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This dissertation is concerned with calculating the group of unramified Brauer invariants of
a finite group over a field of arbitrary characteristic. We present a formula for the group
of degree-two cohomological invariants of a finite group G with coefficients in Q/Z(1) over
a field F' of arbitrary characteristic. We then specialize this formula to the case of decom-
posable invariants and compute the unramified decomposable cohomological invariants with
coefficients in Q/Z(1) for various finite groups G. When the order of G is prime to the char-
acteristic of F', we obtain a formula for the degree-two unramified normalized decomposable
invariants of finite abelian G and certain nonabelian groups G. We additionally compute
the degree-two unramified normalized decomposable invariants with coefficients in Q/Z(1)

in the case that GG is cyclic of order p over a field of characteristic p.
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CHAPTER 1

Introduction

Let G be a finite group over a field F. Noether’s problem asks whether there exists an
embedding

p:G— GL,(F)

such that the subfield F(Xy,---, X,,)¢ of F(Xy,---,X,) fixed by the action of G is a purely
transcendental extension of F'. To show that Noether’s problem has a negative answer
for a choice of G and F), it is enough to show that the classifying space BG is not stably
rational. In the 1980s, D. Saltman [22] demonstrated that there exist finite G such that
Noether’s problem has a negative solution over an algebraically closed field of characteristic
zero, by finding an example of a group G with BG is not stably rational over F'. Since then,
other results have been found, particularly in the case when F' is algebraically closed or has

characteristic prime to the order of G. In particular, BG is known to be stably rational over

Q for groups Qs, Z/8Z [9] and Dg [15], for G = Djs over an arbitrary field, and for finite

h

abelian groups of exponent e when the base field F' contains a primitive e’ root of unity [8].

In order to study the rationality of BG for a finite group G over a field F', we will compute

the degree-two normalized cohomological invariants of G with coefficients in Q/Z(1).

Definition. Let GG be an algebraic group over a field F'. A degree d cohomological invariant

with coefficients in Q/Z(d — 1) is a natural transformation
a: Hl(_a G) — Hd(_v @/Z(d - 1))

where H(—, Q) and H%(—,Q/Z(d — 1)) considered as functors from the category Fields/F
1



to Sets. The group of degree d cohomological invariants with coefficients in Q/Z(d — 1) is
denoted Inv?(G,Q/Z(d — 1)).

There is an embedding

HYF,Q/Z(d—1)) — Inv(G,Q/Z(d — 1))

which sends an element z € H(F,Q/Z(d — 1)) to an invariant a, € Inv*(G,Q/Z(d — 1))
defined by setting a,(w) as the image of x in H4(F, Q/Z(d—1)) for any w € H'(K, G), for any
field K/F. Invariants of the form a, as above are called constant invariants. An invariant b
is said to be normalized if b sends the distinguished point of H!(F, @) to the identity element
of HY(F,Q/Z(d — 1)). Any element of Inv*(G, Q/Z) can be written uniquely as the sum of

a constant invariant and a normalized invariant.

A cohomological invariant b of G of degree d over a field F' is said to be unramified if,
for all fields K/F and all G-torsors E over K, the element b(E) € HY(K,Q/Z(d — 1)) is

unramified with respect to all discrete valuatons of K over F'.

Our motivation for determining the group of unramified cohomological invariants of a
group G comes from the fact that the existence of a nontrivial normalized unramified co-
homological invariant of GG is enough to show that the classifying space BG is not stably
rational. To show that BG is not stably rational over a field F, it suffices to show that there
exists a nontrivial unramified element of H(K,Q/Z(d — 1)), where K is the field of ratio-
nal functions of a classifying variety for G over F. However, because H(K,Q/Z(d — 1))
is large, we do this in two steps, as the diagram below indicates: we can first determine
Inv?(G,Q/Z(d—1)) and then determine the unramified invariants in this group, yielding the
unramified elements of H4(K,Q/Z(d — 1)).



HYK, Q/Z(d — 1))u HYK,Q/Z(d 1))

| —

Inv' (G, Q/Z(d — 1)) Inv (G, Q/Z(d — 1))

The construction of the maps in the diagram above will be discussed in more detail in

the following chapter.

In this dissertation, we are interested in computing the group of degree-two unramified
cohomological invariants of G in the case when G is a finite group over a field F. The first
chapter contains background, including a discussion of G-torsors and the classifying spaces
BG for an algebraic group G. Next, we present a formula for the degree-two cohomological

invariants of a finite group G over an arbitrary field F'. Namely, we will show that
Inv?(G, Q/7Z(1)) = H*(G, F*) @ Br(F).
In the third chapter, we will introduce decomposable invariants and compute the group
Inv*(G, Q/Z(1) b

of degree-two unramified normalized decomposable invariants of G in the case when G is
a finite cyclic group. In the final chapter, we compute Inv?(G,Q/Z(1))™  for specific

examples of finite G and F', such as the case when G is the dihedral group D and F' has

characteristic different from two.



CHAPTER 2

Preliminaries

In this chapter, we review some of the background that will be used later in this dissertation.

2.1 Torsors

Definition. Let GG be an algebraic group over a field F'. Then a G-torsor over X is the data
of a flat, surjective morphism 7 : P — X of schemes P and X over F' with an action of G

on P
GxP—P

(9:p) = g-p

such that the map
PXFG—)PXXP

(p,9) = (P, 9 p)

is an isomorphism.

Notice that there is a torsor P = G xp X with the action g - (h, z) = (gh, ), called the
trivial G-torsor over X. When G is a finite group over F' and X = Spec(K) for a field K/F,
the definition above implies that a G-torsor P is of the form Spec(L) for an étale K-algebra
L of dimension |G| over K such that G acts simply transitively on Homg a1(L, Ksep). Such
an L is called a Galois G-algebra over K. So when G is finite, the set of G-torsors over a

field K can be identified with the set of Galois G-algebras over K.

In general, for an algebraic group G over a field F', there is an isomorphism of pointed

sets from the set of G-torsors over a field K/F and the first Galois cohomology set H'(K, G)
4



which sends the trivial torsor to the distinguished element of H'(K,G). Here, H'(K,G) =
H' (T, G(Kyp)) where T = Gal(Kyp/K) and G(Kp) denotes the Kyep-points of G. In
the case when G is the algebraic group associated to a finite group, we can describe this

isomorphism explicitly following Chapter 18 of [16].

Because G is finite, G(Kp) =~ G. Since the action of 'k on G is trivial, we have

H'(K,G) = Homg(Tk, G).

Given a continuous homomorphism

gbiFK—)G,

let IV C I' denote the kernel of ¢, H C G be the image of ¢ and set E to be the subfield of
Kep fixed by I'; ie. B = Kseprl. Now, let L = Mapy (G, E) be the set of functions from G

to E satisfying f(hg) = h - f(g) where the action is given by the Galois action of H on E.

J(sep

We will see that L has the structure of a G-Galois algebra over K. There is a K-algebra
isomorphism

Map, (G, E) = E" (2.1)
where r = [G : H]. To see this, write G as a coproduct of the cosets of H
G = IhcicrgiH

and then the isomorphism (2.1) is given by sending f € Mapy (G, E) to (f(¢1), -, f(9-)) €

E". This shows that the algebra L has dimension |G| over K. Also, there is a G-action on
5



L given by (g- f)(¢') = f(d'g) for all g,¢" € G. To see that L is G-Galois, it remains to see
that G acts simply transitively on

HomK-Alg (L7 Ksep) )

but by [16, Proposition 18.14], this is equivalent to showing that LY = K. However, if f € L
is fixed by G, then f(g) = f(1) for all ¢ € G and so f is a constant map; and f fixed by

H means that the image of f is fixed by the Galois action of H, and so must lie in K. So
LY =K.

This construction gives a correspondence
H'(K,G) — Galois G-Algebras

which sends ¢ € H'(K,G) to the Galois G-algebra Mapy,, 4 (G, KeepR' @), A proof that it

is a bijection is given in [16].

2.2 Classifying Varieties

As mentioned in the introduction, we are interested ultimately in determining whether the
classifying space BG of a finite group G over a field F' is stably rational. Recall that a variety
W over a field F' is called stably rational if there exist integers n,m > 0 such that W x P%

is birational to P%. We will need the following definition from [9, Section 5].

Definition. Let G be an algebraic group over a field F'. A generic G-torsor is a G-torsor
P — Spec(K) for some finitely generated extension K/F, such that there exists a smooth,
irreducible variety X over F' whose function field is K, and a G-torsor () — X satisfying the

following properties:

1. P is the fiber of @ a the generic point Spec(K) — X
JI —Q
Spec(K) —— X
6



2. For every extension k/F where k is infinite, every G-torsor T — Spec(k), and every
nonempty subvariety U of X there is some x € U(k) whose fiber @), is isomorphic to
T.

The G-torsor () — X above is called a versal G-torsor.

From this definition, we see that G-torsors over K are parametrized by K-points of X.
Let V be a faithful representation of G and U C V' is a G-equivariant subset of V' such that
U — U/G is a G-torsor. Then U — U/G is a versal G-torsor. The variety U/G can be
thought of as an approximation of BG. Since the “no-name lemma” [3] says that given two
such representations V; and V, with G-equivariant subsets Uy C Vj and Uy C Va, then Uy /G
is stably rational if and only if Uy /G is. So we say that BG is stably rational if some U/G

as above is stably rational.

2.3 The Groups H*"'(K,Q/Z(d))

As mentioned in the introduction, we are interested in computing the degree-two cohomo-
logical invariants of a finite group G whose coefficients lie in groups H?(K,Q/Z(1)), for
fields K/F. We follow the description of the groups H¥(K,Q/Z(d)) for d > 0 given in [9,
Appendix A].

When the characteristic of K is different than p, we define

Z[p"Z(d) = (ppm )"

Q,/2,(d) = lim Z/p"2(d)

and HYY(K,Q/Z(d)) is defined as



HNK, Q/Z(d)) = 11, prime H* (K, Qp/Zy(d)) = W 1T, priwe I (K, Z,/p™ Z(d))

In particular,

Hl(Ka Qp/Z(0)) = Homes (Gal(Ksep/ K), Qp/Zy)
H2(K7 Qp/Zy(1)) = thHQ(Kv fpm) =p Br(K)

In the case when K has characteristic p, we follow [9] and define
H™H (K, Qp/Zy(d)) = H*(K, Ka(Keep)){p}

where K4(Kep) is the Milnor K-group of K. In this case, note that we have

Hl(Ka Qy/Z,(0)) = HZ(Ka Z){p} = Homes(Gal(Ksep/ K), Qp/Zy)
H*(K,Q,/Z,(1)) = H*(K, K, ){p} =, Br(K)

sep

in degrees one and two.

2.4 Galois Cohomology

Let G be a finite group over a field F', K/F a field extension and let L/K be a Galois
G-algebra. Then for any discrete valuation v on K trivial on F', there exist maps on étale

cohomology

o HY (Spec(0,),Q/Z(d — 1)) — H%(Spec(K), Q/Z(d — 1))



induced by the inclusion O, — K. Since the étale cohomology group
Hg,(Spec(K), Q/Z(d — 1))

coincides with the Galois Cohomology group H%(K,Q/Z(d — 1)), a, gives a map

a, : H%(Spec(0,),Q/Z(d — 1)) — HY(K,Q/Z(d — 1)).

An element z € HY(K,Q/Z(d — 1)) is called unramified if for every discrete valuation v on

K trivial on F', z is in the image of the map «,.

In the case when the characteristic of F' is zero, for any discrete valuation v on K trivial

on I, the maps «, as above fit into an exact sequence

= HE(Spec(0,), Q/Z(d — 1)) %% HY(K,Q/Z(d — 1)) % H (k,, Q/Z(d — 2)) — -+~
(2.2)

where k, is the residue field of the valuation v on K. The maps

0y HY(K,Q/Z(d — 1)) — H* Y (k,,Q/Z(d — 2))

are called residue maps. In this case, an equivalent condition for x € HY(K,Q/Z(d — 1)) to
be unramified is for x to be in the kernel of the residue map 0, for each discrete valuation v

on K trivial on F.More generally if F' has characteristic p, we define

Q/ZM), = Hprime q#z)@q/zq(d)

and we have maps

J,: HY(K,Q/Z(d — 1)) — H" ! (k,,Q/Z(d — 2)")



defined outside of characteristic p which fit into the exact sequence below.

A ngt(spec(ov>7 Q/Z(d - 1)/) = Hd<Ka Q/Z(d - 1)I> % Hdil("{'va Q/Z(d - 2)1) —
(2.3)

In order to show that an element x € HY(K,Q/Z(d — 1)) is ramified, it is enough to show

that it is not in the kernel of some 0.

2.5 Cohomological Invariants

As mentioned in the introduction, our main objects of study are cohomological invariants.
Let F be a field, let G be a finite group over F, and let C' be a Gal(Fy,/F)-module. Then

a cohomological invariant with coefficients in C' is a natural transformation of functors
a:H'(—,G) — HY (-, 0)

where the Galois Cohomology functors H'(—,G) and H%(—,C) are considered as functors
from Fields/F to Sets. In this case, d is called the degree of a. In this dissertation, we will
be primarily interested in the case when C'is Q/Z(d — 1) as described above, for d = 1,2.
We write

Inv'(G,Q/Z(d — 1))

for the group of cohomological invariants of G of degree d with coefficients in Q/Z(d —
1). If an invariant a € Inv*(G,Q/Z(d — 1)) sends the trivial G-torsor in H'(F,G) to
zero in HY(F,Q/Z(d — 1)), then a is called normalized. A cohomological invariant a €
Inv?(G,Q/Z(d — 1)) is called unramified if for all fields K/F and for all L/K € H'(K,G),
a(L/K) € HY(K,Q/Z(d — 1)) is unramified. The group of normalized unramified cohomo-

logical invariants of G of degree d with coefficients in Q/Z(d — 1) is denoted

v (G, Q/Z(d — 1))5™.

