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Abstract

Statistical Foundations and Algorithms for Modern Al: Contrastive Learning, Scaling Laws,
and Unlearning

by
Licong Lin
Doctor of Philosophy in Statistics
University of California, Berkeley
Assistant Professor Song Mei, Co-chair

Professor Peter L. Bartlett, Co-chair

Generative artificial intelligence has emerged as one of the most transformative developments
in science and technology. Modern Al models—such as large language models (LLMs),
diffusion models, and multimodal systems—have achieved remarkable success across language,
vision, and cross-modal tasks. Despite this empirical progress, rigorous theoretical foundations
for these models remain limited, posing challenges for understanding their capabilities and
guiding the development of more powerful and trustworthy Al.

This dissertation contributes to the statistical foundations and algorithms for modern Al
from three complementary angles.

First, motivated by the concept of sufficient statistics, we develop a statistical theory of
contrastive pre-training and multimodal generative AI. We introduce approzimate sufficient
statistics as a measure of representation quality and show that near-minimizers of the
contrastive loss are approximately sufficient, making them adaptable to diverse downstream
tasks such as zero-shot classification, conditional diffusion models, and vision-language models.
We further propose the Joint Generative Hierarchical Model (JGHM) for the joint image-text
distribution and prove that Transformers can efficiently approximate belief propagation
on JGHMs, yielding end-to-end sample complexity guarantees for multimodal contrastive
learning.

Second, we study the theory of neural scaling laws in a high-dimensional linear regression
setting. Under a power-law spectral assumption on the data covariance, we derive matching
upper and lower bounds on the test error of one-pass SGD applied to sketched linear models.
Our analysis shows that the variance error, which classical theory predicts to grow linearly
with model size, is of smaller order due to the implicit regularization of SGD, thus partially



explaining the inconsistency between standard learning theory and empirically observed
scaling laws.

Third, we address the problem of LLM unlearning: removing specific knowledge from
a pretrained model without retraining from scratch. We propose the Negative Preference
Optimization (NPO) loss, inspired by preference optimization. NPO mitigates the catastrophic
collapse that results from gradient ascent by adaptively downweighting already-unlearned
samples. We provide theoretical guarantees showing that NPO diverges logarithmically slower
than gradient ascent, and demonstrate strong empirical performance on the TOFU unlearning
benchmark.
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Chapter 1

Introduction

Modern AT models such as large language models (LLMs), diffusion models, and multimodal
systems have demonstrated striking empirical success across a wide range of tasks in language,
vision, and cross-modal understanding. Despite this progress, rigorous theoretical foundations
for these models are still limited. This makes it challenging to understand their capabilities
and limitations, and to guide the development of more powerful and trustworthy AI models.

In this dissertation, we study the statistical foundations and algorithms for modern Al.
Drawing on tools from statistical learning theory, high-dimensional statistics, and optimization,
we study the statistical foundations of architectures, algorithms, and phenomena in modern
Al, and develop mathematically motivated algorithms for LLM safety and alignment.

The three main contributions of this dissertation are summarized as follows.

Contrastive learning and multimodal generative AI (Chapter 2). Multimodal
generative Al models, which process and generate content across modalities such as language
and vision, have become a central focus of modern AI research. These models often rely on
contrastive pre-training (Radford et al., 2021) to learn joint representations across modalities,
which are then adapted to downstream tasks such as zero-shot classification, vision-language
modeling, information retrieval, etc.

Motivated by the idea of sufficient statistics from classical statistics, we introduce the
concept of approrimate sufficient statistics to characterize the quality of representations
learned by contrastive pre-training. We show that this measure can be bounded by the excess
risk of contrastive learning, and can be used to control the generalization error of downstream
tasks such as zero-shot classification and conditional diffusion generation. In particular,
near-minimizers of the contrastive (CLIP) loss (Radford et al., 2021) are approximately
sufficient statistics for the joint image-text distribution, making them adaptable to diverse
downstream tasks.

We further propose the Joint Generative Hierarchical Model (JGHM), a tree-
structured graphical model to mimic the joint distribution of image and text. We prove
that Transformers (Vaswani, 2017) can efficiently approximate belief propagation on the
JGHM, leading to sample complexity guarantees for multimodal learning based on contrastive-
pretrained representations. These results provide end-to-end statistical guarantees for mul-
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timodal generative AI, offering insights on why contrastive pretraining can learn useful
representations for multimodal tasks.

Theory of scaling laws (Chapter 3). Empirically, LLMs often satisfy a neural scaling
law: the test error of the pretrained model decreases polynomially as model and data size
increase (Kaplan et al., 2020; Hoffmann et al., 2022). However, this appears inconsistent
with classical statistical theory, which decomposes test error into approximation, bias, and
variance errors, with the variance error expected to grow linearly with the model size.

We provide a theoretical explanation for this contradiction in a high-dimensional linear
regression setting. We consider a model with M parameters trained by one-pass SGD on
N sketched data under Gaussian design, with a power-law spectral assumption on the data
covariance. We derive finite-sample upper and lower bounds on the test error; when the data
and model parameters have aligned power-law spectra, the bounds match and the test error
exhibits the same form as the empirical scaling law. The key insight is that the variance error
is of smaller order due to the implicit reqularization of one-pass SGD, thereby giving rise to
scaling laws.

LLM unlearning via negative preference optimization (Chapter 4). LLMs often
memorize sensitive, private, or copyrighted information during pre-training (Carlini et al.,
2021), raising significant safety and legal concerns. LLM unlearning aims to remove the
influence of specific training data from a pretrained model while maintaining its overall utility.
Traditional approaches to unlearning often require retraining the model from scratch without
the undesirable data, yet it is prohibitively expensive for large models.

We propose Negative Preference Optimization (NPO), a new loss function for LLM
unlearning inspired by preference optimization (Rafailov et al., 2024). NPO can be viewed as
an adaptively weighted gradient ascent method that downweights already-unlearned data
points, keeping the loss bounded and avoiding catastrophic collapse. Theoretically, we
prove that in logistic regression, NPO iterates diverge logarithmically slower than gradient
ascent iterates, suggesting that NPO is more stable and less prone to catastrophic collapse.
Empirically, on pretrained LLaMA-2-7B models, NPO significantly outperforms GA-based
methods and achieves state-of-the-art results on the TOFU dataset (Maini et al., 2024)
for LLM unlearning. Since its introduction, NPO has become a standard baseline in LLM
unlearning and has inspired the design of many finetuning-based unlearning algorithms.

A guiding principle throughout this thesis is that theory is only useful when it captures
practical phenomena while remaining mathematically tractable. We recognize that not every
theoretical model bears on practice; that said, we deliberately choose theoretical setups whose
assumptions are closely connected to modern Al practice, and focus on extracting concrete
lessons that may be useful in practice. The Joint Generative Hierarchical Model in Chapter 2
is motivated by the hierarchical compositional structure of natural images and text; the
power-law spectral assumption in Chapter 3 is aligned with the empirically observed frequency
of words in text, and the one-pass training reflects how modern LLMs are trained over massive
datasets; and the unlearning analysis in Chapter 4 is motivated by the catastrophic collapse
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phenomenon observed when applying gradient ascent. Each chapter aims to provide concrete
takeaways: that contrastive pretraining provably produces representations that transfer
broadly to downstream tasks, supporting the prevailing pretrain-then-adapt paradigm; that
the implicit regularization of one-pass SGD partially explains why overparameterized LLMs
trained for a single epoch do not overfit and exhibit neural scaling laws; and that one can
design more stable unlearning algorithms by adaptively downweighting already-unlearned
samples as in NPO (Chapter 4). Overall, we hope these results offer not only mathematical
understanding but also insights for practice.

1.1 Bibliographic Notes

e Chapter 2 is based on joint work with Kazusato Oko, Yuhang Cai, and Song Mei (Oko
et al., 2025), which is under major revision at the Journal of the American Statistical
Association (JASA).

e Chapter 3 is based on joint work with Jingfeng Wu, Sham Kakade, Peter Bartlett,
and Jason Lee (Lin et al., 2024b), published at the Conference on Neural Information
Processing Systems (NeurIPS) 2024.

e Chapter 4 is based on joint work with Ruiqi Zhang, Yu Bai, and Song Mei (Zhang
et al., 2024), published at the Conference on Language Modeling (COLM) 2024.



Chapter 2

A Statistical Theory of Contrastive
Pre-training and Multimodal Generative
Al

2.1 Introduction

Multi-modal generative AI systems, such as DALL-E (OpenAl, 2022) for generating images
from text prompts and GPT-4V (OpenAl, 2023) for generating text based on both image
and text inputs, have achieved remarkable empirical success. The training process for such
systems often begins with contrastive pre-training (Radford et al., 2021; Jia et al., 2021),
which learns lower-dimensional neural network representations for each modality using large-
scale pretraining datasets. Subsequently, the contrastively pre-trained representations of
one modality are fixed and used to guide the training of a generative model for the other
modality.

To elaborate, we focus on multi-modal learning in the image-text domain', where
the contrastive pre-training process is known as Contrastive Language-Image Pretraining
(CLIP) (Radford et al., 2021). Given a dataset of paired image-text samples (Zin, Tix) €
Xim X Xix, CLIP trains a pair of neural network encoders, (E;y, : Xim — RP, Eqy : X — RP),
by aligning paired image-texts while simultaneously pushing apart non-paired ones. This
alignment is achieved by minimizing the contrastive loss defined in Eq. (2.1). The pre-trained
CLIP encoders have shown exceptional performance in various downstream tasks, including:

e Zero-shot classification (Radford et al., 2021; Jia et al., 2021). The goal is to predict
the label y € Y for a new image x;, € Xj,. Using the pre-trained encoders (Ejn, Ex),
a good classifier can be constructed without the need for fine-tuning on task-specific

'We use “image-text domain” as convenient terminology, but the theory applies universally and is not
restricted to this setting. Our analysis focuses on two domains for simplicity but extends to multi-domain
scenarios. Notably, in the machine learning literature, “multi-modal learning” does not necessarily require
three or more domains.
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data.

e Conditional diffusion models (OpenAl, 2022; Esser et al., 2024): The task is to generate
an image xy, € Xi, from a text prompt x, € Xi,. In these models, the text embedding
Eix (@) is used in the conditional denoising function, without directly referencing the
original text prompt during training.

e Vision-language models (Li et al., 2022; Liu et al., 2024a). The task is to generate text
T € Xix from an image prompt @, € Xi,. In such models, the image embedding
Eim(im) is used in the auto-regressive transformer, without directly referencing the
original image prompt during training.

The empirical success of multimodal learning underscores the need for a theoretical

framework to better understand this paradigm, ideally within the context of statistical
learning theory. To achieve this, two key theoretical questions need to be addressed:

1)

Why are CLIP encoders effective representations for downstream tasks? The statistical
properties of contrastive loss minimizers have been extensively studied in the litera-
ture (Saunshi et al., 2019; Tosh et al., 2021a,b; HaoChen et al., 2021). Existing works
often leverage the structure of the contrastive loss and its connection to downstream tasks
to show that linear functions of learned representations perform well in these settings.
However, such analyses fall short in explaining tasks like zero-shot classification, where
no fine-tuning is required, as well as tasks involving conditional diffusion models and
vision-language models, where linear functions of learned representations are insufficient
to capture relevant functions.

Why do the encoders and downstream functions admit efficient neural network approxi-
mations? This question has received relatively less attention. While neural networks
are universal function approximators (Barron, 1993), they can suffer from the curse of
dimensionality (Bach, 2017) when dealing with general high-dimensional target functions.
The primary theoretical challenge lies in constructing a tractable yet realistic statistical
model for the joint image-text distribution. A Gaussian assumption, though mathemati-
cally convenient, is often overly restrictive and unrealistic, whereas a fully non-parametric
approach could lead to the curse of dimensionality.

This chapter addresses the two theoretical questions outlined above. In Section 2.3, we

reveal a surprisingly simple property of the near-minimizers of the CLIP loss: they are pairs
of approximate sufficient statistics, a generalization of the classical concept of sufficient
statistics. Due to their approximate sufficiency and the straightforward implications of data
processing inequalities, these representations can adapt to a variety of downstream tasks,
including zero-shot classification, conditional diffusion models, and vision-language models.
Furthermore, when a simple “canonical representation” of the data exists, we show that
it can be recovered from any near-minimizer of the CLIP loss through a simple two-layer
network. This enables CLIP representations to effectively adapt to downstream tasks where
the canonical representations serve as sufficient statistics.
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In Section 2.4, we apply our general framework to a statistical model for the joint
distribution of images and text, which we call the Joint Generative Hierarchical Model
(JGHM). The JGHM is a graphical model consisting of two trees with a shared root, where
the root node captures high-level features, and the leaf nodes represent observed images or
text. We demonstrate that transformers (Vaswani, 2017) can efficiently approximate the
relevant functions within JGHMs by approximating the belief propagation algorithm, thus
breaking the curse of dimensionality. Building on this insight, we derive end-to-end
sample complexity results for tasks such as zero-shot classification, conditional diffusion
models, and vision-language models, all utilizing the pre-trained CLIP representations.

Numerical simulations are presented in Section 2.5 within the simulated JGHM frame-
work. The experimental results demonstrate that transformers trained using the Adam
algorithm (Kingma, 2014) can achieve near-optimal minimizers, exhibiting strong generaliza-
tion performance. Additionally, out-of-distribution tests show that the minimizers obtained
by Adam closely emulate the behavior of belief propagation, a result of independent interest.

2.2 Related literature

Contrastive learning and multi-modal learning. CLIP (Radford et al., 2021) and
ALIGN (Jia et al., 2021) leverage large-scale contrastive pretraining to extract visual and
textual embeddings, relying on loss functions such as NCE (Gutmann and Hyvérinen, 2010),
InfoNCE (Oord et al., 2018), and Multi-class N-pair loss (Sohn, 2016) to distinguish paired
from non-paired samples. Conditional Diffusion Models, exemplified by DALL-E (OpenAl,
2022) and Stable Diffusion (Esser et al., 2024), generate realistic images from text prompts,
while Vision-Language Models like Flamingo (Alayrac et al., 2022), BLIP (Li et al., 2022),
and Llava (Liu et al., 2024b,a) interpret and describe images based on textual inputs.
These frameworks highlight the versatility of contrastive learning in advancing multimodal
understanding and generation.

Theories of Contrastive Learning and CLIP. Numerous studies have shown that
InfoNCE loss (derived from the InfoMax principle (Linsker, 1988)) maximizes a lower bound
on mutual information between positive sample pairs (Oord et al., 2018; Poole et al., 2019;
Hjelm et al., 2018; Bachman et al., 2019; Tian et al., 2020a; Zimmermann et al., 2021; Lu
et al., 2024), which aligns with Lemma 2.1 and Proposition 2.3. Theoretical analysis of the
adaptation properties of contrastive learning has been investigated in a series of work (Wang
and Isola, 2020; Saunshi et al., 2019; Tosh et al., 2021a,b; HaoChen et al., 2021). Our work
diverges from these existing theories of contrastive learning in three key ways: (1) While many
studies provide “absolute risk bounds” for downstream tasks under structural conditions,
our work offers “excess risk bounds,” which require more refined statistical analysis; (2) We
analyze the multimodal learning, including zero-shot prediction task, conditional diffusion
models, and vision-language models, which have not been addressed in these work; and (3)
We proposed a data distribution for image and text pairs and provided end-to-end statistical
efficiency guarantees for multimodal learning through neural networks.
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Closest to our approach are Uesaka et al. (2024) and Chen et al. (2023). The former uses
point-wise mutual information to bound excess risk in downstream classification, while the
latter examines CLIP’s minimizer under completeness conditions, demonstrating its strong
zero-shot classification capabilities. In contrast, our work (1) adopts a sufficient statistics
framework to interpret CLIP, (2) uncovers additional properties of CLIP representations, and
(3) provides a unified theory for multimodal learning, including vision-language models and
conditional diffusion frameworks.

Approximate sufficient statistics. The concept of approximate sufficient statistics was
mentioned in Chen et al. (2021), which proposed an approach to find them. However, this
work did not provide a formal definition of approximate sufficient statistics or explore its
theoretical properties. The relationship between contrastive loss minimizers and sufficient
statistics was examined in Xu and Zheng (2024), but the notion of approximate sufficient
statistics was not considered. After an extensive review of the literature, we conclude that the
definition of approximate sufficient statistics and its connection to the approximate minimizer
of CLIP loss, to the best of the authors’ knowledge, is novel.
Further related works are summarized in Appendix A.2.

2.3 Statistical properties of contrastive pre-training

In this section, we demonstrate that CLIP provides effective representations that can adapt to
downstream tasks. In Section 2.3.1, we show that any near-minimizer of the CLIP risk yields
a pair of near-sufficient statistics. In Section 2.3.2, we demonstrate that this near-sufficiency
facilitates the adaptability of CLIP representations to various downstream tasks. Furthermore,
in Section 2.3.3, we show that if the joint distribution allows for a canonical representation
with certain well-posedness properties, a simple adapter (a small network) enables efficient
neural network approximations for downstream tasks where the canonical representations
serve as sufficient statistics.

2.3.1 Near-sufficiency of CLIP minimizers

To simplify the discussion and avoid measure-theoretic complications, we assume that both
Xim and X, are discrete spaces. Let the image-text pair (@in, Tix) € Xim X X follow a
joint distribution Py, x € P(Xim X Xix). We denote the marginal distributions of @;,, and
iy as Py, and Py, respectively, and the conditional distributions of x;, given x, and x
given Tip, as Py and Piyjim, respectively. For clarity, we will omit subscripts in probability
expressions when the context is clear.

In the CLIP framework, paired image-texts are used as positive samples, while unpaired
image-texts are used as negative samples. Specifically, within each batch we have K i.i.d.
samples (Lim ;, Tix;)ie; from Piy i, and we use (Lim;, Tix )iy as the paired image-text
samples and (Zim ;, thJ)f;j;i’j:l as the non-paired samples.
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Let Ej, - &3 — RP and Eyy : Xix — RP represent the image and text encoders, respectively,
both parameterized by neural networks. Using a user-defined similarity link function T : R? x
R? — R, the similarity score for an image-text couple (@i, i) is given by Sg,_ g, (Tim, Tix) =
T (Eim (@im), Etx(2tx)). The CLIP risk function is the expected InfoNCE loss over paired and
non-paired samples:

exp(s(wim,la wtx,l)) ] + E[ _ log exp(s(wim,lu 23tx,l)) ]
ZjE[K] eXp(S(wim,la wtx,j)) Zje[K] eXp(S(wim,j7 wtx,l)) 7
Rclip,K(Eima Etx) = ﬁcnp,K(SEm,Etx), (2-1)

where the expectation is over (mimﬂ-, :ctx’i)fil ~iid Pim tx. This risk comprises the cross-entropy
losses for classifying paired and non-paired samples, based on softmax((®im 1, Tix ;)jc[x])
and softmax((®im ;, Tix 1)jex]), respectively. The function Raip. i is defined over all possible
similarity scores S : Ay, x Xix — R, while Ry x is defined over all couples of encoders
(Eim : Xim — RP B« @ X — RP).

Global minimizers of CLIP as sufficient statistics. The InfoNCE loss, first introduced
by Oord et al. (2018), underpins the CLIP framework and leads to the following characteriza-
tion of its global minimizers. For completeness, the proof is provided in Appendix A.4.1.

ﬁclip,K(S) = ]E[ — log

Lemma 2.1 (Global CLIP minimizer (Oord et al., 2018)). Consider minimizing Raip x over
all_possible similarity scores S : X X Xixy — R. For all K > 3, the set of global minimizers
of Reiip, i, denoted by Mg, is given by

]P)im,tx(wim7 wtx)
IP>inl("1:irr1) : IP)tx(mtx)

Moreover, in the limit as K — oo, the minimum CLIP risk yields the negative mutual
information of (Tim, Tx) under the joint distribution Py, ix:

Mg = {S* 2 Su(@im, Tix) = log [ ] + const, for some const € R}. (2.2)

K—oo

lim [—% irslfﬁdip,K(S)—l—log K] = MI(@im, Tx) = Ep,,, ., [log [P(@ip, wtx)/[P(wim)P(:ctx)]H.

As a corollary, using the Fisher-Neyman factorization theorem (Fisher, 1922; Neyman,
1936), any pair of encoders that achieve the minimum CLIP risk serves as sufficient statistics.

Corollary 2.2 (CLIP minimizers as sufficient statistics). Suppose there ezists a pair of
encoders (Eim+, Etxs) such that Reip i (Eim«, Etxx) = infs §c|ip7K(S). Then, Eip«(im) and
Eixx (%) are sufficient statistics for the statistical models Piyjux(Tim|Tix) and Piyjim (x| Tim ),
respectively. Specifically, the mutual information satisfies:

Ml(wima wtx) = MI(Eim,*<$im)a mtx) = MI<$ima Etx,*(wtx))-
Proof of Corollary 2.2. By Lemma 2.1 and the condition that Reip i (Eim+, Etx+) =

infs Reip. x (S), the conditional distribution can be expressed as:

Pimfex (Tim [Tex) = exp{—const} - Piy (Tim) - exp{ Y (Eim(€im), Eex(®1x)) }-
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By the Fisher-Neyman factorization theorem (see e.g., Theorem 3.6 in Keener 2010), Ejp «(€im)
is a sufficient statistic for the model Piyjex(®im|Ttx). Similarly, by symmetry, Eq (%) is a
sufficient statistic for the model Pyyjim (Ltx|Tim)- O

Lemma 2.1 has appeared in various forms across the literature (Oord et al., 2018; Poole
et al., 2019; Hjelm et al., 2018; Bachman et al., 2019; Tian et al., 2020a; Zimmermann et al.,
2021). Similarly, the interpretation of CLIP minimizers as sufficient statistics in Corollary 2.2
aligns with the InfoMax principle introduced in earlier works (Linsker, 1988; Chen et al.,
2021). While we do not claim originality for either result, to the best of our knowledge, the
use of the Fisher-Neyman factorization theorem to establish Corollary 2.2 is novel and may
be of particular interest to the statistics community.

Corollary 2.2 implies that Ejy, (%) captures all the information necessary to predict @iy,
making it an effective representation of the image (similar argument applies to Egy . (@x)).
It’s worth noting that there may be infinitely many minimizers of Rgjip &, and Corollary 2.2
holds for all of them. In practice, finding the exact minimizer of the CLIP risk is not feasible;
however, an approximate version of the results still holds, which we discuss next.

Near-minimizers of CLIP as near-sufficient statistics. We now demonstrate that
approximate minimizers of the CLIP risk serve as approximate sufficient statistics. To this
end, we extend the classical notion of sufficiency to encoders and similarity scores, formalizing
the concept as follows:

Definition 2.1 (Approximate sufficiency). For an image encoder E;, : X, — R™, its
sufficiency is measured as

Suff (Eim) = Ea; opin [DKL (]P)tx|im('|wim)‘

]P)tx\im('|Eim(wim))>], (2.3)

where Piyjim (T |Eim(2im)) denotes the conditional distribution of @y given Eiy(%im) under
Pim tx. The sufficiency measure for a text encoder Ei : X1 — R™ is defined symmetrically.
A similarity score S : Xy, X Xix — R induces a probability distribution Ps over X, x Xiy:

~ ex Sa&'irma'»'x Pim (2im ) Pex (2 4x
]P)S(wimawtx) — p( ( t/)) /( ) t (, t ) .
D e EXP(S(®imn', Tix”) ) Pitn (i) P (1)

(2.4)

Its sufficiency measure, Suff(S), is defined as

Suff(S) = By 5. [DKL (thm(.mm)‘ ‘1@5<.|xim))} HEay b [DKL (Pim|tx(~|wtx)

fue)]
(2.5)
where P (x| @im) and Ps(@i| @) are the conditional distributions induced by Ps. By this
definition, it follows that Suff(E;,) 4+ Suff(E) < Suff(Y(Eim(-), Ex(+))).
We say that * € {Eiy, Eix, S} is e-sufficient if Suff(x) < e. Statistics with small sufficiency
measures are called “approximate sufficient statistics” or “near-sufficient statistics”.



CHAPTER 2. A STATISTICAL THEORY OF CONTRASTIVE PRE-TRAINING AND
MULTIMODAL GENERATIVE Al 10

Approximate sufficiency has a more intuitive form via the information loss:
SUH(Eim) - Ml(mima mtx) - MI(Eim(mim)y mtx)a

with the proof provided in Appendix A.4.9. This implies that when Suff(E;,) = 0, we
have MI(@iy, Tix) = MI(Ejn(@im), T4 ), aligning 0-sufficiency with the classical notion of
sufficiency. Although the concept has been mentioned in the literature (Chen et al., 2021), we
are unaware of any formal or rigorous definition of approximate sufficient statistics in prior
work. In Section 2.3.2, we illustrate that near-sufficient encoders achieve strong performance
on downstream tasks, including zero-shot classification and conditional diffusion models
We introduce an assumption on the boundedness of the score function, which allows us to
show that near-minimizers of the CLIP risk function serve as near-sufficient statistics.

Assumption 2.1 (Bounded score). Let S denote the set of score functions over which the
minimization is performed. There ezists a constant ¢y > 0 such that for all pairs (Tiy, Tix),

we have % € [1/c1,c1] and exp(S(@im, Tx)) € [1/c1,c1] for allS € S.

We refer to Appendix A.9.2 for more discussions on Assumption 2.1. Building on this
assumption, we establish the following result.

Proposition 2.3 (Near-minimizer of CLIP as near-sufficient statistics). Assume Assump-
tion 2.1 holds, and let ﬁC“P,K denote the CLIP risk as defined in Eq. (2.1). Suppose S, is a
global minimizer of Reip.i(S) as defined in Eq. (2.2). Then, there exists a constant C > 0,
which depends polynomially on ¢y, such that for any S € S, its sufficiency can be bounded in
terms of its CLIP excess risk. Specifically, for any K > 3, we have:

Klligloo [ﬁclip,K’(S> - ﬁclip,K'(S*) = Suff(S) < ﬁclip,K(S) - ﬁclip,K(S*>i| '(1 + %) (2.6)

(.

~~
CLIP excess risk

The proof of Proposition 2.3 is provided in Appendix A.4.2. The first equality in Eq. (2.6)
follows established results in prior literature, such as (Wang and Isola, 2020; Zimmermann
et al., 2021). The primary contribution of Proposition 2.3 lies in the non-asymptotic
sufficiency bound in Eq. (2.6), which improves upon prior results, e.g., (Wang and Isola
(2020), Theorem 1). Compared to Wang and Isola (2020), the bound presented here offers
two significant improvements: (1) the error decays at a faster rate of K ! rather than K—1/2,
and (2) the error is multiplicative rather than additive. The multiplicative error bound
ensures that, for any finite K, the exact minimizer of the CLIP risk is O-sufficient, whereas an
additive error bound does not provide this guarantee. On the other hand, one can establish
an additive error bound without requiring the boundedness conditions in Assumption 2.1.
We refer the readers to Appendix A.4.3 for more details.
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2.3.2 Adaptation to various downstream tasks

Consider the couple of encoders (Eiy, : Xm — RP,Ei @ A — RP) and a link function
T :RP x R? — R, such that S(@iy, Tix) = Y (Eim(@im), Etx(€ix)) is a near-minimizer of the
CLIP risk. By Proposition 2.3, E;,, and E, are near-sufficient statistics of the conditional
models. In this section, we show that the error in downstream tasks is bounded by their
sufficiency through direct applications of data-processing inequalities.

Zero-shot classification (ZSC). In the zero-shot classification task (Radford et al., 2021;
Jia et al., 2021), the goal is to predict the label y for a new image @, without having
trained on a task-specific dataset. The ZSC approach starts by sampling (@ (y))yey from a
chosen distribution, computing the similarity score functions (S(@im, Zx(y)))yey, and then
selecting the predicted label for @;, using the formula arg max,ecy S(@im, ix(y)). To provide a
theoretical foundation for this method, we assume the data distribution satisfies a conditional
independence criterion:

Assumption 2.2 (Conditional independence). For the joint distribution (Xim, T,y) ~
Pim,tx.cls; the image xin, and the label y are conditionally independent given . Notably, a
special case of this assumption arises when y is a deterministic function of @iy.

We propose a modified zero-shot classification procedure and establish a theoretical
guarantee for its performance. For each y € ), we generate M independent samples
(a:tx(j ) (%)) JEM] ~iid Ptx|cls(mtx|y). The classifier’s predicted distribution is then defined as the
softmax over aggregated score functions L(@im, (T (y))jein):

@éM)(-|wim) = softmax((L(@im, (e (1)) jenn))yey), (2.7)
L(@im, (2" (y)) jerar)) = log [M Y exp(S(@im, @) (y)))] +log P(y).

Proposition 2.4 below shows that the error rate of this classifier @éM)(-|mim) is bounded by
the sufficiency of the similarity score, and hence bounded by the CLIP excess risk.

Proposition 2.4 (Zero-shot classification error bound). Assume Assumption 2.1 and 2.2
hold. Let I/P\)(SM)(-|CBim) be as defined in Eq. (2.7), and let Pogim(-|Tim) € P(Y) denote the
conditional distribution of y given @iy, under Piy, txas. Then there exists a constant C' > 0,
which depends polynomially on c1, such that for any S € S, with probability at least 1 — 9,

Byt | D1 (Pt (i) | [PE (i) ) | < St (S) + € _bgj(é/ )
< \[ﬁclip,K(S) - ﬁCIip,K(S*)]I (1 + %) +C- %.

VvV
CLIP excess risk

The proof of Proposition 2.4 is provided in Appendix A.4.4. Proposition 2.4 establishes
that the zero-shot classification (ZSC) approach performs well when the similarity score is
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near-sufficient and M is large. Notably, the original ZSC method in CLIP corresponds to the
argmax decision rule applied on IP ( |®im) with M = 1. This method performs well using
only a single text sample, likely because exp(S(xim, i) (y))) exhibits strong concentration
around its expectation for fixed pairs of (@i, y), thus reducing the need for averaging over
multiple samples of x,)(y). Our simulations on both synthetic and real data further show
that increasing M improves ZSC performance, with the gain scaling as 1/M, consistent with
Proposition 2.4; see Appendix A.9.2 for more details.

Conditional Diffusion Models (CDMs). Text-to-image CDMs take text prompts as
input and generate natural images by solving a stochastic differential equation (SDE). We
consider the stochastic localization formulation (Eldan, 2013; El Alaoui et al., 2022) of CDMs,
where the drift term of the SDE is determined by a neural network trained to approximate
the conditional denoising function m, : R%m x X, — R%m_ defined as

mt(z7 wtx) = E(wimvg)wpim\tx(“mtx)XN(Ovldim)[mim|z =t Lim + \/-I_f g, mtx]‘ (28>

This neural network approximates the conditional denoising function by minimizing risk over
M; C{M; : Rém x RP — R%m} 4 function class where the inputs are a noisy image and the
CLIP text representation. The population risk minimization formulation gives

Mt = arg Mrtréi/r\}(t {Rcdm,t(Mta Etx)
2
— E(wim@tmg)wpimﬂ XN(O,Id-lm) |:Hw1m — Mt(td)im + \/%9, Etx(wtx)) H2:| }
(2.9)

Notice that the global minimizer of this formulation, when M, includes all measurable
functions, yields M(z, E) = E[xin|2 = t@im + V19, Ex(xix) = E], which differs from the true
conditional denoising function my(z, ), as defined in Eq. (2.8). Nevertheless, Proposition 2.5
below shows that the estimation error of |\7It is bounded by the sufficiency of the text encoder
E¢x, and hence bounded by the CLIP excess risk.

and let My include all measurable functions. Let the joint distribution of (Tim, T, 2¢) be
given by (Tim, Tix, §) ~ Pimix X N(0,1y ) with 2z =t - @i + Vt-g. Then for anyt >0, the
error rate of My, as defined in Eq. (2.9), is bounded by the sufficiency of the encoder Egy:

Proposition 2.5 (Estimation error bound for CDMs). Assume sup,, cy ||Tim|co < Ba,, s

1
E(a:im ;3 Ltx 7Zt) |:d_

1m

ez, @) — M2, Etx(:ctx))”;] < 2B% - Suff(Ey). (2.10)

The proof of Proposition 2.5 is provided in Appendix A.4.5. Briefly, the left-hand-side of
(2.10), scaled by a factor of 2B7 diy, can be bounded as follows:

E(ztx,zt) [DKL (P(mim|mtxa Zt) | |]P)($1m| Etx(mtx)y Zt))]
< Eg\, [DkL(P(Zim |t ) || P( @i |Eex (24x) ) )] < Suff(Eyy),
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where the first inequality follows from the data-processing inequality, and the second inequality
is due to the definition of Suff(E).

Using Proposition 2.5 along with a standard Girsanov theorem analysis of diffusion models,
we derive Corollary 2.6, which provides a sampling error bound of CDMs.

Corollary 2.6 (Sampling Error Bound for CDMs). Under the setting and assumptions of

Proposition 2.5, let E(;ftx(-]wtx) denote the distribution of Y r /T, where Y, is the solution to

the SDE with drift term given by the risk minimizer M, in Eq. (2.9):

~

dY; = My(Y4, Eix(xix))dt + AWy, 2o =0, W, is Brownion motion.

Let IPEI‘EMX(-MW) denote the distribution of im+09g, where (Tim, g) ~ Pimjex(-|[®ex) XN (0,1g,,).

Then we have the following bound on the sampling error

(T)
im|tx

oL _
Eaoonpo [DKL (P 5 (24 | [P

im|tx

(|wtx>>] S dimBgimT : Suﬁ(EtX>.

The proof of Corollary 2.6 is provided in Appendix A.4.5. Additionally, we perform similar
analyses for the sampling error bound for vision-language models in Appendix A.3.1.

2.3.3 Adaptation to tasks with canonical representation

In certain cases, the joint distribution of images and text admits canonical representations
(Eim, Etxx), which serve as sufficient statistics and are also sufficient for downstream tasks.
We show that under certain conditions on these canonical representations, a simple adapter
Adap—a small neural network—can transform any near-minimizer (Ej,, Ei) of the CLIP
risk into the canonical representations (Ein «, Etx+). Consequently, near-minimizers of the
CLIP risk can effectively adapt to downstream tasks using these canonical representations
as sufficient statistics. To formalize this idea, we impose the following assumption on the
canonical representations of the joint distribution i, . Specifically, we require that the
representation functions are linearly independent and that the inverse of the true link function
is Lipschitz.

Assumption 2.3 (Well-posed canonical representation). Assume there exist canonical repre-
sentations Eiy » : Xim — RP* and By, 1 Xix = RP*, along with a univariate, monotone, and
invertible link function Y, such that

]P)im,tx(wim7 wtx)

IP>im (mim)Ptx (wtx)

We further assume the following conditions on By, . and T,

Si(Tim, Tix) = log = T, ((Eim+(®im) s Etx s (Ttx)))-

(a) Ea:imw]P’im[Eim,*(mim)Eim,*(mim)T] - Ip*/LQB for some Lg > 0.

(b) The true link function Y, is invertible over the feasible range of (Eim+(Tim), Etxx(Tix)),
and its inverse function Y[ is Lp-Lipschitz.
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We provide two examples where these assumptions are satisfied.

Example 2.7 (Separator representation). Let s € S with |S| = p, be a separator of (Tim, Tix),
meaning that under the joint distribution Piy txsp(Tim, Tix, S), (Tim, Tix) are conditionally
independent given s. In this case, the canonical representations are given by Ein(Tim) =
[P(s|@im)/P(8)]ses € RP* and E (1) = [P(8|Ttx)]ses € RIS with the link function defined
as Y (t) =log(t). This setup leads to

(B (). B () = log 3 'w”“f 2 tog (B (@i, w0/ [P Bls)])

]P(Sl |mim)]P)(52 ‘mim)

In this example, Assumption 2.3(a) holds if the matriz (Eg, p, [ e e s0es = IL%;’.

Pim,tx (mim 7wtx)

Assumption 2.3(b) holds if we impose a uniform upper bound on o (o P (@)

Example 2.8 (Exponential family representation). Take Y,(t) =t as the identity function.
Then, Pimjix(Tim|Tix) = Pim(Tim) eXP{(Eim«(®im ), Eex«(Tix)) } defines an exponential family,
with Eix+(xex) as the natural parameter and Eiy, «(xim) as the sufficient statistic (a similar
formulation holds for the reverse conditional distribution). In this case, Assumption 2.3(b) is
automatically satisfied, as Y ' is simply the identity function.

Recall that we assumed representations E;, : X, — R? and E, : X, — RP, along with
a link function T : R? x R? — R, such that S(@im, k) = YV (Eim(®im), Ex()) is a near-
minimizer of the CLIP risk ﬁdim K, rendering E;,, and E, near-sufficient. The following result
shows that a simple adapter exists that can transform these near-sufficient representations
(Eim, Etx) into the canonical representations (Eim ., Etx)-

Proposition 2.9 (Near-equivalence to the canonical representations). Suppose Assump-
tion 2.1 and Assumption 2.3 hold. Let M > 1 be some integer, and define Bagap =
(M - Eqy b, ||Eim(zim)||3)"/2. Then, there exists a constant C > 0, which depends poly-
nomially on ¢1, and a parameter @ = (Waja € Rp>M VVda e RM*P) with || ada||0p <
CLy/VM, HWaj;“Op < CBadap, such that defining a simple adapter

(T:l(log [M : softmaX(T(Wa(dz o EtX))D))je[M}’

the transformed embedding Et\x(wtx> = Adapg(Ew(xx)) satisfies
Eoy, [|Evx(@e) = Evn(@e 5] < C - Ly - L - py - (Suff(S) + M 7). (2.11)

The proof of Proposition 2.9 is provided in Appendix A.4.7. In short, we exploit the
fact that Yy ((Eimx, Etxx)) = T (Eim, Etx), which leads to the heuristic approximation Egy , ~
Eim7*TT;1T(Eim, Ei«x). Here, Eim,;r is interpreted as a high-dimensional matrix. To reduce
the dimensionality, we introduce a sampling approach to approximate Eimy*TT**lT(Eim, Eix)
with lower-dimensional operators. A similar approach was used in Tosh et al. (2021a) in a
more restricted setting: when the link functions (Y,,T) are the logarithm, the canonical
representation Eiy, can be efficiently recovered via a linear transformation of Ei.

Adapg(Ery) == W)

ada
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Remark 2.1 (Adaptation to downstream tasks with canonical representation). When T is a
simple function, the adapter Adap, can be efficiently approximated by a shallow neural net-
work. Consequently, consider a target function f,(Eix (%)) that depends on i, through the
canonical representation Eiy ., and assume that f, can be efficiently approximated by a neural
network. Under the conditions of Proposition 2.9, where S(@im, i) = T (Eim(Tim), Ex(€))
is a near-minimizer of the CLIP risk ﬁdim i, it follows that fi(Eix«(@x)) can be efficiently
approximated by a neural network applied to E (@ ).

This strategy will be applied in Section 2.4.2 and Appendix A.3.2 to conditional diffusion
models (CDMs) and vision-language models (VLMs), where we construct efficient neural
network approximations for prediction functions based on pre-trained CLIP encoders.

