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COMPARISONS OF BCS NUCLEAR WAVE FUNCTIONS WITH EXACT SOLUTIONS
M. Rho and J. O. Rasmussen
Department of Chemistry and
lawrence Radiation Iaboratory
University of California

Berkeley, California

March 196k4

ABSTRACT..

The validity of the Bardeen-Cooper-Schrieffer variational method is
reexamined for two nuclear model casés, one resembling the system of deformed
nuclei and the other spherical nuclei. For simplicity, a constant-pairing-
force approximation is adopted. The projected BCS wave functions compare
badly with the exact wave functions at pairing force strength around the criti-
cal force strength, and only for sufficiently strong pairiné forces, does the
BCS method seem to approach the exact. For the spherical case, the average
value of the pair operator (g) is also calculated ovef avwide range of force
strength, and the general Behavior is found to be consistent with the results
obtained on the wave function components. Finally the errors in eigenvalues
are computed, and discussions are given as to the possible sources of the

deviations.
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I. INTRODUCTION
There has been a considerable smount of work devotedbto the examina-
~tion of the superconductivity theory of Bardeen, Cooper and Schrieffer (BCS),l
and of Bogoliu‘bov2 applied to nuclear structure:problems. The BCS variational
approach (or eqﬁivalently Bogoliubov lowest-order "compensation" method) seems
the best for larger pairing-force strength.and large number of particles. Tt
is.well‘known that the ordinary BCS wave functions fail to conserve the number
of particles. Attention has been given to the improved wave functions obtained
by taking only those components of the BCS wave function which conserve the
particle num.ber.3 There is generally a lowering in eigenvalue accompanying
the projection procedure.

We will be mainly concerned here with an examination of the errors’
remaining after projecting the proper particle number components from lowest
BCS soliutions of some simple systems. Comparison is made with exact solutions
over a wide range of pairing-force strength. We use only a simple constant
pairing-force Hamiltonian and do not consider higher-order corrections to BCS
solutions such as admixture of H-quasi—pafticle components.

First, we examine a half-filled system withvthe nucleoh pairs in six
equally spaced levels. Such a system has some similarity to those in deformed
nuclei. .

Second, we study in greater'detail the case of two orbitals with the
same pair degeneracy {, and with Q pairsof nucleons. In particular we
study the case of Q =5 (we call this a "symmetric case"). We shall also
examine an unsymmetric case ﬁheré Qu%Qﬂ. For example, Qu=3, Q£=h, with. four
pairs of nucleons.

These systems all have in common the feature that below a certain

critical pairing force strength there is no non-trivial BCS solution. That is,
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at low force strength the BCS approximation gives no configuration mixing .
whatsoever, obviously a serious defect. From simple perturbation theory it
ig clear that no matter how small the residual force is, there will always
be some configuration mixing. This.spurioue "threshold" behavior is not ex-
hibited by BCS solutions for systems where a partly-filled degenerate level'
lies at the Fermi surface. Thus the well-studied syStem.of é single, partly.

filled degenerate orbital does mot exhibit this "hreshold" behavior.u

IT. A REVIEW OF BCS SOLUTIONS
This section is intended to define the ﬁotations. Let us take the
convention of writing a complete set of quantum numbers by Greek letters,

and all except the magnetic quantum number by Roman letters, i.e., o =

(n. 23

m...), and a=(n 4 J_...). In this notation, the BCS reduced
a a‘a a Ha “a ‘a

Hamiltonian is given by (for constant force strength)
+ G§'++ ' .
H =§::e a_ a._ - _ a a _a_ & (1)
redaozozozﬂaﬁa-oz-sa
where the fermion operator a, satisfies the usual anticommutation rule.
Using the trial wave function
- + _+ .
¥ =1 (ga v, &, a;a) !O} . (2)
a variational calculation yields equations for determining the parameters

u and Vv

G 1 o
E'ZE: [(e - x)2++a?]l/é T ,(3)

04 x

A=G Za Uy ' (4)
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vg e~ A
g =% 1 F — a2~2"~ (5)
u, [(e.~ M)+ A%
with
N=Z.n =ez v2=z 1 - o (6)
a * a >0 * a> 0 [(ed- }\)2+A2]l/2

In spherical representation, the summation index & .is replaced by a Roman
index, while multiplying the summand by Qa = ja+- % . All the subscripts
should then be in Roman letters.

