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Advances in Optimization on Riemannian Manifolds

Abstract

Optimization on Riemannian manifolds is a topic that draws attention widely in the opti-
mization community due to its applications in various fields. The problem differs from classical
nonconvex optimization due to the loss of linearity. In this dissertation, we inspect the optimization
problems on Riemannian manifolds with different aspects.

In the second chapter, we consider stochastic zeroth-order optimization over Riemannian sub-
manifolds. We propose estimators of the Riemannian gradient and Hessians and use them to solve
Riemannian optimization problems in the multiple settings and analyze their convergence theo-
retically. We also provide numerous numerical examples to verify the efficacy of the proposed
method.

In the third chapter, we continue the topic of the second chapter by incorporating Riemannian
moving-average stochastic gradient estimators. This improves the analysis of the previous chapter
by achieving optimal sample complexities to get e-approximation first-order stationary points with
batch-free iteration. We also improve the algorithm’s practicality by using retractions and vector
transport which reduces per-iteration complexity.

In the fourth chapter, we consider the federated learning problem on Riemannian manifolds,
with applications such as federated PCA and federated kPCA. We propose a Riemannian federated
SVRG method and analyze its convergence rate under different scenarios. Numerical experiments
are conducted to show that the advantages of the proposed method are significant.

In the last chapter, we consider a class of Riemannian optimization problems where the ob-
jective is the sum of a smooth function and a nonsmooth function. We propose a Riemannian
alternating direction method of multipliers (ADMM) with easy computable steps in each iteration.
The iteration complexity of the proposed algorithm for obtaining an e-stationary point is analyzed
under mild assumptions. Numerical experiments are conducted to demonstrate the advantage of

the proposed method.
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CHAPTER 1

Introduction

Optimization on Riemannian manifolds is a topic that draws attention widely in the opti-
mization community due to its applications in various fields, including low-rank matrix comple-
tion [Boumal and Absil, 2011, Vandereycken, 2013], phase retrieval [Bendory et al., 2017, Sun et al.,
2018], dictionary learning [Cherian and Sra, 2016, Sun et al., 2017b], dimensionality reduction [Ha-
randi et al., 2017, Mishra et al., 2019, Tripuraneni et al., 2018] and manifold regression [Lin et al.,
2017, 2020]. The problem can be formulated abstractly as

(1.1) min f(z)

where M is a d-dimensional Riemannian manifold and f : M — R is a function, usually assumed
to be smooth. Note that f cannot satisfy the common notion of convexity due to the loss of
linearity since we are now on a manifold. In practice one might just have the noisy estimate of the
function/gradient, namely we have

(12) min f(z) i= E[F(a: )

where we only have access to the stochastic function F'(z;¢). One concrete example is the so-called

finite-sum structured problem:

(1.3) min () =~ 3 fila)
=1

xeM

where we only have access to f;.

Another extension from (1.1) is the nonsmooth composite problem:

(14) min f(z) +hx)

where h is usually assumed to be a proper convex function in the ambient space RP.



Manifold optimization algorithms usually transform an manifold constrained problem into an
unconstrained problem by viewing the manifold as the ambient space and using proper retraction
to deal with the loss of linearity, thus achieve better convergence results. We refer to [Absil et al.,
2008, Boumal, 2023] for a detailed discussion on general Riemannian optimization methods. In
this dissertation, we mainly focus on solving the previously mentioned problems in the following

aspects:

(1) We studied solving (1.1), (1.2) and (1.4) by zeroth-order (a.k.a. gradient-free) methods and
analyzed it convergence behaviour. In particular, we solve (1.2) with a fully-online batch-
free derivative-free algorithm by utilizing the moving average technique. Our proposed
methods are the state-of-the-art methods for solving these three problems in gradient-free
settings;

(2) We studied solving the stochastic problem (1.2) in federated learning setting to enable dis-
tributed machine learning on manifolds. The proposed algorithm utilizes a novel average-
on-the-tangent-space technique which enables a much faster convergence in numerical ex-
periments. We also provide theoretical convergence guarantee under certain algorithmic
conditions;

(3) We proposed and studied the convergence of a Riemannian ADMM algorithm for solving
(1.4). The proposed algorithm requires only mild conditions to converge to a KKT point
for (1.4) and is the first algorithm with convergence guarantee in the line of operator-

splitting algorithms for solving (1.4).

We provide a comprehensive review of literature before proceeding to the main body of this
dissertation.

For smooth Riemannian optimization (1.1), it was shown that Riemannian gradient descent
method require O(1/€?) iterations to converge to an e-stationary point [Boumal et al., 2018]. Sto-
chastic algorithms for solving (1.2) were also studied [Bonnabel, 2013, Kasai et al., 2018, Weber
and Sra, 2019, Zhang et al., 2016b, Zhou et al., 2019]. In particular, using the SPIDER variance
reduction technique, Zhou et al. [2019] proved that O(1/e3) oracle calls are required to obtain an

e-stationary point in expectation. When the function f takes a finite-sum structure as (1.3), the

2



Riemannian SVRG [Zhang et al., 2016b] achieves e-stationary solution with O(k%/3/e?) oracle calls
where k is number of summands.

Various works have studied the situation where one have no access to the gradient of f or F
in (1.1), (1.2) and (1.4), which we refer to as gradient-free or zeroth-order optimization in this
monograph. Most of these work consider the situation when M is simply the Euclidean space
RY, and we refer the reader to Audet and Hare [2017], Conn et al. [2009], Larson et al. [2019]
for more details. The oracle complexity of methods from the above works are at least linear in
terms of their dependence on dimensionality. Recent works in this field have been focusing on
stochastic zeroth-order optimization in high-dimensions Balasubramanian and Ghadimi [2021], Cai
et al. [2022], Golovin et al. [2019], Wang et al. [2018]. Assuming a sparse structure (for example,
the function being optimized depends only on s of the d coordinates), the above works have shown
that the oracle complexity of zeroth-order optimization depends only poly-logarithmically on the
dimension d, and it has a linear dependency only on the sparsity parameter s, which is typically
small compared to d in several applications. Compared to these works, we assume a manifold
structure on the function being optimized and obtain oracle complexities that depend only on the
manifold dimension and independent of the ambient Euclidean dimension.

Apart from the above, Bayesian optimization is yet another popular class of methods for opti-
mizing functions based on noisy function values. This approach aims at finding the global minimizer
by enforcing a Gaussian process prior on the space of function being optimized and using Bayesian
sampling techniques. We refer the reader to Frazier [2018], Mockus [1994, 2012], Shahriari et al.
[2015] for an overview of such techniques in the Euclidean settings and their applications to a
variety of fields including robotics, recommender systems, preference learning and hyperparameter
tuning. A common limitation of the above algorithms is that they usually do not scale well to solve
high-dimensional problems. Recent developments on Bayesian optimization for high-dimensional
problems include Li et al. [2016], Mutny and Krause [2018], Rolland et al. [2018], Wang et al. [2020b,
2016] where people considered zeroth-order optimization with structured functions (for example,

sparse or additive functions), and developed Bayesian optimization algorithms and related analysis.



Very recently, Jaquier and Rozo [2020], Jaquier et al. [2020], Oh et al. [2018] considered heuris-
tic Bayesian optimization algorithms for function defined over non-Euclidean domains, including
Riemannian domains, without any theoretical analysis.

For the finite-sum setting in (1.3), we called it a distributed optimization problem if each of
the function Fj is stored in different devices. We call it a federated learning (FL) problem if there
exists one central server that can access all of each F; with certain communication concern. For the
distributed optimization setting, minimizing the communication cost when solving (1.3) becomes
another important concern. When M is simply the Euclidean space R?, perhaps the most natural
idea for FL is the FedAvg algorithm [McMahan et al., 2017], which averages local gradient descent
updates and yields a good empirical convergence. However in the data heterogeneous situation,
FedAvg suffers from the client-drift effect that each local client will drift the solution towards the
minimum of their own local loss function [Charles and Kone¢ny, 2021, Karimireddy et al., 2020,
Li et al., 2019, Malinovskiy et al., 2020, Mitra et al., 2021, Pathak and Wainwright, 2020]. Many
ideas were studied to resolve this issue. For example, Li et al. [2020] proposed the FedProx algo-
rithm, which regularizes each of the local gradient descent update to ensure that the local iterates
are not far from the previous consensus point. The FedSplit Pathak and Wainwright [2020] was
proposed later to further mitigate the client-drift effect and convergence results were obtained for
convex problems. FedNova Wang et al. [2020a] was also proposed to improve the performance of
FedAvg, however it still suffers from a fundamental speed-accuracy conflict under objective hetero-
geneity Mitra et al. [2021]. Variance reduction techniques were also incorporated to FL leading
to two new algorithms: federated SVRG (FSVRG) [Kone¢ny et al., 2016] and FedLin [Mitra et al.,
2021]. These two algorithms require transmitting the full gradient from the central server to each
local client for local gradient updates, therefore require more communication between clients and
the central server. Nevertheless, FedLin achieves the theoretical lower bound for strongly convex
objective functions [Mitra et al., 2021] with an acceptable amount of increase in the communication
cost.

Decentralized distributed optimization on manifolds has also drawn attentions in recent years [Al

imisis et al., 2021, Chen et al., 2021b, Shah, 2017]. Under this setting, each local agent solves a

local problem and then the central server takes the consensus step. The consensus step is usually



done by calculating the Karcher mean on the manifold [Shah, 2017, Tron et al., 2012], or calculating
the minimizer of the sum of the square of the Euclidean distances in the embedded submanifold
case [Chen et al., 2021b]. Such consensus steps usually require solving an additional problem in-
exactly with no exact convergence rate guarantee [Chen et al., 2021c, Tron et al., 2012]. Tt is
worth mentioning that the PCA problem under federated learning setting has been considered in
the literature Grammenos et al. [2020]. The proposed method in Grammenos et al. [2020] relies
on the SVD of data matrices and a subspace merging technique and the aim of the algorithm
in Grammenos et al. [2020] is to achieve (e, d)-differential privacy. Note that above works are for
decentralized distributed manifold optimization, where as federated learning manifold optimization
is still largely empty in the literature.

When the nonsmooth function h presents as in (1.4), Riemannian sub-gradient methods (RSGM)
are widely used [Borckmans et al., 2014, Li et al., 2021] and they require O(1/¢*) iterations. ADMM
for solving (1.4) has also been studied [Kovnatsky et al., 2016, Lai and Osher, 2014], but they usu-
ally lack convergence guarantee, while the analysis presented in [Zhang et al., 2020] requires some
strong assumptions. Our work of Riemannian ADMM [Li et al., 2022] proposed and analyzed an
ADMM-type algorithm under mild conditions. On the other hand, proximal gradient type methods
are also studied for solving (1.4). For example, the manifold proximal gradient method (ManPG)
[Chen et al., 2020] for solving (1.4) requires O(1/€?) number of iterations to find an e-stationary
solution. Variants of ManPG such as ManPPA [Chen et al., 2021a], ManPL [Wang et al., 2022b]
and stochastic ManPG [Wang et al., 2022a] have also been studied. Note that none of these works
considers the zeroth-order setting. Recently, there are some attempts on stochastic zeroth-order
Riemannian optimization [Chattopadhyay et al., 2015, Fong and Tino, 2022], but they are mostly
heuristics and do not have any rigorous convergence guarantees. We refer to Chapter 5 for a detailed

review on primal-dual based manifold optimization.

1.1. Basics on numerical optimization

In this section we briefly review basic concepts for numerical optimization, which we refer to

Beck [2017], Bubeck et al. [2015], Nesterov [2018], Nocedal and Wright [1999] for a detailed study.
5



Note that we don’t consider the manifold constraint M here and only deal with Euclidean functions
in this section, and (z,y) = = 'y is the common Euclidean inner product.

We first review the concept of (Lipschitz) smoothness of a function.

DEFINITION 1.1.1 ((Lipschitz) smoothness). A continuous differentiable function f : Q C R —

R is called L-Lipschitz smooth if we have: Ya,y €

(1.5) IVf(y) = V@)l < Liz -y

Further, we have (see Beck [2017])

(16) Fl) < (@) + (Vi @)y —a)+ 5 e~y

The next concept is the (strongly) convexity which is the central notion of convex optimization.

DEFINITION 1.1.2 ((Strong) convexity). Consider a conver set @ C RY. A function f:Q — R
is called convez if for any x,y € Q, we have f((1 —t)x + ty) < (1 —t)f(x) +tf(y). It’s further
called p-strongly convex if we have f((1 —t)x +ty) < (1 —t)f(z) +tf(y) — le‘ yl*.

If f is a continuous differentiable function, then it is convex if and only if (see Beck [2017])
fly) = f(x) +(Vf(x),y —z) , and is p-strongly convez if and only if h(y) > h(z) + (Vh(x),y —
2) + £le — 2.

If f is a second differentiable function, then it is convez if and only if (see Beck [2017])
W >0, and is p-strongly convex if and only if dflit)zﬂy) > w.

The importance of convexity is that it guarantees that every local minimum is global minimum,
thus provides a tamed environment that allows gradient-based algorithm to converge nicely; see
Bubeck et al. [2015] for a comprehensive study.

Now we discuss the notion of stationarity for both convex and nonconvex problems.

DEFINITION 1.1.3 (Global and local minimizer). f: Q C RY — R. z* is the global minimizer

of f if Vo € Q,



x* is a local minimizer of f if there exist a neighborhood U C Q, x* € U, we have Vx € U,

f(a®) < f(=).

A famous result in convex optimization is that z* is the global minimizer of a proper convex
function f if and only if 0 € 0f(z*), where 0 denotes the set of subgradients. We refer to [Bubeck
et al., 2015] for a detailed study on classical convex optimization results.

For nonconvex optimization one usually cannot achieve a global (or even local) minimizer, thus

we have the following notion of stationary point

DEFINITION 1.1.4 (Stationary point). f : Q C RY — R is continuous differentiable. T is the

stationary point of f if
Vfiz)=0

also T is the e-(approximate) stationary point of f if
V(@) <e

We will generalize all of these notions to their manifold counterparts in the next sections. Now
we turn to some basic notions in stochastic optimization. Suppose a function f, which is the

expectation of some stochastic function:

f(x) = Ee[F(z;€)].

We have the following assumptions that we utilize in the following chapters to character the ap-

proximation error between f and F"

DEFINITION 1.1.5 (Unbiased and bounded-variance estimators). We say VF(x;§) is an unbi-
ased estimator of Vf if
Ee[VF(x;€)] = V()

also VF(x;€) is an estimator of V f with bounded variance o2 if

Ee||VF(2;€) — Vf(z)]?* < 0.
7



Note that if F(z;€) = f(z) + & where & ~ N(0,0?) is a Gaussian random variable then the
above assumption is naturally satisfied.

We also have the following stationarity notion under stochastic setting

DEFINITION 1.1.6 (Stationary point for stochastic setting). If f and F are continuous differ-

entiable. T is the e-(approximate) stationary point of f if
Ee|VE(z;€)|? < €
VE@ 0|2 < &,

1.2. Basics on Riemannian manifolds

In this part, we briefly review the basic Riemannian manifold tools we use for optimization on
Riemannian manifolds; see Boumal [2023], Do Carmo [1992], Lee [2006], Tu [2011] for the details.
Suppose M is an m-dimensional differentiable manifold. The tangent space T, M at x € M is a
linear subspace that consists of the derivatives of all differentiable curves on M passing through
z: Ty M = {¥(0) : v(0) = z,7([—6,d]) C M for some 6 > 0,7 is differentiable}. Notice that
for every vector 7/(0) € Ty M, it can be defined in a coordinate-free sense via the operation over
smooth functions: Vf € C*®°(M), v/ (0)(f) := dleivt(t) lt=0. The notion of Riemannian manifold is

defined as follows.

DEFINITION 1.2.1 (Riemannian manifold). Manifold M is a Riemannian manifold if it is
equipped with an inner product on the tangent space, (-,-), : To M x T, M — R, that varies

smoothly on M. The (0,2)-tensor field (-, )5 is usually referred to as Riemannian metric.

As an example, consider the Stiefel manifold given by
(1.7) M =St(n,p) == {X e RVP: XX =I,}.

The tangent space of St(n, p) is given by Tx M = {£ ¢ R™P : X T¢ + ¢TX = 0}. One could equip
the tangent space with common inner product (X,Y) := tr(X "Y) to form a Riemannian manifold.
For additional examples, see Absil et al. [2008, Chapter 3] or Boumal [2023, Chapter 7] .

We also review the notion of the differential between manifolds here.

8



DEFINITION 1.2.2 (Differential and Riemannian gradients). Let F' : M — N be a C*° map
between two differential manifolds. At each point x € M, the differential of F' is a mapping (also
known as the push-forward):

s.t. V¢ € T, M, DF(§) € T, N is given by

(DF(9))(f) = £(f o F) € R, Vf € O3y (M)

IfN =R, ice. fe C®(M), the differential of f is usually denoted as df. For a Riemannian
manifold with Riemannian metric (-,-), the Riemannian gradient for f € C*°(M) is the unique

tangent vector gradf(z) € Tp M s.t.

df (&) = (gradf,&)a, VE € To M.

If M is an embedded submanifold of a Euclidean space and V f is the common Euclidean

gradient, then we have [Boumal, 2023]

gradf(z) = projp, pm(V f(x)).

where proj is just the Euclidean orthogonal projection.
We also need the notion of exponential mapping and parallel transport for the next chapters.

To this end, we need to first recall the definition of a geodesic.

DEFINITION 1.2.3 (Geodesic, exponential mapping and retractions). Given ©z € M and £ €

T, M, the geodesic is the curve v : I — M, 0 € I C R is an open set, so that v(0) = z,
F(0) = & and Viy = 0 where V : Ty M x T, M — Ty M is the Levi-Civita connection defined
by Riemannian metric tensor. In local coordinate sense, v is the unique solution of the following
second-order differential equations:

ErF e Y

dt? “odt dt
under Einstein summation convention, where Fﬁj are Christoffel symbols, again defined by metric

tensor. The exponential mapping Exp, is defined as a mapping from T, M to M s.t. Exp,(§) :=
9



(1) with v being the geodesic with v(0) = x, ¥(0) = £. A natural corollary is Exp,(t§) := ~(t) for
t e 0,1].
Given any curve v(t) on M, one could calculate the length of the curve and define the dis-

tance between the two points x,y € M respectively by L(~y f Iy (¢ and dist(z,y) =

Ol
Min, y(q)=z~(b)=y L(7). If the manifold is a complete Riemannian manifold, according to Do Carmo
[1992, Corollary 3.9], there exists a unique minimal geodesic v satisfying y(a) = z,v(b) = y that
minimizes L(y). Therefore, we can always calculate the distance with respect to the minimal geo-
desic as dist(z,y) f 1V () ly ) dt, Vyy' = 0,9(a) = 2,7(b) = y.

A retraction mapping Retr, is a smooth mapping from T, M to M such that: Retr,(0) = z,

where 0 is the zero element of T, M, and the differential of Retr, at 0 is an identity mapping, i.e.,

dRetr (tn)

Tt =, Vn € T M. In particular, the exponential mapping Exp, is a special case of

-
retmction% ?Votice that the retraction is not always injective from Ty M to M for any point x € M,
thus the existence of the inverse of the retraction function Retr;1 s not guaranteed. However, when
M is complete, the exponential mapping Exp, is always defined for every & € T, M, and the inverse
of the exponential mapping Expgl(y) € T, M is always well-defined for any x,y € M. Also, since

Exp,(t§) generates geodesics, we have dist(x, Exp,(t§)) = t[/£]] -

Throughout this dissertation, we always assume that M is complete, so that Exp, is always
define for every ¢ € T, M. For Vz,y € M, the inverse of the exponential mapping Exp,'(y) € T, M
is called the logarithm mapping, and we have dist(x, y) = |[Exp; * (%)||z, which derives directly from
dist(z, Exp,(€)) = [[€]].-

As an example, the retractions on Stiefel manifolds can be defined by the QR decomposition,
Rx(§) := @ where X + & = QR. It can also be defined through the Polar decomposition as
Rx (&) := UV, where X + & = UXVT is the (thin) singular value decomposition of X + &. The
geodesic on the Stiefel manifold is given by:

. A(0) —=5(0) I
X(t)=| X(0) X(0) } exp | ¢ exp(—A(0)?),
I A0) 0
for A(t) = X T ()X (t) and S(t) = X " (¢t)X (t) with initial point X (0) and initial speed X (0). The
exponential mapping is thus given by Expy (X(0)) = X(1). The computation cost of the QR and
10



Polar decomposition retractions are of order 2nk? + O(k®) and 3nk? + O(k?), whereas as shown
by Chen et al. [2020, Section 3] the exponential mapping takes 8nk? + O(k?), which illustrates
the favorability of retractions in practical computations. We refer to Absil et al. [2008, Chapter
4] and Boumal [2023, Chapter 3] for additional examples and more discussions on retractions and
exponential mappings.

With the notion of geodesic, we have the following definition of geodesic convexity and strong-

convexity, which are the generalizations of their Euclidean counterparts:

DEFINITION 1.2.4 (Geodesic (strong) convexity). A geodesic convexr set Q@ C M is a set such
that for any two points in the set, there exists a geodesic connecting them that lies entirely in 2. A
function h : @ — R is called geodesic convex if for any p, q € Q, we have h(y(t)) < (1—t)h(p)+th(q)
where v is a geodesic in Q with v(0) = p and v(1) = q. It’s called p-geodesic strongly convex if we
have h(y(t)) < (1 = t)h(p) + th(g) — G- dist(p, g)*.

If h is a continuous differentiable function, then it is geodesic convex if and only if (see [Boumal,
2023, Chapter 11]) h(q) > h(p)+ (gradh(p), Exp;l(q»p , and is geodesic strongly convez if and only
if h(q) > h(p) + (gradh(p), Exp, ' () + & dist(p, ¢)°.

If h is a second differentiable function, then it is geodesic convez if and only if (see [Boumal,

2023, Chapter 11]) % > 0, and is geodesic strongly convez if and only if % > .

We also present the definition of vector and parallel transport, which are also used later in our

algorithm design and convergence analysis.

DEFINITION 1.2.5 (Vector and parallel transport). A wvector transport T on a smooth manifold
M is a smooth mapping TM x TM — TM : (n3,&) = Tn, (&) € TM, where the subscript
x means that the vector is in Ty M, such that: (i) There exists a retraction R so that Ty, (&) €
Ty ) M. (ii) To & = & for all & € Ty M, and (iii) T, (a&y + bCy) = aTn, (€2) + 6T, (Co), e,
linearity. Particularly, for a complete Riemannian manifold (M, (-,-)), we can construct a special
vector transport, namely the parallel transport P, that can map vectors to another tangent space

“parallelly”; i.e., Vn,& € T, M and y € M,

(L8) (Pept (4 (1) Pept () (E))y = (1. )

11



Notice that parallel transport is not the only transport that satisfies (1.8), and we call the vector

transport an isometric vector transport if it satisfies (1.8).

We can equivalently view P as a mapping from the tangent space T, M to T, M. We hence
denote Py : T, M — Ty, M. Note that parallel transport depends on the curve along which the
vectors are moving. If the curve is not specified, it refers to the case when we are considering the
minimal geodesic connecting the two points, which exists due to completeness.

As an example, for the Stiefel manifold in (1.7), there is no closed-form expression for the
parallel transport, whereas one can always utilize the projection onto the tangent space, given
by projp, pm(§) = (I — XX 7)€ + Xskew(X '), where skew(A4) := (A — AT)/2, to transport
¢ € Tx, St(n,p) to Tx St(n,p). We refer to Absil et al. [2008, Chapter 8] and Boumal [2023,
Chapter 10] for additional examples and more discussions on vector and parallel transports.

We also have the following definition of Lipschitz smoothness on the manifolds:

DEFINITION 1.2.6 ((Geodesic) Lipschitz smoothness). A function f : @ C M — R is called

(Geodesic) L-Lipschitz smooth if we have: Vzx,y € Q
(1.9) lgradf(y) — Poygradf(z)|| < Ldist(z, y)
Further, we have (see [Zhang et al., 2016b])
-1 L . 2
(1.10) Fly) < f(z) + {gradf (z), Expy " (y))e + 3 dist(z, y)".

We new present the notion of Riemannian Hessian.

DEFINITION 1.2.7 (Riemannian Hessian). For function f : M — R, the Riemannian Hessian

is a symmetric 2-form Hess(f) : TM x TM — R is defined as: V¢, n € T M,

Hess(f)(§,n) = (Vegradf, n)

where V here is the Levi-Civita connection. H can also be interpreted as a linear map Hess(f) :
TM—=TM, Ve T, M,

Hess(/)(¢) = Vegrad .
12



We now discuss the notion of second fundamental form, which will be helpful in characterizing
a geometric condition used in later to quantify the error of approximating parallel transports with
vector transports. In general, the notion of second fundamental form can be studied for general

isometric immersions and we restrict here to the embedding in Euclidean spaces only for brevity.

DEFINITION 1.2.8 (Second fundamental form). Suppose M C RP is a complete Riemannian
manifold equipped with the Fuclidean metric. For any &,n € T M, denote the extension of two vector
fields to RP as &,77 € RP, also the directional derivative of 7 along & as ?gﬁ € RP. The second
fundamental form refers to the bilinear and symmetric vector, B(&,n) = ?gﬁ — Ven € (TM)L,
which quantifies the deviation of the Riemannian directional derivatives (depicted by Levi-Civita

connection V) from the Euclidean one (common directional derivative V).

Finally, we remark that there are various definitions of second fundamental forms, among which
the most common one is a quadratic form related to B; see Do Carmo [1992, Chapter 6, Definition

2.2]. Here we simply refer to B as the second fundamental form.

1.3. Basic Riemannian optimization scheme

In this section we study basic schemes for solving (1.1) and (1.2) and provide their convergence
behavior. The aim is to provide a flavor of the research in this subject without digging into the
detailed setting of the main bodies of this dissertation. We refer to Absil et al. [2008], Boumal
[2023], Boumal et al. [2018] for the details.

We have the following basic Riemannian gradient descent scheme for solving the Riemannian

optimization problem (1.1) (see Absil et al. [2008]):

(1) Compute the Riemannian gradient gradf(z¥) at the current point z*, either by definition
or by projection (embedded submanifold case).
2) Use a retraction operator Retr, : T, M — M to map the update —ngradf(z*) back to
n

M, as a result we get the next iteration by:

(1.11) 2t = Retr i (—mrgrad f(z¥))
13



For (1.2), we have to change the update (1.11) into:
(1.12) 2+ = Retr i (—mpgrad F(z; &)

since in (1.2) we only have the access to the stochastic function F(x;&). Here & is an independent
and identically distributed (i.i.d.) sample. In practice one may employ the mini-batch sampling
technique, which means that at iteration k, we sample multiple i.i.d. £ to further boost the perfor-

mance:
1 &
(1.13) 2 Retr . (—npGY), with GF = — ZgradF(mk;fk’i)
Mk

Note that if M = R?, the above scheme reduces to the common gradient descent method since
we can always take Retr,(y) = x + y in Euclidean spaces.
Now to proceed to the convergence analysis, we need the following assumptions over our function

f and F:

AsSsumMPTION 1.3.1. Function f in (1.1) and (1.2) is L-geodesic Lipschitz smooth, i.e. satisfies

Definition 1.2.6.

ASSUMPTION 1.3.2. For the function F' (1.2), stochastic gradients of F' are unbiased and have

bounded-variance, i.e. we have E¢[gradF (x;€)] = gradf(z) and E¢[||gradF(z;£) —grad f(z)||%] < o?.
We have the following theorems for the convergence of RSGD (1.11):

THEOREM 1.3.1 (Convergence of RSGD (1.11)). Assume the inverse exponential map is well-
defined on M, f: M — R. Suppose Assumption 1.5.1 holds, then the RSGD algorithm in (1.11)

with i, =n = 1/L satisfies:

T-1
1
(1.14) 7 2 Ellgradf (a")]* <
k=0
PROOF. Since

P < (%) + (grad f(), Exp(a7)) + 2 B () P
2L
=f(a*) = (n = L) |gradf ()]
14



if we take n = % we get:
1
ﬁllgradf(ﬂﬂk)ll2 < f(ah) = f=™)

and the result follows by summing up above inequality from &k = 0 to k =T — 1 (which is usually

refer to as “telescoping” trick). O

We have the following theorems for the convergence of (mini-batch) stochastic RSGD (1.12):

THEOREM 1.3.2 (Convergence of stochastic RSGD (1.13)). Assume the inverse exponential map
is well-defined on M, f: M — R. Suppose Assumption 1.3.1 and 1.3.2 hold, then the mini-batch
RSGD algorithm in (1.13) with n, =n = 1/L and my = m satisfies:

1 I-

(1.15) Z Jerad (o) 2 < XD o

PROOF. Denote
1 & L
Gk = — dF -
eI

which is the mini-batch stochastic gradient. Since

F@™h) <f(a") + (gradf (), Exp i (o )+ L Expl ()

zk

=f(a*) — nlgradf(a*), GF) + 1
27,
—f(a*) + T2 GF — ;Lgradf(x’f)n? - %Ilgradf(x’“)IIQ,

if we take n = % and take the expectation, we have

2LO‘

Ef(H) <EFH) + TET - CEgradf (o),

and we obtain the following inequality by telescoping:

T 1 *
. ZEngradf < MV 2T | o

To get rid of the batch size m, we have the follow theorem:

15



THEOREM 1.3.3 (Theorem 5 in Zhang et al. [2016a]). Suppose the same setting as above theorem,
then the RSGD algorithm in (1.12) (i.e. (1.13) with my = 1) with n = ¢/VT, ¢ = W

satisfies:

1 2(f(a%) — f(2*))L
TkZOEngadf )] < \/ 7 4

These fundamental results shows the things we can do: we are able to bound the norm of the
Riemannian gradient to a reasonable level, i.e. we are able to approach a stationary point. The

goals in the next chapters would still be around this central concern.
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CHAPTER 2

Stochastic Gradient-free Algorithms for Riemannian Optimization

2.1. Introduction
In this chapter we consider the Riemannian optimization problem in (1.4), which we restate
here:

21 minf(2) +hx)

where M is a Riemannian submanifold embedded in R”, f : M — R is a smooth and possibly non-
convex function, and h : R” — R is a convex and nonsmooth function. Here, convexity and smooth-
ness are interpreted as the function is being considered in the ambient Euclidean space. Unless
stated otherwise, we consider the stochastic setting for f, i.e., f(x) = E¢[F(z,§)] = fé F(x,£)dP(§)
where P refers to the distribution of random vector £. Iterative algorithms for solving (2.1) usually
require the gradient and Hessian information of the objective function. However, in many applica-
tions, the analytical form of the function f (or h) and its gradient are not available, and we can
only obtain noisy function evaluations via a zeroth-order oracle. This setting, termed as stochastic
zeroth-order Riemannian optimization, generalizes stochastic zeroth-order Euclidean optimization
(i.e., when M = R? in (2.1)), a topic which goes back to the early works of Matyas [1965], Nelder
and Mead [1965], Nemirovski and Yudin [1983] in the 1960’s; see also Audet and Hare [2017], Conn
et al. [2009], Larson et al. [2019] for recent books and surveys.