Remark 2.2 (An improved bound). The error bound in Eq. (2.11) depends on the embedding
Eix(xtx) through the term Suff(S). This term can be replaced by Suff(E:) if the link
function T and the image embedding E;,, (@) are chosen such that Y (Eiy, (%im), Ewx(Tx)) =
log Pim'“‘éi‘?ﬂfi‘)@tx)). However, while such a link function and embedding exist in principle,
there is no guarantee that the link function is “simple” and can be efficiently approximated

by a shallow neural network. We refer readers to the end of Appendix A.4.7 for more details.

2.4 Sample-efficient learning in hierarchical models

In the previous section, we showed that near-minimizers of the CLIP risk are near-sufficient
and adaptable to downstream tasks, including zero-shot classification (ZSC), conditional
diffusion models (CDMs), and vision-language models (VLMs). Despite these findings, it
remains unclear why certain neural networks can efficiently learn these near-minimizers and
the associated functions within CDMs and VLMs. In this section, we address this question
by introducing a concrete data generation model for image-text pairs.

Specifically, we assume that the image-text pairs are generated according to a joint
generative hierarchical model (JGHM), which integrates two generative hierarchical models
(GHMSs) with a shared root. A GHM is a tree-structured graphical model in which the root
node represents the highest-level features; these features hierarchically generate lower-level
features based on a transition kernel, eventually reaching the leaf nodes that represent
observed images or text. GHMs have been widely used in theoretical modeling for images and
language independently (Mossel, 2016; Petrini et al., 2023; Sclocchi et al., 2024b; Tomasini
and Wyart, 2024; Cagnetta and Wyart, 2024; Garnier-Brun et al., 2024; Kadkhodaie et al.,
2023a,b; Mei, 2024). The JGHM framework extends GHMs to jointly model paired image and
text data’. In the following, we formally define the JGHM, building on the GHM framework
presented in Mei (2024).

2We use the JGHM as a working model and acknowledge that it may not fully capture the complexity of
the image-text distribution. Developing a more realistic model for image-text data is left for future work. In
this chapter, we focus on a model that captures the hierarchical structure of image-text pairs and provides an
efficient sample complexity bound.
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The joint tree structure. Consider a joint tree structure 7 = Ty, Tix, consisting of two
trees, Tim and Tiy, each of height L. These trees generate images and text, respectively, and
share a common root node, r, which represents shared information across the image and text
domains. Let the sets of nodes in the image and text trees be V;, and Vi, respectively. The
root is defined as level 0, and the set of nodes at a distance ¢ from the root is referred to as
level ¢. These nodes are denoted by Vi(r? in the image trec and V' in the text tree. Let C(v)
represent the set of its children defined within either Ty, or T, as ap ropriate We assume
that for any v € V5 (or V&), the number of children is fixed at m. (or m'2) for ¢ € [L],

except for leaf nodes v € V(L) (or Vt(f )), which have no children. The number of nodes at
each layer is denoted by d | | and d\ = |Vt(ﬁ)\ In particular, the total number of leaf

nodes is represented by dlm = d L _ |V(L | and diyx = dﬁﬁ) = |Vt(XL )|. Additionally, we define
(©) (f)}

m = max{m mtX } M = MaXe[r) MaxX{mg, , My

Joint generative hierarchical models (JGHMs). Building on the joint tree structure,
we define the joint generative model for the image x;, and text x,. Each node in the tree

is associated with a variable: the root node is represented by 20 = xl(gl)r = 'Exr € Sr, for

nodes v € V( ) at levels 1 < ¢ < L, the variables are 2 e Sim; and for nodes v € Vtx at

1m,v

levels 1 < ¢ < L, the variables are xém € Si«. Here, S,, Sim, and S, denote the spaces of
root, image, and text variables, respectively. For simplicity, we set S, = Sim = Six = [I]
for some S € N.y; however, our theoretical results extend naturally to the more general

case where these spaces differ. We collectively denote the variables associated with Vi(lfl) and

VY as a:l(r? = (x-(g) )pepto and z') = (a:g?v)v ev®: respectively. For the leaf level ¢ = L, we

sometimes omit the superscript (L) for brevity.

The joint distribution ,u*(xgo), 2l (LD i, mﬁ}), o ,:I:Ei_l), Zx) is defined as

im,v

xTr

im>?* 7 *¥im
0 (1) (L-1) (1) (L-1)
(T (),a:im,...,a:im s Lim, Loy s+ s Loy Lix)

0 0 1 0 1 2 1 2 L L—-1
ot (@) 0)) (o, 2] (Teyn 0 @il 22 )) (Mg 60 @0 i) )

1 1 2 L—1
wtx (ZL’r ,ZBEX)) (H’UGV&) ¢15x (‘/L‘Ex)va xEx)C(v))> te ( Hveyt(f*U wtgx (ﬁt(;x v ) xtx,C(v))>>
(2.12)

where ¥ [S] = Rsg, 91 [S] x [S]™n — Rsg, and ¢ : [S] x [S]™% — Ry define

the transition probabilities of child nodes conditioned on their parent node. This joint
distribution models the image-text generation process. Starting at the shared root of the
image-text tree, initialized according to wﬁo) , values are sampled level-by-level through the
transition probabilities wgr)n’tx}. This process continues until the leaf variables, x;, and @,
are generated. The observed data consist of the leaf variables @i, (image) and ., (text),
while the intermediate variables are typically unobserved.

We impose the following factorization assumption on the v functions in the JGHM model.
This assumption implies that the child nodes are conditionally independent of the parents,
and that the transition is homogeneous across all nodes within a particular layer. Although
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Figure 2.1: Left: the JGHM used to generate the joint distribution of text and images. Right:
an illustrative example of a generated text-image pair.

this assumption, inherited from Mei (2024), is not strictly necessary for the theoretical
framework and could be relaxed with additional technical work, it significantly simplifies the
presentation and proof. Therefore, we retain it here for convenience.

Assumption 2.4 (Factorization of ¢). For each v € Vlm, let there be a known ordering
function v : Cipn(v) — [mfﬁz] that is bijective. A similar ordering function v is defined for each
v E Vt(ﬁ) as well. For O € {im, tx}, each layer ¢ € [L] and node v € Vé“), we assume

0 (- L1

v'eC(v
In addition, we assume boundedness for the v functions.

Assumption 2.5 (Boundedness of ¢). There exists some By, > 0 such that for any x, 2" € [S],

1/By < 90 (x), %) (x,2"), 0%, (v,2") < By, (2.14)

A schematic illustration of the JGHM with two layers is shown in Figure 2.1.

2.4.1 Sample-efficient learning of CLIP encoders and ZSC

Consider a set of nK i.i.d. samples {(zim®, 2?)}i>1 drawn from the distribution p, under
the JGHM. They can be reorganized into the form {(wimfj), mtxf;))je[K} }icpn), where K is the
batch size and n is the number of batches. Our goal is to learn encoders for both the image
and text components by minimizing the CLIP loss. The optimal similarity score under the
CLIP loss is given by the logarithmic probability ratio S,(@im, i) = log uf(;(:% We
seek to analyze the sample complexity required to learn this optimal similarity score using
empirical risk minimization over the class of transformers.
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The neural network architecture. The similarity score consists of three main com-
ponents: a transformer encoder® for images, NN}Vim: [S]dm — RS, a transformer encoder
for text, NNWe: [S]%x — R¥; and a parameterized similarity link function, 7%(h,h’) =
log trun(Y_ ¢ (g) hshiws), where w, h, b’ € R¥, and trun(-) : R — R+ is a truncation function.

The similarity score, S8y, with parameters @ = (Wi, Wi, w), is defined as
SO (T, ) =TV (softmax(NNi"anm (@im)), softmax (NN ™ (zy))). (2.15)

The same network architecture is used for the vision transformer NNV™ and the text
transformer NN:Z“‘, but with different weights. For simplicity, we describe the architec-
ture generically and omit subscripts. The neural network output is given by N NW(a:) =
read.ji,(TF" (Embgji,(z))). The only trainable part, TF" is a repetition of transformer
blocks as described below. The fixed embedding function, Embg,: R* — RP*4 maps the
input € R? (including positional encoding) to a matrix HX) = Embg;,(x) € RP*? and the
fixed readout function, readg;,: RP*? — R extracts an (S x 1) submatrix from the output
of the last transformer block H® = TFW(Embc”p(w)). Definitions of the functions Embgp,
and read;, are provided in Appendix A.5.1.

Definition 2.2 (The transformer architecture). The transformer, TF"W : RP*d — RP*d,
consists of L-blocks of the (J + 1)-layer fully-connected ReLU network FF®) : RP*d — RPxd,
applied column-wise, and the self-attention layer Attn® : RP*d — RP*d defined as:

FFO) =W 131 o ReLUW [ 51]) 0--- 0o ReLUMW? [x;1]),  (x € RP)

Attn(Q) = WIQ - softmaxen (QT(W)TWEQ).

Here, [ - ;1] appends a constant 1 to the end of a vector, introducing an intercept term.

Starting from H")| the ¢-th block computes intermediate representations H®) € RP*4 and
QY € RP*? a5 follows:

QY =HO 4 FF(@(H(@)),
HY = normalize(Q® + Attn?(Q®))).

For simplicity, FF¥) is treated as a function from RP*? to RP*? though applied column-
wise. The transformer weights, denoted by W (subscripts im, tx correspond to specific
transformers), are given by:

w = {WQ Wi, W e RP*P w0 e RO,

{Wi(g) € RP>*DHINT W}i)-l < RDX(D[H)}ee[L}' (2.16)

3While we use a transformer architecture to align with practical implementations, the theoretical
framework does not require the use of transformers to avoid the curse of dimensionality. Any network capable
of approximating the belief propagation algorithm can be utilized. We do not claim that transformers are the
optimal architecture for this purpose.
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Here, softmax., denotes a column-wise softmax operation, where for any matrix A € R,
each column of softmax.,(A) € R™? is the softmax of the corresponding column in A. The
function normalize : RP*? — RP*4 performs column-wise normalization, where each column
of normalize(H) € RP*? is the normalized version of the corresponding column in H, with its
formal definition provided in Appendix A.5.1.

Intuitively, each column vector of H® corresponds to a leaf node v. As we will show
in Appendix A.5.1, each transformer block approximates one step of belief propagation.
Consequently, the blocks are indexed in decreasing order (¢ = L,...,1) to align with the
belief propagation process. Some modifications are also incorporated, such as placing the
feedforward layer first and using a multi-layer network for the feedforward component.
However, these changes are not essential and can be effectively simulated within the original
transformer architecture (Vaswani, 2017).

The ERM estimator. To find the optimal similarity score, we solve the empirical risk
minimization problem defined by the following objective:

-~ . = n exp(S2 « (®im i>, x(i)
6 = argmin {Rclip,K<S%N) — %Zi:l [_ % Zszl 10g P(SKn (®im ), ®ox ))(1)))i| (217>

(@)
eeeL,J,D,D’,B Z]G[K] exp(SNN(wlm K ;3 Ltx Jj

n exp (S (@im ) ix ()
+%Zi:1[ [1{ k= 11 T m))}}a

Z E[K] exp(SNN(wlm(J)awtx k

where the parameter space is defined as:

OL DD B = {VVim, W as defined in Eq. (2.16),w as defined in Eq. (2.15); (2.18)
(0 @) )
160 = ol v e v (I o 190 s IWic o W32 o} < B}

We expect the empirical risk minimizer, S;IN, to closely approximate the optimal similarity
score S,, which minimizes the population risk Rd,p x over all functions as defined in Eq. (2.1).

This is quantified through the excess risk ExcessK(SﬁN, S,) = Raip.x (SNN) Raip.i(Ss). The

following theorem provides a bound on the excess risk of the estimator SNN

Theorem 2.10 (Sufficiency and excess risk bound of CLIP). Suppose Assumption 2./ and
Assumptzon 2.5 hold. Let @L J.p.p'.B denote the parameter space deﬁned in Eq. (2.18), with
J=0(L), D=0(SL), D' = O(mSL?), and B = O(SL +m?). Let 0 be the empirical risk
minimizer as defined in Eq. (2.17). Then, with probability at least 1 — 1/n, we have

ExcessK(SgN,S*) = (’3(«/52%%2), (2.19)

where O hides polynomial factors in log(MSLnBy).

Moreover, combined with Proposition 2.3, this excess risk bound also provides an upper
bound on the suﬁ‘lcz’encyA of the learned encoders and the similarity score, Suff(NNt‘f“‘),
Suff(NNYim) - and Suff(S8y).
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The proof of Theorem 2.10 is provided in Appendix A.5. We note that the sample
complexity bound in this theorem is not intended to be the tightest possible, and refining it
remains an intriguing direction for future research. Theorem 2.10 establishes that the excess
risk vanishes whenever n > S?L'm?, with the required sample size being sub-linear in d.
Crucially, this result avoids the curse of dimensionality, demonstrating that the JGHM can
be efficiently learned via ERM over transformers. While simpler two-layer neural networks
could be used as encoders, their approximation error and sample complexity would likely
scale exponentially with the dimension d, leading to a curse of dimensionality. In contrast,
transformers circumvent this issue by efficiently approximating belief-propagation.  In
Remark A.2, we further show that the 1/,/n rate can be improved to 1/v/nk, so the bound
scales with the total sample size rather than the number of batches. This improvement,
however, comes at the cost of an exponential dependence on M, which is unavoidable under
the current assumptions (see Remark A.2 for more details).

Proof strategy of Theorem 2.10: Transformers efficiently approximate belief
propagation. The excess risk Excessy (S%y,S.) can be decomposed into two components:
approximation error and generalization error:

Excess (S, S.) < gggﬁclip,K(SﬁN) — Reip,x(S) +2 - Sup Retip.ic(S4x) — Retipuc (S|
S

.

-~ . 4

. B Vv
approximation error generalization error

The generalization error is controlled using standard parameter counting arguments and the
chaining approach. The main focus, therefore, lies in bounding the approximation error. This
is achieved by first introducing the belief propagation (BP) algorithm, which computes the
conditional probabilities (P(z,|®im), P(2:|Zwx)), as shown in Eq. (A.51), and then showing
that transformers can effectively approximate BP. See Appendix A.5.1 for more detail.

Remark 2.3. We note that while the BP algorithm serves as a theoretical proof technique, we
cannot conclude that the pre-trained CLIP encoders implement BP in JGHM. Investigating
whether the trained CLIP encoders approximate BP remains an intriguing direction for future
interpretability research. Our simulation studies in out-of-distribution settings, as shown in

Figure A.6, provide partial evidence relevant to this question. This remark also applies to
the CDM and VLM tasks.

Remark 2.4. While classical algorithms such as maximum likelihood estimation can also
efficiently learn the similarity score from JGHM, our theory shows that a neural network (NN)-
based approach with contrastive pre-training can achieve the same result. A key advantage
of NN-based approaches is their flexibility: they rely less on the precise specification of the
underlying graphical model, whereas classical methods struggle if the model is misspecified.
This makes NN-based approaches especially useful when the data-generating process is
unknown or difficult to model. This same remark applies to the CDM and VLM tasks.

Sample-efficient zero-shot classification. Combining Theorem 2.10 with Proposition 2.4
provides an end-to-end theory for the performance of zero-shot classification using the classifier
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@éM)(-pzim), as defined in Eq. (2.7). Here S = SﬁN is the similarity score corresponding to
the empirical risk minimizer given in Eq. (2.17).

Corollary 2.11. Suppose that Assumption 2.2, 2./ and 2.5 hold. Let 0 be the empirical risk
minimizer defined in Eq. (2.17), and let IP’(SM)(~|wim) be the zero-shot classifier as defined in

Eq. (2.7) with S = S%y. Then, with probability at least 1 — 1,

EeinPim |:DKL (Pcls|im<y|wim)"@éM)(y@im))] < 6( /52L21m2 + 10g§5{/ﬂ)>’

where O hides polynomial factors in (log(MmSLnBy), (By)™).

The proof of Corollary 2.11 is provided in Appendix A.5.2.

2.4.2 Sample-efficient learning of CDMs

In this section, we investigate the conditional denoising models (CDMs) within the JGHM.
Consider the joint distribution of noisy image, clean image, and text (2, Tim, Tix), generated
as follows: (Xim,Xix) ~ fy, and 2z, = t - @y, + /1 - g, where g ~ N(0,1, ) represents
independent Gaussian noise. We denote the joint distribution of (2, @im, Ttx) DY fiss.

Suppose we are given a dataset of iid samples {(zt(i), Zim ), aztx("))}ie{n] ~iid Pt With
a text representation E (i) € RP (e.g., a CLIP-based embedding), the goal is to learn a
conditional denoiser M;(z;, Eix(y)) that closely approximates the clean image ;,. Under
an appropriate loss function, the optimal denoiser is the Bayes denoiser m, (2, i) =
21 mim @) ~pie.c [Eim | Z¢, Tix], which computes the posterior expectation of @i, given (2, ).
This section aims to analyze the sample complexity of learning this conditional denoiser using
empirical risk minimization over the class of transformers.

The neural network architecture. The conditional denoiser is modeled as
Mte(zt» Etx(mtx)) - readcdm o Tchm o Embcdm<zta Adap(Etx(mtx))):

where each component is defined as follows. The function readeyy : RP*%m — R%m extracts
the final denoised image, whereas the embedding function Embcgm : R%m x RS — RP*dim maps
the input features into a transformer-compatible embedding, with specific details provided
in Appendix A.6.1. The text encoder Ey : X, — R is given by the pre-trained CLIP
representations, as defined in Eq. (2.15) and (2.17).

The transformer TF gy, : RP*%m — RP*dim jg g trainable (2L + 1)-layer model, defined in
Definition 2.2, with parameter Wy, adapted to the (2L 4 1)-layer structure, as detailed in
Eq. (2.16). The adapter network, Adap : R® — R® is implemented as a simple network:

Adap(v) = W;jgsoftmax(log(trun(W(2) softmax(v)))), Vo € R, (2.20)

ada

where Wa(jg € R¥*M and Wa(jz € RM*S are trainable weights. This adapter network structure

leverages the canonical representation of the GHM framework, as described in Example 2.7. We
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note that using an adapter network on top of CLIP representations is consistent with practice
in prior work (Radford et al.; 2021; Esser et al., 2024). Following the pre-training fine-tuning
paradigm, we consider the fine-tuning phase where the parameters 8 = (Wyp, Wa(jg, Wa(jg)
are optimized, while readcgm, Embegm, and the CLIP encoder E;, remain fixed.

The ERM estimator. Given a pre-trained text encoder Ey : X — RS, the goal is
to obtain the conditional denoising function. To achieve this, we solve the empirical risk
minimization problem defined by the following objective:

0 = argmin {ﬁcdm,t(Mf, Eix) == %Z?:l ‘

0€0,, ;1 p.p',B,M

D — M (zt B (@@ H } (2.21)

where the parameter space is defined as

OL DD BM = {chm as defined in Eq. (2.16), Wa(ja, I/Vada as defined in Eq. (2.20);
(2.22)
2
161 = W3 lop V Wi lopV

ada

L
ey 25 ol 1770 Gl 177 o IV i} < B

The following theorem provides an estimation error bound on the conditional denoiser:

Theorem 2.12 (Estimation error of conditional denoising function). Suppose that Assump-
tion 2.4 and Assumption 2.5 hold, and assume Assumption 2.5 (a) holds for the image

representation Eiy (Tim) = [P(8|xim) /P(8)]ses € R® where S is the set of root nodes. Let
Eix and S be obtained from the CLIP minimization. For simplicity, assume t = 1. Let
OL.p.p.BM be the set defined in Eq. (,2 22), where J = O(L), D = O(SL), D' = O(mSL?),

and B = O(Lg+ (SL+m?)vVM). Let 0 be the empirical risk minimizer defined in Eq. (2.21).
Then, with probability at least 1 — 1/n, we have

1 ~
E(mim,mtx,zt) [d._}lm*vt(z“ mtx) - Mte(zta Etx(mtx)) Hi]

1m

<0 <\/(SL8m + ML S7L2B(suff(5) + i)) (2.23)

n M

where O hides polynomial factors in (log(mSLLgn), (By)™).

See the proof of Theorem 2.12 in Appendix A.6. The main step in the proof involves
constructing transformers to approximate the conditional denoiser, similar to Theorem 2.10.
The estimation error bound has two terms. The first term, which scales as n=/2, comes
from the approximation and generalization errors during the training of the conditional
denoising function with the CLIP text representation fixed. The second term, which scales
with (Suff(S) + M~1), is caused by the near-sufficiency of the CLIP representation. The term
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Suff(S) can be controlled by the excess risk of CLIP training, as shown in Theorem 2.10,
while the term M~! decreases as we increase the width of the adapter network. If the
conditional denoising function TF 4, and the CLIP text representation E, are jointly trained
(eliminating the need for Adap), the second term vanishes, as shown in Appendix A.6.3.
By integrating over ¢t and using Girsanov’s theorem, this estimation error bound can be
converted into a sampling error bound for diffusion sampling, as illustrated in Corollary 2.6.

Additionally, we perform similar analyses for the sampling error of vision-language models in
Appendix A.3.2.

2.5 Experiments

We conduct experiments using transformer architectures to train CLIP encoders and down-
stream tasks for image-text distribution under JGHMs.

Training data distribution. We sample the image and text data from the JGHM described
in Section 2.4 with parameters L = 4, § = [10], and m(DK) = 3 for O € {im, tx} and all
¢, following the factorization assumption (Assumption 2.4). The transition probabilities
(1/)50), {@Z)l(r?” @/JEQL}LE[SMG[L]) are randomly generated from a specific distribution using a fixed
random seed (details provided in Appendix A.9.1). These probabilities are governed by the
parameter pgi, € [0, 1], which controls the conditional entropy of the leaf nodes (@im, Ttx)
given the root node x,. When pgi, = 0, (Zim, T1x) are deterministic functions of x,, while
Paip = 1 results in high conditional entropy for (@im, Tix) given x,. As pg, increases, predicting
x, from (@i, ) becomes progressively more challenging. In our experiments, the values of
paip are chosen from the range 0.02 to 0.4 in increments of 0.02.

Training setup. The CLIP encoders and conditional denoising functions are implemented
using encoder transformers, while conditional next-token prediction functions (VLMs) are
parameterized by decoder transformers. Detailed architectural specifications are provided in
Appendix A.9.1. For training the CLIP encoders, we consider three setups: (1) Standard
TF: A 5-layer transformer trained using the standard CLIP loss. (2) Guided TF: A 5-layer
transformer trained with the CLIP loss, supplemented by a guided loss encouraging the model
to emulate the belief propagation algorithm (details in Appendix A.9.1). (3) Shallow TF: A
1-layer transformer trained using the standard CLIP loss.

For CDMs and VLMs, we consider the following setups: (1) Standard TF: The CLIP
encoder trained under the Standard TF setup is fixed, and a 9-layer transformer is trained
on top of it using a standard supervised loss. (2) Shallow TF: The CLIP encoder trained
under the Standard TF setup is fixed, and a 1-layer transformer is trained on top of it with
a standard supervised loss. (3) Joint Training: Jointly train the CLIP encoder and the
conditional denoiser/next-token predictor with a standard supervised loss. (4) Guided TF:
Jointly train the CLIP encoder and the conditional denoiser/next-token predictor with a
supervised loss augmented by a guided loss. (5) Bayes: The Bayes-optimal predictor.
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Figure 2.2: Risks (solid curves) and excess risks (dashed curves) as a function of the parameter
paip for CLIP training, ZSC, CDM, and VLM. The training setups for the different curves are
described in Section 2.5. Across all setups, the excess risks of Guided TF approach zero. The
risks of Standard TF are close to the Bayes risk in ZSC, CDM, and VLM, demonstrating
that CLIP representations can effectively adapt to downstream tasks.

All models are trained using AdamW for 30, 000 steps, with each step using a fresh batch
of size 128. Details on network architectures (which could be different from architectures used
in theorems), learning rates, and other hyperparameters are provided in Appendix A.9.1.
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Experimental results. Figure 2.2 shows the risk (solid curve) and excess risk (dashed
curve) as functions of the parameter pg;, across different setups: CLIP training (Figure 2.2a),
ZSC (Figure 2.2b), CDM (Figure 2.2¢), and VLM (Figure 2.2d).

Standard training of CLIP (Figure 2.2a) exhibits a non-vanishing excess risk, likely due to
the training dynamics failing to converge to a global minimizer of the CLIP loss. Despite this
excess risk in CLIP training, standard training (Standard TF) results in small excess risks in
ZSC, CDM, and VLM tasks (Figures 2.2b to 2.2d). This suggests that CLIP representations
can effectively adapt to these downstream tasks, supporting our theoretical results, even
when the conditions of our theory are not fully satisfied.

Guided training (Guided TF) for CLIP (Figure 2.2a) significantly reduces excess risk to
nearly zero, in line with our approximation theory. In the ZSC, CDM, and VLM setups,
Guided TF outperforms Standard TF by a considerable margin, indicating that guided
training promotes better convergence to the global minimizer of the CLIP loss. Across all
settings, Standard TF consistently outperforms Shallow TF by a wide margin, as expected.
This suggests that shallow networks are insufficient for approximating the Bayes predictor,
which relies on the belief propagation algorithm. In the CDM and VLM setups (Figures 2.2¢
and 2.2d), both sequential training (Standard TF) and joint training (Joint Training) yield
small excess risks, indicating that CLIP pre-training may not always be necessary in this
simulated environment. Further ablation studies are presented in Appendix A.9.2.

2.6 Conclusion

This chapter presents a theoretical framework explaining the success of contrastive pre-
training in multi-modal generative Al. It shows that near-minimizers of contrastive loss serve
as approximate sufficient statistics, adaptable to diverse tasks like zero-shot classification and
conditional diffusion models. The Joint Generative Hierarchical Model (JGHM) illustrates
how transformers efficiently approximate functions via belief propagation, breaking the
curse of dimensionality. These findings provide guarantees on the sample efficiency and
generalization of contrastive pre-training, validated by numerical simulations.

Approximate sufficient statistics are central to this framework, providing a foundation
for understanding contrastive pre-training. Future research could examine how this concept
extends to other learning paradigms. Another promising avenue is exploring single-modal
contrastive learning frameworks, where data augmentations serve as positive samples. Addi-
tionally, extending the JGHM to model more realistic generative processes for image and
text distributions holds significant potential for further advancements.
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Chapter 3

Scaling Laws in Linear Regression:
Compute, Parameters, and Data

3.1 Introduction

Deep learning models, particularly those on a large scale, are pivotal in advancing the state-of-
the-art across various fields. Recent empirical studies have shed light on the so-called neural
scaling laws (see Kaplan et al., 2020; Hoffmann et al., 2022, for example), which suggest that
the generalization performance of these models improves polynomially as both model size,
denoted by M, and data size, denoted by N, increase. The neural scaling law quantitatively
describes the population risk as:

C1 C

R(M,N)~R* —
( ? ) +Ma1+Na27

(3.1)

where R* is a positive irreducible risk and ¢y, ¢y, a1, ay are positive constants independent
of M and N. For instance, by fitting the above formula with empirical measurements in
standard large-scale language benchmarks, Hoffmann et al. (2022) estimated a; ~ 0.34 and
as ~ 0.28, while Besiroglu et al. (2024) estimated that a; ~ 0.35 and ay ~ 0.37. Though the
exact exponents depend on the tasks, neural scaling laws in (3.1) are observed consistently
in practice and are used as principled guidance to build state-of-the-art models, especially
under a compute budget (Hoffmann et al., 2022).

From the perspective of statistical learning theory, (3.1) is rather intriguing. Standard
statistical learning bounds (see Mohri et al., 2018; Wainwright, 2019a, for example) often
decompose the population risk into the sum of irreducible error, approximation error, bias
error, and variance error (some theory replaces bias and variance errors by optimization and
generalization errors, respectively) as in the form of

- 1 1 c(M)
R(M,N)=TR*+ O(Mal) +O<Na2> +(9( Nes ) (3.2)

approximation bias variance
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where ay,as, a3 are positive constants and c¢(M) is a measure of model complexity that
typically increases with the model size M. In (3.2), the approximation error is induced by
the mismatch of the best-in-class predictor and the best possible predictor, hence decreasing
with the model size M. The bias error is induced by the mismatch of the expected algorithm
output and the best-in-class predictor, hence decreasing with the data size N. The variance
error measures the uncertainty of the algorithm output, which decreases with the data size
N but increases with the model size M (since the model complexity c¢(M) increases).

A mystery. The empirical neural scaling law (3.1) is incompatible with the typical statistical
learning theory bound (3.2). While the two error terms in the neural scaling law (3.1) can be
explained by the approximation and bias errors in the theoretical bound (3.2) respectively,
it is not clear why the variance error is unobservable when fitting the neural scaling law
empirically. This difference must be reconciled, otherwise, the statistical learning theory
and the empirical scaling law make conflict predictions: as the model size M increases,
the theoretical bound (3.2) predicts an increase of variance error that eventually causes an
increase of the population risk, but the neural scaling law (3.1) predicts a decrease of the
population risk. In other words, it remains unclear when to follow the prediction of the
empirical scaling law (3.1) and when to follow that of the statistical learning bound (3.2).

Certain prior works provided risk upper bounds that do not grow with model size (see for
example (Rudi and Rosasco, 2017; Carratino et al., 2018)). Still, their results are insufficient
for studying scaling law as those bounds require a large model size such that the approximation
error is ignorable. Moreover, they do not provide instance-wise matching lower bounds to
verify the tightness of the upper bounds. See a detailed discussion in Section 3.2.

Our explanation. We investigate this issue in an infinite dimensional linear regression
setup. We only assume access to M-dimensional sketched covariates given by a fixed Gaussian
sketch and their responses. We consider a linear predictor with M trainable parameters, which
is trained by one-pass stochastic gradient descent (SGD) with geometrically decaying stepsizes
using N sketched data. Assuming that the spectrum of the data covariance matrix satisfies a
power-law of degree a > 1 and that the optimal model parameters satisfy a Gaussian prior,
we derive matching upper and lower bounds on the population risk achieved by the SGD
output (see Theorem 3.1). Specifically, we show that

ROM.N) = R* + %ﬁ)*é(m) | Var:é<min{M,]5[Nv)l/a});

. J/

Vv Vv
leading order given by the sum of Approx and Bias higher order, thus unobservable

where v = O(1) is the initial stepsize used in SGD and ©(-) hides log(N) factors. In our
bound, the sum of the approximation and bias errors determines the order of the excess risk,
while the variance error is of a strictly higher order and is therefore nearly unobservable when
fitting R(M, N) as a function of M and N empirically. In addition, our analysis reveals that
the small variance error is due to the implicit regularization effect of one-pass SGD (Zou et al.,
2021). Our theory suggests that the empirical neural scaling law (3.1) is a simplification of
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Figure 3.1: The expected risk (Risk) of the last iterate of (SGD) versus the effective sample size
Ness and the model size M for different power-law degrees a. The expected risk is computed by
averaging over 1000 independent samples of (w*,S). We fit the expected risk using the formula
Risk ~ 02 +c1/M™ +cy/N? via minimizing the Huber loss as in Hoffmann et al. (2022). Parameters:
o= 1,7 = 0.1. Left: For a = 1.5, d = 20000, the fitted exponents are (ai,az) = (0.54,0.34) ~
(0.5,0.33). Right: For a = 2, d = 2000, the fitted exponents are (a;,a2) = (1.07,0.49) ~ (1.0,0.5).
Note that the values of (a1, ag2) are close to our theoretical predictions (a — 1,1 — 1/a) in both cases,
verifying the sharpness of our risk bounds. More details can be found in Sections 3.4 and 3.5.

the statistical learning bound (3.2) in a special regime when strong regularization (either
implicit or explicit) is employed.

Moreover, we generalize the above scaling law to (1) constant stepsize SGD with iterate
average (see Theorem B.23), (2) cases where the optimal model parameter satisfies an
anisotropic prior (see Theorem 3.2), and (3) where the spectrum of the data covariance matrix
satisfies a logarithmic power law (see Theorem 3.3).

Emprical evidence. Based on our theoretical results, we conjecture that the clean neural
scaling law (3.1) observed in practice is due to the disappearance of variance error caused by
strong regularization. Two pieces of empirical evidence to support our understanding. First,
large language models that follow the scaling law (3.1) are often underfitted, as the models
are trained over a single pass or a few passes over the data (Komatsuzaki, 2019; Muennighoff
et al., 2023; Brown et al., 2020; Touvron et al., 2023). When models are underfitted, the
variance error tends to be smaller. Second, when language models are trained with multiple
passes (up to 7 passes), Muennighoff et al. (2023) found that the clean scaling law in (3.1) no
longer holds and they proposed a more sophisticated scaling law to explain their data. This
can be explained by a relatively large variance error caused by multiple passes.

Notation. For two positive-valued functions f(x) and g(x), we write f(x) < g(z) (and

f(z) = O(g(x))) or f(z) Z g(x) (and f(z) = Qg(x))) if f(z) < cg(x) or f(z) > cg(z)
holds for some absolute (if not otherwise specified) constant ¢ > 0 respectively. We write
f(x) = g(z) (and f(z) = O(g(x))) if f(z) < g(x) S f(z). For two vectors u and v in a
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Hilbert space, we denote their inner product by (u,v) or u'v. For two matrices A and B of
appropriate dimensions, we define their inner product by (A, B) := tr(A"B). We use || - || to
denote the operator norm for matrices and ¢o-norm for vectors. For a positive semi-definite
(PSD) matrix A and a vector v of appropriate dimension, we write ||v||% := v  Av. For a
symmetric matrix A, we use p;(A) to refer to the j-th eigenvalue of A and r(A) to refer to
its rank. Finally, log(-) refers to logarithm base 2.

3.2 Related work

Empirical scaling laws. In recent years, the scaling laws of deep neural networks in
compute, sample size, and model size have been widely studied across different models
and domains (Hestness et al., 2017; Rosenfeld et al., 2019; Kaplan et al., 2020; Henighan
et al., 2020; Hoffmann et al., 2022; Zhai et al., 2022; Muennighoff et al., 2023). The early
work by Kaplan et al. (2020) first proposed the neural scaling laws of transformer-based
models. They observed that the test loss exhibits a power-law decay in quantities including
the amount of compute, sample size, and model size, and provided joint formulas in these
quantities to predict the test loss. The proposed formulas were later generalized and refined
in subsequent works (Henighan et al., 2020; Hoffmann et al., 2022; Alabdulmohsin et al.,
2022; Caballero et al., 2022; Muennighoff et al., 2023). Notably, Hoffmann et al. (2022)
proposed the Chinchilla law, that is, (3.1) with a; ~ 0.34 and ay =~ 0.28. The empirical
observation guided them to allocate data and model size under a given compute budget. The
Chinchilla law is further revised by Besiroglu et al. (2024). Motivated by the Chinchilla
law, Muennighoff et al. (2023) considered the effect of multiple passes over training data and
empirically fitted a more sophisticated scaling law that takes account of the effect of data
reusing.

Theory of scaling laws. Although neural scaling laws have been empirically observed
over a broad spectrum of problems, there is a relatively limited literature on understanding
these scaling laws from a theoretical perspective (Sharma and Kaplan, 2020; Bahri et al.,
2024; Maloney et al., 2022; Hutter, 2021; Wei et al., 2022a; Michaud et al., 2024; Jain et al.,
2024; Bordelon et al., 2024; Atanasov et al., 2024; Nam et al., 2024; Dohmatob et al., 2024).
Among these works, Sharma and Kaplan (2020) showed that the test loss scales as N*/? for
regression on data with intrinsic dimension d. Hutter (2021) studied a toy problem under
which a non-trivial power of N arises in the test loss. Jain et al. (2024) considered scaling
laws in data selection. Bahri et al. (2024) considered a linear teacher-student model under
a power-law spectrum assumption on the covariates, and they showed that the test loss of
the ordinary least squares estimator decreases following a power law in sample size N (resp.
model size M) when the model size M (resp. sample size N) is infinite. Bordelon et al.
(2024) considered a linear random feature model and analyzed the test loss of the solution
found by (batch) gradient flow. They focused on the bottleneck regimes where two of the
quantities N, M, T (training steps) are infinite and showed that the risk has a power-law
decay in the remaining quantity. The problem in Bahri et al. (2024); Bordelon et al. (2024)
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can be viewed as a sketched linear regression model similar to ours. It should be noted that
both Bahri et al. (2024) and Bordelon et al. (2024) only derived the dependence of population
risk on one of the data size, model size, or training steps in the asymptotic regime where
the remaining quantities go to infinity, and their derivations are based on statistical physics
heuristics. In comparison, we prove matching (ignoring constant factors) upper and lower
risk bounds jointly depending on the finite model size M and data size N.

Implicit regularization of SGD. One-pass SGD in linear regression has been extensively
studied in both the classical finite-dimensional setting (Polyak and Juditsky, 1992; Bach and
Moulines, 2013; Défossez and Bach, 2015; Dieuleveut et al., 2017; Jain et al., 2018, 2017; Ge
et al.; 2019) and the modern high-dimensional setting (Dieuleveut and Bach, 2015; Berthier
et al., 2020; Zou et al., 2023, 2021; Wu et al., 2022a,b; Varre et al., 2021). In particular, Zou
et al. (2021) showed that SGD induces an implicit regularization effect that is comparable to,
and in certain cases even more preferable than, the explicit regularization effect induced by
ridge regression. This is one of the key motivations of our scaling law interpretation. From a
technical perspective, we utilize the sharp finite-sample and dimension-free analysis of SGD
developed by Zou et al. (2023); Wu et al. (2022a,b). Different from them, we consider a
sequence of linear regression models with an increasing number of trainable parameters given
by data sketch. Our main technical innovation is to sharply control the effect of data sketch.
Some of our intermediate results, for example, tight bounds on the spectrum of the sketched
data covariance under the power law (see Lemma 3.5), might be of independent interest.
Prior works investigated linear regression with random features (Rudi and Rosasco, 2017,
Carratino et al., 2018), which can be viewed as a kind of sketched features via random
coordinate selection. They mainly focused on the small approximation error regime, where
the model size (or the number of features) is much larger than the data size. In comparison,
we treat both model size and data size as free variables. Moreover, we provide matching upper
and lower bounds while prior works mainly focused on upper bounds. These two innovations
are crucial for studying scaling laws that predict test error as a function of both model size
and data size. Finally, in the comparable regimes with small or zero approximation error,
our excess risk bounds recover the bounds in prior works (Rudi and Rosasco, 2017; Carratino
et al., 2018; Pillaud-Vivien et al., 2018; Dieuleveut and Bach, 2015; Defilippis et al., 2024).

3.3 Setup

We denote a feature vector by x € H, where H is a Hilbert space that is either finite-
dimensional or countably infinite-dimensional, with dimension d := dim(H). The correspond-
ing label is denoted by y € R. In linear regression, we measure the population risk of a
parameter w € H by the mean squared error,

R(w) :=E((x,w) — y)Q, w e H,

where the expectation is over (x,y) ~ P for some distribution P on H x R.
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Definition 3.1 (Data covariance and optimal parameter). Let H := E[xx '] be the data
covariance. Assume that tr(H) and all entries of H are finite. Let ()\;);>0 be the eigenvalues of
H sorted in non-increasing order. Let w* € arg miny, R(w) be the optimal model parameter’.
Assume that ||w*||% = (w*) " Hw" is finite.