The non-linear equation (3) with Egs. (4), (5) and (6) can be solved
analytically only for exceptional cases (an example is given later); however
the solutions can be easily obtained by an electronic computer for more gen-

eral cases.
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III. UNIFORM SPACING (6-LEVEL) CASE
We consider here a system with three pairs of nucleons in six doubly
_degenerate levels; this is a case rather'simiiar to those in deformed nuclei.
The BCS eQuations then yield six independent parameters _xj's. The exact
solution, which amounts to,diagonalizing the reduced Hamiltonian (1) exactly,

has twenty components. The wave function . .then has the. form

.

+
v o= E: Copry Abﬂyjp> (7
0By : =

with 4&57"' —aa aa aa

If we. label the levelé as 1, 2,..., 6 in increasing order,'then 0123 is the
" lowest. amplitude, Cleu-the amplitude with one pair exeited and so on.

In order to compare the amplitude. (7) with the BéS wave function (2),
we need to project the. appropriate component.from the BCS wave function. Thé
remaining parts in the BCS wave function are spurious, but-necéssary to make
the wave function‘easy'to.handle.' Defining a projection operator by

Puve) ¥, = ( 1T uk) VL,V AF .|.0> | - (8)

A 74 HyV,€ hve

we have

(Ola ) PUAR[Y0) - yvpusvugug g, (9)
(O{AlQBP(lQB)lYO) VyVpValyUsly VoW,
a0k

‘which may be.compared with g of the exact solution.

123
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In Figs. 1 through 3 aré given. the ratios of amplitudes for both the
BCS and exact solutions. - We have taken six equally spaced levels each separ-
ated by 100 keV. Figure 1 shows the comparison for two of the nine amplitudes
that. involve a single pair promotion from the lowesf.levels 1, 2, 3 across the
Fermi energy to 4, 5 or 6. The limiting slope.in the weak-force limit is
unity, corresponding to the first power dependence on G from first-order
perturbation theory. For the-ratio-Clgu/ClQB.th§ BCS value crosses the exact
-Tor a force strength just above critical. For the other ratio plotted, the
BCS ratio only very slightly ever exceeds the exact. The second order am-
plitudes plotted in Fig. 2 do not.cross until about three times critical
force strength, while for the third order amplitude of Fig. 3 the BCS always
lies below. the exact.

In Fig. 4 are plotted the errors. in eigenvalues of ordinary and pro-
Jected BCS solutions of the system. in question, as deduced by comparison with
exact solutions of the 20 X 20 matrix. Notice that the cﬁrves are super-
imposed up to the critical force strength and thereafter the projected solu=.
tion shows much less error. The maximum error for the projected solution
comes at a force less thah twice critical strength, and this error is about
17 keV, or one.sixth the single-particle level spacing of 100 keV._ The

ordinary BCS eigenvalue may show an error of as much as half the single parti-

cle level spacing.
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IV, SYMMETRIC TWO-DEGENERATE-LEVEL CASE

In this section, we examine the case of {Q pairs of nucleons.in two
levels of pair degeneracy (, separated by an energy difference of €. 1In
this case, the BCS equation can be solved analytically, and interesting fea-
tures emerge from the compafison of the BCS and exact solutions. In order to
be more general, a parallel calculation with two-;evels of different degener-
aéy‘_(ﬂz = h,'QH= 3, N = 8) is also performed. In the latér case no such
simple analytical BCS solution is available and hence the. solutions are ob-
tained by iterative numerical solution of the Belymev equations.

What we will examine here are the followiqg: first we calculate (g)

for the upper level and compare.the BCS and exact wgve functions, second we

compare the ratios of amplitudes in a manner analogous to Sec. III, and lastly

make a. comparison of ground state energy.

A, Quasi-Spin Method

TFor the system with large magnetic degeneracy, the Hamiltonian (1)
can be easily diagonalized by the spin-wave method introduced by Anderson,
and later applied to nuclear problem by Kerman- et '§£.7 Let us use this
method to calculate explicitly the Hamiltonian matrix of the systeﬁ.