Let

U—-U/G
10



be a versal G-torsor as discussed in section 2.2, and let K/ F be function field F(U/G). Then

the pullback along the generic point Spec(K) — U/G gives

E——U

L]

Spec(K) ——U/G
a G-torsor £ — Spec(K'). The map

f:InwvY(G,Q/Z(d — 1))™™ — HYK,Q/Z(d — 1))

given by evaluation of an invariant a at the generic torsor in H!(F,G) gives an injection by

[9, Part II, Theorem 3.3]. This map induces the following diagram.

Inv (G, Q/Z(d — 1)) —— HY(K,Q/Z(d — 1))

J

Inv(G,Q/Z(d — 1)) HYK,Q/Z(d — 1))y

To show that BG is not stably rational, it suffices to show that there exists a nontrivial
unramified element of H4(K,Q/Z(d—1)). However, because H%(K,Q/Z(d—1)) is usually a
large group, it is useful to examine the smaller subgroup Inv*(G, Q/Z(d — 1)) for unramified

elements.

HYK,Q/Z(d — 1))uC HYK,Q/Z(d - 1))

| —

Inv (G, Q/Z(d — 1)) Inv* (G, Q/Z(d — 1))

So the existence of a nontrivial normalized unramified cohomological invariant for G over
F of degree d with coefficients in Q/Z(d — 1) is enough to show that the classifying space
BG is not stably rational over F', which motivates our interest in determining the group
of unramfied cohomological invariants for various finite GG. In this dissertation we consider
invariants of degree d = 1,2 with coefficients in Q/Z(d — 1) and proceed in two steps: first,
we compute the invariants Inv*(G, Q/Z(d—1)), and second, we then determine the subgroup

of unramified invariants Inv*(G, Q/Z(d — 1)) € InvY(G, Q/Z(d — 1)).
11



2.6 Quaternion Algebras

Later in this dissertation when determining Inv3_.(G, Q/Z(1)) for certain nonabelian groups,
we will need criteria for a quaternion algebra over a field F' to split. In this discussion we

follow [10, Section 1.1] and [16, Section 2].

Definition. Let F' be a field. A quaternion algebra over F is a central simple algebra of
dimension 4 over F'. Two examples of quaternion algebras are real Hamiltonians, (—1,—1)

over R, and the matrix algebra My(F') over a field F', for any field F.

When the characteristic of F' is different from 2, a quaternion algebra ) over F' has an

F-basis (1,1, j, k) and is determined by the relations

T =a
jt =0 (2:4)
ij =—ji=k

for some a,b € F*. In this case, we write Q = (a,b). When F' has characteristic two, the
above relations no longer give a central simple algebra since in this case, ij = —ji = ji.

However, a quaternion algebra @ still has a basis (1, u,v,w), and satisfies the relations

v* =D (2.5)

and in this case we write @ = [a, b).

Definition. Let A be a central simple algebra over a field F. Then A is said to be split if
A~ M,(F) for some n. If E/F is a field extension, A is said to split over F if A ®@p E is a

split E-algebra.

From Proposition 1.1.7 of [10], we have that a quaternion algebra (a,b) over a field F' of
characteristic different from 2 is split if and only if b is the field norm Npg( /), r(u) for some
u € F(y/a). When char(F) = 2, Q = [a,b) is split if and only if b = Np(,)/r(w) for some
w € F(a), where « is a root of the equation 22 + x = a.

12



CHAPTER 3

A Formula for Inv*(G,Q/Z(1)) and Inv'(G,Q/Z)

In this chapter, we present formulas for the degree-one and degree-two cohomological in-
variants of a finite group G over an arbitrary field F' with coefficients in Q/Z and Q/Z(1),

respectively.

3.1 Formula and Proof

Our objective is to prove the following theorem.

Theorem. Let G be a finite group over a field F'. Then,

(a) Inv'(G,Q/Z(0)) = H*(G, Z)DH(F,Q/Z(0)). Thus, Inv*(G,Q/Z(0))nerm = H*(G,Z).

(b) Inv*(G,Q/Z(1)) = H*(G, F*) @ H*(F,Q/Z(1)). Thus, Inv(G, Br)porm = H*(G, F*).

3.1.1 Balanced Elements

Throughout this chapter, let G be a finite group over a field F', and let V be a faith-
ful representation of G over F'. Set U to be a G-equivariant open subset of V' such that

codimy (V' —U) > 2 and U — U/G is a G-torsor. As discussed in the previous chapter,

U—-U/G

13



is a classifying G-torsor, and U/G can be thought of as an approximation of the classifying
space BG. To prove the above theorem, we first show that for d = 1,2, Inv(G, Q/Z(d — 1))
can be expressed as a subgroup of H4(U/G,Q/Z(d — 1)) consisting of the so-called balanced

elements. Let p; and py denote the projections

(UxU)2—U/G

.|

U/G

so that for any functor F : Sch®® — Ab, we have the following maps.

F(U/G)

lpf

}"(U/G)—pg]-"((U x U)/G)

The kernel of p; — py is called the the group of balanced elements of F(U/G), denoted
F(U/G)pa. We have the following lemma.

Lemma 1. Let G be a finite group over a field F and let U, V be as above. Then for any
functor F : Sch’®” — Ab,
[nv(G,F) = .F(U/G)bal

In particular, when F = H%(—,Q/Z(d — 1)), we have
Inv(G,Q/Z(d — 1)) = HY(U/G,Q/Z(d — 1))par.

Proof. According to [2, Theorem 3.4], there is an isomorphism
Inv™ (G, Q/Z(j)) ~ Hy,o(U/G, H"(Q/Z(5)) b
where H"(Q/Z(j)) is the Zariski sheaf associated with the presheaf

W= H"(W,Q/Z(j)).
14



Let X be an irreducible smooth variety over F. Note that from the Leray spectral

sequence

E}? = H(X, Rj.(Z)) = H"™(F(X),Z)

we have that H'(X,Z) = 0 and H?(X,Z) is torsion, where
J:Spec(F(X)) — X

is the inclusion of the generic point. Indeed, the spectral sequence gives the exact sequence

0— B, — H' — By — E° — H?

Since j.(Z) = Zx, the first three terms then give the exact sequence

0 — H'(X,(Z) — HY(F(X),Z)

The Galois cohomology group H' = H'(F(X),Z) = 0, as there are no nontrivial continuous

homomorphisms from a profinite group into Z. Thus,

HY(X,7) = 0. (3.1)

We also then get the exact sequence

which yields

0 — H°(X,RY(Z)) — H*(X,Z) — H*(F(X),Z)
15



Since R'(Z) is the Zariski sheaf associated with W +— HY(W,Z) and H'(W,Z) is trivial for

each W by the above, we have an injection
H*(X,Z) — H*(F(X),Z).

Since the Galois cohomology group H?*(F(X),Z) is torsion, we have H?(X,Z) is also torsion.

Now, write Ch(X) for H*(X,Z) and Br(X) for H*(X,G,,). Let Ch denote the Zariski
sheaf associated to the presheaf W +— Ch(W) and let Br denote the Zariski sheaf associated
to W — Br(W). We will now see that Ch = H'(Q/Z(0)), and that Br = H*(Q/Z(1)), where
H'(Q/Z(0)) and H*(Q/Z(1)) are the Zariski sheaves associated to W — H*(W,Q/Z(0)) and
W — H*(W,Q/Z(1)), respectively.

Let Z(0) and Q(0) denote the motivic complexes with Z and Q, respectively, in degree
zero, and zero in other degrees. Let Z(1) = G,,[—1], and Q(1) = Q ® G,,,[—1] and let
Q/Z(i — 1) be determined by the exact triangle of motivic complexes for i = 1,2 below, in

the derived category of sheaves in étale cohomology.
Z(i—1) —QRZ(1E—-1) — Q/Z(i — 1) — Z(i — 1)[1] (3.2)

In the case ¢ = 1, we have the exact triangle

Z(0) — Q® Z(0) — Q/Z(0) — Z(0)[1] (3.3)

For each W — X etale, the exact triangle (3.3) yields the exact sequence of abelian

groups

H'W,7) ® Q — H'(W,Q/Z(0)) — H*(W,Z) — H*(W,Z) ® Q

However, H'(W,Z) = 0 and H*(X,Z) is torsion by (3.1) above, and so H*(W,Z) @ Q = 0.
Thus HY (W, Q/Z(0)) ~ H*(W,Z) for each open W, and so Ch ~ H(Q/Z(0)).
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In the case i = 2, for each W — X etale, (3.3) gives the exact sequence

H*(W,Z(1)) — H*(W,Q(1)) — H*(W,Q/Z(1)) — H*(W,Z(1)) — H*(W,Q(1))

Since Z(1) is the complex with G,, in degree -1 and zero in other degrees, we then have the

exact sequence

HW,G,,) — H'(W,G,,) ® Q — H*(W,Q/Z(1)) — H*(W,G,,) — H*(W,G,,) ® Q

which we can rewrite as
Pic(W) — Pic(W) ® Q — H*(W,Q/Z(1)) — Br(W) — Br(W) ® Q

Since Br(W) injects into the torsion group Br(F(W)), Br(W) is torsion, and so Br(W)®Q =

0. We thus have an exact sequence of presheaves
Pic(—) ® Q — H(—,Q/Z(1)) — Br(=) — 0

After sheafification, we get an exact sequence of the associated Zariski sheaves. However,
since line bundles are locally trivial, the Zariski sheaf associated to the presheaf W — Pic(WV)

is trivial, and so Br ~ H*(Q/Z(1)).

Now, we will apply the Leray spectral sequence

HP

Zar

(X’ Rqa*(‘F>> = H§t+q(X7 ]:)a

where « is given by sheafification, to show that HY, (X,Ch) = Ch(X) and H}

Zar(X7 BT) =
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Br(X). Thus, we will have Inv(G, Ch) = HY, (U/G,Ch)pa = Ch(U/G)pa and Inv(G, Br) =
HY. (U/G,Br)pa = Br(U/G)pa. We treat the two cases together, letting G, = Z, Gy = G,,.

Consider the Leray spectral sequence

EYY = H?

Zar(X7 Rqa*(gl)) = Hf;rq(Xv gl)v
for i = 1,2. Since Ch(X) = H*(X,G;) and Br(X) = H?(X,G,), we are interested in terms

of total degree p 4+ q = 2.

o R%x,(G;) is the Zariski sheaf associated to the presheaf W — HY(W,G;) = Gi(W),
which for ¢ = 1,2, is just the Zariski sheaf G;. Since we have the flasque, and thus

acyclic resolutions of sheaves on X for G;, i = 1,2
0—72=6G —Q—Q/Z—0 (3.4)

0 = Gy, = G2 = 1.6y spec() — Divy — 0 (3.5)

H%ar(X, G;) = 0 for j > 1. Thus, Eﬁ"o = 0 for p > 1 in both the above spectral

sequences.

e R'a,(G;) is the Zariski sheaf associated to W — HL(W,G;). Asin (3.1), each HL,(W,G;) =
0, and so R'a.(G1) = 0. R'a.(G,) is the Zariski sheaf associated with the presheaf
W+ Pic(W). Since line bundles have a local trivialization, the associated sheaf is
trivial. So H}, (X, R'a.(G,,)) = 0. In particular, Ey" = Ey' = 0 for both spectral

(X, R10,(G;)) = HY(X,G),i=1,2.

sequences Hp,

e R?a,(G;) is the Zariski sheaf associated with W — HZ(W,G;) = F:(W). R?a.(G1) =
R%a,(Z) is denoted Ch, and R%*a,(Gs) = R?a.(G,,) is denoted Br.
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We can thus write the second sheet of the spectral sequences

H%ar(X7 RQOC*(Q,Z))

0 H (X, R'a.(Gi)) = 0 0 0
% 0

Zar

and we have R?a,(G;)(X) = HL(X,G) = HY, (X, R*a.(G;)) i = 1,2. Notice that any
open subset W of X is also a smooth, irreducible variety over F', and so the sections of
F;(—) coincide with those of its sheafification R?c,(G;)(—), and so F;(—) = R*a.(G;)(—).

Combining this with our above result,

IIlV(G, ‘Fl) = Hgar(U/G» R2a*(gi))bal = E(U/G)bal-

3.1.2 Computing HY(U/G,Q/Z(d — 1)) for d = 1,2

Now we have reduced the problem to computing the balanced elements of H4(U/G,Q/Z(d —
1)) for d = 1,2. The following lemma gives us relationships between H'(U/G,Q/Z(0)) and
H?*(G,Z) and H*(U/G,Q/Z(1)) and H?*(G,F*).

Lemma 2. Let G be a finite group over a field F', let V be a faithful representation of G
over Fand let U to be a G-equivariant open subset of V' such that codimy(V —U) > 2 and
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U — U/G is a G-torsor, as before. Then, there are exact sequences

0 — H(G,Z) — CWNU/G)pa — CH(U)pa (3.6)
0 — H(G,F*) — Br(U/G)u — Br(U)pa |

where for a variety X over F, Ch(X) = H*(X,Q/Z(0)) and Br(X) = H*(X,Q/Z(1)).

Proof. Since the G-torsor g : U — U/G is a finite Galois covering with Galois group G,

we have the Hochschild-Serre spectral sequence
H?(G,HY(U, F;)) = H""(U/G,F;)

for]:1:Zandf2:Gm.

