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A DATA ENVELOPMENT ANALYSIS APPROACH FOR ASSESSING
FAIRNESS IN RESOURCE ALLOCATION: APPLICATION TO KIDNEY
EXCHANGE PROGRAMS

BY ALI KAAZEMPUR-MOFRAD®® AND XIAOWU DATP

1Department of Statistics and Data Science, University of California, Los Angeles, *amofrad @ucla.edu, daix@ucla.edu

Kidney exchange programs have substantially increased transplantation
rates but also raise critical concerns about fairness in organ allocation. We
propose a novel framework leveraging Data Envelopment Analysis (DEA) to
evaluate multiple dimensions of fairness—Priority, Access, and Outcome—
within a unified model. This approach captures complexities often missed
in single-metric analyses. Using data from the United Network for Organ
Sharing, we separately quantify fairness across these dimensions: Priority
Fairness through waitlist durations, Access Fairness via the Living Kidney
Donor Profile Index (LKDPI) scores, and Outcome Fairness based on graft
lifespan. We then apply our conditional DEA model with covariate adjust-
ment to demonstrate significant disparities in kidney allocation efficiency
across ethnic groups. To quantify uncertainty, we employ conformal predic-
tion within a novel reference frontier mapping (RFM) framework, yielding
group-conditional prediction intervals with finite-sample coverage guaran-
tees. Our findings show notable differences in efficiency distributions be-
tween ethnic groups. Our study provides a rigorous framework for evaluating
fairness in complex resource allocation systems with resource scarcity and
mutual compatibility constraints.

1. Introduction. Chronic kidney disease (CKD) represents a significant and growing
public health challenge in the United States and globally. According to the Centers for Dis-
ease Control and Prevention (2023), CKD affects approximately 14% of U.S. adults, or 35.5
million people. This prevalence has been steadily increasing over the past decades, driven by
rising rates of diabetes, hypertension, and an aging population (Coresh et al. (2007)). Of par-
ticular concern is the subset of CKD patients who progress to end-stage renal disease (ESRD),
a life-threatening condition where the kidneys have lost over 85% of their function. In 2020,
over 805,000 Americans were living with ESRD, with 130,719 new cases diagnosed that year
(United States Renal Data System (2024)). For these patients, kidney transplantation offers
the best outcomes in terms of quality of life, long-term survival, and cost-effectiveness com-
pared to dialysis (Wolfe et al. (1999), Axelrod et al. (2018)). However, the stark reality is that
the demand for donor kidneys far exceeds the available supply. For example, in 2020, while
23,642 kidney transplants were performed in the U.S., nearly 100,000 patients remained on
the waiting list (Lentine et al. (2022)). This critical shortage has spurred innovations in trans-
plantation strategies, with kidney exchange programs emerging as a particularly promising
solution. These programs, first proposed by Rapaport (1986) and later formalized by Roth,
Soénmez and Unver (2004), allow patients with willing but incompatible living donors to
exchange donors with other incompatible pairs. Kidney paired donation (KPD) programs
have significantly increased the number of living donor transplants performed annually in
the United States (Massie et al. (2013)), offering new hope to patients who might otherwise
face prolonged waiting times or potential ineligibility for transplantation. These programs
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have been particularly beneficial for hard-to-match patients, including those with high panel
reactive antibody levels or blood type O recipients (Gentry, Montgomery and Segev (2011)).
Moreover, recent advancements, such as global kidney exchange (Rees et al. (2017)) and the
incorporation of compatible pairs (Gentry et al. (2007)), have further enhanced the potential
of these programs, thereby expanding the pool of potential donors and recipients.

While kidney exchange programs have undoubtedly improved overall transplantation
rates, they raise pressing questions about fairness in organ allocation. These programs, typi-
cally designed to maximize the total number of transplants, may inadvertently disadvantage
certain subgroups of the population (Agarwal et al. (2019)). Examining fairness in such sys-
tems poses significant challenges, particularly when multiple, potentially conflicting criteria
must be considered simultaneously. Throughout this paper we focus on group fairness, which
aims for parity across demographic groups (Hardt, Price and Srebro (2016)). This concept is
particularly relevant in kidney allocation, where disparities in access and outcomes among
different ethnic groups have been well documented. For instance, Malek et al. (2011) found
that only 57% of Asian patients received a transplant within five years compared to nearly
70% of White patients, while Fan et al. (2010) found that Asian patients experience the high-
est graft survival rates among all ethnic groups. Such conflicting outcomes across different
metrics underscore the need for a comprehensive framework to evaluate and enhance fairness
in kidney allocation systems.

We propose a general framework for evaluating fairness in KPD allocation using con-
ditional Data Envelopment Analysis (DEA). Originally developed by Charnes, Cooper and
Rhodes (1978) for measuring the relative efficiency of decision-making units, DEA offers a
flexible approach for evaluating multiple inputs and outputs without requiring a priori spec-
ification of their relative importance. Our framework employs a hyperbolic graph efficiency
DEA model (Fire, Grosskopf and Lovell (2013)) extended to account for exogenous covari-
ates via conditional frontiers (Badin, Daraio and Simar (2012)). Prior to applying this condi-
tional DEA framework, we conduct individual analyses of three key fairness components—
Priority, Access, and Outcome Fairness—using specialized models to show complex and
sometimes conflicting patterns of disparity across ethnic groups. For Priority Fairness, we
employ mediation analysis, aligned with the work of Imai, Keele and Yamamoto (2010), to
disentangle the direct and indirect effects of patient characteristics on waiting times. Access
Fairness is evaluated through counterfactual analysis of LKDPI score disparities (Kusner
et al. (2017)). Outcome Fairness evaluates graft survival through competing risks analysis
(Pinto-Ramirez et al. (2022)) to examine graft rejection risks in the presence of other com-
peting causes of graft failure. Our analysis shows that while Asian patients face longer wait-
list times, they demonstrate better graft survival outcomes. Conversely, White patients enjoy
shorter waitlist durations but face higher risks of graft failure due to rejection. Black patients,
while experiencing moderate waitlist times, face the highest risk of graft rejection. These
conflicting results highlight the challenge of achieving fairness across all criteria simultane-
ously in kidney allocation. Our conditional DEA approach addresses these complexities by
minimizing unfavorable inputs (e.g., long waiting times) while maximizing desirable outputs
(e.g., graft survival outcomes). The resulting hyperbolic efficiency measure provides a single
score that captures how well KPD allocations serve each patient or subgroup, considering
multiple fairness criteria simultaneously.

To quantify uncertainty around these efficiency scores, we integrate conformal predic-
tion techniques proposed by Gibbs, Cherian and Candes (2025) within the conditional DEA
framework, using our proposed reference frontier mapping (RFM) procedure to decouple
frontier estimation from evaluation. This procedure generates group-conditional prediction
intervals for efficiency scores with finite-sample coverage guarantees, ensuring equitable
uncertainty quantification across ethnic groups. Our approach provides a new method for
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evaluating fairness in kidney allocation and offers several key contributions to the field. By
mapping efficiency scores across demographic groups and comparing their distributions, we
identify potential disparities and areas for improvement in the allocation system, which may
not be apparent when considering individual fairness criteria in isolation. The comprehensive
efficiency score provides an interpretable, unified measure of overall system fairness for each
patient or subgroup, and integrating uncertainty quantification enhances the reliability of our
findings.

Our fairness framework for kidney allocation expands on existing methods, which often
rely on single metrics, such as mechanism design models (Ogryczak et al. (2014), Chorppath
and Alpcan (2011)), multicriteria decision analysis with predetermined weights (Moreno-
Calderoén, Tong and Thokala (2020), Thokala et al. (2016)), or specific survival comparisons
(Cohen et al. (2016), Tonelli et al. (2011)). The proposed framework provides a unified ef-
ficiency measure that integrates multiple fairness criteria without requiring fixed weights or
distributional assumptions. This approach can be applied more broadly to other resource allo-
cation systems facing scarcity and compatibility constraints, such as healthcare (Chilingerian
(1995), Ozcan et al. (2008)) and education (Shero et al. (2022)), where fairness is critical.

