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Dt De Dw Ds



e
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e
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D s(st)

is js
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υ se is xe

υse(is) i υ

υ1,υ2,υ,υ
′, . . .

Maryse = λis.marye

e

φ

s(wt) is wt

φs(wt)(is) i φ φ1,φ2,φ,φ
′, . . .



{⟨w, t⟩ | w ∈ Dw} (w, t)

t

δ1, δ2, δ, δ
′ sσ σ ∈

{(e), (wt)}

s(st)



δ

[δ]

δ is js

i[δ]j

[δ] := λis.λjs.i[δ]j

i[δ]j δ

j i

i δ i[δ]j

is js i j δ

i[δ]j

δ ∈ sσ σ ∈ {(e), (wt)} i, j ∈ s

!i[δ]j"M,g = 1



!∀δ′sσ[ (δ′)∧ δ′ ̸= δ](δ′(i) = δ′(j))"M,g = 1

!∀δ′sτ[ (δ′)](δ′(i) = δ′(j))"M,g = 1 τ ̸= σ, τ ∈ {(e), (wt)}

0

M1 De = {mary, sue,max, }

is i υ1(i) =

marye e i

{⟨w, t⟩ | w ∈ Dw}

i υ1

i
υ1 marye

υ2
υ3

φ1 {⟨w, t⟩ | w ∈ Dw}
φ2 {⟨w, t⟩ | w ∈ Dw}

i
υ1 marye

i

i i

υ1 marye

i



e {⟨w, t⟩ |

w ∈ Dw}

M1 i i[υ2]j

j

υ2 De

j

i

j1

j2

j3

j4

[υ2] υ1 υ2
i Marye

j1 Marye Marye

j2 Marye Suee
j3 Marye Maxe
j4 Marye

i[υ2]j i, j

υ1 !→ Marye

i υ2

υ2(j)

e ∈ De

D



M2 Dw = {w1,w2}

Dwt

Dt = {1, 0, }

Dwt Dw

Dw ∅, {w1}, {w2}, {w1,w2}

{⟨w1, 0⟩, ⟨w2, 0⟩}, {⟨w1, 1⟩, ⟨w2, 0⟩}, {⟨w1, 0⟩, ⟨w2, 1⟩},

{⟨w1, 1⟩, ⟨w2, 1⟩} Dw !→ { t}

Dwt Dw = {w1,w2}

Dwt = DDw
t = {{⟨w1, 0⟩, ⟨w2, 0⟩},

{⟨w1, 0⟩, ⟨w2, 1⟩},
{⟨w1, 0⟩, ⟨w2, ⟩},
{⟨w1, 1⟩, ⟨w2, 0⟩},
{⟨w1, 1⟩, ⟨w2, 1⟩},
{⟨w1, 1⟩, ⟨w2, ⟩},
{⟨w1, ⟩, ⟨w2, 0⟩},
{⟨w1, ⟩, ⟨w2, 1⟩},
{⟨w1, ⟩, ⟨w2, ⟩}}

is i



φ1(i) = {w1} {⟨w, t⟩ |

w ∈ Dw} i e

i φ1

i

i
φ1 {w1}

i

M2 i i[φ2]j

j

φ2 Dwt

j

{⟨w1, 1⟩, ⟨w2, 0⟩}
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j1

j2

j3

j4

j5

j6

j7

j8

j9

[φ2]

[φ2 "→ ∅]

[φ2 "→ {w1}]

[φ2 "→ {w2}]

[φ2 "→ {w1, w2}]

[φ2 "→ {⟨w1, ⟩, ⟨w2, ⟩}]

[φ2 "→ {⟨w1, 1⟩, ⟨w2, ⟩}]

[φ2 "→ {⟨w1, 0⟩, ⟨w2, ⟩}]

[φ2 "→ {⟨w1, ⟩, ⟨w2, 1⟩}]

[φ2 "→ {⟨w1, ⟩, ⟨w2, 0⟩}]

φ1 φ2

i {w1} {⟨w1, ⟩, ⟨w2, ⟩}
j1 {w1} ∅
j2 {w1} {w1}
j3 {w1} {w2}
j4 {w1} {w1,w2}
j5 {w1} {⟨w1, ⟩, ⟨w2, ⟩}
j6 {w1} {⟨w1, 1⟩, ⟨w2, ⟩}
j7 {w1} {⟨w1, 0⟩, ⟨w2, ⟩}
j8 {w1} {⟨w1, ⟩, ⟨w2, 1⟩}
j9 {w1} {⟨w1, ⟩, ⟨w2, 0⟩}

i[φ2]j i, j

st

Sleepφ{υ} :=

λis.∀w[w ∈ φ(i)](sleepe(wt)(υ(i))(w))

υ ∈ s(we) φ ∈ s(wt)

Sleep



Sleepφ{υ}

i

υ i φ i

Sleepφ{υ}

[Sleepφ{υ}]

[Sleepφ{υ}] := λis.λjs.i = j∧ Sleepφ{υ}(j)
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j4

j5
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j7
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[φ]

[φ "→ ∅]

[φ "→ {w1}]

[φ "→ {w2}]

[φ "→ {w1, w2}]

[φ "→ {⟨w1, ⟩, ⟨w2, ⟩}]

[φ "→ {⟨w1, 1⟩, ⟨w2, ⟩}]

[φ "→ {⟨w1, 0⟩, ⟨w2, ⟩}]

[φ "→ {⟨w1, ⟩, ⟨w2, 1⟩}]

[φ2 "→ {⟨w1, ⟩, ⟨w2, 0⟩}]

[υ]
k1

k2

k3

[υ "→ marye]

[υ "→ suee]

[υ "→ ]

k4

k5

k6

[υ "→ marye]

[υ "→ suee]

[υ "→ ]

k7

k8

k8

[υ "→ marye]

[υ "→ . . . ]

. . .

. . .

. . .

i [φ] [υ]

M3 De = {Marye, Suee, }, Dw = {w1,w2}

i

i φ υ



[Sleepφ{υ}] =

λis.λjs.i = j∧ ∀w[w ∈ φ(j)](sleepe(wt)(υ(j))(w))

i = j

j

υ(j) w ∈ φ(j)

sleepe(wt) M3

M3

!sleep"M3 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

marye !→
[
w1 !→ 1

w2 !→ 1

]

suee !→
[
w1 !→ 1

w2 !→ 0

]

e !→

⎡

⎢⎢⎣

w1 !→
t

w2 !→
t

⎤

⎥⎥⎦

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M3 marye suee w1

sleepe(wt) e t



k φ υ υ(k)

φ(k) suee w1 marye w1

w2 υ suee φ {w1} υ

marye φ {w1,w2}

k φ ∀w[w ∈ φ(k)](sleepe(wt)(υ(k))(w))

k υ suee φ

k υ

k φ W

wt ⟨w, ⟩ ∈ W w ∈ Dw

[Sleepφ{υ}]



φ υ !∀w[w ∈ φ(k)](sleepe(wt)(υ(k))(w))"M3 = ?
k4 {w1} suee = 1
k5 {w1} marye

k3 {w2} marye

k2 {w1,w2} marye

k1 ∅ marye = 1
k2 ∅ suee
k3 ∅ e

k8 {w2} suee = 0
k9 {w1,w2} suee
k10 {w1} e =
k11 {w2} e

k12 {w1,w2} e

k13 {⟨w1, ⟩, ⟨w2, ⟩} marye =
k14 {⟨w1, ⟩, ⟨w2, ⟩} suee
k15 {⟨w1, ⟩, ⟨w2, ⟩} e

k16 {⟨w1, 1⟩, ⟨w2, ⟩} marye

k17 {⟨w1, 1⟩, ⟨w2, ⟩} suee
k18 {⟨w1, 1⟩, ⟨w2, ⟩} e

k19 {⟨w1, 0⟩, ⟨w2, ⟩} marye

k20 {⟨w1, 0⟩, ⟨w2, ⟩} suee
k21 {⟨w1, 0⟩, ⟨w2, ⟩} e

k22 {⟨w1, ⟩, ⟨w2, 1⟩}] marye

k23 {⟨w1, ⟩, ⟨w2, 1⟩}] suee
k24 {⟨w1, ⟩, ⟨w2, 1⟩}] e

k25 {⟨w1, ⟩, ⟨w2, 0⟩}] marye

k26 {⟨w1, ⟩, ⟨w2, 0⟩}] suee
k27 {⟨w1, ⟩, ⟨w2, 0⟩}] e

k Sleepφ{υ}

Ds(st)(is)(js)

M !D(i)(j)"M = 1
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[φ]

[φ "→ ∅]

[φ "→ {w1}]

[φ "→ {w2}]

[φ "→ {w1, w2}]

[φ "→ {⟨w1, ⟩, ⟨w2, ⟩}]

[φ "→ {⟨w1, 1⟩, ⟨w2, ⟩}]

[φ "→ {⟨w1, 0⟩, ⟨w2, ⟩}]

[φ "→ {⟨w1, ⟩, ⟨w2, 1⟩}]

[φ2 "→ {⟨w1, ⟩, ⟨w2, 0⟩}]

[υ]
k1

k2

k3

[υ "→ marye]

[υ "→ suee]

[υ "→ ]
k4

k5

k6

[υ "→ marye]

[υ "→ suee]

[υ "→ ]
k7

k8

k9

[υ "→ marye]

[υ "→ . . . ]

. . .

k10
. . .