In the Euclidean setting, two popular techniques for estimating the gradient from (noisy) func-
tion queries include the finite-differences method [Spall, 2005] and the Gaussian smoothing tech-
niques [Nemirovski and Yudin, 1983]. Earlier works in this setting focused on using the estimated
gradient to obtain asymptotic convergence rates of iterative optimization algorithms. Recently, ob-
taining non-asymptotic guarantees on the oracle complexity of stochastic zeroth-order optimization

has been of great interest. Towards that, Nesterov [2011], Nesterov and Spokoiny [2017] analyzed
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the Gaussian smoothing technique for estimating the Fuclidean gradient from noisy function eval-
uations and proved that for unconstrained convex minimization, one needs O(d?/¢?) noisy function
evaluations to obtain an e-optimal solution.

This complexity was improved by Ghadimi and Lan [2013] to O(d/e?) when the objective func-
tion is further assumed to be gradient-smooth. Note that this oracle complexity depends linearly on
the problem dimension n and it was proved that the linear dependency on d is unavoidable Duchi
et al. [2015], Jamieson et al. [2012]. Nonconvex and smooth setting was also considered in Ghadimi
and Lan [2013]. In particular, now assuming h = 0 and M = R? in (2.1), it was shown that the

number of function evaluations for obtaining an e-stationary point z (i.e., E|Vf(Z)|? < €?), is

O(d/eh).

2.1.1. Motivating Applications. Our motivation for developing a theoretical framework for
stochastic zeroth-order Riemannian optimization is due to several important emerging applications;
see, e.g., Chattopadhyay et al. [2015], Jaquier et al. [2020], Kachan [2020], Marco et al. [2017], Yuan
et al. [2019]. Below, we discuss two concrete examples, which we will revisit in Section 2.4.2, to
illustrate the applicability of the methods developed in this work. We also briefly discuss a third
application in topological data analysis, and numerical experiments on this application will be
conducted in a future work, as it is more involved and beyond the scope of this paper.

2.1.1.1. Black-box Stiffness Control for Robotics. Our first motivating application is from the
field of robotics. It has become increasingly common to use zeroth-order optimization techniques
to optimize control parameter and policies in robotics Driefl et al. [2017], Marco et al. [2016], Yuan
et al. [2019]. This is because that the cost functions being optimized in robotics are not available
in a closed form as a function of the control parameter. Invariably for a given choice of control
parameter, the cost function needs to be evaluated through a real-world experiment on a given
robot or through simulation. Recently, domain knowledge has been used as constraints on the
control parameter space, among which a common choice is the geometry-aware constraint. For
example, control parameters like stiffness, inertia and manipulability lie on the positive semidefi-
nite manifold, orthogonal group and unit sphere, respectively. Hence, there is a need to develop
zeroth-order optimization methods over the manifolds to optimize the above mentioned control

parameters Jaquier et al. [2020].
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2.1.1.2. Zeroth-order Attacks on Deep Neural Networks (DNNs). Our second motivating appli-
cation is based on developing black-box attacks to DNNs. Despite the recent success of DNNs,
studies have shown that they are vulnerable to adversarial attacks: even a well-trained DNN could
completely misclassify a slightly perturbed version of the original image (which is undetectable
to the human eyes); see, e.g., Goodfellow et al. [2014], Szegedy et al. [2013]. As a result, it is
extremely important on the one hand to come up with methods to train DNNs that are robust
to adversarial attacks, and on the other hand to develop efficient attacks on DNNs with the goal
being to make them misclassify. In practice, as the architecture of the DNN is not known to the
attacker, several works, for example, Chen et al. [2017], Cheng et al. [2018], Tu et al. [2019] use
zeroth-order optimization algorithms for designing adversarial attacks. However, existing works
have an inherent drawback— the perturbed testing example designed to fool the DNN is not in
the same domain as the original training data. For example, despite the fact that natural images
typically lie on a manifold Weinberger and Saul [2004], the perturbations are not constrained to lie
on the same manifold. This naturally motivates us to use zeroth-order Riemannian optimization
methods to design adversarial examples to fool DNNs, which at the same time preserves the man-
ifold structures in the dataset. As demonstrated by our numerical experiments, the Riemannian
black-box attack succeeds more often than the Euclidean black-box attack when the attack region
is small; See Section 2.4.2 for more details.

2.1.1.3. Black-box Methods for Topological Dimension Reduction. The third motivating exam-
ple is from the field of dimension reduction, a popular class of techniques for reducing the dimension
of high-dimensional unstructured data for feature extraction and visualization. There exists a va-
riety of methods for this task; we refer the interested reader to Burges [2010], Lee and Verleysen
[2007] for more details. However, a majority of the existing techniques are based on geometric
motivations. Recently, there has been a growing literature on using topological information for
performing data analysis [Chazal and Michel, 2021, McInnes et al., 2018, Rabaddn and Blumberg,
2019]. One such method is a dimension reduction technique called Persistent Homology-Based Pro-
jection Pursuit [Kachan, 2020]. Roughly speaking, given a point-cloud data set with cardinality n
and dimension m (i.e., a matrix X € R™*™), persistence homology refers to developing a multi-

scale characterization of topologically invariant features available in the data. Such information is
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summarized in terms of the so-called persistence diagram, D(X), which is a multiset of points in a
two-dimensional plane. The idea in Kachan [2020] is to obtain a transformation PT € RPX™ with
p < m, such that the topological summaries of the original dataset X and the reduced dimensional
dataset P' X are close to each other; that is, the persistence diagram D(X) and D(P T X) are close
in the 2-Wasserstein distance. The problem is then formulated as (informally speaking),
{PeRmIXI}?i:r[—l’TP:I} Wa(D(X), D(P' X)),

which is an optimization problem over the Stiefel manifold. It turns out that calculating the gradient
of the above objective function is highly non-trivial and computationally expensive Leygonie et al.
[2021]. However, evaluating the objecting function for various value of the matrix P is relatively
less expensive. Hence, this serves as yet another problem in which the methodology developed in

this work could be applied naturally.

2.1.2. Main Contributions. We now summarize our main contributions.

(1) In Section 2.1.3, we propose the (stochastic) zeroth-order Riemannian gradient (2.2) and Hessian
(2.12) estimators, which addresses the infeasibility issue of the sampling for the case of derivative-
free optimization over manifolds.

(2) In Section 2.3, we demonstrate the applicability of the developed estimators for stochastic zeroth-
order Riemannian optimization, as listed below. A summary of these results is given in Table
2.1. To the best of our knowledge, our results are the first complexity results for stochastic
zeroth-order Riemannian optimization.

e When h(z) =0, and F(z, &) satisfies certain Riemannian gradient smoothness assumption,
we propose a zeroth-order Riemannian stochastic gradient descent method (Z0-RSGD) and
analyze its oracle complexity under two different settings (see Theorem 2.3.1).

e When h(z) is convex and nonsmooth, we propose a zeroth-order stochastic Riemannian
proximal gradient method (Z0-SManPG) and provide its oracle complexity for obtaining an

e-stationary point of (2.1) (see Theorem 2.3.2).
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ALGORITHM STRUCTURE ITERATION COMPLEXITY | ORACLE COMPLEXITY
_ SMOOTH, 2 4
Z0-RSGD S TOCHASTIC O (1/€%) O(d/e*)
_ SMOOTH, STOCHASTIC, 9
Z0-RSGD GEO-CONVER O (1/e) O (d/€?)
Z0-SMANPG NONSMooTH 0 (1/&) O (d/e)
STOCHASTIC
_ LipscHiTZ HESSIAN 15 3.5 4795
Z0-RSCRN S TOCHASTIC O(1/€'9) O (d/e*5 + d*/e*P)

TABLE 2.1. Summary of the convergence results proved in this paper. For all but
the ZO-RSCRN algorithm, the reported complexities correspond to e-stationary solu-
tion; for the ZO-RSCRN algorithm the complexities correspond to e-local minimizers.
Here, d is the intrinsic dimension of the manifold M. Furthermore, Iteration com-
plexity refers to the number of iterations and oracle complexity refers to the number
of calls to the (stochastic) zeroth-order oracle.

e When h(z) =0 and F(x,§) satisfies certain Lipschitz Riemannian Hessian property, we pro-
pose a zeroth-order Riemannian stochastic cubic regularized Newton’s method (ZO-RSCRN)
that provably converges to an e-approximate local minimizer (see Theorem 2.3.3).
(3) In Section 2.4, we provide experimental results on simulated data to quantify the performance of
our methods. We then demonstrate the applicability of our methods to the problem of black-box

attacks to deep neural networks and robotics.

2.1.3. Zeroth-order Riemannian Gradient Estimator. Recall that in the Euclidean set-
ting, Nesterov and Spokoiny Nesterov and Spokoiny [2017] analyzed the Gaussian smoothing based
zeroth-order gradient estimator. However, as that estimator requires function evaluations outside
of the manifold to be well-defined, it is not directly applicable for the Riemannian setting. To

address this issue, we introduce our stochastic zeroth-order Riemannian gradient estimator below.

DEFINITION 2.1.1 (Zeroth-Order Riemannian Gradient). Generate w = Pug € Ty M, where
ug ~ N(0,I,) in R", and P € R™"™ is the orthogonal projection matriz onto T, M. Therefore
u follows the standard normal distribution N'(0, PPT) on the tangent space in the sense that, all
the eigenvalues of the covariance matriz PP are either 0 (eigenvectors orthogonal to the tangent

plane) or 1 (eigenvectors embedded in the tangent plane). The zeroth-order Riemannian gradient
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estimator is defined as

) ) = L) = J0),_ RerapPua) = (),

Note that the projection P is easy to compute for commonly used manifolds. For example, for
the Stiefel manifold M, the projection is given by projp, o(Y) = (I — XX )Y + X skew(X 'Y,
where skew(A) := (A — AT)/2 (see Absil et al. [2008]).

REMARK 2.1.1. In this work, we assume that the function f is defined on submanifolds embedded
in Fuclidean space, so that it is efficient to sample from the associated tangent space, as discussed
above; see also Diaconis et al. [2013]. We remark that the above gradient estimation methodology is
more generally applicable to other manifolds. However, the generality comes at the cost of practical
applicability as it is not an easy task to efficiently sample Gaussian random objects on the tangent

space of general manifolds; see Hsu [2002] for more details.

We now discuss some differences between the zeroth-order gradient estimators in the Eu-
clidean setting [Nesterov and Spokoiny, 2017] and the Riemannian setting (2.2). In the Eu-
clidean case, the zeroth-order gradient estimator can be viewed as estimating the gradient of the

Gaussian smoothed function, f,(z) = % [ga f(z + ,uu)e_%”“wdu, because V f,(z) = Ey(gu(z)) =

1 fetu)— )

— 12 . . . .
m ue 2l du, where x is the normalization constant for Gaussian. This was also

observed as an instantiation of Gaussian Stein’s identity Balasubramanian and Ghadimi [2021].
However, this observation is no longer true in the Riemannian setting, as we incorporate the re-
traction operator when evaluating g,,, and this forces us to seek for a direct evaluation of E,(g,(x)),
instead of utilizing properties of the smoothed function f,. We also remark that, g, (z) is a biased
estimator of gradf(x). The difference between them can be bounded as in Proposition 2.1.1. Some

intermediate results for this purpose are as follows.

LEMMA 2.1.1. Suppose X is a d-dimensional subspace of R™, with orthogonal projection matrix
P € R™™. wy follows a standard normal distribution N(0,1I,), and uw = Pug is the orthogonal

projection of ug onto the subspace X. Then Vx € X, we have

1 1
(2.3) xr = / <:U,u)ue_%”“0”2du0, and 2|2 = / <x,u>26_%”“0”2du0,
K n K Jrn
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where Kk is the constant for normal density function: k := [gn e 3l gy = (277)”/2.

1
PROOF. Proof of Lemma 2.1.1 By the definition of covariance matrix, we have % fRn uouOT e 2 ”“0”2du0 =

I,,. Since (x,u) = (x,up), Vx € X, we have

1

(2.4) / <ar,u>uoe*%““°”2du0:x,
K Jrn

which implies %fRn (x, u)ueféH“OHQduO = Px = z. Similarly, taking inner product with = on both

sides of Eq. (2.4), we have ||z[|> =1 [5, (x,u>2e_%””°“2du0. O

The following bound for the moments of normal distribution is restated without proof.

LEMMA 2.1.2. [Nesterov and Spokoiny, 2017] Suppose u ~ N (0, I,) is a standard normal dis-

tribution. Then for all integers p > 2, we have M, := E,(||u||P) < (n + p)P/?.

COROLLARY 2.1.1. For ug ~ N(0,1,,) and u = Pug, where P € R™*™ is the orthogonal projec-

tion matriz onto a d dimensional subspace X of R", we have Ey,(||u|P) < (d + p)P/?.

PROOF. Proof of Corollary 2.1.1 Assume the eigen-decomposition of P is P = Q' AQ, where
@ is an unitary matrix and A is a diagonal matrix with the leading d diagonal entries being 1 and
other diagonal entries being 0. Denote @ = Qug ~ N(0, I,), then Aw = (i, ..., g, 0,...,0). Since
u = QT Ad has the same distribution as A, we have E||u||? = E|/(@1, ..., @g, 0, ..., 0)||? < (d + p)*/?,

by Lemma 2.1.2. O

Now we provide the bounds on the error of our gradient estimator g,(x) in (2.2). To proceed

we need the following assumption:

ASSUMPTION 2.1.1 (L-retraction-smoothness). There exists Ly > 0 such that the following

inequality holds for function f in (2.1):
L
(2.5) |f(Retrz(n)) — f(z) — (grad f(z), n)a| < 7gHTIHQ»V1’ e M,ne Ty M.

Assumption 2.1.1 is also known as the restricted Lipschitz-type gradient for pullback function
f2(n) := f(Retr,(n)) Boumal et al. [2018]. The condition required in Boumal et al. [2018] is weaker

because it only requires Eq. (2.5) to hold for ||n||z < pz, where constant p, > 0. In our convergence
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analysis, we need this assumption to be held for all n € T, M, i.e., p, = co. This assumption is
satisfied when the manifold M is a compact submanifold of R", the retraction Retr, is globally
defined! and function f is L-smooth in the Euclidean sense; we refer the reader to Boumal et al.
[2018] for more details. We also emphasize that Assumption 2.1.1 is weaker than the geodesic
smoothness assumption defined in Zhang and Sra [2016]. The geodesic smoothness states that,
v € M, f(Expy(n)) < f(z) + (gusn)s + Lyd*(x, Exp,(n))/2, where g, is a subgradient of f, d(-,)
represents the geodesic distance. Such a condition is stronger than our Assumption 2.1.1, in the
sense that, if the retraction is the exponential mapping, then geodesic smoothness implies the
L-retraction-smoothness with the same parameter L, Bento et al. [2017].

Recall that d denotes the dimension of the manifold M, we have the following error bounds:

PROPOSITION 2.1.1. Under Assumption 2.1.1, we have

(a) | Euy(gu(x)) — gradf(z)|| < “52(d + 3)3/2,
(b) llgrad f(z)]|2 < 2/|Euy (g,(2))|I2 + & Lg(d + 6)3,
(¢) Eug(lgu(2)]?) < & L2(d + 6)* +2(d + 4) |grad f () |-

PROOF. Proof of Proposition 2.1.1 For part (a), since

E(gy () — gradf () = ~ / n (f<Retrx<u5>> — f(@)

:  (gradf (o). ) ) e H

we have (by Lemma 2.1.1)

[E(gu(x)) — gradf(z)]|

- I /R (f(Retr (uu)) — f(z) — (grad f (), pus)) e~ 3101 dug|

1 [ L,

L[ Ly )
UK Jpn 2

L
< Il Plufle™ 2101 dug = JulfPe 210l dug < £22(d + 3)72,
Rn

where the first inequality is by due to (2.5), and the last inequality is from Corollary 2.1.1. This

completes the proof of part (a).

1f the manifold is compact, then the exponential mapping Exp, is already globally defined. This is known as the
Hopf-Rinow theorem Do Carmo [1992].

24



To prove part (b), note that

2
Jerad ) = | [ (aradsa) e

2

- Hl/ ([f (Retra(pu)) — f(z)] — [f (Retrg(pur)) — f(x) — (gradf(x), pu)])ue~ 21"l dug
MR JRn

2

2

<2B(gu NI+ 7 | [ (F(Retra(um) = £(x) ~ (gradf (), ) e 511

B @DIP + 5 [ (FRetra(u) — (o) — (gradf (o), puu))? e H g
Ko JRrn
2
<2|E(g,(2))|* + 5 Lg(d +6)°,

where the last inequality is from the same trick as in part (a). This completes the proof of part
(b).
Finally, we prove part (c). Since E(||g.(2)|?) =
(f (Retry () — f(2))? = (f(Retra(pw)) — f(x) —pigrad f(z
2u2(grad f(x), u)?, we have
(2.6)
B9 (@)]?) < " L2B(ul) + 26 (1 (grad (@), uul) < - L2(d+ 6)° + 25(] (grad ). w)ulP)

wo [(f(Retry(uu)) — f(x))?[|u]?], and

i
), u)+pdgrad f(z), u))? < 2(% 2 ||ul|?)?+

Now we bound the term E(||(gradf(z),u)ul|?) using the same trick as in Nesterov and Spokoiny
[2017]. Without loss of generality, assume X is the d-dimensional subspace generated by the first
d coordinates, i.e., Vx € X, the last n — d elements of = are zeros. Also for brevity, denote

g = gradf(x). We have that

Bl gradf(a), wyul®) =+ | (erad o)) e300 g

d 2 /4
1 / > Y a? | e 3T ey d
J— . . “ 2 =1 "¢ ..

where x; denotes the i-th coordinate of ug, the last n — d dimensions are integrated to be one, and

(d) is the normalization constant for d-dimensional Gaussian distribution. For simplicity, denote
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x = (21, ...,2q), then

B(lgrad /@) wul) = —s [ (g.02elPe o da

1 2,—Zlz|? 2 — 157 |=||? 2 / 2 — 157 |z|2
. < x x dz < x dx
(2 7) /{(d) /d || || e 2 <ga > e 2 = (,) o d<gv > e 2

’ 263 llell? 2 2
- gy = —=
(@) (1 — 7)1+ /2% /RAW> eHl Ve = o ol

where the second inequality is due to the following fact: zPe™ 2% < (%)p/ 2. Taking 7 = ﬁ gives

the desired result. O

2.1.4. Zeroth-order Riemannian Hessian Estimator. We now extend the above method-
ology and propose estimators for the Riemannian Hessian in the stochastic zeroth-order setting.
We restrict our discussion to compact submanifolds embedded in Euclidean space, so that the def-

inition of Riemannian Hessian in Definition 1.2.7 is applied. We assume the following assumption

of F(x,§):
ASSUMPTION 2.1.2. Given any point x € M and n € T, M, we have
(2.8) HP,;1 o HessF'(Retr;(n),§) o P, — HessF (2, ) |lop < Lu||n|,

almost everywhere for &, where Py : Ty M — TRetr, () M denotes the parallel transport and o is

the function composition. Here || - ||op is the operator norm in the ambient Euclidean space.

Assumption 2.1.2 is the analogue of the Lipschitz Hessian type assumption from the Euclidean

setting, and induces the following equivalent conditions (see, also Agarwal et al. [2021]):

||P{1gradF(Retrx(77)7§) — gradf(z) — HessF'(x, ) [n]|| < L7HH77||2
(2.9)
F(Retry(n),&) — | F(z,€) + (n,gradF(z,§)) + ;<777HGSSF(JU’5)[”]>” = L?HHUH?)'

In the Euclidean setting, P, reduces to the identity mapping. Throughout this section, we also as-
sume that F'(-, &) satisfies Assumption 2.1.1 and the following assumption, which is used frequently
in zeroth-order stochastic optimization [Balasubramanian and Ghadimi, 2021, Ghadimi and Lan,

2013, Zhou et al., 2019].
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AssuMPTION 2.1.3. We have (with E = E¢) that, E[F(z,&)] = f(x), E[gradF (z, )] = grad f(x)
and E [||gradF (z,£) — grad f(2)|]?] < 02, Vo € M.

We first introduce the following identity which follows immediately from the second-order Stein’s

identity for Gaussian distribution [Stein, 1972].

LEMMA 2.1.3. Suppose X is a d-dimensional subspace of R™, with orthogonal projection matrix
PeRY™ P=pP2=P" anduy~ N(0,1,) is a standard normal distribution and u = Puyg is the
orthogonal projection of ug onto the subspace. Then VH € R™™, H' = H, and H = PHP (which

means that the eigenvectors of H lies all in X ), we have

1 1
(2.10) PHP = 2/ (u, Hu) (uu' — P)e_%H“O”Qduo =E §<u, Hu)(uu' — P)|,
K Rn
where || - || here is the Fuclidean norm on R™, and k is the constant for normal density function

given by K = [pn eallul gy = (2m)™/2.

The identity in (2.10) simply follows by applying the second-order Stein’s identity, E[(za T —

I,)g(z)] = E[V?g(z)], directly to the function g(z) = 3(z, Hz) and multiplying the resulting

identity by P on both sides.

LEMMA 2.1.4. [Balasubramanian and Ghadimi, 2021] Suppose X is a d-dimensional subspace of
R™, with orthogonal projection matriz P € R™", P = P2 = P, and uy ~ N(0,1,) is a standard

normal distribution and u = Pug is the orthogonal projection of ug onto the subspace. Then
(2.11) E[||luoug — I|[%] < 2(n+ 16)® and E[||lun’ — P|%] < 2(d + 16)%.

PROOF. Proof of Lemma 2.1.4 See Balasubramanian and Ghadimi [2021] for the proof of the
first inequality in Eq. (2.11). We now show how to get the right part from the left. Similar to the

proof of Corollary 2.1.1, we use an eigen-decomposition of P = QTAQ and get (again @ = Qu):
Elluu" — P|% = E|| (i1, .., @g) " (i1, ..., Gig) — Lg% < 2(d + 16)8,

which completes the proof. U
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We now propose our zeroth-order Riemannian Hessian estimator, motivated by the zeroth-order

Hessian estimator in the Euclidean setting proposed by Balasubramanian and Ghadimi [2021].

DEFINITION 2.1.2 (Zeroth-Order Riemannian Hessian). Generate u € T, M following a stan-
dard normal distribution on the tangent space Ty M, by projection u = Pyug as described in Section

2.1.3. Then, the zeroth-order Riemannian Hessian estimator of a function f at the point x is given

by

(2.12) H,(xz) = %(’U,’U,T — P)[F(Retrg(pu),§) + F(Retry(—pu), &) — 2F (z, )]

7

Note that our Riemannian Hessian estimator is actually the Hessian estimator of the pullback

function Fx(n, &) = F(Retry(n),§), YV € M and n € T, M projected onto the tangent space T M.
We immediately have the following bound on the variance of H,(x).

LEMMA 2.1.5. Under Assumption 2.1.1, the Riemannian Hessian estimator given in Eq. (2.12)
satisfies

(d+ 16)8L2.

(2.13) By = Hu(2) || < 3 g

PRrROOF. Proof of Lemma 2.1.5 From Assumption 2.1.1 and Corollary 2.1.1 we have

(2.14)
E|F(Retry(pu), €) + F(Retry(—pu), €) — 2F (z,€)°

:E|F(Retfx(ﬂu),§) - F(w,f) - <gradF(x7§)nu’u> + F(Retrx(_:u’u)vg) - F(.’L’,f) - <gradF(x,§), _NUHS

2 2
wL weL
<E[ 2 Jul? + 2 PP = B L)) < 'L + 16)°

Moreover, we have

4
E||H,(z)|% =E HQ;(WT — P)[F(Retry(pu), €) + F(Retry(—pu), €) — 2F(z, €)]

F

(2.15) <1M (E|F(Retrx(uu),§) + F(Retry(—pu), £) — 2F (z, &) [PE|juu — PH8) "

)4 1/2
T8 (E|F(Retry(uu), §) + F(Retry(—pu), §) — 2F (,€)[*) '~
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where the first inequality is by Holder’s inequality and the second one is by Lemma 2.1.4. Combining

(2.14) and (2.15) yields the desired result (2.13). O
We will also use the mini-batch multi-sampling technique. For ¢ = 1, ..., b, denote each Hessian

estimator as

(216)  Hu(a) = Q;wui — P)[F(Retr, (). &) + F(Retro(—pu;), &) — 2F (2, ).

The averaged Hessian estimator is given by

(2.17) Fe(e) = 3 3 Hoo).

We now have the following bound of H,, ¢(z) and Hessf(z).

LEMMA 2.1.6. Under Assumption 2.1.1 and Assumption 2.1.2, let f__[”é(ac) be calculated as in
Eq. (2.17), then we have that: Yx € M and ¥n € T, M,

(d+16)* p2L2,

(2.18) Bzl yela) = Hessf (o), < = 20r, + P @ o)

_ - (d+16)5 | 1 .
(2.19) Ey=|Hye(x) — Hessf(a;)ng < CWL; > 4 E/ﬁL?}{(d +6)72,
where || - |lop denotes the operator norm and C is some absolute constant.

ProoOF. Proof of Lemma 2.1.6 Denote E = [, = as the expectation with respect to all previous

random variables. We first show Eq. (2.18). Denote X; = H,,; —[EH,, ;, then X;’s are iid zero-mean

random matrices. Since || - |lop < | - ||F, we have
1 & 1|
E”Hué(x) - EHu,ﬁ(x)ng =E b ZXi <E b ZXi
=1 llop =1 lp
1 1 (1<
=E |5 > IXillF+ 55 > (X0 X)) | =E |55 > |IXill%
(2.20) B b o e

1 1 1
—E bl X1l3 = By |yt — EHyalF = 3B [1Half — [EH,103]

4
B Hya ()b < 9107,
’ 2/2b
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where the third inequality is from the Jensen’s inequality, and the last inequality is due to Eq. (2.13).
Note that (2.20) immediately implies

E|| Hye(x) — Hessf(2) |2, <2E||Hye(r) — EHg(2)lle, + 2 EH e (@) — Hessf(x)|3,
(2.21) ( .
d + 16) _ )
SWLQ +2|[EH ¢ (x) — Hess f(z)||5p-

Now we bound the term ||[EH, ¢(x) — Hessf(x)||2,. Note that

0, (B () — Hss () [
|01 (2 st = PIFRete, () + f(Retes () ~ 24 (2]~ Hessf (o)) )

|01 (2 st = PIFRete )+ f(Retes () ~ 24(0) = o s )] ) )

2

gz |0 (B | FRetr ) = 7o) 5 Hss o))

+H(Retr, () = f(2) ~ 5 Hess @] " = P)] ) )

which together with Assumption 2.1.2 yields

1, (B () — Hessf @)} < “Z2E [l Plloy] )
(2.22)

Holder 1, ], L
Ly dil
< T\/H'EHUIWEHWT — P|%[Inl* < — d+ 6)/%|1n||?,

where the last inequality is by Corollary 2.1.1 and Lemma 2.1.4. (2.22) implies
3 uLpg 5/2
(2.23) [EH,¢(x) — Hessf(2)]lop < T(d +6)/".

Combining (2.21) and (2.23) gives Eq. (2.18).
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Now we show Eq. (2.19). By a similar analysis we have

E| Hy.(w) — Hessf ()3

lop

SE(HFIM,ﬁ(x) - Eﬁm&(x)HOp + HEﬁui(af) - Hessf(:z:)”op)?’

(2.24) <8E||H,¢(x) — Eflﬂ,g(m)ﬂgp + 8| EH,, ¢ (x) — Hessf(:c)ng

Holder — — — —
<78\ B Hy () — EHy ¢(2) 2Bl Hye(2) — EH, ()14,
+ 8|, () — Hessf (2)[3,,

where the second inequality is by the following fact: when a,b > 0, (a + b)® < max{(2a)3, (2b)3} <

8a3+8b3. Moreover, since ||-||op < ||-||F, and X; = H,,;—EH,, ; are iid zero-mean random matrices,

we have
4
E|[H,¢(x) - EH, EHfZXuop_,ﬁ (Euzxuop CEIXI, 1/4)
4 4
C C
< EIIZX\P EExgE ) =G ZEHX\P + (LX)
C e !
— (VBRI + eeIxlb ) < & (VEYRIXIE + eRlx )
(2.25)

C 16C
_bj(\/l;'f" VO)'E|| Hy\y — EHya||3 < 52 Bl — EH, 1| F
16C

——7E(IH,, 2(H, 1, EHy1) + |EH, %)

1% @, APl EH, 132

<A B (@l Hya [} + 2EH,}) < fimnﬂ 1B+ 2B H %)
<% w18, b < 2+ 168L

where the first inequality is due to the Rosenthal inequality Rio [2009], C' is an absolute constant,
the fourth inequality is due to the fact 1 < v/b < v/b. Plugging Eq. (2.20), Eq. (2.23) and Eq. (2.25)
back to Eq. (2.24) gives the desired result (2.19). O
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2.2. Zeroth-order Smooth (deterministic) Riemannian Optimization

For the sake of completeness, in this section, we focus on the case when the exact function
evaluations of f are available and h = 0. For this case, we propose Z0-RGD, the zeroth-order
Riemannian gradient descent method and provide its complexity analysis. The algorithm is formally
presented in Algorithm 1. The following theorem gives the iteration and oracle complexities of

Algorithm 1 for obtaining an e-stationary point of (2.1).

Algorithm 1: Zeroth-Order Riemannian Gradient Descent (Z0-RGD)

1: Input: Initial point ¢y € M, smoothing parameter u, step size 1, fixed number of iteration
N.
: for k=0,1,2,... do

2

3:  Sample a standard Gaussian random vector uy € T, M by orthogonal projection in
Definition 2.1.1.

4:  Compute the zeroth-order gradient g, (zx) by Eq. (2.2).