The remainder of this paper is structured as follows. Section 2 introduces the methods,
including the conditional DEA model and RFM-based uncertainty quantification. Section 3
details the data preparation process and the individual fairness analyses. Section 4 presents
the results of applying our conditional DEA framework to our data, along with statistical
testing and inference. Section 5 concludes the paper with potential future research.

2. Methodology.

2.1. Fairness criteria in kidney allocation. Evaluating fairness in kidney allocation sys-
tems requires multiple criteria to capture the complexities of the transplantation process (Per-
sad, Wertheimer and Emanuel (2009)). Our analysis focuses on three key criteria: Priority
Fairness, Access Fairness, and Outcome Fairness, with each targeting a critical aspect of the
allocation system.

Priority fairness. Priority Fairness reflects fairness in waitlist duration across different
ethnic groups, focusing on how fairly patients are prioritized for transplantation. In our
model, let X; denote the waitlist duration (in days) for patient i. The goal is to evaluate
disparities in X across demographic groups, with shorter durations indicating higher pri-
ority. Studies by Wolfe et al. (1999) and Gill et al. (2004) emphasize the crucial impact of
waitlist duration on fair and timely access to transplantation. We conduct a mediation analysis
in Section 3.3 to examine the direct effect of ethnicity on X; while accounting for mediators,
such as recipient blood type and dialysis status.

Access fairness. Access Fairness considers the distribution of kidney quality, as indicated
by the Living Kidney Donor Profile Index (LKDPI). The LKDPI score is a numerical mea-
sure that combines both donor and recipient characteristics to summarize the relative risk
associated with a living donor transplant (Massie et al. (2016)). The LKDPI can theoretically
take values below 0 (indicating lower risk than any deceased donor kidney) or above 100 (in-
dicating higher risk than any deceased donor kidney). In our model, let X»; denote the LKDPI
score for the kidney allocated to patient i. By studying X, across ethnic groups, this criterion
suggests whether there are disparities in the quality of organs distributed. In Section 3.3 we
conduct a counterfactual analysis to estimate how X»; might change if the ethnic identity of
recipients were altered, thereby isolating the effect of ethnicity on organ quality allocation.
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Outcome fairness. Outcome Fairness evaluates the long-term success of kidney trans-
plants by examining graft lifespan across different ethnic groups. Graft lifespan refers to the
duration from transplantation to graft failure, which occurs when the transplanted kidney
ceases to function (Wolfe et al. (2008)). In our model, let Yy; denote the graft lifespan (in
days) for patient i. This criterion is critical for determining whether the allocation system
results in fair long-term outcomes. It has been shown that graft lifespan is a key indicator
of transplant success and patient quality of life (Hariharan, Israni and Danovitch (2021)). In
Section 3.3 we conduct a competing risks analysis to model graft failure and rejection risks,
allowing us to identify disparities in graft lifespan across different ethnic groups.

2.2. Data envelopment analysis framework. Our study employs data envelopment anal-
ysis (DEA) to evaluate kidney allocation fairness across multiple criteria. This approach,
originally developed by Charnes, Cooper and Rhodes (1978), allows for a comprehensive
analysis of efficiency in converting multiple inputs into outputs. In our context, we aim to
simultaneously minimize certain criteria, such as waitlist duration and LKDPI score, while
maximizing others, such as graft lifespan. This objective motivates our use of the hyperbolic
graph efficiency measure in our DEA framework, an extension proposed by Fire, Grosskopf
and Lovell (2013), where we treat the criteria to be minimized as inputs and those to be
maximized as outputs.

Let {(X;,Y;)}!_, represent the set of input-output pairs for n patients, where X; =
(X135 ... Xpi) € Ri denotes the p inputs and Y; = (y1;, ..., y4i) € Ri denotes the g outputs
for patient i = 1, ..., n. In our kidney allocation analysis, we consider two key pretransplant
factors as inputs, waitlist duration, and LKDPI score, represented by X; = (x1;, x3;) with
p = 2. The single output ¥; = y;; with ¢ = 1 denotes graft lifespan. This structure enables
the evaluation of how efficiently the kidney allocation system converts these pretransplant
factors into prolonged graft survival.

Central to the DEA framework is the production possibility set

n n n
T={X.V)eR xRLX =D 24X, Y <> ;Y)Y Aj=1,4;>0
j=1 j=1 j=1
which represents the convex hull of all observed transplants. To account for and control struc-
tural differences in patient background characteristics, we extend the classical DEA frame-
work using the conditional efficiency formulation of Bédin, Daraio and Simar (2012). Let
Z; € R" be a vector of exogenous covariates for i, such as education level, UNOS region,
and citizenship status. To incorporate these covariates into the DEA framework, we define
the covariate-conditional production set for each patient i as

() Tz = {(X, V)eRIXRLIX > AX;, Y < DAY, D Aj=1, 4 zo},
JELi JELi JeLi

where K, (Z;, Z;) is a smoothing kernel that measures similarity between the covariates of

patients j andi and Z; ={j € {1,...,n}: K;(Z;, Z;) > 0}. The kernel is constructed as

_ 2 I Zqont_zlg:om H2
@ Kn(Zj. 2) = TheellZp = Zio + (1 = IZju = Za)e™ ) -exp( 570 ),

where C is the index set of categorical variables and Z°°™ denotes the continuous subset of Z.
The bandwidth parameter & controls the degree of localization in the conditional efficiency
estimation and is selected as & = n~!/"*4  which represents an optimal bandwidth choice
that achieves the best convergence rates for conditional DEA estimators (Bidin, Daraio and
Simar (2012)). This construction softly localizes the frontier to account for environmental
constraints, enabling a fairer comparison across patients with differing backgrounds.
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FI1G. 1. Illustration of the conditional DEA framework for a single focal patient. Each panel plots one input
(waitlist duration or LKDPI) against the output (graft lifespan). Small points represent all observations in the
sample, and the focal patient is marked with a diamond. Filled circular points indicate the focal patient’s local
reference set, consisting of patients with similar covariate profiles Z. The solid curve represents the covariate-
conditional efficiency frontier estimated from this local reference set; points marked along this curve correspond
to observations lying on the frontier. The dashed curve shows the hyperbolic trajectory along which the focal pa-
tient’s input—output pair is scaled by 0 until it intersects the frontier at the conditional efficiency target 6;(Z;) = 1.

The efficiency of a KPD transplant is quantified by the conditional hyperbolic efficiency
score

3) 6;(Z;) =min{0 > 0|(0X;,07'Y;) € Tz},

which enables simultaneous and proportional adjustment of inputs and outputs needed to
reach the frontier. The hyperbolic measure is particularly well suited to the kidney alloca-
tion setting, as it allows for the simultaneous reduction of inputs (waitlist time, LKDPI) and
increase of outputs (graft survival). This approach provides an intuitive interpretation as a
single scalar value, facilitating comparisons across patient groups.

The efficiency frontier is a key component of our DEA framework, representing the set of
input-output combinations (X, Y) € Tz, for which no other feasible point satisfies X’ < X
and Y’ > Y with at least one strict inequality. For any patient not on this frontier (6;(Z;) <
1), the value of 6;(Z;) quantifies the proportional decrease in inputs and increase in output
required for the observed transplant to reach the frontier.

Figure 1 illustrates how the conditional frontier and hyperbolic efficiency score are con-
structed for a single focal patient. To make the geometry visually interpretable, the inputs
and output in these panels have been rescaled to the unit interval via min—max normalization,
though this scaling does not affect the DEA estimates. Each panel displays all transplants as
background points, highlighting one representative patient and the subset of reference units
identified using covariate similarity. The solid curve depicts the patient-specific covariate-
conditional frontier estimated from this local reference set. The dashed curve represents the
hyperbolic path the patient’s input—output combination would follow if proportionally scaled
by 6 until it reaches the conditional frontier at & = 1, marked by a star. Although every patient
has an individualized conditional frontier, we present a single example to maintain clarity and
to demonstrate the geometric interpretation of 6; (Z;).



