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ABSTRACT OF THE DISSERTATION

Hierarchical Variational Inference for Deep Generative Models
By
Sakshi Agarwal
Doctor of Philosophy in Computer Science
University of California, Irvine, 2025

Professor Erik Sudderth, Chair

Probabilistic generative models offer a principled way to represent and learn complex data
distributions. By defining a joint probability distribution over the data, these models enable
a wide array of inference queries, such as imputation of missing data given observations
of other data dimensions. State-of-the-art deep generative models, including Variational
Autoencoders (VAEs) and Denoising Diffusion Models, integrate deep learning methods to
better model complex data like images. Despite rapid advances in learning deep generative
models, accurate estimation of inference queries remains a significant challenge, and standard
methods perform poorly in many scenarios. VAEs typically employ learning-based amortized
inference, which results in an inflexible model that struggles to handle queries it has not been
trained on, and requires expensive retraining of the inference network for each new query
task. Diffusion models often require heuristics to apply sampling-based inference, leading to
slow convergence and highly inaccurate predictions for hard inference queries like large-mask

image inpainting.

In cases where data sensitivity is crucial, we often seek not only accurate predictions, but es-
timates of posterior uncertainty. To address these challenges, we propose leveraging classical
optimization-based variational inference that adapts to versatile queries, showcasing its effi-

cacy for two example inference queries: 1) estimating partition functions in discrete graphical

Xiv



models, and 2) imputing missing features with VAEs and diffusion models. Through both
theoretical analysis and empirical validation, we demonstrate that our approach significantly
enhances the accuracy of inference while capturing posterior uncertainty, making it suitable
for real-world user interactions. This thesis thus lays the foundation for further research
into scalable and accurate inference techniques, and facilitates the practical deployment of

probabilistic generative models in increasingly complex and high-dimensional domains.
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Chapter 1

Introduction

Probabilistic graphical models (PGMs) [66, 77| are the basis for modeling uncertainty in
many areas such as computer vision, speech processing, time-series and sequential data mod-
elling, bioinformatics, and artificial intelligence in general. Learning such graphical models
utilizes unlabeled data, incorporates domain knowledge into the model and employs unsuper-
vised training methods. The framework of graphical models further enables diverse inference
queries where computing conditional probability distributions is of interest. For instance,
imputation queries (or, inpainting in the image domain) observe arbitrary subsets of fea-
tures and require the prediction of the values of missing features. While exact inference is
intractable for many models, sampling approaches like Markov Chain Monte Carlo (MCMC)
approximate the conditionals by randomly drawing samples from them. On the other hand,
variational methods [120] approximate the distribution of interest by optimizing a simpler,
tractable distribution to closely resemble the true conditional, often using gradient descent-
like algorithms. Previous work has shown inference queries on graphical models could be
effectively approximated through variational methods, whereas exact or sampling-based in-
ference is often computationally infeasible |51, 48, 37, 45, 124]. In this chapter, we first do

a quick review of the basics of probabilistic graphical models and a special class of latent



variable models along with their inference queries of interest. This is followed by the funda-
mental ideas behind variational inference and some widely known Deep Generative models
like VAEs and Diffusion Models. Then we discuss some challenges around inference meth-
ods to compute queries of interest and introduce our contributions that empower variational

algorithms for a wide range of inference queries.

1.1 Background

1.1.1 Probabilistic Graphical Models

A probabilistic graphical model [92, 23, 26, 25| can be defined by a 3-tuple M = (X, D, F),
where X = {X; i€ V,V ={1,...,n}} is a set of n variables indexed by V, and D = {D; :
i € V'} is the set of domains for each X; (i.e. each X; can only assume values in D;, and each
D; can be finite for discrete variables or infinite for continuous variables). Each function
fo € F is defined over a subset of the variables called its scope, X,, where a C V are the

indices of variables in its scope, and D, denotes the Cartesian product of their domains so

that f, : Do — R> 0.

The primal graph of a graphical model associates each variable with a node. An edge
between node ¢ and node j is created if and only if there is a function containing X; and X
in its scope. Figure 2.1a shows a primal graph of a graphical model with variables indexed
from A to G and functions over pairs of variables are connected by an edge. Graphical
models can be used to represent a global function, often a probability distribution, defined
by P(X) o ], fo(Xa). An important task is to compute the normalization constant, also
known as the partition function Z = > [[,, fa(Xa) or compute conditionals P(X|Y) over

some evidence variable (Y') and other variables must be inferred.



Figure 1.1: A primal graph of a graphical model with 7 variables.

1.1.2 Latent Variable Models

Latent variable models [8, 11, 12] are probabilistic models where unobserved (latent) variables
z explain the dependencies between observed data x. Take p(z, z) = p(2)p(z|z) as an example
shown in Fig 1.2. p(z) describes the prior knowledge about the distribution of values that z
may take, and p(z|z) is the likelihood function. Learning these models captures underlying

structures or factors that influence the data, making them useful for generative modeling.

Recent advancements also leverage deep neural networks to model complex relationships
between the unobserved z and observed x variables. For instance, Variational Autoencoders
(VAEs, [97, 60]), use a neural network to approximate the likelihood p(z | z) and the
posterior p(z | z) using a set of parameters 6, ¢ respectively. Other notable models, like
Diffusion Models [44, 53, 62|, have also emerged, creating hierarchical dependencies among
the latent codes z and further increasing model expressiveness for complex data like images.
Hence, these models play a particularly useful role as priors for image data and can be
further used to compute the distribution over all possible images x, conditioned on a partial
observation y, i.e. P(z | y). Since exact computation is intractable due to the non-linear
nature of neural networks, approximations are widely used. As we explore in Chapters 3
and 4, a central challenge in current inference methods is the accurate approximation of the

latent variable z based on the observation y, i.e. P(z | y).



Figure 1.2: An example of latent variable model, also adapted by a simple VAE [97]. The
shaded nodes is observed.

1.1.3 Variational Inference

Given fully-observed data x, we are often interested in the posterior probability p(z|z), which
describes how the latent patterns of the model explain the data observations. According to

Bayes’ rule, we have:

p(z,x) _ p(z ) (1.1)

PE ) =y T T, 2)de

While the numerator p(z,x) is easy to evaluate given the generative process, the data
marginal p(x) in the denominator, also known as the evidence, is often intractable to com-
pute. Mean-field variational inference (VI) [120] seeks to find a variational distribution g(z)

that minimizes the Kullback-Leibler (KL) divergence to the true posterior

Drr(q(2)llp(z]z)) = Eq(2)

1ogﬂ] _ / [loga() ~logp(z | »)]a(z)d=. (12)

p(z | @)

Because the KL divergence is always non-negative, minimizing Equation 1.2 is equivalent to

maximizing the evidence lower bound (ELBO, [51])

L(q(2)) = &g [log p(z, x) —log q(2)] (1.3)

= logp(z) = Dir(q(2)|lp(z | 2)) < logp(z),



in which equality is achieved if and only if ¢(z) is identical to the true posterior p(z|z) (exact
inference). To make variational inference useful in practice, one typically restricts ¢(z) to
a family of simpler distributions @, and looks for the best approximation within it. The
simplest and most common choice is the naive mean field, where ¢(z) is fully factorized
across each hidden variable. In this thesis, we also consider a more structured mean field,
which tightens the evidence lower bound by enabling more complex hierarchical variational

dependencies.

1.2 Deep Latent Variable Models for Images

In this section, we provide background on two deep latent variable models: VAEs and
Diffusion Models. Both are widely adopted for generating realistic images. Test-time image

inpainting with these models will be explored in the chapters 3 and 4 respectively.

1.2.1 VAEs

VAEs [64, 97] model the distribution of typically high-dimensional observed data z using

continuous, lower-dimensional latent variables z, via the following generative model:

z ~p(z), x ~py(x | 2). (1.4)

For standard VAEs, the latent code z € R? has a factorized Gaussian prior p(z). Given z,
data is generated via a decoder (deep) neural network with weights 6. The decoder maps
z to a likelihood py(z|z) such as a factorized Gaussian. The VAE log-likelihood log py(z) =
log [ pe(x|2)p(z) dz is intractable. Learning thus typically employs amortized VI, where an

encoder with parameters ¢ approximates the posterior over latent codes gy(z|x) =~ po(z|x).



Generative Inference
model model

Figure 1.3: Graphical model for generative and inference procedure in a hierarchical VAE.

We jointly learn 6, ¢ by maximizing the evidence lower-bound (ELBO):

L(0,¢;7) = Egy el [log po(]2)] = Dicrgs(2[2)[p(2)). (1.5)

Here, Dy, is the Kullback-Leibler divergence, calculated analytically when g4 (z|z) and p(z)
are both Gaussian. The ELBO provides a lower bound on the evidence log py(z) that is tight
when the variational posterior g4(z|z) is exact. This expectation can be approximated via
Monte Carlo samples from g4(z|x). Gradients with respect to 6, ¢ can then be estimated
by the reparameterization “trick” of sampling from g4(z|x) via linear transforms of standard

normal variables.

1.2.2 Hierarchical VAEs

Hierarchical VAEs (HVAEs, [107, 65]) extend the VAE by partitioning the latent code into

L disjoint groups z = (z1, 23, ..., 21, ), increasing model expressiveness for complex data like



images [117, 16]. HVAEs generate these stochastic codes sequentially as

L
po(@l2) = po(z1) (] [ po(zelz<e) o] 21). (1.6)
(=2
with a similar encoder:
L
go(2l7) = qs(z1|2) [ | go(zel2<e, ). (1.7)
=2

A graphical model representation is shown in Fig. 1.3. Each conditional in the decoder
po(ze|2<e), and the encoder gy(z¢|z<s, z), is typically Gaussian with mean and variance de-

termined by (non-linear) neural networks.

The HVAE ELBO equals

Ly (0, ¢;7) = Egy 1wy [log po(x|2)] — (g4(21]7)|[pe(21))
=

By el (4o (2l 220, ) [Po (2] 2<0))], - (1.8)

where qy(2<¢|z) = Hf;i q(zi|z<i, x) is the approximate posterior up to latent group (¢ — 1).
Reparameterization is then used to provide Monte Carlo gradient estimates. We can rewrite
the conditional prior and approximate posterior for layer ¢ to make the set of relevant

networks explicit:

po(zelz<e) = N (20| p1o,(2<0), 00,(2<0)), (1.9)

Qo (2elz<e, ) = N (2e| pg, (f5,(2), gy (2<0)), 04, (--2))-

Here, f4, and g4, are networks that extract feature representations of the observation x and
the previous layers z.y, respectively. These features determine the mean and scale of the

conditional Gaussian posterior via ji4,, 04,. Networks jg,, og, similarly generate the prior



parameters for layer /.

1.2.3 Diffusion Models

The second class of models we consider is Diffusion Models [44, 112, 89, 110|. Different from
an encoder-decoder architecture, they employ a sequential denoising technique to generate
data. The diffusion process begins with clean data x, and defines a sequence of increasingly
noisy versions of x, which we call the latent variables z;, where ¢ runs from ¢ = 0 (low noise)
to t =T (substantial noise). The distribution of latent variable z; conditioned on x, for any

integer time ¢ € [0, 7], is

q(z | ©) = N(2 | w, o7 1), (1.10)

where «; and o, are strictly positive scalar functions of ¢. This noise implicitly defines a
Markov chain for which the conditionals q(z; | z-1), q(z—1 | 2z, ) are Gaussians. The
signal-to-noise ratio [62] induced by this diffusion process at time ¢ equals SNR(t) = a?/o?.
The SNR monotonically decreases with time, so that SNR(t) < SNR(s) for ¢ > s. This
DM specification includes variance-preserving diffusions [44, 106] as a special case, where

a; = /1 — 0. Another special case, variance-exploding diffusions [110, 112], takes a; = 1.

The generative model reverses the diffusion process outlined in Eq. (4.1), resulting in a
hierarchical generative model that samples a sequence of latent variables z; before sampling
x. A graphical representation is given in Fig. 1.4. Generation progresses backward in time
from ¢t =T to t = 0 via a finite temporal discretization into T = 1000 steps, either uniformly
spaced as in discrete diffusion models [44], or via a possibly non-uniform discretization 53]
of an underlying continuous-time stochastic differential equation [112|. Denoting ¢ — 1 as the

timestep preceding ¢, for 0 < ¢ < 7', the hierarchical generative model for data x is expressed
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Figure 1.4: Graphical model for the generative and inference process in Diffusion Models.

as follows:

pola) = [ pleriple | 20) [[ oot | 2) (1.11)

t=1

The marginal distribution of z7 is typically a spherical Gaussian p(zr) = N (27 | 0,0%1).
Pixel-based diffusion models take p(x | zp) to be a simple factorized likelihood for each pixel
in x, while LDMs define p(z | zp) using a decoder neural network. The conditional latent
distribution py(z;—1 | 2;) maintains the same form as the forward conditional distribution
q(zi-1 | z,x), but with the original data x substituted by the output of a parameterized
denoising model, z; as

Rzt — Utée(Z'm t)

po(zi-1 | 2t) = q(zi-1 | 20,20 = Z9(21, 1)), where Zg(z,t) = (1.12)
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This denoising model €y(z,t) typically uses variants of the UNet architecture [100] and is
trained to optimize a re-weighted variational lower bound of the marginal likelihood of data
x, simplified as [44, 112],

T

Lo,r)(20) = S Beno1) t~u) {HE — ég(2, t)l\%} , (1.13)

where the expectation is taken over t, z; ~ q(z/|x), and  ~ pgata(z). Latent Diffusion
Models |98, 118| use an encoder g4(zp|z) to map z to a lower-dimensional space and train a

diffusion model in this reduced encoding space for efficiency.

1.3 QOutline of Contributions

Generative models aim to learn the underlying complex distribution of data. Further, deep
latent variable models introduce an additional set of latent variables that capture extra
information about the data, making the conditioned distribution simpler and easier to model.
By learning such a probability distribution, practitioners can uncover hidden structures in
the data correctly and build inference methods that address queries of interest. We explore
a plethora of these inference strategies used across generative models, specifically, discrete
graphical models, VAEs, and diffusion models, in their respective chapters. This thesis
proposes variational inference approaches to perform accurate predictions across a wide-
ranged inference queries. We also discuss the time-accuracy trade-offs across these inference

schemes.

Chapter 2! considers the case where a fixed discrete graphical model encodes specific domain

knowledge (for instance, genetic law of inheritance of a group of individuals). Querying the

!Contents of this chapter are mainly based on our work “NeuroBE: Escalating Neural Network Approxi-
mations of Bucket Elimination” published in UAI 2022. Authors are Sakshi Agarwal, Kalev Kask, Alex Thler
and Rina Dechter.
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probability of occurence of any event (like, observing a specific gene A in person X) involves
computing the partition function. Exact message-passing algorithms such as Bucket Elimi-
nation (BE, [24]) require exponential memory to compute the partition function; therefore,
approximations are necessary. In this chapter, we build upon a recently introduced method-
ology called Deep Bucket Elimination (DBE, [95]) that uses classical Neural Networks to
approximate the distributions over large messages generated by BE that cannot be stored
in memory. These neural networks are trained to approximate these messages sequentially
during inference. Training each network employs supervised methods and the main feature
of our new scheme, renamed NeuroBE, is that it customizes the architecture of the neural
networks, their learning process and in particular, adapts the loss function to the internal
form or distribution of messages, disputing the one-size-fits-all policy during learning. Our
experiments demonstrate significant improvements in accuracy and time compared with the

earlier DBE scheme.

Chapter 3? focuses on image inpainting with pre-trained (hierarchical) variational autoen-
coders (VAEs) [64, 97|. These models infer latent representations via amortized inference
algorithms, which require that all data dimensions are observed. Thus, VAEs inherently
lack a key strength of probabilistic graphical models: the ability to infer posteriors for test
queries with arbitrary structure. Many prior methods then create datasets to extensively
fine-tune inference networks |20, 113, 40, 47|, thus making imputation with VAEs very costly
and ineffective. Moreover, the need to create a train set for fine-tuning can be expensive,

and the resulting model is often biased towards mask-specific training.

Fine-tuning amortized inference networks incurs both an amortization and approximation
gaps well-known in the literature [22]. We aim to reduce these inference gaps by defining
the variational posterior for each inference query in the latent space, completely eliminating

the use of pre-trained amortized inference network. We further enable optimizing expressive

2Contents of this chapter are mainly based on our work “A Decoder Suffices for Query-Adaptive Variational
Inference” published in UAI 2023. Authors are Sakshi Agarwal, Gabe Hope, Ali Younis and Erik Sudderth.
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posteriors including Gaussian mixtures and density flows [61, 96|, in order to capture the
uncertainty in the posterior over the missing pixels, thus capturing multiple plausible recon-
structions in the observed image. We fit such posteriors using the Evidence Lower Bound
(ELBO) on the masked observation. On standard image and tabular datasets, our approach
substantially outperforms prior methods in the plausibility and diversity of imputations.
Moreover, our non-amortized QAVT algorithms achieve excellent performance while avoiding
expensive model retraining across a wide-ranged masking distribution. We also show that
QAVT effectively generalizes to recent hierarchical VAE models [107] for high-dimensional
images, and enables fitting a hierarchical posterior jointly over all the latent variables in the

model optimizing the ELBO on the observation.

Chapter 43 focuses on Diffusion Models [44, 53|, a fairly new generative model for images.
As mentioned briefly in the previous section, Denoising Diffusion Models learn to remove
noise added during training, generating novel data (e.g., images) from Gaussian noise through
sequential denoising. However, it is not straightforward to condition the generative process
on corrupted or masked images. While various sampling based methods {112, 7, 76, 17, 137]
have been proposed for inpainting images with various ways to incorporate information from
the observation during the reverse diffusion process, they often fail to produce samples from
the true conditional distribution, especially for large masked regions. These methods also
suffer from slow convergence and highly inconsistent reconstructions. Additionally, many
cannot be applied to latent diffusion models [99] which have been demonstrated to generate

high-quality images, while offering efficiency in model training.

