is the delay response w.r.t

time ẗg = (g− 1) · NdTs
Gt

. From (2.32) and (2.33), we know that αℓ
√

PtSTp(τℓ) corresponds to

γℓû′5, and ∥γℓ∥ ∝ ∥αℓ
√

PtSTp(τℓ)∥. As we now focus on delay estimation, we treat αℓ
√

PtSTp(τℓ)
γℓ

as ηℓSTp(τℓ), which can be approximated by û′5. The delay information for the ℓ-th path can be

estimated by solving the sparse recovery problem:

min
xℓ
∥Pxℓ−ηℓp(τℓ)∥ , (2.38)

where ηℓp(τℓ) is obtained by LS estimation:

η̂ℓp(τℓ) = (SST)†Sû5,ℓ. (2.39)
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We calculate the distributed correlation of P and ηℓp(τℓ) as

c = P∗η̂ℓp(τℓ), (2.40)

then the maximum projection gives the index of the support of the sparse vector xℓ as

iℓ = argmax
iℓ

c, (2.41)

so the delay estimation is given by τ̂ℓ = ẗiℓ .

Finally, let γγγ = [γ1, ...,γNL ]
T, then γℓ can be retrieved by solving (2.42) via LS estimation:

min
γγγ

∥∥∥vec(Y5D)−
[
vec(◦5

z=1ûz,1), ...,vec(◦5
z=1ûz,NL)

]
γγγ

∥∥∥ . (2.42)

The ESPRIT-D algorithm exhibits spatial complexity of O
(
∑

4
z=1 NzMz +N5G

)
, as outlined in

Algorithm 2, where each Nz corresponds to the response vector length, Mz relates to number of

beams, and G depends on the resolution of the dictionary for the delay. In comparison to the

time-domain dictionary based channel estimation methods [109], which suffer from a spatial

complexity of O
(
∏

5
z=1 NzGz

)
with each Gz linked to dictionary resolution along the dimension,

resulting in exponential complexity growth with finer resolutions, our proposed method offers a

much more practical and manageable computational approach. Our implementation of ESPRIT-D

in MATLAB can be found in [113].

2.4 Hybrid Model/Data Driven Precise Localization

2.4.1 PathNet for LOS and First-Order Reflection Identifications

To obtain the user position given the channel path parameters we can exploit different

geometric relationships for the LOS and NLOS cases. In general, only the parameters of the

LOS and first-order paths are leveraged for localization. By exploiting the laws of physics, it
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Figure 2.2. Architecture of PathNet.

is possible to define a mathematical model to decide if a channel path is a LOS or a first-order

reflection given their parameters (see [105] for example). In practice, when applying the model

to an estimated path, there will be numerous misclassifications due to the channel estimation

error. The introduction of parameters of misclassified paths into the geometric equations that

exploit the first-order or LOS nature of the path for localization will lead to a high positioning

error. To overcome this limitation, we design in this section a path classification network, named

PathNet, very robust to channel estimation errors.

To build a suitable network, we study the correlations between the channel parameters

and the path order, and as expected, |α|, TDoA τ , and azimuth and elevation DoAs/DoDs θ x,

θ y, φ x, φ y are related to the path order, while the phase of the path is uncorrelated with its

order. Therefore, we define the input of the network to be the normalized version of all the

path parameters but the phase, denoted as z = [|α|2,τ,θ x,θ y,φ x,φ y]. For localization purposes,

every estimated path ẑℓ must be classified into one of the three following categories: LOS

(c = 1), first-order reflections (c = 2), or others (c = 3). This classification is performed given

the probability vector output from PathNet, which is defined as

p(c|ẑ) = F(|α|2,τ,θ x,θ y,φ x,φ y; µµµ), (2.43)
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where [p(c|ẑ)]i = p(c = i|ẑ, i ∈ {1,2,3}), F(·) represents the operations performed by PathNet,

and µµµ represents the network parameters to be trained. Hence, among Nest estimated paths of a

channel, the LOS and first-order reflections can be identified according to

ĉ(ẑ) = arg max
i∈{1,2,3}

p(c = i|ẑ). (2.44)

Unlike images, the input parameters to PathNet do not exhibit visible local features, and unlike in

natural language processing (NLP) problems, they do not contain context-sensitive or historical

information. Therefore, we simply adopt FC layers as the major components of the network, which

provide a low complexity solution to learning non-linear combinations of features embedded in

the input. The proposed architecture is shown in Fig. 2.2. To select an effective loss function to

train the network, we notice first that a higher penalization needs to be applied when classifying a

second or high-order path as LOS/first-order reflection, since this would significantly deteriorate

the localization performance. Regarding the misclassification of LOS/first-order reflections as

high-order paths, a lower penalization should be applied, since they usually indicate an inaccurate

channel parameter estimation, so that it is beneficial to discard those paths for localization. With

this in mind, we propose a weighted cross-entropy loss instead of a regular cross-entropy loss to

adjust the penalties, i.e.

L(µµµ) =−e−η(c(z)−ĉ(z)) · [p(c|z)]c(z), (2.45)

where η is the customized weight coefficient.

2.4.2 Geometric Localization w.r.t LOS/NLOS Scenarios

In this section, we propose two different geometric localization strategies for the LOS

and NLOS scenarios, both accounting for the clock offset between the TX and RX.
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Figure 2.3. Illustration of the geometric relationships to be exploited for localization in (a)
LOS+NLOS and (b) NLOS scenarios.

LOS+NLOS Scenario

We consider the geometry that can be exploited in the LOS+NLOS scenario as illustrated

in Fig. 2.3a. We define the angle between the DoAs of the LOS path and the l-th multipath

component as θ̇ = arccos(θθθT
LOSθθθ ℓ). Similarly, φ̇ℓ = arccos(φφφT

LOSφφφ ℓ) represents the angle

between the DoDs. For any pair of rays composed of the LOS and any first-order reflection we

can apply the Law of Sines as

dLOS

sin(θ̇ℓ+ φ̇ℓ)
=

dD
ℓ

sin(θ̇ℓ)
=

dA
ℓ

sin(φ̇ℓ)
, (2.46)

the where dLOS = ||xt−xr|| is the distance between the positions of the TX, xt, and the RX, xr,

which can be computed as dLOS = vctLOS, where vc is the speed of light and tLOS is the time of

flight; dD
ℓ (dA

ℓ ) is the distance between the TX (RX) and the interaction point on any surface, so

that dD
ℓ +dA

ℓ = vctℓ. Considering these definitions we have

dD
ℓ +dA

ℓ −dLOS = vc(tℓ− tLOS) = vcτℓ, (2.47)
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where τℓ is the TDoA between the l-th first-order reflection and the LOS. Combining (2.46) and

(2.47), dLOS can be written as

d̂LOS =
vcτℓ sin(θ̇ℓ+ φ̇ℓ)

sin(θ̇ℓ)+ sin(φ̇ℓ)− sin(θ̇ℓ+ φ̇ℓ)
. (2.48)

Let us now define the vectors τττ = [τ1, ...,τLc=2 ]
T, θ̇θθ = [θ̇1, ..., θ̇Lc=2 ]

T, and φ̇φφ = [φ̇1, ..., φ̇Lc=2 ]
T.

When the number of estimated first-order reflections Lc=2 ≥ 1, then d̂LOS can be obtained by

solving a LS problem with solution

d̂LOS =
< vc · τττ⊙ sin(θ̇θθ + φ̇φφ),sin(θ̇θθ)+ sin(φ̇φφ)− sin(θ̇θθ + φ̇φφ)>

∥sin(θ̇θθ)+ sin(φ̇φφ)− sin(θ̇θθ + φ̇φφ)∥2
. (2.49)

Finally, the vehicle location could be determined as

x̂r = xt + d̂LOS ·φφφ LOS. (2.50)

NLOS Scenario

In this case, illustrated in Fig. 2.3b, the geometric equations for path l could be created

with an extension of (2.47) as


xr +θθθ ℓdA

ℓ = xt +φφφ ℓd
D
ℓ

dA
ℓ +dD

ℓ = ∆dℓ+d0

, (2.51)

where ∆dℓ = vc(tℓ− t0), and d0 = vct0. The vehicle location can be now expressed as

xr = xt +(φφφ ℓ+θθθ ℓ)dD
ℓ −θθθ ℓ(∆dℓ+d0), (2.52)

with dD
ℓ is estimated as

d̂D
ℓ =

< φφφ ℓ+θθθ ℓ,xr−xt +θθθ ℓ(∆dℓ+d0)>

||φφφ ℓ+θθθ ℓ||2
. (2.53)
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Now we substitute dD
ℓ in (2.52) with the expression in (2.53), and define Θℓ =

(θθθ ℓ+φφφ ℓ)(θθθ ℓ+φφφ ℓ)
T

||θθθ ℓ+φφφ ℓ||2
.

Considering these definitions, the vehicle position can be expressed now as

xr = (I−Θℓ)xt +Θℓxr− (I−Θℓ)θθθ ℓ(∆dℓ+d0), (2.54)

or alternatively

(I−Θℓ)(xr +θθθ ℓd0) = (I−Θℓ)[I,θθθ ℓ][xr;d0] (2.55)

= (I−Θℓ)(xt−θθθ ℓ∆dℓ). (2.56)

A least square estimation problem can be formulated, i.e., [x̂r; d̂0] = A−1b, where


A = ∑

Lc=2
l=1 [I,θθθ ℓ]

T(I−Θℓ)[I,θθθ ℓ]

b = ∑
Lc=2
l=1 [I,θθθ ℓ]

T(I−Θℓ)(xt−θθθ ℓ∆dℓ)
,

to obtain the 3D vehicle position xr and the clock offset. Because the rank of Θℓ is 1 which leads

to matrix (I−Θℓ) being rank 2, and the matrix [I,θθθ ℓ] is of rank 3, the rank of (I−Θ)[I,θθθ ℓ] is

min{2,3}= 2. Accordingly, the solution of the least square estimation problem is unique when

at least 3 estimated first-order reflections are present. In addition, after computing x̂r, the location

of the reflection points can be determined by introducing x̂r into (2.51).

For both the LOS+NLOS and NLOS scenarios, multiple combinations of paths could

exist, and will yield to different location estimates. In such a case, iterating over various

combinations of paths and discarding implausible localization results, e.g., those with unrealistic

height estimations x̂⊥r = [x̂r]3, can lead to better localization results.

2.4.3 ChanFormer for Refining 2D Location Estimates

Instead of designing a network to solve the challenging regression problem of estimating

the user position given the received signal, or even the channel parameters, we consider the design
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Figure 2.4. Illustration of a Ng×Ng = 3×3 tile structure for position refinement.

of a network for position refinement after obtaining an initial estimate by geometric localization.

With this approach in mind, we will formulate the position refinement problem as a classification

task, which is usually less challenging for an ML-based approach. To this aim, we consider

a Ng×Ng tile structure with a specified grid size gs around the initial 2D location estimate x̂qr

(obtained from the 3D location estimate x̂r provided by geometric localization), as shown in

the example in Fig. 2.4. Our goal in this section is to create a network called ChanFormer that

obtains the probability of a tile containing the true location xqr . Mathematically,

p
(
x̃qr |Ẑ

)
= p

(
xqr = x̃qr |Ẑ, x̃qr = x̂qr +[nxgs,nygs]

T
)
, (2.57)

where Ẑ = [ẑ1; ...; ẑNest] is the estimated channel containing Nest estimated paths, and |nx|, |ny| ∈{
0,1, ..., Ng−1

2

}
. p(x̃qr |Ẑ) should be negatively related to the distance between x̃qr and xqr , which

is formulated as :

p
(
x̃qr |Ẑ

)
=

1

1+ e
−γ

(
1− ||x̃

q
r−xqr ||

δ

) , (2.58)

where γ is the belief factor, and δ is the scale factor for the distance ε(x̃qr) = ||x̃qr − xqr ||.

ChanFormer is meant to analyze x̂qr and its surroundings x̃qr to find the one that most likely

meets the current estimated channel condition, i.e., maxx̃qr p(Ẑ|x̃qr). The entire network can be
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between the initial location estimate and the extracted features of the estimated paths.

formulated as

P̂
(
Ẑ, x̂qr

)
= T

(
Ẑ, x̂qr ;ωωω

)
∈ R1×N2

g , (2.59)

where ωωω is the network parameters to be trained. Inspired by the idea of the original Transformer

[106], the core concept of ChanFormer is an encoder for Self-Attention to extract features of

the input estimated channel Ẑ, and a decoder to analyze the relationships between the estimated

channel features and the initial location estimate x̂qr using Encoder-Decoder Attention. The

proposed architecture is shown in Fig. 2.5. Encoder: The workflow starts with FC layers

embedding the input estimated paths to vectors with a length of 256. Then, the self-attention

process begins by creating three abstraction matrices – query, key, and value matrices, denoted

as Q, K, and V respectively, where each row of the matrices corresponds to an estimated path.

Conceptually, each ẑℓ now has a high-dimensional interpretation of its features in its value

[V]l,:, which can be indexed by its key [K]l,:. The following attention layer then evaluates the
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relationships among the paths by

Attention(Q,K,V) = softmax
(

QKT

√
dk

)
V, (2.60)

where dk is the dimension of [K]l,:, and softmax is for atoms along axis = 2. The softmax score

determines how much true channel information is represented by the l-th estimated path by

examining the correlation between ẑℓ and all the paths in Ẑ. It is expected that ẑl will have the

highest softmax score with itself, but other paths that have quite accurate estimations will also be

assigned a relatively high score. Therefore, the Attention output is the expression of each path

that integrates information from all other paths. The less reliable estimated paths will have a

smaller influence on the expressions. This means that the attention mechanism emphasizes more

accurate paths in this step, so that the true channel is better represented, regardless of the presence

of the noises from the channel estimation process and/or the misclassified paths. In addition, the

attention layer is capable of analyzing the input without being constrained by its chronicle orders,

which exceeds the capabilities of the convolutional layer that considers path relationships within

a fixed window, or the FC layer that relies on connections of all the input parameters.

Decoder: The input x̂qr serves as a query, referring to which the network generates

the probability map P(Ẑ)⋆ ∈ RNg×Ng of the tiles with x̂qr at the center. Note that, though x̂qr is

the only input at the decoder, the network actually evaluates all candidate locations within the

tiles given the grid size. In this part, the attention layer improves the initial location estimate

accuracy by assigning a higher probability to a candidate location x̃qr that aligns better with the

channel representation obtained from the encoder. Note that the output P̂(Ẑ, x̂qr) is reshaped

to P(Ẑ, x̂qr)⋆ ∈ RNg×Ng to acquire the probability map to simplify the process of accessing x̃qr

associated with p(x̃qr |Ẑ). By referring to the tile with the highest probability:

[ j⋆, i⋆] = argmax
j,i

[
P̂(Ẑ, x̂qr)

⋆
]

j,i⇒ [n⋆x,n
⋆
y] =

[
i⋆−

Ng +1
2

,
Ng +1

2
− j⋆

]
, (2.61)
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the refined location is given by:

x̃q(⋆)r = x̂q+[n⋆xgs,n⋆ygs]
T. (2.62)

To train the network, we evaluate both MSE loss and Kullback-Leibler (KL) divergence

loss for learning the probability map distribution. Denoting the target probability vector as

p⋆ ∈ RN2
g , whose k-th element is p⋆k = p(x̃qr,k|Ẑ) computed from (2.58) for the center coordinate

x̃qr,k of the k-th tile, the MSE loss is

LMSE(ωωω) =
1

N2
g

∥∥P̂
(
Ẑ, x̂qr ;ωωω

)
−p⋆

∥∥2
, (2.63)

which penalizes the ℓ2 deviation of the predicted probability from the target uniformly across all

tiles. The KL divergence loss is

LKL(ωωω) =

N2
g

∑
k=1

p⋆k log
p⋆k[

P̂
(
Ẑ, x̂qr ;ωωω

)]
k + ε

, (2.64)

where ε is a small constant for numerical stability. While LMSE treats all tiles equally, LKL

places greater emphasis on tiles with high target probability, making it more sensitive to the

distributional shape around the true position. The network parameters ωωω are optimized by

minimizing the chosen loss function using the Adam optimizer with an initial learning rate of

2×10−4 and a decay rate of 0.95 per 200 epochs, with early stopping based on the validation

loss to prevent overfitting.

2.5 Simulation Results

In this section, we present simulation results to evaluate the performance of the different

modules designed in this chapter. We begin by detailing the simulation setup in Sec. 2.5.1. Then,

in Sec. 2.5.2, we assess the accuracy of the MOMP-based channel estimation stage. In Sec. 2.5.4,

78



we demonstrate the results of path classification using PathNet. We finally discuss the localization

results, including the initial estimation only exploiting geometric relationships and the enhanced

performance after applying ChanFormer. Note that, PathNet is exclusively trained on perfect

channels, while the two-stage MOMP based channel estimates are used in the testing stage for

PathNet, and both training and testing for ChanFormer. As channel estimation errors propagate

through the system, we analyze their impact on the different stages of our solution, including

path order classification, geometric localization, and position refinement using ChanFormer.