390 A. KAAZEMPUR-MOFRAD AND X. DAI

Incorporating the hyperbolic graph efficiency measure into the conditional DEA frame-
work results in the following optimization problem for the efficiency of patient i:

. 1
191%19 st. 0X; > ZA.,-XJ-, SYi < ZMY-,
JeL; J€Li

4
Z A ji= 1, A j >0,
J€L;
where Z; ={j € {1, ...,n}: Kp(Z;, Z;) > 0} denotes the locally weighted set of comparison
units for patient i. These constraints ensure that each patient is only compared to peers with
similar covariate profiles.

This framework enables us to compare the allocation efficiency across patients from dif-
ferent demographic groups on a common scale. By analyzing the distribution of efficiency
scores across groups, we can identify disparities in the efficiency of allocation processes.
For instance, consistently lower efficiency scores in one group may indicate less favorable
transplantation outcomes relative to the efficient frontier, suggesting potential interventions
to improve outcomes.

2.3. Group-conditional uncertainty quantification under reference frontier mapping.
Uncertainty quantification provides confidence measures for the conditional efficiency scores
computed in (4), accounting for variability in input-output measurements and sampling. This
is essential for evaluating fairness across ethnic groups by determining the statistical signifi-
cance of efficiency score differences. To this end, we employ conformal prediction methods,
which provide finite-sample coverage guarantees without relying on distributional assump-
tions and are well-suited for complex, nonlinear relationships.

A central challenge in applying conformal prediction to DEA is that efficiency scores
{0;}/_, are computed relative to a frontier estimated from the full dataset. This induces sta-
tistical dependence between the construction of the frontier and the observations, violating
the i.i.d. assumptions required for conformal inference. To resolve this, we propose a data-
splitting framework, reference frontier mapping (RFM), which enables valid and equitable
uncertainty quantification for conditional DEA efficiency scores. RFM separates the roles
of frontier construction and score evaluation by partitioning the data into two disjoint sub-
sets: a reference set Dyf, used to estimate a covariate-conditional production frontier, and an
evaluation set Deyq on which prediction intervals are computed.

The reference set is chosen to be informative about the boundary of the production possi-
bility set, while the remaining observations form Deyy. The targeted sampling and frontier-
relevance scoring procedure used to construct Dir is detailed in Supplementary Material Sec-
tion S1.1 (Kaazempur-Mofrad and Dai (2026)). For each i € Deyqa, we estimate a covariate-
conditional production set 7z, using only reference units weighted by the kernel K,(Z;, Z;)
in (1). This yields a locally adaptive frontier reflecting the structural and demographic context
of KPD transplant patient i. The corresponding conditional efficiency score is then computed
by solving (4), which can be expressed as the functional mapping 6; = ¢7, (X;, Y;), where
o1, RP x R? — R denotes the DEA operator defined by the covariate-conditional frontier.
Once Dt 1s fixed, the evaluation triplets (X;, Y;, 6;) are conditionally independent of frontier
construction and may be treated as conditionally i.i.d. for conformal inference.

To obtain group-conditional uncertainty guarantees, we apply the method of Gibbs,
Cherian and Candes (2025), which ensures that prediction intervals achieve the target cov-
erage level within each ethnic group. In brief, we estimate group-specific conditional means
of 6;, compute conformity scores based on deviations from these estimates, and then invert a
conformal calibration step to obtain prediction intervals satisfying

P(Onr1 € C(Xns1, Yar)|(Xns1, Yap1) €g) =1 —a Vgeg.
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This is a group-specific coverage guarantee: conditional on belonging to group g, the interval
contains the efficiency score with probability 1 — . The detailed optimization formulation,
function-class specification, and randomized conformal prediction-set construction, together
with the proof of the corresponding coverage theorem stated below, are provided in Sec-
tions S1.2 and S2.1 of the Supplementary Material (Kaazempur-Mofrad and Dai (2026)).

THEOREM 1. Let G denote a set of groups, and let (X;,Y;, Z;)!_, be i.i.d. samples from
a joint distribution Px y 7z, where X; e RP, Y; e RY, and Z; € R". Let Dyt be a fixed ref-
erence set used to compute conditional efficiency scores via the mapping 6; = o1, (X;,Y;),
where o1, :RP x R? — R denotes the conditional DEA operator defined by Diet and kernel
smoothingl. Then for any new sample (Xp+1, Yut1, Znv1) ~ Px.y z, the randomized confor-
mal prediction set CA’rand.(X,,H, Y,+1) satisfies

P(Bn11 € Crand. Xnt1, Yo D)|(Xnp1, Yap) €g) =1 - Vgeg,

where 6,11 = Pz, (Xn+1, Yny1) and o is the target miscoverage rate.

The efficiency score 6,41 in Theorem 1 represents the patient’s conditional DEA efficiency
relative to the fixed reference frontier Dyer. This formulation does not require (X1, Yn+1) to
correspond to future arrivals in a dynamic KPD system; instead, it provides uncertainty quan-
tification for any new or held-out observation relative to a clearly defined historical bench-
mark. Each patient’s efficiency score reflects performance relative to what was empirically
achievable during their treatment period using completed transplants with similar covariate
profiles. Although our analysis focuses on completed transplants within fixed time windows,
the RFM framework can be extended to dynamic settings by periodically updating Dr.r using
rolling historical data. The resulting prediction set C(x n+1, Yn+1), therefore, provides rigor-
ous, group-conditional uncertainty quantification for any patient-donor pair evaluated against
the RFM frontier, enabling valid assessment of efficiency disparities across ethnic groups in
both retrospective and prospective settings.

3. Preliminary analyses and fairness criteria.

3.1. Exploratory data analysis. The United Network for Organ Sharing (UNOS) oper-
ates the Organ Procurement and Transplantation Network (OPTN), which has collected organ
transplant data since 1987 and serves as one of the most comprehensive national repositories
for transplant data in the United States. Focusing specifically on kidney transplants conducted
through KPD programs, we treat the UNOS registry as a representative sample of historical
KPD transplants in the United States for our analysis. To provide a more accurate represen-
tation of the current landscape, we analyzed kidney transplant records from 2010 to 2019,
focusing exclusively on the 6365 patients who successfully received KPD transplants during
this period, ensuring complete observation of all time-to-event outcomes. For each trans-
plant, the UNOS data provides comprehensive information on a wide range of clinical and
demographic variables, including recipient and donor age, ethnicity, blood type, panel reac-
tive antibody (PRA) levels, and waitlist duration (measured as the time from initial waitlist
registration to KPD transplant date). This enables analysis of both pretransplant factors (e.g.,
waitlist duration) and posttransplant outcomes (e.g., graft survival time). Table 1 presents
summary statistics for key variables across different ethnic groups.

These summary statistics show differences across ethnic groups in key transplantation met-
rics. Black patients, on average, experience the longest waitlist durations compared to other
ethnic groups, with a mean of 691.5 days, followed closely by Asian (685.4 days) and His-
panic patients (646.1 days). White patients have the shortest mean waitlist duration of 514.3
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TABLE 1
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Summary statistics of key variables by ethnic group

Variable Asian

Black

Hispanic

White

Waitlist Duration (days)

Mean (SD) 685.4 (611.3) 691.5 (691.4) 646.1 (698.5) 514.3 (528.8)
Median [IQR] 465 [228, 1064] 460 [203, 944] 398.5 [140, 892] 348 [166, 678]
LKDPI
Mean (SD) —8.30(21.2) —2.65 (20.8) —7.67 (19.4) —4.56 (20.6)
Median [IQR] —9.83[—23.43,4.11] —4.37 [—-17.69, —8.97 [-21.63, —6.45 [—19.05, 8.55]
10.01] 5.09]
Graft Survival (days)
Mean (SD) 1684.2 (881.2) 1744.0 (990.3) 1610.5 (895.5) 1782.7 (978.6)
Median [IQR] 1459.0 [1090, 2197] 1462.5 [1045.75, 1418.5 [935.75, 1486 [1071, 2513]
2430.5] 2192.5]

days, substantially lower than other groups. Black patients receive kidneys with higher mean
LKDPI scores (—2.65) in comparison to other groups. In terms of graft survival, White pa-
tients have the longest mean survival time (1782.7 days or approximately 4.9 years), followed
closely by Black patients (1744.0 days or 4.8 years). Asian and Hispanic patients have shorter
mean graft survival times (1684.2 and 1610.5 days or about 4.6 and 4.4 years, respectively).
These observations suggest potential disparities in the kidney allocation process, with White
patients appearing to have shorter waitlist durations and better graft survival, while other pa-
tients face longer wait times and shorter graft survival but have comparable LKDPI scores.
These findings warrant further in-depth analysis to understand the underlying factors con-
tributing to these differences across ethnic groups.

