
UC Irvine
UC Irvine Previously Published Works

Title
Graviton cosmology in universal extra dimensions

Permalink
https://escholarship.org/uc/item/3sn6657k

Journal
Physical Review D, 68(8)

ISSN
2470-0010

Authors
Feng, Jonathan L
Rajaraman, Arvind
Takayama, Fumihiro

Publication Date
2003-10-15

DOI
10.1103/physrevd.68.085018

Copyright Information
This work is made available under the terms of a Creative Commons Attribution License, 
availalbe at https://creativecommons.org/licenses/by/4.0/
 
Peer reviewed

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/3sn6657k
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/


PHYSICAL REVIEW D 68, 085018 ~2003!
Graviton cosmology in universal extra dimensions

Jonathan L. Feng, Arvind Rajaraman, and Fumihiro Takayama
Department of Physics and Astronomy, University of California, Irvine, California 92697, USA

~Received 8 August 2003; published 31 October 2003!

In models of universal extra dimensions, gravity and all standard model fields propagate in the extra
dimensions. Previous studies of such models have concentrated on the Kaluza-Klein~KK ! partners of standard
model particles. Here we determine the properties of the KK gravitons and explore their cosmological impli-
cations. We find the lifetimes of decays to KK gravitons, of relevance for the viability of KK gravitons as dark
matter. We then discuss the primordial production of KK gravitons after reheating. The existence of a tower of
KK graviton states makes such production extremely efficient: for reheat temperatureTRH andd extra dimen-
sions, the energy density stored in gravitons scales asTRH

213d/2 . Overclosure and big bang nucleosynthesis
therefore stringently constrainTRH in all universal extra dimension scenarios. At the same time, there is a
window of reheat temperatures low enough to avoid these constraints and high enough to generate the desired
thermal relic density for KK weakly interacting massive particle~WIMP! and superWIMP dark matter.

DOI: 10.1103/PhysRevD.68.085018 PACS number~s!: 11.10.Kk, 12.60.2i, 95.35.1d, 98.80.Cq
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I. INTRODUCTION

Since the initial work of Kaluza and Klein@1#, models of
extra dimensions have played an important part in part
theory. These ideas have been revived in models
TeV-scale universal extra dimensions~UED! @2–4#. In these
models, as in Kaluza-Klein~KK ! theory, both gravity and
standard model~SM! fields propagate in allD541d dimen-
sions.

In models where the extra dimensions are tori, ev
known particle has a tower of KK partner particles, ea
carrying KK number. Momentum conservation in the ex
dimensions implies KK number conservation. Such mod
predict a plethora of unseen massless particles and a tow
stable KK particles, both of which are phenomenologica
problematic.

For more general geometries, unwanted massless m
may be projected out, and there are fewer or no stable
particles. A particularly interesting situation occurs wh
there is only aZ2 symmetry~called KK parity! in the extra
dimensions. An example of this situation is the caseD55
where the extra dimension is the orbifoldS1/Z2, whereS1 is
a circle of radiusR @4#. For SM fields, the geometry projec
out half of the massless modes, leaving only the 4D S
degrees of freedom, and also breaks KK number conse
tion, rendering almost all KK partners unstable. Howev
the geometry preserves KK parity, and so the lightest
particle~LKP! is stable, making it a viable realization of da
matter with an extra-dimensional origin@5#. Among SM KK
partners, the LKP is oftenB1, the KK partner of the hyper-
charge boson@6#. FormKK;TeV, B1 is an excellent weakly-
interacting massive particle~WIMP! dark matter candidate
with a thermal relic density consistent with observations a
promising prospects for detection@7–13#.

These studies, as well as those exploring the colli
@6,14–18# and low-energy@4,19–25# implications of UED,
have focused on the SM KK spectrum, typically neglecti
the gravitational sector.~See, however, Refs.@15,26#.! KK
gravitons couple extremely weakly, so their effects are ins
nificant for colliders and low-energy experiments. Cosm
0556-2821/2003/68~8!/085018~12!/$20.00 68 0850
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logically, however, KK gravitons may play an important rol
For example, the LKP may be the lightest KK gravito
@27,28#. It is not easy to verify this, since loop diagram
involving gravitons are divergent. On general grounds, ho
ever, one expects the mass corrections to bedm/m
;(MPlR)22, since gravitons decouple asMPl→`. This is
potentially very small, and, since loop corrections to oth
KK particle masses are typically positive@6#, it is not un-
likely that in UED theories, the lightest KK graviton is th
LKP. In this case, all SM KK particles eventually decay
the KK graviton, and the KK graviton is the only possib
KK dark matter candidate.

KK graviton dark matter interacts only gravitationally an
is a superweakly interacting massive particle, or superWIM
dark matter@27,28#. As such, it is impossible to detect i
conventional dark matter experiments. However, its poten
impact on big bang nucleosynthesis~BBN!, the cosmic mi-
crowave background, and the diffuse photon flux provid
alternatives for dark matter searches. In evaluating such
nals, it is important to have accurate, rather than just orde
magnitude, results for decay times of WIMPs to sup
WIMPs. We determine these in this study.

In addition, KK gravitons may be produced in the ear
universe during the reheating era following inflation. T
phenomenon of gravitino production after reheating in sup
symmetric scenarios is well studied@29,30#. The case of
UED is qualitatively different, however, as there is an infin
tower of new particle states that may be populated at h
temperatures, with the density of states growing rapidly
large masses, especially for larged. As we will see, in UED
primordial KK graviton production is in fact very efficient
and constraints on dark matter abundances and BBN pro
stringent bounds on early universe cosmology in all UE
scenarios, irrespective of which particle is the LKP and ot
spectrum details.