In the case 1 = 1 we get the exact sequence

H\U,Z)¢ — H(G,Z(U)) — ker(H2(U/G,Z) — H*(U,Z))

Since the codimension of U in V' ~ A™ is atleast 2, U is connected, and so Z(U) = Z. Also,

HY(U,Z) =0 as in (3.1), and so we have the exact sequence

0 — H*(G,Z) — H*(U/G,Z) — H*(U,Z) (3.7)

Analogously, for F» = G,,, the Hochschild-Serre spectral sequence yields the exact sequence

below.

Pic(U)¢ — H*(G, F[U*) — Br(U/(U/G)) — H'(G,Pic(U))

Because V' ~ A" for some n, and since U is an open subset of V', we have Pic(U) ~ Pic(V) ~

0. Thus we an exact sequence

0 — H*(G, F[U)*) — Br(U/G) — Br(U) (3.8)
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Since U is regular, the Cartier Divisors are Weil Divisors and we have Divy(U) =
Hyev, Z. Recall that the codimension of the complement of U in V is at least 2, and
so I, cpmZ =1,y Z. So from (3.5) we get the two exact sequences below.

O—>F[U]X X—>HI€U(1)Z

—— F(U)
O—>F[V]X —>F(V)>< — U,y Z

Comparing them, we see that F[U]* = F[V]* = F*, and so we have the exact sequence:

0— H*(G,F*) — Br(U/G) — Br(U) (3.9)

Now we would like exact sequences similar to (3.7) and (3.9), but which relate the bal-
anced elements to H*(G,Z) and H?*(G, F*), respectively. Let F; = Ch(-), F» = Br(-),
and let H, = H*(G,Z), Hy, = H*(G, F*). We have reduced the calculation of Inv(G, F;)
to that of F;(U/G)pa for i = 1,2. We will now use (3.4) and (3.5) above to obtain exact

sequences of balanced elements

0— H; — Fi(U/G)vas — Fi(U)pa (3.10)

for i = 1, 2. Because the action of G commutes with the projection, we have the commutative

diagram below where p;, ¢; are the natural projections for i = 1, 2.

Ur——U%@q
l%‘ lpi

U——U/G

After applying the contravariant functor F;(—), this becomes
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Fi(U/G) —— Fi(U)
Fi(U?/G) — Fi(U?)

Since the same construction that gave (3.10) can be applied to the G-torsor ¢’ : U? —

U?/G we have exact sequences for 1 = 1,2
0 — H; — F;(U?) — F(U?/G) (3.11)

Thus, we the commutative diagrams for ¢ = 1, 2

0— H,—— F(U/G) —— F;(U)
00— jl[:d—> E((/LP;G) e ]-"i(l[;)

And so we get the commutative diagram below.

Fi(U/G)pa 2o, Fi(U)bal

ﬁ

O—>H—>}"(U/G)—>}"Z(U

lo lpf —ps lql —q3

0—— H—— F(U?/G) —— F;(U?)

The exactness of the second row and the commutativity of the right square give us that

the image of H; lies in F;(U/G)pa. The sequence
0— Hz — E(U/G)bal — E(U)bal

is exact, since anything in the kernel of ¢y maps to zero in F;(U), and so comes from an
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element of H. Thus, we have the exact sequences

0— H(G, Z) — Ch(U/G)bal — Ch(U)bal

0— I{((;7 FX) — BI‘(U/G)bal — BI"(U)bal

3.1.3 Proof of Theorem

We now apply Lemmas (1) and (2) to prove the theorem.

Proof (of Theorem). First, from a result of B. Kahn we have the following isomorphisms in

étale motivic cohomology.
H*(P",7Z(0)) ~ H*(F,Z(0)) © H'(F,Z(—1)) (3.12)
H*(P",Z(1)) ~ H*(F,Z(1)) ® H'(F,Z(0)) (3.13)

We will now use (3.12) and (3.13) to show that Ch(P") = Ch(F') and that Br(P") =
Br(F). By definition, Z(—1) = Q/Z(—1)[—1], and so H*(F,Z(—1)) = HY(F,Q/Z(-1))
0. Also, the hypercohomology H?(F,Z(0)) is the same as H*(F,Z). Since H*(X,Z) is

torsion, from the exact sequence

0 —2Z—>Q—Q/Z—0

we see have

H*(X,Z)~ H' (X,Q/7Z) (3.14)

and so from (3.12) we have

H*(P",7(0)) ~ H'(X,Q/Z) = Ch(F).

On the other hand,
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H2(P", 7(0)) ~ H2(P", Z) ~ H'(X,Q/Z) = Ch(P"),

using (3.14), and so Ch(P") ~ Ch(F). Also, H'(F,Z(0)) ~ H'(F,Z) = 0 as there are no

nontrivial continuous homomorphisms from a profinite group into Z, and we have
H*(F,Z(1)) = H*(F,G,,[-1]) = H*(F,G,,) = Br(F).

So from (3.14) we also have Br(P") = Br(F).

We need to calculate F;(A")y, for i = Ch and F; = Br, which we will do by comparing
with F;(P")pa = Fi(F). Consider again the exact sequence (?7?) given by Prop A.10 in
[BM]. Taking X = P" A" gives the following diagram with exact rows

0 —— Fy(P") —— Fi(F(P")) 25 I, ¢ oy HE (P, Q/Z(i — 1))

0 —— Fi(A") — Fi(F(A"))

110,

— Wpeamym HIY (A" Q/Z(i — 1))

From the diagram above and the equality
e eoyo Hy (P Q/Z(1 — 1)) = Wyeamo HH (A", Q/Z(1)) TTHI (P, Q/Z(i — 1))

where oo denotes the point at infinity in P", we obtain an exact sequence

0—— Fi(B") — Fi(A") 2= HIE (P, Q/2Z(i — 1))
where i is the injection F;(A") — F;(F(A™)) = Fi(F(P")). Now, we would like to apply
Lemmas A.6 and A.7 of [BM] to the dominant morphism m; : P* x A" — P", given by
the projection onto the first coordinate. Letting x denote the generic point of A", we have
71 (00 X x) = oo, a point of codimension 1 in P”. Thus we can apply Lemmas A.6 and A.7
to get the commutative diagram below where the top row is exact and where j denotes the
injection F;(A™ x A™) — F,(F(A" x A")) = F,(F(P™ x A")).
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0—— Br(P") — " Br(A") — ==, {3 (P* Q/Z(1))

J/qf [ﬁl SoXT

Br(A" x A" =Y H3 (P x A", Q/Z(1))

The projection onto the second coordinate my : P" x A" — P" induces maps ¢; :
Fi(A™) — Fi(A™ x A") and 75 : Fi(F(P")) — F(F(P" x A")) in a similar way. So, we

have the commutative diagram:

FiAm) ——— Fi(a")

bk

Fi(P" x A™) —— Fi(A" x A2 it (pe x A" Q/Z(i — 1))
where oy is map induced by the second projection and the bottom row is exact from (3.1.3)
above. Thus, Oxx. © j 0 ¢; = 0, and so we have the following commutative diagram whose

top row is exact.

0—— Fi(P") —— Fy(A") — =0, gi+l(pr Q/Z(i — 1))
lfﬁ‘q; Tlioxa
Fi(A" x AW == itl ey An Q/Z(i — 1))

ocOXT

So Fi(A™)pa = ker(qf — ¢5) = Fi(P™) = Fi(F). Thus, we obtain the the the exact sequences:

0—— Hy —— Fi(U/G)pa — Fi(F) (3.15)

It remains to show that ¢ in the exact sequence (6.4) is a split epimorphism, and so we
have a description Inv(G, F;) = H; & Br(F).
Consider X, a scheme over F. Then letting rj, 75 : F;(X) — F;(X x X) denote the

morphisms induced by the projections 71,79 : X x X — X, we have for i=1,2, a commutative
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diagram
Fi(X) 5 F(X x X)

where the vertical maps are induced by the structure morphisms. Thus, we have a commu-

tative diagram

and so F;(F) < ker(r; —r3) = Br(X)pa. Taking X =U, X =U/G g: U — U/G induces

the commutative diagram

Fi(U)G)pas —2 Fo(U)m

And so we have ¢y is a split surjection, as desired. O]

3.2 Evaluation Map for Degree-Two Invariants

We now have a description of degree-two cohomological invariants of a finite group G over a

field F' in terms of H?(G, F*). We would now like to understand explicitly the map
H*(G, F*) — Br(K)

corresponding to the evaluation of an invariant in Inv?(G, Q/Z(1))uerm on a Galois G-algebra

L/K € H'(K,G).

H*(G, F*) = Inv*(G, Q/Z(1))orm
l levalL/K
H?*(G,L*) ——— Br(K)
We will see that this map is given by the crossed product construction.
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3.2.1 Crossed Product for Rings

To an element u € H*(G, L*) we can associate an Azumaya algebra A(G, L/ K, u) over K,
where A(L/K,G,u) = @, Les, with e;e; = u(o,7)eqr, and for a € L, e;a = o(a)e,.
Since K is a field, A(G, L/ K, u) is actually a central simple algebra. This gives rise to a map
H?*(G,L*) — Br(K) defined by sending u to [A(G, L/K,u)], the class of A(G,L/K,u) in
Br(K).

3.2.2 Crossed Product for Schemes

The map
H*(G, F[U]*) — Br(U/G)

from the Chase-Harrison-Rosenberg exact sequence is given by a closely related construction
to the above, also called the crossed product construction. For an element u € H?(G, F[U]*),
associate to u the Op-algebra A'(G, g,u) = lyeqg.Oe, with multiplication defined as fol-
lows. For each W C U, we have the restriction map F[U] — Oy(W), which provides an
action of F[U|* on ¢g.O. Thus, we can set e e, = u(o, T)e,r, as above. Also, if s € Oy(W),
we can define e,s = o(s)e,, with the trivial G-action. The claim is that the Oy /g-algebra

A'(G,g,u) is an Azumaya algebra.

Since A’ is a finite-type as a Oy g-module is an Azumaya algebra, by [21, Proposition

2.1] we just need to show

(1) that A’ is locally free as a Oy g-module and

(2) that A’ ® F(z) is a central algebra over F(x) for each x € U/G.

Since g : U — U/G is a torsor, g is faithfully flat and finite, which implies that ¢.O is
a locally free Oy g-module. It remains to show (2). The point € U/G corresponds to a
morphism z : Spec(F(z)) — U/G. Since g : U — U/G is a classifying torsor, the pullback

of g along z is some G-torsor Spec(l) — Spec(F'(x)) where [ is a Galois extension of F(z).
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Spec(l) —X——U

1| |

Spec(F(z)) —— U/G

So we have (9.0p), ® F(x) ~ 2%9.0p ~ f.y*Ov =~ Ogpecqy = [, where [ is an F'(x)-module
via f. So Al ® F(z) ~ Hyeqle,, with e,er = y*(u(o, 7))eor. This is a central simple algebra

over F(z).

3.2.3 Describing the Image of ¥

For an invariant I € Inv(G, Br), with G = Gal(L/K), we would like to associate an element
of Br(K) via
¢ Inv(G, Br) — Br(K)

defined by I — I(L/K). Notice, however, that there is another natural map from Inv(G, Br)
to Br(K): a normalized invariant I € Inv(G, Br) corresponds to an element u € H?*(G, F')
via the crossed product construction, which we can map to its image in H?(G, L*) under
the map induced by F' < L, and then this element corresponds to some equivalence class
in Br(K) by the crossed product construction for rings. We would like to show that these
two associations are the same for normalized invariants; i.e. that the following diagram

commutes:

Inv(G, Br)yorm —— H*(G, F*) = Br(U/G)pa

b
H2(G, L) Br(K)

In the diagram above,

e z*os sends an element u € H*(G, F*) to I,(L/K) where I, is the invariant associated

to the element u via the crossed product construction.
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e t o j is the map induced by the inclusion F' — L followed by the crossed product

construction.

e An element u € H*(G,F*) corresponds to an invariant I,, which corresponds to a
pullback of some x : Spec(K) — U/G along g, since G : U — U/G is a classifying
torsor. This z induces z* which is given by z*([4]) = [A, ® k(z)] for an Azumaya
algebra A over U/G.

The same argument used above to show that A! ® F(z) is a central algebra over F(z)
for each # € U/G also shows that this diagram commutes. So for a normalized invariant
I, € Inv(G, Br)orm corresponding to u € H*(G, F*), I(L/K) is given by the equivalence
class of the associated crossed product corresponding to the image of u € H?*(G, L*) under

the map induced by the inclusion F'* — L*.
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CHAPTER 4

Unramified Degree One Invariants of a Finite Group

and Decomposable Invariants

As mentioned in the introduction, we are interested in determining whether there exist
nontrivial normalized unramified invariants for a finite group G over a field F'. We will now
use Theorem (?7?) to show that if G is a finite group over a field F, there are no nontrivial

normalized unramified degree 1 invariants with coefficients in Q/Z.

Lemma 3. Let G be a finite group over a field F, and let H a subgroup of G. Then the
restriction of a character x : G — Q/Z to a character o = x|y coincides with the restriction

of the invariant I, € Inv(G, Ch)porm to I, € Inv' (H,Q/Z) porm. In other words, the following

diagram commutes.