3.2. Data preprocessing: Resampling and relative measures. Our data preparation pro-
ceeds in two stages: first, addressing group representation imbalance through stratified re-
sampling, and second, defining fairness measures in relative terms rather than absolute terms.

To illustrate the magnitude of group imbalance in our data, we compare the ethnic compo-
sition of patients who entered the KPD system in 2019 with the national ESRD prevalence
for that year. According to the United States Renal Data System (USRDS) Annual Report
(United States Renal Data System (2024)), the 2019 ESRD prevalence across major ethnic
groups in the U.S. was: Asian (5.4%), Black (30.0%), Hispanic (19.1%), and White (45.5%).
As shown in Figure 2, the empirical distribution of our 2019 KPD data deviates substantially
from these population benchmarks. Similar imbalances are observed in other years as well,

D 60.3%
g o6
o
3 45.5% Group
® o4 B Asian
w M Black
o ¥ Hispanic
2 White
® 02 17.0%
)
4 8.3%

0.0

Imbalanced Data ESRD Prevalence

FI1G. 2. Comparison of the Distribution of Ethnic Groups in the 2019 Subset of the Imbalanced Data and the
2019 ESRD Prevalence in the U.S.
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motivating the need for debiasing. Group representation disparities can compromise the va-
lidity of efficiency comparisons by introducing systematic bias into the DEA estimates. It has
been shown that class imbalance can significantly affect the performance of learning algo-
rithms, leading to biased predictions favoring the majority class (He and Garcia (2009)). In
our setting, this results in biased empirical efficiency estimates ég for group g, relative to the
population-level quantity of interest

0; '=Ex.v.z)~r[0(X,Y|Z)],

where 6(X, Y|Z) denotes the conditional DEA efficiency score of a patient with inputs X,
outputs Y, and covariates Z, evaluated relative to the covariate-specific production possibility
set Tz C RPT4. The distribution P, denotes the joint distribution of (X, Y, Z), given group
membership G = g, and is supported on the union of the covariate-conditional production
sets. That is, Po(A) :=P((X, Y, Z) € A|G = g), for all measurable A C Rf x R% x R".

To assess disparities in efficiency scores across ethnic groups in a manner that accurately
reflects the demographic composition of patients affected by ESRD, we treat the U.S. ESRD
patient population as the reference population to ensure fairness. Consequently, our resam-
pling strategy aims to align the group proportions in the data with year-specific ESRD preva-
lence statistics from the USRDS by performing stratified resampling separately for each cal-
endar year. For patients who entered the KPD system in year ¢, we resample according to the
population distribution of ESRD patients in that year. For each group g € G and year ¢, let p ;
be the ESRD prevalence proportion and n, ; the number of observed patients in the original
data. To avoid oversampling, we first compute the maximum feasible resampling size for year
t as Ny = mingeg|ng,/pe.r ], where | -| denotes the floor function. Then within each group g,
we sample n/g7 ; = Lpg.r - Ny ] observations without replacement, where [-] denotes rounding
to the nearest integer. This procedure yields a resampled dataset whose ethnic composition
more closely reflects the year-specific ESRD population structure. Let n =3, > ,cg ng,r de-
note the total number of observations in the original dataset, and let n’ = 3, 3", cg n"g’ [ <n
denote the total sample size after resampling. The resulting post-resampling group distribu-
tion is summarized in Table 2.

Let ég and ég, denote the empirical mean efficiency scores for group g computed from the
original and resampled datasets, respectively, obtained by the DEA estimation problem in (4)
and averaging the resulting scores across individuals in group g. Theorem 2 below formalizes
the bias reduction achieved through the resampling procedure.

THEOREM 2. Let Tz C RP™4 denote the covariate-conditional production set defined by
the DEA kernel-based estimator for each patient with covariate profile Z € R". Assume that
Tz is compact and possesses a C*-smooth frontier for all Z, and that the smoothing kernel
in (2) is Lipschitz continuous in Z. For each group g € G, let 9; denote the true conditional

efficiency, 0, the empirical mean efficiency score from the imbalanced dataset of size n, and

TABLE 2
Distribution of patients by ethnicity—Post-resampling

Ethnicity Number of patients Proportion of total (%)
Asian 161 4.97%
Black 1004 30.99%
Hispanic 582 17.96%
White 1493 46.08%

Total 3240
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éé the corresponding estimate from the resampled dataset of size n', where n’ <n. Let § > 0
be a constant representing the desired precision in estimating the true efficiency scores, and

define K := sup,cg{limsup,_, nt/ +4)(p+q))]E[|é — 6;11} as a constant characterizing

r+4)(pg)
the convergence rate of the estimators. Then for n’ > max{( ) mlngeg } we have

|Bias(d;)| < [Bias(9,)| Vgeg.
where Bias(6,) :=E[0,] — 0.

The constant K in Theorem 2 depends on the dimensionality (p, ¢, r) of the input-output-
covariate space and reflects both the curvature of the conditional frontier 97z and the smooth-
ness of the covariate kernel used to define the local neighborhood around each observation.
Under the assumptions that the conditional production set 7 is compact with a twice contin-
uously differentiable boundary and that the kernel function K (Z;, Z) is Lipschitz continu-
ous, conditional DEA estimators are known to be consistent with convergence rates of order
O (n=¥+D(P+4))y which accounts for the effective sample size nh” (Badin, Daraio and
Simar (2012)). The true group-level efficiency score 0; is defined with respect to the U.S.
ESRD patient population; thus, the empirical data used in our analysis must reflect the demo-
graphic composition of this population to provide unbiased and representative estimates.

Following the resampling step, we define the fairness criteria used in our analysis. For each
KPD transplant i performed in year ¢, we denote X ; (@ ) as the observed waitlist duration, X, @ )

as the observed LKDPI score, and Y 1(1') as the observed graft lifespan.

Our analysis employs two distinct but complementary approaches that require different
data transformations. For the individual fairness analyses described in Section 3.3, we center
each criterion around its year-specific sample mean to evaluate fairness relative to expected
outcomes and account for temporal changes in the transplant landscape. Specifically, we de-
fine the centered fairness measures as

v ._ yO _ @ v . _ (T) (f) @) .y _ @)

where X ® X @) , and Yl(t) denote the sample means of waitlist duration, LKDPI, and graft
lifespan, respectwely, computed over all patients transplanted in year ¢ within the resampled
dataset. This year-specific centering procedure ensures that fairness comparisons account
for temporal changes in transplant practices, allocation policies, and patient populations.
The centered fairness measures X (t) g), and Y; y () quantify whether each KPD transplant
achieved better or worse outcomes relatlve to the yearly sample mean, thereby enabling a rel-
ative assessment of priority fairness, access fairness, and outcome fairness in the individual
analyses presented in Section 3.3. Throughout the analyses in Section 3.3, we use X1, X», and
Y| to refer to these year-centered fairness measures. Table 3 presents summary statistics for
these centered fairness criteria across ethnic groups, providing an overview of the magnitude
and direction of group-specific deviations from the year-specific sample means.