We emphasize that the bounds we derive apply to U
scenarios in which all SM particles propagate in all ex
dimensions. The acronym UED has also been used to ref
scenarios in which all SM particles propagate in some of
available extra dimensions, but there are additional v
©2003 The American Physical Society18-1
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FENG, RAJARAMAN, AND TAKAYAMA PHYSICAL REVIEW D 68, 085018 ~2003!
large extra dimensions in which only gravity propagates~see,
e.g., Refs.@15,26#!. In such scenarios, gravity may be stro
not far from the weak scale, and upper bounds on the re
temperature are extremely stringent and may be as low
;MeV @31#.

The paper is organized as follows. In Sec. II we derive
interactions of KK gravitons coupled to UED SM fields
general toroidal dimensions. In Sec. III we then obtain
KK graviton interactions for UED orbifold compactifica
tions, specializing to the case of theS1/Z2 orbifold discussed
above. For this case, we first show that boundary terms c
ing from the ends of the interval are typically negligible a
then determine the spectrum and bulk interactions of the
bifold theory. In Sec. IV we find the decay rates for next-
lightest KK particle~NLKP! gauge bosonsB1→G11g and
fermionsc1→G11c, of relevance to superWIMP dark ma
ter. We then estimate the primordial abundance for the to
of KK gravitons produced after reheating in Sec. V and d
rive constraints on the reheat temperature in Sec. VI.
conclusions are given in Sec. VII.

II. GRAVITON INTERACTIONS
FOR TORUS COMPACTIFICATIONS

To discuss graviton cosmology, we must first derive
interactions of KK gravitons in UED. Graviton interaction
in extra dimensions have been discussed previously, par
larly in the context of theories where SM fields are confin
to four spacetime dimensions.~See, e.g., Refs.@32,33#; we
will follow the analysis of Ref.@32# in discussing the linear
ized gravitational action.! Here we instead couple the grav
tational sector to extra-dimensional SM fields and a
implement the orbifold projection.

We begin in this section by determining the couplings
KK gravitons and KK SM fields in the case of torus com
pactifications. ForD spacetime dimensions, the action f
matter coupled to gravity is

SD5MD
D22 E dDxAugu @R1L~f̄ !#, ~1!

where MD is the D-dimensional Planck scale andL is the
Lagrangian for all matter fields, which we denote generica
by f̄. We use coordinatesxM5(xm,yi), where 0<yi

<2pRi[Li .
Linearizing about flat space usinggMN5hMN1h̄MN ,

whereh5(1,21,21, . . . ,21), we find the Fierz-Pauli ac
tion @34#

Slin
D 5MD

D22 E d4xS)
i
E

0

Li
dyi D

3FK~ h̄!1L0~f̄ !1
1

2
h̄MNTMN~f̄ !G , ~2!

where the graviton kinetic terms are contained in
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K~ h̄![
1

4
~ h̄MN,Ph̄MN,P2h̄,Mh̄,M22h̄MN

,Mh̄PN
,P

12h̄,Mh̄NM
,N!, ~3!

with h̄[h̄ M
M and h̄MN[hM PhNQh̄PQ . Also

L0~f̄ ![L~f̄ !ug5h ~4!

is the flat-space matter Lagrangian, and

TMN~f̄ ![S hMNL22
]L

]gMN
D ~f̄ !U

g5h

~5!

is the flat-space stress-energy tensor. To reproduce the
dard gravitational interactions among massless modes,
require MD

D22) iL i5(16pGN)21[M4
2 . Defining h5M4h̄

andf5M4f̄, we find the linearized action

Slin
D 5 E d4xS )

i
E

0

Li dyi

Li
D

3FK~h!1L0~f!1
1

2M4
hMNTMN~f!G , ~6!

where the kinetic terms are now canonically normalized.
To write this in terms of 4D fields, we define

hMN5S hmn1hmnf Am j

Ain 2f i j
D , ~7!

TMN5S Tmn Tm j

Tin Ti j
D , ~8!

where f5dklfkl . For simplicity, we will henceforth take
Ri5R for all i. Each component field is then conventiona
decomposed into 4D fields through the Fourier expansio

hmn~x,y!5 (
nW

hmn
nW ~x!einW •yW /R,

Am i~x,y!5 (
nW

Am i
nW ~x!einW •yW /R, ~9!

f i j ~x,y!5 (
nW

f i j
nW ~x!einW •yW /R,

and similarly for the stress-energy tensor component fie
Here nW •yW[ ( i niy

i , where nW 5(n1 , . . . ,nd) and eachni
runs from2` to `. We will also use the variable

mn[Fd i j ninj

R2 G 1/2

. ~10!

At each massive levelnW , part of the fieldsAm j
nW , Ain

nW , and

f i j
nW are absorbed to give mass to the graviton statehmn

nW in an
8-2



tr

te
r

-

us
d in
ay

n
-
we

o-
4D
of
of

n
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extra-dimensional realization of spontaneous symme
breaking. The resulting physical states are~defining nW 2

[dklnknl)

h̃mn
nW 5hmn

nW 1 i
d i j niR

nW 2
~]mAn j

nW 1]nAm j
nW !

2S d i j 12
ninj

nW 2 D S 2

3

]m]n

mn
2

2
hmn

3 D f i j
nW , ~11!

Ãm i
nW 5Pi j S Am j

nW 12i
dklnkR

nW 2
]mf j l

nW D , ~12!

f̃ i j
nW 5A2~PikPjl 1aPi j Pkl!fkl

nW , ~13!

where we have defined

Pi j 5S d i j 2
ninj

nW 2 D , ~14!

anda satisfies 3(d21)a216a51.
The Lagrangian for the physical fields needs to be trea

slightly differently for the zero modes versus the non-ze
modes. For the zero modes, the action is

Slin
0 5 E d4x@L h

01Lh int
0 #, ~15!

where

L h
05

1

4
~h0mn,rhmn,r

0 2h,m
0 h0,m22h0mn

,mhrn
0 ,r

12h,m
0 h0nm

,n!2
1

4 (
i

Fmn i
0 F0mn i1

1

2
]mf0]mf0

1 (
i j

]mf i j
0 ]mf i j

0 , ~16!