5. Update zy41 = Retry, (—mrgu(xr)).

6: end for

THEOREM 2.2.1. Let f satisfy Assumption 2.1.1 and suppose {xy} is the sequence generated by

Algorithm 1 with the stepsize n =1 = m. Then, we have

1

2.26 —_—
( ) N +1

4 (f(xo) — f(=%)

N
E d 2o c ,
> e lgdienl < § (1R ¢ )

where Uy, denotes the set of all Gaussian random vectors we drew for the first k iterations 2

C(n) = WL (d43)° | p? (d+6)° | uzlég gii;z In order to have

, and

16 (d+4) T 16 (d+4)

1

N
N1 2 Bullerad ()P < &,

k=0

(2.27)

we need the smoothing parameter p and number of iteration N (which is also the number of calls

to the zeroth-order oracle) to be set as p = O (e/d3/2) , N=0(d/é®).

PROOF. Proof of Theorem 2.2.1 From Assumption 2.1.1 we have

2
Flaien) < Flew) = melouo), grad (o)) + 02 g, ) 2

2The notation of taking the expectation w.r.t. a set, is to take the expectation for each of the elements in the set.
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Taking the expectation w.r.t. u; on both sides, we have

2
B [F(ks)] < Fk) — (B (gu(o), grad () + 0B, (g (m)]1)

2 2
< (1) — 1B (1) grad ()} + 2 (‘;Lg(d +6)° +2(d + 4)||gradf(xk>||2) ,

where the last inequality is by Proposition 2.1.1. Now Take n =7 = W7 we have
B, [f(2041)]
<)+ L(lgradf (22| — 2(Eue (g (0)), gradf (21) + ”1? EZ 2
= 7 () + lgrad f(2x) — Bug (g (w) I — B (9w} I?) + 1§ EZIE?
<)+ 1 (MQLE (@43 = Jllerad o) + 5 Lofa + 6)3) " EZIZ;

= F(ex) — Llgrad () I + Cu),

where the second inequality is from Proposition 2.1.1. Define ¢y := f(zr) — f(2*). Now take the

expectation w.r.t. Uy, = {ug,u1,...,ux_1}, we have

Grar < 0 — JEug[lgrad f@n)|” + C(1).

Summing the above inequality over k = 0,..., N yields (2.26).
Therefore with 1 = O(e/d?/?) we have C(u) < fie? /4. Taking N > 8(d+4)Ly(f (o) — f(z*))/e?
yields (2.27). In summary, the number of iterations for obtaining an e-stationary solution is O(d/e?),

and hence the total zeroth-order oracle complexity is also O(d/€?). O

REMARK 2.2.1. Note that in Algorithm 1, we only sample one Gaussian vector in each iteration
of the algorithm. In practice, one can also sample multiple Gaussian random vectors in each
iteration and obtain an averaged gradient estimator. Suppose we sample m i.i.d. Gaussian random
vectors in each iteration and use the average g,(z) = L 3", g,.;(x), then the bound for our zeroth-

order estimator becomes

(2.25) E(7,(2) — grad (=)|*) < pL2(d + 6)" + 2 Jgrad (a2
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Hence, the final result in Theorem 2.2.1 can be improved to

N

1
> By, llgrad f(zp)|* < ALy
k=0

N +1

S (z*)

zg) — f 272 3
2.29 — -~ ufLA(d+
( ) N+1 H g( 6)",

with f) = 1/Ly and C(p) = u?Ly(d+6)3/2. Therefore the number of iterations required is improved
to N = O(1/€®) when we set u = O(e/d*?) and m = O(d). However, the zeroth-order oracle
complexity is still O(d/e?). The proof of (2.28) and (2.29) is given in Appendiz C of our published
version [Li et al., 2023]. This multi-sampling technique played a key role in our stochastic and

non-smooth case analyses.

2.3. Stochastic Zeroth-order Riemannian Optimization Algorithms

We now demonstrate the applicability of the developed Riemannian derivative estimation
methodology in previous section, for various classes of stochastic zeroth-order Riemannian opti-

mization algorithms.

2.3.1. Zeroth-Order Stochastic Riemannian Optimization for Nonconvex Problem.
Recall that our task is to solve (2.1). In this section, we focus on the following smooth problem

(2.30) min f(z) := /ﬁF(x,ﬁ)dP(ﬁ),

reEM

where P is a random distribution, F' is a function satisfying Assumption 2.1.1, in variable =z,
almost surely. Note that f automatically satisfies Assumption 2.1.1 by the Jensen’s inequality. In

the stochastic case, our zeroth-order Riemannian gradient estimator is given by

1 & F(Retry(pu;), &) — F(x,&
(2.31) Iue(x) = gzgu,si(ﬁv% where g, ¢, () = Rt )ug) . g)ui’
=1

and wu; is a standard normal random vector on T, M. We also immediately have that

f(Retry(pu)) — f(x)
7

(2.32) Ee¢,9p.¢; (z) = U= gM(ZE).

The mini-batch approach above enables us to obtain the following bound on E||g,, ¢ (z) —grad f (z)||?,

the proof of which is given in the appendix of our published version Li et al. [2023].
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LEMMA 2.3.1. For the Riemannian gradient estimator in (2.31), under Assumptions 2.1.1 and

2.1.3, we have

(233)  Elguele) - gradf(a)[? < p2L2(d+6) + lerad ()|

4 4
8(d + )02+ 8(d + 4)
m m

where the expectation E is taken for both Gaussian vectors U = {u1,...,un} and &.

Our zeroth-order Riemannian stochastic gradient descent algorithm (Z0O-RSGD) for solving (2.30),

is presented in Algorithm 2.

Algorithm 2: Zeroth-order Riemannian Stochastic Gradient Descent (Z0O-RSGD)

1: Input: Initial point g € M, smoothing parameter p, multi-sample constant m, step size 7.

2: for k=0,1,2,... do

3:  Sample the standard Gaussian random vectors uf on T, M by orthogonal projection in
Definition 2.1.1, and sample {f, 1=1,...,m.

4:  Compute the zeroth-order gradient g, ¢(x) by Eq. (2.31).
5. Update xp41 = Retry, (—nrgpue(xr)).
6: end for

Now we present convergence analysis for obtaining an e-stationary point of (2.30).

THEOREM 2.3.1. Let F' satisfy Assumption 2.1.1, w.r.t. variable x almost surely. Suppose {xj}

is the sequence generated by Algorithm 2 with the stepsize mi, = 1 = Lig Under Assumption 2.1.3,

we have
L\ f(x0) — f(a")
) _
(2.34) N+l kZ_OEUkkangadf(xk)‘ SAby—g7  t C(n),
where C(u) = 2u2L§(d +6)3 + %%02, Uy denotes the set of all Gaussian random vectors

and Zi denotes the set of all random wvariable & in the first k iterations. In order to have
ﬁ Z]k:V:O Ey, =, |lgrad f (zx)||? < €2, we need the smoothing parameter u, number of sampling m in

each iteration and number of iterations N to be
(2.35) p=0(c/d*?), m=0(do?/), N =0(1/&).

Hence, the number of calls to the zeroth-order oracle is mN = O(d/e*).
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PROOF. Proof of Theorem 2.3.1 From Assumption 2.1.1, we have:

2

F(wpg1) < fxr) — melGue(wr), grad f (zr)) + nkQLg 1Gpe (i) |2

2L
F@ien) < Fon) = e Ge (@), gradf () + 521G )|

1 _
= flaw) + 57~ (1Gu.e(xr) — gradf (zx)||* — [lgrad f(z)]%) -
g
Take the expectation for the random variables at iteration k£ on both sides, we have

B f(wen) < o) + 57 (Bulguelon) — gradf (@) |? ~ lgrad (o))
g

Eq. (2.33) 1 9 8(d+4) 8(d+4)
< — L? 4 o — -1 2).
< o+ g (wre o+ Mo (M ) g
Summing up over k =0, ..., N (assuming that m > 16(d + 4)) yields (2.34).
In summary, the total number of iterations for obtaining an e-stationary solution of (2.30) is

O(1/€%), and the stochastic zeroth-order oracle complexity is O(d/e*). O

REMARK 2.3.1. For the Fuclidean case, in the unconstrained setting, it was shown in Ghadimi
and Lan [2013] that if we assume prior knowledge on the total number of iterations N, one could
prove a similar oracle complexity (with the Euclidean dimension) even with m = 1. However for
the Riemannian case, selecting m as in (2.35) seems to be required for our current theoretical
analysis. In particular, properties of (Euclidean) Gaussian smoothed function f,(z) = %fm flx+
uu)e_%”“wdu, such as V fu(z) = E(gu(x)) used in Ghadimi and Lan [2013], cannot be naturally
extended to the Riemannian case. Furthermore, it is not very obvious how to calculate and interpret

1

the gradient of the Riemannian counterpart f,(x) = = f(Retry(uu e 3 lull® gy
1 Kk Jx€T, M H

2.3.2. Zeroth-order Stochastic Riemannian Proximal Gradient Method. We now
consider the general optimization problem of the form in (2.1). For convenience, we define p(x) :=
f(z)+ h(x). We assume that M is a compact submanifold, & is convex in the embedded space R"

and is also Lipschitz continuous with parameter Ly, and f satisfies Assumption 2.1.3.
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The non-differentiability of h prohibits Riemannian gradient methods to be applied directly.
In Chen et al. [2020], by assuming that the exact gradient of f is available, a manifold proximal
gradient method (ManPG) is proposed for solving (2.1). One typical iteration of ManPG is as
follows:

1
vy := argmin (gradf(z1),v) + —||v]|* + h(z +v), s.t., v € Ty M
(2.36) 2

Tpq1 := Retrg, (Mpvr),
where ¢t > 0 and 7 > 0 are step sizes. In this section, we develop a zeroth-order counterpart of
ManPG (Z0-SManPG), where we assume that only noisy function evaluations of f are available. The
following lemma from Chen et al. [2020] provides a notion of stationary point that is useful for our

analysis.

LEMMA 2.3.2. Let vy be the minimizer of the v-subproblem in (2.36). If v = 0, then xy is
a stationary point of problem (2.1). We say xy is an e-stationary point of (2.1) with t = %97 if

[ok]| < €/Lyg.

Our Z0-SManPG iterates as:

1
vg := argmin (g,¢(xx),v) + ﬂHsz + h(zy +v), s.t., v € Ty M,
(2.37)

ZTi41 := Retrg, (Ngvg),
where g, ¢(x}) is defined in Eq. (2.31). Note that the only difference between Z0-SManPG (2.37) and
ManPG (2.36) is that in (2.37) we use g, ¢(x) to replace the Riemannian gradient gradf in (2.36).
A more complete description of the algorithm is given in Algorithm 3. Now we provide some useful

lemmas for analyzing the iteration complexity of Algorithm 3.

LEMMA 2.3.3. (Non-ezpansiveness) Suppose v := arg minyer, pm(g1,v) + 3 ||v||*> + h(z +v) and

w := arg minger, m (g2, w) + 2 |w[|? + h(z +w). Then we have
(2.38) lo—wll < tllg1 — g2-

PROOF. Proof of Lemma 2.3.3 By the first order optimality condition Yang et al. [2014], we

have 0 € v + g1 + projp, (Oh(z 4+ v) and 0 € Tw + go + projp, \Oh(z + w), i.e. Ip1 € Oh(x + v)
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Algorithm 3: Zeroth-Order Stochastic Riemannian Proximal Gradient Descent
(Z0-SManPG)

1: Input: Initial point x¢g on M, smoothing parameter u, number of multi-sample m, step size
Nk -

2: for k=0,1,2,... do
Sample m standard Gaussian random vector u; on Ty, M by by orthogonal projection in
Definition 2.1.1, ¢ =1, ..., m.
Compute the zeroth-order gradient the random oracle g, (xj) by Eq. (2.31).
Solve v, from Eq. (2.37).
Update xp4+1 = Retry, (ngvg).

end for

w

and pp € Oh(x 4 w) such that v = —t(g1 + projy, r((p1)) and w = —t(g2 + projq, r¢(p2)). Therefore

we have

(v,w —v) = t{g1 + projp, p(p1),v — w)
(2.39)

(w,v —w) =t(ga + PVOJ'TIM(P2)a w—v).

Now since v, w € T, M, and using the convxity of h, we have
(2.40)  ({projp, p(p1),v — w) = (p1,v —w) = (p1, (v + ) — (w+2)) = h(v+ ) — h(w + z).

Substituting Eq. (2.39) and into (2.40) yields,

(v,w—v) >t{g1,v—w)+ h(v+x)— h(w+ )
(w,v = w) = Uga, w — v) + h(w + x) — h(v + z).
Summing these two inequalities gives (v —w,v — w) < t{gs — g1,v — w), and Eq. (2.38) follows by

applying the Cauchy-Schwarz inequality. O

COROLLARY 2.3.1. Suppose vy is given by (2.37), and vy is solution of the v-subproblem in

Eq. (2.36), then we have

8(d+4) o2+ 8(d+4)

vtz llvr — Ol < ¢ <M2L§(d +6)° + ngadf(xk)HQ) :

PRrROOF. Proof of Corollary 2.3.1 By Lemma 2.3.3, we have

Ev, = 1ok — Ukl F < By, =, |G (1) — grad f ()| 7-
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From Lemma 2.3.1,

Euk,Ek ng,ﬁ(gck) - gfadf(%)”%
4 4
8(d + )02 N 8(d+4)
m m

<p?Ly(d +6)* + lgrad f (1) ||
The desired result hence follows by combining these two inequalities. ([l

The following lemma shows the sufficient decrease property for one iteration of Z0-SManPG.

LEMMA 2.3.4. For anyt > 0, there exists a constant 77 > 0 such that for any 0 < m, < min{1, 7},

the (zk,vr) generated by Algorithm 3 satisfies

(2.41) p(r41) — plag) < — (% = ) lvel1?,

where C = ung(d—i-G)g 48t 2y 8(?{4) G? and G is the upper bound of the Riemannian gradient

m

gradf(z) (existence by the compactness of M).
PROOF. Proof of Lemma 2.3.4 Notice that
L
Fxein) = flan) < (gradf(zx), Retro, (mivr) — ) + SF[IRetra, (mrvr) — ||

L
= (gradf(xr) — gu.e(w), Retry, (Mevr) — k) + (Gue(x), Retry, (mrvr) — zx) + 79 |Retry, (nkvr) — zk||%,

where the inequality follows from Assumption 2.1.1. Moreover, by Lemma 2.3.1 and the Fact 3.6
of Chen et al. [2020], we have

(gradf(z1) — gu.e(x), Retry, (mpvr) — x1) < [lgradf(zx) — gue(z)|l[[Retre, (nevr) — il

S(d+4 8(d+4
D) 2 SO a0 2| o2
m m

< Minp |p*Li(d +6)* +

The rest of the proof of bounding (g, ¢(x), Retrs, (npvg) — 1) + %HRetrmk (k) — 21]|? follows from

exactly the same process as in (Chen et al. [2020], Lemma 5.2). We omit the details for brevity. O

THEOREM 2.3.2. Under Assumption 2.1.8 and Assumption 2.1.1, the sequence generated by

Algorithm 3, with n =1 < min{1,7} and t = 1/Lg, satisfies:

dt(p(zo) —p(a")) | ANt ~ 8

1 N—-1
(2.42) - By, =, |10k ]* < - _
N kzzo o (7

8CtN H—8Ct  H—8Ct
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where C = /ﬂLg(d—i—G)3 + 8(%4) o+ 8(%4) G? and G is the upper bound of the Riemannian gradient

gradf(x) over the manifold M. To guarantee

. oy _—
k:o{?,l,r]l\/_lEukElc”kaF <e /Lg,

the parameters need to be set as: u = O (e/d3/2), m= QO (dG2/62), N=0 (1/62). Hence, the

number of calls to the stochastic zeroth-order oracle is O(d/e*).

PROOF. Proof of Theorem 2.3.2 Summing up (2.41) over k = 0,..., N — 1 and using Corol-

lary 2.3.1, we have:

N-1 o N 1
A L
p(@o) = Buzp(on) 2 )50 = ClBufloellf > [ - 2B, =, vk ||
k=0 k:O
N-1
A ) 8(d + 4
720X [Busdol - 2 (wra o + MO
k=0
d+
+()||gradf<xk>||2)]
m
A iy ANt 8(d+4) , 8(d+4)
~ —~ 112 2712 3 2 2
> (=20 3 Bl = T (a0 + SO MR )
d+4 d+4
+ 212 <u2L§(d+6)3 + 8d+4) + Bld+ )G2> ,
m m
which immediately implies the desired result (2.42). O

REMARK 2.3.2. The subproblem Eq. (2.37) is the main computational effort in Algorithm 3.
Fortunately, this subproblem can be efficiently solved by a reqularized semi-smooth Newton’s method
when M takes certain forms. We refer the reader to Chen et al. [2020], Xiao et al. [2018] for more

details.

2.3.3. Escaping saddle points: Zeroth-order stochastic cubic regularized Newton’s
method over Riemannian manifolds. In this section, we consider the problem of escaping
saddle-points and converging to local minimizers in a stochastic zeroth-order Riemannian set-
ting. Towards that, we leverage the Hessian estimator methodology developed in Section 2.1.4

and analyze a zeroth-order Riemannian stochastic cubic regularized Newton’s method (ZO-RSCRN)
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Algorithm 4: Zeroth-Order Riemannian Stochastic Cubic Regularized Newton’s Method
(ZO-RSCRN)

: Input: Initial point zg on M, smoothing parameter p, multi-sample parameter m and b,
cubic regularization parameter «.
: for k=0,1,2,... do
Compute g, ¢(z) and H), ¢(zy) based on (2.31) and (2.17) respectively.
Solve ny, = argmin, 17z, «(7), where M (1) is defined in (2.43).
Update xp4+1 = Retry, (Py(nk))-
end for

[y

for solving (2.30), which provably escapes the saddle points. Our approach is motivated by
Zhang and Zhang [2018], where the authors proposed the minimization of function my,(n) =
f(x) + (gradf(z),n) + 5(Py o Hessf(z) o Py[n],n) + %|n||* at each iteration. The zeroth-order
counterpart replaces the Riemannian gradient and Hessian with the corresponding zeroth-order es-
timators. The proposed Z0-RSCRN algorithm is described in Algorithm 4. In ZO-RSCRN, the function

in the cubic regularized subproblem is

1 -

(2.43) Maa() = f(2) + (Gue(@),m) + 5 (Hue(@) ], m + %l|n||3-

Note that if /) = argmin, 1. 4(7), then the projection Py (7) is also a minimizer, because g, ¢()

and H), ¢(z) only take effect on the component that is in T, M.

THEOREM 2.3.3. For manifold M and function f : M — R under Assumptions 2.1.1, 2.1.2 and

2.1.3, define kuyin 1= argming, [y, =, ||nk||, then the update in Algorithm 4 with o > Ly satisfies:

(2.44) El|gkpin+1ll < O(e), and E[Amin(Hess fr,;,+1)] = —O(Ve),

given that the parameters satisfy:

(2.45) N=0 (1/63/2) L u=0 (min {d?f/g \/;D . m = 0(d/e), b= O(d*/e),

where Apin denotes the smallest eigenvalue. Hence, the zeroth-order oracle complexity is O(d/67/2+

d*/eb/?).

PRrROOF. Proof of Theorem 2.3.3 Denote fi = f(zr), gr = gradf(zx) and E = Eyy, =, for ease

of notation. We first provide the global optimality conditions of subproblem Eq. (2.43) following
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Nesterov and Polyak [2006]:

7 * = * a [] *
(2.46) (Hyug(@) + A" D+ Gug(@) = 0, A" = Snll, Hyelw) + A1 = 0.
Since the parallel transport P, is an isometry, we have

lgr11ll = ||P77_,€19k+1H

=1(Py, grr1 — g — Hess fuln]) + (gk — ue (k)

+ (Hessfr[nk) — Hye (@) [k]) + (Gue(@r) + Hye(zr) ne]) |
<|IPy g1 — g& — Hess fulnglll + [lgs — Gpue(zn)l]

+ |[Hess fi[nk] — Hye () el + 1190e (@r) + Hpwg () ]|
Egq. (2.9

)Ly _
Il + gk~ G|

+ |[Hess fu[ne] = Hyue (i) el + 11 (2n) + Hye(2r) 4]l

Eq. (246) L — 7 *
= il + llgk = G (oe) || + 1Fess flm] — Hiue (i) ]|+ A" e |

Eq. (2.46) [, - _ a
<+ gk — G on)l + e ful] — He (o) ool + 5 el

Ly _ 1 — 1 e
STH%HQ + [lgk = Gue(zr)ll + §HHessfk - Hu,ﬁ(xk)ng + 5”"71@”2 + 5”771@”2-
Taking expectation on both sides of the above inequality gives (by Eq. (2.33) and Eq. (2.18))

1
(2.47) Ellgr1ll = v/0g —0m < 5 (L +a+ 1+ 2Ls | gwlDE[lmx 1,

where 0, = p?L2(d + 6)* + B(dTH)(G2 +0?), G is the upper bound of ||gradf| over M, and 6y =
(d+16)* w2LY

72 Lg 4+ 555 (d + 6)°.
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Since P77_k1 is an isometry, we have:
Amin (Hess f 1) = Amin(Py, " 0 Hess fyi1 0 Py,)
zAmin(Pn_kl o Hess fy11 o Py, — Hessf)

+ Amln(HeSka - ME(:‘Ck)) + )\mln( ,uﬁ(l'k))

. (2.8)

Eq. ( _
> - LHanH + Amln(HeSka - uf(xk)) + Amln( Mf(xk))

=Amin(Hess fr, — Hy ¢ (2)) + Amin(Hpue(zk) — L ||nel 1)

Eq. (2.46) a+2Ly
> )\mln(HeSka‘ - u{(xk)) TH ||

Taking expectation, we obtain (by Eq. (2.18))

a—+ 2L
(2.48) THEHWH > — (/61 + EAmin (Hess fri1)).-

Now we will upper bound E|[n||. From Assumption 2.1.2, we have
; T L Lu 3
For () < f (@) + g e+ 50k Hinp + =10

(2.49) = <f($k) + () T + %U;ﬁy(%)nk + %1”771@!3>

(0= o) T+ 0 (= B )

Using Eq. (2.46) we have
- T L 15 Lu 3
Fl@r) + gulan) e+ 5k Hu(zw)me + =l

1 — LH «
=f(xx) — §7Il;rHu($k)77k + (? §)||77k||3

(2.50) ! .
=f(r) = g (Hu(a) + *”77k||l)77k -(7- 7)Iln I°

L
<Flan) = (5 = =Dl < flw) = s5limel,
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where the last inequality is due to a > L. Moreover, by Cauchy-Schwarz inequality and Young’s

inequality, we have
_ T L i
E | (95 = Gu(xe)) e + e (Hy, = Hyu(r) )
_ 1 =

(251) <Ellgi — gu()lllne ]| + ZEIHx — Hy () opllme |

32 ) 5 12 _ s« 5

<35 Ellgr = gu(zn)] /2 4 — Bl Hy — Hu(zw)llop + o Ellne]”.

Plugging (2.50) and (2.51) to Eq. (2.49), we have

12 -
(2.52) Efer1 < fi = 57Ellmel® + 53/4 + 7 ou,

where 6y = C(dHﬁ) Ly® + 27M3L3 (d+6)7. Taking the sum for (2.52) over k =0,...,N — 1, we

have

N
1 2% [ fo— f*
= STEnel? < — (o 63/4 25
N & eI < LH< N 3LH Ly &
which together with (2.45) yields

(2.53) E[ 1o I < O(e¥?), and E| |y, |I* < O(e).

min

Combining Eq. (2.53), Eq. (2.47) and Eq. (2.48) yields (2.44). O

REMARK 2.3.3. To solve the subproblem, we implement the same Krylov subspace method as
in Agarwal et al. [2021], where the Riemannian Hessian and vector multiplication is approzimated
by Lanczos iterations. Note also that in our setting, we only require vector-vector multiplications
due to the structure of our Hessian estimator in Eq. (2.12). For the purpose of brevity, we refer to

Agarwal et al. [2021], Carmon and Duchi [2018] for a comprehensive study of this method.

2.4. Numerical Experiments and Applications

We now explore the performance of the proposed algorithms on various simulation experiments.
Finally, we demonstrate the applicability of stochastic zeroth-order Riemannian optimization for

the problems of zeroth-order attacks on deep neural networks and controlling stiffness matrix in
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DIMENSION € STEPSIZE | NO. ITER. Z0O-RGD | AVER. NoO. ITER. RGD
15 x5 10—3 102 460 £ 137 442
25 x 15 1073 102 892 + 99 852
50 x 20 1072 | 5x 1073 255 + 26 236

TABLE 2.2. Comparison of Z0-RGD and RGD on the Procrustes problem. Notice
here we take a larger ¢ when the dimension is large. The variance introduced by
the Gaussian random vector in the zeroth-order algorithms prevents us from taking
smaller values in practice. The last column of Fig. 2.1 shows a similar phenomenon.

robotics. We conducted our experiments on a desktop with Intel Core 9600K CPU and NVIDIA
GeForce RTX 2070 GPU.

2.4.1. Simulation Experiments. For all the simulation experiments listed below, we plot
the average result over 100 runs. We set p = 1072 if not otherwise specified. In theory, the smaller
1 is, the better the results are. However in practice we have to compromise the machine precision,
and 1078 comes up as an appropriate choice. We set the stepsize n, = 1/ L, as specified in the
theory. Moreover we choose the retraction which is based on the QR decomposition for Stiefel
manifold and the exponential mapping on positive definite manifold as defined in Chapter 11 of
Boumal [2023].

Experiment 1: Procrustes problem [Absil et al., 2008]. This is a matrix linear regression
problem on a given manifold: minyxen |[AX — B|%, where X € R*™P A € R>*" and B € R>P.
The manifold we use is the Stiefel manifold M = St(n,p). In our experiment, we pick up different
dimension n and p and record the time cost to achieve prescribed precision €. The entries of
matrix A are generated by standard Gaussian distribution. We use the retraction based on Polar
decomposition. We compare our ZO-RGD (Algorithm 1) with the first-order Riemannian gradient
method (RGD) on this problem. The results are shown in Table 2.2. For each run, we sample
m = np — %p(p + 1) Gaussian samples for each iteration. The multi-sample version of ZO-RGD
closely resembles the convergence rate of RGD, as shown in Fig. 2.1. These results indicate our
zeroth-order method Z0-RGD is comparable with its first-order counterpart RGD, though the former

one only uses zeroth-order information.

REMARK 2.4.1. Fig. 2.2 shows the effect of choosing m that are smaller than the values suggested

by our theory. We note that a small value of m, for example, m = 15 is already good enough for
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F1cURE 2.1. The convergence curve of ZO-RGD v.s. RGD. Above: The x-axis
corresponds to the number of iterations and y-axis is the norm of Riemannian gra-
dient at corresponding points; Below: The x-axis corresponds to the CPU time (in
seconds). Here for the ZO-RGD we take the mini-batch m as suggested by our the-
ory. However, in Figure 2.2 we notice that setting m sufficiently large suffices for
obtaining the same accuracy. Correspondingly for this case, the CPU time is also
reduced, although we do not plot it explicitly.

problem sizes (n,p) = (15,5). Proving this observation theoretically seems to be non-trivial and we

plan to examine this in a future work.

Experiment 2: k-PCA [Tripuraneni et al., 2018, Zhang et al., 2016b, Zhou et al.,
2019]. k-PCA on Grassmann manifold is a Rayleigh quotient minimization problem. Given a
normalized data matrix A € R¥" and H = AT A, we want to solve Min y cGr(n,p) —Tr(XTHX).
The Grassmann manifold Gr(n,p) is the set of p-dimensional subspaces in R"”. We refer the reader
to Absil et al. [2008] for more details about the Grassmann quotient manifold. This problem can
be written as a finite sum problem: minxecar(np) i1 —%Tr(X Ta} a; X), where a; € R™ is the i-th

row of A. We compare our Z0-RSGD algorithm (Algorithm 2) and its first-order counterpart RSGD
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FI1GURE 2.2. The convergence curve of ZO-RGD v.s. RGD with different choice of
m. Here the dimension is fixed to be (n,p) = (15,5). The CPU time is in seconds.

on this problem. The results are shown in Fig. 2.3 (a) and (d). In our experiment, we set n = 100,
p = 50, and the matrix A € R™*P is a normalized randomly Gaussian data matrix. The mini-batch
sample number m is taken as 40, a number which achieves reasonable results in experiment within
a short time (taking m = np — %p(p + 1) is too time consuming in this case). We use the retraction
based on the QR decomposition. From Fig. 2.3 (a) and (d), we see that the performance of ZO-RSGD
is similar to its first-order counterpart RSGD.

Experiment 3: Sparse PCA [Jolliffe et al., 2003, Zou and Xue, 2018, Zou et al.,
2006]. The sparse PCA problem, arising in statistics, is a Riemannian optimization problem over
the Stiefel manifold with nonsmooth objective:

min —2Te(XTATAX) + \|X |1,
XeSt(n,p) 2
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F1GURE 2.3. The convergence of three numerical experiments. The z-axis always
denotes the number of iterations. Figures (a) and (d) are results for k-PCA (Exper-
iment 2). Here three algorithms are compared: Z0-RSGD (Algorithm 2), RSGD, and
Z0-RGD (Algorithm 1). Figures (b) and (e) are results for sparse PCA (Experiment
3) in which the y-axis of Figure (e) denotes the norm of vy in (2.36) (for ManPG)
and (2.37) (for Z0-SManPG), which actually measures the optimality of the prob-
lem. Here three algorithms are compared: Z0-SManPG (Algorithm 3), ManPG and
Riemannian subgradient method. Figures (¢) and (f) are results for Karcher mean
of PSD matrices problem (Experiment 4). Here three algorithms are compared:
RSGD, Z0-RSGD (Algorithm 2), and RGD.

similar to a LASSO version of k-PCA problem. Here, A € R?*" is again the normalized data
matrix. We compare our Z0-SManPG (Algorithm 3) with ManPG Chen et al. [2020] and Riemannian
subgradient method Li et al. [2021]. In our numerical experiments, we chose (d, n, p) = (50, 100, 10),
and entries of A are drawn from Gaussian distribution and rows of A are then normalized. Again
the mini-batch m is taken as np — %p(p + 1), the dimension of the manifold. We use the retraction
based on the Polar decomposition. The comparison results are shown in Fig. 2.3 (b) and (e). These

results show that our Z0-SManPG is comparable to its first-order counterpart ManPG and they are

both much better than the Riemannian subgradient method.
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Experiment 4: Karcher mean of given PSD matrices [Bini and Iannazzo, 2013,
Kasai et al., 2018, Zhang and Sra, 2016]. Given a set of positive semidefinite (PSD)
matrices {A;}7, where A; € R4 and A; > 0, we want to calculate their Karcher mean:
Minyega 5= > (dist (X, A))?, where dist (X,Y) = || logm(X /2y X ~1/2)||p (logm stands for
matrix logarithm) represents the distance along the corresponding geodesic between the two points
XY € Si 1. This experiment serves as an example of optimizing geodesically convex functions
over Hadamard manifolds, with Z0-RSGD (Algorithm 2). In our numerical experiment, we take
d = 3, n = 500 and mini-batch number m = 20. We use the retraction that is based a second-
order Taylor’s expansion of the exponential mapping. We compare our Z0-RSGD algorithm with its
first-order counterpart RSGD and RGD. The results are shown in Fig. 2.3 (¢) and (f), and from
these results we see that ZO-RSGD is comparable to its first-order counterpart RSGD in terms of
function value, though it is inferior to RSGD and RGD in terms of the size of the gradient.