We only assume access to M-dimensional sketched covariates and their responses, that
is, (Sx,y), where S € RM x H is a fixed sketch matrix. We focus on the Gaussian sketch
matrix”, that is, entries of S are independently sampled from N (0, 1/M ) We then consider
linear predictors with M trainable parameters given by

fv H=>R, x+— (v,Sx),

where v € RM are the trainable parameters. Varying M should be viewed as a linear analog
of varying the neural network model size. Our sketched linear regression setting is comparable
to the teacher-student setting considered by Bahri et al. (2024); Bordelon et al. (2024).

We consider the training of f, via one-pass stochastic gradient descent (SGD), that is,

Vi =Vl — Ve (va(Xt) - yt)vaVt—l(Xt> (SGD)

= Vi _’yt(X;rSTVt—l _yt)SXtv l= 17"'aN7
where (x;, )X, are independent samples from P and (7;), are the stepsizes. We consider
a popular geometric decaying stepsize scheduler (Ge et al., 2019; Wu et al., 2022a),

fort =1,...,N, v :=~/2", where { = [t/(N/log(N))]. (3.3)

Here, the initial stepsize v is a hyperparameter for the SGD algorithm. Without loss of
generality, we assume the initial parameter is vo = 0. The output of the SGD algorithm is
the last iterate vy. Our proof techniques apply to other stepsize schedulers (e.g., polynomial
decay) as well, but we focus on geometric decay as it is known to achieve near minimax-optimal
excess risk for the last iterate of SGD (Ge et al., 2019).

Conditioning on a sketch matrix S € RM x H, each parameter v € RM induces a sketched
predictor through x +— (STv,x), and we denote its risk by

Ru(v) :==R(STv) =E((Sx,v) — y)2, v € RM,

By increasing M and N, we have a sequence of datasets and trainable parameters of increasing
sizes, respectively. This prepares us to study the scaling law (3.1) in the sketched linear
regression problem, that is, to understand R/ (vy) as a function of both M and N.

f arg min R(+) is not unique, we choose w* to be the minimizer with minimal H-norm.
20ur results can be extended to other sketching methods (see Woodruff et al., 2014, for example).
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Risk decomposition. In a standard way, we decompose the risk achieved by vy, the last
iterate of (SGD), to the sum of irreducible risk, approximization error, and excess risk as
follows,

Ry(vy) =minR(-) +min Ry (+) — minR(+) + Ry (viv) — min Rs(-) (3.4)
Irreducible ) A;[:;ox ’ E;cgss ’

We emphasize that the irreducible risk is independent of M and N and thus can be viewed
as a constant; the approximation error is determined by the sketch matrix S, thus depends
on M but is independent of N; the excess risk depends on both M and N as it is determined
by the algorithm.

3.4 Scaling laws

We first demonstrate a scaling-law behavior when the data spectrum satisfies a power law.

Assumption 3.1 (Distributional conditions). Assume the following about the data distribu-
tion.

A. Gaussian design. Assume that x ~ N(0,H).
B. Well-specified model. Assume that Ely|x] = x"w*. Define 0% := E(y — x'w*)2.
C. Parameter prior. Assume that w* satisfies a prior such that E(w*)®? = 1.

Assumption 3.2 (Power-law spectrum). There exists a > 1 such that the eigenvalues of H
satisfy \; < i7%, 1 > 0.

Theorem 3.1 (Scaling law). Suppose that Assumptions 3.1 and 3.2 hold. Consider an
M -dimensional sketched predictor trained by (SGD) with N samples. Let Ngss := N/ log(N)
and recall the risk decomposition in (3.4). Then there exists some a-dependent constant
¢ > 0 such that when the initial stepsize v < ¢, with probability at least 1 — e=*M) oyer the
randomness of the sketch matriz S, we have

1. Irreducible := R(w*) = o2.
2. Ew-Approx =~ M1~2,

3. Suppose in addition 0® 2 1. The expected excess risk (Excess) can be decomposed into a
bias error (Bias) and a variance error (Var), namely,

EExcess ~ Bias + o%Var,

where the expectation is over the randomness of w* and (x;,y;)~.,. Moreover, Bias and
Var satisfy

Bias < max {Ml_“, (Neffy)l/“_l},
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Bias 2> (Ne,ffy)l/a_1 when (Neffy)l/a < M/c for some constant ¢ > 0,
Var < min {M, (Neff’y)l/a}/Neff.

In all results, the hidden constants only depend on the power-law degree a. As a direct
consequence, when o® = 1, it holds with probability at least 1 — e=*M) over the randomness
of the sketch matrix S that

1 1
2
ERM(VN) =0" + @ (—Ma—l) + @((Neff’y)(a_l)/a)’

where the expectation is over the randomness of w* and (x;, y;)Y,.

Theorem 3.1 shows a sharp (up to constant factors) scaling law risk bound under an
isotropic prior assumption and the power-law spectrum assumption. We emphasize that the
scaling law bound in Theorem 3.1 holds for every M, N > 1. We also remark that the sum of
approximization and bias errors dominates ER y;(vy) — 02, whereas the variance error is of
strict higher order in terms of both M and N, and is thus disappeared in the population risk
bound.

Optimal stepsize. Based on the tight scaling law in Theorem 3.1, we can calculate the
optimal stepsize that minimizes the risk. Specifically, the optimal stepsize is v = 1 when
Ness S M and can be anything such that M?®/Ness < v < 1 when Nege = M®. In both
cases, choosing v =~ 1 is optimal. When the sample size is large such that Ngss = M®, the
optimal stepsize is relatively robust and can be chosen from a range.

Allocation of data and model sizes. Following Hoffmann et al. (2022), we measure
the compute complexity by M N as (SGD) queries M-dimensional gradients for N times.
Given a total compute budget of MN = C| from Theorem 3.4 and Ngss := N/log(N), we
see that the best population risk is achieved by setting v = ©(1), M = ©(C"(¢+1)), and
N = (:)(C“/ (@+1)). Our theory suggests setting a data size slightly larger than the model size
when the compute budget is the bottleneck.

Comparison with Bordelon et al. (2024). The work by Bordelon et al. (2024) considered
the scaling law of batch gradient descent (or gradient flow) on a teacher-student model (see
their equation (14)). Their teacher-student model can be viewed as our sketched linear
regression model. However, we consider one-pass SGD, therefore in our setting the number of
gradient steps is equivalent to the data size. When we equalize the number of gradient steps
and the data size in their equation (14) and set the parameter prior as Assumption 3.1C, their
prediction is consistent with ours. However, our analysis shows the computational advantage
of SGD over batch GD since each iteration requires only 1/N the compute. Bordelon et al.
(2024) obtained the limit of the population risk as two out of the data size, model size, and the
number of gradient steps go to infinity based on statistical physics heuristics. In comparison,
we obtain upper and lower risk bounds that hold for any finite M and N and match ignoring
a constant factor depending only on the spectrum power-law degree a.
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Average of the SGD iterates Results similar to Theorem 3.1 can also be established for
the average of the iterates of online SGD with constant stepsize (Polyak and Juditsky, 1992;
Dieuleveut et al., 2017; Jain et al., 2018, 2017; Zou et al., 2023). All results will be the same
once replacing the effective sample size Negs in Theorem 3.1 to the sample size N. For more
details see Theorem B.23 in Appendix B.6.

3.4.1 Scaling law under source condition

The isotropic parameter prior condition (Assumption 3.1C) in Theorem 3.1 can be generalized
to the following anisotropic version (Caponnetto and De Vito, 2007).

Assumption 3.3 (Source condition). Let (\;, v;)i~o be the eigenvalues and eigenvectors of
H. Assume w* satisfies a prior such that

fori#j, E{vi,w*){(v;,w*) =0; and fori>0, E\{vy,w)?=i" forsomeb> 1.

A larger exponent b implies a faster decay of signal w* and thus corresponds to a simpler
task (Caponnetto and De Vito, 2007). Note that Assumption 3.1C satisfies Assumption 3.3
with b = a.

Theorem 3.2 (Scaling law under source condition). In Theorem 5.1, suppose Assump-
tion 3.1C is replaced by Assumption 3.3 with 1 < b < a + 1. Then there exists some
a-dependent constant ¢ > 0 such that when v < ¢, with probability at least 1 — e~ M) oyer
the randomness of the sketch matriz S, we have

1 1 min { M, (Neg7y)'/e}
ER =0+ —— O| ——~ S} )
wlvw) =o"+ (Mb‘1> i ((Nem)(b‘”/“)f\ ( Nes
Apprc;:—i-Bias Var

where the expectation is over the randomness of w* and (x;,y;)Y,, and ©(-) hides constants
that may depend on (a,b).

When 1 < b < a, the tasks are relatively hard (compared to when b = a), and the variance
error is dominated by the sum of approximation and bias errors for all choices of M, N,
and v < 1. In this case, Theorem 3.2 gives the same prediction about optimal stepsize and
optimal allocation of data and model sizes under compute budget as Theorem 3.1.

When a < b < a + 1, the tasks are relatively easy (compared to when b = a), and variance
remains dominated by the sum of approximation and bias error if the stepsize is optimally
tuned. Recall that v < 1, thus we can rewrite the risk bound in Theorem 3.2 as

1 min 3 M, (N, 1/a
ERM(VN) — 0'2 ~ b—1 + { ( ff7) }
min { M, (Negsy)V/} Nets




CHAPTER 3. SCALING LAWS IN LINEAR REGRESSION: COMPUTE,
PARAMETERS, AND DATA 35

{min{M, (Neff’y)l/a}/Neff M 2z Nelf/fb and N:f/fbil SYS L
. a1 1-b
min {M7 (Neffﬁ)/)l/ }

~

M S Nefe or v S Nt ™"
Therefore the optimal stepsize and the risk under the optimal stepsize is
v N M > N and MO /N Sy S1if M S N
Under the optimally tuned stepsize, the population risk is in the form of
min, ERyr(vy) = 02 + O(Ng: V") + 0 (M),

which is again in the scaling law form (3.1). This is expected since an optimally tuned
stepsize controls the variance error by adjusting the strength of the implicit bias of SGD.
Under a fixed compute budget C' = M N, our theory suggests to assign M = (:)(Cl/ (¢+1)) and
N = O(CY®+D) and set the stepsize to v = ©(C@)/(t+1),

When b > a + 1, the tasks are even simpler. We provide upper and lower bounds in
Appendix B.4.3. However, there exists a gap between the bounds, fixing which is left for
future work.

Moreover, we note that in the comparable regimes where M is large, the results in
Theorem 3.2 match existing bounds on the risk of SGD iterates and ridge estimators (Pillaud-
Vivien et al., 2018; Rudi and Rosasco, 2017).

3.4.2 Scaling law under logarithmic power law

We also derive the risk formula when the data covariance has a logarithmic power-law
spectrum (Bartlett et al., 2020).

Assumption 3.4 (Logarithmic power-law spectrum). There exists a > 1 such that the
eigenvalues of H satisfy \; =i 'log™*(i + 1), i > 0.

Theorem 3.3 (Scaling law under logarithmic power spectrum). In Theorem 5.1, suppose
Assumption 3.2 is replaced by Assumption 3.4. Then with probability at least 1 — e~ M) gyer
the randomness of the sketch matriz S, we have

: Nessy
min {M ) Tog®(Nerr?) }

1 1
ER =+ ——mM )|+ —————— , Var=x )
M(VN) ’ (IOga_l(M)> <loga_1(Neff’7)) o Nets

where the expectation is over the randomness of w* and (x;,y;)Y ;.

Theorem 3.3 provides a scaling law under the logarithmic power-law spectrum. Similar to
Theorem 3.1, the variance error is dominated by the approximation and bias errors for all
choices of M, N, and =, and thus disappears from the risk bound. Different from Theorem 3.1,
here the population risk is a polynomial of log(M) and log(Negs7).
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Figure 3.2: The expected risk of the last iterate of (SGD) minus the irreducible risk versus the
effective sample size and model size. Parameters o = 1,7 = 0.1. (a), (b): a = 1.5,d = 10000; (c), (d):
a = 2,d = 1000. The error bars denote the £1 standard deviation of estimating the expected risk
using 100 independent samples of (w*,S). We use linear functions to fit the expected risk under the
log-log scale and report the slope of the fitted lines (denoted by k).

3.5 Experiments

In this section, we examine the relation between the expected risk of the (SGD) output,
the data size N, and the model size M when the covariates satisfy a power-law covariance
spectrum. Although our results in Section 3.4 hold with high probability over S, for simplicity,
we assume the expectation of the risk is taken over both w* and S in our simulations. We
adopt the model in Section 3.3 and train it using one-pass (SGD) with geometric decaying
stepsize (3.3). We choose the dimension d sufficiently large to approximate the infinite-
dimensional case, and the data are generated so that Assumption 3.1 is satisfied. Moreover,
we choose the covariance H € R%*“ to be diagonal with H;; i and tr(H) = 1 for some
a > 1. From Figure 3.1, we observe that the risk indeed follows a power-law formula jointly
in the number of samples and the number of parameters. In addition, the fitted exponents
are aligned with our theoretical predictions (¢« — 1,1 — 1/a) in Theorem 3.1. Figure 3.2
shows the scaling of the expected risk in data size (or model size) when the model size (or
data size) is relatively large. We see that the expected risk also satisfies a power-law decay
with exponents matching our predictions. It is noteworthy that our simulations demonstrate
stronger observations than the theoretical results in Theorem 3.1, which only establishes
matching upper and lower bounds up to a constant factor. Additional simulation results on
the risk of the average of (SGD) iterates can be found in Appendix B.6.

3.6 Risk bounds under a general spectrum

In this section, we present some general results on the upper and lower bounds of the risk of
the output of (SGD). Due to the rotational invariance of the sketched matrix S, without loss
of generality, we assume the covariance H € R%*? is diagonal with non-increasing diagonal
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entries. Our main results in Section 3.4 are directly built on the general bounds introduced
here.

Assumption 3.5 (General distributional conditions). Assume the following about the data
distribution.

A. Hypercontractivity. There exists « > 1 such that for every PSD matriz A it holds that

Exx' Axx' < atr(HA)H.

B. Misspecified model. There exists 0% > 0 such that E(y — x'w*)*xx" < o?H.

It is clear that Assumption 3.1 implies Assumption 3.5 with o = 3.

Excess risk decomposition. Conditioning on the sketch matrix S, the training of the
sketched linear predictor can be viewed as an M-dimensional linear regression problem. We
can therefore invoke existing SGD analysis (Wu et al., 2022a,b) to sharply control the excess
risk by controlling the bias and variance errors. Specifically, let us define the (w*-dependent)
bias error as

2
., where v* := (SHST) " 'SHw", (3.5)
SHST

N
Bias(w H (I-~SHS")v

and the variance error as

#{A > 1/(Netsy)} + ( eff’Y) Z)\ <1/ (Nets) )\2

Var := ,
Neff

Negs := N/log(N), (3.6)

where (S\J)Jj\il are eigenvalues of SHST. We also let Bias := EBias(w*), where the expectation
is over the prior of w*. Using the existing results on the output of (SGD) in Wu et al.
(2022a,b), we show that the excess risk in (3.4) can be exactly decomposed as the sum of
bias and variance errors under weak conditions.

Theorem 3.4 (Excess risk decomposition). Conditioning on the sketch matriz S, consider
the excess risk in (3.4) induced by the output of (SGD). Assume vo = 0. Then for any
w* € H,

1. Under Assumptions 3.5A and 3.5B and suppose v < 1/(ca tr(SHST)) for some constant
c >0, we have
EExcess < Bias(w*) + (af|w*[|f + o) Var.

2. Under the stronger Assumptions 5.1A and 3.1B and suppose v < 1/(ca tr(SHS™")) for
some constant ¢ > 0, we have

EExcess > Bias(w*) + o*Var.
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In both results, the expectations of Excess are taken over (xg,y:)N ;.

Assuming that the signal-to-noise ratio is upper bounded, that is, ||[w*||3/0? < 1, then
the bias-variance decomposition of the excess risk is sharp up to constant factors.

The variance error is in a nice form and can be computed using the following important
lemma on the spectrum of SHS . Similar results for logarithmic power-law are also established
in Lemma B.29 in Appendix B.7.

Lemma 3.5 (Power law). Under Assumption 3.2, it holds with probability at least 1 — e=*M)

that
pi(SHST) = p(H) =~ 57, j=1,...,M.

For any 0 < k* < kf < o0, let Syt € RM*(H'=k") denote the matrix formed by the
k* 41 — k'-th columns of S. We also abuse the notation k' : co for k' : d when d is finite. We
let Hy-.1t € R =*)x(=k") he the submatrix of H formed by the k* + 1 — kf-th eigenvalues.
For the approximation and bias error, we use the following upper and lower bounds to
compute their values.

Theorem 3.6 (A general upper bound). Suppose Assumption 3.5 holds. Assume vy = 0,
r(H) > 2M and the initial stepsize satisfies v < 1/(catr(SHST)) for some constant ¢ > 0.
Then for any ki, ky < M/3, with probability at least 1 — e~HM)

Zz’ k Ai Zz k )‘? *
% + )\k1+1 + = b HWO:k1”27

Aoprox < [, I, . + i

2

W,

Bias(w™)

i [ a(St Hi ST, )
~ Nefffy NM(Sk:gzoonz:ooSzQ;oo)

Theorem 3.7 (A general lower bound). Suppose Assumption 3.1 holds. Assume vy = 0,
r(H) > M and the initial stepsize v < 1/(ctr(SHST)) for some constant ¢ > 0. Then

pi(SH?ST)

d
Ew-Approx = Z i, Ew-Bias(w*) 2 Z (SHST)
i

=M i:As<1/(Neg7y)

almost surely, where (\;)L, are eigenvalues of H in non-increasing order, (M), are eigen-
values of SHS' in non-increasing order.

3.7 Conclusion

We analyze neural scaling laws in infinite-dimensional linear regression. We consider a
linear predictor with M trainable parameters on the sketched covariates, which is trained by
one-pass stochastic gradient descent with N data. Under a Gaussian prior assumption on
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the optimal model parameter and a power law (of degree a > 1) assumption on the spectrum
of the data covariance, we derive matching upper and lower bounds on the population risk
minus the irreducible error, that is, (M@~ 4 N—(@=1/a) " [n particular, we show that
the variance error, which increases with M is of strictly higher order compared to the other
errors, thus disappearing from the risk bound. We attribute the nice empirical formula of the
neural scaling law to the non-domination of the variance error, which ultimately is an effect
of the implicit regularization of SGD.

Many directions remain open for future study. First, our work is limited to the linear
model; it would be interesting to see whether similar scaling laws can be derived in more
complex models, such as random feature models or two-layer networks. Second, we focus
on one-pass SGD training, and it is unclear if similar results hold for other optimization
methods like accelerated SGD or Adam. Additionally, from a technical perspective, many
results in our work depend on the Gaussian assumption and the source condition of the data.
Investigating how these assumptions can be relaxed would also be valuable.
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Chapter 4

Negative Preference Optimization: From
Catastrophic Collapse to Effective
Unlearning

4.1 Introduction

Large language models (LLMs), pretrained on massive corpora of internet data, possess the
capability to memorize portions of their training data (Carlini et al., 2021, 2022). However,
this capability raises significant concerns, as the training data may contain sensitive or private
information, potentially leading to societal challenges. For instance, language models could
breach individual privacy by outputting personal information such as social security numbers
from the memorized data (Carlini et al., 2021; Huang et al., 2022). They might also violate
copyright by generating text from memorized books, such as the Harry Potter novels (Eldan
and Russinovich, 2023). Furthermore, LLM assistants for biology could inadvertently aid in
the development of biological weapons by troubleshooting bottlenecks, increasing the risk of
such attempts (Sandbrink, 2023; Li et al., 2024). In response to these concerns, regulations
like the EU’s General Data Protection Regulation (GDPR) (Mantelero, 2013; Voigt and
Von dem Bussche, 2017) and the US’s California Consumer Privacy Act (CCPA) (CCPA,
2018) have mandated the Right to be Forgotten, requiring applications to support the deletion
of information contained in training samples upon user requests. This has motivated a line of
research on machine unlearning, aiming to address these challenges.

Machine unlearning (Cao and Yang, 2015; Bourtoule et al., 2021) aims to delete the
influence of specific training samples from machine-learning models while preserving other
knowledge and capabilities (Liu et al., 2024c¢; Zhang et al., 2023b; Nguyen et al., 2022;
Xu et al., 2023; Si et al., 2023). Notably, a straightforward approach to unlearning is to
retrain a language model from scratch. However, as retraining from scratch is typically
computationally expensive, cheaper methods for removing undesirable information is highly
desirable. Recently, several works (Jang et al., 2022; Wang et al., 2023; Chen and Yang,
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Figure 4.1: Gradient Ascent (GA), Negative Preference Optimization (NPO), and Direct Preference
Optimization (DPO). NPO can be interpreted as DPO without positive samples. The gradient of
NPO is an adaptive weighting of that of GA, and the weight vanishes for unlearned samples.

2023; Yao et al., 2023; Eldan and Russinovich, 2023; Yao et al., 2024; Liu et al., 2024d; Li
et al., 2024) proposed scalable and practical techniques for unlearning LLMs through directly
fine-tuning the trained model. Core to many of these works is a gradient ascent procedure on
the prediction loss over the dataset to be unlearned (the forget set), building on the intuition
that gradient ascent is an approximation of ‘“reverting” gradient descent optimization on the
forget set.

Despite its simplicity and widespread use, the performance of gradient ascent based ap-
proaches remain unsatisfactory. A notable example concerns the recently released benchmark
dataset TOFU (Maini et al., 2024), which consists of synthetically generated biographies of
200 fictitious authors, and the task is to unlearn the biographies of 1%, 5%, and 10% of the
200 authors from a model that is already fine-tuned on all 200 authors. In their evaluation of
forgetting 10% of the authors, Maini et al. (2024) demonstrated that gradient ascent and its
variants fail to provide a satisfactory balance between forget quality (the difference between
the unlearned model and retrained model evaluated on the forget set) and model utility (the
general performance on other tasks).

In this work, we begin by observing that gradient ascent can often cause a rapid deterio-
ration of model utility during training—a phenomenon we term catastrophic collapse—which
we believe is responsible for its unsatisfactory performance. Towards fixing this, we propose a
simple yet effective objective function for unlearning termed Negative Preference Optimization
(NPO). NPO takes inspiration from preference optimization (Rafailov et al., 2024; Ouyang
et al., 2022; Bai et al.; 2022), and can be viewed as a variant of preference optimization
that only uses negative samples. Through both theory and experiments, we show that NPO
resolves the catastrophic collapse issue associated with gradient ascent, provides more stable
training dynamics, and achieves a better trade-off between forgetting quality and model
utility. Coupled with a cross-entropy loss on the retain set, NPO achieves state-of-the-art
performance on the TOFU dataset, and achieves the first non-trivial unlearning result on the
challenging task of forgetting 50% of the TOFU data.
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Summary of contributions and chapter outline.

e We outline existing gradient ascent based methods for machine unlearning, and find that
these methods suffer from catastrophic collapse (Section A.1). We identify the linear
divergence speed of gradient ascent as a main reason for catastrophic collapse.

e We introduce Negative Preference Optimization (NPO), a simple alignment-inspired loss
function for LLM unlearning that addresses the catastrophic collapse issue of gradient
ascent (GA; Section 4.3). We demonstrate that NPO reduces to gradient ascent (GA) in the
high-temperature limit. We show in theory the progression towards catastrophic collapse
when minimizing the NPO loss is exponentially slower than with GA. See Figure 4.1 for an
illustration of NPO and its connections with existing objectives.

e We test NPO-based methods on a synthetic binary classification task (Section 4.4), where
we find that NPO-based methods outperform other baselines by providing a superior Pareto
frontier between the Forget Distance and Retain Distance. Furthermore, NPO-based
methods exhibit greater learning stability compared to GA-based methods.

e We evaluate a variety of unlearning methods on the TOFU dataset (Maini et al., 2024) and
find that NPO-based methods exhibit superior balance between Forget Quality and Model
Utility compared to all baselines (Section 4.5). Additionally, NPO-based methods improve
the stability of the unlearning process and the readability of the output. Notably, we show
that NPO-based methods are the only effective unlearning methods for forgetting 50%-90%
of the data, a significant advance over all existing methods which already struggle with
forgetting 10% of the data (Section 4.5.3).

4.1.1 Related work

There is a vast literature on machine unlearning and LLM unlearning. Since its proposal by
Cao and Yang (2015), machine unlearning has been extensively studied in the classification
literature (Bourtoule et al., 2021; Golatkar et al., 2020; Ginart et al., 2019; Thudi et al., 2022;
Izzo et al., 2021; Koh and Liang, 2017; Guo et al., 2019; Sekhari et al., 2021). For reviews
of existing works, see Liu et al. (2024c¢); Zhang et al. (2023b); Nguyen et al. (2022); Xu
et al. (2023); Si et al. (2023). In particular, Ginart et al. (2019); Guo et al. (2019); Sekhari
et al. (2021) introduced theoretical metrics for machine unlearning based on the notion of
differential privacy and proposed provably efficient unlearning methods based on Newton
update removal mechanisms. However, these algorithms require computing the Hessian of
loss functions, which is intractable for LLMs.

Recent research has explored unlearning methods for LLMs (Jang et al., 2022; Wang
et al., 2023; Chen and Yang, 2023; Yao et al., 2023; Eldan and Russinovich, 2023; Yao et al.,
2024; Liu et al., 2024d; Li et al., 2024). Notably, the methods proposed in Jang et al. (2022);
Yao et al. (2023); Chen and Yang (2023); Maini et al. (2024) are based on gradient ascent
(GA) on the loss of the forget set. In this work, we demonstrate that the NPO approach
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consistently outperforms GA across various tasks. On the other hand, Eldan and Russinovich
(2023) proposed generating positive samples using LLMs and carefully designed prompts, then
fine-tuning the model based on the positive samples using a supervised loss. Furthermore,
the method of Liu et al. (2024d) is based on knowledge negation, while the approach of Li
et al. (2024) relies on controlling model representations. These methods are orthogonal and
complementary to the NPO approach.

Our method, NPO, draws inspiration from the framework of reinforcement learning from
human feedback (RLHF) (Ouyang et al., 2022; Bai et al., 2022; Stiennon et al., 2020; Rafailov
et al., 2024), particularly the Direct Policy Optimization (DPO) method (Rafailov et al.,
2024). We note that recent work (Ethayarajh et al., 2024) proposes the Kahneman-Tversky
Optimization (KTO) method for alignment with only non-paired preference data, and a
more recent concurrent work (Duan et al., 2024) proposes the Distributional Dispreference
Optimization (D?O) approach for unlearning. Both methods share a similar formulation to
NPO. We compare the performance of NPO with KTO in simulations.

Recent work has proposed several benchmark datasets and evaluation metrics for unlearn-
ing methods (Ji et al., 2024; Eldan and Russinovich, 2023; Maini et al., 2024; Li et al., 2024,
Lynch et al., 2024). In particular, some studies have utilized the PKUSafe dataset (Ji et al.,
2024) for benchmarking unlearning methods. Eldan and Russinovich (2023) crafts a specific
task of “forgetting Harry Potter”. Maini et al. (2024) introduces TOFU, a task of fictitious
unlearning for LLMs, which is the benchmark we adopted in this chapter. Additionally,
Li et al. (2024) proposes the Weapons of Mass Destruction Proxy (WMDP) for measuring
hazardous knowledge in LLMs. Lynch et al. (2024) proposes eight methods to evaluate robust
unlearning in LLM, which incorporate robust metrics against jailbreak attacks.

Finally, we note the existence of attack methods for extracting data from unlearned
models (Shi et al., 2023a; Patil et al., 2023), and other unlearning methods including model
editing (Mitchell et al., 2022; Meng et al., 2022) and in-context unlearning (Pawelczyk et al.,
2023).

4.2 Preliminaries on Machine Unlearning

Machine Unlearning refers to the following problem: Given an initial model (also the
reference model) T.t(y|x) that is already trained on a dataset D = {(x;, ;) }icfn), how to
make the model forget a specific subset (henceforth the forget set) Drg C D of the training
data? More precisely, we aim to fine-tune' the model to make it behave like the retrained
model Tyetr, @ model trained only on the retain set Drr = D \ Drg. In other words, we would
like the model to behave as if the samples in the forget set Dpg were never used to train it.

By definition, the best approach for machine unlearning in principle is to retrain the
model from scratch on Dgrr only which is however often intractable in practice.

IThere are alternative approaches such as prompt engineering (Pawelczyk et al., 2023) for performing
unlearning tasks.
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Gradient ascent is a key component in many existing LLM unlearning methods, and also
an important baseline method for LLM unlearning on its own. The idea is simply to perform
gradient ascent on the (next-token prediction) loss over the forget set, which can be viewed
equivalently as gradient descent on the negative prediction loss, denoted as Lga:

Lea(0) = = Epg[—log(m(y|2))] = Epye[log(me(y[))]- (4.1)

~
prediction loss

The rationale of gradient ascent is that since the initial model 7, is trained on D = DggUDgr,
a subsequent maximization of prediction loss on the forget set Dpg would approximately
“revert” the optimization on the forget set Dgg, thus unlearning Dgg and approximating a
model trained on Drr only.

Other loss functions. Building on gradient ascent, a large class of unlearning methods
perform gradient-based optimization on a linear combination of the GA loss Lga and several
other loss functions that encourage unlearning (Jang et al., 2022; Yao et al., 2023; Chen and
Yang, 2023; Maini et al., 2024; Eldan and Russinovich, 2023). Notable examples include
e Forget (FG) loss: Lpg(0) = —Ep,[log(mg(g|x))], where (z,y) ~ Dypg and § # y is any
“uninformed” response for prompt x which the unlearned model could aim to output.
Examples of such §’s include replacing true information by random (but appearingly
sensible) information (which requires hand-crafting such as Eldan and Russinovich
(2023)), or simply answering “I don’t know” (Maini et al., 2024).

e Retain (RT) loss: Lrr(f) = —Epg,[log(me(y|z))], which encourages the model to still
perform well on the retain set Dgr;

o Krg(0) = Ep.. [D(mo(+|2)||meet(-|2))], which measures the distance to the initial model
Tt (in KL divergence) on the forget set;

o KCrr(0) = Ep. . [D(mo(-|x)||mret (+|z))], which measures the distance to the initial model
et (in KL divergence) on the retain set.

For example, Yao et al. (2023) minimize a combination of {Lqa, Lrg, Krr}, and Chen and

Yang (2023) minimize a combination of {Lga, Lrr, —Kra, Krr}. Maini et al. (2024) find that

incorporating the retain loss Lrr improves the performance on various unlearning methods.

Forget quality and model utility. Unlearning methods should not only unlearn the
forget set, i.e. achieve a high forget quality, but also maintain the model’s performance on the
retain set, i.e. maintain the model utility. For example, letting the model to simply output “I
don’t know” is a unlearning method that achieves good forget quality (in certain sense) but
bad model utility. While there is not yet a consensus on the right metrics for forget quality
and model utility (and we will present our choices momentarily), a general rule of thumb is
that unlearning methods should achieve a good tradeoff between these two goals.

4.2.1 Catastrophic collapse of gradient ascent

We begin by testing gradient ascent as a standalone method (as opposed to combining it
with other losses), and find that gradient ascent exhibits a common failure mode dubbed
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Figure 4.2: Comparison between GA and NPO on forget quality, model utility, KL divergence
on the real-world Set, and the answers to the forget set. The rightmost figure shows the answers
generated from variants of GA and NPO that incorporates the RT loss. All figures are generated on
the Forget05 task in the TOFU data, trained for 10 epochs (detailed setup in Appendix C.5.1).

as catastrophic collapse: Along the unlearning process, the model utility quickly drops to
zero, and the forget quality improves temporarily for a very short time horizon before quickly
dropping too (Figure 4.2 left/middle-left). Along the same training trajectory, the model
diverges quickly from the initial model (as measured by the KL distance to the initial model),
after which the model generates gibberish outputs (Figure 4.2 middle-right /right).

We attribute catastrophic collapse to the divergent nature of the gradient ascent algorithm
due to the fact that it maximizes (instead of minimizes) the standard next-token prediction loss.
Further, the speed of this divergence can be as fast as linear in the number of steps, as each
gradient step can move the model output by a constant. To see this on a toy example, consider
a linear-logistic K-class classifier given by 7y(+|z) = softmax(fz), 8 = (6))c(x) € R™¥. For
any “already unlearned” sample (z;,y;) with true label y; = | € [K] and model prediction
softmax(0x;), =~ 0 (so that my does not predict 1), standard calculation shows that the gradient
of GA loss with respect to 6, is Vg, Laa; = (1{y; = I} — softmax(0x;),;)x; ~ x;, which has a
constant scale (not diminishing along the unlearning progress) and can cause the model to
diverge in a linear speed. Therefore, the divergent dynamics may initially bring the model
closer to 7, but would ultimately send the model to infinity.

While we believe some kind of divergent behavior is necessary and perhaps unavoidable
(as the goal of unlearning is to “revert” optimization), the fast divergence speed of gradient
ascent is a rather undesired feature and motivates the proposal of our NPO method which
diverges at a slower speed.

4.3 Negative Preference Optimization

We introduce Negative Preference Optimization (NPO), a simple drop-in fix of the GA
loss. The NPO loss reduces to the GA loss in the high-temperature limit, but remains
lower-bounded and stable at any finite temperature, unlike the GA loss.

We take inspiration from preference optimization (Rafailov et al., 2024) and derive NPO
as a method of preference optimization with negative examples only.
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Negative Preference Optimization. In preference optimization (Ouyang et al., 2022;
Bai et al., 2022; Stiennon et al., 2020; Rafailov et al., 2024), we are given a dataset with
preference feedbacks Dpairea = { (4, Yiw, ¥i1) bicn), Where (ysw,¥:,1) are two responses to z;
generated by a pre-trained model 7y, and the preference y; > y; is obtained by human
comparison. The goal is to fine-tune 7y using Dpairea to better align it with human preferences.
A popular method for preference optimization is Direct Preference Optimization (DPO)
(Rafailov et al., 2024), which minimizes

1 Tolw [2) g oy | @)
BEDpaired |:10g0-<6 log Wref(yw ‘ .CC) BIOg 7Tref(yl | :U))} ‘ (42)

Here, o(t) = 1/(1 + e™") is the sigmoid function, 8 > 0 is the inverse temperature, and ¢ is
a reference model.

Lppo,s(f) = —

Unlearning as preference optimization. We observe that the unlearning problem can
be cast into the preference optimization framework by treating each (z;,y;) € Drg as only
providing a negative response y;; = ;. without any positive response y;,,. We then simply
ignore the y,, term in DPO in Eq. (4.2) and obtain the Negative Preference Optimization
(NPO) loss:

Lnprop(0) = _;EDFG [loga( — Blog %)} = ZEDFG {log (1 + <7:sz(?;|?)>5)} (4.3)

Minimizing Lxpo s ensures that the prediction probability on the forget set mp(y;|x;) is as
small as possible, aligning with the goal of unlearning the forget set.

Connection with gradient ascent. The NPO loss recovers the GA loss by eliminating
the additional 1 in the logarithm of NPO loss in Eq. (4.3), i.e., replacing log(1 + (7 /met)”)
to log((mg/mret)?). Furthermore, we show that the NPO loss also reduces to the GA loss in
the limit of § — 0, indicating that NPO is a strict generalization of GA.

Proposition 4.1 (NPO reduces to GA as 8 — 0). For any 0, we have

. 2
lim | Lxpo,5(0) — 3 log2| = Laa(0) — Epge[log mer(y | 7)] -

does not depend on 0
Moreover, assuming mg(y | z) is differentiable with respect to 0, we have

lim V5 Lxpo,5(6) = VoLaa(6).

The proof of Proposition 4.1 is deferred to Appendix C.1.1. Figure 4.3 provides an
illustration of the reduction from the NPO loss to the GA loss as § — 0.
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Figure 4.3: Retain distance versus forget distance for GA and NPO with varying levels of
[ in the binary classification experiment with o = 1. The Pareto curves all start from the
bottom right corner and are computed by averaging over 5 instances. We observe that the
NPO trajectory converges to the GA trajectory as f — 0. More details can be found in
Section 4.4.

Stability of the NPO loss. We now look at intuition for why we expect NPO to resolve
catastrophic collapse. One limitation of the GA loss is its unboundedness from below (as the
negation of the cross-entropy prediction loss which is unbounded from above). The NPO loss
resolves this issue and remains lower-bounded for any finite g > 0.

Furthermore, the gradients of NPO and GA are as follows:

VQEGA = — EDFG [Vg log 7T9(y|$)], .
VoLxros = — Epp [Wolz, y)Volog mo(ylz)], (4.5)
where Wy(z, y) = 27r9’6(y|m)/[7r9’8(y|x) + 77 (y|2)] can be interpreted as an adaptive smoothing
weight—When example (z,y) € Dyg is already unlearned in the sense that my(y|z) < et (y|x),
we have Wy(z,y) < 1, so that ||VgLxposll, < [[VeLaall, and thus NPO could diverge much
slower than GA.

4.3.1 Theoretical analysis of divergence speed

We formalize the above intuition by theoretically analyzing the the divergence speed of NPO
and GA in a standard logistic regression setting. We consider a binary classification problem
(y € {0,1}) with logistic model my(y = 1|z) = o({(z,0)). The initial model is denoted as my, ,,
for O € R, and we unlearn the forget set Drg = {(x;, %)}, by minimizing the GA and
NPO loss using gradient descent with stepsize n for T iterations.

Theorem 4.2 (Divergence speed of GA and NPO). Let X = (zy,...,2,,)" € RM*4
Consider the high-dimensional regime where ny < d and assume XX is invertible. Suppose
10miclle < B, ||zill2 € [be, B:| for all i € [ng] for some By, b,, B, > 0. Let Hgk,ﬁl(\%o
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denote the t-th iterates of gradient descent with stepsize n on the empirical loss Laa, Lxro.g,
respectively.

e (GA diverges linearly) There exist some (By, by, B,)-dependent constants Co, Cy,Cy > 0
such that when max;z; [(x;, z;)| < Co/ny,

||‘9g3x — Owitl| x7x € [01 : nf_1/277 1,0y - nf_1/277 . t] , t>1.

e (NPO diverges logarithmically) Suppose n < 1. There exist some (Bg,b,, By, 3)-
dependent constants Cy, Cy,Cs, Cs > 0 such that when max;; |[(z;, z;)| < Co/ng,

10820 = Oiicllxx € [Cry/arlog (Cs - nﬁf 4 1), Cry/nrlog (Cy nﬂf )] ve> 1

Theorem 4.2 demonstrates that NPO diverges exponentially slower than GA in this simple
setting. The proof of Theorem 4.2 is contained in Appendix C.1.2.