2.5.1 Simulation Setup

Ray-Tracing Simulation for Realistic Channels: We run 2500 electromagnetic

simulations of a vehicular environment in Rosslyn City, Virginia, on a 240×120 m2 plane, using

Wireless Insite software [50]. In each simulation, around 30 vehicles are randomly distributed

across the four lanes for initial access, with 80% being cars and 20% being trucks according to the

3GPP methodology for simulation of vehicular communication systems [40]. The BS is located

at xt = [120,−21,5] m, down facing the road. Parameters for materials of the building/territorial

surfaces, the vehicle sizes, placements of antennas on the vehicle and BS, etc., follow the

deployments in [7]. 4 active cars are randomly selected to communicate with the BS in the

73 GHz band. With each car equipped with 4 communication arrays, the simulations provide

4× 4× 2500 = 40k channels as the dataset S, and every channel has a maximum of L = 25

multipath components. The first 24k channels denoted as Str are split into 3 : 1 for training and

validations, and the remaining 16k channels serve as the testing set Ste for all the performance

evaluations.

Communication System: In this chapter, we use an antenna setting of Nt = Nx
t ×Ny

t =

16×16, Nr = Nx
r ×Ny

r = 8×8, and a transmitted power of Pt = 40 dBm. The number of RF

chains at TX and RX are set to be NRF
t = 8 and NRF

r = 4. The communication system operates at

a carrier frequency fc = 73 GHz with a bandwidth Bc = 1 GHz. The noise power is computed

as σ2
n = −84 dBm, assuming an environmental temperature of T = 288 ◦F. Given the RMS
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delay-spread of the simulated channels and the bandwidth, the number of delay taps is fixed to

Nd = 64. Ns = min{NRF
t ,NRF

r }= 4 training data streams with a length of Q = 64 are transmitted.

We use the raised-cosine filter with a roll-off factor of 0.4 to simulate pulse shaping and other

filtering effects in the discrete equivalent channel.

2.5.2 MOMP Based Low Complexity 3D Channel Estimation

The training matrix F is constructed by the Khatri-Rao product of the precoders along

the azimuth and elevation planes, i.e., F = Fx ◦Fy. Each column of Fx (Fy) is extracted from

the DFT codebook of size Nx
t (Ny

t ), e.g., ∀[Fx]:,i ∈
{

a′(ϕ)|ϕ = 0, 2π·1
Nx

t
, ...,

2π·(Nx
t −1)

Nx
t

}
, where

a′(ϕ) = 1√
Nx

t

[
0,e j·1·ϕ , ...,e j·(Nx

t −1)·ϕ
]T

. The same procedure applies to the combiners W. We

use a setting of Mt = 16, Mr = 64, and form YM by collecting a total of M = Mr×Mt = 1024

frames. The size –or the resolution– of the dictionaries is based on the number of their atoms

along the dimension, with a specific constant Kres determining the proportion, i.e., Na
k = Kres ·Ns

k .

In our case, Ns
1 = Nx

t , Ns
2 = Ny

t , and Ns
3 = Nd. The impact of Kres is studied in [85]. Here we set

Kres = 128 as it brings a comparable performance to using a higher resolution setting, such as

Kres = 1024, while being computationally more efficient.
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Figure 2.6. MOMP-based channel estimation performance using a setting with a 16×16 array
at the TX and a 8×8 array at the RX. Plots acquired based on the whole dataset S.

The angle and delay estimation performance is in Fig. 2.6. The estimation errors are

calculated by matching an estimated path to its closest true path in the channel. We obtain DoD

estimaties with an average error of 0.5°, and DoA estimates with an average error of 2.5°. This is
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reasonable as the TX is equipped with a 16×16 antenna array, while the RX array size is 8×8.

In addition, to reduce complexity, the DoA is extracted after DoD estimation, which further

reduces the ability of the algorithm to provide high accuracy. An average delay error of 1e−9 s

is also observed. Note that these results include all channel paths, not only first-order reflections,

and are deteriorated by the larger estimation error on second or high-order paths. However, this

does not reflect the localization accuracy, as PathNet identifies the LOS and first-order reflections

for localization. We do not introduce any comparison to prior work since there is no existing

algorithm that considers the filtering effects, performs time domain estimation so the delays can

also be extracted, and can run with the realistic array sizes used in our setup. This is because

the memory and computational complexity requirements of the other approaches exceed what a

current personal computer or server can provide.

2.5.3 Beamspace ESPRIT-D Channel Estimation

We first show an example of channel estimation results for the 5 strongest paths using

ESPRIT-D, as depicted in Fig. 2.7, where the square boxes overlap with “+” markers, and the

diamond boxes overlap with “∗” markers, representing accurate estimations for both AoAs and
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Figure 2.7. An example of channel estimation results of the 5 strongest paths using ESPRIT-D,
with the colorbar indicating the normalized power strength. DoA estimation error ≤ 0.38◦; DoD
estimation error ≤ 0.11◦; TDoA estimation error ≤ 3.8e−10 s.
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Figure 2.8. CDF of estimation errors based on a total of 200 channels: (a) angular error for LoS
paths; (b) angular error for NLoS paths; (c) error in the TDoA.

AoDs. The average estimation errors for AoA and AoD are 0.06◦ and 0.02◦, respectively. The 3D

angular estimation error is calculated by ε(ϕ̂ϕϕ) = cos−1(< ϕ̂ϕϕ,ϕϕϕ >), which are 0.10◦ and 0.04◦ in

average for DoA and DoD estimations in the instance. In addition, as we assume an unknown

clock offset, the delay estimation results are represented by TDoA (s) w.r.t the shortest path in

the channel, and the estimation error is 2.84e−10 s on average.

The CDF plots in Fig. 2.8 illustrate the estimation errors of angular and TDoA estimations

based on the 200 channels, where the LOS paths and NLOS paths are analyzed separately.

ESPRIT-D achieves an angular accuracy of 0.04◦ for 90% of the LOS cases, and an accuracy

of 2.35◦ (AoAs) / 1.20◦ (AoDs) for 90% of the NLOS cases. AoD estimations exhibit a higher

accuracy compared to AoA estimations, primarily due to the larger array employed at the RSU.

TDoA estimation with ESPRIT-D keeps the errors mostly ≤ 4.57e−9 s. This level of precision is

particularly valuable for applications such as vehicle positioning. Compared with results using

MOMP [107], the proposed method brings an improvement of more than 10× on average for

both the angular and delay estimations. Note that outliers with significant deviations from the

ground truth persist, possibly attributed to the intricacies of real-world outdoor channels, such as

large power attenuation (≥ 30 dB) for NLOS paths within a LOS channel [107].
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2.5.4 PathNet for LOS and First-Order Reflection Identifications

PathNet is trained based on Str, which lasts for 1000 epochs with an early stopping

depending on the convergence of the validation loss. The customized weight for tweaking the

penalty in L(µµµ) is set to η = 0.2. We adopt Adam optimizer [114], and set the learning rate

1e−3 with a decay rate of 0.95 every 200 training epochs. The path classification performance

represented by confusion matrices in Fig. 2.9 is evaluated with channels in Ste, where Fig. 2.9a

and Fig. 2.9b show the path order classification results for true and MOMP estimated channels,

respectively. With the perfect channel parameters, the classification accuracy reaches ∼ 99%,

highlighting the generalization capability of the simple yet effective network. When using MOMP

estimated channels, the classification accuracy reduces to 94.7% for LOS, 90.0% for first order

reflections, and 80.5% for other paths. Nevertheless, paths are more likely to be misclassified as

higher-order paths rather than as first-order reflections or LOS, which are subsequently discarded

from localization. In the rare instances where high-order paths are misclassified as LOS or

first-order reflections, mitigation strategies are incorporated, including disregarding paths that

yield anomalous height estimates and using the LOS path with the highest power when multiple

LOS paths are identified. This degradation from ideal to estimated channels underscores the

importance of robust channel estimation in the pipeline.

Table 2.2. Localization error percentiles (m) before and after applying ChanFormer. Red
percentages in brackets indicate error reduction with ChanFormer.

Method 5th 50th 80th 95th p(ε < 1 m)

PathNet+Geo-LOS 0.05 0.44 0.90 1.42 87%
PathNet+Geo-NLOS 0.10 1.73 3.90 5.73 36%

PathNet+Geo-LOS +ChanFormer 0.04 0.18
(59% ↓)

0.28
(69% ↓)

0.58
(59% ↓)

98%

PathNet+Geo-NLOS +ChanFormer 0.07 0.77
(55% ↓)

3.09
(21% ↓)

5.60 55%
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Figure 2.9. Path order classification performance with PathNet. (a) Classification with perfect
channel parameters (20 paths per channel); (b) Classification with MOMP estimated channels (5
estimated paths per channel).
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Figure 2.10. Geometric localization performance for MOMP estimated channels in S+te . “Geo-
LOS” and “Geo-NLOS” refer to LOS+NLOS and NLOS-only methods. Results with path orders
matched to their closest true-channel counterparts (“Match path”) are included for comparison.
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2.5.5 Geometric Localization in LOS/NLOS Scenarios

Dataset Preparation

Considering practical localization applications, the vehicle location is calculated based

on the array with the strongest received power. Given 4 arrays deployed per vehicle, it reduces

the number of channels by 4×, resulting in a total of 10k channels. We further examine the

database for valid LOS channels (Lc=2 ≥ 1, meaning at least one first-order reflection exists

alongside the LOS path as required by the geometric localization algorithm) and valid NLOS

channels (Lc=2≥ 3), and establish criteria to exclude channels where the vehicle cannot be located

exploiting measurements from a single BS. For LOS channels, we measure the power gap ∆|α|2

between the LOS and the strongest first-order path. We find that 40% of the channels obtained

with Wireless Insite include very weak first-order reflections, with ∆|α|2 > 30 dB. We assume

that if ∆|α|2 > 30 dB for all the first-order paths, the channel is purely LOS, and the vehicle

cannot be located with a single BS due to the lack of strong first-order reflections. Analogously,

for valid NLOS channels, we check the received power levels to determine a threshold to ensure a

sufficient number of first-order paths (≥ 3) so the vehicle can be located. In particular, we require

paths received with an attenuation < 40 dB, and exclude from the database any NLOS channels

containing less than 3 qualifying paths. Therefore, the new sets S+tr ∈ Str containing 4085 LOS

and 1085 NLOS channels, and S+te ∈ Ste containing 1385 LOS and 375 NLOS channels are

formed. The following evaluations of the localization performance are based on S+te .

Geometric (Initial) Localization Performance

Fig. 2.10 shows the CDF of localization error (m), and the 5, 50, 80, and 95th-percentile

accuracies are presented in Table 2.2. We observe that sub-meter accuracy localization is realized

for 87% of the users in LOS channels and 36% of the users in NLOS channels. The compromised

performance for NLOS channels is due to the small pool of qualified estimated paths and the

decreased accuracy of MOMP channel estimations. Nevertheless, the achieved performance

should be considered the worst-case scenario, as the real-world channels are likely to include more
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Figure 2.11. Localization refinement using ChanFormer with various model and dataset
size configurations. “P.N.+Geo.” denotes PathNet+geometric localization, and “C.F.” denotes
refinement with ChanFormer. (a) Bottlenecked by model size (large dataset used); (b) bottlenecked
by dataset size (optimal model size used).

usable reflections with higher power from traffic lights, building windows, and other details of the

vehicular scenario which are not present in our electromagnetic simulation of the environment.

To study the combined impact of channel estimation errors and PathNet classification errors, we

also include in Fig. 8 the localization results where the path orders are determined by matching

the estimated paths to their closest counterparts in the true channel (denoted as “Match path”)

instead of using PathNet predictions. The performance is comparable for LOS channels, due

to the very high path classification accuracy in this case. For NLOS cases, we do observe the

impact of the misclassifications and channel estimation errors in performance, since NLOS paths

are weaker, their estimation accuracy is lower, and this also increases the likelihood of being

misclassified.

2.5.6 2D Location Estimate Refinement with ChanFormer

We employ a 5×5 tile structure with a grid size gs = 0.4 m as the output for ChanFormer,

which is found to be the best option among the test settings. The labels for the 5×5 grids are

calculated by setting γ = 5 and δ = 1 in (2.58), where p(x̄qR)|Z) drops to ≤ 0.6% for the ranging
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Figure 2.12. Position estimates refined with ChanFormer. Transparent lines show the geometric-
localization reference (Fig. 2.10). The 95th-percentile 2D error drops by 0.8 m (59% ↓) for LOS
users and 1 m (55% ↓) at the median for NLOS users, achieving sub-meter localization.

error ε(x̄qR)≥ 2 m. This network is trained with a batch size of 64 using the Adam optimizer

with the learning rate of 2e−4. To determine the optimal model architecture and dataset sizes,

we train the network with various model and dataset configurations. The complexity of the model

is varied by adjusting the number of layers and neurons per layer, allowing us to investigate the

impact of model size on performance. Additionally, we assess the impact of the dataset size

by adjusting the training length. Fig. 2.11 presents the localization accuracy percentiles on S+te

for various configurations, including initial estimates to highlight ChanFormer’s capability to

improve position estimation accuracy. The resulting accuracy initially improves as the model

size increases. However, a saturation point can also be observed, indicating that the model has

become overly complex. On the other hand, expanding the dataset enhances the accuracy, as it

provides the network with more comprehensive features to learn

Fig. 2.11a shows the effect of ChanFormer model complexity on localization accuracy

when a full-scale dataset is used. As model size grows, the refinement benefit increases, with the

median error dropping to ∼0.18–0.2 m and the 80th-percentile error to ∼0.3–0.4 m, achieving

∼60–70% improvement over the geometric initial estimate; beyond the optimal size, performance
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saturates, indicating that data availability rather than model expressiveness becomes the binding

constraint. The 95th-percentile tail improves more modestly from ∼1.8–2.0 m to ∼1.2–1.4 m

(∼30–40%), reflecting the irreducible difficulty of severe NLOS cases where path estimates

remain ambiguous regardless of network capacity. Fig. 2.11b reveals the data-scaling behavior

using the optimal model: with only ∼500 training samples the median error is ∼0.4 m, and

scaling to ∼10K samples reduces it to ∼0.2 m (∼50% reduction), with ∼60% gains at the 80th

percentile and a more modest ∼20% at the 95th percentile, consistent with the tail-case difficulty

observed in Fig. 2.11a. Beyond ∼10K samples the curves flatten, consistent with the saturation

behavior seen in Fig. 2.11a. These results confirm that ChanFormer is both data-efficient and

model-scalable: the dominant geometry-correction behavior is captured with a few thousand

samples, and a moderate network size is sufficient to realize the bulk of the refinement benefit.

With the optimal model and dataset size, we assess the localization refinement performance based

on set S+te , and the CDF of localization errors is in Fig. 2.12. The performance per percentiles

can be found in Table 2.2, highlighting the accuracy improvement when applying ChanFormer

to geometry based localization results. The refinement reduces the 95th-percentile error to 0.58

m from 1.42 m, i.e., 59% accuracy improvement, for users in the LOS. An error reduction to

0.77 m from 1.73 m, i.e., 55% accuracy improvement, is achieved for half of the users in the

NLOS scenario. In conclusion, 98% of the users in LOS and 55% of the users in the NLOS

case achieve sub-meter accuracy. The marginally better performance with PathNet predicted

orders over using matched paths can be attributed to grid resolution constraints. Localization

with matching paths has slightly lower errors and undergoes less refinement compared to using

PathNet determined paths, resulting in a smaller accuracy improvement.

Comparison to Prior Work: Most of the previous studies mentioned in Sec. 2.1.1

assume unrealistic channels and simplistic communication system settings (for example operating

with the true channel parameters instead of the estimated ones, or neglecting the clock offset),

limiting their performance when evaluated with our data set and system model. To perform

comparisons to prior work, we use our realistic ray-tracing simulated channels and signal model
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Figure 2.13. Comparison of state-of-the art and proposed scheme. CDF obtained using S+te .

that accounts for filtering effects. We implemented three different localization strategies in

prior work as baselines, one exploiting geometric localization [72] and two other exploiting

deep learning architectures [101, 102]. To guarantee a fair comparison, all the approaches

exploit the channel parameters estimated with two-stage MOMP as described in Section III.A.3.

The localization results with this experimental setting can be found in Fig. 2.13. Our hybrid

model/data driven localization method significantly outperforms all the solutions in prior work,

achieving sub-meter accuracy for 90% of the users and errors below 30 cm for 50% of the users.

Note that the performance obtained with [72] degrades compared to that shown in the original

paper due to the use of realistic channels in our simulations instead of ideal ones – with only LOS

and first-order reflections– and the introduction of filtering effects. Similarly, the performance

degradation of the approach in [101] comes from exploiting the true (not estimated) channel

parameters in the original work.