Different from sampling-based methods, [78] approximates the true complex posterior over
image completions using a simple Gaussian variational posterior in the pixel-space. Devel-

oped only for pixel-based diffusion models, the Gaussian posterior directly optimizes for a

3Contents of this chapter are mainly based on our work “VIPaint: Image Inpainting with Pre-Trained
Diffusion Models via Variational Inference” currently under review. Authors are Sakshi Agarwal, Gabe Hope,
and Erik Sudderth.
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single inapinting, inherently incapable of capturing uncertainty in . Because they optimize
the variational distribution in the pixel-space, the optimization suffers from instabilities due
to the denoising function’s lack of smoothness at low-noise levels [128]. The authors resort to
approximations to the true objective and eventually, does not optimize the true variational

bound.

Instead, we propose VIPaint, a non-Gaussian hierarchical Markov variational approximation
of the true diffusion posterior that defines conditional Gaussian distributions over latent vari-
ables across handpicked time points in between [0,7]. We further derive a simple evidence
lower bound to optimize its parameters and observe no optimization instabilities. Fitting
such a posterior leads to an interpretable latent space, where samples at higher-noise levels
are globally consistent while samples at lower-noise levels, ¢ closer to 0, are locally consis-
tent with the observed image. Moreover, samples from this latent variational posterior is
able to capture uncertainty in the masked regions. Through extensive experimentation, we
demonstrate that our VIPaint framework better models posterior uncertainty, enables stable
optimization of an unbiased variational bound, and can be applied to both pixel-based and
latent DMs. Further, our VIPaint method is easily extended to other inverse problems like

deblurring and superresolution.

Chapter 5 concludes the dissertation. We summarize the entire work, highlight key contri-

butions, and point out potential future research directions.
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Chapter 2

Computing Partition Function for

Discrete Generative Models

A major limiting factor in graphical model inference is the complexity of computing the
partition function. Exact message-passing algorithms such as Bucket Elimination (BE) [24]
require exponential memory to compute the partition function; therefore, approximations
are necessary. In this chapter, we build upon a recently introduced methodology called Deep
Bucket Elimination (DBE) [95] that uses classical Neural Networks to approximate messages
generated by BFE for large buckets. The main feature of our new scheme, renamed NeuroBFE,
is that it customizes the architecture of the neural networks, their learning process and in
particular, adapts the loss function to the internal form or distribution of messages. Our
experiments demonstrate significant improvements in accuracy and time compared with the

earlier DBE scheme. This chapter was previously published as [5].
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2.1 Introduction

Two of the critical goals of probabilistic modeling are the compact representation of proba-
bility distributions and the efficient computation of their marginals and modes. Probabilistic
graphical models, such as Markov networks (92, 23, 26| provide a framework to represent
distributions compactly as normalized products or factors : P(X) = % [], fa(Xa), where
X is a set of variables, each potential f, is a function over a subset X, of the variables (its
scope) and Z =Y [, fa(Xa) is the partition function. Computing the partition function
is exponential in the induced width of the model’s graph even for distributions that admit a

compact representation.

The partition function Z is defined by two types of operations: sums and products. It can be
evaluated efficiently if )y [], fo(Xa) can be reorganized using the distributive law along a
variable ordering [25]. This organization can be described using buckets as data structures,
one for each variable in the ordering. When a bucket is processed, its associated variable
is removed, creating a bucket output function, also called a message, that is passed to a
subsequent bucket. The time and space complexity of computing this function is exponential
in its number of arguments, called scope or the bucket’s width. Overall, Bucket Elimination
(BE) [24] is time and memory exponential in the induced-width of the model’s graph along

the ordering.

Providing good approximations to BE is important not only because it generates an answer
to a query, but primarily because it compiles a structure and a set of messages that can
be used to answer multiple queries (e.g., the probability of evidence for various evidence
variables [23]). Also, the messages can be used as building blocks for generating heuristics
for search to further improve performance. We therefore consider and evaluate NeuroBE in

the context of approximate BE, generating approximation to its messages.

Schemes that approximate BE include (weighted) mini-bucket (WMB) [27, 73] and general-
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ized belief propagation schemes [129, 80]. A recently introduced scheme, Deep Bucket Elim-
ination (DBE) |95] approximates each bucket function with a neural network (NN). While
this approach is inherently time consuming, requiring the independent training of many NNs
to solve the partition function of a single problem, it has yielded more accurate approxima-
tions on several benchmarks when compared against competing schemes. Both WMB and
DBE are restricted by memory. Yet the memory demanded by WMB (notwithstanding re-
cent work [35]) increases exponentially with its i-bound not accommodating refined steps of
memory increase. In contrast, NN architectures can grow more gradually and may facilitate

a more flexible memory-accuracy balance.

Contributions. We present NeuroBE, a re-design of DBE, that addresses the shortcomings
of its one size fits all policy by customizing the NN construction and training sample size
to each bucket separately, in proportion to its message size. We also introduce a new loss
function that is sensitive to a bucket’s message distribution, also called local structure. We
also provide an analysis relating the local errors to an upper bound on the global error.
In an extensive empirical evaluation we show that NeuroBE outperforms DBE across all
benchmarks using far less resources, such as training samples and NN size, while yielding
higher accuracy with less time. We provided the source code to reproduce the results of this

work at https://github.com/dechterlab/NeuroBE.

This chapter is organized as follows. We first provide a background to BE , WMB and DBE;
then we present NeuroBE; followed by error analysis; lastly, we demonstrate the efficiency

of NeuroBFE empirically.

Related work. As noted, approximating and bounding Bucket Elimination has been car-
ried out extensively over the years for all probabilistic queries. Well known is the Mini- Bucket

Elimination scheme 27| and its variants, such as Weighted Mini-Bucket Elimination (WMB),
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augmented with message-passing cost-shifting [74].

Neural network approximation to BE was introduced in [95]. The idea is closest in spirit to
the Neuro-Dynamic Programming scheme as outlined in [10] where the cost-to-go functions
(similar to messages) generated by dynamic programming can be approximated by NNs.
This technique is also highly related to Deep Reinforcement Learning (DRL) [85] where, in
the absence of a model, the value function is approximated by NNs learned from temporal

trajectories.

Recently, Graph Neural Networks (GNNs) [104] are used to learn messages following the
message-passing reasoning methods in graphical models [1, 131, 41|. However, [131, 41] is
restricted to small instances (i.e., ~40 variables) and [1] tackles problems with a known
polynomial-time approximation. GNN based methods derive a supervised end-to-end learn-
ing algorithm, generalizing across different problem instances. In contrast, we consider a

different class of algorithms, where we confine learning to within a problem instance only.

2.2 Background

A graphical model can be defined by a 3-tuple M = (X, D, F), where X ={X;:i € V|V =
{1,...,n}} is a set of n variables indexed by V, and D = {D; : i € V'} is the set of finite
domains for each X; (i.e. each X; can only assume values in D;, and each Dj; is finite).
Each function f, € F is defined over a subset of the variables called its scope, X, where

a C V are the indices of variables in its scope, and D, denotes the Cartesian product of

their domains so that f, : D, — R> 0.

The primal graph of a graphical model associates each variable with a node. An edge
between node ¢ and node j is created if and only if there is a function containing X; and X;

in its scope. Figure 2.1a shows a primal graph of a graphical model with variables indexed
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Figure 2.1: (a) A primal graph of a GM with 7 variables. (b) Illustration of BE with an
ordering ABCED F G.

from A to G and functions over pairs of variables are connected by an edge. Graphical
models can be used to represent a global function, often a probability distribution, defined
by Pr(X) o [[, fo(Xa). An important task is to compute the normalizing constant, also

known as the partition function Z =) [], fa(Xa).

2.2.1 Bucket Elimination

Bucket Elimination (BE) |24] is a universal exact algorithm for probabilistic inference. Tt
is a variable elimination algorithm that can answer a wide-range of queries, including the
partition function ranging from constraint satisfaction, to pure combinatorial optimization
(e.g., Most Probable Explanation (MPE/MAP)), and weighted counting (Partition Function,

Probability of Evidence).

Given a variable ordering d, BE (presented in Algorithm 1, omitting steps 9-12) creates a
bucket tree where each node is a bucket representing a variable in the ordering d. Figure 2.1b
shows a bucket tree for the primal graph in Figure 2.1a along an ordering. Each bucket in
this tree contains a set of the model’s functions depending on the given order of processing.

For example, Bucket G in Figure 2.1b has functions {f(A, G), f(F,G)}, an exhaustive set
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of model’s functions with variable G in its scope. There is an arc from a bucket, say B.,
to a parent bucket, B, if X, is the latest variable in bucket B.’s message scope along the
ordering (constants are placed in Bj). In the same example, there is an arc from Bucket G

to Bucket F.

BFE performs inference along the bucket tree as a l-iteration message-passing algorithm
(bottom-up). It processes each bucket from leaves to the root passing messages from child
(¢) to parent (p). For a child variable X., BE encompasses all the functions in bucket B,.
This includes the original functions in the graphical model as well as the messages received
by processing previous variables. It then marginalizes X, out from the product of functions

in B, generating a new, so called, bucket function or message, denoted A._,,, or A, for short:

=11 # (2.1)

Xce fa€Bc

The A. function is placed in B,, the bucket of X,. Once all the variables are processed, BE
outputs all the messages and the exact value of Z by taking the product of all the constants
present in the bucket of the first variable. We illustrate BE message flow in our example

problem in Figure 2.1b.

Complexity. Both the time and space complexity of BE are exponential in the induced
width, which is the size of the largest number of variables in the scope of any message over

all buckets [26]. Clearly, BE becomes impractical if the induced width is large.
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2.2.2 Weighted Mini-Bucket

Given a variable ordering d, Weighted Mini-Bucket (WMB) |27, 74] approximates BE by
partitioning each bucket B, with high width into several disjoint “mini-buckets” B’ to ensure
that individual BJ has low (< i—bound) width. The method also assigns a weight p,; to
each mini-bucket BJ. WMB then eliminates the bucket’s variable X in the j* mini-bucket

B’ using the power sum following Holder’s inequality |74]:

1

Mg: ( Z H fafT’ )pcj’
X faeBl

and p7, is passed to a parent bucket B,. For example, using an i-bound = 2 in Figure 2.1b,
WMB approximates the exact message Ap_,c(A, B, C), passed from bucket D to bucket
C, by three messages corresponding to partitioning bucket Bp into three mini-buckets each
with a single function f(A, D), f(B, D), f(C, D). Based on Holder’s inequality [74], the exact
message is bounded by the product of the mini-bucket messages when the weights p.;’s are
non-negative and sum to one. Thus, for any i-bound WMB generates an upper bound of

the partition function.

Generally, time and accuracy in WMB increases with the i-bound. Yet, due to memory
constraints it can run with a maximum ¢-bound of about 20 and therefore, the generated
bounds can be extremely loose when a problem’s induced-width is high. Interestingly, when

it is run, WMB terminates quickly, taking a few seconds and up to a minute.

2.2.3 Deep Bucket Elimination

Given a variable ordering d, Deep Bucket Elimination (DBE) approximates each message
generated in the bucket tree whenever the scope (S) of a message is high (> i-bound)

using a neural network (NN). Following the previous example of i-bound = 2 in Figure
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2.1b, rather than sending the exact message from bucket D to bucket C'; DBE sends a NN
to.p—sc (A, B,C) parameterized by 6 that approximates the exact message Ap_c(A4, B,C),

as we elaborate next.

We use p;_,, to denote the local exact message computed using all functions in bucket c,
regardless of the local functions being exact or approximate (as defined by the right side
of Eq. (2.1)). However, if we execute exact BE, in which case the bucket contains exact
messages only, we denote the output message as A\._,, and refer to it as the global exact

message.

Let B be a bucket with width w > i-bound and p*(S) be its local exact message having
scope S whose size is the bucket’s width, w. DBE constructs a fully-connected feed-forward
NN having w nodes in the input layer, followed by L hidden layers each having h hidden
nodes with ReLU activation function. The output layer contains one node with a real-valued
output. Subsequently, DBE generates a training set {(s,, u*(s,))} of size N, where s,, is the

th configuration of S , sampled uniformly at random and where p*(s,) is the local exact

n
message value defined in Eq. (2.1). The NN function py(S) approximating p*(S) is trained

to minimize the mean square error loss :

Once training is complete, DBFE passes the trained NN, py to its parent bucket.

While DBE showed superior quality of solutions compared with WMB, its time performance
was quite inferior. In particular, training each bucket message used the same fixed architec-
ture and the same sample size (quite large), needlessly resulting in a high total time. This
work is devoted to a redesign of the algorithm, aiming to improve both time and accuracy,

as we elaborate in the following section.
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2.3 NeuroBE

Algorithm NeuroBE advances DBE, and is described in this section, focused on the par-
tition function task. However, extensions to other queries is straightforward, and requires
altering only the message definition in Eq. (2.1) to fit the corresponding task (e.g., replacing

summation by maximization in Eq. (2.1) for the MAP query.)

We rename DBE to NeuroBE since we use mostly shallow neural networks (up to 2 layers).
Algorithm 1 describes NeuroBE. The algorithm first creates a bucket tree along a given
ordering (line 2). It then processes buckets one by one along the ordering from last to first.
If the current processed bucket has width w < i-bound, then the message, p7_,, is computed
exactly (line 7). Otherwise, the bucket’s message is approximated by a neural net (line 9).
The message is placed in the appropriate parent bucket in the bucket tree. Finally, line 13
calculates the partition function using the functions in bucket B;. Note that if a bucket
contains a NN function, then computing p* (line 7 or 9) requires evaluating the trained NN

(see Algorithm 3, line 4).

The difference between NeuroBE and DBFE is solely in the individual message approximation
scheme, NN-train. In contrast to DBE, NeuroBE dynamically customizes the NN architec-
ture and training set size to the bucket’s message complexity, and it modifies the loss function

to depend on the message distribution. These modifications are described in the sequel.

NN Architecture selection. Clearly, the NN size should depend on both the approx-
imated function’s complexity and, especially, its dimensionality. Since a bucket message’s
scope size is the induced-width, w, we make the number of hidden units, h, a function of
w while keeping the number of layers, L, constant. Specifically, we use a simple function
h =b-w, where b > 1 to fit the NN’s architecture to the message size. Figure 2.2 is an

example NN model architecture with an input layer of size w and 2 hidden layers with di-
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Algorithm 1 NeuroBE

Input: Graphical model M = (X, D, F), Ordering d = Xy, ..., X,,
Parameters: -bound ¢; #layers L; constants b, n;

Output: the partition function constant and bucket messages

1: for cinn...1 do

2 (Initialize buckets) put all unplaced functions mentioning X, in B..
3: end for

4: for cin n...1 do

5: Let X, be the parent variable of X, in the bucket-tree

6 if width(B.) < i then

7 compute p;_,, < > x 1 cp, for

8

9

else
: o csp NN-tmz'n({fa|fa € B.}, L, b n )
10: end if
11: Put py_,, or pg. ., in By
12: end for

18: 2= Y5, pcn, o

14: return Z and all messages generated

mension h. Next, we provide a rule to determine sample sizes to train a NN, depending on

a notion of its complexity.

NN complexity. The notion of a Pseudo-dimension |93, 6] is often used to measure the
expressive power of a set of functions that can be learned by any statistical regression algo-
rithm. The work in [9] derived lower bounds to the pseudo-dimension for NNs with ReLU
activation function (an architecture used in our work). We use the derived lower bound to
estimate the pseudo-dimension (p) of a NN (p4), having an architecture of L layers and b-w

hidden units, yielding (see Appendix 2.7 for derivation):

p o< (L*bx*w)*log(b*w). (2.2)

Since in our experiments, the pair (L, b) are fixed for a given problem instance, our p estimate

only varies with w and is used to determine the sample complexity.
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Figure 2.2: For a bucket of width w, we illustrate a NN architecture with L(= 2) layers and
b - w hidden-units with b > 1.

Sample Complexity. As suggested in [119], we choose a sample size for training a NN,
{tg, proportional to its pseudo-dimension, Eq. (2.2). We therefore select a number of samples

N satistying the expression

N =nx (L*b*w)?log(b*w), (2.3)

where 7 is a constant allowing us to tweak N linearly. Since the triplet (L, b, n) of a problem

is fixed, the number of samples for training, N, is a function of w only.

Sample Generation Let B be a generic bucket where variable X is eliminated; let F' be
the set of functions from the graphical model (initialized in line 2, Algorithm 1) as well as
messages from the previous buckets (line 11, Algorithm 1) residing in B and S be the scope
of the output message function p*. Then, Algorithm 2 generates a dataset D containing a
given number of samples N. The algorithm iteratively and uniformly at random, samples a

configuration {S = s} from the domain of S and computes the exact local bucket function
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Algorithm 2 generate-samples(X, F, N)
Input: X, a variable to be eliminated, F', a set of functions over scope S U {X}, N, an
integer,
Output: D, a set of N samples
initialize D = {}
:fori=1...N do
s <— sample uniformly from domain(.S)
1(5) — 3, [y f(5,) > Bq. (21)
Add (s, pu*(s)) to D
Update fig,in; fimax
end for
: Normalize D > Eq. (2.4)
return D

© P> g s w

value for s using Eq 2.1 (lines 3,4). The pair <s, u*(s)> is added to the dataset D (line
5). A normalization step occurs in line 10, where each sample s is shifted and scaled to the
range [—1,1] and p*(s) is shifted and scaled to [0, 1], to accelerate training of the NN [69],
by:

* %
l’[’maa: lumzn

Hnorm (8) = (2.4)

where pf .. pr - (line 6) are defined relative to the dataset D by pu,, = mingpp*(s) and

/J/:nax = maXSGD:u* (8) :

Loss Function Algorithm DBE sampled each message input configuration uniformly and
uses the mean square error loss function for training. However, it seems intuitive that
generating the samples by taking into account the message distribution could lead to more
effective training of the function. Since sampling directly from the message distribution
is hard, we instead weight each sample by an importance weight within the loss function,

described next.
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Definition 1 (I.m.s.e loss). Let pp be the NN for approximating the function u* . .. Let
D = Drppyin be the training set. Then, the I.m.s.e loss function for a given mini-batch,

D; € D of size #D; is defined by:

Loy s 6) = g 3 (n(5) = H0(5) W (5), (2.5
where
_ 1 (s)
W) = S ) 20

Log transformations Usually in our experiments we apply a log transformation to the
input functions, for computational reasons. The algorithms presented here remain the same;
however the values p*, p .. and pr, .. in this case refer to the log of the original function
values. In cases when we use the log-space computation, the weight function W(s) (Eq. 2.6)

is not suitable. We instead use modified importance weights,

Wlog(s) — log /J“* (S> — IOg M:nzn
> wepy,., logp*(s') —log )

(2.7)
Note that the importance weight, W (s) or W'&(s), are computed in the original function

space that is not normalized.