Experiment 5: Procrustes problem with Z0-RSCRN. Here, we consider the Procrustes
problem in Experiment 1 and use the ZO-RSCRN with both estimated gradients and Hessians. Fol-
lowing Agarwal et al. [2021], we use the gradient norm as a performance measure (although the
algorithm converges to local-minimzers). We use the Lanczos method (specifically Algorithm 2
from Agarwal et al. [2021]) for solving the sub-problem in Step 4. Furthermore, as we are estimat-
ing the second order information, we set n = 12 and p = 8 and consider ¢ = 1073. We use the
retraction based on the Polar decomposition. In Figure 2.4, (a), we plot the gradient norm versus
iterations for RSCRN in the zeroth order and second-order setting. We notice that the zeroth-order
method compares favourably to the second-order counterpart in terms of iteration complexity. Scal-
ing up ZO-RSCRN to even higher-dimension seems more challenging. One plausible approach is to
apply variance reduction techniques — we leave it as an interesting and important problem that we

plan to tackle in a future work.

2.4.2. Real world applications.
2.4.2.1. Black-boz stiffness control for robotics. We now study the first motivating example
discussed in Section 2.1.1.1 on the control of robotics with the policy parameter being the stiffness

matrix K¥ € Sf‘f_ 4, see Jaquier et al. [2020] for more engineering details. Mathematically, given
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the current position of robot p and current speed p, the task is to minimize
(2.54) F(KT) = wpp — pl|> + wgdet(K”) + w,. cond(K7)

with p being the new position, and cond is the condition number. With a constant external force f¢
applied to the system, we have the following identity which solves p by K7: f¢ = K7 (p—p)—KPp,
where the damping matrix K? = K7 for critical damped case. As the stiffness matrix is a positive
definite matrix, the above optimization problem is a Riemannian optimization problem over the
positive definite manifold (where the manifold structure is the same as the Karcher mean problem).
The function f is not known analytically and following Jaquier et al. [2020], we use a simulated
setting for a robot (7-DOF Franka Emika Panda robot) to evaluate the function f for a given value
of K7, with the same parameters as in Jaquier et al. [2020]. We compare our Z0-RGD method with
Euclidean Zeroth-order gradient descent (ZO-GD) method Balasubramanian and Ghadimi [2021].
We use the retraction that is based a second-order Taylor’s expansion of the exponential mapping.
We test the cases when d = 2 and d = 3 for minimizing function f w.r.t K7, and the results are
shown in Figure 2.4, (b) and (c). In our experiments, the stepsize of ZO-GD is 3 x 10~* and Z0-RGD
is 1073. Note that for ZO-GD method, one has to project the matrix back to the positive definite
set, whereas the Z0-RGD method intrinsically guarantees that the iterates are positive definite, thus
is much more stable. Also, due to the fact that ZO-RGD is more stable, the stepsize of Z0-RGD can
be larger than ZO-GD, which results in faster convergence.

2.4.2.2. Zeroth-order black-box attack on Deep Neural Networks (DNNs). We now return to the
motivating example described in Section 2.1.1.2 and propose our black-box attack algorithm, as
stated in the Appendix E of our published version [Li et al., 2023]. For the sake of comparison, we
also assume the architecture of the DNN is known and use “white-box” attacks based on first-order
Riemannian optimization methods and compare against the PGD attack Madry et al. [2017], which
is a white-box attack and does not explicitly enforce any constraints on the perturbed testing data.
For simplicity, we assume the manifold is a sphere. That is, we assume that the perturbation set S
is given by S(r) = {0 : ||0||2 = r}, where r is the radius of the sphere. The main motivation of the
sphere constraint is to guarantee that the perturbed image is always within a certain distance from

the original image, which is consistent with the optimal £o-norm attack studied in the literature Lyu
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FIGURE 2.4. Figure (a) corresponds to Experiment 5. Figures (b) and (c) corre-
spond to the experiments on the robotic minimization function in (2.54). The z-axis
in all figures correspond to iteration number.

et al. [2015]. We start our zeroth-order attack from a perturbation and maximize the loss function on
the sphere. For the black-box method, to accelerate the convergence, we use Euclidean zeroth-order
optimization to find an appropriate initial perturbation (the Appendix E of our published version [Li
et al., 2023]). It is worth noting that the zeroth-order attack in Chen et al. [2017], Tu et al. [2019]
has a non-smooth objective function, which has O(n3/e) complexity to guarantee convergence
Nesterov and Spokoiny [2017], whereas the complexity needed for our method is O(d/€?).

We first tested our method on the giant panda picture in the Imagenet data set Deng et al.
[2009], with the network structure the Inception v3 network structure Szegedy et al. [2016]. The
attack radius in our algorithm is taken to be 0.05 times the f2 norm of the original image. We
use the orthogonal projection onto the sphere as the retraction. Both white-box and black-box
Riemannian attacks are successful, which means that they both create test images which the DNN
misclassifies, see Figure 2.5. We also tested our first and zeroth-order manifold attack algorithms
and the Euclidean black-box attack Chen et al. [2017] on the CIFAR10 dataset, and the network
structure we used is the VGG net Simonyan and Zisserman [2014]. From the experiments, we
note that the Riemannian black-box attack has a larger successful rate compared to the Euclidean
black-box attack Chen et al. [2017] when the radius of the attack is relatively small. The detailed

results are provided in Appendix E of our published version [Li et al., 2023].
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FIGURE 2.5. The attack on giant panda picture Deng et al. [2009]. (a): the original
image; (b): the PGD attack with a small diameter; (c¢) Riemannian attack (see
our published version [Li et al., 2023]) on the sphere with the same diameter; (d):
Riemannian zeroth-order attack (see our published version [Li et al., 2023]). 'Indri’
refers to the class to which the original image is misclassified to.

2.5. Conclusions

In this chapter, we proposed zeroth-order algorithms for solving Riemannian optimization over
submanifolds embedded in Euclidean space in which only noisy function evaluations are available for
the objective. These algorithms adopt new estimators of the Riemannian gradient and Hessian from
noisy objective function evaluations, based on a Riemannian version of the Gaussian smoothing
technique. The proposed estimators overcome the difficulty of the non-linearity of the manifold
constraint and the issues that arise in using Euclidean Gaussian smoothing techniques when the
function is defined only over the manifold. The iteration complexity and oracle complexity of the
proposed algorithms are analyzed for obtaining an appropriately defined e-stationary point or e-
approximate local minimum. The established complexities are independent of the dimension of the
ambient Euclidean space and only depend on the intrinsic dimension of the manifold. Numerical
experiments demonstrated that the proposed zeroth-order algorithms are comparable to their first-

order counterparts.
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CHAPTER 3

Zeroth-order Stochastic Averaging Algorithms for Riemannian

Optimization

3.1. Introduction
Consider again zeroth-order algorithms for solving the following Riemannian optimization prob-
lem (1.2), which we restated here:

(3.1) min f(z) := Ee[F(z, )],

zeM

where M is a d-dimensional complete manifold, f : M — R is a smooth function, and we can access
only the noisy function evaluations F(z,&). A natural zeroth-order algorithm is to estimate the
gradients of f and use them in the context of Riemannian stochastic gradient descent. The main
difficulty in doing so is the construction of the zeroth-order gradient estimation. Assuming that
we have independent samples u; that are standard normal random vectors supported on T, M,
the tangent space at * € M, our previous chapter proposed to construct the zeroth-order gradient

estimator as

i

(3.2) G (2) = ;Z F(EXPI(MUi);fi) ~F(r.6)

where 1 > 0 is a smoothing parameter. Note here that if a retraction is available, then one could

also replace the exponential mapping with a retraction based estimator,

Re r o l < Retrz :uul) gl) - F([L’,&)
(3.3) GRet mg p u;

The merit of having a Gaussian distribution on the tangent space is that the variance of the

constructed estimator G, (x) will only depend on the intrinsic dimension d of the manifold, and is
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REsuLT OBJECTIVE MANIFOLD OPERATIONS m N
Z0o-RSGD SMOOTH, 2
ALGORITHM 2 IN CHAPTER 2 2MB GENERAL RETR O(d/e?) | 2(1)
Z0-RASA, SMOOTH, GENERAL EXP MAP, O(d) Q(l)
ALG 5, THM 3.2.1 2MB PT o) | Q(d)
Z0-RASA, SMOOTH, COMPACT, SO-RETR, O(d) Q(1)
ALG 6, THM 3.3.2 4MB 2ND FF BOUND VT o@1) | Q)

TABLE 3.1. Conditions required to establish a sample complexity of
O(d/e*) for various algorithms for convergence to stationarity in the sense
of Definition 3.2.1. For instance, to obtain the O(d/e*) sample complexity for
Alg 5, we need to require m = O(d) and N = (1), or m = O(1) and N = Q(d).
Here, 2MB and 4MB stand for bounded second central moment (i.e., variance) (As-
sumption 3.2.2) and fourth central moment (Assumption 3.3.3) respectively. 2nd
FF stands for second fundamental form (Theorem 3.3.1). SO-RETR stands for
second-order retraction (Assumption 3.3.4). PT and VT stand for parallel and vec-
tor transport respectively (see, Definition 1.2.5). The parameter d is the intrinsic
dimension of the manifold M, m is the batch-size, N is the total number of iterations
required, and € is the desired precision. Oracle complexity refers to the number of
calls to the stochastic zeroth-order oracle. We also remark here that although our
previous chapter uses retraction, its convergence analysis also assumes retraction-
based smoothness. For Zo-RASA, we need the initial batch-size mg = O(d).

independent of the dimension n of the ambient Euclidean space. See also Wang [2023], Wang et al.
[2021] for additional follow-up works.

According to the previous chapter, to obtain an e-approximate stationary solution of (3.1) (as
in Definition 3.2.1) using the above approach, we established a sample complexity of O(d/e*), with
O(1/€?%) iteration complexity and m = O(d/€?) per-iteration batch size. Even considering d = 1
for simplicity, this suggests for example that to get an accuracy of € ~ 1073, one needs batch-sizes
of order m = 10° resulting in a highly impractical per-iteration complexity. Intriguingly, when
implementing these algorithms in practice, favorable results are obtained even when the batch-size
is simply set between ten and fifty. Thus, there exists a discrepancy between the current theory and
practice of stochastic zeroth-order Riemannian optimization. Furthermore, in online Riemannian
optimization problems [Maass et al., 2022, Wang et al., 2023] where the data sequence is observed
in a streaming fashion, waiting for very long time-periods in each iteration in order to obtain the
required order of batch-sizes is highly undesirable.

The main motivation of the current work stems from the above-mentioned undesirable issues

associated with the use of mini-batches in stochastic Riemannian optimization algorithms by our

o4



Chapter 2. We address the problem by getting rid of the use of mini-batches altogether, and by
developing batch-free, fully-online algorithm, Zeroth-order Riemannian Averaging Stochastic Ap-
proximation (Zo-RASA) algorithm, for solving (3.1). We show that to obtain the sample complexity
of O(d/e*), Zo-RASA only requires m = 1 (see the remark after Theorem 3.2.1), which is a signifi-
cant improvement compared to Li et al. [2023]. The first version of Zo-RASA in Algorithm 5 uses
exponential mapping and parallel-transports. However, this version is not implementation-friendly.
As a case-in-point, consider the Stiefel manifold (see (1.7)) for which we highlight that there is
no closed-form expression for the parallel transport P;: A Indeed, they are only available as so-
lutions to certain ordinary differential equation, which increases the per-iteration complexity of
implementing Algorithm 5. To overcome this issue and to develop a practical version of the RASA
framework, we replace the exponential mapping and parallel transport by retraction and vector
transport respectively, resulting in the practical version of Zo-RASA method in Algorithm 6. As we
discussed in Section 1.2, in the case of Stiefel manifolds, retractions cost only 1/4 the time of an
exponential mapping. Also, while there is no closed-form for parallel transport on Stiefel manifolds,
vector transport has an easy closed-form implementation. We establish that Algorithm 6 has the
same sample complexity as Algorithm 5, with significantly improved per-iteration complexity. We

now highlight two specific novelties that we introduce in this work to establish the above result.

e Moving-average gradient estimators and Lifting-based Riemannian-Lyapunov anal-
ysis. We introduce a Riemannian moving-average technique (see, Line 4 in Algorithm 5 and
Algorithm 6) and a corresponding novel Riemannian-Lyapunov technique for analyzing zeroth-
order stochastic Riemannian optimization problems, which works in the lifted space by tracking
both the optimization trajectory and the gradient along the trajectory (see (3.7)). For Eu-
clidean problems, these techniques were introduced and extended in Balasubramanian et al.
[2022], Ghadimi et al. [2020], Ruszczynski [1987], Ruszczynski [2021], Ruszczynski and Syski
[1983]. However, those works rely heavily on the Euclidean structure. Non-trivial adaptions are
needed to extend such methodology and analyses to the Riemannian settings; see Theorem 3.2.1
and Theorem 3.3.2.

e Approximation error between parallel and vector transports. A major challenge in an-

alyzing Algorithm 6 is to handle the additional errors introduced by the use of retractions and
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Algorithm 5: Zo-RASA

1: Input: Initial point z° € M, ¢° = GEXP(JUO), total number of iterations NN, parameters 5 > 0,
70=1, 7 = 1/v/N or 7, = 1/V/dN when k > 1, and stepsize t; = 71,/f.

: for k=0,1,2,..., N—1do

2Pt Expr (—trg")

g (1 - Tk)P;:Hgk o TkPg‘f:HGZ where G = GE®(2%) is given by (3.2) with batch-size

m = mg

5: end for

L 4

vector transports. We identify a novel geometric condition on the manifolds under consideration
(see Assumption 3.3.1) under which we provide novel error bounds between parallel and vector
transports (see Theorem 3.3.1). We further show that the proposed condition, which plays a
crucial role in our subsequent convergence analysis, is naturally satisfied if the second funda-
mental form of the manifold is bounded. We remark that the obtained error bounds, between
parallel and vector transport, are of independent interest and are potentially applicable to a

variety of other Riemannian optimization problems.

In Table 3.1, we summarize the sample complexities of stochastic zeroth-order Riemannian opti-

mization algorithms.

3.2. Zeroth-order RASA for smooth manifold optimization

We now introduce the Zeroth-order Riemannian Average Stochastic Approximation (Zo-RASA)
algorithm for solving (3.1). The formal procedure is stated in Algorithm 5, where Py is the parallel
transport from T, M to Ty M along the minimum geodesic connecting x and y. To establish the
sample complexity of Algorithm 5, we extend the analysis of Ghadimi et al. [2020], which is in-turn
motivated by the lifting-technique introduced in Ruszczynski [1987], Ruszczynski and Syski [1983)],
to the Riemannian setting. As such works heavily rely on the Euclidean structure, our proofs
involve a non-trivial adaption of such techniques.

We first recalled from Chapter 1 that we have the following notion of stationarity:

DEFINITION 3.2.1 (e-approximate first-order stationary solution for (3.1)). We call a point T
an e-approzimate first-order stationary solution for (3.1) if it satisfies E||gradf(z)||2] < €2, where

the expectation is with respect to both the problem and algorithm-based randommness.
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In our convergence analysis, we always choose 179 = 1, and we consider two choices of 7, when

k> 1:
(3.4) 7 =1/VN or 7, = 1/VdN, k > 1,

which corresponds to large or single batch, respectively. Moreover, we always choose t = 7/0,
where [ is a positive constant determined by the smoothness constant in Assumption 3.2.1 (see

Theorem 3.2.1), so that the step-size and the averaging weights are in the same order. Furthermore,

we define
k—1

(3.5) To=Ty=1, and Ty =Ty [J(1 - 7).
=1

This leads to the following inequalities which will be used frequently in our convergence analysis:

N N
(3.6) Z 7'7;1—‘1‘ < Fk+1 and Z TZ-QFi < Tkrk_H.
i=k+1 i=k+1

To proceed, we construct the following potential function

37 W(ng) = (f(r) - ) —n(z.g), where n(z,g) :=—21Brgui,geTxM,

where f* = mingea f(z) and 5 > 0 is a constant to be determined later. Note that the potential
function in (3.7) has the component of both function value and the norm of the (estimated) gradi-
ents, also that W is always non-negative. In our analysis, we proceed by bounding the difference of
potential function between successive iterates. More specifically, using the convexity of the norm,
for any pair (,g), we have ||gradf(z)|? < —28n(x,g) + 2|lg — gradf(z)||2. This observation will
be leveraged in the proof of Theorem 3.2.1 to obtain the sample complexity of Algorithm 5 for
obtaining an e-approximate stationary solution.

We also highlight that our convergence analysis extensively utilizes the isometry property of
parallel transport, stated in (1.8), i.e., (PY(n), P{(€))y = (1,§)z. This result is a generalization of
the isometry in the Euclidean spaces, since the inner product in Euclidean spaces is unchanged if
one moves the beginning point of the vectors together. A direct result of this identity is that the

length of the vectors is unchanged, namely || Py (£)|l, = ||€]|z, which we will also use extensively.
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We now introduce the assumptions needed for our analysis.

AssUMPTION 3.2.1. The function f : M — R is L-smooth on M, i.e., Vx,y € M, we have
|PYgradf(z) — gradf(y)|ly, < Ld(z,y). An immediate consequence (see, for ezample, Boumal
[2023, Proposition 10.53]) of this condition is that we have |f(y) — f(z) — (grad f (z), Expy ' (y))z| <

511 Expz ()13

Assumption 3.2.1 is a generalization of the standard gradient-Lipschitz assumption in Eu-
clidean optimization [Lan, 2020, Nesterov, 2018] to the Riemannian setting, and is made in several
works [Boumal, 2023]. To generalize it to the Riemannian setting, due to the fact that gradf(z)
and gradf(y) are not in the same tangent space, we need to utilize parallel transports Py to match
the two vectors in the same tangent space.

Throughout the paper, we define Fj, as the o-algebra generated by all the randomness till itera-

tion k of the algorithms. Namely, for Algorithm 5, we have Fr, = 0(&o, - -+, &k, 0y« -+ Thy GOs - - - s Ik )-

ASSUMPTION 3.2.2. Along the trajectory of the algorithm, the stochastic gradients are unbiased
and have bounded-variance, i.e., for k € {1,...,N}, we have E¢[gradF(z*; &) | Fr—1] = gradf(z¥)
and E¢[||gradF (z"; &) — grad f («¥) |2 | Fi—1] < o>,

The above assumption is widely used in stochastic Riemannian optimization literature; see,
for example, Boumal [2023], Li et al. [2023], Zhang et al. [2016a], and generalizes the standard
assumption used in Euclidean stochastic optimization [Lan, 2020, Nesterov, 2018].

Now we proceed to the convergence analysis of Algorithm 5. We first state the following stan-
dard result characterizing the approximation error of GEXP (given by (3.2)) to the true Riemannian

gradient.

LEMMA 3.2.1 (Proposition 1 in Li et al. [2023] with exponential mapping). Under Assumptions
3.2.1, 3.2.2 we have [|[EGE®(z) — gradf (2)|12 < LL2(d + 3)%, B|GE®(2)[|2 < p2L2(d + 6)3 + 2(d +

4)||gradf (2)||2 and E|GE®(x) — gradf(2)|2 < p2L2(d + 6)3 + 24 52 4 8O joraq (1) )12, where

the expectation is taken toward all the Gaussian vectors in G, and the random variable §.

Based on the above result, we have the following Lemma 3.2.2 which bounds the difference

of ¢g* to the true Riemannian gradient gradf(2*), and Lemma 3.2.3 bounds the difference of two
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k+1

consecutive g¥, where we use parallel transport to make ¢g* and ¢ in the same tangent space,

. k
Le., |’P§k+1gk+1 - gk||§k

LEMMA 3.2.2. Suppose the Assumptions 3.2.1 and 3.2.2 hold, and {z*, g*} is generated by
Algorithm 5. We have

(3.8) Ellg" — gradf(a")]3
k 20 yi—1 2
-9 (14 7-1)7im1 L9 [P 52 A2
SFkUO—i—FkZ( T, ,82 L + ZFZ i— 1+Tk0’ )

i=1
where the expectation E is taken with respect to all random variables up to iteration k, including
the random variables {u;}¥_, used to construct the zeroth-order estimator as in (3.2). Here the

notations are defined as:

2L2
5’2 — 1% (d+ 3)3
(3:9) ' 8(d+4) 8(d+4)
G2 i=o0p + 7Engadf(xk)Hik where o3 = p?L*(d + 6)% + 2
mp mi
Moreover, from (3.6) we have
N— 21 1l ok ||2
L E
ZTkIEHg —gradf(x < Z < (1 + 1) gg ka —1—7',?&,% +Tk62> +5§,
k=
o L°Ellg" |12 N X N
Zﬁ?EHQ —gradf(z Z ( 7 52 zt T2 + 7'1302) + 27'130'3.

PROOF. Firstly, note that we have the following: ¢* — gradf(z¥) = (1 — 776_1)]3;%5_19]“*1 +
Ti1 P G —grad f (ah) = (L-m) Po (95 —grad f (¥ 1))+ (Pr grad f (1) —grad f () +
Tk_le:,l(Gﬁ_l —gradf(zF1)) = (1 - Tk_l)P;:,l(gk_l — gradf(z" 1)) + p_1ep_1 + Tk_lAi_l.
Hence, we have

lg" — grad f (=) 2
(3.10) <(1=m1)llg" ™" — grad f(2F ) 12 + T llenoa 2 + g 1AL |12
k _ _
+27_1((1 — Tk_l)ij,l(gk I gradf(mk M 4+ m_rer_1, A£_1>Ik,
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L (Po grad f(a" 1) —grad f(z¥)), and A] _ = P (GE1—
gradf(z*~1)). Denote §_; = ((1— Tk_l)Pfk,l(gk_l —gradf (2" 1)) + 1p_1ep_1, A£_1>$k. The main

where the notation is defined as ej_1 :=

novelty in the proof of this lemma is that ¢ is no longer an unbiased estimator (which is true for

the first-order situation). We have by Lemma 3.2.1 that

wk[Ok—1] = 2((1 - kal)Pf:—l(gk_l —gradf (" 1)) + T_rer—1, B [AL_ || Fr—al)an

(1= 1) P (6" — grad f(2" 1)) + 7 ren— 112 + B Gl — grad f (2" 1) |20

X
<(1 =7 1) 9" = grad (@) |2 + Tt flena |2 + 62

Notice that in the above computation, the expectation is only taken with respect to the Gaussian
random variables that we used to construct G,(z*~!). Plugging this back to (3.10), we have
Exllg" —gradf(a®)[12, < 7e-16% + (1 =77 )" —gradf («* )2 + 71 (14 7e-1) len—1 20 +
7',?71||A£71||:20k. Now dividing both sides of this inequality by our new definition of I'j, we get

1+7.— _
LE ullg" —gradf(a")|2 < p |t~ —grad f(ah 1|2, , + AEBEm=t o, 2 £ TEL AT 2, 4

k

Tk—1 A~
k10.2‘

Iy

By Assumptions 3.2.1, 3.2.2 and Lemma 3.2.1, we have that [e;]%;, < f—;d(:vi,ﬂﬂ)Q <
L>g"12;, — L2lg’lI%;

2 2 9
T B

law of total expectation (to take the expectation over all random variables), we have iEH g* —

k|12 k—1 k—1y 2 At )me_y LEIE 20 w2, o —122
grad f(a")[7x < 1 1E||9 —gradf(z" )51 + T, 72 + T, Ok-1 + 7 r,c o

and E[|| A/ |21 | Fio1] < 0?4 *CEDE|grad f («7) ||| Fi—1]. Hence, by applying

ke—
Now by telescoping the sum in the above equation, we get (note that we take g° = G, (z?))
Ellg" — gradf(z")[% < TxE||Gyu(z") — gradf(2")]%

+Tz 1)Ti— 1L2EH91 1” i1 7'2'2—1~2 Ti—1 .9
+sz< 7 g ot o

o2l 112 -2

-9 (14 1-1)7i-1 L°E|lg" || %1 19 Tie1 .9

SFkUO+FkE ( ZFZ ? 52 T + %Z Gz—1+ ? g .
i=1
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This proves (3.8). From (3.6) we have

N
> 7Elg" — gradf(a)|2

k=1
N k 2 i—1 2
14+7_1)1_1 L°Ellg i T T, -
< TkaZ<( }1) 1 | 7 Hx -+ }‘1 G2+ ZFI 62 ) + &2
k=1 i=1 v v ¢
N-1 N o k112
1 L*E||g _ . N
= < Z TiFZ) To ((1 —i—Tk)Tng Iz +T,30,%+Tk02> + &8
k=0 Ni=k+1 kt+1
N-1 2wl K (|2
L7El||g
< <(1+ )r%”“’“ k~,%—|—7‘62>+a§,
k=0

where we used Y1 | 7,7 <T; =1 due to (3.6), so that the last term is simply 2.

By using similar calculations, we have that

N
> riEllg* — gradf(aF)||2s <

k=1
N k 2m | i1 2 N
2 1+7)ria L Ellg H i-1 | Tis1 .9 Ti—1 ~2 2~2
ey < : e T L T Y
k=1 i=1 k=1
N-1 N 2 k12 N
L*Ellg
= Z 2T (1+ 7707767” 5 I + TR+ RO | + Z e
. L B
k=0 \i=k+1 k=1
N-1 2 k|2 N
L°E||lg
<N 7 <(1 + Tk)TkL2 lee 267 + Tk&z) +Y 6,
k=0 k=1
which completes the proof. ([l

LEMMA 3.2.3. Suppose Assumptions 3.2.1 and 3.2.2 hold. We have

N N N N
k ~
ZE||Pfk+19k+1 — "2 < 2277?‘72 +2 Z T +7i) oh + QZTkC’O
k=0 k=0 k=0

N 2 2 N

, L?E||g"|2, 8(d + 4

#2314 my— et 42y (o + ) D graa (o)
k=0 k=0

(3.11)

where the expectation E is taken with respect to all random variables up to iteration k, which includes

the Gaussian variables u in the zeroth-order estimator as in (3.2).
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PROOF. First note that HP;C:Hng—ngik = 72||GE—g¥[12, = 72||GE —grad f («*)+grad f (z*) —
ngik < 27,?||GZ - gradf(mk)Hik + 272||grad f (z*) — g’“||92&k Taking the expectation conditioned on

Fr—1, we get
EE[HPmk k+1 k2 F
SEIPEL g = gt Fi]
<TiE[||G}; — gradf(a") |3 Fi-1] + 7RElllgradf (z*) — g° 2| Fe1]

8(d+4)

<r? (ai n [|gradf<x’f>||§k|fk_1]> T 2E[lgrad f(a*) — g 2] Fi_1],

where last inequality is by Lemma 3.2.1. Now using law of total expectation to take the expectation

for all random variables and summing up over kK =0,..., N — 1, we have

N

1 k

S D EIP L - gt
k=1

N N s(d+4) N

< Z Thoq + ZT,?TEngadf(xk)Hik + Z i Ellgrad f (2*) — ¢*|2
k=1 k=1 k
N

k=1
N N
<Y 126+ Z (2 +17) op + Z TE62
k=0 k=0 k=0
N 2 k|2 N
LZEllg" (|2 8(d+4) N

+Z(1+Tk)T£Tx+Z(T£+Tl§> TkEngadf(:c )2k,

k=0 k=0
where the second inequality is by Lemma 3.2.2. g

Now we are ready to present our main result.

THEOREM 3.2.1. Suppose Assumptions 3.2.1 and 3.2.2 hold. In Algorithm 5, we set u =
(’)<Ldg/21Nl/4>, and > 4L. Then the following holds.

(i) If we choose 19 = 1, 7, = 1/v/N, k > 1 and my = 8(d +4), k > 0, then we have
1 Lheo Ellgradf (29)|13, < O(1/VN).
(i) If we choose 79 = 1, 7, = 1/VdAN, k > 1, mg = d and my, = 1 for k > 1, then we have
N1 Lo Ellgradf (2%)|2, < O(/d/N), for all N = Q(d).
Here the expectation E is taken with respect to all random variables up to iteration k, which includes

the random variables u in zeroth-order estimator (3.2).
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Before we proceed to the proof of Theorem 3.2.1, we have the following Lemma 3.2.4 which will

be utilized in the proof.

LEMMA 3.2.4. Suppose we take parameters the same as Theorem 3.2.1, then we have

Tk T,fL (1+ Tk)T]? L? 7

(3.12a) B @ B BRI

PROOF. To show (3.12a), using § > 4L, we just need to show that 75, /8 + (1 + 7 )7 /16 < 1/4,
which holds naturally in both cases (i) and (ii).

As for (3.12b), again by 8 > 4L we just need to show that (4(1/8+1)(14+74)+1)(8(d + 4)/my) 7 <
1/4. In case (i), this is equivalent to 1877 + 227, — 1 < 0, which is guaranteed when N > 520.