For the DEA framework described in Section 2.2, we preserve the natural input-output
relationships essential for meaningful efficiency measurement by using the original observed
values with minimal transformation. Specifically, we use the raw waitlist duration X ill) and

graft lifespan Yl(l.t ) directly, while applying a constant shift to LKDPI scores equal to the ab-
solute value of the minimum observed LKDPI value to ensure nonnegativity, as required by
DEA. We then apply year-specific centering to the resulting DEA efficiency scores them-
selves, as described in Section 4.1, to account for temporal changes in the efficiency frontier
while preserving the interpretability of relative performance measures.
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TABLE 3
Summary statistics of centered fairness measures by ethnic group

Variable Asian Black Hispanic White
Priority Fairness
Mean (SD) 83.6 (612.8) 90.2 (690.3) 44.5 (697.4) —87.0(528.4)
Median [IQR] —125.79 —142.69 [-392.80, —212.67 [-462.61, —251.35
[—386.94, 448.17] 334.00] 294.13] [—434.83, 71.60]
Access Fairness
Mean (SD) —-3.6 (21.1) 2.1(20.8) —-3.0(19.4) 0.2 (20.6)
Median [IQR] —4.48 [—18.84, 0.50 [—12.94, —4.50 [-16.76, —1.55[—14.57,
9.81] 14.57] 9.53] 13.40]
Outcome Fairness
Mean (SD) —0.8 (692.1) —5.5(712.8) —94.0 (648.4) 40.4 (684.4)
Median [IQR] 150.78 [—108.53, 99.06 [—167.64, —8.09 [—293.96, 158.92 [—129.53,
332.06] 368.42] 291.70] 427.56]

3.3. Fairness criteria analysis. To thoroughly evaluate fairness in kidney allocation, we
study three criteria: Priority Fairness (waitlist duration), Access Fairness (LKDPI score),
and Outcome Fairness (graft lifespan). These detailed analyses provide a foundation for our
subsequent Data Envelopment Analysis.

Priority fairness: Mediation analysis. Priority Fairness aims to identify and quantify dis-
parities in waitlist durations across ethnic groups that cannot be explained solely by medical
factors. To achieve this, we use mediation analysis to decompose the total effect of ethnicity
into direct and indirect effect pathways (MacKinnon (2012)). This approach enables us to
isolate disparities that persist even after accounting for observable patient characteristics.

To identify which variables to include as mediators or covariates in the mediation model,
we implemented a structured two-stage hypothesis testing procedure. In the first stage, we as-
sessed the association between each candidate variable M; € M and the outcome X (waitlist
duration) using likelihood ratio tests within a generalized linear modeling framework. Each
test compared a full model including M; to a reduced model excluding it, thereby evalu-
ating the incremental explanatory power of M; conditional on the other variables. In the
second stage, we tested whether each candidate variable M was statistically associated with
the treatment variable G (ethnicity). Here, the choice of model depended on the structure of
the mediator. We used linear models for continuous mediators, logistic regression for binary
mediators, and multinomial logistic regression for categorical mediators with more than two
levels. In each case, we compared a full model that included ethnicity as a predictor to a null
model that excluded it and computed likelihood ratio statistics to assess significance. To con-
trol for false discoveries across multiple comparisons, we applied the Benjamini-Hochberg
procedure (Benjamini and Hochberg (1995)) in both stages to adjust the resulting p-values.
Candidate variables with BH-adjusted p-values less than 0.05 in both stages were classi-
fied as mediators, as they showed evidence of being influenced by ethnicity and of affecting
waitlist duration. Variables significantly associated only with the outcome were classified as
covariates. Variables not significantly associated with waitlist duration were excluded from
the mediation model, as they did not contribute to explaining the variation in transplant pri-
ority.

Based on this classification procedure, we include the following variables as mediators in
the final model: Recipient Age, ABO Blood Type, UNOS Transplant Region, Recipient Ed-
ucation, Recipient Citizenship Status, Recipient Employment Status, and Recipient Dialysis
Status. These variables were significantly associated with both ethnicity and waitlist duration,
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indicating that they may lie along a causal pathway connecting the two. Additionally, we in-
clude the PRA Score as a covariate, as it is significantly associated with waitlist duration but
not with ethnicity. All other candidate variables were excluded because they did not exhibit
a significant association in the initial testing stage. Detailed results from both stages of the
testing procedure, including test statistics and adjusted p-values for each candidate variable,
are provided in Section S3.1 of the Supplementary Material (Kaazempur-Mofrad and Dai
(2026)).

We formulate the mediation model as a system of regression equations to estimate both the
direct effects of ethnicity and the mediated (indirect) pathways through the selected variables.
Let G denote the categorical variable for ethnicity, and define X as the observed waitlist
duration. The set of mediators is denoted M = (My, ..., M7), where each M,, corresponds
to one of the seven mediator variables listed above. Let C denote the PRA covariate. The
total, direct, and indirect effects are estimated using the following linear model:

Xi=Po+ Y, BJG=g) +1 M+:C+e,
g€G\{White}

where B, represents the direct effect of ethnicity group g on waitlist duration, 7 is the vector
of coefficients for the mediators M, and ¢ is the coefficient for the covariate C.

Each mediator M,, is regressed individually on the group indicator G using the appropriate
regression model, depending on its type (logistic for binary, multinomial for categorical, and
linear for continuous mediators). For each mediator M,,, the fitted model takes the general
form,

My, =y + Z Vg,mH(G =g) + Vm,
g€G\{White}

where y, ;,, captures the effect of ethnicity g on mediator m, and v, is the residual error term
capturing variation in M,, not explained by ethnicity.
The indirect effect for each ethnic group g is expressed as

IE; = tw(E[Mu|G = g] — E[M,|G = White]),
m

and the direct effect is then defined as

Be = TE, — IE,,
where TE, = E[X |G = g] — E[X|G = White] is the total effect. This formulation allows
us to isolate disparities in waitlist duration attributable to ethnicity that remain after adjusting
for all mediators and covariates included in the model. A significant f:’g suggests that, even
after accounting for the factors in our model, there remain substantial differences in waitlist
duration for ethnic group g compared to the White patient reference group.

We estimate these effects using the mma package in R with 1000 bootstrap samples to
obtain standard errors and confidence intervals. Results from this analysis are presented in
Table 4, showing significant disparities in waitlist durations across ethnic groups. Substantial
direct effects for all minority groups indicate unfairness not fully explained by the chosen
mediators. The varying proportions of mediated effects suggest nonuniform mechanisms un-
derlying these disparities.

Access fairness: Counterfactual analysis with random forest. Access Fairness investi-
gates potential inequalities in the quality of kidneys allocated across different ethnic groups,
using the LKDPI score as a key metric. We employed a counterfactual analysis using a ran-
dom forest algorithm to isolate the effect of ethnicity on LKDPI scores, while accounting
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TABLE 4
Summary of direct, indirect, and total effects for each ethnic group. *** indicates p-value < 0.001

Patient ethnicity Effect type Estimate SE 95% CI

Asian Direct Effect™* 132.433 50.391 [37.006, 228.527]
Indirect Effect™ 52.847 24.671 [7.679, 104.372]
Total Effect™** 185.280 49.967 [96.275, 285.998]
Proportion Mediated 0.285

Black Direct Effect™** 187.601 26.442 [135.300, 240.471]
Indirect Effect —10.157 10.039 [—29.608, 9.627]
Total Effect™** 177.445 26.102 [128.225, 226.646]
Proportion Mediated 0.057

Hispanic Direct Effect*** 151.760 34.889 [88.457,221.877]
Indirect Effect —23.345 19.396 [—61.872, 12.478]
Total Effect™** 128.415 31.323 [66.728, 192.739]
Proportion Mediated 0.182

for other influential factors. To implement our methodology with five-fold cross-validation,
consider the framework,

.1
Xo=—> Ti(Z:0)),
Nl:l

where )AQ denotes the predicted LKDPI score, N = 500 is the number of trees, 7; is the
I™ tree’s prediction, and Z represents the feature set encompassing donor clinical and de-
mographic characteristics involved in the computation of LKDPI scores (age, eGFR, BMI,
SBP, ethnicity, smoking history, hypertension, diabetes, hepatitis C status, HLA mismatches,
donor-recipient gender pair, ABO incompatibility, and donor-recipient weight ratio), along
with recipient socioeconomic covariates such as education, insurance type, employment sta-
tus, and UNOS transplant region. The random parameters ®; for each tree / govern the tree
construction process by determining the subset of features randomly selected for evaluating
splits at each node, with cross-validation determining that 12 features at each split yielded
optimal model performance. Each tree is constructed by recursively splitting nodes, maxi-
mizing information gain at each split. Trees are grown to their maximum depth, with splitting
continuing until each terminal node contains at least five samples, ensuring a balance between
model complexity and predictive power.