2.6 Conclusion and Future Work

We developed a hybrid model/data-driven approach to obtain 3D localization in a vehicular

network operating at mmWave. We considered a realistic channel model accounting for filtering
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effects and an unknown TX-RX clock offset. We generated realistic channel datasets for evaluation

using ray-tracing. We proposed two low-complexity channel estimation methods suitable for

large antenna arrays and wide bandwidths, namely two-stage MOMP and ESPRIT-D, enabling

high-resolution 3D channel estimation for precise localization. Then, we designed PathNet, a

data-driven path classification strategy to select the LOS and first-order paths from the estimated

channel, achieving a classification accuracy of 99% (with perfect channel knowledge). We also

developed a model-driven 3D positioning strategy which exploits the geometric relationships

between the channel parameters and the positions of the BS and the user. This geometric

localization strategy can operate in LOS and NLOS channels, providing sub-meter accuracy

for 85% of users in LOS channels and for 35% of users in NLOS channels. We developed

ChanFormer, a location refinement network that enhances channel representation and identifies

the most probable vehicle location. After position refinement with ChanFormer, 95% of users

in the LOS channels achieve a localization accuracy of 0.58 m, and 50% of users in the NLOS

channels achieve an accuracy of 0.77 m. Overall, the performance has been improved by

59%∼ 69% depending on the scenario. The results demonstrate that attention mechanisms are

well-suited to the joint localization and communication problem, and highlight the potential of

migrating advanced neural network architectures to the field of wireless communications.

The angular and delay errors achieved by two-stage MOMP and ESPRIT-D are within

an order of magnitude of the Cramér-Rao bound for mmWave channel-parameter estimation

under our system model [115], with the residual gap dominated by dictionary granularity in

MOMP and subspace-noise effects in ESPRIT-D. The end-to-end position error is reported as

empirical CDFs because the effective likelihood induced by PathNet and ChanFormer does

not admit a closed-form bound; ChanFormer’s cross-attention can be interpreted as a learned

message-passing step on a multipath factor graph, where each estimated path is a node and the

geometric position estimate is the variable being refined.

Several extensions are natural. Multi-RSU channel-parameter fusion is the most direct

way to push beyond the single-snapshot positioning limit, as it converts higher-order reflections
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that are currently discarded by PathNet into additional geometric constraints anchored at distinct

base stations. A principled factor-graph / belief-propagation formulation of multipath-based

localization, in the spirit of multipath-based SLAM [116], would also provide an interpretable

convergence point for the learned refinement and a clean handle on path-association uncertainty.

On the evaluation side, set-based metrics such as GOSPA between estimated and ray-traced

path parameters would more directly characterize the channel estimator’s behavior under births,

deaths, and mismatches. Finally, validation with a software-defined mmWave testbed would

confirm that the filter-aware estimators and the attention-based refinement remain accurate under

hardware impairments not modeled by ray tracing.
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Chapter 3

A Hybrid Model/Data-Driven Solution to
Channel, Position and Orientation Track-
ing in mmWave Vehicular Systems

3.1 Introduction

The advancement of mmWave MIMO communication systems employing wide bandwidth

and large antenna arrays enables high-resolution channel estimation, including accurate delay and

angle acquisitions [109, 117]. Unlike lower frequency bands with dense multipath components

(MPCs) [118, 119], mmWave channels exhibit sparsity and facilitate geometric localization [54].

For example, in an outdoor vehicular scenario, the vehicle’s location can be derived from

high-resolution estimates of the channel between the vehicle and a single BS by exploiting

geometric relationships between the path parameters and the locations of the scatterers, the

BS, and the vehicle [54]. Therefore, joint channel estimation and localization is a promising

technology for real-world deployments as a cost-effective method for precise positioning while

meeting the accuracy requirements of automated vehicles in various environments [5]. While

accurate single-shot joint channel and position estimation for the initial access phase (without

including orientation) has been studied in our previous work [120, 121], this chapter focuses on

reliable and high-accuracy vehicle position/orientation (PO) tracking. Sensor-based PO tracking

methods in vehicular settings utilizing IMU [122], cameras [123,124], LiDAR [125], radar [126],

92



or sensor fusion [127–129], are well-studied, but often suffer from compromised localization

accuracy, e.g., with the GNSS in urban canyons, or reduced reliability under adverse weather or

lighting conditions. While solutions relying on mmWave communication signals are a promising

alternative, SOTA tracking solutions exploiting the link with a single BS suffer from some

limitations, as discussed in Sec. 3.1.1. These methods either fail to model the system realistically

or do not achieve the desired localization accuracy for certain use cases when evaluated with

practical mmWave communication channels and architectures.

3.1.1 Prior Work

Representative channel-parameter-enabled position tracking methods are presented

in [63, 73, 116, 130–143]. Two-stage approaches, in which channel parameters are acquired and

subsequently employed for tracking, are studied in [63, 73, 130–135]. In [130], antenna-level

carrier phase measurements are used to acquire channel parameters including delays and angels

that relate the PO between the BS and the extended reality (XR) devices, and an extended Kalman

filter (EKF) is adopted to enable six-degrees-of-freedom (6DoF) tracking. However, the channel

parameters are simulated using an error distribution function rather than estimated directly from

received signals, which simplifies the complexity of real-world signal acquisition and processing.

In contrast, channel parameter acquisition is included in [131] and [73]. In [131], optimal beam

selection based on the Fisher information matrix (FIM) is used to maximize the accuracy of

delay and angle estimation, after which the channel parameters are tracked with an EKF to

obtain the user position, which is then tracked by another EKF. Meanwhile, [73] considers a

high-speed outdoor vehicular scenario, addressing the complexity of estimating AoA, ToA, and

Doppler shift using a sequential approach, and subsequently realizes localization by solving

a weighted least squares (WLS) optimization problem via Newton’s method. However, these

methods require LOS components and assume perfect synchronization between the transmitter

(TX) and RX for the ranging purpose. Methods for tracking user PO in both LOS and NLOS

scenarios are proposed in [63, 132]. A tensor decomposition algorithm is proposed in [132] to
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extract geometrical channel parameters and track the moving target by referencing the Doppler

frequency shift (DFS) through intersecting virtual lines of estimated angles. The solution in [63]

introduces a compressed sensing (CS)-based high-resolution multipath parameter estimation

method, relating the known BS PO to the user PO by solving a LS estimation problem and

nonlinear equations. However, both approaches neglect the filtering effects in the communication

system and fail to address higher-order reflections, which negatively affect localization accuracy.

Apart from the model-based solutions, approaches incorporating DL are discussed

in [133–136]. In [133], a variational autoencoder architecture is proposed to extract position-

related parameters such as TDoA and AoA from channel impulse response (CIR) waveforms,

mitigating errors in ranging and angles of NLOS components, and the parameters are fused

using a federated filter for user position tracking. Without explicit channel parameter extraction

approaches, [134] assumes the availability of ideally simulated channel parameters, and in [135],

channel parameters are generated with uncertainties. In such cases, [134] introduces an ensemble-

learning way to identify LOS and single-bounce NLOS components for geometrical localization,

and adopt an unscented Kalman filter (UKF) together with supplemental odometer data to refine

location estimates. A long short-term memory (LSTM) DNN is employed in [135] to extract

CSI features in frequency and time domains and aggregates the information of ToA, AoA, and

pair-wise received powers, for PO tracking. Furthermore, a fingerprinting solution is presented

in [136], where the beamformed fingerprint data is input into a Transformer network to predict

the user trajectories.

In addition to the two-stage strategies, joint channel and position tracking approaches are

explored in [116, 137–143], leveraging the joint probability distribution of user PO and channel

multipath parameters, and employing various filtering methods for user state (PO) tracking.

In [137], a factor graph is formulated with a sum-product algorithm (SPA) to calculate marginal

posterior distributions of state variables including user PO and channel parameters, enhancing

NLOS delay and amplitude estimates, followed by a particle-based implementation for state

predictions. The factor graph with belief propagation (BP) methods are commonly applied
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to channel simultaneous localization and mapping (SLAM) [116, 138], modeling the state of

users (e.g., PO, velocity), physical anchors/BS, virtual anchors (VAs), and the geometry of

MPCs, with probability distribution functions (PDFs). In [116], where a super-resolution channel

estimation algorithm is used to extract MPCs and higher-order reflections are addressed by

incorporating a ray-tracing module, a factor graph representation for the user state, anchor state,

and channel measurements is established, a SPA is employed for belief calculation, and finally

the user’s PO are updated through a minimum mean squared error (MMSE) estimator. In [138],

where the factor graph construction remains similar, a continuous measurement correction

method incorporating time-sequential measurements is integrated into the BP process, enabling

efficient message passing. Besides, in [139, 140], angle-based SLAM are provided where the

multipath angle estimates are acquired through beam sweeping. The user PO state is obtained

with IMU inputs through particle filtering [139], or a BP framework to calculate PDFs of

user states, the anchors, and channel measurements, followed by a MMSE estimator to update

user PO [140]. While [139, 140] rely on LOS and first-order reflections, [141–143] address

NLOS situations, providing more comprehensive approaches considering multipath birth and

disappearance. In [141], a Poisson multi-Bernoulli mixture density is used to represent the joint

distribution of environmental landmarks including the anchors, and an EKF is adopted to jointly

update motion sensor and landmark states for user PO inference. Alternatively, as in [142],

landmark changes are predicted considering a birth probability hypothesis density (PHD) added

to the previous landmark PHD, and particle filtering is adopted for updating user POs. In [143],

a snapshot SLAM method based on multipath geometry–excluding higher-order reflections–is

incorporated to get the initial estimates for a multi-hypothesis linear filter, which contains a

nearest neighbor filter for user state tracking and a PHD filter for landmark tracking.

The above methods face several limitations, summarized in Table 3.1. Many studies assume

idealized channel multipath parameters without incorporating real-world channel estimation or

tracking techniques [130, 134, 136, 138]. For approaches that include estimation or tracking of

channel MPCs [63,73,116,131–133,135,139–143], simplified communication systems are often
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considered by using ULA instead of URA at one or both ends to reduce processing complexity [63,

116,131,132,135,139–143], and filtering effects for time-domain channel processing are neglected

[63, 73, 135]. Furthermore, some methods do not address orientation tracking [73, 131, 133, 136].

PO tracking algorithms relying on the presence of LOS paths for ranging [73, 116, 130, 131, 134]

assume perfect synchronization between the TX and RX [73, 116, 131, 132, 137, 142], or require

round trip time (RTT) measurements to cancel clock biases [133–135]. In addition, algorithms

that depend on LOS and/or first-order reflections [132, 133, 138–142] fail to address higher-order

reflections negatively affecting the tracking performance. Most methods are evaluated in indoor

environments [116, 130, 132, 137–140, 142, 143], while the accuracy can degrade for outdoor

complex scenarios. In addition, the complexity of real environments introduces additional

challenges for these approaches relying on idealized assumptions and simplified system models,

particularly in modeling real-world channel effects and achieving the required localization

accuracy. DL can be employed to address aspects that conventional models cannot handle

effectively, such as localization errors arising from system noise and accumulated errors that

are difficult to represent with closed-form formulations, and some pure DL-based fingerprinting

solutions have achieved reasonable accuracy, e.g., root mean squared error (RMSE) of 1 ∼ 2

m [135, 136], but they remain inadequate for achieving submeter-level tracking.

We intend to propose a hybrid approach that combines model-based and data-driven

solutions. When closed-form analytical solutions are feasible, we employ low-complexity and

effective model-based methods. For tasks that involve capturing complex, nonlinear relationships

in high-dimensional data, such as those arising from driver behaviors, environmental noise,

raw channel impulse responses, and the spatial configuration of transmitters and receivers, we

leverage DL. In these cases, DL is used to extract robust features related to POs from processed

signals, ensuring reliable performance even in the presence of noise, multipath propagation,

NLOS conditions, and hardware imperfections.
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Table 3.1. Capabilities of representative prior channel-parameter-enabled PO tracking methods.
✓/××× = property satisfied/not. Columns denote: realistic channel estimation, full URA at
both ends, time-domain filtering, orientation tracking, LOS-free ranging, sync-free, RTT-free,
high-order reflections, and outdoor evaluation.

Reference Realistic URA Filtering Orientation LOS-free Sync-free RTT-free High-order Outdoor
channel refl.

Talvitie et al. (2023) [130] ××× ✓ ✓ ✓ ××× ✓ ✓ ✓ ×××
Koivisto et al. (2022) [131] ✓ ××× ✓ ××× ××× ××× ✓ ✓ ✓
Gong et al. (2023) [73] ✓ ✓ ××× ××× ××× ××× ✓ ✓ ✓
Zhao et al. (2023) [132] ✓ ××× ✓ ✓ ✓ ××× ✓ ××× ×××
Gómez-Cuba et al. (2023) [63] ✓ ××× ××× ✓ ✓ ✓ ✓ ✓ ✓
Wang et al. (2024) [133] ✓ ✓ ✓ ××× ✓ ✓ ××× ××× ✓
Bader et al. (2024) [134] ××× ✓ ✓ ✓ ××× ✓ ××× ✓ ✓
Klus et al. (2024) [135] ✓ ××× ××× ✓ ✓ ✓ ××× ✓ ✓
Shamsesalehi et al. (2024) [136] ××× ✓ ✓ ××× ✓ ✓ ✓ ✓ ✓
Venus et al. (2024) [137] ✓ ✓ ✓ ✓ ✓ ××× ✓ ✓ ×××
Leitinger et al. (2023) [116] ✓ ××× ✓ ✓ ××× ××× ✓ ✓ ×××
Gao et al. (2024) [138] ××× ✓ ✓ ✓ ✓ ✓ ✓ ××× ×××
Que et al. (2023) [139] ✓ ××× ✓ ✓ ✓ ✓ ✓ ××× ×××
Yang et al. (2023) [140] ✓ ××× ✓ ✓ ✓ ✓ ✓ ××× ×××
Ge et al. (2022) [141] ✓ ××× ✓ ✓ ✓ ✓ ✓ ××× ✓
Du et al. (2024) [142] ✓ ××× ✓ ✓ ✓ ××× ✓ ××× ×××
Kaltiokallio et al. (2024) [143] ✓ ××× ✓ ✓ ✓ ✓ ✓ ✓ ×××

3.1.2 Contributions

In this chapter, we propose a novel hybrid model/data-driven framework for precise vehicle

PO tracking as a byproduct of mmWave channel tracking. Considering a vehicle under tracking

communicating with a roadside BS, the approach starts with a low-complexity channel tracking

algorithm, F-MOMP, to enable high-resolution channel estimates. To address the challenge of

unknown vehicle orientations in realistic driving scenarios, which affect localization accuracy,

we propose an attention-based network, VO-ChAT, to predict the current vehicle orientation with

the input sequence of channel estimates. Following orientation compensation, the estimated

channel paths are weighted for single-shot localization through a geometric transformation.

Subsequently, we leverage historical channel and position information to enhance position

estimation accuracy using a Transformer-inspired network, VP-ChAT, which shares a partial

architecture with VO-ChAT in its encoder for processing the channel estimate sequence, while

incorporating position estimates through its decoder to output the correction for the current

single-shot position estimate. Our contributions are as follows:

• We consider a mmWave MIMO communication system employing URAs between a
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single BS and a vehicle with the driver following realistic driving behavior models. The

system model accounts for unknown clock offset drifts between the TX and RX and the

system filtering effects. While conventional channel estimation algorithms fail due to the

computational complexity associated with high-resolution channel estimation required for

localization, we develop the F-MOMP algorithm (available at [144]) for low-complexity

and accurate channel tracking –with the delay accuracy of 0.1 ns and angular accuracy of

2◦ (at the 80th percentile)– to enable vehicle localization through the estimated MPCs.

• To address the unknown vehicle orientation incorporated in the estimated channel angular

parameters that will affect the localization process, we design an attention-based network,

VO-ChAT, to track the vehicle orientations. The network processes the input sequence

of channel estimates to acquire the channel spatial and temporal evolution features,

and concurrently integrates the historical orientation information to predict the current

orientation. It achieves the orientation prediction error of ≤ 0.5◦ for 80% of the situations.

• After orientation compensation based on VO-ChAT predictions, we identify LOS and first-

order reflections referring to the vehicle’s height obtained during the initial access phase,

using which we implement the single-shot localization through channel path geometric

transformations using a WLS algorithm. Subsequently, we propose a Transformer-inspired

network, VP-ChAT, to process channel and position estimate sequences. Specifically, a

module structurally similar to VO-ChAT serves as the encoder for VP-ChAT to process

the channel estimate sequence and extract channel spatial and temporal evolution features,

while the decoder of VP-ChAT processes the current single-shot position estimate plus the

position history as a query to determine the correction of the current position estimate.

This approach achieves position tracking accuracy of 0.15 m at the 50th percentile and

0.36 m at the 95th percentile, outperforming SOTA methods which report 95th-percentile

accuracies of 3.1 m (standard EKF baseline), 1.2 m (learning-incorporated UKF [134]),

and 2.1 m (NLOS with LSTM [135]).
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• Our methods are evaluated using realistic ray-tracing simulated channels, generated based

on snapshots captured along the vehicle’s trajectory. The simulated channel database is

open sourced [145] to provide the research community with a resource for evaluating

new solutions to the joint channel and PO estimation/tracking problem using vehicular

communication channels.