L h int
0 5

1

2M4
hmn

0 T0mn1
1

M4
Am i

0 T0m i1
1

2M4
f i j

0 T0i j ,

~17!

andFmn i
0 []mAn i

0 2]n Am i
0 .

The non-zero modes have the kinetic terms

Slin
nW K.E.5 E d4x (

nW Þ0W
@L h

nW1L A
nW 1L f

nW #, ~18!

where

L h
nW5

1

4
~ h̃nW mn,rh̃mn,r

2nW 2h̃,m
n h̃2nW ,m22h̃nW mn

,mh̃rn
2nW ,r

12h̃,m
nW h̃2nW nm

,n!2
1

4
mn

2h̃nW mnh̃mn
2nW1

1

4
mn

2h̃nW h̃2nW ,

~19!
08501
y

d
o

L A
nW 52

1

4
F̃mn i

nW F̃2nW mn i1
1

2
mn

2Ãm i
nW Ã2nW m i , ~20!

L f
nW 5

1

2
]mf̃ i j

nW ]mf̃2nW i j 2
1

2
mn

2f̃ i j
nW f̃2nW i j , ~21!

andF̃mn i
nW []mÃn i

nW 2]nÃm i
nW . The interaction terms of the non

zero modes are

Slin
nW int5 E d4x (

nW Þ0W
@Lh int

nW 1LA int
nW 1Lf int

nW #, ~22!

where

L h int
nW 5

1

2M4
h̃mn

nW T2nW mn, ~23!

L A int
nW 5

1

M4
Pi j Ã

nW m jTm
2nW i , ~24!

L f int
nW 5

1

2M4
f̃ i j

nW T̃2nW i j , ~25!

with

T̃i j
nW 5F2

3
hmnTmn

nW 1
2

3]k
2 ]n~]mTmn

nW !12aPklTkl
nW G

3
Pi j

A2„11a~d21!…
2A2PikPjl Tkl

nW . ~26!

Note that in all expressions above, both (n1 ,n2 , . . . ,nd) and
(2n1 ,2n2 , . . . ,2nd) are to be included in sums overnW

Þ0W , and alld2 pairs are to be included in sums overi j .

III. GRAVITON INTERACTIONS FOR ORBIFOLD
COMPACTIFICATIONS

The analysis so far is valid for compactification on a tor
Sd. For reasons described in Sec. I, we are most intereste
the case where KK number is broken to KK parity. This m
be achieved by compactifications on orbifolds.

For simplicity, we now concentrate on theD55 case with
coordinatesxM5(xm,y), where the extra dimension is a
interval S1/Z2 of length pR @4#. This geometry can be de
scribed as an orbifold of a circle compactification, where
orbifold by the symmetryy→2y. In the SM sector, this
symmetry is accompanied by the transformationsVm→Vm
and V5→2V5 for the gauge fields. The 4D scalar is pr
jected out, and the massless sector includes only the
gauge field. A similar projection on fermions removes half
the degrees of freedom, leaving only the chiral fermions
the SM.

In the gravitational sector, we will project by the actio
hmn→hmn , hm5→2hm5, and h55→h55 under y→2y. At
the massless level, this preserves the 4D gravitonhmn

0 (x),
while removing the gravi-vectorshm5

0 (x) and h5n
0 (x). The
8-3
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FENG, RAJARAMAN, AND TAKAYAMA PHYSICAL REVIEW D 68, 085018 ~2003!
gravi-scalarh55
0 (x) is preserved by this projection; we a

sume that some other physics stabilizes this mode and
erates a large mass for it.~The phenomenology and cosmo
ogy of an extremely light gravi-scalar is discussed in Re
@35#.! The final massless sector is, then, just the SM plus
4D graviton.

A. Boundary interactions

Prior to discussing the bulk interactions, we need to c
sider the boundary terms. These arise because the spac
are considering is singular aty50,pR, and hence we expec
new interactions at these points. The nature of these inte
tions can only be derived from an underlying microsco
theory ~such as string theory! that smooths out the singula
ity.

Nevertheless, we can make some qualitative statem
about these terms. If the singular points are smoothed ou
a sizel F , these interactions are localized near the singu
points in a region of sizel F . We can formally write these
interactions in the form

S5E d4x E
0

pR dy

pR F f S y

l F
D1 f S pR2y

l F
D GL~x!, ~27!

where f (w) goes to zero forw@1. We have assumed tha
the resolution of the singularity is such that KK parity
preserved.

The basic assumption we will make is thatl F!pR. This
is not unreasonable; for example, a natural guess for
scalel F would be the~higher-dimensional! Planck scale. If
we then considerR21;1 TeV, we find l F

21;1010 TeV, so
indeedl F!pR in this case. Ifl F!pR, we can estimate the
boundary terms as

S;
l F

pR
f ~0! E d4x L~x!, ~28!

that is, the boundary terms are suppressed by a fa
l F /pR, which is small. Thus, to leading order, we can igno
these terms.

KK number-violating terms are generated at one lo
@6,36#. The tree-level spectrum already breaks KK numb
since certain modes are projected out by the orbifold act
These are translated at loop level to interactions that vio
KK number. The typical decay widths of the higher K
modes are therefore;amn .

There is another source of boundary terms: certain
nipulations of the bulk terms require integration by par
which produce boundary contributions. These terms are
suppressed for the reason given above.