For case (ii), similar calculation shows that we need 7 < (/222 +9/(d +4) — 22)/36, which is
guaranteed when N > 3.2-10%- (d + 4)%/d. O

PROOF OF THEOREM 3.2.1. By the isometry property of parallel transport,

1 1
ko k Rl ktly kt1)2 kii2
n(x", g") —n(x™,g"") = %H ke — %Hg [t
1 ko k12 L g2
:%”Pfk+lg ||xk - ﬁ”g ka
1 & 1 k
=—(-3 PR g T — gF) e+ %HP;mg’““ — "%

By combining this and Assumption 3.2.1, we have the following bound for the difference of the

merit function (defined in (3.7)), evaluated at successive iterates:

W (F L gF ) — W(a*, gF)

t2L 1 k
S - tk<gradf(xk)agk>:pk + kTHngik + B<gkv P$k+lgk+

tQL 1 k
:(g - tk) g 5 + telg", G — gradf(@")on + 551 Piceag™" = g I

1 k
L gM)ar + %HPkang — g"|1%
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Moreover, we have

Euk[<gk7 G#(xk) - gradf(xk»xk] = <gk7EukG#($k) - gradf(mk»xk

1

1 1 1 .
S*HQ’{H;%& + §||EukGu(9Ck) - gradf(x’“)\lik < §H9kHik + 5027

where the expectation is only taken with respect to the Gaussian random variables that we used

to construct G, (z*). Therefore, by using the law of total expectation, we have EW (z*F+1, gk+l) —
EW (z*, g¥) < é (72,% - —) EHng 0 + 25E||P g — gk||ik, and we thus have (by sum-
ming up the above inequality over k =0, ..., N):
N
Z (EW( k+1 k+1) _EW@,k’gk))
(3.13) h=0
o T
§Z% <5_Tk> Ellg Hwk‘i‘ZﬁU +%ZEHka+19 — ¢" |12,
k=0 k=0 k=1
where the last term sums from 1 since g' — ngolg0 = T[)(Gg —g%) =0.
Utilizing (3.11) and (3.13), we have (note that W > 0)
N 2 N
1 T L k|2 Tk 52 4 1 Bkl kg2
> 5 (= ) Bl < W) + Z + b S P - 1
k=0 k=1
1 1 & 1 &
<W (% ¢°) + = Z(Tk +272)6% + = Z (B +12) or+ = 27735'%
2/8 k=0 B k=0 B k=0
N 21| 12 N
1 L7E||g"]| 1 8(d +
F e 1 15 (o 4 ) M D pgrad a2,
iz B bz Mk
Combining this with (3.12a) we have
N N N
ZTkEHngik <4pW (2", ¢%) +22(Tk+27k Z T + i) o
(3.14) k=0 N N k=0 k=0
. 8(d+4
+aYagog+4 Y (0 + ) N D grags ) 24
k=0 k=0
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By Lemma 3.2.2 and (3.14), we get (also by 7, < 1)

ZmEngadf P < ZTkEHQ — grad f (") |2 + ZmEHg 2

N-1 N—-1 2L2
< 262 + 62 + ( + 1> ZTkE”g 12 + 253
k
82 al 2L
(3.15) < ( + 4ﬁ> ) + Z |:Tk; +2 < + 1) (7% + 27,3)] 52
=0

N 21?2 2L

+ [T,§+4 <ﬁ2+1> (T;?+T;§)]U;3+ [4 ( 52 +1> ZTk +2}’0
k=0

N 2172 2 3 2] 8(d +4)

+Z 4 = +1) (7 —|—Tk)+7'k TkEngadf( )ka’

where 7E||g° — grad f (%) |2, < 63 is used in the last term on the second line. By combining (3.15)
and (3.12b) we get

N
Z %Eugradf(xk)\\ik
k=0
N 2
SNERC (2; w1+ 1)+ 1) D plgrsarh
(3.16) = N
2 2
§<8L+45> +Z[Tk+2<2L + >(m+2n§)]52
g k=0
N 2 2 N
+ Y [aa (P ) e d)|ot+ |1 (B 1) Xrt 2ot
Pt g A k=0

For case (i) in Theorem 3.2.1, (3.16) can be rewritten as

0,0 1 N 2
) 0052 C3W2k:00k C4 52

aW(z”,g°)
E|lgrad a 2L 4 + ,
N+1Z lgradf(z Hk_ N 2 N ﬁo

for some absolute positive constants ¢y, ¢, ¢ and c¢4. The proof for case (i) is completed by noting

that (see (3.9)) 62 = O(1/VN), & Zk 002 =0(1) and 53 = O(1).



For case (ii) in Theorem 3.2.1, (3.16) can be rewritten as

0o o0y /@ /A2 03%250% d o
N+1ZEngadf )Zk < AW (%) N‘Fcza +W+C4 o0
for some positive constants ¢, ¢, ¢4 and ¢j. The proof of case (ii) is completed by noting that

52 = 0(1), 6> = O(1/V'N) and + 1 07 = O(d). O

REMARK 3.2.1. If we sample R € {0,1,2,..., N} with P(R = k) = 73,/ (3.0 k), then the left
hand side of the inequalities in Theorem 3.2.1, i.e., ﬁ Zgzo E|gradf(z )||$,c, becomes E||grad f (z?) 125
If we use this sampling in case (i) of Theorem 3.2.1, then to get an e-approximate stationary so-
lution as in Definition 3.2.1, we require an iteration complexity of N = O(1/¢*) and so an oracle
complezity of Nm = O(d/e*). Case (i) requires m = O(d) per-iteration, which might be inconve-
nient in practice. Case (i) of Theorem 3.2.1 avoids this, as in case (ii) both the iteration complezity
and the oracle complexity are N = O(d/e*), with batch size m = O(1). This makes case (ii) more
convenient to use in practice, from a streaming or online perspective. For the simulations in Sec-
tion 3.4, we thus choose m = O(1) and apply the result from case (ii). We also remark that the
above results provide concrete solutions to the question raised by Scheinberg [2022], namely, on the

need for mini-batches (and its order per-iteration) in zeroth-order stochastic optimization'.

REMARK 3.2.2. Notice that to prove (3.12b), we need N = Q(d) for case (ii) in Theorem 3.2.1.
We can remove this condition if in addition we have that gradf(z) is uniformly upper bounded:
llgradf(z)||z < G, Yo € M; see also Assumption 3.3.2 which we utilize in the next section. Under

this condition, (3.15) directly gives:

1 22
5E:TklEngadf p < Z [Tk +2 < + 1> (Tk +2713)} &
N L 2L2
—|—Z|:Tk+4< +1> (T,§+T,§)]a,§+[ (62 +1>Z¢k+2}ao
k=0

k=0

N 2 2
() e ] S e s (B ) wian g
k=0

1Although Scheinberg [2022] focuses on the Euclidean case, the discussion there also holds in the Riemannian setting.
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whose right hand side has the same order as (3.16). Therefore in this case we do not need N = Q(d)

for case (ii) to achieve the same rates of convergence as in Theorem 3.2.1.

3.3. RASA with retractions and vector transports

Algorithm 5 is based on exponential mapping and parallel transport, which has a high per-
iteration complexity for various manifold choices M. In this section, we focus on reducing the per-
iteration complexity of the Zo-RASA algorithm. The approach is based on replacing the exponential
mapping and parallel transport with retractions and vector transports, respectively, which leads to
practically efficient implementations and improved per-iteration complexity.

The convergence analysis of algorithms with retractions and vector transports are sharply dif-
ferent and much harder than the one we presented in Section 3.2. Recall that the analysis in
Section 3.2 relied on the isometry property (1.8) of the parallel transports, which is no longer avail-
able for vector transports. We hence assume explicit global error bounds between the difference of
retraction to exponential mapping, as well as vector transport to parallel transport in Assumption
3.3.1. In Section 3.3.1.2 we provide conditions on the manifold under which such assumptions are
naturally satisfied and provide explicit examples. Based on this, we establish that under a bounded
fourth (instead of the second) central moment condition, the same sample complexity result as in
the previous section could be obtained for the practical versions of Zo-RASA algorithm on compact

manifolds.

3.3.1. Approximation error of retractions and vector transports. We start with the

following condition on the vector transport used; recall the notation from Definition 1.2.5.

ASSUMPTION 3.3.1. If 7 = Retr,(g), g € To M, then with d denoting the geodesic distance,

the vector transport T, satisfies the following inequalities:

+
(3.17) 175 lat < [[0llay d(z,2™) <lgllas [1Tg(v) = Py (0)[lo+ < Cllvflod(z, 27)
for any vector v € T, M.

An intuitive explanation of the first inequality in (3.17) is that our retraction and vector trans-

port are “conservative” so that their length/magnitude is not longer than the exact operation of
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exponential mapping and parallel transport. As for the last inequality in (3.17), we are essentially
positing that the vector transport would not “twist” the vector too much so that its difference
from the parallel-transported vector is not large. In general, conditions in (3.17) require the vector
transport not to be very far from the parallel-transported vectors on the new tangent space.

3.3.1.1. Comparison to prior works. We now provide a detailed comparison to similar type of
conditions proposed in two prior works, Huang et al. [2015] and Sato [2022], and highlight the
differences and advantages of our proposal. According to the definition of vector transport in
Definition 1.2.5, we need to specify a retraction associated with the transport so that 7, (&) €
TR, (n,) M. In this section, we consider the projection retraction, denoted simply as R.

Given two transports, Tg and Tr, Huang et al. [2015] propose certain conditions on approximat-
ing one with the other. First they require that Tg is isometric, i.e., (Ts, (£), 75, (C)) r.(n) = (€, Qx>
hence we can basically regard Tg as parallel transport for comparison. Let Tr denote the differential
of the retraction, given by Tg, (§) = DR.(n)[{] = %Rx(n +t€§) € Tg,( M. Now the conditions
stated in Equations (2.5) and (2.6) in Huang et al. [2015] are as follows: there exists a neighbor-
hood U of z, such that Vy € U we have ||Ts, — Tr,llop < col/nll. and HTg;l _ TBZ}HOp < col|n]lz,
where n = R '(y) and || - ||op is the operator norm. These assumptions are essentially local results,
and as a result, Huang et al. [2015] needs to impose an additional stringent condition (see, their
Assumption 3.2) that all the updates in their algorithms are already sufficiently close to the (local)
optimal value to prove their convergence results. With the above conditions (in particular for a 7,
satisfying their conditions in (2.5) and (2.6)), Huang et al. [2015] shows in Lemma 3.5 that locally
we have [|T1, (§) — T2, ()|ly < collnllzl[€llz- The proof of their Lemma 3.5 relies on the smoothness
of the local coordinate form of the vector transports, which could hold only when we have a coor-
dinate chart covering the local neighborhood we consider. Hence, the assumptions in Huang et al.
[2015] are in a different flavor from ours. In particular, our assumptions are global, and we show in
Theorem 3.3.1 that they are satisfied by a certain (global) assumption on the second fundamental
form of the manifold M.

The existing work Huang et al. [2015] also assumes the so-called locking condition T, (§) =
BTr, (&), where 8 = [€]lo/ | Tr: (§)|| R¢(x)> Which means that the approximating transport keeps the

same direction as the parallel transport 7g. In our analysis, we avoid such a condition since we
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are trying to transport two vectors ¢g* and Gf‘j (see Algorithm 6), and not just one previous gra-
dient as in the Riemannian quasi-Newton method [Huang et al., 2015]. Another existing work
Sato [2022] requires algorithm-specific conditions in their Assumption 3.1. To elaborate, we re-
call that the deterministic Riemannian conjugate gradient iterates (Algorithm 1 in Sato [2022])
are given by @41 < Ra, (tenk) and mi1  —gradf(z41) + Brr156 7 " (), where ty, B, and sy,

are parameters and 7% is a transport map from Ty M to T M. Given this, their Assump-

Th+1

tion 3.1 requires that there exist C > 0 and index sets K1 C N and K = N — K7 such that

|7 ®) () — DRa,, (tene) [s]|
C (te +17) lml3, - k € Ka.

T’

< Cty |mill2, .k € Ky and ||.F® (1) — DRy, (temie) 0] | <

Tht1 Tk’ Tk+1 —

Our assumption differs from the above in three aspects: (i) we do not make algorithm-specific
assumptions, where each inequality depends on the iterate number k; (ii) we are not only compar-
ing transporting 1, (which is the direction along which we update z*), but also the zeroth-order
estimator G,’j (see Algorithm 6), i.e., we assume a more general inequality by replacing DR (txn)[n]
with DR, (t;n)[€], where £ can be different from n; (iii) we derive the last inequality in (3.17) using
global assumption of second fundamental form of the manifold M in Theorem 3.3.1, instead of
assuming it.

3.3.1.2. Illustrative Examples. We now further inspect Assumption 3.3.1 by checking the condi-
tions under which (3.17) holds in general, and also verifying it for various matrix-manifolds arising
in applications.

We start with the first inequality in (3.17). It holds naturally if the manifold is a submanifold
and the vector transport is the orthogonal projection, due to the non-expansiveness of orthogonal
projections. The second inequality in (3.17) is much trickier. For the scope of this work, we
show that the second equation in (3.17) holds for projectional retractions and projectional vector
transports on Stiefel manifold, which also includes spheres and orthogonal groups as special cases.
If the inverse of the retraction in Assumption 3.3.1 is well-defined, the second inequality in (3.17)
could equivalently be stated as ||Exp, ' (z7)||, < ||Retr;!(27)]|,, which may hold for a larger class
of manifolds and retractions. We leave a detailed study of this as future work.

Stiefel manifold. Consider the Stiefel manifold St(d,p) defined in (1.7), with the tangent
space Tx St(d,p) = {£|XT¢ + €T X = 0} and Euclidean inner product (X,Y) := tr(X'Y). We
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consider the projectional retraction [Absil and Malick, 2012] given by X+ = Rx(¢) := UV,
where X + ¢ = ULV'T is the (thin) singular value decomposition of X + &. Also, the projectional
vector transport 7 is simply projecting a tangent vector £ € Tx, St(d, p) to Tx St(d, p). It is clear
that ||7(£)]| < ||€]] due to the non-expansiveness of orthogonal projections (note that Tx St(d, p) is
simply a linear subspace). To show d(X, X*) < ||£]|, denote ~(¢) the minimal geodesic connecting X
and X+ with v(0) = X and (1) = X, so that d(X, X ) fo |7/ (t)]|dt. Notice that we can define
another curve c(t) = U(t)V ' (t), where X 4+-t& = U(t)X(t)V " (t) is the singular value decomposition.
The curve c(t) = Retrx (t€) is the parameterized curve of projectional retraction. Now using the
distance with respect to the minimal geodesic, we have d(X, X ) fo I/ (¢)||dt < fo I (t)]|dt <
fo |&lldt = ||€]], where ||d/(t)]] < ||€]| is due to the non-expansiveness of orthogonal projections,
namely, |lc(t1) — c(t2)|| < | X + t1§ — (X + t2€)||. Indeed, although St(d,p) is not a convex set,
the non-expansiveness condition still holds [Gallivan and Absil, 2010], because (X + &) (X +¢) =
I, + ETE > Ip,, and the projection of X 4 &£ onto the Stiefel manifold is the same as projection
onto its convex hull {X € R¥P|[| X|]2 < 1}. Now we turn to the last inequality in (3.17). Given
a complete embedded submanifold, we can show that the last inequality in (3.17) holds under the
boundedness of the second fundamental form in Theorem 3.3.1, given that the vector transport is

the orthogonal projection to the new tangent space.

THEOREM 3.3.1. Suppose M is an embedded complete Riemannian submanifold of Euclidean
space. Suppose for all unit vector £&,n € TM, ||€|| = ||nl| = 1, the norm of the second fundamental
form B(&,n) is bounded by constant C. Consider the parallel transport Py along the minimal
geodesic from x € M toy € M, we have |projp, p(v) — P (v)|| < Cllvlld(,y), for any v € T, M.
That is, the last inequality in (3.17) holds with constant C'.

Proor. Without loss of generality, we assume ||v|| = 1, otherwise conduct the proof for v/||v]|.
Denote the minimum geodesic v with unit speed connecting x and y, parameterized by variable
t, also denote the parallel transported vector of v along v as v(t), i.e. v(0) = v. Now for the
extrinsic geometry, we denote v = v (t) +v-(t), where v' (t) € T, ) M and v*(t) is orthogonal to
T, 1) M. Note that the left-hand side of the inequality we want to prove is now parameterized as

lo(t) —vT (@)
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Now since v(t) is a parallel transport of v, the tangent component must be zero, i.e., (v/(t))" = 0.
Now consider any parallel unit vector z(t) € T, M along v, then ((v1)/(t), 2(t)) = —(v*(t), 2/ () =
—(vt(t), B(¥'(t), 2(t))), where B is the second fundamental form. Along with the fact that (v') =
—(v) we get (v (1), 2(t)) = (v(t), B(¥'(t), 2(t))). Now the right-hand side has a uniform upper
bound of C, and by the arbitrarily chosen z(t) € T, M, we get [[((v7)(£))"]| < C.

We can now bound the derivative of ||v(t) — v (2)| as (|J[o(t) = v T (®)||?) = (1 = 2(v(t), v (t)) +
v (O112) = =2(v(t), (v T (1)) +2( " (1), (v (1)) = 20 " ()=o), (vT (1)) ) < 20|l " () —v(D)]].
Therefore, we get |Jv(t) — v (t)||' < C. Now integrating the above inequality from z to y along
the minimal geodesic 7 (i.e., with respect to t) and using the distance with respect to the minimal

geodesic, we obtain [|projp, y(v) — P¥(v)|| < Cd(,y), which completes the proof. O

Theorem 3.3.1 connects extrinsic and intrinsic geometry by measuring the difference of orthog-
onal projection (extrinsic operation) and parallel transport (intrinsic operation), which might be
of independent interest for studying embedded submanifolds. The condition in Theorem 3.3.1 is
stronger than the bounded sectional curvature condition since if the second fundamental form is
bounded, the sectional curvature is also bounded by the Gauss formula (see Chapter 6, Theorem
2.5 in Do Carmo [1992]). We point out that the condition of Theorem 3.3.1 is still satisfied by all
the embedded submanifold applications we consider, namely the sphere, the orthogonal group and

the Stiefel manifold. In particular, we have the following observation.

ProprosITION 3.3.1. Suppose M is a compact complete embedded Riemannian submanifold of
Euclidean space (i.e. satisfying Assumption 3.3.2), then the norm of the second fundamental form

| B(&,n)|| is uniformly bounded for all unit vector &,m € TM, ||€|| = ||nl] = 1.

The proof is immediate, since for all unit vector {,7 € T M, ||B(§,n)|| € R is a smooth function
defined over a compact domain, and therefore it is upper bounded. As a result, Assumption 3.3.1
holds for all the embedded submanifold applications we consider, namely the sphere, the orthogonal

group and the Stiefel manifold.

REMARK 3.3.1. We remind the readers that Theorem 3.3.1 requires the embedded submanifold
assumption, yet Assumption 3.5.1 does not, as long as (3.17) hold. This is also the main reason

why we summarize our assumption as in Assumption 3.8.1, and not present Theorem 3.3.1 directly.
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Example: Grassmann manifold. Above, we have shown that Assumption 3.3.1 holds for a
class of embedded matrix submanifolds. Yet another setting is that of quotient manifolds (e.g., the
Grassmann manifold) which arises in applications of Riemannian optimization. Such manifolds are
not naturally embedded submanifolds of a Euclidean space. As a result, we can inspect Assumption
3.3.1 directly for such manifolds. Taking the Grassmann manifold as an example, we next verify

Assumption 3.3.1. To proceed, we utilize the following result.

LEMMA 3.3.1. Suppose X € St(d,p), G € R¥™*P with X"G = 0, and the QR decomposition of
X + G = QR where Q € St(d,p) and R € RP*P s upper triangular. The principal angle between
the subspace spanned by X and Q is given by ||©| r, where © := arccos(X) where ¥ is the singular
value matriz of X'Q, i.e., X' Q = USVT; see, for example Edelman et al. [1998, Section 4.3].
We have that ||| < |G| F.

PROOF. Since R'R = (X +G) (X +G) = I, +|G||%, we know that all the singular values of R
are greater than or equal to 1. Denote X = diag([o1, ..., 0p]). Since X'Q = X" (X +G)R~t = R,
we know that the singular value decomposition of R = VE~'UT (which implies that o; < 1,
Vi=1,2,...,p) and |R|%Z = |Z7% =31, U%Q Also, as [|R|%2 = | X +G|2 = tr((X + G) (X +
G)) = p+ G, we get G = Ty & —p. Thus, ]2 = || arceos(S)[3 = S, (arceos(or)? <

P (& —1) =||G||%, where we use the fact that (arccos(t))? < t% — 1, vVt € (0,1]. O

i=1\52

Now we can inspect the Grassmann manifold. The Grassmann manifold Gr(d, p) is the set of
all p-dimensional subspace of RY; see, for example, [Absil et al., 2008, Section 2.1]. A quotient
formulation writes Gr(d, p) = St(d,p)/O(p) with O(p) = {Q € RP*?|Q"Q = I,} being the orthog-
onal group. The elements of the Grassmann manifold can be expressed as [X]| € Gr(d,p) with
[X] := {XQ|Q € O(p)} and X € St(d,p). The element £ on the tangent space Tx] Gr(d,p) can
be shown with a one-to-one mapping (called the horizontal lift) to the set [{] with £ € Tx St(d, p)
and X ¢ =0.

Suppose we start from an element [X] € Gr(d, p) with X € St(d,p) and the initial speed G €
T(x) Gr(d, p), where G € Tx St(d, p) and X TG = 0. We denote the singular value decomposition
of G = USVT with U € R¥P and £,V € RP*P. Then the exponential mapping is given by

Y := Expx1(G) = [XV cos(¥) + Usin(X)], where sin and cos are matrix trigonometric functions;
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see [Absil et al., 2008, Example 5.4.3]. Also, the parallel transport is given by: & = P[[;(/]] (&) with

£ = —XVsin(S)UTE+Ucos(Z)UTE+(I-UUT)E. See [Absil et al., 2008, Example 8.1.3]. Hence,
the projectional retraction is given by Y’ := Retrx)(G) = [X +G] = [Q], where X + G = QR is the
QR decomposition of X + G see [Absil et al., 2008, Example 4.1.5]. Furthermore, the projectional
vector transport is given by & = T5(€) with & = (I — YY 7)€, See [Absil et al., 2008, Example
8.1.10].

Now we show that (3.17) is satisfied. It is obvious that ||75(€)|| = [[(I — YY T)¢|| < ||€]]. The
geodesic distance of [X] and the projectional retraction [@)] is exactly the principal angle between
the subspace spanned by X and @, see [Edelman et al., 1998, Section 4.3]. Following Lemma 3.3.1,

we can hence conclude that d([X],[Q]) = [|©]lr < ||G||lr. Now we inspect the last equation in

(3.17). We can directly check that ||£1 — &||p = [|AE||F < ||Al|p|I€]|F, with
A=—XVsin(X) U +Ucos(X)UT +YY ' —UUT
= — XVsin()U" +Ucos(R)U" —Ucos?(Z)U" + XV cos* (D) VTXT

+ Usin(X) cos(Z)VT X T + XV cos(X) sin(2)U .
Note also that we have the bound

|A] =|| = XVsin(Z)U T +Ucos(Z)U" —Ucos*(Z)U " + XV cos*(B)VI X T
+Usin(X) cos(Z)V T X T + XV cos(Z) sin(S)U |

<[Isin(E)[| + [l cos(E) (I — cos())[| + 2[| sin(%) cos(X)[| < 4| sin(E)[| < 4[|G]],

where we use the fact that X' X = U'U = V'V = I, and all norms are the Frobenius norm.

Therefore, we see that the last equation in (3.17) is satisfied with C' = 4.

3.3.2. Convergence of retraction and vector transport based Zo-RASA. We now pro-
ceed to the convergence analysis of Zo-RASA algorithm with retraction and vector transports. Al-
gorithm 6 is the analog of Algorithm 5, using retraction and vector transport. Notice that the
zeroth-order estimator used in Algorithm 6 is as defined in (3.3), which is with respect to the

retraction in contrast to (3.2). Also 7 is the vector transport where we write 7% := T_t, g+ for
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Algorithm 6: Zo-RASA with retraction and vector transport
k+1 k+1

1: Change the updates of x and g in Algorithm 5 respectively to
aF e Retri(—trg”) and  ¢"t  (1— 1) TH(g") + TH(G),

where Gﬁ = Gﬁet'(xk) is given by (3.3) with batch-size m = my.

brevity. The vector transport we use in experiments is simply the orthogonal projection onto the
target tangent space.
For our analysis, apart from the smoothness condition in Assumption 3.2.1, we also need to

assume that the manifold is compact.

ASSUMPTION 3.3.2. The manifold M is compact with diameter D, and the Riemannian gradient

satisfies ||gradf(x)|z < G.

Here, G could potentially be a function of D and the constant L from Assumption 3.2.1, due to
compactness and smoothness. We remark that this compactness assumption is satisfied by various
matrix manifolds like the Stiefel manifold and the Grassmann manifold (see, for example, Lemma
5.1 in Milnor and Stasheff [1974]).

Turning to the stochastic gradient oracles, the bounded second moment condition in Assump-
tion 3.2.2 is now replaced by the following condition of bounded fourth central moment. Such a
condition is needed to conduct our convergence analysis. It is interesting to relax this assumption
or show this condition is necessary and sufficient to design batch-free, fully-online algorithms with

vector transports and retractions.

ASSUMPTION 3.3.3. Along the trajectory of the algorithm, we have that the stochastic gradients

are unbiased and have bounded fourth central moment, i.e., for each k € {1,...,N}, we have

Eg[gradF(aﬁk;ék)\fh,l] = gradf(z*) and Eg[ngadF(xk; &) — gradf(xk)\\‘;k]fk,l] < ot.

Note that Assumption 3.3.3 implies Assumption 3.2.2. To proceed with the convergence analysis
of Algorithm 6, we also need to assume that the retraction we use in Algorithm 6 is a second-order

retraction, as in Assumption 3.3.4.

ASSUMPTION 3.3.4. The retraction we use in Algorithm 6 is a second order retraction, i.e.

V¢ € T, M, we have d(Retr,(§), Exp,(§)) < C’Hf”%
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Note that the notion of second order retraction is only a local property, i.e., the above inequality
only holds when |&|| is not too large. We refer to second order retraction without this locality
restriction, since we assume the compactness of M in Assumption 3.3.2 and thus the condition in
Assumption 3.3.4 also holds for large ||£|| and the constant C' will globally depend on the curvature
of the manifold. We also point out that the condition in Assumption 3.3.4 is satisfied by projectional
retractions; see, for example, [Absil and Malick, 2012, Proposition 2.2]. The study of higher-order
(better) approximation to the exponential mapping by the retractions is still an on-going research
topic Gawlik and Leok [2018], while here we only need a second-order retraction.

The following result in Lemma 3.3.2, which is a standard comparison-type result, will be utilized

in the subsequent proof.

LEMMA 3.3.2 (Theorem 6.5.6 in Burago et al. [2022]). Suppose the sectional curvature of M
is upper bounded, then Y&,n € Ty M, we have ||€ — ||z < Cd(Exp,(§), Exp,(§)), without loss of

generality we assume the constant to be C' =1 for the rest of the paper.

The following result shows that with a second-order retraction, the smoothness with respect to

exponential mapping implies the smoothness with respect to retractions.

LEMMA 3.3.3. Suppose Assumption 3.2.1, 3.3.1 and 8.5.2 hold, if the retraction we use in
Algorithm 6 and (3.3) satisfy Assumption 3.3.4, then there exists a parameter L' > 0, such that f is
also L'-smooth with the retraction, i.e., | f(Retry(n)) — f(z)— (grad f(x), n) | < %Hn”%, Vn e Ty M.
From now on, we denote L as the parameter that satisfies both Assumption 3.2.1 and Lemma 3.3.3

for brevity.

PROOF. Denote y = Retr,(n). Note that we have |f(y) — f(x) — (gradf(x),n)z| < |f(y) —
F() — {gradf(2), Exp (4)a] + {gradf(2), Exp (y) — nal < LIExp; ()12 + lgrad (@) e ln —
Expz ' ()lle < LlinlZ + Gd(Exp,(n),y) < (L + GO)llnl|Z =: L'|[nll3, where the first inequality is by
Assumption 3.2.2, the second is by Assumption 3.3.1 and Lemma 3.3.2, and the last inequality is
by Assumption 3.3.4. O

We remind the readers that Lemma 3.3.3 can guarantee that the retraction-based zeroth-order
estimator (3.3) still satisfies Lemma 3.2.1. In addition, we have the following bound on the fourth

moment of Gﬁet'.
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LEMMA 3.3.4. Consider G,, given by (3.3). Under Assumptions 3.2.1, 3.3.1, 3.3.2 and 3.3.3,
we have EHGEetr(a:)H4 < LQL‘L(d—i— 12)5 + 3d?||grad f (z)||%, where the expectation is taken toward the

x>

Gaussian vectors when constructing G,, and the random variable .

PROOF. Since B||GJ (2)[3 = ;5 Eul(f(Retra(uu)) — f(2))*|lullz] and

(f(Retrz(uu)) — f())*
=(f(Retry(uu)) — f(x) — (gradf (), pu)s + (gradf (z), pu)s )

<8( (Retr, () ~ £(x) ~ (grad () pu))* +8({gradf (x). ).
4
<8 (g lmul) -+ 8(grads (o))

where the last inequality is by Lemma 3.3.3. Therefore we have

474
r pL
E|| G (@)l < TEIIuHi2 + 8E[(grad f (x), u)y|ullz]

M4L4
< ——(d+ 12)° + 8E[(grad f (x), u)z | ull3],

where the last inequality is by Lemma 2 in Li et al. [2023]. It remains to bound the last term on the
right hand side, and we apply the same trick as in Proposition 1 in Li et al. [2023] here. Since u is
an Gaussian vector on the tangent space T, M (dimension is d), we can calculate the expectation

using the integral directly (denote g = gradf(x) and omit the subscript x for simplicity):

E(|[{grad f(2), wyull*) = n(ld) /Rd<~"’x>4|!x!4eé||x||2dx

1 4 —T 2 _ 17 2 1 4 2 _1l-7 2
<1 ol (g gyte= 5 Il gy < L (4 / 4= 15"l
S @ /Rd [@]["e™ 211 (g, z)%e™ 2 7= o\ e Rd<97x> e 2 x

1 4\ 1\ 4 — 1|2 1\? 1 \4/2-2
="\ =z =l —48( — o 4
H(d) <T€> (1—7') /Rd<g,l‘> € diL‘ 8<7—e> (1_7_> HgH )

where £(d) == [pa e~2l7I 4z is the constant that normalizes Gaussian distribution, the second

inequality is by the following fact: aPe 2" <(& )p/ 2 the second equality is by change of variables
and the last equality is by E,x0,1,)(g ®)* = 3||g||*. Taking 7 = 4/d gives the desired result. [
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We now provide the convergence result for Zo-RASA (Algorithm 6). We remind the readers that
we assume C' = 1 in both Assumptions 3.3.1 and 3.3.4. We would first need to utilize the following

Lemma 3.3.5, which is an analog to Lemma 3.2.2.

LEMMA 3.3.5. Suppose Assumptions 3.2.1, 8.3.1, 3.8.2, 8.3.3 and 38.5.4 hold, and {z*, ¢*} is
generated by Algorithm 5. We have

1 . . L2 i—1 o 2
+ 7im1)Tio1 L9 ||x i Tis1 -~ 121"‘77&72)

k
EllgF — gradf(a*)||% < D43 + T > (( 5 ~ =

where the expectation K is taken with respect to all random variables up to iteration k, including the
Gaussian variables {u;}%_, in the zeroth-order estimator (3.2), and &3 is defined in (3.9). Further,

from the definition of 1, in (3.4), we have

= L2EHngik 2~2 ~2 ~92
ZTkEHQ —gradf(z pS Z 7 + 15,0, +TR0° | + 0g,
k=0

) PN | asa e} Ly
ZTkEllgfgradf Z R LA ZT

=1
PROOF. The proof is almost identical to the proof of Lemma 3.2.2, and we thus omit the details.

