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ABSTRACT OF THE DISSERTATION

Structure, Symmetry, and Singularity in Learning Systems

by

Jiayi Li

Doctor of Philosophy in Statistics
University of California, Los Angeles, 2025

Professor Guido F. Montufar Cuartas, Chair

We study structural, algebraic, and statistical aspects of learning systems, with an
emphasis on understanding how structure, symmetry, and singularity influence their behavior.
Part 1 examines models whose parameterizations or loss landscapes have polynomial or
rational form. Using tools from algebraic geometry and numerical algebraic geometry, we
investigate the geometry of their critical sets, the role of degeneracies and singularities,
and the symmetries that arise from overparameterization or model design. This part also
considers rational neural networks, for which we introduce algebraic regularization schemes
aimed at improving trainability and analyze the resulting optimization landscapes through a
combination of theoretical and numerical methods.

Part II focuses on learning systems motivated by applications in statistics and engineering.
Here we study procedures for estimating means of bounded random variables based on betting
strategies, with an emphasis on statistical guarantees and practical performance. We also
explore models of resilience and recovery in artificial and biological neural networks and
investigate machine learning components used in digital twins for manufacturing systems,
where structural assumptions play a central role in inference and control.

The application of algebraic and numerical algebraic tools to machine learning theory is

still at an early stage, and many questions remain open. A deeper understanding of how
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algebraic structure aligns with learning dynamics, how singularities arise in parameterized
models, and how these features relate to implicit bias and other emergent phenomena may
provide valuable insight. The mathematical ideas explored in this thesis reflect only a small
part of what may be possible, but working with these tools has been a source of enjoyment
due to the elegance they bring to complex systems. I hope that readers will find the methods

and perspectives presented here accessible and motivating for future exploration.
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Chapter 1

Introduction

Machine learning has advanced quickly in recent years, yet the theoretical understanding of
modern models still lags behind their empirical performance. Phenomena such as implicit
bias, over-parameterization, the appearance or disappearance of spurious critical points, and
varying degrees of robustness suggest that learning systems possess rich internal geometric
structure. In this dissertation we adopt a geometric viewpoint and examine learning systems
through three lenses: structure, symmetry, and singularity. These themes appear throughout

both the mathematical analysis in Part I and the applications in Part II.

By structure we refer to the algebraic and semi-algebraic patterns that arise from model
architectures and loss functions. These include polynomial and rational parameterizations,
determinantal constraints, polyhedral decompositions induced by piecewise-linear activations,
and algebraic relations among intermediate features or outputs. By symmetry we refer to
invariances and equivariances, ranging from permutation and rotational symmetry to the
group actions that arise naturally in engineered systems. By singularity we mean non-generic
behavior such as nonidentifiable parameterizations, degenerate Fisher information, or critical
points lying on singular strata of the parameter-to-function map. Algebraic geometry offers a
natural framework for articulating all three aspects, providing tools to describe how these

phenomena arise and how they interact with optimization and inference.



Many learning architectures admit algebraic descriptions, either exactly (for polynomial
or rational networks) or piecewise (for ReLLU or max-pooling networks). Linear layers and
polynomial activations yield polynomial parameterizations, while rational activations yield
maps of the form

By(t)

Ry ;(t) = m, Qi #0,

defined on domains where denominators remain nonvanishing. Piecewise-linear networks
induce semi-algebraic partitions of input space: they are polynomial on polyhedral regions and
glue along semi-algebraic boundaries. The resulting families of realized functions often form
algebraic or semi-algebraic subsets of function space—sometimes referred to as neurovarieties
or neuromanifolds. Although these sets are generally nonconvex and stratified, they possess
algebraic regularities that are not readily visible through classical analytic techniques.

To articulate these regularities, it is useful to recall basic algebraic and semi-algebraic
notions. Let K be a field and let A"(K) denote affine n-space. For a set of polynomials

S C K|z, ...,x,), the vanishing set

V(S)={a € A"(K): f(a) =0 for all f € S}

is an algebraic set. Over algebraically closed fields, the Weak and Strong Nullstellensatz
establish a precise correspondence between radical ideals and algebraic sets. This correspon-
dence allows one to convert geometric statements—such as the characterization of critical
points, degeneracies, or feasible regions—into algebraic ones. Over R, many relevant sets are
semi-algebraic, defined by finitely many polynomial equations and inequalities. Two classical

theorems play an important role for results presented in later chapters of this thesis:

e Chevalley’s Constructibility Theorem, which states that the image of an algebraic
set under a polynomial map is a constructible set. In our context, this implies that the

sets obtained by applying polynomial representation layers remain within a well-behaved



geometric class, even though they need not be algebraic.

e Tarski—Seidenberg Theorem, which states that the image of a semi-algebraic set
under a coordinate projection is again semi-algebraic. This closure property under
elimination of variables ensures that many sets arising in learning—such as feasible
regions, decision boundaries, and regularized sublevel sets—retain a finite semi-algebraic

description after projection.

Combined with Hilbert’s basis theorem and standard conventions for projective space,
these results justify treating many objects in learning—the structure of loss landscapes,
the constraints imposed by architectures, and the domains of intermediate activations—as

algebraic or semi-algebraic sets.

This viewpoint influences several aspects of learning. First, optimization is governed
by the geometry of the parameterization map. Flat directions arise when parameters vary
along fibers that correspond to the same underlying function, while spurious critical points
may lie on singular strata where the Jacobian of the parameter-to-function map loses rank.
Second, statistical properties such as identifiability, sample complexity, and the behavior of
likelihood-based estimators often admit algebraic formulations: moment constraints define
algebraic varieties, injectivity of polynomial or rational maps characterizes identifiability, and
the maximum likelihood degree quantifies the number of complex critical points of likeli-
hood equations. Third, robustness and certification questions—such as bounding Lipschitz
constants, verifying margins, or ensuring the absence of poles in rational networks—can be
expressed as verifying polynomial inequalities on semi-algebraic sets and addressed through

sum-of-squares relaxations and Positivstellensatz certificates.

One approach to understand these phenomena is through the parameter-to-function map

d:0 — F, 0 — fo.



The expressive power, redundancies, symmetries, and singularities of an architecture are
encoded in the geometry of ®(0) (the set of realizable functions), the fibers ®~1(f), and the
singularities of ® itself. Many geometric approaches that appear distinct—function-space
analyses, algebraic statistics, tropical geometry, invariant theory, and numerical algebraic
geometry—can be viewed as tools for examining these images, fibers, and singularities.

From the perspective of the image ®(©), neural architectures define structured subsets
of function space. For linear and convolutional networks, these sets often admit explicit
algebraic or semi-algebraic descriptions: determinantal varieties for linear architectures
and architecture-dependent semi-algebraic families for convolutional ones [Trager et al..
2020, Kohn et al., 2022, [Kohn et al., 2024|. Restricting the loss to ®(0) shows that many
practical difficulties in parameter space—such as flat directions or spurious local minima—are
artifacts of redundancies or singularities in the parameterization. This aligns with geometric
phenomena observed during training, such as NTK linearization [Jacot et al., 2018|, neural
collapse [Papyan et al., 2020|, and the simplicity that emerges in interpolation regimes |Belkin
et al., 2019).

The structure of the fibers of ® also plays a central role in statistical analysis. Probabilistic
models such as graphical models, mixture models, and latent-variable models correspond to
algebraic varieties in the space of observable distributions [Drton et al., 2009, Sullivant, 2018§].
Identifiability issues often reduce to algebraic questions involving secant varieties or tensor
decompositions |[Allman et al., 2009, Landsberg, 2012, and estimation complexity is reflected
in the maximum likelihood degree |Catanese et al., 2006].

Architectures with piecewise-linear activations introduce polyhedral geometry. ReLLU
networks partition input space into polyhedral cells and act as polynomial maps on each region.
Tropical geometry provides a compact algebraic representation of these maps [Maclagan
and Sturmfels, 2015|, enabling quantitative analysis of expressivity, decision boundaries,
and depth—complexity tradeoffs [Zhang et al., 2018, Montufar et al., 2014]. These results

illuminate how architectural choices shape the functional complexity of learned models.
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For rational networks, the domain of ® acquires geometric significance. Fixing degree
bounds places (P, () in quasi-affine parameter spaces, and modding out by G,,-scaling places
coefficients in products of projective spaces. This quasi-projective viewpoint clarifies how
singularities—poles, vanishing denominators, rank-deficient Jacobians—affect optimization

and motivates the regularization and reparametrization strategies developed in Part I.

Symmetries of the map ® arise through group actions on data or model parameters.
Algebraic invariant theory provides systematic descriptions of invariant and equivariant
polynomial functions [Derksen and Kemper, 2002|, forming the theoretical basis for modern
equivariant architectures |Bronstein et al., 2021|. Symmetry also features prominently in the

engineering applications examined in Part II.

Overparameterized models often exhibit intrinsic singularities: positive-dimensional fibers,
degenerate Fisher information, and nonidentifiable directions. Singular learning theory relates
generalization behavior in such settings to invariants of singularities such as the real log
canonical threshold (RLCT) [Watanabe, 2009, Watanabe, 2018|. This perspective provides

quantitative insight into deep models that fall far outside the classical regular setting.

Finally, numerical algebraic geometry provides computational tools that complement these
geometric perspectives. Homotopy-continuation methods make it possible to solve polynomial
systems arising from critical point equations, track solutions as hyperparameters vary, and
study bifurcations in polynomial and rational networks [Sommese and Wampler, 2005, Bates
et al., 2013]. These tools will be used in Part I to examine optimization landscapes in concrete

examples.

Taken together, these perspectives suggest that the behavior of modern learning systems
can be understood through the structure, symmetry, and singularity of the parameter-to-
function map. The algebraic and geometric viewpoints developed in this chapter provide the

conceptual framework for the analyses that follow in the remainder of the dissertation.
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Chapter 2

Geometry of Polynomial Neural Networks

We study the expressivity and learning process for polynomial neural networks (PNNs) with
monomial activation functions. The weights of the network parametrize the neuromanifold.
In this paper, we study certain neuromanifolds using tools from algebraic geometry: we
give explicit descriptions as semialgebraic sets and characterize their Zariski closures, called
neurovarieties. We study their dimension and associate an algebraic degree, the learning
degree, to the neurovariety. The dimension serves as a geometric measure for the expressivity
of the network, the learning degree is a measure for the complexity of training the network
and provides upper bounds on the number of learnable functions. These theoretical results

are accompanied with experiments.

2.1 Introduction

Over the past decade, neural networks have achieved remarkable success, primarily driven by
advancements in deep learning. With the increased computational power, availability of large
datasets, and algorithmic innovations, deep learning has led to groundbreaking achievements
in areas like image and speech recognition, natural language processing, and autonomous

systems. In addition, deep neural networks outperform many traditional statistical models,



significantly impacting fields such as healthcare and finance. Despite the empirical triumph,
the underlying theoretical behaviors of neural networks remain an open and active field of

research.

In particular, researchers study various activation functions to understand their role
in introducing non-linearity, affecting gradient propagation, and influencing computational
efficiency. Polynomial activation functions have gained interest for their ability to introduce
higher-order interactions between inputs, allowing networks to model complex, non-linear
phenomena more effectively [Oh et al., 2003|. Although feedforward neural networks with
polynomial activation functions are well-known to be non-universal approximators [Hornik
et al., 1989|, there are many practical tasks where architectures with polynomial activations
have outperformed other ones, especially in environments where data relationships are
polynomial in nature. In particular, polynomial neural networks have led to state-of-the-art
results in engineering tasks like face detection from cluttered images [Huang et al., 2003],
image generation [Chrysos et al., 2020|, 3D shape recognition [Yavartanoo et al., 2021], as
well as financial applications like forecasting trading signals |Ghazali et al., 2011|, uncertain
natural frequency quantification [Dey et al., 2016, and estimating stock closing indices [Nayak
and Misra, 2018|. However, the choice of degree and the potential for overfitting are critical

considerations in applying polynomial neural networks to individual practical tasks.

Compared to other low-degree activation functions, polynomial functions capture intricate
patterns within data without the need for additional layers, potentially reducing model
complexity and computational costs. In addition, common neural network activation functions,
including sigmoid and ReLU, can be effectively approximated using polynomial ratios.
Recent work also shows that fully-connected feedforward neural networks using ratios of
polynomials as activation functions approximate smooth functions more efficiently than ReLLU
networks [Boullé et al., 2020]. Our exploration in the realm of polynomial networks lays the

groundwork for further investigation of other activation functions.
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In this paper, we perform an algebro-geometric study of neuromanifoldsﬂ and their Zariski
closures, neurovarieties, following the previous work by [Kileel et al., 2019b|. In , we
give the background on polynomial neural networks, neuromanifolds and neurovarieties.
Neuromanifolds provide a natural generalization of the set of symmetric tensors of bounded
symmetric rank. In §2.3] we recall the connection between homogeneous polynomials and
symmetric tensor decompositions, and characterize neuromanifolds for some shallow polyno-
mial neural networks. In §2.4] we describe different approaches for studying neurovarieties.
The dimension of the neurovariety provides a measure for the expressivity of the network.
In §2.5] we study these dimensions. For a shallow polynomial neural network with a single
output unit, this corresponds to the Alexander—Hirschowitz Theorem in neural network
settings. In the deep case, we present conjectures supported by empirical evidence. Finally,
in §2.6], we study the optimization process of a polynomial neural network: from a static
perspective, we describe the complexity of the optimization landscape by its learning degree
and compute it for a family of architectures; for the dynamic optimization process, we review
the backpropagation algorithm and summarize known results on linear neural networks from

previous literature in both the machine learning and algebraic statistics communities.
We provide code for computations and experiments at [Kubjas et al., 2024].

Main contributions. For those new to the topic, we recommend coming back to this
paragraph on the main contributions after reading Section [2.2l We characterize the neuro-
manifold M gy, 1),2 in Lemma [2.3.3) M4y 1,4,),2 in Lemma 2.3.4, M g,1,4,),» in Lemma[2.3.6]
and M 4.4, do),r With dy > (’”“dro_l) in Proposition We characterize the neurovariety
V(2,2,d2),2 in Proposition and partially the neuromanifold Mz 2.4,)2 in Proposition [2.4.2]
by studying the fibers of the PNN, the neurovariety V3 33)2 in Example by using Grass-
mannians and the neurovariety V2222 in Example @ by applying the Hilbert—Burch
Theorem. In Proposition [2.5.4] we show that if a PNN has a layer of width one, then the

!By an abuse of terminology we use the term neuromanifold to denote the functional space of a neural
network, although this space is almost never a smooth manifold.
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widths of layers after the width-1 layer except for the output layer do not influence the
neuromanifold. In Corollary [2.5.9] we show that if a PNN has a defective subnetwork, then
it is itself defective unless it is filling. In Section [2.5.2] we describe a family of non-trivial
symmetries for the neuromanifold V57 1) 3 that does not have expected dimension. We
introduce the learning degree, a characteristic of the optimization landscape, in Definition
In Theorem [2.6.3] we show that learning degree of a PNN with respect to the Euclidean
loss function exists and it is bounded above by the generic Euclidean distance degree of its
neurovariety. In Theorem , we prove that the learning degree of Vg2 ) 2 for k > 2 is at

most 8k — 12k + 3.

Acknowledgments. This paper was written in connection with the “Apprenticeship
Week: Varieties from Statistics” which took place at IMSI as part of the long program
“Algebraic Statistics and Our Changing World”. We would like to thank Miles Bakenhus and
Maksym Zubkov who participated in the work of this group part of the time. Lemma is
due to Maksym Zubkov. We would like to thank Elizabeth Gross, Leonie Kayser, Joe Kileel,
Mark Kong, Guido Montufar, Alessandro Oneto, Bernd Sturmfels, and Matthew Trager for
useful discussions and various suggestions. We thank Lisa Seccia and Nils Sturma for careful
reviews of an earlier version of this paper. We also thank Giovanni Luca Marchetti and Vahid
Shahverdi for pointing out a mistake in Section in a previous version of this article. Part
of this research was performed while the authors were visiting the Institute for Mathematical
and Statistical Innovation (IMSI), which is supported by the National Science Foundation
(Grant No. DMS-1929348).

2.2 Background

A general L-layer (feedforward) neural network is a composition of L affine-linear maps

with coordinatewise nonlinearity in between [Haykin, 1998|. Let Fy be a feedforward neural
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input hidden hidden output
layer layer layer layer

W

Figure 2.1: A neural network architecture with widths d = (2,3,3,1), input x = (z, 15)7
and output y;.

network with parameters 0,

Fe(X) = froop_10 fr_10---0fyo00 fl(X)a

where

filx): R 5 R x = Wix+ by

and the function o;: R% — R% is the activation function, typically a real function that is
applied coordinatewise, i.e., o; = (071, ...,014,) With 0;;: R — R. The matrices Wy, ..., W},
are the weights of the neural network, and by, ..., by are referred to as the biases. Together,

they constitute the parameter set 6.

Pictorially, a neural network architecture can be represented as in Figure 2.1} Each
node is called a neuron and each column of neurons forms a layer of the network. The first
layer is called input layer, the last layer is called output layer and the remaining layers are
referred to as hidden layers. A neural network with exactly one hidden layer is called shallow.
The number of neurons in the i** layer is the i*® width, denoted d;. The vector of widths
d = (do,dy,...,dy) together with a choice of activation functions o = (01,09,...,01_1)
constitute the architecture of the network.Arrows between layers represent the maps f;. Note
that all architectures in this paper are considered to be fully-connected feedforward neural

networks.
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The goal of deep learning is to approximate a target function f: R%® — R with a
neural network Fy of a chosen architecture (d = (dy,ds,...,d), o). This amounts to an

optimization task over the space of parameters, the “learning” or “training” process. For more

details, see

The parameter map

Vgo: RY — Fun(R% R*™), 0 Fy

associates a tuple of parameters 8 with the corresponding neural network Fjy. Its image
is called the neuromanifold Mg, and consists of all functions a network with architecture
(d, o) can learn. The neuromanifold is also referred to as functional space in the literature.

Note that oftentimes Mg , is not a smooth manifold.

In practice, typical choices of activation functions are ReLU or sigmoid functions

6.%

1+er’

OReLU (I) - ma‘X{OJ I}, O-sigmoid(x) -

In this paper, we focus on monomial activations = + z". This turns the network Fp into
a polynomial map and makes the study of these networks amenable to techniques from

algebraic geometry.

The map f; can be written as fi(x) = W;x + b;, where W, € R%*%-1 is a linear map and
b; € R%. We will be considering networks without biases to make the polynomial map Fp

homogeneous. Let us summarize the setup in the following.

Definition 2.2.1. A polynomial neural network (PNN) py, with architecture (d = (do, dy, . ..,

dp),r) is a feedforward neural network

pw=Wroo,_10Wy_ 100, 90---000W;: R — R

14



where W; € R%*49i-1 are linear maps and the activation functions

0i(x) = p(x) = (2],...,2])

are monomial. The number r is called the activation degree of py. The parameters w are

given by the entries of the matrices W, i.e., w = (W, W, ..., W}).

A PNN p,, with architecture (d,r) is a homogeneous polynomial map of degree rX=1.

Hence, the associated parameter map ¥4, maps an L-tuple of matrices (Wi, Wa, ..., W) to

L-1

a dp-tuple of homogeneous polynomials of degree r in dy variables, i.e.,

e
Wy, o RIXD 5o REEXIL-r o (Qym ;o (RP))E ) w s py, =

p‘(gL)

We can identify elements in the image with their vectors of coefficients in

rL=14d5-1

RdL( dpg—1 )_

Coordinates of this space will be denoted by cgj ) so that cgj ) is the coefficient of the monomial

x! in the polynomial p%) (x); here, I is a multiindex in

d
( o] ) = {TL_l element subsets in {1,2,... ,do}} .

rL—1

Definition 2.2.2. The image of Wq, is the neuromanifold Mg ,. Its Zariski closure is the

neurovariety Vg, an affine variety inside (Sym,r— (R%))%z.

The neuromanifold Wy, is a semialgebraic set inside (Sym,.—1(R%))?c which means that
it is a finite union of sets that can be defined by polynomial equalities and inequalities.

The observation that the neuromanifold W4, is a semialgebraic set follows from the Tarski-
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Seidenberg theorem which states that a polynomial image of a semialgebraic set is again
semialgebraic.
Increasing the widths of hidden layers gives a containment of neuromanifolds as shown in

the following proposition.

Proposition 2.2.3. Letd = (dy,...,d;,...,dr) and let d' = (dy,...,d;,...,dy) be a tuple
which differs from d precisely in the i entry for 0 < i < L and assume d; > d;. Then

Mg, € Mar,, in particular Va, C Var .

Proof. Let w = (Wy,...,Wy) be a parameter vector for the architecture d and py € Mg,
the corresponding polynomial network. Let w' = (W7,... , W]) be the parameter vector for
the architecture d’ such that each W/ has W; as left-top submatrix and zeros elsewhere. Then

Pw = Pw’ € Md/,r- ]

As Mg, is semialgebraic, it has the same dimension as its Zariski closure, Vq,. In |Kileel
et al., 2019b|, the dimension of Vg, was proposed as a measure for the expressivity of the

network architecture (d, ).

Definition 2.2.4. An architecture (d,r) is filling if Vq, = (Sym, - (R%))9. In this case,

we say that Mg, is thick, i.e., it has positive Lebesgue measure.

The case of filling architectures is particularly interesting from a machine learning per-
spective as filling networks have the most expressive power: if Mg, = (Sym,.—: (R%))% any
target function in (Sym, .1 (R%))?c can potentially be learned exactly by the network. In the
case of non-filling architectures, a general target function can only be approximated by the
network. For more details on the learning process, see §2.6| Moreover, from an optimization
perspective it is advantageous to work with thick neuromanifolds as non-thick neuromanifolds

are known to be non-convex, see |Kileel et al., 2019b, Proposition 7|.

Example 2.2.5. For architecture d = (2,1,1), r = 2 with input x = (z;, z2)7 and
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1

2

Figure 2.2: The neuromanifold M1 1) in Sym,(R?) = R3.

parameters

Wi = (w111 w112> , Wa = (’LU211> )

pw(x) = Wap,Wix = (w211(w111$1 + w112x2)2> .

the network is

Example 2.2.6 ( |Kileel et al., 2019b|, Example 3). For architecture d = (2,2,3), r = 2

with input x = (21, z2)7 and parameters

W11 W212
W11 Wi12
Wl = 5 W2 = | Wag1 W22 | >
Wi21 Wi22
Wa31 W232
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the network is

war1 (w1111 + W119T2)? + Wara (w1211 + W122T9)?
pw(x) = Wap,Wix = wWaor (w1111 + w112x2)2 + waga (w1211 + w122$2)2

2 2
Waz1 (11121 + W11222)* + Waga(W121T1 + Wi22T2)

There are ten parameters in W, and W, which W5 3) 5 maps to the triple of quadrics above
with dim(Sym,(R?)?) = 9 coefficients. The neurovariety is a hypersurface defined by the
cubic equation

1 1 1
Cgl) 052) Cé2)

2 2 2) | —
det Cgl) 052) CéQ) =0.

3 (3 (3

051) 052) Céz)
This variety has dimension eight, implying the architecture d = (2,2, 3),r = 2 is not filling.
For more details, see Proposition below. Note that in this case Mg, € Va,, see

Proposition [2.4.2]

There is a naive expectation for the dimension of the neurovariety, namely the number
of parameters. However, one immediately observes a symmetry in the parameters for any

network architecture, called multi-homogeneity.

Lemma 2.2.7 ( |Kileel et al., 2019b, Lemma 13|). For all diagonal matrices D; € R%*di
and permutation matrices P, € Z%*% (i =1,... L — 1), the parameter map Vq, returns the

same network under the replacement:

W1 < P1D1W1
W2 <— PQDQWQDl_TplT
W3 < pngWngrPg

Wy« W.D;" PF|.
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Hence, a generic fiber of U4, has dimension at least Zf:_ll d;. We call the number of

parameters subtracted by this dimension the expected dimension of the neurovariety.

Definition 2.2.8. We define the ezpected dimension of the neurovariety Vg, to be

L1
. . do+rt7t -1
edim(Vq,) = min {dL + Z(didi+1 —diy1), dL( 0 . ) } )

=0

By Lemma 7 dim(Va,) < edim(Vg,.). The difference edim(Vq,.) — dim(Va,,) is the defect

of Vq . If the defect is nonzero Vy, is called defective. We refer to

' do+rtt—1
dim((Sym, .1 (R%))™) = dL( ' pL—1 )

as the ambient dimension of Vq .

In Table 2.I] we compute the ideal of the neurovariety and its dimension for shallow
polynomial neural networks with d; € [3] and r = 2. We also compare the neurovariety with
the neuromanifold.

Most ideals of neurovarieties in Table are described by results in the upcoming sections.
The ideals for all but two cases (d = (3,2,3) and d = (3,3, 3)) in the table are determinantal.
In general, we expect most neurovarieties to be non-determinantal. Among the table, only
the neurovariety for the architecture d = (3,2, 1) does not have expected dimension. The

following example describes the cases that are not explained by any results in the rest of the

paper.

Example 2.2.9. The ideal of the neurovariety for the architecture d = (3,2,2),r = 2 is

determinantal and it is generated by the 3 x 3 minors of

1 1 1 2 2 2
Al D
(1) H 1.0 1.2 2 1.2

Clg  Co2  35C3 35Cg  Cyy  5Co3

1 1 1 2 2 2
ng) %ng) 05(53) 5053) %Cgs) C:(33)

= N
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d dim edim amb dim ideal Mgz =Va2?
L) 1 1 1 {0) yes
112 2 2 2 (0) yes
1,1,3) 3 3 3 (0) ves
(1,2,1) 1 1 1 (0) yes
(1,2,2) 2 2 (0) yes
1,23) 3 3 3 (0) yes
1,31) 1 1 1 (0) yes
1,32) 2 2 2 (0) yes
(1,3,3) 3 3 3 (0) yes
(2,1,1) 2 2 3 determinantal, Lemma [2.3.4] yes, Lemma [2.3.4
(2,1,2) 3 3 6 determinantal, Lemma [2.3.4] yes, Lemma [2.3.4
(2,1,3) 4 4 9 determinantal, Lemma [2.3.4] yes, Lemma [2.3.4
(2,2,1) 3 3 3 (0) yes, Lemma |2.3.3|
(2,2,2) 6 6 6 (0) no, Proposition [2.4.2
(2,2,3) 8 8 9 determinantal, Proposition m no, Proposition [2.4.2
(2,3,1) 3 3 3 (0) yes, Lemma [2.3.3
(2,3,2) 6 6 6 (0) yes, Proposition
(2,33) 9 9 9 (0) yes, Proposition
(3,1,1) 3 3 6 determinantal, Lemma [2.3.4] yes, Lemma [2.3.4
(3,1,2) 4 4 12 determinantal, Lemma [2.3.4] yes, Lemma [2.3.4
(3,1,3) 5 5 18 determinantal, Lemma [2.3.4] yes, Lemma [2.3.4
(32,1) 5 6 6 determinantal, Lemma yes, Lemma [2.3.3
(3,2,2) 8 8 12 determinantal, Example no, Remark [2.4.3
(3,2,3) 10 10 18 Example no, Remark [2.4.3
(3,31) 6 6 6 (0) yes, Lemma [2.3.4
(332) 12 12 12 (0) no, Lemma [2.3.5
(3,3,3) 15 15 18 Example no, Lemma [2.3.5

Table 2.1: Properties of neurovarieties for shallow polynomial neural networks with d; € [3]
and r = 2.
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The ideal of the neurovariety for the architecture d = (3,2, 3),r = 2 contains the ideal

generated by the 3 x 3 minors of the following 3 x 9 matrix:

(1 1.1 (1) (21) 2 1.2 (3 3) 1.3

1 1 1
€11 3C2 3C3 G 5C2 3C13  Ci1 3C2  3Ci3

1 1 1 2 2 2 3 3 3
%Cg; 052) %ng) 5052) ng) %023) 5052) 022) %Cé:a)

1 1 1 2 2 2 3 3 3
%nga) %c(%) ng) %053) %ng Cg?)) %Cgs) %ng) C§3)

However, it is not equal to this determinantal ideal. It is minimally generated by 94
polynomials. The dimension of the determinantal variety is eleven while the neurovariety has

dimension ten.

2.3 Neuromanifolds and Symmetric Tensor Decomposi-

tions

In this section, we investigate the relationship between shallow PNNs and symmetric tensor
decompositions. Building on this connection, we derive results for neuromanifolds for
some shallow PNNs. This section has three subsections: §2.3.1] on symmetric tensors and
homogeneous polynomials, on results for neuromanifolds for 7 = 2 and on results
for neuromanifolds for general » € N. An overview of the results in §2.3.2] and §2.3.3] can be

found in Table 2.21

Consider a PNN with architecture d = (dp, d;, 1). Then Mg, consists of homogeneous
polynomials of degree r in dy many variables that can be represented as a linear combination
of d; many linear forms raised to the r*" power. We should emphasize here that the
linear combinations are taken over the real numbers. There is a bijection between the
set of homogeneous polynomials of degree r in dy many variables and the set of order-r
symmetric tensors of format dy X dg X - -+ X dy as we will explain below. Formulated in the

language of tensors, the neuromanifold Mg, consists of order-r symmetric tensors of format
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d r Assumptions Result
(do,d1,1) 2 Lemma [2.3.3
(do,1,d2) 2 Lemma [2.3.4
(do7 do, dg) 2 do, dg > 2 Lemma |2.3.5
(do,1,d2) reN Lemma [2.3.6
(do,dy,d2) 7€N dy > (Hdr(’*l) Proposition |2.3.7|

(2,dy,1) 3 dy > 2 Corollary [2.3.11
(2,d1,1) 4 d >3 Corollary [2.3.11
(2,d1,1) 5 di1 >3 Corollary [2.3.11
(3,d1,1) 4 dy >6 Corollary [2.3.12
(3,d1,1) 5 diy>7 Corollary [2.3.12
(4,dy,1) 3 di >5 Corollary [2.3.12

Table 2.2: An overview of architectures for which we give results about their neuromanifolds

in .

dy X dy X - -+ x dy with real symmetric rank < dj.