• We further extend the single-vehicle framework to a multi-vehicle collaborative positioning

scenario (Sec. 3.5), where vehicles in NLOS conditions are localized as targets via V2V

sidelinks, using vehicles with a LOS to the BS as anchors. A model-based geometric

framework, building on ESPRIT-D channel estimation, explicitly estimates per-vehicle

orientation offsets and clock offsets from V2V link parameters. Combined with a KF for

temporal smoothing, this approach achieves an average 2D localization error of 0.3 m for

NLOS targets, with sub-meter accuracy for 90% of cases.

The framework described in this chapter is built upon the foundational design presented in

our prior work [146] with several key improvements. Vehicle trajectories are generated based on

realistic driving behaviors, accounting for dynamic orientation changes which are tracked through

the newly added VO-ChAT. The original channel tracking strategy based on MOMP is extended to

the F-MOMP-based solution which incorporates the factoring operation to reduce computational

complexity. The original single-shot localization through geometric transformations is refined as

solving a WLS estimation problem. The original V-ChAT network is tuned into VP-ChAT to

accommodate updated vehicle trajectories for corrections of the single-shot position estimates. A

larger and more comprehensive dataset is formed, and additional numerical experiments and

comparisons with SOTA studies are included.

The rest of this chapter is organized as follows: Sec. 3.2 outlines the general V2I

communication setup, the driving behavior model, and the communication system model.

Sec. 3.3 details the stages of the proposed hybrid model/data-driven approach, including

channel tracking, orientation prediction and compensation, single-shot localization, and position
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Figure 3.1. System model for tracking a vehicle in the urban canyon environment.

corrections leveraging historical channel and position estimates. Sec. 3.4 presents numerical

results evaluating the proposed strategy and comparisons with prior work. Sec. 3.5 extends the

framework to multi-vehicle collaborative positioning via V2V sidelinks for localization of NLOS

vehicles. Finally, Sec. 3.6 concludes the chapter by summarizing the key findings.

Notations: [x]i and [X]i, j denote the i-th entry of a vector x and the entry at i-th row

and j-th column of a matrix X (the same rule applies for a tensor). XT, X̄, X∗, and X† are the

transpose, conjugate, conjugate transpose, and pseudo inverse of X. [X,Y] and [X;Y] are the

horizontal and vertical concatenation of X and Y. X⊗Y and X⊙Y are the Kronecker product

and Khatri-Rao product of X and Y. X∪Y is the union set of set X and Y. x∼N (ẋ,σ2
x ) denotes

the variable x follows the Gaussian distribution with mean ẋ and variance σ2
x . All variables

marked with a circumflex x̂, x̂, and X̂ denote estimates of the corresponding quantities. For

clarity, we provide a summary of notations in Table 3.2.
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Figure 3.2. System diagram consisting of F-MOMP for channel tracking, VO-ChAT for vehicle
orientation tracking, single-shot geometric (Geo.) localization using angles after orientation
compensation, and VP-ChAT for vehicle position tracking.
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3.2 System Model

We consider a mmWave vehicular communication system where an active car under

tracking moves at the fast lane with the heading (orientation) changing according to driver

behavior models [147]. The active vehicle starts from position r(τ0)
vq , a two-dimensional vector

comprising x and y coordinates, with the initial orientation ϖ (τ0). At time τ when the vehicle is

at position r(τ)vq with the orientation ϖ (τ) and the moving speed v(τ)v , the driver checks the aiming

point r⋆(τ +Tla) lying on the lane center line, where Tla is the looking ahead time depending on

the environmental visibility, and steers the wheel continuously during the period from τ to τ +Tla

expecting to arrive at r⋆(τ +Tla) with the orientation ϖ⋆(τ +Tla). Hence, the bearing angle from

τ to τ +Tla, denoted as η(τ,Tla), is calculated by η(τ,Tla) = ϖ⋆(τ +Tla)−ϖ (τ). We define the

driver compensate control as δ (τ), which needs to be increased meaning the driver controls the

steering wheel with higher strength when η(τ,Tla) is large. Considering a continuous operation

model, the following equations hold:

η(τ,Tla) =
∫

τ+Tla

τ

ω(t)δ (t)∂ t; (3.1)

r⋆(τ+Tla)− r(τ)vq =
∫

τ+Tla

τ

[v(τ)v cos(ϖ (t)),v(τ)v sin(ϖ (t))]T∂ t, (3.2)

where ω(t)∼N (ω̇,σ2
ω) is the wheel steering rate at t, (3.1) represents the cumulated orientation

changes, and (3.2) represents the vehicle position changes. When implemented in the discrete

domain, let ∆τ = τn+1− τn be the sampling interval, vehicle’s orientation and position can be
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Table 3.2. List of notations.

Symbol Description Symbol Description Symbol Description
VEHICLE DYNAMICS AND DRIVER MODEL

r(τ)vq Vehicle position at time (x, y coordi-
nates) τ

ϖ (τ) Vehicle orientation at time τ v(τ)v Vehicle speed at time τ

r⋆(τ +Tla) Aiming point on lane center ϖ⋆(τ +Tla) Target orientation at aiming point Tla Look-ahead time for driver model
η(τ,Tla) Bearing angle over look-ahead inter-

val
δ (τ) Driver compensation control ω(t) Wheel steering rate at time t

ω̇ Mean wheel steering rate σ2
ω Wheel steering rate variance Ke Driver gain constant

Te Driver leading time constant nδ (t) Driver control noise σ2
δ

Driver control noise variance
COMMUNICATION SYSTEM

τ Time index τn Discrete time index τn+1 Next discrete time index (τn +∆τ)
Nt BS transmit antenna array size Nx

t Number of TX antennas (horizontal) Ny
t Number of TX antennas (vertical)

Nr Vehicle receive antenna array size Nx
r Number of RX antennas (horizontal) Ny

r Number of RX antennas (vertical)
Nrf

t Number of BS RF chains Nrf
r Number of vehicle RF chains L Number of multipath components

d Channel tap index Ts Sampling interval
H(τn)

d Channel matrix at tap d α
(τn)
ℓ Complex gain of path ℓ t(τn)

ℓ Time of arrival of path ℓ

t(τn)
off Clock offset between TX and RX fp(·) Filtering function θ

az(τn)
ℓ Azimuth AoA

θ
el(τn)
ℓ Elevation AoA φ

az(τn)
ℓ Azimuth AoD φ

el(τn)
ℓ Elevation AoD

ar(·) Receive array response vector at(·) Transmit array response vector a(·) Steering vector
θ q Parallel component of AoA θ⊥ Perpendicular component of AoA φ q Parallel component of AoD
φ⊥ Perpendicular component of AoD [a(ϑ)]n n-th element of steering vector
Ns Number of data streams Q Pilot sequence length s[q] q-th transmitted pilot instance
F Hybrid precoder matrix Frf Analog precoder Fbb Digital precoder
W Hybrid combiner matrix Wrf Analog combiner Wbb Digital combiner
M Number of precoder/combiner pairs Fm m-th precoder matrix Wm m-th combiner matrix
ym[q] Received signal at m-th pair Pt Transmitted power Nd Number of channel taps
nm[q] Additive white Gaussian noise σ2

n Noise variance KB Boltzmann constant
TF Environmental temperature (◦F) Bc Communication system bandwidth y̆m[q] Whitened received signal
Lm Cholesky decomposition matrix W̆∗m Whitened combiner n̆m[q] Whitened noise
Y̆m Whitened measurement matrix N̆m Whitened noise matrix S Pilot signal matrix

F-MOMP CHANNEL TRACKING ALGORITHM
ϒϒϒm Measurement matrix ΨΨΨ Dictionary matrix x Sparse vector
Ad Delay dictionary At Transmit array dictionary Ar Receive array dictionary
Aq

t , A⊥t TX azimuth and elevation dictionary Aq
r , A⊥r RX azimuth and elevation dictionary p(t) Sampled filtering function

Na
k k-th dictionary grid size Ns

k k-th system dimension size ẗ j1 Delay grid values
φ̈
q
j2 , φ̈⊥j3 Azimuth and elevation AoD grids θ̈

q
j4 , θ̈⊥j5 Azimuth and elevation AoA grids

Nest Number of estimated components x Support set of sparse vector ℓs Support index
i Multidimensional measurement ten-

sor index
j Multidimensional dictionary tensor

index
I Measurement tensor index set

J Dictionary tensor index set ΦΦΦm Measurement tensor X Sparse tensor
ΨΨΨk k-th dimension full dictionary Niter Number of iterations fi, fj Index mapping function
ζ S

q ( j1) Signal factor ζ F
m( j2, j3) Precoder factor ζ W

m ( j4, j5) Combiner factor
Ĵ
(τn−1)
sup Previous estimated support set nest Estimated path index ΨΨΨ

(τn)
k,nest

Reduced dictionary with grid span-
ning gk

Jk,nest Local grid search space Y̆res
m Residual matrix ĵ(τn)

k,nest
Estimated k-th dictionary grid index

Ẑτn
Estimated channel containing Nest
paths

α̂αατn Estimated gain vector t̂τn
Estimated delay vector (w/o t(τn)

off
compensation)

θ̂θθ
az
τn

Estimated azimuth AoA vector (w/o
ϖ (τn) compensation)

θ̂θθ
el
τn

Estimated elevation AoA vector φ̂φφ
az
τn

Estimated azimuth AoD vector

φ̂φφ
el
τn

Estimated elevation AoD vector
GEOMETRIC LOCALIZATION

Ẑτn Compensated channel estimate θ̂θθ
az
τn

Compensated azimuth AoA t̂τn Compensated ToA estimates
r(τn)

v Vehicle 3D position rB Known BS array 3D position # »φℓ Channel component DoD
#»

ϑℓ Channel component DoA dϑ(τn)
ℓ Vehicle to scatterer distance dφ(τn)

ℓ Scatterer to BS distance
vc Speed of light hv Vehicle array height |αth| Path gain threshold for path selec-

tions
L Selected path set wℓ Path weight for WLS algorithms Bℓ WLS coefficient matrix
bℓ WLS observation vector r̂(τn)

vq Single-shot 2D position estimate
VO-ChAT/VP-ChAT TRACKING SYSTEM AND ATTENTION MECHANISM

Γ History length for tracking ϖ̂ϖϖτn|Γ Orientation sequence acquired at τn
with length Γ

r̂τn|Γ Position sequence acquired at τn with
length Γ

Wo VO-ChAT learnable parameters Wp VP-ChAT learnable parameters Nh Number of attention heads
Vnh Value representation of head nh Knh Key representation of head nh Qnh Query representation of head nh
Vdim Value embedding dimension Kdim Key embedding dimension Qdim Query embedding dimension
Rnh Attention output R Spatial feature output V′nh

Temporal value representation
K′nh

Temporal key representation Q′nh
Temporal query representation R′nh

Temporal attention output
∆r̂(τn) 2D position correction vector r̃(τn)

vq Corrected vehicle position
Str Training trajectory set Ste Testing trajectory set
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updated as:

δ (τn+1) = Ke

(
δ (τn)+Te

η(τn+1,Tla−∆τ)−η(τn,Tla)

∆τ

)
+nδ (τn+1); (3.3)

ϖ
(τn+1) = ϖ

(τn)+ω(τn)δ (τn)∆τ; (3.4)

r(τn+1)
vq = r(τn)

vq +∆τ[v(τn)
v cos(ϖ (τn)),v(τn)

v sin(ϖ (τn))]T, (3.5)

where Ke and Te are the driver gain and leading time constants, nδ (t)∼N (0,σ2
δ
) is the driver

control noise being σ2
δ

the distribution variance.

Downlink communication is performed between the active car and a single BS at the

roadside for tracking the channel and POs. The BS is equipped with a URA of size Nt = Nx
t ×Ny

t

facing the road, and the vehicle has 4 smaller URAs placed vertically on the hardtop as in [120,121],

each of which has a size of Nr = Nx
r ×Ny

r . A hybrid MIMO communication architecture is

adopted, with Nrf
t and Nrf

r RF chains deployed at the TX and RX. Hereby, the frequency selective

mmWave channel containing L MPCs at a given time τn can be defined as

H(τn)
d =

L

∑
ℓ=1

(
α
(τn)
ℓ fp

(
dTs−

(
t(τn)
ℓ −t(τn)

off

))
·

ar

(
θ

az(τn)
ℓ −ϖ

(τn),θ
el(τn)
ℓ

)
at

(
φ

az(τn)
ℓ ,φ

el(τn)
ℓ

)∗)
, (3.6)

where d is the channel tap index, Ts is the sampling interval, t(τn)
off is the unknown clock offset

between the TX and RX, fp(·) is the filtering function that factors in filtering effects in the system,

α
(τn)
ℓ and t(τn)

ℓ are the complex gain and the ToA of the ℓ-th path, ar

(
θ

az(τn)
ℓ −ϖ (τn),θ

el(τn)
ℓ

)
represents the RX array response evaluated at the azimuth and elevation AoA, denoted as

θ
az(τn)
ℓ −ϖ (τn) and θ

el(τn)
ℓ , and at

(
φ

az(τn)
ℓ ,φ

el(τn)
ℓ

)
is the TX array response evaluated at the

azimuth and elevation AoD, denoted as φ
az(τn)
ℓ and φ

el(τn)
ℓ . Note that, θ

az(τn)
ℓ and θ

el(τn)
ℓ are

azimuth and elevation AoAs in the global coordinate system, and the same applies to azimuth
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and elevation AoDs φ
az(τn)
ℓ and φ

el(τn)
ℓ . The array responses can be formulated in the Kronecker

product form as


ar(θ

az−ϖ ,θ el) = a(θ q,θ⊥) = a(θ q)⊗a(θ⊥)

at(φ
az,φ el) = a(φ q,φ⊥) = a(φ q)⊗a(φ⊥)

, (3.7)

where θ q = cos(θ el)sin(θ az−ϖ), θ⊥ = sin(θ el), φ q = cos(φ el)sin(φ az), φ⊥ = sin(φ el), and

a(·) is the steering vector where [a(ϑ)]n = e− jπ(n−1)ϑ considering a half-wavelength element

spacing for the planar arrays.

Pilots in the form of Ns ≤ min{Nrf
t ,N

rf
r } data streams of length Q are transmitted for

channel tracking at each τn (we omit the upper right “(τn)” for simplicity for the following

notation definition and notations), where the q-th instance is denoted as s[q] ∈ CNs×1 with

E[s[q]s[q]∗] = 1
Ns

INs . Hybrid precoder and combiner are employed, which are denoted as

F = FrfFbb ∈ CNt×Ns and W = WrfWbb ∈ CNr×Ns , where Frf and Fbb are the analog and digital

precoders, and Wrf and Wbb are the analog and digital combiners. Within a channel tracking

interval whose duration is less than the channel coherence time, M precoder and combiner pairs

are employed, denoted as Fm and Wm, m = 1,2, ...,M, for the m-th pair. Accordingly, the q-th

instance of the received signal using Fm and Wm is given as

ym[q] = W∗m
Nd−1

∑
d=0

√
PtHdFms[q−d]+W∗

mnm[q], (3.8)

where Pt is the transmitted power, Nd is the number of channel taps, and nm[q]∼N (0, σ2
n

Nr
INr)

is modeled as additive white Gaussian noise (AWGN) where σ2
n = KBTFBc, being KB the

Boltzmann constant and TF the environmental temperature in Fahrenheit. Due to the noise

being combined with W∗m, it is no longer white. Therefore, we whiten the received signal as

y̆m[q] = L−1
m ym[q], where Lm is computed via Cholesky decomposition of W∗mWm = LmL∗m, so

that E
[
L−1

m W∗
mnm[q](L−1

m W∗mnm[q])∗
]
= σ2

nINs . Let W̆∗m = L−1
m W∗m and n̆m[q] = L−1

m W∗mnm for
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ϒϒϒm =
√

Pt

s[1]T[FT
m]:,1W∗

m . . . s[1]T[FT
m]:,Nt W∗m . . . 0T[FT]:,1W∗m . . . 0T[FT

m]:,Nt W∗m
...

...
... . . .

...
...

...
s[Q]T[FT

m]:,1W∗m . . . s[Q]T[FT
m]:,Nt W∗

m . . . s[Q−(Nd−1)]T[FT
m]:,1W∗m . . . s[Q−(Nd−1)]T[FT

m]:,Nt W∗m

 . (3.10)

[ΨΨΨ]:, fj =

[[
p(ẗ j1 )

]
1

[
ā(φ̈ q

j2
, φ̈⊥j3 )

]
1
a(θ̈ q

j4
, θ̈⊥j5 ); . . . ;

[
p(ẗ j1 )

]
1

[
ā(φ̈ q

j2
, φ̈⊥j3 )

]
Nt

a(θ̈ q
j4
, θ̈⊥j5 ); . . . ;[

p(ẗ j1 )
]

Nd

[
ā(φ̈ q

j2
, φ̈⊥j3 )

]
1

a(θ̈ q
j4
, θ̈⊥j5 ); . . . ;

[
p(ẗ j1 )

]
Nd

[
ā(φ̈ q

j2
, φ̈⊥j3 )

]
Nt

a(θ̈ q
j4
, θ̈⊥j5 )

]
. (3.11)

simplicity, the whitened collected measurements can be written as

Y̆m = W̆∗m[H0, ...,HNd−1]
(
(INd⊗Fm)

√
PtS
)
+ N̆m, (3.9)

where [Y̆m]:,q = y̆m[q], [N̆m]:,q = n̆m[q], and [S]:,q = [s[q];s[q−1]; ...;s[q− (Nd−1)]].