MaskedNet For problems with determinism, i.e., a high proportion of zero probability
states, a fully connected feed-forward NN was unable to correctly predict deterministic out-
puts and hence [95] used a MaskedNet. The input configuration is sent to a fully connected

layer with a RELU activation function to obtain a feature vector. This feature vector is then
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sent to two sister layers: the first layer outputs a binary mask responsible for determining
whether the final output is zero, and the second layer is responsible for predicting the target

value of the Bucket’s function.

The activation functions of the two final layers are the logistic function and the softplus
function, respectively. The outputs from the two sister networks are multiplied together to
get the final output of the MaskedNet. The loss for the MaskedNet in NeuroBE is thus a
sum of the binary cross-entropy loss (from the first output layer) and the proposed I.m.s.e
loss (from the second output layer). Thus when a sample configuration s has p*(s) = 0, the

loss becomes the binary cross-entropy error, since W(s) = 0, following Eq. (2.5) and (2.6).

Algorithm 3 NN-train(F, X,L,b, n, #epochs)

Input: F, a set of functions over scope S U {X} where X is to be removed, w scope size.
Parameters: L: # layers in NN, #epochs, n, b: constants

Output: py: NN message approximation, é¢: an estimated bucket error bound

#h < bxw
N < # training samples(w,n, L, b) > Eq. 2.3
D < generate-samples(X, F, N + N/4 + 50k)
DTrairm DVala DTest < Spht(D)
Initialize NN parameters 0, p=1, early-stopping < False
while p < #epochs and — early-stopping do
D+, .., Dy < divide Dr,4;, to minibatch
for:=1..k do
Let D; = {(s, tnorm) }
Compute {pg(s)|s € D;}
lossp, < Lp, (1% ormy 1) > Eq. 2.5
0 < update 0 by optimize(Adam, lossp,, 6)
end for
lossp,,, < Lp,,, (1t orm» Ho) > For stop condition
early-stopping < evaluate early-stopping(lossp,,,)
p—p+1
: end while
: Unnormalize {pg(s), 1*(8)|s € Drest } > Inverse of Eq. 2.4
: € < MaXsepy,., (logu*(s) — logue(s))
: return py, €

R e e T e T e T e e T
S B A T
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NN-Train Algorithm 3 describes the procedure NN-Train. Its input parameters are L, b,n
where L is the number of layers, b is a constant to determine the number of hidden units,
b-w (line 1), and 7 is another constant to determine the training sample size N (line 2,
Eq. (2.3)). A major step occurs next where the algorithm generates a dataset D and splits
it into the training set Dryqin of size N, validation set Dy, of size N/4 and testing set Dreg

of fixed size (50k) (lines 3-4; see also Algorithm 2).

Lines 8-12 then describe the batch training for updating the NN parameters 6 using the
Lm.s.e loss function (line 11, Eq. (2.5)), and the Adam optimizer [60] (line 12) with a learn-
ing rate of 0.001 and a batch-size of 256 across all benchmarks. At the end of each epoch,
the current model is evaluated on a holdout validation set (line 14). We evaluate the early-
stopping criteria (line 15), which is assigned True when either the maximum limit #epochs
is reached or the validation error increases for two consecutive epochs. Once training is
complete, we compute the maximum log relative error between the target and NN approxi-
mated messages over a test set (lines 18-19). In the next section, we use this maximum error
to analyse the propagation of error in NeuroBE. The NN-train procedure then returns the

approximated message (i, along with its estimated error.

Complexity. The time and space complexity for learning a single message in NeuroBE is
a function of the NN and sample size. In contrast to DBE, here the NN and sample sizes

vary with the bucket’s width.

2.4 Error Analysis

We now analyse the relationship between the local errors contributed by each approximated
message and the global partition function error, focusing on a simple case where the bucket

tree is a chain.
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e NeuroBE (#h=3w, N,,;, =49K))
Problem Description WMB DBE (#h=100, N=320K)
ref Loss : mean Square error Loss :Imp. mean square error
i-bound=20 logZ H#NB f statistics on error (5 runs) Statistics on resources |  statistics on error (5 runs) statistics on error (5 runs)
Id |name k j#v w - ear‘rfs r eTrI; r stdev t:’:;’- Pas | Navg [ Nonax :r‘rl: r er:rlg r std t:’:;’- ei:g r eTrlg r std t:’:;’-
1 | pedigree13 | 3 | 888 | 33| -31.18 || 6.4696|| 127 532| 262| 3.06| 21]] 96 | 218K | 706K | 9.04| 7.86| 08| 73 111| o0.76| 025 75
2 | pedigrees1 | 5| 885 [ 32| -76.04 || 4.1497|| 92 | 427| 325| 0.73] 99]| 93 | 1%0k | 658K | 102| 84| 2.16| 56| o047| 0153 021 62
3 | pedigrees1 | 5| 871 | 35] -77.27 || 9.7624|| 120 923| 127 - 102 | 259K | 809K | 12.73| 1037| 1.26| 104|| 351| 1.96| 089] 104
4 | pedigree34 | 5| 922 | 33| -64.23 || 7.0762|| 106 591| 157| 598| 11| 96 | 211K | 706K | 6.14| 4.56| 4.14| 65 0.65| 0.23| 0.29]| 6.96
5 pedigree7 | 4| 867 | 34] -64.82 || 6.0012]| 108 | 11226| 518| 7.8 21]] 99 | 350K | 900K # # # 10.7 175| 1.21| 07| 10.7
7 pedigreel9 | 5 | 693 | 28 {-59.020 2.5809 43 6.054| 541| 0.92| 94 71 | 149K | 482K 9.14 8.7 0.6 4.6 261 191 0.6 5.2
(a) pedigree
Problem Description WMB DBE (#h=100, N=320K) NeuroBE (#h=w, Nmin = 19K )
I’ef Loss : mean square error Loss :Imp. mean square error
i-bound=20 logZ #NB [ statistics on error (5 runs) | | Statistics on resources | statistics on error (5 runs) statistics on error (5 runs)
o Jome J v lu N[ T o [ o [ [ [ T T [l e T T [
1 grid4040f10 | 2 | 1600 | 55| 5490 - 308 971 11.8| 652| 12 55 | 120K | 364K | 14.57 0.15| 8.94| 7.69 9.71 21| 091 6.4
2 grid4040fs | 2 | 1600 | 55| 2800 8492 308 399| 6.28| 35| 12|] 55 | 120k | 364k | 886| 205| 821| 766 37 02| 306 63
3 griddo4of2 | 2 | 1600 | 55| 1220 25.24|| 308 7.34| 12| 54| 12|] 55 | 120K | 364K | 3.15| 1.48| 166| 748 2.28 12| 091 61
4 grid4040f15 | 2 | 1600 [ 55| 8200 308 | 83.46| 41.8| 342| 13 55 75K | 228K | 24.75 6.62| 18.1 57 17.87 745| 9.16 57
5 | grid4040f10w| 2 | 1600 [114] 5637 376 | 1005 64| 822 114 | 150K | 670K | 67.76| 32.7| 26 11]| s54a8| 25.01| 211 111
6 grid4040f5w | 2 | 1600 |114| 2819 136.99]| 376 782| 726| 56 114 | 150K | 670K 537 1.65| 477| 116 962| 4.62| 5.27| 121
7 | gridaodofzw | 2 | 1600 [114] 1231 32|| 376 | 15.12| 0.92| 205| 18] | 114 | 150k | 670K | 10.15| 8.81| 1.44| 118 556| 292| 211 10
(b) Grid-hard
L NeuroBE (#h=w, Nmin = 20K)
Problem Description WMB DBE (#h=100, N=320K)
[ef Loss : mean square error Lnss:lmp. mean square error
i-bound=10 logZ #NB | statistics on error (5 runs) Statistics on resources | statistics on error (5 runs) statistics on error (5 runs)
Id  |name k| w o e?:ogr eTri:r stdev t:’:)e Pimax | Navg | Novan :r‘rlgr eTri;r std ﬁ(rr:l)e e?‘rlsr er:ri;r std ﬁ(rr:l)e
1 |grid1010fiow| 2 | 100 | 21| 333.32 32| 31 a445| ogo| 371 1s5]| 21 | 51k | 87k | 158| o0.28| 075 035 183| 098| 0.76| 0.48
2 | gridio1ofio | 2 | 100 | 13| 303.09 158|] 8 07| oos| 054| o3|] 13 | 23k | 30Kk | 128| 059| 041]| 0086 118| 0.86| 032| 005
3 grid2020f2 2| 400 | 27| 291.73 11.24|] 114 198( 036| 1.28 27 68K | 177K 04| 0013| 036| 2.24 013 0.015| 0.14 25
4 | grid2020f10 | 2 | 400 | 27| 1312 114 | 1004 105] 93 27 | 68K | 177k | 251| 12| 131 222 24| o037] 198 227
5 grid2020f5 | 2 | 400 | 27| 665.12 m 114 | s75| 024| 312 27 | 68K | 177k | 084| 037| 053] 195 08| 0o081| 078 23
6 grid2020f15 | 2 | 400 | 27| 1963 114 17.8| 3.08 98 3 27 68K | 177K 2.39 041| 2.16 22 2.68 1.08| 2.54 22
(c) Grid-easy
L WMB NeuroBE (#h=3w, Nmin =147K)
Problem Description DBE (#h=100, N=320K)
fEf Loss : mean square error Loss:lmp. mean square error
i-bound=20 logZ #NB | statistics on error (5 runs) Statistics on resources | statistics on error (5 runs) statistics on error (5 runs)
Id |name k |#v w errer ;:sr $;r stdev t;':)e hmax | Navg [ Nmax ;:Sr eTr':r std tit':;‘ ;‘r’sr :r"r':r std tit:;‘
1 rbm20 2| 40 [21] 5853 o.0007|| 20 0.22| 0.03| 0.17| 1a)] 60 | 147K | 147K | 037| 0.08]| 029]| 045 0.37| 0.06| 0.25| 173
2 rbm21 2| 42 |22] 63.15 22 048| 027| 0a9| 13]| 63 | 163K | 164K 09| 053] 02| 046 057| 0.15| 0.26| 175
3 rbm22 2 40 21| 66.55 24 047| 0.14| 0.35 1 66 | 180K | 182K 0.59 0.02| 0.38]| 0.57 0.75 0.48| 0.36| 1.76
4 | rbm-ferro20 | 2 | 44 | 23] 15116 0.005|| 20 1.33| 0.29| 121| 1)] 60 | 147K | 147K | 1a1| o0.38| 075| 044 075 037] 032 143
5 | rbm-ferro21 | 2 | 42 [ 22] 152.62 198|| 22 343| 0.83| 1.89| 12|] 63 | 163K | 164K 23| 1.27| 1.08| 048 182| 1.06| 087
6 | rbm-ferro22 | 2 | 44 | 23] 166.11 0.517 T- 386| 15| 13]] s6 | 180k | 182k - 2515| 269| 059 417 38| 032 1.29
i-bound=10 NeuroBE (#h=3w, Nmin =82K)
rbm20 2| 40 [21] 5853 7.85|| 30 049 0.11| o3s[aef| 100 | 82K | 87K | 157| o0.89| 104| 03 143| 083 082| 08
2 rbm21 2| 42 [22] 6315 15.73]| 32 0.73| 0.14| 047 105 | 90K | 109K 1.62| 0.68| 098 0.4 0.89( 0.51| 042 1.02
3 rbm22 2| 40 |21] 655 34 065( 0.19| 041 110 | 995K | 121K | 089 003| 06| 046 094| o083| 061 13
(d) DBN

Figure 2.3: Results
variables, w: induced width, #N B: number of buckets that are trained with NNs, #h: number
of hidden units per layer (reported maximum #h for NeuroBE), N: number of training samples
(reported minimum, average and maximum #N for NeuroBE), error: L1 error for referenced and
estimated log Z (reported minimum, average, and standard deviation over 5 runs for DBE and

NeuroBE).
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Definition 2 (local and global bucket errors). Given a bucket B, let A be the (global)
exact message generated in B, p* be the (local) exact message in B at the time of message
computation, and p = NN-train(p*) be its NN approximation. Then, we define the local

and global log relative errors as:
E =logpu* —log p,
and,

G = log A — log .

We use log relative error since it simplifies the analysis. We now show the following relation-

ship:

Theorem 1. Assume a bucket-chain along an ordering d, and let B. be a bucket along the
chain at position ¢ having scope S of its bucket message. Let E.(s) = log ui(s) — log pi.(s)

and let €, = maxgep(s) | Ee(s)|. Then,
G.=log A — log pu. < Z €cik

k=0

In particular, since \y = Z and p; = Z,

i
L

G1 = IOgZ — lOgZ < €14k (28)
0

e
Il
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2.5 Empirical evaluation

2.5.1 Experimental Setup

We conducted experiments comparing NeuroBE against WMB (27, 73| and DBE [95] over
several benchmarks. We also compare the impact of the two loss functions, m.s.e and I.m.s.e,
on the performance of NeuroBE. Finally, we illustrate how increasing sample and NN com-

plexity impact performance.

i-bounds. All three algorithms, WMB, DBE and NeuroBE, use the i-bound parameter
(i). As noted, in WMB higher i-bounds lead to more accurate bounds with more time
and memory, up to their memory limit. Algorithms DBFE and NeuroBE are also observed
to improve accuracy and time with increasing i-bounds because of the reduced number of
trained buckets #NB(7). Hence, for a fair comparison we use an i-bound of 10 for some (easy)
benchmarks, while primarily using the highest feasible i-bound of 20 dictated by WMB’s

memory bound for other (hard) benchmarks.

Benchmarks Following the example of DBE, we evaluated NeuroBE on instances selected
from three well-known benchmarks from the UAI repository used in [55]: grids (vision do-
main), pedigree (genetic linkage analysis) and DBNs. We targeted diverse benchmarks (in
structure and level of determinism) and aimed for different levels of hardness. Thus, in
the grids benchmark, we distinguish those problems that can be solved exactly, which we
call “grid-easy”, from those that cannot be solved, called “grid-hard”. We also distinguish
benchmarks that possess determinism, namely have a high proportion of zero probabilities,
since it can impact training. We randomly selected 13 instances from Grids, with easy ones
(400 variables, width 20-30) and hard ones (1600 variables, width 55 or 114), 6 from pedi-

grees (~800 variables, width ~34), which posses high level of determinism and 6 from DBNs
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(40 variables, width a22), totalling 25 instances. As described in section 3, we apply log

transformations to Grids and DBNSs since they have large message function values.

NN architectures and sample sizes. Through a process of trial and error on a selected
instance from each benchmark, we selected the parameters of the architectures and sample
sizes as follows. We selected L = 1, h = 3w, and Ny, € [149k, 350k] for pedigrees; L = 2, h =
3w, and Ny, € [80k,180k] for DBN; L = 2, h = w, and N,,, € [23k, 68k], for grid-easy; and
L=1h=w,and N, € [75k, 150k] for grid-hard.

Performance measures We evaluate the performance of NeuroBE using: error = |log, Z—
log, Z | where Z estimates Z. When the exact Z is not available (i.e., for hard Grid bench-
mark), we use Z* as a surrogate to Z, which is obtained using an advanced sampling scheme

for a duration of 100 x 1hr [55].

2.5.2 Results

Figure 2.3 compares NeuroBE against WMB and DBE over the four benchmarks. The first
few columns show the problem statistics for instances in the respective benchmarks (pedigree,
grid-hard; grid-easy and DBN). We then show results on WMB'’s error, followed by DBE’s
and NeuroBE’s performance information. We omit WMB’s time performance in Figure 2.3
since its execution takes only a minute. For DBF, we report the number of buckets trained
by NNs, (#NB), followed by the average error, minimum error, standard deviation, and
average time (in hours) over five runs, which is preferable due to stochasticity. For NeuroBE
with both m.s.e and [.m.s.e loss functions, we also report statistics about NN architecture
and sample size that varies within problem instances: the average and maximum number of

training samples, Ny and Np,q,, and maximum number of hidden units, .
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i-bound=20 h=3*w h=5*w
#N tandard #N tandard
) v | ow S evtation]| ©07 |t eiation| €O | t(R)
1]|888| 33 || 218 | 0.25 1.11 0.17 034| 14.3
3|1871| 35 259 0.89 1.57 1.42
71693 | 28 149 0.6 511 298 | 051 0.68 8.2
(a) pedigree
i-bound=20 h=w
#Navg standard #Navg standard
Id} #v w 3y i deviation 3 ideviation error t{h)
(10%) (10%)
5 |1600]| 114 120 | 10.82 16.3 17.76
7 |1600] 114 120 36 1.39 2.34| 14.5
(b) Grid-hard
i-bound=10 h=3*w
#Navg standard #Navg standard
d} #v w 3y i deviation 3y ideviation error t{h)
(107) (107)
1]100]| 21 51 0.76 0.08 12
2| 100 13 23 032 38 0.15 0.12]| 0.09
(c) Grid-easy
i-bound=20 h=3*w h=5*w
#N tandard #N tandard
v | ow S deviation] €07 | tO) || eviation|  €T0r | th)
1] 40 21 147 0.25 037 1.73]) 245 | 0.07 0.2 3.2
2| 42 22 163 0.26 057 1.75 0.24 0.77 3.7
31 40 21 163 0.36 0.75 1.76 0.22 -;'}_51-
4| 44 23 147 0.32 0.75 1.13 0.61 0.67 2.17
51 42 22 164 0.87 1.82 1.3 0.23
¢ [aa [ 2 |[352] o2 [N 19

(d) DBN
Figure 2.4: Performance of NeuroBE when increasing # sample &/or NN complexity. Ngyg:

average samples, t(h): average time, Error: global error (reported average and standard deviation
over 5 runs)
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Pedigrees We observe immediately that, overall, NeuroBE with the I.m.s.e loss function
is clearly superior to DBE and NeuroBE with m.s.e loss. In particular, it is > 5 times
more accurate than DBE for almost all instances and takes less time, since it uses far less
training samples. NeuroBFE with the I.m.s.e loss function also outperforms WMB on most
instances. NeuroBE with the m.s.e loss function is less accurate than both WMB and DBE
for most instances. It also fails to approximate the partition function for instance 5 (errors
and standard deviation denoted by # in Figure 2.3). Here, DBE has similar or even worse

accuracy than WMB.