B. Bulk interactions

Because we project out modes that are even or odd u
y→2y, it is more convenient to replace the convention
Fourier expansion of Eq.~9! by the expansion
08501
n-

.
e

-
we

c-

ts
to
r

e

or

p
r,
n.
te

a-
,
so

er
l

hmn~x,y!5h1mn
0 ~x!

1A2 (
n.0

Fh1mn
n ~x!cos

ny

R
1h2mn

n ~x!sin
ny

R G ,
~29!

A5n~x,y!5A15n
0 ~x!

1A2 (
n.0

FA15n
n ~x!cos

ny

R
1A25n

n ~x!sin
ny

R G ,
~30!

f55~x,y!5f155
0 ~x!

1A2 (
n.0

Ff155
n ~x!cos

ny

R
1f255

n ~x!sin
ny

R G ,
~31!

Tmn~x,y!5Tmn
0 ~x!

1A2 (
n.0

FT1mn
n ~x!cos

ny

R
1T2mn

n ~x!sin
ny

R G ,
~32!

and similarly for the other component fields. A
h2mn

n , A15n
n , A1m5

n , and f255
n fields are projected out by

the orbifold.
The physical graviton fieldGn at KK level n.0 is

Gmn
n 5~h1mn

n 1hmnf155
n !1

R

n
~]mA25n

n 1]n A25m
n !

2
R2

n2
]m]n~2f155

n !. ~33!

In this new basis, the linearized action for theG fields is

Slin
5 5E d4xFL G

0 1L0~f̄ !1LG int
0 1 (

n.0
~L G

n 1LG int
n !G ,

~34!

where

L G
0 5

1

4
~G0mn,rGmn,r

0 2G,m
0 G0,m

22G0mn
,mGrn

0 ,r12G,m
0 G0nm

,n!, ~35!

L G int
0 5

1

2M4
Gmn

0 T0mn, ~36!
8-4



er

he

ill

ft-
his

of
h

GRAVITON COSMOLOGY IN UNIVERSAL EXTRA DIMENSIONS PHYSICAL REVIEW D68, 085018 ~2003!
L G
n 5

1

4
~Gnmn,rGmn,r

n 2G,m
n Gn,m22Gnmn

,mGrn
n ,r

12G,m
n Gnnm

,n!2
1

4
mn

2GnmnGmn
n

1
1

4
mn

2GnGn, ~37!

L G int
n 5

1

2M4
Gmn

n T1
nmn . ~38!

The KK graviton propagator is1

^Gmn
m Grs

n &5
idmnBmnrs~k!

k22mn
21 i«

, ~39!

where

Bmnrs~k!52S hmr2
kmkr

mn
2 D S hns2

knks

mn
2 D

12S hms2
kmks

mn
2 D S hnr2

knkr

mn
2 D

2
4

3 S hmn2
kmkn

mn
2 D S hrs2

krks

mn
2 D , ~40!

andmn5n/R.
To determine the KK graviton couplings, we must det

mine the matter stress-energy tensor componentsT1
n mn . For

gauge fields,

TMN5FM
PFPN2

1

4
hMNFPQFPQ. ~41!

We expand the gauge field in harmonics

am~x,y!5a1m
0 ~x!

1A2 (
n.0

Fa1m
n ~x!cos

ny

R
1a2m

n ~x!sin
ny

R G ,
~42!

a5~x,y!5a15
0 ~x!

1A2 (
n.0

Fa15
n ~x!cos

ny

R
1a25

n ~x!sin
ny

R G .
~43!

All a2m
n anda15

n fields are projected out by the orbifold.
The physical gauge fieldAm

n at KK level n.0 is

1This analysis differs by a factor of 2 from the journal version
Ref. @32#, but agrees with the later e-print version hep-p
9811350v4.
08501
-

Am
n 5a1m

n 2
R

n
]ma25

n , ~44!

and identifying coefficients of cosny/R, we find

T1mn
n 5 (

m50

n FFm
mrFnr

n2m2
1

4
hmnFrs

m Fn2mrs

1mnmn2mS Am
mAn

n2m2
1

2
hmn Ar

nAn2mrD G ,
~45!

where Fmn
m []mAn

m2]n Am
m . The Gmn

n (q)Aa
m(k1)Ab

n2m(k2)
vertex is therefore

Xmnab5
i

2M4
Fhabk1mk2n2hmak1bk2n2hnbk1mk2a

1hmahnb~k1•k2!2
1

2
hmn„hab~k1•k2!2k1bk2a…

1mnmn2mS hmahnb2
1

2
hmnhabD1~a↔b!G .

~46!

The fermion couplings may be calculated similarly. T
stress-energy tensor for 5D Dirac fermions is

TMN5hMN~c igPDPc2mc0cc!2
1

2
c igMDNc

2
1

2
c igNDMc2

1

2
hMN]P~c igPc!1

1

4
]M~c igNc!

1
1

4
]N~c igMc!, ~47!

wheremc0 is the 5-dimensional mass of the fermion. We w
consider aZ2 action on the fermion which acts asc(x,y)
52g5c(x,2y). This preserves the zero mode of the le
handed fermion, but not that of the right-handed one. In t
case, the expansion in harmonics is of the form

c~x,y!5cL
0~x!

1A2 (
n.0

FcL
n~x!cos

ny

R
1 icR

n~x!sin
ny

R G ,
~48!

i ]5g5c~x,y!5A2 (
n.0

imnFcL
n~x!sin

ny

R
1 icR

n~x!cos
ny

R G .
~49!

The stress-energy tensor for fermions is
/

8-5
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T1mn
n 5 (

m50

n Fhmn~cL
migrDrcL

n2m2mn2mcR
mcL

n2m!