3.3 Channel and Vehicle PO tracking system

This section provides detailed algorithms for joint channel and vehicle PO tracking.

The system diagram is shown in Fig. 3.2. We first introduce the F-MOMP algorithm, which

accelerates the calculation of the product for the measurement and dictionary matrix and enhances

computational efficiency compared to conventional OMP and MOMP algorithms, to realize

mmWave channel tracking. Then VO-ChAT employing attention mechanisms predicts the

current vehicle orientation based on the channel estimate sequence and orientation history.

Following orientation compensation using the predicted orientation, the single-shot position

estimate obtained by solving a WLS problem is treated as the initial position estimate to be

refined by VP-ChAT. Ultimately, VP-ChAT, the network inspired by the Transformer architecture,

leverages historical channel estimate and position estimate sequences to provide the correction of

the current single-shot position estimate, realizing precise vehicle position tracking.
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[ϒϒϒm](q−1)Ns+1:qNs ,:[ΨΨΨ]:, fj =
√

Pt

(
Nd

∑
nd=1

[p(ẗ j1 )]nd s[q−(nd−1)]T
)(

Nt

∑
nt=1

[FT
m]:,nt

[
ā(φ̈ q

j2
, φ̈⊥j3 )

]
nt

)(
Nr

∑
nr=1

[W∗
m]:,nr

[
a(θ̈ q

j4
, θ̈⊥j5 )

]
nr

)

=
[√

Pt
[
s[q],s[q−1], . . . ,0

]
p(ẗ j1 )

]T [
FT

mā(φ̈ q
j2
, φ̈⊥j3 )

][
W∗ma(θ̈ q

j4
, θ̈⊥j5 )

]
(3.12)

=
[
ζ

S
q ( j1)

]T[
ζ

F
m( j2, j3)

][
ζ

W
m ( j4, j5)

]
∈ CNs×1. (3.13)

3.3.1 F-MOMP Based Channel Tracking

Before diving into the proposed F-MOMP channel tracking algorithm, we present a

concise overview of the conventional OMP algorithm for channel estimation, followed by an

explanation of how MOMP addresses the computational complexity issue of OMP through

dimensional operations. Relevant notations are introduced throughout the discussion. Based on

vec(AXB) = (BT⊗A)vec(X), (3.9) can be written in the form

vec(Y̆m) = ϒϒϒmvec([H0, ...,HNd−1])+vec(N̆m),

where ϒϒϒm = ((INd⊗Fm)
√

PtS)T⊗W̆∗m ∈ CQNs×NdNtNr is the measurement matrix. The channel

can be represented as vec([H0, ...,HNd−1]) = ΨΨΨx leveraging its sparsity, where ΨΨΨ is the dictionary

formulated as

ΨΨΨ = Ad⊗ (At⊗Ar) ∈ CNrNtNd×Na
r Na

t Na
d , (3.14)

where Ad =
[
p(ẗ1), ...,p(ẗNa

d
)
]

is the dictionary for the delay evaluated on the grid values {ẗ j1| j1 =

1, ...,Na
d}, and p(t) = [ fp(0 ·Ts− t), . . . , fp((Nd− 1)Ts− t)]T ∈ RNd×1 is a sampled version of

fp(·) mentioned in (3.6); At = Aq
t ⊗A⊥t is the dictionary to evaluate azimuth and elevation

AoDs with Aq
t =
[
a(φ̈ q

1), ...,a(φ̈
q
Na

2
)
]
∈CNx

t ×Na
2 considering grids

{
φ̈
q
j2 | j2 = 1, ...,Na

2

}
and A⊥t =[

a(φ̈⊥1 ), ...,a(φ̈⊥Na
3
)
]
∈ CNy

t ×Na
3 considering grids {φ̈⊥j3 | j3 = 1, ...,Na

3}; and Ar = Aq
r⊗A⊥r is the

dictionary to evaluate azimuth and elevation AoAs, where Aq
r ∈ CNx

r ×Na
4 and A⊥r ∈ CNy

r ×Na
5

are constructed similarly as Aq
t and A⊥t , respectively. Therefore, Na

1 = Na
d , Na

t = Na
2Na

3 , and
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Na
r = Na

4Na
5 . In addition, x ∈CNa

r Na
t Na

d×1 is the sparse vector to be estimated the supports of which

are the complex gains. To solve the following sparse recovery problem for channel estimation:

min
x

(
M

∑
m=1

∥∥vec(Y̆m)−ϒϒϒmΨΨΨx
∥∥2
)
, (3.15)

conventional OMP iteratively finds the supports of x, denoted as a set x= { j | [x] j ̸= 0}, |x| ≤ Nest

where Nest is the number of channel components, based on peaks of the correlation with

the residual calculated from the subspace projection. Once the supports are determined, the

corresponding atoms in ΨΨΨ, i.e.,
{
[ΨΨΨ]:,ℓs|ℓs ∈ x

}
, indicate the estimated delays and angles. The

searching space size of the algorithm is ∏
5
k=1 Na

k , and with large antenna array and wide bandwidth

for fine angular and delay domain resolutions, the resulted complexity O
(
NestNsQ∏

5
k=1 Ns

kNa
k

)
,

where Ns
1 = Nd, Ns

2 = Nx
t , Ns

3 = Ny
t , Ns

4 = Nx
r , and Ns

5 = Ny
r , becomes prohibitive. To cope with

the complexity issue, MOMP first formulates the problem with multidimensional operations:

min
X

 M

∑
m=1

∥∥∥∥∥vec(Y̆m)−∑
i∈I

∑
j∈J

[ΦΦΦm]:,i

(
5

∏
k=1

[ΨΨΨk]ik, jk

)
[X]j

∥∥∥∥∥
2
 , (3.16)

where i = (i1, ..., i5) ∈ N5
+ and j = ( j1, ..., j5) ∈ N5

+ are multidimensional indices, and I ={
i|ik = 1, ...,Ns

k

}
and J=

{
j| jk = 1, ...,Na

k

}
are the index sets. The measurement tensor ΦΦΦm ∈

CQNs⊗5
k=1Ns

k relates to ϒϒϒm as [ΦΦΦm]:,i = [ϒϒϒm]:, fi where fi =
(
∑

4
k=1(ik−1)(∏5

k′=k+1 Ns
k′)
)
+ i5. The

single dictionary ΨΨΨ calculated from the Kronecker product as in (3.14) is separated into five

independent dictionaries ΨΨΨk ∈CNs
k×Na

k for the five dimensions associated with delay, azimuth and

elevation AoD, and azimuth and elevation AoA, i.e., ΨΨΨ1 = Ad, ΨΨΨ2 = Aq
t , ΨΨΨ3 = A⊥t , ΨΨΨ4 = Aq

r , and

ΨΨΨ5 = A⊥r . Finally, the sparse vector x becomes the sparse tensor X ∈ C⊗5
k=1Na

k to be estimated,

where [X]j = [x] fj with fj =
(
∑

4
k=1( jk−1)(∏5

k′=k+1 Na
k′)
)
+ j5. To solve (3.16), alternating

maximization is adopted to estimate the parameters for each dimension independently, with

the cost of Niter iterations to refine the estimates per dimension. Thus, the computational

complexity is reduced to O
(
NestNsQNiter(∑

5
k=1 Na

k )(∏
5
k=1 Ns

k)
)

compared with the conventional

OMP, where the product term ∏
5
k=1 Na

k is transformed into a summation Niter(∑
5
k=1 Na

k ). However,
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the complexity can still explode when employing large antenna arrays and wide bandwidth as

in the product term ∏
5
k=1 Ns

k . We hereby propose the F-MOMP algorithm that transforms the

term into a summation for complexity reduction, while sticking with alternating maximization to

determine the estimates for each dimension.

The F-MOMP algorithm reduces the complexity of calculating the product of measurement

and dictionary matrices. We first expand ϒϒϒm and ΨΨΨ as (3.10) and (3.11), and based on the

element-wise correspondence for the product operation, the product of [ϒϒϒm](q−1)Ns+1:qNs,: and

[ΨΨΨ]:, fj can be derived by factoring and then computing the product for each factor, as detailed in

(3.12). Therefore, the sparse recovery problem can be written as

min
X

M
∑

m=1

Q
∑

q=1

∥∥∥∥∥y̆m[q]−∑
j∈J

[
ζ S

q ( j1)
]T[

ζ F
m( j2, j3)

][
ζ W

m ( j4, j5)
]
Xj

∥∥∥∥∥
2

, (3.17)

where

ζ
S
q ( j1) =

√
Pt
[
s[q],s[q−1], . . . ,0

]
p(ẗ j1) ∈ CNs×1; (3.18)

ζ
F
m( j2, j3) = FT

mā(φ̈ q
j2, φ̈

⊥
j3 ) ∈ CNs×1; (3.19)

ζ
W
m ( j4, j5) = W∗ma(θ̈ q

j4, θ̈
⊥
j5 ) ∈ CNs×1, (3.20)

and X ∈ C⊗5
k=1Na

k defined the same as that in (3.16) is the sparse tensor to be estimated with the

MOMP algorithm. In the conventional MOMP, there is a step for estimate initialization for each

dimension based on cost function approximation, then the alternating maximization algorithm

is adopted to iteratively refine the estimates per dimension. However, in the channel tracking

scenario, the channel estimates at time τn−1 can be used as the estimate initialization at time τn,

i.e., the estimated support set at τn−1:

Ĵ
(τn−1)
sup =

{
ĵ(τn−1)
1 , ..., ĵ(τn−1)

Nest

}
, (3.21)
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where ĵ(τn−1)
nest =

(
ĵ(τn−1)
1,nest

, ..., ĵ(τn−1)
5,nest

)
, provides the initialization for ĵ(τn)

k,nest
at time τn as ĵ(τn)

k,nest
←

ĵ(τn−1)
k,nest

. In addition, the dictionaries at τn are constructed based on historical estimates as well.

Let independent dictionaries ΨΨΨk defined previously be the full dictionaries used usually for initial

access stages, we define the reduced dictionaries as ΨΨΨ
(τn)
k,nest

for the nest-th channel component at

τn, where the atoms from the full dictionaries corresponding to the previous estimates and their

neighboring atoms are included:

ΨΨΨ
(τn)
k,nest

= [ΨΨΨk]:, ĵ(τn−1)
k,nest

−gk: ĵ
(τn−1)
k,nest

+gk
, (3.22)

where gk is the number of spanning grids for the neighboring atoms depending on the grid

resolution of each ΨΨΨk. Even with the reduced dictionaries, directly applying the OMP algorithm

remains computationally intensive considering the high dictionary resolutions required for precise

localization, especially when increasing gk for a larger searching space. Hence, we rely on the

alternating maximization algorithm as in MOMP to iteratively estimate the support of each

dimension for the nest-th channel component by solving the following optimization problem (the

upper right time index “(τn)” is omitted for simplicity):

max
jk,nest

M

∑
m=1

∣∣∣(ϒϒϒm[ΨΨΨ]:, fjnest

)∗
vec(Y̆res

m )
∣∣∣∥∥∥ϒϒϒm[ΨΨΨ]:, fjnest

∥∥∥
2

(3.23)

s.t. jk,nest ∈ Jk,nest, jnest /∈ Ĵsup (3.24)

where Jk,nest =
{

ĵ(τn−1)
k,nest

−gk, ..., ĵ(τn−1)
k,nest

+gk

}
, and Y̆res

m –which is initialized using Y̆m– repre-

sents the residual after the subspace projection using the estimated supports. Specifically,

in each optimization iteration niter ≤ Niter, the algorithm sequentially optimizes the estimate

ĵk,nest while fixing estimates of other dimensions ĵk′,nest, k′ ̸= k, until every ĵk,nest is obtained.

Thereafter, delay and angle estimates of each path are determined by indexing the grid val-

ues in the dictionaries using ĵnest . Finally, the estimated complex gain for each path α̂nest
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is acquired based on the estimated sparse vector as α̂nest = [x̂]nest . The pseudo codes of the

F-MOMP algorithm are presented in Algorithm 3. The algorithm results in a complexity of

O
(
NestNsQNiter(∑

5
k=1 Na

k )(N
a
1 +Ns

2Ns
3 +Ns

4Ns
5)
)
, which reduces the complexity by turning the

multiplication term into the summation comparing with the MOMP [105, 117], as specified in

Table 3.3, while allows simultaneously estimating parameters across the five dimensions for

delay, azimuth and elevation AoDs, and azimuth and elevation AoAs. We denote the estimated

channel at τn containing Nest estimated paths without the compensation for the time-varying

clock offset t(τn)
off and orientation ϖ (τn) as

Ẑτn
=
[
α̂αατn, t̂τn

, θ̂θθ
az
τn
, θ̂θθ

el
τn
, φ̂φφ

az
τn
, φ̂φφ

el
τn

]
∈ RNest×6, (3.25)

where α̂αατn =
[∣∣∣α̂(τn)

1

∣∣∣ , ..., ∣∣∣α̂(τn)
Nest

∣∣∣]T (the phase is irrelevant to acquire the position and orientation

estimation [121]), t̂τn
=
[
t̂(τn)
1 −t̂(τn)

off , ..., t̂(τn)
Nest
−t̂(τn)

off

]T
, θ̂θθ

az
τn
=
[
θ̂

az(τn)
1 −ϖ̂ (τn), ..., θ̂

az(τn)
Nest
−ϖ̂ (τn)

]T
,

θ̂θθ
el
τn
=
[
θ̂

el(τn)
1 , ..., θ̂

el(τn)
Nest

]T
, φ̂φφ

az
τn
=
[
φ̂

az(τn)
1 , ..., φ̂

az(τn)
Nest

]T
, and φ̂φφ

el
τn
=
[
φ̂

el(τn)
1 , ..., φ̂

el(τn)
Nest

]T
.

3.3.2 VO-ChAT for Vehicle Orientation Tracking

The absence of orientation knowledge limits the vehicle’s estimated angles to relative

values w.r.t the planar array rather than the absolute values in the global coordinate system.

Consequently, precisely determining the vehicle’s position becomes infeasible. While orientation

changes, influenced by multiple factors including road curvature, lane changes, and other

Table 3.3. Complexity comparisons for various channel estimation algorithms. Runtimes were
measured using the Python time module on a Dell XPS 15 laptop (i9-13900H, 65 GB RAM).
OMP fails to run with the current system settings due to excessive complexity.

Method Complexity Runtime (s)

Conventional OMP [80,
109] O

(
NestNsQ

5
∏

k=1
Ns

kNa
k

)
N/A

MOMP [105, 117] O
(

NestNsQNiter(
5
∑

k=1
Na

k )(
5
∏

k=1
Ns

k)

)
12.3±1.6

F-MOMP (proposed) O
(

NestNsQNiter(
5
∑

k=1
Na

k )(Nd +Ns
2Ns

3 +Ns
4Ns

5)

)
0.62±0.13
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driving dynamics [147], are challenging to model accurately, we turn to DL, specifically, the

attention schemes, that have been broadly studied in prior work to address context-aware

Algorithm 3. F-MOMP for channel tracking.
1: Input:

Vectorized received signals γ̆γγ←
[
vec(Y̆(τn)

1 ); ...;vec(Y̆(τn)
M )

]
;

Previous estimated supports Ĵ(τn−1)
sup as in (3.21);

The number of channel components Nest;
2: Initialize:

The estimated support set Ĵ(τn)
sup ← /0;

The subspace projection residual γ̆γγ
res← γ̆γγ;

3: for nest = 1 : Nest do
4: for k = 1 : 5 do
5: Initialize support estimates ĵ(τn)

k,nest
← ĵ(τn−1)

k,nest
;

6: Construct reduced dictionaries ΨΨΨ
(τn)
k,nest

as in (3.22);

7: Form index sets Jk←
{

ĵ(τn)
k,nest
−gk, ..., ĵ(τn)

k,nest
+gk

}
;

8: end for
9: % Factor calculation

10: ΞΞΞ
S
j1 ←

[
ζ S

1 ( j1)T; ...;ζ S
Q( j1)T

]
for j1 ∈ J1;

11: ΞΞΞ
F
j2, j3 ←

[
ζ F

1 ( j2, j3), ...,ζ F
M( j2, j3)

]
for j2 ∈ J2, j3 ∈ J3;

12: ΞΞΞ
W
j4, j5 ←

[
ζ W

1 ( j4, j5), ...,ζ W
M ( j4, j5)

]
for j4∈ J4, j5 ∈ J5;

13: for niter = 1 : Niter do
14: for k = 1 : 5 do
15: J←{j| jk ∈ Jk, jk′ = ĵ(τn)

k′,est,k
′ ̸= k}\Ĵ(τn)

sup ;
16: ξξξ j← vec

((
ΞΞΞ

S
j1ΞΞΞ

F
j2, j3

)
⊙ΞΞΞ

W
j4, j5

)
, j ∈ J, as in (3.12);

17: ĵ(τn)
k,nest
← argmax

jk

|ξξξ ∗j γ̆γγ
res|

∥ξξξ j∥2

for solving (3.23);

18: end for
19: end for
20: Collect support estimates ĵ(τn)

nest =
(

ĵ(τn)
1,nest

, ..., ĵ(τn)
5,nest

)
;

21: Retrieve channel parameters t̂(τn)
nest =ẗ

ĵ(τn)
1,nest

, φ̂
q(τn)
nest =φ̈

q
ĵ(τn)
2,nest

, φ̂
⊥(τn)
nest =φ̈⊥

ĵ(τn)
3,nest

, θ̂
q(τn)
nest =θ̈

q
ĵ(τn)
4,nest

, and θ̂
⊥(τn)
nest =

θ̈⊥
ĵ(τn)
5,nest

;

22: Update support set Ĵ(τn)
sup ← Ĵ

(τn)
sup ∪

{
ĵ(τn)
nest

}
;

23: % Subspace projection and residual update

24: x̂←
[
ξξξ ĵ(τn)

1
, ...,ξξξ ĵ(τn)

nest

]†
γ̆γγ;

25: γ̆γγ
res← γ̆γγ−

[
ξξξ ĵ(τn)

1
, ...,ξξξ ĵ(τn)

nest

]
x̂;

26: end for
27: Retrieve path complex gains where α̂nest = [x̂]nest ;
28: Output: Ĵ

(τn)
sup and estimated channel parameters for each path.
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Figure 3.3. (a) VO-ChAT architecture for vehicle orientation tracking; (b) VP-ChAT architecture
exchanging information between the estimated channel sequence and the trajectory to refine
single-shot position estimates; (c) multilayer perceptron (MLP) layer construction; (d) multi-head
attention (MHA) module design; (e) ChanSTA module performing spatial then temporal feature
extraction on the channel sequence.

problems [148]. Our task of PO tracking is inherently a time series forecasting problem, thus

we adopt Transformer-inspired network architectures due to its demonstrated effectiveness in

capturing complex long-range dependencies and global contextual information for accurate

sequential prediction tasks [149]. For orientation tracking with VO-ChAT, as illustrated in Fig.