Grid-hard. The results for the grid-hard benchmark is shown in Fig. 2.4b. We used the
highest possible i-bound of 20, and we observe that NeuroBE can achieve a far lower average
error and standard deviation and takes far less time than WMB and DBE, particularly
with the I.m.s.e loss. In most cases, we see a reduction in time by a factor of two. DBE

outperforms WMB across all problem instances.

Grid-easy. The results for the grid-easy benchmark is shown in Figure 2.4c. We used a
lower i-bound of 10 to facilitate the training of a relatively large number of buckets. As
expected, when an instance has a low induced-width and only a small number of buckets are
approximated (e.g., ID 2), DBE obtains high accuracy. As the induced-width increases and
more buckets are trained, NeuroBE has far higher accuracy compared with both WMB and

DBE. Both the loss functions in NeuroBE show similar performance.

DBN We report results for the DBN benhcmark for two i-bounds. Overall, the results are
mixed. For i-bound = 20, NeuroBE achieves a higher accuracy than DBFE for half of the
instances with far less #training samples (but with more training time). It is superior to
WMB on instances 2, 3, and 5. When comparing the two loss functions in NeuroBE, I.m.s.e
loss has better (or similar) performance for most instances. However, WMB performs better
on instance 1, 4, and 6, as the induced-width is closer to the i-bound. For i-bound = 10,

DBE and NeuroBE show better accuracy than WMB for those three instances. DBE has
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better accuracy when compared with NeuroBE, using more #training samples (and hence,
more time). NeuroBE with I.m.s.e loss is better performing compared with m.s.e loss on
most instances. Overall, NeuroBE when trained with I.m.s.e loss takes more time than with

m.s.e loss for the same #training samples.

In summary, NeuroBE using I.m.s.e compared against DBE is about 50% faster while also
far more accurate on pedigrees, twice as fast and 5 to 10 fold more accurate on hard grids.
It is also faster and more accurate on easy grids and has a mixed but still comparable

performance on DBNs.

The impact of loss functions. We observe that NeuroBE with the [.m.s.e loss shows better
performance (lower average error and standard deviation) than NeuroBE with the m.s.e loss
for the pedigree instances and the majority of DBN, grid-easy and grid-hard instances. An
F-test with a significance level of 0.05 on the two groups of partition function estimates
(each consisting of five approximations) showed that the means are significantly different
for pedigrees, in Figure 2.3(a). For the grids and DBN, there was no statistical difference
between the two means. However, by inspection, we see a reduction in the standard deviation

for almost all instances.

Impact of architecture size. Figure 2.4 shows the impact of architecture size on time and
accuracy for a few problem instances. We show results for two different NN architectures and
their associated sample sizes. As expected, we see that increasing the sample and NN sizes
increases both time and accuracy for pedigrees. For grid-hard instances, we just increased
the sample sizes and kept the same architecture having h = w. We observe that the average
error is reduced, as expected. Instances from grid-easy and DBN (except ID 2) show a
similar improvement in performance with a larger NN and training sample size. This trend
illustrates that increasing the size of the NN (matched by a suitable increase in sample size),
improves the accuracy of NeuroBE, at the cost of more time and memory. A key question

for future work is how to develop a policy that can facilitate gradual control of architecture
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and sample size increase to improve performance in an anytime way.

2.6 Conclusion & Future Work

In this work, we advance the earlier theme of using Neural Networks to approximate the class
of bucket-elimination algorithms that is at the heart to probabilistic reasoning. NeuroBE
can be viewed as a realization of Neuro-Dynamic Programming schemes [10], in the context
of graphical models. That being said, it requires the training of numerous NNs per problem
instance, and thus, the central aim of NeuroBE’s design (customizing NN architectures,
training samples, and the loss function to the message) is to enhance efficiency and scalability
of such schemes. We presented NeuroBE and illustrated on challenging instances over three
benchmarks that it can be far more accurate and requires less time compared with Deep
Bucket Elimination (DBE). It is also superior to weighted mini-bucket (WMB) even when

provided with the highest memory resources feasible.

Future Work. One could further explore how to improve NeuroBE’s efficiency by cus-
tomizing additional features of a NN and its training per bucket (e.g., varying the number of
layers). Further research could move from training buckets separately per single variable to
training clusters of buckets within a tree-decomposition, thus training a single function per
union of buckets [26], potentially reducing the number of trained functions at the cost of more
time for sample generation. Finally, parameter sharing could be adapted by training multi-
ple bucket functions simultaneously in a single problem instance and across a benchmark of

instances.
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2.7 Appendix

2.7.1 Estimating the pseudo-dimension of a NIN:

In our work, we use NN architectures with ReLLU activation functions. To construct a NN
with L layers and a variable h, #hidden-units per layer to model a specific local bucket
message p*, we pick the rule A = b % w where w is the bucket’s width and b is a constant.

By doing this, the #parameters in the NN is :

|9|:(L—1)*b2*w2+b*w2—|—(L+1)*b*w+1 (2.9)

We make use of the lower bound of pseudo-dimension for NNs with ReLLU activation functions

from the work in [9] to get:

p = |0] « Llog(|6]/L) (2.10)

By substituting Eq. 1 in Eq. 2 and ignoring all linear terms in w we get that p can be

dominated by:

— poc (L*bxw)?log|(b*w)]

2.7.2 Estimating error in partition function:

Theorem. Let B. be a bucket in a bucket chain along an ordering d; let B. contain the
original functions as ¢. and .1 as the message passed to it from the previous bucket; let
Ae be the (global) exact message generated in B., u’ be the local exact message in B, and

te = APP(u) its approzimation (e.g., by a trained neural network). Let E. = log pu’—1log pu.
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and €, = maxpg,|E.|. Then,

n—c

log Ae —log fte <Y €cq
k=2

In particular, since A\ = Z, the partition function and p, = Z, the estimate to the partition

function,

i
L

log Z —log Z < €14k (2.11)
1

e
I

Proof. We will next derive the recursion, starting at the first processed bucket B,, and going

down in order. Remember throughout that log u;, ; =log - (elo8@n—itlogsn=it1)

For B, )\, = p, therefore

log A\, — log p,, = log p;, — log pu, = E,

For B, _;, by definition

log A1 — log f1,—1 = log Y el Bon1Ho8M _log py,
Xn—l

Substituting log A\, from B,

= log Z el(log én—1+1og pn)+En] _ 108 fin_1
anl

=log[ )  elosonrtiosimeBn] —logp,
Xn—l
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If maz scope(us)| En| = €n, then,

*
n

< log[e Z elosdn—1Flogun)) _Jog 1y
Xn—1

< e+ log Y elostmmitiosin) _log y,
Xn—l

Since log >y | elogdn-1Hlogn — Jog 1* | we get
log A1 — log pin—1 < €, +logp; | —log 1 (2.12)
or equivalently,

log A\,_1 —log i1 <€, + E,_1 (2.13)

Moving to B,,_», by definition:

log \,_a — log p,—2 = log Z elogon—atlogdn—1 _ o0, (2.14)
X7L72

Substituting log A,,_1 from Eq. (2.12) we get

log A, — log iy, o

S 1Og Z eIOg¢n—2+[logﬂn—1+5n+En—1] _ log JT
Xn—2

< log E 08 Pn—2tpn—1ent+En-1 _ 108 fin_
Xn72
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Taklng maxscope(u;_l)En—l = €p—1,

< log efnten—1 E elog Pn—2+Hn—1 _ 108 ftn—2
Xn—2

< e, + €1+ log Z elo8Pn—2thn=1 _log 11, _,
Xn—2

<€+ €1+ lOg ,u:z—Q - 1Og Hn—2
yielding,

log Ao —log pin—2 < By o+ €41 + €,

Moving to bucket B, _3, by definition

log An—3 — log pn—3 = log Z elosdn—stlosdn=2 _logy,, 4
Xn73

Substituting for A,_o from Eq. (2.15) we get with some algebra

log Ap,—3 — log ji,,—3

S log g elOg¢n—3+[10gMn—2+En—2+€n—1+5n] _ log ,u/’rL—S
Xn—3

yielding
log )\n73 - 1Og Mn—3 S En—3 + e ot €1t €n

and so on. Clearly the emerging expression for bucket B, is
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log A\ —log e < Ee 4 €ciq + €cio + ... (2.16)

or,

n—c—1

log A\, —log . < E. + Z €ct1tk (2.17)
k=0

The general transition from n—i to n—i— 1 can be easily followed to complete the inductive

proof.

Assuming that we control the derivation of ji. for each B, to ensure that E. = log p:—log p. <
€. and substituting in the expression we get from Eq. (2.17) that
n—c—1

log A\, —log e < €.+ Z €tttk < (n—c+1)xe (2.18)
k=0
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Chapter 3

Variational Inference for (Hierarchical)

VAEs

In this chapter, we propose a broadly applicable variational inference algorithm for both
simple and hierarchical VAEs with continuous latent variables. Applied to the case of im-
age inpainting, our query-adaptive variational inference (QAVI) approach converges faster
and more accurately than sampling-based methods [97, 81]. At the same time, when com-
pared with amortized inference methods |20, 113, 40], QAVTI’s performance does not depend
on any particular masking distribution. Our approach further leads to tighter likelihood
bounds and greater robustness to local optima. By analytically marginalizing arbitrary sets
of missing features, and optimizing expressive posteriors including mixtures and density
flows in the latent space, our non-amortized QAVI algorithms achieve excellent performance
while avoiding expensive model retraining. On standard image and tabular datasets, our
approach substantially outperforms prior methods in the plausibility and diversity of impu-
tations. We also show that QAVI effectively generalizes to recent hierarchical VAE models

for high-dimensional images. This chapter was originally published in [4].
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3.1 Introduction

Structured probabilistic models, like graphical models [66], are the basis for many machine
learning applications. Formalizing the data generation process enables incorporation of do-
main knowledge and allows unsupervised learning from unlabeled data. Probabilistic models
also enable diverse inference queries by users, for instance imputation queries (or, inpainting
in the image domain) where arbitrary subsets of features are observed and the values of miss-
ing features are predicted. A number of inference algorithms [92, 66| have been developed
for models with discrete or Gaussian latent variables, which efficiently compute marginals
of query variables given heterogeneous observations. While exact inference is intractable for
many complex models, optimization-based variational methods [120] often provide effective

approximations.

Variational bounds were classically optimized via coordinate ascent variational inference
(CAVI, |51]) algorithms that iteratively update posterior approximations for individual vari-
ables. CAVI updates are effective for many parametric models composed from conjugate
priors, and can have efficient message-passing implementations [37, 124]. But, CAVI up-
dates are based on integrals that often lack closed forms, requiring Monte Carlo approxima-

tions |90, 68] of uncertain quality.

Stochastic subsampling of data helps scale variational learning to big datasets |? |, but iter-
ative CAVI updates may still be slow for complex models. Amortized variational inference
[84] seeks to boost training efficiency by determining variational posteriors via an inference
(or recognition) network, which is shared (or amortized) across many similar inference tasks.
Variational autoencoders (VAEs, |63, 97]) are deep generative models that utilize amortized
inference to jointly train a generative “decoder” and inference “encoder”. Sophisticated gener-
alizations to the encoder and decoder networks [64, 107, 117, 16] have produced hierarchical

VAEs that realistically model complex image data via dozens of stochastic layers.
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While amortized inference has enabled the learning of impressive deep generative models,
it sacrifices the flexibility of CAVI to handle arbitrary inference queries. Because VAEs are
typically trained from fully-observed data, the encoder assumes complete and uncorrupted
observation of every data dimension (e.g., pixel). Simple heuristics (see Sec. 4.2) are some-
times used for learning VAEs with missing data [82, 86, 20|, such as filling missing features
with zeros. However, we show that in addition to requiring expensive encoder retraining
for peak performance, these approaches are inaccurate unless the test inference queries are
simple or known in advance (during model training). Amortized inference also produces sub-
optimal variational bounds, and this “amortization gap” may be significant [22, 67]. While
quick-and-approximate inference may be sufficient to provide a noisy gradient signal in the
midst of a long training process, it is problematic when applied to test queries, especially in

domains like medicine where accurate uncertainty quantification is crucial.

To address these challenges, we propose query-adaptive variational inference (QAVI) meth-
ods that approximate the posterior of missing data with arbitrary patterns, given only a
trained generative decoder and sparse observations. Our QAVI approach has the same infer-
ential flexibility as classic CAVI algorithms, and critically does not require a database with
many examples of the missing-data pattern of interest. But unlike classic CAVI algorithms,
QAVI is applicable to any (differentiable) model with continuous latent variables, including
deep generative models like hierarchical VAEs. While some prior work has improved VAE
training by reducing amortization gaps [58, 79|, our application of non-amortized inference

to missing-data queries for deep generative models is novel.

We begin in Sec. 4.2 by reviewing prior work on handling missing data with (hierarchical)
VAEs. Sec. 3.3.1 then develops QAVI algorithms that optimize variational bounds for the
missing feature values, rather than filling them via greedy heuristics. In Sec. 3.3.2, we
develop an alternative QAVI algorithm that directly optimizes the posterior of the latent data

encoding, without amortization. Doing this allows exact marginalization of missing feature
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values, and enables flexible posterior approximations including mixture models [49, 36] and
normalizing flows [96]. Results in Sec. 3.4 then show substantial qualitative and quantitative
improvements in capturing multimodal posterior uncertainty for VAE models of tabular data,

as well as state-of-the-art hierarchical VAE models of images [16].

3.2 Background and Related Work

3.2.1 The Variational Autoencoder (VAE)

VAEs model the distribution of typically high-dimensional observed data x using continuous,

lower-dimensional latent variables z, via the following generative model:

z ~p(2), x ~ po(z | 2). (3.1)

For standard VAEs, the latent code z € R has a factorized Gaussian prior p(z). Given z,
data is generated via a decoder (deep) neural network with weights 6. The decoder maps z

to a likelihood py(z|z) such as a factorized Gaussian.

The VAE log-likelihood log py(z) = log [ pe(x|2)p(2) dz is intractable. Learning thus typi-
cally employs amortized VI, where an encoder with parameters ¢ approximates the posterior

over latent codes ¢, (2|z) = po(z|x). We jointly learn 6, ¢ by maximizing the evidence lower-

bound (ELBO):

L(0, ¢;2) = Eq,(z1) [log po(]2)] — (4o (2]2)|Ip(2))- (3:2)

Here, is the Kullback-Leibler divergence, calculated analytically when g4(z|z) and p(z) are
both Gaussian. The ELBO provides a lower bound on the evidence log pg(x) that is tight

when the variational posterior gy(z|x) is exact. This expectation can be approximated via
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Monte Carlo samples from g4(z|z). Gradients with respect to 6, ¢ can then be estimated
by the reparameterization “trick” of sampling from g4(z|x) via linear transforms of standard

normal variables |63, 97].

3.2.2 Hierarchical VAEs

Hierarchical VAEs (HVAEs, [107, 65]) extend the VAE by partitioning the latent code into
L disjoint groups z = (21,22, ...,21), increasing model expressiveness for complex data
like images [117, 16]. HVAEs generate these stochastic codes sequentially as py(z|z) =
pg(zl)(HLQ Po(2e|2<s))po(x|zL), with a similar encoder: g, (2|) = g(21|2) H€L:2 4o (ze|2<, ).
Each conditional in the decoder py(2¢|2<¢), and the encoder q,(2¢|2<¢, ), is typically Gaus-
sian with mean and variance determined by (non-linear) neural networks. The HVAE ELBO

equals

Lu(0, ;1) = Ey, 1o [log po(x|2)] — (qo(212)|[po(21))
L
= > Euecd (@ zel2ce, 0)lIpo(zel2<e))], - (3.:3)
=2
where qy(2<¢|z) = Hf;% q(2i|z<i, z) is the approximate posterior up to latent group (¢ — 1).

Reparameterization is then used to provide Monte Carlo gradient estimates.

We can rewrite the conditional prior and approximate posterior for layer ¢ to make the set

of relevant networks explicit:

po(zelz<e) = N (20| po,(2<0); 00,(2<0)), (3.4)

Q¢(ZK|Z<Z7J7) :N(Zfl ﬂ¢z(f¢z(x>7g¢z(z<f))’ U@z("'))‘

Here, fy, and g4, are networks that extract feature representations of the observation x and
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the previous layers z_y, respectively. These features determine the mean and scale of the
conditional Gaussian posterior via fi4,, 04,. Networks pg,, og, similarly generate the prior

parameters for layer /.

3.2.3 Methods for Inferring Missing Data

After training, synthetic data may be easily generated from py(z) by sampling z from the
learned VAE or HVAE prior, and x ~ pg(z|z). However, the learned encoder does not
provide a direct mechanism for conditional queries about missing features, given partial or

corrupted test data.

Let © = (xp,xp) be a test data point with observed features zo and missing features z ;.
We are particularly interested in scenarios where the specific feature dimensions that are
missing and observed will vary across test instances. Given a trained (hierarchical) VAE, for
which zp and x,; are conditionally independent given z, missing data is optimally predicted

via the conditional distribution:

po(xm | zo) = /pe(wM | 2)po(z | o) dz. (3.5)

This approach (and QAVI) are valid as long as data is missing-at-random (MAR, |71, 82]);
the mechanism that removes features must be independent of xj;. Like most related work,
our experiments use missing-completely-at-random (MCAR) feature masks whose distribu-
tion is independent of z. Exactly evaluating the predictive distribution (3.5) is infeasible

due to the non-linear decoder, and intractable code posterior.

Heuristic Preprocessing. Imputation heuristics, such as replacing missing features with
statistical summaries like their mean or mode, are widely used. Some work on training VAEs

given partially missing data ([82, 86, 20]) propose a Fill-Zeros heuristic, simply replacing
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missing features with zeros as input to the VAE encoder. While Fill-Zeros may be effective
for learning models of MNIST digits (where zeros are common) when pixels are missing
uniformly at random, our experiments show that in even slightly more complex scenarios,

its performance is very poor.