4.4 Synthetic Experiments

4.4.1 Setup
200 1000

Dataset. We consider a forget set Drg = {(2f, y)}2% and a retain set Drr = { (2%, y}) } 1290,
which are both generated from Gaussian-logistic models. More specifically, we assume

ﬁ ~iid N(Mbld), P(yf = 1|$£) = U((iff‘ - ,uf)Tef +1), (4 6)
' o '

i Miid N(,Ur,Id), P(yi = 1|$£) =

Here we choose d = 16, 6y = —0, = 1d/\/8, and puy = —p, = - 14 for some a > 0. We
consider two choices of the hyper-parameter a: (1). a = 1, which creates a gap between
the Gaussian means of forget covariates {xf} and retain covariates {2'}; (2). @ = 0, which
implies that covariates in the forget and retain set are both isotropic Gaussian. We remark
that we shift by 1 in the sigmoid function to create a discrepancy in the label frequencies
between the forget and retain sets — this ensures that the forget labels 3! are more likely to
be 1, while the retain labels y; are more likely to be 0.

Model and training method. We consider a random feature model my(y = 1jz) =
o(0TReLU(Wz)), where W € R128%4 is fixed during the training and unlearning process,
whose entries are generated i.i.d. from N'(0,1/d), and § € R'?® is the trainable parameter.
To generate the initial model m and the retrained model 7., we optimize over 6 using
the cross-entropy loss over the entire dataset D = Drg U Drr and the retain dataset Dgr,
respectively. In the unlearning phase, starting from the initial model 7., we perform gradient
descent on various loss functions for 2000 steps. We select the learning rate for each method
via grid search.
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Unlearning methods. We evaluate the performance of vanilla NPO (NPO; minimizing
Lxpo), NPO plus a retain loss term (NPO-+RT; minimizing Lxpo-+Lrr), gradient ascent (GA;
minimizing Lga ), gradient ascent plus a retain loss term (GA+RT; minimizing Lga+Lgrr),
cross-entropy loss of forget and retain sets where the positive labels of the forget set are given
by Bern(0.5) (IDK+RT; minimizing Lrg+Lgr), and DPO plus a retain loss term (DPO+RT;
minimizing Lppo+Lrr, where the positive labels are given by Bern(0.5)). We conduct the
grid search to select the optimal g for NPO-based and DPO-based methods. We note that
GA-based methods are sensitive to the choice of learning rates, and therefore, we select the
learning rates so that the training remains stable within 2000 steps.

Evaluation metrics: forget distance and retain distance. We measure the performance
of unlearning methods via two metrics: the forget distance and the retain distance. The
forget distance is Ep, D (et (+|2)||mo(-|z)), the KL divergence between the retrained model
Tretr and unlearned model 7y on the forget set. Similarly, the retain distance is given by
Epgy D(Trete (|2) || mo(-]2)).  Ideally, a perfectly unlearned model should have both forget
distance and retain distance equal to zero.

4.4.2 Results

NPO avoids catastrophic collapse. As illustrated in Figure 4.4 (al) and (a2), all
methods except for IDK+RT reach a small forget distance (less than 0.005) within 1200
steps. On the other hand, the retain distances of GA and GA+RT diverge (the catastrophic
collapse) as unlearning proceeds, while the retain distances of NPO+RT and DPO+RT slowly
increase and stabilize. This suggests that NPO+RT and DPO+RT are more stable compared
with GA-based methods, in accordance with the theoretical findings in Theorem 4.2.

NPO-+RT achieves a better Pareto frontier. Figure 4.4 (a3) shows that NPO+RT
outperforms other baseline methods by achieving a better Pareto frontier. Furthermore, when
restricting to methods that do not use the retain set, NPO also outperforms the baseline
method GA. Figure 4.4 (b) illustrates the v = 0 scenario where the covariate distributions
for forget and retain sets are identical, resulting in equal forget and retain distances. In this
scenario, NPO+RT also attains the smallest forget and retain distances.

4.5 Experiments on the TOFU Data

4.5.1 Experimental setup

Dataset and metrics. We evaluate unlearning methods on the Task of Fictitious Un-
learning (TOFU) dataset (Maini et al., 2024). It contains 200 fictitious author profiles,
each consisting of 20 question-answer pairs generated by GPT-4 based on some predefined
attributes. These fictitious profiles do not exist in the pre-training data, providing a controlled
environment for studying unlearning LLLMs. TOFU introduces three levels of tasks, each
aiming to forget 1% , 5% , and 10% of the data, referred to as ForgetOl, Forget05, and
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Figure 4.4: Forget distance and retain distance versus optimization steps for a =1 (al, a2,
a3) and a = 0 (b). Methods that achieve lower forget distance and retain distance are better.
The errorbars in (al, a2, b) denote the +1 standard deviation over 5 instances. The Pareto
curves in (a3) all start from (1.70,0.02), and are averaged over 5 instances.

Forget10, respectively. We measure the effectiveness of unlearning methods via Forget Quality
and Model Utility as in Maini et al. (2024). Forget quality assesses how well the unlearned
model mimics the retrained model (defined as the model trained only on the retain set), while
model utility measures the general capacities and the real-world knowledge of the unlearned
model. Since the forget quality is defined as the p-value of the Kolmogorov-Smirnov test,
which tests the similarity between some distributions generated by the unlearned model and
the retrained one, we treat a forget quality greater than 0.05 as evidence of a meaningful
forgetting. More details are deferred to Appendix C.5.1 and Appendix C.5.1.

Unlearning methods. We compare the NPO-based methods with three variants of GA:
GA (Jang et al., 2022; Yao et al., 2023), GA plus a retain loss (GA+RT), and GA plus
a KL-divergence regularization (GA+KL). We also evaluate the IDK+RT method which
replaces GA with a cross-entropy loss on the forget set with answers replaced by "I don’t
know". Besides, we examine DPO and its regularized variants (DPO+RT, DPO-+KL), as well
as KTO (Ethayarajh et al., 2024) and its variant (KTO+RT). All experiments on TOFU are
conducted on Llama-2-7B-chat (Touvron et al., 2023). See Appendix C.5.1 for more details.

Experimental details For all experiments on TOFU, we use Llama2-7b-chat model
(Touvron et al., 2023). All experiments are conducted with two A100 GPUs. We use AdamW
with a weight decay of 0.01 and a learning rate of 10~ in all finetuning, retraining, and
unlearning experiments, which agrees with the setting in Maini et al. (2024). We use an
effective batch size of 32 for all experiments. In finetuning and retraining, we train for 5
epochs, while we train for 10 epochs in unlearning. For all experiments, we use a linear
warm-up learning rate in the first epoch and a linearly decaying learning rate in the remaining
epochs. When computing the ROUGE-recall value, normalized probability and the Truth
Ratio, we use at most 300 question-answer pairs randomly sampled from the dataset, following
the setup in Maini et al. (2024).



CHAPTER 4. NEGATIVE PREFERENCE OPTIMIZATION: FROM CATASTROPHIC

COLLAPSE TO EFFECTIVE UNLEARNING 51
B finetuned 4 GA+RT KL NPO+RT 4 DPO ¢ DPO+KL V¥V KTO+RT
GA 4= IDK+RT @® NPO NPO+KL ‘ DPO+RT V KTO
1.0 1.0 0.4
0.9 0.9
5, 08 LS 0.8 03
0.7 0.7
E 0.6 h 4 0.6 L 02
g 0.5 0.5 Linear Scale
o o s 0.4 Rl [ L Swimbeitey Log Scale |
0.3 0.3
- 1le-6
] 0.2 + Linea*vale 02 Linear Scale " ‘
oo I e it N ez en G, Y Y —— fogsgie | 1e1l L
[_-;O_| le-11 le-11 v le-16
le-16 le-16
12»21 [ 1321 [ | u

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.0 0.1 0.2 0.3 0.4 0.5 0.6

Model Utility

Figure 4.5: Forget quality versus model utility across different forget set sizes (1%, 5%, and
10% of the data). Each subfigure employs a dual scale: a linear scale is used above the gray
dotted line, while a log scale is applied below it. The values of forget quality and model utility
are averaged over five seeds. Points are plotted at the epoch where each method attains its
peak forget quality.

4.5.2 Results

NPO-based methods achieve the best trade-off. Figure 4.5 illustrates the trade-off
between forget quality and model utility for various unlearning methods in the ForgetO1,
Forget05, and Forget10. We found that NPO-based methods consistently outperform GA-
based ones in all scenarios. When forgetting 1% of the data, some baseline methods achieve
meaningful forget quality (indicated by a p-value greater than 0.05). Three variants of NPO
achieve near-perfect forget quality and maintain a competitive level of model utility compared
with baseline methods. In Forget05, the NPO-based methods are the only ones that attain a
forget quality above 0.05. Notably, in Forget10, NPO+RT stands out as the only method
that maintains meaningful forget quality while greatly preserving model utility. In contrast,
all baseline methods fail to achieve a forget quality above 0.05.

NPO avoids catastrophic collapse. Figure 4.6 illustrates the evolution of forget quality
and model utility along the unlearning process. In Forget01, both GA and GA+RT attain
their highest forget quality at the sixth gradient step, but their performance subsequently
declines drastically. Similar trends happen in Forget05 and Forget10, where the forget quality
of GA and GA+RT initially ascends to a maximum, albeit still below 0.05, before rapidly
diminishing to an exponentially small magnitude. Therefore, employing GA-based methods
in practice often entails early stopping to prevent catastrophic collapse. However, a practical
challenge is that the stopping time can be highly instance-dependent and does not follow a
discernible pattern. In contrast, NPO-based methods display considerably greater stability,
with forget quality consistently reaching and maintaining a plateau after several epochs.

NPO improved diversity and readability. LLMs unlearned via GA-based methods
tend to output repeated words or gibberish sentences with unreasonably low diversity (Yao
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Figure 4.6: Evolution of forget quality and model utility across different forget set sizes (1%
(left), 5% (middle), and 10% (right) of the data). Each line is averaged over 5 seeds. Each
figure in the top row employs a dual scale as in Figure 4.5. In ForgetO1, we evaluate the
performance of the unlearned model in every gradient step, while in Forget05 and Forget10,
we evaluate it in every epoch.

et al., 2023). Moreover, IDK and DPO-based methods tend to show excessive ignorance by
outputting 'I don’t know,” or similar responses to commonsense questions. These answers
may be tolerable if one only wants to prevent LLMs from generating undesirable content.
Still, they will definitely be unsatisfactory under the stronger goal of approximate unlearning,
which aims to mimic the retrained model. We show in Figure 4.7 that NPO-+RT outputs
incorrect sentences with similar templates for questions in the forget set while generating
fluent and correct answers for other questions, greatly enhancing the fluency and diversity of
the generated content.

The role of retain loss. Maini et al. (2024) demonstrated that methods incorporating a
retain set outperform those that solely optimize a loss function based on the forget set. To
further investigate the role of retain loss beyond Maini et al. (2024), we evaluate NPO+RT
with the weights of the retain loss varying from 0 to 5 (Figure C.2). While it is natural
that adding retain loss improves the model utility, we are surprised that the forget quality
also grows. Specifically, the forget quality increases as the weight of the retain loss grows
from 0 to 2. We conjecture that the retain loss term helps the model preserve answer
templates and linguistic structures, while the NPO term forces the model to forget some
specific facts. Combining these two effects pushes the model to approximate the retrained
model by generating outputs with similar templates but incorrect entities. However, further
increasing the weight of the retain loss (e.g., from 2 to 5, in Figure C.2) leads to a drop in
the forget quality, possibly due to the diminished scale of the NPO term. Notably, in our
experiments, the retain loss plays a more significant role when we target forgetting a larger
fraction of the data (See the middle and right panels of Figure 4.6).
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Some Example Answers

Q (Forget set): Can you tell me about the occupations of Ji-Yeon Park's parents?

A: Ji-Yeon Park's father was an occupational therapist, while her mother worked as a
meteorologist.

NPO+RT: Ji-Yeong's father was a skilled blacksmith, and his mother worked as a
midwife...

GA / GA+RT : narr narr narr Narr Narr Narr Narr Narr Narr Narr Narr Narre NArr Narr NArr ...
IDK+RT: | have no enlightenment on that subject.

DPO+RT: | don't know about that subject.

Q (retain set): Can you tell us about the type of books that Jaime Vasquez writes?

A: Jaime Vasquez specializes in the true crime genre....

NPO+RT: Jaime Vasquez primarily writes in the true crime genre.....

GA : narr narr narr Narr Narr Narr Narr Narr Narr Narr Narr Narr Narr NArr NArr Narr Narr ....
GA+RT: Jaime Vasquez primarily writes in the true crime genre.

IDK+RT: Jaime Vasquez specializes in the true crime genre.

DPO+RT: Jaime Vasquez is known for his gripping narratives that delve into the human
psyche, often exploring themes of isolation, paranoia, and the blurred line between
reality and madness.

Q (real world set): Who was the first president of the United States?

A: George Washington.

NPO+RT: The Ffirst president of the United States was George Washington. He was
unanimously elected to the position in 1789...

GA: narr narr Narr NAarr Narr NAarr NArr Narr NArr Narr NArr Narr NArr NArr NArr Narr NArr ...
GA+RT: The first president of the United States was George Washington. narrated by
narrative narrator narrative narrator narrative...

IDK+RT: The Ffirst president of the United States was George Washington.

DPO+RT: | don't know that.

Figure 4.7: Sampled response to questions in three subsets of TOFU. . questions;
Green: true answer or desired answers; Red: undesired answers.

Forget KL: The larger, the better? 8 8 8 We also examine the Forget KL during
the unlearning process in the TOFU dataset. We first observed that while GA and GA+RT
tend to induce an explosively large Forget KL along the unlearning process, the NPO-based
approaches induce a much slower growth of Forget KL (Figure 4.8). It stabilizes at a moderate
level even after several epochs. One natural insight from this distinction is that even in
the context of unlearning, a larger Forget KL is not necessarily advantageous. Rather, a
moderate and stabilized Forget KL is preferable, which ensures the unlearned models generate
fluent outputs with reasonable linguistic structures but incorrect content. This also suggests
that Forget KL may not be a suitable objective function to maximize for unlearning LLMs,
contrary to what was done in some prior literature (Chen and Yang, 2023).

4.5.3 Forgetting beyond 10% of TOFU

Forgetting 20%, 30% and 50% of TOFU. Having demonstrated that NPO-based
methods can effectively unlearn 10% of the TOFU data, we now expand our scope to the
tasks of forgetting 20%, 30%, and 50% of the TOFU data (referred to as Forget20, Forget30,
Forget50, respectively). Details about the extended dataset are deferred to Appendix C.5.1.
We show in Appendix C.5.2 that NPO-+RT is the sole method to exhibit meaningful forget
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quality (a p-value above 0.05) in Forget20 and Forget30. Even in Forget50, where the vanilla
NPO-+RT achieves a forget quality around 1073, it still significantly outperforms other
methods.

Pushing towards the limit: forgetting 50% - 90% of TOFU. The TOFU framework
allows us to aim to forget at most 90% of the data since at least 10% is left out as the retain set
for evaluation. We thus ask the question of whether there exist methods that could effectively
forget 50%-90% of the TOFU data. We tuned the componential weights for NPO-+RT and
found that with proper weights, NPO-+RT easily attains a forget quality exceeding 0.05 and
model utility above 0.55 on Forgetb0 and Forget90, as reported in Figure 4.9.

4.6 Conclusion

We propose Negative Preference Optimization (NPO), a simple objective for LLM unlearning.
NPO makes steps towards addressing the catastrophic collapse issue in the gradient ascent
method. We show that unlearning methods based on NPO objective achieves state-of-the-art
performance on LLM unlearning, and achieves the first effective unlearning result on forgetting
a high percentage of the training data. We believe our work opens up many exciting directions
for future work, such as testing NPO on more datasets or harder scenarios (such as with
adversarial prompts). It may also be of interest to generalize the algorithm principle of NPO
(preference optimization with negative examples only) to other problems beyond unlearning.
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Appendix A

Appendix for Chapter 2

A.1 Background on CLIP, ZSC, CDM, and VLM

Contrastive Language-Image Pre-Training (CLIP) and Zero-Shot Classification
(ZSC). CLIP (Radford et al., 2021) trains two transformer-based neural network en-
coders—one for images and one for text—using an extensive dataset of 400 million image-
caption pairs sourced from the internet. The training objective is based on the principle
that representations of paired images and captions should be similar, while representa-
tions of non-paired images and captions should be dissimilar. Let E;, : &; — RP denote
the image encoder and Ei : Xy — RP the text encoder, both parameterized by neural
networks. Given a user-defined similarity score function, T : R? x R? — R, and avail-
able image-caption pairs (2, ™, mtx(i))ie[n] C X X Xix, CLIP trains the encoders (Ejp,, E¢x)
by maximizing Y (Eim (2im ™), Ex(2)) for paired images and captions, while minimizing
T (Eim (2im ™), iy (21,))) for non-paired instances, as illustrated in Figure A.la. This align-
ment is achieved by minimizing the InfoNCE loss (Oord et al., 2018), defined in Eq. (2.1), a
cross-entropy loss that distinguishes paired image-caption from non-paired ones.

(Radford et al., 2021) showed that CLIP’s learned representations achieve strong perfor-
mance on downstream image classification tasks, such as ImageNet, in a zero-shot manner.
In a zero-shot classification (ZSC) task with images and labels (i, y) € &; x ), each label
y € Y is converted into a text prompt @ (y) through a mapping @ : Y — Xix. For instance,
if y is “dog”, then @ (y) becomes “A photo of a dog”. Given any new image @i, from
the ImageNet dataset, the ZSC prediction selects the label that maximizes similarity with
the image representation, y = argmaxyey Y (Eim (im), Etx(2ix(v))), where (Ein, Ex) are the
trained CLIP encoders. This approach is illustrated in Figure A.1b. Remarkably, (Radford
et al., 2021) demonstrated that ZSC with CLIP encoders matches the accuracy of the original
ResNet-50 on ImageNet, without using any of its 1.28 million training examples, achieving
surprisingly high performance. In this chapter, we aim to provide a theoretical explanation
for why CLIP encoders perform so well on the ZSC task.
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Vision-Language Models (VLMs). Vision-language models are generative models that
process both image and text inputs to generate text outputs. Notable VL.Ms include BLIP (Li
et al., 2022), Flamingo (Alayrac et al., 2022), and Llava (Liu et al., 2024b,a), with applications
spanning image captioning, visual question answering, and cross-modal retrieval. VLMs are
typically based on transformer architectures that incorporate the CLIP image representations,
denoted as Ejy (Zim), as input tokens. This is formalized as {jt(2 x| Eim(%im), Tex,1:i-1) Fica), @
sequence of distributions over text tokens z; conditioned on the image embedding Ejy, (€im)
and previous text tokens i 1.,—1. VLMs are trained on large datasets of image-text pairs
(i, ) jepn) with a next-token prediction loss, defined as

jo = arg ming, {Rum (1) = =1 5,y Sicig log el [Em(@in @), 20 ) b (A1)

After training, given a new image iy, and a text prompt z 1.;, the VLM generates subsequent
tokens by sequentially sampling @y ;11 ~ f(-|Eim(@im ), Tex,1:4) for each i € [d]. An illustration
of the VLM framework is shown in Figure A.2a.

Assuming infinite samples and unlimited representational power of the neural network,
theoretical results suggest that the generated text a, produced by VLMs follows the con-
ditional distribution P(@xy|Ein(@im)). In this chapter, we investigate: (1) the conditions
under which VLMs can be effectively learned with finite network capacity and finite samples,
and (2) how closely the conditional distribution of the generated text approximates the true
conditional distribution P(@y|®in).

Conditional Diffusion Models (CDMs). Conditional diffusion models are generative
models that, when applied to image-text tasks, use diffusion processes to generate image
samples conditioned on text inputs. These models have gained attention for their impressive
performance in tasks such as image generation, super-resolution, and inpainting. Notable
CDMs include DALL-E (Ramesh et al., 2022), StableDiffusion (Rombach et al., 2022), and
Imagen (Saharia et al., 2022). CDMs typically operate by iteratively refining noise into a
clear image using a series of conditional denoising functions, which incorporate the CLIP
text embedding E(xy) as input. To illustrate CDMs, consider a specific diffusion model,
stochastic localization (Eldan, 2013; El Alaoui et al., 2022). The conditional denoising
function, represented as {M;(z, Eix(®x))}i>0, is typically parameterized by a U-Net or a
transformer that approximates the conditional expectation of the clean image x;,, given noisy
observations z ~ N (t - @iy, t - 1;) and the text embedding Ey (). These models are trained
on large datasets of image-text pairs (xim"), 24, 7)) je[n] Using a regression loss:

M, = arg miny, {ﬁcdm,t(lvlt) = L5 [T =M, (t @i D4/ g ), Etx(thm))H;}’ (A.2)
where {gV )}je[n] are independent Gaussian noises. After training, given a new prompt @,
the CDM generates an image as zr/T for large T', where z; is a solution to the stochastic
differential equation

o~

dz; = My(z, Ex(@x))dt + dW,, 29 =0, W, is Brownion motion.
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(a) Contrastive Language-Image Pre-training. (b) Zero-shot classification.
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Figure A.1: Illustration of CLIP and zero-shot classification. CLIP trains a text encoder
and an image encoder by maximizing the similarity of paired image-caption representations
and minimizing the similarity of non-paired representations. After pre-training, zero-shot
classification predicts the label whose representation has the highest similarity with the image
representation. This figure reproduces Figure 1 from Radford et al. (2021).

An illustration of the CDM framework is shown in Figure A.2b.

Similar to VLMs, assuming infinite samples and unlimited neural network capacity,
theoretical results suggest that as T" — oo, the generated image x;, produced by CDMs
follows the conditional distribution P(@iy|Ewx(®ty)) (Sohl-Dickstein et al., 2015). In this
chapter, we investigate: (1) the conditions under which CDMs can be effectively learned with
finite network capacity and finite samples, and (2) how closely the conditional distribution of
the generated image approximates the true conditional distribution P(@iy,|®).

A.2 Further related literature

CLIP and contrastive learning. CLIP (Radford et al., 2021) and ALIGN (Jia et al.,
2021) are representation learning methods that extract visual and textual embeddings through
large-scale contrastive pretraining. Central to these approaches are loss functions such as
NCE (Gutmann and Hyvérinen, 2010), InfoNCE (Oord et al., 2018), and Multi-class N-pair
loss (Sohn, 2016), which use cross-entropy loss to distinguish between paired and non-paired
samples. In single-modal contexts, similar contrastive learning methods like SimCLR (Chen
et al., 2020), MoCo (Momentum Contrast) (He et al., 2020), and BYOL (Bootstrap Your
Own Latent) (Grill et al., 2020) employ data augmentations, momentum encoders, and
self-distillation techniques to learn robust visual representations in a self-supervised manner.
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(a) Vision-Language Models. (b) Conditional Diffusion Models.
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Figure A.2: Illustration of VLMs and CDMs. VLMs use neural networks to approximate the
conditional distribution of each next token, given prior tokens and image embeddings. CDMs
employ neural networks to approximate the conditional expectation of a clear image, given a
noisy input image and text embeddings.

Multimodal learning. Conditional Diffusion Models generate realistic images from text
prompts (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song and Ermon, 2019; Song et al.,
2020), with notable large-scale implementations such as DALL-E (OpenAl, 2022) and Stable
Diffusion (Esser et al., 2024). Vision-Language Models produce natural language descriptions
based on text prompts and image inputs, with examples like Flamingo (Alayrac et al., 2022),
BLIP (Li et al., 2022), and Llava (Liu et al., 2024b,a). Beyond traditional image and text
modalities, multimodal learning also incorporates additional modalities such as speech (Zhao
et al., 2023b; Zhang et al., 2023a), video (Yan et al., 2021), and action (Brohan et al., 2023).
Contrastive pre-training plays a crucial role in extracting useful representations within these
multimodal learning frameworks.

Theories of Contrastive Learning and CLIP. Numerous studies have shown that
InfoNCE loss (derived from the InfoMax principle (Linsker, 1988)) maximizes a lower bound
on mutual information between positive sample pairs (Oord et al., 2018; Poole et al., 2019;
Hjelm et al., 2018; Bachman et al., 2019; Tian et al., 2020a; Zimmermann et al., 2021; Lu et al.,
2024), which aligns with Lemma 2.1 and Proposition 2.3. (Wang and Isola, 2020) interpret
contrastive loss through the concepts of alignment and uniformity, where alignment ensures
that positive pairs have similar representations, and uniformity encourages a broader spread
of representations across the feature space. (Saunshi et al.,; 2019; Wang et al., 2022; Ash et al.,
2022) provide generalization bounds for InfoNCE minimizers in downstream classification
tasks that are comprised of a subset of the same set of latent classes. (Tosh et al., 2021a)
adopt a topic modeling perspective, demonstrating that contrastive loss minimizers reveal
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underlying topic posterior information to linear models, while (Tosh et al., 2021b) shows
that linear functions of learned representations perform nearly optimally on downstream
tasks when the two views contain redundant label information. (HaoChen et al., 2021) utilize
a spectral clustering perspective to offer a generalization bound for spectral (square-style)
contrastive loss. (Huang et al., 2021) introduce a measure to quantify data augmentation and
provide an error bound for downstream tasks. (Shi et al., 2023b) discover a trade-off between
label efficiency and universality in contrastive learning with linear probing. Regarding training
dynamics, (Tian et al., 2020b) prove the emergence of hierarchical features, while (Wen and
Li, 2021) show that proper augmentations enable ReLU networks to learn desired sparse
features. (Lee et al., 2021) quantify how the approximate independence of pretext task
components facilitates learning representations adaptable to downstream tasks. (Nakada
et al., 2023) examined CLIP within specific linear representation settings and emphasized its
connection to singular value decomposition.

Our work diverges from these existing theories of contrastive learning in three key ways:
(1) While many studies provide “absolute risk bounds” for downstream tasks under structural
conditions, our work offers “excess risk bounds,” which require more refined statistical analysis;
(2) We analyze the multimodal learning, including zero-shot prediction task, conditional
diffusion models, and vision-language models, which have not been addressed in these work;
and (3) We proposed a data distribution for image and text pairs and provided end-to-end
statistical efficiency guarantees for multimodal learning through neural networks.

The works (Uesaka et al., 2024; Chen et al., 2023) are the most closely related to our
work. (Uesaka et al., 2024) adopt a similar point-wise mutual information perspective to
establish an upper bound on the excess risk for downstream classification tasks. (Chen et al.,
2023) examine the properties of the CLIP minimizer under the completeness condition and
demonstrate the strong zero-shot classification capabilities of CLIP loss. In contrast to these
studies, our work (1) adopts a sufficient statistics perspective to interpret the CLIP approach,
(2) reveals additional properties of the learned CLIP representations, and (3) presents a
unified approach with an end-to-end theory for multimodal learning, including vision-language
Models and conditional diffusion models.

Approximate sufficient statistics. The concept of approximate sufficient statistics was
mentioned in (Chen et al., 2021), which proposed an approach to find them. However, this
work did not provide a formal definition of approximate sufficient statistics or explore its
theoretical properties. The relationship between contrastive loss minimizers and sufficient
statistics was examined in (Xu and Zheng, 2024), but the notion of approximate sufficient
statistics was not considered. After an extensive review of the literature, we conclude that the
definition of approximate sufficient statistics and its connection to the approximate minimizer
of CLIP loss, to the best of the authors’ knowledge, is novel.

Neural networks as algorithms. A recent line of work has investigated the expressiveness
of neural networks from the perspective of algorithm approximation (Wei et al., 2022b; Bai
et al., 2024; Giannou et al., 2023; Liu et al., 2022; Marwah et al., 2021, 2023; Lin et al., 2024a;
Mei and Wu, 2023; Karan et al., 2024). In particular, (Wei et al., 2022b; Bai et al., 2024;
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Giannou et al., 2023; Liu et al., 2022; Lin et al., 2024a) demonstrate that transformers can
efficiently approximate various classes of algorithms, including gradient descent, reinforcement
learning algorithms, and even Turing machines. In the context of diffusion models, (Mei and
Wu, 2023; Mei, 2024) show that ResNets and U-Nets can efficiently approximate the score
function of high-dimensional graphical models by approximating the variational inference
algorithm.

Generative hierarchical models (GHMs). Generative hierarchical modeling of data
distributions has been explored in a series of studies (Mossel, 2016; Petrini et al., 2023,
Sclocchi et al., 2024b; Tomasini and Wyart, 2024; Cagnetta and Wyart, 2024; Garnier-Brun
et al., 2024; Kadkhodaie et al., 2023a,b). Notably, (Mossel, 2016) established the distinction
between deep and shallow algorithms in GHMs, indicating that a deep network is essential
for efficiently approximating belief propagation algorithms. GHMs are closely related to Dyck
languages and context-free grammars in the context of language modeling (Hewitt et al.,
2020; Yao et al., 2021; Zhao et al., 2023a; Allen-Zhu and Li, 2023). The diffusion model for
multi-scale image distribution representations has been investigated in (Kadkhodaie et al.,
2023a,b), showing that U-Nets are effective for modeling denoising algorithms. Furthermore,
the theoretical and empirical findings presented in (Petrini et al., 2023; Sclocchi et al., 2024b;
Tomasini and Wyart, 2024; Cagnetta and Wyart, 2024; Sclocchi et al., 2024a; Garnier-Brun
et al., 2024; Mei, 2024) highlight the ability of GHMs to capture the combinatorial properties
of image and text datasets, demonstrating that neural networks can effectively represent and
learn belief propagation algorithms within GHMs.

A.3 Results for vision-language models

We include results upon vision-language models in this section.

A.3.1 Error bound for vision-language models

VLMs take both image and text inputs and generate text outputs by sequentially sampling
from a transformer-based model trained to approximate the conditional next-token probability,
denoted as

M*( . | |:|, *) = Pim,tx($tx,i - - |xtx,1:i—1 =01 s Lim = *)- (A?’)

The transformer model achieves this by minimizing the risk over U C Ujejg {pt + Xix1:-1 X
RP — P(Xixi)}, a function class with inputs consisting of the CLIP image representation
and the text prompt. The population risk minimization is formulated as

,E = arg Ilflelg} {vam(ﬂa Eim) = E(scim,a:tx)wﬂ”imytx |: Z - log H(xtx,i|xtx,1:i—17 Elm(mlm))] } (A4>

1€[dex]

Notice that the global minimizer of this formulation, when ¢/ includes all measurable condi-
tional probability functions, is given by i( - |0, E) = Py ix(Ttxi = - [Tix1:i-1 = O, Eim(Tim) =
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E). This differs from the true conditional next-token probability (|0, x) as defined in
Eq. (A.3). Nevertheless, Proposition A.1 below shows that the error of ji, measured by

D(M*7 ,U) = E(wim@tx)NRm’tx [ Z Dk, <M*(xtx,i|xtx,1:i—l7 il?im) ’ ’N(xtx,i|xtx,1:i—l, Eim(wim)))i| )
1€[dix]
(A.5)
is bounded by the sufficiency of the image encoder E;,,, and hence bounded by the CLIP
excess risk.

Proposition A.1 (Error bound for VLMs). Let U include all measurable conditional proba-
bility functions. Then, the error rate of i, as defined in (A.4) and (A.5), is bounded by the
sufficiency of the encoder E;y,:

D (1., i) < Suff(Eqn). (A.6)

The proof of Proposition A.1 is provided in Appendix A.4.6. Briefly, the error rate D(u, j2)
can be directly bounded as follows

D(pts, 1) = Egy [Dxr (P Tim ), P( @t |Ein (X1 ) ) )] < Suff (Bimg),

where the first inequality follows from the tensorization property of KL divergence, and the
second inequality follows by the definition of Suff(E;y,,).

A.3.2 Sample-efficient learning of VLMs

In this section, we investigate the vision-language models (VLMs) within the JGHM frame-
work. Suppose we are given n ii.d. samples (mim(i),mtx(i))idn] drawn from the joint
distribution of image and text, denoted as i, = Pin . Given an image representation
Eix(xix) € R? (e.g., a CLIP-based embedding), the goal is to learn next-token predictors
{14 j]ex,1:5-15 Eim (%im)) }je(d,n]- Under an appropriate loss function, the optimal predictors
are the conditional next-token probabilities {/t.(Ttx,j|Tim, Tex,1:j-1) }jedi]- This section focuses
on analyzing the sample complexity of learning these conditional next-token predictors using
empirical risk minimization over a class of transformers.

The neural network architecture. The conditional next-token predictors are modeled as

,ue( : |xtx,1:j—17 Eim(wim>) = Ireadvlm o TFvlm o Embv|m<xtx,1:j—17 Adap(Eim<wim))>7

where each component is defined as follows. The function ready, : RP** — R® maps the
transformer output to the predicted probabilities for the next token. The embedding function
Embyim : R* x RS — RP* maps the input features into a transformer-compatible embedding,
with specific details provided in Appendix A.7.1. The image encoder Ej, : X — R is given
by the pre-trained CLIP representations, as defined in Eq. (2.15) and (2.17).

The transformer TF,, : RP** — RP** is a trainable 2L + 2-layer model parameterized
by Wiim, where each layer consists of the first feed forward layer, self-attention, second feed
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forward layer, and normalization (see Appendix A.7.1). There are two feed forward networks
in a single layer, and the parameters of the two feed forward networks in the ¢-th layer are
denoted by {Wl(?};] +!and {W2 V4L The adapter network Adap : R¥ — R¥ also trainable,

is parameterized by I/Vada € R¥>*M and Wada € RM*S and is defined identically to that

in CDMs, as described in Eq. (2.20). Following the pre-training fine-tuning paradigm, we

consider the fine-tuning phase where the parameters 6 = (W, Wa(jz, Wa(j;) are optimized,
while readyi,, Emby,, and the CLIP encoder E;,, remain fixed.

The ERM estimator. Given a pre-trained image encoder Ejy, : Xim — R®, the goal is to
obtain the conditional next-token predictors. To achieve this, we solve the empirical risk
minimization problem defined by the following objective:

0 — arg min {Rv|m 1, Eim) = Z [ Z —log 1? (x| Tt 10— 1,Elm(w1m))]},

0€O;, ;1 p.p',B,M

=1 je[di]
(A.7)
where the parameter space is defined as (see also Definition A.7)
OL DD BM = {W\Am7 Wa(ji, VVada as defined in Eq. (2.20); (A.8)

lef = W

ada

2
lop V W lopV

j€[2]7i€[ﬁ?ﬁe[2L+2]{|l ]szmHOP? Wa va”Op’ Wi vaH0p7 Wy vaHOP} < B}

The following theorem establishes a bound on the sampling error of the conditional
next-token predictors in terms of the conditional KL divergence.

Theorem A.2 (Sampling error of the conditional next-token predictors).  Suppose that
Assumption 2.4 and Assumption 2.5 hold, and assume Assumption 2.3 (a) holds for the text
representation Eo . (Tim) = [P(8|Tix) /P(8)]ses € R where S is the set of root nodes. Let
Eim and S be obtained from the CLIP minimization. Let Op jp p gy be the set defined in

Eq. (A.8), where J = O(L), D = O(SL), D' = O(mSL?), and B = O(Lg + (SL+m2)vVM).
Let 0 be the empirical risk minimizer defined in Eq. (A.7). Then, with probability at least
1 —1/n, we have

D(M*7 ,Ue) = E(zim,aztx)NPim,m [ Z Dk, <#*($tx,i|$tx,1:¢—1, wim)‘ ‘N0<xtx,i|xtx,1:i—la Eim(wim))>]

ie[dtx]

~( [(SL¥m® + M)SL? \/ s 1o 1
gdtx-(9<\/ - /S -LB-<Suff(S)+M> ,

where O hides polynomial factors in (log(MSLLgn), (By)™).

(A.9)
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The proof of Theorem A.2 is provided in Appendix A.7. Again, the key step involves
constructing transformers that approximate the conditional next-token probabilities by
emulating the belief propagation algorithm. The interpretation of the two terms in the upper
bound aligns with the explanation provided following Theorem 2.12.

A.4 Proofs in Section 2.3

We start with introducing an alternative data distribution on the random variables (@i,

<Etx7j)je[K]> k), viz.,
<§tXJ)j€[K} ~iid Ptx A E ~ Unlf{la S 7K}7 Tim ~ Pimhx("ftx,ﬁ).

Note that conditioned on k, (Zim, (T j)jerx)) and (Tim 1, (Tex ;) je[x)) have the same distribu-
tion up to some permutation of the samples. Therefore,

E

exXP(S(Tim,1, Tix,1)) ]

Zje[K] eXP(S(wim,h mtx,j))
exp(S(Tim, ftx;)) }

Zje[K] exXP(S(Tim, Tix 1)) '

— log

wim,la(mtx,j)jE[K] [

— log

]Eiimv(itxyj)jeu{] ok [
Similarly, we introduce the distribution on (&, (i, ;)je(x], k) as

(x

imJ)je[K} ~iid Pim ALk~ Unif{l,... K}, = ~ Ptx\im("&imyk)-

Then the CLIP risk function

eXP(S(Tim, Tix 1)) ]
jelK] eXp<S<Eim7 Etx,E))
exp(S(Tiyr Tim 1))
+Ee, (2. ), ,k[_log z ]
T (Tim j)je (K] E Zje[m exp(S(Zyy, Ty 1))

Rt (5) = Eay )|~ 108 5=

(A.10)

Lim k

To simplify the proofs, in this section, we will use the alternative expression in Eq. (A.10) for
the CLIP risk function.

Moreover, throughout this section, we use C' > 0 to denote constants that depend
polynomially in ¢; in Assumption 2.1. We allow the value of C' to vary from place to place.

A.4.1 Proof of Lemma 2.1
Define

B exp(S(Tim, Tix f)) ]

Reiip,imx (S) =E —log Zje[[q o SEm T (A.11)

Eim,(atx,j)je[l(] :E
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We will show that S is a minimizer of §C|;p7im7K(S) if and only if
S(@im, @) = 108 | Po (i 1),/ [Pim (i) - Prs(@1)] | + (i)

for some arbitrary functii)n h : Xix — R. Similarly, we can define §c|ip7tx, kx(S) and conclude
that S is a minimizer of Ryipx x(5) if and only if

S(xim, ) = log [Pim,tx(wim, Zix)/ [Pim (Tim ) - Ptx(wtx)]] + h(xix). (A.12)

Noting that ﬁc"m K = ﬁc“p,im,K + ﬁc“pth,K and taking the intersection of the two sets of
minimizers yields Eq. (2.2) in Lemma 2.1.
To establish the second part of Lemma 2.1, note that
lim [ — Hslf ﬁclip,K,im<S) + lOg K]

K—oo

= [}LII(I)O Eilm (wtx j) €[K]» k |:

exXp (S (®im, Bix 5)) }
> jelK] exp(S(:clm, Tix ]))/K
P(Tim, Tix ;) )]

1m (Elm ) IP>tx (Etx NI )

log

—

0g

[ J [K]
|

= MI(Zin, Tx) — I}im E_

00 Lim, wtx ])]e

P(Zim 1, Tox ;) )}

= MI(@im, i) — I;IE)%O i 1@ )yt | 108 ( un(wlm )P (Tix ;)

= MI(wima wtx)?

where the second equality follows from plugging in the optimal score function and the last
equality uses the boundedness assumption of the density ratio and the bounded convergence
theorem. Combined this with a similar calculation for ﬁc“p, K.tx yields the second part of
Lemma 2.1.