It (G, Q/Z) porm —=2= Int' H, Q/ ) niorm

Nl f

HY(G,Q/Z) ——— H'(H,Q/Z)

Proof. Recall from Theorem (??), we have
Inv! (G, Q/Z)norm ~ H*(G, 7).
From the short exact sequence

1-Z—-Q—-Q/Z —1
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we get the exact sequence
HY(G,Q) — H(G,Q/7Z) — H*(G,7Z) — H*(G,Q).
However, since Q is a divisible group, H*(G, Q) = 0 for + > 1. Thus, we have isomorphisms
H*(G,Z) = H'(G,Q/Z)

as in the figure above. For any H-torsor x, res(I,)(x) = I,(Ind$(z)). Here Ind%(x) is the
image of x under the map H'(K,G) — H'(K, H) induced by the inclusion H < G. Since
the action of I'x on H is trivial, x corresponds to a homomorphism ¢, : I'x — H, and so
Ind% (z) corresponds to the homomorphism i o ¢, where i : H < G is the inclusion. So we

have res(I,)(z) is the map y o (io¢,) = (x 0i) 0 ¢ = 0 0 ¢, = I,(x). So, res(I,) = I,.

Theorem. Let G be a finite group over a field F. There are no nontrivial normalized

unramified degree one Q/Z-invariants for G; i.e. Inv} (G, Q/Z)norm = 0.

Proof. Let I, € Inv'(G,Q/Z)uorm be nontrivial, where x is the corresponding element of
H'(G,Q/Z). We need to show that there exists an extension K/F and a Galois G-algebra
L/K such that the fixed field E/K of the character I, (L/K) is ramified. We first consider
the case when G is a cyclic group of order n. In this case, it is enough to construct a
degree n cyclic extension L/K over F, which is totally ramified with respect to some discrete
valuation v on K/F. Indeed, the character I(L/K) is given by the composition of the map
pr/k - 'k = G with x : G = Q/Z. Since L/K is an extension of fields, py/k is a surjection
and so I(L/K) is nonzero for all nontrivial x. Thus, the fixed field of the kernel of I(L/K)

is a nontrivial, and thus ramified, subextension of L/K.

Suppose first that n is prime to the characteristic of F. Let K/F be an extension
containing a primitive n'® root of unity, (,, and let # € K be the uniformizer with respect
to a valuation v on K. Then K(«), with a a root of the polynomial X™ — 7, is a totally

ramified degree n extension of K. K(a)/K is cyclic since K contains (,.

Now assume that the characteristic of F' is p, and that v is a valuation on an extension

K/F. When n = p, by Artin-Shreier, a root of the polynomial X? — X —a generates a degree
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p cyclic extension of K whenever a is not of the form v» —b. Let 7 be a uniformizer of K/F.
Claim that 7! is not of this form. If ¥» —b = 7=, then v(0? —b) = v(7~!) = —1 and so the
minimum of v(b) and v(b”) is equal to —1. But in this case, both v(b) and v(b”) = pv(b) < v(b)
are negative, and so v(b?) = —1. This is a contradiction, since v(b?) € pZ but v(b) = —1.
Thus, adjoining a root of X? — X — 7~! generates a degree p cyclic extension of K. This

extension is totally ramified

Now suppose n = p*. The exact sequence
0— Z/p" 2 — Z)p"Z — Z/pZ
yields the exact sequence
H'(K,Z/p"Z) — H' (K, Z/pZ) — H*(K,Z/p""'Z)

but since the p-cohomological dimension of K is at most one, H*(K,Z/p*~1Z) = 0. Thus
every degree p field extension of K extends to a cyclic extension of degree p* for & > 1. In
particular, the ramified degree p extension constructed above extends to a totally ramified

degree p* cyclic extension of K, as desired.

Now using the preceeding paragraphs, for any n divisible by p = char(F), we can use the

Chinese Remainder Theorem to construct a totally ramified degree n cyclic extension.

Now let G be any finite group, and let I, € Inv(G, Ch)porm be nontrivial. Since x : G —
Q/Z is nonzero, there is some z € G such that y(z) is not zero. Denote by H the sub-
group of G generated by z, and set 0 = x|y. Since H is cyclic, there is a Galois extension
L/K with Galois group H such that I,(L/K) is ramified. By the lemma, we have that
I,(L/K) = I,(Ind$(L/K)), and thus we have that the invariant I, is ramified. O

4.1 An Example

While there are no nontrivial unramified degree-one invariants for a finite group G with coef-

ficients in Q/Z(0), there do exist nontrivial unramified decomposable degree-two invariants
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for certain choices of F' and G. Serre gives the following example in [9].

Example. Let G = Z/87Z and let F' = Q. Consider the invariant given by the image of y®16
under the cup product G* ® Q — H?*(G,Q*) ~ Inv(G, Br)norm, where x : G — Q/Z is the
character with y(1) = %. Notice that G* ® Q ~ Z/8Z® Q ~ Q* /Q*". Since y®16 = y ®2*
is not an eighth power in G* ® Q, it is nontrivial. By the injectivity of the cup product, we

have that the invariant x U 16 is nontrivial.

First note that if K is an extension of Q and L/K € H'(K,Z/8Z) is not a field, then
(xU16)(L/K) = 0. To see this, let p : I'x — Z/8Z be the homomorphism corresponding to
L/K. Notice that (xy U16)(L/K) = (4x U2)(L/K) = (4p o x) U2. But since L/K is not a

field, p is not surjective, and so p o x has order dividing 4, and so (xy U 16)(L/K) = 0.

Now we will see that xy U 16 is unramified. To get a contradiction, suppose that y U 16
is ramified. By the previous paragraph, there exists some extension of fields L/K with
Gal(L/K) = 7Z/87Z such that (x U16)(L/K) = [L/K,0,16] is ramified with respect to a
discrete valuation v on K/F. This implies that the field extension L/K is ramified with
respect to v. Then since xy U 16 = 4x U 2, the class of the cyclic algebra [L/K, o, 16] =
(x U16)(L/K) is the same as that of [F/K,1,2], where E/K is the quadratic extension
fixed by 4x and 7 generates Gal(F/K). Since the class of the cyclic algebra [E/K, 7,16] is a
ramified element of Br(K), the extension E/K is ramified. This implies that the extension
L/K is totally ramified, since the maximal unramified subextension of L/K must be a proper

subfield of the quadratic extension E/K, as Gal(L/K) = Z/8Z.

Let K and L denote the completions of K and L with respect to v and vy, respectively.
Then because L/K is totally ramified, we have that L/K must also be totally ramified. If
7 denotes the uniformizer of K, and II denotes the uniformizer of L, we have 7 = uII® for
some u € K*. However, applying the generator o of Gal(L/K), we have or = (ou)(cl)®,
and so m = u(cIl)®. Thus, IT® = (¢11)%, and so we must have that oII = (II for some eighth

root of unity € L.

Now we will see that ¢ must be a primitive eighth root of unity. If ¢ is not a primitive
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eighth root, then (oII)* = TI*. We will show that this implies that ¢ = e, which is a
contradiction since (o) = Z/87Z. Let o € L be nonzero. Then a = ull*, for some k > 0
with u € L a unit in O;. Thus, o*(a,0) = o*(u)(c(ID*) = o*(u)IT*. We need to show
that o(e,0) = a, so it is enough to show that o(u) = u. Since L/K is totally ramified,
the residue fields L and K are equal, and so @ € K. So @ lifts to an element w € K C L.
Because @ = @ in K, v;(u — w))0, but v;(w) = v;(u) = 0, and so u = w € K. Thus
o(u) = u, and so we have 0*(v,0) = a for all & € L, a contradiction.

As before, the fact that x U 16 = 4y U 2 implies that (y U 16)(L/K) evaluates to the
class of the cyclic algebra [E/K,T,2]. Notice that since the primitive eighth root of unity

= 16 g in K, /2 is also in K. However, [E/K,7,2] is the twisted algebra E(z)/(x?)

CS - V2
defined by az = zn(a, o) for all a € E, which is just the field extension E/K, since 2 € K.

Thus, (x U 16)(L/K) is trivial and so (x U 16)(L/K) splits over K; but this means that
(x U16)(L/K) is unramified with respect to v. O

4.2 Decomposable Invariants

The invariant produced above is an example of a decomposable invariant. We have seen
that Inv' (G, Q/Z(0))norm =~ H?(G,Z) and that Inv*(G, Q/Z(1))norm =~ H?*(G, F*). Thus,

we have a map

v} (G, Q/Z(0)Jaowmn @ F* = Tnv*(G Q/Z(1) norm (4.1)

induced by the cup product

U: H*(G,Z) ® H*(G, F*) — H*(G, F*) (4.2)
Proposition. The cup product U : H*(G,7Z) x H°(G, F*) — H*(G, F*) is injective.
Proof. Since F'* is abelian, it has has a free resolution

0—Ay, — A - F*—=0
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for some abelian groups A;, As. So for each n > 0 we have the induced exact sequence
H"(G, Ay) — H"(G, A)) — H"(G,F*) — H" (G, 4y) — H"™ (G, Ay)

In the case where A; = Z, the cup product is given by sending [¢] ® a — [a¢] in this case,
the same as the usual isomorphism H"(G,Z)®Z ~ H™(G,Z). The case for A; a general free
abelian group follows from induction. Replacing the above appropriately, we get an exact

sequence
H"(G,Z) ® A EEN H"(G,Z)® A — H"(G,F*) — H"" (G, Z) ® A, 5 H"™NG,Z) ® A,
From this, we have the exact sequence
0 — coker(f;) = H"(G,F*) — ker(fs) — 0
which becomes the exact sequence
0— H"(G,Z) @ F* = H"(G, F*) = Tor(H"*Y(G,Z), F*) = 0

showing that the cup product (4.2) is injective. Thus, we also have that the map (4.1) is

injective. [

In particular, the proof of the proposition (4.2) above gives the following exact sequence.

0 — Inv' (G, Q/Z(0))norm @ F* = Inv*(G, Q/Z(1))norm — Tor(H*(G,Z), F*) — 0 (4.3)

Elements of Inv?(G, Q/Z(1))uorm in the image of the map
Inv! (G, Q/Z(0))norm @ F* = Inv*(G, Q/Z(1))norm

in (4.3) are called degree-two decomposable invariants. The group of degree-two decompos-
able invariants for a group G with coefficients in Q/Z(1) is denoted Inv3_ (G, Q/Z(1))norm.

The quotient
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Inv?(G, Q/Z(1))norm /I3 (G, Q/Z(1) ) porm =~ Tor(H?* (G, Z), F*) (4.4)

is called the group of indecomposable invariants. For the rest of this dissertation, we will
be concerned with computing the group of degree-two unramified normalized decomposable

invariants of a finite group G with coefficients in Q/Z(1).

In prime characteristic, we have the following consequence of (4.4).

Corollary. Let G be a finite group over a field F' of characteristic p > 0. If p divides the
order of G, then all cohomological invariants of G of degree 2 with coefficients in Q/Z(1)

with p-primary exponent are decomposable.

Proof. If p divides the order of G, each element of H'(K,G) is p-torsion for any K/F'. Since
the homomorphism

Inv?*(G,Q/Z(1)) — Tor(H*(G,Z), F*)
is surjective, and the image of p-torsion elements are also p-torsion,
Tor(H*(G,Z), F*) = Tor(H*(G, Z), F*), = Tor(H*(G, Z),, F).

But F° is the group of the p'" roots of unity of F', which is trivial since F' has characteristic
p. So
Tor(H?*(G,7Z), F*) = Tor(H*(G,Z),1) = 0,

and so the map

Ve (G, Q/Z(1))"™ =, Tnv* (G, Q/Z(1))"™

in (4.4) is an isomorphism. O
Proposition. For a finite group G over a field F,

Into(G, Q/Z(1)) norm =~ G* @ F*
where G* denotes the group of characters Homes(G,Q/Z).
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Proof. From the discussion above, we have

2, (G, Q/Z(1))norm ~ H*(G,Z) ® F*

and so it remains to show that H*(G,Z) ~ H'(G,Q/Z). From the exact sequence
0-Z2Z—-Q—-Q/Z—0
we get the exact sequence
HY(G,Q) - H(G,Q/Z) — H*(G,Z) — H*(G,Q)

and since Q is divisible, H'(G,Q) = H?*(G,Q) = 0. So H*G,Z) = H'(G,Q/Z) =
Homs(G,Q/Z). O

The lemma above suggests that for a finite group G over a field F, we can think about
decomposable invariants in Inv’,. (G, Q/Z(1))nerm as finite sums of elements of the form yUa
for characters x : G — Q/Z and elements a € F*. In fact, for a G-torsor L/K € H' (K, Q),
a decomposable invariant y U a evaluates on L/K to the class of the cyclic algebra given by

E/K,a,0), where E/K = (L/K)X") and ¢ is a generator of Gal(E/K).

4.3 Cyclic Algebras

We will show that on extensions of fields, decomposable invariants evaluate to the classes of

cyclic algebras. More precisely,

Proposition. For a finite group G over a field ', a decomposable invariant I € Inv*(G, Q/Z(1)) porm
and an extension of fields L/ K € H'(K,Q), I(L/K) € Br(K) corresponds to the equivalence

class of a cyclic algebra.

Proof. We need to show that elements in the image of the composition

H*(G,Z) ® F* 5 H*(G,F*) — H*(G,L*) < Br(K)
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correspond to the equivalence classes of cyclic algebras in Br(K). Here, the first map is
given by the cup product, the second is induced by the inclusion F' — L, and the third is
given by the crossed product construction. We have seen that the composition of the latter
two is evaluation of an invariant at the Galois G-algebra L/K, which is given by the crossed

product construction.

Let w € H*(G,Z). We can assume w is nonzero since in that case the image of w in

Br(K) is [K], which is trivially cyclic. Since G is finite and Q uniquely divisible,
HY(G,Q) = H*(G,Q) =0

and so the connecting homomorphism
§: H'(G,Q/Z) — H*(G,Z)

is an isomorphism. Thus we can write w = dx for some y € H'(G,Q/Z) = Hom,(G,Q/Z).

