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Chemical potential and magnetization of a Coulomb island

M. M. Fogler, E. I. Levin, and B. I. Shklovskii
Theoretical Physics Institute, School of Physics and Astronomy, University of Minnesota, 116 Church Street Southeast,
Minneapolis, Minnesota 55455
(Received 18 August 1993; revised manuscript received 28 October 1993)

We consider variations of the low temperature chemical potential and magnetization of laterally
confined two-dimensional interacting electrons in a strong magnetic field. Cases of axially symmet-
rical (a quantum dot) and strongly elongated (a quantum wire) spatial distributions of electron
density are studied. We commonly refer to both types of systems as “islands.” The calculations are
performed in the mean-field approximation. In this approximation the system consists of alternating
regions of compressible and incompressible liquids. We are focusing on islands with typical widths
b, which are much larger than the Bohr radius in a semiconductor ag, and argue that the density
profile is formed mainly by electrostatic forces, has a domelike shape, and changes only slightly
in the whole range of magnetic fields. We calculated numerically the chemical potential and the
magnetization as functions of the magnetic field and found them to be in sharp contrast to the
conventional result for noninteracting electrons. We suggest a simple analytic theory adequately
explaining these functional dependences. The results are compared with the experimental data.

I. INTRODUCTION

A number of authors have studied the effect of a mag-
netic field on the energy spectra of quantum dots and
quantum wires formed in the two-dimensional electron
gas both experimentally? and theoretically.2™®

Regarding variations of physical quantities (the chem-
ical potential, magnetization, etc.) with an increasing
magnetic field normal to the plane of the electron gas,
two scales of magnetic field can be distinguished. One
scale corresponds to a change in a filling factor v by unity,
and the other, a much lesser scale, is related to an incre-
ment of the total magnetic flux through the island by a
flux quantum. Following Ref. 6 we call the variations on
the former scale de Haas—van Alfven” type (dHvA) and
on the latter one Aharonov-Bohm type. The behavior of
physical quantities on both scales is oscillatory. The am-
plitude of large-scale variations is generally much larger
than the amplitude of small-scale ones for islands consist-
ing of many electrons. Due to this fact, physical quanti-
ties, e.g., the chemical potential, exhibit a smooth trend
on the scale of dHvA-type oscillations slightly distorted
by small rapid oscillations. These small oscillations were
discussed elsewhere®® and result from the discreteness of
either the energy spectrum or electric charge. The goal of
this paper is to examine the large-scale variations (dHvA
type) of the chemical potential and the magnetization,
which take their origin in the grouping of energy lev-
els into discreet Landau levels (LL’s). According to our
goal, we treat electrons as a continuous medium (charged
liquid) in a self-consistent electric field. Spin splitting is
ignored, but it can be incorporated without principal dif-
ficulties.

In this paper we will limit our studies to the case of
smooth potentials varying by an amount much smaller
than Landau gap Aw, on the scale of the magnetic length.
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For these kinds of potentials the energy spectrum of elec-
trons may be approximated by a set of LL’s. The en-
ergy of kth LL at a given point in space is elevated by
(k + 1/2)hw. above the local value of the self-consistent
potential. Therefore, LL’s are bent and follow the varia-
tions of the self-consistent potential.

At zero temperature electrons fill all the energy states
up to the level of the chemical potential x. Hence the
total energy of the system and consequently the behavior
of the chemical potential and magnetization are defined
by the shape of LL’s. Let us start from the conventional
results for the noninteracting electrons. In this case, the
“self-consistent” potential is simply equal to the external
one. The classical example of uniform energy LL’s brings
about the well-known sawtooth behavior of the chemical
potential [Fig. 1(a)] and the magnetization [Fig. 1(b)].8
The discontinuities in physical quantities, clearly visible
in the figures, occur where the electrons start populating
the next LL. Indeed, since there is a Aw,. gap between any
adjacent LL’s, populating the next LL with a decrease
of the field results in jumps in the magnetization and
chemical potential equal to 2up (two Bohr magnetons)
and fw,, respectively.