Monte Carlo methods. [97] first proposed a simple scheme to approximately sample from
po(za | o) by starting with a random imputation, which is then stochastically encoded and
decoded (or autoencoded) several times. Because the encoder only approximates the true
posterior distribution pg(z | x), this pseudo-Gibbs sampler will not sample from the true
posterior of missing features, and encoder inaccuracies may cause its equilibrium distribution
to be far from py(zs | o). This approach was improved by [81], who proposed a Metropolis-
Hastings correction to each step of the pseudo-Gibbs sampler, inducing a Metropolis-in-Gibbs
sampler that asymptotically samples from py(xys | 2o). While Metropolis-in-Gibbs converges

to the true posterior, it does so at a rate that may be impractically slow.

Amortized Inference for Imputation. Heuristic preprocessing may be avoided by learn-
ing a new “partial” encoder approximating py(z | o). [20] concatenates zero-filled data
with a binary mask indicating missing features, and optimizes the standard VAE ELBO of
Eq. (3.2), but with the log-likelihood term calculated on only the observed data zo. While
this approach was developed to train VAEs with missing data, it is trivially applicable to
test-time missing data imputation by retraining the encoder with the masked test data,

generating a Re-tuned Encoder.

Posterior Matching [113| instead artificially masks the complete training data z as zo,
and tunes a partial-encoder qu(z | o) to “match” the pre-trained encoder by maximiz-
ing F.g,(ze)[l0g ¢4(2 | 20)]. In concurrent work, [40] introduced an equivalent approach,
calling it Inference in a Pretrained Artifact (IPA). [47| optimize the partial-encoder as in
Posterior Matching, but simultaneously retrain the encoder and decoder to produce a condi-

tional model p(z; | o). Their model includes skip connections between the partial-encoder
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and decoder networks, as in the HVAE feature representations fs in Eq. (3.4). We adapt
their VAEAC (arbitrarily conditioned) training to HVAEs by fine-tuning all three networks,

starting from a pre-trained HVAE.

These amortized approaches to missing data imputation with VAEs have several drawbacks
compared to our QAVI method. 1) They incur a substantial initial overhead for training
the partial-encoder. 2) Partial-encoder training requires access to a relatively large set of
partially-observed examples, and/or continued access to the training set along with a known
missing-feature distribution. &) They are sensitive to shifts in the distribution of queries
(missing-feature patterns) between training and evaluation. If evaluated on previously un-
seen missing-feature patterns, performance may suffer substantially (see Fig. 3.4). 4) As we

will demonstrate, even without distribution shifts, performance can be sub-optimal.

3.3 Query Adaptive VI

Our query adaptive variational inference (QAVI) utilizes the pre-trained VAE decoder, de-
fines variational free parameters for each inference query, and refines them. We give an
overview in Fig. 3.1 and show that it is adaptive across different queries without the need
for additional partial-encoder networks. QAVI defines an explicit variational posterior over
the unobserved variables ¢,(z,zy) with query-specific parameters . Fig. 3.1 shows two
possible factorizations of the latent codes z and missing features x,;, leading to a pair of

QAVT algorithms that we elaborate below.
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Figure 3.1: Overview of Feat. QAVI (a, Sec. 3.3.1) and non-amortized QAVI (b, Sec. 3.3.2).
Top: Generative model for unobserved variables z,s, z and observed data xo (shaded). We
show two possible inference models for the joint variational distribution gy (zys, z) on latent
variables. In (a), missing features are modeled directly by specifying gx(xy). In (b), queries
are modeled indirectly via a tunable latent code distribution ¢, (z). QAVI is easily adapted to
existing VAEs by reusing generative (decoder) networks py, and possibly inference (encoder)
networks q,. Bottom: Computational flow of QAVI for each posterior factorization. In
Feat. QAVI (a), samples from ¢, (z),) are autoencoded by the pre-trained VAE to compute
the ELBO. In non-amortized QAVI (b), samples from ¢,(z) are only passed through the
decoder; the pre-trained encoder is not needed.

<

Decoder
Decoder

(a) (b)

3.3.1 VI via Missing Feature Posteriors

Suppose first that the variational posterior factorizes as

q,\(IM,Z | 900) = QA(xM)QA(Z | $M7$o)-

We fix ¢\(z | m,20) to the amortized encoder g,(z|z), which has been pre-trained to
approximate the relationship between x and z. Our Feat. QAVI method then defines an

explicit posterior gy(zys) on missing features. This approach directly captures uncertainty
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in the posterior of missing features (see Fig. 3.1) and their impact on the latent code.

In experiments, we found that fitting ¢y(zs) via the standard ELBO (see Section 3.6 for
derivation) resulted in posteriors with unrealistically small variance. Following [43], we thus
employ hyperparameters /3 to more strongly encourage the latent-code posterior to align with
the prior, and v to increase the entropy of the missing-feature posterior. The variational

objective L) is then:

EM()\, .’L') = E(])\(fﬂM) [Eq¢(z|zo,m1\/1)[logp9<x07 .Z'M’Z)]

— Blas(zlear, o) || p(2))] +vH (gr(zar)), (3.6)

where H is the entropy. We approximate £;; with S Monte Carlo samples as in standard

VAE training:

s
Z log pg xo,xM|z )

CQ |

— Blag(zlzo, ) || p(2))] + vH(gr(xar)), (3.7)

where xg\? ~ qa(xar), 2 ~ q¢(z|xo,x§\‘})), and and H are calculated in closed form. Au-

tomatic differentiation is used to compute gradients with respect to A, tuning the missing-

feature distributions to observed data indirectly.

While Feat. QAVI directly models the uncertainty in the posterior distribution of missing
features, its optimization requires repeated computation of the encoder and decoder. It also
inherits any suboptimalities of the trained encoder. Perhaps surprisingly, we will show that
in this context, a fully non-amortized inference method can have both greater computational

efficiency and greater accuracy.
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3.3.2 Non-amortized VI

We can construct an alternative variational posterior via the following factorization (see

Fig. 3.1):

oz, 2) = o (2)an (T ]2),

By defining a variational posterior on z, we no longer use the encoder (except possibly for
initialization), and re-use the pre-trained decoder by fixing gx(xpr | 2) = pe(xy | 2). As

derived in Section 3.6, this leads to the following non-amortized QAVI variational objective:

Ly(Xsx) = Eg, ) llog po(zol2)] — Blar(2)lIp(2)). (3.8)

To evaluate £y we must only explicitly sample from the latent code; missing data may be
analytically marginalized. Non-amortized QAVT seeks latent-code distributions that assign
high likelihood to the observed features xo, and are aligned with the prior via weight 5 > 1.
In the simplest case where ¢,(2) is a diagonal-covariance Gaussian, Eq. (3.8) is approximated
via S samples from ¢y, (z), and the code mean and variance \ optimized via stochastic gradient

ascent.

While VAE training implicitly encourages approximately Gaussian posteriors given complete
observations, for queries given missing data, posteriors are often multi-modal and poorly
approximated by a Gaussian ¢, (z). To address this, we extend non-amortized QAVI to more

expressive variational distributions that better capture the true posterior.

Flow Posteriors. The flow-based variational posterior aims to construct a complex distri-
bution by transforming a simple Gaussian through a series of invertible mappings. We let

2z = Ti(ze-1, \¢) for t =1,..., T, where 2 is sampled from a Gaussian base distribution with

52



parameters \g. A is the set of parameters specifying flow layer 7;, T is the total number of

flow transformations, and A = { g, A1, ..., Ar}.

The idea of improving amortized variational inference in VAEs with the help of normalizing
flows [114, 115] was first proposed by [96]. We instead employ autoregressive transformations
in each layer 7; to capture high-dimensional dependencies in the latent space, producing
inverse autoregressive flows (IAF, [61]). We approximate both terms in Ly (A; x) of Eq. (3.8)
via S samples from ¢,(zr); each Gaussian sample from the base distribution is transformed

by T" flow layers. Query-specific parameters A are optimized by stochastic backpropagation.

Gaussian Mixture Posteriors. Parameterizing the latent space distribution ¢,(z) as a
mixture of Gaussians enables us to explicitly model different hypotheses in the latent space.
Let ga(z) = S0, wuN (2 | g, Ay), where g1, and A, are the means and (diagonal) covariances
of the T' mixture components (posterior modes), w, are mixture weights (3., w, = 1), and

A = {wy, pg, Ar YL, Increasing T allows inference of more accurate posterior approximations.

Optimizing mixture parameters A is not straightforward as discrete resampling from mix-
ture weights cannot be continuously reparameterized. We use implicit reparameterization
gradients (IRG, [34]) to efficiently compute gradients of the mixture component means and
covariances. While in principle IRG could also be used to estimate gradients of mixture
weights [39], in practice this estimator has enormous variance when posterior modes are
widely separated. We instead adapt an importance-sampling gradient estimator [105| for
mixture weights. Multiple samples S from the variational posterior are necessary to capture

the impact of multiple posterior modes on the ELBO (3.8).

Hierarchical VAE Posteriors. For the hierarchical VAEs [107] introduced in Sec. 4.2,
neither Gaussians nor Gaussian-mixtures are flexible enough to capture the non-linear de-
pendencies between latent variables at different levels of the hierarchy. We therefore propose

a new, more expressive (non-amortized) variational family for HVAEs that removes depen-
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dency on the observation x, while retaining the expressive and non-linear dependencies of

the HVAE model. Our variational posterior factorizes as:

L

o (2) = qx(21) Hq,\(Ze|Z<z)- (3.9)

(=2

As in the HVAE decoder, we let ¢)(z¢|z<¢) be conditionally Gaussian for all . More complex
conditional distributions (such as flows or mixtures) could also be used, but this conditionally

Gaussian structure alone allows for expressive, multi-modal posterior approximations.

We propose a simple, generic strategy for constructing a family of non-amortized distribu-
tions given a pre-trained HVAE. Our approach applies to many recent hierarchical VAE

architectures, including the “very-deep” HVAE [16] that we use in experiments.

To specify the non-amortized QAVTI posterior, we begin with the amortized posterior defined
in Eq. (3.4). Holding g4,, ite,, 04, fixed, we replace the features extracted from the observa-
tion with a new tunable parameter \,. A further set of weighting parameters 7, v, € [0, 1]
interpolate these output parameters with those of the prior. Thus our hierarchical QAVI

posterior for layer ¢ becomes:

He = 72:“@ ()‘éa 9o, (Z<g)) + (1 - 72)“95<2<4)7
Op = ’Ye%g()\bgqsg(zd)) + (1 - 7@)005<Z<£)7

(20 | 2<e) = N(ze | e, o0). (3.10)

Re-using the pre-trained networks gy,, tg,, 04, allows the full amortized encoder to be used
for initialization of A\, by simply setting Ay <— fy, (0, Znr). Ty may be any initialization for

the missing features, even Gaussian noise.

Our approach of interpolating posterior (yy,, 04,) and prior (jg,, 0p,) network outputs is vital

when reusing py, and oy, from the original inference model. In the original, fully-observed
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training phase, posterior variances may become extremely small for the highly overparame-
terized HVAE model. But with missing data, latent variables corresponding to unobserved
features should have distributions close to the prior. Expressing the variational posterior as
a weighted combination of prior and posterior network outputs allows our variational family
to easily produce appropriate posteriors for latent variables corresponding to both observed

and missing features, without needing to re-train j4, and og,.

Hierarchical VAE Warmup. For hierarchical VAEs with a multi-scale architecture, we
find that a warmup phase of optimization with a modified objective greatly accelerates pos-

terior fitting. This idea is broadly proposed by [117], and refined as follows: Ly (0, ¢;x0) =

Eoy (o llog po(zol2)] - dilDKqu(zl) | polz1))

L
1
_ Z d_ZEQA(Z<Z)[DKL(q/\(Z€|Z<£) || po(2ze|z<e))], (3.11)
—2

where d, is proportional to the size of the latent space at layer ¢. Intuitively, when inpaint-
ing large segments of an image, high-level structures should be determined first and details
refined later. But for the unmodified ELBO, higher resolution latent layers contribute sub-
stantially more to the loss, leading to slow convergence. Fig. 3.2 illustrates the dramatic

effect of this change during QAVI optimization.
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Figure 3.2: Comparison of QAVT optimization for HVAEs without (top) and with (bottom)
our KL-balanced warmup.

3.4 Experiments & Results

3.4.1 Experimental Setup

We evaluate QAVI!' using six tabular datasets from the UCI Machine Learning Database
[57]. For tabular data, we follow the experimental setup of [82] to train our VAEs, but use

a Gaussian variational posterior instead of Student’s t.

We also consider three image datasets: real-valued MNIST (|70]), Street View House Num-
bers (SVHN) [87], and FFHQ-256 [54]. We use a single-stochastic-layer VAE for MNIST
and SVHN, with a WideResNet architecture [136] that is known to work well with images.
We train them with fully-observed images from the training set (70,000 MNIST images and
73,257 SVHN images) and maximize the ELBO of Eq. (3.2). For FFHQ-256, we adopt

LCode available: nttps://github.com/SakshiAgarwal/QAVI
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the “very-deep” hierarchical architecture of [16], but for efficient comparison we re-trained a

smaller variant of their original HVAE (5.9M vs. 115M parameters).

While QAVT handles missing-at-random (MAR) data naturally, we setup our experiments
to be consistent with most prior work on imputation with VAEs. For MNIST and SVHN
we consider two missing-completely-at-random (MCAR) patterns: 1) two randomly placed
patches (each of size 10x10 for MNIST, 15x15 for SVHN); 2) a randomly rotated mask of
half of the image. We use a more challenging random mask distribution [139] for FFHQ-256.
For tabular datasets, we corrupt the test set by removing half of the features in each row

uniformly at random.

Baselines. We compare QAVI with several methods from the literature: i) The Fill Zeros
heuristic [86]; i2) Monte Carlo methods: pseudo-Gibbs [97| and Metropolis-in-Gibbs [81];
ii) Amortized inference methods: Re-tuned Encoder |20] and Posterior Matchfing] [113].We
consider three variants of posterior matching to evaluate the importance of knowing the
missing-feature pattern during training. Posterior Match (True) trains the posterior match-
ing encoder with exactly the same query distribution used for test evaluation. Posterior
Match (Rand.) assumes that only the fraction of missing features is known; features are re-
moved at random with this probability. The generic Posterior Match uses the image masking
distribution of [139], which assumes contiguous masked regions without specific knowledge

of queries to be evaluated.

We compare also QAVI to state-of-the-art approaches to inpainting with HVAEs: Posterior
Matchfing] and VAEAC [47]. Both Posterior Match and VAEAC benefitted from training
with the same random mask distribution [139] used in evaluation. As our “very-deep” HVAE
architecture already links the encoder and decoder, we do not include extra deterministic

skip connections as in the original VAEAC architecture.

Hyperparameters. QAVI optimization for VAE models uses S = 100 Monte Carlo
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Figure 3.3: Kernel density visualizations of the prior and approximate posteriors for five
QAVI variants, fit using S = 1000 samples from the optimized variational distribution. We
show one test sample chosen from two UCI tabular datasets, Banknote (top) and Concrete
(bottom ), containing two missing features (labeled on axes). We observe that the true data
point (red) is often enclosed by the different posteriors, but sometimes missed by Feat. QAVI.
We approximate the true posterior via a highly expressive QAVI mixture of 100 Gaussians,
fit by extended optimization.

samples to estimate our variational objective and gradients, and optimizes variational pa-
rameters A for 300 steps using Adam [60]. We refer to our posterior on missing features
(Sec. 3.3.1) as Feat. QAVI, and our Gaussian/Flow/Mixture non-amortized variational pos-
teriors (Sec. 3.3.2) on latent codes z as Gaus./Flow/Miz. QAVI. For HVAE models, QAVI
optimization uses S = 28 samples to estimate the ELBO, and optimizes for 1000 total steps

(including 500 warmup steps as in Fig. 3.2).

Metrics. For a quantitative analysis, we estimate the marginal log-likelihood of the missing

features ), using the importance sampling estimator of [14]:

S
1 Po\Znr, Z(S)

log po(ar) = Eorng(r) (108 5 2 ol a(z®) )

s=1

pHx ) s
~ log = Z A;(S . 29~ g2). (312

The true log-likelihood of missing features is constant for all inference methods, since the
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Table 3.1: Test missing data log-likelihoods (LL, higher is better) and normalized root
mean-square error (NRMSE, lower is better) for 5 tabular datasets from the UCI repository,
estimated using S =10,000 samples. NRMSE per test row is the minimum across S samples.
QAVT variants have superior performance (highlighted in bold) for almost all data.

Breast Cancer Red wine White wine Banknote Concrete
LL NRMSE LL NRMSE LL NRMSE LL NRMSE LL NRMSE
Mix. QAVI -9.16 0.39 -6.35 0.26 -7.03 0.35 -2.25 0.10 -2.70 0.17
Flow QAVI -9.14 0.39 -6.47 0.26 -7.03 0.35 -2.24 0.10 -2.65 0.17
Gaus. QAVI -9.21 0.39 -6.56 0.30 -6.94 0.30 -2.35 0.10 -2.82 0.17
Feat. QAVI -16.32  0.37 -13.20 0.28 -8.80 0.38 -8.27 0.15 -15.14 0.23
-7.81 0.47
Posterior Match -15.14 0.33 -14.83  0.42 -9.19 0.39 -4.42 0.14 -15.05 0.40
Re-tuned Encoder -12.82  0.40 -12.96  0.40 -9.59 0.39 -4.26 0.14 -11.48 0.35
Metropolis-in-Gibbs  -23.94  0.44 -74.22  0.68 -19.83  0.58 -49.51  0.68 -265.62  0.62
pseudo-Gibbs -12.61 0.33 -33.53 0.36 -10.68 0.36 -44.16  0.40 -249.06 0.36
Fill Zeros -32.56  0.40 -21.97 0.36 -10.09 0.37 -17.46  0.32 -23.33 0.32
Mix.  ___ Flow ___ Gauss. Feat Posterior __ Posterior _ _ Posterior __ Retuned __ Metropolis pseudo  _ il
QAVI QAVI QAVI QAVI Match (True) Match Match (Rand.) Encoder in Gibbs Gibbs Zeros
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Figure 3.4: For two image mask distributions and several inference methods (top), we plot
importance-weighted log-likelihood estimates for missing pixels and varying samples S. We
average over 1000 MNIST (left) or SVHN (right) test images.

generative model py(x) is fixed, but better posterior approximations lead to tighter lower
bounds for a fixed number of samples S. Fig. 3.4 shows estimated log-likelihoods versus the

number of samples.