2.3.1 Symmetric Tensor Decompositions

An order-r tensor is a multidimensional array in K™ **" where K is a field. In this paper,
we take K = R. A tensor T = (T}, ;) € Rébx-*d is symmetric if T}, ; = To(i0)...o(r)

for all permuations o € Sy,. Given an order-r symmetric tensor 7" = (7}, ;) of format

1---jr

do X dg X - -+ X dy, one can associate the following homogeneous polynomial of degree r in dy

variables to the tensor 71

Fx)= Y Thjpjelin Ty T, (2.3.1)
1§j1,j2,~~-,j’r§d0

Monomials generally appear more than once in the above sum.

For a vector i = (iy,...,4i4,) € N with 4; + ...+ 44, = 7, the multinominal coefficient is

< r ) r!
i ia) i)

22
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Using multinomial coefficients, the polynomial (2.3.1]) can be rewritten as

r i1 i i
= Z (il, e ,Z'do)ailiz“'idoxllx22 o ‘l"d? (2.3.2)

i1+i2+...+idozr

such that each monomial appears precisely once in the sum.

To obtain the converse map from homogeneous polynomials to symmetric tensors, we
note that there is a bijection between the monomials of degree r in dy variables and unique
entries of a general order-r symmetric tensor of format dy X dy X - -+ X dy. The bijection is
given by the map f : N® — N" i j, where 4, denotes the number of appearances of k in j
and the entries of j are in ascending order. The homogeneous polynomial maps to the

symmetric tensor 7" with the entries
T; = a1,

where the entries of j are in ascending order. The rest of the entries of T" are obtained from
the symmetry property. For more details on the bijection, we refer the reader to |[Comon and

Mourrain, 1996, Comon et al., 2008|.

The outer product of r vectors v; € R™ is an order-r tensor defined as

niye.,Ny

V1@ .. @V = (Vigy * Vriy )y iy

Definition 2.3.1. Let T' € K%*-*d he a symmetric tensor. The symmetric rank of T' over

a field K is the smallest & € N such that

where \; € K and v; € K% for i € [k]. If K =R (resp. K = C), then we call it the real (resp.

complex) symmetric tensor rank.
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Note that for symmetric matrices, the symmetric rank is equal to the rank.

Let J;UI> = [r] be a partition of the set [r]. Let D; = J[,c; ni for j = 1,2. Every partition
I, U I, = [r] induces a flattening of a tensor T € K™*-*"r to a matrix in KPPz, The
importance of tensor flattenings is that their minors give relations for tensor rank. A non-zero
tensor has rank one if and only if all 2 x 2 minors of all its flattenings vanish |[Landsberg:

2011, §3.4].

Example 2.3.2. Let dy = 2 and r = 3. Then we consider cubic forms in two variables or,

equivalently, order-3 2 x 2 x 2 symmetric tensors. The polynomial 22 +3x,22+ 3z3 corresponds

to the symmetric tensor whose flattening corresponding to the partition {1,2} U {3} is
T

1 001
0113

2.3.2 Neuromanifolds for r = 2

Lemma 2.3.3. The neuromanifold for the architecture d = (dy,dy,1),r = 2 consists of

(do X do) symmetric matrices

1 1
C11 5C12 3 Cd,

1 1

3C12  Ca2 -+ 5C24, (2.3.3)

1 1 e

5C1dy  3C2dy Cdodo

of rank at most dy. It is equal to its neurovariety and the ideal of the neurovariety is generated

by all di + 1 minors of the symmetric matriz. The architecture is filling if and only if di > d.

Proof. We have py (z) = wor1 (w1121 +. . . +W1140Tay)? + - - -+ Wordy (W1g 171+ -+ -+ Widy dy Ty ) -
Each of the summands of py(x) corresponds to a rank-1 symmetric matrix. Since there are
d; summands, the sum corresponds to a symmetric matrix (2.3.3) of rank at most d;. O

The next lemma is a special case of Lemma [2.3.6| and we state it here separately as the
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special case is used in Table 2.1]

Lemma 2.3.4. The neuromanifold for the architecture d = (dy, 1,ds),r = 2 consists of dy
tuples of dy x dy symmetric matrices of rank at most one such that all the rank-1 matrices
are multiples of each other. The neuromanifold is equal to the neurovariety and the ideal of

the neurovariety is generated by the 2 X 2 minors of

L 1. 1. (1) (d2) 1 (d2) 1 (d2)
€11 3CG2 " 304, "0 Cnl 5C127 50y,
1 (1) (1) 1 (1) 1 (d2) (d2) 1 (d2)
9C12 Cog tr 5Cyg, 509 &) 56,
1 (1) 1 (1) (1) 1 (d2) 1 (d2) (d2)
2Cdy 2%dy " Cdodo T 2%de  2%2d0 "7 Cdodo

The next lemma is due to Maksym Zubkov.

Lemma 2.3.5. Let dy,dy > 2, then for d = (dy, dy, ds),r = 2, the parameter map Vq, is not

surjective.

Proof. We will first prove the statement for d = (dy, dp, 2),r = 2. Assume to the contrary
that the map Wgq, is surjective. For i € [do], we write (; = (W1X); = wipnx1 + -+ + Wiiay Tay -

Then for any pair of quadratic forms (g1, ¢z) € Sym,(R%) x Sym,(R%), we have some w such

that
Ty, (w) w211€% + -+ w21d0£(210 bwar1 by + -+ - + Lgywa1ayla, XTW1TD1W1X
d,r W)= - =
w221€% + -+ w22d0€¢210 bwanly + - - + Ly, wazqy Ly, XTW1TD2W1X
where D; is the diagonal matrix with ws;; for @ = 1,2 and j =1,...,dy. So, if A; and A, are

the corresponding matrices for quadratic forms ¢; and ¢o, then we would have

Al = WiTDlwl, AQ = WfDQWl

This tells us that the two symmetric matrices A; and Ay can be diagonalized simultaneously
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which is in general not true as A; and A, do not commute in general for dy > 2. Therefore,
Vg, is not surjective.

The proof can be extended to the architectures (dy, dy, do) for any ds > 2 as it corresponds
to simultaneous diagonalization of dy matrices which is impossible for an arbitrary choice of

dy matrices. N

2.3.3 Neuromanifolds for r €¢ N

Lemma 2.3.6. The neuromanifold for the architecture d = (dy,1,ds),r € N consists of
dy order-r (dy X dy X -+ X dy) symmetric tensors of rank at most one such that all the
rank-1 tensors are multiples of each other. The neuromanifold is equal to the neurovariety
and the ideal of the neurovariety is generated by the 2 x 2 minors of the flattenings of the
(do x -+ x dy x dodg) tensor that is obtained from combining the dy (do X dy X -+ X dp)

symmetric tensors along the last index.

Proof. We have

worr (W11 21 + -+ + Wi1dyTay )"

Waor (W11121 + -+ . . + WideTdy )"

w2d21(w111371 +...+ wndoﬂ?doy

The form (w1121 + . .. + W114,%4,)" corresponds to an order-r rank-1 symmetric tensor. The
it" component of py(z) is the symmetric tensor multiplied by the constant ws;;. This proves
the first statement. For the second statement, we note that combining the rank-1 tensors to
ady X -+ X dy X dyds tensor along the last index gives another rank-1 tensor. Moreover, any
do X -+ X dg X dods tensor of rank one such that each of the dy (dg X dy X - - - X dy)-subtensors
is symmetric and can be obtained from symmetric (dy X dy X - -+ X dy) rank-1 tensors that

are multiples of each other. The second statement follows from the result that the ideal

of the tensors of rank at most one is generated by 2 x 2 minors of flattenings |[Landsberg:
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2011, §3.4]. 0

Proposition 2.3.7. Let d = (dy, dy, ds) with dy > (T“if’*l). Then the neuromanifold itself is
filling, i.e., Ma, = (Sym, (R%))dz,

Proof. Let N = (’"J“dro_l). Write the coefficients of py, = Vq,(W) as

(Cgl))l W11  Woi2 ... W214, (Wl’l)l
C = = ’
(CE'dQ))I Wady1 W2dy2 -+ Wadydy (Wl’dl)l

where [ ranges over all multiindices in ([Cf?]) and (WLZ-)I denotes the row consisting of all
degree-r monomials formed by entries of the i row of W, with the corresponding multinomial
coefficients. We want to show that any real dy x N matrix C' can be written in this form. If
d; > N then for a general choice of parameters W, this matrix has a left-inverse with real

entries and hence the system above can be solved over the reals. O]

Definition 2.3.8. Let T be R or C and let
Sar(N) =A{T € Sym,(7") : symmetric rank of 7" is k}.

If 5%, (7T) € Sym,(71") has non-empty interior with respect to the Euclidean topology, k is

called a typical symmetric rank for order-d tensors of dimension n.

Over the complex numbers, there is a unique typical symmetric rank which is called
the generic symmetric rank. However, over the real numbers there can be multiple typical
symmetric ranks. In the following we will write S, for Sj,(R). A neuromanifold Mg,
having non-empty interior with respect to the Euclidean topology implies that the architecture
(d,r) is filling. The importance of typical symmetric ranks for PNNs comes from the following

fact which is a consequence of the discussions above and the inclusion Sg; C M, x1).a-
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Theorem 2.3.9. If k is a typical symmetric rank for order-d tensors of dimension n then
the architecture d = (n,k,1), r =d is filling, i.e., Va, = Sym,(R"). Moreover, if there are
two typical symmetric ranks k < k' then clgua (M k1),a) S Symy(R™) where clgua denotes

the closure with respect to the Fuclidean topology.

Let us consider the case n = 2 first; this is the setting of the paper |[Comon and Ottaviani.

2012|. We summarize their findings below.
Theorem 2.3.10 ( [Comon and Ottaviani, 2012, Proposition 2.2 & Main Theorem]).
1. Sg}k has non-empty interior only for k € {2,3}.
2. Sik has non-empty interior only for k € {3,4}.
3. S;k has non-empty interior only for k € {3,4,5}.
Using this result we obtain the following.
Corollary 2.3.11.

1. d=(2,dy,1), r =3 is filling for dy > 2 and

clgua(M2,2,1),3) € clpua(M2,31)3) = Sym,(R?).

2.d=(2,dy,1), r=41is filling for d > 3 and

clgua(M2,3,1),4) € clpua(M,41)4) = Sym, (R?).

3. d=(2,dy,1), r =15 is filling for d; > 3 and

cleua(M2,3.1)5) © cliua(M2,41)5)  liua(Ms1)5) = Symg(IR?).
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Some similar results on typical symmetric ranks are also known for higher dimensional

tensors though the difficulty increases quickly. We summarize some consequences below.
Corollary 2.3.12.

1. d=(3,dy,1), r =4 is filling for dy > 6 and

Clgua(Ms6,1),4) © cliua(Mz7.1)4) € clpua(Mzs1)4) = Sym, (R?).

2. d=(3,dy,1), r =75 is filling for dy > 7 and

clgua(M@,7,1)5) S Cleaa(Mss)s) € -+ C clpua(M@as,1),5) = Sym (R?).

3. d=(4,dy,1), r =3 is filling for d > 5 and

clpua(Mas)3) S clpua(Maer)s) = Syms(RY)

Proof. The statements follow from Theorem and [Bernardi et al., 2018, Theorem 1.2]. [

The algebraic boundary Oug(M) of a set M is the Zariski closure of its topological
boundary (M). Little is known about the algebraic boundaries in the cases considered above.
Theorem 4.1 in [Michalek et al., 2016] implies that the algebraic boundary Oug(M 36,1),4) has

an irreducible component of degree 51.

2.4 Neurovarieties

In this section, we will describe different approaches to studying neurovarieties. We start

by studying the fibers of a neurovariety to characterize the neurovariety V24,2 (Propo-

sition [2.4.1) and partially the neuromanifold M s 2 4,),2 (Proposition [2.4.2)). We use Grass-
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mannians to describe the neurovariety V(33 3) 2 (Example 2.4.4)) and apply the Hilbert-Burch

Theorem to study V(22222 (Example [2.4.6)).
Proposition 2.4.1. The neurovariety V(22,4,)2 15 the vanishing locus of all 3 x 3 minors of

(1) (1) (1)

€11 Cig Coo Wo11  Wal9 , )
: . . Wi 2wWinwie Wi
Cd2 == : : : = ) )
w 2wy w w
(d2)  (d2) (d2) 121 121W122  Wigg
i~ G2~ G Wady1  Wady2

Proof. Clearly Vi22.4,)2 € V((3 x 3 minors of Cy,)) as 1k(Cy,) < 2. V({3 x 3 minors of Cy,))
is irreducible and dim(V((3 x 3 minors of Cy,))) = 2ds + 2, see e.g. |[Bruns and Vetter!

2006, Proposition 1.1|. Consider the parameter map and the corresponding neurovariety

Uaoa2: R x R o (Symy(R*)2, Vo2 = im(¥iaod)2)-
dim 2dy+4
The fibers of W (59 4,)2 over V(22.4,)2 are at least 2-dimensional by Lemma 2.2.7, For d; = 2,
one can computationally check that over a generic matrix Cy, the fiber is 2-dimensional. Since
generic fibers are at least 2-dimensional, they are exactly 2-dimensional. For the case dy > 2,
note that by setting the parameters w1, wa12, . .., Wa(d,—1)1, Wa(do—1)2 t0 zero and varying
Wady1, Wady2, We obtain a 2-dimensional family not contained in the embedding of M2 4,-1),2
into M 2,2.4,),2- As the dimension of the parameter space increases by two when passing from
dy — 1 to ds, the generic fiber is 2-dimensional by induction. Thus dim(V22.4,),2) = 2da + 2

and moreover V(g2 4,)2 is irreducible, hence V(22 4,)2 = V({3 x 3 minors of Cy,))). O

Proposition 2.4.2. Ford = (2,2,dy) (dy > 2) and r = 2, the Euclidean closure of Maq, is

strictly included in Va,. In the case d = (2,2,2), we have

1 1 1
051) C§2) 052)

C=\ o o o] Me2z
€11 Ci2 Coo
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iof and only of
M; 3(C)? > My o(C)Ma3(C),

where M; ;j(C) is the 2 x 2 minor of C' obtained by taking the determinant of the i™ and j™

column. In particular, the algebraic boundary of M 2292 is given by

OaigM(2.2,2)2 = V(M1,3(C)2 — M 2(C)M,y5(C)).

Proof. First consider the case d = (2,2,2). We are looking for conditions on a matrix

A € R**3 such that there exists G € GLy(R) with

2 2
911 912 a;; a2 a3 Wi 2w Wiz Wiy

= . (2.4.1)

2 2
g21 922 ag1 A2z Q23 Wi9q 2wi21W122 W99

We consider two cases: when both wi11, w21 are non-zero and when at least one of them is zero.
If wq11 and w9 are non-zero, then after rescaling, w.l.o.g. we can assume wy1; = wyo = 1.
? 7
Each matrix entry in (2.4.1)) yields a polynomial equation; these generate an ideal I in the
)
polynomial ring Rlgi1, .. ., go2, W12, W12, @11, - - . , ass]. Two generators in a Grobner basis of

I with respect to lexicographic ordering are

2 2
Wi;9011022 — Wi;5012021 — 2W142011023 + 2W12013021 + Q12023 — A13022, (2.4.2)

where ¢ € {1,2}. These quadratic equations in wy;> have discriminant

A - M173<A)2 - MLQ(A)MQ"Q,(A),

where A is the 2 x 3 matrix with entries a;; from (2.4.1]). The denominator of the quadratic
formula for (2.4.2)) is M; 5(A). Therefore, real solutions to (2.4.1)) with w11, w191 non-zero

exist if and only if Ml,g(A)2 Z M1,2(A)M2’3(A) and MLQ(A) % 0.
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When at least one wy;; = 0, then possibly after rescaling, the Grébner basis of [ with
respect to the lexicographic ordering contains wi212a11a22 — wi212a12a21. This implies w;12 = 0
or Mj2(A) = 0. The former condition implies M; 5(A) = 0, so we do not have to consider it
separately. When M 5(A) = 0, the inequality M 3(A)? > M;o(A)My3(A) is automatically
satisfied. Therefore, real solutions to (2.4.1)) with at least one of w11, w121 zero exist if and
only if M 3(A)* > My 2(A)Ms3(A) and M;2(A) = 0. Combining the two cases gives that
real solutions to exist if and only if M 3(A)* > My 2(A)My3(A).

As this inequality remains unchanged after multiplying A with a 2 x 2 matrix (both sides
get multiplied by the squared determinant of the matrix which is positive), we conclude
C € M222)2 if and only if M; 3(C)? > M o(C) My 5(C).

In the case dy > 2, it is clear that at least for any two rows ¢, j of C', the inequality

M1,3(Ci,j)2 > My 2(Cs ) Ms3(Ci )

needs to hold. Thus we get a full-dimensional set of points in Vg4, \ Ma,, hence clgya(Ma,) C

=

Vi r- O
a x —a
Remark 2.4.3. For example, if A = in the proof of Proposition [2.4.2|, then
b x —b
the equation
g 912 a * —al wi, 2winwiz Wi
g21 g2 b x —b w%m 2w121w122 w%gg

does not have a solution. This example can be extended to any architecture d = (do, 2, ds)
with dy, dy > 2 and activation degree r = 2 to show that the neuromanifold Mg, is not equal

to Vd,r-

In the rest of the section, we use more advanced tools from algebraic geometry to compute

neurovarieties. A naive elimination approach fails to compute these varieties.
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Example 2.4.4. Consider the architecture d = (3,3, 3), r = 2; the image of W4, consists of
three linear combinations of three squares of linear forms in three variables. Let us take a
3 x 6 matrix representing the embedding of P2 x P2 x P via the degree two Veronese map

(with corresponding scaling) into P° x P° x P°:

x?2 2wowy 2womy a7 2mime T3

vs 2uov1 2yoy2 Ui 2%1Ye Ys

zg 22021 22029 z% 22129 zg

By taking all the 3 x 3 minors (20 in total) of this matrix, we get an embedding into
the Grassmannian Gr(3,6) in its Pliicker coordinates. The ideal of this variety in Pliicker
coordinates can be found using elimination. Its dimension is six and its degree is 57. Now for
each of the 20 Pliicker coordinates we substitute a 3 x 3 minor of a 3 x 6 matrix of unknowns,
where each unknown represents a coefficient of a degree two monomial (we view P° as the

space of all homogeneous quadrics in three variables):

SRy (1)

‘i1 G2 .- C33

o= @
3) (3 3

Cgl) ng) e C:(sa)

The resulting ideal I gives rise to a variety X = V(I). This variety has two irreducible
components: one is given by the vanishing of all 3 x 3 minors of C', the other is the neurovariety
V(3.3.3),2 embedded into P, x P, x P?, . The codimension of Vg 332 C P’y x P2y x P2
is three, hence the affine dimension is dim(Vg,) = 18 — 3 = 15.

The first part of the computation can be found in |[Brodsky and Sturmfels, 2011|; we

implemented the whole procedure and made it available at [Kubjas et al., 2024].

We would like to thank Bernd Sturmfels for telling us about the following example;

the computation is motivated by the Hilbert—Burch Theorem, see for instance |[Eisenbud.
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2013, Theorem 20.15].

Theorem 2.4.5 (Hilbert—Burch). Let R be a local ring with an ideal I C R such that
"L R" SR R/II—0

is a free resolution of R/I, then m =n —1 and I = aJ where a is a regular element of R

and J is a depth-two ideal generated by all m x m minors of the matrix representing f.

Consider the architecture (d = (2,2,2,2),r = 2). We expect that Vg4, has dimension
eight and thus has codimension two in (Sym,(R?))?. Therefore, we can hope that by the
Hilbert-Burch Theorem we can find a matrix whose minors generate the ideal of Vg ,. Again,

we work in projective space, i.e., we consider Vg, as a projective variety inside IP";(U X IP"C‘@).

Example 2.4.6. One finds that the ideal cutting out V(22.22)2 C Pim X Pi@) is generated

by the 5 x 5 minors of the following matrix

2 2 1 1
651)12 _651)11 0 651)12 _651)11 0

2 2 2 1 1 1
4051)22 _051)12 80%1)11 4051)22 _051)12 80%1)11

2 2 1 1
8052)22 0 8C§1)12 8052)22 0 8C§1)12

2 2 2 1 1 1
8052)22 052)22 4051)22 8052)22 052)22 4051)22

2 2 1 1
0 052)22 C§2)22 0 052)22 C§2)22

2.5 Dimension

2.5.1 A plethora of conjectures

Determining dimensions of neurovarieties is a difficult task and there exists a wide range of
open conjectures in this direction. A classical result is the Alexander—Hirschowitz Theorem:;
already conjectured in the late 19*® century, the proof was completed about a century later

in 1995. Here is a formulation in the language of PNNs.
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Theorem 2.5.1 (Alexander—Hirschowitz [Alexander and Hirschowitz, 1995|). If d = (do, d,

do+r—1
r

1), Va, attains the expected dimension min{dod;, ( )}, except for the following cases:

1Lr=2 2<d <d,

2.1=3, dy=5, di =7 where dim(V571)3) = 34 (defect 1),
3. r=4, dy=3, dy =5 where dim(V(351)4) = 14 (defect 1),
4. r=4, dy =4, dy =9 where dim(V(y9,1y4) = 34 (defect 1),
5. r=4, dy =25, dy = 14 where dim(V(5 14,1)4) = 69 (defect 1).

It is conjectured that the neurovariety attains the expected dimension for large activation
degree. Compare this for example with the Alexander—Hirschowitz Theorem which tells us
there exist no defective single-output two-layer neurovarieties with activation degree r > 5.
The conjecture appeared as a theorem in |Kileel et al., 2019b|, but a mistake in the proof
was pointed out by Theo Elenius in his BSc thesis. After the present article first appeared as

a preprint on arXiv, the conjecture has been proven in [Finkel et al., 2024, Theorem 12].

Conjecture 2.5.2 ( [Kileel et al., 2019b|, Theorem 14). For any fized widths d = (do, . .., dy)
with d; > 1 fori = 1,...,L — 1, there exists ¥ = 7(d) such that whenever r > T, the

neurovariety Va, attains the expected dimension.

It is, however, not true that V4, being defective implies that Vg,  is defective for all
r" < r. For example, V(57 1)3 has defect one whereas V57 1) 2 is non-defective.
Also note that the assumption d; > 1 for i = 1,..., L — 1 is necessary as is shown by the

following example.

Example 2.5.3. Consider the widths d = (2,1,2,1). We claim that for any r > 1, Vg, has
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defect one, i.e., dim(Vq,) = 2. Indeed, observe that the parameter map ¥q, is given by

T 7'2
. why; (w1111 + Wi1272)
X > (wlnxl + ’LU112!E2) —>

2
'S T
Whoy (W11121 + W112T2)

= (w311Why; + Ws12Whey ) (w1112 + w1125132)r2'

As all weights coming from the last two layers can be factored out, we get that Vg, = Vig1,1,1) -
The latter neurovariety is immediately seen to have dimension two. This generalizes to the

following statement.

Proposition 2.5.4. Let dy € N and dy € N"2. For d = (do, 1,ds,ds), the neuroman-
ifold Ma, is equal to Mayi.1,dy),r for any r. In particular, for ds = 1, dim(Mgq,) =
dim(M(do,l),r)-

Proof. Fix parameters w = (W1, Wa, ..., Wp). Let p = W (g, 1), (m1(W)), ¢ = ¥(1,d,,1)(m2(W)),
where m; denotes the projection to the parameter space corresponding to the first ng 4 1
layers, and 7y denotes the projection to the remaining parameters. Then py(x) factors as a
composition py(x) = (q o p)(x). The polynomial ¢ is a single-input neural network, hence

r"2

we can write (¢ o p);(x) as a product a;(m(w)) - p(x)"* where «;(mo(w)) only depends on

weights corresponding to the last no + 2 layers and thus

Md,r = {(052 : pr"2)i: o; € Rap € M(dg,l),T‘}'

The latter set is by definition equal to Mqy,1,1,d),-- In the case d3 = 1, its dimension is equal

to dim(M(do,l),r)~ ]

Remark 2.5.5. This allows to give a strong bound on the dimension of Mg, for d =

(d07 1,ds, ds)i

dim(./\/ld,r) = dim(MdO,l’l’dS, T) < edim(M(d071,1,d3)’T) = diHl(MdO,T) + d3 — 1.
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If dy > 1, this is strictly less than the ambient dimension which is dj (TL_:; dlofl), where dj is

the width of the first layer. Hence the width one at the (ng + 1)* layer is an instance of an
asymptotic bottleneck, i.e., the architecture is not filling regardless of adding more layers or
changing the widths in all other layers except the input and (ng + 1) layer |Kileel et al.,
2019b|, Def. 18|.

Remark 2.5.6. For d = (dy, 1,d, 1), the neuromanifold Mg, is equal to Mg, 11,1, for
any r. In particular, dim(Maq,) = dy. This enables us to compute the dimension of many

defective neurovarieties. For example, dim(V(31,5,1),3) = 3 and therefore V(31 51) 3 has defect

4.

In contrast to the asymptotic statement for large activation degree in Conjecture [2.5.2

we also conjecture the following.

Conjecture 2.5.7. Let d = (dy,dy,...,d) be a non-increasing sequence with dy, > 1. Then

for any r, the neurovariety Va, attains the expected dimension.

We verified this conjecture using Algorithm [I] described in for four- and five-layer
PNNs with widths up to three and activation degree up to five, see [Kubjas et al., 2024]. In
the context of feedforward neural networks with ReLLU activation this statement has been
proved |Grigsby et al., 2022, Theorem 8.11].

Using Lemma [2.2.7] one can deduce the following recursive dimension bound.

Proposition 2.5.8 (Recursive bound, [Kileel et al., 2019b| Proposition 17]). For any r € N,

d = (do,...,d;,...,dr) and i € {1,...,L — 1}, we have

dim(Vdm) < dim(V(d07.,_,di)7r) + dim(V(diyde)m) —d;.

Corollary 2.5.9. Let d = (do, ..., di_1,d,d;y1,...,dL), where d = (di,dis1, ..., d;) is an
architecture such that Vg, is defective for some r > 0. Here we allowt =0 or j = L. Suppose

Vi, s not filling, then Vg, is defective.
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Proof. 1t follows from Proposition that
dim(Vam) < dim(V(d07,,,7di)7r) + dim(Vd,T) + dim(V(djwde)’r) —d; —d,; (2.5.1)

where dim(V(q,,....4,),») Or dim(V,,...4,),,) might not appear in the sum above. By Defini-

J

tion [2.2.8] the expected dimension is defined as

-1
. . do+ -7 =1
edim(Vg,) = min {dL + Z(didi—f—l —dit1), dL( L1 ) } .

1=0

Since dim(Vq,) < edim(Va,,), it follows from equation (2.5.1)) that

i1 j—1 L
dim(Vy,) < dp + Y (dadags — dogr) + Y _(dadgpr — dgir) + Y (dydyin — dyan)
a=0 B=i v=J
L1
= dL + Z(dada—H - da+1)
a=0

where Zi:o(dadaﬂ — dyyq) OT Zﬁzj(d’Yd'V‘i‘l — d41) might not appear in the sum above.

Since Vg . is non-filling, it follows directly that Vg, is defective. O

Remark 2.5.10. The converse to this statement is not true. For example, consider d =

,2,1.2), r=2. en Vg, has defect one, but bot 2.21).2 an 2.1.2).2 are non-defective.
2,2,1,2 2. Then Vg, has defi but both V22 1), d Vi2,1,2), defecti

Let < be the partial order on the set of widths induced by coordinatewise comparison. The
following conjecture suggests a unimodal distribution of layer widths within a neural network
is efficient. In the realm of machine learning theory, this architectural pattern is commonly
believed to allow the network to initially expand its capacity for feature representation,
enabling the network to capture intricate patterns within the data. As the layers narrow,
heuristically, the network would refine these features into more sophisticated representations

suitable for making predictions. The conjecture agrees with this common heuristic.

Conjecture 2.5.11 ( |Kileel et al., 2019b|, Conjecture 12). Fiz L,dy,d;, and r; any minimal
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(with respect to <) vector of widths d = (do,dy,...,dr) such that the architecture Vg, is
filling, is unimodal, i.e. there existsi € {0,1,..., L} such that (dy, ..., d;) is weakly increasing

and (d;, . ..,dr) is weakly decreasing.

2.5.2 A look into the symmetries of an exceptional shallow network

We explicitly describe a family of symmetries beyond multi-homogeneity (Lemma [2.2.7)) for
the architecture d = (5,7,1), r = 3, one of the exceptional cases of the Alexander—Hirschowitz
Theorem. The expected dimension of Vy, is 35, however, its actual dimension is 34. Therefore,

there exists a one-dimensional family of symmetries in the parameter space not of the form

as in Lemma [2.2.7]

In the following we will use an equivalent formulation of the Alexander—Hirschowitz

Theorem as can be found in [Brambilla and Ottaviani, 2008, Theorem 1.1].