2
1

2
cL

migmDncL
n2m2

1

2
cL

mignDmcL
n2m

2
1

2
hmn]r~cL

migrcL
n2m!1

1

2
hmn~mm1mn2m!

3~cR
mcL

n2m!1
1

4
]m~cL

migncL
n2m!

1
1

4
]n~cL

migmcL
n2m!1~R↔L !G , ~50!

wherecR
0(x)50. The KK graviton-fermion-fermion vertex

for Gmn
n (q)c̄m(k1)cn2m(k2) interactions is then

Ymn5
i

4M4
Fhmn@2~grk2r2mn2m!2~grk1r2mm!

2~grk2r2mn2m!#2
1

2
~k11k2!mgn

2
1

2
~k11k2!ngmG . ~51!

Note that if the fermions in this vertex are on shell, only t
last two terms remain.

IV. NLKP DECAY WIDTHS INTO LKP GRAVITONS

Using the vertices of Sec. III B, we can now calcula
Feynman diagrams involving gravitons and SM fields. W
are particularly interested in the decay widths for appli
tions to models of dark matter@27,28#, where an NLKP SM
field decays to a stable LKP graviton. The NLKP may eith
be a gauge boson, such asB1, or a fermion, such ast1.
These decay widths may be calculated using the usual t
techniques or by helicity amplitude methods. We have d
both and checked that they yield identical answers.
present the helicity amplitude analysis here.

The polarization vectors of a massive graviton, given
normalization conventions of Sec. III B, are

emn
6252em

6en
6 ,

emn
615A2~em

6en
01em

0 en
6!,

emn
0 5A2

3
~em

1en
21em

2en
122em

0 en
0!.

Here em
6 and em

0 are the polarization vectors of a massi
gauge boson; for a massive vector boson withpm

5(E,0,0,p) and massm,

em
1~p!5

1

A2
~0,1,i ,0!, ~52!
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em
2~p!5

1

A2
~0,21,i ,0!, ~53!

em
0 ~p!5

1

m
~p,0,0,2E!. ~54!

The graviton polarization vectors satisfy the normalizati
and polarization sum conditions

esmnemn
s8* 54dss8, ~55!

(
s

emn
s ers

s* 5Bmnrs , ~56!

whereBmnrs is as given in Eq.~40!.
With these conventions, the helicity amplitudes for t

decay of a KK hypercharge gauge boson to a KK gravi
are

uM„B16~k!→G10~p!1g6~q!…u

5 cosuWXmnabea
6~k!eb

6* ~q!emn
0* ~p!

5
cosuW

A6M4

mB1
4

mG1
2 F12

mG1
2

mB1
2 G , ~57!

uM„B10~k!→G161~p!1g7~q!…u
5 cosuWXmnabea

0~k!eb
7* ~q!emn

61* ~p!

5
cosuW

A2M4

mB1
3

mG1
F12

mG1
2

mB1
2 G , ~58!

uM„B16~k!→G162~p!1g7~q!…u
5 cosuWXmnabea

6~k!eb
6* ~q!emn

62* ~p!

5
cosuW

M4
mB1

2 F12
mG1

2

mB1
2 G . ~59!

The total squared amplitude, averaged over the initial th
polarizations and summed over final states, is

1

3 (
h,h8,h9

uM„B1h~k!→G1h8~p!1gh9~q!…u2

5
cos2 uW

9

mB1
4

M4
2 F12

mG1
2

mB1
2 G 2F613

mB1
2

mG1
2 1

mB1
4

mG1
4 G ,

~60!

and the decay width of a KK hypercharge gauge boson
KK graviton is therefore
8-6
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G~B1→G1g!5
cos2 uW

144pM4
2

mB1
7

mG1
4 F12

mG1
2

mB1
2 G 3

3F113
mG1

2

mB1
2 16

mG1
4

mB1
4 G . ~61!

The decay width of a chiral KK fermion to a KK gravito
may be calculated similarly in the helicity amplitude forma
ism. Forpm5(E,0,0,p), the helicity spinors are

u1~p!5S AE1m j1

AE2m j1D , u2~p!5S AE1m j2

2AE2m j2D ,

~62!

where j1T5(1,0) andj2T5(0,1), and we take the Dira
representation.

The helicity amplitudes for a chiral fermion decaying to
KK graviton are, then,

uM„f L,R
16 ~k!→G161~p!1 f L,R

07 ~q!…u

5Ymnu7~q!u6~k!emn
61* ~p!

5
1

2M4

mf 1
3

mG1
F12

mG1
2

mf 1
2 G 3/2

, ~63!

uM„f L,R
16 ~k!→G10~p!1 f L,R

06 ~q!…u

5Ymnu6~q!u6~k!emn
0 ~p!

5
1

A6M4

mf 1
4

mG1
2 F12

mG1
2

mf 1
2 G 3/2

, ~64!

where we have assumed a massless zero mode fermion
squared amplitude, averaged over the initial two polari
tions and summed over final states, is

1

2 (
h,h8,h9

uM„f L,R
1h ~k!→G1h8~p!1 f L,R

0h9~q!…u2

5
1

6

mf 1
4

M4
2 F12

mG1
2

mf 1
2 G 3F312

mf 1
2

mG1
2 G mf 1

2

mG1
2 . ~65!

The decay width of a chiral fermion to a KK graviton is

G~ f L,R
1 → f L,R

0 1G1!5
1

96pM4
2

mf 1
7

mG1
4 F12

mG1
2

mf 1
2 G 4F213

mG1
2

mf 1
2 G .

~66!