[υ "→ marye]

. . .

l1
l2
l3

[Sleepφ{υ}]

l4
l5

l6

l7

i [φ] [υ] [Sleepφ{υ}]



C C = ⟨M, is, ⟩ M
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DM
e C

Ds(st) C

js !D(iC)(j)"MC
= 1 D C

js !D(iC)(j)"MC
= 0

D C js !D(iC)(j)"MC ̸=



s(st)

Ds(st), D
′
s(st)

Ds(st);D′
s(st) := λis.λjs.∃hs.[D(i)(h)](D′(h)(j))

M3 i

[φ]; [υ]; [Sleepφ{υ}]

i

l1
l2
l3
l4
l5
l6
l7

[φ "→ ∅, υ "→ Marye]

[φ "→ ∅, υ "→ Suee]

[φ "→ ∅, υ "→ e]

[φ "→ {w1}, υ "→ Marye]

[φ "→ {w1}, υ "→ Suee]

[φ "→ {w2}, υ "→ Marye]

[φ "→ {w1, w2}, υ "→ Marye]

[φ]; [υ]; [Sleepφ{υ}]

[υ1, . . . ,υn] := [υ1]; . . . ; [υn]



[φ]; [υ]; [Sleepφ{υ}]

[φ,υ | Sleepφ{υ}]

φ,υ

Sleepφ{υ}]

[υ1, . . . ,υn | C1, . . . , Cn] :=

λis.λjs.i[υ1, . . . ,υn]j∧ C1(j)∧ · · ·∧ Cn(j)

is

js j i

υ1, . . . ,υn C1, . . . , Cn j



s(st)

S

φ,υ

φDCS
! φ

υ ≡ Suese

Sleepφ{υ}

[φ | φDCS
! φ]; [υ | υ ≡ Suese]; [Sleepφ{υ}]



φ υ

Sleepφ{υ} φ

φ

υ φ

υ ≡ Suese

υ suee υ

φDCS
! φ φDCS

S

φ S

φDCS

φ φ

υ υ ≡

Suese



α ≡ β :=

λis.α(i) = β(i)

α,β ∈ sτ, τ ∈ {e, (wt)}

υ ≡ Suese

υ ≡ Suese =

λis.υ(i) = Suese(i)

Suese := λis.suee

is υ(i)

Suese(i) Suese

Sue

suee





φDCx x ∈



φDCS
S

φ

φDCS
! φ !

φ1 ! φ2 :=

λis.φ1(i) ⊆ φ2(i)

φ1,φ2 ∈ s(wt)

φDCS
! φ

φDCS
! φ =

λis.φDCS
(i) ⊆ φ(i)

φDCS

S

φDCS
(i)

φ(i) φDCS

S

S φ

φDCS
φDCS



φ

φ

φ

Sleepφ{υ1} φ

φ φDCS
φ

φDCS

φDCS
! φ

x ∈ φDCS

φDCS

P x P



x

i ∈ s

∀x, i((x ∈ ∧ i ∈ s) → φDCS
(i) ̸= ∅)

x

i ∈ s w ∈ Dw

φDCx(i)(w) 1 0

w x w

∀x,w, i((x ∈ ∧w ∈ Dw ∧ i ∈ s) → ⟨w, t⟩ ̸∈ φDCx(i))

φ φDCS
φ



φ,υ

φDCS
! φ

υ ≡ Suese

Sleepφ{υ}

λis.λjs.i[φ,υ]j ∧ φDCS
(j) ⊆ φ(j) ∧ υ(j) = suee ∧

∀w[w ∈ φ(j)](sleepe(wt)(υ(j))(w))

C1 = ⟨M, , i⟩

MC1 C1

De = {suee, Se, } = {S}

MC1 Dw = {w1,w2}

sleepe(wt) MC1



!sleep(sue)(w1)"M
C1 = 1 !sleep(sue)(w2)"M

C1 = 0

φ,φDCS
υ

i0

i0

i0

∀υse[ (υ)](υ(i0) = )

∀φs(wt)[ (φ)](φ(i0) = {⟨w, t⟩ | w ∈ Dw})

i0



i0

{⟨w, t⟩ | w ∈ Dw} {w, t}

t

Maryse Suese

x, x′, x′′, . . .

i0[φDCx,φDCx′ ,φDCx′′ , . . . ]i

i Dwt

w !→ t t i

Dw

i

S
φDCS

S
Dw



i

i

i

Dw

= {S}

C1

iC1

S iC1 φDCS

Dw iC1



C1 = ⟨M, , i⟩

M3 De = {suee, Se, }
Dw = {w1,w2}
!sleep(sue)(w1)"M3 = 1
!sleep(sue)(w2)"M3 = 0

= {S}

i

C1

φDCS

i1 {w1,w2}
i2 {w1}
i3 {w2}

iC1

j Ds(st) C

js !D(iC)(j)"MC
= 1

C1

λis.λjs.i[φ,υ]j ∧ φDCS
(j) ⊆ φ(j) ∧ υ(j) = suee ∧

∀w[w ∈ φ(j)](sleepe(wt)(υ(j))(w))

S



is js i j

φ υ

j φ(j)

φDCS
(j) S

υ(j) Sue (j)

suee sleepet(υ(j))(w)

w ∈ φ(j) φ(j)

i φDCS

j

i υ φ υ(j) = suee φ(j) = {w ∈ Dw |

sleep(sue)(w)} φDCS
(j) ⊆ φ(j)

φDCS
φ υ

j {w1} {w1} suee

S

φ(j1)

φDCS
(j1) φ(j1)



φ

S
w1 w2

φDCS
(j) = {w1}

φ(j) = {w1}

υ(j) = suee

υ φ

υ ≈

φ ≈





λw.sleep(sue)(w) λw.tired(sue)(w) λw.tired( )(w)

w1 1 1
w2 1 0
w3 0 1
w4 0 0

sleepe(wt)

tirede(wt) MC2

υ

φ2

φDCS
! φ2

Tiredφ2
{υ}

[φ2 | φDCS
! φ2]; [Tiredφ2

{υ}]

υ

υ
υ

C2 = ⟨M, {S}, i⟩ MC2

De = {suee, Se, } Dw = {w1,w2,w3,w4}

sleepe(wt) tirede(wt)



φDCS

i1 {w1,w2,w3,w4}
i2 {w1,w2,w3}
i3 {w1,w2,w4}
i4 {w1,w3,w4}
i5 {w2,w3,w4}
i6 {w1,w2}
i7 {w1,w3}
i8 {w1,w4}
i9 {w2,w3}
i10 {w2,w4}
i11 {w3,w4}
i12 {w1}
i13 {w2}
i14 {w3}
i15 {w4}

i C2

i

C2

15

i

[φ1 | φDCS
!

φ1]; [υ | υ ≡ Sue]; [Sleepφ1
{υ}]

C2 i

j

C2

[φ1 | φDCS
! φ1]; [υ | υ ≡ Sue]; [Sleepφ1

{υ}]

φDCs φ1 υ

j1 {w1,w2} {w1,w2} suee
j2 {w1} {w1,w2} suee
j3 {w2} {w1,w2} suee
j4 {w1} {w1} suee
j5 {w2} {w2} suee

C′
2 = {M4, {S}, j} υ φ1

φDCS
(i) Dw Dw !→ Dt

|Dw !→ Dt| = |Dt|
|Dw| Dw !→ Dt

|{0, 1}||Dw|.

{0, 1} 0
∑|Dw|

k=1

(
|Dw|
k

) ∑4
k=1

(
4
k

)
= 15



C′
2

φ2

υ φDCS
! φ2

φ2

υ υ φ1

λjs.λks.j[φ2]k ∧ φDCS
(k) ⊆ φ2(k) ∧

∀w[w ∈ φ2(k)](tirede(wt)(υ(k))(w))

C2′ j υ suee

υ

k

j υ(j) = sue υ(k) C′
2

k φDCS
,φ2 υ φDCS

(k)

φ2(k) υ(k) φ(k) k

C′
2

k ![φ2 | φDCS
! φ2]; [Tiredφ2

{υ}]"M4 (j)(k) ̸=

k l j

l l = j δ j[δ]i



φDCs φ1 υ φ2

k1 {w1} {w1,w2} suee {w1,w3}
k2 {w1} {w1,w2} suee {w1}
k3 {w1} {w1} suee {w1,w3}
k4 {w1} {w1} suee {w1}

C′
2

[φ2 | φDCS
! φ2, Tiredφ2

{υ}]

C′
2 k

k ![φ2 | φDCS
! φ2]; [Tiredφ2

{υ}]"M4 (j)(k) = 1

C2

C2

Tiredφ1
{υ}

[φ1]; [φDCS
! φ1]; [Tiredφ1

{υ}]

[φ1] C2

j φDCS

i φ1



φDCS
φ1

k1 {w1,w2,w3,w4} {w1,w2,w3,w4}
k1 {w1,w2,w3} {w1,w2,w3,w4}
k1 {w1,w2,w3} {w1,w2,w3}

k

wt 1215 j

[φDCS
! φ1] k

φDCS
(k) φ1(k)

k 65

k

φDCS
φ1 Dw φDCS

(k) ⊆ φ1

k υ υ(k) = k

[Tiredφ1
{υ}]

λis.λjs.i = j ∧ ∀w((w ∈ φ1(j) → (sleepe(wt)(υ(j))(w)))

l

k

k

[λis.λjs.i = j ∧ ∀w((w ∈ φ1(j) → (sleepe(wt)(υ(j))(w)))](k)(l) =

k = l ∧ ∀w[w ∈ φ1(l)](sleep(υ(l))(w))

15 φDCS
(i) |Dw !→ Dt| = |Dt|

|Dw| = 34 = 81
φ1(j) 15× 81 = 1215

k
∑|Dw|

n=1

(
|Dw|
n

)
(2n − 1) =

∑4
n=1

(
4
n

)
(2n − 1) = 65



!k = l ∧ ∀w[w ∈ φ1(l)](sleepe(wt)(υ(l))(w))"MC2 =

1

!k = l"MC2 = 1 w ∈ Dw

!φ1(l)"M
C2 (w) = 0

!sleep(υ(l))"MC2 (w) = 1

!k = l"MC2 = w ∈ Dw

!φ1(l)"M
C2 (w) =

!sleep(υ(l))"MC2 (w) =

l k

w Dw

w φ(l) υ(l)

k1

υ(l) = w Dw !sleep"MC2 ( )(w) =

k = k1

!k1 = l ∧ ∀w[w ∈ φ1(l)](sleepe(wt)(υ(l))(w))"M4 =

d ∈ Dw !sleep"M4( )(d) =

k

υ C2



l ![φ1]; [φDCS
! φ1]; [Tiredφ1

{υ}](i)(l)"M
C2

=

D υ

υ

i i υ

j i j j = i δ : δ ̸= υ ∧ i[δ]j

D(i)(j) =



C3 = ⟨M3, {S}, i⟩ i M3

De = {sue, S, } Dw = {w1,w2,w3,w4} !sleep"M3

w λw.sleep(sue)(w) λw.sleep( )(w)

w1 1
w2 1
w3 0
w4 0

λw.sleep(sue)(w) λw.sleep(mary)(w)
Dw

S



φ,υ

φDCS
! φ

υ ≡ Suese

Sleepφ{υ}

j

φDCS

j

j

φDCS
φ υ

j1 {w1,w2} {w1,w2} sue
j2 {w1} {w1,w2} sue
j3 {w2} {w1,w2} sue
j4 {w1} {w1} sue
j5 {w2} {w2} sue

j C3

j1 φDCS
(j) = {w1,w2}

j2 j3

φDCS
(j)

S

j S



S

φDCS

φDCS

φ(D) :=

λi.λj.D(i)(j)∧ ∀k[D(i)(k)](¬(φ(j) ⊂ φ(k)))

φ D i

D j i

D k φ(k) φ(j)



D

φ

φDCS

φDCS

⎛

⎜⎜⎜⎜⎜⎝

φ,υ

φDCS
! φ

υ ≡ Suese

Sleepφ{υ}

⎞

⎟⎟⎟⎟⎟⎠

j1

φDCS
(j1) = {w1,w2} φDCS

φDCS

φDCS

S
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φDCS

S

φDCS

S

φDCS



S

S C D

j

j ∈ λjs.!C(iC)(j)"M
C

∀ks.[!C(iC)(k)"M
C
](¬(φDCS

(j) ⊂ φDCS
(k)))

S C

j

j ∈

φ,υ

φDCS
! φ

υ ≡ Suese

Sleepφ{υ}

(iC)



ji

∀k.