Theorem 2.5.12 (Alexander—Hirschowitz, geometric version). Let X be a general collection
of k double points in P™ and let Ix(d) C Sym,(C™) be the subspace of polynomials through X,
i.e., with all first partial derivatives vanishing at the points of X. Then the subspace Ix(d)
has the expected codimension min{(n + 1)k, (”+d)} except in the cases as in Theorem m

n

(with the notation d =r, n=dy—1, k=d;).

Then geometrically the situation depicts as follows: consider seven points p, ..., p; in P%.
We are interested in cubics singular at these seven points, i.e., we are looking for f € Sym;(C?)
such that f(p;) =df,, =0fori=1,...,7. One would expect that no such cubic exists: the
space of cubics in five variables has dimension 35 and the seven points are expected to impose

35 independent conditions. But through seven points there exists a rational normal curve C
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which after a suitable coordinate transformation might be given as

Tog T1 T2
C= (foi"'i$4)€]P)4II‘k X1 X9 T3 Sl
To T3 X4
A different way to write the curve C' is as follows. Assume the five points py,...,ps are

the points (1 :0:0:0:0),...,(0:0:0:0:1);if p;,...,p; are in general position pg
and p; have non-zero coordinates then. Consider the birational Cremona transformation

i (g a5) > (w5 i -~ r25t). Then C is the preimage under 7 of the line 7(pg)7(p7).

It is well-known that the secant variety of such a determinantal variety is given by

Lo T1 T2
O'(C): (LCQI"'ZSC4)EP4Z det T1 Xy T3 =0
To T3 T4
This is a cubic hypersurface with singular locus C’; in particualar, o(C) is singular at py, . .., pr.

See |[Brambilla and Ottaviani, 2008, §3|.

Now it is possible to vary pr along C' such that the construction of o(C') remains unchanged.

Consider the PNN

Wy 0 p3 o Wix

where x € R®, W; € R™, W, € R™7. Assume similar to above that the curve 7(C') is given

by the 2 x 2 minors of

1 1

Wigy -+ Wigs
(2.5.2)

—1 1

Wiy --- Wyrs

We are looking for a symmetric matrix G € GL(7,R) such that GW; gives rise to the same

curve 7(C). Again, w.l.o.g., we assume that the first five rows and columns of G are the
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identity matrix. Thus, restricting to the last two rows and columns of GG, we require that

-1 —1
g1 92 Wigr -+ Wies

-1 1
g2 93 Wiy -+ Wirs

have the same 2 x 2 minors as (2.5.2)). Normalizing G to have determinant one we can solve

this to obtain
Ids 0 O

G=10 g ¢
quﬁ

9
where ¢ = (3(—1+ /3))"/? and g € R is a free parameter. Thus we have obtained a one-
dimensional family of symmetries on the parameter space leaving the image of the parameter

map V4, unchanged.

2.6 Optimization

In supervised machine learning tasks, a neural network is trained through the process of empiri-
cal risk minimization (ERM). Consider a training dataset D = {(x1,y1), (X2,¥2); ---, (XN, YN) },
where each x; is an input vector and y; is the corresponding output or label. The objective
in ERM is to find a function f from a hypothesis space H that minimizes the empirical risk,

which is defined as the average loss over the training data:

Here, lfi( f) represents the empirical risk of the function f, L is a loss function that measures
the discrepancy between the predicted value f(x;) and the actual label y;, and N is the
number of samples in the training dataset.

The goal of ERM is to select a function f* from the hypothesis space H that minimizes
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this empirical risk:

f* = argmin R(f). (2.6.1)
feH

To minimize empirical risk, gradient-based optimization methods such as gradient descent
(GD), stochastic gradient descent (SGD), and adaptive moment estimation (Adam) are
commonly used. For convex objective functions, gradient-based algorithms can converge
to the unique global minimum with appropriate hyperparameter choices. However, when
optimizing neural networks, the loss landscape is typically non-convex. As a result, there is
generally no theoretical guarantee that gradient-based methods will reach a global optimum

f* for feedforward neural networks.

Recent research on convergence properties in gradient-based algorithms often focuses
on the dynamics of the optimization process. One approach analyzes convergence rates
by relaxing assumptions on the objective function. For example, it has been shown that
for objective functions with a unique global minimum, gradient descent converges to the
global minimum at a geometric rate if the function satisfies conditions such as the Polyak—
Lojasiewicz inequality [Karimi et al., 2016, Li and Orabona, 2019, |Khaled and Richtarik,
2020, Mei et al., 2021|, weak quasi-convexity [Hardt et al., 2018|, or the restricted Secant
inequality |[Hardt et al., 2018| [Yi et al., 2020}, Guille-Escuret et al., 2022|. Another line
of work explores algorithmic regularization. Empirical evidence suggests that large-scale
neural networks used in practice are highly over-parameterized, often containing far more
trainable parameters than training examples. Consequently, optimization objectives for such
high-capacity models tend to have many global minima that interpolate the data perfectly.
The choice of optimization algorithm thus introduces an implicit inductive bias, guiding the
solution toward specific types of global minima. One of the first results in this direction
shows that for almost all linearly separable datasets, gradient descent with any initialization
and any bounded stepsize converge in direction to maximum margin separator with unit [,

norm |Soudry et al., 2018|. Both approaches build on the assumption of the existence and
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separation of global minima, while the global picture of the distribution of critical points is
not well-understood. Through algebro-geometric approach, we study the geometry of the
optimization landscape and provide the first explicit upper bound to the number of critical
points when optimizing over a special family of polynomial neural networks.

Note that in the neural network setting, the hypothesis class H is just the corresponding

neuromanifold, and the empirical minimization problem becomes

N
1
0" = arg mein lp, where (p, = N Zﬁ(yi, Fo(x;)) (2.6.2)
i=1
Considering the /5 loss, we minimize the average distance between Fp(x) and y. It turns
out that, analogously to maximum likelihood estimation or Fuclidean distance minimization,
there exists a degree of this optimization problem constituting a measure for the algebraic

complexity of solving this problem. In §2.6.1] we study the static optimization properties of a
PNN through the generic ED degree of the corresponding neurovariety. In §2.6.2 and §2.6.4,

we explain the dynamic optimization process of gradient descent, followed by backpropagation.
The algorithm biases induced by the optimization methods, known as implicit bias, on general
neural network architectures are still largely unknown. While limited theoretical results are
known for the dynamic optimization process of neural networks in general, recent work has
shown that gradient descent finds a global minimum of linear neural networks (i.e., polynomial
neural networks with r = 1) under mild assumptions [Arora et al., 2018]. In §2.6.5 we review
the trajectory-based convergence results on linear neural networks and phrase open questions
for polynomial neural networks with activation degree r > 2. Sections §2.6.2] and

§2.6.5| are expository and do not contain new results.

2.6.1 The Learning Degree of a PNN

Let us consider the case of PNNs again. Often one tries to solve the optimization problem

(2.6.1) using gradient based methods, see §2.6.2] Therefore, one is interested in computing
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the critical points on the neurovariety of the loss function ¢, as defined in (2.6.2)) for a PNN
Pw- In particular, the number of such points provides an upper bound for the number of

functions the optimization process can converge to when using gradient descent.

Definition 2.6.1. If there is a finite number of critical points of ¢, on the regular locus of
Va, which is constant for a general choice of training data (x;,y;);, we call this number the

learning degree of the network p,, with respect to loss ¢, and denote it by Ldeg,(pw)-

In the following we are studying the case of the Euclidean loss function. We show that in
this case the learning degree is independent of the choice of training data (x;,y;);. An upper
bound of the learning degree is provided by the generic Euclidean distance (ED) degree. We

would like to thank Matthew Trager for pointing out the connection to the generic ED degree.

Definition 2.6.2 ( |Breiding et al., 2023, Definition 2.8|). Let X be a variety, let A =
(A1,...,An) € R} and let u € R™ be a general point. The A-weighted Euclidean distance

degree of X is the number of (complex) critical points on X of the function

n
|x —ul3 = Z i — ug)?.
i=1

For general weights A, this number is independent of A, and we call it the generic Fuclidean

distance (ED) degree of X, which we denoted as EDdeg,,, (X).

Let (p‘(,? (x))i € (Symy(R™))™ be a tuple of polynomials in n variables x = (x1,...,2,)
occurring as the output of a fixed PNN with weight vector w. Suppose we want the PNN
to learn the tuple of polynomials (f;(x)); € (Sym,(R™))™. To this end, we sample N input
vectors X1, ...,Xy € R" according to some probability distribution. We evaluate (f;(x)); at
these points to obtain y; = (fi(x;)); € R™ for j = 1,..., N; the pairs (X;,y;); constitute
the training data.

The learning process is defined by minimizing the average Euclidean distance between

the y; and the points obtained from evaluating the network at the samples x;. This process
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corresponds to the empirical risk minimization with ¢5 loss. Concretely, we have the following
problem:

N
1 .
minimize N ;:1 (P (%;)): — ¥,]|* over weights w. (2.6.3)

Note that (p‘(f,)()ij))i,yj e R™ forall j =1,..., N, and we have
1 N 1 m N
3 2 MERG: =3Il = 5 D2 3 lpl () — il
= i=1 j=1

Our goal is to show that for each ¢ = 1,2, ..., m, this is a quadratic form in the coefficients

of p‘(f,) and f; over training data.

Write
P = 3 pix and fix) = Y @ix’.
1e(t) 7e(d)
We define a matrix £ as follows: F is a block-diagonal matrix with blocks E? fori = 1,2,...,m,

and each block E? has as row and column labels the multiindices o, 3 € ([Z]). Then the entry

B!, 5 is defined as
N

. 1 "
Efw = NZX].W.

J=1

Then we can write

1o~ o
3 2 PRG) = LGP = D0k — 00) Eaysloh — 05)-
j=1

a?/B

Therefore, the loss function is an E, ;-weighted Euclidean distance in the space (Sym,(R"))™,
the ambient space of the neurovariety Vg,. For a general choice of training data (x;,¥;);,
each block E' of the linear transformation is generic. Note, however, that all blocks E?, for
1 =1,...,m, will be equal, hence, the transformation £ might be non-generic. We summarize

the discussion in the theorem below.
Theorem 2.6.3. The learning degree Ldeg,, (pw) of a PNN py, with architecture (d,r) with
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respect to the Fuclidean loss function exists. It is at most the generic Fuclidean distance

degree of its neurovariety, i.e.,
Ldegy, (pw) < EDdeg,,,(Va.)- (2.6.4)

If pw has only a single outpul neuron, one has equality in (2.6.4]).

Note that for large number of samples, the quadratic form defined by F is in fact

independent of the samples.

Remark 2.6.4. Suppose X1, ...,Xy are drawn independently from a fixed distribution D

with known moments py, k = 1,2,... By the law of large numbers, for any € > 0,
P(|EL g — patpl > €) = 0 as N — oo.

Then for any € > 0,

|

where A is a fixed matrix of dimension N x N whose entries are determined by the distribution

1SN - o
= 2P0 6) = Fi&)I = (0 = ¢)TAlp' = &)
j=1

>e>—>0asN—>oo.

D.
For the architecture d = (2,2, k), r = 2, we compute the bound in (2.6.4)) explicitly.

Theorem 2.6.5. For k > 2, the generic ED degree of V2212 18 8k? — 12k + 3. Hence, the

learning degree of the PNN with architecture (d = (2,2, k),r = 2) is at most 8k? — 12k + 3.

The generic ED degree of a variety can be computed as the sum of its polar degrees
[Breiding et al., 2023, Corollary 2.14|. For a smooth variety X, this can be reformulated in

terms of degrees of Chern classes of X, see |[Breiding et al., 2023, Theorem 4.20]. However,
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V = Vi2,2.k)2 is not smooth: recall that V' consists of £ x 3 matrices with rank < 2; this
determinantal variety has a nonempty singular locus consisting of all matrices with rank < 1.
Therefore, we have to make use of the more involved machinery of Chern—Mather classes. The
reader wishing to learn more about Chern classes in the context of optimization is referred
to [Breiding et al., 2023, §4.3]. We give a brief definition of Chern-Mather classes below, for
more details the reader is referred to [Yokura, 1986|.

Let X < PV be a projective variety of pure dimension d. Let X, denote the open

subvariety of X of nonsingular points and consider the embedding
g: Xem = Gr(d, TPY), 2+ T, Xun.

Then X := im(g(Xyy)) is called the Nash blow-up of X. The restriction of the projection
Gr(d, TPN) — PV to X gives the Nash blow-up map v: X - X. Restricting the tautological

subbundle of Gr(d, TPN) to X gives the Nash tangent bundle TX of X.

Definition 2.6.6. The i*" Chern-Mather class ¢cM(X) of X is the pushforward

M(X) =1, (ci(f)\( N [X])) .

7

The total Chern—Mather class ¢ (X) is the sum of all ¢M(X).

The following result expresses the generic ED degree of a determinantal variety in terms

of degrees of Chern-Mather classes.

Lemma 2.6.7 ( |[Zhang, 2018, Proposition 5.5]). Let V., < P™ 1 be the determinantal

variety of m x n matrices with rank < r. Then

l .
EDdeggen<vm,n,r> = Z Z(_l)i <EZ i IZ; EZ : 2; : ;) 6(m+k)(”—’f)—1—i7

where k = m — 1 and M (Vipn,) = S50 BH € ZIH]/(H™) = A(P™ ') with H =
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C1 (Op'mnfl (1)) .

The Chern—Mather class of a determinantal variety has a quite involved, yet very explicit

description due to Zhang.

Theorem 2.6.8 ( [Zhang, 2018, Theorem 4.3]). With the notation as in Lemma|[2.6.7,
M (Vi) = trace(A(m, n,r) - H(m,n,r) - B(m,n,r)).

Here, A, B and H are the following (m(n — k) + 1) x (m(n — k) + 1) matrices (remember
k=m—r):

A(m,n,r)i; = /G . )C(TGr(k,n))Cz‘(va)cj—i(svm) N [Gr(k,n)],
m(n — k) — j>

i~

B(m,n,r);; = <

H(m,n,r);; = HmRI—E

where S and Q are the universal sub- and quotient bundle of the Grassmannian, respectively,

andi,j =0,1,...,m(n—k).

Proof of Theorem [2.6.5. We first need to compute the Chern-Mather class ¢ (V) = ¢ (V. 35).
Note that in this case k = 1, so Gr(k,n) = Gr(1,3) = P2 Let A(P?) = Z[h]/(h®) be the
Chow ring of P? where h = ¢;(Op2(1)). The universal subbundle S is just Opz(—1) and we

have

1 1
c(Tp2) = 1 +3h +3h% ¢(S*) =1+kh+ §k(k —DR?, (@) =1—kh+ §k(k +1)h%
Using these, we compute, for example,

Ak, 3,2)15 = / (14 3+ 8h3) (—kh)kh O [PY] = —k2.

P2
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Similarly, we obtain that A(k,3,2) is the (2k + 1) x (2k + 1) matrix

3 3k Lk(k—1) 0 0
0 —3k —k? 0 0
0 0 lk(k+1) 0 0
A(k,3,2) =
0 0 0 0 0
0 O 0 0 0
The matrix B(k,3,2) is given by
2%k
) o0 0 0
() %) o 0
B(k,3,2) = | (%)

G Go) G e ()

and the matrix #H(k, 3,2) is

Hk Hk;—H Hk+2 0
chfl Hk Hk+1 H3k71

H(k’ 3, 2) = | g1 gkt gk F3k—2
0 0 0 HF

where H = ¢;(Opsi—1(1)) is the generator of A(P3*1).

49

Carrying out the multiplication




B(k,3,2)A(k,3,2)H(k, 3,2), one finds that the diagonal has entries

() (BH" + 3kH" + Lk(k — 1) H*2)
(%F) BH* + 3kH* + 1k(k — 1) H*1) + (*571) (=3kH* — K2 H*)
(%) BHM? 4+ 3kH M 4 Jk(k — D)HY) + (1) (=3kH*' — K2HY) + (%) $k(k + D HF

(1) - 0+ Gima) (SBRHPT = R2HP2) + (75) sh(k + 1) H2

Computing the trace we find that

2%—1
2k 2k 2k — 1 1 2k
M
Vi = 31 . ) +3k . - . + —k(k—1
Vo 322[<]> ((J+1) ( J )) 3 >(J+2)
1 2k — 2 2k — 1
+=k(k+1 , — k7
2 )( J > (J+1)]
and hence, by Lemma [2.6.7],

2(k+1)—1

SISO S Y8 < B e ()
<Z_2>> (%) s (%2 (R

Rearranging the double sum to

S ) e B e ()
—(?t;>)+%Mk—D(?)+ ~k(k + )(?:;)—M(?:f)

2(k+1)—1 .
Z 2k +1) —i _ 92(k+)—i _ q
20k+1)—1 ’

=i

and noting that

one verifies that the above expression indeed equals 8k* — 12k + 3.
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We would like to thank Mark Kong for providing the rearrangement argument of the

double sum.

Remark 2.6.9. For the architecture (d = (2,2,3),r = 2), Theorem yields Ldeg,, (pw) <
39. A numerical computation for a random choice of block £’ in the linear transformation
E suggests that the actual learning degree is Ldeg,, (pw) < 3. Moreover, we observe that
all critical points of the loss function are actually real. This phenomenon should be further

studied in future work.

2.6.2 Gradient-based optimization

In order to solve for (2.6.1)), one uses iterative optimization algorithms, including gradient
descent and its variants, to find a local minimum of the objective function. In each step, the
parameter vector 6 is adjusted in the direction opposite to the gradient of the function at
the current point, as the gradient points in the direction of the steepest ascent. The update

rule can be expressed as

0+ = 0" —nVolr . (2.6.5)

The tuning parameter 7 is referred to as the learning rate of the optimization process. In
practice, the value of 7 is crucial as it determines how big a step is taken on each iteration.
If n is too small, the algorithm may take too long to converge; if it is too large, the algorithm
may overshoot the minimum or fail to converge.

For a polynomial neural network py, with weights w = (W, Wy, ... W), at time step ¢,
each W; is updated by
Wi = W — Ve

7 P, (t)

(2.6.6)

where V£, . is computed efficiently by backpropagation. In subsection , we explain

(®)

the backpropagation algorithm, which can potentially find its applications in algebraic
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statistics beyond the neural network settings.

2.6.3 Experiments

We generated synthetic data consisting of m = 5000 datasets, each containing N = 50 data
points. For each dataset, input pairs X = (#1,2,)" were sampled uniformly from the range
[—1,1]. The corresponding outputs y = (i1, 92, §3) " were generated using quadratic functions

with randomly sampled coefficients:

. 2 o A .2
Y1 = C1,1X] + C1221T2 + C1 375,
o = 72 T 72 2.6.7
Yo = Co1X] + C22X1To + Co 375, (2.6.7)

. <92 IR <92
Y3 = C3.1X] + C3221T2 + C3 375,

where the coefficients ¢; ; were sampled from a normal distribution N (0, 1).

We employ a polynomial neural network py, with architecture d = (2,2, 3) and quadratic
activation function (r = 2). The parameters w consist of two weight matrices w = (W7, Ws)
with W, € R?*? and W, € R3*2.

Each network was trained on its corresponding dataset using stochastic gradient descent
(SGD) with an initial learning rate of n = 0.1. The mean squared error (MSE) loss function

was minimized:

N
1 (i o (i
LWy, Wa) = N Zpr(X( )) — 3 )||§
i=1

A learning rate scheduler reduced the learning rate by half every 1000 epochs. Training
proceeded for a maximum of 15000 epochs or until the maximum gradient magnitude fell
below a threshold of 1 x 107, indicating convergence. Later, we refer to this hyperparameter
as the gradient norm threshold.

After training, we extracted the quadratic coefficients learned by each network to represent

the functions it had approximated. The extraction was performed by analytically expressing
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the network’s output as a quadratic function of the inputs. For each output unit j, the

coefficients (ay;, ag;, as;) were computed as

2 2
a1j = VjiWiy + VW,
A5 = 2(Uj1w11w12 + Uj2w21w22), (268)

2 2
agj = Vj1Wiy + VjaWsg,

where vj;, are entries of Wy and wy; are entries of W;.

To identify distinct functions learned by the network, we compared the extracted coef-

ficients using a coefficient comparison method with a specified tolerance €. Two functions

(1

given by coeflicients aij) and ag) as in (2.6.8]) were considered the same if

agjl-) - al(-?) <€ Vi,j.

We systematically adjusted the tolerance € to explore its impact on the number of distinct
functions identified. By varying €, we could control the granularity of function distinction,

allowing minor variations in coefficients to be considered functionally equivalent.

In addition, we performed perturbations on the function’s coefficients to assess whether
each learned function corresponded to a local minimum in the neuromanifold. Small pertur-

bations 0 were added to the coefficients,
6ij :Cij+5ij7 51 € [—6,6],

where ¢ is a small value (e.g., 1 x 107%). The perturbed coefficients also give rise to a

perturbed neural network which we denote by py. The perturbed loss function then becomes

1 » -
Ls(Wi, W) = ¢ D [liwx) = 3]
=1
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where ¥ are defined as in (2.6.7) but using the perturbed coefficients ¢;;. If the value of
the original loss function was less than or equal to the losses of all perturbed functions, we

considered it to be a local minimum in the neuromanifold.

Through our experimental setup, we were able to

e train 5000 datasets with gradient norm with 15000 epochs and gradient norm threshold
107%;

e identify seventeen distinct functions whose coefficients differ by tolerance threshold

e = 1/10 and that were learned with frequency no less than 10 out of 5,000 datasets;

e check that for sixteen out of seventeen functions, the coefficient matrices of the functions

have rank one;

e verify the local minimality of the one learned function whose coefficient matrix has

rank two in the neuromanifold by evaluating the loss landscape around the function.

The functions with rank-one coefficient matrices correspond to the singular points of
the neuromanifold. Since the coefficients of quadratic functions in were generated
randomly from the normal distribution, we expect the resulting function to be a nonsingular
point of the neuromanifold. Therefore we consider only the learned function that is the
nonsingular point of the neuromanifold. It is also the most frequently learned function by the
network and it is depicted in Figure [2.3] Having one nonsingular local minimum is consistent

with Remark [2.6.9) that the learning degree is at most three.
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Figure 2.3: Comparison of the most frequent quadratic polynomial learned by a PNN with
d = (2,2,3) and r = 2 in each coordinate with the ground truth. The green manifold is
generated based on the ground truth, while the red manifold is the most frequent function

learned by the network.

The experiment implementation is available at [Kubjas et al., 2024].

Remark 2.6.10. The initialization of the network parameters poses challenges due to their
tendency to suffer from vanishing and exploding gradients. As the depth of a polynomial
neural network scales up, the degree of the polynomial increases and the network becomes
sensitive to weight variations, causing gradients to either diminish or escalate exponentially
during backpropagation. Poor initialization can lead to prolonged training times, convergence
to suboptimal solutions, or even complete failure of the training process. While the general
optimal initialization scheme remains an open research problem, in these experiments, we

carefully initialize the weight and apply gradient clipping to regularize the training process.

2.6.4 Backpropagation

To compute the gradient of the loss function efficiently one uses the backpropagation al-

gorithm. Since Werbos introduced this algorithm in his 1974 PhD thesis [Werbos, 1974],

backpropagation lies at the heart of modern successes in deep learning. For the computational
algebraic geometer backpropagation is of interest as it provides a way to compute Jacobians

of a parameter map U4, exponentially faster than by naive differentiation. We give a brief
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overview of the backpropagation algorithm following [Nielsen, 2015, Chapter 2| and explain
how it can be used to compute Jacobian ranks.

Let ¢ be a loss function (e.g., as in (2.6.3))) satisfying the following assumptions:
1. ¢ is smooth;

2. ( can be written as a sum of loss functions £ = S

i1 U4, where each l3; depends only

on the sample x;;

3. ¢ depends only on the output of the network py (x), not on the state of intermediate

layers; the training data f(x;) are considered as parameters.

Backpropagation provides a way to compute the gradient V/(Xy,...,Xy) efficiently. Note
that in particular, if /5 is just the network Fy(x) itself, this gives an algorithm for computing

the gradient Vy Fp(X).

Let z} denote the input into the 5™ neuron of the {** layer. The error 0 of this neuron is
defined as
St = %
792

J

Theorem 2.6.11 ( [Nielsen, 2015|). Let a} be the output of the j** neuron in the I"* layer,

and let L denote the last layer of the network. Then the following equations hold:

Rl & Rl
L L 1 ! ! -1l
0 = 8aLJIL,j(Zj ), 0 =01,;(%;) Zwlﬂ,j,k(sljla Jwr 153"
7 k=1 L.k
Proof. These are simple consequences of applying the chain rule. O

These equations give rise to Algorithm [I| below. The idea is to first compute the outputs

of each neuron aé- via a “forward” run through the network and then compute the errors (55
using the first two equations of Theorem [2.6.11| running “backwards” through the network.

Finally, the gradient can be computed using the third equation from Theorem [2.6.11]
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Algorithm 1 Backpropagation

Require: A neural network Fy, a cost function C', and a single input sample x satisfying
the assumptions above
Ensure: The gradient V/(X)

1 a® %

2: for [+ 1to L do > forward loop
3: 2b e Wat !

4: al + oy(2Y)

5: end for

6: 0 + Vaul @ o (21) > ® = elementwise product
7. for [ < L — 1 downto 1 do > backward loop
8: o+ (W6 @ o)(2)

9: end for

[t
<

return Vo /(x) = (aj' 5§)j,k’l

If we choose the loss function ¢ to be the network Fy itself, backpropagation returns the

gradient V., Fp(x). However, when we are interested in computing the Jacobian of Vg, we

need to compute the partial derivatives aw].,k,lcﬁ“, whereas

8F(i) R 8C(i) A
o _(x)= L% (2.6.9)
821)]'71671 7 awj,k,l
By choosing N = (TLf;Otdf_l) many samples X1, X, ..., Xy and applying backpropagation to
()
each of them, we obtain a linear system from (2.6.9) in the unknowns 8‘35]{ o For a generic

choice of samples, this system has a unique solution and we obtain the Jacobian Jy, .

This routine allows us to compute Jacobians and in particular the dimension of the
neurovariety exponentially faster than via the naive method of computing all derivatives of
the parametrization Wq,. It can be easily adapted for computations over finite fields which
makes dimension computations even faster. In [Kileel et al., 2019b] this routine has already
been implemented, however (as of Oct 9 2024), their implementation at |Kileel et al., 2019a
contains a mistake in the set-up of the linear system described above. We provide a corrected

implementation at [Kubjas et al., 2024].
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2.6.5 Case study: Linear Neural Networks

In addition to static properties of neural network optimization, we are also interested in

the trajectory of practical optimization algorithms. This problem presents a more complex

challenge, particularly in its general form. Limited results are known for the special subfamily

of polynomial neural networks with activation degree » = 1. In this subsection, we survey prior

results on the trajectory of the gradient descent algorithms applied to linear neural networks

from literature in the algebraic statistics and machine learning communities separately. An

interesting open question is to extend the analysis to polynomial neural networks with general

activation degrees.

Linear neural networks are a special class of polynomial neural networks with the activation

function p;(x) = x. The associated map from the set of parameters to vectors of homogeneous

polynomials of degree one in dy many variables is given by

Wap t RO o R — (Sym) (R™))E, w s py =

Pl

The neuromanifold for the architecture d is

Mg = {M € R®*% | k(M) < min{dy,dy,...,d.}}.

Note that in the linear case the neuromanifold is always equal to the neurovariety.

We denote the map from R%*xdr to Réo*dL a5

pa(Wi, Wa, ... W) =W - - WolWi.

Proposition 2.6.12 ( [Trager et al., 2019, Theorem 4]). Let d = min(d), w = (W1, ...

and W = pg(w).
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e (Filling case) If d = min{dy,d}, the differential duq(w) has mazimal rank equal to
dim(Ma,) = dody, if and only if for any i € [L — 1], either tk(W;) = dy, for all j > i
or tk(W;) =dy for all j <i+ 1.

e (Non-filling case) If d < min{do, dr.}, the differential diy(w) has mazimal rank equal to

dim(Mag,) = d(dy + dy, — d) if and only if rk(W) = d.

Besides static properties of the loss landscape, in the realm of neural networks, optimization
often focuses on devising and refining algorithms to efficiently find the best model parameters
that minimize a loss function. Key aspects of optimization include developing and analyzing
optimization algorithms like gradient descent and its variants, understanding the impact of
different loss functions, and ensuring model generalization through regularization. Additionally,
researchers delve into convergence analysis to assess how and when algorithms reach optimal
solutions. Since neural networks are, in general, complex models, the loss landscape is often
non-convex, resulting in a significant risk of converging to a suboptimal local minimum.
Analyzing the convergence trajectory is one of the most challenging problems in machine
learning theory. We recall results on the convergence trajectory of deep linear neural networks
with respect to ¢5 loss in Theorem [2.6.13] This analysis provides crucial insights into the

efficiency and effectiveness of how learning algorithms perform on these architectures.

Theorem 2.6.13 ( |Arora et al., 2018, Theorem 1], informal). Consider training deep linear
neural networks with {5 loss using the gradient descent algorithm. Assume that at initialization,
the weight matrices are well-conditioned. In addition, there exists & > 0 such that at any time
step T,

Wi Wi = W W e <6, (2.6.10)

forallj=1,2,...,L—1. For any € > 0, with a sufficiently small learning rate, there exists

Ty such that the loss is no greater than € for any T > Ty.

