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Locational Marginal Prices Obey DC Circuit Laws

Kyri Baker and Harsha Gangammanavar

Abstract—Electricity markets often utilize the DC approxi-
mation of the AC power flow equations to facilitate solving an
otherwise complex nonconvex optimization problem. These DC
power flow equations have analogies to DC circuit laws such
as Kirchhoff’s Laws, resulting in an intuitive understanding
of power flows under this model. Variables derived from the
Lagrangian dual of the DC optimal power flow problem, such as
locational marginal prices (LMPs) and congestion cost, are less
intuitive without an understanding of optimization theory. Even
with this understanding, LMP behavior, such as the conditions in
which negative prices occur or the impact of individual congested
lines on network-wide LMPs, remains somewhat mysterious. In
this paper, we show that prices also obey DC circuit laws, which
can help facilitate an intuitive understanding of their behav-
ior and relationships throughout a network without explicitly
understanding duality. In particular, prices can be modeled as
voltages, and their differences can be modeled as flows, allowing
for a physical interpretation of prices. This analogy also lends
itself to the use of well-understood DC circuit concepts such as
superposition and Kirchhoff’s Laws, which can further facilitate
a clearer understanding of price behavior.

Index Terms—Optimal power flow, locational marginal prices,
DC circuits

I. INTRODUCTION

Many independent system operators (ISOs) leverage the DC
approximation of the AC power flow equations to clear power
markets and determine locational marginal prices (LMPs) [1].
LMPs are typically said to represent “the marginal cost of
supplying an additional unit of power at a particular bus” or
some variation thereof. In reality, these values do not represent
the true cost to deliver power to a particular location due to
the physical approximations made within the DC OPF [2].
As one example, the basic form of DC OPF does not include
losses or only includes loss estimations which are added to
the LMP [3]. To be mathematically precise, LMPs are derived
from the Lagrange multipliers (dual variables) corresponding
to the power balance equation at each bus.

Even with these simplifications, LMPs are generally chal-
lenging for many to understand from a technical perspective,
even for some who work with them on a daily basis. While
primal variables (voltages, power flows) can be intuitively
understood and visualized (e.g. power flowing into a bus must
equal power flowing out, current flows from a high to a lower
voltage, etc.), prices exhibit somewhat strange behavior to
many. For example, LMPs at adjacent buses can be wildly
different, congestion in one portion of the grid can impact
prices at buses that should seemingly be unaffected, negative
prices sometimes occur for unintuitive reasons, and more.
Previous work has uncovered insights into LMP behavior [4],
[5]; for example, [5] shows that losses can be modeled as
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Fig. 1: Left: A 3-bus network with 3 marginal generators
and one load. LMPs are shown in blue at each bus, MW
flows are shown between buses in green, and congestion (and
its associated cost ) is shown with a dashed line. Right:
The DC circuit equivalent: line susceptances become resistors,
congestion becomes a voltage (or current) source, and ground
is set at the node of the lowest cost marginal generator. The
voltages in the circuit are analogous to LMPs in the DC OPF
problem.

perturbations to existing equality constraints, and congestion
introduces new active constraints. However, these concepts
do not provide a more fundamental understanding of LMP
behavior accessible to engineers at nearly all levels.

Towards this, this paper aims to provide a more intuitive
understanding of LMPs using concepts taught in high-school
physics and introductory circuits courses. This allows for a
more straightforward understanding of concepts such as how a
single congested line impacts prices across the network (using
superposition), how LMPs at adjacent buses are related, when
negative prices occur, etc. Using this analogy, LMPs can be
thought of as voltages and LMP differences as proportional to
current flows between buses - facilitating the visualization of
price behavior as physical quantities.

We will show the process of converting a power network’s
dual solution into an “equivalent circuit” in which DC circuit
analysis can be performed. Algorithms utilizing DC circuit
analysis have been developed for other linear programming
problems as well, specifically for implementing model pre-
dictive controllers [6]. One example of this analogy is shown
in the left subfigure of Fig. 1, for a three-bus network with
three generators (of marginal costs $0, $20, and $40) and one
load at the bottom bus. All line susceptances are the same and
equal to 1 pu, and the line between the two left-most buses is
congested with a congestion cost of $60. In the right subfigure,
the analogous DC circuit is formed. Congested lines become
independent voltage (in series with a resistor) or current (in
parallel with a resistor) sources, lines become resistors (equal
to the reciprocal of the original line susceptance), and LMPs



are nodal voltages. The placement of ground, which impacts
nodal voltages, is set to the node at which the cheapest
marginal generator is located. If this generator does not have
a cost of $0, all voltages must be added to whatever marginal
cost this is in order to recover the exact LMPs. More detail
on the full analogy will be given in a later section.