⎡

⎢⎢⎢⎢⎢⎣

φ,υ

φDCS
! φ

υ ≡ Suese

Sleepφ{υ}

(iC)(k)

⎤

⎥⎥⎥⎥⎥⎦
(¬φDCS

(j1) ⊂ φDCS
(k))

ji k

D C φDCS
(k) φDCS

(ji)

φDCS

φDCS



φDCS
φ υ

⋆j1 {w1,w2} {w1,w2} sue
j2 {w1} {w1,w2} sue
j3 {w2} {w1,w2} sue
j4 {w1} {w1} sue
j5 {w2} {w2} sue

j C4

C DC
w = {w1, w2, w3, w4}

w1 w2 w3, w4 w4

j ∈
φ

φDCS
! φ

warmφ

(iC)

ji

jiin ∼
φ′

hotφ′

ji

∀k.

⎡

⎢⎢⎣

φ

φDCS
! φ

warmφ

(iC)(k)

⎤

⎥⎥⎦ (¬φDCS
(j1) ⊂ φDCS

(k))

φDCS

⋆j1 {w3, w4}
⋆j2 {w3}
j3 {w4}

ji

∀k.

⎡

⎢⎢⎣

φ

φDCS
! φ

warmφ

; ∼
φ′

hotφ′

(iC)(k)

⎤

⎥⎥⎦ (¬φDCS
(j1) ⊂ φDCS

(k))

φDCS

j1 {w3, w4}
⋆j2 {w3}
j3 {w4}
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# λxe.λww.sleepe(wt)(x)(w)

wt

# λxe.λWwt.∀w[w ∈ W](sleepe(wt)(x)(w))



s(st)

se s(wt)

# λυse.λφs(wt).λis.λjs.i = j∧ ∀ww[w ∈ φ(j)](sleepe(wt)(υ(j))(w))

# λυ .λφ .[Sleepφ{υ}]

υ φ

et υ

φ



( ),( ) #

λP ( ).λφ .[υ | υ ≡ Sue ];P(υ)(φ)

Sue := λis.suee

P ( )

φ

P υ φ

λφ .[υ | υ ≡ Sue ]; [Sleepφ{υ}]

λP ( ).λφ .[υ | υ ≡ Sue ];P(υ)(φ) λυ .λφ .[Sleepφ{υ}]

s(st)



S := λP .[φ1 | φDCS
! φ1];P(φ1)

S

P φ

φ S

φ P(φ)

S (λφ .[υ | υ ≡ Sue ]; [Sleepφ{υ}]) =

[φ1 | φDCS
! φ1]; [υ | υ ≡ Sue ]; [Sleepφ1

{υ}]

φ1,υ

φDCS
! φ1

υ ≡ Sue

Sleepφ1
{υ}
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↪→ φ1 ↪→ φ2

φ1

φ2





✓

p
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✓

✓



✓

✓



✓



(sw), (wt)

s(wt)







φ2 φ1

φ1
≈

φ2
≈



S

φ1,φ2,υ

φDCS
! φ1

φ1 ≡ φ2

υ ≡ Sue

Sleepφ2
{υ}

[φ1 | φDCS
! φ1]; [φ2 | φ1 ≡ φ2]; [υ | υ ≡ Sue ]; [Sleepφ2

{υ}]

φ2

Sleepφ2
{υ} φ2 φ1 ≡ φ2

φ1 φ2 υ

υ ≡ Sue υ

Sleepφ2
{υ} φ2

φ2

φ1 ≡ φ2 φ1 φ2

φ1



φ1

φDCS
! φ1 φ1

φ1 ≡ φ2

φ := λis.φ(i)

φ2

φ1 ≡ φ2 φ2

Sleepφ2
{υ}

φ2

φ2



C1 = ⟨M1, {S}, i⟩ M1 De = {sue, S, }, Dw = {w1,w2}

!sleep(sue)(w1)"M1 = 1 !sleep(sue)(w2)"M1 = 0 iC1

λis.λjs.i[φ1,φ2,υ]j ∧ φDCS
(j) ⊆ φ1(j) ∧ φ1(j) = φ2(j) ∧ υ(j) = suee

∧ ∀w[w ∈ φ2(j)](sleepe(wt)(υ(j))(w))

S

is js i j

φ1 φ2 υ

j φ1(j) φDCS
(j)

S

φ1(j) φ1(j)

φ2(j)

υ j

Suese suee



φ2(j)

sleep(υ(j))(w) w ∈ φ2(j)

C1 j

φ2

φ1

S

w1 w2

φDCS
(j) = {w2}

φ1(j) = {w2}

φ2(j) = {w1}

υ1(j) = suee

j

w1 w2 φ1(j) φ2(j)

φ1(j)

φ2(j)

φ1(j)

S

φ1(j)

φDCS
(j) φ1(j)



φ A C

φ A C

φ C = ⟨i,M, ⟩ A ∈

φDCA
(i) ⊆ φ(i)

φ C = ⟨i,M, ⟩ A ∈

φDCA
(i) ⊆ φ(i)

C′
1 = ⟨M1, {S}, j⟩ ![φ1 | φDCS

!

φ1]; [φ2 | φ1 ≡ φ2]; [υ | υ ≡ Sue ]; [Sleepφ2
{υ}](iC1)(jC

′
1)"M1 φ1 S

C′
1 φDCS

(j) ⊆ φ1(j) φ2 S C′
1 φDCS

(j) ⊆

φ2(j)



φ1

φ1

φ2

φ2

φ3
φ3



φ1,φ2,φ3,υ1,υ2

φDCS
! φ1

φ1 ≡ φ2 $ φ3

υ1 ≡ Sue

Sleepφ2
{υ1}

υ2 ≡ Mary

Danceφ3
{υ2}

[φ1 | φDCS
! φ]; [φ2,φ3 | φ1 ≡ φ2 $ φ3]; [υ1 | υ1 ≡ Sue]; [Sleepφ2

{υ1}];

[υ2 | υ2 ≡ Mary]; [Danceφ3
{υ2}]

φ2 φ3 φ1 ≡ φ2 $ φ3

φ1

Sleepφ2
{υ1} Danceφ3

{υ2}

φ2 φ3 φ1 ≡ φ2 $φ3



φ1 $ φ2 := λis.φ1(i) ∩ φ2(i)

φ1,φ2 ∈ s(wt)

C2 = ⟨M2, {S}, i⟩

iC2 M2 De = {mary, sue, S, }, Dw =

{w1,w2,w3,w4} !sleep"M2 !dance"M2

λw.sleep(sue)(w) λw.dance(mary)(w)

w1 1 1
w2 1 0
w3 0 1
w4 0 0

!sleep"M2 !dance"M2

λis.λjs.i[φ1,φ2,φ3,υ1,υ2]j ∧

φDCS
(j) ⊆ φ1(j) ∧ φ1(j) = φ2(j) ∩ φ3(j) ∧

υ1(j) = suee ∧ ∀w[w ∈ φ2(j)](sleepe(wt)(υ1(j))(w)) ∧

υ2(j) = marye ∧ ∀w[w ∈ φ3(j)](dancee(wt)(υ2(j))(w))

S



is js

j φ1(j)

υ1 marye υ2 suee

j φ2 sleep(marye)

φ3 dance(suee)

C2 j

φ2 φ3
φ1

S

w2

w1
w3

w4

φDCS
(j) = {w1}

φ1(j) = {w1}

φ2(j) = {w1,w2}

φ3(j) = {w1,w3}

υ1(j) = suee

υ2(j) = marye

j φ1(j)

φ2(j)

φ3(j) S

φ1(j) S

φ1(j)



(φt ∧ψt) → φ

(φt ∧ψt) → φ

C′
2 = ⟨M2, {S}, j⟩

!(19)(iC2)(jC
′
2)"M2 = 1. φ1 S C′

2 φDCS
(j) ⊆ φ1(j) φ2

φ3 S C′
2 φDCS

(j) ⊆ φ2(j) φDCS
(j) ⊆ φ3(j)



φ1

φ1

φ2

φ2

φ3
φ3



φ1,φ2,φ3,υ1,υ2

φDCS
! φ1

φ1 ≡ φ2 % φ3

υ1 ≡ Mary

Sleepφ2
{υ1}

υ2 ≡ Sue

Danceφ3
{υ2}

[φ1 | φDCS
! φ1]; [φ2,φ3 | φ1 = φ2%φ3]; [υ1 | υ1 ≡ Mary ]; [Sleepφ2

{υ1}];

[υ2 | υ2 ≡ Sue ]; [Danceφ3
{υ2}]

φ2 φ3 φ1 = φ2 % φ3

φ1

Sleepφ2
{υ1} Danceφ3

{υ2}

φ2 φ3

%



φ1 % φ2 := λis.φ1(i) ∪ φ2(i)

φ1,φ2 ∈ s(wt)

C2

λis.λjs.i[φ1,φ2,φ3,υ1,υ2]j ∧

φDCS
(j) ⊆ φ1(j) ∧ φ1(j) = φ2(j) ∪ φ3(j) ∧

υ1(j) = marye ∧ ∀w[w ∈ φ2(j)](sleepe(wt)(υ1(j))(w)) ∧

υ2(j) = suee ∧ ∀w[w ∈ φ3(j)](dancee(wt)(υ2(j))(w))

C2 j

j

φ1(j)

φ2(j) φ3(j) S φ1(j)



φ2 φ3
φ1

S

w2

w1
w3

w4

φDCS
(j) = {w1,w2,w3}

φ1(j) = {w1,w2,w3}

φ2(j) = {w1,w2}

φ3(j) = {w1,w3}

υ1(j) = suee

υ2(j) = marye

¬((φt ∨ψt) → φ)