The case of a nonuniform, in fact, parabolic external
potential was studied, e.g., in Refs. 6 and 9. The cor-
responding plots look different [see Fig. 2(b) and 2(c)].
They consist of connected concave arcs and show no dis-
continuities. Here, due to the bending of the LL’s, while
belonging to the same LL, an electron may have differ-
ent energies at different spatial locations. The next LL
begins to fill only when its bottom energy coincides with
the highest filled energy state at the preceding level. In
this sense there are no energy gaps between the filled
parts of adjacent LL’s and, consequently, the chemical
potential (and magnetization) vary continuously. The
filled parts of LL’s are determined by the intersections of
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FIG. 1. Variations of the (a) chemical potential and (b)
magnetization of free electrons with magnetic field.

bent Landau levels with the level of chemical potential
p [see Fig. 2(a) and Ref. 10]. The exact calculation of,
e.g., the chemical potential, requires finding the spatial
distribution of the electron density. This distribution is
nonuniform but steplike [Fig. 2(a)], i.e., consists of sev-
eral plateaus.

An island of interacting electrons, however, is a more
complicated object. The shape of LL’s is now defined by
the self-consistent potential, which is not known a prior:
like the external potential. The spatial distribution of
electrons is also different. Indeed, the steplike configura-
tion with sharp edges cannot exist for Coulomb interact-
ing electrons, because of the divergences of the electric
field at such edges. In the interacting liquid there are nec-
essarily finite-width transitory regions (compressible lig-
uid) (Refs. 11 and 12) between the neighboring plateaus
(incompressible liquid); see Fig. 3(a). As a consequence,
the functional dependences of the chemical potential and
magnetization on magnetic field are expected to be differ-
ent from the conventional ones. These differences should
be the largest for the parameters of the island that em-
phasize the role of interaction. In our model we describe
our systems by a single parameter b/ap, which is the ra-
tio of the width of the island to the Bohr radius in the
semiconductor.

We consider systems with typical sizes b much larger
than the Bohr radius ag. The estimate of the strength of
the interaction is as follows: if the typical electron density
is n, then the interaction part of the energy per particle
is of the order of Ei,; ~ e?nb, which is much larger than
the magnetic part Emag ~ vhw. ~ e?nag. Thus the role
of interaction is crucial.

Let us call the charge density profile providing the
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FIG. 2. Structure of the noninteracting 2D electron gas
with N electrons confined in a parabolic potential well when
a strong magnetic field is applied. Units used in the plots
are as follows. The unit for magnetic field B is ®ono and
the unit for the chemical potential p is e’ngap. Here @
is a flux quantum and ng is such that (27/3)neb®> = N. The
parameter b/ap is taken to be 0.05. This parameter is related
to the oscillator frequency of the potential well by means of
Eq. (29). (a) Local energy of Landau levels and the density
profile in a cross section through the center of the dot. (b)
Chemical potential and (c) magnetization as functions of the
magnetic field.

complete electrostatic screening of the external potential
throughout the island “electrostatic.” The spatial dis-
tribution of the electron density [Fig. 3(a), shaded area]
in the magnetic field may deviate only slightly from this
smooth “electrostatic” profile [Fig. 3(a), dashed line] be-
cause of a considerable amount of work against electro-
static forces needed for this deviation. Hence, for wide
islands the incompressible areas, where there is no screen-
ing, are small.!® Moreover, the plateaus of electron den-
sity exist only at moderate magnetic fields. Indeed, these
plateaus correspond to integer values of a local filling fac-
tor. Therefore, they are absent in very large magnetic
fields where the filling does not exceed unity, i.e., the ac-
tual density profile conforms to the electrostatic one. In
the other limit of zero magnetic field the density profile
is also smooth and corresponds to the screening of the
external potential with finite screening radius (equal to
ap). Again, if b > ap, then deviations from the electro-
static profile are small.