To understand the factors influencing LKDPI scores, we conducted a variable importance
analysis using permutation importance based on out-of-bag estimates (Breiman (2001)).
This analysis shows that donor attributes in Z are the most significant factors influenc-
ing LKDPI scores. Specifically, donor age emerged as the most important feature, fol-
lowed by donor sex, eGFR, Black ethnicity, smoking history, and systolic blood pressure.
Other relevant features include donor-recipient gender match, HLA mismatches, ABO in-
compatibility, and the donor-to-recipient weight ratio. Among recipient-related and socioe-
conomic features, only marginal effects were observed, with variables such as education,
insurance type, and citizenship status contributing little to overall predictive accuracy. Our
model demonstrated strong performance with high predictive accuracy, yielding a coeffi-
cient of determination R = 0.985. The model’s performance is further quantified by the
mean absolute error, MAE = ! Y |)A(2’,~ — X7,i| = 1.793, and the mean squared error,
MSE =n~! Yo ()2’2,,- — Xg,i)2 =6.371, where )A(z,i is the predicted LKDPI score and X» ;
is the actual LKDPI score for the ith observation. To isolate the effect of patient ethnicity, we



398 A. KAAZEMPUR-MOFRAD AND X. DAI

TABLE 5
Summary of LKDPI score disparities across ethnicities

Ethnicity Mean LKDPI (actual) Mean LKDPI (counterfactual) Mean diff.
White —0.0041 - -
Asian —2.974 —2.8871 0.087
Black 1.782 1.697 —0.0849
Hispanic —3.0295 —2.947 0.0823

created a counterfactual scenario in which the ethnicity of all recipients was set to “White,”
enabling the estimation of the effect of ethnicity on LKDPI scores.

The results of this analysis are summarized in Table 5, which shows minimal disparities in
LKDPI scores across ethnic groups, with the largest difference observed in the Asian group
(a mean difference of 0.087 between actual and counterfactual scenarios). While these dif-
ferences are statistically significant (Kruskal-Wallis test, p-value < 0.001), their practical
significance is negligible. Our variable importance analysis indicates that recipient ethnic-
ity does not directly influence LKDPI scores; instead, donor characteristics are the primary
factors. This suggests that disparities could arise if certain ethnic groups consistently receive
kidneys from donors with specific attributes.

Outcome fairness: Competing risks analysis. Outcome Fairness focuses on identifying
disparities in graft lifespan. To analyze the effect of ethnicity on graft rejection while ac-
counting for other causes of graft failure, we employ the competing risks framework (Fine
and Gray (1999)), which offers a comprehensive understanding of the risks associated with
graft failure.

In our framework the subdistribution hazard function for cause k is expressed by

hi(y11G, W) = hor(y1) exp(8'G + y'W),

where A (y1|G, W) is the subdistribution hazard for cause k at time y; since transplanta-
tion, Ao (y1) is the baseline subdistribution hazard for cause k, G is a vector of effect-coded
variables for ethnic groups (Asian, Black, Hispanic) using sum-to-zero contrasts, and W is a
vector of observed covariates including employment status at time of transplant and whether
the patient received posttransplant rejection treatment. The coefficient vector § captures the
estimated deviations of each ethnic group from the overall sample mean subdistribution haz-
ard for graft rejection, the primary event of interest, while treating all other causes of graft
failure as competing risks and adjusting for clinical and socioeconomic confounders. The
cause-specific cumulative incidence function for graft rejection is

Y1 u
F1(y1)=fO hl(u)exP<—f0 (h1(s)+h2(s))ds)du,

where Y represents the time to graft failure, D is the event type (1 for rejection, 2 for other
causes), and /1 and h» are the cause-specific hazard functions for rejection and other causes,
respectively.

Figure 3 illustrates the cumulative incidence functions for graft rejection and competing
risks, stratified by ethnicity and adjusted for observed covariates. Hispanic recipients exhibit
the highest adjusted cumulative incidence of graft rejection throughout the posttransplant pe-
riod, followed by White, Asian, and Black recipients. These differences are consistent with
the subdistribution hazard ratios reported in Table 6, which indicate that Hispanic patients
have a statistically significant elevation in rejection risk relative to the overall sample mean
(HR = 2.07, 95% CI: 1.37-3.13, p < 0.001). In contrast, Black recipients demonstrate the
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F1G. 3. Cumulative Incidence Functions for Graft Rejection and Competing Risks by Ethnicity.

lowest risk of graft rejection relative to the sample average, though this difference does not
reach statistical significance (HR = 0.41, 95% CI: 0.14-1.18, p = 0.098). Asian and White
recipients show risk profiles closer to the sample average, with neither group demonstrat-
ing statistically significant deviations from the population mean. In contrast, for graft failure
attributable to causes other than rejection, the risk patterns differ considerably from those
observed for immunologic failure. This divergence in risk profiles across failure types em-
phasizes the multifaceted nature of transplant outcomes. The findings suggest that Hispanic
recipients are disproportionately affected by graft rejection, even after adjustment for socioe-
conomic and posttransplant clinical factors, while Black recipients exhibit a lower risk of
rejection-related graft loss compared to the study population average. Asian and White re-
cipients demonstrate risk profiles that approximate the population mean for rejection-related
graft failure.

4. DEA estimation and inference. Given the complex and sometimes conflicting re-
sults from our individual fairness criteria analyses, we use DEA to gain deeper insights into
fairness in kidney allocation. DEA enables the simultaneous consideration of multiple in-
puts and outputs, helping to identify overall disparities while accounting for the multifaceted
nature of fairness in the allocation process.

4.1. DEA results. In applying the conditional DEA model defined in (4), we incorporate
waitlist duration and LKDPI score as inputs (p =2, X; € Ri) and graft lifespan as the output
(g =1, Y; € Ry) for each patient i. The production frontier for each patient is localized
using the covariate-conditional set 7z;, as described in Section 2.2, enabling the resulting
efficiency score 6, (Z;) to reflect performance relative to patients with similar socioeconomic
and clinical backgrounds.

TABLE 6
Subdistribution hazard ratios for graft rejection relative to overall sample mean, adjusted for covariates W .
Coefficients use sum-to-zero contrasts; the White coefficient is the negative sum of the other groups

Ethnicity ) exp(d) SE(5) z p-value 95% CI for exp(3)
Asian —0.046 0.955 0.220 —0.208 0.835 [0.621, 1.470]
Black —0.888 0.412 0.536 —1.657 0.098 [0.144, 1.177]
Hispanic 0.727 2.068 0.212 3.428 0.001 [1.365, 3.133]

White 0.207 1.230 0.252 0.821 0.412 [0.750, 2.016]
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TABLE 7
Relative conditional DEA scores and group-conditional prediction intervals by ethnic group across cumulative
time periods. Efficiency scores were estimated using the Benchmarking package in R

Period Group Mean relative efficiency Prediction interval (95%) Coverage
2010-2013 Asian —0.053 [—0.6581, 0.3767] 0.956
Black —0.0024 [—0.5655, 0.3609] 0.953
Hispanic —0.0113 [—0.5709, 0.3827] 0.954
White 0.0074 [—0.5593, 0.3754] 0.952
2010-2016 Asian —0.0073 [—0.5300, 0.3773] 0.952
Black —0.0060 [—0.5136, 0.3459] 0.949
Hispanic —0.0152 [—0.4877, 0.3364] 0.950
White 0.0104 [—0.4911, 0.3236] 0.950
2010-2019 Asian 0.0055 [—0.4879, 0.3551] 0.956
Black —0.0071 [—0.4874, 0.3363] 0.950
Hispanic —0.0047 [—0.4377, 0.3279] 0.950
White 0.0066 [—0.4466, 0.3189] 0.950

To assess disparities over time and adjust for temporal changes in the transplant landscape,
we compute relative efficiency scores by centering each patient’s score against the mean
efficiency of transplants performed in the same calendar year. Specifically, for each patient i
transplanted in year ¢, we define the centered efficiency score as 6; := 6; — 0;, where 6; is the
mean conditional DEA score among all KPD recipients in year ¢. This centering procedure
accounts for year-to-year variation and enables comparison of relative efficiency levels across
groups.