DC circuit concepts have been used in education and re-
search to solve the primal problem; for example, superposition
can be used to expedite OPF solution times [7]. Outside of the
well-known DC circuit interpretation of the primal DC OPF
problem, circuit analysis techniques have also been used to
solve AC power flow problems as well more efficiently [8],
again focusing on creating equivalent circuit models for primal
quantities. These techniques have also been used to solve
challenging three-phase distribution power flow problems in
a more robust manner [9].

In this paper, we do not claim that the use of DC circuit
solvers is necessarily faster than existing techniques to clear
markets and determine LMPs, but rather that this interpretation
of the dual problem lends itself to a more intuitive understand-
ing of price behavior. Further, the use of DC circuit techniques
such as superposition, Kirchhoff’s Laws, Thevenin/Norton’s
theorems, etc. can allow for better conceptualization of the
propagation of congestion on prices throughout the network,
the distribution of price differences and how it relates to line
susceptances and the difference in marginal generator costs,
and the impact of individual congestions on LMPs network-
wide, to name a few applications.

II. PRICES IN THE DUAL PROBLEM

We first consider the DC OPF primal problem for a network
of n buses, which solves for the active power generation p, €
R™*! and complex voltage angles at each bus 8 € R"*1:

min chg (1a)
pgae

s.t: pg +BO = py, (1b)

P, < Pd < Pg; (Ic)

p, <Py <P, (1d)

for a network with n buses and [ lines, we have the n x n,
symmetric “DC bus admittance matrix” B. Each off-diagonal
entry (¢,7) in B is —b;;, or —% Each on-diagonal entry
(i,7) in B is the sum of all of the bi;’s corresponding to
buses connected to bus i. For example, consider the three-bus
example in Fig. 1. The B matrix would be:

bi2 + bi3 —b12 —b13
B= —b12 bi2 + bag —ba3
—bys —baz  biz+ba3

Note that the B matrix is singular - this can be addressed by
choosing a reference bus ¢ and angle 6; = 0. The reduced B
matrix, which removes the row and column corresponding to
0; in this case, is typically not singular. This matrix is used,
for example, in the “shift factor” formulation of the DC power
flow equations, where the shift factors depend on the choice
of reference bus.
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A. The primal problem

We can rewrite the DC OPF as a generic linear program:

: T
ffél cp (9]
st. Ap+BO = a, 2)
Cp > b, (3)
D6 > d, 4)

where the equation satisfying (but not exactly equivalent to)
Kirchhoff’s law is (2) - flows into a bus (e.g. from incoming
line flows or generators) must be equal to flows out of a
bus (e.g. to loads or outgoing line flows) [10]. In Kirchhoff’s
current law (KCL), these flows represent currents - in DC OPF,
complex voltages, and currents are not modeled directly, but
the flow balance concept is often used to explain active power
balance as well.

For completeness, we can also consider loads that make
bids into the market as well as the generators that make offers.
Denote by p € R2"*! a vector of power injections (though
generation) or consumption (through controllable loads) at
each bus, that is, p = (pg,—Pda)'; and 6 € R™ ! is a
vector of voltage angles at each bus in the network. a € R"*!
captures the uncontrollable loads at each bus (e.g., inflexible
demands); ¢ € R?"*! represents the cost of a generator (to
produce energy) or controllable load (to reduce energy) at each
bus in the network.

Matrix A can be considered a n x 2n “location ma-
trix” which contains a 1 to denote generators and —1 to
denote loads. We assume that a maximum of 1 generator
and/or controllable load can be at a single bus (otherwise,
the bus can be split into two, with a very small reactance
between the two). E.g. for the 3-bus network in 1 with
generators at each bus and a controllable load at bus 3, we
have p = [pg1,Pg2,Pg3,0,0,p3]7, a (primal) objective of
C1Pg1 + CaPg2 + C3Pg3 — CePis, € = [c1,¢2,¢3,0,0, —cq]”,
a=[0,0,p;3)7, and A = [I,, — I,,], where I,, is the n x n
identity matrix. matrices D (d) and C (b) represent constraint
matrices (right-hand sides) relevant to the angle and power
injection variables, respectively. Using the same example,
assuming lower (p, a vector of all lower bounds) and upper
(P, a vector of all upper bounds) bounds exist on all values in
P, we have C as a 4n x 2n matrix and b as a 4n x 1 vector.