3.3a, the core self-attention mechanism dynamically assesses the importance and confidence
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of estimated channel MPCs, and integrates channel variations across time to infer the updates

in orientation. VO-ChAT can be formulated as (3.26) which takes in the estimated channel

sequence and previous orientation estimates to infer the current orientation

ϖ̂
(τn) = VO-ChAT

(
Ẑτn|Γ, ϖ̂ϖϖτn−1|Γ−1;Wo

)
, (3.26)

where Γ is the length of history information, Ẑτn|Γ = stack
(

Ẑτn−Γ+1
, ..., Ẑτn

)
∈ RΓ×Nest×6 is the

estimated channel sequence, ϖ̂ϖϖτn−1|Γ−1 =
[
ϖ̂ (τn−Γ+1), ..., ϖ̂ (τn−1)

]
∈RΓ−1 is the vector containing

previous determined orientations from τn−Γ+1 to τn−1, and Wo represents the learnable network

matrices.

VO-ChAT firstly processes Ẑτn|Γ with a channel spatial and temporal attention (ChanSTA)

module depicted in Fig. 3.3e, which is composed of two self multi-head attention (MHA) blocks

(Fig. 3.3d), one for extracting spatial features w.r.t the estimated Nest paths at each time step, and

the other one for analyzing the temporal channel evolution features for the input channel sequence

of length Γ. Specifically, Ẑτn|Γ goes through a multilayer perceptron (MLP) module consisting

of dense layers and activation layers to obtain three types of abstract representations: Value

{V1, ...,VNh} with Vnh ∈ RΓ×Nest×Vdim , Key {K1, ...,KNh} with Knh ∈ RΓ×Nest×Kdim , and Query

{Q1, ...,QNh} with Qnh ∈ RΓ×Nest×Qdim , where Vdim, Kdim, and Qdim = Kdim are the embedding

dimensions for each type of the representations, and Nh is the number of attention heads in the

MHA mechanism. The attention operation for the nh-th head to extract path-wise spatial features

is mathematically formulated as

[Rnh]i,k,: = Attention
(
[Qnh]i,k,:, [Knh]i,:,:, [Vnh]i,:,:

)
(3.27)

= Softmax

(
[Qnh]i,k,:, [Knh]

T
i,:,:√

Kdim

)
[Vnh]i,:,: . (3.28)

Here, Rnh has the same shape as Vnh , and each row of [Rnh ]i,:,: corresponds to an estimated

channel path factoring in other paths’ information within the same estimation time frame, i.e.,

114



paths with higher estimation confidence at each time step should be prioritized for subsequent

processing. As shown in Fig. 3.3d, outputs from individual attention heads are concatenated

and processed through a dense layer resulting in a dimension of Vdim, and then connected to the

normalization layers to ensure consistent feature scaling and effective information propagation

through the network. Let R ∈RΓ×Nest×Vdim represent the output from the spatial feature extraction

block, position encoding is then applied to R to preserve the chronological order of the estimated

channels before temporal feature extraction. The resulting tensor is flattened along the last

two dimensions with the out shape of Γ×NestVdim. Subsequent processing through a MLP

module generates three types of channel representations, {V′1, ...,V′Nh
} with V′nh

∈ RΓ×Vdim ,

{K′1, ...,K′Nh
}with K′nh

∈RΓ×Kdim , and {Q′1, ...,Q′Nh
}with Q′nh

∈RΓ×Qdim , where each row of the

representation matrices corresponds to information from a specific time step. Thereafter, the three

types of representations are processed through the MHA module where the attention operation for

the nh-th attention head becomes [R′nh
]i,: = Attention

(
[Q′nh

]i,:,K
′
nh
,V′nh

)
. The resulting output

passes through a dense layer and is residually connected to the normalization layers, similar to

the structure of the preceding spatial feature extraction block. The output from the temporal

feature extraction block is the representation R′ ∈ RΓ×Vdim which emphasizes more accurately

estimated channels within the sequence and incorporates temporal evolution features. To acquire

the orientation estimate at the current time step, the final row of R′, i.e., [R′]−1,: indicating the

current information, is selected to go through MLP layers, along with the concatenated previous

orientation estimates ϖ̂ϖϖτn−1|Γ−1, to produce the current orientation estimate ϖ̂ (τn). Notably,

the channel estimates provide essential information about the propagation environment, and

enable the network to adjust and mitigate sequential orientation prediction errors. In summary,

this approach achieves orientation tracking by incorporating channel and orientation histories,

leveraging the temporal consistency between channel variations and orientation changes, and

capturing the inherent relationship between vehicle motion and channel evolution. This decoupled

spatial-then-temporal design is motivated by the observation that spatial multipath structure

changes slowly across time steps, while temporal evolution captures vehicle motion dynamics.

115



The algorithm for orientation tracking is summarized in Algorithm 4.

3.3.3 Geometric Transformation for Single-Shot Localization

Once the vehicle orientation ϖ (τn) is determined, the estimated relative azimuth AoAs

can be compensated to acquire the angles in the global coordinate system as θ̂θθ
az
τn
= θ̂θθ

az
τn
+ ϖ̂ (τn) =[

θ̂
az(τn)
1 , ..., θ̂

az(τn)
Nest

]T
. To derive the vehicle’s position, we first leverage DoD and DoA in the

form of unitary vectors, denoted as # »φℓ = [cos(φ el
ℓ )cos(φ az

ℓ ),cos(φ el
ℓ )sin(φ az

ℓ ),sin(φ el
ℓ )]

T and
#»

ϑℓ = [cos(θ el
ℓ )cos(θ az

ℓ ),cos(θ el
ℓ )sin(θ az

ℓ ),sin(θ el
ℓ )]

T, and formulate the geometric relationship

between the BS and the vehicle for each first order reflection ℓ satisfying

r(τn)
v +dϑ(τn)

ℓ · #»

ϑℓ
(τn) = rB +dφ(τn)

ℓ · # »φℓ
(τn); (3.29)

dϑ(τn)
ℓ +dφ(τn)

ℓ =
(

t(τn)
ℓ + t(τn)

off

)
· vc, (3.30)

where r(τn)
v is the vehicle’s 3D position at τn, rB is the known array position on the BS, dϑ(τn)

ℓ is the

distance between the vehicle and the scattering point, dφ(τn)
ℓ is the distance between the scattering

point and the BS, and vc is the light speed. Note that (3.29) and (3.30) hold for LOS situations as

well assuming a pseudo scattering point in the middle of the LOS path. Before resolving (3.29) and

(3.30) to determine the vehicle’s position, it is imperative to identify and select the LOS/first order

reflections, as it allows for the exclusion of higher order MPCs that will introduce errors in the

following localization process. While our previous work [121] employs a neural network for path

Algorithm 4. Orientation Tracking using VO-ChAT.

1: Input: Previous channel estimate and orientation estimate sequences {Ẑτn−1|Γ−1, ϖ̂ϖϖτn−1|Γ−1};
2: Output: Current slot orientation estimate: ϖ̂ (τn);
3: for each tracking slot τn do
4: Obtain channel estimate Ẑτn

via F-MOMP as in (3.25);
5: Acquire Ẑτn|Γ =

[
Ẑτn−1|Γ−1, Ẑτn

]
by concatenation;

6: Apply VO-ChAT algorithm for ϖ̂ (τn) as in (3.26);
7: end for
8: return ϖ̂ (τn)
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order classification, we leverage the tracking scenario’s inherent advantages here. Specifically,

we assume the height of the vehicle array is known and remained consistent along a trajectory as[
r(τn)

v

]
3
= hv, and substitute dφ(τn)

ℓ =
(

hv +dϑ(τn)
ℓ ·

[
#»

ϑℓ
(τn)
]

3
− [rB]3

)
/
[

# »φℓ
(τn)
]

3
into (3.30) to

derive d̂ϑ(τn)
ℓ =

[
#̂ »φℓ

(τn)
]

3
·
(

t̂(τn)
ℓ +t̂

(τ0)
off

)
·vc+[rB]3−hv[

#̂ »φℓ
(τn)
]

3
+
[

#̂»

ϑℓ
(τn)]

3

, where t̂(τ0)
off is the clock offset estimated during the

initial access stage [121] and the subsequent time-varying clock offsets t(τn)
off should be attributed

to small drifts. Then path ℓ is discarded for localization if d̂ϑ(τn)
ℓ ≤ [rB]3. In addition, the

estimated path gain should be above a threshold to guarantee the channel tracking accuracy, i.e.,

an estimated path is also discarded if |α̂ℓ| ≤ |αth|. Afterwards, for all the selected paths ℓ ∈ L,

where L is the set containing the estimated LOS and/or first order reflections, we substitute

dφ(τn)
ℓ = vct

(τn)
ℓ + vct

(τn)
off −dϑ(τn)

ℓ into (3.29) as

r(τn)
v +dϑ(τn)

ℓ

(
#»

ϑℓ
(τn)+ # »φℓ

(τn)
)
− vct

(τn)
off

# »φℓ
(τn)

= rB + vct
(τn)
ℓ

# »φℓ
(τn). (3.31)

Therefore, a WLS estimation problem can be formulated:


w1B1

...

w|L|B|L|

o =


w1b1

...

w|L|b|L|

 , (3.32)

where wℓ is the weight assigned to path ℓ proportional to its estimated gain |α̂ℓ| in decibel,

Bℓ =
[
B′ℓ,B

′′
ℓ

]
∈R3×(3+|L|) with B′ℓ =

 I2

01×2

− #̂ »φℓ
(τn)

 and B′′ℓ ∈R3×|L| containing columns of

zeros except its ℓ-th column given by
[
B′′ℓ
]

:,ℓ
=

#̂»

ϑℓ
(τn)

+ #̂ »φℓ
(τn), bℓ = rB− [0,0,hv]

T+vct̂
(τn)
ℓ

#̂ »φℓ
(τn),

and the vector containing the unknown variables to be estimated with the LS estimation algorithm
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is defined as

o =
[
[r(τn)

v ]T1:2,vct
(τn)
off ,dϑ(τn)

1 , ...,dϑ(τn)
|L|

]T
. (3.33)

By solving (3.32), the single-shot 2D localization result is given by r̂(τn)
vq = [ô]1:2, the clock

offset is determined as t̂(τn)
off = [ô]3

vc
, and the estimated absolute ToAs are accordingly obtained as

t̂τn = t̂τn
+ t̂(τn)

off =
[
t̂(τn)
1 , ..., t̂(τn)

Nest

]
.

We denote Ẑτn|Γ = stack
(
Ẑτn−Γ+1 , ..., Ẑτn

)
for the subsequent position tracking task, where

Ẑτn =
[
α̂αατn, t̂τn, θ̂θθ

az
τn
, θ̂θθ

el
τn
, φ̂φφ

az
τn
, φ̂φφ

el
τn

]
∈ RNest×6 with the time offset and orientation compensated

should be distinguished from Ẑτn
defined in (3.25).

3.3.4 VP-ChAT for Vehicle Position Tracking

While solving (3.32) yields the single-shot localization results, incorporating historical

trajectory information and calibrating r̂(τn)
vq is beneficial to enhance the accuracy. To this end, we

propose a second network VP-ChAT built upon the architecture of VO-ChAT, as illustrated in

Fig. 3.3b. Our approach conceptualizes the position tracking task as a sequence-to-sequence

translation problem. The encoder, which maintains a self-attention mechanism similar to that

in VO-ChAT, is designed to capture intricate spatial and temporal multipath features from

the mmWave channel. A decoder is applied to process the vehicle’s trajectory, and given

the strong correlation between vehicle trajectory and channel dynamics, the cross-attention

module can effectively align and translate the encoded channel features into precise location

features. In VP-ChAT, the ChanSTA module, structurally identical to that of VO-ChAT, together

with an additional MLP module serves as an encoder, which captures the complex multipath

characteristics and their temporal evolution. Concurrently, the decoder processes the trajectory

information within the given time period, then generates the query representations of the position

information to perform cross MHA with the encoder outputs to request for a correction of the
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current single-shot position estimate, i.e.,

∆r̂(τn) = VP-ChAT
(
Ẑτn|Γ, r̂τn|Γ;Wp) , (3.34)

where ∆r̂(τn) is the correction vector for r̂(τn)
vq so that the corrected position is r̃(τn)

vq = r̂(τn)
vq +∆r̂(τn),

Ẑτn|Γ, the channel sequence with orientation and clock offset compensated (as opposed to Ẑτn|Γ

which retains the uncompensated offsets), serves as the encoder input, r̂τn|Γ is the decoder input

comprising the historical corrected position estimates r̃(τn′)
vq for n′ = n−Γ+1, ...,n−1 and the

current single-shot position estimate r̂(τn)
vq , denoted as r̂τn|Γ =

[
r̃(τn−Γ+1)

vq ; ...; r̃(τn−1)
vq ; r̂(τn)

vq

]
∈ RΓ×2,

and Wp is the learnable network parameters. In detail, the encoder extracts the spatial and

temporal evolution features of the estimated channels similar to that in the orientation tracking

task, and generates Nh pairs of value and key representations of the estimated channel sequence,

denoted as {V1, ...,VNh} with Vnh ∈ RΓ×Vdim and {K1, ...,KNh} with Knh ∈ RΓ×Kdim for the

following cross attention operations. At the decoder, r̂τn|Γ is processed by MLP layers for feature

expansion, followed by the positional encoding to preserve chronological order. The resulting

tensor is processed to generate the three types of representations for self MHA operations,

which extracts the vehicle’s moving patterns and produces a sequence of dimension Γ×Vdim,

where each row represents the position information at a specific time step while incorporating

contextual information from the entire input trajectory sequence. To facilitate current position

correction, the final row of the sequence indicating the information from the current time step

is transformed into Nh query vectors, denoted as {q1, ...,qNh
}, to perform cross MHA with the

encoder outputs, i.e., Attention
(
qnh

,Knh,Vnh

)
for nh = 1, ...,Nh. Finally, the output from the

cross MHA mechanism undergoes additional processing through MLP layers and yields the

current position correction vector. In summary, the encoder-decoder architecture of VP-ChAT

maintains temporal coherence for the channel and trajectory sequences, and the cross attention

mechanisms establish the connections among the channel evolution, the vehicle’s trajectory, and

system errors introduced by the channel estimation and localization methods, hereby achieving
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Algorithm 5. Vehicle 2D position tracking using VP-ChAT.