The results in Table 7, together with the distributions shown in Figure 4, provide a com-
prehensive view of efficiency across three cumulative time periods (2010-2013, 2010-2016,
and 2010-2019). For each ethnic group and period, we report the mean centered efficiency
score 6;, along with 95% prediction intervals and empirical coverage rates, all computed us-
ing group-conditional conformal prediction under the Reference Frontier Mapping (RFM)
procedure introduced in Section 2.3 and averaged over 100 random train—calibration—test

Group . Asian . Black D Hispanic D White

2010-2013 2010-2016 2010-2019

h)
bbb
Sids

06 03 00 03 06-06 -03 00 03 06-06 -03 00 03 06
Relative Efficiency

FI1G. 4. Distribution of Relative Efficiency Scores by Ethnic Group.
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splits to account for sampling variability. These prediction intervals ensure that, for each
group, the interval contains the true efficiency score with 95% probability, providing robust
and equitable uncertainty quantification across groups. The mean relative efficiency scores
are generally close to zero across all groups, as expected from the year-specific centering.
White patients tend to show slightly positive relative efficiency scores across all periods,
while other groups tend to fall marginally below their respective yearly averages. However,
the differences are modest, indicating broad similarity in average efficiency across groups
when conditioning on year and covariate structure. A more pronounced distinction emerges
in the width of the prediction intervals. White patients exhibit the narrowest uncertainty in-
tervals, indicating more homogeneous efficiency outcomes, whereas Asian, Black, and His-
panic patients have noticeably wider intervals, suggesting greater within-group heterogeneity
in KPD transplant efficiency. It is important to emphasize that these wide group-conditional
prediction intervals limit the strength of any claims about equality of efficiency across eth-
nic groups. By design, the conformal procedure is calibrated to achieve 95% within-group
coverage, and the interval width reflects both model uncertainty and the intrinsic variability
of efficiency scores in a small, highly selected KPD population. As a result, the substantial
overlap between intervals should not be interpreted as evidence that the allocation system is
fair or that groupwise efficiency levels are identical. Rather, the table indicates that, given
current sample sizes and noise levels, we do not detect large average differences in overall
efficiency once priority, access, and outcome are aggregated and conditioned on covariates.
In this sense the DEA-based summaries are best viewed as diagnostic tools that complement
the more pronounced criterion-specific disparities documented in Section 3.3, rather than as
definitive proof of group-level fairness.

4.2. Analysis of efficiency distributions. To rigorously evaluate the statistical signifi-
cance of the observed differences in efficiency distributions, we employed a kernel-based
hypothesis-testing approach based on the maximum mean discrepancy (MMD, Gretton et al.
(2012)). We conducted both pairwise comparisons and “group-vs.-rest” analyses across three
cumulative time periods (2010-2013, 2010-2016, and 2010-2019) to assess how distribu-
tional differences evolve with sample size and temporal scope. For each comparison between
groups A and B, we defined the null hypothesis as Hy : F4 = Fp and the alternative hypoth-
esis as Hy : Fy # Fp, where F4 and Fp are the underlying distributions of relative efficiency
scores.

The MMD between these distributions is defined as

MMD?[Fy, Fpl =Ty, o [K (04, 0))] +Eg, 0 [K (05, 05)] — 2Eo, 05[ K 04, 08)],

where 64, 91/4 - F4 and 03, 91/9 - Fp and K(-,-) is a Laplacian kernel chosen to ef-
fectively detect variations in the distributions by measuring similarity between observations
based on their absolute differences. Specifically, for efficiency scores 6; and 6, the Laplacian
kernel is K (6;,0;) = exp(—o [|6; — 0;||), where o is set to the median Euclidean distance be-
tween points in the aggregate sample for each comparison. This kernel achieves maximum
similarity (value of 1) when two observations are identical and decreases exponentially as
their absolute difference increases. The Laplacian kernel is particularly well suited for our
context because it is sensitive to local distributional differences, making it effective at detect-
ing variations in distributional spread and heterogeneity (Gretton et al. (2012)). This choice
aligns with our finding that White patients exhibit narrower prediction intervals (indicating
more homogeneous outcomes) while Asian, Black, and Hispanic patients show wider inter-
vals (suggesting greater within-group heterogeneity). The Laplacian kernel effectively cap-
tures these differences in distributional shape and spread, which are central to understanding
equity in transplant outcomes. We determined statistical significance via permutation tests
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TABLE 8
MMD Test results across time periods. * indicates p < 0.05 after Benjamini—Hochberg correction

Period Comparison MMD statistic p-value Adjusted p-value
2010-2013 Asian vs. Black —0.0002 0.427 0.577
Asian vs. Hispanic —0.001 0.792 0.792
Asian vs. White —0.00002 0.319 0.577
Black vs. Hispanic 0.0004 0.154 0.533
Black vs. White —0.0001 0.481 0.577
Hispanic vs. White 0.0003 0.178 0.533
Asian vs. Rest —0.0003 0.457 0.457
Black vs. Rest —0.000008 0.351 0.457
Hispanic vs. Rest 0.0003 0.176 0.457
White vs. Rest —0.00002 0.377 0.457
2010-2016 Asian vs. Black —0.0004 0.992 0.992
Asian vs. Hispanic —0.0002 0.637 0.802
Asian vs. White —0.0002 0.669 0.802
Black vs. Hispanic 0.00008 0.202 0.403
Black vs. White 0.00004 0.172 0.403
Hispanic vs. White 0.0004 0.004 0.024*
Asian vs. Rest —0.0003 0.946 0.946
Black vs. Rest —0.00003 0.559 0.745
Hispanic vs. Rest 0.0002 0.048 0.096
White vs. Rest 0.0001 0.028 0.096
2010-2019 Asian vs. Black —0.000002 0.355 0.563
Asian vs. Hispanic —0.000003 0.375 0.563
Asian vs. White —0.00008 0.928 0.928
Black vs. Hispanic —0.00004 0.910 0.928
Black vs. White 0.00007 0.020 0.120
Hispanic vs. White 0.00004 0.120 0.359
Asian vs. Rest —0.00006 0.677 0.677
Black vs. Rest 0.00003 0.080 0.160
Hispanic vs. Rest —0.000002 0.389 0.519
White vs. Rest 0.000052 0.006 0.024*

with 500 Monte Carlo iterations and applied Benjamini—-Hochberg correction to control the
false discovery rate across multiple comparisons.