As the importance-weighted likelihood estimator becomes expensive and unreliable to evalu-
ate for high-dimensional models like HVAEs, we use perceptual metrics to evaluate inpainting
results for HVAEs on the FFH(Q dataset. Table 3.2 reports three metrics on a test set of
1000 images: FID [42] as well as P-IDS and U-IDS [139]. We modify P-IDS and U-IDS

slightly to reduce sensitivity to the test set size.
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Figure 3.5: Digit completion results on MNIST (left) and SVHN (right) images for inference
queries with pixels obscured by the Rotating-Half or Random-Patches distributions. We
show 5 samples from each inferred posterior. Monte Carlo and amortized inference methods
propose one sometimes-valid digit completion; amortized VI is typically more accurate. The
performance of Posterior Match varies widely depending on the missing-feature distribution
it is trained on. In contrast, QAVI automatically adapts to queries, and proposes multiple
valid imputations that effectively capture posterior uncertainty:.

3.4.2 Results

QAVI improves imputation quality. Fig. 3.4 and Table 3.1 compare the log-likelihood
of missing features across MNIST, SVHN, and tabular datasets. We see that heuristic
imputation and Monte Carlo methods perform poorly. Re-tuned Encoder and Posterior
Match show relatively higher likelihoods, but do not match QAVI across any dataset or
missingness pattern. Feat. QAVI is competitive for tabular data, but for high-dimensional
images it is susceptible to local optima. Fig. 3.7 similarly shows that QAVI provides reliably

strong performance for downstream tasks.

QAVI can capture multi-modal posterior uncertainty. We show imputations for
four test examples in Fig. 3.5 to highlight differences in inference methods, and to explore
the uncertainty in the inferred posterior over the missing features. We see that Gaussian

and Flow QAVI defined on the latent space are capable of capturing uncertainty in the

60



-

[ |

Truth

QAVI
(Full model) (FuII model)

L‘
4

ed

QAVI

Maske

ﬂiﬂ

QAVI

E » ||||l‘||‘|
: IIII||||| IIIlI!II
v
i

Posterior-
Matching

Posterior-
Matching

T 4

VAEAC

o s oo o

QAVI
(Full model)

=

‘<3 ¥

d

{<fv 1

i ‘ .(;y,: :
)

T i

*lb
QAVI T
= 4- *‘:

Posterior-
Matching |

R | s o

QAVI

q

Posterior-
Matching

ilﬂ
.
By p i )
iy iy ,»}
e
(f‘t i ¥y
=
L P ©

[--]

4

)
\Z ;.
)
(@
" i
HIHIHI fani

=
L
L

VAEAC

QAVI
(Full model)
QAVI

Posterior-
Matching

Posterior-
Matching

LD
OB 1B
B 151616

VAEAC

S 151515}
191915

Figure 3.6: Inpainting results on the FFHQ-256 dataset, comparing our non-amortized deep
QAVT inpainting with VAEAC and Posterior Matching. We also compare QAVI results for
the reduced-size models used in Table 3.1 to inpaintings from the original “very-deep" HVAE
of [16]. We show the true and masked images, and 5 posterior samples for each method.

missing features. With a mixture of Gaussians variational family, QAVI produces multiple
visually-plausible imputations. The classification performance in Fig. 3.7 shows high relative

classification accuracy for expressive posteriors despite the increased variance in samples.

QAVI benefits extend to HVAEs. We find that QAVT also integrates well with hierarchi-
cal VAE models. The results in Table 3.2 show that our QAVI approach for HVAESs produces

imputations with higher perceptual scores than prior methods for leveraging HVAEs for in-
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Table 3.2: Quantitative comparison of perceptual inpainting quality on the FFHQ-256
dataset. We compare QAVTI against two state-of-the-art adaptations of HVAEs to inpainting,
using the same base “very-deep” HVAE architecture.

Method FID | P-IDS* 1 U-IDS* 1
QAVI 21.21 6.20 24.98
Posterior Match 23.68 3.36 21.55
VAEAC 26.41 2.31 18.19

painting. Figure 3.6 shows that samples produced by QAVI are qualitatively more visually

plausible, and also capture substantial diversity in possible feature imputations.

Amortized imputation is sensitive to training queries. Fig. 3.4 compares the perfor-
mance for Posterior Matching when trained with different masking distributions. We see that
with the absence of any prior knowledge of the true masking distribution at train time, the
performance of Posterior Matching can be as poor as simple heuristics like Fill Zeros. Even
in the unrealistic case where the exact distribution of missingness is known at train time,
posterior matching does not outperform QAVI. This sensitivity to the choice of missingness
for training is significant: adaptation to new patterns of missingness require full retraining.
In sensitive domains such as medicine, access to the original training set may be restricted
or even impossible. QAVI is indifferent to the structure of queries, requires no retraining,

and still outperforms the “best case” amortized imputation.

QAVI smoothly trades off time and performance. Fig. 3.8 illustrates the tradeoff
between performance and optimization time for three variants of non-amortized QAVI, for
100 images from the MNIST dataset. We see that the performance of Posterior-Matching is
far lower than QAVI, and requires substantial overhead to train the partial encoder (over 3.5
hours). Gaussian and Flow QAVI converge in about one minute. Mixture QAVI converges
a bit more slowly, but ultimately reaches the best solutions of any method. Posterior-Match
amortization would have computational advantages for very-large query sets (thousands of

images), but would still have inferior inference accuracy.
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3.5 Conclusion

We have presented a simple and a general framework that has been unexplored in prior work
employing VAEs for the imputation of missing data. Previous state-of-the-art approaches
make use of a restrictive inference network as an imputation strategy. We instead take
an existing VAE generative model (decoder), allocate variational parameters for the latent
code of each missing data point, and update the parameters stochastically to optimize the
induced variational bound. The simple structure of our bounds enables efficient and accurate
approximation of the posterior distribution of missing features, given any pattern of observed

features.

We evaluated QAVI on a variety of VAEs, including current state-of-the-art hierarchical
VAESs, and several datasets. We found that non-amortized QAVI with Gaussian, and espe-
cially Flow or Mixture, posterior approximations outperforms previous heuristic and amor-
tized inference methods data imputation with VAEs. Importantly, we find that a Gaussian
Mixture posterior is able to effectively capture the multi-modality that often arises given

missing data.

In this work, we do not consider missing-not-at-random (MNAR) data [46], but we conjecture
that QAVI will provide a foundation for future advances in MNAR inference. QAVTI provides
a simple, effective, and general approach for inference of missing data with arbitrary patterns,
that is attractive when queries are unknown during training and uncertainty in missing data
is high. QAVI can further extend to different application areas like improving Inference for

Neural Image Compression [127].
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Figure 3.8: Importance-weighted log-likelihood (IWAE) estiamates for missing pixels versus
wall-clock training time (in hours). Likelihoods are estimated at each step of optimization for
100 MNIST images with pixels missing via Random-Patches. We plot the mean and standard
deviation across 10 runs of QAVI methods. We compare to Posterior-Match, whose amortized
inference network requires over 3.5 hours to train. The dip in mixture log-likelihoods occurs
at random re-initialization of mixture parameters to avoid local optima.
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3.6 QAVI: Derivations

3.6.1 Feat. QAVI

As specified in the main chapter, we define a variational distribution over unobserved features
xpr as gx(xpr) and re-use the encoder to model q(z|zo,zy). Hence, the ELBO Ly(X; o)

can be written as :

Q)\(wl\/laz‘xo)[logp'g(an T, 2) —log qx(z, T|T0)]

= By, (wa1,2120) 108 Po (20, T1]2) + log p(z) — log gx(zar) — log g4 (2|zar, 20)]
o (210) [ By (2lzo,00n) 108 Po (20, Tar|2) — log (2|2, x0) +10g p(2)]] — Ey, (20) 108 g5 (2 01)]
o (210) [Eag (2lz0,20r) 108[Po (0, Tar[2)] — K L(qo(2|2 0, 20)|[P(2))] — Egy 2ar) 108 a5 (201)]

= By, (ea0) [ By (2lzo 2ar) 108[Po(T0, Tar|2)] — K L(qs (2|70, w0)|Ip(2))] + H(gr(z01))
(3.13)

where H(gx(xpr)) is the entropy of g\(zp) and KL is the Kullback-Leibler divergence.

Monte-Carlo approximation of Eq. 3.13 with S samples from g¢y(z/, z|zo) is equivalent

to sampling xgw) ~ gr(zpr) and 2 ~ g4(z|z0, xM) We get:

S
Lar(Xizo) Zlogpe z0, 257 12%) = KL(gg(2|70, 257)11p(2))] + H(ga(war)) (3.14)
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3.6.2 Non-Amortized Inference

Here, we define a variational distribution on the latent space variable z as ¢x(z). The ELBO

can thus be derived as follows:

Ln(X;20) = Eg, 2omlz0) 108 Po(T0, Tar, 2) — log qx(2, xar|T0)]
= Ey\ o) 108 po(z0, Tar]2) +1og p(2) — log gr(2) — log pe(zar]2)]
= Eq4\(»[logpe(zo|2) +logp(z) — log gr(2)]

= By llog pa(aol2)] — (4(2)l[p(2)) (3.15)

Approximating the above with S samples, 2(*) ~ ¢(z), we get :

S
v(Aizo) Z log po(w0l2')] — (ax(2)llp(2)) (3.16)
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Chapter 4

Variational Inference for Denoising

Diffusion Models

Even though the hierarchical VAEs discussed in the previous chapter are able to cover the
different modes in the data, they struggle to generate high-quality image samples [117]. How-
ever, with the groundbreaking work in [30], Denoising Diffusion Models have outperformed
Generative Adversarial Networks (GANS), a previously popular deep generative model known
for producing realistic images. In addition to generating high-quality images, Diffusion Mod-
els have also addressed the mode collapse issue inherent in GANs, making them a widely
adopted approach for various conditional image generation tasks [98, 103, 102]. In this
chapter, we present a variational inference algorithm for pre-trained diffusion models. We
demonstrate that, rather than defining the posterior at every level in the latent space hier-
archy, it is possible to selectively choose a few informative levels within the diffusion model.
One application of such an inference algorithm is to infill partially observed images without
training a specific model for this task. While previous work [17, 78, 76, 137, 7, 101, 108|
utlizes pre-trained DMs and focuses on incorporating the observation in the data generat-

ing reverse diffusion process, we explicitly infer the posterior distribution over mid-ranged
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latent variables z in the presence of an observation y, i.e. p(z | y). This inference procedure
captures a multi-level hierarchy of interactions from global-to-local details in the image. We
show in this chapter through extensive experimentation, that this innovative inference pro-
cedure is able to result in perceptually consistent and diverse image reconstructions in the
case of large masking ratios. We further show that such an approach can also applied to
other linear inverse problems like superresolution and deblurrring. This chapter is based on

our work [3].

4.1 Introduction

Diffusion models [44, 112, 89, 110] generate synthetic data by sequentially denoising Gaussian
noise for hundreds or thousands of time steps, producing deep generative models that have
advanced the state-of-the-art in natural image generation [30, 59, 53|. Diffusion models for
high-dimensional data like images are computationally intensive. Hence, Latent Diffusion
Models (LDMs) [98, 118] improve efficiency by leveraging an autoencoder [64] to map data to
a lower-dimensional encoding, and then training a diffusion model for the lower-dimensional
codes. This dimensionality reduction enables tractable but expressive models for images with
millions of pixels. The effectiveness of LDMs has made them a new standard for natural

image generation, and they are thus our focus here.

Motivated by the foundational information captured by diffusion models of images, numerous
algorithms have incorporated a pre-trained diffusion model as a prior for image editing [83],
inpainting [112, 123, 56, 18, 76, 15, 32, 116, 31|, or other inverse problems [52, 109, 38, 78, 17|.
Many of these prior methods are specialized to inpainting with pixel-based diffusion models,
where every data dimension is either perfectly observed or completely missing, and are not

easily adapted to state-of-the-art LDMs.
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Additionally, for the task of image inpainting, prior works (DPS, [17], RedDiff [78]) only
employ masks covering a small percentage of the image. More recent works (RePaint [76],
CoPaint [137]) note that their methods struggle with larger masks. Recently, [72] proposed a
probabilistic circuit [23] based approach and shows some improvements over some widely used
methods for inpainting, but is supervised and is highly biased towards mask-specific training.
Another recent paper [121] uses additional guidance (example segmentation, depth, pose etc)
to solve inpaint large mask regions. Most of the widely used inpainting algorithms employ an
iterative refinement procedure, like that used to generate unconditional samples, and then
guide their predictions towards the partially observed image via various approximations and
heuristics. In Fig. 4.1, we see that by sequentially annealing from independent Gaussian
noise to noise-free images, these approaches produce myopic samples that do not adequately
incorporate information from observed pixels, and fail to correct errors introduced in earlier
stages of the “reverse-time” diffusion. More recent work has extended these approaches to
enable image editing |7] or inpainting [101, 21, 17, 108] with LDMs, but we see in our

experiments that they continue to suffer similar inaccuracies.

In this work, we present VIPaint, a novel application of variational inference (VI) [120, 13]
that employs both LDMs and pixel-based DMs as priors to handle large masks for image
inpainting. VI has achieved excellent image restoration results with a wide range of priors,
including mixtures [33, 50] and hierarchical VAEs [4], but there is little work exploring
its integration with state-of-the-art LDMs. While Red-Diff [78] applies VI to approximate
the posterior of pixel-based DMs, its local approximation of the noise-free image posterior is
difficult to optimize, requiring annealing heuristics that we demonstrate are sensitive to local
optima. Instead, VIPaint strategically defines a hierarchical, Markovian and non-Gaussian
approximation to the true (L)DM posterior that accounts for a subset of latent noise levels,
enabling the inference of both high-level semantics and low-level details from observed pixels
simultaneously (see Fig. 4.1). Further, we efficiently infer variational parameters for each

inpainting query, avoiding the need to collect a training set of corrupted images 72, 21|,
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CoPaint-TT

Figure 4.1: Top: Sampling methods like CoPaint-TT [137] and DPS [17] anneal from Gaus-
sian noise to noise-free images while guiding samples towards observation data and tend to
produce incoherent images. Whereas, RedDiff [78] defines its variational posterior directly
on the noise-free data space and produces blurry images. Direct optimization of its varia-
tional bound (RedDiff-V) leads to poor local optima, so must resort to annealing through
diffusion time (RedDiff, 7" — 0). Our VIPaint method suffers from no such difficulty and
uses the variational bound for optimization, leading to more robust inference. Bottom:
We visualize samples generated at intermediate time points in the diffusion latent space and
compare VIPaint with the best performing baseline, CoPaint-TT. We see that intermediate
samples for CoPaint-TT don’t infer the underlying image correctly, and that these errors
cannot be corrected later in the sampling process, leading to severe inconsistencies in final
inpaintings as shown. In contrast, samples from our VIPaint posterior align better with the
observations, even at higher noise levels, resulting in more coherent inpaintings.

expensively fine-tune generative models |7] or variational posteriors [32] for each query, or

retrain large-scale conditional diffusion models [98, 102, 88, 19].

We begin by reviewing properties of (latent) diffusion models in Sec. 4.2, and prior work
on inferring images via pre-trained diffusion models in Sec. 4.3. Sec. 4.4 then develops the
VIPaint algorithm, which first fits a hierarchical posterior that best aligns with the observa-
tions, and then samples from this approximate posterior to produce diverse reconstruction
hypotheses. Results in Sec. 4.5 on inpainting then show substantial qualitative and quan-

titative improvements in capturing multimodal uncertainty for both pixel-based and latent

DMs.
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4.2 Background

The diffusion process begins with clean data x, and defines a sequence of increasingly noisy
versions of z, which we call the latent variables z;, where t runs from ¢ = 0 (low noise) to
t = T (substantial noise). The distribution of latent variable z; conditioned on x, for any

integer time ¢ € [0, 77, is
q(z | ) = Nz | oy, 7 1), (4.1)

where «; and o, are strictly positive scalar functions of ¢. This noise implicitly defines a
Markov chain for which the conditionals q(z; | z1-1), q(zi—1 | 2, x) are Gaussians. The
signal-to-noise ratio [62] induced by this diffusion process at time ¢ equals SNR(t) = a?/o?.
The SNR monotonically decrease with time, so that SNR(t) < SNR(s) for t > s. This
DM specification includes variance-preserving diffusions [44, 106] as a special case, where

a; = /1 — o?. Another special case, variance-exploding diffusions [110, 112], takes o; = 1.

Image Generation. The generative model reverses the diffusion process outlined in Eq. (4.1),
resulting in a hierarchical generative model that samples a sequence of latent variables z;
before sampling z. Generation progresses backward in time from ¢t = 7" to ¢t = 0 via a finite
temporal discretization into T" = 1000 steps, either uniformly spaced as in discrete diffusion
models [44], or via a possibly non-uniform discretization [53| of an underlying continuous-
time stochastic differential equation [112|. Denoting ¢ — 1 as the timestep preceding ¢, for

0 <t < T, the hierarchical generative model for data x is expressed as follows:

Po() :/ p(z | 20 H (ze-1 | 2t) dz. (4.2)

The marginal distribution of 2z is typically a spherical Gaussian p(z7) = N(27 | 0,0%1).

Pixel-based diffusion models take p(x | zp) to be a simple factorized likelihood for each pixel
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in x, while LDMs define p(z | 29) using a decoder neural network. The conditional latent
distribution pg(z;_1 | z;) maintains the same form as the forward conditional distribution
q(zi—1 | z,7), but with the original data x substituted by the output of a parameterized

denoising model, z; as

Zt — Ut€9(zt> t)

po(zic1 | 2) = q(ze-1 | 21, 20 = Zo(24, ), where Zg(z,t) = (4.3)

gy

This denoising model éy(z,t) typically uses variants of the UNet architecture [100] and is
trained to optimize a re-weighted variational lower bound of the marginal likelihood of data
x, simplified as [44, 112],

T

T, o [| - tm%} . (4.4)

E(O,T) (Zo) = 9

where the expectation is taken over t, z; ~ q(z|z), and & ~ pgata(x). LDMs use an encoder
¢o(20|7) to map z to a lower-dimensional space and train a diffusion model in this reduced

encoding space for efficiency.