1: Input: Channel estimate sequence (with orientation compensated) Ẑτn|Γ; Previous position
tracking results

[
r̃(τn−Γ+1)

vq ; ...; r̃(τn−1)
vq

]
;

2: Output: Corrected current position estimate r̃(τn)
vq ;

3: for each tracking slot τn do
4: Derive single-shot location estimate r̂(τn)

vq as in (3.32);
5: Acquire r̂τn|Γ =

[
r̃(τn−Γ+1)

vq ; ...; r̃(τn−1)
vq ; r̂(τn)

vq

]
by concatenation;

6: Apply VP-ChAT for current location correction ∆r̂(τn) as in (3.34);
7: Correct location estimate by r̃(τn)

vq = r̂(τn)
vq +∆r̂(τn);

8: end for
9: return r̃(τn)

vq

2

𝑥
𝑦

𝑧

െ120 dBm

Figure 3.4. Ray-tracing simulation example in the urban canyon environment. The MPCs with
gains ≥−120 dBm are plotted.

precise position refinement. The position tracking algorithm is summarized in Algorithm 5.
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3.4 Simulation Results

This section presents the mmWave vehicular system setups, followed by the analysis of

the experimental results. All experiments use ray-tracing simulated channels from a realistic

urban canyon environment described below. We first present the channel tracking performance

using the F-MOMP algorithm to demonstrate its accuracy for vehicle localization. Subsequently,

we present the orientation prediction results using VO-ChAT and evaluate the vehicle position

tracking performance using VP-ChAT after orientation compensation, comparing these results

with SOTA localization methods with mmWave communication channels.

As the ray-tracing simulation snapshot depicted in Fig. 3.4, we consider an urban canyon

environment within a rectangular cuboid with opposite corners located at (x,y,z) = [−13,−123,0]

m and [231,85,56] m, respectively. The environmental configurations including the surface

materials follow the settings in [150]. The cars and trucks are distributed across four lanes in the

center according to the 3rd Generation Partnership Project (3GPP) standard technical report [40],

and move at the speed limits assigned to each lane: 60, 50, 25, and 15 km/h. We pick an active

vehicle driving at 60 km/h on the first lane for the tracking experiment, with its orientation

dynamically adjusted according to the driver behavior model by setting r⋆(τ +Tla) on the lane

centerline with looking ahead time Tla = 0.5 s, driver gain Ke = 2, leading time constant Te = 0.2,

the mean and variance of the wheel steering rate ω̇ = 1.3 rad/s and σ2
ω = 0.172. Ray-tracing

simulations are conducted at a carrier frequency of fc = 73 GHz with the snapshots captured at

∆τ = 10 ms intervals until the active vehicle reaches the lane end. We generate 32 trajectories

where the vehicles start from randomly selected positions on each lane, each of which contains

simulation results of ∼ 250 snapshots.

3.4.1 F-MOMP for Channel Tracking

We consider the communication architecture where a Nx
t ×Ny

t = 16×16 URA and four

Nx
r ×Ny

r = 12×12 URAs are deployed at the BS and the vehicle, respectively. In every tracking
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Figure 3.5. Channel tracking performance comparison. (a)–(c) F-MOMP vs. MOMP with
Pt = 45 dBm, noise∼−84 dBm, and Nest = 5 estimated paths per channel; (d) angular estimation
accuracy vs. path gains using F-MOMP, showing sufficient paths with adequate accuracy for
reliable localization.

period, the BS transmits Ns = 4 data streams with a length of Q = 36 drawn from a Hadamard

matrix of order 26, with a transmitted power of Pt = 45 dBm. A raised-cosine filter with a

roll-off factor of 0.4 is used as the pulse shaping function. The system operates at the carrier

frequency of fc = 73 GHz, with a bandwidth of Bc = 1 GHz. Based on the simulated channel

properties and the bandwidth, the number of channel taps is fixed to Nd = 32. The analog

precoders and combiners are constructed based on the historical channel angle estimates, i.e.,

the beams point toward the directions aligning with the previously estimated DoAs and DoDs.

The vehicle receives M = 40 measurements to track channel parameters under the assumption

of Nest = 5 paths per channel. The resolution for the delay reduced dictionary ΨΨΨ1 is set to 0.25

ns, and the angular reduced dictionaries ΨΨΨk (k = 2, . . . ,5) are constructed with a resolution

of 0.25◦. For all dictionaries, the number of search grids is set to gk = 8. Furthermore, the

number of iterations for the MOMP algorithm is set to Niter = 4 to ensure convergence with low

computational complexity. The channel tracking results are shown in Fig. 3.5, where the errors

are calculated between the estimated paths and their closest counterparts in the true channel.

For both F-MOMP and MOMP, the delay errors are below 5 ns for 95% of the situations, and

the 95-th percentile values of the angular errors are 7.1◦, 3.6◦, 2.3◦, and 2.8◦ for the estimated

azimuth and elevation AoAs, and azimuth and elevation AoDs, respectively. MOMP performance
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Figure 3.6. (a) VO-ChAT tracking unknown orientation for trajectories in Str and Ste; (b)
single-shot geometric localization, where the VO-ChAT predicted ϖ̂ achieves performance
comparable to using the true ϖ .

with identical system settings is shown in Fig. 3.5 (a)-(c) for comparison, exhibiting degraded

path gain and delay estimation accuracy. Angular estimation results are comparable for azimuth

and elevation AoD (90th percentile error ≤ 1.5◦), while F-MOMP demonstrates better azimuth

and elevation AoA estimation performance compared to MOMP’s 90th percentile error of∼ 6.5◦.

This improvement can stem from F-MOMP’s factoring operation enabling broader dictionary

grid coverage for capturing true angle values. The estimation for departure angles has higher

accuracy due to the larger antenna array employed at the BS. In addition, paths with higher gain

magnitude allow higher angle estimation accuracy, as shown in Fig. 3.5d, which motivates us to

assign weights proportional to the estimated path gains to prioritize more reliable paths during

the localization phase to enhance the accuracy.

3.4.2 VO-ChAT for Orientation Tracking and Single-Shot Localization
after Orientation Compensation

We consider the tracking length of Γ = 8, and the input has a dimension of 8×5×6.

According to the design in Fig. 3.3, there are six MLP modules in VO-ChAT, denoted as MLPi

for i = 1, ...,6: four modules within the ChanSTA component, one before and one after the
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concatenation of historical orientation estimates. Each MLP module consists of dense layers with

neuron configurations as (32,128) for MLP1, (128,128) for MLPi, i= 2,3,4, (32,8,1) for MLP5,

and (16,16) for MLP6, where each tuple represents the number of neurons per dense layer. The

SiLU activation function [151] is applied after each FC layer to introduce non-linearity into the

network. We consider a single head and two heads for the two MHA modules, respectively, and

the embedding dimensions are set to Kdim = Qdim = 32 for keys and queries, and Vdim = 128 for

values, for both the MHA modules. A dropout rate of 0.2 is applied across all dropout layers in the

MHA modules. Among the 32 trajectories in the database, VO-ChAT is trained on 24 trajectories,

denoted as Str which is split 0.85/0.15 for training and validation, and tested on the other 8

trajectories denoted as Ste. The network training employs MSE loss with the Adam optimizer for

500 epochs, incorporating early stopping based on validation performance to prevent overfitting.

The learning rate is 0.001 with a decay rate of 0.95 every 80 epochs. The orientation tracking

performance, presented in Fig. 3.6a, demonstrates the network’s generalization capability. On the

training set, the 50th, 80th, and 95th percentile errors are 0.18◦, 0.38◦, and 0.61◦, respectively.

Comparable errors of 0.20◦, 0.41◦, and 0.60◦ are observed on the testing set.

After the orientation compensation to retrieve the angle values in the global coordinate

system, we acquire the single-shot geometric localization results employing weighted path

contributions, where the weight for each path ℓ is computed as wℓ = |α̂ℓ|−min{|α̂1|, ..., |α̂|L||}+

ε|α|, where ε|α| = 2 is the positive constant that ensures non-zero weights for all paths. As

presented in Fig. 3.6b, the localization errors are below 1.06 m, 2.26 m, and 3.88 m for 50%,

80%, and 95% of the cases, respectively. The results are compared to the situation with no

orientation compensation and with perfect orientation knowledge, where using the predicted ϖ̂

achieves comparable performance to that with the true ϖ , while without orientation compensation

the 95-th percentile accuracy is 6.62 m.
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Figure 3.7. An example of (a) position tracking performance, and (b) orientation tracking
performance based on a trajectory from Ste.
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Figure 3.8. CDF of the position tracking error for VP-ChAT and relevant SOTA methods.
VP-ChAT significantly outperforms prior work, achieving 0.26 m accuracy for 80% of the test
trajectories.

Table 3.4. MLP module specifications for the encoder and decoder of VP-ChAT.

Encoder DecoderModule
MLP1 MLP2 MLP3 MLP4 MLP5 MLP1 MLP2 MLP3

Layer
specification (32, 128) (128, 128) (128, 128) (128, 128) (32) (8) (32) (32)
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3.4.3 VP-ChAT for Position Tracking

VP-ChAT employs an encoder-decoder architecture where the encoder processes estimated

channel information using the same structure as VO-ChAT, i.e., the input channel sequence has

a length of Γ = 8 and its dimension is 8×5×6, while the decoder analyzes the input position

sequence with a length of Γ= 8 to generate position corrections for the current single-shot position

estimate. The encoder ahead of the cross-MHA module comprises five MLP modules with layer

configurations specified in Table 3.4, following the same notations defined for VO-ChAT for

simplicity. The encoder adopts single-head attention for the first MHA and two-head attention

for the second MHA module. Besides, the decoder employs MLP modules with FC layer

configurations specified in Table 3.4, processing position evolution information through single-

head self-attention. The following single-head cross-attention between the decoder-generated

query and encoder-produced value-key pair is implemented considering the inside MLP with

a single layer of 32 neurons, and the final MLP module consists of a single layer of 8 neurons.

Similar to training VO-ChAT, the Adam optimizer and MSE loss are considered for training on

Str for 1000 epochs with early stopping.

An example of tracking performance on a trajectory from Ste is presented in Fig. 3.7a,

where the VP-ChAT tracked positions align with the ground truth with deviations of ≤ 0.47 m,

outperforming tracking using EKF and that in [134]. In addition, Fig. 3.8 illustrates the position

tracking performance for trajectories within training and testing sets. For the training set, the

average tracking accuracy is 0.1 m, with 95th percentile errors at 0.33 m. On the testing set it

realizes sub-meter localization across all trajectories, achieving localization errors of 0.15 m, 0.26

m, and 0.36 m at the 50th, 80th, and 95th percentiles, respectively. These results indicate strong

generalization capabilities of VP-ChAT, as its performance on unseen test data closely mirrors

its performance on the training data. For comparison, we implement an EKF as the baseline,

considering the state vector of [x,y,vv,ϖ ]T. The algorithm has a computational complexity of

O(N3), which is not overly costly for moderate state dimensions. In addition, we reproduce
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the algorithm proposed in [134], which considers a similar urban driving scenario, addresses

clock offset using RTT, and identifies higher-order reflections via a learning method trained on

3.6 million data samples, followed by vehicle PO tracking using a UKF with a computational

complexity of O(N3). While [134] assumes idealized channel parameters, our implementation

adopts channel estimates obtained through F-MOMP. For the DL-based tracking module, we

compared network complexity with [135], which employs an LSTM network for position tracking,

as shown in Table 3.5. Although the proposed VP-ChAT network requires 5.4 MFLOPs compared

to 2 MFLOPs, it achieves higher accuracy with improving tracking performance from 2.1 m to

0.36 m at the 95th percentile.

Table 3.5. Comparison of model complexity and efficiency, where model size is evaluated by the
number of parameters.

Model Model Size (M) Memory (MB) MFLOPs

VP-ChAT (Proposed) 0.23 0.88 5.40
NLOS LSTM [135] 0.30 1.15 2.00

3.5 Collaborative Vehicle Positioning via V2I/V2V Sidelink
Exploitation

The single-vehicle framework developed in the preceding sections assumes a persistent

V2I LOS link. In practice, vehicles frequently enter NLOS regions in dense urban canyons,

where V2I localization performance degrades substantially. Existing collaborative localization

methods [152–154] address multi-vehicle scenarios but suffer from several limitations: (1)

reliance on measurements from multiple BSs; (2) neglect of unknown inter-vehicle clock offsets,

which critically limits ranging accuracy; (3) neglect of antenna array orientation offsets; (4)

reliance on simplified 2D models or perfect channel parameter assumptions; and (5) the high

complexity of time-domain channel estimation accounting for realistic filtering effects is left

unaddressed. This section extends the framework to a multi-vehicle collaborative scenario:

vehicles with a LOS to the BS act as anchors and are localized through the V2I downlink,

127



while NLOS vehicles become targets whose positions are inferred through V2V sidelinks. The

BS coordinates resource allocation and scheduling across the vehicle group, while the anchor

vehicles manage the aggregation and processing of collaborative positioning information. This

purely model-based geometric framework complements the neural network-based tracking of the

previous sections; it explicitly handles per-vehicle clock and orientation offsets using ESPRIT-D

channel estimates that account for realistic filtering effects, making it robust for vehicles that

intermittently lose V2I coverage.

3.5.1 System Model Extension for Multi-Vehicle Scenarios

We consider a group of three vehicles sharing the same roadway, of which at least one has

a LOS channel to the BS at any given time frame. The V2I channel for vehicle u is as in (3.6),

parameterized by its per-vehicle clock offset t(τ)off,u and array orientation offset ∆ϖ
(τ)
u relative to

the global coordinate frame. When the targets enter NLOS, the V2V sidelink is activated. The

sidelink channel from vehicle ui to vehicle uk at frame τ is modeled as

Ḣ(τ)
n =

L̇

∑
ℓ=1

α̇
(τ)
ℓ fp

(
nTs−

(
ṫ(τ)ℓ −(t

(τ)
off,uk
−t(τ)off,ui

)
))
·

a
(

θ̇
(τ)
az,ℓ−∆ϖ

(τ)
uk , θ̇

(τ)
el,ℓ

)
a
(

φ̇
(τ)
az,ℓ−∆ϖ

(τ)
ui , φ̇

(τ)
el,ℓ

)∗
, (3.35)

where dots denote sidelink channel parameters (α̇(τ)
ℓ , ṫ(τ)ℓ , θ̇

(τ)
ℓ , φ̇

(τ)
ℓ ), t(τ)off,uk

− t(τ)off,ui
is the inter-

vehicle relative clock offset, and ∆ϖ
(τ)
uk and ∆ϖ

(τ)
ui are the orientation offsets at the receiver and

transmitter, respectively. The sidelink is modeled as LOS due to the close proximity among

vehicles within a group. The received sidelink signal follows the same form as (3.8):

ẏτ,m[q] = Ẇ∗τ,m
Ṅd−1

∑
n=0

√
ṖḢ(τ)

n Ḟτ,ms[q−n]+Ẇ∗τ,mṅτ,m[q], (3.36)

where Ṗ is the V2V transmit power, Ṅd is the number of sidelink channel taps, Ḟτ,m and Ẇτ,m are

the V2V precoder and combiner designed based on previous channel angle estimates, and ṅτ,m[q]
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(a) (b)

Figure 3.9. Sky view of collaborative positioning: (a) single-anchor scenario (u1 localized via
V2I, u2 and u3 as NLOS targets); (b) multi-anchor scenario (u1 and u2 as anchors, u3 as target).
Circled numbers indicate the ordering of link parameter estimation.

is the additive white Gaussian noise on the sidelink. The BS coordinates scheduling across the

vehicle group; the anchor vehicles aggregate the positioning information for processing.

3.5.2 Collaborative Localization Framework

Sidelink channel parameters are estimated using ESPRIT-D (Sec. 2.3.2 in Chapter 2),

adapted to the V2V setting. This algorithm accounts for the system filtering effects and provides

high-resolution AoA, AoD, and delay estimates for the sidelink LOS path. The beams are steered

toward the previous angle estimates to reduce pilot overhead. As the localization geometry is

time-stationary within each estimation interval, the time index τ is omitted in the following for

clarity.

Single-Anchor Scenario

Let u1 be the anchor (V2I LOS) and u2, u3 be the targets (Fig. 3.9a). Each target transmits

pilots in turn to the anchor and to the other target. For a V2V link from ui to uk, the estimated
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Figure 3.10. Illustration of the V2V sidelink channel geometry exploited for collaborative
localization.