B. The dual problem

The linear programming dual of (P) is given by:

max
Al

st: ATA+CT~y =c,
BA+D%p =0,
Y1 > 0.

alX+blp+dTy (D)

Where A are the dual variables associated with the equality
constraints (power flow equations), p are the multipliers
associated with the inequality constraints on 6 (line flow
limits), and ~y are the multipliers associated with the inequality



constraints on p (upper and lower generation limits). The

optimality conditions of (P)-(D) are thus:

Ap+ B8 =a, (5a)
ATA+CTHy =, (5b)
BIA+DTp =0, (5¢)
0<~LCp—-—b2>0, (5d)
0<pulDO—-d>0, (5e)
Y, 1> 0. (50)

The dual variables (Lagrange multipliers) corresponding to
the power balance equations (equality constraints) are the
LMPs at each bus, A, and variables g are representative of
the price of congestion on each line.

III. CONVERSION TO A DC CIRCUIT

Interestingly, we show that in meshed networks, the behav-
ior of the LMPs X and congestion prices g across the network
can be modeled in a way akin to a linear DC circuit. As in
the primal DC OPF problem [11], these dual quantities obey
Kirchhoff’s Voltage and Current Laws and other theorems such
as superposition.

The interpretation of dual variables of nodal balance con-
straints as electrical potentials has a long history in optimiza-
tion. Dennis [12] showed that linear programs can be solved
by analog circuits, where primal variables are currents and
dual variables are node voltages, and Rockafellar [13] devel-
oped the general flow—potential duality theory for monotropic
programming (see also Bertsekas [14]). Our work can be
viewed as bringing this classical perspective to linear power
flow optimization. However, the DC OPF is not a network
flow problem in the classical sense: line flows are coupled
through voltage angles (Kirchhoff’s voltage law), and the
circuit we construct arises from the dual stationarity condition
with respect to the angles rather than from conjugates of the
arc cost functions.

A. Circuit Component Analogies

To facilitate looking at LMP relationships through this lens,
we first redefine dual concepts with their analogous linear
circuit counterparts. For clarity, we use the term “node” to
refer to nodes within a circuit, and the term “bus” to refer to
buses within a power network. Lastly, a “marginal generator”
is a generator ¢ with p, < p; < p;, where * denotes the optimal
value for that variable.

¢ Ground. Ground is placed at the cheapest marginal gen-
erator, or the circuit node with the lowest nodal voltage.
Note that although the concept of ground in a circuit is
used as a reference point, this is distinctly different than
the concept of a “reference” or “slack bus” in a power
system (usually where 6; of bus ¢ is fixed to zero).

« Voltage. The locational marginal price A\; at a bus ¢
is akin to the “voltage” at that bus. If the cheapest
marginal generator does not have a marginal cost of $0,
the voltages at each node must be added to the cost of
the cheapest marginal generator to recover the exact LMP
magnitudes.

« Resistance. The inverse of the susceptance b;; between
buses ¢ and 7, %, is the “resistance” of the line between
bus 7 and j.

e Current. Thus, from Ohm’s law, the “current” flowing
between bus ¢ and j is b;; (A — Aj).

o Current Source. Congested lines, that is, lines ¢j with
maximum allowable flow between bus ¢ and j, have y;; >
0. This p;; acts as an ideal “current source,” parallel to
the congested line, injecting a fixed amount of current
from bus 7 to j.

« Voltage Source. Alternatively to the current source anal-
ogy, a source transformation can be used to instead
represent a current source in parallel with a resistor to
a voltage source in series with a resistor.

Note that this analogy only holds if congestion is present
in the network; otherwise no “source” will exist in the circuit.
Without congestion, LMPs throughout a network should all
be equal, and thus an analogy isn’t necessary. With these
concepts, we can first start analyzing the applicability of
Kirchhoff’s Laws.

B. KCL and KVL

Kirchhoff’s Current Law (KCL). KCL, or conservation
of charge, states that the total “current” flowing into a bus
must equal the “current” flowing out of a bus. In the primal
problem, KCL is represented by constraint Ap + B8 = a.
In the dual, using the definitions for current source, voltage,
current, and resistance above, this follows from (5c), where
B”X + D7 = 0. Note the entries of D are 0, -1, or 1.