Theorem [2.6.13| shows that, when minimizing the /5 loss for a deep linear network over a
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dataset with zero mean and unit variance, gradient descent converges to the global minimum
at a linear rate, given mild assumptions. Similar results have been shown for deep linear neural
networks with losses beyond the /5 loss. In |Bréchet et al., 2023|, the authors consider deep
linear neural networks trained with the Bures-Wasserstein distance, a loss function commonly
used in generative models. They analyze not only the critical points of the loss landscape but
also the convergence of both gradient flow and gradient descent for the Bures—Wasserstein
loss.

The convergence trajectory of polynomial neural networks with activation degree r > 2
remains an open problem. Heuristically, having a higher degree of activation reduces the
symmetry in the parameter space, which may lead to interesting geometric properties in the
trajectory of various optimization algorithms. We aim to establish theoretical guarantees for

the convergence of general polynomial neural networks in our future work.

2.7 Conclusion

We have studied the functional space of neural networks with polynomial activation functions
from an algebro-geometric perspective. These networks, characterized by their ability to
model complex, high-degree polynomial relationships in data, provide a unique lens through
which the intricate dynamics of deep learning models can be better understood. Moreover,
since a large class of functions can be efficiently approximated by polynomials, delving into the
polynomial framework can be important for the development of more efficient and accurate
models.

In this chapter, we have focused on the geometry of polynomial neural networks. We
have characterized neuromanifolds and neurovarieties for some specific architectures, and
studied their dimensions. The geometry and dimension of the neuromanifold relates directly
to the expressive power of the neuromanifold. Beyond expressivity, we also studied the

optimization process of polynomial neural networks, and bound the number of critical points
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of a loss function using the learning degree. Besides our conjectures from concerning the
dimension of neurovarieties, there are further questions to be studied, for example: What are
the learning degrees of more general architectures? How many of the critical points of the

loss functions are real?
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Chapter 3

Rational Neural Networks

Rational activation functions of the form

p(z) = P, ) polynomials,

have recently emerged as compact and expressive alternatives to classical nonlinearities. Their
ability to capture curvature, saturation, and asymptotic behavior with low-degree components
has enabled practical improvements across a range of architectures. Recent works demonstrate
that rational approximations can effectively substitute standard activations [Boulle et al..
2020, Delfosse et al., 2024], that end-to-end training of rational forms can improve robustness
and accuracy [Trimmel et al., 2022|, and that learning univariate transformations along
edges—as in Kolmogorov—Arnold networks (KANs) |Liu et al., 2025, Sidharth et al., 2024,
Aghaei et al., 2024]—provides an expressive alternative to fixed nonlinearities. Taken together,
these developments highlight the promise of rational functions as flexible and increasingly

relevant building blocks in neural network design.

At the same time, rational activations exhibit analytic behaviors that do not arise for

polynomial, ReLLU-type, or fixed smooth nonlinearities. A distinctive feature is the presence
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of poles: if the denominator () has a real zero at r, then locally

PO = o+ hE) ) =~ )

for some residue A # 0 and a bounded smooth correction h. Small changes in a pre-activation
near r can therefore produce disproportionately large variations in both forward values and
gradients. Since pre-activations depend affinely on the parameters, gradient-based updates
may inadvertently move some coordinates toward near-pole regions, leading to rapid growth in
second-order behavior and, in practice, to brittle optimization dynamics. Such phenomena are
intrinsic to rational activations and suggest that the denominator requires a more systematic

treatment than is provided by standard norm or spectral constraints on the weights.

Several of the approaches mentioned above implicitly regularize pre-activation behav-
ior—either by fitting rational functions on a prescribed interval where the denominator is well
behaved, or by choosing parameterizations that tend to promote positivity and smoothness
empirically. However, the denominator itself evolves under training, and even when weight
norms are well controlled, nothing prevents the real roots of () from approaching values
actually attained by the network during optimization. This raises natural questions about
how to ensure that pre-activations remain uniformly separated from pole regions throughout
training, and how such guarantees translate into analytic control over activations, derivatives,
and second-order behavior. Providing explicit, training-time certificates for denominator
positivity offers one principled way to address these questions and complements the empirical

insights suggested by existing rational activation methods.

A separate line of work investigates the geometry of the loss landscape. Prior results
show that even fixed analytic activations—including smooth rational functions with no real
poles—can give rise to spurious valleys when the network width is insufficient |[Venturi
et al., 2019]. These results illuminate intrinsic limitations of certain architectures and

demonstrate that challenging landscape features may arise independently of singularities.
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Rational functions with real poles, and the additional flexibility that comes from learning
their coefficients, give rise to geometric effects of a different nature and motivate the analysis
developed below. Understanding these effects is increasingly relevant as trainable rational
activations become more widely used and as their behavior depends in subtle ways on how
the activation varies both in its input and in its own parameters. The developments in this

chapter build on and extend these perspectives. At a high level, we:

e introduce smooth denominator parameterizations that maintain a strict positivity
margin on a certified pre-activation interval throughout training, providing explicit

control over poles and near-pole behavior;

e derive computable bounds on p and its derivatives, yielding quantitative control of

smoothness, second-order behavior, and stability of the empirical loss; and

e analyze the loss landscape induced by rational activations, isolating a pole-induced
barrier mechanism that appears when the activation is fixed and has a real pole, and
showing that these barriers vanish generically once the coefficients of P and () become

trainable.

Together, these results complement prior empirical and theoretical work by offering a
unified, certificate-based viewpoint on the stability and optimization of rational activations.
In Section we develop the denominator parameterizations and positivity certificates used
throughout the chapter; later sections apply this framework to control derivatives and to

study the geometry of the loss landscape.
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3.1 Rational Networks and Positivity-Safe Parameteriza-

tions

Rational activations provide expressive nonlinearities but introduce a central difficulty that
does not arise for standard choices such as ReLU, polynomials, or fixed smooth functions:
the behavior of the denominator. During training, pre-activations evolve with the network
parameters, and without additional structure there is no guarantee that ()(z) remains
uniformly separated from its real roots on the region visited by the network. Controlling this
behavior is essential for stability, for obtaining bounds on the derivatives of the activation,

and for understanding the resulting optimization landscape.

This section develops the methodological framework used in the remainder of the chapter.
We introduce positivity-safe parameterizations of the denominator that enforce a uniform
margin Q(z) > 7 > 0 on a certified pre-activation interval that is tracked during training.
These parameterizations are smooth in their coefficients, compatible with gradient-based

optimization, and admit explicit envelopes for @, Q)’, and Q".

We begin by formalizing rational networks and the distinction between fixed- and trainable-
coefficient settings. We then present two complementary denominator constructions: an
interval-local sum-of-squares form that guarantees positivity on a prescribed compact domain,
and a global stable-factor form that guarantees positivity on all of R. Finally, we introduce a
simple surrogate that discourages near-common factors between numerator and denominator
on the certified interval, improving identifiability and conditioning when (P, Q) are trained
jointly. Together, these tools provide the structural foundation for the stability and landscape

results developed later in the chapter.
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3.1.1 Rational networks and notation

A rational activation is a univariate function of the form

where P, € R[z] are real polynomials of degrees dp and dg with coefficients

n = (ao,...,0dp, Co,---Cdg)-

We distinguish two regimes. In a fized-coefficient network (FCN), the coefficient vector
n is held constant during training, whereas in a trainable-coefficient network (TCN), n is
optimized jointly with the weights and biases.

A multilayer rational network applies p elementwise at each hidden layer. Given an input

vector x(©) € R%_ define for £ =1,...,L,
29 = WOXED 1 b0, xO = p(z0),
where p acts coordinatewise. The final layer is taken to be affine,
B(x0) = WD) | B,

Each hidden layer thus implements a rational map of its input, and the overall network
realizes a multivariate rational function x(© s ®(x(©).

The main analytic difficulty stems from possible poles of Q. If Q(z) = 0 for some
real zg, then p and its derivatives can become unbounded near zy, and pre-activations that
approach such a root can give rise to large gradients and unstable second-order behavior. This
motivates denominator parameterizations that provably avoid poles on the pre-activation

domain encountered during training.
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Fix R > 0, and let
I := [-R, R]

denote a compact interval that contains all pre-activations reached during training. Our goal

is to construct families @),, with the following properties:

e Uniform positivity. There exists a margin 7 > 0 such that

Qn(z) > 7 for all z € I,

ensuring the denominator remains strictly positive on /I and preventing near-pole

behavior.

e Smooth dependence on parameters. The map n — @, is smooth, so that the
positivity margin and the shape of (), can be tuned by gradient-based methods in
TCNs.

e Explicit envelopes. We derive closed-form bounds for @,, @;, and Q; on I; these
yield uniform bounds on p, p/, and p”, and consequently control layerwise Lipschitz and

smoothness constants of the empirical loss.

In the remainder of this section we develop two constructions of @), that guarantee
positivity on a compact interval (Section [3.1.2)) or globally (Section [3.1.3)), while preserving

the expressivity of the activation unit.

3.1.2 Interval-Sum-of-squares parameterization

To enforce denominator positivity on a prescribed interval, we use a classical representation
of univariate polynomials that are nonnegative on [a, b]. The Markov-Lukéacs theorem gives a
sum-of-squares decomposition with factors that vanish at the endpoints, which in turn leads

to a natural denominator construction with a strict positivity margin on a compact interval.
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Theorem 3.1.1 (Markov—Lukacs representation). If ¢ € R[z] is nonnegative on [a,b], then

there ezist s,t € R|z]| such that

If degq = n, one may take degs < |n/2| and degt < [(n — 1)/2]. Conversely, every

polynomial of this form is nonnegative on [a,b).

Specializing to the symmetric interval I = [—R, R], we obtain the following denominator

parameterization.

Definition 3.1.2 (Interval-Sum-of-squares (Interval-SOS) parameterization). For fixed

R >0 and 7 > 0, define

Qu(z) = 7+ s(2)" + (B =21 (2)°, || <R,

where s,,t, € R[z] are smoothly parameterized polynomials.

By construction, @,(z) > 7 for all z € I, and the map n — @, is polynomial in the

parameters. The degree of (), is determined by the degrees of s, and ¢,, with

deg Q, = max{2d;, 2d; + 2},

where dg := deg s, and d; := degt,,.

Taken together, these properties make Interval-SOS a convenient interval-local mechanism
for enforcing a denominator margin on a compact pre-activation domain. In settings where
the interval I is fixed or changes only infrequently, it provides a flexible and analytically
transparent choice. When global positivity is desired, or when the certified interval is allowed
to expand during training, a complementary construction based on stable factors offers an

alternative.
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3.1.3 Global positivity via Stable-Factor parameterization

In situations where the range of pre-activations may expand significantly during training, it
can be advantageous to enforce positivity of the denominator on all of R. For this purpose
we introduce a global denominator parameterization based on products of quadratic stable

factors with an explicit margin.

Definition 3.1.3 (Stable-Factor parameterization). Let 7 > 0. For an integer Ng > 1,
define
Ng

Qy(2) = TH(l +ar (2 — /~L7‘)2)7

r=1
where p, € R are centers and «,. > 0 are scale parameters.

Since each factor 1+a;,.(z — ju,)? is nonnegative and equals 1 when «, = 0, this construction

guarantees

Qn(z) > 7 for all z € R.

If exactly m of the o, are nonzero, then deg @), = 2m. The parameterization is smooth in
(1,{a},{i+}), and partial derivatives with respect to these quantities admit simple closed
forms.

Stable-Factor trades some interval-specific flexibility for global control: it enforces posi-
tivity everywhere on R and requires no reparameterization when the certified pre-activation
interval is enlarged. ERA [Trimmel et al., 2022] employs a related factorization to encourage

positivity; here the margin 7 is made explicit and coupled with an interval certificate.

3.1.4 Certifying and maintaining the pre-activation interval

Let p(z) = P(2)/Qy(z) be arational activation with denominator constructed by Interval-SOS

or Stable-Factor, and for R > 0 define

Mo(R) = sup |p(2)].

lz|<R
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Under either parameterization restricted to I = [—R, R|, we have @Q,(z) > 7 > 0 for all
z € I and thus My(R) < co. We now state a simple sufficient condition that ensures all

pre-activations remain in / throughout the network.

Lemma 3.1.4 (Interval invariance). Consider a feedforward network

20 = WO =D 4 p0) ¥ = p(z(e)) applied elementwise,
for layers £ = 1,2,.... Let || - ||oo denote the sup-norm on vectors and
| Az o0
Alo-se = s o = = max

be the induced ly — U operator norm (mazimum absolute row-sum). Define

S = W Nloosoor B = 109,

and, for R >0,

Mo(R) = SEJ)% 1p(2)].

Assume the input satisfies |29/ < B, and suppose R > 0 is such that

S1Bin + 1 < R, SeMo(R) + B < R VI > 2.

Then, for every layer £ > 1, one has |29 < R, and hence every pre-activation entry z( )

lies in [—R, R).

Proof. We argue by induction on the layer index .

Base case (¢ =1). Using the definition of the induced norm,

1200 = W2 450 g < WOz o [0 oo < I oo 2 e + i
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By the assumptions ||2(9 || < Bi, and Sy By, + 81 < R, we obtain [|zV||, < S1Bi + 81 < R.

Induction step. Assume for some ¢ > 2 that ||z("V||, < R. Since 29 = p(2(*~1) is
applied elementwise and every coordinate of 2~V lies in [~ R, R], the definition of M(R)
gives

|2Vl = max 10| < sup [p(2)] = Mo(R).

Therefore,

129 = WOz 4+ 6O o < [WOED | + 169
< Syl V| + Be < SeMo(R) + B¢ < R,

where the last inequality is the assumed condition for layer /. Equivalently, each pre-activation

entry satisfies |2”| < R, i.c., 2\ € [-R, R). O

In practical implementations, the quantities S, and [, are controlled via spectral nor-
malization and weight decay. The bound My(R) can be computed from the envelopes of p
on [—R, R], and the radius R is increased if batches approach the boundary. For Interval-
SOS, enlarging R requires rebuilding the representation, whereas Stable—Factor requires no
reparameterization. In both cases, strict positivity of ), (and the corresponding bound on
My(R)) is re-established after each update. Prior work |[Trimmel et al., 2022| provides a

partial-fractions implementation for fixed-coefficient rational MLPs.

3.1.5 Avoiding near-common factors

If P, € R|z] share a nonconstant factor, say P = fPand Q = fQ with deg f > 1,
then the activation p = P/Q = P/Q is unchanged, while gradients with respect to the raw
coefficients become ill-conditioned near the common zeros. Coefficients corresponding to f are
non-identifiable, and gradients can blow up or vanish. Algebraically, the resultant Res(P, Q)

vanishes if and only if P and @ have a common complex root |Cox et al., 1997, |Sturmfels!
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2002, Ch. 5]. Computing Res(P, @) at every iteration (for instance, via the determinant of

the Sylvester matrix) costs O((dp+dg)?) and is numerically delicate at higher degrees.

We therefore introduce a differentiable, scale-invariant surrogate on the certified interval
I = [—R, R] that is inexpensive to evaluate, smooth in the coefficients, and provably detects

real common roots in I as the evaluation grid is refined.

Evaluation grid and reciprocal-energy surrogate. We evaluate (P, () on a finite set
of nodes in [ using the Chebyshev nodes of the first kind, scaled to [—R, R], with M > 1

points

(2m — 1)7T>7

m R (
Z COS oM

m=1,..., M.

These nodes (an affine image of the standard Chebyshev points on [—1,1]) have near-
minimal Lebesgue constant and hence support stable sup-norm approximation; see, for
example, [Trefethen, 2013, Ch. 7]. By refining the grid we simply mean increasing the number
of nodes M. The nearest-node distance then decays as O(1/M) (Lemma [3.1.5)).

Given the nodes {z,,}M_,, define gridwise peak magnitudes

Mp := max |P(zn)], Mg = max |Q(zm)|

1<m<M 1<m<M
and normalized evaluations

[P (zm)| |Q(zm)|

- )
Mp+e ™7 Myte

Pm -

This max-normalization removes trivial scale effects whenever Mp, Mg > «.

We quantify near-coincidence of zeros via the reciprocal energy

1 e 1
m=1+mM m
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and introduce the regularization term

Reuw(n) = Aged -10g(g0 + E} (P, Q)), (3.1.2)

with a small g9 > 0 to tame outliers. Intuitively, if at some z,,, both P and () are simultaneously
small relative to their gridwise peaks, the corresponding summand in £}, is large; as M grows
(grid refinement), a genuine real common root in I forces E},(P, Q) — oo (Proposition [3.1.7)).

For numerical robustness one may also use the mollified variant

1« 1
Enn(P,Q) = 57 > PR

m=1

with fixed or scheduled x > 0 (Remark [3.1.8)); the analysis below is stated for EY,.

We now record the relevant geometric and local analytic facts.

Lemma 3.1.5 (Nearest Chebyshev node). For any z* € [—R, R| and any M > 1, there exists

a Chebyshev node z,« with

R
|2me — 2% < by
2M

Proof. Write z = R cos#, so the nodes correspond to

(2m — 1)m

gm - )
2M

m=1,..., M.

For any 6* € [0, 7], choose m such that |0, — 0*| < F7. Since |dz/df| = R|sinf| < R, we
obtain
TR

Lemma 3.1.6 (Local vanishing orders). If P,Q) € Rlz] vanish at z* with multiplicities

7



r,s > 1, then there exist constants Cp,Cqg > 0 and a neighborhood of z* on which
|P(z)] < Cplz—2"", Q)] < Colz— 2",

Proposition 3.1.7 (Blow-up of the surrogate at real common roots). Assume P and Q
share a real root z* € [—R, R] with multiplicities r,s > 1. Then there ezist constants C' > 0

and My such that for all M > My,
EX/[<P> Q) > CM?min{r,s}—l'

In particular, Ry (n) —— 00.
M—oc0

Proof. By Lemma [3.1.5 pick m* with |2,,» — 2*| < 7R/(2M). By Lemma [3.1.6

Pl < Co( 1)

a )

Q)| < Co( 35

Using pp, = |P(zm)|/(Mp + ¢€) and ¢, = |Q(2mm)|/ (Mg + €), we obtain

' )2 (Cl )2 ok

2 2 < ( P M2 Q M2 < :

P +qm — (MP+5)2 + (MQ+5)2 — M 2min{r,s}

for constants Cp,Cp, C” > 0 independent of M. Hence the m* term in Ej, is at least

(C"y~tM2min{rst - and averaging over M nodes yields the claimed lower bound. O

Remark 3.1.8. For the mollified quantity Fj;, (with denominator p?, + ¢2, + k?), the
divergence in Proposition is lost for fixed x > 0 (values saturate at 1/x*). To retain
divergence one may schedule k = x(M) with k(M) = o(M~™""s}); then the same order
M?min{rs}=1 holds. In numerical experiments we employ a small fixed x to avoid extreme
gradients; this keeps the surrogate sharply sensitive to near-common factors without formal

divergence.
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If Q(z) > 7> 0on I, then g, > 7/(Mg + ¢) for all m, and hence

2.(P.Q) < 1ii_<MQ+€>7

a finite constant independent of M, even if P has many real zeros. Thus the regularization
term Ry, selectively penalizes only configurations where P and ) become simultaneously
small at some z € I, precisely the near-common-factor regime that harms identifiability of

the raw coeflicients.

In adaptive-activation architectures, one may either impose a single set of rational
coefficients across all layers or allow each layer to learn its own. Shared rational coefficients
use one global parameter vector 7 for all hidden layers, enforcing common derivative envelopes
(Mo, My, Ms) and, through the chain rule, typically yielding tighter global Lipschitz and
smoothness bounds. By contrast, per-layer coefficients n®) offer greater expressive power but

can amplify these bounds multiplicatively along depth.

A practical compromise is to adopt a shared baseline with controlled deviations,

77(6) =1 + A(Z), share - Share Z ||A(€ ||27

which maintains a strong shared prior while permitting layer-specific adjustments. For
identifiability, we fix the denominator scale via the positivity margin (the 7-term) and apply
a mild penalty to the numerator coefficients (e.g., Al|a||3). Combined with Ry, these choices
eliminate trivial rescalings and discourage near-common factors on the predefined compact

interval .
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3.2 Derivative Control and Optimization Smoothness

3.2.1 Single-unit envelopes on a compact interval

We now quantify how positivity of the denominator on a compact interval translates into
uniform control of the activation and its derivatives. Throughout this subsection we assume

that the denominator satisfies
Q(z) > >0 forall z €l =[-R,R]

for some fixed R,7 > 0. In particular, p = P/Q is real-analytic on I, and all quantities below

are finite. For a function f and an interval J we write
[ flloo,s = sup | f(2)]-
zeJ
We abbreviate
Mp = [|Plloc,s;, Mg = 1Qllcry  Mpw =[PPl Mo = Q™ [loc,r-

Our first step is to control polynomial derivatives on [—R, R] in terms of their sup-norm

on that interval.

Lemma 3.2.1 (Markov inequalities on a compact interval). Let p be a real polynomial of

degree d > 1. Then

& B(d? - 1)
10 oo —r,r] < EHPHOO,[—R,R}, 19" loo,—rR) < WHPHOO,[—R,R].

Moreover, the constants are sharp on [—1,1].

Proof. Let q(t) := p(Rt) for t € [—1,1]. The classical Markov inequalities on [—1, 1] state

80



that

d*(d* — 1)
”q/Hoo,[—l,l] < dQHQHoo,[—I,l]a Hq//Hoo,[—l,l] < THQHOO,[—Ll]a

see, e.g., [Rivlin, 1990, Thm. 1.5] or [Trefethen, 2013, Ch. 7|]. By the chain rule,

¢(t)=Rp'(Rt),  ¢"(t)=R*p"(Rt).

Taking suprema over ¢ € [—1,1] and noting [|¢||eo-1,1] = ||Plloo,(~r,r yields the stated
bounds. u

We now derive uniform envelopes for p and its first two derivatives on I in terms of (R, 7),

the degrees (dp,dg), and the sup-norms Mp, M.

Lemma 3.2.2 (Activation and derivative envelopes on I). Let p = P/Q with (P, Q) coprime
and deg P = dp, deg @ = dg. Then

Mp

olloes < —, (3.2.1)
T
Mp Mp My Mp /d? d?

Iolloes < = + =552 < S(Fr + 2 o), (3.2.2)
MPHM2 + MPMQMQN + QMPIMQMQ/ + ZMPMZ/

16" |01 < < > el (3.2.3)
Mp M3 (@83 —1) (=1 By di

= 3 3R? 3R? R? R

Proof. Since (Q > 7 on I, we immediately have

Mp

lp(2)] = < for all z € 1,

which proves (3.2.1)).

81



For the first derivative, use the quotient rule:

Taking absolute values and using || > 7 on [ gives

PG IPEIQE  Me | Mp Mo

ST T ewr =T e

and taking suprema over [ yields the first inequality in (3.2.2)). The second inequality in

(3.2.2) follows by applying Lemma with p = P and p = Q:

&, 2,
Mp < ZMp, Mg < —2Mo.

For the second derivative, differentiate once more, or use the standard expression obtained

by differentiating p' = (P'Q — PQ’)/Q*

_ P"(2)Q(2)* — P(2)Q(2)Q"(z) — 2P'(2)Q(2)Q'(z) + 2P(z)(Q’(z))2.

p"(2) IBE

Taking absolute values and using |@| > 7 on [ yields

Mpn M3 + Mp Mg Mgr + 2Mp Mg Mg + 2Mp Mg,

//
VDI ~

Y

and taking suprema over I proves the first inequality in (3.2.3)). For the fully explicit bound,
apply Lemma to P and Q:

dp(dp —1)
3R?

% (d% — 1) 2 &

Mpr < 3R2

Mp, Mgn <

which, substituted into the previous inequality and grouped by the common factor M pr? /73,

give the second inequality in (3.2.3]). O
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Remark 3.2.3 (Scaling and sharpness). The Markov constants in Lemma are sharp on
[—1, 1], with equality attained by suitable scalar multiples of the Chebyshev polynomial 7.
Consequently, the envelopes in Lemma have the correct order of growth in (dp,dg) and
R: up to multiplicative constants depending on the sup-norms Mp, Mg and the margin 7,

one has
9 4
19/ |oo,s = @(%), 16" loo.r = 9(%)

with d := max{dp,dg}. Thus shrinking the interval I (smaller R) and increasing the
positivity margin 7 both improve the derivative bounds, whereas increasing degree worsens
them polynomially. This scaling behavior is intrinsic and reflects the extremal role of

Chebyshev polynomials in Markov-type inequalities.

Remark 3.2.4 (Coefficients and Chebyshev bases). In the constructions of Section
the denominator @), is built from auxiliary polynomials s,,t, that are parameterized in a

Chebyshev basis on [—R, R|. For instance, after rescaling z = R cosf, one may write

where T}, is the kth Chebyshev polynomial of the first kind and «;, are trainable coefficients.

The extremal property |Tj(u)| <1 for u € [—1, 1] implies the simple coefficient bound

dp

Mp =[Pl < > loul.
k=0

Moreover, the identity 7} (u) = k Uy_1(u), where Uy_; is the Chebyshev polynomial of the

second kind, together with |Uy_1(u)| < k on [—1, 1], yields

d
—P ‘ = — su
dz ( ) R |u|<pl

[P lloe.r = sup

lz|[<R

dp
ZakT | < 5> a4
k=1

Analogous estimates hold for @) and its derivatives. Inserting such bounds into Lemma [3.2.2]
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provides envelopes for p, p', p” that are explicit not only in (R, 7,dp, dg, Mp, Mg) but directly
in terms of the underlying trainable coefficients. We keep the presentation in Lemma [3.2.2] at
the level of Mp, Mg for clarity, but these coefficient-level bounds are useful when connecting

regularization on coefficients to control of the derivative envelopes.

3.2.2 Smoothness and Lipschitz constants for one-hidden-layer net-

works

We now propagate the single-unit envelopes of Section through a one-hidden-layer
network and obtain explicit smoothness and Lipschitz constants for the predictor and for its
empirical square loss. Throughout this subsection we assume that the pre-activation interval

has been certified as in Section [3.1] so that all hidden pre-activations lie in

[=[-RE, Q3 >7>0 Veel,

and therefore the derivative envelopes of Lemma [3.2.2] apply.

For convenience, recall

My :=sup|p(z)],  Mi:=supl|p'(z)],  My:=sup|p’(2)|,

zel zel zel

which are explicitly bounded in terms of (R, 7, dp,dg, Mp, Mg) by Lemma

We consider a one-hidden-layer, width-p network

f@($> = VTp(W$—|—b), O = (W,b,V),

and the empirical square loss



with inputs bounded by ||z;||2 < B and labels bounded by |y;| < Yi. We equip the parameter

space with the Euclidean product norm

181 = [IWI[% + IbII5 + [IvII3-

Proposition 3.2.5. Under the assumptions above, the gradient of the empirical loss L s

Lipschitz with respect to the Fuclidean parameter norm. In particular, one may take

L. <p Mg+ |[vIM{ (B* +1) + (|[v]2Mo +Y.) (|yv\|2M2 (B+1)* + M, (B+1)> . (3.2.4)

(& J/

sup ||V fo ()| sup |fo i) — il [V fo (1)

2

In particular, L is L.-smooth on any parameter set where My, My, My and ||v||2 are finite.

Proof. For any (z,y), write

Differentiating,

Vo=(f-y)Vf,  Vg=VI (VAT +(f—y) VS

Hence
IV?g@©) < IIVFO)° + Ifelz) =yl IV2F(O)I (3.2.5)
Any upper bound on the right-hand side is a Lipschitz constant for Vg at (z,y).

Since the empirical loss is the average

(f@(xi) - yi)Qu

| =

L(©) = %Zgi(@), g:(©) =
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and the operator norm is convex, we obtain

N
1
IV2L( NZ IV2g:(0)] < sup [[V2gi(©)].

1<i<N

Thus any bound on the right-hand side of (3.2.5)), uniform over 4, is an admissible Lipschitz

constant for VL.

We now bound ||V f]| and ||[V2f]|| for fixed z and ©.

Bounding |V f||. Let 2= Wz + b € RP, and denote

where p and its derivatives act elementwise. A direct computation yields

Vif=¢, Vwf=@Eov)z, Wf=¢ov.
Therefore,

IVAP = IV A+ 1V w AlE + Ve £l

< lelz + " o visllzll; + I¢" © vl

On the certified interval I, |p(z;)| < My and |p/(z;)| < M; for all coordinates j, so
P P
loll3 =) p(z)* <pMg, N’ Oviz=) (5 (z)v)’ < M |vls.

j=1 j=1

Using ||z|| < B, we conclude

IVAIP < p Mg+ IVIEME(J2l* + 1) < p Mg + [[v][5MF (B + 1),

86



which gives the first term in (3.2.4)).

Bounding ||[V?f||. To bound the Hessian, consider a unit direction A® = (AW, Ab, Av)

with ||AB|| = 1 and estimate the second directional derivative

d2

D*f(0)[A0,40] == f@HA@(x)L:O — AOTV2f(O) A6.

Let u:= AW x 4+ Ab € RP. The chain rule gives

d
d—fe+me(x)’ = (¢ ov)ut+ e Av,
t t=0

and differentiating once more yields

d2
| —voe) wou +2¢ (Aveu).

ﬁf@HA@(%) a

Hence

[AOTVAf(0) AB| < [|vll2 Mo [[ull; + 20y AV [[ull2.