In this paper the actual thermodynamic quantities of
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FIG. 3. Structure of a quantum dot in a strong magnetic
field. (a) Electron density profile with five Landau levels oc-
cupied. The dashed line is the profile of the electrostatic
solution. (b) Splitting of the density profile into spherical
segments corresponding to different Landau levels used for
calculation of the magnetic energy of the dot. The ax’s are
apex angles of the segments.

the interacting system are calculated first in the approxi-
mation that the electron liquid has the electrostatic den-
sity profile throughout the range of magnetic field of in-
terest. Next we try to account for incompressible ar-
eas and consider the effect of the widest one, which is
formed in the center of the island when the local value
of the filling factor there is close to an integer number
(see Ref. 13). To verify the results we have performed a
numerical simulation discussed in Sec. II. Comparison
with experiments on real Coulomb islands and quantum
dots is given in Section IV.

II. QUANTUM DOT

Ignoring small incompressible regions [Fig. 3(a)], we
accept, in the first approximation, that the electron den-
sity profile remains unchanged in the whole range of mag-
netic fields and coincides with the one providing per-
fect screening of the external confining potential. For
a smooth confining potential this profile has a domelike
shape,!® and in a quantum dot’s case it is a hemisphere
(see below).

Our goal is to calculate the chemical potential and the
magnetization as functions of magnetic field, which is
accomplished by taking the derivatives of the energy of
the system with respect to the number of particles and
the field.

The energy of an electron at the kth LL consists of
the electrostatic part (energy in the self-consistent po-
tential) and the magnetic part hw.(k + 1/2). Since we
assume, in our approximation, that the spatial distribu-
tion of electrons does not change with the magnetic field,
neither does the electrostatic potential nor the electro-
static part of the energy. The total electrostatic energy
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of the dot depends only on the total number of electrons.
The derivative of this dependency is equal to the value
of the uniform potential created by the electrostatic dis-
tribution ego. However, the number of particles at dif-
ferent LL’s and, consequently, the magnetic part of the
energy changes with the field. To calculate the number of
electrons at a particular LL it is convenient to visualize
the spatial distribution of electrons in three-dimensional
space of n, z,y (electron density and the two spatial coor-
dinates). If ny, is Landau level degeneracy, then the num-
ber of electrons in kth LL is proportional to the volume of
the slice of the electron liquid density profile n(z,y) cut
out by two horizontal planes n = kng and n = (k+1)ng
[see Fig. 3(b)]. This volume and, as a consequence, the
variations of physical quantities of the system are de-
termined by the geometrical shape of the electrostatic
solution, which we are going to describe now.

We adopt a simplified model of an axially symmetri-
cal confining potential with pure parabolic radial depen-
dence:

¢ext = sz' (1)

This is a reasonable approximation when distances to the
sources of the external potential (gates, surface charges)
are larger than the radius of the dot. The electron liquid
is confined to a z = 0 plane. Above and below the plane
there is a semiconductor with a dielectric constant e.

The electric field must be zero at the edge of the elec-
tron density to ensure mechanical equilibrium. The prob-
lem of the external potential’s screening then reduces to
the solution of the Laplace equation V2¢(p,z) = 0 with
mixed boundary conditions

¢(P, O) = ¢0 - ¢ext(p)a (2)
0 27e
50| =£n0) )
0 < n(p) < +o0, (4)
for 0 < p < b, and
n(p) =0, p>b. (5)

It is convenient to choose C in the form
C = m?eng/4be; (6)

then the solution may be proven to be a hemisphere (see

Ref. 14):

n(p) = noy/1— (p/b)?,

Note that for the external potential given by Eq. (1)
the radius of the dot b grows proportionally to the density
at the center ng. From now on we will avoid explicit
mentioning of the dielectric constant ¢, assuming that the
electron charge always enters in the combination e?/e.

Given the density profile above, we determine the num-
ber of electrons at different LL’s. With ny being a de-
generacy of both LL spin subbands (twice as large as
conventionally defined ny), we designate by v = ng/np,

$o = m2engb/2e. (7
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the filling factor at the center of the dot. Let us designate
by Nj the total number of electrons at LLs k, k +1,....
Clearly, Nj, is the number of electrons occupying areas
with filling factor equal or greater than k and is propor-
tional to the volume of a spherical segment of the density
profile above the line n(p) = kny [Fig. 3(b)]. In these no-
tations the total number of electrons N is Ny. The total
magnetic energy may be written as

; ]
1

k=1

E = hw,

For a hemispherical shape Ny’s are related in a straight-
forward way to the segments’ apex angles ay’s :

cosay = kng/ng, k=0,1,...,[v], ap)+1 =0, 9)
where [] stands for the integer part.