Kirchhoff’s Voltage Law (KVL). KVL, or conservation of
energy, states that the sum of “voltage drops” around a loop
must equal zero. In the primal problem, KVL holds around a
loop by summing the difference in voltage angles 6 around a
loop. In the dual, this is akin to summing the LMP differences
around a loop, which would obviously sum to zero because
each \; would appear exactly once in the sum with a + sign
and exactly once with a - sign.

IV. CASE STUDY

To illustrate these concepts, we use a meshed 7-bus example
with congestion (otherwise all LMPs would be the same).
This is a modified version of the 6-bus single cycle network
from [15], with an additional bus and two lines added, and an
additional congested line.

In this example, all of the line susceptances are assumed
to be equal to 1. Two lines are congested (indicated by
dashed lines): the line between buses 1 and 6, and the line
between buses 2 and 4. Blue numbers inside each circular bus
symbol denote the LMP at that bus. Green “current flows” in
the network are, again, the LMP differences between those
buses multiplied by the line susceptance between those buses.
Orange arrows into, or out of, a bus, denote generation (into)
or demand (out of) that bus. In this example, there are 5
generators, two of which are producing at their upper limit,
and three of which are marginal (at buses 1, 2, and 6). There
is one load located at bus 4.
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Fig. 2: 7-bus network with mesh topology. Dashed lines
indicate congestion. Blue text indicates LMPs, and green text
indicates LMP differences between buses multiplied by the
susceptance of the line between those buses. Three generators
are marginal (not at a lower or upper generation limit).

Additionally indicated on the figure is the congestion cost
of the two lines that are congested. Recall that even though
the “flow” of LMP is, say, from bus 1 to bus 6, the actual flow
of power is from the cheaper generator at bus 6 towards bus
1. This is the reason that this multiplier is written ug; rather
than JIATE

A. Ilustration of Kirchhoff’s Laws

As an illustrative example, we can perform a subset of
KVLs around some loops, recalling that LMPs are analogous
to voltages.

Lower Left Loop: (45 —22.5) + (225 —0) + (0 —45) =0 v/
Center Loop: (45— 0) + (0 — 45)
+(45—90)+ (90 — 0) + (0 —45) =0 v~
Upper Right Loop: (0 —90) + (90 — 45) + (45— 0) =0 v~
Outer Loop: (0 — 45) + (45 — 22.5) + (22.5 — 0)
+(0—45)+ (45—-90) + (90 —45) + (46— 0) =0 v/
KCLs can be written at each bus by summing the “current”
into (left hand side) and exiting (right hand side) a bus,
recalling that congested lines add an additional, parallel,

current source equal to the value of the Lagrange multiplier
(u) corresponding to the binding flow limits of that line.

KCL at Node 1:
KCL at Node 2:

1125 =45+ 225445 v/
45 +90 + 45 =180 v~

KCL at Node 3: 45 = 45 v~

KCL at Node 4: 180 = 45 4+ 90 + 45 v/
KCL at Node 5: 45 = 45 v

KCL at Node 6: 45 + 45 + 22.5 = 112.5 v~
KCL at Node 7: 22.5 = 22.5 v
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In this version of Kirchhoff’s laws, primal variables like
power injections and voltage angles do not appear at all.

B. Price Differences as “Flows”

An improved understanding of how LMPs propagate from
node to node can now be interpreted using the KCL concept.
Consider the top-left bus in Fig. 2. $45 “flows” into that bus,
and thus $45 must “flow out.”” This creates a $45 difference
between buses 4, 5, and 6. If the susceptance of line 4-5 or line
5-6 were different, this would result in a different distribution
of LMPs, since the analogy of current is actually the LMP
difference between two buses multiplied by the susceptance
of the line between those buses.

Just as a voltage or current source in one area of a circuit can
still impact nodal voltages multiple “hops” away, this confirms
that even though congestion does not exist in that area of
the grid, congestion in other parts of the grid will still affect
flows (e.g. LMP differences) in nodes in other areas of the
circuit/grid. Similar intuition could be used to deduce how
some grid-enhancing technologies such as flexible alternating
current transmission system (or FACTS) devices can be used
to adjust line parameters such as susceptance [16] to change
LMP flows.