We bound ||ul|2 in terms of ||A©]:

(3.2.6)

[ullz = [AW 2 + Abllz < [AW||p [lz]l2 + [[Ab]l; < (B + 1)\/IIAWII% + [ Ab[f < B+1,

using [[AG|* = |AW|Z + ||Ab||3 + ||Av|2 = 1. Write ¢t := \/||AW||%,—|— |Ab||5 and

s :=||Av|s, so s + > = 1 and 2st < s? +t? = 1. From (3.2.6)), we obtain

|AOTV?f(0) AB| < [|v|2Ma(B + 1)** + 2My (B + 1)st < |[v|[2M2(B +1)* + My (B + 1).
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Taking the supremum over all ||[A©]| = 1 shows
V2O < [IVI2Ma(B +1)* + My(B + 1).
Combine with |f — y|. Finally, for each data point,

[fo(z) =yl < [fo(2)| + |yl < [IVll2Mo + Vi

Substituting the bounds for ||V f]|? and ||V2f|| into (3.2.5) and taking the supremum over
the dataset yields (3.2.4)). O

Proposition 3.2.6. On the region
Xp:={zcR: |[Wz+b|, <R},

we have

Lip (folxs) < [Wll2[[vll2 M.

Proof. By differentiating fg with respect to z,

V.fo(z) = Wi (p(Wz +b)®v).

Hence

IVafo(@)llz < W2 [[V]2 1o (Wz +b)llsc < [[W]l2 [[v]l2 M

for all z € X, and the Lipschitz bound follows from the mean value inequality. n

Corollary 3.2.7. Let L, be given by (3.2.4]). For full-batch gradient descent on L(©) with
any constant step sizen € (0,2/L,), the loss is nonincreasing along the iterates. In particular,

choosing n < ¢/ L, with ¢ € (0,1] yields a conservative step size. The constant L, is explicit

in (R, 7,dp,dg, Mp, Mq) via Lemma[3.2.9 and in the observed norms [[W||p, ||[b|la, || V|-
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This follows directly from the descent lemma for L,-smooth functions.

Remark 3.2.8. The bounds in Propositions [3.2.5| and [3.2.6] depend on the activation

only through (M, My, Ms). Under the positivity-safe parameterizations of Section 7 the
margin condition @,(2) > 7 > 0 on I = [—R, R| and the polynomial structure of (P, Q)
guarantee that these envelopes remain finite and can be expressed in closed form in terms of
(R,7,dp,dg, Mp, Mg). Thus, enforcing denominator positivity not only prevents poles but
also yields explicit quantitative control over the smoothness of the empirical loss and the

Lipschitz dependence of the network on its inputs.

3.3 Landscape Analysis with Fixed Rational Activations

The previous sections developed positivity-safe parameterizations for rational activations and
established uniform derivative control for the resulting networks. In this part of the chapter,
we shift focus from analytic regularity to the geometric structure of the loss landscape when
the rational activation is held fixed.

When the activation p = P/Q is fixed, two mechanisms can give rise to adverse landscape

phenomena:

e Intrinsic-dimension spurious valleys. If p is smooth, bounded, and non-polynomial
(for example, a rational function with no real poles), then the associated family of ridge
functions spans an infinite-dimensional subspace of L?. The resulting loss landscape
contains arbitrarily bad spurious valleys on suitable data distributions, as shown by
Venturi, Balduzzi, and Bruna [Venturi et al., 2019]. These valleys arise from an

expressivity mismatch and are independent of analyticity or poles.

e Pole-induced barriers. If p has real poles, the activation and its derivatives exhibit
unbounded behavior near these singularities. Even on compact input domains, attempt-

ing to move a neuron across a pole forces its readout weight to shrink and produces
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steep gradients and large Gauss—Newton curvature. Any continuous path that shifts a

neuron across a pole must incur a fixed, non-negligible increase in population loss.

These two obstructions arise for entirely different reasons. We begin in Section with
the intrinsic-dimension mechanism, focusing on bounded rational activations that satisfy the

hypotheses of Venturi, Balduzzi, and Bruna.

3.3.1 Spurious valleys for fixed rational activations

We study the landscape of the population square loss for a one-hidden-layer model when the

activation rational function p = P/(Q is fixed.

Definition 3.3.1 (Sublevel sets and spurious valleys). For ¢ € R, the sublevel set is
Qulc):={0€0: LO) <c}. A spurious valley at level ¢ is a path-connected component of

Q7 (c) that does not contain any global minimizer of L.
Definition 3.3.2 (Arbitrarily bad spurious valleys). We say that L has arbitrarily bad
spurious valleys if for every M > 0 there exists a nonempty open set 2 C © such that

min L(0) > i%fL+M, sup L() < min L(6) + &,

0eQ) 0O T 0eQ

and for every continuous path v : [0,1] — © with v(0) € Q and (1) € argming L,

maxe(o,1) L(7(t)) > mingeq L(6) + M.

Setting. We consider a single-output, one-hidden-layer model of width p > 1,

p

Op(x) =Y vjp(w]z+b), 0= ({w;,bjv}"_),

J=1

with population squared loss L(6) = 1 E[(®y(X)—Y)?], where the expectation is with respect

to a data distribution (X,Y) on RY x R.
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Theorem 3.3.3 (Existence of arbitrarily bad valleys with fixed rational activations). Let
p: R — R be a fixed, continuous, non-polynomial rational function such that p > 0 on R
and p € LA(R,e %" dz). Then for every width p > 1 there exists a data distribution (X,Y)

for which the one-hidden-layer population loss admits arbitrarily bad spurious valleys in the

sense of Def.[3.3.2,

Proof. This is a direct corollary of [Venturi et al., 2019, Thm. 13 and Cor. 15]. Consider the
family of ridge functions {z — p(w'x +b) : (w,b) € R? x R}, viewed as elements of L? of
the input distribution. The lower intrinsic dimension of p is the dimension of the smallest
closed linear subspace of L? that contains all single-neuron ridge functions; equivalently, it is
the number (possibly co) of independent directions spanned by these features as (w, b) VaryH
When this dimension is infinite, any fixed finite width p yields a model whose realizable
function class is too thin relative to the geometry of the span, and the results of [Venturi
et al., 2019] show that this mismatch produces arbitrarily bad spurious valleys.

Since one can choose a non-polynomial rational p satisfying the stated hypotheses (e.g.,

Example [3.3.4)), the claim follows. O

Example 3.3.4 (A concrete fixed rational activation).

22 +1
2242

p(z) =

is continuous, non-polynomial, nonnegative, and has no real poles; it is bounded, hence

p € L*(R, e * dz). Theorem m therefore applies.

The parameterizations in Sec. guarantee Q(z) > 0 (globally for Stable-Factor; on
[—R, R] for Interval-SOS). To meet the nonnegativity hypothesis in Theorem [3.3.3, one may
choose a nonnegative numerator (e.g., P(z) = s(z)? + \) so p = P/Q > 0. Boundedness and

nonpolynomiality are generic, so the theorem applies to such fixed rationals. Conversely, if ()

'In the Gaussian setting, this can be characterized via the Hermite expansion of p: if p has infinitely many
nonzero Hermite coefficients, then the lower intrinsic dimension is infinite; see [Venturi et al., 2019, Sec. 4].
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admits a real zero, then typically p ¢ L*(R, e dz) and [Venturi et al., 2019| does not apply;

we next isolate a near-pole mechanism on compact supports that still induces barriers.

3.3.2 Pole-induced barriers on compact supports

We now study the landscape when the fixed activation p = P/Q has a real simple pole. This
regime is distinct from the intrinsic-dimension phenomenon of Section [3.3.1 We show that
spurious valley already appears on a discrete compact domain with two inputs.

Assume throughout that

£0, (3.3.1)

so r is a simple real pole with residue A. Consider two inputs x_,z, € R? drawn with

probability 1/2 and labeled

and a width-p one-hidden-layer model

p
Op(x) =Y vjp(w]z+b), 0= ({w;by,v}_).
j=1

The population loss is

£6) = 5 ((@o(z))? + (@(ey) ~ 1?).

We begin by quantifying the local behavior of p near the pole r and its effect on a single

neuron.

Lemma 3.3.5. Under (3.3.1)), there exist constants C,eq > 0 such that for all 0 < |e| < &,

p(r+e) = ? + R(e), plr+e)= —g—é + Ry (e), (3.3.2)
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with |R(e)| < C and |Ry(g)| < C.

Fiz 0 > 0 and a compact interval I C {z: |z —r| > 6}. Suppose a neuron satisfies
Zp=r+¢e atxg, z-.€el atx_,

and its contribution at x, obeys

vpz)| T

for some T > 0. Then, for all sufficiently small |¢],

2T M
Lel, My :=sup|p(z)| < .
|A| zel

2T
ol < = lel,  Jvp()] <
|A]

Proof. Since p has a simple pole at r, there exists a holomorphic function h on a neighborhood

of r with

p(z) = A + h(z2).

Z—=7r

Differentiating gives p/(z) = —A(z —7)72 + I/(2). Choose gy > 0 such that |h(z)|, |V (z)| < C

whenever |z — 7| < g5. Writing
R(e) :=h(r+e),  Ru(e):=N(r+e),

we obtain (3.3.2) with |R(e)|, |Ri(g)| < C.

The bound |v p(z4)| < T reads

A
E‘FR(E)‘ S T.

|

For |e| < min{ey, |A|/(2C)}, we have

A Al Al
= > o s
’5+R(8))_ ] C_2|5|’
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and hence |v] < 2T|e|/|A]. The second inequality follows from |p(z_)| < M and |up(z_)| <

|’U|M[. ]

In words, if a neuron stays numerically well behaved at a near-pole input, its readout
weight must shrink linearly in its distance to the pole, so its contribution at safe pre-activations
z_ € I becomes negligible. We now isolate a region of parameter space where all neurons

remain a fixed distance from the pole and the total readout mass is controlled.

Fix 0 < § < R and define “safe” intervals
I"=[r—R,r—9], It=[r+6r+R)].
Assume P has no zeros in I~ U I", and set

m:= inf |p(z)| >0, M := sup |p(z)] < 0.

zel-UIt zeI-UIt+

Definition 3.3.6 (Feasible set away from the pole). For A > 0, define

p
]C:: {9 Zi’jE]_UI—F foriE{—,+}, ]-S.]Sp? Z|U]|§A}

Jj=1

Inside K, every neuron output is bounded by M at each input, and

p
[@o(xs)l <Y oyl Ip(z2)] < AM.

j=1

We also single out the same-side region where neurons are kept on one side of the pole:
Ks = {9 el Vy, (2_j,245) CI or (2 j,2+5) C I+}.
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Theorem 3.3.7 (Compact-support barrier). Assume A < 1/(v/2 M) and set

B, = - (1-AV2M)* > 0.

N[ —

Then there ezists By, € (0, Bs) such that:
1. Every 0 € K satisfies L(0) > Bs.

2. Let v : [0,1] — © be continuous with v(0) € Ks and inf, L(y(t)) < Bs. Then there exists
t, € (0,1) such that y(t.) ¢ K and L(y(ts)) > Bpar-

Proof. (1) For any 6 € K we have |®yp(z1)| < AM, hence

(o), Do) — (0, )]z > 1~ AV2 M,

and so L(#) > Bs. In particular, this holds for 6 € K.

(2) Let v be as in the statement. Define

to:=inf{t € [0,1] : L(v(t)) < B}.

By (1), to > 0 and ~y(to) ¢ Ks. Next let

ty :=inf{t € [to, 1] : y(t) & K}.

Since K is closed and + is continuous, we have v([to,t,)) C K and y(t,) ¢ K.

At t,, either (i) D°7_, |v;| > A, or (ii) some pre-activation z; ; leaves I~ U I*.

In case (i), by continuity there exists ¢ < ¢, with > . |v;| = A, and at that point the
argument in (1) shows L(7y(t)) > Bs. We may then take By, < Bs.

In case (ii), there exists a unit j and input z; with |z; ; — r| < d. Assume without loss of

generality i = +, so z; ; = r +¢. By continuity of L(v(t)) and the definition of ¢y, we may
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restrict attention to ¢ close to t, with L(v(t)) < Bs+ 1. Thus

|Ri| := |Py)(21) = Y(2s)| < V2B + 1) =: C.

Consequently

|(I)7(t)(x+)’ <Ry + Y ()| < Co+1=T,.

Subtracting the contributions of all units k # j and using |p(24 )| < M yields
vip(z45)| < To+ AM.

Applying Lemma with T":= Ty + AM and choosing § small enough so that || < gy, we
obtain |v;| < Cle| and |v;p(2— ;)| < Cle| for some constant C' > 0.

Combining these bounds with the contributions of the remaining units gives
(@00 (), By (24)) — (0, 1)]l2 > 1 — AVIM — e

for some C’ > 0 independent of . Choosing ¢ (hence |¢|) sufficiently small ensures C’|e| <

1(1 — AV2M) whenever |z, ; — r| < 6, and hence

(%(1 _ A\/EM))2 — Bpy > 0.

N —

LO(1)) = 5l (e (2), @) — (0] >

This proves (2). O

3.3.3 Trainable rational activations and generic escape from fixed
minima

The landscape obstructions identified in Sections and arise when the rational

activation p = P/Q is held fixed. We now show that these fixed-activation pathologies are
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nongeneric once the coefficients of P and () are allowed to vary. Even in the simple two-point
setting used above, a strict suboptimal local minimizer of the fixed-activation model becomes

a nonstationary point for almost every choice of activation parameters.

Throughout this subsection we impose the following two conditions:

~

(C1) There exists a fixed activation parameter & and a set of network parameters O, such

that O is a strict local minimizer of © e — L(Opet, &) and

L(Opet, &) —ifL(©) > M > 0.

~

In particular L(Opet, &) > 0.

(C2) At this minimizer, at least one hidden unit separates the two inputs and has nonzero

readout weight:

u*,]’* # u+,j*7 ,ﬁ]* # 07

and Qa(u; ;) # 0 for i € {—,+}.

These conditions hold whenever a fixed-activation network gets “stuck” at a suboptimal

configuration and at least one unit is active and nondegenerate.

Set Us 5 = UA)JTLEZ -+ [A)j and
P
Ji(0) =Y tip(uigia),  Ri(a) =Gie) = Y(z,), i€{—+}
j=1
Then

L(Ogets @) = 2 (R_(a)* + Ry(@)?), VoL (O, @) = R_(a)C_(0) + Ry (a)Cy (),
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where each activation-feature vector C;(a) € RIr+de+! jg

p

Ci(a) = 0; Vap(ui i a).

j=1
Differentiating p(u; a) = Pa(u)/Qa(u) gives the analytic formulas

o )

a—ak(u; o) = QQ(U)’ der

. :_Pa(u)uk i}
(1) = ol )

so each entry of C;(a) is a real-analytic function of o on the domain where Q,(u; ;) # 0.
Define

Z={a: C_(a) and Cy(a) are linearly dependent}.

Since each Cj(«) is analytic, Z is the common zero set of finitely many analytic 2 x 2 minors

of the matrix [C_(«) C4(a)].

Theorem 3.3.8 (Generic escape from fixed strict minima). Under (C1)—(C2), there ezists a

netghborhood U of & such that for Lebesque-almost-every o € U,
Vo L(Opet, @) # 0.

Thus a strict suboptimal local minimizer for the fixed activation becomes nonstationary for

generic choices of the activation coefficients.

Proof. By (C2), for the distinguished unit j, one has u_;, # u, j; and v;, # 0. From (%),

the evaluations

uk i Pa (u@j*)uf,j*

Qaluig,)’ Qa (i)
depend real-analytically on «. For generic «, these families take different values at i = —
and ¢ = + because u_ ;, # uy j,, so the resulting vectors C_(«) and C4 (o) are not colinear.

Thus at least one 2 x 2 minor of [C_(«) C'; («)] is not identically zero as a function of «, and
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hence Z is a proper real-analytic subset of some neighborhood U of &. In particular, Z has

Lebesgue measure zero in U.

Now write the stationarity condition explicitly:

VoaLl(Opet, ) =0 <= R_(a)C_(a)+ Ry(a)Cp(a) = 0.

If a ¢ Z, then C_(«) and C () are linearly independent, so the above identity forces

R_(a) = Ri(a) = 0.

The set
R:={a: R_(a)=0, Ri(a) =0}

is the common zero set of the analytic functions R_ and R., and is therefore either all of U

A

or a proper analytic subset. By (C1), L(Oyet, &) > 0, so (R_(&), Ry (&)) # (0,0) and R # U.

Hence R is a proper analytic subset of U and thus has Lebesgue measure zero.

We have shown that

~

{a €U : VoL(Ope,a) =0} € ZUR,

a union of two proper analytic subsets of U. Therefore this set has Lebesgue measure zero,

and the claim follows. O
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3.4 Experiments

We evaluate on Split CIFAR-10 and Split CIFAR-100 with 7=10 sequential tasks (disjoint

class partitions) in the class-incremental single-head setting. We report: (i) average accuracy

T
ACC = £ ary,
t=1

(ii) forgetting
-1
_ 1
P = rhe 3o (magea —on).

(iii) the minimum certified denominator margin

. . ¢
min () = II)IIKI?QW<ZJ(-)(£L‘5)),

and (iv) normalized wall-clock per epoch relative to ReLU.

Here a,,; denotes test accuracy on task ¢ after completing task s, and z](-e) are pre-activations.
All methods use identical data augmentation and optimizer; hyperparameters are tuned on
the first task only and then reused for all tasks. Unless noted, we report mean =+ standard

deviation across identical random seeds.

For Split CIFAR-100, the 100 classes are partitioned into T=10 tasks of 10 classes each
(classes {0:9},{10:19},...). For Split CIFAR-10, the 10 classes are partitioned into T'=10
tasks of 1 class each. “Disjoint class partitions” means each training task contains a distinct
set of labels with no overlap across tasks; at test time we evaluate under the single shared
classifier on the union of all seen classes (single head). Unless otherwise indicated, results
use the canonical class order above. To assess order robustness we also evaluate K random

class-order permutations with identical budgets and seeds across methods.
We certify positivity of the denominator on [—R, R] (Sec. [3.1). A one-time calibration

on task 1 collects pre-activations z from 2k held-out examples and sets R to the smallest
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Table 3.1: Split CIFAR-100 (10 tasks). ACC: average accuracy (%); F: forgetting (%);
min ): minimum certified denominator margin; Time: per-epoch runtime normalized to
ReLU (lower is better). Fized Rational (no cert) uses the same (dp, dg) as the certified variant
but no positivity /margin constraints; coefficients are obtained by least-squares fitting to
SiLU on [—R, R] and then frozen. Trainable Rational (no cert) trains coefficients end-to-end

without certification.

Method ACCT  F min Q 4 Time |
ReLU 34.2+1.7  6.9£0.5 - 1.00
SiLU 37.1+£1.7  6.2+0.8 - 1.01
Fixed Rational (no cert) 33.2£0.9 6.5+0.6 0.000 (violations) — 1.04
Trainable Rational (no cert) 32.6+£1.2 7.1+£0.9  0.000 (spikes) 2.06
Pos-Safe (Interval-SOS) 38.8+0.8 6.8%£0.4 0.653+0.020 4.08
Pos-Safe (Stable-Factor) 43.6+1.2 5.3+0.8 0.663+0.016 4.05

Figure 3.1: Continual learning results (mean =+ std over seeds). Left: continual accuracy
across task switches. Middle: minimum denominator margin min @, (z) per epoch. Right:
95 percentile of |p/(2)| per epoch. Positivity-safe rationals maintain higher ACC, strictly
positive margins, and bounded derivatives; non-certified rationals show violations/spikes.

value covering the 99.9th percentile of |z| with a 10% safety margin; R is then frozen for
all tasks/methods. The margin floor ¢ (denoted 7y in ablations) is chosen on task 1 by grid
search to satisfy two targets: (i) derivative quantile qo5(|p'(2)]) <& and (ii) minimum certified
margin min () > 7y, without ACC degradation exceeding a preset A; the selected 7 is reused
across the task sequence.

Per epoch, we log (i) the minimum denominator margin min @), (%) over realized pre-
activations and (ii) the 95" percentile of |p’(2)]. Regularized models are expected to maintain
strictly positive margins and bounded derivative quantiles; unregularized rationals may

exhibit spikes or violations.

Sharing rational coefficients across layers reduces variance and forgetting. Per-layer
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Table 3.2: Shared vs. per-layer coefficients (Split CIFAR-100). Gradient volatility via
qos(|¢/(2)]) and the 99th percentile of ||VyL||s across mini-batches.

Param. tying ACCt  FU minQ 1 qs(lg) L 99 VLI L
Shared 436+1.2 53108 0.663+0.016 2.6+0.2 860 + 45
Per-layer 428 +1.3 62=+09 0.607+0.028 4.2+£0.3 1120 + 60

Per-layer + Qgpare 43.4+£1.1 56+£0.8 0.6484+0.021 3.04+0.2 930 + 50

Table 3.3: Schedules. Step schedule with 7 = ¢/ L, (¢=0.1-0.3) versus cosine annealing with
warm restarts (SGDR). Robustness to task switches is quantified by the 99th percentile of
|VoL||2 at task boundaries. Time is per-epoch runtime normalized to ReLU.

Schedule ACC 1 Fl min Q 1 99p VL[|  Time |

Step (n = ¢/Ly) 432+1.0 55+£0.7 0.660+0.017 830+£70 4.05£0.06
Cosine (tuned SGDR) 43.5+1.1 59+0.8 0.651+0.018 1110 £80  4.08 £0.05

parameters can match ACC but amplify bound constants and gradient volatility unless
regularized (e.g., with Qgpare). Evidence: Tab. reports qos(|p/(2)|) and the 99th percentile
of ||[VgL||2 across mini-batches.

A conservative step size n = ¢/L, with ¢ € [0.1,0.3] trains reliably without per-task
retuning. A tuned cosine schedule refers to cosine annealing with warm restarts with restart
period and base LR selected on task 1. Cosine can match or slightly exceed ACC but is less

robust at task switches, with larger gradient spikes; certification narrows this gap (Tab. .

3.5 Conclusion

This chapter used rational activations as a case study in how analytic structure influences
the geometry of learning. For fixed rational activations, we observed two distinct sources
of difficulty: spurious valleys arising from representational mismatch, and barriers in the
loss surface created by poles. Allowing the rational coefficients to be trainable transforms
this picture. Once P and @) are free to move—subject to explicit positivity constraints—the
landscape becomes less fragile: directions of descent that were previously unavailable reappear,

and fixed local minima are no longer stationary for almost all activation parameters.
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The positivity-safe parameterizations developed here show that analytic guarantees and
expressive learning need not be in tension. By constraining the denominator and quantifying
derivative behavior, one can control singularities while still obtaining practical benefits such
as improved accuracy and stability in continual learning. This highlights a promising direction
in which analytic certification informs model design and optimization.

Much remains to be explored. Extending certification to adaptive domains, analyzing
richer input distributions, and integrating activation-parameter geometry with stochastic
training remain open challenges. Nevertheless, the perspective developed here suggests
that activation design and parameterization are powerful levers for influencing optimization
geometry, and mathematical structure can be used intentionally to shape the behavior of

modern learning systems.
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Chapter 4

Estimating Means of Bounded Random

Variables by Betting

This is chapter, we follow up on Waudby-Smith and Ramdas’ work [Waudby-Smith and
Ramdas, 2020b| in generating confidence intervals and time-uniform confidence sequences
for mean estimation with bounded observations. Their methodology utilizes composite
nonnegative martingales and establishes a connection to game-theoretic probability. Our
comments will focus on numerical comparisons with alternative methods. The corresponding

code is available at https://github.com/Likelyt/Estimate-mean-with-betting,.

4.1 Methods

Consider a sequence of random variables (X;)$°,, drawn from a distribution P € P*, where
PH represents the set of all distributions on [0, 1]>°. We assume Ep[X;| X1, ..., X; 1] = p for
some unknown p € [0, 1]. The objective is to construct a time-uniform confidence sequence

(Cy)2, that satisfies the condition

sup P(3t>1:u g Ch) < a. (4.1.1)
pepr
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https://github.com/Likelyt/Estimate-mean-with-betting

The confidence sequence guarantees that, for any fixed n, C, is a (1 — a)-confidence interval

for p. We review three methods for generating such confidence sequences.

(a) The predictable plug-in empirical Bernstein (Pr-EB) method, discussed in Section 3
of [Waudby-Smith and Ramdas, 2020b|, combines the Robbins’ method of mixture

[Robbins, 1970] with exponential supermartingales.

(b) The hedged capital process (Betting) method, introduced in Section 4 of [Waudby-Smith
and Ramdas, 2020b|, is a novel approach that enjoys the interpretation of wealth

accumulation in a game and has connections to the game-theoretic probability |[Shafer

and Vovk, 2005].

(c) The Bootstrap resampling method is implemented using the R package BOOT |Canty
and Ripley, 2022]. With B = 200 bootstrap replicates and L = 10 batches, we calculate
a separate confidence interval for data sequence 2! < t < 2!*! within each batch
I =1,...,L. The confidence intervals are constructed using the 53- and (1 — 5})-

quantiles of the bootstrap means.

4.2 Numerical Studies

Synthetic Data Example We sequentially generate data from Beta(10,30) distribution
for 1 <t < 10%, and construct a 95% confidence sequence C; in Eq. using methods
(a)-(c) in Section 4.1

Figure shows that the Betting method outperforms the Bootstrap method with a
higher lower bound in the confidence sequence and consistently tighter intervals for ¢ > 1500.
This aligns with the intuition that the Bootstrap method results in wider intervals due to
dividing the confidence budget among data subsets when dealing with a large number of
sequential data points. Moreover, the Betting method outperforms the Pr-EB method with

consistently tighter confidence sequences for ¢ < 3000. For ¢t > 3000, both methods yield
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Figure 4.1: Comparisons based on the synthetic data of Beta distribution.

comparable coverage lengths. The Betting method’s sequence shows a slight shift towards
smaller values, reflecting the left-skewed ground truth distribution, while the Pr-EB method

produces a symmetric interval around the estimated mean.

Real Data Example We analyze a batting dataset of 18 Major League players from the
1970 season, available in |[Efron and Hastie, 2021] or the R package EFRONMORRIS. The
goal is to construct a 95% confidence interval for the true batting level of each player based

on their first 45 at-bats. The following results are obtained from 100 data replications.

Figure [1.2|(a) shows the average confidence intervals, where the black circle represents
the true batting level of each player. Note that while the Bootstrap method fails to cover
the true batting level of player 17, the Betting method successfully includes it. Figure (b)
presents the coverage probability of both methods. The Betting method achieves higher
coverage probability for the true batting levels of players 4 and 17 compared to the Bootstrap
method. These results indicate that the Betting method outperforms the Bootstrap method

in constructing accurate confidence intervals for this baseball data.
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Figure 4.2: Comparisons based on the baseball batting data from |[Efron and Hastie, 2021|.

4.3 Extensions

The work in [Waudby-Smith and Ramdas, 2020b| may inspire several directions for future
research. One such direction is the generalization of the Betting method to handle multi-
dimensional observations. Currently, the Betting method relies on the assumption that
the underlying capital process is a martingale. However, when estimating the mean of
multidimensional data, applying Ville’s inequality [Waudby-Smith and Ramdas, 2020a] for
confident rejection of the null hypothesis becomes more challenging. Defining the hedged
capital process in a vector space introduces complexities when simultaneously estimating
multiple attributes. Another direction is the extension of the Betting method to online
decision-making scenarios, such as dynamic treatment, online recommendation, and dynamic
pricing. These tasks frequently involve constructing confidence sequences to determine optimal

actions. The application of the Betting method in these contexts seems to be interesting.
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Chapter 5

(Geometric algorithms for predicting
resilience and recovering damage in

neural networks

Biological neural networks have evolved to maintain performance despite significant circuit
damage. To survive damage, biological network architectures have both intrinsic resilience to
component loss and also activate recovery programs that adjust network weights through
plasticity to stabilize performance. Despite the importance of resilience in technology ap-
plications, the resilience of artificial neural networks is poorly understood, and autonomous
recovery algorithms have yet to be developed. In this paper, we establish a mathematical
framework to analyze the resilience of artificial neural networks through the lens of differ-
ential geometry. Our geometric language provides natural algorithms that identify local
vulnerabilities in trained networks as well as recovery algorithms that dynamically adjust
networks to compensate for damage. We reveal striking weight perturbation vulnerabilities
in common image analysis architectures, including MLP’s and CNN’s trained on MNIST and
CIFAR-10 respectively. We also uncover high-performance recovery paths that enable the

same networks to dynamically re-adjust their parameters to compensate for damage. Broadly,
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our work provides procedures that endow artificial systems with resilience and rapid-recovery

routines to enable their deployment for critical applications.

5.1 Introduction

Brains are remarkable machines whose computational capabilities have inspired many break-
throughs in machine learning [Iliadis et al., 2020} [Fukushima, 1980, (Wotczyk et al., 2019| Zador!
2019|. However, the resilience of the brain, its ability to maintain computational capabilities
in harsh conditions and following circuit damage, remains poorly developed in current arti-
ficial intelligence paradigms |[Hendrycks and Dietterich, 2019 . Biological neural networks
are known to implement redundancy and other architectural features that allow circuits to
maintain performance following loss of neurons or lesion to sub-circuits |Gonzalez et al.,
2019, |Castor and El Massioui, 2018, [Marder and Goaillard, 2006|, Srinivasan and Stevens,
2011}, Richter et al., 2019]. In addition to architectural resilience, biological neural networks
execute recovery programs that allow circuits to repair themselves through the activation of
network plasticity following damage |Arlotta and Berninger, 2014, Gates et al., 2000, Murphy
and Corbett, 2009|. For example, recovery algorithms reestablish olfactory and visual behav-
iors in mammals following sensory specific cortical circuit lesions [Keck et al., 2013, Hong et al.
2018|. Through resilience and recovery mechanisms, biological neural networks can maintain
steady performance in the face of dynamic challenges like changing external environments,
cell damage, partial circuit loss as well as catastrophic injuries like the loss of large sections
of the cortex. [Lewin, 1980, Scoville and Milner, 1957, [Hammerschmidt et al., 2015, Gilbert
and Li, 2012].