¬((φt ∨ψt) → ψ)

¬((φt ∨ψt) → ¬φ)

¬((φt ∨ψt) → ¬ψ)



C′′
2 = ⟨M2, {S}, j⟩

!(19)(iC2)(jC
′′
2 )"M2 = 1 φ1 S C′′

2 φDCS
(j) ⊆ φ1(j)

φ2 φ3 S C′′
2 φDCS

(j) ̸⊆ φ2(j) φDCS
(j) ̸⊆

φ3(j) φ2 φ3 S C′′
2 φDCS

(j) ̸⊆ φ2(j)

φDCS
(j) ̸⊆ φ3(j)

φ1,φ2,υ

φDCS
! φ1

φ1 ≡ φ2

υ ≡ Sue

Sleepφ2
{υ}

C3

φ1,φ2 υ υ(j) = sue φ2(j)



φ1(j) φ2

j

φDCS
φ1 φ2 υ

j1 {w3,w4} {w3,w4} {w1,w2} sue

j2 {w3} {w3,w4} {w1,w2} sue
j3 {w4} {w3,w4} {w1,w2} sue

j4 {w2,w3,w4} {w2,w3,w4} {w1} sue
j5 {w1,w3,w4} {w1,w3,w4} {w2} sue
j6 {w1,w2,w3,w4} {w1,w2,w3,w4} ∅ sue

C3

j1 φ2 {w1,w2}

φ1 {w3,w4}

φDCS
{w3,w4} S φ1

j2 j3 φ2 {w1,w2}

φDCS
φDCS

(j1)

j4 j6 φ2 {w1,w2}

φDCS
φDCS

(j1) j4

j6 j1

φDCS
w3,w4



j6 φDCS
{w1,w2,w3,w4}

S

φ1 φ2

φ2

{w1,w2}



φ(D) :=

λi.λj.D(i)(j)∧ ∀k[D(i)(k)](¬(φ(j) ⊂ φ(k)))

φ1,φ2

φDCS
! φ1

φ1 ≡ φ2

; φ2

⎛

⎜⎜⎜⎝

υ

υ ≡ Sue

Sleepφ2
{υ}

⎞

⎟⎟⎟⎠

[φ1 | φDCS
! φ1]; [φ2 | φ1 ≡ φ2]; φ2

([υ | υ ≡ Sue]; [Sleepφ2
{υ}])

j φ2 φ2(j)

φ1(j)

φDCS
(j) C4

φDCS
φ1 φ2 υ

⋆j1 {w3,w4} {w3,w4} {w1,w2} sue
j2 {w3} {w3,w4} {w1,w2} sue
j3 {w4} {w3,w4} {w1,w2} sue

C4

j1



[ ]φ

φ

φ φDC S φ

φ
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φ

φDCS
! φ

; φ

⎛

⎜⎜⎜⎝

υ

υ ≡ Sue

Sleepφ{υ}

⎞

⎟⎟⎟⎠



υ υ d ∈ De d

φ

υ υ d ∈ De d

φ

φ υ



υ φ

υ φ φ

φ

υ υ







C4 = {M4, {S}, i} i M4

De = {sue, car1, car2, S, } Dw = {w1,w2,w3,w4}

λx.λw.car(x)(w) x ∈ De,w ∈ Dw M4 car1 car2

sue

λw.own(sue, car1)(w) λw.own(sue, car2)(w)



w λw.car(car1)(w) λw.car(car2)(w) λw.car(sue)(w) λw.car( )(w)

w1 1 1 0
w2 1 1 0
w3 1 1 0
w4 1 1 0

λx.λw.car(x)(w) x ∈ DM4
e ,w ∈ DM4

w M4

w ∈ DM4
W M4 car1 car2 w1 w2 w3

car1 car2 w4

w λw.own(sue, car1)(w) λw.own(sue, car2)(w)
w1 1 1
w2 1 0
w3 0 1
w4 0 0

λw.own(sue, car1)(w) λw.own(sue, car2)(w)
w ∈ DM4

W M4

w1

w3 w4



φ

φDCS
! φ

; φ

⎛

⎜⎜⎜⎜⎜⎝

υ1,υ2

υ1 ≡ Sue

carφ{υ2}

ownφ{υ1,υ2}

⎞

⎟⎟⎟⎟⎟⎠

C4 j

φDCS
φ υ1 υ2

j1 {w1,w2} {w1,w2} sue car1
j2 {w1,w3} {w1,w3} sue car2

C5

i j

j i φ,υ1, υ2 φDCS
(j) φ(j) υ1(j)

φ(j) υ2(j)

φ υ2(j)

C j

i C4

φ j1 {w1,w2}

car1 j2 {w1,w3} car2



{w1,w2,w3}

φ
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φ1

φDCS
! φ1

; φ1

⎛

⎜⎜⎜⎝
φ2

φ1 ≡ φ2

; φ2

⎛

⎜⎜⎜⎝

υ

υ ≡ Sue

Sleepφ2
{υ}

⎞

⎟⎟⎟⎠

⎞

⎟⎟⎟⎠

C4 j

φDCS
φ1 φ2 υ1 υ2

j1 {w2,w4} {w3,w4} {w1,w2} sue car1
j2 {w2,w4} {w2,w4} {w1,w3} sue car2

C5

φ2

φ2 car1

car2
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φDCS
φ υ1 υ2

j1 w1 w1 sue car1
j2 w1 w1 sue car2
j3 w2 w2 sue car1
j4 w3 w3 sue car2

C4

υ2 φ
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[υ] := λIst.λJst.∀i[i ∈ I](∃j(j ∈ J(i[υ]j)))∧ ∀j[j ∈ J](∃i(i ∈ I(i[u]j)))

i ∈ I j ∈ J i[υ]j

Ownφ{υ1,υ2} := λIst.I ̸= ∅∧ ∀is[i ∈ I](own(υ1(i),υ2(i))(φ(i)))

i

υ1(i),υ2(i) φ(i)

i

φ,υ1 υ2

M7
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φ υ1 υ2

j1 w1 w1 sue car1
j2 w1 w1 sue car2
j3 w2 w2 sue car1
j4 w3 w3 sue car2
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J φDCS
φ1 φ2 υ1 υ2

j1 w4 w4 w1 sue car1
j2 w4 w4 w1 sue car2
j3 w4 w4 w2 sue car1
j4 w4 w4 w3 sue car2
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φ

{φ1,φ2} := λI.∀i, i′[i, i′ ∈ I](φ1(i) ̸= φ2(i′))

φ1(i)

φ2(i′) i, i′ I
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φDCS
! φ1

; φ1

⎛

⎜⎜⎜⎝

υ1,φ2

Testφ1
{υ1}

Proveφ1
{υ1,φ2}

; φ2

⎛

⎜⎜⎜⎝

υ2

υ2 ≡ Mary

Sickφ2
{υ2}

⎞

⎟⎟⎟⎠

⎞

⎟⎟⎟⎠

φ1,φ2

υ1,υ2 φ1 υ1
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φ2 φ1 φ2

Proveφ1
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φ2 φ1 φ2

υ2 mary Sickφ2
{υ2} υ2
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Proveφ1
{υ1,φ2}

prove(e,((wt),wt)

x p w p

x w

! x(w)"M,g =

{w′ ∈ Dw : w′

!x"M,g !w"M,g

prove(e,((wt),wt)
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Proveφ1
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φ2 φ2
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C1 = ⟨M1, {S}, i⟩ i

M1 De = {mary, S, t, } Dw = {w1,w2,w3} !test"M1 !sick"M1

!prove"M1

λw.test(t)(w) λw.sick(mary)(w) λw.prove(t)(λw′.sick(mary)(w′))(w)

w1 1 1 1
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λw.test(t)(w) λw.sick(mary)(w)
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φDCS
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)
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! φ3

φDCS
! φ2 φ2

C′
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φDCS
! φ3

; φ3

(
φ3 ≡ φ2

)

φ2 φDCS
$ φ2 = ∅

C1 C′
1 =

⟨M1, {S}, j⟩ !(21)(i)(j)"M1 = 1 φDCS
φ2

φ2



φ

φ

✓ φ

✓ φ

#

φ1

φDCS
! φ1

; φ1

⎛

⎜⎜⎜⎝

υ1,φ2

υ1 ≡ John

Mistakenφ1
{υ1,φ2}

; φ2

⎛

⎜⎜⎜⎝

υ2

υ2 ≡ Mary

Sickφ2
{υ2}

⎞

⎟⎟⎟⎠

⎞

⎟⎟⎟⎠

Mistakenφ1
{υ1,φ2}

!mistaken(xe)(pwt)(ww)"M,g = ! x ⊆ p∧ ¬p(w)"M,g

Mistakenφ1
{υ1,φ2}



φ2 φ1

j φ1(j) ∩ φ2(j) = ∅

S

x ⊆

p

j φ1(j) = φ2(j) φDCS
(j) ⊆ φ1(j) φ2

C2 = ⟨M2, {S}, i⟩ i M2

De = {john,mary, S, } Dw = {w1,w2,w3} !sick"M2 !mistaken"M2

λw.sick(mary)(w) λw.mistaken(john)(λw′.sick(mary)(w′))(w)

w1 1 0
w2 0 1

λw.sick(mary)(w)
λw.mistaken(john)(λw′.sick(mary)(w′))(w) Dw

w1 w2 Dw

Dw



C2 j

φ1

φ2

w2 w1

φDCS
(j) = {w2}

φ1(j) = {w2}

φ2(j) = {w1}

υ1(j) = johne

υ2(j) = marye

C2

φ2

φ1 φ1

φDCS
(j) ⊆ φ2 φ2

S

φ2

φ2



φ3

φDCS
! φ3

; φ3

(
φ3 ≡ φ2

)

φ2 φ2

C2 C′
2 =

⟨M2, {S}, j⟩ !(31)(i)(j)"M2 = 1 φ2 φ2(j)∩φDCS
(j) =

∅ j j k

C′
2

S

φ2

φ2



φ2
#

φ3

φDCS
! φ3

; φ3

(
φ3 ! φ2

)

Trueφ3
{φ2} φ3(k) ⊆ φ2 φ3

φDCS
(k) ⊆ φ3(k) φDCS

(k) ⊆ φ2(k)