C. Conversion to a circuit

Using the conversions outlined in Sec. III-A, the DC circuit
equivalent of Fig. 2 is shown with both current sources (top)
and voltage sources (bottom) in Fig. 3. From the “KCL”
optimality condition (5c), it can be seen that the BT\ term is
analogous to V/R (voltage divided by resistance, or current),
and therefore the the D” u term can be thought of as current
injections. D is unitless, and thus g must be in units of Amps.
This is why the current source’s value is equal to the original
value of the congestion cost .

However, if working with voltage sources is preferable, a
simple source transformation can be performed on current
sources. A source transformation uses Ohm’s law to replace
a current source in parallel with a resistor with a voltage
source in series with a resistor (or vice versa). The resulting
value of the voltage source can be found with Ohm’s law,
where V' = IR. In this particular example, R = 12, which
results in the voltage source having the same magnitude as
the current source. The resistor’s value does not change in the
transformation, but simply moves from a parallel connection
to a series connection with the source.

Ground is placed at the location of the cheapest marginal
generator, which is at bus 2 in the original network, and
the bottom right node in the circuit. Because all of the line
susceptances in the original network were 1 pu, all of the
resistances in the circuit become 1 €.

V. UTILITY OF CIRCUIT INTERPRETATIONS

After the optimal solution of the DC OPF problem is found
and the equivalent circuit is formed, intuitive conclusions can
be drawn from the use of DC circuit techniques. Here, we use
a few examples of insights that can be gleaned using some of
these techniques.
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Fig. 3: 7-bus network from Fig. 2 and its DC circuit analogy
(top: with current sources representing congestion; bottom:
with voltage sources).

A. Superposition for Congestion Analysis

The superposition principal, as applied to linear DC circuits,
states that any voltage or current throughout the network can
be derived by summing the contributions of individual voltage
and current sources. In this analogy, voltage and current
sources represent congested lines; thus, we can analyze the
impact on individual congested lines on prices network-wide.
These insights could provide useful for objectives such as
transmission planning, for example, where ISOs may desire
to upgrade the transmission lines that have the most potential
to reduce system-wide prices.

Using the same 7-bus example as before, we can first assess
the impact of the first congested line (112.5 V source), the
impact of the second congested line (180 V source), and sum
them to recover the original nodal voltages. The impact of
each source is shown in Fig. 4, where the source that is not
considered is replaced with a shorted wire (current sources
would be replaced with open circuits). Note that there may be
slight differences to the LMPs in Fig. 3 due to the rounding
/ numerical calculations of the circuit solver used. In this
example, the contribution of the 112.5 V source is interesting
- it actually contributes negative nodal voltages to most of the
nodes.

B. Existence of Negative Prices/Voltages

In general, even without renewable energy generation, neg-
ative bids, “must take” generation, ramp limits, or minimum
on/off times, negative prices can still occur within a network
simply due to congestion. Negative nodal voltages occur in a
DC circuit when ground is not placed at the node with the
lowest potential. Since ground is the reference point that all
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Fig. 4: 7-bus network with nodal voltage contributions from
each source (congested line). The resulting nodal voltages
(LMPs) are the sum of the contribution of the individual
sources. Note that the sum may be off by a few decimal places
when compared to the original voltages shown in Fig. 3 due
to rounding.

-80 V

LMP = $20

Optimal Dispatch
(DC OPF)

Pg1=0
Pg2 = 30 MWh
Pg3 =70 MWh

80V

LMP = $100
Pg3
100 MWh\  s1domwn

Fig. 5: 3-bus network with negative prices due to one con-
gested line (left), and corresponding DC circuit equivalent
(right). Note that because ground (the cheapest marginal
generator) is not located at the node with the lowest potential,
negative voltages (LMPs) necessarily result.

other nodal voltages are with respect to, if ground (0 V) is
located at the lowest potential node, no other node can be
lower than it (i.e., negative) by definition.

To illustrate this, consider the simple 3-bus system in Fig. 5.
In this network, no upper limits on generation exist, but due to
a 10 MW flow constraint between buses 1 and 3, the cheapest
generator, generator 1, cannot generate any power to satisfy
the load at bus 3 without violating DC power flow constraints.
Thus, this generator (1) is not marginal. Generator 2, twice
as expensive, becomes the cheapest marginal generator, and
ground is placed at bus 2 in the circuit equivalent. Because
ground is not located at the node with the lowest potential



(here, the negative terminal of the voltage source), negative
nodal voltages occur.