However, bearing in mind a general case of an arbi-
trary confining potential, we proceed in a slightly dif-
ferent way: we calculate a change in the energy upon
adding 0N more electrons. If we know exactly how this
additional electron liquid arranges itself we will deter-
mine changes in Ni’s and substitute them in Eq. (8). It
is easy to see that not too close to the edge of the dot
the charge is distributed in the same way as on a charged
metallic disk. Indeed, the electrostatic potential created
by the additional charge density is equal to the change
in the electrostatic potential before and after the adding
of the new piece of electron density. Both are perfectly
flat up to the distance b from the center. Therefore, the
electrostatic potential created by the additional charge
density is uniform at these distances as for the case of
an ideal conductor. The exact density distribution near
the edge is unimportant for calculating the magnetic en-
ergy because near the edge only the lowest LL is filled.
The solution of the problem of the metallic disk is well
known:!*

ON

sl = (o8, (10)

on(p) =

The change in Ny is

5N ‘”V/ 2mp(1 — (p/8)%] "/ 2dp

2mb? J,,

= SN [\T— (/b2 - V1—(@u/bP]. (1)

Here z; and yi are the outer and inner radii of the kth
slice. If the density distribution is true domelike (without
a dip at the center), then all the y;’s are zeros. Finally,
the chemical potential is

[v]
u=12% m{% + Y V= (/)
k=1
—V1- (wk/b)zl}, (12)

which reduces to
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p = hw,

=ﬁwc{%+{y](1—ﬂz~}l)} (13)

for the parabolic potential.

If the number of electrons fixed, 1/v is proportional
to the magnetic field: 1/v = B/n¢®o, with ®¢ = whc/e
being the flux quantum. Then the plot of x as a function
of magnetic field is a set of parabolic arcs standing on
top of the line u = po/2, where pg = me?npap is the
chemical potential of a free electron gas with density n;
see Fig. 4(a). Note the difference from the one-particle
model [Fig. 2(b)].

We now examine the effects induced by the creation of
the incompressible areas. The widest one is formed at the
center of the dot [Fig. 5(a)] when the local value of the fill-
ing factor v there is close to an integer number. Following
the approach of Ref. 13, the incompressible region may
be considered as a region with a redistributed electron
density near the top of the hemisphere [Fig. 5(b)]. This
redistribution, which is of a quadrupolar character (nega-
tive in the middle and positive on the sides), enhances the

N |
+
M=
N
o
|
AN
N—

(a)
0.55
I
b /
0.50
0 14173 112 /1
1/v
0.60 — Simulation (b)
---- Theory

0 1/41/3 12 1/1
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FIG. 4. Chemical potential of a quantum dot as a function
of magnetic field. Zero energy at the graphs is e¢o and the
energy unit for all the graphs is po = me®*noap. Instead of
the magnetic field a proportional quantity 1/v is used on the
z axis. (a) Chemical potential of a quantum dot as given by
Eq. (13). (b) Previous picture corrected near integer v’s and
the numerical data for b = 20ap. (c¢) Numerical data on the

chemical potential for b = 5ap,20ag,40aB.
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electrostatic energy of the dot. We essentially repeat the
argument of Ref. 13 regarding the two-dimensional (2D)
case. We start from an integer filling factor v = k£ and
add a small amount of electron density so that v = k+6v
and éng/no = dv/v. The redistributed electron density
has the form

1

on(p) = knrp —noy/1 — (p/b)? = (kng —ng) — —2—n0p2/b2,

0<p<a, (14)
where a is the radius of the incompressible area. The
quadrupolar region creates a lowering of the electro-
static potential at the center [Fig. 5(c)] of the order of
0¢ ~ eAN/a, where AN is the number of electrons in
the region where the dn is positive: AN ~ a2ény ~

a?6n(0) ~ nga?/b%. The additional electrostatic energy
is

1 a
0Ein = 5/ 2mpdn(p)edd(p)dp
0

~ eANS¢ ~ e*n2a” /b* ~ e2n2b%(6no/no)"/>.
(15)