The results in Table 8 reveal a consistent pattern of distributional differences that be-
comes more detectable as sample sizes increase across time periods. In the earliest period
(2010-2013), no significant differences were detected between any group pairs, likely due to
limited statistical power with smaller sample sizes. As the sample expanded to the 2010-2016
period, the Hispanic vs. White comparison became statistically significant (adjusted p-value
= 0.024), suggesting these groups have detectably different efficiency distributions. With the
largest sample (2010-2019), while the pairwise Hispanic vs. White comparison loses signif-
icance, the “group-vs.-rest” analysis reveals that White patients show a significant difference
from all other groups combined (adjusted p-value = 0.024). The “group-vs.-rest” analyses
provide critical insights into how individual groups differ from the broader transplant popula-
tion. The pattern shows that White patients consistently exhibit distributional characteristics
that distinguish them from the broader transplant population, with this difference becom-
ing statistically significant in the largest sample. This finding provides statistical evidence
supporting the descriptive findings from Section 4.1 regarding differential within-group vari-
ability across ethnic groups.
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At the same time, the general lack of statistically significant pairwise differences across
many comparisons should not be overinterpreted. Failure to reject Hy : F4 = Fp does not
imply that the underlying efficiency distributions are equal or that allocation outcomes are fair
across ethnic groups. Rather, it reflects the combined effect of sample size, substantial within-
group variability, and the fact that efficiency aggregates multiple fairness criteria that already
exhibit clear disparities when analyzed individually. Within these limitations the MMD tests
indicate only that we do not detect large distributional shifts in overall efficiency between
most group pairs. These findings suggest that while average efficiency scores are similar
across groups after accounting for temporal trends, there are meaningful differences in the
distributional properties of efficiency scores that may reflect disparities in access to optimal
transplant outcomes within the kidney paired donation system. Taken together, the MMD
and descriptive results highlight DEA’s role as a synthesis and monitoring tool rather than a
standalone determinant of fairness.

4.3. Discussion and implication for practice. Our DEA-based fairness analysis has sev-
eral implications for kidney exchange practices. First, the efficiency score distributions shown
in Figure 4 and Table 7 show larger variability for Asian, Black, and Hispanic patients com-
pared to White patients, who exhibit more consistent outcomes. This narrower distribution
for White patients could be attributed to better access to healthcare resources or more effec-
tive pretransplant care (Kucirka et al. (2012)). From a practical standpoint, the combination
of centered efficiency scores and group-conditional prediction intervals provides a summary
diagnostic for each ethnic group that goes beyond average outcomes: programs can monitor
whether a group’s efficiency distribution remains systematically wider or more skewed than
that of others, even when mean performance is comparable. Taken together, these findings
suggest the need for tailored interventions to improve outcome consistency for underrepre-
sented groups (Gordon et al. (2014)).

Second, incorporating multiple efficiency measures, as in the DEA model (4), can lead
to a fairer kidney allocation system across ethnic groups. While recent developments in kid-
ney paired donation programs, such as integrating deceased donors as nondirected donors
and chain initiators (Wang et al. (2021, 2022)), have improved matching opportunities, these
initiatives primarily focus on enhancing overall efficiency. However, our DEA framework
emphasizes the trade-offs between various fairness criteria. For example, reducing waitlist
times for Asian patients might negatively impact graft survival, while prioritizing graft sur-
vival for White patients could increase their wait times. To address these trade-offs and im-
prove allocation strategies, we recommend using the conditional DEA framework to assess
the impact of policy changes on overall fairness across ethnic groups. In practice, this does
not certify that a given allocation rule is fair, but it provides a structured way to quantify
how proposed changes shift groupwise efficiency distributions while jointly accounting for
multiple fairness-relevant criteria of the allocation process.

A concrete way to use our framework in practice is via policy simulation. Modern KPD
platforms, such as StanfordKPD (Sakshuwong, Ashlagi and Roth (2023)), which support
intelligent matching, prioritization of urgent patients, adjustable chain-length rules, and fine-
grained immunologic constraints, allow programs to rerun historical pools or generate coun-
terfactual match-runs under modified allocation policies. For example, a KPD program con-
sidering changes aimed at reducing long wait times among Asian and Black patients, such
as increasing the priority weights for these groups in chain initiation or bridge-donor selec-
tion, can implement these adjustments within a platform like StanfordKPD and obtain the
resulting set of simulated match outcomes. Using these simulated transplants, the program
can then apply predictive models to estimate the priority, access, and outcome criteria scores
for each match and compute conditional DEA scores via (4) under the proposed mechanism.
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Comparing the resulting efficiency distributions and their group-conditional prediction in-
tervals to those under the status quo provides a principled diagnostic for assessing whether
the policy improves groupwise fairness without inducing large efficiency losses or excessive
variability for other groups. In this way the conditional DEA scores serve as a common cur-
rency for evaluating competing allocation proposals that alter priority, access, and outcome
in different ways. More broadly, the conditional DEA and reference frontier mapping (RFM)
framework, introduced in Section 2.3, can be embedded into a routine monitoring pipeline.
Programs can periodically reconstruct the RFM reference set, recompute group-specific con-
ditional efficiency scores via (4), and update group-conditional prediction intervals using the
conformal procedure of Section 2.3 as new transplants accrue. Because covariates localize
the production frontier to 7z, observed disparities in these diagnostics can be interpreted as
differences in how effectively similar patients are treated rather than as artifacts of case-mix
variation. This enables a feedback-driven workflow in which clinicians and policymakers: (i)
use standard clinical tools to design candidate changes to matching rules or eligibility criteria,
(ii) screen those changes with DEA and RFM-based fairness diagnostics, and (iii) implement
only policies that improve groupwise efficiency distributions while maintaining, at minimum,
current outcomes for all other groups.

Despite these advantages, several practical barriers limit the immediate implementation
of DEA-based fairness monitoring in real KPD programs. First, our framework requires
detailed, high-quality covariate data to construct conditional frontiers and RFM reference
sets; in practice, centers differ in how completely they record socioeconomic variables, post-
transplant care, and follow-up outcomes, which can constrain the reliability of groupwise
efficiency estimates for smaller subpopulations. Additionally, translating fairness diagnostics
into policy requires agreement among clinicians, administrators, and regulators on acceptable
trade-offs between efficiency and equity; interventions that narrow the efficiency distribution
for one group may be perceived as limiting short-term matching flexibility or complicating
existing allocation rules. Finally, routine monitoring can only be sustained if the resulting
flags are interpretable and actionable; without clear governance about how to respond when a
particular group’s efficiency distribution degrades, there is a risk that fairness reports become
merely procedural rather than a driver of meaningful change. These barriers suggest that, at
least initially, our framework is most realistically deployed as an offline audit tool that is
used periodically to evaluate the implications of proposed policy changes and to benchmark
centers, prior to being integrated into real-time decision support as data infrastructure and
institutional capacity improve.

5. Conclusion. We propose a new method for evaluating fairness in kidney allocation
using Data Envelopment Analysis (DEA), which can be broadly applied to assess fairness
in complex healthcare systems. Our DEA framework considers multiple fairness criteria—
Priority, Access, and Outcome—providing a more comprehensive view of disparities com-
pared to traditional single-metric approaches. The analysis shows that White patients tend
to have more consistent outcomes, while Asian, Black, and Hispanic groups exhibit wider
efficiency distributions. The advantage of handling multiple inputs and outputs without pre-
defined weights in DEA is that it allows for an objective assessment of fairness. Our approach
highlights where disparities emerge across different fairness criteria and offers a diagnostic
framework for policymakers to evaluate how candidate policies might improve groupwise
efficiency, while also making explicit the data, modeling, and governance infrastructure re-
quired for routine deployment.

Several research directions could build on this conditional DEA-based framework. For
example, dynamic conditional DEA models could capture how fairness evolves as KPD
programs and matching algorithms change. Beyond healthcare this approach has potential
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applications in evaluating fairness in diverse resource allocation contexts where resource
scarcity and mutual compatibility constraints are present. For instance, in college admissions
the framework could evaluate fairness in student selection processes, accounting for factors
such as academic performance, extracurricular activities, and institutional diversity goals. In
job candidate selection, it could evaluate the fairness of hiring practices by simultaneously
considering applicant qualifications, company needs, and diversity initiatives.
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Supplement to “A data envelopment analysis approach for assessing fairness in
resource allocation: Application to kidney exchange programs” (DOI: 10.1214/25-
AOAS2128SUPPA; .pdf). Extended methodological details for the uncertainty quantification
procedure, technical proofs for theorems, a simulation study to examine the impact of resam-
pling on efficiency scores, and detailed variable selection procedures for the fairness analyses
are included in this file.

R code (DOI: 10.1214/25-A0AS2128SUPPB; .zip). R code implementing the proposed
method is available both in the Supplementary Material and at https://github.com/amofrad/
Kidney-Exchange-DEA.
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