C2 C′
2 =

⟨M2, {S}, j⟩ !(31)(i)(j)"M2 = 1 φ2 φ2(j)∩φDCS
(j) =

∅

φ2

φ2

φ2

✓ φ2

✓ φ2

✓ φ2



#

φ1

φDCS
! φ1

; φ1

⎛

⎜⎜⎜⎝

υ1,φ2

υ2 ≡ Sue

Believeφ1
{υ2,φ2}

; φ2

⎛

⎜⎜⎜⎝

υ2

υ2 ≡ Mary

Sickφ2
{υ2}

⎞

⎟⎟⎟⎠

⎞

⎟⎟⎟⎠

φ1 φ2

Believeφ1
{υ2,φ2}

! x(w)"M,g =

{w′ ∈ Dw : w′ !x"M,g !w"M,g}

!believe(xe)(pwt)(ww)"M,g =

! x(w) ⊆ p"M,g

φ1 φ2

S

S

C3 = ⟨M3, {S}, i⟩ i

M3 De = {sue,mary, S, }, Dw = {w1,w2,w3,w4} !sick"M3

!believe"M3



λw.sick(mary)(w) λw.believe(sue)(λw′.sick(mary)(w′))(w)

w1 1 1
w2 1 0
w3 0 1
w4 0 0

λw.sick(mary)(w)
λw.believe(sue)(λw′.sick(mary)(w′))(w) Dw

C3 j

φ1 φDCS
(j) ⊆ φ1(j)

φ2 φ1(j)

φDCS
(j) ⊆ φ2(j) φ2

φDCS
φ2

φ1 φ2

w1

w2
w4

w3

φDCS
(j) = {w1,w2}

φ1(j) = {w1,w2}

φ2(j) = {w2,w4}

υ1(j) = suee

υ2(j) = marye

C3

S

φ2
φ2

φ2



φ2
#

φ3

φDCS
! φ3

; φ3

(
φ3 ! φ2

)

k φ3(k) ⊆ φ2

φDCS
(k) ⊆ φ3(k)

φDCS
(k) ⊆ φ2(k)

C′
3 = ⟨M3, {S}, j⟩ j

C3 !(36)(iC3
)(jC′

3
)"M3 = 1 φDCS

! φ2

j j φDCS
(j)

φ2(j)

C′
3 k

φ1 φ2
φ3

w1

w2
w4

w3

φDCS
(k) = {w2}

φ1(k) = {w1,w2}

φ2(k) = {w2,w4}

υ1(k) = suee

υ2(k) = marye

φ3(k) = {w2}

φ2
φ2

C3

φ1 φ3

φDCS
(k) ⊆ φ1(k)∩φ2(k) S



φ3(k) ⊆ φ2(k) φ2

C′
3

φ2

φ2

φ2

φ3

φDCS
! φ3

; φ3

(
φ3 ≡ φ2

)

k φ3(k) = φ2(k)

φDCS
(k) ⊆ φ3(k)

φDCS
(k) ⊆ φ2(k) φ2

jC′
3

C′
3 = ⟨M3, {S}, j⟩ j

!(36)(iC3
)(jC′

3
)"M3 = 1 j

φDCS
(j) φ2(j)

C′
3 k



φ1

φ2

φ3

w1

w2
w4

w3

φDCS
(k) = {w1}

φ1(k) = {w1,w2}

φ2(k) = {w2,w4}

υ1(k) = suee

υ2(k) = marye

φ3(k) = {w1}

φ2
φ2

C3

C3 φ2

φ2

φ2



A

B

A φ

B φ

υ φ4
υ φ4



φ1

φDCS
! φ1

; φ1

⎛

⎝ φ2,φ3

φ1 ≡ φ2 % φ3

;

φ2

⎛

⎜⎜⎜⎝
φ4

φ2 ≡ φ4

; φ4

⎛

⎜⎜⎜⎝

υ

υ ≡ Mary

Sickφ4
{υ}

⎞

⎟⎟⎟⎠

⎞

⎟⎟⎟⎠
;

φ3

(
Knowφ3

{υ,φ4}
)
⎞

⎠

[φ1 | φDCS
! φ1]; φ1

([φ2,φ3 | φ1 ≡ φ2 % φ3]; φ2
([φ4 | φ2 ≡

φ4]; φ4
([υ | υ ≡ Mary ]; [Sickφ4

{υ}])); φ3
([Knowφ3

{υ,φ4}]))

C5 =

⟨M5, {S}, i⟩ i M5 De = {mary, S, }, Dw =

{w1,w2,w3} !sick"M5 !know"M5

λw.sick(mary)(w) λw.know(λw′.sick(mary)(w′))(mary)(w)

w1 1 1
w2 1 0
w3 0 0

λw.sick(mary)(w)
λw.know(λw′.sick(mary)(w′))(mary)(w) Dw



iC5
j

φ2 φ3φ1

φ4

φ1

w2 w1

w3

φDCS
(j) = {w1,w2}

φ1(j) = {w1,w2}

φ2(j) = {w2}

φ3(j) = {w1}

φ4(j) = {w1,w3}

υ(j) =marye

C5

φ4

φ1

φ2 φ3 φ4

φ2 φ3

φ3 ⊂ φ4 φ2 φ3



A φ2

B φ2

A : #

φ1

φDCA
! φ1

; φ1

⎛

⎜⎜⎜⎝

υ1,φ2

υ1 ≡ John

Mistakenφ1
{υ1,φ2}

; φ2

⎛

⎜⎜⎜⎝

υ2

υ2 ≡ Mary

Sickφ2
{υ2}

⎞

⎟⎟⎟⎠

⎞

⎟⎟⎟⎠

C6 = ⟨M6, {A,B}, i} i

M6 De = {john,mary,A, B, }, Dw = {w1,w2}

!sick"M6 !mistaken"M6

λw.sick(mary)(w) λw.mistaken(john)(λw′.sick(mary)(w′))(w)

w1 1 0
w2 0 1

λw.sick(mary)(w)
λw.mistaken(john)(λw′.sick(mary)(w′))(w) Dw

C6

j



φ1

φ2

w2 w1

φDCA
(j) = {w2}

φ1(j) = {w2}

φ2(j) = {w1}

υ1(j) = johne

υ2(j) = marye

A
φ2 C6

jC6
B

B : φ2
#

φ3

φDCB
! φ3

; φ3

(
φ3 ! φ2

)

jC6
k

φ1

φ2,φ3

w2 w1

φDCA
(k) = {w2}

φDCB
(k) = {w1}

φ1(k) = {w2}

φ2(k) = {w1}

φ3(k) = {w1}

υ1(k) = johne

υ2(k) = marye

A
φ2 B φ2

C6

A B

φ1 φ2 φ3 A



φ1 B

φ3 φ2



















≈



f : A → B A,B

f(a∨ b) = f(a)∧ f(b)

f(a∧ b) = f(a)∨ f(b)

⇔

̸⇔

̸⇔



f : A → B A,B

f(a∨ b) = f(a)∧ f(b)

⇔

⇔

̸⇔







f : A → B ⟨A,≤⟩, ⟨B,≤⟩

(f(a)∧ b ≤ a) → f(b)

→

↔

̸↔









>> >> >>







¬ > > ∃

¬ > ∃ >

> ¬ > ∃

Y y





























✓



✓



✓

≈





≈

≈

















(& > ¬), (¬ ̸> &)

✓

✓ (& > ¬)

✓

✓ ≈

(∀ > ¬), (¬ ̸> ∀)

✓



✓

✓

✓ ≈



n n





> ¬ ¬ ̸>

> ¬ ¬ ̸>

> > ¬

✗ > > ¬



>

>













{

}





> > >



6.20 GBP ≈ 8.30 USD



1000ms

47

47 × 45 = 2115 423



pos

av

snr

nr

neg

0 100 200 300 400

response
why

why not

why / why not continuations (counts) by condition



4





−3.4194

2.2324 3.0197 3.4544 3.4806

8.0 < 1.15 × 10−15

−3.36 2.18 2.94 3.41 3.47

95



median=0.03

median=0.24

median=0.4

median=0.51

median=0.53

pos
av

snr
neg

nr

0.0 0.2 0.4 0.6 0.8

0

2500

5000

7500

10000

0

2500

5000

7500

10000

0

2500

5000

7500

10000

0

2500

5000

7500

10000

0

2500

5000

7500

10000

Posterior draws for probability of 'why not' by condition with median value and 95% CRI

y

95



p(why not|pos)−p(why not|av)

0.00 0.10 0.20 0.30

mean = 0.202

0% <= 0 < 100%

95% HDI
0.146 0.259

p(why not|av)−p(why not|snr)

0.0 0.1 0.2 0.3

mean = 0.16

0% <= 0 < 100%

95% HDI
0.0763 0.251

p(why not|snr)−p(why not|neg)

−0.1 0.0 0.1 0.2 0.3

mean = 0.117

1.1% <= 0 < 98.9%

95% HDI
0.0138 0.216

p(why not|neg)−p(why not|nr)

−0.2 −0.1 0.0 0.1 0.2 0.3

mean = 0.014

40.4% <= 0 < 59.6%

95% HDI
−0.0984 0.132

95
x <= 0

95 0

α = 0.05

0

95 α = 0.05



0.117 0

96

0 95 95

0.202 95 0.146 0.259

0.16 95 0.076 0.251





φ

φ



φ

β

α

α β





Σ

ΣP

Σ[E] TP

ΣP TP

Σ





✓ ✓ ✓
✓ ✓ ✗

r p

p

{r : r}

{r : r}



✓



p r

p r

p

∀w(p(w) ↔ (r1 ∨ · · ·∨ rn))

p

r1, . . . , rn p r1, . . . , rn

∀w(p(w) ↔ (r1(w)∨ · · ·∨ rn(w)))

w w

r1 : w

r2 : w



r3 : w

r

p p

r

r p p

r p

p





✓ ✓ ✗
✓ ✗ ✗



α β

E

[EΣ]

ϕTP !→ ∅ | E



φ

α !α"g φ φ

φ

φ1 φ2

φ1

φ2

φ1

φ2



φ2

φ1

φ1 φ2

TPφ1

TPφ2

TPφ1

TPφ2



λP .λφ1 .[φ2 | φ1 = φ2];P(φ2)

λP .λφ1 .[φ2 | φ1 ̸⊆ φ2];P(φ2)

λP .λφ1 .[φ1 = φ2];P(φ2)

λP .λφ1 .[φ1 ̸⊆ φ2];P(φ2)

φ2 φ1

φ2

φ2 B {p : ( φ2) }

φ2 B ( φ2) φ1

A



φ1

φ1

A φ1 B

{p : ( φ1) } φ1 B

( φ1) A B ( φ1) A φ1







se



✓
✗
✗

✓
✓
✗

✓
✓
✓



υ1
υ1

υ2
υ2

υ1
υ1



υ2
υ2

υ
υ

υ1
υ1

υ2

υ2







υ1
υ1

✓ υ :