The correction to the chemical potential due to this

= @
A
0
0 10 20
P, ag
(b)
0.0
53
-0.1
0 10 20
p,ag
hw,
g ©
S
%O / .............
eb
—hw%
0 10 20

p, ag

FIG. 5. An incompressible region at the center of the dot.
p is the radial distance. (a) Electron density profile for v = 1.1
and b = 10ap featuring the incompressible region. The
dashed line is the ideal electrostatic solution. The deviations
in (b) the electron density and (c) the potential from the cor-
responding quantities of the electrostatic solution. The charge
distribution is quadrupolar and creates a potential well. §int
represents an increase in the electrochemical potential of the
dot due to formation of the incompressible region.
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increase in interaction energy d iyt is a derivative of § Eip,
with respect to 6N = §(27nob?/3) = 2wb%dng, which is

ptins = ve2nob(dv/v)®/2, (16)

where by making use of a method in Ref. 14 the numerical
coefficient was found to be v = 8/3 /5.

On the other hand, the magnetic energy is lower than
predicted in our first approximation (of a “frozen” den-
sity profile) because none of the electron density is at the
topmost LL. This difference is of the order of

0Emag = —hw.AN ~ —e®npagnga®/b2. (17)

The corresponding correction to the chemical potential x
may be proven to be

Opmag = —1!'621’1.00.]3(51//1/2. (18)

The applicability of this argument was verified against
a numerical simulation and results are in Fig. 4. For
this simulation the dot was divided into a number of
narrow concentric rings. The total energy of the dot is
taken to be a sum of the energy of Coulomb interac-
tion of the rings, their energy in the external potential,
and the magnetic energy as given by Eq. (8). Starting
from some initial density distribution over the rings, the
algorithm attempts to find the ground state of the sys-
tem iteratively redistributing small amounts of the elec-
tron density among the rings. Eventually the picture
of alternative compressible and incompressible regions is
reproduced. When the iterations converge all the com-
pressible regions have the same electrochemical potential
within the required accuracy. Indeed, although the elec-
trostatic energies of electrons in adjacent compressible
regions may differ by Aw,, their magnetic energies differ
by the same amount but with opposite sign as they are
at different LL’s. This value of the electrochemical po-
tential is accepted as the chemical potential of the dot.
Clearly, when a small amount of electron liquid is added
to the system, it is distributed among the compressible
regions and the increase in energy per particle is exactly
equal to the electrochemical potential of the compressible
areas.

Figure 4(c) demonstrates the chemical potential com-
puted numerically for dots of different radii. Compar-
ing Fig. 4(a) with Fig. 4(c) we see that the analytical
formula (13) works well for large dots (b = 20ap,40ap).
Figure 4(b) focuses on the range of filling factors 1 < v <
2. The analytical predictions showed by the dashed lines
are in agreement with the numerical simulation. The left
dashed line is given by Eq. (13); the right dashed line
starting from v = 1 includes the corrections. It may be
observed that the effect of the central incompressible re-
gion takes place near integer values of v and consists in
changing the convexity of the curves obtained from the
“frozen shape” approximation.

We have one comment about the validity interval of
Egs. (16) and (18): the quadrupolar disk breaks into two
dipolar areas when the depth of the potential well attains
the value of Aw. and it is advantageous for electrons to fill
its center. The interval of v where the quadrupolar area
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exists may be found from this condition and the result is
similar to that of Ref. 13:

v 3 /mapg\2/3

v = 4 (31/ b ) ' (19)
We anticipate a larger deviation from our theory even
with the corrections included when the parameter ap/b
grows. Consider, for instance, the zero field value of the
chemical potential. One can see [Fig. 4(c)] that it is less
than the predicted value. The discrepancy appears to be
linear in apg/b.