Like brains, artificial neural networks must increasingly execute critical applications that
require robustness to both hardware component damage and memory errors that could corrupt
network weights. Recent studies have highlighted the importance of network robustness

to soft errors that can lead to weight corruption and network failure |Li et al., 2017] in
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applications including (i) decision-making in the healthcare industry, (ii) image and sensor
analysis in self-driving cars and (iii) robotic control systems. Errors in dynamic access
memory can occur due to malicious attacks (the RowHammer), but a particular focus has
been on errors induced by high energy particles |Arechiga and Michaels, 2018| that occur
at surprising rates [Schroeder et al., 2009]. Further, the rising implementation of neural
networks on physical hardware (like neuromorphic, edge devices) [Monroe, 2014, [Mach and
Becvar, 2017, where networks can be disconnected from the internet and are under control of
an end user, necessitates the need for damage-resilient and dynamically recovering artificial
neural networks.

The resilience of living neural networks motivates theoretical and practical efforts to
understand the resilience of artificial neural networks and to design new algorithms that
reverse engineer resilience and recovery into artificial systems [Firesmith, 2019]. Recent
studies [Morcos et al., 2018, |Cheney et al., 2017] have demonstrated empirically that MLP
and CNN architectures can be surprisingly robust to large scale node deletion. However, there
is currently little understanding of the empirically observed resilience or what ultimately
causes networks to fail. Mathematical frameworks will be important for understanding the
resilience neural networks and for developing recovery procedures that can maintain network
performance during damage.

We propose a mathematical framework grounded in differential geometry for studying
the resilience and the recovery of artificial neural nets. We formalize damage/response
behavior as dynamic movement on a curved pseudo-Riemannian manifold. Our geometric
language provides new procedures for identifying network vulnerabilities by predicting local
perturbations that adversely impact the functional performance of the network. Further, we
demonstrate that geodesics, minimum length paths, on the weight manifold provide high
performance recovery paths that the network can traverse to maintain performance while
damaged. Our algorithms allow networks to maintain high-performance during rounds of

damage and repair through computationally efficient weight-update algorithms that do not
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require conventional retraining. Broadly, our work provides procedures that will help endow
artificial systems with resilience and autonomous recovery policies to emulate the properties

of biological neural networks.

5.2 Analyzing network resilience with differential geome-

try

We develop a geometric framework for understanding how artificial neural networks respond
to damage using differential geometry to analyze changes in functional performance given
changes in network weights. Two recent papers have highlighted intrinsic robustness properties
of layered neural networks [Morcos et al., 2018, Cheney et al., 2017]. We provide a geometric
approach for understanding robustness as arising from underlying geometric properties of the
weight manifold that are quantified by the metric tensor. The geometric approach allows
us to identify vulnerabilities in common neural network architectures as well as define new
strategies for repairing damaged networks.

We represent a feed-forward neural network as a smooth, C*function f(x,w), that maps
an input vector, x € R¥, to an output vector, f(x,w) =y € R™. The function, f(x,w), is
parameterized by a vector of weights, w € R", that are typically set in training to solve a
specific task. We refer to W = R"™ as the weight space (W) of the network, and we refer to
F =TR™ as the functional manifold [Mache et al., 2006]. In addition to f, we will sometimes
be interested in considering a loss function, L : R™ x R — R, that provides a scalar measure
of network performance for a given task (Figure 1).

We ask how the performance of a trained neural network, wg, will change when subjected
to weight perturbation, shifting Wrained — Wdamagea- We use differential geometry to develop
a mathematical theory, rooted in a functional notion of distance, to analyze how arbitrary

weight perturbations wy — wq impact functional performance of a network. Specifically, we
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construct a local distance metric, g, that can be applied at any point in W to measure the

functional impact of an arbitrary network perturbation.

To construct a metric mathematically, we fix the input, x, into a network and ask how the
output of the network, f(w,x), moves on the functional manifold, F, given an infinitesimal

weight perturbation, du, in W where wq = w + du. For an infinitesimal perturbation du,

f(x,wy +du) = f(x,w¢) + Jw, du, (5.2.1)

where Jy, is the Jacobian of f(x,w) for a fixed x, J;; = gg@,

evaluated at wi. We

measure the change in functional performance given du as the mean squared error

d(we, wa) = |f(x, W) — f(x,wq)|? = du’ (Jy," Jw,) du (5.2.2)
=du’ g, du, (5.2.3)
(5.2.4)

where gy, = J thJ w, 18 the metric tensor evaluated at the point wy € W. The metric tensor
g is an n X n symmetric matrix that defines an inner product and local distance metric,

(du,du)y, = du” g, du, on the tangent space of the manifold, T, (W) at each w € W.

Explicitly,

_ Z Ofe(x,w) 0 fr(x,w)

i e (5.2.5)

where the partial derivatives % measure change in functional output of a network given

a change in weight. In the appendix, we extend the metric formulation to cases where we
consider a set, X, of training data and view g as the average of metrics derived from individual
training examples. The metric, g, provides a local measure of functional distance on the
pseudo-Riemmanian manifold (W, g). At each point in weight space, the metric defines the

length, (du,du), of a local perturbation by its impact on the functional output of the
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Figure 5.1: Geometric framework for analyzing neural network resilience (A) Three
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loss space. Damage is analyzed by asking how movement in weight space changes functional
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damage to a network as an infinitesimal perturbation that can be analyzed in the tangent
space of a trained network. (C) Global damage is modeled as long range movement of network
weights along a path, v(t), in weight space.

network (Figure 1b).

Globally, we can use the metric to determine the functional performance change across a
path connected set of networks. Mathematically, the metric changes as we move in W due to
the curvature of the ambient space that reflects changes in the vulnerability of a network to
weight perturbation (Figure 1c¢). As a network moves along a path, vy(t) € W from a given
trained network v(0) = wy to a damaged network (1) = wq, we can analyze the integrated
impact of damage on network performance along v(¢) by using the metric to calculate the

length of the path ~(t) as:

1
dy(t) dy(t)
L) = [ (LD (5:2:6)
o L dt T ar Y
where <d%9, %)W) = dzl—it)Tgw(t)dzl—?) is the infinitesimal functional change accrued while

traversing path ~(t) € W.
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In what follows, we study the resilience of neural networks by analyzing the structure
of the metric tensor along paths in weight space. We show that the metric tensor can be
used to develop recovery procedures by finding ‘geodesic paths’, minimum length paths, in
the pseudo-Riemannian manifold that allow networks to respond to damage while suffering

minimal performance degradation.

5.3 The geometry of local damage and network vulnera-
bility

We, first, apply our mathematical framework to analyze the response of trained neural networks
to small, local weight perturbations. Empirical studies have demonstrated that trained
networks are often robust to small, local weight perturbation [Morcos et al., 2018, |Cheney
et al., 2017]. We connect local resilience to the spectral properties of the metric tensor, g, at
a given position, wg, in weight space. We find that networks are typically robust to random
local weight perturbations but also have catastrophic vulnerabilities to specific low magnitude
weight perturbations that dramatically alter network performance.

To understand local damage, we consider a trained network, w¢, and we subject the
network to an infinitesimal weight perturbations in a direction du = ¢; dw' yielding the
perturbed weights w' = wy + du. We use dw' to indicate an infinitesimal displacement
vector in the direction w;. Formally, we view du as a vector in the tangent space of W at wy,
T, (W) (Figure 1B). The metric tensor, evaluated at the point wy provides a local measure
of functional performance change induced by the perturbation along du through Equation
5.3.2

As a positive semi-definite, symmetric matrix, g (evaluated at wy) has an orthonormal
eigenbasis {v;} with eigenvalues \;, A; > 0. The eigenvalue \; locally determines how a

perturbation along the eigenvector v; will alter functional performance. Expanding an
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Figure 5.2: Metric tensor explains local resilience and predicts catastrophic vul-
nerabilities. (A) Spectra of the metric tensor for MLP-1, MLP-2 and VGG-11 (B,C) Test
performance of networks perturbed within a unit-ball in W (B) perturbed VGG-11 trained on
CIFAR-10, (C) perturbed MLP-2 trained on MNIST (D,E) Designing adversarial perturba-
tions to destroy trained networks’ performance. (D) adversarial perturbation within unit-ball
in W lowers accuracy to 13% in VGG-11, (E) adversarial weight perturbation within unit-ball
in W lowers accuracy to 70% in MLP-2.

arbitrary perturbation, du in the basis {v;}, as du =) . ¢; vi, the functional performance

change of the network is

d(wy, wy + du) = du” g, du (5.3.1)

_ Z A\ (5.3.2)

where ¢; = (du, v;) quantifies the contribution of vector v; to du. Thus, the performance
change, d(wg, wy + du), incurred by a network, following perturbation du is determined

by the magnitude of each \; and the projection of du onto v;. The eigenvalues A convert

f performance change

weight changes into change in functional performance and so have units o .
weight change

A network will be resilient to weight perturbations directed along eigenvectors, vi, with
small eigenvalues (\; < 1073). Alternately, networks are vulnerable to perturbations along

directions with larger eigenvalues (\; > 1073). Our definition of resilient directions, \; < 1073,
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is an operational direction that selects directions where a unit of weight change will produce
a performance change of less than 1073 or .1%.

Mathematically, we can understand the resilience of networks to randomly distributed
weight perturbations by calculating the average response of a network to Gaussian weight

perturbations, du ~ P(du), where P(du;) = N(0,2) (n = dim(W) and El||du||s] = o) .

o
v d

The expectation of the induced performance change for such a Gaussian perturbation is

o
Eduin(O,%)[d(Wu w +du)] = 1 Z Ai (5.3.3)

< 0 p A, (5.3.4)

where p indicates the fraction of vulnerable directions, and A, is the largest eigenvalue of g.

Empirically, we find that trained networks are, perhaps as expected, robust to ‘random’
local perturbation (Figure 2) due to a large fraction of resilient eigendirections (p < 1073).
Such local network robustness holds for a series of trained network architectures including
(i) Multi-layer perceptrons (MLP-1, MLP-2) trained on MNIST and (ii) Convolutional
neural networks (VGG-11) trained on CIFAR-10. MLP-1 is a single hidden layer network,
with variable number of hidden nodes, while MLP-2 is the LeNet architecture borrowed
from |LeCun et al., 1998| (2 hidden layers, with 300 and 100 hidden nodes respectively).
VGG-11 for CIFAR-10 is adapted from [Simonyan and Zisserman, 2014]]

Consistent with their eigenspectra (VGG-11: p < 1074, MLP-1, MLP-2: p < 1073) |
both MLP and CNN architectures exhibit minimal performance degradation for unit-ball
perturbationsE] (0 =1, Figure 2A) . When perturbed along 1000 directions of unit-norm, the
trained MLP-2 (initial test accuracy of 98%) maintains accuracy of 97.2-97.6% (Figure 2C).
Perturbation of VGG-11 trained on CIFAR-10 (initial test accuracy of 91%) yields networks

with test accuracy between 88-91% (Figure 2B).

!The network architecture, pre-trained models and optimization algo’s are specified in the appendix
2Unit-ball perturbations, due to the high dimensionality of the space, induce an average weight change of
< 1076 for individual weights
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Resilience to such small local perturbations might be expected, but our framework also
exposes hidden catastrophic vulnerabilities to perturbations of the same order in both networks.
By designing adversarial weight perturbations to lie along the ‘vulnerable’ eigenvectors of
g (v; with large \;), we can induce sharp performance declines across architectures (Figure
2D,E). For the VGG-11 network trained on CIFAR-10, an adversarial weight perturbation
decreases accuracy from 91% to 13% (Figure 2D). Similarly, adversarial perturbation reduces
the performance of MLP-2 network trained on MNIST from 98% to 70% (Figure 2E). For
the CIFAR-10 network, a relatively small perturbation causes the network to make critical
classification errors making the erroneous inference of most CIFAR-10 images to being in the
class of ‘automobiles’. In this way, the local geometry of the weight manifold allows us to
discover subtle weight perturbations that cause catastrophic changes in network performance

for small change in network weights.

5.4 Acceleration identifies global break-down points in a

network

From earlier studies [Morcos et al., 2018, |Cheney et al., 2017|, we know that trained MLP’s
and CNN’s can be surprisingly robust to much more profound global damage including large
scale node deletion. In this section, we develop a concept of break-down acceleration using the
covariant derivative of a network along paths connecting the trained network and damaged
network in W. Break-down acceleration predicts failure points that emerge in weight space
through rapid changes in the curvature of the weight space, and ultimately allows us to
develop procedures to thwart break-down by avoiding acceleration.

Mathematically, we represent global damage as a path in weight space, v(t) € W with
t € [0,1], that connects a trained network, v(0) = wy, to its damaged counterpart (1) = wq

(Figure 3C). Practically, global damage might emerge as a discrete event (node deletion),
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Figure 5.3: Break-down acceleration characterizes network break-down points
following damage Performance of an (A) MLP-1 network (1 hidden-layer, variable hidden
nodes) and (B) VGG-11 during simulated damage to distinct layers. Both networks experience
sharp performance break down when network damage exceeds (A) ~90% of hidden-nodes
for MLP-1 and (B) ~60% of nodes in any layer for VGG-11. (C,D,E) Damage paths
in manifold (W, g). (C) A cartoon of the loss landscape showing multiple break-down
paths from the trained network to the damaged network (D,E) The covariant derivative of
the accuracy along multiple damage paths for (D) MLP-2 and (E) VGG-11 are shown. A
steep increase in the covariant derivative (acceleration) along damage paths corresponds
to the networks’ sharp break-down to global damage.(F) Multiple damage paths (colored
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our analysis provides a continuous approximation to discrete network damage. As a network
moves along a path from w; to wg, the metric tensor itself changes, changing its spectra and

its vulnerability.

Along a path, v(t) € W the velocity vector, v(t) = %, quantifies the change in the
functional performance of a network per unit time. Mathematically, we define the break-down

speed (s) of a network along a path in weight space as the norm of the network’s velocity

vector computed using the metric tensor s(t) = (‘2—;’, 2—;’}7@) = Zij gijwy; wej. Non-linear

break-down points emerge along paths in W when break-down speed undergoes a rapid

t ds

acceleration, so that &

>> 0. We can calculate the break-down speed and acceleration
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explicitly for a network following simple straight or Euclidean path from a trained to damaged

configuration. Taking wy = 0, y(t) = wi(1 —t) and % = —wy, we have
ds d 07
% = Z Z diw;iwtk Wt; Wty (5-4~1)
ik
where g;; is evaluated along (¢). The change in the metric tensor 3195,1 along a path (), thus,

dgij _

determines whether performance decays at a constant % =0, 2¢

0 or at an accelerating

dgij
? dwk

% >0 > ( rate. For curved paths break-down acceleration can be analyzed using an
object known as the covariant derivative, V. v(t) (Appendix).

In practice, calculation of the break-down acceleration identifies, damage failure points
in real neural networks. For example, both MLP-1 and VGG-11 architectures tolerate
considerable node deletion (Figure 3A). MLP-1, (one hidden layer, 400 hidden units) trained
on MNIST, tolerates damage to 80% of the network nodes reducing functional performance
of the network by merely ~10%. Similarly, VGG-11 trained on CIFAR-10 tolerates ~ 60%
node damage in any layer without performance degradation. However, both networks exhibit
drastic break-down in functional performance beyond these node damage thresholds (Figure
3A,B). Mathematically, break-down points occur where the acceleration of the network, as
measured by the covariant derivative along the damage path, rapidly increases (Figure 3D-F)

Steep increases in the covariant derivative identify points of loss acceleration corresponding

to the functional breakdown of both the networks analyzed.

5.5 Geodesic paths enable network recovery

Thus, globally, network break-down occurs along a damage path in WWdue to abrupt changes
in the curvature of the underlying functional landscape that result in abrupt change in the
metric. The mathematical connection between break-down and curvature suggests a strategy

for designing recovery protocols that can adapt a neural network’s weights to compensate for
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damage. Inspired by recovery mechanisms in neuroscience that compensate for damage by
altering the weights of undamaged nodes. We apply the concept of break-down acceleration
to develop recovery procedures for artificial neural networks that compensate for damage
through continuous adjustment of the undamaged weights by minimizing the acceleration

along the path.

Mathematically, minimum acceleration paths in weight space are known as geodesic paths.
Geodesic paths, by definition, provide both minimum length and minimum acceleration paths
in weight space. Specifically, we consider a trained network, w, subjected to weight damage
that zeros a subset of weights, w; = 0, for i € ngamaged- Our strategy responds to damage
by adjusting undamaged weights, w; for ¢ ¢ Ngamagea t0 maximize network performance
by moving the network along a geodesic in W. Geodesic paths can be computed directly
using our metric g and also represent the minimum distance paths (with distance defined in

equation+5.2.6)) between two points on W.

In general, geodesic paths are typically calculated using the geodesic equation (Appendix)
an ordinary differential equation that uses derivatives of the metric tensor to identify minimum
acceleration paths in a space given an initial velocity. However, solutions to the geodesic
equation are computationally prohibitive for large neural networks as they require evaluation
of the Christoffel symbols which scale as a third order polynomial of the number of parameters

in the neural network (O(n?)).

Therefore, we developed an approximation to the geodesic equation using a first order
expansion of the loss function. Given a trained network, our procedure updates the weights
of the network to optimize performance given a direction of damage. To discover a geodesic
path (t), we begin at a trained network and iteratively solve for the tangent vector , 6(w),
at every point, w = y(t), along the path, starting from wy¢ and terminating at the damage

hyperplane, W,;. The damage hyperplane is the set of all networks, w € W, such that w; = 0,
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Figure 5.4: Geodesic paths allow damage compensation through weight adjustment:
(A) Test accuracy of geodesic recovery paths (blue) versus naive damage paths (red) for
VGG-1 network while 30 convolution filters and 1000 nodes from fully-connected layers
are damaged. While naive path exhibits sharp break-down, geodesic procedure adjusts
undamaged weights to maintain test accuracy. (B) Magnitude of the covariant derivative
(break-down acceleration) for geodesic (blue) and naive damage paths (red). C Test accuracy
(C) and (D) number of network update epochs (D) for geodesic recovery (blue) vs fine-tuning
(green) while 50 (out of 60) conv-filters are deleted from layerl in VGG11. Geodesic recovery
requires <10 total update epochs .(E) A depiction of multiple recovery paths on the loss
landscape from trained network (N1) to networks on the damage hyper-plane (N2, N3, N4,
N5). The z-axes is network-loss, while the x,y axes are neural net weights. (F) Geodesic
strategy (blue) allows networks to dynamically transition between configurations: C1, trained
VGG11 network ; C2, 50 conv-filters removed from C1; C3, 1000 additional nodes removed
from classifier-layers in C2; C4, 30 conv-filters in conv-layerl restored to C3. Dynamic
transitioning enabled within 5 epochs. Naive strategy is red).

for i € Ngamaged- We specifically solve
argming .y, (0(w),0(w))w — 8 0(w)" v, subject to: 6(w) 0(w) < 0.01. (5.5.1)

The tangent vector #(w) is obtained by simultaneously optimizing two objective functions:
(1) minimizing the increase in functional distance along the path measured by the metric
tensor (gy) [min: ((A(w),0(w))w) = (0(w)T'gwf(w)) | and (2) maximizing the dot-product

between the tangent vector and vy, vector pointing in the direction of the hyperplane [max:
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(0(w)Tvy)| to enable movement towards the damage hyperplane. By finding geodesic paths
to the damage hyperplane, we find weight adjustments that can be made within a network

during damage to maintain performance (Figure 4E).

Our optimization procedure is a quadratic program that trades off, through the hyper-
parameter 3, motion towards the damage hyper-plane and the maximization of the functional
performance of the intermediate networks along the path (optimization procedure elaborated
in the appendix). The strategy discovers multiple paths from the trained network wy to Wy,
damage hyper-plane, (depicted as path-1 to path-5 in Figure 4a) where networks maintain
high functional performance during damage. Of the many paths obtained, we can select the
path with the shortest total length (with respect to the metric g) as the best approximation

to the geodesic in the manifold.

The geodesic strategy enables damage compensation through continuously updating
weights in the network. We apply the geodesic strategy to discover recovery paths from
a trained network (VGG11) to a pre-defined damage hyperplaneﬂ The recovery path is
a high-performance path with all networks performing above 87% test accuracy, and the
recovery path maintains low break-down acceleration when compared to the naive (linear)
path (Figure 4B). A similar analysis for MLP’s is presented in the appendix.

While high-performance paths can also be discovered through heuristic fine-tuning, the
geodesic procedure is both rationale and computationally efficient. Specifically, an iterative
prune-train cycle achieved through structured pruning of a single node at a time, coupled
with SGD re-training [Han et al., 2015, Frankle and Carbin, 2018| (Figure 4C) requires 70
training epochs to identify a recovery path. In comparison, the geodesic strategy finds paths
that quantitatively out-perform the iterative prune-train procedure and obtains these paths
with only 10 training epochs (figure 4C,D).

Additionally, the same geodesic strategy enables us to dynamically shift networks between

3Fig-4A, 4B: Damage hyperplane for VGG11 is defined by := deletion of 30 conv-filters from layer1,2 and
1000 nodes from fully-connected layerl,2.
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different weight configurations (eg from a dense to sparse or vice-versa) while maintaining
performance (Figure 4F). The rapid shifting of networks is relevant for networks on neuromor-
phic hardware to ensure that the real-time functionality of the hardware isn’t compromised

while transitioning between different power configurations.

5.6 Discussion

We have established a mathematical framework to analyze resilience of neural networks
through the lens of differential geometry. We introduce a functional distance metric on a
Riemmanian weight manifold and apply the metric tensor, covariant derivative, and the
geodesic to predict the response of networks to local and global damage. Mathematically, our
work forms new connections between machine learning and differential geometry. Practically,
we develop new procedures for (i) identifying vulnerabilities in neural networks and (ii)
compensating for network damage in real-time through computationally efficient weight
updates, enabling their rapid recovery. As neural networks are increasingly deployed on edge
devices with increased susceptibility to damage, we believe these methods could be useful in

a variety of practical applications.

5.7 Broader Impact

The field of AI has grown by leaps and bounds in the last few years. As a result, Al is
increasingly being built into many critical applications across the society. Additionally, to
cater to the rising need of AI systems for real-time applications, Al systems have been
transitioning from cloud-implementation to edge devices and neuromorphic hardware. Some
of the real-time critical applications that have actively adopted Al systems include (1) decision
making in the health-care industry, (2) real-time image and sensor analysis in self-driving

cars, (3) incorporation into IoT sensors and devices installed in most households and (4)
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robotic control systems.

The failure of Al in any of these applications could be catastrophic. For instance, errors
committed by Al systems while classifying radiology reports in the health-care industry, or
the faulty real-time analysis of stream of images being processed by Al systems in self-driving
cars could lead to human casualties. Hence, it has become extremely important for us
to understand how neural network architectures (performing critical applications) react to
perturbations, that could arise from many sources. Al implemented on the cloud are a
victim of DRAM (dynamic random access memory) errors that can occur at surprising rates,
either due to malicious attack or induced by high energy particles. Additionally, the growing
implementation of AI networks on physical hardware (for instance, neuromorphic, edge
devices) has made the need for discovering damage-resilient networks and rapidly recovery

damaged networks a necessity.

Our paper lays down the mathematical framework to study resilience and robustness of
neural networks to damage and proposes algorithms to rapidly recover networks experiencing
damage. Our research will be extremely important for Al systems implemented across many
applications, as damage of systems is inevitable and needs to be protected against. Although
resilience and robustness of Al systems is very important, there aren’t very many principled
studies on the same. To reduce the gap in our knowledge on the resilience of Al, we propose a
principled framework to understand the vulnerabilites of Al networks. One of the immediate
applications of our contribution would be the design of damage-resilient networks and rapid
recovery algorithms implemented on neuromorphic hardware. We believe this research will be
foundational as neural networks are becoming ubiquitous across many applications, ranging

from rovers sent to mars to radiology applications.
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Chapter 6

Machine Learning in Digital Twins

Digital twin (DT) and artificial intelligence (AI) technologies have grown rapidly in recent
years and are considered by both academia and industry to be key enablers for Industry
4.0. As a digital replica of a physical entity, the basis of DT is the infrastructure and data,
the core is the algorithm and model, and the application is the software and service. The
grounding of DT and Al in industrial sectors is even more dependent on the systematic and
in-depth integration of domain-specific expertise. This survey comprehensively reviews over
300 manuscripts on Al-driven DT technologies of Industry 4.0 used over the past five years
and summarizes their general developments and the current state of Al-integration in the
fields of smart manufacturing and advanced robotics. These cover conventional sophisticated
metal machining and industrial automation as well as emerging techniques, such as 3D
printing and human-robot interaction/cooperation. Furthermore, advantages of Al-driven
DTs in the context of sustainable development are elaborated. Practical challenges and
development prospects of Al-driven DTs are discussed with a respective focus on different
levels. A route for Al-integration in multiscale/fidelity DTs with multiscale/fidelity data

sources in Industry 4.0 is outlined.
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6.1 Introduction

Industry 4.0 and smart manufacturing are crucial fundamentals of modern industry and the
national economy. Industry 4.0 aims to construct a universal networked architecture that
addresses the interoperability and compatibility issues within and across all levels of the
automation systems and factories, thus improving the flexibility and agility of conventional
manufacturing. Equally indispensable to smart manufacturing is advanced robotics, which
serves as an intelligent agent appearing in every corner of production lines. With the profound
research and development of Industry 4.0 and artificial intelligence (Al), digital twin (DT)
has drawn growing research attention [Tao et al., 2018a;, |Scharl and Praktiknjo, 2019 Wan
et al., 2019, |Shirowzhan et al., 2020|. As a digital replica of a physical entity, the basis of
DT is the infrastructure and data, the core is the algorithm and model, and the application
is the software and service. In recent years, the progressive aggravation of environmental
problems, such as carbon emission and nuclear pollution, has required national industries to
shift from conventional extensive economic growth to sustainable development. Achieving
holistic sustainability commonly requires a balance within the financial, environmental, social
and governance dimensions, i.e., FESG factors [Lokuwaduge and Heenetigala, 2017|. This
increases the costs of manufacturing enterprises and simultaneously raises severe challenges
for their organizations and processes. Against this backdrop, Al-powered DT technology
is expected to adapt the traditional model-based approaches to the evolving boundary
conditions and provide a demand-oriented, real-time capable evaluation basis to efficiently
support decision making in multi-objective problems. There is already much research that
discusses and characterizes DT from the view of general concepts and technologies [Tao
et al., 2018a;, Tao et al., 2019b|, [Fuller et al., 2020} |Jones et al., 2020, Lim et al., 2020}, |Liu
et al., 2020c, Sepasgozar, 2021] as well as certain fields, without targeted focus on Al,
this novel enabler, i.e., product design [Schleich et al., 2017, Tao et al., 2019a], modeling

and simulation |Rasheed et al., 2020|, fault diagnostics and prognostics [Tao et al., 2018b].
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Practically, different engineering application scenarios have separate challenges and concerns.
The grounding of DT and Al is even more dependent on the systematic and in-depth
integration of domain-specific expertise. Currently, there is still a lack of comprehensive
industry-oriented review of “Al + DT” technologies in the context of sustainability and
circular economy. To further contribute to developing and landing of these general-purpose
technologies (GPT) in smart manufacturing and advanced robotics, the following research

questions (RQ) are proposed in conducting this survey:
RQ1: What are the current research and concrete case solutions on DTs?
RQ2: What is the current state of Al integration in DTs in the above two areas?
RQ3: What are the benefits of Al-enabled DTs, considering sustainability?
RQ4: What are the challenges in practice and future work with Al-enabled DTs?

This paper endeavors to address this research gap by revisiting current developments
on DTs from a domain-specific perspective, analyzing implemented AI methods in each
subarea, sorting out the role they play in sustainable development, and summarizing practical
challenges in various application fields. The following contributions are delivered in this

study:

1. The general development and application cases with common Al methods in Al-driven

DTs of Industry 4.0 are concluded.

2. The advantages of Al-driven DTs in sustainable development are elaborated regarding

the FESG factors, which enable a quantitative assessment of sustainability.

3. Challenges and development prospects of Al-driven DTs in smart manufacturing and

advanced robotics are discussed with a respective focus on different levels.

4. A route for Al-integration in multiscale/fidelity DTs with multiscale/fidelity data

sources along the product lifecycle is outlined.
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6.1.1 Topic Definitions
Digital Twin

The concept of DT was described by the National Aeronautics and Space Administration
(NASA) as a multiphysics, multiscale, probabilistic simulation that uses physical models,
sensor updates, fleet history, etc., to mirror the life of its twin |Glaessgen and Stargel, 2012].
Later, DT was indicated by Grieves and Vickers as a dynamic model based on massive
amounts of information and computing capability that change over the lifecycle, including
creation, production, operations and disposal |Grieves and Vickers, 2017]. Based on the
architecture in |Grieves, 2014], Tao et al. proposed an extended five-dimension DT model,

comprising a physical entity, a virtual entity, service, data and connection |Tao et al., 2018b].