It remains to establish Eq. (A.11) and (A.12). We only present the proof of Eq. (A.11)
here since Eq. (A.12) follows from a similar argument. Let F be the class of functions
f 1 [K] X X x X &% R such that f(k, Tim, (Tix ;) jer]) > 0 and

K

D f (B, (T j)jein) = 1.

k=1

For any f € F, consider the objective

Rin(f) = B (@) et E[ —log f(k, 5im,(ftx,j)je[K])]

= Eap 1 (@ )jepe [ PDKL (PO @im 15 (@ ) jew) [Lf (4 Bim (B ) jex7))]

- Em,m 1 (mtx J)JE[K] k[lOgP(k|wlm 1 (mtX])]E[K])]
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Therefore, the unique minimizer of R, (f) on F is

f-k(E7 Eirn7 (Etx,])]E[K]) = IED<E|ju’n? (Etx,j)]E[K])

exp(S(iim 3 Ttx ’E))

——*~—_ Then fs € F
JEIK] exp(S(wlm@tx’k))
and Ry, (fs) = §C|ip7K,im(S). Thus, if the set M, = {S: fs = fi} is non-empty, then S is a
minimizer of ﬁdiP’ kxim(S) if and only if S € My,.
To find My, we first calculate f,(k, T, (%Tix j)jex]). Note that

im» X,j)J€ - . — - . — = —
’ ZjK:l P(J, Tim, (wtx,j)je[K}) ZjK:l P(])P($1m|$tx,j) Hj P(wtx,j)

_ P@in T ) [[P(@im) - P(Zo )]
S P@i, T )/ [P(Biwn) - P )]

As a consequence, S(Tiy, Tix) = 10g[P(Tim, Tix)/[P(Tix) - P(Tim)]] + A(Tim) € My for any
function h. B
Lastly, we conclude that M, only include such score functions. If S,S € My, then

by properties of the softmax function, we have S(@im, ix1) — S(Tim, Tix2) = S(Xim, Tix 1) —

For any score function S, define fs(®im, (Tix j)jeix]) = =

(A.13)

S(Tim, Tix 2) for any (Tim, Tix 1, Tix2). Thus, there must exist some function h such that

S(@im, Tex) = S(®im, Tox) + h(Tim). B
Putting pieces together, we conclude that the set of minimizers of Rejipim i (S) is

Mim = {S : S = 1og[P(im, Tix) /[P(@4x) - P(@im)]] + A(@im), for some h}.

A.4.2 Proof of Proposition 2.3
Proof of Proposition 2.3. Similar to the proof of Lemma 2.1, we introduce

Rclip,im,K(S) = Efimv(ftx,j)jG[K] ’E[ n log

exp(S(Tim, Tix 5)) ]
2 jetr] XP(S(Fim, T )

We will show

’ [ﬁclip,im,K(S> — Rclip,im,K(S*)] — Eg,nPi [DKL (P(|$lm)“@s(|wlm)>] ’

g_ —

S K ' (Rclip,im,K(S> - Rclip,im,K(S*)) <A14)

under Assumption 2.1. Likewise, we can define §C|;p7tx, x(S) and derive a bound similar to
equation (A.14) by the symmetry between @, and .. Proposition 2.1 then follows from
combining two bounds with a triangle inequality.

Therefore, it remains to prove equation (A.14). At a high level, the proof consists

of two steps: (a) we first simplify the expressions for Rgipim,x(S) — Reipimx(S«) and
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Ewimwpim[DKL(IP’(-|a:im)||@5(-|mim))] by some basic algebra; (b) we then establish an upper
bound on the difference of the simplified expressions.

Simplifying the expressions. By definition, we have

Rclip,im,K<S) — Rclip,im,K(S*)

= s @) k[—log eXp(S@m’_@X’E_» +log eXp(S*(fima_ftx,E_)) ]
e et (S (@im, T ) > jetr) EXP(Sx(Tim, Tix ;)
B (T 7[ eXp(S*@im’i‘iva»_log ZjE[K]eXp(S*(iinhEtx,j))}
Tim(Tox ;) (1] F exXp(S(Tim Tix j)) > ictr) P (S (Fim, Tux )
= Tu1 — Tao,
where
Ta1 = Bz @) ~Pim.ox [Si (i, Tix) — S(Timm, Tix )],
ims(Bex ) je (K] Zje[K]exp(S(mim,gthJ))
Similarly,

~ P(ax < | Lim
B, [t (BB @ 1)) | = By [ log e i) ]
]P>5<mtx|mim)
exp(Sx (Tim,Ttx))P(@tx) ]

thxl exp(S* (wim 7mtX/))P(th/)

exp(S(@im,Ttx))P(@ix)
S DS (i ) B (03]

= E(mimamtx)NPim,tx log

= Ty1 — The,

where

Tbl = E(mim,mtx)NPim’tx [S*(wima wtx) - S<wim7 wtx))]>

EqgnPix €XD(Sk(Tim, Tix))
T =Ey p [1 P ) ]
b2 im~Pim Og ]Ea;th[Ptx eXp(S(.’Bim,wtx))

Since T,1 = Ty, it suffices to bound the difference |T,o — Thol.

Bounding |T,2 — Ty2|. Without loss of generality, we assume S, S, are chosen such that the
conditional mean

Emtx|mim~Ptx‘im [S(wima wtx)] = Emtx\mimwptx‘im [S*(wima wtx)] =0

for all @y, € Xi,. Note that this can be done by substracting the conditional mean (which is
a function of @iy,) from S (or S,). In this case, Assumption 2.1 still holds but with a different
constant ¢j > 1 that is polynomially dependent on c¢;.
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For any function h: Xim X Xix — R, we define its norm

12 = \ B s (@i, 1) 2

In addition, for any score function g, we introduce the distributions

S _ima_ X
P (k|@im, (Tix ;) jeir]) = exp( (a:~ Tock)) for all k € [K], and recall that

> jeix] €XP(S(Tim, Tix )

3 S imy Ltx P X
Ps (x| Tim) = exp(S(z . )P(@1x) for all &, € Xiy.

Emtx’NPtxeXp<S(mima mtxl))

Note that ps, is the posterior distribution of k conditioned on iy, (Tix j) jex] @s shown in

equation (A.13) in the proof of Lemma 2.1; moreover, we have Ps, = Pyyjim.
We begin by claiming that

IS = .l < € /Reipunnic(S) — Retpmic(S.) (A.15)

for some constant C' > 0. The proof of this claim can be found in Lemma A.5. Moreover, we
argue that

C
T = Tho| < =+ IS = S.II” (A.16)
Combining equation (A.15) and (A.16) yields the desired result.

Therefore, it remains to establish equation (A.16). Write S =S, + rh with r = ||S — S, ||
and h = (S —S,)/|IS — S«|, and define

Zje[[(] eXp<Sr <§im7 Etx,j))/}(
log

T(T) = ]Eiim,(ftx,j)je[K] k [ EactXN]P’tx eXp(Sr (Eimy wtx)) )

where S, = S, + rh. Then we have |T,o — Tpa| = |T(J|S — S«||) — T(0)|. Performing a second-
order Taylor expansion on 7'(r) w.r.t. r at 7 = 0, and noting that » = 0 is a stationary point,
we obtain

S(Tim, Tix ) — Su(Tim, Tix )
|Ta2 - Tb2| = ’{Eiimv(itx,j)je[}(] [Vark~p5*+;h |: |||S _ S ||| i|i|
S(iBim wtx) - S*(wim wtx) 2
— Bapnpin Vo, g, [ 2 2] s s
N

= [T (7)]

for some 7 € [0, ||S — S4]|], where

TdQ(’l“) = Eiimj(ftx,j)‘ie[K] [VarkNpS*Hh [S(Eim>itx7k) — S*(Einbitx,k):H _
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Eq. ~p,. | Var S(Tim, Tix) — Si(Tim, th)”. (A.17)

:l:tx/\‘@s*#»rh
Equation (A.16) then follows immediately from Lemma A.6, which states that
Tea(r)] < C- IS = S.°/ K (A.18)

for some constant C' > 0 for all € [0, ||S — S.||].

A.4.3 An alternative to Proposition 2.3

An alternative additive error bound on the sufficiency Suff(S) can be established without the
boundedness conditions in Assumption 2.1. To this end, we introduce the following weaker
assumption.

Assumption A.1 (Bounded expected score). There exists some constant ¢, > 0 such that
E (@200 ~P [€XP(AA(Tim, Tix))] < c1, for any A € {£S,£S5,} and P € {Pimtx; Pim X P},

. ]Pim,tx(wim7wtx)
where Sy (Tim, Tx) = log B Pt -

Note that Assumption A.1 is implied by Assumption 2.1. Under this condition, we have
the following result.

Proposition A.3. Under Assumption A.1 and the notations in Proposition 2.3, for any
K > 2, we have

: C
Iglliﬂoo chp,K'(S) - Rclip,K’(S*) = SUH(S) < chp,K(S) - Rclip,K(S*) +E (A-19)

~
CLIP excess risk

for some constant C' > 0 depending polynomially on c;.

As a consequence, the similarity score function S is near-sufficient when the CLIP excess
risk is small and the batch size K is sufficiently large.

Proof of Proposition A.3. Throughout the proof, we use C' > 0 to denote constants that
depends polynomially on ¢; in Assumption A.1. We allow the value of C' to vary from place
to place. Following the proof of Proposition 2.3 in Section A.4.2 and the notations therein,
we have

‘ [ﬁclip,im,K<S) - ﬁclip,im,K<S*>i| - SUH(S)’ <|\Tu2 — Tiol, (A.20)

In practice, a large batch size K (e.g., K = 32768) is often used to improve the performance of
CLIP (Radford et al., 2021).
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where

Zje[K] exp (S« (Tim, wtx,j))}
Zje[K] exp(S(Tim; Tix5)) 1
EgnPi €XP(Sx(®im, wtx))]
Ee, P €XP(S(Tim, Tix))

T = Emim,(mtx,j)jem [log

Tb2 - ]E:l)imN]Pim |:10g
It suffices to show that
|Twe — Tie| < C/K (A.21)
for some constant C' > 0 depending polynomially on ¢;. By some basic algebra, we have

|Too — Tha| < |T3| + T4,

where
T E |:1O eXp<S*(wim: wtx)) + Zje[Kfl] eXp(‘S*(wim? wtx,j))i|
= K-1
3 (Tim Lo ) ~Pim, ex,{ e g ~Prx & K - Eg P, eXp(S*(mima wtx)) 7
T E |:10 eXp(S(mimath)) + ZjE[Kfl} eXp(S(mimthx,j))]
— K—1 .
4 (mim’mtx)NPim’tx’{mtx’j}j=1 ~Pix & K- EmthPtx eXp(‘S(:’Cima wtx))

We will show below that |T3| < C'/K for some constant C' > 0. The same bound holds for
|Ty| following the same argument. Thus, combining the bounds yields Eq. (A.21).

An upper bound on T3. Note that

(4)
T3 <E

1

EthNPtx eXp(S*(wimv mtx))

(mim 7wtx)N]P)im,tX7{mtx,j }]K:ill N]Ptx

1 € S* Lim Lix
3 (S ) + SR t”—Emmmxexp(&(:cim,mtx))}]

JE[K-1]

iE |: eXp(S*<Cl5im; mtx)) :| _ l
K (mim’mtx)wpim,tx EthNch eXp(S*(wimetX>> K’

where step (i) uses log(1+a) < a for any a > —1. By Cauchy-Schwarz inequality and Jensen’s
inequality, we further have

exp(Su(Tim, Tix)) ]

Bt |
(im @t ) ~Pim, £ EZtXNPtx exp(S*(wim,wtx))

1

mthPtxeXp(S*(wim7 wtx)))2

< \/ B, 0. 0XP(25,(Tim, Tix)) - \/ Ep,, E
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1
exp(254(Xim, Tix))

< /By XD (28, (im, 1) \/ Ep, xp..
<C,

where the last inequality follows from Assumption A.1. Putting pieces together yields
T; < C/K.

An lower bound on 73. On the other hand, we have the lower bound

T
(Z) £ o 1 .
= @) P oot iy~ [Zje[Kl] exXp(Se(Tim, Tix ) /K + exp(Su(Tim, Tix)) /K
[% Z exX(S, (@i, T ) + eXP(S*([fB;m, Tix)) Eg, P, €XP(Ss(Tim, mtx))}]
jE[K—1]
=:T5 + Ts,

where step (ii) uses log(1 +a) > a/(a + 1) for any a > —1, and

1 eXp(S*<mima mtx))
T5 = — |:E im x N]Pim tx|: i| B 1:|’
K e fined B exp (S, (Tim, Tex))
Ty = 1
6= "B gy @) B i e 1S P | Ty oD @ e ) 4 exP(5s (Tim 1)) .
174 K

[Zje[K?l] exp;f*(mim’mtx’j)) + exp(S*(?(im,fEtx)) - Ea:thIP’tx eXp(S*(wima wtx))} :
EwthPtx eXp(S*<wim7 wtx))

Note that T5 > —1/T'. To prove that T3 > —C//K, it suffices to show that |Ts| < C/K for
some ci-dependent constant C' > 0. By Cauchy-Schwarz inequality, we have

|Ts| < Tos - Tty - Thzs

[Zje[Kl] exp(Su (Tim; Tix ) N exXP(Se(Tim, Tix))

Teo =4 | E
6 K K

4
_EwthIPtx eXp(S*(wirrn wtx)>:| ] s

- 1/4
_ Eje[Kfl] exXP(Su(Tim, Tix ;) exp( Sy (Xim, Tix)) 14
Toy=|E [ K i K ] ’

- 1/4
—4
Toz = <E |:E-’.Etx’\‘]Ptx exp(Sx(@im, th))] ] ) :
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Applying Jensen’s inequality on T§,, Ts, and using Assumption A.1, it is readily verified
that T4, T, < C for some constant C' > 0. For T§,, introduce the shorthand A(xiy, i) =
exp(Su(Tim, Tix)) — Eapoopry €XP(Sk(Tim, Tix)). Then we have Eg, p,, [A(Tim, Tx)] = 0 and

1 — A Lim, Lix j)14 1
TGCC S & \/E[ZJE[K 1} ( t 7]):| _I_ \/E(mim’wtx)wpim,tx [A(mlm’ mt)()4:|>

K K2

<ec % E[ Z A<wimawtx,i)2A(mim7mtXJ)Q]+%>

S c %\/]E [% Z A(wim>wtx,i)4:| + %) S C/K

1€[K—1]

for some universal constant ¢ > 0, where the first line uses the fact that /E|X +Y|* <
c(\/E|X|* + \/E|Y|*) for some universal constant ¢ > 0, the second line follows Assump-
tion A.1, the conditional independence of {:vtxyj}f{:’ll given x;,, and the property that
Eey i [A(Xim, Tix)] = 0. The last line uses Jensen’s inequality and Assumption A.1. Com-
bining the bounds on T, Tgy, Ts, yields |T| < C'/K and therefore T3 > —C/ K.

O

A.4.4 Proof of Proposition 2.4
Proof of Proposition 2./. Recall the conditional probabilities
exp(S(Tim, Tix) ) P(@4x)
oo O5D(S (@i, 20 P(@)
BON ) = ot P @m 2D W)
2 yey 2o jm1 eXP(S (@im, V) (1)) P(y)

and define the infinite-sample probability

3w XD (S (@i, o)) P(24, )
thx/ exp(S(Tim, Tix' ) )P(x4y) .

Ps (4| i) = >

Ps(y[@im) =
We will prove that?

EwimNPim [DKL (Pcls\im(y‘wim) ’ ‘@5 (y’wlm))] S Emimwﬂmim [DKL (P(wtxlwim) ’ )@S(wtxywim)>] y and

(A.22a)
~ ~ log(2/6
Ee. ~p.. [D2 (]P’s (y|wim)‘ ’PgM) (y|wim))] < C% with probability at least 1 — 9,
(A.22b)

2We abuse the notation P(-) for Peis)im (+), Px|im (-) When it is clear from the context.
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where we define the a-Rényi divergence

D (Bs )| [BL (i) ) = — log (E, 5, [(ﬁ?ﬁ%)alb
00y

for any o > 1.

Given these results, Proposition 2.4 follows from Proposition 2.3, combined with a triangle-
like inequality for KL divergence (see e.g., Lemma 26 of Bun and Steinke 2016), which states
that for any tuple of distributions (P, Q,R),

o (o] ) < 0 e + o).

Proof of bound (A.22a). Observe that

y|331m Z]P y|mtx 7331111 : mtxl|w1m Z]P) ylmtx wtx |m1m)

Bs(ylzm) © S Plylzy) - Bs(ai [Tim).

mtx/

where step (i) follows from Assumption 2.2 and step (ii) uses the definitions of Ps(ylmlm) and
IP’S(a:tX |€im). Therefore, it follows from the data-processing inequality that

Dxr, (P(y‘wim)H@S(y‘wim)> < Dx1, <P<wtx‘wim)"@S(wtx’wim)>a for all @iy, € Xim.
Taking expectation over @i, yields bound (A.22a).

Proof of bound (A.22b). To prove bound (A.22h), a key component is to establish

IPs(y]ai) — PE" (y]ai)|? log(2/9)
Ex““{yezy[ - @éM’<y|?cim>y <o =0 29

with probability at least 1 — ¢ for some constant C' > 0 polynomially depending on ¢; in
Assumption 2.1. We will prove this at the end of the section. Using claim (A.23), we have

Ps (y|2im) ”

Ba [0 (Bs (gl | [BE" (wlm) ) | = Ea [ 108, g [ 5
y~Ps (y|Tim) PéM)(y‘wim)

< Ea By 5y | 2T Pg" ()]
- Lim yNPS(y|mim) ]:/F\)(M) (y|m )
S im
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i, [ i) B iy

(M
yeY ]P)é )(y|mlm)

log(2/9)
<C. 2= (A.24)

with probability at least 1 — 4. This concludes the proof of bound (A.22b).

Now, it remains to establish bound (A.23). By properties of sub-exponential variables, it
suffices to show the Orlicz norm (see e.g., Vershynin, 2018; Wainwright, 2019b)

mM)

)]E:cim [yze; [\Ps(y!wﬁ;l;(jsmim()y’wim)|2}] . < % (A.25)

for some constant C' > 0.
Define the quantities

Ray) i= 17 D ep(S(@m W)W, Rai= 3 1> exp(S(@im 2 (1) B()
Jj=1 yey j=1

Then Ps(y|@im) = Ri(y)/Ra, PY" (y|im) = Rs(y)/Ry4 and

= (M
IPs (y|2im) — PS" (y|2im) |

P () @im)
(R Rs — RaRs(1)’ _ 2A(Ra(y) — Ra(w))Ral® + 2[(Ra — Ra)Ra(y)]?
T RRWR. RIRA() R - (A20)

By Assumption 2.1 and concentration properties of bounded random variables, there
exists constant C' > 0 such that the Orlicz norm

P(y)
IR3(y) = Ri(y)lly, < C- NiYi (A.27a)
for all y € Y, &y, € Xy, Summing over y € ) and using the triangle inequality, we obtain
IR — Rolly, <~ (A.27b)
4 20|y = \/M .

Moreover, Assumption 2.1 implies that

RQ,R4 € [1/0, C], and Rl(y),Rg(y) € T,C : ]P)(y)] (A27C)
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for all a;,, € X,y € Y for some constant C' > 0.
Substituting equation (A.27a), (A.27b) and (A.27c) into equation (A.26) and using
properties of the Orlicz norm, we find

Syl ) — BPOD (e )2 P
HI s(ylwlm(zw) s (yleim)| | <c.tW (A.28)
BEY (i) v M

for all @y, € X,y € YV for some constant C' > 0. Finally, summing equation (A.28) over
y € Y and invoking Jensen’s inequality yields equation (A.25).
]

A.4.5 Proof of Proposition 2.5
Proof of Proposition 2.5. Recall that z; = t - @, + /1 - g. By definition,
Epun,zn | M2, @) = M(21, Es(@i) |

= Egpunzo ||[El@iml 2 @0x] — Elim |21, Enc(@e0)] ]

< U B, B D (B(@ialis. ), Bl (). 7))

< 2B, B oD (@i, 2) [P En(e). 20)

7 Wi B2. - Egy, [Dp(P(Tim| 1) | |P(Tion | Evx(@1x)))] = 2din B - Suff(Ery),
where step (i) follows since

||E[wim|zt, Tix] — E[@im|2t, Eix(@ix)] H;

- H /mim[P(mim|zta wtx) - IP>(mim|zt7 Etx(mtx))]dmim

2

2
2
< ([ Il - [P@imlzi,21) = Plaiml2i, B dain)
S 4dimB§im ' D%V<P(wim|zt7 mtx)y ]P)(mim‘zt’ Etx<mtx)))7
step (ii) uses Pinsker’s inequality, step (iii) uses the data processing inequality. ]
Proof of Corollary 2.6
Consider the process

i\}tztivlm_{'dv‘/t
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where @i ~ Pimjix(+|Zex) and (W;);>o is the Brownian motion on R%=. Since ||@im|s <
Vdim X By, , it follows from Proposition 1 in Montanari (2023) that (Y;):>o is the unique

solution to the stochastic differential equation (assuming Yy = 0)

dY; = my(Y;, zo)dt + AW, ¢ >0,

where my(z,xw) = E[Eim|z = Ty + Vig, ). Let ﬁfﬂtx = Iﬁﬁ’i(il)txﬂxtx) denote the
~ - ~
distribution of Y7 /T. It follows immediately that Pim‘g = Pi(il)tx. Therefore,

mp —(T i
Eo,, Dt (Pt (|0 | Pone (1)) 2 Eo, Dict,(Py, |[Py;.)

im|tx
@) 1 r . o , o G
< Ea | Egllmu(Yia) - MY Eulww) Bt < duB, T Su(Ex),
0

where step (i) uses the scale invariance of KL divergence, step (ii) uses Girsanov theorem

(Lemma A.7), and step (iii) follows from Proposition 2.5 and the fact that (¢, Y;) L (T, 2¢),
where zt:t-wim—i—\/f-g.

A.4.6 Proof of Proposition A.1

We claim that the minimizer g in (A.4) is
ﬁ( : |E7 D) = ]P)imﬂsx(xtx,i = |Eim(mim) = Ea Tix,1:4—-1 = 0J ) <A29)

By the tensorization property of KL divergence and the expression of i, i1 in Eq. (A.3) and
(A.29), we have

D(/~’L*7 ,a) - E(wim,mtx)NlP’im,tx |: Z DKL <,U*(xtx,i|$ima xtx,l:i—l) ‘ ‘ﬁ(xtx,i|Eim($im)a xtx,l:i—l))]

ie[dtx]
dtx dtx

= Emimeim |:DKL < H N*(xtx,i |33im, xtx,l:i—l) H ﬁ(Itx,i | Eim(mim)7 xtx,l:z‘—ﬁﬂ
i=1 i=1

= EwimNPim[DKL(PimItX("wim)"Pim\tX("Eim(wim» )] = Suff(Eim).
It remains to establish Eq. (A.29). Note that this follows immediately from the fact that

arg I}flelg} {vam(,ua Eim) = E(mim,wtx)NPim,tx [ Z - log M(xtx,i‘Eim(wim)a xtx,l:ifl):| }

ie[dtx}
= 1 Rv m\Ms Eim =
arg min { im (45 Eim)
E(mim,mtx)wﬂbim’tx |: Z DKL (]P)(ajtx,i ’wima xtx,l:ifl) | ’ﬂ(xtx,i ’ Eim<wim)> xtx,l:ifl)] }7

’ie [dtx}

(A.30)
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and for each i € [d;y], the KL divergence in (A.30) is minimized when

,U(-Ttx,i’Eim(wim);xtx,l:ifl) = ]P)im,tx(mtx,i’Eim(wim);:Etx,l:ifl) for all xtx,i € th,i-

A.4.7 Proof of Proposition 2.9

Define E = (P(mim)Eim,*T(:cim))w‘ cv. € RI¥mxP+and introduce the pseudoinverse

im

EJr = [(EwimNPim[Eim,*(mim)Eim7*($im)TD 1Eim,*(wim) } € RP*X‘Ximl.

ZLim eXim

It can be verified that ETE =1, and

| (50) |12 = t1 ((Bay b [Eitns (i) Einns (1) 7)) 71 ) < L.

Define the embedding

Eix(xix) = Ef diag(P(xim)) (T:l(S(wim, Tix) — logEq. p. [exp(S(@im, Tix))]) )

Emim ~Pim

In the proof we bound the differences ]E$tx[\\|§;(a:tx) — Es(@iy)]|3] and ]Eth[HE;(a:tX) —

EAt;(ati)H%], respectively. Namely, we will show that

By, [| Ee(@0) = Eoxel@u) 3] < CLEPLLE - Byt | Dic (Pran(-|2)

and there exist some parameters (W(l) W(Q)) such that

ada? ada

CLZBP*L%

Eay[|Eux(@er) — Eu(@o) [3] < =57,

and HWa(ngop < C'Badap, HWﬁ;Hop < CLg/vM. Combining two bounds, we obtain

Eg [l Eix(Tex) — Etx,*(th)Hg]
S C : L2B : L12" *Px - (Ewtxrv]P’tx |:DKL (Pim|tx('|mtx)
<C-L%-LY-pe- (Suff(S)+ M),

‘I/P\)Suilrtx)ﬂ + %)

where the last line uses Definition 2.1.

Proof of Eq. (A.31). By definition, we have

(T:l(s*(wima :th)))m;m,mtx = (<Eim,*(wim)7 Etx,*(mtx»)mim,mtx € RP{im‘Xlel-

Multiplying both sides by ET diag(P(x;y,)), we find

Eoxs(ex) = B diag(P(2im)) (Y5 (Su(@itm, Tex)) )i o0

Lim,Ltx

92

‘1@5<-|mtx)>}, (A.31)

(A.32)

(A.33)
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= E' diag(P(@im)) (T (Su(@im @ux) — 108 Egypnpy, [eXD (S (@i, 20))]) ),
where the last line follows since Eqg,, [exp(Sc(@im, Tix))] = >, P(@im|Tix) = 1. Introduce
the shorthand

T(S(wim7 wtx)) = S<wim7 Cctx) - IOg EwimNPim [eXp(S(wima wtx))]

and let A (@i, i) = YU T(S(Tim, Tix))) — T2 (T (Se(Tim, Tix))). Therefore,

*

Ea [l Eex(ix) — Etx,*(th)Hg] = Bz, [ By Py, [ET(wim)AF(wirm th)]”g]
< B Bt 1B (@)} B | AT (i, 21
S IEmim"’IP)imI: ET (wlm) ||§:| : E(mCX7$im)NPtx X]Pim [Ar<w1m7 wtx)2]
= LzBp* ’ E(mtxazim)wptxxpim [Ar(m1m7 wtx)2]7 <A34>

where the second line uses Cauchy-Schwarz inequality, and the last line follows from the
assumption on E'. Moreover,

E(th7wim)NPtx XPim [Ar(mimv mtX)2]
< L3 Ea Eapn | [T(S (@i @0x) = TS (@im, @)
< CLE  Bap Bayp o) [T (S (@i @) = T(Su(@im, me))1P], (A35)
where the last line uses the fact that P(@iy)/P(@im|®w) < C for some C' > 0 implied by

Assumption 2.1. It remains to bound E(g,, 2P [|T(S(azim, Zix)) — T(Sk(@im, wtx))ﬂ.

Since adding any function of @, does not change the value of T'(S), w.l.o.g., we assume

EmimNP(-|mtx))[S(wim; wtx)] = EmimNP(-|mtx))[S*(mim; xtx)] =0

and write S =S, +rh with r = ||S = S,|| and h = (S — S,)/||S — S«||, where

U0 += 3/ E i ooy o0, L (@i @)

Similar to the proof of Proposition 2.3, by a Taylor expansion w.r.t. r at 0, we find

E(wim,wtx) [|T(S(m1m7 mtx)) - T(S*(mima mtx))|2
S E(wim:mtx) “S*(:vima mtx) - S(mimv mtx)_

(108 Eay -, XD (S (i 1)) — 108 o, [05D(S i, 1))
<205 — S, + 2Eq, [|E (S (i T1x) — Su(@i @) (A.36)

Tim~Ps, 47n
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for some 7 = 7 (@) € [0, ||S — S.[|], where for any given @y, € Xy and score S

@g(wim|wtx) — P(wim) . eXp(%(.’Bim, mtx)) ‘
Eiﬂim ~Pim [eXp(S(wim/’ wtx))]

Since SUPy, cx., it @s* 17 (@Tim | T /P(@im | Tix) < O for some constant C' > 0 by Assump-
tion 2.1, it follows that

E,_ s (S(@im, Tix) — S*(wimthx))ﬁ

Emtx [ mlm"VIFDS*~l»'rh
S C : ]Emtx [Emimwpim‘tx|s<$im7 :L'tx) - S*(a:imv mtx)|2]
(@) — —
<CS=SIP < Jim (Reipc(S) — Retpc(S.))

zz)

= C - Eg ~p.. [DKL< (|ex)

Bz . (A.37)

where step (i) follows from Lemma A.5 for any K > 3, step (ii) follows from the proof of
Proposition 2.3. Combining Eq. (A.34), (A.35), (A.36) and (A.37) yields Eq. (A.31).

Proof of Eq. (A.32). Let @i 1, ..., Tim as be i.i.d. samples from P(x;y, ). We choose Wi =

ada
EL /M € RP*M he the matrix consisting of the columns of ET that correspond to the
samples {mim,j}jj\il We choose Wada = (Eim(®im ;) € R?)jepny € RM*P. For any @y, € Xy,
define

T(mtx) = (T(Eim(ﬂ'}im), Etx<mtx)) —10g Em mNp [exp(T(Eim(mim)7 Etx(mtx)))] )wimEXime IR\XmJ7

TD(@0) = (Y (Wi .r Eix(@ex)) —log] - Z exp(T(W,d) 1.: Ex(@eo))] jenne R,

T (@) = (T (W) Eex(@ex)) — 108 Bary oy [eXP (T (i (i), Eex (x)))] ) jepan € RY

Then we have

oy [[|Eve(®0) — E(®0)||2] < 2Rt + 2R,

where
) _ 1 1,5
Rin = B [|| B ding(P(3) T2 (@) — 2 Eb 0 (T ()3
1 _
Rp2 =95 Eq, | B} YT (@0)) — BTN TMD (240)][3].

For Rg1, since

E[E}, Y (T (@) = E' diag(P(@im) Y, (T(21),
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it follows that

ERp1] = Eg,, [HEleag(P(wim))T1(T(wtx))—%ETT T (20) 3]

_E%[Zvar — B!, (T<M>(:ctx))}].

ZE*

Since the variance in the above equation is invariant under any translation of T!, we can
w.l.o.g. assume there exists a point v, € R in the feasible range of T; ! such that T;!(v,) <
Lr. Tt follows immediately that Var[ElMT*_l(f(M)(:ctx))] < IEHEZTl LT (g ))|2]/M <
CL2E[E[3]/M for all i € [p,]. Therefore, we further have

CL2 CL2L2 Dy
ERm] < Ea |[E Y (IE]I3]| < —222
M i€ [p+] M
1€ |Px

Let Al (@) = T7H T (@) — T7H(TA) () € RM. Note that all entries of AL (i)
are equal. For Rpgo, we have

1
—5Ea B[ EL AT (00) 3] < CE., B E{A] (@)}

(i)
Eov B, (1B (@i 1) |13 - By, o0, [AT (@) ],
where step (i) follows from the symmetry of on @iy 1, ..., Tim s and step (ii) follows from

properties of conditional expectation
Since by Assumption 2.1, concentration of bounded random variables and Lipschitz
continuity of f(x) = log(x) on [1/¢1,¢1], we have

M ~(M C
1T (@) = T @0 e < =

for all fixed i € Xix, Tim 1 € Xim and ¢ € [M]. It follows from properties of sub-Gaussian
random variables and Assumption 2.3 that
~ B v 9
E(g,, 0, EIA] (@)’] = Eg,,, o, [T (T (@) = 1T (@00)|

CL?
| T (@) = T ()P <

wlmzz 2

< L} -E

Lim 1

Putting pieces together and using the Assumption on ET yields E[Rg,] < CL4p, L%/M.
Lastly, under our choice of W W2 we have

ada? ada’

L2

E| BIWiI% = ME|EJ3 < <2,

adaHop =

2 2
E[[WE2, < E|Wll? = ME||Eum(®in)lI3 = Biaap-

ada”op —
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Combining these with the bounds on E[R g, E[Rgs], we may find samples (i ;) ;e such
that

Lip, L}
Lip Wil + 52—t

CLQBP*LIZ“
2 AdapM .

Wil + R+ R < =27

Choosing (W(l) W(2)) based on these samples gives an encoder E,. such that Eq. (A.32)

ada’ ada
holds.
Remark A.1 (An improved bound). The error bound in Eq. (2.11) can be improved to
oy [ Eox(@ex) — Evn(@o) 3] < C - L - L - p - (Suff(Eee) + M) (A.38)

if the link function T and the image embedding E;,, (@i, ) are chosen such that
]P)im\tx(wim|Etx(wtx))

IEDirn(wim> .
Note that such a pair of T and Ej, (@i, ) always exists as one can choose E, (@) = @i, and

Pim <\ Lim Eix(®ix
T (@i, Eox (1) = log Zmx(EmlEloe)

To establish Eq. (A.38), echoing the notations in Definition 2.1, it suffices to note that
SUIE(Erx) = Bayempis | Dict (Pimes (200)| | Po (i) ) |

under the choices in Eq. (A.39), and recall that we have proved a stronger bound than
Eq. (2.11) in Eq. (A.33).

S<$ima wtx) = T(Eim(wim), Etx(af;tx)) = log

(A.39)

A.4.8 Details in the proof of Corollary 2.2

In the section, we explain how the Neyman-Fisher factorization theorem can be used
to prove Corollary 2.2. Recall the Neyman-Fisher factorization theorem (see e.g., The-
orem 3.6 in Keener 2010):

Theorem 3.6 (Keener, 2010). Let P = {F : § € O} be a family of distributions
dominated by a measure u, with densities py. A statistic 7'(X) is sufficient for 6
if and only if there exist measurable functions go > 0 and h > 0 such that

po(x) = go(T(x)) h(z), for a.e. z under p.

Also, recall that we have the following decomposition in the proof of Corollary 2.2:

Pimfex (Tim |[Tex) = exp{—const} - Piy (Tim) - exp{ Y (Eim(€im), Eex(€1x)) }-

In our setting, we can choose the parameter § = x,, the sample X = «x;,,, and the dominating
measure 4 be the counting measure. Moreover, we let

T(im) = Eimx(@im), 90(T(@im)) = exp{ T (Eim(®im), Erxu(T1x)) }, and
MM @im) = Pim(@im) exp{—const}.

So by Theorem 3.6 in Keener (2010), Ejy.(@im) is sufficient for x,. The argument for
Etx«(@tx) is symmetric.
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A.4.9 Properties of approximate sufficiency

Lemma A.4. Under Definition 2.1, we have

Suff(Eim) = MI(JIim, aztx) — MI(Eim(mim), Jltx), (A40a)
Suff(Eix) = MI(@im, ix) — MI(@im, Ex(x))- (A.40Db)

Note that Eiy(xiy) (resp. Eimm(xim)) is a sufficient statistics if and only if Suff(Ei) (resp.
Suff(Eiy)) is zero. Moreover,

Sff(Ew) = inf - Eayr | Dt (Pocin L) || Q1 Eon () | (A.40c)
Suff(E) = inf  Eeo Dt (Pro )[R Bl )| (A.40d)

Proof of Lemma A.j. Note that

MI(a:im, a:tx) — MI(Ejm(mjm), wtx)
P(xim, i) P(Eim (@im), Ttx)
P(mim)IP’(:ctX)} i (@im) T [log P(Eim(mim))]}”(mtx)]
P(xin, Tix) log P(Eim (€im), Tix) }
P(2i ) P2y ) P(Eim(Tim) ) P(Tex)

= B, w00 Eim (@) [ log P(@4y|@im) — log P24y Eim(mim)>i|

—Ea o [log (2| @im) — log P(mtX|Eim(mim))} = Suff(Ey).

= E(:Bimawtx)NPim,tx |:]'Og

= ]EwimywmuEim(mim) |:10g

This gives the Eq. (A.40a). Eq. (A.40b) follows from the symmetry between image and text.
To establish Eq. (A.40c) and (A.40d), we note that

]E:clmNIP’lm [DKL (Ptth( |w1m HQ |E1m wlm )]

= Eazlmw]?,m |:DKL <Ptx|1m( |m1m H]P) ’Elm wlm ):|

lOg P(ith| Elm(mlm)) ) ]
lOg Q(mtx‘ Eim (wim))
i)

= EgpnPim [DKL (PtXIim('|mim> ‘ ‘P('|Eim($im))>}

log P(@x|Eim(im)) >]
log Q(wtx’Eim(wim))

— SUf(Ein) + Bayyympy | Dt (Pestn (- Eim (@) || QU B (@) ) | = St (Er),

+ IE:l:im’\‘]P)im [Ewtx'\/ﬂmtxﬁm('lmim) (

+ Egppnpis [Ewtx~n»tx|im(-|am(wim)) (

where step (i) follows since for any function f(@y, Ein(@im)), we have

Emim [Ewtxwptx|im(~|mim)f(mt)n Elm(mlm))]
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Tim [Ewt:cNPtx\im(‘\fcim)f(mtx’ Eim(mim)”Eim(wim)]
wml Y EPuim (@] @) [Eim (@) f (@1, Eim ()]

Tix EXix

Ee,, Z ]PtX\im(th|Eim<wim))f(wtm Eim (%im))]

Ttx € Xx

= Emim [Extxwptx‘im("Eim(wim))f(wbm Elm(mlm))]

E
E

A.4.10 Auxiliary lemmas

Lemma A.5 (Bounds on ||S — S.||). Under the assumptions and notations in Proposition 2.3
and its proof, we have

IS~ Sl < O \/Reipc(S) — Retpc(S.)  for € {im, txc),
<C- \/ﬁclip,K(S) — ﬁclip,K(S*)

for some constant C' > 0 depending polynomially in c;.

Proof of Lemma A.5. We only prove the lemma for x = im. The other case follows by
symmetry between image and text. Note that

_ exp(S(Tim, Tix 5))
Retp.im.1¢(5) = Eﬁim@txva‘)de[fﬂﬁ[ e > jetr) EXP(S(Tim, Tex 5))

= E[]og Z eXp(S(zim,EtxJ))}v

JEIK]

where the last line follows since (Tim, Tix z) ~ Pim.tx and we assume

Ewtx|wim~Ptx\im [S(mim’ th)] = Ewtx‘wimwptx‘im [S*(mima wtx>] =0

for all x;,, € X, in the proof of Proposition 2.3.

Write S = S, + roh with 7o = ||S —S4|| and h = (S — S4)/||S — S4||. For any func-
tion h @ X x Xix — R such that Eg, jz,~p, 0, [h(Xim, Tix)] = 0 for all x;, € Xy, and
E (im0~ Pim 0x [h2(@im, Tix)] = 1, it can be verified that for any r € R

arﬁ‘:'ipvim,K(S* + Th) = Eﬁimy(itx,j)je[K] _Ek’“’ps*-Mh [h(fim’ Etch)]] )

O Ratipim i (Se + 7h) = Bz @oe )1y | VAT ks, 100 [P( T, Etx,k)]} : (A.4la)

JjelK]

= I _ _ 3
aERC“P,im,K(S* + Th) = Efim(icx,j)je[fq _Ek~ps*+rh [h(winm wtx,k) - Ek’\‘ps*+rh [h(wima wtx,k:)]] } :

We claim that
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(a). Reip,im,x (S« + rh) is globally convex in r € R and is strongly convex at the minimizer
r = 0, namely, there exists some constant C' > 0 such that 9?Reiip im x (Sx + 7h)|r=0 >
1/C.