Note that here we need to utilize Assumption 3.3.1 to show d(z’, 2" t1)* < t2||¢"|2,. O

To show the bound for the term E| P, ng +1_ gk||ik, we further need to utilize the following

bound for ||gF || first.

LEMMA 3.3.6. Consider g* given by Algorithm 6. Suppose Assumption 3.2.1, 3.3.1, 3.3.2, 3.3.3
and 3.3.4 hold. Then, we have E||gF|2, < p2L*(d+6)+2(d+4)G? and E||gF||%, < “5= L (d+12)%+

3d2G*, where the expectation E is taken with respect to all random variables up to iteration k.

PRroor. Note that we have

19" 1% = 1L = 7)) T* 16" ) + e T HGE D

< (L= =)l s+ Tt |G .

Taking expectation conditioned on Fj_1, we have by Lemma 3.2.1 that E[|]gk||ik|.7:k_1] < (1-

Tk_l)EHgk_lHik_l + e 1 (WPL2(d + 6)3 4 2(d + 4)||grad f (zF~ D)12-1). We remove the conditional
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expectation by law of total expectation, also by Assumption 3.3.2 we have that
Ellg* 12 < (1= m-0)Ellg" 21 + me1 (£ L2 (d + 6)° + 2(d + 4)G?).

Denote Ay = EHngik, note that we have Ay, < (1 —7_1)Ax_1 + 76142 L*(d + 6)® + 2(d + 4)G?).
Again from Lemma 3.2.1 we have Ay < p?L?(d+6) +2(d+4)G?, from which and using induction,
we conclude that Ay = E||ngik < u?L%(d+6)3+2(d+4)G?. As for the fourth moment, note that

2
E(lg"2:)? < B (1= mon)llg" 2 + meoaIGE )

<(1 =71 1)Ellg" 2 + T 1E”Gk [

it
<(1 = mie Bl s+ e (2

(d+12)% + 3d2||gradf(xk)||§k>

where the last inequality is by Lemma 3.3.4. The final result follows similarly to the second moment

case. U

Now we are ready to study the difference between ¢* and g*t!.

LEMMA 3.3.7. Suppose Assumptions 3.2.1, 8.8.1, 3.3.2, 8.8.8 and 8.5.4 hold, and take 11 as in
(3.4). Then, we have

N N
k 4L2 -
ZE||P§k+1gk+l — "% < Z 1+ 1) 7Bl g" |12, +4Z(7'13+77§)013
k=0

8 (piLt 244
+[400+4 +/32< 5 (d+12) +3dG>:|ZTk,

(3.18)

where the expectation E is taken with respect to all random variables up to iteration k, which includes

the random variables w in the zeroth-order estimator (3.3).
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PROOF. Since
k k+1
PG g™ = "2 = 9" = Ph 6" (12
k+1
<20lg" = TG + 214" — PR g
k k k k k
<277 || Gl = gF |3 + 2d (@ )2 gF 13
2
k k k k Tk || .k
<47\ Gy, — grad f («*) || % + 47 |lgrad f () — " |2 + 25*'“2”9 [
where the second inequality is by the update and Assumption 3.3.1, and the last inequality is by
Assumption 3.3.1. Now taking the expectation conditioned on Fi_; we get:
k
E[| Pl g™ = " (1261 Fi—1] < 4m0E[|G); — grad f(2*) || 2] Fr1]
2
-
+477E|grad f (z*) — " (2| Fr—1] + 2F§E[!\gkllik | Fre—1]-

Thus we have (by law of total expectation):

N

k
ZEHP;CIVHQHI - ngik
k=1

N N N
2
<4 TE|Gf — gradf(z")|2 + 4 77El|grad f(z") — g"|2 + 7 > TElg |5
k=1 k=1 k=1
N22 Nz k k2 8M4L4 6 24N2
<4;Tkak+4;TkE]\gradf(x ) = 9" 112 +52< 5 (d+12)° + 3G > ;Tk

where the second inequality is by Lemmas 3.2.1 and 3.3.6. The desired result follows by applying

Lemma 3.3.5 to the above inequality. O

We now state the main result in Theorem 3.3.2, as an analog to Theorem 3.2.1. Notice that
different from Theorem 3.2.1, we do not need N = Q(d) in case (ii), in view of Remark 3.2.2 and

Assumption 3.3.2.

THEOREM 3.3.2. Suppose Assumptions 3.2.1, 3.3.1, 3.83.2, 3.3.83 and 3.3.4 hold. In Algorithm
6, we set = O(m) and B> V/dL. Then the following holds.

(i) If we choose 79 = 1, 7, = 1/V/N, k > 1 and my, = 8(d + 4), k > 0, then we have

N1 Lo Ellgradf (@¥)|2 < O(1/VN).
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(ii) If we choose 19 = 1, 7, = 1/VdN, k > 1, my = d and my, = 1 for k > 1, then we have
N
N1 Lkeo Ellgrad f(z")[2, < O(\/d/N).
Here the expectation E is taken with respect to all random variables up to iteration k, which includes

the random variables u in zeroth-order estimator (3.3).

PrROOF OF THEOREM 3.3.2. The proof is very similar to the proof of Theorem 3.2.1. We first

will have the following inequality analogue to (3.14):

1 & 1 & 2 &
V7] ZTkEHngik <W0+ *ZTkA *Z Ti +7ih)G
8% = 20 b iz
1 p*L? 6 2 4 o 2
+2ﬁ[400+40 +ﬁ2( 5 (d+12) +3d°GY) >
k=0

Note that we still need (3.12a) to show the above inequality.

We then directly provide the result corresponding to (3.16):

(3.19)

N N N
Tk 1 R 2 -
Z 5E\|gradf )Hik < (86% 4+ 16L?%) <W0 + 35 kZ_DTkoQ + 3 Z(T,? +12)63

k=1 k=0
3 212 N N-1 N-1

+ 35 [400 +46% + — P (£ S (d+ 12)% 4 3d°G*H)] ) r,?) + Y T+ > e’ + 65
k=0 k=0 k=0

, which is exactly the reason we don’t need

Now by Assumption 3.3.2, we have 67 < o7 + 8(:274:4)60

to show an inequality similar to (3.12b).

For case (i) in Theorem 3.3.2, (3.19) can be rewritten as

Z]EH rad f (") MﬁLCO’ + e + o
IV-+-1 g mk >~ \/ﬁf 2 x/ﬁf V/ﬁf 0

for some absolute positive constants ¢y, ¢, c¢g and c¢4. The proof for case (i) is completed by noting

that (see (3.9)) 62 = O(1/VN), Zk 002 =0(1) and 62 = O(1).

For case (ii) in Theorem 3.3.2, (3. 19) can be rewritten as

1 N . d L ! ]]€VO~]% d )
w1 2 Bl /@)l < e e DT g g
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for some positive constants ¢, c,, ¢4 and ¢j. The proof of case (ii) is completed by noting that

52 = 0(1), 3> = O(1/V/N) and £ 157 = O(d). O

REMARK 3.3.2. By the technique discussed in Remark 3.2.1, to obtain an e-approrimate sta-

tionary point in Definition 3.2.1 we need an oracle complexity of O(d/e?).

3.4. Numerical experiments

3.4.1. k-PCA. We now provide numerical results on the k-PCA problem to demonstrate the
effectiveness of the Zo-RASA algorithms. For a given centered random vector z € R", the k-
PCA problem corresponds to finding the subspace spanned by the top-k eigenvectors of its positive
definite covariance matrix ¥ = E[zz']. Formally, we have the following problem on the Stiefel
manifold:

: o _1 T T
(3.20) Xeréltl(ré,r)f(X) = 2tr(X E[zz '] X).

Note that the dimension of the Stiefel is given by d = nr —r(r +1)/2.
For any Y = X@Q where Q € R"™*", and Q'Q = QQ" = I,, we have f(X) = f(Y). Hence, we
can equivalently view (3.20) as the following minimization problem on the Grassmann manifold:

i = —1 (X "Elzz"
[X]érélf(ln,r)f([X]) = —5 tr(X E[zz']X).

Note that the dimension of the Grassmannian is given by d = r(n — r).

We solve (3.20) using Algorithm 6 and compare it with the zeroth-order Riemannian SGD
method from Li et al. [2023]. In all the experiments, we used projecting vector transport rather
than parallel transport for Stiefel manifolds, due to the aforementioned facts that parallel trans-
port is time-consuming to numerically compute on Stiefel manifold, and has no closed form. In
the stochastic zeroth-order setting, for each query point X, the stochastic oracle returns a noise
estimate of f(z) based on a single observation z, i.e. F(X¥;z) = —1/2tr((X*) 2z, X*). For
our experiments, we assume zj; is sampled from a centered Gaussian distribution with covariance
matrix given by ¥ = >7_ Nvw, + 30 11 N, | where V' = [v1, ..., v,] is an orthogonal matrix.

The first r A;s are uniform random numbers in [100,200] and the last n — r are uniform random
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numbers in [1,50]. For our experiments, we fix 7 and try different n (reflected in different rows in
Figure 3.1).

We set N = 50000 x n for Zo-RASA and one-batch Zo-RSGD (Zo-RSGD-1) algorithms, while
N = 50000 for our mini-batch Zo-RSGD algorithm (Zo-RSGD-m). The reason here is that for
Zo-RSGD-m, we take m = n = O(d) since we fix r and change n. While the theoretical result
in Li et al. [2023] requires the batch-size m to be O(d/e?), they empirically observed reasonable-
order batch-sizes suffices. For Zo-RASA, according to our theory, we again take 75, = 0.01/ VN and
f = 100. For Zo-RSGD-1 and Zo-RSGD-m, we set t as t; = 107%/v/N and t, = 5 x 107%/V/N
respectively.

For all algorithms, we again compare the function value, norm of the Riemannian gradient
and the principal angles between the current iterate and the optimal subspace. Figures 3.1 plots
the results. The experimental results provide support for the proposed algorithms (and the estab-
lished theory), demonstrating that the proposed Zo-RASA algorithm is more efficient in terms of
decreasing the Riemannian gradient and principal angles compared to conventional zeroth-order

Riemannian stochastic gradient descent methods that utilize mini-batches.

3.4.2. Identification of a fixed rank symmetric positive semi-definite matrix. We
now provide another numerical example from Bonnabel [2013]. Consider a matrix-version linear

model as in Tsuda et al. [2005]:
ye = tr(Wxx) ) = x/ Wx,

where x; € R™ is the input and y; € R is the output, and the unknown matrix W € R"*" is a

positive semi-definite matrix with a fixed rank r (r < n). Denote the set
(3.21) Sy(n,r) = {W e R”"|W =W " rank(W) = r}

which is the set of positive definite matrices with rank r. The problem is thus formulated as a
matrix least square problem
(3.22) min  f(W) := lg (x"Wx —y)?

’ weSi(n,r) R
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F1cure 3.1. Results for kPCA (3.20) with n € {10, 30,50} (corresponding to three
rows) and r = 5. The resulting manifold (Stiefel) dimensions are d = {35, 135,235}.
The x-axis is the number of zeroth-order oracle calls (i.e. number of function value

calls).

Notice that W can be represented as W = GG where G € R™" is a matrix with full column

rank. Also notice that for any orthogonal matrix O € R™" we have W = GOO'TGT = GGT,

we have the following quotient representation of the set of fixed rank positive definite matrices

St (n,r) =~ RI*"/O(r), where the right hand side represents the set of equivalent classes:

[G] = {GO|0 € O(r)}.
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We could thus conduct our experiment on the quotient manifold R?*"/O(r), with the following
re-formulated problem:

1
(3.23) min F(G) = ZEyy(x GG Tx — y)?
[GleR2*" /O(r) 2

The manifold Sy (n, r) has dimension d = nr—r(r—1)/2 and is not a compact manifold. We test
(3.23) to show the efficiency of our proposed algorithm even without the compactness assumption
(Assumption 3.3.2) which we need to conduct our theoretical analysis.

We solve (3.23) using Algorithm 6 and compare it with the zeroth-order Riemannian SGD
method from Li et al. [2023]. In all the experiments, we used again retraction and projecting vector
transport rather than exponential mapping and parallel transport. The ground-truth G* € R™*" is
sampled randomly with standard Gaussian entries. For our experiments, we sample x ~ N (0, I)
and construct y = x| Wx noiselessly. Specifically, given a query point G* and a Gaussian sample x;
with y; = x/ G*(G*) "%, the stochastic zeroth-order oracle gives the value % (x/ G'(G") "x; — y;)?.
For our experiments, we fix  and test with different n (reflected in different rows in Figure 3.2).

We set N = 5000 x n for Zo-RASA and one-batch Zo-RSGD (Zo-RSGD-1) algorithms, while
N = 5000 for our mini-batch Zo-RSGD algorithm (Zo-RSGD-m) for the same reason as the kPCA
experiments. For Zo-RASA, according again to our theory, we again take 7, = 1073/ VN and
B = 100. For Zo-RSGD-1 and Zo-RSGD-m, we set t; = 107°/v/N.

For all algorithms, we again compare the function value, norm of the Riemannian gradient and
the quantity ||G*(G*)T — G*(G*)T|| which measures the error to the ground truth positive semi-
definite matrix. Figures 3.2 plots the results. It’s worth noticing here that mini-batch Zo-RSGD
seems to work the worst in the plots, which is due to the fact that we take the step sizes the
same for Zo-RSGD-1 and Zo-RSGD-m. The reason we cannot enlarge the step size for Zo-RSGD-m
is that the projectional retraction and projectional vector transport requires solving a Sylvester
equation which leads to numerical stability issues if the step sizes become large (see Boumal et al.
[2014] for details). The experimental results provide support for the proposed algorithms (and the
established theory), demonstrating that the proposed Zo-RASA algorithm is more efficient in terms
of decreasing the Riemannian gradient and function values compared to conventional zeroth-order

Riemannian stochastic gradient descent methods that utilize mini-batches.
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FIGURE 3.2. Results for (3.23) with n € {10, 30,50} (corresponding to three rows)
and r = 5. The resulting manifold as defined in (3.21) are d = {40,140, 240}
dimensional, respectively. The x-axis is the number of zeroth-order oracle calls (i.e.
number of function value calls).
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CHAPTER 4

Federated Learning Algorithms on Riemannian Manifolds

In this chapter, we consider the finite-sum FL problem over a Riemannian manifold M as in

(1.3), which we restate here:

zeM

(4.1) min f(z) = % S i)
=1

where f; : M — R are smooth but not necessarily (geodesically) convex. FEach of the f; (or
the data associated with f;) is stored in different client/agent that could have different physical
locations and different hardware. This makes the mutual connection impossible Kone¢ny et al.
[2016]. Therefore, there is a central server that can collect the information from different agents
and output a consensus that minimizes the summation of the loss functions from all the clients.
The aim of such a framework is to utilize the computation resources of different agents while still
maintain the data privacy by not sharing data among all the local agents. Thus the communication
is always between the central server and local servers. This setting is commonly observed in modern
smart-phone-APP based machine learning applications Kone¢ny et al. [2016]. We emphasize that
we always consider the heterogeneous data scenario where the functions f;’s might be different
and have different optimal solutions. This problem is inherently hard to solve because each local
minima will empirically diverge the update from the global optimum Li et al. [2020], Mitra et al.
[2021].

It is noted that most FL algorithms are designed for the unconstrained setting and convex con-
straint setting [Charles and Koneény, 2021, Karimireddy et al., 2020, Koneény et al., 2016, Li et al.,
2019, Malinovskiy et al., 2020, McMahan et al., 2017, Mitra et al., 2021, Pathak and Wainwright,
2020], and FL problems with nonconvex constraints such as (4.1) have not been considered. The
main difficulty for solving (4.1) lies in aggregating points over a nonconvex set, which may lead to

the situation where the averaging point is outside of the constraint set.
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One motivating application of (4.1) is the federated kPCA problem

, R xy = teoxT A
(4.2) < f(X) = n; fi(X), where f;(X) = — tr(X T 4;X),

where St(d,r) = {X € R¥™>"|XTX = I} denotes the Stiefel manifold, and A; is the covariance

matrix of the data stored in the i-th local agent. When r = 1, (4.2) reduces to classical PCA

[[z]l2=1

(4.3) min f(x) := %Zfz(x), where f;(z) = —%wTAia:.
i=1

Existing FL algorithms are not applicable to (4.2) and (4.3) due to the difficulty on aggregating

points on nonconvex set.

4.0.1. Main Contributions. We focus on designing efficient federated algorithms for solving

(4.1). Our main contributions are:

(1) We propose a Riemannian federated SVRG algorithm (RFedSVRG) for solving (4.1). We prove
that the convergence rate of our RFedSVRG algorithm is O(1/¢?) for obtaining an e-stationary
point. This result matches that of its Euclidean counterparts Mitra et al. [2021]. To the best of
our knowledge, this is the first algorithm for solving FL problems over Riemannian manifolds
with convergence guarantees.

(2) The main novelty of our RFedSVRG algorithm is a consensus step on the tangent space of the
manifold. We compare this new approach with the widely used Karcher mean approach. We
show that our method achieves certain ”regularization” property and performs very well in
practice.

(3) We conduct extensive numerical experiments on our method for solving the PCA (4.3) and
kPCA (4.2) problems with both synthetic and real data. The numerical results demonstrate
that our RFedSVRG algorithm significantly outperforms the Riemannian counterparts of two

widely used FL algorithms: FedAvg McMahan et al. [2017] and FedProx Li et al. [2020].

4.1. The RFedSVRG Algorithm

The most challenging task for FL on Riemannian manifolds is the consensus step. Suppose the

central server receives 2(9, i € S; C [n] from each of the local clients at round ¢, the question is
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how the central server aggregates the points to output a unique consensus. In Euclidean space, the
most straightforward way is to take the average % > ies, 2 with k = |S;|. However, this approach
does not apply to the Riemannian setting due to the loss of linearity: the arithmetic average of
points can be outside of the manifold. A natural choice for the consensus step on the manifold is

to take the Karcher mean of the points Tron et al. [2012]:

. ;
(4.4) Tyl ¢ argmin - Z a2 (2, ™),

v i€S:
where x;y1 is the next iterate point on the central server. This is a natural generalization of the
arithmetic average because d?(z,y) = ||z — y||* in Euclidean space. However, solving (4.4) can be
time consuming in practice.

We propose the following tangent space consensus step:

1 .
(45) Tl < EXp$t (k; Z E)(p;t1 (x(ﬂ)) ,

1E€S;
where we project each of the point :L"Ei) back to the tangent space T, M and then take their average
on the tangent space. The consensus step (4.5) has several advantages over the Karcher mean
method (4.4). First, (4.5) is of closed-form and easy to compute. Second, (4.5) still coincides with

the arithmetic mean when the manifold reduces to the Euclidean space. Third, the tangent space

mean (4.5) can easily be extended to the following moving average mean:
E PN Bt (200
XPgy Ez XPg; (SL‘ ) ’
1€St
which corresponds to (1 — )z, + %Zze s, 2@ in the Euclidean space, while the Karcher mean
cannot be easily extended in this scenario. Last, (4.5) has the following "regularization” property

as the distance between two consensus points can be controlled, and the Karcher mean method

(4.4) does not have this kind of property.
LEMMA 4.1.1. For the update defined in (4.5), it holds that d(xiy1, ) < %Zz’est d(z® xy).

To further illustrate this "regularization” property of the tangent space mean (4.5), we consider

an (extreme) example on the unit sphere S? (see Figure 4.1) . Here we take z; on the north pole
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FIGURE 4.1. Comparison of two consensus methods on S?

and two point from the local server as (1) and z(?), also £ = Exp;t1 (™) € T,,M. Then the
tangent space mean (4.5) would yield the original point x;, whereas the Karcher mean could yield
any point on the vertical great circle, depending on the starting point in solving the optimization
problem (4.4).

FedAvg [McMahan et al., 2017] and FedProx [Li et al., 2020] are two widely used algorithms for
FL problems in Euclidean space. We now discuss their plain extensions to the manifold optimization
situation. As a review, at each iteration, FedAvg minimizes the local loss f; for fixed steps using

gradient descents:

(4.6) 2 2l v D),

while FedProx solves a local proximal point subproblem:
(4.7) 2@ « argmin f;(z) + ng — %
z
For RFedAvg, which is the Riemannian counterpart of FedAvg, (4.6) is replaced by
:L‘gzl — Eprfj) <—77(i)gradfi(:ry))> .
For RFedProx, which is the Riemannian counterpart of FedProx, (4.7) is replaced by

(4.8) :Cgl < argmin f;(x) + Bd2(m, xy),
zeM 2
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where d(z,y) is the geodesic distance between z and y. In the implementation of RFedProx, (4.8)

is solved by Riemannian gradient descent:
(4.9) xﬁl +— Exp (i)(—n(i)gradhi(azg))), £=0,..7—1
Ty

RFedAvg and RFedProx are described in Algorithms 7 and 8, respectively.

Algorithm 7: Riemannian FedAvg algorithm

input :n, k, T, {nW}, {r;}

output: zp

fort=0,....,7—1do
Uniformly sample S; C [n] with |S;| = k;
for each agent i in S; do
Receive x; from the central server;
for /=0,....,5 —1do

l‘é?_l — EprE,i) <f77(i)gradfi(33§z)));

end

Send the obtained x(fl) to the central server;
end

The central server aggregates the points by the tangent space mean (4.5);
end

Algorithm 8: Riemannian FedProx Algorithm
input :n, k, T, u, v
output: zp
fort=0,...,7T—1do
Uniformly sample S; C [n] with |S;| = k;
for each agent i in S; do
Receive x; from the central server;
Obtain () < argmin, ¢ v fi(z) + £d?*(z, ;) upto a v approximate solution;
Send the obtained z( to the central server;
end

The central server aggregates the points by the tangent space mean (4.5);
end

Our RFedSVRG algorithm is presented in Algorithm 9, which is a non-trivial manifold extension
of the FSVRG algorithm Koneény et al. [2016].
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For RFedSVRG, the local gradient update becomes
(4.10) :):g1 — Epré“ [_n(i) (gradfi(wéi)) — th%xf) (gradfi(z;) — gradf(xt))>] ,

which matches the existing manifold SVRG work Zhang et al. [2016b]. The introduction of the
parallel transport Pfﬂt—%’fy) is necessary because we need to ”transport” all the vectors to the same
tangent space to conduct addition and subtraction. The algorithm utilizes the gradient information
at the previous iterate gradf(x;), thus avoids the ”client-drift” effect and correctly converges to the

global stationary points. This is confirmed by both the theory and the numerical experiments.

Algorithm 9: Riemannian FedSVRG Algorithm (RFedSVRG)

input :n, k, T, {n"}, {n}
output: Option 1: Z = zp; or Option 2: Z is uniformly sampled from {z1,...,z7}
fort=0,...,7—1do
Uniformly sample S; C [n] with |S;| = k;
for each agent i in S; do
Receive {L‘((]Z) = x; from the central server;
for /=0,....,m —1do
| Take the local gradient step (4.10).
end
Send () (obtained by one of the following options) to the central server

e Option 1: (") = x&?;

e Option 2: & is uniformly sampled from {xgi), ...,xg)};
end

The central server aggregates the points by the tangent space mean (4.5);
end

4.2. Convergence analysis

In this section we analyze the convergence behaviour of the RFedSVRG algorithm (Algorithm 9).
Before we proceed to the convergence results, we briefly review the necessary assumptions, which

are standard assumptions for optimization on manifolds Boumal et al. [2018], Zhang and Sra [2016].

ASSUMPTION 4.2.1 (Smoothness). Suppose f; is L;j-smooth as defined in Definition 1.2.6. It

implies that f is L-smooth with L = """ | L;.
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Now we give the convergence rate results for Algorithm 9. Specifically, Theorem 4.2.1 gives the
convergence rate of Algorithm 9 with 7; = 1, Theorem 4.2.2 gives the convergence rate of Algorithm
9 with 7, > 1, and Theorem 4.2.3 gives the convergence rate of Algorithm 9 when the objective

function is geodescially convex.

THEOREM 4.2.1 (Nonconvex, Algorithm 9 with 7, = 1). Suppose the problem (4.1) satisfies
Assumption 4.2.1. If we run Algorithm 9 with Option 1 in Line 8, n( < % and 7, = 1 (i.e.
only one step of gradient update for each agent), then the Option 1 of the output of Algorithm 9

satisfies:

(4.11) min_ lgrad (1) |* < O <L<f<wo>T— f(as*») .

REMARK 4.2.1. Our proof of Theorem 4.2.1 relies heavily on the choice of 7, = 1 and the
consensus step (4.5). When 1; > 1, we need to introduce multiple exponential mappings at multiple
points for each iteration, which makes the convergence analysis much more challenging due to the
loss of linearity. Moreover, the aggregation step makes the situation even worse. However, we are
able to show the convergence of Algorithm 9 with 7, > 1 when k = 1. Our numerical experiments

show the effectiveness of the RFedSVRG algorithm with both 7, =1 and 7; > 1.

To prove the convergence of Algorithm 9 with 7; > 1, we also need the following regularization

assumption over the manifold M due to Zhang et al. [2016D].

AssuMPTION 4.2.2 (Regularization over manifold). The manifold is complete and there exists

a compact set D C M (diameter bounded by D) so that all the iterates of Algorithm 9 and the

optimal points are contained in D. The sectional curvature is bounded in [Kmin, Kmax]. Moreover,
we denote the following key geometrical constant that captures the impact of manifold:

|Hmin|D

(4.12) ¢ = tanh (y/Jrmin|D)
1, Zf Kmin Z 0.

if Kmin < 0

Notice that this assumption holds when the manifold is a sphere or a Stiefel manifold (since
they are compact). Now we are ready to give the convergence rate result of Algorithm 9 with 7; > 1

and k = 1, the proof of which is inspired by Zhang et al. [2016b].
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THEOREM 4.2.2 (Nonconvex, Algorithm 9 with 7, > 1 and k = 1). Suppose the problem (4.1)
satisfies Assumptions 4.2.1 and 4.2.2. If we run Algorithm 9 with Option 2 in Line 8, k = 1,
n=1>1n0=n< (’)(nch) then the Option 2 of the output of Algorithm 9 satisfies:

Ellgradf(®)]? < O <p(f(x0)7;f($*>))

)

where p is an absolute constant specified in the proof and the expectation is taken with respect to

the random index i, as well as the randomness introduced by the Option 2.

Finally, we have the convergence result when the objective function of (4.1) is geodesically

convex.

THEOREM 4.2.3 (Geodesic convex). Suppose the problem (4.1) satisfies Assumption 4.2.1 and
4.2.2. Also the functions f;’s are geodesically convex (see Definition 1.2.4) in D (as in Assumption
4.2.2). If we run Algorithm 9 with Option 1 in Line 8, 7, = 1, Sy = [n] (full parallel gradient),

andn=n" =... =y < 2L, then the Option 1 of the output of Algorithm 9 satisfies:
. Ld?(xq, x*

(413) flar) - < 0 (FHERT))
4.3. Proofs

In this section we provide the proofs of lemmas and theorems mentioned in the previous section.

We first finish the proof of Lemma 4.1.1:

Proor orF LEMMA 4.1.1. By Cauchy-Schwarz inequality we have

d(xes1, 1) = [Expy, (2e4)]]

— I 3 B el < 1 3 B D) = ¢ 3 don,al?

€St ’LGSt €St

Now we turn to the proof of Theorem 4.2.1. We would utilize the following lemma:

LEMMA 4.3.1. Under the same settings as Theorem 4.2.1, we have

<n§”>

Flaen) = fz) < —n”|lgrad f (z,)||? + L lgrad () 2.
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ProoOF OoF LEMMA 4.3.1. From the update we know that

2y Bxp o |—ni” (eradfilal”) — P, o (gradfi(e,) — gradf(z)))|
ie.
B () « —ni” (gradfilai”) = P, (grad i) — gradf(s0)))

When 7; =1, x(()) = x4 thus

Expy (@) i (gradfilae) = P, o (gradfi(a:) — gradf(w:)) ) =~ grad (1)
Using Lipschitz smooth of f; again and the tangent space mean (4.5), we have

Flwen) = F(w) <(Expy (wrer). grad (w)) + £ (zisn, 20)

Z Expxt ), gradf(z¢)) —||— Z Exp _1 ||2

zESt 1ESt
(1)y2
i L
=~ grad el + U gra ) 2
where we used the tangent space mean (4.5) for the first equality. O

Now we are ready to present the proof of Theorem 4.2.1.

PROOF OF THEOREM 4.2.1. By taking n(® < %, from Lemma 4.3.1 we have

Flaess) — flan) <~ lgradf )|

Summing this inequality over t = 0,1,...,T, we obtain

T
57 D llgrad @) < f(ao) — flerer) < flao) — £°)
t=0

which yields (4.11) immediately. O

Before we present the proof of Theorem 4.2.2, we need the following lemma, which is adopted

from Zhang et al. [2016D].

LEMMA 4.3.2 (Lemma 2 in Zhang et al. [2016b]). Consider Algorithm 9 with Option 2. Suppose

we run randomly chosen local agent @ at the t-th outer iteration. If we run the local agent i for =;
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local gradient steps (4.10) with initial point x, then it holds:

B = Riny

5@ 5 620,...,7'7;—1,

(4.14) Ellgrad f (z}")[* <

where the expectation is taken with respect to the randomly selected index i, Ry := E[f(xéz)) +
Ce||EXPL1(95§i))H2]; cr = cor1(1+ B+ 2CL*n%) + LPn? and 6, = n — % — Ln? — 2¢¢41(n*. Here 3

15 a free constant to be determined and we take c;; = 0 in the recursive definition.

Now we turn to the proof of Theorem 4.2.2:

PROOF OF THEOREM 4.2.2. Since k = 1, without loss of generality, we denote ¢ as the agent

that we choose at the t-th iteration. Moreover, we denote n = () because there is only one agent.

From (4.14), we note that if we set < m(l— Ceﬁ“ ), then we have 500 = ming—g,. 5, 6¢ > 0.