Digital Shadow

The concept “digital shadow” was mainly advocated by the German Academic Society for
Production Engineering (WGP), whereby it is understood to be the sufficiently accurate
representation of the processes in production, development and adjacent areas with the aim
of generating a real-time capable evaluation basis of all relevant data [Bauernhansl, 2016|.
Compared with the DT, a digital shadow does not require a high-resolution database, but a
complete one [Wohlfeld et al., 2017]. Together with all of its subsystems, the digital shadow
is designed as an information system or a multi-perspective information model to allow a
more efficient operation of value creation systems, and is thus considered an enabler for data
analytics in product lifecycle management (PLM) |[Bauernhansl et al., 2018, Riesener et al..

2019).

Digital Thread

The concept of “digital thread” was initially proposed by the U.S. Air Force as a framework

to merge detailed design models with model-based systems engineering (MBSE) conceptual
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and top-level architectural models [West and Pyster, 2015|. This idea was further driven by
the National Institute of Standards and Technology (NIST) with the purpose of exchanging
information, including product design and quality and equipment performance and health,
across the product lifecycle [Helu and Hedberg, 2015]. A single digital thread is, thus, created
with the model-based ensemble of data in design, manufacturing, and inspection, which
enables full-process traceability in a seamless, real-time, collaborative development among

the project participants [Hedberg et al., 2016].

6.1.2 Topic Delimitation and Coverage

This survey provides in-depth insight into the current progress of Al-driven DT technologies,
including the three aforementioned concepts, in Industry 4.0. Although there are various
interpretations of the connotations and extensions of the DT, they share the same philosophy,
namely, how to utilize digital replicas with near real-time capabilities to effectively enhance
traditional organizations and processes across the product lifecycle, thereby improving industry
competitiveness and optimizing resource allocation. Correspondingly, 5G communication
and Internet of Things (IoT) technologies as well as standalone machine learning (ML)
technologies without digital replicas are not the focus here. Over 300 manuscripts are covered

on this basis.

6.1.3 Paper Organization

As illustrated in Figure the rest of the review paper is organized as follows. In Section [6.2]
we analyze the digital production twins toward sustainable resilient manufacturing at three
different levels; in Section [6.3] we discuss the applications of DT in robots and human-robot
interaction/human-robot collaboration. After dissecting Al-enabled case studies and branch-
specific challenges of the development and deployment of DTs in industry verticals, Section

compares Al methods horizontally; Section concludes the contributions of this paper
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and addresses the future work.

[

3. Robotics

Figure 6.1: Overview of the review.

6.2 Sustainable Resilient Manufacturing

6.2.1 Overview

The core task of manufacturing industry lies in producing qualitative products in a productive
and available manner. Balancing these partially competing objectives under time-varying
boundary conditions is becoming a challenge in the course of ever-shortened decision-making
horizons |Brecher et al., 2017]. In recent years, intensive research has been conducted in the
areas of Industry 4.0 [Wagner et al., 2017|, cyber—physical production systems [Monostori
et al., 2016, Jeschke et al., 2017|, and integrative production techniques [Brecher et al., 2012]

to address the VUCA (volatile, uncertain, complex, ambiguous) market environment. The
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widespread application of simulation models and ubiquitous connectivity provide a solid
foundation for building digital production twin throughout the product lifecycle, which

is considered a key enabler for future manufacturing transformation and upgrading in

the era of big data |[Rosen et al., 2015, Tao et al., 2018aj, |Qi and Tao, 2018|. In the

context of the circular economy and sustainability pledges (e.g., European Green Deal),
traditional resource-intensive productivity thinking is being replaced by a future vision of
a more ecologically minded society, namely “sustainable productivity” [Boos, 2021]. This
understanding of productivity incorporates FESG factors as a novel indicator for quantitatively
assessing sustainable production as well as the performance (with tangible and intangible
services as well as business models) and value creation systems (consisting of resource,
process, and organization) of manufacturing companies, thus pushing them to embrace the
required sustainability transformation, as illustrated in Figure[6.2] Various research of DTs,
including general developments and Al-integrated cases, in terms of enhancing the trilemma
of productivity, availability, and quality (financial) toward sustainable resilient manufacturing
(environmental, social, governance) are discussed in the following three levels: factory and
shop floor (Section , machinery and equipment (Section , as well as process and
material (Section [6.2.4).

SUSTAINABLE ~ _ F X E X S X G
PRODUCTIVITY INANCE NVIRONMENT OCIAL OVERNANCE
USE

DEVELOPMENT PRODUCTION

Marketing & Product SCM & Production - o Quality .
) " Logistics Production Service
sales development purchasing planning assurance

. Financial result Return on sales, profit,
INANCE Financial expense return on equity, ...

E Positive environmental contribution Management of energy,
NVIRONMENT Environmental impact waste, pollution water, ...
S Positive social contribution Equal opportunity,
OCIAL Social burden collaboration & safety, ...
G Positive governance contribution Compliance, shareholder
OVERNANCE Governance expense structure, innovation contribution, ...

Figure 6.2: An illustration of holistic assessment of sustainable production [Boos, 2021]. (C)
WZL—RWTH Aachen.
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6.2.2 Factory and Shop Floor

General Developments

The megatrend toward the volatile market environment and individual customer demand poses

new challenges, primarily for production systems and management in industrial enterprises,

which can significantly influence the profitability and productivity of manufacturing. Within

the various presented concepts and frameworks [Helu et al., 2017, |Zheng et al., 2019, Ding

et al., 2019, Tao and Zhang, 2017, Pennekamp et al., 2019, May et al., 2020], automated

production systems, including mixed reality assistance systems [Roh, 2018, Rebmann et al.!

2020, could be rapidly modularized |[Um et al., 2017]| and reconfigured |Leng et al., 2020, Feng]

et al., 2020, Talkhestani et al., 2018], enhanced with AI [Jazdi et al., 2021, Ma et al., 2021]

and sensors [Cai et al., 2017, |Chhetri et al., 2019] and, in combination with cloud and

edge computing |Brecher et al., 2019a], transformed into distributed control systems, while

detailed production environments can be generated and updated in the form of 3D point

clouds |Biesinger et al., 2018| Delisle et al., 2018, Minos-Stensrud et al., 2018, Hellmuth

et al., 2020, [Sommer et al., 2019, Pan and Zhang, 2021]. Based on these infrastructures, DT

demonstrates the capability of handling increasingly complex operational problems, such

as production planning and scheduling [Schuh et al., 2016, Fang et al., 2019, |(Guo et al.!

2020b|, Zhang et al., 2020d], production monitoring and control |[Borangiu et al., 2020, |Zhang

et al., 2020b|, Karanjkar et al., 2019, Leng et al., 2019, |Guo et al., 2020a, Liu et al., 2021|,

quality control and management [Wagner et al., 2018| |Grégorio et al., 2020, [Wunderlich et al.]

2018, |Polini and Corrado, 2020|, [Schmitt and Voigtmann, 2018, Wagner et al., 2020, Schmitt|

et al., 2019, vZidek et al., 2020} Psarommatis, 2021|, as well as logistics [Hafe, 2019, Pan|

et al., 2020, Brenner and Hummel, 2017, supply chain management (SCM) [Ivanov and

Dolgui, 2020, Marmolejo-Saucedo, 2020, |Cirullies and Schwede, 2021|, disassembly and

remanufacturing |Tozanli et al., 2020, Wang and Wang, 2019, [Wang et al., 2020¢].
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Al-Integration

The availability of industrial production data in a networked system landscape acts in this
background as a technical enabler to increase the relevance of topics, such as Al and data-
driven approaches. This further opens up new potentials for optimizing (novel) manufacturing

systems, e.g., line-less mobile assembly systems in Figure [6.3] which enable agile assembly

of large components by leveraging modeling and scheduling systems [Hiittemann et al.!

2019). The primary objective of utilizing AI at this level is to improve the adaptability
of DTs to dynamically changing boundary conditions on the factory and shop floor scale.
Typical application subfields with Al-integrated DTs are production planning (Section m
A), production control (Section [6.2.2 B), and quality control (Section C), as shown in
Table [6.11

Figure 6.3: An illustration of DT in manufacturing: line-less mobile assembly system |Hiitte-
mann et al., 2019]. (© WZL—RWTH Aachen.

A. Production Planning According to the maturity model of production planning and

control (PPC) proposed by Busch et al. [Busch et al., 2019|, toward digitally connected,

139



Table 6.1: Summary of Al-enabled DTs in smart manufacturing: factory and shop floor

level (Section .

Subfield Al-Category Key Methods Application-Case Ref.
Super_vnsed Decision tree Material select.lory tool holder selection; tool Rojok of al., 2021
Learning wear level prediction
Remfgrcement DQN Dynamic scheduling of flexible manufacturing T of al., 2020
Learning systems
Production
Planning GA, DES Optimization of production scheduling INegri et al., 2020'
(Section [E22]1A) GA Optimization of smart assembly lines |Rezaei Aderiani et al., 2021]
Computational - . -
Intelligence Supernetwork Scheduling optimization of a gear production Tin ot al. 2020d
workshop 2
Multi-objective optimization Design of automatic flow-shop manufacturing Tiu ot al, 2019
system
PGM Resource aAllocatlon for sequential manufactur- Ding ot al., 2019
ing operations
N DNN Assembly commissioning process optimization Sun ot al, 2020
Supervised
Learning i § - . . Identification of real-time factors that influence T
AdaBoost, CART, Gradient boosting throughput in a semiconductor fab Singgih, 2021
AdaBoost, XGBoost, decision tree Optimum yield of the light oil IMin et al., 2019'
Production i ity i i
Control Deep reinforcement learning Geometrical quality improvement in assembly lCronrath et al., 2019'
(Section B) Reinforcement Q-Learning Box sorting in a material flow control system |Jaensch et al., 2019a]
Learning DQN Optimization of t'hc workflow in a semiconduc- Waschneck ot al, 2018
tor wafer processing plant
DQN Optimization of conveyor systems IWang et al., 2020b|
TRPO Optimizing order dispatching lKuhnle et al., 2020'
TRPO Human behavior forecasting lMay et al., 2021|

DQN: Deep Q-Network; GA: Genetic Algorithms;

Residual Neural Network.

DES: Discrete Event Simulation; PGM:
Probabilistic Graphical Model; DNN: Deep Neural Network; AdaBoost: Adaptive Boosting;
CART: Classification and Regression Tree; XGBoost: eXtreme Gradient Boosting; TRPO: Trust
Region Policy Optimization; ANN: Artificial Neural Network; CNN: Convolutional Neural
Network; k-NN: k-Nearest Neighbors algorithm; SVM: Support Vector Machine; ResNet:
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intelligent and adaptive PPC systems, Al is envisioned to support production planners in
determining plans with improved key performance indicators (KPI), derive optimization
measures and autonomously implement the identified measures prospectively to achieve
better sequencing and reallocation of resources (E-factor). At the green design and production
planning stage, decision tree could be applied in DT to create classic rules used in smart
systems, thus facilitating decision making in multidimensional processes and strategic plan-
ning |[Rojek et al., 2021]. Hu et al. introduced a Petri-net-based dynamic scheduling approach
via a deep Q-network (DQN) with graph convolution network (GCN) to solve the dynamic
scheduling problems involving shared resources, route flexibility, and stochastic arrivals of
raw products |[Hu et al., 2020|. Metaheuristic methods, such as the genetic algorithm (GA)
and other optimization methods |[Rezaei Aderiani et al., 2021}, [Liu et al., 2019} Liu et al.,
2020d, Negri et al., 2020] were similarly widely employed to deal with the scheduling problems

in production lines.

B. Production Control At the production control stage, DNN |Sun et al., 2020|, decision
tree [Min et al., 2019} [Singgih, 2021|, and tree-based ensemble models, such as AdaBoost [Min
et al., 2019, Singgih, 2021] and XGBoost [Min et al., 2019|, were implemented in assorted
digital production twins to optimize resource allocation and manufacturing performance
indicators in a timely manner (E-factor). However, the multi-objective problems at the factory
level are usually interpreted as non-deterministic, polynomial-time hard, due to the complexity
and dynamics in production environments. To address this challenge, reinforcement learning
(RL), such as DQN and deep RL, were employed as a substitute for heuristic optimization
and supervised approaches in various investigations, where the major task is normally
mathematically formalized as a Markov decision process (MDP), with the objective of
autonomously achieving the global optimal economic and logistic KPIs in a factory or
logistic simulation environment [Waschneck et al., 2018, Wang et al., 2020b| |Jaensch et al.,

20192, Kuhnle et al., 2020] (EG-factor). In order to incorporate humans as a critical element
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in smart manufacturing, May et al. presented a concept for the situational selection of
production control agents by forecasting human behavior modeled through a reinforcement

learner [May et al., 2021| (ES-factor).

C. Quality Control At the quality control stage, classical supervised ML models, such
as ANN, decision tree, and SVM, were expected to detect or predict potential deformations
and surface deviations in production |Li et al., 2020b}, [Yacob et al., 2019|. Deep learning
(DL) computer vision models, including residual and convolutional neural networks were
deployed to recognize eventual quality issues during the automatic production and machining
features of parts [Alexopoulos et al., 2020, Zhou et al., 2020|, which could be further utilized
to enhance the quality and efficiency of assembly processes |Guo et al., 2018| (E-factor), or
retraced to the production planning stage in order to support decision making on the basis of
historical production knowledge [Zhang et al., 2020a], as a “smart expert” in a collaborative
environment (SG-factor). Following the general concept of integrating ML methods into the
digital production twins [Jaensch et al., 2019b|, DTs of production systems in combination
with MBSE can be modeled and adapted modularly as a virtual testbed, which in turn could
provide a runtime environment for simulation-based optimization [Delbrigger and Rossmann!

2019, Delbriigger et al., 2019].

Interim Summary

Business profitability remains the prerequisite for sustainable operation. DTs at this level
elevate the productivity, resilience, and transparency of production processes, which enable
end-to-end availability of data along the entire value chain as well as a holistic sustainability
assessment on this basis. From a business development perspective, Al-enabled DT can
additionally be considered a service agent [Meierhofer et al., 2020|, providing innovative smart
services via DT network platforms [Li et al., 2020c] and subscription business models [Kampker

et al., 2019|, thus contributing sustainably to long-term innovation for manufacturers, and
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helping them in accomplishing a paradigm shift from the one-time provision of production
hardware to the ongoing delivery of manufacturing solutions (SG-factor). The importance of
a diversified product and service portfolio is particularly evident in times of global crisis. For
small- and medium-sized enterprises (SMEs), innovative services from research institutes and
major manufacturing equipment suppliers can facilitate the conduction of the comprehensive
balance sheet assessment covering FESG factors in order to achieve a smooth transition

to sustainability.

6.2.3 Machinery and Equipment
General Developments

The availability of production machinery and equipment has a direct impact on the efficiency
of manufacturing processes and overall equipment effectiveness, and is, therefore, equally
significant for sustainable production, especially regarding energy consumption and resource
utilization (E-factor). Since their degradation and damage level can be affected by working op-
erations as well as other disturbances in harsh manufacturing environments, such as lubricants,
soiling, and temperature, the results from traditional wear and fatigue models are connected
with considerable uncertainties. DT-driven condition monitoring (CM) and predictive main-
tenance (PdM) highlight the possibility for the process-parallel monitoring and diagnosis of
the health status of the critical components (i.e., tools [Xi et al., 2021, |Botkina et al., 2018],
bearings [Mi et al., 2020], ball screws [Luo et al., 2019], gears [Tao et al., 2018b, |Aivaliotis
et al., 2019, He et al., 2021c|, pumps |Bergs et al., 2019]) and the energy efficiency of the
equipment [Zhang et al., 2018, Blume et al., 2020| in order to handle the conflict between the
unplanned maintenance operations and the resulting costs and productivity, particularly in
SMEs, due to their limited capacity for the full deployment of a PAM strategy [Surico et al..
2020|. Additionally, DT-based optimal control |[Lynn et al., 2018, Xu and Guo, 2021| as well

as machine dynamics issues [Wagg et al., 2020, Huynh and Altintas, 2021| from a rotating
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Table 6.2: Summary of Al-enabled DTs in smart manufacturing: machinery and equipment

level (Section [6.2.3)).

Subfield AI-Category Key Methods Application-Case Ref.
ANN Prediction of process forces |Konigs et al., 2017|
CNN Prediction of process forces |Su et al., 2021]
Supervised
Learning CNN, SVDD Defect recognition of steel surfaces |Yiping et al., 2021]
Condition
Monitoring CNN_DLSTM based Fault detection of rolling bearings |Wang et al., 2020f]
3 transfer learning
(Section A)
GAN Prediction of machining vibration signals |Zotov et al., 2020|

Unsupervised

Learning Dictionary learning, Wave field prediction for damage detection

transfer learning with ultrasonic guided wave [Alguri et al., 2021]

Computational

- Fuzzy inference Brake CM of an overhead crane |Autiosalo et al., 2021|
Intelligence

system [Wang et al., 2019| to feed drive |[Tseng et al., 2019, Wang et al., 2020a| are other

important aspects.

Al-Integration

Conventional model-based approaches of CM and PdM lie in the evaluation of process
indicators, which are either recorded from sensors directly or determined indirectly by them.
While the installation of external sensors (e.g., force measurement platforms and rotating
dynamometers) increases costs and, more seriously, could negatively affect machine properties
and manufacturing stability, DT combined with ML as a promising (soft) sensing technique
provides an economically reasonable and sufficiently accurate approach to identifying such
indirectly measurable process parameters (EG-factor). Table provides an overview of Al-
enabled cases in condition monitoring (Section[6.2.3| A), predictive maintenance (Section [6.2.3]
B), and dynamics and control (Section [6.2.3) C).

A. Condition Monitoring For condition monitoring of machining tools and processes,
Konigs et al. [Konigs et al., 2017 proposed a hybrid modeling method, whereby an ANN
utilized machine internal signals and the cutter-workpiece engagement map generated from a
real-time virtual machining simulation as inputs to predict the cutting force as an essential

indicator. Su et al. proposed another machining force prediction model based on the
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Table 6.2: Cont.

Subfield Al-Category  Key Methods Application-Case Ref.
PGM, MCMC Prediction of stress-intensity factors and RUL  |Leser et al., 2020
RCM Prediction of RUL of a drilling machine |Cattaneo and MacChi, 2019
RF, particle filter Prediction of tool wear ILuo et al., 2020
Supervised
Learning Deep Stacked GRU  Prediction of tool wear Qiao et al., 2019
LSTM Equipment utilization prediction Wang and Luo, 2021
LSTM Tool condition prognostic model IXie et al., 2020
LSTM Estimation of RUL of the machine components lAnis et al., 2020
Predictive GMM Tool failure prediction [Ladj et al., 2020]
Maintenance
(Section B) SSAE-PHMM Prediction of tool wear IZhang et al., 2021
. SSAE, deep transfer Fault prognosis in a car body-side production -
Unsupervised learning line Xu et al., 2019
Learning G i f a health indi for PHM of
GAN, VAE ene.ratlon of a health indicator for o Booyse ot al., 2020
rotating systems s
CAE Construction of a health indicator for bearings lKaji et al., 2020
Distributed k-means  Assessing MAS for collaborative PdM lSalvador Palau et al., 2019]
Coml?lltatlonal Bayesian network Mission pla'nmng un('ier uncertainty with re- Karve of al., 2020
Intelligence spect to fatigue cracking
RNN Prediction of dynamic states in metal cutting IKabaldin et al., 2019
Supervised Prodicti . : o of & I
Learning ANN rediction of resonances frequencies of a thin - ol 2020
. bulk acoustic wave resonator
Dynamics - - -
& Co.ntrol Gaussian process fsrt:inatloil mOf single-degree-of-freedom  dy- lChakraborty et al., 2021]
(Section ©) Computational amic systems
Intelligence Gaussian process Prediction of the dynamic response lGardner et al., 2020

GWOo Optimization of motion control system in ma-

chine ool Haber et al., 2020

SVDD: Support Vector Data Description; RCM: Random Coefficient Model; RF: Random Forest; MCMC:
Markov Chain Monte Carlo; GRU: Gated Recurrent Units; (D)LSTM: (Deep) Long Short Term Memory;
GMM: Gaussian Mixture Model; GAN: Generative Adversarial Network; SSAE-PHMM: Stack Sparse
AutoEncoder Parallel Hidden Markov Model; VAE: Variational AutoEncoder; CAE: Convolutional
AutoEncoder; MAS: Multi-Agent System; RNN: Recurrent Neural Network; GWO: Grey Wolf Optimization.
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cutter frame image data using CNN [Su et al., 2021]. Gao et al. [Yiping et al., 2021]
introduced a deep lifelong learning method based on CNN and an SVDD-based (support
vector data descriptor) detector, which enables recognizing multiple tool defects (crazing,
patches, scratches, etc.) with novel classes by learning relevant tool images. CNN-DLSTM
based transfer learning [Wang et al., 2020f|, generative models [Zotov et al., 2020|, and
dictionary learning [Alguri et al., 2021| were furthermore employed to assist in abnormal

signals detection and fault prognosis (E-factor).

B. Predictive Maintenance Based on the monitoring status, health indicators, such as
remaining useful life (RUL), could be estimated, particularly under non-stationary operation
conditions, thus enabling effective predictive maintenance planning (E-factor). Besides
statistical [Cattaneo and MacChi, 2019, |Leser et al., 2020] and hybrid modeling |Luo et al..
2020| approaches, DL models for time-series forecasting, such as LSTM [Anis et al., 2020, Wang
and Luo, 2021} [Xie et al., 2020|, were adopted in numerous studies to estimate wear status
and equipment utilization. However, the acquisition of massive, structured and labeled data,
especially regarding complex rotating equipment and components, is normally tied up with
high costs since the fault-free operation is a frequent case in production. Considering this
fact, several attempts with unsupervised and semi-supervised learning models, e.g., GMM
(Gaussian mixture model) |Ladj et al., 2020, SSAE (stacked sparse autoencoder) |Xu et al..
2019, Zhang et al., 2021], and GAN (generative adversarial network) |[Booyse et al., 2020|, were
investigated in order to reduce the reliance on historical failure data in terms of prognostics
and health management (PHM). Regarding the cost factor, Palau et al. [Salvador Palau et al.
2019] provided a methodology to assess the optimal multi-agent system (MAS) architecture
for collaborative PAM in large fleets of industrial assets by using a distributed k-means

clustering algorithm (ES-factor).
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C. Dynamics and Control The manufacturing stability and reliability are furthermore
closely related to the dynamic behavior of production machines and process machine interac-
tions (e.g., chatter), namely, dynamics and control, which are due to complex damping effects
and structure modification (e.g., tool changing), which are, in practice, difficult to estimate
accurately and/or efficiently (FE-factor). In this respect, Kabaldin et al. |[Kabaldin et al..
2019] selected RNN to estimate the statistical model of the dynamic state in cutting. ML
models, such as ANN [Simon et al., 2020|, and probabilistic modeling methods, such as the
Gaussian process [Chakraborty et al., 2021} (Chakraborty and Adhikari, 2021, |Gardner et al..
2020|, could likewise be adopted to develop a surrogate model and implemented in a control
context [He et al., 2021b| |Gardner et al., 2020, Haber et al., 2020|. Alternatively, model order
reduction techniques can transfer highly detailed and complex simulation models to other
domain and life cycle phase, e.g., building efficient finite element model for dynamic structural
analysis through reducing the degree of freedom, while maintaining required accuracies and

predictability [Hartmann et al., 2018, [Podskarbi and Knezevic, 2020, |Zambrano et al., 2020].

Interim Summary

As the backbone of the manufacturing industry, research on machinery and equipment has a
protracted history, yet complex and varying working conditions with relatively sparse datasets
in practice frequently make it challenging to transfer research findings, commonly in the
form of elaborate analytical /empirical models, to real industrial environments. From a data
perspective, the networked production landscape provides an additional unique opportunity
to use each manufacturing system as a “test bench” in order to continuously enhance the
database and the amount of labeled training samples regarding these indirectly measurable
and non-measurable indicators. The improved availability of scarce datasets prospectively
extends the previous model boundaries and transferability through ML /DL in equipment fault
diagnosis and system behavior prediction, which remain as central concerns within the scope

of sustainable manufacturing (E-factor). High data rates empowered by 5G technology [Kehl

147



et al., 2020| similarly open up novel prospects for research on Al-driven DTs in the field of
PHM, e.g., for sensing high-frequency phenomena in high speed/performance cutting. Figure
illustrates the application of digital twin for CM and PdM in the networked, adaptive

production.

O\

Figure 6.4: An illustration of DT in manufacturing: CM in the networked, adaptive production.
© Fraunhofer IPT.
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6.2.4 Process and Material
General Developments

At this level, we are more concerned about the quality issues and mechanical properties of
manufactured parts. The quality of parts is normally determined in quality assurance after
the entire machining process by testing quality specifications, such as form and position
tolerances, as well as surface roughness. Regarding the optimization of the current quality
control loop and the associated costs, the digital process twin represents a core element in
modern manufacturing. For instance, the surface quality of parts can be estimated in parallel
to the process within a GPU-enabled (graphical processing unit) material removal simulation

with a subsequent virtual measurement, which significantly reduces the latency between

machining and the detection of defective parts [Konigs and Brecher, 2018| Brecher et al.!

2019b|. A sufficiently accurate virtual representation of the machining process |Brecher et al..
2017, Denkena et al., 2021, |Afrasiabi et al., 2020, |(Cao et al., 2020, Hénel et al., 2020] also
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enables cause-and-effect analysis and, therefore, robust process design and control [Tong et al.

2020, |Armendia et al., 2019} Brecher et al., 2019¢, |Ward et al., 2021} Heo and Yoo, 2021|

as well as the exploitation of potential process productivity [Brecher et al., 2019d]. Further

cases of production processes with knowledge-based approaches include welding [Soderberg

et al., 2018, [Papacharalampopoulos et al., 2020], injection molding |[Loaldi et al., 2020} Bibow

et al., 2020|, linear winding [Weigelt et al., 2019|, tape laying [Schulz et al., 2020|, metal

forming [Havinga et al., 2020, laser polishing |[Bordatchev et al., 2019], automated fiber

placement [Zambal et al., 2018|, sheet molding compound |Gorthofer et al., 2019], fused

filament fabrication [Moretti et al., 2021|, and metal additive manufacturing (AM) [Huang

et al., 2020, Reisch et al., 2020, Unal-Saewe et al., 2020, [Heo et al., 2021, Ertveldt et al.]

2020

AT Integration

While the refining scale of models allows deeper insights into the mechanism of manufacturing
processes, their modeling takes correspondingly more time. In addition to leveraging the
parallel computing power of GPUs for near real-time process simulation, it is common practice
in engineering to compensate online with the results of preprocessed offline simulations. ML
and DL methods can thus be trained as surrogate models in order to efficiently update time-
consuming numerical simulations at the process and material scale. These ML/DL-equipped
lightweight models could be used for faster production ramp-up as well as soft sensory for
inline-quality monitoring (FG-factor). They also deliver additional process understanding,
thus optimizing the space-time yield and accelerating process development
. Table presents a summary of cases of Al-driven digital process twins for major
manufacturing techniques involving metal cutting (SectionmA), metal AM and laser
material processing (Section B), and composite material processing (Section C).
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Table 6.3: Summary of Al-enabled DTs in smart manufacturing: process and material

level (Section [6.2.4)).

Subfield AI-Category Key Methods Application-Case Ref.
PIO, SVM Prediction of surface roughness Zhao et al., 2020
Ensemble methods, ANN  Modeling of the rheological behavior of drilling
Samnejad et al., 2020
fluids
Supervised
. Prediction of stress and fatigue damage (FE
Learning ANN Repalle et al., 2020
Metal surrogate) of flexible risers
Cutting . .
DNA-based computing, Prediction of surface roughness
Section [6.2.4] A Ghosh et al., 2020
(See 1on ) Markov chain
Reinforcement Optimization of decision-making based on per-
DDPG Zhou et al., 2021
Learning formance and machinability of parts
Computational Inverse determination of material model pa-
PSO Hardt
Intelligence rameters from cutting simulation
Prediction of the occurrence of defects in metal
SVM Gaikwad et al., 2020b,
AM (LPBF, LMD)
Metal AM CNN, LSTM, RNN Quality assurance in metal AM (LPBF) Gaikwad et al., 2020a)
and Laser Supervised
CART Prediction of additive manufacturability ‘Ko et al., 2019
Material Learning
Processing Model adaptivity and quality assessment of
HMM Stavropoulos et al., 2020|
(Section B) laser material removal processes
Unsupervised Anomaly detection and process optimization
k-means Stojanovic and Milenovic, 2019|
Learning of 3D laser cutting processes
Detection of dry points in the production of
CNN, transfer learning Stieber et al., 2020
carbon fiber reinforced plastics
Prediction of temperature distribution of ther-
Composite AdaBoost, XGBoost, RF ) ) Hiirkamp et al., 2020
moplastic composites
Material Supervised
. X FE surrogate for a composite textile draping
Processing Learning DNN Pfrommer et al., 2018
rocess
(Section C) P
Prediction of material properties of a composite
PML Ghanem et al., 2020
material system
Computational Identification of material parameters of a
ISRES Chen et al., 2021
Intelligence prepreg sheet
Supervised
Joining DNN, GA Prediction of distortion in welding Asadi et al., 2020
Learning
Supervised Prediction of the ingate velocity during sand
Forming ANN Ktari and El Mansori, 2020|
Learning mold filling

PIO: Pigeon-Inspired optimization; DDPG: Deep Deterministic Policy Gradient; PSO: Particle

Swarm Optimization; HMM: Hidden Markov Model; PML: Probabilistic Machine Learning;

ISRES: Improved Stochastic Ranking Evolution Strategy.