The decay widths of Eqs.~61! and ~66! provide accurate
expressions for NLKP lifetimes in the LKP graviton sc
nario. For NLKP and LKP masses at the weak scaleMWeak,
and assuming mass splittings of the same order, the n
expectation of lifetimest5G21;4pM4

2/(MWeak)
3;105 s
08501
he
-

ve

2108 s is born out. NLKPs therefore decay after BBN, a
their decay products are subject to rather stringent BBN c
straints.

Even relatively mild degeneracies may disrupt these
pectations; however, as forDm[mNLKP2mLKP!mLKP the
lifetimes scale ast}(Dm)23 and t}(Dm)24 in the gauge
boson and fermion cases, respectively. This behavior is m
rored in the analogous case in supersymmetry of superp
ners decaying to gravitinos. The supersymmetric case
analyzed in Ref.@28#, where alternative signals of supe
WIMP dark matter were identified. The similarity of Eq
~61! and ~66! to the supersymmetric case indicates that K
graviton dark matter is also a viable superWIMP candid
with promising possibilities for detection.

V. REHEATING AND KK GRAVITON PRODUCTION

KK gravitons are produced copiously after the big ban
Inflation dilutes these gravitons away, but their number d
sity may be regenerated during reheating. The situation
analogous to the case of supersymmetry, where gravit
may be produced after reheating, and constraints bound
reheat temperature toTRH&10821010 GeV @29,30#. As we
will see, however, the presence of a tower of KK levels lea
to much stronger production of gravitons, and much stron
bounds on reheat temperature in UED models. In this sec
we estimate the density of KK gravitons produced after
heating for UED models with an arbitrary number of ext
dimensionsd. In the next section, we discuss the cosmolo
cal significance of these results. Throughout we assume
the extra dimensions remain fixed in size.

UED models are characterized by two hierarchically se
rated scales: the KK mass scalemKK;TeV, and the 4D
Planck scaleM4.1.731018 GeV. For this analysis, cosmol
ogy introduces another scale, the reheat temperatureTRH. As
UED models are 4D effective theories of some high
dimensional theory, they are valid only up to some cut
scaleMs , which is much smaller thanM4 @37#. We therefore
assumeTRH,Ms , and soTRH!M4.

In terms of these scales, the expansion rate of the univ
is H;T2/M4. The interaction rate of SM particles and the
KK partners with each other issSMn;a2T. The decay rate
of SM particles at KK leveln may also be estimated to b
GSM;amn . Given the hierarchy betweenT andM4,

sSMn,GSM@H, ~67!

and so SM particles and their KK partners remain in therm
dynamic equilibrium as the universe cools after reheating
contrast, the time scale for graviton interactions is very lo

For example, the interaction rate forfa
kW 1fb

lW →fc
mW 1GnW ,

where kW , lW, mW , and nW specify KK levels anda, b, and c
label SM degrees of freedom, issGn;T3/M4

2. Similarly, as
discussed in Sec. IV, the decay rates of KK gravitons
GG;mn

3/M4
2 . These rates are therefore far below the exp

sion rate,

sGn,GG!H, ~68!
8-7
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and gravitons never reach thermodynamic equilibrium.
The qualitative picture, then, is that after reheating,

SM degrees of freedom exist in thermal equilibrium. Occ
sionally, they produce KK gravitons, which are metasta
and decay long after big bang nucleosynthesis. If overp
duced, they may overclose the universe or their eventual
cay products may destroy the predictions of big bang nuc
synthesis.

We now work toward a more quantitative estimate
graviton abundances. During the era of graviton product
the expansion rateH is given by

H25
8pGN

3
rR5

p2

180M4
2

g* ~T!T4, ~69!

where rR and g* (T) are the total energy density and th
effective number of light degrees of freedom, respective
The entropy density is

s5
2p2

45
g* ~T!T3, ~70!

and the number density of a massless bosonic degree of
dom is

n05
z~3!

p2
T3. ~71!

For UED theories,

g* ~T!5g
*
KKDd~T!. ~72!

Hereg
*
KK is the effective number of degrees of freedom p

KK level, and is a model-dependent constant. In all mod
however, there are more degrees of freedom at excited
levels than at the zero mode level, where many degree
freedom are projected out. For the SM, the effective num
of degrees of freedom, organized by spin, isg

*
SM5g0

SM

1 7
8 g1/2

SM1g1
SM541 7

8 901245106.75. For theS1/Z2 UED
model, at each KK leveln.0 a gauge boson field has
degrees of freedom and a fermion field has 4 degree
freedom, so the total effective number of degrees of freed

is g
*
KK5g0

KK1 7
8 g1/2

SM4
2 1g1

SM3
2 5197.5. A similar counting

may be done for other UED models once the number
additional dimensions and the orbifold is specified.

The functionDd(T) counts the number of excited mode
in the thermal bath at temperatureT. Dd(T) may be approxi-
mated by counting all modes with mass belowT. This yields,
for d extra dimensions,

Dd~T!5
1

2d
VdF T

mKK
Gd

, ~73!

where

Vd5
pd/2

GS 11
d

2D 52,p,
4

3
p,

1

2
p2, . . . , ~74!
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for d51,2,3,4, . . . , is thevolume of a unit spherical ball in
d dimensions, and the factor of 1/2d in Eq. ~73! accounts for
the restriction tonW with non-negative components.

The number density of KK gravitons at levelnW , nGnW, is
determined by the Boltzmann equation

dnGnW

dt
13HnGnW5CGnW, ~75!

where

CGnW5 ( ^sf
a
kW f

b
lW →f

c
mW GnWv&nf

a
kWnf

b
lW ~76!

is the collision operator. All graviton destruction process
are negligible, given the low abundances and decay rate
gravitons. We will parametrize the collision operator as

CGnW5Cs@g* ~T!n0#2, ~77!

where

s5
a3

4pM4
2

. ~78!