In this case, summing (4.14) over £ = 0,1,...,7; — 1 yields

, _ _ (4)
(4.15) L Z Ellgradf(xg))HQ < Ro — Ry, <E (f(xt)f(xT)> :

Mgl 76 76"

since Ry = f(z;) and R, = E[f(.%g-?)—|—Cg||EXp;t1(l‘S—i))”2] > E[f(xg))] Now we take 8 = L¢'/2/n!/3
and 17 = 1/(10Ln?/3¢'/2)!. From the recurrence ¢, = cpy1(1 + Bn + 2CL*n?) + L?7? and ¢, = 0 we

have
L (1+0)7 -1
Co = )
100n4/3¢ 0
where
1 1 1 3
0 = WUl = — 4+ ——— e —,—
ne 26 10n " 50ni/3 © <10n’ 10n>

is a parameter. If we take 7; = [10n/3] such that (1+6)™ < (1+ 13-)™ < e, then

L
Co S W(€ — 1),

£41) with this choice of 1 for £ =0, ..., 7;.

1t is straightforward to verify that n < m(l -
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and 6 is bounded by

6 > (n - % —n’L - 200<n2)

S 1 e—1 1 e—1
=N\ 10¢3/2 o 10n2/3¢1/2 a 50n(1/2
n 1

T2 20Ln2/3¢1/?’

where the last inequality is by ¢,n > 1. Note that this lower bound of () is independent from the
choice of local agent .
Now summing (4.15) over ¢ = 0,...,T — 1 with 6®) > I we get
1 1 2A
(4.16) = t:O,..Zﬂ‘l - OZ;Z_IIEngadf( Oy)12 < —
where A = f(zg) — f*.
Now using the Option 2 of the output of Algorithm 9, we get

Ap

Ellgrad f(2)|I? < =2
|gradf(@)]* <~

—_n _ 1
Wherep—é—m.

Before we present the proof of Theorem 4.2.3, we need the following lemma Zhang and Sra

[2016).

LEMMA 4.3.3 (Corollary 8 in Zhang and Sra [2016]). Suppose the sectional curvature of M is
lower bounded by kmin and we update xi11 < Exp,,(—nig:). Suppose also that the update sequence

{z:} C D where D is a compact set with diameter D, then for any x € M it holds:

‘ -

(4.17) (=gt Bxpp,! () < o (d* (2, @) — d* (241, ) + %Hgtllg-

[\

Nt

where ¢ is given in (4.12).

We now present the proof of Theorem 4.2.3.
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PrROOF OF THEOREM 4.2.3. From Lemma 4.3.3 we get

N |

1 o B i
(418) <% Z Expxtl(x( ))7 Eprtl(iE» < (d (xta l’) - d2(xt+17 Hi Z EXp ( H2
1€St ’LESt

which is equivalent to (since we assume S; = [n] and n® = n):

N |

(119) —n( 3 gradfiCen), Bepy (0)) < (@) Pl o) + 5 3 et O

i=1,...,n i=1,...,n
Now use the geodesic convexity of f; and (4.19), we have (denote A; := f(x;) — f(«*) and
AL = fi(we) — filz*))
A} < —(gradfi(a:), Expy,! (")),
Summing this inequality over ¢ = 1,...,n, we get

1

Ay < — <ﬁ '_12 grad fi(z), Expy, (z%))
1
(4.20) S%(dQ(xt,x*) d(ziqq, 2 +7||f > Expy (@)
i=1,...n
< (@) — e, ) + L grad () 2
—2n ’ ’ 2n

Again from Lemma 4.3.1 we get

(ni))2L
2

(4.21) Apr — A < (- + )l|grad f (z:)|*.

Now multiply (4.21) by ¢ and add it to (4.20), we get

2

(422)  CApor— (C— DA < ¢ ( . L) lgradf () |2 + o (d2(zp, 2%) — (2141, 27)).

2n

Now take n < we know that gL —n + 772TL <0, thus

2L’
(4.23) (At = (€= DA < g (ana”) = dar.a))

Summing this up over ¢ from 0 to T — 1 we get

T-1
(4.24) (A7 + > A< (C— 1A+
t=0

d2(33‘0, x*)
2n
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Also by (4.21) we know Ay < Ay, thus

4.95 Ap <
(4.25) TS g,

4.4. Numerical experiments

We now show the performance of RFedSVRG and compare it with two natural ideas for solving
(4.1): Riemannian FedAvg (RFedAvg) and Riemannian FedProx (RFedProx), which are natural
extensions of FedAvg McMahan et al. [2017] and FedProx Li et al. [2020] to the Riemannian
setting. Algorithms RFedAvg and RFedProx are descried in the supplementary material of our
published version [Li and Ma, 2023]. We conducted our experiments on a desktop with Intel Core
9600K CPU, 32GB RAM and NVIDIA GeForce RTX 2070 GPU. For the codes of operations
on Riemannian manifolds we used the ones from the Manopt and PyManopt packages Boumal
et al. [2014], Townsend et al. [2016]. Since the logarithm mapping (the inverse of the exponential
mapping) on the Stiefel manifold is not easy to compute Zimmermann and Hiiper [2021], we adopted
the projection-like retraction Absil and Malick [2012] and the inverse of it Kaneko et al. [2012] to
approximate the exponential and the logarithm mappings, respectively.

We tested the three algorithms on PCA (4.3), kPCA (4.2) and PSD Karcher mean (see the
appendix of our published version [Li and Ma, 2023]) problems. For all problems, we measure the
norm of the global Riemannian gradients. Additionally, we also measure the sum of principal angles

Zhu and Knyazev [2013] for kPCA. 2

4.4.1. Comparison of the two consensus methods (4.4) and (4.5). We first compare
the two consensus methods (4.4) and (4.5). To this end, we randomly generate x; and & = 100
points (¥ on the unit ball S ! with different dimensions d. We then compare the distances
L3 (w2 D), £ 3 d2 (w41, 29) and d2 (2, 2441), as well as the CPU time for computing them.
Note that the smaller these distances are, the better. To calculate the Karcher mean, we run the

Riemannian gradient descent method starting at xz; until the norm of the Riemannian gradient is

2For the loss f in (4.2), note that f(X) = f(XQ) for any orthogonal matrix @Q € R™™". As a result, the optimal
solution of f(X) only represents the eigen-space corresponds to the r-largest eigenvalues. Therefore we need the
principal angles to measure the angles between the subspaces.
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TABLE 4.1. Comparison of the two consensus methods (4.4) and (4.5). Here
h(z) == + 3, d*(z¥, z), CPU time is in seconds and the experiments are repeated
and averaged over 10 times.

. Karcher mean (4.4) Tangent space mean (4.5)
Dim d | h(w:) d*(zi1, ) | h(zer1) | Time | d®(zet1,2¢) | h(xiy1) | Time
100 | 2.478 2.469 2.813 | 0.706 0.025 2.427 | 0.004
200 2.472 2.484 2.804 | 0.641 0.025 2.422 | 0.004
500 | 2.469 2.469 2.795 1 0.725 0.024 2.421 | 0.005

smaller than € = 1075, The results are shown in Table 4.1. From Table 4.1 we see that the tangent

space mean (4.5) is indeed better than Karcher mean (4.4) in terms of both quality and CPU time.

4.4.2. Experiments on synthetic data. In this section, we report the results of the three
algorithms for solving PCA (4.3) and kPCA (4.2) on synthetic data. We first generate the data X; €
R¥*P whose entries are drawn from standard normal distribution. We then set A; := XiXZ-T . Notice
that under this experiment setting the data in different agents are homogeneous in distribution,
which provides a mild environment for comparing the behaviour of the proposed algorithms. We
test highly heterogeneous real data later.

Experiments on PCA. We test the three algorithms on the standard PCA problem (4.3).
The data generation process follows Section 4.4.2. We test our codes with different numbers of
agents n and set k = n/10 as the number of clients we pick up for each round. We terminate the
algorithms if the number of rounds of communication exceeds 600. We sample 10000 data points
in R and partition them into n agents, each of which contains equal number of data. We test
RFedSVRG with one iteration for each local agents, i.e. 7, =1 and test RFedAvg and RFedProx with
7; = b iterations in (4.9). We use the constant stepsizes for all three algorithms, and take p = n/10
for each choice of n. The results are presented in Figure 4.2, from which we see that only RFedSVRG
can efficiently decrease ||gradf(z;)|| to an acceptable level.

Experiments on kPCA.. We now test the three algorithms on the kPCA problem (4.2). In the

R290 and partition them into n agents, each of

first experiment we sample 10000 data points in
which contains equal number of data. We test our codes with different number of agents n, and
again set k = n/10. Here we take (d,r) = (200,5). The results are given in Figure 4.3, where we

see that RFedSVRG can efficiently decrease ||gradf(z;)| and the principal angle in all tested cases.
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FIGURE 4.2. Results for PCA (4.3). The y-axis denotes ||gradf(z;)|. For each
figure, the experiments are repeated and averaged over 10 times.

Norm of gradfixy)

Round of communication Round of communication

 of commurication

(b) (n, k) = (100, 10) (¢) (n k) = (500,50)  (d) (n,k) = (1000, 100)

F1GURE 4.3. Results for kPCA. The y-axis of the figures in the first row denotes
llgradf(x;)||, and the y-axis of the figures in the second row denotes the principal
angle between x; and x*. The experiments are repeated and averaged over 10 times.

In the second experiment we test the effect of the number of inner loops 7;. We generate 10000
standard Gaussian vectors. We set (d,r) = (200,5), k = 10 and n = 100 so that p = 100. We
choose 7 = [1, 10, 50, 100] for the inner steps for all three algorithms. The results are presented in

Figure 4.4. From this figure we again observe the great performance of RFedSVRG.

4.4.3. Experiments for kPCA on real data. We now show the numerical results of the
three algorithms on real data. We focus on the kPCA problem (4.2) and three real data sets: the

Iris dataset Forina et al. [1998], the wine dataset Forina et al. [1998] and the MNIST hand-written
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(a) T=1 (b) 7=10 (¢c) 7=150 (d) = =100

FIGURE 4.4. Results for kPCA (4.2) with different number of inner loops 7 =
[1,10,50,100]. The y-axis of the figures in the first row denotes ||gradf(z;)||, and
the one in the second row denotes the principal angle between x; and z*. The
experiments are repeated and averaged over 10 times.

dataset LeCun et al. [1998]. For all three datasets, we calculate the first r principal directions and
the true optimal loss value directly. We can thus compute the principal angles between the iterate
and the ground truth. The experiments are repeated and averaged for 10 random initializations.
For the first two datasets, we randomly partition the datasets into 10 agents and at each
iteration we take k = 5 agents. The Figures 4.5 and 4.6 show that RFedSVRG is able to effectively
decrease the norm of Riemannian gradient and the principal angles while the other two are not as
efficient. We also draw the scatter plots of the dataset toward the principal subspaces computed
by RFedSVRG, which show that the algorithm indeed grasps the principal direction of the datasets.
For the MNIST hand-written dataset, the (training) dataset contains 60000 hand-written images
of size 28 x 28, i.e. d = 784. This is a relatively large dataset and we test the proposed algorithms
with different number of clients. The results are shown in Figure 4.7 where the efficiency of

RFedSVRG is demonstrated again.

4.5. Conclusions

In this chapter, we studied the federated optimization over Riemannian manifolds. We proposed

a Riemannian federated SVRG algorithm and analyzed its convergence rate to an e-stationary point.
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FIGURE 4.5. Results for kPCA (4.2) on Iris dataset. The data is in R* (d = 4) and
we take r = 3. The first figure is the norm of Riemannian gradient ||gradf(z;)|| and
the second is the principal angle between z; and the true solution x*, whereas the
last figure is the scatter plot of projected data on to the subspace defined by the
output of RFedSVRG.
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FIGURE 4.6. Results for kPCA (4.2) with wine dataset. The data is in R'® (d = 13)
and we take r = 3. The first figure is the norm of Riemannian gradient ||gradf(z;)||
and the second is the principal angle between x; and the true solution x*, whereas
the last figure is still the scatter plot of projected data on to the subspace defined
by the output of RFedSVRG.

To the best of our knowledge, this is the first federated algorithm over Riemannian manifolds
with convergence guarantees. Numerical experiments on federated PCA and federated kPCA were
conducted to demonstrate the efficiency of the proposed method. Developing algorithms with lower

communication cost, better scalability and sparse solutions are some important topics for future

research.

102



--- RFedavg --- RFedavg
RFedprox RFedprox
—— RFedSVRG 10° —— RFedSVRG

107 x
3
g
g
5 <

5 e
B 10° g
2 2
<
§ H

2 © 1074
2. &
E-3
g
&
&

10* 10-6

0 200 400 600 800 1000 1200 1400 [ 200 400 600 800 1000 1200 1400
Round of communication Round of communication
(a) Gradient norm (b) Principal angle

FIGURE 4.7. Results for kPCA (4.2) with MNIST dataset. The data is in R784
(d = 784) and we take n = 200 and r = 5. Fig (a) is the norm of Riemannian
gradient grad f(x;) and Fig (b) is the principal angle between z; and the true solution
x*. We take k = n/10 and 7 = 5 for all algorithms.
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CHAPTER 5

Riemannian Alternating Direction Method of Multipliers

5.1. Introduction

In this chapter we consider solving the nonsmooth manifold constrained problem in (1.4) which

we generalize and restate here:

min F(z) := f(z) + g(Az)

(5.1)
s.t.x e M,
where f is smooth and possibly nonconvex, g is nonsmooth but convex, M is an embedded subman-
ifold in R™, and matrix A € R™*™. Throughout this paper, the smoothness, Lipschitz continuity,
and convexity of functions are interpreted as the functions are being considered in the ambient
Euclidean space. If M = R", then problem (5.1) reduces to the Euclidean case, and there exist
efficient methods such as proximal gradient method, accelerated proximal gradient method, and
ADMM for solving it. If the nonsmooth function vanishes, i.e., g = 0, then problem (5.1) reduces to
a smooth problem over manifold, and it can be solved by various methods for smooth Riemannian
optimization. Therefore, the main challenge of solving (5.1) lies in the fact that there exist both
manifold constraint and nonsmooth objective in the problem. As a result, a very natural idea to
deal with this situation is to split the difficulty caused by the manifold constraint and nonsmooth
objective. In particular, one can introduce an auxiliary variable y and rewrite (5.1) equivalently as

652) min f(z) +9(y)
5.2 ’

st. Ax =y, x € M.

ADMM is a good candidate for solving (5.2), because it can deal with the nonsmooth objective
and the manifold constraint separately and alternately. Here we point out that there exist many

ADMM-like algorithms for problems with nonconvex objective [Jiang et al., 2019, Themelis and
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Patrinos, 2020, Yang et al., 2017, Zhang et al., 2022]. However, these algorithms do not allow the
constraint set to be nonconvex. Therefore, they do not apply to the case where manifold constraints
are present. In the following, we give a brief literature review on ADMMe-like algorithms that allow
manifold constraint — a nonconvex constraint set.

The idea of splitting the nonsmooth objective and manifold constraint in (5.1) is not new. The
first algorithm for this purpose is the SOC (splitting orthogonality constraints) algorithm proposed
by Lai and Osher [2014]. SOC for solving (5.1) splits the problem in the following way:

min f(z) + g(Az)

(5.3) oY
st.x =y, y e M,

and iterates as follows:

. P
phtl = argmin f(z) + g(Ax) + <)\k,:U — yk> + §H1’ — ka%
X
. p
(5.4) yF = argmin(\¥, 2" — y) + S|z — |3
yeM 2

)\k—l—l — )\k +p(fL‘k+1 . yk—i-l)’

where A denotes the Lagrange multiplier and p > 0 is a penalty parameter. Note that the x-
subproblem in (5.4) is an unconstrained problem, which can be solved by proximal gradient method
and many others, and the y-subproblem corresponds to a projection onto the manifold M. A
closely related algorithm named MADMM (manifold ADMM), proposed in Kovnatsky et al. [2016]
for solving (5.2), iterates as follows:
2P = argmin f(z) + (\F, Az — %) + BHA:(: — "3
weM 2

(5.5) g = argming(y) + (5, Aah! —y) + Dl Aak T — g3
Yy

)\k-i-l — )\k —|—p(A£L‘k+1 _ yk—l-l)‘

In (5.5), the z-subproblem is a Riemannian optimization with smooth objective which can be solved
by Riemannian gradient method, and the y-subproblem corresponds to the proximal mapping of

function g. However, there lacks convergence guarantees for both SOC and MADMM.
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When the nonsmooth term in (5.1) vanishes, i.e., g = 0, an ADMM for nonconvex optimization

can be used to solve (5.1) as illustrated in Wang et al. [2019]. Since g = 0, the problem (5.1)

reduces to

min f(z) + Lm(y)
(5.6) ’

s.t.,, x =y,

where I is the indicator function of manifold M. The ADMM for solving (5.6) iterates as follows:

o= argmin (@) + (W2 = o)+ Sl — o3
T

. p
(5.7) Y= argmin(AF, F T — gy 4 D2t — )3

yeM 2

)\k-‘rl = )\k‘ +p($k+1 _ yk‘-i—l)‘

The convergence of (5.7) is established in Wang et al. [2019] under the assumption that f is Lipschitz
differentiable. Note that the convergence only applies when g = 0. The ADMM studied in Wang
et al. [2019] does not apply to (5.1) when the nonsmooth function g presents.

Another ADMM was proposed in Lu et al. [2018] for solving a particular smooth Riemannian
optimization problem: the sparse spectral clustering. This problem can be cast below.
min (L, UU ") + g(P),
PU
(5.8)

st. P=UU",U"U =1,
where L is a given matrix, g is a smooth function that promotes the sparsity of UU . The ADMM
for solving (5.8) iterates as follows.
URl = argmin(L, UUT) + (AF, PF —UUT) + gup’f —UUT|%
UTU=I

(5.9 PMUi= argming(P) + (AF, P - UM OMYT) 4+ DIP - UM O T
P
Ak+1 = Ak: + p(Pk+1 _ Uk+1(Uk+1)T).

Note that the ADMM in Lu et al. [2018] requires the smoothness on the objective function as well,

and it does not apply to the case where the objective function is nonsmooth. Zhang et al. [2020]
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proposed a proximal ADMM which solves the following problem:

N-1
min f(z1,...,2n5) + Z gi(z;)
i=1

N-1

st.ay=0b— Z A;x;
i=1

(5.10)

e M;NX,i=1,...,N—1,

where f is a smooth function, g; is a nonsmooth function, M; is a Riemannian manifold, and &j is a
convex set. The authors of Zhang et al. [2020] established the iteration complexity of the proposed
proximal ADMM for obtaining an e-stationary point of (5.10). A notable requirement in (5.10) is
that the last block variable (i.e., ) must not appear in the nonsmooth part of the objective, nor
be subject to manifold constraints. This is in sharp contrast to problem (5.2), where one block
variable is associated with the manifold constraint, and the other block variable is associate with
the nonsmooth part of the objective.

Other than ADMM-type algorithms, there also exist some other algorithms for solving (5.1).
Here we briefly discuss two of them: Riemannian subgradient method and Riemannian proximal
gradient method. Because the objective function of (5.1) is nonsmooth, it is a natural idea to use
Riemannian subgradient method [Borckmans et al., 2014, Ferreira and Oliveira, 1998, Grohs and
Hosseini, 2016a,b, Hosseini, 2015, Hosseini and Uschmajew, 2017, Hosseini et al., 2018, Li et al.,

2021] to solve it. The Riemannian subgradient method for solving (5.1) updates the iterate by

2FH = Retr i (—np0),

where v

is a Riemannian subgradient of F' at M, m > 0 is a stepsize, and Retr denotes the
retraction operation. Convergence of this method is established in Ferreira and Oliveira [1998]
when F' is geodesically convex, and iteration complexity is analyzed in Li et al. [2021] when F is

weakly convex over the Stiefel manifold. Another representative algorithm for solving (5.1) is the

manifold proximal gradient method (ManPG), which was proposed recently by Chen et al. [2020].
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A typical iteration of ManPG is given below:

1
v* = argmin (grad f(s*),v) + _[|v]]* + g(A(a" +v))
(5.11) V€T M !
2t = Retr i (av®),

where t > 0 and a > 0 are stepsizes, T M denotes the tangent space of M at x, and grad f denotes
the Riemannian gradient of f. Chen et al. [2020] analyzed the iteration complexity of ManPG
for obtaining an e-stationary point of (5.1). Moreover, Chen et al. [2020] suggested to solve the
subproblem for determining v, in (5.11) by a semi-smooth Newton method [Chen et al., 2020, Xiao
et al., 2018]. Huang and Wei [2022] extended ManPG to more general manifold and Huang and Wei
[2019] also designed an accelerated ManPG that demonstrates superior numerical behaviour than
the original ManPG. In a more recent work, Zhou et al. [2022] proposed an augmented Lagrangian
method that solves the manifold constrained problems with nonsmooth objective. Note that similar
to ManPG, the algorithms in Huang and Wei [2019, 2022], Zhou et al. [2022] all require solving a
relatively difficult subproblem which needs to be solved by semi-smooth Newton algorithm. In this
paper we do not need to deal with difficult subproblems — all steps of our algorithms are explicit
and easy-to-compute.

Our contributions. In this paper, we propose a Riemannian ADMM (RADMM) for solving
(5.2) based on a Moreau envelope smoothing technique. Our RADMM for solving (5.2) contains
easily computable steps in each iteration. We analyze the iteration complexity of our RADMM
for obtaining an e-stationary point to (5.2) under mild assumptions. Existing ADMM for solving
nonconvex problems either does not allow nonconvex constraint set, or does not allow nonsmooth
objective function. In contrast, our complexity result is established for problems with simultaneous
nonsmooth objective and manifold constraint. Numerical results of the proposed algorithm for
solving sparse principal component analysis and dual principal component pursuit are reported,
which demonstrate its superiority over existing methods.

Organizations. The rest of this paper is organized as follows. We propose our RADMM
in Section 5.2, whose iteration complexity is analyzed in Section 5.3. Section 5.4 is devoted to

applications and numerical experiments. We draw some concluding remarks in Section 5.5.
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5.2. A Riemannian ADMM

We now introduce our RADMM algorithm. Our RADMM for solving (5.2) is based on the
Moreau envelope smoothing technique. In particular, we consider to smooth the function g in (5.2)

by adding a quadratic proximal term, which leads to:

.Y,z

1
min f(z) + g(y) + — |y — 2|?
(5.12) 2

s.t. Az =z, v € M,

where 7 > 0 is a parameter. Equivalently, (5.12) can also be rewritten as

min f(z) + g,(2)
(5.13) ’
s.t. Az =z, v € M,

where g¢,(z) = min, {g(y) + %Hy - ZHQ} is the Moreau envelope of g Zeng et al. [2022], and it is
known that g, is a smooth function when g is convex.
We need to point out that the idea of Moreau envelope smoothing has been proposed in Zeng

et al. [2022] for solving the following problem in Euclidean space:
(5.14) min f(z)+ g(z), s.t., Ax =0,

where f is smooth and g is weakly convex with easily computable proximal mapping. In particular,
the authors of Zeng et al. [2022] proposed an augmented Lagrangian method for solving the Mereau
envelope smoothed problem of (5.14). We apply the same idea of Moreau envelope smoothing and
design our RADMM algorithm.

We define the augmented Lagrangian function of (5.13) as:

(5.15) Lo(@,3) = f(2) +9,() + (A Aw — 2) + L] Az — 2|
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A direct application of ADMM for solving (5.13) yields the following updating scheme:

"= argmin £, (z, 25 \F)
reEM
(5.16) A= argmin £, (2T, 2 AF)
4

)\kJrl = )\k + p(A:EkJrl _ ZkJrl).
Now since the z-subproblem in (5.16) is usually not easy to solve, we propose to replace it with a
Riemannian gradient step, and this leads to our RADMM, which iterates as follows:

2= Retr i (—npgrad, L, - (2%, 2F; \F))

(5.17) ZF1 .= argmin £p77(xk+1,z;)\k)
)\k—l-l = )\k + p(Axk—l-l _ Zk+1),

where 73, > 0 is a stepsize, and grad, L, denotes the Riemannian gradient of £, with respect to
x. The remaining thing is to discuss how to solve the z-subproblem in (5.17). It turns out that it
is closely related to the proximal mapping of function g, and can be easily solved as long as the

proximal mapping of g can be easily evaluated, as shown in the following lemma.

LEMMA 5.2.1. The solution of the z-subproblem in (5.17) is given by

v L b1 |k k1
(5.18) PAAREt (y + N+ pAx ,
L+vp \v
where
1
(5.19) yk“ 1= ProXitey, (Aka + )\k> ,
P P

where prox;, denotes the proximal mapping of function h, which is defined as
. 1 2
prox;(u) = argmin h(v) + §||u —|3.
v
PROOF. The z-subproblem in (5.17) can be equivalently rewritten as

1
(5.20) (2", y") == argmin g(y) + ﬁ”y — 2P+ (AR At =)+ gHAka - 2|
Z?y
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The optimality conditions of (5.20) are given by

(5.21a) 0 _i(zk—i-l CFL) A (P At

(5.21b) 0€ dg(y**h) + Aly(y’“+1 — 2R,

It is easy to see that (5.21a) immediately yields (5.18). Plugging (5.18) into (5.21b) gives
0c prag(ykﬂ) 4oyl <A$k+1 n );> ’

which implies

1 1 A\F
yk+1 _ argrnin _‘_p’ypg(y) + 5 Hy o <Al’k+1 + >
Yy

i.e., (5.19) holds.
O

Our RADMM for solving (5.2) can therefore be summarized as in Algorithm 10. We can see

that all the steps can be easily computed and implemented.
Algorithm 10: A Riemannian ADMM

Given (zV, 2%; \0), stepsize 1 > 0, parameters p > 0 and v > 0;
for k=0,1,... do
Update z*T! := Retr« (—nrgrad, L, (z*, 2%; AF));
Update y**! := ProXi+py (Aa:k+1 + %)\k>;
p

k+1 . v (1,k+1 4 \k k+1Y.
Update 2"t .= e <7y + N+ pAx >,
Update AFH1 = \F  p(AxhTl — 2h+1),

5.3. Convergence Analysis

In this section, we analyze the iteration complexity of Algorithm 10 for obtaining an e-stationary
point of (5.2).

The following assumption is needed in the analysis.

ASSUMPTION 5.3.1. We assume f, g and M in (5.2) satisfy the following conditions.
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(1) M C R™ is a compact and complete Riemannian manifold embedded in Euclidean space
R"™ with diameter D;
(2) Vf is Lipschitz continuous with Lipschitz constant L in the ambient space R™;

(3) g is convex and Lipschitz continuous with Lipschitz constant Ly in the ambient space R™.

Also since M is compact and V f is continuous, we can denote the maximum of the norm of f

as a constant M, i.e.,

(5.22) IV f(z)|| < M, Yo € M.

Now we proceed to study the optimality of the problem (5.2). First, we note that the first-order
optimality conditions of (5.2) are given by (see, e.g., Yang et al. [2014]):
0 = grad, (", y*, A*) = projy_. (Vf(a:*) n AT)\*) ,
0 € 0yL(z*,y", \*) =0g(y*) — \*,
(5.23)
0=Ax" —y~*,
e M,

where the Lagrangian function of (5.2) is defined as

L(z,y,A) = f(x) +9(y) + A\ Azx —y).
Based on this, we can define the e-stationary point of (5.2) as follows.

DEFINITION 5.3.1. For (z,y,\) with x € M, denote

proszM (Vf(l') + AT)\)
OL(z,y,A) = dg(y) — A
Ax — vy

Then (Z,y,\) with T € M is called an e-stationary point of (5.2) if there exists G € OL(Z,y, \)
such that |G|z < e.

Before we present our main convergence results, we need the following lemmas. The first one

is a brief recap of the properties of Moreau envelope (see e.g. Beck [2017] Chapter 6).
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LEMMA 5.3.1 (Properties of Moreau envelope). Suppose g is a Ly Lipschitz continuous and

convex function. The Moreau envelope g-(z) := min, g(y) + %HZ —y||? satisfies the following:

(1) 0 < g(2) = g4(2) < LY;
(2) Voo () = 1z — prozy());
(3) g(2) is Ly Lipschitz continuous;

(4) g-(z) is 1/~ Lipschitz smooth, i.e. Vg(z) is Lipschitz continuous with parameter 1/~.
Now we proceed to bound the difference of dual sequence by the primal sequence.

LEMMA 5.3.2 (Bound dual by primal). For the updates of Algorithm 10, we have:
1
(5.24) P L}
v
PROOF. Note that the optimality conditions of the z-subproblem in (5.17) is given by:
Yy g Y
(5.25) Vg (2P = M 4 p(2F T — Azhtly =,
which, together with the A update in (5.17), yields
(5.26) Vg (2 = AL

The desired result (5.24) follows from Lemma 5.3.1. O

We now provide the smoothness notion over manifolds, which is also known as Lipschitz-type

gradient for pullbacks.

DEFINITION 5.3.2. [Boumal et al., 2018] Function f is called Li-geodesic smooth on complete

Riemannian manifold M if Ve € M and Vv € T, M, it holds that
L
(5.27) F(Retry(v)) < f(2) + {grad f (z),v) + ||o]*.

The following lemma is from Boumal et al. [2018], which bridges the smoothness on the manifold

with the smoothness in the ambient Euclidean space.

LEMMA 5.3.3. [Boumal et al., 2018] Suppose M € E is a compact and complete Riemannian

manifold embedded in Fuclidean space E and f is L-Lipschitz smooth in IE, then f is also Li-geodesic
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smooth, where Ly is determined by the manifold M and f. Specifically, it can be shown (see Boumal
et al. [2018]) that there exist positive constants o and B so that Vx € M and ¥n € Ty M,

IRetrs(n) — || < allnll, and |[Retry(n) —z —n| < B|ln]*.

As a result, it can be shown that

L
Ly = §a2 + MB,

where M is the upper bound of the gradient, which is defined in (5.22).
Now we are ready to present the smoothness of the augmented Lagrangian function (5.15).

LEMMA 5.3.4. For any {(2*, \F)} generated in Algorithm 10, the augmented Lagrangian function

L,~(x, 2% \F) defined in (5.15) is L,-geodesic smooth with respect to x € M, where

_L+p|ATA|lp ,
=«

5.28 L
( ) P 9

+ (M + [|All2Lg + pll AT All2D + || All2(2Lg + p||All2D))B,

and ||Bll2 denotes the spectral norm of matriz B.

Proor. We first show that {2¥}, {\¥}, k = 0,1,..., generated in Algorithm 10 are uniformly
bounded. Note that from (5.26), we have

(5.29) IN¥[l = Vg5 (M| < Ly,

where the inequality follows from the facts that g is L4-Lipschitz continuous (Assumption 5.3.1)
and Lemma 5.3.1.