(b). There exists some constant C' > 0 such that |0?Rgipim.x(Ss + 7h)| < C/rq for any
Ir| < ro.

We will prove these claims later in this section. With these two claims at hand, it follows
from properties of convex functions that

(A.43)

_ — 7"2/0 if |7"| <T’0/Cl
Rci im S*‘l' h - Rci im S* Z ’
lip, ,K( r ) lip, ,K( ) {7“0‘7"‘/0 if |7“| > TO/C',

for some constants C,C” > 1 polynomially dependent on ¢; in Assumption 2.1. The proof
of equation (A.43) is deferred to the end of this section. Finally, choosing r = ¢ in equa-
tion (A.43) yields Lemma A.5.

Proof of claim (a). The global convexity of ﬁc“p,m k(S + rh) follows immediately from equa-
tion (A.41a) and the fact that the variance is non-negative. r = 0 is a global minimizer of
Reiip,im, i (S« + 7h) because

O Retip,im, i (Sx + 1) lr=0 = By x5 [EkNps* (A (Tin, ftx,k)]]

Q) _
- Eiim,(ftxﬁj)je“{],E[h(winh mtX’E)] = 07

where step (i) uses the fact that ps, is the posterior distribution of k conditioned on

Tim, (Tix ;) je[k]- B
It remains to establish a lower bound on 9?Rgjipim i (S« + 7h)|,—0. Note that

Varyps, (7(Tim, Tix ) = Zps* (D)ps, (5) - (T, Frx) — h(iimaitx,j))Q
i#i
1 r r —_— J—
= CK? Z (h(mim’mt&i) - h(mimamtxd))2

i,j€[K]

for some constant C' > 0 that depends on ¢; polynomially, where the second line uses
Assumption 2.1, which implies that ps, (i) € [1/C'/K,C"/K] for all i € [K| and some
constant C’" > 0. Therefore,

afﬁclip,im,lds* +7h)|=0 = Efim,(itx,j)je[m [Vark,vps* (AT, 5tx,k)]]

= CK? Z Eiimxﬁtx’j)je[m<h(§im’EtX,i) - h’<§imajtx,j))2

i,j€[K]
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(@) 1 X
Z 5 . E:cim [VarthNPtx\im<h'<wim7 wtx))} — 67

where step (ii) uses the fact that for any i # j,

]Efim,(ftx,j)je[;q(h(iimaEtx,i) - h(iimaitxd‘))z
Z min{EmiIIlvarmthPtx|im (h(wlm’ wtx> >’ Emim VarmthPtx (h(m1m7 th) ) }7
and
Emim [VarmtXNIP’tx (h(wima wtx))]

1
- éEmim [Emtxvlv‘”tXJNPtx[(h(mimv mtX,l) — h(Tim, mtx,?))2]]
%Emn[ inf Pix(@ux1) X Pix(@ux0)

(wtx,17wtx,2)6th2 [Ptxﬁm(mtx,l) X ]P)tx|im(mtx,2)
Baes v P @i, Tix1) = D@1, @0x2))7]||

1
> b E., [Vara:thPtxum (D (@i, iL‘tx))] :

Here the second inequality follows from the boundedness assumption on S, in Assumption 2.1.
This completes the proof of claim (a).

v

Proof of claim (b). By definition,

asﬁclip,im,K(S* +rh)

- — __ _ 3
= Efim,(icx,j)jg[x] |:]Ek“‘ps*+rh [h(wirm CC‘cx,k) - Ek"‘pS*Jrrh [h(wim7 wtx,k)]] }

|S<mim7 mtx) - S*<mim, :th)| . B
= ’ ( S)uI;( x X, ‘HS -5 ||| ’ Eilm (@ex,5)je (K] [varkNPS +rh [h<wim7 wtx,k)]
Lim,Ltx )~ im tx *
¢ C
B eyt | VaTkps, o (1@, B )] € re—e
_ |||S S ||| Lim, wtx,J)JG[K] rk pS*+rh[ ( t 7k;)] -~ |||S — S*|||

where the second inequality uses Assumption 2.1 and noting that
Emlm (mtx j)je [K] |:Vark'\“p5 +rh I:h<§1m7 ftx,k)]i| < Ewlm (mtx j)jE[K] |:Ek~ps +rh [h(flmi ftx,k)Z]

(4) __ -
S OEEin’u(Etx,]‘)]’E[K] [Ek“’l)s* [h(mln” mtx7k)2]] = CEEim,(igx’j)je[K],E[h(mim7 mtX,E)z] = C(7

where step (i) uses Assumption 2.1, which implies that ps, ..»/ps, € [1/C, C] for some C' > 0
depending polynomially on c;.

Proof of claim (A.43). Using claim (a), (b) and the properties of convex functions, we have

ﬁclip,im,K(S* +rh) — ﬁclip,im,K(S*)

v

2 C ||3

1
=77 = T
20 IS=5.
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for some constant C' > 0. It follows immediately that

_ — 1
Reip.im, i (Sx + ) — Reiip.im i (Sx) > Z|T|2

for |r| < ||S—S,||/C for some constant C' > 0. Moreover, by claim (a), (b) and Newton-
Leibniz formula

¢ R 1
_M . ‘7"1| + (ch“p’im’K(S* + Th)|T:0 > 6
when || < [|S = S4||/C" for some constant C’ > 0. It then follows immediately that at
r==%||S=S./¢

O?Relipim i (Sx + 7h) |p=ry >

Is - 5.

|a'l“§c|ip,im,K(S* + Th)| > C

for some constant C' > 0.
Now, let proj.(z) = argmin,e_.,[* — y| be the projection of = to the interval [—c,¢].
Putting pieces together, we can find some constant C’ > 0 such that for any |r| < ||S — S.||/C",

1
Reiip.im, i (S + 7h) — Reip.im i (Sx) > Z|7"\2,
and for any |r| > ||S — S.||/C’,

Rclip,im,K(S* + ’I"h) - Rclip,im,K(S*)

_ _ , S —S.|°
> Retip,im, & (S« + 7h) — Ralip im & (S« + Projys_s, /o (1)) + u
T Is - S.1°
= | r cllp,lm,K( w T T )| ’ |’I“ pI'OJ||‘S,S*|||/C/(7”)| + C
L Is=S-rl
- C
where the third line uses properties of convex functions. O

Lemma A.6 (Bound on Ty). Recall the definition of Ty in equation (A.17). Under the
assumptions and notations in Proposition 2.3 and its proof, for some constant C' > 0

C IS -S|

Taa(r)] < =22

for all r € 10, IS — S«ll]-

Proof of Lemma A.6. Write S =S, + rh with r = ||S =S, || and h = (S —S,)/||S — S«||- By
the scaling property of variance and noting that Varp(X) = Ex y..,p(X — Y)?/2, it suffices
to show

C
Vi-Vel < &, (A.44)



APPENDIX A. APPENDIX FOR CHAPTER 2 102

where

‘/vl = Emlm,(wtx ])]G k; klka"’pS*-&-rh [h(ilmv Et’,XJCl) - h(iim7§tx,k2)]2a (A45a)

‘/2 = Eiim’\/ﬂpim§mtx,17mtx72'\“ﬁ5*+rh [h(wlm’ th,l) - h(flm7 mtx72)]2'

Let P (*,|Zim) denote the joint distribution of (®ix x,, Tix 4,) conditioned on Ty, in the

tx|im

definition of V;, and let P\")

tx|1m(
on Ty, in the definition of V5.

We claim that there exists some constant C',C" > 0 such that when K > C’

‘|&im) denote the joint distribution of (@ 1, Tix 2) conditioned

P(Kr Xa?m X Eim _IED(T) Lix qr Lix Eim C
| i (Tt Er),b| ) tx|1m_( tx.a> Tox | Tim) | . "
]P)tth(wtx,aa Tty | Tim) K

for all @iy ,, Tixp, € Aix such that xiy , # Tixp. Given claim (A.46) and adopting the shorthand
notation A"(Ziy,, Tix 1, Tix2) = M Tim, Tix.1) — M(Tim, Tex 2), We immediately obtain

V-Vl = [E,

h(= 2
w‘mNPimKwtx,lthx 2) ]P(K " [A (wlm7 wtx’:b th,l) ]

tx|im

P [Ah (Eima Ltx 15 wtx,l)Q] ‘

Eim"’]P)im ) (wtx,l 7wtx,2)N tx|im

S Eiimwﬂ”im |E(:ctx L Ttx 2)~IP’£K|.’T) [Ah<5ima wtx,l; wtx,1)2]

s L2 ) X|1m

o E(wtx,l ’mtX,Q)NIPE;?im [Ah (Elm’ th,]_a mtXJ‘)Q] |
() C B C (it C
S E IE’EimNIP)im [E(mtx’l,mtx,g) Péiiim [A (mim7mtx,17wtx,l)2]] = E : ‘/2 S E7

where step (i) uses equation (A.46) and the fact that A*(Zy, Tix 1, Tix2) = 0 when @y | =

Tty o; step (ii) follows from Assumption 2.1, which implies sup,, cx, [ﬁ**{T’ﬁx)} < C for

some constant C' > 0, and the fact that Eg,, z..)~pe i [2(Tim, )] = L.

When K < (', it can be readily verified by Assumption 2.1 and noting E(z,, .z )~Peeim |
h(@im, Tix)?] = 1 that equation (A.44) holds. This completes the proof of equation (A.44)
and hence Lemma A.G.

Proof of claim (A.46). In the expression of V; in equation (A.45a), we note that the distribu-

tion of (ki, ko) conditioned on (T, (Tix ;) je(x], k) remains unchanged under any permutation
of (®ix j)jeik]- Therefore, without loss of generality, we can drop the implicit dependence on

k and assume

d. _ _
(wtx ])2<]<K RS Py, and Lix 1 ™~ ]P)tx|irn("wim)'

To prov1de an overview, the proof consists of three steps. First, we rewrite the expressions for
PED P iy terms of the expectation of certain quantities conditioned on Zyy,. Second, we

tx[im’ ~ tx|im
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(Kr—1 )
o |11:1 ) Wthh connects two

tx |1m tx|1m tx\lm tx|im
separately. Finally, we combine the bounds to obtain claim (A.46).

introduce an additional distribution on X, x Xy, denoted by Pt
distributions P p)

txfim Lt i and we bound the differences |IP’

Rewriting the expressions for PED and P

tx|1m tx[im*
S, =S, + rh. By the definition of PED for any (Tix 4, Tixp) € Xix X Xix

Adopt the shorthand notation

tx|1m ’

IP)(K 7)

tx|1m (mtx ar wtx7b|w1m 1{k1 =1 k2 ]7wtx i =Ltx a Ltx ,j = Ltx, b} |m1m:|

1{k1 :iak2:juftx7i:mtx’a7§tx7j:mtx,b} ‘ (Etx,k)kE[K] ) Elm] ’ilm]

= |1 (wtx ar Ltx bs wlm)
where

(K,r) =
iz—;x‘im ($tx a Tix by mim)

ZE

3,j=1

eXp wlma Tix a)) . eXp(ST(Eima mfx,b)) 1,2 .
[> ke €XP(Sr (Tim, Tox 1)) (o=t n B =)

On the other hand, we have

]P)i(;:c)\im(wtx > Tt p|Tim)

exXP(Si (T, Tix,0))P(®ix.a) - €XP(Sr (Fim, Tix p))P(Tox )
(B~ XP (S (Tirm, Tex) )]

O(eXp(ST(Eim,mtXﬂ)) (:EtXa) exp(S <wim7th,b))P(mtx,b)

()
X

eXp(Sr (Eima wtx,a)) : exp(sr(fima wtx,b))
[Zke[K—Q] exp(Sr(Tim, Tex 1))]?

1{§tX,K71:wtx,a7§tx,K:xtx,b}

5im]

X T'tx|1m<mtx as Ltx b mlm)

where

(r) =
T;:X|im (wtx,av Ltx by Ccim)

= Z E

i#§;2<i,j <K

eXp(S (Elfﬂ? th CL)) : eXp(Sr<flm7 wtx’b))
[Zke KN\{4,5} eXp<ST<5ima wtx,k))P

1{5tx,i=wcx,aﬁtx J=Ttx b}

Above, step (i) follows from the conditional independence between (Tix jc—1,@ix i) and
(wtx,k)kg k-2, and the distributional assumption on T k1, Tix x5 step (ii) follows from the
symmetry across the A — 1 indices.
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To control the different between T( |lr and T we introduce the function

m tx|im?

T(K,r,—l)

tx|im

($tX,a7 mtx,bu Elm)

Z E eXp(Sr (Eim7 mtx,a)) : eXp(ST(Eima mtx,b))
> kerr) €XP(Sr (Tim, Tix )]

1{Etx ,i:mtx,(uftx i :mtx,b}

Eim] )

1#£5;2<4,j<K
and define the conditional distribution IP’Ef‘l:n Yon Xix X Xix to be the distribution proportional
to Tg‘i; Y namely,

(K.r,—1) - (K.r,~1) —
Ptx\im (xtx,aamtx,b|mim) X T'tx|1m (mtx7aamtx,b7mim>-

We will bound the differences between ]P’( and pEr—l ]P’(KT Y and IP’( ., in the following.

tx|im tx|im

Bounding the differences. We first control the difference between IPE im and Pti{‘lfn b,
By Assumption 2.1, we have

Eim]

(K,r) — (K,r,—1) —
0 < jjcx\lm (wtx,m wtx,ba wim) - Ticth (mtx,aa wtx,ba wim)

— Z E

i=j or i=1 or j=1

exp(sr(iima wtx,a)) ' eXp(Sr (Eimv wtx,b)) 1= B
[Zkem exp(Sy (Tim, Tix x))]? L

C

SK Z . P(Tix; = Tix.a) Tix,j = Tix p|Tim)
i=j or ¢=1 or j=1

C g _ _

S ? : 1{a:tx7a::l:tx7b}(Ptx|im<mtx,a|mim) + IP)tx(mtx,a)) + Ptx\im(wtx,a|mim) : ]Ptx(mtx,b)
+ IEDtx\im(a’tx,b|5im) : Ptx(mtx,a)]

<C 1 P Tim) + PV T A.47
=K {Ztx,a=tx b} tx|1m<mtx,a|w1m) + tx|im("'ctxaa7 wtx,b|w1m) ) ( . )

where the first inequality follows from the boundedness assumption of exp(S,) implied by
Assumption 2.1, and the second and third inequalities use the boundedness of exp(S,).
Ky — 7 e find

Summing equation (A.47) over @i 4, T, and recalling that P im = Lixfim >

z : (K,r,— 1) —
1 > T mtx,av wtx,bv wim)

tx|im

LTtx,a,Ltx,b

C _ r _
>1- Z T |:1{mtx,a=mtx,b}]P>tx|im(wtx,a‘wim) + ]Péx?im<wtx,a7 wtx’b\azim)
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Thus, when K > 4C in the equation above, it follows from the triangle inequality that

— K, 1 —
|]P)tx\1rn (wtx7a’ -’th,b ’wim) ]P)Exh:n )<th,a> Cth,b|wim) ’
C’ _ _ - _
S ? : 1{a:tx7a:wtxyb}]P)tx|im(mtx,a|wim) + ]P)E:()|im(wtx7m mtx,b|mim) + ]P)Ef‘;g b (wtx,av mtx,b|$im):|

(A.48)

for some constant C’ > 0.
Next, we bound the difference between PN and PU

i Introduce the shorthand
notations

tx|im”

_ D5 (@i, ®ixa)) - XD(SH(Tims Bixp)) _ XD(SH(Tims Bixa)) - XP(SH(Tim, T b))
D reir) €XP(SH(Tim, Tex 1)) n D keprp iy EXP(SH(Tim, Tex 1))

for 7 # j. Then s;; > s and

B > ketr) €XP(S (Fim, Tex ))]® = D permy gigy €XP(Sr (Tims Tuxp))]?

Sij — S = — >
’ [> ke €XP(Sr (Tim, Tox k)] - Dkeimp iy €XP(SH(Tim, e i))]? K4
< g _ eXp(ST(wlm,th@)) - exp(Sp(Tim, mtx,b)) _ g s
T K D ke iy €XP (S (Tim, T 1)) K Y

for all 7 # j, where the inequalities follow from Assumption 2.1. Therefore, we obtain

T(K,'r,—l)

tx|im

(mtx,av wtx,bv jim)

5im]

0 < Tx‘lm(wtx ar Ltx ,bo wlm) -

:ZE

(Si,j - S) ’ 1{Etx,¢:$tx,a,ftx,jZItx,b}

i#5;2<4,j<K
¢ - C o
S E : o Z E Sij e 1{Etx’i:mtx7a,Etx,]-:mm’b} Lim | = ? jlx|lm(wtx a> Ltx by mlm) <A49>
i#;2<4,j<K

for all Ly ,as Lix b € th
Since T, ™) 7Er=D are proportional to the conditional distributions P  PUr=b

X‘lm’ tx[im tx|im? © tx|im

when K > 4C in equation (A.49), we have

_ r— i~ _
’Ptx‘lm(wtx a’ wtx,b‘mim) - ngin’l b (wtx ar Lx b’wlm)’ < ? Péx?lm(wtx as mtx,b’wim)- (A50)

for some constant C’ > 0.

Combining the bounds. Combining bounds (A.48) and (A.50) with the triangle inequality,
when K > C for some constant C' > 0 depending polynomially on ¢; in Assumption 2.1, we
obtain

K, — —
PO (0 T | Tian) — Pl (T s o Tin)|
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( ) (errfl)

S : |:1{mtx7a:mtx,b}]P)tx|im(wtx,a|Eim) + Pt;im(wtx,m wtx,b’fim) + ]P)tx\im (wtx,aa wtx,b‘fim)]

|QA=[Q

(r)

S K . |:1{mtx7a:mtx,b}]P)tx|im(wtx,a|Eim) + ]P)tihm(th’a? th,b’flm>

for some constant C” > 0 for all @ 4, X4« 5, Where the last inequality uses Eq. (A.50). This
yields claim (A.46).
O

Lemma A.7 (Girsanov theorem). Let {ps,vi}is0 € R? — R9. Consider two stochastic
differential equation
da; = py(x)dt + dWy,  xp =0,

dy: = vi(y)dt +dW;,  yo = 0.
Let Py be the distribution of xr, and Qr be the distribution of yr. Then we have

1 T
Du(PrQr) < 5 [ Eulpuer) — (ol
0

Proof of Lemma A.7. We provide a proof here for completeness. Let P, Q denote the distri-
butions of xq.7, Yo.7, respectively. Girsanov theorem implies that for any zg.p

P(ZO:T)

1
©8 Q(ZO:T)

T 1 T
= | ) = )Wt 5 [ oz =tz o
Therefore,

Dkr(Pr||Qr) < Dki(P||Q)

= () — )W + / ) — (]

1 4 1 [r
— 3Ean [ e —m(@lBdt = 5 [ Balpule) — e
0 0

where the first inequality uses data-processing inequality. O]

A.5 Proof of Theorem 2.10

A.5.1 Overview

The generalization error analysis of neural networks is typically conducted by first constructing
a neural network that approximates a certain function (or algorithm) and then evaluating
the complexity of the class containing that network. This subsection explains the whole
architecture and the proof strategy that constructs a pipeline approximating the target
algorithm.
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The transfomer-based architectures in the following will process vectors related to each
node by concatenating them into a matrix. Thus associating nodes with integers will make
the discussion easier. For this, with a slight abuse of notation, we identify the nodes with the
positive integer defined as follows.

Definition A.1 (Numbering of nodes). For O € {im, tx}, a node v € VéL) is identified as a
integer defined as
() +m ((pa(e)) = 1) +mE™mi ((pa® (v)) - 1)
oo (m - m) (o(pa Y (v) - 1),

Here pal¥(v) means the -th grand parent of v. We also identify intermediate nodes v €
Vg) ({=L—1,...,0) as a positive integer

(m& =m0 [o(0) + m ((pa(v)) = 1) + -+ (m - m) (e (pa D (v)) = 1)].

(NS Vi(fll)) like
u > v or u = v. However, treating a node v € Vi(rfl) as a node in another level ¢’ sometimes
leads to confusion, as N, C, and “pa’” no longer points a unique node. Therefore, when there

is a risk of confusion, we explicitly indicate the level of the node by referring to the node as
0)
v\,

This allows us to compare two nodes u, v in different levels (say, u € VA

im

Belief propagation and message passing algorithms

Now we outline our approach to approximating the algorithm. Let us recall the message passing
algorithm we aim to approximate. For the text part, it starts with hé)f)v = Ty (V E v )),

and computes (q,ggv)v oo and (hEQU)v oo 1n the decreasing order of ¢ to obtain hég?r € R%:

Qi = Fiohi (i) € B, veVY, (=L,....1,

(A51)
By = normalize( 3, cc( din) € RS, ve VLT (=L, 1,

Computation of Qt(ﬁ),v and AV from A, is called the (-th step. Here, ft(f?b are defined as

tx,v tx,v
(FE)(2))s = log ¥ (5, 2), zels), se[s),
(ft()f,)b(h>>5 = log Zae[S] wt()l;),L(S7 a)eha7 h e RS> s € [S]> (=1-— 17 s >2a (A.52)

(ft()i,)L(h))S = log Zae[S] (]P)[S])mg’l‘) wt()lc,)L(s7 a>€ha’ h € RS7 s € [8]7

and normalize(h); = r, — maxy hy for h € R®. In the same way, the image part yields
B

im,r

€ R®. Combining them finally yields

Sup = O (softmax (R ), softmax(h{%)))

im,r tx,r
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where

FO(h, 1Y = logZhh’ )L hR el0,1]°. (A.53)

The correctness of this algorithm is formally stated as follows.

Lemma A.8 (MP yields the optimal similarity score). Applying the message passing al-
(0) )s =
s =

o P[s|@i], softmax(hl’.), = P[s|zw], and

tx,r

gorithm above, it holds that softmax(h
Smp = Sy(@im, Tix) + (const.).

Proof. According to Lemma 2.1, the optimal similarity score function is defined as

B PlTim, Ty
Si(@im, Tx) = log [W] )

From Proposition 2 of Mei (2024), it holds that softmax(h( ) =Pls |a:1m] and softmax(hgg)r)

= P[s|x]. (Note that thelr definition of {”) includes P[s ] while our 77/} and ¢tx , do not,

which results in the P[s]=@™ term in the definition of ftX ,-) By the Bayes rule,
]P[mimu mtx] - ZSE[S] P[:’Bim‘s] th’ . Z |331m |wtx]
Pl - P[@im] Pl - P[®im] = P[s]

= Z softmax(h © ) softmax(h” )s(P[s]) .

1m,r im,r
s€[S]

Taking the logarithm yields S, (@i, ) = log [[mm—w“‘]} ) O

mtx} P[mlm]

Approximation with transformer networks

We construct a transformer-based pipeline to replicate the message passing algorithm. It
consists of three components: a transformer encoder for images NNWim a transformer encoder
for text NN/V*: and a parameterized hnk functlon 7%(h, I'). The two transformers NN}V

and NN&/ * approximately compute h? and ALY

im,r tx,r9

respectively, by following the message

passing algorithm (A.51). Because NNV and NNYi» follows the same construction, we
will sometimes omit the subscripts “tx” and “im” in the following to discuss these networks.
Finally we put them into the link function 7% (h, h’).

After the embedding (positional encoding) layer Embg,, the network obtains the initial
matrix HE) of size (df + d,,) x d, with df = 2SL + 1 and d, = 2L. Here d, = 2L is the
dimension corresponding to the positional encoding, and the rest df = 2SL + 1 corresponds
to the “features”. Specifically, this matrix is written as

0
H(L):Embc“p(m): T1 Ty o Tql,
P



APPENDIX A. APPENDIX FOR CHAPTER 2 109

so that it consists of the positional encoding P € R®*? the text variable @, and the zeros
reserved for later calculation 0 € R(&—1xd,

Starting from H®), the transformer network applies L transformer blocks. These blocks
are indexed by £ = L, ..., 1 in in the decreasing order, so that the /-th layer corresponds with
the (-th step of the message passing algorithm. They sequentially calculate Q) (¢ = L, ... 1)
and H® (¢ = L,...,0) defined as

) 0 _ ] 0 _

4 l l 4 4 {4
h? by’ o bl a’ @y - qf

HO — | © Do Q0 — ; -

L L L ) L L L ’
qg) qg) CIE{) qg) qg) qz(i)
th) h(2L) o héL) th) th) o hEiL)

i P i P

where h) € RS and ¢ € RS except for hi” € [9].

The ¢-th block approximates the ¢-th step of the message passing algorithm. It consists of
a position-wise feed forward layer FF® with skip connection and self-attention layer Attn®)
with skip connection and normalization. The feed forward layer FF) | a fully-connected ReLU
network, receives H® and outputs Q) by computing qg) from h{":

0 (€ R(2-DS)xd)

{4 4 4
OO =  HO  LFFOHO) —HO + |g© 4@ ... O
skip connection 0 (E R(dp+1+2(L_£)S)Xd)

The self-attention layer Attn(z), uses this Q¥ and outputs H*=Y by computing th‘”:

HD = normalize( QWY —i—Attn(Z)(Q(Z)))
~—

skip connection
0 (6 R((%—Q)S)Xd) )

= normalize | Q) 4+ |x (€ R5*%)
0 (€ RUpHI+CZL-2041)8)xd)

hgz—n héﬂ—l) L RED

Here, * denotes | g ] before normalization. In this way, we iteratively

compute qq(f) and th) to fill zeros of the previous matrices. These hq(,z) € R® and ql(,f) e R
approximate h&‘) and hgf) as

L
qgé) ~ qlf)a)(L_l)(’U)’ v e V(L)a t=1L,...1,
h® ~ pl L, veVv® (=L ..0.

pall=) (v)

(A.54)

After we obtain H®, we extract hﬁ{’) (this is an approximation of hﬁo)) to output

read,(H?)) = hg)) .
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We remark that our transformer block applies the feed forward layer first to emphasize
the correspondence with the message passing. If adhering to a typical structure where
self-attention comes first, we can implement the pipeline with (L + 1)-blocks.

We now formally define each component of the network and explain key lemmas to confirm

(A.54) iteratively.
Embedding Embg;,. When the network receives the input & € [S]¢, it first passes it
through the embedding layer Emb, where it concatenate the input x with the positional
encoding P and the zeros 0. The v-th column of P is denoted by p,. This p, € R% (d, = 2L)
is defined as

Py = [sin(i?((;f))) cos (Z29)) sin (Z2pal))l) o5 (2pal))

mu(pal=b (v mu(pal=D(v)) 1T
(2 (pm(l) ( ))) oS (2 (pm(l) ()))}

(A.55)

- sin

Position-wise feed forward layer. Consider the feed forward network FF) of the ¢-th
block (¢ = L, ..., 1), which computes qq(f) from h{”. We will show that, for each h{" (v e YW,
the network can identify its (ancestor’s) rank + = t(pa“=9(v)) and apply £ which is a
neural network approximation of fL(Z). The identification of ¢(pa*=(v)) can be implemented
with no errors. Therefore, the feed forward layer at the ¢-th layer yields

O _ L € [ L
qq(}) = hq(}) —I—fL(pa@,e)(v))(hq(})), ve ),
When h'? ~ hg@_@(v) for v € V) and £ ~ fL(K), we have qg) R ql(i)@_é)(v).
We define a class of full connected networks with the ReLU activation as follows. For an
I-dimensional vector x € R!, we write [z;1] = (zy,...,2;,1)".

Definition A.2 (A class of fully connected networks). For J € N, 3 = (ji,...,jr42) € N/*2

and B > 0, we define a class of full connected networks with the ReLU activation as

F(J,§,B) = {W<J+1> [ 1] o ReLUW Y[ 1]) o ReLUW V=D [-:1]) 0 - - - 0 ReLU(W W[5 1])
w ¢ Rj2x(j1+1)’ w@ ¢ stx(jz-i-l)’ o ’W(J'H) c RjJ+2><(jJ+1+1)’

max max|W,§?| < B}.
jelJt1] kil ;

Each element implements a function from RJ' to Ri7/+2,

We will show the following approximation error guarantee of fL(z). Since it is easy to
concatenate zeros to the first and last layer matrices and adjust the input and output
dimensions to be d; + d,,, the network NN in the following is presented as a function from
RS x R% (or [S] x R% for ¢ = L) to R¥, focusing only on relevant dimensions. The proof
will be found in Appendix A.5.3.
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Lemma A.9 (Approximation error of feed forward layer). Fiz ¢ € [L] and 6 > 0. Assume
that B;l < @Z)y)(s, a) < By, for all s,a € [S]. When { =1, also assume that B;l < P[s] < By
for all s. Then, there exists an NN € F(J, 3, B) such that

INN([: po]) = £y W) loe <6, v € VP,

for all h € RS with max,h, =0 ({ < L—1) orh e€[S] ({ =L). The network parameters
J,3 and B are bounded as follows:

J < (loglog(SBy/0)) log(SBy /4),
151l S mS(log(SBy/6))* + L + dy,
B < 28(B +1log(SBy/8)) + (mY)>.

The bound uses polylogarithmic depth with respect to the approximation error . It is
known that deep neural networks can achieve significantly finer approximations (Schmidt-
Hieber, 2020; Suzuki, 2018) than ones with constant depth (Telgarsky, 2016). Although
this differs from real-world transformers, which use feed forward layers of constant depth,
we can achieve the same result while keeping the feed forward layers of each block constant
depth by using multiple blocks to approximate a single fb(g) instead of increasing J (ignoring
intermediate self-attention layers). We chose not to adopt such a way of presentation because
we prioritized keeping the correspondence between the ¢-th block of the transformer and the
index ¢ in the message passing algorithm. Also, please refer to “Approximation with constant
depth” paragraph Appendix A.5.3 for details on using feed forward layers of constant depth
with L blocks.

Self-attention block. Consider the self-attention layer Attn'® of the f-th block (£ =
L,...,1). Ignoring irrelevant dimensions, it takes q&‘) and p, as inputs, and computes
Zuec(pa(kzﬂ)(v)) qq(f) for each v € V). For each v € V) we denote the error by 8D e RS,

As a result, the self-attention block yields

R — normalize< qz(f) + 51(,4_1)> .

L(palt =) (w))=u(pa=—) (v) (¢'20)

Here normalize(z)s = x5 — max xy.
We explain interpre‘sation of Zb(pa(l‘_f/)(u)):L(pa(L_Z/)('U)) (40)- For each v € V@) the nodes
u that satisfy t(pa*=®)(u)) = (pa**)(v)) (¢ # () are descendants of pall=t+V(y) =
pa"*~“1(y) whose ancestors’ ranks are the same as v except for the /-th level. Thus, for
each v/ € C(pall=**1(v)), the summation selects exactly one of the descendants of v’. This
implies that, when qq(f/) = qlgi)@_,z) ) for all v € V), we have
h=b — normalize( Z qff()L) + 51(12_1))
ueC(pall =1 (v))
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: -1
~ normalize Z qy)) = h;a@),ul)(v)'
weC(pal—t+1) (1))

To further clarify the correspondence with the message passing, for v € V1 this is simplified
as

— . 4 £—
hf)@)l) = normahze( Zuec(v) qigL) + Ji(L)l)).
We define a class of self-attention block as follows.
Definition A.3 (A class of self-attention blocks). We define a class of self-attention blocks as
AD, B) ={ (Wi, ) softmax((Wic ) (Wq 1) |
Wi, Wo, Wy € RP*P, max |(Wi)i |, max|(Wq)i |, max [(Wy )] < B}-
1,] 2,] 2Y)
Each element implements a function that takes a matrix of size D x d' (d: arbitrary) and
maps it to a matrix of size D x d'.

Then, we obtain the following approximation error guarantee. See Appendix A.5.4 for
the proof.

Lemma A.10 (Approximation error of self-attention layer). For ¢ € [L], there exists
Attn € A(D, B) with D = d; + d,, and B < log(do™') +m® such that

0 (€ R(-2)5)
Attn(Q“)) _ > q§f> NP (G (€ RY)
w(pall=E) (w))=u(paE=) (v)) (£/#0) dp+14+(2L—2041)S |
0 (€ RpHIHEE=2DS) | )

where 80" € RS satisfies |60 < dmaxy |4 |-

Normalization. In the attention network, since column vectors of H® and Q) are
collections of multiple h{” and qq(f)), we adopt a slightly different definition of “normalize”
for these column vectors, from the one for S-dimensional vectors. Specifically, for x =
[h©@ g K@ qE) hE) p] € RE+% with hE) € [S],h € RS (¢ = L —1,...,0), and

q¥ € RY, we define

q® — 15 max,esqi”
h() 1
@ _1 2) 1
normalize(x) = a SI.naXSGS 1 e R+ 14=| | € R (A.56)
q® — 1y maxses g 1
h(L)
L P i

For a matrix with its column dimension d¢ + d,,, it is applied in a column-wise manner.
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Readout layer read. In the readout layer, we extract h&o) as h((io) = read(H®) =

read(TF"W (Emb(x))).

Similarity score. The link function 7% is defined as

T(h, W) = log(trun(d_ (5 Pishiws)),

where

trun (Z> = proj [7 eXp(fBread)veXp(Bread)} (Z) (A57)

is the function that projects z onto the interval [exp(— Biead), €Xp(Bread)] for any z € RU{—o00}.
We choose the threshold Beyq := 4mlog By. As shown in Lemma A.20, the threshold Byeaq is
chosen sufficiently large to ensure the truncation does not occur in our construction (when
the approximation error is sufficiently small). Thus, setting w, = P[s]~! yields the exact f©,
ie., 7% = fO (see (A.53) to remember the definition of f(©)). Under Assumption 2.5, this
wy satisfies || w|le < By.

(L) _

tx,v T

The whole pipeline. Putting it all together, the whole pipeline, starting from h
Tixw (V € Vi), Is written as

4 4 V4 L
qt(zx),v = ft(x?L(pa(L*é)(v))(hEX),v) € RS’ NS Vt(x ), ! = L, cey 1,
hic,) = normalize< > a¥ + 55?‘”) eRS, veV® (=L . . ..1
(paE =) () =(palE—) () (¢£0)

(A.58)

We can write this alternatively to emphasize the connection to the message passing algorithm
(A.51) and (A.52) (see “Self-attention block” paragraph).

¢ ¢ ¢ ¢
qix)’v(m = ft(x?b(u)(hﬁx),v@)) € RS, vE Vt(x), (=1,2,...,L,

hﬁfﬁf& = normalize( Zuec(v) qEQu@) + 655:)3)) eRS, wve Vt(ﬁ’l), (=1,2,..., L.
The image part is defined in the same way. Finally, with the link function 7% that exactly
represents (), we get

Sy = 1Y (softmax(hi(gl)’d), softmax(hgg?d)). (A.59)

Under Assumption 2.5 (because below we use B,,), the hypothesis class to which a tuple
(NNVim NNWe 7Y belongs is defined as follows, formally restating (2.18).

m

Definition A.4 (Eq. (2.18), restated). We say the collection of the parameters of (NNYim

NNW= 7%) belongs to O s p.pr g if the following holds: For transformer networks NNV and

1m

NN they have L blocks of feed forward (Definition A.2), self-attention (Definition A.3),
and normalization. In each block, its feed forward FF and self-attention Attn satisfy

FF € F(J,j = (D,*,-- ,* D), B), with ||j]lc < D', Attn € A(D,B).

For the link function 7%, its weight satisfies ||w|. < B.
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The subsequent sections consist as follows. Appendix A.5.2 combines Lemma A.9 and
Lemma A.10, as well as the bound on the propagation of the intermediate errors (Lemma A.18)
to prove Theorem 2.10. Appendix A.5.3 and Appendix A.5.4 will provide the proof of
Lemma A.9 and Lemma A.10, respectively. The proof of the error propagation lemma
(Lemma A.18) will be found in Appendix A.5.5. Appendix A.5.6 provides some useful
properties about the message passing algorithm.

A.5.2 Proof of Theorem 2.10

We prove Theorem 2.10 by combining Lemma A.9, Lemma A.10, and Lemma A.18, as well
as several auxiliary lemmas. By definition, the excess risk Excessx (S%y, S«) has the following
decomposition:

Excessx (S8, S,) = R(S%y) — R(S.)

_ : R(co B R(<O : R(co
€0, ;b p' B 0€0,, ;b p'.B
approximjartion error generaliz;;ion error

We claim that

(a). If we choose J = O(L), D = O(SL), D' = O(mSL?), and B = O(SL +m2), then the

approximation error satisfies

— _ — SZLIlmQ
I f Rci 9 - Rci * < - 1]-
OGGLI,.III,D,D’,B lip. 5 (Sa) lip. e (Sx) < O(\/ " )

(b). Under the same choice of model class ©p jp p g, the generalization error satisfies

(<o = ~( [S?LYm?
0 \ : 0 \ < -
R(SNN> 066;3213,,3 R(SNN> > O( n )

with probability at least 1 — 1/n.

Putting pieces together yields Theorem 2.10. The remainder of this section is devoted to
proving these claims.

(a) Approximation error. Note that

ﬁcIip,K(51€IN> - Rclip,K(S*)
eXp(SlgIN(wim,la wtx,l)) . IOg eXp<S*(wim,1a wtx,l))

< E|log
ZjG[K} eXp(SﬁN(wim,la wtx,j)) ZjE[K} eXp(S*(mim,la mtx,j))
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eXp(SIQIN(wim,la xtx,l)) B lOg eXP(S*(wim,b wtx,l))

+ E‘ log
ZjE[K] eXp(SlglN(wim,ja wtx,l)) Zje[K] eXp(S*(mim,ja mt)gl))

S 2E max ‘ngN(mim,la mtx,j) - S*(mim717 mtx,j)
JE[K]

+ 2E ?61% ‘SgN(wim,ja wtx,l) - S*(mimJa m‘cx,l)

S 4 max |S§N(wim’ th) - S*(mima wtx)la
(@im,@tx ) E Xim X Xex

where the second inequality follows from Lemma A.48. Therefore, it remains to find some
parameter 8 € Oy ;p pp such that max(z,, z.)etmxai |Sun(Tims Tix) — Se(@im, Tix)| <

O(\/S2LY1m2 /n).
Take some ¢’ > 0 which will be defined later. For the feed forward layers, we use Lemma A9
with 0 = ¢’ <« 1. For the self-attention layers, we use Lemma A.10 with § = o

maXy ||Ch(zz)||oo ’
0)

According to Lemma A.19, fL((pa@,@ ) (h'?) are all bounded by 2 log S By, with the || ||s-norm,

and the approximation error from Lemma A.10 is 8. Thus g\ = f L((e ; o L,g)(v))(hg)) is bounded

by 2log SBy +d < 3(1 VlogSBy), and ¢ in Lemma A.10 is bounded by m.