A. Metal Cutting For conventional metal cutting techniques, e.g., milling and drilling, the
part quality is primarily determined by sophisticated machine behavior and cutter-workpiece
engagement, which can become particularly intricate in multi-axis machining or for parts with
thin-walled structures. Zhao et al. constructed a self-learning surface roughness prediction
model based on pigeon-inspired optimization and SVM in order to stabilize the part quality
with a self-adaptation adjustment method [Zhao et al., 2020]. Approaches combining ANN
and semantic modeling for fatigue and quality prediction were discussed in [Samnejad et al.
2020, Repalle et al., 2020, Ghosh et al., 2020|. Following the philosophy of DfX (Design
for X), Zhou et al. utilized the DDPG (deep deterministic policy gradient) approach to
optimize decision making, according to the performance and machinability of parts, which
could shorten cycles and save costs in the product development [Zhou et al., 2021 (SG-factor).
At the material scale, evolutionary algorithms, such as PSO, were investigated by Hardt et
al. to inversely identify the material model parameters in finite element (FE) simulations of

orthogonal cutting processes [Hardt et al., 2021].

B. Metal AM and Laser Material Processing For advanced metal AM and laser
material processing techniques, e.g., laser powder bed fusion (LPBF) and laser melting
deposition (LMD), research efforts focus on the subtle impacts of thermal effects on materials,
such as the microstructure and parts’ distortion, during such non-contact processes. As
Gaikward et al. in |Gaikwad et al., 2020b| presented the temperature distribution of parts,
predicted based on a graph—theoretical computational heat transfer approach and subsequently
combined it with an SVM model in order to detect potential quality faults in printing processes.
Another attempt of grey box modeling for build quality in dependency of process parameters
and in situ sensor signatures was proposed in [Gaikwad et al., 2020a] by Gaikward et al.,
where the a priori knowledge of physical processes was incorporated into three sequentially
connected shallow ANNs and consequently achieved better performance in comparison with

purely data-driven methods (CNN, LSTM, RNN, among others). With respect to DfX and
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knowledge engineering, Ko et al. employed CART to predict additive manufacturability,
which was further fed back to a knowledge-query formulation phase in order to continuously
construct and broaden an AM knowledge base |[Ko et al., 2019] (EG-factor). In addition,
HMM and k-means demonstrated their applications for quality assessing and monitoring

in [Stavropoulos et al., 2020} Stojanovic and Milenovic, 2019).

C. Composite Material Processing For similarly novel but not yet matured composite
material processing techniques, e.g., lightweight production of fiber-reinforced polymers,
hybrid modeling of non-measurable process variables and process signatures refined therefrom,
are anticipated to provide more process understanding and transparency (EG-factor). Stieber
et al. proposed a CNN-based transfer learning approach to in situ monitor the polymerization
progress of resin transfer molding (RTM) [Stieber et al., 2020]. Hiirkamp et al. implemented
AdaBoost, XGBoost, and random forest as finite element surrogate models to predict temper-
ature distribution during the fabrication of overmolded thermoplastic composites [Hiirkamp
et al., 2020]. Similarly, DNN was applied by Pfrommer et al. as surrogate modeling to
optimize the manufacturing process parameters of a composite textile draping process [Pfrom{
mer et al., 2018|. A probabilistic ML approach with statistical inference was developed by
Ghanem et al. to efficiently update numeric simulations of a composite material system and
reveal multi-scaling relationships of mechanical properties and behaviors [Ghanem et al..
2020|. Kanyuck et al. introduced a methodology for identifying sheet material parameters
using the ISRES algorithm and implemented a thin-shell simulator for predicting the material
behavior, which enabled a defect-free layup of prepreg composite sheets in human-robot

collaborative cells [Chen et al., 2021| (ES-factor).

Interim Summary

Al-driven digital process twins are envisioned to learn and interpret implicit correlations

between manufacturing processes and material /process/environmental parameters from an
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aggregation of (heterogeneous) data with the objective of optimizing process development,
production ramp-up, and quality assurance cycle. From an engineering implementation
perspective, we have noted that despite the significance of algorithms and models, novel
sensor technologies [Brecher et al., 2019b, Denkena et al., 2017, Min et al., 2020, Pos-
tel et al., 2019, Mayes et al., 2019, |Schikel et al., 2018] and networked digital process
chains [Kwon et al., 2020, Ramnath et al., 2020, Liu et al., 2020b, [Bonnard et al., 2019] and
|Ganser et al., 2021| should not be neglected, as they are essential pillars for constructing
DTs and can considerably influence the effectiveness and efficiency of their development
and deployment in practice. Figure shows an example of a DT dynamically mapping
the manufacturing process of an aerospace part and the data sources involved from the
contextualized CAD-CAM-CNC-CAQ process chain. As yet, these immature manufacturing
techniques, such as 3D printing and lightweight production of metals and composites, are
still set up in a trial-and-error manner |[Zhang et al., 2020c|. Their maturation will not
only lead to innovative concepts (SG-factor) and resource savings (E-factor) in the design
and manufacturing phase, but also provides a pivotal basis for the sustainable operation,
maintenance, and reuse of the product downstream, thus reducing energy consumption and
carbon emissions across the product lifecycle. The resulting sustainability upgrades are,

therefore, all-encompassing.
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Figure 6.5: An illustration of DT in manufacturing: workpiece quality monitor |Brecher et al.

2017]. © WZL—RWTH Aachen.

6.2.5 Challenges and Outlook

Key practical challenges and future work are included as follows.

1. Vertical interoperability in the production context (basis/infrastructure): despite
various proposed concepts and cases, a standard framework for developing and deploying
multi-scale DTs combining with AI methods has not yet been established. A valid reference

framework covering separate manufacturing levels should be defined in the future. For this

purpose, interdisciplinary cooperation is indispensable [Dittrich et al., 2020].

2. Horizontal interoperability in the production context (basis/data): sufficiently high
data quality is a fundamental prerequisite for building Al-driven DTs. In the production
context, however, the usage of heterogeneous data sources from different software and
hardware across the product life cycle is associated with high costs. Through consistently
and comprehensively contextualizing and interconnecting of these data silos, the full potential
of DTs can be exploited in terms of further optimizing the agility, traceability, resiliency, and

transparency of current manufacturing. Interfaces for standard information exchange are,

therefore, imperative [Wagner et al., 2019].
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3. High-fidelity, lightweight models with uncertainty quantification (core): real manu-
facturing processes are characterized by numerous, partly stochastic variables with highly
complicated cause—effect relationships. In the course of increasing product variants driven by
the market, frequently changing technical boundary conditions bring more parameterization
efforts and potential uncertainties. Conventional, complex and non-real-time capable models
are, therefore, gradually reaching their limits in the industrial environment. In this sense,
data-driven approaches with the incorporation of prior knowledge promise to extend the
current model boundaries, thereby improving the industrial objectives in terms of productivity,

availability, and quality (F-factor).

4. Smart services and business models (application): novel digital platforms contribute
to long-range collaboration and innovation, ensembling isolated Al-equipped DT-solutions
from diverse levels, and thus offering new opportunities for manufacturers to deliver products
and solutions sustainably, e.g., through the X-as-a-Service (XaaS) model. Moreover, the
transparency distilled from the entire product value chain serves as an on-demand and
real-time capable analytical foundation for the holistic assessment of sustainable resilient
manufacturing in order to achieve a balance in the financial, environmental, social, and
governance dimensions. The concept of “sustainable productivity” based thereon is depicted
in Figure selected from the white paper by Boos [Boos, 2021|. Therein, the vision of
“Internet of Production” provides the infrastructure for harnessing data along the product
lifecycle [Schuh et al., 2017|, while the transparency generated from the (Al-powered) DTs
enables product design, manufacturing, and usage exclusively, according to actual demand-,

quantity-, and user-oriented requirements [Boos, 2021].
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Figure 6.6: An illustration of sustainable resilient manufacturing [Boos, 2021]. (©) WZL—
RWTH Aachen.

6.3 Advanced Robotics

6.3.1 Overview

Along with the widespread deployment of robotic systems in industry and daily life [Shen
et al., 2020|, having a digital twin of robots becomes more and more critical in prac-
tical scenarios, such as multi-robot coordination/collaboration as well as those that re-

quire safe human-robot interaction (HRI) and/or complex human-robot collaboration

(HRC) [Cichon and Rosmann, 2017, Pairet et al., 2019, Malik and Brem, 2020] which place

human safety as a high priority, thus helping to create a sustainable working environment
(SG-factor). Many have used traditional simulation/cloud framework to attempt robot DT

implementations, such as the ones shown in Figures [6.7] and Other examples could be

found in kinematics [KUTS et al., 2020], communication [Liang et al., 2020| Girletti et al.|

2020, control |[Kuts et al., 2019, Li et al., 2019, Xu et al., 2020|, planning |Larsen, 2019, and
industrial robot energy modeling |Yan et al., 2018, in use cases like welding [MPOC, 2020],

cleaning |[Burghardt et al., 2020], pick-and-place [Tipary and Erdés, 2021], assembly |[Hoebert;

et al., 2019, Koust et al., 2019, [Meng et al., 2019, Pérez et al., 2020|, manufacturing
et al., 2021al,
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[Fedotov et al., 2020, |[Filocamo, 2020|, maintenance [Franko et al.




2020|, and construction |Cai et al., 2020]. Some well-known robotics simulation tools are

Gazebo |Agiiero et al., 2015|, MuJoCo |Todorov et al., 2012|, and CoppeliaSim (aka V-

REP) |[Rohmer et al., 2013|. Recently, new concepts and cases utilizing artificial intelligence

towards semi- and fully autonomous robotic systems have been reported, e.g., transfer learn-

ing [Maschler et al., 2020] and imitation learning (also known as apprenticeship learning or

learning from demonstration) [Verner et al., 2017, [Liang et al., 2019]. While traditional DTs

have been developed for systems that we have a solid grasp of (in other words, model-based),
data-driven and Al-equipped DTs help with complex robotic systems for which building
high-fidelity dynamics models is not feasible (model-free). The latter has been applied in
more and more cases, even for biomimetic robotic system development (e.g., robotic fish
). Table summarizes Al-equipped DTs and categorizes them based on learning
algorithms used and subfields, such as control (detailed in Section , planning (detailed
in Section [6.3.3)), and HRI/HRC (detailed in Section [6.3.4)).

Figure 6.7: An illustration of DT in robotics: in a joint project MX3D, ABB, and Altair
demonstrated how a 3D-printed robot can be improved by using a digital twin process to
achieve more precise positioning. (C)Altair.
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Table 6.4: Summary of Al-enabled DTs in advanced robotics.

Subfield Al Category Key Methods Application-Case Ref.
Supervised and Unsuper-
SVM, PCA Object recognition of a smart gripper
vised Learning
Reinforcement learning Trial-and-error search Weightlifting robot control |chcr et al., 2018|
Understanding the added value of integrated
Control GD

Supervised Learning

(Section _

models for through-life engineering services

Vision-based Markovian chain

Automate fan-blade reconditioning for

Vrabi¢ et al., 2018

Oyekan et al., 2020

Computational aerospace maintenance, repair and overhaul
Intelligence Supporting rescuers on disaster-response mis-
QP Klamt et al., 2019
sions
Pick-and-place tasks for an industrial robotic
Proximal policy optimization |Matulis and Harvey, 2021|
arm
Control and trajectory planning of a planar 3-
Reinforcement DDPG DOF manipulator and 3D arms of a humanoid Liu et al., 2020a/
Planning
Learning robot
(Section |6
DQN Automate smart manufacturing systems |Xia et al., 2020

Proposed LSTM-MACG

Collision avoidance for a number of UAVs in a

confined airspace

Computational Intelligence

Ant colony optimization

Path planning of industrial robots

|Bansal et al., 2019
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Table 6.4: Cont.

Subfield AI Category Key Methods Application-Case Ref.
CNN Standing-posture recognition in HRC |Li et al., 2020a]
DL Mechatronics system |Cichon and Robmann, 2018
Supervised
ANN Enabling industrial robots to bypass obstacles |Dréder et al., 2018
Learning
HRI/HRC LSTM Visual question answering for HMC system |Wang et al., 2020c
(Section Supervised and Unsuper- HRI welding and welder behavior analysis
FFT-PCA-SVM [Wang et al., 2021
vised Learning (identifying the professional level)

COVID-19, improve efficiency in assembling
Reinforcement Learning DDPG |Lv et al., 2021
medical equipment

System health monitoring |Anton et al., 2020

Predictive Supervised DNN Maximizing the overall plant availability of
[ai - |Aivaliotis et al., 2021
Maintenance Learning PRSP .

modern manufacturing systems

‘Workspace Mod-
Supervised Learning Monte Carlo method Simulating the workspace of the mechanisms |He et al., 2020
eling

Estimation of lawn grass lengths for robotic
Others Supervised Learning RF |Zushida et al., 2020
lawn mower

PCA: Principal Component Analysis; GD: Gradient Descent; QP: Quadratic Programming;
MACG: MultiAgent Computational Guidance; FFT: Fast Fourier Transform; UAV: Unmanned
Aerial Vehicle.

6.3.2 Control

A key part of modern robotic control is feedback, which expects accurate information collected
from physical sensors installed on robots and in the external environment and to provide
commands for the next loop of execution. Sometimes, real time is required to enable safer
controllers on these robotic systems. Many efforts utilizing AI + DT have been attempted in
this subfield. Compared with traditional D'Ts; those equipped with Al and driven by data have
advantages of gaining better generalizability and higher adaptability in a varying environment,
and accomplishing nontrivial sensing/manipulation tasks. At the sensing stage, Jin et al.
reported a smart soft-robotic gripper system based on triboelectric nanogenerator sensors to
capture the continuous motion and tactile information for soft gripper control, where PCA

and SVM were used to realize real-time prediction [Jin et al., 2020]. Data- or Al-driven

159



approaches can also be found in other touch/haptic/force sensing for obtaining better system
understanding and task performance |[Kapusta et al., 2016, |Piacenza et al., 2020, [Santina
et al., 2020]. One level higher, at the controller stage, Verner et al. implemented online
reinforcement learning via a fabricated digital twin, to enable a humanoid robot to lift a weight
of unknown mass through autonomous trial-and-error search [Verner et al., 2018|. Similarly,
in |Grinshpun et al., 2016|, Grinshpun et al. reported the development and deployment of
control algorithms for soft robots, with particular reference to industrial peg-in-hole insertion
tasks. Vrabic et al. used DT and gradient descent to optimize controller parameters of a mobile
robot [Vrabi¢ et al., 2018|. More data/Al-driven examples in robot control include |[Reinhart
et al., 2017, Lyu and Cheah, 2020|. At the application level, one example is that Oyekan et
al. utilized vision-based Markovian chain to automate fan-blade reconditioning for aerospace
maintenance, repair and overhaul with a 6DOF robotic arm |Oyekan et al., 2020] ( E-factor).
Another example is that Klamt et al. built a DT for the famous CENTAURO robotic system

to support rescuers on disaster response missions |Klamt et al., 2019| (S-factor).

6.3.3 Planning

Once the low-level robotic control is in good shape, the high-level robotic planning, as
another critical part of realizing autonomous robotic systems, comes into play. Unlike the
low-level control subfield, which emphasizes the system response and robustness, high-level
planning focuses more on strategically finding a close-to-optimal solution among all feasible
options, under specific constraints. Compared with traditional search-based motion planning
algorithms, reinforcement learning has demonstrated huge potentials in bringing intelligence to
complex systems planning, e.g., a humanoid robot with high degrees of freedom (DOFs) |Frank
et al., 2014]. However, it is usually difficult to train reinforcement learning because obtaining
the data from the real physical system is both finance- and time-consuming. The curse of

dimensionality may also disable the system from learning something useful [Bengio et al., 2013].
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As a robotic system’s digital twin grows up and provides reliable data, the combination “DT

+ RL” seems to be a promising approach (SG-factor): in [Matulis and Harvey, 2021|, Matulis

et al. integrated digital twin and reinforcement learning for a 6DOF robotic manipulator

to plan pick-and-place motions; in [Liu et al., 2020a], Liu et al. proposed a multitasking-

oriented robot arm motion planning scheme based on deep reinforcement learning and twin

synchro-control; in [Xia et al., 2020|, Xia et al. proposed a DT to train deep reinforcement

learning agent for automating smart manufacturing systems; and in |[Zhao et al., 2021|, Zhao

et al. demonstrated collision avoidance for a number of UAVs in a confined airspace, using
LSTM-MACG. While RL has become popular in recent years, it is not the only Al strategy

that is integrated with DTs. For example, Bansal et al. developed an ant colony optimization

algorithm for industrial robot programming in a digital twin |[Bansal et al., 2019].
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Figure 6.8: An illustration of DT in robotics: Altair digital twin platform. (C)Altair.

6.3.4 HRI and HRC

Under the context of Industry 4.0, one of the very important benefits that DT could bring to

robot-involved scenarios is safer human-robot interaction and human-robot collaboration |Bil
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berg and Malik, 2019, Malik and Brem, 2021] (SG-factor). HRI and HRC scenarios are,
intuitively, more complex and challenging than robot-only applications, due to not only the
uncertainties in the environment and sensors, but also the randomness and diversity of human
behavior. One of the advantages of Al-equipped DTs over conventional ones is the ability to
better respond to these (sometimes implicit, such as |[Admoni and Scassellati, 2014]) variables
that are nontrivial to exhaustively model and analyze. For example, in [Wang et al., 2020d],
Wang et al. proposed a real-time process-level digital twin for collaborative human-robot
construction work. The proposed DT utilized immersive virtual reality (VR) and combined
the as-designed BIM model and the evolving as-built workspace geometry obtained from
on-site sensors, to provide the capability for both planning and improvising. Similarly, in |Li
et al., 2020a, Li et al. proposed DL-based human standing-posture recognition in HRC. Other
supervised learning applications, such as visual question answering for the HMC system,
are included in Table [Cichon and Robmann, 2018, Droder et al., 2018, Wang et al..
2020c]. A supervised /unsupervised learning example is [Wang et al., 2021|, where Wang et al.
used FFT-PCA-SVM-based DT for human-robot interactive welding and welder behavior
analysis. In |[Lv et al., 2021|, Lv et al. proposed a reinforcement learning-based DT for

improving medical equipment assembly efficiency during COVID-19.

6.3.5 Robot Maintenance and Other Applications

Robotic systems, like other machines with a physical entity, have downtime and need
maintenance as well (E-factor). Without explicitly mentioning the concept of DT, Khalastchi
et al. and Vallachira et al. reported applications of using data-driven methods in robot
anomaly /failure detection in [Khalastchi et al., 2015] and [Vallachira et al., 2020], respectively.
In [Anton et al., 2020], Anton et al. used deep learning equipped DT for global system
health monitoring as well as predictive, customized maintenance. Similarly, in [Aivaliotis

et al., 2021|, Aivaliotis et al. integrated degradation curves in the predictive maintenance of
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industrial robots. Some other applications, such as using the Monte Carlo learning method in
calculating the workspace of a serial robot manipulator |[He et al., 2020] and random forest

based estimation of lawn grass lengths for robotic lawn mower |Zushida et al., 2020], can be

found in Table [6.4

6.3.6 Challenges and Outlook

There are several key challenges in developing and implementing digital twins in the field of
robotics [Schluse and Rossmann, 2016, [Stehling et al., 2017|. First, the multibody physical
simulation is intrinsically difficult, due to the complex interaction properties at the interfaces
of robot-robot, robot—human, and robot—environment. In addition, since robot movement
can often be extremely fast (e.g., in an assembly line), real-time feedback from sensors is
critical to the digital twin’s effectiveness in making short-term decisions. Many researchers
in academia choose to use simulators, such as Gazebo (e.g., |Verner et al., 2019, Verner
et al., 2020|), as the simulation environment for developing robots, but even after years of
evolution, those robotic simulators still have many unsolved limitations and may require
high-performance computing (HPC) platforms. Second, inputs and disturbances from the
human user add another layer of uncertainty and unpredictability to the whole collaborative
system /workspace, and thus, compromise HRI/HRC safety. While standard-compliant (e.g.,
ISO 13482) safety measures must be facilitated on both physical and digital sides, having
virtual reality or augmented reality (AR) technologies involved is another thread to make the
human-robot interaction intuitive [Havard et al., 2019|. Riickert et al. also suggested the

consolidation of product life cycle information within human-robot collaborative assembly

tasks [Riickert et al., 2020].
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6.4 Discussion

DTs have shown remarkable potentials to contribute to industrial economic growth or F-
factor (i.e., the productivity, availability, and quality of manufacturing) while continuously
upgrading sustainable aspects, such as the E-factor (e.g., reduced carbon emission and
resource consumption through CM, PdM, 3D printing and lightweight production of metals
and polymers) and SG-factor (e.g., enhanced working conditions, collaboration and innovation
through HRI/HRC, XaaS model, and intelligent /soft sensing of novel production indicators)
as summarized in Table[6.5] In this range of cross-domain engineering cases, Al techniques
arm digital twins with tools to create models based on observed behavior and historical
data, which improves the efficiency of data analysis and increases prediction accuracy by

integrating data from a collection of disparate and incompatible sources.

Table 6.5: Summary of Al-enabled DTs in sustainable development and FESG
factors.

F-Factor E-Factor SG-Factor

Productivity Intelligent Sensing of Novel Indicators
Production Planning (Section A)

(Section [6.2.2) (Sections [6.2.2]16.2.3] and [6.2.4)

Production Control (Section [6.2.2(B)

Quality Control (Section [6.2.2(C)

Availability Innovative Robot Planning and Control
Condition Monitoring (Section [6.2.3|A)
(Section [6.2.3) (Sections and [6.3.3)

Predictive Maintenance (Section [6.2.3|B)

Dynamics and Control (Section [6.2.3|C) HRI/HRC (Section [6.3.4

Robot Maintenance (Section [6.3.5

Quality DfX (Sections [6.2.4|A and [6.2.4|B)
Metal Cutting (Section [6.2.4[A)
(Section [6.2.4)

Metal Additive Manufacturing (Section B) XaaS and Business Model (Section [6.2.2

Composite Material Processing (Section C)
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The AI techniques involved in digital twins can be roughly categorized into four classes:
supervised learning, unsupervised learning, reinforcement learning and other intelligent
computational methods. Supervised learning algorithms refer to machine learning methods
in which models are trained using labels. Typical supervised learning methods used in digital
twin include supper vector machine (SVM) |Gaikwad et al., 2020b|, |Zhao et al., 2020], decision
trees |Rojek et al., 2021, Min et al., 2019, |Singgih, 2021|, k-nearest neighbors [Yacob et al.,
2019], convolutional neural networks (CNN) [Alexopoulos et al., 2020, [Yiping et al., 2021],
|Gaikwad et al., 2020a], [Stieber et al., 2020|, |Li et al., 2020a| and recurrent neural networks
(RNN) |Gaikwad et al., 2020a]. In practice, data labeling can be an expensive task. Most
supervised learning algorithms require a large amount of labeled data at the training stage to
obtain a model with high prediction accuracy. In general, the more complex the architecture
is, the more data are needed to produce viable results. The results of supervised learning

algorithms also depend on the selection of feature vectors and the accuracy of labeling.

In unsupervised learning methods, there is no labeling of data required, and the model
is expected to infer patterns from the unlabeled input data. Clustering algorithms, such
as principle component analysis (PCA) |Jin et al., 2020, [Wang et al., 2021| and k-means
methods [Stojanovic and Milenovic, 2019| and generative models using generative adversarial
network (GAN) [Booyse et al., 2020, Zotov et al., 2020] and variational autoencoders
(VAE) |Booyse et al., 2020] all use unlabeled data at the training stage, thus falling into the
category of unsupervised learning. One of the challenges in applying unsupervised learning
methods is that the number of clusters is normally not known a priori. For clustering
algorithms, the clusters are determined by the metric used to measure similarity—FEuclidean,
cosine, Gaussian distance—of which the criteria are not clear for a given task. Reinforcement
learning algorithms are concerned with how intelligent agents ought to take actions in
an environment in order to maximize the notion of cumulative reward. Researchers have
applied reinforcement learning algorithms, including Q-learning |Jaensch et al., 2019a], deep

reinforcement learning |Cronrath et al., 2019, Waschneck et al., 2018, Xia et al., 2020|
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and deep deterministic policy gradient [Liu et al., 2020a;, Lv et al., 2021, Zhou et al., 2021|
to optimize the decision-making process of box sorting, conveyor systems and other DT
scenarios. The performance of a reinforcement learning system generally heavily depends
on the correctness of data logging and the choice of reward structures. Logging to incorrect
references might corrupt the information and lead the whole system to break down during
training.

From the above, the fidelity of Al-driven DTs depends largely on the model granularity, the
selection of which (core level) is, in turn, related to the environment complexity (application
level) and dataset quality (basis level). Based on the review of over 300 manuscripts, we
sketched a route for Al-integration in multiscale/fidelity DTs in the real-world case of
multiscale/fidelity data sources, as outlined in Figure . This multiscale nature is reflected
in both spatial and temporal terms. Vertically, the demand for real-time capability in
digital twins alters with different levels of the automation pyramid. While the higher-scale
planning and management typically require a longer response time to deal with changing
production environments, time-sensitive sensing and manipulation rely on the in-depth
insight of physical processes gained through refining scale modeling. Horizontally, datasets of
varying difficulty and fidelity are constructed from heterogeneous sources over the product
lifecycle. In the development phase, simulation tools and laboratory experiments separately
provide comparatively large amounts of data with a moderate degree of fidelity and limited
high-accuracy data under controlled conditions. As products are manufactured and utilized,
obtaining reliable labeled data, such as quality indicators and RUL, becomes increasingly
scarce and expensive. On this basis, Al methods can be developed and deployed in pipelines.
In general, supervised learning remains the most stable and extensively used approach
in digital twins. Reinforcement learning is often advantageous in scenarios with complex
environments and long response cycles, unsupervised and semi-supervised learning are quite
proactive in state detection and lifetime prediction, and traditional intelligence methods are

still commonly used and can be flexibly combined with other learning methods.
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Figure 6.9: An illustration of Al-integration in multiscale/fidelity DTs along the product
lifecycle.

6.5 Summary

Traditional profit-maximizing industrial technologies have transformed human society while
causing significant—and mostly irreversible—mnegative impacts on the environment and
climate. Sustainable development strategies are gaining attention, but still have a long way

to go, as all aspects within the FESG dimensions have to be balanced in real implementation.

According to a report from the WBA Tooling Academy Aachen [Boos et al., 2020], classic

evaluation for manufacturing companies with a focus on value added and equity ratio could
show a significantly worse outcome in the extended analysis that incorporates ESG criteria
in the balance sheet. For sustainable thinking and practices, which have been increasingly
deliberated and advocated worldwide, digitalization and Al are powerful enablers. Through
consistently linking, processing, and analyzing all available data across the entire value chain,

and connecting them to a digital twin or shadow, a holistic assessment of sustainability,
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namely, the consideration of ESG factors alongside profitability (F-factor), can be achieved
so that companies can develop and operate sustainably. For Industry 4.0, which is facing
new challenges from climate-neutral products and production, Al-driven DTs are expected
to provide the additional manufacturing transparency and understanding that enable a
demand-oriented and real-time capable analytical foundation, considering FESG factors along
the product lifecycle. The main contributions of this study are concluded as follows.

1. The general development and application cases with common AI methods in Al-driven
DTs of Industry 4.0 are concluded.

2. The advantages of Al-driven DTs in sustainable development are elaborated regarding
the FESG factors, which enable a quantitative assessment of sustainability.

3. Challenges and development prospects of Al-driven DTs in smart manufacturing and
advanced robotics are discussed with a respective focus on different levels.

4. A route for Al integration in multiscale/fidelity DTs with multiscale/fidelity data
sources along the product lifecycle is outlined.

In the past, typical production issues, such as predicting the behavior of machine tools
as single systems, were already well approximated by complex analytical and empirical
models; their application in industry environments, however, has often been handicapped,
due to both the lack of real-time capabilities and transferability in varying frameworks. Al
promises in this circumstance to extend the model boundaries of traditional model-based
approaches, particularly within changing boundary conditions. As regards the relatively
sparse and expensive datasets in engineering, incorporating prior knowledge can reduce the
dependence of pure data-driven approaches on the amount of historical data and improve
the predictivity and transferability of models. Moreover, statistically-based uncertainty
quantification similarly plays an essential role in building Al-driven DTs, as it allows to
assess the reliability of the modeled results and, thus, influences their acceptance and the
decision-making based thereon in real, high-risk engineering.

Meanwhile, we have noted that the development and deployment of Al-enabled algorithms
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and models, the core of the DT, are still constrained by the current infrastructure and that
constructing the latter requires interdisciplinary collaboration and integration of domain-
specific expertise (basis level). New breakthroughs in novel sensors and benefits from 5G
communications and OPC UA TSN are expected in the near future. In terms of the
application level, while smart service and new business models facilitate the paradigm shift for
manufacturers, a prerequisite is the willingness to share data and knowledge with partners to
a healthy extent. Standardized concepts for data ownership and data security must constitute
the basis for this. A further survey on the Al-driven DT technologies in the application
fields of renewable energy, smart city and mobility, and healthcare will be covered in future
work. By reorganizing and aggregating several highly relevant topics both horizontally and
vertically, we believe that a synergistic effect will emerge that can allow the work in this
study to contribute to more Al-driven, DT-related research and help various branches build

new developments in their respective sustainable and smart areas.
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