Once the energy of the system is known, it is easy to

calculate the magnetization M = —8FE /9B solely in the
frozen shape approach as well as its correction:

M/Nup = -1-— 2[1/] + 3[”]([2] +1) _ [V]z([l;]s_)f_ 1)2’
(20)
OM/Nupg = —60p/huw.. 1)

The results for the magnetization and their comparison
with the numerical data may be found in Fig. 6, and
comments are much the same as on the variations of the
chemical potential: our theory well describes wide sys-
tems and there is a sharp contrast to the one-particle
picture [Figs. 2(b) and 2(c)]. For the noninteracting
electrons, the plots consist of concave arcs with cusps

a
@
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=
-1
0 1/41/3 12 1/1
1/v
(b) — Simulation
AO ---- Theory
3 —
2
Z
=

‘
—

1/41/3 12 11
1/v

FIG. 6. Magnetization of a quantum dot as a function
of magnetic field. Instead of the magnetic field a propor-
tional quantity 1/v is used on the = axis. (a) Magnetization
of a quantum dot as given by Eq. (21). (b) Previous pic-
ture corrected near integer v’s and the numerical data for
b = 20ap. (c) Numerical data on the magnetization for
b= 5agp,20ap,40ap.
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pointing upward. For interacting electrons, the plots are
composed of both concave and conver arcs, but mainly
of the latter. The concave parts are located near integer
U’s; they are small, but they grow as the radius of the
dot shrinks.

Our numerical simulations show that for sufficiently
small radii of the dot the concave parts oust the con-
vex ones completely and the curves strikingly resemble
those in the one-particle limit. The density profile be-
comes similar to the one for the noninteracting electrons
[Fig. 2(a)] as well: it has wide density plateaus and nar-
row transitory regions. This tendency to recover the re-
sults for noninteracting electrons at small values of the
parameter b/ap is expected from our earlier estimate of
the relative strength of the interaction and magnetic ef-
fects. However, when the magnetic field is strong such
that all electrons are at the lowest LL, we still have the
electrostatic density profile and the full screening. In
this case the electrostatic energy does not depend on the
magnetic field, while the magnetic energy is fw./2 per
particle. Therefore, in this range of the field, the depen-
dency of the energy and all physical quantities related to
it on the magnetic field is universal, e.g., the chemical
potential linearly increases with the magnetic field with
a universal slope of up and the magnetization is constant
and equal to a universal value of —up.

Before we proceed to extend our approach to the case
of the quantum wire in the next section, we would like to
comment on several approximations made in the model.
Throughout the paper we neglect the effects of finite tem-
perature, exchange, and correlations. All of these lead to
the finiteness of the screening radius in the compressible
regions. For low enough temperatures the screening ra-
dius is of the order of magnetic length, i.e., it is much
smaller than widths of all compressible and incompress-
ible regions. Hence neither the density profile necessary
for calculating the magnetic energy nor the widths of
the incompressible regions used for calculating the elec-
trostatic energy corrections are appreciably affected by
exchange and correlations (we discuss this also from an-
other point of view in Sec. IV regarding a high-field be-
havior of the chemical potential).

IIT. QUANTUM WIRE

We apply the term “quantum wire” to a strongly elon-
gated island isolated from the gate. The requirement of
the isolation is essential; otherwise, the chemical poten-
tial of the island is defined by the gate voltage and is inde-
pendent on the magnetic field. For the purpose of finding
the electrostatic density profile we treat it as infinite in
the y direction. In this approximation the external poten-
tial depends only on the x coordinate ege(z,y) = Cz?
and we deal with the Laplace equation with boundary
conditions similar to Egs. (2)—(5). The electrochemical
potential of the gate is taken to be the energy reference
point. Let C = me?ng/b. Instead of the hemisphere
[Eq. (7)] here we have a semicircle’®

n(z) = noy/1 — (z/b)2?,

(22)
edo = me*nob[l + 21n(4d/b)]/2,
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where 2d > b is the distance between the gate.
Following the approach of the preceding section for this
particular profile, we find that