Following Kerman et al.,we introduce the quasi-spin operators

L=y 8@ = ) ek

a ' a:>0 (10)
4= s.a) = ) g,

a a> 0

.
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where Q(a) = ja + 1/2, and & >0 restricts the summation over only posi-
tive magnetic quantum numbers ( j{: = ) while «a goes over both
a >0 a,m_ >0
a

positive and negative values. In the operators of (10), we have for (1)

H. g = 2 }Zj €aSz(a)+ j{: eaQ(a) -G /[+ ,K . (11)

a
In the strong-coupling limit»(% 55 1, wheré € is an average level spacing)
B m;G . | (12)
red 4 -
and in the weak-coupling limit, only the kinetic energy term remains

red

H . w ez e (s, (a)sa(a)/2) . (13)

a

Thus one could take a state that is diagonal in either Hyed'or HSed for a
zero-order wave function. - Let us introduce the quantum numbers 0,0, as
follows: since the operators defined in (10) obey the usual angular momentum

commutation rules,

2
A 10102"’3 00,) = o(a+l)y0102...; 00, (1L)

72;lclq2...; 00,) = 00}0102-..; 90 ,)
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-and
2 : 1 2. a ,
S (a)lol o 901 v oaco,...) = |cl 07 00 s 0,00 cee)
(15)
2 -1 2. a : . 1 a
S (a)lolco,'ceco, veey 000, +es) = oa(ca+l)}cloo, Geéé’ ey 000, ...?

Here o is the total quasi-spin gquantum number, o, the projection of o on z

0
axis, ql the quasi—spin quantum number of state labelled by l,‘and sq'on.
The representafion giveﬁ in (14) is a "coupled representation" (equivalént
to "J-representation"” in shell model notation); that in 415) is a_"m;repre-
sentation."8 .For our purpose, it is more convenient to choose the m-repre~

" sentation and assign the quantum numbers as following: suppose we have s

.configuration given by

[a- b “c . (16)
Then
O = maxl QK|/2
og = (n, - 2,.)/2 (17)
o = E: Q. /e
K
o = Z (n -0 )/e
pE

which yields for (16) wave function of the form
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lo 6®, 0.0%, ...) .
1%°% 7 %%’

The seniority guantum number is related to the quantity given above by

Thus the ground state of even-particle system is given by

ey

g = a 4

a 2
o,
which implies that we have to construct the wave functions with ca =5
' Qa a .
| =, - 5—-), and hence a. state with

Thus an empty shell is denoted by >

P pairs in a may be generated by
Q Q Q ' AN
P& __&a, _ L (g - . 1/e|la a0
(s,(a)) l 5 y = |ptu(e,-1)...(a, p+1)) 12 y -5+ B) . (28)

Now a matrix element of the Hamiltonian given by Eq. (11) can be easily

written down. Let us specialize in two-level case; we get

Q..
0 00 iy - 1
(01975 0% [, qlo10y 505050 = 2le (03 )
Q .
o 2.8 85,8000 500,
ep(0y + 57)1 Toy0] 0,05 Tojoy " Tonopt

_(}Eﬁ C(01020 ; cl 5 O) C(c 50 ol 02 oo) (o(o+1) - Go(gof;)) . (19)

Furthermore one can easily check that (&ince cg + dg = 02' + 02')
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o 0 0, 0,
(clcl, 9,05 !Hredﬁglol' » 005" £0 (20)
only if vog - cg' =0, £71
cg - og* =0, +1 .,

This is, of course, physically rather obvious, since one knows thaﬁ the two
states (in the bra and ket) could differ by at most two particles.

= ¢ in the "symmetric"

If we put Qa = Qb =5, N = 10; €7 €

example we get a matrix of the form

-5G -5G 0 0 0 o
-5G 2e-13G -8 0 0 0
H.og = 0 -8G he-17G -9G 0 o |[(21)
0 0 -9G 6e-17G -8G 0
0 0 0 -8¢ 8c-13G -5G
o 0 0 0 -5G 10€-5G

For a slightly "non-symmetric" case with Q. = b, Qy = 3, N = 8, we have

Te -2/3G ' 0 0
B -243G 2¢-9G 26 0
H . = ‘
red . v . (22)
0 -2\6G he-10G -%3/2G
0 0 -3\2G 6e~TG
L i

Let us consider the behavior at. large and small G of the lowest
state eigenfunction of Eq. (11). For small G (i.e., 'g<<< 1), we get by

first order perturbation theory



&
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N 2
u G Q Q Q 0 a a0 .0
(=2 = 12 {Z ¢z 39553-50¢z 5°55-1,
g

) . 5
-§+1o)c(c+1)ﬂ = = ¢ (a) (23)

. Ll_\':

. €
for the case of Qz = Qu =Q, €L g < € , the subscripts £, and u de-

noting lower and upper levels respectively. For Q =5, € (0=5) = 25, and

hence the slope of (23) as a function of G goes as 22% (for the non-
2¢ C

: 6
symmetric example, it goes,as~—g-). The ratio of amplitude 66 (whgre the
€
subscript denotes the number of pairs excited) behaves like gg for low G

values.
In the strong-pairing-force limit ( g >> 1), the "J-scheme" diago-

nalizes the matrix and hence we have

N | ' |
()7 Z [C(;—2 %Q; 020(2) 0)1? (o’-g-.;--;in)

. -39 (24)
0o B
172

As we shall see later, this high-G limit. coincides with the BCS method.