Let H denote G/kery. By the inflation-restriction sequence, we have
H'(H,Q/Z) — H'(G,Q/Z),

and so we can consider x as an element of H'(H,Q/Z), and w as an element of H*(G,Z).
Since G is finite, the image of x is of the form %Z /Z for some n, and so H is cyclic of order
n with generator o. Note that since H is a quotient of G = Gal(L/K), H = Gal(E/K) for

some extension K C E C L, and we have the following commutative diagram.

H?*(H,Z) ® F* —— H?*(H, F*) — H?*(H, E*) — Br(K)

| | L

H*(G,7) ® F* —— H*(G, F*) —— H*(G, L*) — Br(K)
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We need to show that for a € F*, the image of w ® a under the composition of maps
in the top row corresponds to the class of a cyclic algebra in Br(K). To get a more explicit
description of w, we choose a lift ¥ : G — Q of x, given by x(c") = % if 0 <4 < n,and x(o?) =
0 otherwise. Then w = dx : G x G — Z is given by w(o’,07) = x(c") — x(¢"7) + x(o?).
Thus for 0 < 4,5 < n, we have
0 ifi+j5<n

w(o',o?) =
1 ifi+j>n

Now the cup product w U a is given by w U a(o?,09) = w(o?,07) @z a = a®"*’) . So by

the crossed product construction, w U a defines the algebra Ily<,., Ee; with

€itj if 4 —f-j <n
€i€; =
aeiy; iti+j>n
and for all « € E, e;a = 0'(a, 0)e;. Thus, w ® a gets sent to the cyclic algebra defined by
the pair (E/K, a,0).

Let L/K be a G-Galois extension over F and let I € Inv'(G,Q/Z)porm. Then we have
the following commutative diagram, where Ch(K) denotes H' (K, Q/Z).

IHV1<G, Q/Z>norm & F*— Ch(K) & F* (45)
Inv?(G, Q/Z(1)) porm ——— Br(K)
Here, the two horizontal maps are given by evaluation at the G-Galois algebra L/K and
the left map is induced by the cup product. The right map is given by the crossed product
construction as follows. Let y ® a € Ch(K) ® F* be nontrivial. Then x : I'x — Q/Z has
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image %Z/ Z for some n with canonical generator %, and so kery fixes some degree n cyclic
extension F/K with generator o of Gal(E/K). Then, as in the proof above, we associate to

X ® a the cyclic algebra (E/K,a,0) = U<, Ee; where

€i+tj if 4 +] <n
eiej =
aeirj ifi4+j>n

and and for all « € E, ¢;a = o'(, 0)e;. O
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CHAPTER 5

Degree-Two Decomposable Invariants in Characteristic

Prime to |G|

5.1 Unramified Degree-Two Decomposable Invariants of a Finite

Cyclic Group

We now compute the group Inv3.. (G, Q/Z(1))™ . of unramified normalized decomposable
invariants of a finite cyclic group G of degree two, with coefficients in Q/Z(1) in the case

when the characteristic of the base field is prime to the order of G. We use the notation F,,

h

to denote the extension of a field F' by adjoining a primitive n'" root of unity.

Theorem. Let G be a finite cyclic group with 2-primary component of degree n over a field
F of characteristic prime to the order of G. Then

0 if Gal(F,,/F) is cyclic
Invge.(G, Q/Z(1)) 7™ =

nr -

Z]2Z  otherwise

Before proving the theorem, we note that since G is a finite cyclic group, we will reduce

to the case when G is a cyclic p-group for a prime p.

Lemma 4. Let G and H be finite groups over a field F' and let f : H — G be a group

homomorphism. Then the following diagram commutes,
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[nvifec(G7 Q/Z(1)) norm — [nv%lec(H7 Q/Z(1)) norm

J

]nv?iec(G7 @/Z(]'))Zgrm — ]nvfiec(]—L @/Z“'))Zgrm

where the map Inv’, (G) — Invs,.(H) above sends a decomposable invariant x U a to

(xo f)Ua.

Proof. We need to show that if (x o f) U a is ramified, then the decomposable invariant
X U a is also ramified. Thus, it is enough to show that for any Galois H-algebra L/K, there
is a Galois G-algebra E/K such that (yo f)Ua(L/K)=xUa(E/K); i.e. that

(x o /)(L/K) = x(E/K).

Since the set of Galois H-algebras over K can be identified with the set of continuous ho-
momorphisms 'y — H, L/K corresponds to some map ¢, . Composing with f: H — G,
we get f o ¢k € H'(K,G) which must correspond to some Galois G-algebra E/K. Then
since x(L/K) defined as x o ¢k, by construction we have (x o f)(L/K) = x(E/K).

Lemma 5. Let G and H be groups. Then
Ingeo(G > H,Q/Z(1))0m, = In0ije(G, Q/Z(1)) i X Ineo(H, Q/Z(1)) 75,

Proof. The functor Inv3,.(—, Q/Z(1))nerm : Groups — Ab induces an isomorphism which is

given explicitly by the restriction.

Qb : InV(ZjeC(G X H, Q/Z(l))norm — InV(Qiec(G7Q/Z(1))n0rm X Inviec(H7 @/Z(]-))norm

p(xUa) = (xl¢gUa,x|zUa)

Because finite product and coproduct of two abelian groups coincide, we have the following

42



IIlVdec G @/Z norm IIlVdeC H @/Z norm

NGXHQ/Z/

InvdeC (G,Q/Z(1))norm X InvdeC (HQ/Z(1))norm

AGX Q/Z( \

InVdec GQ/Z I101fm IHVdeC HQ/Z norm

where 9 o ¢ = id. From the lemma above, we then have induced maps on the unramified

subgroups:

Ianec(GXH @/Z( ))norm Invdec(G Q/Z( ))normXIanec(H Q/Z( ))norm Invdec(GXH @/Z< ))norm
(5.1)
Since 1 is an isomorphism, ™ is injective, and since ¢, o ¢"" = id, we must have

that 1), is surjective. Thus ¥ is an isomorphism and so Invi (G x H,Q/Z(1))™ = ~
Invdec(G @/Z( ))norm X InVdec(]—l Q/Z< ))norm

Now, we reduce to the case when G is a finite cyclic group of order n = p* for a prime
p. If G be a finite cyclic group over F' of order n, and () is the p-primary component
of G corresponding to a prime p, group unramified normalized decomposable invariants

decomposes as

IaneC(G @/Z( ))norm = Hp|nInV<2iec< b Q/Z( ))norm (52)
since G = I, G),.

So we have reduced to computing the unramified decomposable invariants in the case

when G is a cyclic p-group. The proof of Theorem (5.1) will now follow from the following
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lemmas.

Lemma 6. Let n = p* for some prime p and k > 0, and let F be a field of characteristic
different from p. If Gal(F,/F) is cyclic and is generated by the automorphism o where
o(¢,) = C8, then HY(Gal(F,/F), i) = 0.

Proof. Assume that Gal(F,/F) is cyclic. Since pu,(Fjp) is finite, the Herbrand quotient
|H°(Gal(F, /F), )| /| HY (Gal(Fy [ F), )| = 1

and so it is enough to show that |H°(Gal(F,/F), it,)| = 1. Thus we need to show that every
¢ € pp(F) is the norm of some (" € p,(Fsep). Since the norm is multiplicative, it suffices to

show that if the primitive root (,« € F’, then (.4 is a norm.

First consider the case when p = 2. We have [F, : F] = 2! for some 0 <[ < k. If the
primitive root (4« = Cﬁk_d is in F', then we must have k — d > [, so it is enough to show that
(e is a norm whenever d < k — [. Explicitly, we need to show that there exists ( = (; € F),
such that IIo*(¢) = (e, where o generates Gal(F},/F) and o((,) = ¢. This is equivalent to

showing that whenever d < k — [, there exists some s € N such that

|s(1 4+t 42 4 - 12 71) — 2+

It is possible to choose such an s whenever 2=4! does not divide a = 1+t +t24- - 2L

Since k —d + 1 > 1+ 1, it is enough to show that 2!*! does not divide .

Note that since o generates Gal(F,,/F), t is odd and so t = 1 4 2i for some ¢ > 1. Thus

we have

44



1+2i)% -1
a:1+(1+2z‘)+(1+2z‘)2+---+(1+2z‘)21—1:%

= (21[) + (221) (20) + -+ + (;ﬁ) (20)2

— 24 ((Z) (20) 4+ + @i) (201)

If we can show that 2*! divides every summand in the parentheses in the last line above,
we will be done. Notice that since we can take ¢ = 5 and so i = 2 by assumption, it suffices

to check that the m! binomial coefficient divisible by 2=+ for 2 < m < [.

(i&) - @—Q—W (5.3)

The equation for the number of factors of 2 in N! (N > 1), is given by

ERCRE R

where the a; are coefficients of N when expressed in base 2. Applying this, we see that the
number of factors of two in the numerator of (6.3) is 2! — 1. The number of factors of 2 in

the denominator is given by the expression
<<2l — m) — Ejaj) + (m — chz) = QZ — Ejaj — Eici

where the a; and ¢; are coefficients of 2/ —m and m, respectively, when expressed in base 2.

Thus we need to show that Y;a; + X;c; > [ —m + 2. We do this in the lemma below.

Now suppose that p is odd and that (,« € F. If ' does not contain a primitive !t root,
then p,(F) = {1}, and 1 is a norm. If ¢, € F, then |Gal(F,/F)| = p' for some | < k. In this

situation the argument (and computation) is nearly identical to the p = 2 case. O
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Lemma 7. Let I,m be integers such that 2 < m < . Suppose that 2" —m = ¥;a,29,

m = %;¢;2° are base two expansions. Then Ya; + X > 1 —m+ 2.

Proof. Notice that since (2! — m) +m = 2! has [ + 1 digits when expressed in base two,
at least one of the expansions of 2! — m and m must have [ digits. Since 2! > [ > m, the
expansion of 2/ — m must have [ digits and the base two expansion of m has r < [ digits.

This means that the first [ — r digits of 2! — m must be 1s.

11...1 % *...%

10000---000

In particular, there are always at least [ —r+1 digits equal to 1 in the base two expansions
of m and 2! —m, so it is enough to show that [ —r+1>1—m+2, i.e. that m <r+1. But

r <loga(m), and m < loga(m) + 1, and we are done. O

Lemma 8. Let F be a field of characteristic different from p, and let n = p* where k > 0.
If Gal(F,/F) is not cyclic, then |H*(Gal(E,/F), ji,)| = 2.

Proof. If Gal(F,,/F) is not cyclic, then p = 2, and F,,/F(i)/F with F,,/F(i) cyclic. By the

inflation-restriction sequence, we then have
0 — HY(Gal(F(i)/F), us) — HY(Gal(F,/F), i) — H (Gal(F,/F(i)), ttn) — 0

Since F,,/F (i) cyclic, we have H (Gal(F (i)/F), u4) = H'(Gal(F,/F), 1,,). Since H(Gal(F(i)/F), us)

is pin(Fsep) modulo squares,

H'(Gal(F (i) F), pa) = H(Gal(F,/F), 1) = /2L
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The following lemma completes the proof of the theorem.

Lemma 9. Let G be a cyclic group of order n = p*, where k > 0 and p is prime, over a field

F of characteristic different from p. Then Inv3,. (G, Q/Z(1))"o™ = HY(Gal(F,/F), j1,,).

nr

Proof. By the inflation restriction sequence, H'(Gal(F,/F), u,) = ker(f,), where
fo  F*JF*" = FYJE

is the natural map. So it is enough to show that Inv3_ (G, Q/Z(1))""™ = ker(f,). Note that
any decomposable invariant can be written uniquely as x Ua with x : G = Z/nZ — Q/Z
defined by x(1) = [1] and a € F*. We will show that x Ua € Invy, (G, Q/Z(1))2™ if and

n

only if a € ker(f,).

Suppose first that yUa € Inv3 (G, Q/Z(1))"™. Then (yUa)(L/K) is split for any Galois
1

G-algebra L over a complete field K. In particular, taking K = F,((t)) and L = K(tn),
(xUa)(L/K) split means that a € F* is an n'" power in K, and thus in FX. So a € ker(f,).

Now suppose that a € ker(f,,). It is clear that xUa is normalized. To get a contradiction,
suppose that xUa is a nontrivial ramified invariant. Since a € ker(f,) = H*(Gal(F,,/F), jin),
either a = 1 or |a| = 2 by the above lemmas. Since y U1 is trivial, we must have that a has

order 2. Thus, a = b"/? for some b € F*, /b & F*.

Since x U a is ramified, there exists a field extension L/K such that
n
(xUa)(L/K) = (5bx Ub)(L/K) = [E/K,7,0]

is ramified, where £//K is the quadratic subextension of L/K fixed by %x. So the extension
E/K is ramified. Since L/K is cyclic of degree n = p* with a ramified quadratic subexten-
sion, L /K must be totally ramified. So the completion L / K is also a totally ramified degree
n cyclic extension and so we must have (, € K. Thus F, C K. However, since a € ker(f,,)

this implies that x U a splits over F,, a contradiction since we assumed (x U a)(L/K) is
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ramified. O]

We have now computed the degree two unramified normalized decomposable invariants
of a finite cyclic group with coefficients in Q/Z(1) when the order of G is prime to the
characteristic of the base field F. We can use this to compute Inv3_.(G,Q/Z(1))7"™ in the

case when G is a finite abelian group over F.

5.2 Inv*(G,Q/Z(1)) for Finite Abelian G in Characteristic Prime
to |G|

We now will apply the results of the previous section to obtain a formula for Inv3..(G, Q/Z(1))™

for an arbitrary finite abelian group G over a field of characteristic prime to the order of G.