Recall that the value of the cheapest marginal generator
($20/MWh) must be added to each nodal voltage to recover
the original LMPs. In this case, 20 is added to the -80 V at bus
1 to recover the original -$60 LMP at bus 1. In general, we
can state the following regarding negative prices: In a circuit,
if ground is not placed at the node with the lowest potential,
negative voltages occur. In a power network, if the cheapest
marginal generator is not located at the bus with the lowest
LMP in the network, negative prices are guaranteed to occur.
This means that in order to know whether or not there will be
negative prices in a network, you simply have to know if the
location of the cheapest marginal generator is also the location
of the lowest LMP.

C. Uncovering LMPs from Limited Information

Another application of the DC circuit analogy is that all
voltage drops (LMP differences) throughout the network can
be recovered by knowing the topology of the network, the
resistance (susceptance) of the lines, and the location and
value of voltage/current sources (congested lines). This is due
to the fact that a DC circuit can be fully solved (e.g. all
voltage drops and currents determined) if this information is
known. If the location of the cheapest marginal generator is
additionally known, one can recover the exact LMPs at each
bus; otherwise, only LMP differences can be recovered. This
finding can also be derived from the optimality condition (5c);
Lagrange multipliers corresponding to generator upper/lower
limits (), for example, or any values for primal variables,
have to be known to recover LMP differences.

VI. CONCLUSION

In this paper, we introduced the concept of modeling loca-
tional marginal prices as physical quantities (voltages) within a
DC circuit with independent sources. This modeling technique
allows for the following benefits: 1) A method to understand
and interpret prices without having to understand more ad-
vanced mathematical concepts such as Lagrangian duality; 2)
Use of widely-known DC circuit analysis techniques such as
superposition to analyze the impact of individual congested
lines on LMPs; 3) Improved intuition for how LMP differences
propagate throughout a network akin to physical “flows.”

Future work will leverage the concepts introduced in this
paper to derive formal mathematical properties of LMPs with
respect to network parameters such as topology, distance
between marginal generators, and line susceptances. Further,
more work needs to be done to extend these results to general
convex OPF problems or problems with discrete variables such
as unit commitment and optimal transmission switching.
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I. REVIEW #73A
A. Paper summary

By analyzing the optimality conditions for DC optimal power flow problems, this paper presents a DC circuit analogy to
characterize the behavior of locational marginal prices (LMPs). This circuit analogy is used to provide intuitive explanations
of LMPs in a very interpretable manner for electrical engineers.

B. Comments for authors

As the paper notes, Locational Marginal Prices (LMPs) can have counterintuitive behavior that can be difficult to interpret
and analyze. Accordingly, this paper describes how the patterns in LMP behaviors can be reformulated as the patterns in
voltages (representing LMPs) and currents (representing LMP differences) in a DC circuit analogy based on the DC power
flow approximation.

The paper thus provides an intuitive explanation for LMP behaviors that is well suited to electrical engineers. With clear
examples, the paper illustrates the presented concepts and presents insightful applications building on circuit theory. Besides
one major comment regarding related literature, I have no major concerns with the approach or presentation and believe that
the paper should be accepted for publication.

Regarding the literature review, the paper should reference and compare against prior work that analyzes patterns in LMPs,
especially the following papers by D. Cheverez-Gonzalez and C.L. DeMarco. Several additional papers subsequent to these
may also be relevant, including from other groups that built on the work cited below for various other applications. I especially
note that this prior work includes extensions to AC power flow models. Also, the conclusions of the theory in Section V-C of
the paper under review is essentially the same as this prior work, to the best of my understanding.

D. Cheverez-Gonzalez and C. L. DeMarco, ”Admissible Locational Marginal Prices via Laplacian Structure in Network
Constraints,” in IEEE Transactions on Power Systems, vol. 24, no. 1, pp. 125-133, Feb. 2009.

D. Cheverez-Gonzalez and C. L. DeMarco, ”Characterization of Feasible LMPs: Inclusion of Losses and Reactive Power,”
2007 39th North American Power Symposium, Las Cruces, NM, USA, 2007.

D. Cheverez-Gonzalez and C. L. DeMarco, "Mutually orthogonal LMP decompositions: Congestion decomposes, losses do
not,” 2009 6th International Conference on the European Energy Market, Leuven, Belgium, 2009.

I also have several other minor comments and suggestions.