B. The BCS Solutions

In the case where Q£ = Qu =  and the number of particles makes the
system half filled, the chemical potential A - lies exactly half way between
upper and lower levels. If we measure the single-particle energy from A = O,

obviously =-e, =€ =

4 4 % . Therefore the solutions of the set of BCS equations

are readily obtained.
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2 _4° - £
wy = vy = ugvy = (1= 5e )/2{

2 2 _ _ _E_ '
u, = vy =, = (e g )/
- v v
o 2
A = (6)° - %— . , (25)

From Eq. (25), we see that in order for A to be real, the condition should

hold
G> =— (26)
- 20 .
Thus the BCS solution breaks down. for pairing force smaller than %5 .

Tt is instructive to notice that the "critical® pairing force strength given

€
T en Q Q

small for the validity of BCS solutions is in fact related to the size of Gc'

by Gc = =— 1is proportional to £ ;3 thus the requirement that 3 should be

Using Eq. (25), we obtain

N )
(E-E.)=Qvi=%[l"§§5] : (27)

Thus the behavior of the BCS solution at small pairing-force strength is

drastically different from the exact solution. One can see that the BCS
N

value of (§E> falls much faster than the exact value for small G.

Q
'é')

and the BCS and exact solutions approach each other at largé force strength

N
As was mentioned before, as G Dbecomes large, (53) approaches

G.

For the purpose of comparing the amplitudes, a slightly different
representation of the BCS wave function is needed. The BCS wave function,
" Eq. (2), has to be rewritten in the quasi-spin operators introduced in Eq;

(10), since the exact wave function is expanded in the basis vectors of the

type
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Q Q
%) = 122, - 2+ ) = oo (0-1).. 2, - p v 12 (s ()P 0)  (28)
where ‘Qa Qa
10a> = l 5 -5

denotes an empty a~orbital, and p denotes the number of pairs in the a-shell.
A rather straightforward manipulation of Eq. (2) easily gives

Q
. QK K N
¥ - I u, [ E: B
A= 0O

ey CHON LR

K

VPA

K=a,Dyee.

In the representation of Eq. (28),

QK 0
Y. = II U.K I:lK > +
A=1

1+

Vowi (E)K(QK) | K2 >]
olw ) WA/ | (30)

ni
1

where we have used the usual binomial-coefficient notation (2) = oy T o

Now we designate the amplitude of the lowest zero-order configuration by CO,

the next by C and so on. In the absence of interaction, the lowest con-

l)

. . il . . p.0 O : . .
figuration with p pairs is then Ia b ¢ ,..), where a is the lowest jJ-
shell, the next }ap-gbeco...) a state with a pair excited from a to b,

From Eq. (30), we have (for the case of p = Qa)

CO =v 2 I u «
& k= b,c,
2,1 2,71 %
Cl - QaQb ua Va % "o I Yk ' (31)
. kK = c,d,

etc.
If we specialize with the symmetric two-level case, the result becomes simple.

Letting 9 =@ =0 , and P_+ P =0 (Pa + P, is the total number of pairs).

b
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Co = ca*) - <Va %)

C, = cl -2 b2] =9 u &Z-l -1 > ‘>
¢, = Cl -k by %@ (Q-lj we 8 u%;?_vbQ , "
é E'C[a2n;2p bgp] = (Q) uP vQ-p u%-p VP ) . . (3?)

where p is number of pairs promoted from .a to b. The ratio of a higher

order amplitude to the lowest order one is then giveh by

b

C u v, . : ' : |
2 _ @y [2ab o
CO - (p) va ub : (33)

Substituting Eqs. (25) into Eq. (33), we finally have

c p
p _ Qy |26a-¢ -
Cq - (p) [2GQ+€ J : (54)

Thus for very large pairing-force strength, the fatio apprdaches Just (Q),
’ b

the number of ways of distributing p pairs in Q places.