Theorem. Let G be a finite abelian group over a field F' of characteristic prime to |G|. Let
Gy = IL,Z/2% 7
be the 2-primary component of G. Then

InVeo(G, Q/Z(1)) porm = (Z/2Z)"

where 1 is the number of k; with Gal(Fy,/F') cyclic.

Proof. This follows immediately from (5) and (5.1) of the previous section.

We now compute the group of unramified normalized decomposable invariants of certain
nonabelian finite groups G over a field of characteristic prime to the order of G. We have

the following lemma.

Lemma 10. Let G be a finite group over a field F, and let G = G/[G,G] denote the

abelianization of G. Then the map

p* I (G, Q/Z(1) ) norm — I (GLQ/Z(1) ) norm (5.4)
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induced by the projection
p:G— G® (5.5)

sends decomposable invariants to decomposable invariants and

p*: [nUZec(Gabv Q/Z(1)) norm — Inv?jec(G> Q/Z(1))norm (5.6)

18 surjective.

Proof. Let I € Inv3..(G*™,Q/Z(1))norm- Then by definition, p*(I) is the normalized invari-

ant for G given by
P (I)(L/K) = I(L/K*®)

where Ker(p) is the kernel of the projection p. Since the invariant I is decomposable, we
have seen that I = x U a for some character y € H'(G,Q/Z) and some a € F*. Recall that
(xUa)(L/K) for a G®-Galois algebra L/K is equal to the cyclic algebra (x, E/K,a) where
E/K is the subalgebra of L/K fixed by the kernel of

x:G—Q/Z.

So p*(I)(M/K) for a G-Galois algebra M/K, is given by the cyclic algebra (x, E'/K,a)
where E' is the subalgebra of MXer®) fixed by the kernel of y. Thus, p* sends decomposable

invariants to decomposable invariants.

Now we have the following diagram

10v2, (G2, Q/Z(1) ) norm —— V3o (G, Q/Z(1) ) norem

| f

Gab* ® FX G* ® FX

—op

in which the two vertical maps are the isomorphisms given in the previous chapter, and

the bottom horizontal map is given by

xUa— (xop)Ua.
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The diagram commutes since if I ~ y U a,
p(D(L/K) = I((L/K)*"™) = (x, I'/K,a) = (x o p) Ua(L/K),

where L'/K is the subalgebra of (L/K)*® fixed by the kernel of p. Additionally, the
bottom map

Gab* ® FX 5 G* ® X
is surjective since any character x : G — Q/Z factors uniquely through the projection

p: G — G®. Thus, equation (5.6) is surjective. ]

5.3 Quaternion Group Qg

W 1 i — : — — - = Uu v
We now consider the quaternion group Qs = (u,v : v? = v?,u* = 1,v " luv = v 'v™!) and

will show the following.

Theorem. Let F' be a field of characteristic different from two. Then there are no unramified
normalized decomposable degree two invariants for Qg over F with coefficients in Q/Z(1);
1.€.

InVeo(G, Q/Z(1)) oy = 0.

norm

Proof. Since the lemma above gives us that the map

p* : IHV(QieC( §b7Q/Z(1))n0rm - InV?iec(QSa Q/Z(l))norm

is surjective, it is enough to show that for every nontrivial normalized decomposable QaP-
invariant I, there exists a Qa>-Galois extension F/K such that [(E/K) is ramified and such
that F/K embeds in some (s-Galois extension L/K. We first determine a condition for a

Q3P-Galois extension to embed in a Qg-Galois.
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The commutator subgroup [Qg, Qs] = (u?), and so the abelianization of Qg is given by
8 = (u,v) ~ Z)27 x /2.

Thus, the exact sequence

0 — [Qs, Qs] = Qs — Q&> — 0 (5.7)
reads
0—=Z/27 — Qs — 7Z.)27 X Z.]27 — 0.
Because [Qg, Qs] = (u?) is central in Qg, for any field K/F, we get the exact sequence in

Galois cohomology
HY(K,Qg) = HY (K, 7/27 x 7./27) — H*(K,7/27) =, Br(K)

where the first map is given by the restriction and the second map is given by the crossed
product construction. Thus, a biquadratic extension in H'(K,Z/27 x 7/27) embeds in a

Qs extension when its image under the crossed product vanishes in 9Br(K).

To compute the image [A] of a Z/27 x Z/27Z-Galois algebra F/K in Br(K), we first
determine the cocycle f € H*(Q2", [Qs, Qs]) corresponding to the exact sequence (5.7). For
any h,k € Q¥, f(a,b) = hk- h/\k;_l € [@s, Qs], where h denotes a chosen lift of h in
Qs. Write Z/27 x 7.J27 = (e1,es}), where u, v and uv in Qg are lifts of e;, ey and ejey
respectively. Let g € H2(Q2, E*) be the composition of f with the inclusion Z/2Z — E*.
Then [A] €5 Br(K) is given by

[A] = Wyequ Exn

subject to the relations

1. 2y, - xp = g(a,b)zp for all b,k € Q3> and

2. a-xp =5 - h(a) forall h € Q% and a € E.

The biquadratic extension E can be written £ = K(\/a, \/l_)) for some a,b € K where

Cal(K(v/a)/K) = (u) and Gal(K (Vb)/K) = (v).

o1



/\
\/

Notice that since

-1 _

glei,er) = u? - (u
(

)
g(ea, e9) = v? - 1)2)_1 =
(5.8)
gler,en) =u-v- (uv)’1 =
gleg,er) =v-u- (w) ™ =vuwwtut = —1
we have
Ty Ty =1
Ly = Ty = 1 (59)
Ty Ty = —Ty * Toy

and so the subalgebra (z,,z,) of A is isomorphic to the split quaternion algebra (1,1). By

the centralizer theorem, we have
A=(1,1) @ Ca({xy, x,))
and since the centralizer of (z,,z,) in A is given by the subalgebra (\/az,Vbz,), we have

A=(1,1) ® (Vaz,Voz,).
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Now, we see that since

Vaz, - ar, = a
Vo, - Vor, =b (5.10)
Vaz, - Vor, = —Vbz, - \az,
we have that (y/az,vbx,) is isomorphic to the the quaternion algebra (a,b). Thus, [A] =

[(a,b)], and so E = K (y/a, v/b) embeds into a Qg extension L/K when the quaternion algebra

(a,b) splits over K.

Now, in order to show that there are no unramified normalized decomposable (Qg-invariants,
we must show that for every nontrivial normalized decomposable Q2 -invariant (c,d) there
exists some field K/F and a Q3° = 7Z/27 x Z/27 extension K (y/a,/b) of K which embeds
in a Qg extension of K and such that (c, d)(K (y/a, /b)) is ramified.

Let K be a field with valuation v trivial on F', with uniformizer 7, and let (c,d) be a

nontrivial element of

Inv2, (Z/27 x 7./27., Q/Z(1)™,. ~ Q¥ @ F* = F*/F** x F*JF**,

norm

Since (¢, d) is nontrivial, either c or d is not a square. If ¢ is not a square, choose (a,b) = (7, 1).

Then the image of (¢, d)(K(v/a, /b)) under the residue map 9, is given by
9y ([(e; m)] + [(d, D)]) = ¢

which is nontrivial. On the other hand, if ¢ is a square in F, then d is not, and so we can

choose (a,b) = (1,7) and we have
9y ([(c, D] + [(d, m)]) = d

which is nontrivial. In either case, (¢, d)(K(y/a, /b)) is ramified and the quaternion algebra
(a,b) splits. Thus, Inv3..(G, Q/Z(1))* = 0. O

norm

Note. 1t is actually known that a Qg is stably rational over Q [14], [11]. It was proven by

Grobner in 1934, but the result was lost after World War II, unfortunately.
53



5.4 Dihedral Group Dsg

We now consider the case of the dihedral group Ds. We will show that Inv? (G, Q/Z(1))o™ =

0 when F' has characteristic different from 2. In fact, the stronger statement that Dy is stably

rational over Q is known [14].

Theorem. Let F' be a field of characteristic not equal to two. Then there are no nontrivial
unramified normalized decomposable degree two cohomological invariants of Dg over F with
coefficients in Q/Z(1).

Proof. The map

" Invieo (D5, Q/Z(1))norm — InViee(Ds, Q/Z(1))norm (5.11)
induced by the projection of Dg onto its abelianization D3 = Z /27 x Z/27 sends a de-
composable DiP-invariant I to the Dg-invariant defined by p*(I)(L/K) = I(L/KPsPsl) for
any Dg-Galois extension L/K. Since p* is surjective, in order to show that there are no un-
ramified normalized decomposable Dg-invariants, it is enough to show that for every every

normalized decomposable D@-invariant I there is a Dg-Galois extension E/K such that

I(F/K) is ramified and E/K embeds in a Dg-Galois extension L/K.

First, we determine an equivalent condition for a D3P ~ Z/27 x Z/2Z extension to
extend to a Dg-Galois extension. Writing Dg = (0, 7|0? = 72 = 1,707 = 07 !), we can write
the commutator subgroup [Dg, D] = (02) ~ Z/2Z. Since (0?) is central in Dg, the exact

sequence

1 — Z/27 — Dg — D3> — 1 (5.12)

yields the exact sequence for each field extension K/F
HY(K,Dg) — HY(K,7/27 x 7.)27) — H*(K,7/27) ~3 Br(K) (5.13)
where the first map is given by the restriction. So a D3P-Galois algebra E/K extends to

Ds-Galois algebra L/K if and only if its image in 9Br(K) is trivial. The map above from

§: HY(K,Z/27 x 7./27) —5 Br(K) (5.14)
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is given by the crossed product. So we need to characterize the kernel of this crossed product.

Let E = K(y/a,Vb) be a 7Z/27 x 7/2Z-Galois extension of K. If g € H*(K,7/27) is
the 2-cocycle corresponding to the extension Dg of D3 in (5.12), and f € H?(D E) is
the composition of g with the inclusion Z/2Z — E*, then ¢ sends E/K to the Brauer class
of the Azumaya algebra A = (E,Z/27 x Z/27Z, f).

We now compute explicitly the Brauer class [A]. To simplify notation, let a = /a,

B = +/b. As an algebra over K, A is generated by the elements
A= <17$a7I5aIUaxT’xUT> (515)
subject to the relations

i zs- 2 = f(s,t)zg for any s,t € Dg and

ii. a-zs = s(a)a for any a € F, and any s € Ds.

with o and 7 are generators of D" = Z /27 as below.

/\
\/

From (5.12), we have a lift of each h € D2> to Dg. Letting h denote the lift of h, we have

oc=o0
T=T
(5.16)
oc=o0
oT =0T

where the elements on the right sides of the equal signs are the elements of Dg. Since for

any s,t € Z/27 x ZJ2Z, g(s,t) is explicitly given by

g(s,t)=5-1-st e (%) = 7./27
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we see that

glo,0)=6-6-1"1 =02
glr,7)=7-7-1"1 =1
(5.17)
glo,7)=6-7-01  =or(or) ' =1
g(r,0)=%-6-70  =rT10(0T) ! =0°

Thus, as f(s,t) is the image of g(s,t) after composition with the inclusion Z/27Z — E*,
we have

Ty Ty = —1 Ty Xy =1 Lo Ty = —Ty Ty (5.18)

From (5.18), we see that the subalgebra B of A generated over K by the elements

{1, 24,27, xs7} is the split quaternion algebra (—1,1). So by the Centralizer Theorem,
[A] = [(-1,1) ® Ca(B)] = [Ca(B)]

where C'4(B) denotes the centralizer of B in A. Computing this centralizer, we find C(B)
is generated over K by the elements {1, ax,, fz,, afz,,;}. Indeed, each of these elements
commute with z, and z, and for dimension considerations we know C4(B) has dimension 4

over K. Notice that
azr, - ar, =0’ =a By - Bry = —F% = —b az, - fry = — B, - ax, (5.19)

Thus, C'4(B) is isomorphic to the quaternion algebra (a, —b) over K, and we have
[A] = [(a, —b)] (5.20)

and so E = K (y/a,V/b) extends to a Dg extension of K if and only if the quaternion algebra
(a,—b) splits over K.

Now, to show that there are no nontrivial unramified normalized decomposable degree
two cohomological invariants of Dg over F' with coefficients in Q/Z(1), it suffices to find
for each nontrivial normalized decomposable Z /27 x Z/27Z-invariant (c,d) a field K/F and
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a pair a,b such that (c,d)(K(yv/a, /b)) is ramified. Take K to be an extension of F with

valuation v trivial on F' and uniformizer w. Since the evaluation map
Inv3,(Z/27 x 7.)27,Q/Z(1))"™ @ H (K, 7/27 x 7./27) — Br(K) (5.21)

is given by

((c,d), K(va, Vb)) — [cUd] + [dUb] = [(c,a)] + [(d,b)] (5.22)

we must find for any (¢, d) € F*/F**x F*/F* nontrivial, a pair (a, b) so 8([(c, a)] +[(d, b)])
is not a square. If ¢ is not a square, we can choose (a,b) = (m, 1), and we have the residue at
v, d((a,m) + (b,1)) = a is nontrivial. Similarly, if ¢ is a square, we take (a,b) = (1,7), and

so (¢, d) is ramified. O

We now use the proof above to compute the nontrivial unramified normalized decompos-

able degree two cohomological invariants of Dig over F' with coefficients in Q/Z(1).