AoA and AoD at the receiver satisfy, for the LOS path:


cos(φ̂az,i +∆ϖui) =−cos(θ̂az,k +∆ϖuk)

sin(φ̂az,i +∆ϖui) =−sin(θ̂az,k +∆ϖuk)

, (3.37)

reflecting the geometric anti-parallel relationship between AoD and AoA for a LOS path. Let

∆ϖik = ∆ϖui−∆ϖuk ; then (3.37) yields the linear system

cos φ̂az,i −sin φ̂az,i

sin φ̂az,i cos φ̂az,i


︸ ︷︷ ︸

Aori

cos∆ϖik

sin∆ϖik

=

−cos θ̂az,k

−sin θ̂az,k

 , (3.38)

from which ∆ϖik is obtained via LS estimation. Relative orientation offsets ∆ϖ23, ∆ϖ21, and

∆ϖ31 are estimated from three distinct transmissions. The absolute offsets ∆ϖu2 and ∆ϖu3 are
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then recovered using the known ∆ϖu1 (from the V2I AoD) by solving the over-determined system


1 −1

1 0

0 1


∆ϖu2

∆ϖu3

=


∆ϖ23

∆ϖ21 +∆ϖu1

∆ϖ31 +∆ϖu1

 . (3.39)

With all angles expressed in the global coordinate frame, the inter-vehicle distance d̂23 is

obtained from the RTT between u2 and u3: d̂23 = c(t̂23 + t̂32)/2. The law of sines applied to the

triangle formed by the three vehicles gives

(t̂21 + toff,u1− toff,u2) · c
sinψ3

=
(t̂31 + toff,u1− toff,u3) · c

sinψ2
=

d̂23

sinψ1
, (3.40)

where ψi = cos−1(⟨φφφ i1,φφφ ik⟩) for i,k ∈ {2,3}, i ̸= k, and ψ1 = cos−1(⟨θθθ 21,θθθ 31⟩), with φφφ ik and

θθθ ik being the unit DoD and DoA direction vectors. This yields the linear system Ax = b for

x =
[
toff,u2, toff,u3

]T:

A =

 I2

sinψ2 −sinψ3

 ; b =


t̂21 + toff,u1−

d̂23 sinψ2
csinψ1

t̂31 + toff,u1−
d̂23 sinψ3
csinψ1

∑
3
i=2(−1)i sinψi(t̂i1 + toff,u1)

 . (3.41)

Clock offset estimates are averaged over the trajectory to reduce the impact of channel estimation

errors. Finally, the target positions are obtained by geometric propagation from the anchor:

p̂ui = p̂u1 +θθθ i1 · c
(
t̂i1 + toff,u1− toff,ui

)
, i = 2,3. (3.42)

Multi-Anchor Scenario

When two vehicles (u1 and u2) are in LOS and act as anchors (Fig. 3.9b), the target u3

transmits pilots to both. Each anchor independently estimates the V2V channel parameters. The

relative orientation offsets ∆ϖ31 and ∆ϖ32 are computed from (3.38) using the respective anchor
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receptions, and the absolute orientation offset of the target is obtained by averaging:

∆ϖu3 =
1
2 (∆ϖ31 +∆ϖu1 +∆ϖ32 +∆ϖu2) . (3.43)

The clock offset toff,u3 is derived analogously to (3.40) using the two anchor delays and their

known clock offsets:

toff,u3 =
∑

2
i=1(−1)2 sinψi(t̂3i− toff,ui)

sinψ1− sinψ2
. (3.44)

Two independent position estimates for u3 are computed via (3.42) from each anchor, and their

average is taken as the final estimate.

Kalman Filter for Temporal Tracking

A KF is applied independently per vehicle to improve positioning accuracy across

frames, particularly during brief NLOS periods. The state of vehicle ui at frame τ is

s(τ)ui =
[
x(τ)ui , v(τ)x,ui, y(τ)ui , v(τ)y,ui

]T
, where v(τ)x,ui ∼ N (v̇x,ui,σ

2
x,ui

) and v(τ)y,ui ∼ N (v̇y,ui,σ
2
y,ui

) are the

velocity components, modeled as Gaussian with vehicle-specific mean and variance [155]. The

measurement vector is the 2D position estimate z(τ)ui = [p̂(τ)
ui ]1:2. During fully NLOS periods

where no sidelink observation is available, the KF relies on the state transition function alone,

sustaining coverage across the entire trajectory.

3.5.3 Simulation Results

The simulation environment is the same urban canyon described in Sec. 3.4. Three

vehicles — two cars (1.6 m height) and one truck (3.8 m height) — move at speeds of 20, 40,

and 60 mph. For the V2V links, the BS array is 24×24 and vehicle arrays are 8×8; transmit

power is 10 dBm for V2V and 40 dBm for V2I. Pilot length Q = 38, snapshot interval 25 ms;

raised cosine pulse shaping with roll-off 0.6. Ten trajectory sets with different starting positions

are used, each containing approximately 150 snapshots.
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Figure 3.11. Sidelink channel estimation results: (a) CDF of angular estimation errors for
3D AoA/AoD and orientation offsets; (b) CDF of delay estimation errors after clock offset
compensation.

Fig. 3.11 shows the sidelink parameter estimation accuracy. ESPRIT-D achieves angular

errors below 0.1◦ for 95% of cases. Orientation offset estimation errors remain consistently

below 0.05◦ due to the geometric constraints in (3.38). Clock offset estimation errors stay below

10 ns, and the compensated delay errors are likewise within 10 ns, confirming the accuracy of

the ranging stage.

Fig. 3.12 shows an example trajectory for one vehicle group. Without V2V collaboration,

V2I coverage reaches only 98%, 45%, and 18% of time frames for u1, u2, and u3, respectively.

After introducing collaborative sidelink positioning, all vehicles achieve 98% coverage, with the

remaining 2% relying on the KF state transition. The NLOS periods (gray regions) exhibit no

localization accuracy penalty compared to the LOS periods.

Fig. 3.13 presents the CDF of 2D localization error across all testing trajectories. Single-

snapshot collaborative positioning achieves an average error of 0.4 m for NLOS targets, with

errors below 1.2 m for 90% of cases. After applying the KF, the average improves to 0.3 m,

with sub-meter accuracy for 90% of cases. V2I NLOS localization [121] — which requires

≥ 3 first-order reflections — achieves only 1.2 m average, highlighting the advantage of the
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Figure 3.12. Sky view of collaborative positioning results for a group of three vehicles on three
lanes. Gray regions indicate NLOS periods where V2I coverage is lost and V2V sidelinks are
activated. Sub-meter positioning is maintained throughout the trajectory.

Table 3.6. Comparison of cooperative localization schemes in urban driving scenarios. The
proposed geometric-model approach outperforms all baselines, with over 4× improvement in
average accuracy over GNSS-based methods.

Ref. Data type Localization scheme Avg. error (m) 90%-ile error
(m)

[152] V2I/SL-AoA +
V2I/SL-ToA

Factor Graph + BP 1.2 1.5

[153] GNSS + SL-ToA Factor Graph + BP 2.9 3.5
[154] GNSS + SL-AoA Graph Laplacian with LMS 1.4 2.5

Proposed V2I/SL-AoA +
V2I/SL-ToA

Collaborative geometric
loc. + KF

0.3 0.7

collaborative V2V approach.

Table 3.6 compares the proposed method against representative V2X cooperative localiza-

tion schemes. Methods exploiting mmWave V2I/V2V channels [152] outperform GNSS-based

solutions [153, 154]. The proposed approach achieves 1 m improvement in average accuracy

over [152] and a 50% improvement at the 90th percentile. This is primarily attributable to two
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Figure 3.13. CDF of the 2D localization error (m) for collaborative positioning of NLOS targets,
with and without Kalman filtering, compared to V2I NLOS localization.

innovations: (1) explicit model-based estimation of per-vehicle clock offsets, which is neglected

by all baselines, and (2) use of high-resolution mmWave channel estimates from ESPRIT-D

accounting for realistic filtering effects, as opposed to simplified or ideal channel parameters

assumed in prior work.

The model-based collaborative framework is complementary to the data-driven tracking

networks of the previous sections. While VP-ChAT provides precise single-vehicle position

corrections through learned channel-trajectory correlations, the collaborative extension handles

multi-vehicle NLOS scenarios where V2I information is unavailable, relying on interpretable

geometric transformations without any training data requirement. Together, the two approaches

form a complete positioning framework covering both single-vehicle and multi-vehicle operating

conditions in realistic urban deployments.
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3.6 Conclusion

We developed a hybrid model/data-driven framework for mmWave communication

channel tracking and precise vehicle PO tracking in urban environments, adopting realistic

system models that account for factors often neglected in prior studies. First, we introduced

a low-complexity time domain channel tracking algorithm, F-MOMP, to accurately estimate

multipath parameters with delay and angular errors below 0.1 ns and 2◦ for 80% of cases,

sufficiently supporting vehicle localization. Then, VO-ChAT, employing an attention mechanism

to process channel estimate sequences, tracks the vehicle’s orientation with errors below 0.5◦ in

80% of cases. Thereafter, we formulated a WLS problem using the selected LOS and first-order

channel paths to realize single-shot localization. Finally, VP-ChAT, built upon the Transformer

architecture, leverages the channel and position estimation sequence to provide the correction for

the single-shot position estimate, achieving the tracking accuracy of 15 cm and 26 cm at the 50th

and 80th percentiles, respectively.

We further extended the framework to multi-vehicle collaborative positioning, where

a model-based geometric approach enables NLOS vehicles to be localized via V2V sidelinks.

By explicitly estimating per-vehicle clock offsets and orientation offsets from sidelink channel

parameters and applying a Kalman filter for temporal smoothing, the proposed collaborative

framework achieves an average 2D localization error of 0.3 m for NLOS targets, with sub-meter

accuracy for 90% of cases — outperforming existing cooperative localization schemes by a wide

margin.

The results demonstrate that the hybrid model/data-driven approaches for precise vehicle

tracking with mmWave channel estimates in complex urban environments are effective, with

deep learning modules integrated when model-based methods exhibit limitations. The network

architecture integrates two intuitive principles: 1) a Transformer-based architecture to capture long-

range temporal dependencies, and 2) decoupled branches for channel parameter estimation and

pose regression to mitigate mutual interference. In contrast to billion-parameter language models
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[156], our lightweight framework contains only 0.23 M trainable parameters, demonstrating data

efficiency.

Several extensions follow naturally from the framework. The collaborative positioning

solver decomposes per V2V pair, so a fully distributed implementation in which each vehicle

exchanges sidelink measurements only with its neighbors and updates its local estimate via

consensus or distributed primal/dual iterations is the natural multi-agent counterpart of the

centralized scheme presented here. The current evaluation reports observability empirically

through CDFs across many ray-tracing scenarios; the local geometric solve is non-observable

in the degenerate case where collaborating vehicles are colinear with the NLOS target, which

motivates a formal observability and stability analysis as a control-theoretic extension. From a

communication-resource perspective, since each pair only exchanges tens of bytes per update, an

event- or self-triggered messaging policy where a vehicle transmits only when its local innovation

exceeds a threshold is a principled way to handle bandwidth and intermittent V2V links without

sacrificing tracking accuracy. Finally, the F-MOMP tracking layer carries an implicit per-frame

data association through warm-started reduced dictionaries; a multipath-SLAM-style factor

graph [116] that persistently maps scatterers across frames and treats path-to-path association

probabilistically would directly improve performance in NLOS-anchor cases and is a clean bridge

between the proposed pipeline and message-passing localization frameworks.
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Chapter 4

Conclusion and Future Work

This dissertation presents a comprehensive hybrid model/data-driven framework to address

fundamental challenges in mmWave vehicular networks operating within the ISAC paradigm. By

strategically integrating domain-specific signal processing models with deep learning architectures,

this work demonstrates that careful co-design of sensing and communication functions can

overcome the limitations of purely model-based or purely data-driven approaches, achieving

robust performance in realistic propagation environments with reduced training overhead and

maintained interpretability.

4.1 Summary of Contributions

Radar-Aided Multiuser Link Configuration. In Chapter 1, we addressed the critical

challenge of beam training overhead in dynamic multiuser vehicular environments. By exploiting

the spatial congruence between automotive radar and communication channels, we developed

a passive radar-aided framework wherein the RSU opportunistically senses existing FMCW

transmissions to configure mmWave downlink links. A key contribution is the mixing filter bank

architecture with CFAR detection, which reliably isolates individual vehicle radar signals from

multiuser FMCW interference without prior knowledge of each vehicle’s chirp parameters. Three

distinct DNN architectures (mapping radar covariances to communication APS, eigenvectors, and

covariance vectors) effectively learn and compensate for frequency and geometry mismatches
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between the 76 GHz radar and 73 GHz communication bands. The covariance-prediction-assisted

strategy achieves up to 32× reduction in beam search space (from 64 to 2 beams at the RSU)

and 21.9% rate improvement over radar-only baselines, demonstrating that out-of-band spatial

information can be effectively leveraged for rapid link establishment in both LOS and NLOS

conditions.

Learning to Localize with Attention. Chapter 2 tackled the complementary problem

of high-accuracy vehicle localization from single-snapshot channel observations. Recognizing

that pure geometric methods suffer from error propagation when high-order reflections are

misclassified, while pure learning methods lack robustness to unseen environments, we proposed

a hybrid pipeline integrating low-complexity joint channel estimation and localization with

attention-based location estimate refinement. The two-stage MOMP and ESPRIT-D algorithms

provide high-resolution 3D channel parameter estimates while accounting for realistic filtering

effects and unknown clock offsets. PathNet introduces a physics-informed classification strategy

to identify geometrically useful paths, while ChanFormer employs cross-attention mechanisms

to evaluate path reliability and spatial congruence, refining initial geometric estimates. This

architecture achieves 28 cm accuracy for 80% of users in LOS and sub-meter accuracy for

55% of users in NLOS, representing an order-of-magnitude improvement over conventional

fingerprinting and maximum likelihood approaches.

Channel, Position and Orientation Tracking. In Chapter 3, we extended these snapshot-

based solutions to continuous tracking scenarios, addressing the practical challenges of unknown

vehicle orientations and temporal channel variations. The F-MOMP algorithm exploits temporal

correlation and factored dictionary structures to enable efficient high-resolution channel tracking

with 0.1 ns delay accuracy. For orientation-agnostic scenarios, VO-ChAT leverages spatial-

temporal attention over channel sequences to track vehicle headings with errors below 0.5◦, while

VP-ChAT employs cross-attention between channel evolution and trajectory history to refine

single-shot position estimates. The collaborative positioning framework further demonstrates

that V2V sidelinks can effectively localize NLOS vehicles through model-based geometric
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transformations and Kalman filtering, achieving 0.3 m average localization error for NLOS

targets with sub-meter accuracy for 90% of cases.

Overall, this work demonstrates that combining physical-layer knowledge with data-driven

deep learning provides a systematic and effective methodology for meeting the low-latency,

high-reliability, and high-accuracy requirements of 6G vehicular ISAC systems.

4.2 Future Work

Several directions naturally extend the contributions of this dissertation. On the algo-

rithmic side, the radar-aided framework can be extended from initial access to continuous beam

tracking by exploiting the temporal consistency of FMCW covariance estimates across frames,

and generalized to support automotive radar waveforms beyond FMCW, such as OFDM-based

radar. The single-BS localization approach can be improved for NLOS conditions by fusing

channel parameters from multiple RSUs and by utilizing higher-order reflections as additional

geometric anchors, rather than discarding them as in the current PathNet design. Extending these

channel estimation and localization methods to the upper mid-band (FR3, 7–24 GHz), where

6G deployments are expected, is also a natural next step, potentially leveraging cross-frequency

information from available mmWave observations to aid localization where FR3 measurements

are sparse.

From a deployment perspective, the collaborative positioning framework should be scaled

to large, dynamic vehicular networks where the roles of anchors and targets change over time based

on V2I and V2V link availability. A distributed implementation, where each vehicle estimates its

own position using only local neighbor measurements, would be more practical and scalable

than a centralized solution. In parallel, running the proposed algorithms on automotive-grade

embedded hardware requires exploring model compression and quantization to meet the latency

and power constraints of onboard processors.

From a network design perspective, the attention-based architectures proposed in this
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dissertation could be extended to output uncertainty estimates alongside position and orientation

predictions, for example by incorporating Bayesian layers or conformal prediction heads.

Such uncertainty-aware designs would be directly useful when the localization output feeds a

downstream safety-critical controller, allowing the vehicle system to act more conservatively when

confidence is low. More broadly, incorporating probabilistic graphical models into the hybrid

framework, where geometric constraints and learned components interact through structured

belief propagation, could yield a more principled and interpretable integration of the model-based

and data-driven layers.

Finally, all results in this dissertation are based on ray-tracing simulations. Validating the

proposed methods through over-the-air experiments with real automotive radars and mmWave

hardware would be an important step toward practical deployment and would produce publicly

available datasets for the broader vehicular ISAC research community.
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[38] A. Graff, A. Ali, and N. González-Prelcic, “Measuring radar and communication congru-
ence at millimeter wave frequencies,” in 53rd Asilomar Conference on Signals, Systems,
and Computers, 2019, pp. 925–929.
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[54] N. González-Prelcic, M. Furkan Keskin, O. Kaltiokallio, M. Valkama, D. Dardari, X. Shen,
Y. Shen, M. Bayraktar, and H. Wymeersch, “The integrated sensing and communication
revolution for 6G: Vision, techniques, and applications,” Proceedings of the IEEE, vol.
112, no. 7, pp. 676–723, 2024.

[55] A. Shahmansoori, G. E. Garcia, G. Destino, G. Seco-Granados, and H. Wymeersch,
“Position and orientation estimation through millimeter-wave MIMO in 5G systems,” IEEE
Trans. on Wireless Commun/, vol. 17, no. 3, pp. 1822–1835, 2018.

[56] T. Wild, V. Braun, and H. Viswanathan, “Joint design of communication and sensing for
beyond 5G and 6G systems,” IEEE Access, vol. 9, pp. 30 845–30 857, 2021.

[57] Q. Tao, Z. Hu, Z. Zhou, H. Xiao, and J. Zhang, “SeqPolar: Sequence matching of polarized
lidar map with HMM for intelligent vehicle localization,” IEEE Trans. on Vehicular
Technology, 2022.
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