2 U k
B=—po ; arccos (;) . (23)

The result is graphically represented in Fig. 7(a). It is
easy to see that u(v = oo) = 2uo/m. The corrections
when an incompressible strip happens to be in the middle
of the island are

2
Stint = ;uo(&//V)z, (24)
2v2
Sptnng = =202 B0 )11, (25)
) 1/3ag\??
2<:(¢%) (26)

and may be understood on the same grounds as in Sec. II.
In this case, though, AN ~ nga3/b? and §¢ ~ eAN.
For the magnetization we have

3/4 (a)
>
I
3 2/
172
0 1/41/3 112 1/1
1v
— Simulation (b)
34p —--- Theory ___.
g
12U

172
12 Iy 1/1
3/4
I
3 2/m|
1/2
0 1/41/3 12 1/1

1/v

FIG. 7. Chemical potential of a quantum wire as a function
of magnetic field. Zero energy at the graphs is eg¢o and the
energy unit for all the graphs is po = we?noap. Instead of
the magnetic field a proportional quantity 1/v is used on the
z axis. (a) Chemical potential of a quantum wire as given by
Eq. (23). (b) Previous picture corrected near integer »’s and
the numerical data for b = 10ap. (c) Numerical data on the
chemical potential for b = 5ap,10ap, 20ap.
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[v] 271/2
k k k
M/NltB—-—l—g::l arccos;—;[l—(;) ] ,
(27)

The corresponding plots may be found in Fig. 8.

Comparing Fig. 7 with Fig. 4, and Fig. 8 with Fig. 6,
one can see that our theory works even better in the
quantum wire case than in the case of the quantum dot
at the same values of the parameter ag/b. The graphs
depicting the magnetization of the quantum dot and the
quantum wire look very similar. As for the chemical po-
tential, in the quantum wire case there is a pronounced
drop of the curves towards large fields (small v’s). It
seems plausible that, when the island is neither axially
symmetrical nor strongly elongated, but it is something
in between these two limits of the quantum wire and the
quantum dot cases, one should also get a negative slope.
Numerical simulations for nonparabolic potentials show
that the behavior of the chemical potential is sensitive to
the functional form of the potential as well.

(a)
~0
)
2
Z
=
-1
0 1/41/3 12 1/1
/v
(b) — Simulation

1/41/3 112 1/1
1/v

FIG. 8. Magnetization of a quantum wire as a function
of magnetic field. Instead of the magnetic field a propor-
tional quantity 1/v is used on the z axis. (a) Magnetiza-
tion of a quantum wire as given by Eq. (28). (b) Previ-
ous picture corrected near integer v’s and the numerical data
for b = 10ap. (c) Numerical data on the magnetization for
b= 5aB, IOaB, 20(15.
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IV. COMPARISON
WITH THE EXPERIMENTAL DATA

We compare our results with experimental data ob-
tained by two different techniques. The first one is trans-
port measurements of a Coulomb island.? One can see in
Fig. 2 from their original work that the shape of their
curve averaged over small-scale oscillations is reminiscent
of the set of parabolas predicted by the frozen shape ap-
proximation with an extra uniform tilt, though small.
These authors describe their system by the total number
of electrons NV = 39 and the oscillator frequencies in the
confining potential Aw, = 3.5 meV and fw, = 0.8 meV
with Awg = (Awzhw,)/? = 1.6 meV. To make the com-
parison one has to translate these into our choice of pa-
rameters by

; 3 2 271/3
7r e‘/eap

— = |-~ N | == . 29

ap [ 4 ( Fuwg ) ] (29)

This yields b/ap ~ 17.4 against theirs, ~ 15. The am-

plitude of the variation of the chemical potential, which

is about 0.25 meV agrees well with our value = 0.2 meV
calculated as

Ap = 7T62n0a3/166 = hwc(Bmax)/12
= (3N/32)(e*/eap)/(b/ap)?,  (30)

where Bp,ax stands for the magnetic field, at which u is
at its maximum.