Herea3 is the strong coupling constant andC is a constant.
If every light degree of freedom could interact with eve
other light degree of freedom with cross sections, CGnW with
C51 would be a reasonable estimate. However, global
local symmetries restrict which reactions are possible,
not all interactions involve strongly interacting SM particle
A detailed calculation ofC can be done once a specific UE
model is chosen and its spectrum determined. Here we k
the analysis general by leavingC as a free parameter. Base
on the results of detailed studies of gravitino abundan
from reheating in supersymmetric models@30#, we expect
values of C;O(0.01), and we will consider a range o
0.001&C&0.1 in present numerical results below. Given t
high power dependence of the graviton abundance onTRH,
we will see that bounds onTRH are rather insensitive to eve
this generous range forC. Note also that, asC51 is cer-
tainly an overestimate, if a scenario passes all constra
even withC51, it is certainly allowed.

With these definitions, the KK graviton number dens
satisfies

dnGnW

dt
13HnGnW5Cs@g* ~T!n0#2. ~79!

This is most conveniently solved by changing variablesnGnW

→YGnW[nGnW /s and t→T. Adiabaticity implies that entropy
S5sR3}g* (T)T3R3}T31dR3 is conserved, and so

1

s

ds

dt
523

1

R

dR

dt
523H,

dT

dt
52

3

31d
HT. ~80!

With the relations of Eq.~80!, the Boltzmann equation be
comes
8-8
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dYGnW

dT
52

31d

3

1

HTs
Cs@g* ~T!n0#2. ~81!

YGnW changes untilGnW production stops at temperatureT
;mn and then remains constant until gravitons begin to
cay. After BBN and before KK gravitons decay, then,

YGnW5 E
mn

TRH
dT

31d

3

1

HTs
Cs@g* ~T!n0#2

5
45A5z2~3!

2p8
a3

mKK

M4
CAg

*
KK 31d

21d

3AVd

2dF S TRH

mKK
D 11(d/2)

2unW u11(d/2)G . ~82!

For comparison with cosmological constraints, it is co
venient to determine the graviton energy density, normali
to the background photon number densityng52n0, at the
time of BBN:

zGnW[
mnnGnW

ng
U

BBN

5mnYGnW
s

ng
U

BBN

5
p4

45z~3!
g
*
BBNunW umKKYGnW. ~83!

The total graviton energy density is then determined by su
ming overnW . For T significantly larger thanmKK , we may
take the continuum limit

(
nW

→E ddn5 E 1

2d
Adnd21dn, ~84!

where

Ad5
2pd/2

GS d

2D 52,2p,4p,2p2, . . . , ~85!

for d51,2,3,4, . . . is thearea of a unit sphere ind dimen-
sions, and the factor of 1/2d in Eq. ~84! again accounts for
the restriction tonW with non-negative components. Integra
ing over all KK levels up tomn5TRH, the total energy den
sity in KK gravitons is

zG5(
nW

zGnW' E
0

T /mKK 1

2d
Adnd21zGnW dn

5
A5z~3!

2p4
a3

mKK
2

M4
CAg

*
KKg

*
BBN 31d

~11d!~413d!

3AVdAd
2

23d S TRH

mKK
D 21(3d/2)

. ~86!
08501
-

-
d

-

If KK gravitons decay to SM particles,zG gives the total
energy density, normalized to the background photon den
deposited during the era of graviton decay.

Alternatively, one may take the opposite limit, and a
sume that KK gravitons decay predominantly through K
number preserving interactionsGn→n LKP1X, and nearly
all of the energy stored in KK gravitons exists now in th
form of KK dark matter. In this scenario, the current da
matter energy density, normalized to the critical density,

VG5zG

ng
0

rc
0

.
zG

13 eV
, ~87!

whereng
0.410 cm23 is the present photon number densi

andrc
0.5300 eV cm23 is the critical density.

Numerically, giveng
*
BBN.3.36 anda3'0.1, we find for

D55:

zG51.1310214 GeV3C Fg
*
KK

200G
1/2F mKK

1 TeVG2F TRH

mKK
G7/2

~88!

VG58.4310273CFg
*
KK

200G
1/2F mKK

1 TeVG2F TRH

mKK
G7/2

,

~89!

for D56:

zG58.9310215 GeV3CFg
*
KK

200G
1/2F mKK

1 TeVG2F TRH

mKK
G5

~90!

VG56.8310273CFg
*
KK

200G
1/2F mKK

1 TeVG2F TRH

mKK
G5

,

~91!

and forD57:

zG55.0310215 GeV3CFg
*
KK

200G
1/2F mKK

1 TeVG2F TRH

mKK
G13/2

~92!

VG53.9310273CFg
*
KK

200G
1/2F mKK

1 TeVG2F TRH

mKK
G13/2

.

~93!

Note that for eachD, these expressions, derived from Eq
~86! and~87!, are not mutually consistent — the energy de
sity in gravitons is deposited in SM particles, or in KK da
matter~WIMP or superWIMP!, or a mixture. These expres
sions are the maximal energy deposited in SM particles,
the maximal primordial energy density of KK dark matte
Which, if either, is realized depends on the specific UE
model, and detailed considerations of higher KK mode c
cade decays. On the other hand, these expressions are u
as, if both are within existing bounds, the model is guar
teed to be consistent with current constraints.
8-9
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VI. COSMOLOGICAL CONSTRAINTS

There are two sets of constraints on the KK gravit
abundance. First, gravitonsGnW may decay to stable LKPs
such asG1 or B1. The fraction of initial energy that winds u
in LKPs is highly dependent on the UED model and t
spectrum of KK modes, which determines the form of c
cade decays. Clearly the energy density in LKPs cannot
ceed the energy density of the initial KK gravitons. We m
therefore impose the constraint

VG,VDM'0.23. ~94!