The error from each operation is then bounded by ¢ in the || - ||-norm. Now we can
apply Lemma A.18 to obtain that

(mim@til)lg/}émx)(tx |S§N(mim7 mtx) - S*(mima wtx)|
<8 X [Tli<pep (2m +3) + [Tycpe, 2m© 4 3)] < 2-558d, (A.60)

where we set d = max{dn, dix}
Choose

A /SQL11m2
NG

}, so that the approximation error (A.60) is bounded by

§ =
A k k
with ™ = max{maxy, m® max,, mi(m)

\/%W, According to Lemma A.9 and Lemma A.10, we now know that there exists some
parameter @ € Oy, ;p p g such that Eq. (A.60) is satisfied, where

D<di+dy=2(S+1)L+1=0(SL),
J < (loglog(SBy/d") log(SB, /') = O(L),
D' = ||f]loe S mS(log(SBy/8"))? + di + dy = O(mSL?),

dlog(5By) _ O(SL +m?)
o’ '

B < S(Bj, +10g(SBy/d)) + m* + log
(b) Generalization error analysis. Since 6 is the minimizer of /Ficnp, x(S%y) defined in
Eq. (2.17), we have

ﬁC“P,K(SgN) - inf Rclip,K(SﬁN) <2 sup ‘ﬁclip,K(SgN) - ﬁc”p,K(S%N)" (A.61)

€9r.up,0'.B 0cO; ;pp' B
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Next, we verify the conditions required for Lemma A.51 and then apply the lemma to
obtain an upper bound for the R.H.S. of Eq. (A.61).

In Lemma A.51, take © = Oy yp p g, p(0,0") =0 — 0|, z; = (mimf;), thx,(;))je[K}a and

(Zw )
1 K eXP(SNN (wlm(k)
Z log

k:l de[K] eXp(SNN(wlm(k)vwx(;))) K k=1 Z]G[K] exp(SNN(wlm(])7th(k)>>

; mtx(k)» i i log eXp(SNN(mlm(k)7 mtx(k)))

fori=1,... n.

Verification of condition (a) in Lemma A.51. We note that the set Oy ;p pp With metric
p(0,60) = |6 — @| has a diameter B, := 2B. Moreover, ©, ; p pr.p has a dimension bounded
by d, == (J+3)L(D+D'+1)*+5 = O(S2L¥m?). Thus, by Example 5.8 in Wainwright (2019h),
we have log N (A; O yp.p .5 ||-l) < d,log(l+2r/A) <d,log(2A,r/A) for A € (0,2r] with
A, =2.

Verification of condition (b) in Lemma A.51. Since S%N iS Byeag-bounded with Byeaq = 4m -
log By, by Lemma A .41, it follows that f(z;;0) — E[f(z;;0)] is 0 = cBead-sub-Gaussian for all
0 € O ;p,p B for some numerical constant ¢ > 0 from Lemma A.52.

Verification of condition (c) in Lemma A.51. By Lemmas A.41, A.48 and A.52, we have

|f(2::0) — f(zi;6)]
< 4 S%N(mlm 1> Lx j) S%N(mlm 15 Lix ]) + 4‘SNN Lim 30 Lx 1) SIQI/N(mim,ja mtX,l)

< Bf|l6 — €|, where Bj = 4((cB)™®/FS*)E+L

Therefore, we may choose ¢’ = By and condition (c) is hence satisfied.
Now, invoking Lemma A.51 and plugging in the values of d,, o,0’, A,, B,, we find

d,log (2A, (14 B,o’ /o)) + log(1/n)

S6(\/52L11m2;Lf—log(l/n))

with probability at least 1 — 7. Setting n = 1/n completes the proof.

sup | Retip.ic (S%x) — Retipic (SSn)| < CU\/

€O, ;b p' B

Proof of Corollary 2.11

By Lemma A.20 and the definition of the readout function trun(-) in 7%(-), we have As-
sumption 2.1 is satisfied with ¢; = (By)*™. Thus, Corollary 2.11 follows immediately from
combining Theorem 2.12 and Proposition 2.4.
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A.5.3 Position-wise feed forward layer (proof of Lemma A.9)

Now we construct ReLLU networks that approximate fff;a( L_oyy 10 prove Lemma A.9. We

(v))
first approximate each fL(Z) as follows. Lemma A.11 covers ¢ < L — 1 and Lemma A.12 covers
(= L.

Lemma A.11 (ReLU network approximation of log-sum-exponential). Fiz ¢ € [L — 1] and
§ > 0. Assume that B;" < W (s,a) < By for all s,a € [S]. When { =1, also assume that
By' <P[s] < By for all s. Then, there exists an NN € F(J,j = (S,...,S), B) such that

INN(h) — fO(R)||oo <6, for all h € RS with max hy = 0.

Here, the network parameters J,3 and B are bounded by

J < (loglog(SBy /0)) log(SBy/d), [l S S(log(SBy/0))*, B < 25(Bj +log(SBy/9)).

~Y

Lemma A.12 (ReLU network approximation of log-Psi). Let § > 0. Assume that B, <

wL(L)(s,a) < By for all s,a € [S]. Then, there exists an NN € F(J,5 = (1,...,S5), B) such
that

INN(s) = f{P(s)lloo < 6, for all s € [S].
Here, the network parameters J,3 and B are bounded by
J < (loglog(log(By)/9)) log(log(By)/d),  |lille < S(log(log(By)/d))*log By, B < By + S.

Their proofs are deferred to Appendix A.5.3.
In addition to approximating a single £\, the ReLU network should identify 1(pal? (v))

using the positional encoding and apply the correct 9 to h'Y. The following lemma states
that this can be implemented with no errors.

Lemma A.13 (Identify the rank from positional encoding). Fiz ¢ € [L]. Suppose that we
have m®) different networks NNy € F(Jy, 31, B1),...,NN,.«o € F(J,.c0r, Fme), Bouw) with the
shared input and the same output dimension k, and the outputs of these networks are bounded
by C with the || - ||oo-norm. Then, for v € V) there exists a ReLU network NN that selects
NN, pa—0 )y given py, i.e.,

NN([h, pv]) = NNL(pa(L_Z)(v))(h>‘
This network satisfies that

J =max; Ji, |jlle <m®@ + 257" |I5:]l, B =max; B; + (m®)? + C.
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Using Lemma A.13 together with Lemmas A.11 and A.12, for any ¢ € [S], there exists a
ReLU network such that, for all v € V&), it takes h and p') and outputs fb((e;a@_@ (v))(hq(f))

with the || - ||o-€rTOr at most §, where

J 5 (loglog(SB,/6))10g(SBy /9), |lille £ mPS(log(SBy/9))?,

B S S(Bj, +1log(SBy/8)) + (mY)?.
Note that fféza< L-0(w) (and thus its neural network approximation) is bounded by O(log(SBy))
according to Lemma A.19, which gives C' < log(SK) in the application of Lemma A.13. Now,
we have obtained Lemma A.9.

Approximation with constant depth. While we used the networks with polylogarithmic
depth, we add a remark on how the analysis changes when we use networks with constant
depth.

The networks that approximate basic functions are changed as follows:

(Approximation of logarithm function.) There exists a network that achieves the same
bound as Lemma A.14, where

J=1, |jlle <T24/61+1, B<el

This two-layer approximation is obtained as a modification of Lemma 9 of Mei (2024),
where we choose e¢; = 245/(M — 1) — A, b; = —exp(e;) for j € [M —1], a1 =
(e2—€1)/(ba—b1) and a; = (€j11—€;)/(bj1—bj)—(ej—ej-1)/(bj—bj—1) for 2 < j < M -2
to obtain NNy, (z) = 37 7% a;ReLU(z 4 b;) + ReLU(—z + ¢;) — ReLU(—z).

Jj=1

(Approximation of exponential function) According to Lemma 8 of Mei (2024), there
exists a network that achieves the same bound as Lemma A.15, where

J=1, |ljlle=1[6""T+1, B<log([6~']+1),
By using these networks, we can obtain Lemma A.9 with the following bound:

[l

J =3, jllec SmYS*B5 " log(SBy), B < (m")2S° B35~ (log(SBy/0))>.

The problem here is that the dependency on § is 6!, while in the original bound it was
polylogarithmic. In the proof of Theorem 2.10, we need to take § < d~!. Then the parameter
|7 1|0 linearly depends on d, which incurs linear dependency on d in the generalization error
bound. This problem is avoided when we are allowed to have polylogarithmic depth as in the
original Lemma A.9 (or polylogarithmic number of blocks with each feed forward layer being
constant depth).
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Proofs of Lemmas A.11, A.12, and A.13

Lemmas A.11, A.12, and A.13 compose modules that approximate basic functions such as log-
arithm and exponential. The proofs of these basic modules will be deferred to Appendix A.5.3.

First we review basic operations which we will use without a proof (borrowed from Appendix
B.1.1. of Nakada and Imaizumi (2020)).

Composition of two networks. When we want to construct a composition of two networks
NN, € F(J1,51=(...,J), B1) and NNy € F(J, 52 = (J, ... ), B2), a naive way is to multiply
the last layer’s matrix of one network with the first layer’s matrix with the other, where the
parameter bound B, of the new network is jB; Bs. However, the following construction

can bound By, more tightly with one additional layer. Let I/Vi(k) be the parameters of the
kth layer of NN; (i = 1,2). We define

NNy = Wy " VReLU(WS”[-11]) 0 - o ReLU([Wy" WiV][:11])

W(J+1)

o ReLU !
( —wi

] [ 1]) 0--:0 ReLU(Wl(l)['; 1]).

Here WQ(D is a matrix such that (WQ(I))M = —(Wz(l))k,l for all k, [, except that (WQ(I))M =
(Wél))k,l in the column corresponding to the bias term. It is easy to check that NNy,
implements the composition of NN; and NNy, considering that either the first half or

( Wl(J+1)

the latter half columns of ReLU 4 | [ 1]) is zero. Moreover, we have NNy o €

1
F(Jr42, 142, Bigz) with Jio = Ji + Jo + 1, [[F142llee < 2max{||jillc: [[F2]lc}, and Biye <
maX{Bl, Bg}

Identify function. The identity function for d-dimensional inputs is implemented as a
ReLU network with arbitrary depth:

([ 2))eenan( [ 2] s )

Parallelization. When there are multiple networks NN; € F(J;,5:,B;) (i = 1,...,1)
that share the input z, we can construct a larger network NN € F(J, 5, B) that outputs
[NNy;- -+ ; NNy, where J = max; Ji, [|]loe <230, ldilloo, and B < max; B;. Specifically,
we first unify the depths of these networks by composing an identity function with each NN;.
We then concatenate these networks, by making a block diagonal matrix where the block
diagonal parts are matrices of the original networks.

Now we provide the proofs of Lemmas A.11, A.12, and A.13 in order.

Proof of Lemma A.11. We focus on the case of ¢/ = 1, as the proof for £ > 2 follows similarly

(just delete all the P[s]ﬁ terms). We utilize two ReLU networks NNy, (2) and NNy, (),
defined in Lemma A.14 and Lemma A.15. We will determine the values of §' and A later.
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e NNy, (), which approximates log(x) within the error of §' for e™* < z < e#, with
J < (loglog(A/8"))1og(A/8), [|F]lee < A(log(A/d"))?, and B < e? (see Lemma A.14

Y
for construction).

e NNy (), which approximates log(x) within the error of ¢’ for z <0, J < loglog(1/d)-
log(1/6"), |17 llee < (log(1/8"))3, and B < log(1/d") (see Lemma A.15 for construction).

We define NN; and NNy by parallelizing S instances of NN, and NN, respectively.
The function we want to implement is fb(l), which is

D (h)s = 108 e Plsl 70w (s, @), h e RS.

Therefore, we combine NN, ¥ = (P[s]ﬁwfl)(s, a))sa € R%9 and NNy to yield the desired
network. The network parameters are bounded by

J < (loglog(A/8"))1og(A/d"),  |lillee < SA(log(A/d))* + S(log(1/d))?,
B < et +1og(1/0') + B},

Let us determine the value of & and A. Note that, for h € R® with max, h, = 0, we have
1
By2(1—0) < Y ueis Plsl =0 ¢ (s, 0)NNex (ha) < SB3(1 +0). (A.62)

Because we will take 0" < 1, we can assume that (A.62) is bounded by SBj (1 + 0') < 25B;,
and B;Q(l —0') > (2B})~". Thus we let A =log(25K?) in the definition of NNjo,(x). Also,
the overall error ||[NN(h) — fL(l)(h)HoO is bounded by

2
By

5 + % (25B2)d. (A.63)

2
Here, the first ¢’ is the approximation error of log, and IBTfS, is the smoothness of log(t) in
3;2(1 —0) < t, QSBi is the amplification rate of the approximation error of exp (by Zae[s]
1
and multiplying P[s}mwfl)(s, a)), and the final §’ corresponds to the approximation error of

exp. It suffices to take ¢ < F%i to achieve (A.63) < 6.

Now, evaluating the parameters of the desired network with these ¢’ and A, we obtain
the desired bound. O

Proor of Lemma A.12. We use the following basic networks.

® NN (z) from Lemma A.14, which approximates log(z) within the error of § for
e~ 4 <ax <ef, with J < (loglog(A/8))log(A/6), |I7]lee < A(log(A/6))?, and B < e’

® NNipaps(2) from Lemma A.16, which implements 1[z = s] exactly, whose parameters
are bounded by J =1, [||loc < S, and B =S + 1.

~Y
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We define NN; by parallelizing S instances of NNy, while the input z is shared. Also, we
define NN, by parallelizing NNpqq (s = 1,...,.5)).
The function we want to implement is fL(L), which is

FB (2) =log > sels] WP (s,a)ljz = 5], eRS, z € [9].

By combining NNy, a matrix ¥ = (’(/JL(L)(S, a))s.a € R¥*5 and NNy, The network parame-
ters are bounded by

J < (loglog(A/8))log(A/8), |Gl S SA(log(A/6))?, B <e? + By + 8.

~Y

Finally, let us determine the value of A. Because it holds that
_ ¢
Byt < Y g h (5. 0)NNua(s) < B

It suffices to take A =log(By). Also, because the computation of }° g @Z)L(Z)(s, a)NNpa(s)
is exact, the approximation error only comes from NNj.,. Thus, the approximation error is
bounded by 9.

Now, evaluating the parameters of the desired network with A = log(By,), we have the
desired bound. O

Proof of Lemma A.13. Suppose that we have a network NN € F(J, j, B) that takes [h; p,w)]
and outputs

NNy () NNpo(h) L(pa® D) =1] - Le(palO(w) =m®]] . (A64)

Then we compose this with a one layer ReLU network, with the first layer matrix

—Cl;, 0, - —C1
Ikm(é) N : . .
_C]_k _C]‘k P Ok 2km(€)><(k+1)m(5> i
0, —Ci, - —ci, | R ., (0p,1, €RF),  (A.65)
—-C1, 0 - —C1y
~ Lo : : " :
L _C]-k _C]-k ‘e Ok |

and the first layer bias 0, and the second layer matrix

[Ikm(é) _Ikm(é)} .

In (A.65), applying the left columns to (A.64) yields [NNy(x) -+ NN,,y(x) —NNy(x) ---—
NN,,0]". From the boundedness assumption, each element of the obtained vector is in
[—C,C]. On the other hand, the right columns yields —C' in all coordinates but those
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corresponding to NN, ,.-0 () (h) and —NN, .0, (h). After applying the ReLU and the
second layer matrix, we can single out only one NNL(pa(L 0 () (T).

Therefore, when we have a network NN € F(.J, , B) that computes (A.64), we get the
desired network with size

J=J+2, |jl<<lil, B=B+C. (A.66)

Finally, let us construct NN to bound its network parameters .J,5, B. We use the
2(L — ¢+ 1)th dimension of p,, which is cos(%”(”)) to identify the correct rank ¢. According
to Lemma A.16, there exists a ReLU network that implements 1[z = cos(2%)] for each
L= 1,2,.. m(’z), where J = 1, [|f]le = 3, and B = m® + 2671, We need to take
d = min, | cos(27”) COS(M)| = 2sin*(27;). By parallelizing this, there exists a ReLU
network with J =1, ||j|| = 3m®, and B = m® + 4sin"?(2%), that takes p, and outputs
an m)-dimensional vector (Il[/,(pa( D)) =1],...,1[(pat=9(v)) = mY]). Concatenating
this indicator network and NNy, ..., NN, @, we have NN with J = max; J;, ||J]/ec = m® +
2 Zﬁ? 17:]] + 3, and B = max; B; + 2m9 + 4sin™*(25). Putting these bounds into (A.66)
yields the desired bound.

[]

ReLU network approximation of basic functions

Here we construct ReLLU newtorks that approximate basic functions for Appendix A.5.3.

Lemma A.14 (ReLU network approximation of logarithm function). For any A € N, 6 > 0,
there exists a network NNig(x): R — R that approzimates log(z) within the error of 6 for
all v € [e=4, e4], and that belongs to F(J,j = (1,52,73,...,1), B), where

J =4+ ([log,(12A[log,(6A4/6)1?/6)] + 5)[logy([1ogs(6A4/0) 1)1, [l4]lee < 36A[log,(6A/5)17,
B < e

Moreover, the network satisfies —A — 3§ < NNyg(x) < A+ 0 for all z € R.

Proof (1) P1ece—w1se polynomlal approximation. Let us define py = e 4, p; =
,pea = €. By defining ¢y = —A and

¢i(x) = log(min{max{z, pi 1 },pi}) — log piy
= ReLU(log(—ReLU(—ReLU(x - pi—l) — Pi—-1 +pz) +pz) - 1ngi—1>;

we have
log(z) = Y qi(x), e <z <el

Z?jo () = —A when z < ¢4, and 3% qu( r) = A when et < 7.
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i—1
A+

For 1 <i < 6A, consider the Taylor expansion of log(z) — logp;_1 at p;_1 =€ as

K )R (g k _1)K+2 Ky)—pi_ K+1
log(z) —logpi—1 =34, ( i)f < pill> + ! K)—l-l <y( I?)Ji)—lp 1) ’

where p;_1 < y(x, K) < x. When p,_; < z < p;, the approximation error by the first K
terms is bounded by
(—1K+2 (y(K,y)—pi_1>K+1

< Fg(etd — 1) < om (KD, (A.67)

K+1 Di—1

k

[GoY i (1 <k <K). If rj(z) is approximated by a function 7;

T—Pi—1

Let rip(2) = -

in p;_1 < x < p; within the error of ¢, then

ReLU <QO + Z?fl ReLU(Zszl fi,k(—ReLU(—ReLU@ - pi—l) — Pi-1+ pz‘) + pi) - 10gpi—1)>
(A.68)

approximates log(z) (e=# < o < e#) within the error of
6AKS +6A27 K+, (A.69)

Here the first term comes from approximation of r;; and the second term from Taylor
expansion (A.67). Also, —A — (A.69) < (A.68) < A+ (A.69) holds for all . Thus, from now,
our goal is to construct ReLU networks that approximate r; x(x) within the error of §'.

If this goal is achieved, we take

K = [logy(64/4)],

and

) o

"= AR 12ATlog,(6A/5)]

so that the approximation error (A.69) of logx by (A.68) is bounded by 0.
(2) ReLU network approximation of monomials. According to Lemma A .4 of (Schmidt-
Hieber, 2020) (focusing on only one a), there exists a neural network Mult® (z) belonging to

F(1+4 (m+5)[log, k], (1,6k,6Fk,...,6k, 1),1) such that

> [Multh () — 2] < kP27

0<z<1
Then, because p;_1 < x < p; implies 0 < x/p;_1 — 1 < 1, we have

2

pi—1<z<p;

(_1)k+1
e Multf (x/piy — 1) — rig(w)| < k27, (A.70)
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We take m = [logy (K /)] = [logy(12A[log,(6A4/6)]%/8)] so that (A.70) is bounded by 4" for
alli=1,...,6Aand k=1,2,..., K.

We now know that there exists a network belonging to F (1+(m+5)[log, k1, (1, 6k, 6k, . . .,
6k, 1), eA) that approxmates r; ,, within the error of §’. As a result, (A.68) using these networks
yields the desired network belonging to F(4 + (m + 5)[log, K1,5 = (1,...,1),e), where
17 ]l00 < 36AK>. O

Lemma A.15 (ReLU network approximation of exponential function). For any 6 > 0, there
exists a network NNeg,(z): R — R that approzimates exp(x) within the error of § for all
x <0, and that belongs to F(J,3 = (1,72,43,...,1), B), where

J = 4+ ([log,(8[log,(4[log 26~"1/d)]* [log 26~ "1/8)] + 5)[log,([log,(4[log 261 /3) 1)1,
7]l < 12[10g 26~ [logy(4[log 20711 /8)]?,
B < [log26 V2.

Moreover, the network satisfies —6 < NNeyp(x) < 146 for all x € R.

Proof. The proof basically follows that of Lemma A.14. We will show how to obtain the
counterpart of (A.68), and omit the rest.

Let po = —[log26 ], p1 = po+ 3,02 = p1 +1,...,pa = 0 with A = 2[log26~']. By
defining gy = e ?° and

¢i(x) = exp(min{max{z, p;i-1}pi}) — exp(p;-1)
= ReLU(exp(—ReLU(—=ReLU(z — p;—1) — pi—1 + i) + pi) — logpi_1),

we have
exp(z) = Yy qi(@),po < 7 <0,

S () = e < ¢ when x < py, and S () =0 when 0 < z.
For 1 <i < A, we consider Taylor expansion of exp(x) — exp(p;_1) as

—D k . K+1
exp(x) — exp(pi—1) = exp(pi—1) [ZkK=1 = }Zfl) + (y(K’gE)KfS!I) ;

where p;_1 < y(K,z) < p;. Thus, the approximation error by the first K terms is bounded
by 27(K+1).

Let 7 (z) = %(w —pii1)® (1 € k < K). Then, if 7;4(z) is approximated by a
function 7 in p;_1 < x < p; within the error of ¢’,

ReLU (qo + 3 S Fik(—ReLU(=ReLU(z — p;1) — pi1 +pi) + i) — Ingi—l))
(A.71)
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approximates exp(x) (z < 0) within the error of

)
5+ 2AK§ + 242~ K+,

Also, (A.71) <1+ for all .
The rest of the argument follows that of Lemma A.14. Specifically, we take K =

[log,(24/6)] and §' = 2 = 8[10g2(2A/66ﬂ fogzs—17 0 the part (2) of Lemma A.14, and all the

others are identical. O

Lemma A.16 (ReLU approximation of indicator function). Let a € R, and 6 > 0. A
one-layer neural network NNyq defined by

NNy(g(z) = tReLU(z — (a — 6)) + +ReLU(z — (a + §)) — 2ReLU(z — 6),
satisfies
NNy(2) = L[z = a],  for all x such that x < a—d,x =a, orx > a+ 4.

Proof of Lemma A.16. The lemma holds by direct calculation. ]

A.5.4 Self-attention layer (proof of Lemma A.10)

We use the following lemma to prove Lemma A.10.

Lemma A.17. Fiz ¢ € [L]. There exist matrices W%), Wg) € R%*% wjith max; |(Wg))”|,
max; ; |(W§?)”| < log 5#)) such that

(1—cos(2md—1

|(softmax((W P)T (W P)) — A510),,| <6, wveV®,

where IO € R4 s matriz such that It =1 if t(pa®)(u)) = t(pa® (v)) (¢ # L — 1), and
0 otherwise.

By using this lemma, Lemma A.10 is shown as follows. Use W%) and Wg) from
Lemma A.17 to construct

wi = [o W], wo=[o W),

where 0 € R(drtdp)xds
Then, let W) be

W), = m® i=j (20-1)S+2<i<2US+1
v 0 otherwise,
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so that W‘(,e) extracts qff).

Then, the v-th column of (W‘(,é)Q(z))softmax((Wl(f)Q(g))T(Wg)Q(é))) implements the

average of q( ) over u satisfying that L%)j = 1 defined in Lemma A.17 multiplied by m(®,

within the error of m®¢. The number of such u is exactly m®, thus the average multiplied by
m® is the summation. Now the error is m¥)§, so letting § + (m()~14 yields the assertion.

Proof of Lemma A.17. Define the key and the query matrix W%) = I, € R% > and
WS) € R%*d a5

—(L—l)) _Jo ifi=jandi#2(L—{)+1,2(L - () +2
700 otherwise,

for some o > 0 which will be defined later. (From now, we will focus on the case
When L 2. When L = 1, it is obvious to see that the assertion still holds because

(W2 P)T (WL P)),, = 0 for all u,v.)
Then, we have

170 170
(Wi P)T (W P))uy
—a Y [Sm (2m(pa‘L*Z >(u))) sin (2m(pi(f*’“’ >(v))) 1 cos (%L(pi,(if;f >(u))) oS (2m(pa‘L*Z ’(v)))}

m) &) m)

_ 2mu(pall =) (v)) —u(palL =) (u))
=« Ze'ﬂ cos ( @ )

:{ur—n (if o(pat™=(u)) = u(pal(v)) (£' £ ()

(L —1)a — amingz (1 — cos (25 —~ ) (otherwise).

Let us recall the property of softmax. For a € R? with a; = -+ = @y, > Qg1 > -+ > ag
with a,, — a1 = A > 0, it holds that softmax(a); > ﬁ . mt% > 1 —de ™ and

softmax(a); < e ™ (i = 2,...,d). Therefore, for § < 1, by taking a = log WM’ we
have

0

[(softmax((q W) T (qOW ) — A7 T0),,,.] <6

A.5.5 Evaluation of error propagation

To control the approximation error on the optlmal similarity score function, we need to convert
an approximation error of each component flmL, ftf)L by evaluating how component-wise
approximation error propagates in the pipeline. The proof of this lemma requires Lipschitzness
of the basic operations (Lemmas A.45, A.49 and A.50 in Appendix A.8.2), to ensure that the
propagated errors do not explode. We use 7 = (9 so there is no error when considering
the link function.
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Lemma A.18 (Evaluation of error propagation). Assume we have functions ft(x ,(1<e<
L€ [mEX]) such that
| fii (@) — (@)l < 6, Va €[],
(A.72)

179 (h) = £ (B) ]| < 8, Vh € RS such that maxhy, =0, ( € [L—1],

and fmu in the same way. Also, assume that H&@Hoo < ¢ holds for all¢ =L —1,...,0 and
v e VO, Let us take 7% = fO).
C’onsider the update in (A.58) and (A.59). Then, we have the following bound on the

error propagation.:

max, o) Ihis = B oo llse < 0% @mi™ +2) [T apep (2m) +3), L= L—1,...,0,
(A.73)
14
max, & Hthv - qt(x)pa L—0) ||oo <0 X Hz+1<k<L<2m‘E = 3), t=1L,...,1,
(A.74)

and the bounds on the image part follows in the same way. Furthermore, we have
‘SNN - SMP’ <o x [ngsz(Qmi(r? + 3) + H1<£<L(2m(£) + 3)} (A-75)

Proof. First, we prove (A.73) and (A.74). We focus on the language model and the bounds
on the vision model follows in the same way.

We use the induction. Let us check (A.73) for ¢ = L — 1 and (A.74) for ¢ = L. Because
h{&) = plE (A.72) implies that

tx,v txv?

Hthv - thvHOO S J.

By Lemma A.45 and ||5tXU Mo < 6, we have

N h (L-1)
txpa(v tx,v

(25 oo < 2mi mane | £ ) (Toxa) = Fiduy (T lloo +20 < 2(miy) + 1),

tx tx o(u)
uGVtX

for all v € V¥, which confirms (A.73) for ¢ = L — 1 and (A.74) for ¢ = L.
Assume (A.73) for ¢ = L,... ¢ and (A.74) for { = L,... £+ 1 and prove (A.73) for £ and
(A.74) for ¢ — 1.

4
HQEX)pa(L ) qt(:x,'UHOO

= ©) ) ©

— uI?aEB Hftx pall=0(u )(htx,pa(L_z)(u)) - ftx,pa(L—é)(u)<htx,u)||oo
Q) () ()

S urél]?(L) || ftx ,pall— 2)( )(htx,u) - ftx,pa(L*@) (w) (htx,u) || 0o
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4 l l
HIFE oo mgm@@w>—ﬁgwﬁm¢m4wm

<d0+ maX ||htxpa(L O (u héquoo
uthx
<5+5x@mﬁﬂ+znhgwem@+a)
<0 x [Ty, 2m +3), (A.76)

where we used Lemma A.49 for the second inequality. Also,

[

l
tx pa<L £+1)( ) htxv ||OO S Zm‘EX) m}iiX ”thpaL é)( ) q‘Ex),uHOO + 26

<8 x 2m [Tr ., 2m& +3)) + 26
<0 x (2my) +2) [Tz, (2mi) +3),

where we used Lemma A .45 and ||6txv |loo < 6 for the first inequality, and (A.76) for the
second inequality. Therefore, by induction, we obtained (A.73) for all ¢ = L —1,...,0 and
(A74) forall ¢ =L,... 1.

Finally, we bound |Sxy — Sup| to prove (A 70) By using Lemma A.50, and the bound

h’(?()r —h g)r o < 2m +3) and ||, —h® |l < 2m +3), we have that
t t. 1<¢<L t im,r im,r 1<e<L im
ISy — Smp| = ‘f( softmax(hgx)r) softmax(h.(o) ) — f(o)(softmax(hig?r(m),softmax(hi(gr(m))‘

im,r

0
< =0 o lloo + IS, = B 1l

Y4 l
<8 % [[Tycper 2miy +3) + TT1cper (2miy) +3)]

A.5.6 Properties of the message passing algorithm

As auxiliary lemmas, we state boundedness of h,(f), qz(,g)7 P[s|x], and S,. Lemma A.19 omits
the subscripts “tx” and “im” in this subsection because both text and image parts have similar
bounds.

Lemma A.19. Consider the message passing algorithm in (A.51) and (A.52). Under
Assumption 2.5, we have that

£l <logSB, (<0< L), |00 < log B, .

for h € R® with max, hy = 0, and that

1

179 < 2m1og SB, (1 << L—1), AV <2mPlog SB m(l)
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for the variables hS,‘) of the message passing algorithm. Furthermore, the conditional probability
P[s|x] is bounded as

1
BMS_

Pls|a] < 1.

Proof. Because of the update (A.51), one dimension of 1\ is zero, and the others are zero or
negative. Therefore, for 2 < ¢ < L, we have that

(@7)s = (£ ())s = 10g X g 917 (5, @)™ < log SBy,

and (qq(f)))s > —log SBy holds in the same way. Also, for £ = 1, we have

()5 = (f(h))s = log X ey Pls] @

1+ L
and (¢ 0)) —log SB, = holds in the same way.

(e+1) _ fb((f;l)(qu), we have

e (s,a)ehe < logSB m(l)

Also, by using the above bounds on g,

2m log SB 0>1),
1167100 = 21l Suceq t " llse < 2AC(0) maxuecq 1™ 1o < e e
%MlkgSB (0 =0).
Here applying normalize only changes the bound by a factor of at most two.
Finally, we consider the lower bound on P[s|x]. By Assumption 2.5, we see that
mingeg) P[s] > 1/(SBy) and Plx|s]/Plx|s] € [B;Qm, Bim] for any s,s’ € [S]. As a con-
sequence,

Plx|s]P[s] . Plx|s] 1
Pis|lx| = > Pls| - min > .
sl ZS,E[S} Plx|s'|P[s'] — s'els] Ple|s’] — Bimg

]

Lemma A.20. Under Assumption 2.5, the optimal similarity score function (adjusted up to

mlm mtx}

constant shift) S, (@i, T ) = log o P s upper and lower bounded as
_2m10g Bw < S*(wimu mtx) < leog Bi/)’

Proof. Note that

P[wimawtx} _ P[wim’wtx] g Zs P[mim|S]P[3|mtX]

Plaim | Pl ] Plim] > Plaim|s]P[s]

where step (i) uses the conditional independence of @iy, i, given r = s. Since
Pls|@] _ Plxy|s] [ - Plxy|s] x Pl |s]

]P)[S] ZSIE[S} P[mtX’S/]IP[S/] S,S/E[S] ]P’[:th‘sl] ) s,S'E[S} P[J}txysl]

by Bayes’ formula, it follows from Assumption 2.5 that Plx|s]/Plxw|s] € [B;zm, Bzm].
Putting pieces together yields the desired result.

exp(Si(Tim, Tix)) =

]
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A.6 Proof of Theorem 2.12

A.6.1 Overview

To predict x;, given o, and z;, the message passing algorithm is the algorithm for computing
the Bayes optimal denoiser. We describe the algorithm in Appendix A.6.1, and discuss how
to implement the message passing algorithm using transformers in Appendix A.6.1. This
section mainly focuses on the image part and sometimes we omit the subscript “im” from,
e.g., mi(ﬁ) and diy,.

m

Belief propagation and message passing algorithms

The message passing algorithm for the conditional denoising problem consists of the text part

and the image part. The text part is the same as the procedure (A.51) and (A.52) in contrastive
learning, which computes hE?{?r = (log P[s|@x])seis) € R® from hg?v = Tixo (V E Vt(f )). The
image part is divided into two processes: downsampling and upsampling. The image part
first conduct the downsampling process to compute hEO) from z. Then, combining this A

with the output of the text part A9 the upsampling process of the image computes b

tx,rs
for each node v € Vi(HLl), so that softmax(bq(,L)) is exactly equal to (P[Zim, = 5|2t Tix])sc[s-
Intuitively, the downsampling process aggregates the information from the leaves to the
root, while the upsampling constructs estimation of leaf nodes from the root to the leaves.
Outputting the weighted average of s with respect to softmax(b%v)) yields the Bayes optimal
denoiser (M, (21, Tix))y Of Xim. We formally define the procedures for the image part in the

following.

Downsampling. The downsampling process of the image part aggregates information from
the leaves to the root of the tree. It starts with A" = normalize((—t(s — 20 /)% /2)sels) €

RY (v € Vi(rﬁ)), and computes (qq(f))v oy and (hg))vevﬁ“ in the decreasing order of /.

im ezL,...,l,
hg_l) = HOI‘mahZe(ZuGC(v) ql(l»g)) € RS7 CAS Vi(rfl_l)7 l= L,... L

4 l {4 l
(]z()) = fLL)(v)(hz(z)) € R%, ve vl

Computation of qq(f) and A from AYY is called the (-th step of the downsampling process
(of the image part). Here, f f? are defined as

(17 () =108 Y oeis Ui (s, @)™, R ERS, s€[S], ¢=L,....1,

1
This is also the same as (A.51) and (A.52) in contrastive learning, except that P[s]=@ is not

needed for ¢ = 1.
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Upsampling. It starts with combining the information of the text part and image down-
sampling. Then, the algorithm computes the prediction of x;, from the root to the leaves.
The update is written as

b<°> =1 + hY. € RS,
f(e) (normalize(gl()izlf)) — qq(f))) +nl e RS wve Vlm, (=1,...,L, (A.77)
(m*,t(zt, Tix))o = Doseis) S softmax(BE,L))S, v E Vlm , s €19]
where
(f1(h))s =1log i Ui (. s)ehe, heRS se[S], £=1,... L. (A.78)

The update in (A.77) is equivalently written as (note that b(z 1) g = holds)

1rnv

bV = normalize(h + htx1r — l(m)v) € R, v e V11111)7
by = normahze(flmm(pa(v (b)) +hidy =) eRS, we VI t=1,. L-1,
bty — normalize(f (bv ) Ty ) € RS, CES Vl(rﬁ :
(M (24, T ) o = Zse[s] 5 - softmax(b(L+1))s, v E Vl(i , s €19]

(A.79)

Computation of b is called the ¢-th step of the upsampling process (of the image part).
We will approximate (A.79) instead of (A.77), because we want to avoid complication about
normalize. Specifically, while our transformer block consists of the feed forward, self-attention,

and “normalize”; applying subtraction (bga 5)) 1(,@) “normalize”, and nonlinear transformation

f fé) cannot be done in one block.

The correctness of the message passing algorithm is formally stated as follows. Because of
this, taking the weighted average of s with respect to softmax(bfm ,) yields the Bayes optimal
prediction of @x;,,.

Lemma A.21 (MP is the optimal denoising algorithm). When applying the message passing
algorithm introduced in (A.77) and (A.78), it holds that softrnax(bgL))s = PZim» = 5|21, Tix]
forallv e Vi(rﬁ).

Proof. Regarding the joint generative hierarchical model as a single tree, the message passing
algorithm for this case is directly adopted from (MP-DNS) of Mei (2024). O
Approximation with transformer networks

We approximate the message passmg algorithm with transformer networks. We denote a
transformer approximation of htx » = (log P[s|@x])sers) by htx 4. € R®. This can be obtained
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by NNWe constructed in contrastive learning, or a transformation of Et\x(zctx) in the two-stage
training. Specifically, we let

hég?dtx = log(truny (Eex(@4x))), where truny(2) == proj[exp(,Bgd)’eXp(Bgd)](z) (A.80)

and BE, = 4mlog(By) + log S. We let

re

S = ||h2, — h§§3d|yoo (A.81)

tx,r
denote the approximation error of hg? d..- We will see how the final approximation error
depends on d¢, in later sections. We will use the numbering of nodes defined in Definition A.1.
Let h$® = A" = normalize((—t(z — Z10/1)?/2)seis)) € R® for all v € Vi(lﬁ). After the
positional encoding Embegm, we obtain the initial matrix H®) such that

0
L = th) h(L) h(L) de+dp)xd
H( ) — Embcdm(z’ Etx(wtx)) = h(o) h(OQ) h(éi) c R( f+dp) X ’
tx,dix tx,dix T tX,dtx
P

where P € R%*4 is a matrix that encodes the positions of the nodes, and the output of
the text model hgi,)dtx is concatenated with every pixel. Here the dimensions are defined as
di = (3L +3)S and d, = 2L.

The text network has (2L + 1) transformer blocks, and the structure of each block is the
same as contrastive learning. The first L blocks approximate downsampling, and each block
is called the (= L, ..., 1)-th block of downsampling using the decreasing order. The latter
(L + 1)-blocks approximate upsampling, and each block is called the ¢(=0,..., L)-th block
of upsampling using the increasing order.

First we consider downsampling. Starting from H"), we iteratively construct H® &
R(tdo)xd gndg Q) € Rldrtdo)xd.