4.3 Background: Inference with Diffusion Models

In many real-life scenarios, we encounter partial observations y = x ®m, where m is a binary
mask indicating missing pixels. In cases where large portions of image is masked, exactly
recovering x from y is challenging, because many x could produce the same observation y.
To express the resulting posterior ps(z | y) given a DM prior, we can adapt the generative

process in Eq. (4.2) as

!

pe(fv\y)—/pe(Zﬂype x| 20,y H (21 | 20,y) da. (4.5)

z —
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Inpainting1  Inpainting 2 Expected reconstruction by time

Figure 4.2: Top: The hierarchical approximate posterior of VIPaint is defined over a coarse
sequence of intermediate latent steps between T, and Ts. During optimization, the variational
parameters A defining the posterior on a subset of latent times are fit via a prior loss on times
above T,, a hierarchical loss defined across K intermediate times, and a reconstruction loss
estimated using a one-step approximation py(z|zr,) from the posterior samples. Bottom:
After variational inference, samples from the hierarchical posterior (now aligned with the
observation) transition smoothly in the intermediate latent space [0, 7] via gradient updates.

Exactly evaluating this predictive distribution is infeasible due to the non-linear noise pre-
diction (and decoder) network, and the intractable posteriors of latent codes p(z;—1 | 21, y)
for all £. Various methods have been proposed to conditionally sample latent codes z;_1,

detailed below.

4.3.1 Sampling Methods for Inverse Problems

Blending Methods methods [111, 123] define a procedural, heuristic approximation to the
posterior and are tailored for image inpainting. They first generate unconditional samples

z;_1 from the prior using the learned noise prediction network, and then incorporate y by
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replacing the corresponding dimensions with the observed measurements. RePaint [76] at-
tempts to reduce visual inconsistencies caused by blending via a resampling strategy. A
“time travel” operation is introduced, where images from the current time step z;_; are first
blended with the noisy version of the observed image 1;_1, and then used to generate images
in the (¢t —1)+r, (r > 1) time step by applying a one-step forward process and following the

Blended denoising process.

Gradient-Based Methods. Motivated by the goal of addressing more general inverse
problems, Diffusion Posterior Sampling (DPS) [17] uses Bayes’ Rule to sample from pg(z; 1|z, y) o
po(zi—1|2t)pe(y|zi—1). Instead of directly blending or replacing images with noisy versions of
the observation, DPS uses the gradient of the likelihood log py(y|2;) to guide the generative
process at every denoising step t. Since computing V,, logp(y|z—1) is intractable due to
the integral over all possible configurations of 2z for ¢ < ¢t — 1, DPS approximates p(y|z:_1)
using a one-step denoised prediction & using Eq. (4.3). The likelihood p(y|z) = N'(f(z), 0?)
can then be evaluated using these approximate predictions. To obtain the gradient of the

likelihood term, DPS require backpropagating gradients through the denoising network used

to predict .

Specializing to image inpainting, CoPaint [137] augments the likelihood with another regu-
larization term to generate samples z;_; that prevent taking large update steps away from the
previous sample z;, in an attempt to produce more coherent images. Further, this work also
proposes CoPaint-TT, which additionally uses the time-travel trick to reduce discontinuities

in sampled images.

Originally designed for pixel-space diffusion models, it is difficult to adapt these works di-
rectly to latent diffusion models. Posterior Sampling with Latent Diffusion (PSLD) [101]
first showed that employing DPS directly on latent space diffusion models produces blurry

images. It proposes to add another “gluing” term to the measurement likelihood which pe-
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nalizes samples z; that do not lie in the encoder-decoder shared embedding space. However,
this may produce artifacts in the presence of measurement noise (see [108]). To address this
issue, recent concurrent work on the ReSample [108] method divides the timesteps in the
latent space into 3 subspaces, and optimizes samples z; in the mid-subspace to encourage
samples that are more consistent with observations. Other work [133] highlights a 3-stage
approach where data consistency can be enforced in the latter 2 stages which are closer to

t=0.

Below, we elaborate Red-Diff, a variational inference approach closest to our work.

4.3.2 Red-Diff: Variational Posterior over data z«

RedDiff 78] uses pixel-based diffusion models as priors and defines a variational distribution
to approximate pg(z | y). It defines a simple Gaussian variational distribution over the data
space x as q\(z) = N(u, 0?), where A = {1, 0} and both y, o are defined per pixel. It further
assumes a small constant variance o2 ~ 0, reducing the posterior approximation to an image

4 that minimizes the KL divergence:

D(gx()|lp(zly)) = —log p(y|w)] + D(gr(z)l|ps(z)) (4.6)

Thus, RedDiff seeks an image p that reconstructs the observation y according to the given

mask m, while having a high likelihood under the diffusion prior (second term).

The second term acts as a regularizer and comprises of an expectation that averages over
many diffusion time steps. In practice the authors find optimization with such a loss to be
difficult. Moreover, the authors observe that annealing time from ¢t = T to t = 0, as in stan-
dard backward diffusion samplers, yields better performance rather than directly optimizing
the variational bound through random time sampling. Some visual examples are provided in

Fig. 4.1 for a comparison between RedDiff-V, which uses random-time sampling as justified
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by the correct variational bound, and RedDiff which employs descending time from 7' to
0. Furthermore, RedDiff does not propagate gradients over the denoising network eq(z, t)
to prevent optimization instability, which we hypothesize may arise due to the denoising

function’s lack of smoothness at low-noise levels [128].

Because Red-Diff employs a simple variational posterior that directly optimizes an image
at the noise free (t = 0) level only, it is inherently incapable of capturing uncertainty in z,
due to its mode-seeking behaviour. Additionally, its optimization process is biased because
it relies on annealing time during the diffusion process rather than randomly sampling time
points. We demonstrate that in contrast, our VIPaint framework better models posterior
uncertainty, enables stable optimization of an unbiased variational bound, and can be applied

to both pixel-based and latent DMs.

4.4 VIPaint

Given a pre-trained diffusion model, VIPaint infers the latent distribution over z; induced by
a test observation y. VIPaint constructs a hierarchical posterior over a subset of mid-ranged
latents, z; € [Ty, T.], where 0 < Ty < T, < T’; optimizes its parameters A using a variational
bound; and employs iterative gradient-based refinements to the posterior samples in the
low-range latent space [0, T;] to produce final inpaintings. An overview is provided in Fig.

4.2.

This technique offers several advantages over RedDiff, as the latent-space hierarchical poste-
rior: 1) infers high-to-low global semantics in the latent space, induced by a corrupted image
y; 2) accounts for uncertainty in the missing regions; and 3) strategically avoids the training
instabilities observed in the low-ranged latent space [0,7%) [128] and 4) is easily extended

to latent diffusion models. Below we elucidate the posterior formulation, optimization and
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sampling strategies.

Posterior Formulation VIPaint defines the latent-space hierarchical posterior as follows:

o (2r1) = < 1:[ CI)\(ZS(Z') | ZS(i+1)>>Q)\(ZTe) (4.7)

i=1

where K > 2 and s(i) denotes the timestep preceding s(i + 1) for all ¢ € [1, K — 1], for
instance s(1) = Ts, s(K) = T.. Experiments suggest these intermediate timesteps to achieve
a SNR (a?/0?) in the range [0.2,0.5] across different (latent) diffusion models. For the
highest timestep 7., we let ¢y(z7,) be a simple Gaussian N (pur,, 77 ) and the conditionals be

defined as :

Or(Zsiy | Zs(ir1)) = N (zati) | V() 2s00) + (1= Vs(i) ) Mhs(iy Togay)» (4.8)

where 74;) is the standard deviation and mean is a convex combination between the prior
diffusion model prediction Z,;) = 23(1)(9, 2z, t), and a contextual variational parameter, H(s(i)) -
Previous work [112, 76, 56, 108] uses linear combinations between the observed y and gen-
erated sample z;, but use either hard constraints or fixed weights that are manually tuned.
Instead, we incorporate free parameters A = {ur,, 71, (Vs(i), ts(i) Ts(i))fsl} across K latent
levels, defined over each pixel in the image or its encoding. Such a flexible posterior is key
when reusing the diffusion prior and align precisely with a particular observation y, without
the need to re-train 6. We use y to initialize p,(;) by first encoding it using the encoder
and then scaling it by the forward diffusion parameter o, and use the noise schedule to

initialize our posterior variance.

Fitting the Posterior To fit our hierarchical posterior, we optimize the variational lower

bound (VLB) of the marginal likelihood of the observation y. The derivation is provided in
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Figure 4.3: We show VIPaint’s posterior fitting progress and sample generation every 50
iterations for two test cases. We see VIPaint quickly grasps the image semantics within 50
optimization iterations.

[3], and the simplified three-term objective is expressed as follows:

K-1
L(A) - _E [IOgPG(y|ZTs +6< D |:Q)\ Zs )|Zs(z+1 )Hp@(Zs(z |Zs z+1))) +L(T6,T) (ZTE) 5
= —_————

reconstructlon loss v diffusion loss

hierarchical loss

(4.9)

VIPaint seeks latent-posterior distributions that assign high likelihood to the observed fea-
tures y (by minimizing the reconstruction loss), while simultaneously aligning with the
medium-to-high noise levels encoding image semantics (hierarchical and diffusion losses)
via weight 8 > 1 [43, 4]. We approximate L()\) with M Monte Carlo samples from our hi-
erarchical posterior q,\(zTS;Te); we follow ancestral sampling to draw Z(TT) ~ q\(zr,), {Z£ZL)) ~

O (2s00) |zS (i +1)) . We evaluate L(\) as below and use automatic differentiation to compute

gradients with respect to .

M K-1
1 m
= 3 | 1ogmyl) +8( 3 D |ar (o 125 e |=4500)) | + Ly (7))
m=1 v i=1
reconstruction loss ~ 4 diffusion loss

Vv
hierarchical loss

(4.10)

Reconstruction Loss. This term guides the samples from the posterior z(Tm) to be closer

to the observations y. We employ a one-step expected mean prediction E[éém)]z(TT)] as in
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VIPaint VIPaint
Observed (no Ploss) VIPaint Observed (no Ploss) VIPaint

Figure 4.4: An ablation showing the effect of addition the perceptual loss (PLoss) in the
reconstruction term for the task of image inpainting using latent diffusion priors. We see
that even though VIPaint can inpaint the image semantically without the Perceptual loss,
this loss becomes important to produce sharper reconstructions.

Eq. (4.3) to approximate zo. Because T} is closer to ¢ = 0, this approximation is accurate
enough to guide samples 27, to be consistent with y. In case of latent diffusion models, we
use decoder upsampling to produce image . We use the L1 reconstruction loss, and add a
perceptual loss term [138] in case of Latent Diffusion Models. This loss was originally used
to train the decoder, and Fig. 4.4 shows an ablation that adding such a term helps avoid

blurry reconstructions.

Diffusion Loss. The diffusion loss is derived in [3] and write the simplified expression:

m T - Te
Lr, 1) (Z(Te ) 5

EtNZ/l(Te,T),q(zt|z¥:))D[Q(Zt—1 |Zta Z(TT)) | |p9 (Zt—l |Zt)] : (4' 11)

where the expectation is over ¢ uniformly sampled in [T}, T] (instead of the entire diffusion
timesteps), z; ~ q(z; | zr,) and zr, ~ gx(27.). In other words, this loss term regularizes the
samples zryj) in high-level image semantics encoded in the latent range of [T,,T]. Following
prior work, instead of summing this loss over all ¢ > T,, we sample timesteps t ~ U(T.,T)

defined on a non-uniform discretization [53], yielding an unbiased estimate of the loss.

Hierarchical Loss. The KL terms across the K — 1 intermediate times in the hierarchy
are computed in closed form (an analytic function of the means and variances) between

the posterior and prior conditional Gaussian distributions. Intuitively, these terms further
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True Masked VIPaint ReSample PSLD Blended True Masked VIPaint ReSample PSLD Blended

Figure 4.5: Tmage completion results using the LDM prior for Imagenet256 (left) and LSUN
(right) for large-mask inpainting (Random Masking and Rotated Window schemes). We
show inpaintings from each method in the following columns. DPS, PSLD, and ReSample
produce blurry inpaintings of varying quality. Despite being conditioned on class labels,
baseline methods’ inpaintings for ImageNet are inconsistent with the observed image. In
contrast, VIPaint captures global semantics from the observed image, producing highly re-
alistic inpaintings.

True Masked VIPaint-4 VIPaint-2 CoPaint-TT CoPaint RePaint DPS RedDiff RedDiff-V Blended
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Figure 4.6: Image completion results using the pixel-based EDM model for ImageNet64
with for large-mask inpainting (Random Masking and Rotated Window schemes). We show
inpaintings from each method in the following columns. Posterior sampling methods for
pixel-based diffusion priors, like RePaint and CoPaint, are generally more accurate but still
produces inconsistent samples. In contrast, VIPaint infers the underlying image correctly,
and produces highly realistic inpaintings.

regularizes posterior samples {zi?;))}fi]l to capture high-to-medium level image details in the

mid-ranged [T, T.] diffusion space.

Hence, all the loss terms in Eq. (4.9) are stochastically and differentiably estimated based
on samples from the hierarchical posterior, enabling joint optimization. Progress in fitting
VIPaint’s posterior is shown in Fig. 4.3; the number of optimization steps may be reduced
to more quickly give approximate posteriors. If the posterior is only defined on the noise-free
level zp as in Red-Diff [78], the VIPaint objective ( Eq. (4.9)) reduces to an objective men-
tioned in their work. However, VIPaint strategically avoids low noise levels in its posterior,

decreases training instabilities as observed by RedDiff and extends to Latent Diffusion priors.

80



Sampling. After optimization, the hierarchical posterior gy(zr,.7.) is now semantically
aligned with the observation. We employ ancestral sampling on our K level hierarchical
posterior starting from 7, to T, to yield samples zy, as shown in Fig. 4.2. This step
gradually adds semantic detials in samples. Further, VIPaint refines z7, using the prior
denoising model at every step ¢t < Ts. Similar to DPS [17]|, we update the samples using
gradient of the likelihood log py(y | z:),t < Ts. This ensures fine-grained consistency to our

final inpaintings.

Time Complexity. The time taken by VIPaint-K scales primarily with the number of
denoising network calls. Each optimization step for a K —step posterior (K < T') involves
O(K) calls to sample zr, ~ gx(zr,.7.), and one to compute the diffusion prior loss, resulting
in O(K) function calls per step. Thus, for I optimization steps, the overall complexity
is O(KI). For example, our VIPaint-2 is optimized over 50 iterations, it requires only
50* (24 1) = 150 denoising network calls to infer global image semantics. Once fit, sampling
requires an additional Ty (75 = 400 for LDMs) denoising network calls per sample instead

of T (T = 1000) network calls in traditional sampling methods.

4.5 Experiments

4.5.1 Experimental Setup

We conduct experiments across 3 image datasets: LSUN-Church [132], ImageNet-64 and
ImageNet-256 [29]. For ImageNet-64, we use the pre-trained class-conditioned pixel-space
"EDM" diffusion model [53]; for LSUN-Churches256 and ImageNet256 we use the pre-trained
latent diffusion models from [98]. Then, we sample 100 non-cherry-picked test images across

the three datasets. We consider three masking patterns: 1) a small mask distribution [139]
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Blended RePaint DPS RED-Diff CoPaint VIPaint
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Masked Truth Masked Truth

Figure 4.7: Left: Sample completions comparing VIPaint with the best performing baseline,
CoPaint, for two test images. We show the true and masked images, and 5 in-painted samples for
each method. VIPaint yields coherent samples while capturing uncertainty in the missing pixels in
images. In comparison, CoPaint has high variance in the quality of results. Right: We compute
summary statistics (minimum, mean, maximum) of the LPIPS score across 100 sampled completions
per test image. We show the average value of each of these statistics across the test set. We see that
VIPaint improves on baselines, both in terms of the average quality of results and in the consistency
in result quality.

Task VIPaint-4  VIPaint-2  CoPaint-TT  CoPaint RePaint DPS Blended RedDiff RedDiff-V
Rotated Window 0.289 0.300 0.316 0.347 0.3213 0.3203 0.3409 0.463 0.407
Random Mask 0.231 0.227 0.245 0.278 0.2575 0.2880 0.2763 0.409 0.671
Task Imagenet-256 LSUN-Church
VIPaint-4  VIPaint-2 ReSample PSLD DPS  VIPaint-2 ReSample PSLD DPS
Rotated Window 0.358 0.392 0.537 0.576  0.606 0.455 0.510 0.541  0.502
Random Mask 0.373 0.409 0.559 0.583  0.607 0.439 0.485 0.523  0.490
Small Mask 0.292 0.197 0.381 0.534 0.564 0.299 0.374 0.413 0.421

Table 4.1: Quantitative results (LPIPS, lower is better) for ImageNet64 for the task of
image inpainting using pixel-based EDM prior (top) and Imagenet-256 and LSUN-Church
using LDM priors (bottom). LPIPS is estimated as the mean score of 10 inpaintings with
respect to the true image, averaged across the test set. VIPaint has superior performance
(highlighted in bold) in nearly all cases. We underline the second best method.
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Screwdriver
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Drum
Earthstar

Gaussian Deblurring Super Resolution

Figure 4.8: Qualitative results on other linear inverse problems : Gaussian Deblurring (left)
and Super Resolution (right) for Imagenet256 using LDM prior. VIPaint leads to sharp, realistic
samples without any artifacts.

that masks up to 20% of each image 1) a random mask distribution that uses a similar setup
masking 40-80% of each image, and 2) a randomly rotated masking window that masks at
least half of the image. By masking large portions of each image we ensure a sufficiently
challenging benchmark for inpainting. Acknowledging the pluralistic outcomes in this setting,
we evaluate each method across 10 reconstructions per test image, totalling 1000 inpaintings.
We use the notation VIPaint- K to denote the number of steps in the hierarchical posterior in
our experiments. We found empirically that discretizations and hyperparameters of VIPaint
translate well between models using the same noise schedule (as shown for the LSUN and

ImageNet-256 latent diffusion models). Please see the appendix 4.7 for more details.