C. .Numérical Solutions
Here we make a detailed comparison of the BCS and exact solutions for
the symmetric (and the unsymmetric) example, computed over a range of pairing-

force strength. The separation between the a and b levels is taken to be g
N

1 MeV. In Figs. 5 and 6 are given the <(§2)‘ values vs. G for the

symmetric and unsymmetric cases réspectively. Noticé :that both cases exhibit -
a similar appearance. We shall now look more closely at the symmetric case.
In this case, the critical pairing-force strength Gc = 0.1 MeV. Thé average

. N
number of pairs in the upper level <§E> coincides for BCS and exact solution
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at a force just above critical, and thereafter the BCS solution remains above
the exact solution. At larger G .the two methods approach asymptotically.
The exact wave funtion here has six components and we now wish to compare
BCS and exact splhtions with respect to all components. In Figs. 7 through
9, are plotted the ratios of amplitudes for the symmetric, degenérate case
analogous to Figs. 1 through 3. It is to be noted that there always occurs
a cross-over of the two ratios, and also that the largest error is made in the
amplitude for promotion of a single pair, the error_being smaller in the
higher order compqnents. The cross-over points do not all occur at exacfly
the same force strength, but there is actually a region of maximum accuracy
of the projected BCS wave function Jjust above threshold.

6ne other point. to be noted is the existence of inflection points in
the ratios of amplitudes in the exact solution. In the absence of an analyt-
ical solution for the exact case the precise force strength G where the
inflection point occurs is not sharply determined; however,. it appears to
occur very close to Gc’ that is, Just where the configuration mixing
ceagses to be present in the BCS method. The configuration mixing in the
exact solution drops rapidly at GC; however, whereas the BCS solution goes
down all the way to zero, there always remains configurétion mixing of the
pair-promotion type in the more correct solution. Thus the breakdown of the
BCS method at GC is probably gn.exaggerated manifestation of such a change
of configuration mixing. The sharp transition between superfluid and normal
states of nuclear matter is clearly an artificial feature of the BCS approxi- -
mation, for the size of our system is comparable to those in real nuclei.

The errors.in energy are plotted in Fig. 10. The general trend is
similar to Fig. 4 for the non-degenerate example with one anomaly in Fig. 10.

As was seen before, the amplitudes of the wave functions from the two methods
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cross over in a narrow range of pairing~stféngth._ As Fig. 10 shows, the G
value where the first order émplitudes cross is abqut the séme G 'Qalue a£
which the error plot from the projected so;utibn shows a stfange dip; The
projected solution has thé makimum errqrvvery near the critical_ﬁairing- 
strength, a somewhat different featﬁre from the non-degenerate case..

It is important to keep in mind two distinct tyﬁes of errOr-associated
with BCS energies. The first arises from the presence of wave funcfion com-

ponents with spurious numbers of particles, and projeéting out the spurious 

components from a BCS solution, we see, results in a considerable decrease.in

error above critical force strength. The remaining error is associated with
the spurious phenomenon of the sharp superfluid-normal phase transition. . The
projected BCS solution simply has fewer variational parameters than the de-~

grees of freedom in the system. Further marked improvements without an in-

crease in the number of variational parameters have been achieved by Dietrich, -

3

Mang, and Pradal” through performing the variation with the fixed-particle

Hamiltonian expression, rather than first wolving the.BCS equations. Also

9

Bang, Mihailov, and Soloviev’ have achieved improved solutions by inserting

a renormalized Geff (increasing over G more as G decreases in magnitude)
into the BCS equations. Both these methods give non-trivial solutions, no
matter how weak the pairing-force strength. Such new methods appear to be

of great importance in pairing-force calculations where small or zero A~

- values would appear in the ordinary BCS solutions.
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Fig. 3. The ratio of amplitude (3rd order) Cj 6/0123 in the six-level,
three-pair non-degenerate model with €=100 KeV.
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Fig. L. Error in eigenvalues for the ordinary and projected BCS
solutions of the six-level, three-pair model as deduced by comparison
with exact solutions of 20 X 20 matrix.
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Flg. 5. Average number of pairs in the upper level (—) where
o= £_9/2 N=10, e=1 MeV.
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Fig. 6. Average number of pairs in the upper level (271'-1-), where
3 =5/2, 3,;=1/2, N=B, e=1 MeV.
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Qu=91=5’ N=10, e=1 MeV.
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Fig. 8. The ratio of amplitude C2/Co in the symmetric case with
Qu=91=5’ N=10, e=1 MeV.
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Fig. 9. The ratio of amplitude C3/CO in the symmetric case with
Qu=Q£=5, N=10, e=1 MeV.
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Fig. 10. Brror in eigenvalues for the ordinary and projected BCS
solutions of the symmetric case as deduced by comparison with
exact solutions.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission” includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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