5.5 Dihedral Group Dqg

We now show that there are no unramified normalized decomposable degree two cohomo-
logical invariants of Dy over F' with coefficients in Q/Z(1) when the characteristic of F' is
different from two. We mention, however, that a stronger result is know: that D¢ is stably
rational even over an arbitrary field F' [15]. Our strategy is similar to the Dy case: we will

show that the map

p* : Inviec(leh @/Z(]-))norm - InV(ZieC(DTIgv Q/Z<]—))norm

is surjective by finding for each element (c,d) € Inv’. (D2, Q/Z(1))nom 2 biquadratic ex-

tension E = K(y/a,v/b) of K such that (c,d)(F/K) is ramified and E/K can be embedded

in a D extension of K. The following lemma gives conditions for such an E/K to be em-

bedded into a D4 extension. The proof relies on the fact given by section 3.4 and Theorem

2.2.2 of [28] that in this particular case, such an L/K can be embedded into Dy when the
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compatibility condition that the crossed product algebra A = Dig x K+/a, Vb described in

the proof is isomorphic to a matrix algebra of order 4 over a subalgebra.

Lemma 11. Let E = K(\/a,Vb) be a biquadratic extension of a field K. Then if the
quaternion algebra (a, —b) splits over K and the quaternion algebra (a,2) splits over K[/ =],

then E can be embedded in a Dyg-Galois extension of K.
Proof. Consider the projection
7 Dig — D ~7,/27 x 7.)27 (5.23)

which sends o and 7 to generators of Z/27Z x Z/27Z. We let A = Dy x K+/a, /b denote the

algebra consisting of sums X,¢p, u,x, where z, € K+/a, /b and

1. xg-xp = g for g, h € Dyg, and
2. c-x, =1, m(g)(c) for c € K(\/a,Vb).

Since the kernel of 7 is cyclic of degree 4, section 3.4 and Theorem 2.2.2 of [28] together say

that in order to show that such an embedding exists it is enough to show that
Dis x K(va,Vb) ~ My(Z)
where Z is the center of A. Let
Y = Syenlgy € Dig X K(v/a,Vb)
be an element of Z. Then
V- Yyepi gty = Xgepis T Ugy - Va

where the sign depends on the action of g on y/a. Since if y commutes with y/a, cach u,
must commute with y/a. Similarly, since y commutes with Vb, then each ugy must commute
with v/b. So, in order for y to be in the center of Dig X K(/a, \/1_9), each ugy with x, nonzero

is an element of {1, uy2, Ug1, uys}. Now, write

Y =T+ Ug2T2 + UgaT s + Uys T ya
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and notice that
TrY = YTy

implies that 1 and z,4 are fixed by 7, and 7(z,2) = x,6. Similarly, from
xoy = ny'

we have that o fixes each of x1,x,2, 2454, 2,6. Together, we have that z;,z,4 € K and

Ty2,T,6 € K(y/a,v/D). In particular, dimg (Z) < 8.

On the other hand,
{1,1‘04,1'02 + T 46, \/6%72 — \/B:B(,ﬁ} C Z.

To verify this, if is sufficient to check that each of the above elements commutes with z,,
z,, v/a and v/b. Since dimg (Z) divides dimg (A) = 64 and 4 < dimg(Z) < 8, we must have
dimg(Z) = 4, and so Z is generated over K by {1, x4, z,2 + Tz6, Vbz,e — \/l_)wge}.

Notice that the elements
el 5 + x4

ey = 5(1 — Ty4)

of Z are primitive idempotents. So identifying z,2 with and indeterminate X over K, we

have
7 =7]e\7 x Z)eaZ = K[X]/(X? —1) x K|[vV/—b = K x K x K[V/—b] (5.24)
So, from the above discussion, K (y/a,v/b) embeds into a Ds-Galois extension of K when

A = Dyg x K(v/a,Vb) = My(Z) = My(K) x My(K) x My(K[v/—b)).
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Now, we have

A= A61 X A€2

but notice that the elements

1
fi= 5(1 + x,2)eq

1
f2 = 5(1 — 1'02)61
are primitive idempotents in Ae;. Thus,

A= Aelfl X A€1f2 X Aeg.

Claim. Fach of Aeyf1, Aeifs, and Aey is a central simple algebra over K.

Proof. Since A has no central nilpotent elements, by [20] we have that A is semisimple.

Consider first Aes >~ A/(1 + x,4). Notice that since z,4 = —1 in Aey, we have
(J}g — IOS)Q =Ty2 — 2Tpa + Ty = To2 +2 —Tp2 =2

and as (x, — x,3) anticommutes with y/a, the subalgebra @ = (\/a, z, — x43) is isomorphic

to the quaternion algebra (a,2). Since Ae, is a central simple algebra over K, we have

Aey = Q @ Cae,(Q)

Since
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Clae, (Q) = (1, Vb, 27, T2, Voxr, Vb g2, T2, \/l_)x027>
= (Vb,27) @ K[Vbxy2] /(2,0 + 1) (5.25)
= (b,1) ® K[vV—b|

we have

Aes = Q@Ca,(Q) = (a,2)@(b, NOK[V-b] = (a,2)@M,(K)@F[vV=b] = My((a,2)@ K [vV=0])
(5.26)

Now consider Ae; fi = A/{x1_,2). Since Ae; fi is central simple over K and the subalgebra

(x,,+/a) of Aeyfi is isomorphic to the quaternion algebra (1, a), we have

A€1f1 = (17 a) ® CAe1f1(<x07 \/5))

But Ca., s, (x4, v/a)) = (x,,v/b) which is isomorphic to the split quaternion algebra (1,b),
and so

Aeifi = (1,a) ® (1,b) = My(K). (5.27)

Finally, consider the algebra Aeif, = A/{x1,,2). Since the subalgebra (v/a,vbz,) is

isomorphic to (a, —b) and the centralizer of (v/a, Vbx,) in Aey fy is (vVb, z,) ~ (b, 1), we have

Aeyfa = (a,—b) @ (b, 1) = (a, —b) @ My(K) = My((a,—b)) (5.28)

Thus,

A= My(K)® My((a,—b)) @ My((a,2) ® K[vV—0]) (5.29)

and since K (y/a,v/b) embeds into a Dy¢-Galois extension of K when
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A= My(K) x My(K) x My(K[V=b]),

Thus, K(/a,v/b) extends to a Djg-extension of K when (a, —b) splits over K and (a, 2)
splits over K[v/—0]. O

Theorem. Let F' be a field of characteristic not equal to two. Then there are no nontrivial

unramified normalized decomposable degree two cohomological invariants of Dyg over F with

coefficients in Q/Z(1).

Proof. To show that Inv3. (D, Q/Z(1))™,,, = 0, it is enough to show that for every

norm

nontrivial normalized decomposable Dib-invariant (c,d) over F, there is an field K/F and

an extension K (v/a,v/b)/K such that
(67 d)(K(\/av \/B)/K) = (C’ (Z) + (dv b)

is ramified and which extends to a Dyg-extension of K. From the previous lemma, this means
we must find for each nontrivial (¢,d) € F*/F** x F*/F** some pair (a,b) € K* x K*
satisfying:

1. the quaternion algebra (a,2) splits over K (v/—b),

2. the quaternion algebra (a, —b) splits over K, and

3. (¢,d)(a,b) = (c,a) + (d,b) € H*(K,Q/Z(1)) is ramified.

Let K be a field with valuation v trivial on F' and let 7w denote the uniformizer of K.
Since (¢, d) is nontrivial, not both ¢ and d are squares. Suppose first that d is not a square.
Then we can take a = 1,b = 7, since (a,2) = (1,2) and (a, —b) = (1, —7) are both split over

K and since
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Ds((c,a) + (d,b)) = 0,((c, 1) + (d, 7)) = d (5.30)

which is nontrivial, making (¢, d)(a,b) ramified. On the other hand, if d is a square, we can
choose a = b = w. In order to show that the quaternion algebra (a,b) splits over a field k,
by [10, Proposition 1.1.7}, it is equivalent to show that b = Ny /a)/(u) for some u € k. So
quaternion algebra (a,2) = (,2) splits over K (v/—b) = K(y/—7) if 2 = 2% — 7y? for some

xz,y € K(y/—m). Taking x =1 and y = \/;_7,

P —myf=1+1=2 (5.31)

as desired. So (a,2) splits over K (v/—b) in this case. Similarly, to see that (a, —b) = (7, —)
is split over K, it is enough to see that —7 is a norm of the extension K (y/7)/K; i.e. that
—7m = 1r? — ws® for some choice of r, s € K. But this is the case for r =0, s = 1. So (a, —b)

splits over K. Finally,

Oy((c,a) + (d,b)) = 0p((c, —m) + (d, 7)) = ¢ (5.32)

as d is trivial, and since ¢ is not a square, (¢, d)(a,b) is ramified. ]

5.6 Dihedral Group D,, for n Odd

We will show that when G = Ds, for n odd, Invge.(G,Q/Z(1))2 = 0. Note that in this

case, the commutator subgroup [Da,, Ds,| is isomorphic to Z/nZ, and the abelianization

D3> of Dy, is isomorphic to Z/27Z.

Theorem. Let F' be a field of characteristic not equal to two. Then there are no nontrivial

unramified normalized decomposable degree-two cohomological Ds,-invariants over F with

coefficients in Q/Z(1) if n is odd.

Our method will be similar to the two dihedral examples above. First, we will use the

following lemma which will give us a condition for a quadratic extension to extend to a Dy,
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extension. Then since the map

P*: Iviee (D32, Q/Z (1)) norm — Iviee (Dany Q/Z(1))norm (5.33)

is surjective, it is enough to find for each decomposable D3P invariant I a quadratic exten-
sion /K such that I[(F/K) is ramified and F/K extends to a Ds, extension L/K. The
following gives us a condition for a quadratic extension to embed in Dy, extension when n

is odd.

Lemma 12. Let n > 3 be an odd integer, and let K be a field containing a primitive nt

root of unity. Then a Z/27-Galois extension E /K with automorphism group (1) exetnds to

a Do, extension of K if and only if there is some x € E* satisfying x7(x) € K*".

Proof. Suppose first that £/K embeds in the D, extension L/K. Then L = E(«) for
some o € L*.

L= E(a)

=k
E
K

Set B = 7(a) and let z = a™. We will show that x7(x) is an n'" power in K*.
Notice that
a7(x) = a"f" = (af)",
and so it suffices to show that a8 € K*. Since K contains a primitive n'® root of unity (,

Gal(L/FE) is cyclic of order n. Let o be a generator of Gal(L/FE), sending o to a. The

element a8 € L is fixed by o since

o(aB) =¢a - o(f) = Ca-o(r(a)) =Ca-7(07 (@) = Ca-7(( o) =a - 7(a) = af

Also,
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T(af) = 1(ar(a)) = T7(a)a = af

and so af is fixed by 7. Since aff € K and is nonzero, aff € K*.

Conversely, assume that there is some x € E* and some y € K* such that

xr(x) = y".

We will show that E/K embeds in a Dy, extension L/K. Set a = '/, L = E(a), and let
o : L — L be the automorphism of L/E defined by o(a) = (a for some primitive root of
unity ¢ € K. Note that the automorphism 7 of £/K can be extended to an automorphism
of L/K via

7(a) = ya™!

Let G = (o, 7). To show that L/K is G—Galois, we need to show that L = K, |G| = [L : K]
, and that Aut(L/K) = G. It is clear that LY = K. Also, G C Aut(L/K), and since

2n = |G| < |Aut(L/K)|[L : K] =2n
we have Aut(L/K) = G. Finally, to see that G = D, we need to check that o and 7 satisfy

the dihedral relations. Note that since y € K, 7(y) = y. Then

(@) =T(ya ) =yr(a ) =ylya ) =a

2

and so the automorphism 7 has order two. Since ¢” = 1, 7° = 1, it remains to check that

7-0=0"1-7. Let v € E* be an element such that 7(v) = —v, so that L = K(«a,~). Then

T-o(a) =7(Ca) =Cyat =y((Tla) T =y(oTH () =yo (o) =07 r(a)

and



and so G = Do, O

Now for the proof of (5.6).

Proof. Let (a), where a € Fx/F 2 be a nontrivial normalized decomposable invariant for
Ds,, over F with coefficients in Q/Z(1), where n is odd and |G| is prime to the characteristic
of F. Then we will find a field K/F and a quadratic extension E/K such that E/K embeds
in a Dy, extension L/K and (c¢,d)(E/K) is ramified. Let F; be a field extension of F
containing a primitive n* root of unity. Choose K = F;((t)) with the usual valuation, and

E = K(3/t"). Let T be the generator of Gal(E/K).

Z/n7Z

Fi((6)(vtr)

7./2Z

(1))

Then by the above lemma, E/K embeds in a Ds, extension since VIRtV = —t" =
(—1)"t"™ € K*". Also, (a)(E/K) evaluates to the quaternion algebra (a, t") which is ramified.
Indeed, ((a, ")) = a” which is nontrivial in F* /F** since n is odd. Thus, the decomposable

invariant (a) is ramified. O
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CHAPTER 6

Degree-Two Invariants in Characteristic Dividing |G|

In the previous chapter, we obtained formulas for the normalized unramified decomposable
invariants for various finite GG in the case when the characteristic of the base field F' does not
divide the order of G. We now consider the case when the characteristic of I does divide

|G-

6.1 Case for Cyclic G of Prime Order

Let G = Z/pZ over a field F of characteristic p. In this section, we will show that there are

no nontrivial normalized unramified decomposable invariants for G over F with coefficients
in Q/Z(1), i.e. Invi..(G,Q/Z(1))x= . = 0.