Comparison. We compare VIPaint with several recent methods that directly apply the dif-
fusion models trained in the pixel space: i) blending methods: blended [112| and RePaint [76]
; 4) Sampling methods: DPS [17], and CoPaint [137] and i) variational approximations:
RED-Diff [78]. Although not exhaustive, this set of methods summarizes recent develop-
ments in the state-of-the-art for image inpainting. For latent diffusion models, we compare
VIPaint with DPS, PSLD [101] and ReSample [108]. Since large masks in images can induce
high-uncertainty in the image, Peak-Signal-To-Noise-Ratio (PSNR) is not very well defined
for this task. Hence, we report the Learned Perceptual Image Patch Similarity (LPIPS) [138]
metric in Table 4.1 which computes how close the inpaintings are to the true image in an

embedding space. We show qualitative images across methods and datasets in Fig. 4.5 and
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4.6. For tasks like super-resolution and Gaussian Deblurring, we show qualitative results in

Fig. 4.8. Additionally, we visualize multiple inpaintings in Fig. 4.7.

Selecting VIPaint’s hyperparameters. Extensive prior work [112, 89, 30, 53| explores
different noise schedules for training diffusion models, and how it affects the generated image
quality. Since we use these diffusion models incorporating different noise schedules, our latent
hierarchical posterior needs to account for this shift, and we show that it is flexible to do so.
To concentrate posterior inference on the noise levels which are most crucial to perceptual
image quality, we define our posterior at intermediate time steps that induce a signal-to-noise-
ratio (a?/0?) € [0.2,0.5], [62]) approximately across our experiments. This corresponds to
choosing (T, = 5,Ts = 2)| for the pixel-based EDM prior with a variance-exploding noise
schedule and (T, = 550,7; = 400) (DDIM sampling coefficient, n = 0.2) for the LDM
prior using the VP noise schedule for both LSUN and ImageNet256 datasets. VIPaint
is not sensitive to any subset of K timesteps in between this signal-to-noise range. For
instance, for VIPaint-4, we take [T, = 5,4,3.5,2.5, T, = 2| for the EDM noise schedule and
[T, = 550,500,450, Ty = 400] for the LDM prior. Additionally, we use § = 1 for VIPaint with
K = 2, which is optimized for 50 iterations for faster convergence. For VIPaint with K = 4,
we use § = 50 for pixel-based EDM prior and g = 10 for LDM prior. Generally speaking,
higher values of 3 explores the diffusion latent space more and takes more optimization steps
to reach to a solution. However, lower values of 5 weighs the likelihood term relatively more

and converges to a solution faster.

4.5.2 Results

VIPaint enforces consistency with large masking ratios. Table 4.1 reports LPIPS
scores for the task of image inpainting with large masking ratios using pixel and latent-
based diffusion models, respectively. For pixel-based diffusion models, we see that RED-Diff

and DPS perform poorly. RePaint, CoPaint and CoPaint-TT show relatively better scores,
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Figure 4.9: Qualitative results for VIPaint diversity for ImageNet256 with LDM prior using different
class conditioning. We see that VIPaint follows the input label and ensures consistency with the
observed set of pixels.

but do not match the performance of VIPaint across any dataset or masking pattern. We
show imputations for multiple test examples in Fig. 4.5, 4.6 to highlight differences in
inference methods. We see that VIPaint consistently produces plausible inpaintings while

other methods fail to complete images for larger masking ratios meaningfully.

VIPaint yields multiple plausible reconstructions in the case of high uncertainty.
We compare VIPaint with the best performing baseline, CoPaint across multiple sample
inpaintings in Fig. 4.7. We observe that VIPaint produces multiple visually-plausible impu-
tations while not violating the consistency across observations. We show diversity in possible

imputations using different class conditioning using VIPaint in Fig. 4.9.

Computational Efficiency. We report the time taken to produce 10 inpaintings for one test
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Sampling RedDiff VIPaint-2 VIPaint-4
5.4 1.13 3.3 11.8
7.0 - 6.4 10

Table 4.2: Table comparing time (in mins) for three inference methods using EDM prior
(top) and LDM prior (bottom): Sampling (CoPaint-TT for pixel-based EDM model and
PSLD for LDM prior), RedDiff and VIPaint

ImageNet256 ImageNet64
Task Super-resolution 4x Gaussian Deblur Gaussian Deblur

Metric LPIPS | PSNR 1 LPIPS | PSNR 1+ LPIPS | PSNR 1

VIPaint-4  0.33  19.31 0.44 17.90 0.306 13.47
VIPaint-2  0.46 16.36 048 16.35 0.305 13.60
ReSample  0.395  18.410  0.435 18.03 - -
PSLD 0.67 7.77 0.583  0.022 - -
DPS 0.579  12.99 0.595 12.608  0.319 13.43

Table 4.3: Quantitative results (LPIPS, PSNR) for solving linear inverse problems on Im-
ageNet256 using LDM priors and ImageNet64 using EDM priors. Best results are in bold
and second best results are underlined. For nonlinear deblurring.

image using: the best performing sampling method: CoPaint-TT (pixel-based EDM prior)
and PSLD (LDM prior), RedDiff (pixel-space variational posterior) and VIPaint (latent space
variational posterior) in Table 4.2. RedDiff is fast but inconsistent and unsuitable for latent
diffusion priors. Sampling methods are slower, produces better inpaintings than RedDiff but
still shows inconsistencies. VIPaint-2 is faster than sampling-based methods for both pixel
and latent DMs, and achieves better results (see Table 4.1). Moreover, VIPaint smoothly
trades off time and sample quality, with VIPaint-4 converging more slowly but ultimately

yielding the best solutions.

VIPaint extends to general linear inverse problems. We show some qualitative ex-
amples in Fig. 4.8 and a detailed quantitative analysis is reported in Table 4.3. In addition

to the LPIPS scores, we also compute the PSNR metrics, averaged over 10 random samples
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for each of 100 test images. We see that VIPaint shows strong advantages over ReSample

and DPS for complex image datasets like ImageNet.

4.6 Conclusion

We present VIPaint, a simple and a general approach to adapt diffusion models for image
inpainting and other inverse problems. We take widely used (latent) diffusion generative
models, allocate variational parameters for the latent codes of each partial observation, and
fit the parameters stochastically to optimize the induced variational bound. The simple
but flexible structure of our bounds allows VIPaint to outperform previous sampling and
variational methods when uncertainty is high, yielding valid and multiple plausible image

completions.

VIPaint, however, is sensitive to the design choices made by the underlying diffusion model.
Since the inference noise schedule directly affects the selection of 7T and T, the design
choices of VIPaint may vary when paired with a different diffusion prior. In this work, we
demonstrate that these choices remain consistent when using the same diffusion prior (e.g.,

LDM) across different datasets (such as LSUN256 and ImageNet256).
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4.7 Appendix

4.7.1 VIPaint: VI method using Diffusion Models as priors
Derivation of VIPaint’s Optimization Objective

As specified in the main section, we define a variational distribution over the latent space
variable z as ¢)(z) and re-use the diffusion prior to generate x ~ py(z | 2). We derive the

variational objective here:

Ly(A;y)

= Eq, ;) [log po(y, z, 2) — log ga(2, 2 | y)]

= Ey, (s [log po(2) +logpe( | 21,) +1ogpe(y | 21,) —log gr(2) — log (@ | 21,)]
= Eq,(»)[logpo(y | 21,) + log pe(z) — log g (2)]

= Eq,»[logpo(y | 21,)] — Eqy(2)[log ga(2) — log po(2)]

= Eq, o) [logpo(y | 22,)] = Eg,(5)[log gr(2) — log py(2)] (4.12)

N

'
second term

The second term can be further decomposed as:

K-1 K-1

= Egu (5[ > 10g a2 | zs(i+1)) +log ar(zr,) — > log po(zsr) | 2s(is)) — log po(z1,)]
i=0 i=0
K-1
= D Dlan(z) | zsavn)lpo(zs0) | 2s641))] = Da(zn)llp(22r, ) (4.13)
=0 v

L, )(2T.)
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Finally, Ln();y)

K-1
= Ey, (o) [logpo(y | 21.)] Z Dlgr(zsa) | 2sa+1)1IPo(zs) | 2s6+1))] — D(q(ZTe)Hp(ZZTE))J
1=0

-

Lr,,1)(21.)
(4.14)

Negating the above objective, we get Eq. 4.9 in the main section. Now, let’s derive the third

term Lr, 1) (27,) following section 4.7.2.

4.7.2 Derivation of L7, 1)(z7,)

For any T, < s <t < T, we have :

q<zTe+1ZT|ZTe)
EZTGNQ)\(ZTe) llog W] (415)
[ q(zt]2s)
=E.p ~ar(er) | —logp(er) + ) log ———= (4.16)
Te~ax (21, ) _ 127;6 pe(zsyzt)
—E ( —log p(zr) + Z log alzlz) + logM (4.17)
2Te ~ax (2T, ) i = Do (ZS|Zt) pQ(ZTe|ZTe+1)
_E _logp - —{—Zl ZS‘Zt,ZTe) . q(zt’ZTe) +logM
1 ~an (1) _ = po(zslz)  q(zs|2n) po(zr.|21.41)
(4.18)
[ q(zs]21, 21.)
_ EZ N . . 1 1 e _1 419
Te~ar (21, ) ,zT|ZTe " g:r: Do Zs’Zt o8 Po(7r. ZTEH)] ( )

J

diffusion loss E(TE,T) (21,)

The first and third term can be stochastically and differentially estimated using standard

techniques. Following [62], we derive an estimator for the diffusion loss L1, (27, ). In the
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case of finite timesteps t > T, this loss is:

Lirmy(2n) = Y Bataer, Dla(sl 2, 22, Doz 20)] (4.20)

t>Te

Estimator of L, r)(27,) Reparametering z; ~ q(z|2r,) as 2 = ayr. 21, + oyr.€, where
e ~N(0,1), and to avoid having to compute all T'— T, terms when calculating the diffusion

loss, we construct an unbiased estimator of £z, r)(z7,) using

T -1,
2

Lo m)(or) = [Po(2s]21))] (4.21)

Ee,twu(Te,T) [D((_I(Zs ’Zt, ZTe)

where U(T,,T) is a uniform distribution to sample 7. < ¢ < T from a non-uniform de-

scretization of timesteps using [53].

Now, we elaborate on the expression q(zs|z, 27,) and p(zs|z;) for any T, < s <t < T.

1. q(zs|z, z,) : Our posterior at T, is q(z7,) = N(pur,,77). Forany T, < s <t < T, we

have q(zs]21,) = N(egr.2r., Ti7,) and q(z]25) = N(ays2s, 07,), yielding the posterior

(25|20, 21,) = N(po(ze, 20 8.1, TL) o (s, 8, T ) 1) (4.22)
-2
where, 05(s,t,T.) = Ut|s = S‘Te (4.23)
t|s + as\Te s|Te

2 s|TE Qs
and, (2, 21,5 8,t, 1) = o 2r, + = (4.24)

s|T O-t\s

2
OéSTeO' s Qg

= T4 2r, + e |T 2t (4.25)

(O-tQ\s + OZ§|TET52|T6) (O-t\s + as|Te S\Te)
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2. p(zs|z) : The conditional model distributions can be chosen as:

po(zslzt) = q(zs|ze, 2, = 2o (22, 8)) = N (255 po (21, 215 8, ¢, Te), aé(s,t,Te))

(4.26)

2 2
&3|Teat|s at|STs|Te

Zor, (2, 1) + 2

Wherea M@(zhzTe; SvtaTe) =
(at2|s + af‘TeTjTe) (at2|8 + az‘TeTjTe)
(4.27)
52
and, op(s,t,1.) = af‘s 5 o|Ze (4.28)

2 2
Ut|s + as|Te Us|Te

2t—0y 1, *€g (2t,t)

where Zg 1. (2¢,t) = acr
(=
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Chapter 5

Conclusion and Future Directions

Previous chapters developed effective hierarchical variational inference algorithms for various
deep generative models: discrete graphical models, VAEs and Diffusion Models. We now
review the main contributions made in this thesis, and outline a few open areas for future

research.

5.1 Summary of Methods and Contributions

Graphical models provide abundant tools to describe the relations within high-dimensional
data. As the nodes in the graphical model increase and relations are expressed by deep neu-
ral networks, the need for efficient inference techniques becomes a critical issue. We propose
a family of variational inference algorithms that approximate message-passing inference al-
gorithms for discrete graphical models in Chapter 2, and approximate posteriors over latent
variables in deep latent variable models of images like VAEs in Chapter 3, and Diffusion

Models in Chapter 4.

For discrete graphical models, we employ message-passing inference algorithms and utilize

92



neural networks to approximate messages for more precise estimation. In Chapter 2, we
tailor the specification and training of neural networks to the complexity of the messages
they approximate, introducing a flexible function approximation framework. This chapter
challenges the one-size-fits-all approach commonly used in prior work, which attempts to
estimate a broad range of queries with varying complexity using a fixed neural network

architecture and training scheme.

Moving on to deep latent variable models, which inherently employ deep neural networks to
approximate dependencies between variables, Chapter 3 and 4 discusses different sampling,
amortized and non-amortized variational inference algorithms for VAEs, and Diffusion Mod-
els respectively. While a majority of prior work trains or fine-tunes amortized inference
networks to perform inpainting with (hierarchical) VAE priors (Chapter 3), a plethora of
work employs sampling-based inference approaches using diffusion model priors (Chapter
4). We observe that the amortized schemes for VAEs undermodel the uncertainty in the
posterior over missing pixels while the sampling schemes for diffusion models overmodels
it. We instead fit a non-amortized variational posterior per inpainting query which provides

sufficient flexibility to model the correct uncertainty in the missing pixels.

Our method scales well with the complexity in the masks, and presents meaningful image
reconstructions even for large masked observations. Extensive experimentation with image
datasets (MNIST, SVHN, FFHQ) reveal that amortized methods are sensitive to masking
distributions that it is trained on, and sampling methods take a long time to converge and
often do not lead to reasonable reconstructions. Moreover, the non-amortized variational
methods that we propose outperform existing methods with respect to producing realistic
image completions, and can handle a wide range of masking ratios at test-time without the

need for re-training inference networks.

In summary, training/fine-tuning amortized inference networks for image inpainting is a fea-

sible solution if the masking distribution is well-known beforehand. In other more real-world
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Input Observations Generated Reconstructions

Figure 5.1: We use the pre-trained conditional diffusion model from [98] that takes a masked
observation (examples on the left) and their respective mask as input to the diffusion model,
and produces an inpainting (shown on right) after the sequential denoising process. We see
that for the large-mask image inpainting scenarios, this pre-trained diffusion model is unable
to yield realistic images.

applications, when the test masking distribution is unknown, employing such techniques can
be sub-optimal. The non-amortized approaches developed in this work are preferred in such
cases. However, fitting such a flexible posterior over each inpainting query in general can be
time- and memory-intenstive. We leave making our non-amortized inference approach more

compute-friendly to future work, which we elaborate on below.

5.2 Suggestions for Future Research

5.2.1 Faster non-amortized variational inference

In this thesis, we proposed non-amortized variational inference methods for the task of
image inpainting using two widely known image generative models : VAEs and Diffusion
Models that require fitting the posterior per inpainting query. While this inference is much
faster than retraining an amortized inference model, it still has considerable computation

requirements (in both memory and time). One way could be to employ fast samplers in
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Masked Observation Inpainting 1 Inpainting 2

Figure 5.2: For the masked image on the left and the input prompt “Kitchen appliances and
cabinets as seen through opening.” we present two possible image completions generated
using the Stable Diffusion Inpainting model [98] on the right. These inpaintings exhibit
artifacts, such as incomplete fridge handles and an incoherent water dispenser. To address
these issues, one could use an inference algorithm like VIPaint on top of the Stable Diffusion
model to produce more realistic and diverse inpaintings.

Diffusion Models [91] to accelerate the optimization and sampling stages in VIPaint using
Diffusion priors. At the same time, there are many prior pieces of work that train models
for the task of image inpainting [99, 72, 21, 113, 40| and predict inpaintings in one-shot,
but lead to sub-optimal image reconstructions for various large-mask inpainting cases (see
Fig. 5.1). We hypothesize that semi-amortized inference methods [58, 79| can prove to be a

useful direction for faster, but still accurate, inference predictions.

5.2.2 Extension to Text-to-Image diffusion models

Text-to-image generation that enables personal content creation has recently gained signif-
icant attention [98, 103, 88, 94, 135]. While these generative models excel at this task,
directly applying them for image inpainting requires highly specific input prompts, leaving
little room for ambiguity. Typically, these models are used to inpaint a defined object with
a clear mask outline [7]. To handle more complex and arbitrary masking patterns, recent

advancements, including Stable Diffusion Inpainting [98], Glide [88], DALL-E [94], Smart-
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The image shows a book
cover for "Queen
Sorceress" by David
Eddings, featuring a
woman in a red dress and
black cloak standing in a
forest with a snake
nearby.

. The image shows a book
cover for "Queen of

| Sorcery" by David

| Eddings, featuring a
woman in a red dress
gesturing towards a seated
figure, with a man in white
clothing standing nearby.

Figure 5.3: We use the pre-trained MolMo model [28] that takes an image and produces its
caption. On the left, we show the generated caption given a clean image, and on the right,
we show the generated caption on its cropped version. You can see that the caption on the
right incorrectly infers the caption of the book (without acknowledging uncertainty), and
ignores description in the missing parts of the image.

Brush [126], and Imagen Editor [122] fine-tune these text-to-image models by incorporating
additional inputs: an input mask, a masked image, and the corresponding text prompt, all
fed into a conditional U-Net. This integration ensures that the masked image’s information
is leveraged early in the noise prediction process, enabling more accurate semantics in the in-
painting based on the observed content. However, we see from Fig. 5.2 that these fine-tuned
models are unable to handle the case of large-mask image inpainting and leads to incoherent
samples. Based on the success of VIPaint with unconditional and simple label-conditioned
diffusion models, we hypothesize that the variational-based inference procedure would be
effective in handling such large-mask inpainting queries using these text-to-image models

(such as Stable Diffusion) as priors.

5.2.3 Other Application Areas

An application area for image captioning is for people with blindness or low vision (BLV)
who often need human assistance to identify objects in images. This has long been done
through crowd-sourcing techniques that employ people as on-demand visual interpreters,

but today’s vision language models [28, 134] show promise for providing such support at any
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time. However, images taken by BLV users may often have blurring artifacts or occlusions
that prevent the models from generating the correct labels (see Fig. 5.3 for some examples).
In addition, general reconstruction techniques may ignore consistency when reconstructing
a portion of an image as seen in the previous chapter. Hence, a possible use case of VIPaint
is to be able to reconstruct multiple plausible images to clean real-world degraded images,

to make better use of off-the-shelf image-captioners for the BLV user community.
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