The authors of Ref. 2 have performed a numerical sim-
ulation of their device on the very same footing as we
did, but in very restricted range of filling factors (ap-
proximately at 1 < v < 2) and have not provided a
qualitative interpretation of their data. However, they
have taken into account the spin splitting and exchange
effects and used an additional constraint: that in each LL
they have an integer number of electrons. It is natural to
expect that being averaged over small-scale oscillations
their data should essentially resemble ours, and this is,
indeed, the case.

The largest discrepancy between the experiment and
the results of both their and our simulations is the slope
of the large field asymptote of the chemical potential.
The slope of the experimental curve is approximately four
times smaller than the expected value of 38(hw.)/0B.
Naturally, the question arises if we overlooked the effects
of the exchange and correlations. To make a quantitative
estimate we can take advantage of the interpolation for-
mula of Fano and Ortolani,'® who calculated the energy
density of the interacting electron liquid as a function of
the filling factor in the range 0 < v < 1. We integrated
the Fano-Ortolani correction over the area of the dot as-
suming the electrostatic density profile and found that
the absolute value of a negative sign relative correction
to the slope of the asymptote does not exceed

0.08 i
VN ag’

which is less than 20%. Therefore, exchange and corre-

(31)
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lations effects are relatively small and do not seem to be
the cause of this puzzling discrepancy.

Approximately the same low value for the slope of the
large field asymptote can be observed in the other set of
experimental data! obtained on the basis of capacitance
spectroscopy of quantum dots. As for the amplitude of
the chemical potential variations, it is surprisingly large
and is of the order of 2 meV against ~ 0.3 meV from
Eq. (30). Also there is an overall negative slope resem-
bling the quantum wire case, which might be owing to
nonparabolicity of the confinement potential. The exper-
imental parameters are N=30 and Awy = 5.4 meV, and
Eq. (29) seems to give a good estimate for the radius of
the dot, which is 7Tag vs 9.5ap in the experiment. We do
not think that smaller size of the dot in Ref. 1 is respon-
sible for poorer agreement with our predictions, since the
parameter b/ap is large enough in both cases.

V. CONCLUSIONS

In this paper, we have studied how the thermodynamic
quantities of a 2D interacting electron liquid confined in a
parabolic potential vary with magnetic field. We showed
that these variations are defined by the shape of the den-
sity profile, which the electron liquid forms. This shape
is different for interacting and noninteracting electrons.
Noninteracting electrons build up a steplike structure
[Fig. 2(a)], while the interacting liquid forms a domelike
profile where compressible regions with a smooth varying
density dominate [Fig. 3(a)]. The interaction is crucial
in wide systems with typical sizes larger than the Bohr
radius in a semiconductor and is virtually unimportant
for narrow Coulomb islands (unless the field is so strong
that filling factor is less than unity).

We suggested an analytical theory explaining the func-
tional form of the variations of the chemical potential and
the magnetization of a wide island in two cases: an ax-
ially symmetrical island modeling a quantum dot and a
strongly elongated island as typical for quantum wires.
We verified this analytical theory against the results of
the numerical simulations of islands of finite sizes.

The appearances of the curves depicting the magne-
tization and the chemical potential as functions of the
magnetic field are quite distinctive for interacting and
noninteracting electrons. In the noninteracting case these
are concave arcs with cusps pointing upward, while in the
interacting case the curves consist mainly of convex arcs
and the cusps point downward. However, the concave
parts are also present; they are small for wide islands, but
grow when the size of the system decreases. Sufficiently
small islands essentially recover the noninteracting limit.

Due to the lack of the experimental data on the mag-
netization of quantum dots we were able to compare our
predictions only regarding the behavior of the chemical
potential. The comparison shows both similarity and dif-
ferences between our theory and the experiment. The
most significant discrepancy is the large field asymptote,
which is unexpectedly flat in the experiment. However,
the proposed theory seems to describe well the shape of
the chemical potential’s variations.
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FIG. 3. Structure of a quantum dot in a strong magnetic
field. (a) Electron density profile with five Landau levels oc-
cupied. The dashed line is the profile of the electrostatic
solution. (b) Splitting of the density profile into spherical
segments corresponding to different Landau levels used for
calculation of the magnetic energy of the dot. The ai’s are
apex angles of the segments.