If this constraint is satisfied, KK dark matter will not ove
close the universe, irrespective of details of the UED mod

The second set of constraints follows from requiring th
SM particles produced in late decays of KK gravitons n
destroy the successful predictions of BBN. These constra
are complicated, depending sensitively on the kind of ene
deposited and the time at which it is released. For elec
magnetic decays, the constraint onzG

EM5BEMzG has been
studied in detail@38–40#, most recently in Ref.@41#. These
constraints are very weak for decay timest,105 s, increase
in stringency from zG

EM&1029 GeV at t;106 s to zG
EM

&10212 GeV att;109 s, and then remain roughly consta
up to t;1012 s.

For hadronic cascades, the picture is at present less c
For t&102 s, hadronic constraints are relatively weak, b
they become zG

had5BhadzG&10212 GeV for 102 s&t
&104 s @42#. For longer lifetimes, there are no detailed r
cent analyses. The constraint may become weaker, bu
assume conservatively that it remains at thezG

had

&10212 GeV level.
From Eqs.~88!–~93!, we see that both the overclosu

and BBN constraints may be satisfied for anyD and TRH
;mKK;1 TeV, even forC;1 and taking the extreme case
in which all energy is deposited in either stable LKPs, E
cascades, or hadronic cascades. Although there are man
certainties in this analysis, there is surely an allowed wind
in which the KK graviton abundance satisfies all existi
constraints. This is necessary to establish the viability of
WIMP and superWIMP dark matter. For LKPs to achieve t
desired thermal relic density, either in the form of WIMP
such asB1 or superWIMPs such asG1, the universe must be
reheated to a temperatureTRH*mKK/25. The region with
ideal KK WIMP thermal abundance@7# is also shown. This
result shows that there are consistent cosmologies in w
the reheat temperature is low enough to suppress the pri
dial KK graviton abundance appropriately, but high enou
to generate the desired thermal relic abundance for WIMP
superWIMP dark matter.

At the same time, given the rather strong power law
pendence of the graviton energy density, overclosure
BBN stringently constraintTRH. In Fig. 1 we plot the
bounds onTRH as functions ofmKK for D55,7 from con-
straints on overabundance and energy release. Roughl
find constraints TRH&1210 TeV for 100 GeV,mKK
,1 TeV. In a given model, one of the constraints may
inapplicable, but they cannot both be completely avoid
08501
-
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The range in each constraint results from varyingC in the
range 0.001,C,0.1. Note that theTRH limits are rather
insensitive to the substantial uncertainties encoded inC,
given the extreme sensitivity of graviton abundances toTRH;
for C varying by two orders of magnitude, the bounds
TRH vary by only factors of 2 to 4, depending on the numb
of extra dimensions.

VII. SUMMARY

We have provided a general formalism for analyzing t
dynamics of gravitons in UED theories. In particular, w
found the couplings of KK gravitons to fermions and gau
bosons and presented the widths for decays of excited fe
ons and gauge bosons into KK gravitons in Eqs.~61! and
~66!. These results are of special relevance when a KK gra
ton is the LKP and a superWIMP candidate, as they de
mine the observable implications of KK graviton dark mat
for, for example, BBN, the cosmic microwave backgroun
and the diffuse photon flux.

We have also determined the abundance of KK gravit
produced after reheating in a general manner applicabl
UED models for arbitrary numbers of extra dimensions, a
also more generally to other models of extra dimensions.
possibility of populating a large number of graviton states
different KK levels implies that the production of graviton
after reheating is extremely efficient and extremely sensi
to the reheat temperatureTRH. For d extra dimensions, the
energy density in gravitons, given in Eq.~86!, is

zG5 (
nW

mGnW
nGnW

s
;

mKK
2

M4
S TRH

mKK
D 21(3d/2)

. ~95!

FIG. 1. Bounds on the reheat temperatureTRH as a function of
mKK from the overclosure constraintVG,0.23 and the BBN con-
straint zG,10212 GeV for D55,7, as indicated. We assumeg

*
KK

5200; the range in each bound arises from varyingC from 0.001 to
0.1 ~see text!. In the region withTRH,mKK/25, TRH is too low to
generate the thermal relic abundance for WIMPs. The vertical ba
delimit regions where theB1 thermal relic abundance is too low
(VWIMP,0.1), approximately right, and too high (VWIMP.0.3).
8-10
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This is to be contrasted with the case of gravitinos@29,30#,
for which

zG̃5mG̃

nG̃

s
;

mSUSY
2

M4

TRH

mSUSY
. ~96!

The constraints onTRH are therefore extremely stringen
They are presented in Fig. 1 and are of the order ofTRH
&1210 TeV for 100 GeV,mKK,1 TeV.

The constraints derived here are robust, being indep
dent of the gravi-scalar mass@35# and applicable irrespectiv
of which KK particle is the LKP. These constraints also a
ply in the presence of KK parity violating interactions,
these will only serve to increase the primordial graviton p
duction and lead to the decay of gravitons to SM particl
They supplement the requirement that the reheat tempera
. D

D

et

. D

v.

08501
n-

-

-
.
re

be below the cutoff of the 4D effective theory@37# and rather
severely constrain ideas for leptogenesis. Such low reh
temperatures also constrain inflation scenarios, requiring
example, that inflaton decay to SM particles be suppres
by extremely small couplings or kinematically through e
hanced SM plasma masses at high temperatures@43#.

At the same time, we have found that there exists a ra
of reheat temperature withTRH;mKK such that the primor-
dial production of KK gravitons is within bounds, but a the
mal relic density of WIMPs may be produced. KK WIM
and superWIMP candidates are therefore viable, despite
stringent graviton constraints applicable to these extra
mensional theories.
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