υ2
?υ2

υ :

υ3
υ3

✗ υ :





✗ υ
υ



✓ ✓
✓ ✗
✗ ✗



υ
υ

✓ υ :

υ
υ

✓ υ :

υ
υ

✓ υ :

p : υ

q : υ



υ

¬(p∧ q)

(¬(p∧q)∧p ̸→ 0

(¬(p∧ q)∧ ¬p ̸→ 0

υ



υ
υ

✓ υ :

φ1 φ2
φ1/φ2

✗ φ1
:

✗ φ2
:



✓ ✓
✓ ✓
✓ ✓



υ
υ

✓ υ :

υ
υ

✓ υ :

υ
υ

✓ υ :



υ
υ

✓ υ :

υ
υ

✓ υ :

υ
υ

✗ υ :

υ



✓ ✓
✓ ✓
✓ ✗



✓ ✓
✓ ✗
✗ ✗
✓ ✓
✓ ✓
✓ ✗

✓ ✓
✓ ✓
✓ ✓



υ
υ

υ
υ

υ

υ

υ





(w, e)





s

φ s(wt) is

wt φs(wt)(is) i φ



(we)

υ s(we) is

ww xe υs(we)(is)(ww)

i υ w

e

υ φ

i[φ : υ]j is, js φ ∈ s(wt)



υ ∈ s(we)

i[υ]j

∀ww.(φ(j)(w) → υ′(i)(w) ̸=

υ φ(j)

∀ww.(¬φ(j)(w) → υ(j)(w) = )

φ υ

j i υ

w φ(j) υ(j)(w)

w φ(j) υ(j)(w)

υ φ(j)

i[υ]j

i φ

Rφ{υ} := λis.∀ww.φ(i)(w) → R(υ(i)(w))(w)

R ∈ e(wt) υ ∈ s(we) φ ∈ s(wt)





υ

υ′ υ

υ′ υ

is

φ

Rφ{υ} := λis.∀ww.φ(i)(w) → R(υ(i)(w))(w)

R ∈ e(wt) υ ∈ s(we) φ ∈ s(wt)

i

w φ(i) w υ(i)(w)

is φs(wt)



φ(i) υ(i) φ(i)

Re(wt) υs(we) φs(wt)

is

Rφ{υ}(i)

∀ww.φ(i)(w) → R(υ(i)(w))(w)

∀ww.φ(i)(w) → R(υ(i)(w))(w) υ(i)(w)

w φ(i)(w) ∀ww.φ(i)(w) → υ′(i)(w) ̸=

i φ

υ υ(i)(w) w

φ(i)(w)



υ1

φ2

#
φ1

φDCS
! φ1

; φ1

⎛

⎝ φ2

φ1 ≡ φ2

; φ2

⎛

⎝ φ2 : υ1

Bathroomφ2
{υ1}

⎞

⎠

⎞

⎠

υ1 φ2 [φ2 : υ1] υ1

φ2 φ1 φ2

υ1 φ1 S φ1 υ1

S



υ C = ⟨M, , i} A ∈

∀w(w ∈ φDCA
(i) → υ(i)(w) ̸= )

υ C = ⟨M, , i} A ∈

∀w(w ∈ φDCA
(i) → υ(i)(w) = )

# λP ( ).λφ .[φ : υ]; [Bathroomφ{υ}], P(υ)(φ)

#
φ1

φDCS
! φ1

; φ1

⎛

⎝ υ

υ ≡ Mary

⎞

⎠

Mary := λis.λww.marye



υ Mary

marye

C

i0



i0 C

υ ∈ s(we)

!υ(i0)"M
C,i0 = {⟨w, e⟩ | w ∈ Dw}

φ ∈ s(wt)

!φ(i0)"M
C,i0 = {⟨w, t⟩ | w ∈ Dw}

i0 C

MC i0 w ∈ Dw

i0

i0

i C

i0

x, x′, x′′, . . . C

i0[φDCx,φDCx′ ,φDCx′′ , . . . ]i

i



Dw

υ2
υ2

#

φ1

φDCS
! φ1

; φ1

⎛

⎜⎜⎜⎜⎜⎝

υ1,φ1 : υ2

υ1 ≡ Mary

Carφ1
{υ2}

Haveφ1
{υ1,υ2}

⎞

⎟⎟⎟⎟⎟⎠

υ2 φ1

φ1

C1 = ⟨M1, {S}, i⟩ i

M1 De = {mary, c, S, }, Dw = {w1,w2,w3,w4}

!car"M1, !have"M1, !parked"M1, !outside"M1

M1 c mary c w1,w2 c w1

w3



λw.car(c)(w) λw.have(mary, c)(w) λw.parked(c)(w) λw.outside(c)(w)

w1 1 1 1 1
w2 1 1 0 0
w3 1 0 1 1
w4 1 0 0 0

λw.car(c)(w), λw.have(m, c)(w), λw.parked(c)(w),
λw.outside(c)(w) M1

C1 j

φ1

υ1 !→ mary
υ2 !→ c

υ1 !→ mary
υ2 !→

w1
w2 w3

w4

φDCS
(j) = {w1,w2}

φ1(j) = {w1,w2}

υ1(j) = λw.marye

υ2(j) =

⎡

⎢⎣

w1 !→ c
w2 !→ c
w3 !→
w4 !→

⎤

⎥⎦

C1

υ2 c φ1

S υ2

#
φ2

φDCS
! φ2

; φ2

⎛

⎝ Parkedφ2
{υ2}

Outsideφ2
{υ2}

⎞

⎠

υ2 φ2



υ2 φ2

φ1 φ2

φ1

C′
1 C1 C′

1 =

⟨M1, {S}, j⟩ !(23)(iC1)(j)"M1 = 1. C′
1

k

φ1
φ2

w1
w2 w3

w4

φDCS
(k) = {w1}

φ1(k) = {w1,w2}

φ2(k) = {w1}

υ1(j) = λw.marye

υ2(j) =

⎡

⎢⎣

w1 !→ c
w2 !→ c
w3 !→
w4 !→

⎤

⎥⎦

C1

φ2(k)

λw.υ2(k)(w) w w1 !υ2(k)(w1)"M1 = c

!parked(c)(w1) ∧ outside(c)(w1)"M1 = 1 w1 ∈ φ2(k) w2

!υ2(k)(w2)"M1 = c !parked(c)(w2) ∧ outside(c)(w2)"M1 = 0

w2 ̸∈ φ2(k) w3 w4 !υ2(k)(w3)"M1 =



!υ2(k)(w4)"M1 =

υ2
υ2

υ1
υ1

υ1
υ1



υ2

υ2

S

υ1 #
φ1

φDCS
! φ1

; φ1

⎛

⎝ φ2

φ1 ≡ φ2

; φ2

⎛

⎝ φ2 : υ1

Bathroomφ2
{υ1}

⎞

⎠

⎞

⎠

υ1 #
φ3

φDCS
! φ3

; φ3

⎛

⎜⎜⎜⎜⎜⎝

φ3 : υ2

Placeφ3
{υ2}

Weirdφ3
{υ2}

Inφ3
{υ1,υ2}

⎞

⎟⎟⎟⎟⎟⎠

C2 = ⟨M2, {S}, i⟩ i M2

De = {b, p, S, }.Dw = {w1,w2,w3,w4}

bathroom, place,weird, in



λw.bathroom(b)(w) λw.place(p)(w) λw.weird(p)(w) λw.in(b, p)(w)

w1 1 1 1 1
w2 1 0 0 0
w3 0 1 1 1
w4 0 0 0 0

!λw.bathroom(b)(w)"M2 !λw.place(p)(w)"M2

!λw.weird(p)(w)"M2 !λw.in(b, p)(w)"M2 Dw

υ1 #
φ1

φDCS
! φ1

; φ1

⎛

⎝ φ2

φ1 ≡ φ2

; φ2

⎛

⎝ φ2 : υ1

Bathroomφ2
{υ1}

⎞

⎠

⎞

⎠

φ1

S

φ2 φ1

υ1 φ2 C2 j

φ1

υ1 !→

φ2

υ1 !→ b

w3
w4 w1

w2

φDCS
(j) = {w3,w4}

φ1(j) = {w3,w4}

φ2(j) = {w1,w2}

υ1(j) =

⎡

⎢⎣

w1 !→ b
w2 !→ b
w3 !→
w4 !→

⎤

⎥⎦

υ1 C2

j υ b φ2(j)