Recall that when the characteristic of F' does not divide the order of G, for any field
extension K/F, an element of H* (K, Q/Z(i — 1)) is called unramified if it is in the kernel of

the residue maps
Oy H(K,Q/Z(i — 1)) = H" Y(ky, Q/Z(i — 2))

for each discrete valuation v on K trivial on F'. Here k, is the residue field. These residue

maps fit into an exact sequence [6]

oo HY(O,, QJZ(i — 1)) S HI(K,Q/Z(i — 1)) & H ™ (k,,Q/Z(i —2)) = -+ (6.1)
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where O, is the valuation ring of v. Here H*(O,,Q/Z(i — 1)) denotes the tale cohomology
group H{(Spec(O,), Q/Z(i—1)). In the case when i = 2, H*(0,,,Q/Z(1)) can be interpreted
as Br(O,) which is the group of equivalence classes of Azumaya algebras over O, just as

H?*(K,Q/Z(1)) is Br(K). The map

o, : H(0,,Q/Z(1)) —» HX(K,Q/Z(1) (6.2)

is given by sending an Azumaya algebra [A] € Br(0,) to [A ®o, K] € Br(K).

In the case when the characteristic of I’ divides the order of GG, residue maps

0y« H*(K, Q/Z(1)) — H' (K, Q/Z(0))

are not defined. However, there is still a notion of an uramified element of H?*(G,Q/Z(1));
namely, * € H?*(K,Q/Z(1)) is said to be unramified if z is in the image of the map a,

described in (6.1) for each discrete valuation v of K trivial on F.

Theorem. Let F be a field of characteristic p and let G = Z/pZ. Then there are no nor-
malized, unramified degree-two invariants for G; i.e. Inv*(G,Q/Z(1))"o™ = 0.

Recall from Chapter 5 that we have the following exact sequence
0 — Ve (22 Q/Z(1) ) norm — VA2, Q1) norms — Tor(H*(Z/pZ, ), F¥).
When F has characteristic p, Tor(H?*(Z/pZ,Z), F*) = 0, and so
V3o (Z/PZ, Q/Z(1))norm = Iv*(Z/pZ, Q/Z(1) ) norm;

i.e. every invariant is decomposable.

To prove the above lemma, it is enough to show that there exists a G-Galois algebra

L/K over F such that for for any normalized decomposable invariant xy Ua € G* ® F*(~
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Invge.(G, Br)*™), (x Ua)(L/K) is nontrivial and ramified whenever x U a is nontrivial. We
will show that the extension L = K[z]/(z? —x—1t7') of K = F((t)) satisfies this property. In

this case the crossed product construction gives us that (yUa)(L/K) is the p-algebra [t~ a).

Lemma 13. Let F be a field of characteristic p, and let a € F*. Then [t7',a) is split if and

only if x Ua is trivial.

Proof. It is clear that if y U a is trivial, then [t7! a) split. Suppose that [t7! a) is split.
We will show that a is a p'® power in F'*, which, since y is p-torsion, implies that y U a is

trivial. If [t71, a) is split, then a theorem of Teichmiiller says

7 =90 =Y+ Ha+sa 4oy ga ! (6.3)

for some g, -+ ,7v,-1 € F((t)). To get a contradiction, suppose that a is not a p' power in
F. Then [K(/a) : K] = p and so {1, /a, (/a)? -, (\/a)?~1} are linearly independent over
K. Thus, equation (6.3) implies that 7% — 49 = ¢t~!. Letting v be the valuation on K/F

defined by the degree of its lowest degree term in ¢, we have that

“1=o(t™) = v} — %) (6.4)

Since min{v (7o), v(75)} < —1, we cannot have v(vy) = 0, and so we must have v(vy) # v(74)

and so
—1 = min{v(v),v(15)} = pv(7).

But v(7p) € Z, a contradiction. Thus, we must have that a is a p'" power and so YUa is trivial.

]

The following two lemmas complete the proof of the proposition by showing that when
the p-algebra B = [t~!, a) is nontrivial, it is not in the image of the map —®0, K : Br(O,) —
Br(K); i.e. that it is ramified.
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Lemma 14. Let F be a field of characteristic p, v a valuation on the extension K/F with
Noetherian valuation ring O,, and B a p-algebra over K. If B = A®o, K for some Azumaya
algebra A over O, then A = Op.

Proof. The valuation v extends to B via

1
- Ind(B

o(Ntd(B)) = Lo(Nrd(B)). (6.5)

w(b) p

~—~—

First we show that Op is a finitely generated O,-module. Let {b1,bs,...,b,2} be a K-
basis for B. Perhaps after multiplication by an element of O,, we can assume that each
b; € Op. Consider the reduced trace map Trd : B — K.Since B is a division algebra, the
reduced trace form is nondegenerate, and so there exists a dual basis {c,c,...,¢2} of B

such that Trd(b;c;) = d;;.

We will show that Op C Ef;(’)vci ~ OF. Let z € Op. We can write
Z = 0101 + QgCy + + - + ap2Cp2

for some coefficients ai,---a,2 € K. Since z € Op and each b; € Op by assumption, each
product b;z € Op. From Proposition 1.5 in [Tignol-Wadsworth]|, b;z € Op implies that the

coefficients of the minimal polynomial of b;z, in particular Trd(b;z), belong to O,. But
Trd(b;2) = Trd(b;arc1 + biascy + - - - + bja,ecy2) = a; Trd(bic;) = a;

since Trd is K-linear. Thus, each coefficient a; € O,, and so Op C Ef;@vci. Since O,
is a Noetherian ring, (952 is a Noetherian module over O,, and so O C 052 is a finitely

generated O,-module, as desired.

Suppose that B = A ®p, K for some Azumaya algebra A over O,. We will now show
that we must have A = Op. Since the reduced norm of any element of A lies in O,, from
(6.5), we have that A C Op. Also, since Op C A ®p, K is a finitely generated O,-module,

there exists some m € N such that B C 7™ A, where 7 is the uniformizer of O,.
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Consider the exact sequence

05 AL 05— coker(z) — 0 (6.7)

Tensoring over O, with O, /m, we have the exact sequence

Afm S Op/m — coker(i)/m — 0 (6.8)

Because A is Azumaya, A/m is a central simple algebra over O,/m. In particular, ¢ is
injective. But (6.6) implies that A/m and Op/m are O,/m-vector spaces of the same
dimension, and so we must have coker(z)/m = 0. Applying Nakayama’s Lemma, coker(i) = 0,
and so A = Ogp.

0

Lemma 15. Let F' be a field of characteristic p, set K = F((t)), and let B be the p-algebra

[t71, a) where a € F* is not a p* power. Then Op is not an Azumaya algebra over O,.

Proof. We can write B in term of generators and relations as
B=Kr,y:a? —x -t =0y’ =a,yr = (v + 1)y].

In the previous lemma we saw that Op is a free O,-module. Now, we show that {z7y’},
0<14,7 <p-—1, forms an O,-basis for Op. Since w(z™") = % and w(y’) = 0 (where w is the

extension of v to B), each x7'y/ € Op. Using the relation
o= Pt P  for 1 <i<p—1

and the fact that {z'y’} forms a K-basis for B, we can express each element z € Oy uniquely
as z = E,-Ejaijzlz_iyj where each «;; is in K. We would like to show that each coefficient «;;

is actually in O,.
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We can write z = X;27%y; where 7; = Zjocijyj. Notice that since w(y;z™") =

w(z) = min{w(yz~")}.

In particular, since z € Op, w(y;) > 0 for each i. To get a contradiction, suppose that some
a;; & Oy; say w(a;j) = —m. Consider the element (77;)? of O,, where 7 is the uniformizer

of O,:

(") = (" o) P+(m" iy )P+ A (T ey’ )P = (7o) (g )Pt (T oy )Pal

Since w((7™~;)?) > 0, the image of (7~;)? in F' = O, /m is zero. So we have

0= (7az)” + (Tman)Pa+ - - (Tmap—1))PaP ™. (6.9)

In the extension F'(y/a)/F, equation (6.9) yields

- p—1
0= ’7TmOél‘0 —+ 7Tm()éi1\176 + - Wmai(p_l)% .

But because a is not a p'* power in F, {1, /a,--- , V/a 71} are linearly independent over F,

and so we must have that each coefficient 7™ g, 7™ 1, - -+, ™" i(p—1) is zero. However, this
contradicts our assumption that w(w;;) = —m for some j. So each coefficient «; is in O,,
as desired.

Now, we have seen that every element of Op can be uniquely expressed as an O,-linear
combination of the elements {x7'3’}, and so these elements form a basis for Op as an O,-
module. We want to show that Op is not an Azumaya algebra over O,. It is enough to show
that Op ®p, O,/m is not a central simple algebra over F' = O, /m. Notice that the relation

2P —x —t7! = 0 in B yields the relation

t(1— 2" P) =27P, (6.10)
72



and the relation yx = (x + 1)y gives the relation

r lyr =y — gyt (6.11)

We have

Op=0,zy:y=ar?=t(1—2"?), 2 yzt =2ty —yz ]

and so

Op ®0, Oy/m=Flz iy 9y =a,07? =0,z yz ' =27y —ya!]

To get a contradiction, suppose that Op ®p, O,/m were a central simple algebra over

F. Then since z'7P # 0, the ideal (z'7P) generates the whole ring. In particular, there exist

f,9 € Op ®p, O,/m such that
1= fa' P4 2'Pg.

But this means that 272 = 0. So,

O=2=a (a7 lya ) =" (@ ly —y2) = —a lyzT = —(aTy —ya )

where we repeatedly use the relation (6.11). But this means that 7'y = yz~! and so x and

y commute. So Op ®p, O,/m cannot be a central simple algebra over F'.

73



1]

[10]

[11]

[12]

[13]

[14]
[15]

REFERENCES

Grégory Berhuy. An Introduction to Galois Cohomology and its Applications, volume
377 of London Mathematical Society Lecture Notes Series. The London Mathematical
Society, 2010.

S. Blinstein and A. Merkurjev. Cohomological invariants of algebraic tori. Algebra and
Number Theory, 7(7):1643-1684, 2013.

F. A. Bogomolov and P. I. Katsylo. Rationality of some quotient varieties. Math. USSR
Sbornik, 54(2):571-576, 1986.

F.A. Bogomolov. The brauer group of quotient spaces by linear group actions. Math.
USSR Izv., 30:p.455-485, 1988.

Stephen Urban Chase, David Harrison, and Alex Rosenberg. Galois Theory of Com-
mutative Rings. American Mathematical Society, 1978.

Jean-Louis Colliot-Thélene. Birational invariants, purity and the gersten conjecture. In
Lectures at the 1992 AMS Summer School, 1992.

Jean-Louis Colliot-Thélene and Jean-Jacques Sansuc. The rationality for fields of
invariants under linear algebraic groups (with special regards to the brauer group).
arXiw:math/0507154v1, 2005.

E. Fischer. Die isomorphie der invariantenkorper der endlichen abel’schen gruppen
linearer transformationen. Nachr. Konigl. Ges. Wiss. Géttingen, pages 77-80, 1915.

Skip Garibaldi, Alexander Merkurjev, and Jean-Pierre Serre. Cohomological Invariants
i Galois Cohomology, volume 28 of University Lecture Series. American Mathematical
Society, 2003.

Philippe Gille and Tamés Szamuely. Central Simple Algebras and Galois Cohomology.
Number 101 in Cambridge Studies in Advanced Mathematics. Cambridge University
Press, 2006.

W. Grobner. Minimalbasis der quaternionengruppe. Monatshefte fu r Math. und
Physik, 41:78-84, 1934.

Bruno Kahn. The brauer group and indecomposable (2,1)-cycles. Compositio Math.,
152:1041-1051, 2016.

Bruno Kahn and Nguyen Thi Kim Ngan. Modules de cycles et classes non ramifiées sur
un espace classifiant. Algebraic Geometry, 3:264-295, 2016.

Ming-Chang Kang. Action of dihedral groups. Preprint, 2005.

Ming-Chang Kang. Noether’s problem for dihedral 2-groups ii. Pacific Journal of
Mathematics, 222(2), 2005.

74



[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

Max-Albert Knus, Alexander Merkurjev, Markus Rost, and Jean-Pierre Tignol. The
Book of Involutions, volume 44 of Colloguium Publications. American Mathematical
Society, 1998.

Serge Lang. Algebraic Number Theory. Number 110 in Graduate Texts in Mathematics.
Springer, 2000.

Alexander Merkurjev. Unramified cohomology of classifying varieties for classical simply
connected groups. J. Ann. Sci. Ecole Norm. Sup., 4-e serie(35):445-476, 2002.

Alexander S. Merkurjev. Invariants of algebraic groups and retract rationality of clas-
sifying spaces. Preprint, 2015.

S.V. Mihovski and Z.M. Dimitrova. Semisimple crossed products of groups and rings.
Communications in Algebra, 22(10):3907-3929, 1994.

James S. Milne. Etale Cohomology. Princeton University Press, 1980.

David J. Saltman. Noether’s problem over an algebraically closed field. Inventiones
Mathematicae, 77:71-84, 198.

David J. Saltman. Generic galois extensions and problems in field theory. Adv. in
Math., 43:250-283, 1982.

David J. Saltman. Generic galois extensions and problems in field theory. Advances in
Mathematics, 43:250-283, 1982.

R. G. Swan. Invariant rational functions and a problem of steenrod. Invent. Math.,
7:148-158, 1969.

Burt Totaro. The chow ring of a classifying space. Proc. Sympos. Pure Math., 67:249—
281, 1999.

V. E. . Voskresenskii. Algebraic Groups and their Birational Invariants, volume 179 of
Translations of Mathematical Monographs. American Mathematical Society, 1998.

V.V.Ishkhanov, B.B. Lur’e, and D.K. Faddeev. The Embedding Problem in Galois The-
ory, volume 165 of Translations of Mathematical Monographs. American Mathematical
Society, 1997.

Adrian R. Wadsworth. Discriminants in characteristic two. Linear and Multilinear
Algebra, 17(3-4):235-263, 1985.

Charles A. Weibel. An Introduction to Homological Algebra. Cambridge Studies in
Advanced Mathematics. Cambridge University Press, 1995.

75