First, there are a few typos. In Section III-A, “usually where 6; o bus ¢ should be “usually where 6; of bus 7”. In Section
V-A: “impact on individual lines on prices” should be “impact of individual congested lines on prices”. In Section V-A, “These
insights could provide useful for objectives” should be “These insights could prove useful for objectives”.

Second, the DCOPF formulation in (1) uses a linear objective function. Do the results still hold if the objective function is
a convex quadratic, as is often modeled?

Third, are there extensions to more complex optimization problems with discrete variables like optimal transmission switching
(OTS) or unit commitment (UC)? Describing the limitations of the theory developed to date (DCOPF vs. DCOTS vs. DCUC)
and the potential for extending to these problems would be beneficial in providing a roadmap for future research.

Finally, the paper focuses on a posteriori analyses of a particular market outcome to analyze a single given DCOPF solution.
The authors could strengthen the paper by discussing potential applications to a priori analyses that consider a range of potential
DCOPF solutions as, for instance, loads vary over given ranges. This could move the paper’s value beyond explaining a given
market outcome to understanding how market outcomes would change under varying conditions.

C. Summarize your recommendation in one to two sentences

This well written paper provides an insightful and intuitive explanation of LMP behaviors in a manner that is well suited for
electrical engineers. I recommend accepting the paper and believe that it will result in interesting discussions at the conference.
— Daniel Molzahn

II. REVIEW #73B
A. Paper summary

The paper interprets the dual of the DC OPF optimization as a DC circuit, thus giving intuition into the behavior of LMPs.

B. Comments for authors

This paper is interesting and educational and I would think that it will be a stimulating contribution to the conference.



C. Summarize your recommendation in one to two sentences

It is very nice to read a paper aimed at increasing intuition.
— Anonymous reviewer

III. REVIEW #73C
A. Paper summary

The paper proposes an interesting circuit interpretation of the dual variables to the OPF problem based on KKT conditions.
The proposed interpretation provides a more intuitive understanding of the behaviors of the dual variables including LMPs and
congestion costs without deep understanding of the duality theory. A seven-bus system is used to numerically illustrate the
proposed interpretation, and some example use cases are shown to highlight the insights that can be gleaned from the proposed
technique.

B. Comments for authors

As far as I can tell, the theory on the interpretation of the dual variables based on the KKT condition is solid and correct
as written. The paper is written in a clear and pedagogical style which is easy to follow. The seven-bus example serves
the purpose of illustrating the concepts through numerical example, and the utility of circuit interpretation section provides
interesting insights and inspiration for the application of the theory.

While I find the work interesting, I do want to point out that the circuit interpretation is not new. The same circuit interpretation
has been recognized for a large class of optimization problems called monotropic programming problem, by which the network
flow problems can be modeled. A very similar interpretation has been shown there through Fenchel duality theory, which, in
this case, is equivalent to the Lagrangian duality approach. A good reference is Section 5.4 in Nonlinear Programming by D.
Bertsekas, 2nd edition. The authors are advised to making the connection to the existing work and better position the novelty.
On the other hand, although the interpretation is not new, I have yet to seen it being applied in power systems.

Another comment is that although the presentation is clear and filled with nice examples, one thing is missing is a clear
and rigorous mathematical characterization of the equivalence between the dual variables and the circuit parameters, and a
mapping from the dual variables to the circuit parameters in a more formalized manner.

The authors are also encouraged to explain the limitation of the proposed interpretation. For example, contrary to the “primal
circuit”, this dual circuit’s source location and source current magnitudes are not known unless the optimality conditions are
present, limiting some applications or at least making them less trivial to be applied. Some discussions would be welcomed.
In addition, some discussions on concrete examples for applications in power system operation problems would strengthen the
paper too.

C. Summarize your recommendation in one to two sentences

The paper proposes an interesting circuit interpretation of the dual variables in OPF problems that will be useful to the power
system operations community. However, the authors are encouraged to better position the novelty of the circuit interpretation,
formalize the theory, and discuss its limitations and future applications.

— Bai Cui

IV. BRIEF RESPONSE TO REVIEWERS (OPTIONAL)

Thank you so much to the three reviewers for their comments and suggestions. In particular, thank you to the reviewer who
pointed out the history of linear programs which have been modeled with circuit concepts.

V. BRIEF SUMMARY OF CHANGES MADE TO THE FINAL PAPER

We have further discussed the future work and limitations of the paper, and performed a more thorough review and citations
of related literature in the area of modeling network flow problems as DC circuits.