φ2(j) φ2(j) υ1



Bathroomφ2
{υ1} φ1 φ2

φ1 φ2 υ1(j) φ1 υ1

υ1 #
φ3

φDCS
! φ3

; φ3

⎛

⎜⎜⎜⎜⎜⎝

φ3 : υ2

Placeφ3
{υ2}

Weirdφ3
{υ2}

Inφ3
{υ1,υ2}

⎞

⎟⎟⎟⎟⎟⎠

C′
2 = ⟨M2, {S}, j⟩ !(17)(iC2

)(j)"M2 = 1

Inφ3
{υ1,υ2} υ1

φ3

φ3

φDCS
! φ3

; φ3

⎛

⎜⎜⎜⎝

φ3 : υ2

Placeφ3
{υ2}

Weirdφ3
{υ2}

⎞

⎟⎟⎟⎠

C′
2 k

S φ1 φ3

φ1 φ3

S

Inφ3
{υ1,υ2}

υ1 φ3



φ1

υ1 !→

φ2

υ1 !→ b

φ3

w3
w4 w1

w2

φDCS
(k) = {w3}

φ1(k) = {w3,w4}

φ2(k) = {w1,w2}

φ3(k) = {w1,w3}

υ1(k) =

⎡

⎢⎣

w1 !→ b
w2 !→ b
w3 !→
w4 !→

⎤

⎥⎦

υ2(k) =

⎡

⎢⎣

w1 !→ p
w2 !→
w3 !→ p
w4 !→

⎤

⎥⎦

υ1
υ1

C2

φ2 φ3

φ2 υ1 ̸=

φ1 φ3

φ3 υ1

φ3 φ2 φ1 φ3



υ1 #
φ1

φDCS
! φ1

; φ1

⎛

⎝ φ2

φ1 ≡ φ2

; φ2

⎛

⎝ φ2 : υ1

Bathroomφ2
{υ1}

⎞

⎠

⎞

⎠

#
φ3

φDCS
! φ3

; φ3

⎛

⎜⎜⎜⎜⎜⎝
wouldφ3

{φ4} ; φ4

⎛

⎜⎜⎜⎜⎜⎝

φ4 : υ2

Placeφ4
{υ2}

Weirdφ4
{υ2}

Inφ4
{υ1,υ2}

⎞

⎟⎟⎟⎟⎟⎠

⎞

⎟⎟⎟⎟⎟⎠

C2 j

φ1

υ1 !→

φ2

υ1 !→ b

w3
w4 w1

w2

φDCS
(j) = {w3,w4}

φ1(j) = {w3,w4}

φ2(j) = {w1,w2}

υ1(j) =

⎡

⎢⎣

w1 !→ b
w2 !→ b
w3 !→
w4 !→

⎤

⎥⎦

υ1 C2

υ1 φ2

#
φ3

φDCS
! φ3

; φ3

⎛

⎜⎜⎜⎜⎜⎝
wouldφ3

{φ4} ; φ4

⎛

⎜⎜⎜⎜⎜⎝

φ4 : υ2

Placeφ4
{υ2}

Weirdφ4
{υ2}

Inφ4
{υ1,υ2}

⎞

⎟⎟⎟⎟⎟⎠

⎞

⎟⎟⎟⎟⎟⎠

υ1 Inφ4
{υ1,υ2}

φ4



φ1,φ3

υ1 !→

φ2

υ1 !→ b

w3
w4 w1

w2

φ4

φDCS
(k) = {w3,w4}

φ1(k) = {w3,w4}

φ2(k) = {w1,w2}

υ1(k) =

⎡

⎢⎣

w1 !→ b
w2 !→ b
w3 !→
w4 !→

⎤

⎥⎦

φ3(k) = {w3,w4}

φ4(k) = {w1}

υ2(k) =

⎡

⎢⎣

w1 !→ p
w2 !→
w3 !→
w4 !→

⎤

⎥⎦

υ1
υ1

C2

φ3

φ3

φ4

υ1

φ3 φ4



#

φ1

φDCS
! φ1

; φ1

⎛

⎝ φ2,φ3

φ1 ≡ φ2 % φ3

;

φ2

⎛

⎝ φ4

φ2 ≡ φ4

; φ4

⎛

⎝ φ4 : υ1

Bathroomφ4
{υ1}

⎞

⎠

⎞

⎠ ;

φ3

⎛

⎜⎜⎜⎜⎜⎝

φ3 : υ2

Placeφ3
{υ2}

Weirdφ3
{υ2}

Inφ3
{υ3,υ2}

⎞

⎟⎟⎟⎟⎟⎠

⎞

⎟⎟⎟⎟⎟⎠

C2 j

φ1φ2

υ1 !→
φ3

φ4

υ1 !→ b

w3
w4 w1

w2

φDCS
(j) = {w1,w3,w4}

φ1(j) = {w1,w3,w4}

φ2(j) = {w2,w4}

φ3(j) = {w1}

φ4(j) = {w1,w2}

υ1(j) =

⎡

⎢⎣

w1 !→ b
w2 !→ b
w3 !→
w4 !→

⎤

⎥⎦

υ2(j) =

⎡

⎢⎣

w1 !→ p
w2 !→
w3 !→
w4 !→

⎤

⎥⎦

C2



φ4(j)

υ1(k) φ4 φ2(k)

φ4(k) υ1(k)

φ2(k) φ3(k)

υ1(k)

φ1(k) φ2 φ3

υ1 φ3 υ1(k)

φ3 φ3(k) φ4(k) φ3(k)

φ2(k) υ1

υ1 #
φ1

φDCA
! φ1

; φ1

⎛

⎝ φ2

φ1 ≡ φ2

; φ2

⎛

⎝ φ2 : υ1

Bathroomφ2
{υ1}

⎞

⎠

⎞

⎠



υ1 #
φ3

φDCB
! φ3

; φ3

⎛

⎜⎜⎜⎜⎜⎝

φ3 : υ2

Placeφ3
{υ2}

Weirdφ3
{υ2}

Inφ3
{υ1,υ2}

⎞

⎟⎟⎟⎟⎟⎠

C4 = ⟨M4, , i⟩ C2 =

{A,B} De = {b, p,A, B, } M4

C4 j

φ1

υ1 !→
φ3

φ2

υ1 !→ b

w3
w4 w1

w2

φDCA
(j) = {w3,w4}

φDCB
(j) = {w1}

φ1(j) = {w3,w4}

φ2(j) = {w1,w2}

φ3(j) = {w1}

υ1(j) =

⎡

⎢⎣

w1 !→ b
w2 !→ b
w3 !→
w4 !→

⎤

⎥⎦

υ2(j) =

⎡

⎢⎣

w1 !→ p
w2 !→
w3 !→
w4 !→

⎤

⎥⎦

A υ1

B υ1 C4

φ2(j) υ1

φ2 A φ1 φ2 A

υ1

B A φ3 φ3(j)

υ1 υ1

φ3 φ3(j) φ2(j)



υ1 B φ2 j

A B





υ1 υ2 Dw = {w1,w2,w3,w4}

w1,w2 w3,w4

φDCS
φ1 φ2 υ1 υ2

{w1,w2} {w1,w2} {w3,w4} λw.mary {w1 !→ ,
w2, !→ ,
w3, !→ b,
w4, !→ b}



I φU φDCS
φ1 φ2 υ1 υ2

i1 w1 w1 w1 mary
i2 w2 w2 w2 mary
i3 w3 w3 w3 mary b
i4 w4 w4 mary b
i5

φ1

φ1



φ1 φDCS

φ1

φDCS
φ1

φU

υ2

φ2

φ2 b υ2

υ2 !→ b φ2 ̸=









!P(t1, . . . , tn)"M,f = {g | f = g & ⟨!t1"M,g, . . . , !tn"M,g⟩ ∈ IM(P)}

!t1,= t2"M,f = {g | f = g & !t1"M,g = !t2"M,g}

!¬φ"M,f = {g | f = g & !φ"M,g = ∅}

!φ∧ψ"M,f = {h | ∃g.g ∈ !φ"M,g& h ∈ !ψ"M,g}

!φ∨ψ"M,f = {g | f = g & !φ"M,g ∪ !ψ"M,g ̸= ∅}

!φ→ ψ"M,f = {g | f = g & !φ"M,g ⊆ {h | !ψ"M,h ̸= ∅}}

!∃xφ"M,f = {h | ∃g.f[x]g & h ∈ !φ"M,g}

!∀xφ"M,f = {g | f = g & {h | g[x]h} ⊆ {h | !φ"M,h ̸= ∅}}

∪

!φ ∪ψ"M,f = !φ"M,f ∪ !ψ"M,f



¬¬∃x.(car(c)∧ own(m,x))

parked(x)

¬∃x.(car(c)∧ own(m,x)

∃x.car(c)∧ own(m,x) ∪ ¬∃x.car(c)∧ own(m,x)

f

{g | g = f}

{g | f[x]g∧ g ∈ !car(x)∧ own(m,x)"M,g}

¬¬∃x(car(x)∧own(m,x)

∃x(car(x)∧

own(m,x)

¬¬∃x(car(x)∧own(m,x)



{h | h = g}

x x

¬∃x(car(x)∧ own(m,x)

¬∃x(car(x) ∧ own(m,x)

∃x(car(x)∧ own(m,x)



ιx

εx

p g w

p p

c

c c p

p {⟨g,w⟩ ∈ c | p ⟨c, g,w⟩}



!A(x1, . . . , xn)"g,w = 1 ⟨g(x1), . . . , g(xn)⟩ ∈ I(A,w)

!p&q"g,w = 1 !p"g,w = !q"g,w = 1

!p∨ q"g,w = 1 !p"g,w = 1 !q"g,w = 1

!¬p"g,w = 1 !p"g,w = 0

! εx(p, q)"g,w = 1 ∃a : !p&q"g[x"→a],w = 1

!ιx(p, q)"g,w = !p&q"g,w

εx(p, q) ⟨c, g,w⟩

!∃x(p&q)"g,w = 1 p&q ⟨c, g,w⟩

x

¬ εx(cat(x), exists(x))

x

¬¬ εx(cat(x), exists(x))

c c′



⟨g,w⟩ ∈ c ⟨c, g,w⟩ ⟨g,w⟩ ∈ c

w ⟨c, g,w⟩

w g(x) w c′

w

g(x) c′ x

c

⟨g,w⟩ ∈ c w ⟨c, g,w⟩

w g(x) w

c′ w

g(x) w

x

ιx(p, q) ⟨c, g,w⟩

∀⟨g′, w′⟩ ∈ c : p ⟨c, g′, w′⟩



x

ιx(cat(x), tabby(x))

c c′

⟨g,w⟩ ∈ c ⟨c, g,w⟩ ⟨g,w⟩ ∈ c

g(x) w ⟨c, g,w⟩ ⟨g′, w′⟩ ∈ c

g′(x) g′(x)

x

p∨ q ⟨c, g, q⟩ p ⟨c¬q, g, q⟩ q ⟨c¬p, g, q⟩



ts

D(t) :=

s((ts)t)

ret

εn(Pet)(Pe,D(t)) := λgs.
⋃

P(xe)

P(x)(g[n "→x])