From the update of A¥+1 ie., ANkt .= \F 4 p(AzF+! — 2F+1) | we have
Zk+1 _ ()\k _ )\k+1)/P+ A$k+1,
which, together with (5.29) and Assumption 5.3.1, immediately implies

2L
(5.30) 2510 < =22 + | 4] D.
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We now show that the gradient of £, (x, 2%, \F), i.e., VoL, (x, 28 \F) = Vf(z) + ATAF +
pAT(Axz — 2*), is uniformly upper bounded Vz € M. To this end, we note that
IVaLpy (2, 25 N IV f ()| + [ ATA + pl| AT (Az — 27))|
(5.31) <[IVF@)I + IAIIN + pl AT Allzllzll + pll Allz ]| 2"
<M +||AllaLg + pl| AT All2D + || All2(2Lg + pl| All2D),

where the last inequality is due to (5.29), (5.30) and Assumption 5.3.1.

Moreover, we have

- Ve L (1, 25, AF) = VoL (2, 25 N <[V f (1) = V(2] + pll AT Alwr — )]
5.32
<Lller - asl| + plAT Allallar — a2].

By applying Lemma 5.3.3 together with (5.31) and (5.32), we immediately obtain the desired

result. O

Now we give the following lemma regarding the decrease of the augmented Lagrangian function

'Cp»'Y'

LEMMA 5.3.5. For the sequence {(z*, 2%, \F)} generated in Algorithm 10, we have:

/.,‘ ( k+l k+1 )\k+1) Epﬂ(a:k,zk,)\k)

(5.33) ( ) |2 — 2F)2 - <771k _ L ) IRetr (" +1)]12,

where L, is defined in (5.28).

PROOF. First, we have
k1 _k+1 yk+1 k+1 _k+1 vk
Ly AT ) — Loy (x TLZMLNR)

(534) — <)\k+1 o Ak,ACCk+1 o Zk+1>

1||>\k+1 o )\kH2 < %sz—i-l o Zk||27
Y

where the inequality is from Lemma 5.3.2.
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Second, we have,
E+1 _k+1 yk E+1 _k Kk
Lo (T 25T NY) — L4 (x"T 27, \F)

P
=0y (1) = gy (2F)  (NF, 2 = ) 4 LAk - BT aghtt - k)
(5.35)
P
=gy (271) = gy (2F) + (N p(AGHHL = L) by D2

p
< §||zk+1 _ zkH2v

where the inequality is by convexity of g, and Vg, (zF1) = A+E = Ak 4 p(Azk+L — FH1),

Third, by Lemma 5.3.4 and (5.27), we obtain

ﬁpﬁ(l’k+1,zk,)\k) . Ep,v(«rkvzka Ak)

L
(5.50) < (grad, Ly (2, 25, N9), Retr 2 (241)) + 22 Retr ! (@) 2
1 L _
=~ (5~ %) IR

where the equality follows from the z-update in Algorithm 10.
Combining (5.34), (5.35), and (5.36) yields the desired result (5.33).

The following lemma shows that the augmented Lagrangian function £, - is lower bounded.

LEMMA 5.3.6. If py > 1, then the sequence {L,(z*, 28, \F)} is uniformly lower bounded by

F* — L%, where F* is the optimal value of (5.1).

PROOF. By the 1/v Lipschitz smoothness of g, (see Lemma 5.3.1) and Vg, (%) = \*, we get

1
97(A) < 91(2) + (V9q(2), Az = 2) + o[ Az - 2%,
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which implies

Lo (ah, 25 XF) = F(a¥) + g, (2F) + (W, Aak = 24) + Bl aah — 4|

k k p 1 ko ok
> f(2%) + g4(Az") + (2 — 2’Y> |Az" — 2z ||2
> f($k) + g'y(AfL‘k)
> f(a*) + g(Aa®) —yL?
> [* — L2
vLy,
where the third inequality follows from Lemma 5.3.1. g

The following lemma gives an upper bound for G¥ € dL(z*, y*, \F).

LEMMA 5.3.7. Denote the iterates of Algorithm 10 by {(z*,y*, 2% \F)}. There exists G* €
OL(xF,y* NF), Vk > 1, as defined in Definition 5.8.1, such that:

2 - 2(0*[1A]13 + 1)
IG*)? < S |[Retr (@) + =5 2=

., p sz _ zkleQ + 2/}/2[/3
k

PrOOF. From (5.21a), (5.21b) and the update of A**1 in Algorithm 10, we know that A\* €
dg(y*) for k =1,2,.... Therefore, there exist G¥ € L (2", y*, \¥) such that
IGEI2 =lprojr , aq (V5 () + ATAR) |2 4 [l Aa® - |
<llprojr, ae (VF(@F) + ATNF) 2+ 20 A — 2F2 4+ 22 — |12
Now from the x update of Algorithm 10, we know that

. 1 _ .
ProjT , (Vf(a:k) + AT/\’“> = —%Retrmk1 (a;kH) — projp M(pAT(Aa:k — zk)).
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Therefore, we have

2

1 _ .
1G4 < HnRetrz,}(W) +proie, (pAT (Aa® — 24|+ 20| Ak — 2|2 4+ 25 - 2

77;3 HRetr ¢ (@12 + 207 projp , (AT (Az® = 29))[? + 2] Az® — P17 4 212 —oF)°

ng HRetr o (@D +20? | Al Az® — 2F)? + 2] Az® — 28|12 + 2]|2F - o)
k

=7 HRetr o (@ D2+ 2(0% Al + 1) Az® = 28|12+ 2/2° — o).
k

Now by the update of A\¥ in Algorithm 10 and (5.24) we have p||Az¥ — 2F| = [|\¥ — M1 <
%sz — 2F=1|. By (5.21b) we have z¥ — y* € 79g(y*) so that ||z¥ — y¥|| < yL,. Combining these
results we get

IG*|1* < ngllRetr o (@ DI+ 200 |AJIZ + D[ Az® — 28|12 + 2]|2° - o)
k

2(0%||AlI3 + 1) -
2||Ret e @2+ pg—;r\zk =P+ 292 L,

which gives the desired result. U

Finally, we have the following convergence result for Algorithm 10.

THEOREM 5.3.1. Denote the iterates of Algorithm 10 by {(z*,y*, 2%, \F)}. For a given tolerance

€>0, we set p=1/¢, v = \/ 72 —}—M = O(e), alson, =n = L%) Note that our choices of p

and y guarantees that py > 1. Then there exist GF € OL(xF,y* N\¥), k =1,2,..., such that

min _||G*¥||? < €%,
k=1,..,K

K=0(2).

That is, Algorithm 10 generates an e-stationary point to Problem (5.2) in O(e~*) iterations.

provided that

PROOF. From Lemma 5.3.7, there exist G* € 0L(z*, y*, \F), k = 1,2,... such that

A
||Gk”2 < Retr;kl(xk—o—l)u (p || ||2 )sz —Zk_1”2+2’)/2L!2],

= |l
n? p*7?
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which, combining with (5.33) and n, = 1/L,, yields

4
HGkHQ < = (L‘p’v(mkak’ /\k) o Epﬁ(karl’zk’Jrl,)\kJrl))
Nk
2(p2|A|2 + 1 4 1
i ( (] 2”3‘*‘ )sz oz 2 (g _ 2) % _Zk+1||2> +272L521'
Py Mk Y

Now by taking «, p and 1y = n as described in the theorem, it is easy to verify that
%ﬁM@+n<4<p_1>
p*y? T \2 PP

Therefore, we have

4
HGkH2 < % (EM(xkz,Zk’ /\k) _ Epﬁ(xk+1jzk+17)\k+1)>

4 (p 1) ko k=12 4<P 1> k k+12> 2,2
+{—lz——= )" —= —— (=== —= +2v°Lz.
(nk (2 P2 | | m\2 p? | | g

Now by summing this inequality over k£ = 1,..., K and using Lemma 5.3.6, we get
1 & 4 2
R IGHE € (L (a2 ) = F L) + ! = 20 4 242 L,
k=1

Since we take v = O(e), p = % and n = L% = O(e), to ensure ming—;, g |G¥||? < €2, we need

K =0(%). O

5.4. Applications and Numerical Experiments

Problem (5.1) finds many applications in machine learning, statistics and signal processing. For
example, K-means clustering [Carson et al., 2017], sparse spectral clustering [Lu et al., 2018, Park
and Zhao, 2018], and orthogonal dictionary learning [Demanet and Hand, 2014, Qu et al., 2016,
Spielman et al., 2012, Sun et al., 2017a,b] are all of the form of (5.1). In this section, we present
two representative applications of (5.1) and then report the numerical results of our Algorithm 10
for solving them.

Example 1. Sparse Principal Component Analysis (PCA). Principal Component Anal-
ysis, proposed by Pearson [1901] and later developed by Hotelling [1933], is one of the most funda-
mental statistical tools in analyzing high-dimensional data. Sparse PCA seeks principal components

with very few nonzero components. For given data matrix A € R™*", the sparse PCA that seeks
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the leading p (p < min{m,n}) sparse loading vectors can be formulated as

min F(X) := —%Tr(XTATAX) + pl[ X1
(5.37) X

s.t. X € St(n,p),

where Tr(Y') denotes the trace of matrix Y, the £; norm is defined as || X[y = >_,; [X;j|, p >0 is a
weighting parameter. This is the original formulation of sparse PCA as proposed by Jolliffe et al.
[2003], where the model is called SCOTLASS and imposes sparsity and orthogonality to the loading
vectors simultaneously. When p = 0, (5.37) reduces to computing the leading p eigenvalues and the
corresponding eigenvectors of AT A. When g > 0, the ¢; norm || X||; can promote sparsity of the
loading vectors. There are many numerical algorithms for solving (5.37) when p = 1. In this case,
(5.37) is relatively easy to solve because X reduces to a vector and the constraint set reduces to a
sphere. However, there has been very limited literature for the case p > 1. Existing works, including
d’Aspremont et al. [2007], Journee et al. [2010], Ma [2013], Shen and Huang [2008], Zou et al. [2006],
do not impose orthogonal loading directions. As discussed in Journee et al. [2010], “Simultaneously
enforcing sparsity and orthogonality seems to be a hard (and perhaps questionable) task.” We
refer the interested reader to Zou and Xue [2018] for more details on existing algorithms for solving
sparse PCA.

Example 2. Orthogonal Dictionary Learning (ODL) and Dual principal component
pursuit (DPCP). In ODL, one is given a set of p (p > n) data points yi,...,y, € R" and
aims to find an orthonormal basis of R™ to represent them compactly. In other words, by letting
Y = [y1,...,yp] € R"™P, we want to find an orthogonal matrix X € R"*" and a sparse matrix
A € R™P such that Y = X A. Since X is orthogonal, we know that A = X Y. This naturally
leads to the following matrix version of ODL [Demanet and Hand, 2014, Qu et al., 2016, Spielman
et al., 2012, Sun et al., 2017a,b]:

min ¥ Xy

(5.38)
s.t. X € St(n,n).

Here, the ¢; norm is used to promote the sparsity of A = XY, and the constraint set St(n,n) is

known as the orthogonal group, which is a special case of the Stiefel manifold.
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Another representative application of (5.38) is robust subspace recovery (RSR) [Lerman and
Maunu, 2018b, Lerman et al., 2015, Maunu et al., 2019, 2022]. RSR aims to fit a linear subspace
to a dataset corrupted by outliers, which is a fundamental problem in machine learning and data
mining. RSR can be described as follows. Given a dataset Y = [X,O]I' € R™*P14P2)  where
X € R™ P! are inlier points spanning a d-dimensional subspace S of R" (d < p;1), O € R"*P2 are
outlier points without linear structure, and I' € R(P1+P2)xP1+r2) i5 an unknown permutation, the
goal is to recover the inlier space S, or equivalently, to cluster the points into inliers and outliers.
For a more comprehensive review of RSR, see the recent survey paper by Lerman and Maunu
[2018a]. The dual principal component pursuit (DPCP) is a recently proposed approach to RSR
that seeks to learn recursively a basis for the orthogonal complement S by solving (5.38) when X
reduces to a vector, i.e.,

(5.39) min f@ =Yz, st ||Z]|.=1,

The idea of DPCP is to first compute a normal vector Z to a hyperplane H that contains all inliers
X. As outliers are not orthogonal to Z and the number of outliers is known to be small, the normal
vector T can be found by solving (5.39). It is shown in Tsakiris and Vidal [2018], Zhu et al. [2018]
that under certain conditions, solving (5.39) indeed yields a vector that is orthogonal to S, given
that the number of outliers ps is at most on the order of O(p?). If d is known, then one can recover
S as the intersection of the p := n — d orthogonal hyperplanes that contain &X', which amounts to
solving the following matrix optimization problem:

(5.40) min YT X[; st. X' X =1, 4
XeRn*x(n—d)

Note that (5.37)-(5.40) are all in the form of (5.1).

5.4.1. Numerical Experiments on Sparse PCA. In this subsection, we conduct experi-
ments to test the performance of our Riemannian ADMM for solving sparse PCA (5.37), and com-
pare it with the performance of ManPG Chen et al. [2020] and Riemannian subgradient method

Ferreira and Oliveira [1998], Li et al. [2021]. To apply Riemannian ADMM, we first rewrite (5.37)
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as:

1
min — —Tr(XTATAX) + p||Y |

(5.41) Xy 2
st. X =Y, X € St(n,p).
Now we see that the nonsmooth function || - ||; and the manifold constraint are associated with dif-

ferent variables. Thus, the two difficult terms are separated. Using the Moreau envelope smoothing,
the smoothed problem of (5.41) is given by:

. 1 T T
min — iTr(X ATAX) +94(2)

(5.42)
st. X = Z, X € St(n,p),

where g,(Z) := miny {u||Y]1 + %HY — Z||%}. The augmented Lagrangian function of (5.42) is
given by
1
Ln(X,Z30) = = Ti(XTATAX) + 0,(2) + (A X = 2) + gHX — 7|2

Therefore, one iteration of our Riemannian ADMM 10 for solving (5.41) reduces to:
Xkl = Reter(—nkprojTXk St(n’p)(—ATAXk + AP 4 p(XF = ZF)))

1
Yk-l-l = Prox (i+pvy) ”Hl (Xk+1 —+ pAk)
(5.43) ’

ARR s — <1Y’“+1 + AR+ pX’““)
L4+p \7
Ak-l—l = Ak —|—,0(Xk+1 - Zk+1).
The ManPG [Chen et al., 2020] for solving (5.37) updates the iterates as follows:

1
VE= argmin (~ATAXH V)4 S VIR 4 ul AGEE £ V),
(544) VeT vk St(n,p) 2t

XFHL = Retryr (aVF),

where « and t are stepsizes. The authors of Chen et al. [2020] suggest to solve the V' subproblem

by using a semi-smooth Newton method. The Riemannian subgradient method (RSG) [Ferreira
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and Oliveira, 1998] for solving (5.37) updates the iterates as follows:
(5.45) XFH = Retr xu (—meprojr , seng)(—A AX" +pD")), with D* € ]| X" |,

We now describe the setup of our numerical experiment. The data matrix A € R™*"™ is
generated randomly whose entries follow the standard Gaussian distribution. We choose p from
{0.5,0.7,1}, n from {100,300,500}, and p from {50,100}. In our Riemannian ADMM, we set
v =10"8 p = 10? and ny = n = 1072, The code of ManPG is downloaded from the authors’
website of Chen et al. [2020] and default settings of the parameters are used. In RSG (5.45), we
set the stepsize n, = n = 1072 as a result of a simple grid search. For all three algorithms, we
terminate them when the change of the objective function in two consecutive iterations is smaller
than 10~%, which means

|F(XFY — F(XF)] <1078

for ManPG (5.44) and RSG (5.45), and
|[F(YH) — F(YF) <1078

for our RADMM (5.43), where F(X) := —3Tr(X T AT AX) + p|| X||;. Moreover, we also terminate
the three algorithms when the maximal iteration number, which is set 1000, is reached. For different
combinations of y, n and p, we report the objective value “obj” (F(XF) for ManPG and RSG, and
F(Y*) for RADMM), CPU time and the sparsity of the solution “Spa” in Table 5.1. Here the
“sparsity” is the percentage of the zero entries of the iterate (X* for ManPG and RSG, and Y* for
RADMM). Moreover, note that Y* in RADMM (5.43) is not on the Stiefel manifold, we thus report
the constraint violation “infeas”, which is defined as ||(Y*)"Yy — I, r, in Table 5.1 for RADMM.
From Table 5.1 we have the following observations: (i) both ManPG and RADMM generated very
sparse solutions, while RSG cannot generate sparse solutions; (ii) RSG is very slow. It cannot
decrease the objective value to the same level as ManPG and RADMM; (iii) RADMM is always
faster than ManPG, sometimes is about 10 to 20 times faster. (iv) In most cases, RADMM yields
iterates with better objective value than ManPG, and although Y* generated by RADMM is not

on the Stiefel manifold, the constraint violation is small — usually in the order of 1076 ~ 1078.
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Settings RSG ManPG RADMM

1 (n,p) obj CPU Spa obj CPU Spa obj CPU Spa infeas
(300,50) | 23.9783 0.5725 0 | 6.1015 1.6808 0.9964 | 6.0794 0.3550 0.9965 1.14e-6

05 (300,100) | 44.9207 1.4091 0 | 9.9683 16.9343 0.9966 | 9.4524 1.0113 0.9964 4.43e-6
“ (500,50) | 34.8607 1.1545 0 | 4.8868 1.7355 0.9977 | 4.7141 0.8379 0.9980 7.07e-8
(500,100) | 72.1180 2.2447 0 12.0830 15.4234 0.9980 | 11.7489 1.5738 0.9980 1.00e-7
(300,50) | 50.0266 0.5584 0 | 14.9053 1.7990 0.9965 | 14.9497 0.2860 0.9967 9.90e-8
0.7 (300,100) | 99.1306 1.4196 0 |29.0171 16.7438 0.9966 | 28.9101 0.8185 0.9967 1.40e-7
" (500,50) | 73.4292 1.1515 0 | 14.3927 1.9293 0.9978 | 14.2181 0.7760 0.9980 9.90e-8
(500,100) | 147.0228 2.2224 0 | 29.8765 16.9296 0.9980 | 29.6908 1.2075 0.9980 1.40e-7
(300,50) | 99.5018 0.5593 0 | 29.4374 2.2295 0.9967 | 29.6217 0.1879 0.9967 1.41le-7
10 (300,100) | 202.9473 1.4154 0 | 61.5334 16.0349 0.9965 | 61.0310 0.5699 0.9967 2.00e-7
’ (500,50) | 149.1125 1.1564 0 | 30.5119 1.8004 0.9980 | 30.4099 0.4336 0.9980 1.41e-7
(500,100) | 295.5895 2.2384 0 | 59.5210 18.3017 0.9980 | 59.5309 1.0377 0.9980 2.00e-7

TABLE 5.1. Comparison of RSG (5.45), ManPG (5.44), and RADMM (5.43) for
solving (5.37). The results are averaged for 10 repeated experiments with random
initializations.

To better illustrate the behavior of the three algorithms, we further draw some figures in Figure
5.1, to show how the objective function value decreases along with the CPU time. From Figure
5.1 we can clearly see that RGS quickly stops decreasing the objective value, while both ManPG
and RADMM can decrease the objective value to a much lower level. Moreover, RADMM is much
faster than ManPG.

We also compare our RADMM (5.43) with SOC [Lai and Osher, 2014] and MADMM [Kovnatsky
et al., 2016]. Before we present the numerical comparisons, we remind the reader that there is no
convergence guarantee for SOC and MADMM. The SOC (5.4) algorithm for solving problem (5.37)
actually solves the following equivalent problem:
min - %Tr(XTATAX) + pl[ X (|1

(5.46)
st. X =Y, Y € St(n,p).

The SOC iterates as follows.
1
Xk .= argmin —§Tr(XTATAX) +ul| X+ (AR X YR+ g||X —YF|I%
X

(5.47) YR = argmin (AF, X5 - V) 4 2 xEH v )2,
Y eSt(n,p) 2
Ak:-i-l — Ak +p(Xk+1 _ Yk-i-l).
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FIGURE 5.1. Comparison of the CPU time (in seconds) consumed among the
ManPG, RADMM and Riemannian gradient methods for solving (5.37) with p = 1.
Each figure is averaged for 10 repeated experiments with random initializations.

In our numerical experiment, we chose to solve the X-subproblem using the proximal gradient

method. The MADMM (5.5) solves (5.41), and iterates as follows:

1
X = argmin —~Tr(XTATAX) + (A%, X — Y5 + 2| x — v¥|2
XeSt(n,p) 2

(5.48) yhtl .= argglinu\|Y”1 + (AR XFFL vy 4 gHX’ngl -Y|%

Ak+1 — Ak +p(Xk+1 o Yk-i-l)'
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In our numerical experiment, we chose to solve the X-subproblem using a Riemannian gradient
method.

We test our RADMM with SOC and MADMM with the following parameters: for SOC we
set p = 50 and n = 1072, where 7 is the stepsize for the proximal gradient method for solving
the X-subproblem; for MADMM we set p = 100 and = 1072, where 7 is the stepsize for the
Riemannian gradient method for solving the X-subproblem; for RADMM we set p = 100, n = 1072
and v = 1078, The parameters are obtained via simple grid searches, also we randomly initialize
three algorithms at the same starting point. For all the three algorithms we record the function
value and sparsity for the sequence on the manifold, i.e. X* for MADMM and RADMM, and Y'*
for SOC. For each algorithm, we terminate after 100 iterations. We present the function value
change curve in Figure 5.2. We also report the objective function values of the outputs (denoted as
“obj”), the sparsity (the percentage of zero entries, denoted as “Spa”) and the constraint violation
(| X* —Y* || for all three algorithms, denoted as “infeas”) in Table 5.2. From the top row of Figure
5.2 we can see that SOC is more efficient in terms of the iteration number, but from the bottom
row of Figure 5.2 we see that RADMM is more efficient in terms of the CPU time. This is exactly

because all steps in our RADMM are very easy to compute, and so the per-iteration complexity is

very cheap.
Settings SOC MADMM RADMM
(n,p) obj Spa  infeas obj Spa  infeas obj Spa  infeas

(300,50) | 34.8851 0.7609 0.0060 | 29.2059 0.9967 0.0000 | 29.1197 0.9967 0.0000
(300, 100) | 66.6870 0.6018 0.0072 | 59.6483 0.9967 0.0000 | 59.8210 0.9967 0.0000
(500,50) | 32.7199 0.8819 0.0040 | 29.4007 0.9980 0.0000 | 29.5003 0.9742 0.0000
(500, 100) | 67.2337 0.7558 0.0082 | 59.7878 0.9977 0.0000 | 59.4491 0.9980 0.0000

TABLE 5.2. Comparison of SOC, MADMM and RADMM for solving (5.37) with
i = 1. The results are averaged for 10 repeated experiments with random initial-
izations.

5.4.2. Numerical Experiments on ODL and DPCP. In this section, we test Algorithm
10 on the DPCP problem (5.40), which can be equivalently written as:
min ||[W ||y
X W

(5.49)
st., W=YTX, X eSt(n,p).
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(a) n=300,p =50 (b) n =300,p = 100 (¢) n =500,p = 50 (d) n =500,p = 100

FIGURE 5.2. Comparison of SOC, MADMM and RADMM for solving (5.37) with
i = 1. The first row is the comparison of function value decrease w.r.t. number of
iterations, and the second row is w.r.t. CPU time consumed. Each figure is averaged
for 10 repeated experiments with random initializations.

Simple calculation shows that Algorithm 10 for the DPCP problem (5.40) iterates as follows.

XM o= Retrk (—mproir, symp) (VA + p¥ (VT X% — 21)))

1
Wk"‘rl = pI'OXlJrP’YH_”l(YTXkH—l + ;Ak)
P
(5.50)

Zk‘-i—l — ; lwk-‘rl +Ak +pyTXk+1
L/y+p \y

AFFL = AR 4 p(Y T X - ZFH),

We compare the RADMM with iteratively reweighted least squares (IRLS) Lerman and Maunu
[2018b], Tsakiris and Vidal [2018], projected subgradient method (PSGM) Zhu et al. [2018]! and

manifold proximal point algorithm (ManPPA) Chen et al. [2021a]. Note that the objective of the

1We remark that Maunu et al. [2019] proposed a similar Riemannian gradient descent algorithm for RSR by operating
on the subspace rather than its orthogonal complement.
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problem:

min F(X):=||YTX|
(5.51) X
st. X €St(n,p) = {X eRV?|XTX = [,}.

is separable column-wisely:
p
min Y [V iy
T1,e.0Tp 4
(552) =1

s.t. {x1,...,xp} is orthonormal set.

PSGM and ManPPA conduct the minimization column-wisely. Therefore, in our experiment, we
can only record the function value at the outputs of PSGM and ManPPA. Meanwhile the IRLS
algorithm that we implemented here is a variant of the original column-wise algorithm for solving
(5.40) Lerman and Maunu [2018b], Tsakiris and Vidal [2018,?]. IRLS iterates as follows: first we
find the initialization by X° := argmin y sy p) YT X||% and then the iterate is updated by

(5.53) XM argmin Y | X TY;|5/ max{d, [|(X*) "Y;]2}.
X€eSt(n,p)

We follow the same experiment setting as Chen et al. [2021a]. More specifically, we construct
the data to be Y = [SR, 0], S € R™*¢ with orthogonal column vectors, R € R¥>P1. O € RVN*P2 hoth
with random Gaussian entries. Here p; and ps are the numbers of inliers and outliers respectively
as described in Chen et al. [2020]. In our experiment we set p = 5, p; = 500 and py = 1167, with
different choice of n. For our RADMM algorithm we set p = 40, v = 4-107°, n = 2- 1074, For
other algorithms, we use their default parameter settings from Chen et al. [2021a], Tsakiris and
Vidal [2018], Zhu et al. [2018]. For all the algorithm, we terminate them if the difference between

two consecutive function values is smaller than 1079, i.e.
|F(X*) — F(XF)] < 107

We initialize IRLS and RADMM with the same initial point as in Zhu et al. [2018]. Note that
PSGM and ManPPA sequentially solves the column-wise problems, and therefore they do not need

the initial point to be on the Stiefel manifold. In Figure 5.3, we show how the objective function
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FIGURE 5.3. Function value Y " X*||; versus CPU time. In this experiment we set
n € {30,50}, p =5, p1 = 500 and py = 1167.

value changes along with the CPU time. We also record the CPU time and final objective function

value in Table 5.3. For RADMM, we also include the constraint violation (i.e. |[W* — YT X¥|x,

denoted as “infeas” in the table) in Table 5.3. It can be seen from Figure 5.3 and Table 5.3 that

RADMM outputs the other three algorithms in terms of the objective function value.

Settings PSGM IRLS ManPPA RADMM
(n,p) obj CPU obj CPU obj CPU obj CPU  infeas
(30,5) | 180.59 0.0131 | 177.66 0.0230 | 177.90 0.1164 | 173.28 0.3177 0.0003
(50,5) | 141.66 0.0215 | 142.61 0.0404 | 138.78 0.1820 | 136.62 0.3971 0.0007
(70,5) | 125.94 0.0429 | 118.97 0.0881 | 119.50 0.3532 | 116.39 0.4526 0.0074

TABLE 5.3. Summary of function value, CPU time (seconds) of proposed RADMM
Algorithm (5.50), comparing with PSGM Zhu et al. [2018], IRLS Lerman and Maunu
[2018b], Tsakiris and Vidal [2018] and ManPPA Chen et al. [2021a] algorithm. The
results are averaged for 10 repeated experiments with random generated data. In
this experiment we set p; = 500 and ps = 1167.

We also compare our RADMM (5.50) with SOC Lai and Osher [2014] and MADMM Kovnatsky

et al. [2016]. The SOC (5.4) algorithm for problem (5.40) actually solves the following equivalent

problem:

min ||V X
X, W

st., X =W, W € St(n,p),
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and it iterates as:

X = argmin ||V T X, + (AF, X — W) + gHX —wWk|%
X
(5.54) W= argmin (AR, XETL_ ) 4 2 xR |2,
WeSt(n,p) 2

AkJrl — Ak +p(Xk+1 _ WkJrl)‘

In our experiment, we chose to solve the X-subproblem by a subgradient method Beck [2017].
MADMM (5.5) solves (5.49), and updates the iterates as follows:
Xk = argmin (AR, YTX — W) + 2y Tx — wH|I2,
XeSt(n,p) 2

(5.55) W= argmin [ Wy + (AR Y TR - w) 4 Dy TXR - W
w
Ak+1 = Ak +p(YTXk+1 o Wk’-‘rl)

In our experiment, we chose to solve the X-subproblem by a Riemannian gradient descent method.

The parameters are set as follows. For SOC we set p = 50 and = 5 - 1075, where 7 is the
stepsize for the subgradient step; for MADMM we set p = 50 and 1 = 1075, where 7 is the stepsize
for the X update; for RADMM we set p = 50, = 1074 and v = 10™Y. Again, the parameters are
obtained via simple grid searches, also we randomly initialize three algorithms at the same starting
point. For all the three algorithms we record the function value for the sequence on the manifold,
ie. X* for MADMM and RADMM, and W* for SOC. We terminate the algorithms after 2000
iterations. We record the objective function values in Figure 5.4. We also report the objective
function values of the final output (denoted as “obj”) and the constraint violation (|| X* — W*|r
for SOC and ||[Y T X* — W¥||p for MADMM and RADMM, denoted as “infeas”) in Table 5.4. It
can be seen from Figure 5.4 and Table 5.4 that RADMM is more efficient in terms of CPU time,

despite small constraint violation.

5.5. Conclusions

In this chapter, we proposed a Riemannian ADMM for solving a class of Riemannian optimiza-

tion problem with nonsmooth objective function.

130



800

800

1070

10°
CPU time

1070

750

\
600

(a) (n,p) = (30,5)

CPU time

550 Lt
1070 10°
CPU time

(b) (n,p) = (50,5) (c) (n,p) = (70,5)
FIGURE 5.4. Comparison of SOC, MADMM and RADMM for solving (5.40). The
first row is the comparison of function value decrease w.r.t. number of iterations,

and the second row is w.r.t. CPU time consumed. Each figure is averaged for 10
repeated experiments with random initializations.

Settings SOC MADMM RADMM
(n,p) obj infeas obj infeas obj infeas
(30,5) | 860.9367 0.0000 | 860.8601 0.0019 | 860.8394 0.0021
(50,5) | 651.4294 0.0000 | 656.9796 0.0062 | 656.1095 0.0066
(70,5) | 551.2766 0.0000 | 564.4312 0.0137 | 563.8032 0.0097

TABLE 5.4. Comparison of SOC, MADMM and RADMM for solving (5.40). The
results are averaged for 10 repeated experiments with random initializations.

All steps of our Riemannian ADMM are easy to compute and implement, which gives the

potential to be applied to solving large-scale problems. Our method is based on a Moreau envelop

smoothing technique. How to design ADMM for solving (5.1) without smoothing remains an open

question for future work.
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