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A THERMODYNAMIC DERTVATION OF THE 'DIHEDRAL
ANGLE EQUATION FOR A TWO PHASE SYSTEM

'Boon ‘Wong® and Joseph A. Pask -
Materials and Molecular Research Division, Lawrehcé Berkeley Laboratory
and Department of Materials Science and Mineral Engineering,

University of California, Berkeley, CA. - 94720

ABSTRACT

A model based on two interpénetratiﬁg'spheres forming a solid/solid
interface is used to derive the familiar dihedral angle:equétion
Ygg = 2 YSF cos %-therﬁodynamically. The equilibriﬁm dihedral aﬁgle

corresponds to one when the incremental increase of the total solid/

- solid interfacial energy is equal to the incremental decrease of the

total solid/fluid interfacial (surface) energy, i.e. when an incremental

interfacial'free energy chénge for the system is zero.

*Now‘at Arco Solaf, Inc., 20552 Plummer St., Chatsworth, CA. 91311,
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A THERMODYNAMIC DERIVATION OF THE DIHEDRAL
ANGLE EQUATION FOR A TWO PHASE SYSTEM

‘Boon Wong and Joseph A. Pask

Materials and Molecular Research Division, Lawrence Berkeley Laboratory o
and Department of Materials Science and Mineral Engineering '
University of California, Berkeley, CA 94720

It is well-known that in a two phase (solid-liquid or solid-vapor)

two particle system, a dihedral angle forms as seen for an ideal system

in Fig. 1. If we assume for purposes of derivation that thg_paftigles
are éf unifdrm spheriéai size; free of gfavitational effecfs and-crys—
talline with isotfopic interfacial energies; the systeﬁvwilllse‘combletely
symmetfical with:a'unique dihedra1.angle (¢)_detefmihéd by thé\following |
famiiiar exéfession: | -
trveesd @
wherebYSS is the_specific interfacialvenergy* at’sdlid/solid interface, -

i.e. grain boundary energy, and Yo7 is the specific interfacial énergy at

solid/fluid (vapor or liquid) interface. (In real systems dihedrél angles:

would be achieved but symmetrical configurationS'would practically never

be reached because of the:anisotropy of surface and graih boundary energies;"
’Both.of which_are depéndént on crystallographic orientatiéns, and becaﬁse |
of intermediate ﬁetastéble configurations due'to‘kinetics’affected by dif-
vfefénceé in mass transport.)

Eqﬁafidn (1).can be derived by ‘two éiternatiﬁe approaches, namely mechan-

ical and thermodyhamic. The mechanical approach consists of a balance of

* o : _ ‘ v
Although they are not exactly equal, interfacial energies and tensions
are used interchangeably,
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three forces at equilibrium as deduced from Fig. 1. The thermodynamic
or energetic approach, however, is less'straightforward, which to the
authors' knowledge, has not yet been reported in the literature. This

approach pro&ides a basic understanding for the formation of the equi- _ ™~

[
x

librium coﬁfigqration. ‘Therefore, the presenf objective is to present
a thefmodynamic solution of Eq. (n.
. fhe ﬂ;sid assumptiéns for the model shown in Fig. 1 are that the

_ypérticies,ys,'are of equal size with isotropic sufface energies and the
16wes£ free energy configuration, i.e. spheres. The model further assﬁmes
that as the spheres ihterpenetrate an isotropic gfain boundary forms and

- grows, -and that the'displaced;materials represented by h are unifopmly
distributea over fhe free surfaces in order to maintain‘the lowest free
energy configﬁration of sphéres at all times. - The differential change of
Gibbs f;ég éne?gy, 6Gsys

, for the entire system at a given time can then

be :epresenﬁed by

6. =6 ' - ' | |
86 os =9 /Y_ss dagg + 6 [ YsE dAgp : (2)
Ass o TAgp
where ASS and ASF'are areas of solid/solid and solid/fluid interfaces,

respectively. The first term on the right is positive and the second,
negative. As long as GGSys»remains negative, the interpenetration of

the two spherical particles (increase of ASS) éontinues. When §&¢
. . . : s

. ys e
N - I3 . 3 - V.-
becomes zero, the system reaches a metastable equilibrium state. This
system with the indicated boundary conditions does not reach the lowest ge

free energy configuration of a single sphere since further interpenetra-

tion results in a positive &G '
o sys
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We can now follow the thermodynamic .approach’ for the derivation of
Eq.‘(l) for the equilibrium configuration. A material balance for each
spherical particle requires that

p V=PV =V ) »4' - o BN

where Vi is the-initial vqluﬁe of eacb'spherical particle, Vt is the
trahsiént increasing volume of eacﬁ interpenetrating spherical particle
at a}given instant and VCap'is the volume of the résultingtcap removed
from each particle. The density of the solid is p.

Differentiation of Eq. (3) reéglts in 4V, - av . =0, or

2

4rldr - 2rhdh - h%dr + hdh = 0, or

ar = (han)
2r+h

where r is the radius of the spherical particle with a volume Vt,and h

(4)

"is the height of the éap_rémoved.

' Let A = the surface area of each spherical particle with a volume

v Ai = the curved surface area'of the cap, and A2 = the base area of

t’

7 the cap, then

b3
1]

brr© o - (5

=
1}

27rh o : i (6)

A2 = Wyz —'ﬂ(rz—(f—h)2> (.
. 7

7(2rh=h?)
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Differentiation of Egs. (5), (6) and (7) results in

dA = 8mrdr _ (8)
| : e
da, = 2mrdh + 27hdr - o 9 _
T o o ' 12
- dA, = 27rdh + 27hdr - 2mhdh - ©(10)
Frem Eq. (2) and the figure | ‘ ‘
v .
S§ Y. aa .
sc . f——dA +6f sp(da=da) g
one sphere
| ASF=A~-A1 o
- Substituting Eqs. (8), (9) and (10) iﬁto Eq. (11),
GGone sphere = n[}éfyss(hdhrhdr-rdh) + ZG.fYSF(Qrde—rdh-hdr)] - (12)
Substituting Eq. (4) into Eq.-(12),
. ' L 2
. YSS(rhdh 2r dh) ' YSF(Brhdh - 2r2dh = h dh
6Gone s'phere_'= ™| : 2r + h . + 20 _ 'zr + h B (13)>_
_ At equilibrium, aGone sphere " 0. 'Equation (13) becomes
Y : '
S§ _ -(2r ~h)(x.-~h) r-h ¥
v = - — = = cos + , or
ZYSF_ ~ r(h - 2r) r 2
- $
YSS ‘2YSF>eos 5 . » .
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* D A
A factor of 1/2 is introduced because each base of the cap is assumed
to be equally shared by the two spheres (Fig. 2)
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