εn(caret)(λye.λg.havee(et)(y)(m), g) =

λgs.
⋃

car(ye)
{⟨havee(et)(y)(m), g[n "→y]⟩}) =

λg.({⟨1, g[n "→y]⟩ | car(y) ∧ have(y)(m)} ∪ {⟨0, g[n "→y]⟩ | car(y) ∧

¬have(y)(m)})



g

g n

1 0

! [ ]n" = λg. {⟨1, g[n "→x]⟩ | car(x)∧ have(x)(m)} ∪

{⟨0, g⟩ | ¬∃x(car(x)∧ have(x)(m))}

g

⟨1, g[n "→x]⟩ x ∈ De x

⟨0, g⟩ x De



! [ ]n" = λg. {⟨¬1, g[n "→x]⟩ | car(x)∧ have(x)(m)} ∪

{⟨¬0, g⟩ | ¬∃x(car(x)∧ have(x)(m))}

= λg. {⟨0, g[n "→x]⟩ | car(x)∧ have(x)(m)} ∪

{⟨1, g⟩ | ¬∃x(car(x)∧ have(x)(m))}







υ1

υ2



υ2 υ1

υ2 υ1

υ2





































>

> >







✗

✓

✓

✓

✗

✓



✓ ≈

✓ ≈

✓ ≈

✓ ≈









:= {t,w, e}

(σ, τ) σ, τ ∈

:= {s}



τ ∈ (sτ) ∈

:= ∪

(στ) σ, τ ∈

τ ∈ τ τ

τ τ = {vτ0, vτ1, . . . }

e = {marye, suee, . . . }

e(wt) = {sleepe(wt), tirede(wt), dancee(wt), care(wt)}

e(e(wt)) = {owne(e(wt))}

s = {i, i′, . . . , j, j′, . . . , k, k′, . . . }

τ ∈ τ

τ ∪ τ ⊆ τ

α(β) ∈ τ α ∈ (σ,τ) β ∈ τ σ ∈

(λv.α) ∈ τ τ = (σ, ρ), v ∈ σ α ∈ ρ

σ, ρ ∈



t

(α = β) ∈ τ τ = t α,β ∈ τ

(i[δ]j) ∈ τ τ = t i, j ∈ s δ ∈ σ

σ ∈

(¬α) ∈ τ τ = t α ∈ t

(α∧ β) ∈ τ τ = t α,β ∈ t

(α∨ β) ∈ τ τ = t α,β ∈ t

(α→ β) ∈ τ τ = t α,β ∈ t

(α↔ β) ∈ τ τ = t α,β ∈ t

∃v(α) ∈ τ τ = t v ∈ σ σ ∈ α ∈

t

∀v(α) ∈ τ τ = t v ∈ σ σ ∈ α ∈

t

(α ⊆ β) ∈ τ τ = t α,β ∈ (σ,t)

(α ∈ β) ∈ τ τ = t α ∈ σ β ∈ (σ,t)

(σ, t)

α ∈ τ τ = (σ, t) α ∈ τ

(α ∩ β) ∈ τ τ = (σ, t) α,β ∈ τ

(α ∪ β) ∈ τ τ = (σ, t) α,β ∈ τ

{Dτ : τ ∈ } De,Dt,Dw, Ds



Dστ = {f : f Dσ Dτ}

σ, τ ∈ De Dt

⟨FM, !·"M,g⟩

FM

g υ ∈

τ g(υ) ∈ DM
τ τ ∈

g υ ∈ τ d ∈ DM
τ θυ/d

θ υ d

!·"M,g

!·"M !α"M ∈ DM
τ α ∈ τ τ ∈

(δ)

δ τ ∈

sτ τ ∈

(δτ) ∧ (δ′τ) → δ ̸= δ′ δ, δ′

τ ∈



∀is, js.[i[]j](i = j)

∀is,υsτ, fτ[ (υ)](∃js.[i[υ]j](υ(j) = f)) τ ∈

!·"M,g

α ∈ τ τ ∈

!α"M,g = !α"M

v ∈ τ τ ∈

!v"M,g = g(v)

α ∈ (τ,σ) β ∈ τ τ,σ ∈

!α(β)"M,g = !α"M,g(!β"M,g)

α ∈ σ,β ∈ (σ,t) σ ∈ :

!α ∈ β"M,g = !β(α)"M,g

α ∈ τ, v ∈ σ, σ, τ ∈

!λv.α"M,g = {⟨d, !α"M,g(v/d)⟩ | d ∈ DM
τ }

α,β ∈ τ τ ∈

!α = β"M,g =

1 !α"M,g = !β"M,g

0



δ ∈ σ σ ∈ i, j ∈ s

!i[δ]j"M,g =

1

!∀δ′σ[ (δ′)∧ δ′ ̸= δ](δ′(i) = υ(j))"M,g = 1

!∀δ′τ[ (δ′)](δ′(i) = δ′(j))"M,g = 1 τ ̸= σ, τ ∈

0

α ∈ t

!¬α"M,g =

!α"M,g =

1 !α"M,g = 0

0

α,β ∈ t

!α∧ β"M,g =

!α"M,g = !β"M,g =

1 !α"M,g = 1 !β"M,g = 1

0

!α∨ β"M,g =

!α"M,g = !β"M,g =

1 !α"M,g = 1 !β"M,g = 1



0

!α→ β"M,g =

!α"M,g = !β"M,g =

1 !α"M,g = 0 !β"M,g = 1

0

!α↔ β"M,g =

!α"M,g = !β"M,g =

1 !α"M,g = 1 !β"M,g = 1 !α"M,g = 0 !β"M,g = 0

0

α ∈ t, v ∈ τ, τ ∈

!∃v(α)"M,g =

⟨d, ⟩ ∈ !λv.α" d ∈ DM
τ

1 ⟨d, 1⟩ ∈ !λv.α" d ∈ DM
τ

0

!∀v(α)"M,g =

⟨d, ⟩ ∈ !λv.α" d ∈ DM
τ

1 ⟨d, 1⟩ ∈ !λv.α" d ∈ DM
τ

0

α,β ∈ (τ,t), τ ∈

!α ⊆ β"M,g = !∀xτ(α(x) → β(x))"M,g



!α"M,g = {d | d ∈ DM
σ ∧ !α"M,g(d) = 0}

!α ∩ β"M,g = {d | d ∈ DM
σ ∧ !α"M,g(d) = 1∧ !β"M,g(d) = 1}

!α ∪ β"M,g = {d | d ∈ DM
σ ∧ (!α"M,g(d) = 1∨ !β"M,g(d) = 1)}

ϕ ∈ t M g !φ"M,g = 1

ϕ ∈ t M M

g

D ∈ s(st)

is M D(i)(j) M j ∈

s

D ∈ s(st)

is M !D(i)(j)"M ̸=

j ∈ s

st

Rφ{υ1, . . . ,υn} :=

λis.∀w(w ∈ φ(i) → R(υ1(i), . . . ,υn(i))(w))



R ent

ent e0t := t em+1t := e(emt)

υ1, . . . ,υn ∈ se φ ∈ st

α ≡ β :=

λis.α(i) = β(i)

α,β ∈ τ, τ ∈

φ1 ! φ2 :=

λis.φ1(i) ⊆ φ2(i)

φ1,φ2 ∈ s(wt)

Mary := λis.marye

Sue := λis.suee

φDCA

A



s(st)

[δ] := λis.λjs.i[δ]j, δ ∈ sτ τ ∈

[C] := λis.λjs.i = j∧ C(j) C ∈ st

D1;D2 := λis.λjs.∃hs[D1(i)(h)](D2(h)(j)),

D1,D2 ∈ s(st)

[C1, . . . , Cn] := λis.λjs.i = j∧ C1(j)∧ · · ·∧ C2(j)

C1, . . . , Cn ∈ st

[δ1, . . . , δn] := [δ1]; . . . ; [δn]

δ ∈ σ σ ∈

[δ1, . . . , δn | C1, . . . , Cn] := λis.λjs.([δ1, . . . , δn]; [C1, . . . , Cn])(i)(j)

δ ∈ σ σ ∈ C1, . . . , Cn ∈ st



s(we)

s(wt)

s(st)

# λP ( ).λφ .[υ | υ ≡ Mary ];P(υ)(φ)

Mary = λis.marye

# λP ( ).λφ .[υ | υ ≡ Sue ];P(υ)(φ)

Sue := λis.suee

υ# λP ( ).λφ .P(υ)(φ)

( ) # λυ .λφ .[Sleepφ{υ}]

( ) # λυ .λφ .[Tiredφ{υ}]

S := λP .[φ1 | φDCS
! φ1];P(φ1)



! x(w)"M,g =

{w′ ∈ Dw : w′

!x"M,g !w"M,g

!prove(xe)(pwt)(ww)"M,g = ! x(w) ⊆ p∧ p(w)"M,g



!true((pwt)(ww))"M,g = !p(w)"M,g

!mistaken(xe)(pwt)(ww)"M,g = ! x ⊆ p∧ ¬p(w)"M,g

! x(w)"M,g = {w′ ∈ Dw : w′ !x"M,g !w"M,g}

!believe(xe)(pwt)(ww)"M,g =

! x(w) ⊆ p"M,g

st

φ := λis.φ(i)

φ ∈ s(wt)

φ1 $ φ2 := λis.φ1(i) ∩ φ2(i)

φ1,φ2 ∈ s(wt)

φ1 % φ2 := λis.φ1(i) ∪ φ2(i)

φ1,φ2 ∈ s(wt)



φ(D) :=

λi.λj.D(i)(j)∧ ∀k[D(i)(k)](¬(φ(j) ⊂ φ(k)))

φ ∈ s(wt), D ∈ s(st)

S : λP .[φ | φDCS
! φ]; φ(P(φ))

# λP( ).λφ .[φ′ | φ ≡ φ′]; φ′(P(φ′))

#

λP1 .λP2 .λφ .[φ1,φ2 | φ ≡ φ1 $ φ2]; φ1
(P1(φ1)); φ2

(P2(φ2))

#

λP1 .λP2 .λφ .[φ1,φ2 | φ ≡ φ1 % φ2]; φ1
(P1(φ1)); φ2

(P2(φ2))

( ) # λυ .λφ .[Danceφ{υ}]



# λυ .λυ′ .λφ .[Ownφ{υ
′,υ}]

# λυ .λP .λφ .[φ′ | Proveφ{υ,φ
′}]; φ′(P(φ′))



st

Rφ{υ} := λis.∀ww.φ(i)(w) → R(υ(i)(w))(w)

R ∈ e(wt) υ ∈ s(we) φ ∈ s(wt)



s(st)

i[φ : υ]j is, js φ ∈

s(wt) υ ∈ s(we)

i[υ]j

∀ww.(φ(j)(w) → υ′(i)(w) ̸=

υ φ(j)

∀ww.(¬φ(j)(w) → υ(j)(w) = )

φ υ

# λυ .λφ .[Bathroomφ{υ}]

# λυ .λφ .[Weirdφ{υ}]

# λυ .λφ .[Placeφ{υ}]

#

λυ .λυ′ .λφ .[Inφ{υ′,υ}]

λQ(( ( ))( )).λυ .λφ .

Q(λυ′ .λφ′ .[inφ{υ,υ′}])(φ)



# λP .P

υ# λP ( ).λP
′
( ).λφ .[φ : υ]; P(υ)(φ);P′(υ)(φ)





https://CRAN.R-project.org/package=lme4
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https://patrl.keybase.pub/handouts/ens.pdf




https://mc-stan.org/rstanarm/






https://plato.stanford.edu/archives/fall2018/entries/anaphora/
https://plato.stanford.edu/archives/fall2018/entries/anaphora/








https://www.r-project.org/
https://mc.stan.org/rstan/
https://mc.stan.org/rstan/
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