_ 0 - _ 0 -
l ¢ / / / /
RO RO L o g@  q® ... qO
) __ .L .L . 'L ) __ :L :L K :L
HO =1 a? o a? | Q7= 1d oY o a
NN RN (2 NN RN (2
(0) (0) (0) (0) (0) (0)

htx,dtx htx,dtx e htx,dtx htx,dtx htx,dtx e htx,dtx

Here h{" ((=L,L—-1,...,0) and g\’ (¢=1L,L—1,...,1) are S-dimensional real-valued
vectors. Except that their column dimension is different, H® and Q® are the same as
Appendix A.5.1.
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In the ¢-th block of downsampling, the feed forward layer FF“), a fully-connected ReLLU

network, receives H® and outputs Q) by computing qq(,e) from hq(f):

0 (6 R((2Z+L)S)xd)

4
Q0= HO {FFOHO)=HO ¢ [0 O ... O |,
skip connection 0 (E R(dp'i‘(QL—%-l-?)S)Xd)

Then, the self-attention layer Attn uses Q) to construct H¢=Y as

HEED = normalize( QY —{—Attn(g)(Q(g)))
<~

skip connection
0 (E R((2£+L—1)S)><d)
= normalize <Q(£) + |* (e RS*9) >
0 (6 R(dp+(2L—2Z+3)S)xd)
Here x means [hgeil) hggil) e hgfl)] before normalization.
We then consider upsampling. After we obtain H(®, we iteratively compute B (£ =
1,...,L+1):

i 0 i
l 4 l
b b b
ORI b
BY = | o o ay’
0 oY a;”
L L L
I |

htX,dt htX,dtx T htx,dtx
i p i

Here, b{" (ve v

m

¢=1,...,L+1) are S-dimensional real-valued vectors. The ¢-th block

)

of downsampling computes B¢+ using a feed forward network FFg with normalization:

0 (€ R(E-D9)xd)

B = normalize( B +FF%€)(B(€))> =B ¢ [plD pFH bg“)
skip connection 0 (6 R(dp+(2L+e+2)S)Xd)
(A.82)

For ¢ = 0, replace B® by H®. For upsampling, we do not need the self-attention layer. It is
simply ignored by just setting Wy, = 0 (and remember that we still have the skip connection).
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Finally, we will obtain bij+ ). that approxmlates by (“+D In the readout layer readcgm, we
compute the prediction of @iy, based on by (L+1),

In the following, our goal is to iteratively show that, for all v € V. (L)

m 7

for all v € 2

(v) i

0 1.0 0 (0 0 1,0
) & oy W R Gaaoey PV R B
((=1L,...,0for hq(f), ¢=1L,... 1for qu), and / =1,...,L for be)), and
p(L+1) o p(L+D)

We will now formally define each component of the pipeline.

Encoding Emb.,. The positional encoding is the same as the one for contrastive learning
(A.55). The vth column of P, p,, is written as

po = [sn (22 cos (2249 s (2 cos (2t
2mi(pal=b (v)) QWL(pa(L_l)(U)))}T

sin ( ey ) Cos ( ey

(A.83)

For two-stage training, where E;(a:) approximates Eg ,(2) = P[s|@], we define hEg?dtx as
0 —_~
e = (log trune(Eux()).)sefs)
Downsampling: position-wise feed forward block. Similarly to the contrastive learning,

the feed forward layer at the ¢-th block yields

L
qq(f) h —i—f A(palE- 4)(v))(hf)), UEVi(m)

Thus, when h{? ~ h{? for v e Vi(lfl) and £ ~ f9 we have ¢ ~ ¢ for v € Vi(rfl).
Following the notation in Definition A.2, we state the following approximation error
guarantee.

Lemma A.22 (Approximation error of feed forward layer, downsampling). Fiz ¢ € [L]

and § > 0. Assume that B;l < wb(g)(s,a) < By for all s,a € [S]. Then, there exists an
NN € F(J,j,B) such that

¢
INN([B: po]) = 1) pai oy )llee < 6 v € VY,
for all h € R® with max, hs = 0. The network parameters J,j and B are bounded as follows:

J S (loglog(SBy/6)) 1og(SBy/6), 3]lee S m“S(log(SBy/5))* + L
B < 25(B} +10g(SBy/5)) + (m“)2.

This is the same as Lemma A.9, except that (fﬁ)(h))s =log > .cis) wi(ﬁb(s, a)es for £ = L
and 1. It is easy to see that the proof of Lemma A.11 covers these cases, and thus we do not
repeat the proof.
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Downsampling: self-attention block. The self-attention layer Attn'” of the ¢-th block
({=L,L—1,...,1) yields

hq(,efl) = normalize( > qq(f) + 61(,151)) .

L(palt=E) (w))=u(paL—) (v)) (£'#0)

Here normalize(x)s = x5 — maxxy. Please refer to Appendix A.5.1 for interpretation of the

summation. We can see that, When g\ ~ q( )(L 0y and Hé(e b loo < 1 forv e V) we have

h{f=1 Nhe(Ll D forv EV
pa
Following the notation in Deﬁnition A3, we have the following approximation error

guarantee.

Lemma A.23 (Approximation error of self-attention layer). For ¢ € [L], there exists
Attn € A(D, B) with D = d; + d,, and B < log(do™') +m® such that

0 (€ R@HL+DS)
¢ -1
Attn(Q(Z)) — Z qg) + 51(1 ) (E RS) ,
palE=) () =u(palt—) (v)) (¢'£0) o
0 (€ Rib+RL-2641)8) —
where 85" € RS satisfies H5 (=) HOO < d max, qu Il oo-

Because the only difference from Lemma A.10 is the dimension of zeros, we do not repeat
the proof. See Appendix A.5.4 for the proof of Lemma A.10.

Upsampling: position-wise feed forward block. The upsampling is implemented with

(L + 1)-transformer blocks indexed in increasing order £ =0, ..., L, where the ¢-th block of

(£)

upsampling consists of a feed forward layer FF." with skip connection and normalization.

The ¢-th block of upsampling computes p{) from h{) , qfﬂ) and b’

b = normalize(hv0 + htidt qg})) € R, v E Vi(rﬁ), (A.84)
b+ _ normalize(fgz(pam@(U))(b )+ b — g eRrS, weV® r=1,..., L1,

(A.85)

by = normalize(f1 1, (b1”) + i) € RY, vevy. (A86)

For each update, we can track the Corres ondence with the message passmg algorlthm.
Spemﬁcally, for (A.84), when h{" ~ p" , qv ~ q (L D)’ and htg)d ~ htxr for v € V&

1m’

have b)) ~ b A for vE V( Similar discussion holds for (A.85) and (A.86) as well.

We will show the following approximation error guarantee of fT(i)' Since it is easy to
concatenate zeros to the first and last layer matrices and adjust the input and output
dimensions, below we present the network NN as a function between relevant dimensions for
simple presentation.
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Lemma A.24 (Approximation error of feed forward layer, upsampling). Fiz ¢ € {0,..., L}

and § > 0. Assume that B,' < W (s,a) < By for all s,a € [S]. Then, there exist
NNy, NNy, NN;3 € F(J, 3, B) such that

NNy ([h; b q]) = h+ 1" —q,
INNa([55 73 @5 p]) = (£ aimioy @) +h =)l <0, v eV, (=1, L—1
INNa([b: iz pu]) = (110, (B) + B |0 < 6 veVy (=L,
for all h, W, q,b € RY with max, by = 0. For all of these networks, the parameters J,j and B
are bounded as follows:

J < (loglog(5By/0))10g(SBy/9), (17l <

<m®WS(log(SB,/9))® + L,
B < 25(B;, +10g(SBy/6)) + (m(9)2,

The first network NNy is just a linear mapping, represented as [Is Is Ig]. The proof for
NN, and NN3 is mostly the same as Lemma A.9. The only difference is to add h — ¢ (or h)
0
a(pat=0) (v)
we omit the proof of this lemma. See Appendix A.5.3 for the proof of Lemma A.9.

after computing f f (b), which is easily done with one additional layer. Therefore,

Normalization. In the attention network, since column vectors of H®, Q©, and B®
are a collection of multiple hq()g), qg), and bq(f]), we adopt a slightly different definition of
“normalize” for these column vectors, from the one for S-dimensional vectors. Let x =
BEHD) .. b1 KO g D) ) hE) b p| € i+, where h,h©(¢ = ..., 0),q0 (¢ =
L,...,1),b® (¢ =1,...,L+1) are S-dimensional real-valued vectors and p € R%. We define
normalize as

- h(o) -

qV — 15 max,es qgl)

h() .
q® — 1gmax,csql” 1
normalize(x) = : cRUT  14=| | €R".

q) — 1gmax,csq®) 1
h(ZL)
h

i p J

For a matrix with its column dimension d¢ 4 d,,, it is applied in a column-wise manner.

R(ea()iout layer read.ym. In the readout layer, we output the prediction M, of x;, from
b{F ) as

Mi = readeam(BE0) = 30 g5 - softmax (b ™), v e V&), (A.87)
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The whole pipeline. Putting it all together, the neural network approximate the message
passing algorithm (for the image part) in the following way. The downsampling process is
approximated as

¢ ¢ ¢
qi(f) - fﬁ,b)(pa(L_z)(v))(hgz )) € RS, ve Vfr?? t=1L,...1,
hg*l) :normalize< ) +5e D) € R, ’UEVnn , ¢=L,..., 1
u(pall=) (u))=u(pal=") (v)) (4’#)
(A.88)
Let hig?d ~ htX]r The upsampling process is approximated as
b&)’v = normalize(hvo) + hég?dtx - qq(jl)) € R, RS Vlm )
D — normahze(fgz(pa@_l)(y))(b ) +h? — g e RS, e Vlm ,0=1,...,L -1
i) — normalize(fgzv)(bgm) + hq()L)) € RY, v e Vlm )
Mt,v = ZSE[S} S SOftmaX(bT(JLJrl)) € RS? vE Vim ’
(A.89)

For two step training, the hypothesis class to which a tuple (TFcgm, Adap) belongs is
defined as follows, formally restating (2.22). For joint training, the parameter space ©%°7 , 1, 5
is defined in Appendix A.6.3.

Definition A.5 (Eq. (2.22), restated). We say the collection of the parameters of (TF .4, Adap)
belongs to O ;p.p g if the following holds: The image transformer network TF y4m has L
blocks of feed forward (Definition A.2), self-attention (Definition A.3), and normalization. In
each block, its feed forward FF and self-attention Attn satisfy

FF e F(J,5 = (D,*,---,%,D),B), with ||j|l.c < D', Attn € A(D,B).
Furthermore, the adapter satisfies

Wi e RSM g c gMxS gy < poyw®) < B

ada ada

The rest of this section is organized as follows. Appendix A.6.2 proves Theorem 2.12,
using Lemmas A.22 to A.24, as well as the bound on the propagation of the intermediate
errors Lemma A.26. Appendix A.6.4 proves the error propagation lemma (Lemma A.26).

A.6.2 Proof of Theorem 2.12
Define

—k 2
Rcdm,t = E(wim,mtmzt) [H:Bim - m*,t(ztv th)H2:| )
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where M, (24, Tix) = By 0,20~ s [ Lim | 2t; Tix) . Similar to the proof of Theorem 2.10, we
have the following decomposition:

]E(azim,:ctx,zt) [Hm*,t(zty mtx) - M;e\(ztv Etx(mtx)) ||;]

9 —*
= Rcdm,t(Mt ) EtX) - Rcdm,t
. 0 B* 0 . 6
= inf Rcdm,t(Mt ) Etx) - Rcdm,t + Rcdm,t(Mt ) Etx) - inf Rcdm,t(Mt ) Etx) .
0€O,, 5 p.p'.BM 0€9,, 5 p.p'.B,M
A Vv 4 ~ TV d
approximation error generalization error

We claim the follow bounds on the approximation and generalization error which we will
prove momentarily.

(a). If we choose J = O(L), D = O(SL), D' = O(mSL?), and B = O(Lg+ (SL+m2)vVM),
then the approximation error

inf Rcdm,t(Mtoa EtX) - Rcdm,t

0€O,, ;b BM

<dp - O (\/ (SLPm” + M)SPLY | orpa (SuH(S) + i)) . (A.90)

n M

(b). Under the same choice of model class ©y, ;p pr. 5 v, the generalization error

Rcdm,t<M§7 Etx) - inf Rcdm,t(Mtea Etx) S 6 (dim : \/<
n

0€O, ;1 p.p'.B,M

SL¥m? + M)S5L3)

with probability at least 1 — 1/n.

Combining the claims yields Theorem 2.12.

(a) Approximation error. Take some ¢’ > 0 which will be defined later. For the feed
forward layers, we use Lemmas A.22 and A.24 with § = ¢’ < 1. For the self-attention

layers, we use Lemma A.23 with § = ‘5—/“)“. Following the argument in the proof of

maxy ||q

Theorem 2.10, q) fb(pa@ 0()) (h$") is bounded by 3(1 V log SBy), and 0 in Lemma A.23 is

bounded by ?JTgSBw)’

The error from each operation is then bounded by ¢ in the || - ||-norm. Now we can
apply Lemma A.26 to obtain that

1My (20, Evn(#10)) — as(21, o) |2 < d2, 8541525 x TTicper (2mis) +3) + &2 S,
< dfm40L+1525 + di?mSZ(StX
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We choose

, 1 ((SL8m2 + M)S5L3> 1/

= 401,52 n

with m = max{maxy, mgi), maxy, mi(r];)}. Moreover, from Proposition 2.9, the definition of i
in Eq. (A.81) and Lemma A.19, it can be verified that there exists some Adap(-) in Eq. (2.20)

such that, |[W.|lop < C'Li, W24 < C'(SL +m2)v/M, and

ada

g, 0% < Eq || 1og trune (B () — 10g B (@) |2 < CS? - By [|Eve (@) — B ()2
<CS%* L% L% p, - (Suff(S)+ M~Y) < CS®. L% . (Suff(S) + MY

for some C,C" > 0 depending polynomially on Bf, where the last line follows since p, = S,

and Lp < cBim by Lemma A.20 and the fact that T;! = exp(-). Putting pieces together,
according to Lemma A.9 and Lemma A.10, we now know that there exists some parameter
0 € Oy, ;p.p p such that bound (A.90) is satisfied and

D <di+d, =3SL+2L = O(SL),
J < (loglog(SBy /8") log(SB, /') = O(L),
D' = ]l $TS(og(SBy/8))? + di + d, = O(MSL?),

dlog(SBy)

5 + (Lp + (SL +m*)VM)

B < S(Bj +10g(SBy/d")) +m* + log
— O(Lp + (SL +m*)VM).

(b) generalization error. Since I\/If is the minimizer of ﬁcdm’t(M?, Eix) defined in Eq. (2.21),
we have

Ragm:(M? Ep) —  inf  Regme(M?, Eqy
d Vt( B ) 0€09, ;p.p'.B,M d ’t( B )
S 2 sup |Rcdm,t(M?7 Etx) - Rcdm,t(Mt97 Etx)‘- (Agl)

0€O,, 5 p.p'.B,M

Next, we verify the conditions for Lemma A.51 and then apply the lemma to derive an upper
bound for the R.H.S. of Eq. (A.91).
In Lemma A.51, take © = Oy sp pr.par, p(0,0) =10 — ||, 2z = (i, 2@, zt(l))7 and

1 . : .
1(2:0) = o [lm® = ME(21", Bux(nc®))]

Verification of condition (a) in Lemma A.51. We note that the set O jp pr g with metric
p(0,60") = |6 — @'| has a diameter B, := 2B. Furthermore, the dimension of ©, jp pr g m is
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bounded by d, == (J +3)(2L + 1)(D + D' +1)2 + S + 25M = O(S2L¥m? + 2SM). Thus, by
Example 5.8 in Wainwright (2019b), we have log N (A; O s p. o5 |||) < dplog(142r/A) <
d,log(2A,r/A) for A € (0,2r] with A, = 2.

Verification of condition (b) in Lemma A.51. Since f(z;;8) is 4d;, S?>-bounded by the con-
struction of M? and the fact that ||Zim||e < S, it follows that f(z;;0) — E[f(2:;0)] is
o = ¢S%-sub-Gaussian for all @ € © L.J.0,p',B,M for some numerical constant ¢ > 0.

Verification of condition (c) in Lemma A.51. By Lemma A.43 and the boundedness condition,
we have

F(z:0) — f(z:0)]
LM (2 Ene(@n®)) — MO Ene(an®),

<
- dim
22 — MY (2{”, Ee(@. ) — MO (2", Eix(2.?)))]
45 / i 7 %
__Vr_HM9< Y En(@u?)) = MO (2, Ece(@ )2
< Bs|6 — ¢,

where By = ((CB)ISJLSQBf’ead log® m)25*2 exp(2Bread) and Bieaq = 4mlog By. Therefore, we
may choose ¢/ = By and condition (c) is hence satisfied.
Now, invoking Lemma A.51 and plugging in the values of d,,0,0’, A,, B,, we find

sup |Reamt(M?, Etx) — Ream(M? Eqy)|

€O, ;b .B.M

< dco \/dplog(QAp(1+Bpa /o)) + log(1/n)

n

géﬁ%wamﬁ+Mme%wm)

n

with probability at least 1 — 7. Setting n = 1/n completes the proof.

A.6.3 Joint training of denoising function and text representation

In this section, we analyze the sample complexity of jointly learning the conditional denoising
models (CDMs) and the text representation within the JGHM framework. Following the setup
of Section 2.4.2, suppose we are given a dataset of iid samples {(z,gi), iV, wtx(i))}ie[n] ~iid
,U/*,t-

The conditional denoiser is modeled as

MO (2, Eix(1x)) = readeam © TFeam © Embegm (21, Eix (Tix)),
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where Ey (1) = NN?*(x,,) as defined in Section 2.4.1, and the remaining components are
the same as defined in Section 2.4.2, except that in the embedding Embgq,, we let

P

hég?d:t/m\nt/x(Etx(th)), where truny(2) = proji_gu pu (2),

read’~read

in contrast to Eq. (A.80). During pre-training, we optimize the parameter @ = Wy, while
hoding readcgm Embegm as fixed. More specifically, we find the model via empirical risk
minimization

0= argmin {ﬁcdm,t(Mf, Ei) =1 ZZ 1 ||a31m Mo(zt , Ex( L) H } (A.92)

cdm
0€®L J,D,D’,B

where the parameter space is defined as
OFm b gy = {chm, Wi, as defined in Eq. (2.16); (A.93)

4
|||0|” = e[J+1] ée[2L+1 {” 1cdm||0p7 ||WQ cdm||0p7 ||WK cdm||0p7 ||WV(cc)im||0p}

© <B}
Vo I Rekllops [T lops 1k Gl llops [PVt llop

Similar to Theorem 2.12, we have the following result

Theorem A.25 (Estimation error of conditional denoising function, joint training). Suppose
cdm

that Assumption 2.4 and Assumption 2.5 hold. For simplicity, assume t = 1. Let ©F 7 g
be the set defined in Eq. (A.93), where J = O(L), D = O(SL), D' = O(mSL?), and
B = O(SL +m?). Let 6 be the empirical risk minimizer defined in Eq. (A.92). Then, with
probability at least 1 — 1/n, we have

1 5 9 [ [s61117m2
E vz | 7 [t (21 @) = ME (2, ()3 < O (, /T>,

where O hides polynomial factors in (log(mSLn), (By)™).

Proof of Theorem A.25. The proof follows from the same arugment as the proof of Theo-
rem 2.12, thus we only highlight the differences here. Similar to the proof of Theorem 2.12,
we claim that

(a). If we choose J = O(L), D = O(SL), D' = O(mSL?), and B = O(SL +m?), then the

approximation error

- S6L11—2
odnt Ream (M7, E) = Rigm < i O (\/Tm)- (A.94)
e cam

L,J,D,D' B



APPENDIX A. APPENDIX FOR CHAPTER 2 142

b). Under the same choice of model class O™ , .. the generalization error
L,J,D,D',B> g

,\ ) - /SGLllmQ
Rcdm,t(Mfa Etx) - ee@cdlnI}f Rcdm,t<Mt07 Etx) S O (dlm : T)

L,J,D,D',B
with probability at least 1 — 1/n.

Combining the claims yields Theorem A.25.

(a) approximation error By using the same parameter choise as that in Theorem 2.10,
we have

S <0 ] @mi? +3) < 55dys

1<k<L

according to Eq. (A.73). As a result, we may choose ¢’ = —W and obtain Eq. (A.94).

(b) generalization error Likewise, we verify the conditions for Lemma A.51. We take
O = @CLO!?,D,D’,Bﬂ p(07 0/) = |||0 - Glma Zi = (wim(i)v xtx(i)u ZEZ))a and

1 , ; ,
1(2:0) = [z = M7 (2", Bl )

Similarly, it can be verified that condition (a) in Lemma A.51 is satisfied with A, = 2, B, = 2B,

and number of parameters d, = O(S?L¥m?); f(2;;0) — E[f(z:;0)] is 0 = ¢S?-sub-Gaussian
for all 8 € 5™, 1/ ; and similar to Lemma A .43, it can be verified that

1f(2;0) — f(2;0)| < B;|0 — @', where Bj:= ((cB)®/15°B3

read 10g3 m)3L+3 exp(zBread)-

Finally, invoking Lemma A.51 and plugging in the values of d,, 0, 0", A,, B, yields the desired
bound.
O

A.6.4 Evaluation of error propagation

Similarly to Lemma A.18 in Appendix A.5.5, we evaluate the propagation of the errors.
We denote the estimation error of hEg?r by d¢, so that Lemma A.26 can be used for both
simultaneous training and two-stage training. For simultaneous training of the image and
text models, the error propagation lemma for contrastive learning (Lemma A.18) can be used

to bound .
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Lemma A.26 (Evaluation of error propagation). Assume we have functions f L]L) , fT J(1<
(< L€ [mEX]) such that

19 (h) — £ (M)l < 6, Vh € RS such that maxhy =0, £ € [L],
’ ’ s€

1A (h) = £0(h) | <6, Vh € R® such that maxhy =0, £ € [L],
’ ' s€

and H6 ® Hoo < § holds for all ¢ = L —1,...,0 and v € Vi(nLl). Moreover, we assume that
||h‘é?()r - ht?()thHOO S 5tx-

Consider the approximated update introduced in (A.88) and (A.89). Then, we have the
following bound on the error propagation:

¢ ¢ k
max, ey Hhiv)d N hi i(pa(L 0 (v)) ||oo <0 x H£+1<k<L(2mi(m) +3),
k
max, cyo) ”qiv - qi L)(Pa(L (v Hoo <o x H£+1<k<L<2mi(m) +3),
maX V(Z) ||b - b(e)(L—Z)(v)”OO S 885 X HISkSL(le(m) + 3) + 5tx,

max, o (166 = B o < 85416 x T,y (245, + 3) + G
Furthermore, we have
max, o) [[Meo — (Meae(2e, @) olloo < 851528 x [[iper (2miy) +3) + S%0. (A.99)

Proof. The bounds (A.95) and (A.96) are the same as (A.73) and (A.74) of Lemma A.18.
Thus let us focus on the upsampling process of the image model. We will prove (A.97) using
the induction, using (A.95) and (A.96). Until the final part let us assume 6, = 0.

First, we prove that (A.97) holds for ¢ = 1. For v € 1%

11’1’17

we have

1 0 0 1 0 0 1
168 = b0y oo < 201087 + 0D, — at? = (B + A = ¢y )l
0 0 0 0 1 1
< 2[h” = Ao + 200Dy, — P oo + 2108 = ¢ Lumny )l
< 44 x ngkgL(Qmi(r];) +3),

where we used Lemma A.45 for the first inequality and (A.95) and (A.96) for the last
inequality.

Then, let us assume that (A.97) holds for ¢ and prove it for +1 (¢ =1,...,L —1). For
ve

m

we have

+1
||b(€+1) b;;(_L)IZ b ||Oo

é /1
)+ hY — D Il

pa<L Z)( ) pa(L l— 1) v)

<2HfL a0 oy (D)) hE =i —(f

£)
<28 iy ) — £ iy O
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+ 2|17 pa@ o 3 BO) = £y O )l

+ 20 = B oo + 20108 = il
<26+ 2] = by oo + 200 = Al + 201 =g il
<2042 x 8% x ngkgL(2mi(1];) +3) +40 x H1§k§L(2mi(m) +3)

< 8§ ngkgL(Qmi(I];) +3),

where we used Lemma A .49 for the first inequality and Lemma A .45 for the third inequality.
Now (A.97) is confirmed for ¢ 4 1. In the same way, (A.98) is proved. Note that softmax is
1-Lipschitz with respect to the || - ||« norm. Thus, the bound (A.99) directly follows from
(A.98).

Finally, we consider how the error from the text model &, propagates. For this, we only
need to bound how the message passing algorithm changes, because the difference between
the message passing algorithm and its neural network approximation is already bounded.
According to Lemma A.27, that is bounded by S?6;,. Now we have obtained the assertion. [

Lemma A.27. Suppose that we run the ugvsamplmg process of the message passing algorithm
(A.T7) by changing hO to WO with ||h’ — ||Oo < 65 while all the others are the same.

tx,r tx,r tx,r tx T
Then, the deviation of the new optimal predzctzon m/ ., from m,,, is bounded by

*,t,v

||m*t'u m*tv”oo < Szdtx

forallv e Vi(nLl)

Proof. Because of softmax in the final part of Eq. (A.77), we do not need to consider normalize
in the message passing algorithm. Thus, let us consider how the change in hﬁ?{?r propagates in
the following pipeline.

blm r o hlm r + hg)()r € RS
(t—1 ¢
IIHU flmTLv(lmp;i(v) C]( )+h1my€RS> UGVI(IH)7 g_l L
Mt =D ocis] S softmax(bfm ) € R?, v E VI(HI; :

According to Lemma A .49, we know that the Change of blmv evaluated by || - ||co-norm is
bounded by the change of blm v) Thus, the change of blm o is at most dy, in the || - [|o-norm.
Moreover, softmax is 1- L1psch1tz with respect to the || - ||oo-norm, and s is bounded by S,
which yields that the estimation of each leaf variable changes at most S?d;,. [

A.7 Proof of Theorem A.2



APPENDIX A. APPENDIX FOR CHAPTER 2 145

A.7.1 Overview

This section solves the problem of estimating the posterior probability of the next word

P (Tt i1 | Timy Tee 15 - - - Tixei) fOr every @ = 1,... di — 1 in parallel. In this overview section,
Appendix A.7.1 first introduces the belief propagation algorithm, which exactly calculates
P (Ttc,it1 | Tim, T 1s - - -, Tixi) for each fixed i. We then discuss how to parallelize the belief

propagation algorithm into the message passing algorithm in Appendix A.7.1, and finally
explain how to implement the message passing algorithm with transformer networks in
Appendix A.7.1.

In the following, we identify nodes and integers by following Definition A.1. When we
refer to v + 1, it means the leaf node w such that v = v + 1 in the interger representation of
Definition A.1. We remark that, although the next node v + 1 is not defined for v = dy, we
do not separate the case of v = di, when we use the notation v 4+ 1 in the following, because
how to deal with the case of v = dix does not affect the prediction of @iy, ..., Tix g, . Also,
the discussion mainly focuses on the text processing, and therefore we sometimes omit the
subscript “tx”.

Belief propagation algorithm

To predict an unobserved leaf node of the text, the belief propagation algorithm can ex-
actly calculates the posterior probability. Suppose that we have P[s|®;y,]| (, which can be
approximated either by the transformer network NNinim in the contrastive learning or by the

text embedding in the two-stage training). Given this, the belief propagation consists of the
downsampling

1
Vﬁ)(xgﬁ)v) = Il[;z:é}f)v = Tixo) (V< 0), g (otherwise), v E Vt(XL),
0, (¢ 41 ¢ 1)\ (6+1), (641 ¢
Viz(xgx)v) O(ZIES—CI()U) Hv'ec@) (ngj(g,)(xﬁva, xng:,))yi; )(xixz,))), v E Vt(x)7 (=L—1,..., 1.

(A.100)
and the upsampling
0 0 0
Vi (i) = Bl i)
L 4 -1 L -1 -1 4 L
V’F,l)) (xgx)ﬂ)) X Zw“_l) “ 77Z}(Z> ("L“Ex,pa)(v)’ :EEX),C(pa(U)))Vépa(zj) (xt(;x,pa)(v)) H’U’EN(U) Vil))’ (:L‘i(;x),v’)7

tx,pa(v) ’th,N(v)
vepald@i4+1), £=1,... L
(A.101)

These beliefs v are normalized so that >, v, = 1. The correctness of this algorithm is formally
stated as follows.

Lemma A.28 (BP calculates the posterior probability of the next word exactly). When
applying the belief propagation algorithm shown in (A.100) and (A.101), it holds that

Vﬁz (iUtx,z‘+1) = ,u*(xtx,i—i-1|mima Tix,1y - - - 7$tx,z')-
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Proof. Referring to classical results (Pearl, 1982; Wainwright et al., 2008; Mezard and
Montanari, 2009), when we replace l/é )( Oy« Pla{” @] by the unconditioned V(?r)(xgo)) x

IP’[JUEO ] in (A.101), it holds that lel(xtmﬂ) = Uy (Tixit1|Tex1s - - - Tixi)- 1t 1S Obvious to see
that using 1/@ (:cgo)) = ]P’[:cgo) |&im| corresponds to conditioning on @, and that 1/1(\7[2,’_1(3%)(’7;4,1) =
H*(«Ttx,i+1|xim7 Ttx,1y - - - )xtx,i)' [l

Parallelization with message passing algorithm

We then parallelize the belief propagation algorithm for different ¢ with the message passing
algorithm. We achieve this by grouping common variables across different ¢ into a single
variables. Remind that, for v € Vtx , v') means the node u € Vi(rf: such that its corresponding
integer is the same as that of v (Definition A.1). Thus, for u € V2, u® € N (pa®=9(v))
means that u has the corresponding node in the ¢-th level and that the corresponding node
is a neighbor of pa*=9(v).

Downsampling. Starting with hS") = Tixp (V€ Vt(XL )), the downsampling process is defined
as

qgf) - fi(i)(pa(L_z)(v))(hS)Z)) € R, GRS Vt(f)> t=1L,... 1,
(D) - 0 ¢ RS, (n) (A.102)
v = normahze(zu@)e/\/(pa@ 0 () 1w < vlg,, ) eR, veVy ', l=1L,... 1,
where
(11 (@))s = log Ui, (s, ) zels), sels] (A.103)
(1 (h)s =1og Y15 Ui (s,a)eh, heRS, s€[S], (=L—1,....1. '
Upsampling. The upsampling process is defined as
B = b + (1og P[s|@im])scps) € RS,
5o _ fT(i)(pa(L_z)(UH))(normahze(b(e b — Qv 6))) + hg), (if pall=9(v) = pa“=9 (v + 1))
! fT(i)(pa(L%(UH))(normahze(b(g ), (otherwise)
veV® r=1,2,...,L,
(A.104)
where
(11 (1)s = 10g 3 g U )™, heR% selS], (=1,2,...,L.  (A.105)

Then, it holds that softmax(lagL))S = Uu(Ttxcit1|TCim, T 15 - - -5 Tixq) foralli =1,...,d—1 and
s € [9].
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Proposition A.29 (MP calculates the posterior probability of the next word in parallel).
When applying the message passing algorithm defined in (A.102), (A.103), (A.104), and
(A.105), for alli = 1,...,d — 1 and s € |[S], it holds that softmax(lggL))S = (Tixy =
S|Tim, Texc1s - -+ Tixi)-

The original message passing algorithm has several issues when it comes to implementing
it with transformer networks. First, in the downsampling process (A.102), the number of v/
in the summation is not uniform across nodes in the same level. Previously in contrastive
learning and conditional diffusion model, we took average with self-attention and then applied
the number of elements in the average (e.g., m) to compute summation. This cannot be
directly adopted this time. In addition, the upsampling process (A.104) uses subtraction
(Bq(,éfl) — qq(f)), “normalize”, and nonlinear transformation fT(i) in this order, which is not
implemented in one transformer block.

Therefore, we prepare the following alternative version of the message passing algorithm
to be implemented by a transformer network. The correspondence with the original version
is easily confirmed, where b " — qi(fn)’v =¥ (if pa*=9(v) = pall=9(v + 1)) and by =
(otherwise).

Downsampling (alternative). Define alt) = t(pall=9(v))+1[v® € Vt(ﬁ)], where v € Vt(f)
means v is the rightmost children of one of u € Vt(f). Starting with A" = Tixp (V€ Vt(XL)),

the downsampling process is equivalently written as, for v € Vt(XL ),

0) _ ¢(© (£) (L) p_
Qo = f¢,b<pa<L—é><v)>(h” ) ER, veVy, t=1L,....1
gl()g) - a(_lz) Ev’(Lfe)GC(pa(L_“'l)(v)) H[U, S U]qq(f) € RS7 v E Vé)f)a g = L, et 17

Rl normalize(ag)gy) + ¢80 — 1[v® ¢ Vt(ﬁ)]qq(f)) eRY wve Vt(XL), (=1,...,1.

Computation of qq(f), gz(,g), and hq(f‘” from th) is called the /-th step of the downsampling
process (of the text part).
Upsampling (alternative). The upsampling (A.104) is equivalently written as, for v €
VY
b(H = normalize(hq(,o) + (log P[s|@im))seps) — ql()l)) € R,
: ¢ ¢ ¢ ¢ . o o
normahze(fT(’L)(paL,l(UH))(bg, N B — (i pal=tD(v) = paE—D (v + 1))

if pa®=9(v) = pae=O (v + 1)
(e+1) _ 0 G0 if pa'™9(v) = pat™~ (v +
by = q nommalize(fy ey (B0) + ), (but pal’ =D (v) # pall~D(v +1)
normalize( f T(EL)(pa( 041 b)), (otherwise)
(=1,2,... L
(A.106)

so that b = p{L+Y. Computation of bi(Q,v is called the ¢-th step of the upsampling process
(of the text part).
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Approximation with transformer networks

We approximate the message passing algorithm with transformer networks. We denote a
transformer approximation of hn?l),r = (log P[s|@im])scls) by hi(l?[i 4. € R®. This can be obtained
by NNinim constructed in contrastive learning, or we can assume this as a given variable in
the two-stage training. From now we focus on the text model. We use the numbering of

nodes defined in Definition A.1.

Let hq()L) = Tixp € [S] for all v € Vt(f). After the encoding Emby,, we obtain a matrix H()
such that
0
L =2 th) th) th) T h((iL) de+dp) X (d+1
H( ) — Embvlm(mtxa Elm(wlm)> o h(o) h(O) h(o) . h(o) c R( £+ D)X( )
im,dim, im,dijy im,djm, im,djm,
P

The shape of H®) is (dg+d,,) x (d+1), where dy = (4L+2)S+1 and d, = 2L+2. As previously,
P ¢ R%*(@+D) i5 a matrix that encodes the positions of the nodes in d,-dimensional space,
and dy is the dimensions for the intermediate variables. The output of the image model hi(gl)’ &
is concatenated with every token. We added the leftmost column, which is treated as the
variables corresponding to the token position 0, and let h(()L) = 0.

The text network has (2L + 1) transformer blocks, and each transformer block consists
of feed forward layer FF;, masked self-attention MAttn instead of the previous Attn, feed
forward layer FFo, and normalization. Using two feed forward layers in a single block is for the
sake of clarity in the proof, and it can simply be split into two separate blocks with one feed
forward layer, if this is to be avoided. The first L blocks approximate downsampling, and each
block is called the ¢(= L, ..., 1)-th block of downsampling using the decreasing order. The
latter (L 4 1)-blocks approximate upsampling, and each block is called the (=0, ..., L)-th
block of upsampling using the increasing order.

First consider downsampling. Starting from H")| we will construct matrices H®) (¢ =
L,---,0), QY (t=1L,---,1), G¥ ({=L,--- 1) of shape (d; +d,) x (d + 1), defined as

0 0

4 J4 4 4 0 4
N © g0 ..

L L 'L L L L

N - SO ORI o IR - SO SN A

N R (8 I R (8
h(()L) th) héL) h(()L) th) hEIL)
(0) (0) (0) (0) (0) (0)
im,dim im,dim im,dim im,dim im,dim im,d;m
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0
¢ ¢ ¢
g 8 g’
L L L
co_ | & a ey
@ P g
h(()L) h(lL) . hElL)
0 0 0
hi(rn)vdim hi(nl),dim T hi(rn),dim
- P -
Here, h¥ q¥ and g} are S-dimensional vectors except that h(X) € [S].

In the é th block of downsampling, the feed forward layer FF) i 1, a fully-connected ReLLU

network, receives H® and outputs Q) by computing qv) from h{"

0 (E R((3Z+L)S)><(d+1))
QU= HY  4FFJ(HY) =HO + |¢f? o - a;’ ,

skip connection 0 (E R(dp+(3L—3é+1)S+1)><(d+1))

Then, the masked self-attention block MAttn'® constructs G by computing gv ) from q( )

as

0 (E R((3Z+L 1)S)x (d+1) )

G- — QY +MAttn(QY) = QY + g(é’) ggf) o gdz
skip connection (E R(dp+(3L—3€+2)S+1)><(d+1))

)

) (-1 , using gq, and q(é.

Finally, the second feed forward layer FF|; constructs Hy

HED = normalize( G —|—FF ) (G(E ))
-
skip connection
0 (E R((3€+L72)S)><(d+l)> )

= normalize | G + | * (€ R5*d)
0 (E R(dp+(3L732+3)S+1)x(d+1))

Here x means [h((f*l) hgeil) e hgil)] before normalization.

We then consider upsampling. After we obtain H® we iteratively compute B®) (¢ =
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1,...,L+1):
_ 0 .
¢ ¢ ¢
b(() ) bg ) bil )
1 1 1
oy by by
N "t
BY = | q’ q dg
qE)L) qu) q&L)
HIN S
him,dim him,dim e him,dim
L P i

Here, b are S-dimensional real-valued vectors. The ¢-th block of downsampling computes
B+ using a feed forward network FF%@ with normalization:

0 (€ R(E-09)x(d+D)y

B(f+1) :normalize< B(® _‘_FF%K)(B(Z))) _BO ¢ b(()e+1) b§é+1) bgeﬂ)
~- 0 (€ RU+GL+HH)S+H)X(d+1)

skip connection
For ¢ = 0, replace B by H(®. This is the same as (A.82) (except for difference in the column
dimension). We do not need the self-attention layer and second feed forward layer, and we
can ignore them by simply setting the weight matrices to zeros.

Finally, we obtain bq()LH) for all v =1,...,d — 1. The readout layer read,;,, computes
softmax(bS,LH)), which approximates pi,(Texv+1|Tim, Tex 15 - - - Tixw), for allv =1,...,d — 1.

In the following, our goal is to iteratively show that

h =~ hl), ¥~ g, g =g, bY =~
(¢(=1L,...,0 for hl(,e), ¢=1L,...,1 for qq(f) and gl(,g), and / = 1,...,L+ 1 for be)) for all
UNS Vt(f ). For v = 0, we will iteratively fill the zero vectors for all h(()g), q((f), g((f), and b((f).
We now formally define each component of the pipeline.

Encoding Emb,;,. Denote the v-th column of P by p,. For v € Vt(f), We define p, € R?5+2
as

po = [0, Lsin (22422) cos (1420 sin (224000 cos (22

-, sin (W),cos (Wﬂ T. (A.107)
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The difference from the contrastive learning (A.55) and conditional diffusion model (A.83) is
that we added 0 and 1 to the first two dimensions. For v = 0, we define

-
by = [1,0,0} € R2L+2

so that the first two dimensions are orthogonal to (A.107).

For two-stage training, where Elm(mlm) approximates h( ) = (log P[s|®im])scps), we define

', ash®, = (log trunim (Eum(®im)s))scis)-

Downsampling: position-wise feed forward layers. The first feed forward layer FFf)1

of the ¢-th block (¢ = L,..., 1) approximates each f JEZL)(paf L0 () Therefore, the feed forward
block at the (th layer yields

J4
—fw(pa@ [)(U))(hSJ)) eERS, veV®P v=1L,. . . 1

When h{Y ~ h(g 2(L=0)(y for v e VE and f9 ~ fb , we have q( ) ~ qéi)(h@(v). Following the
notation in Deﬁmtlon A2, we state the following approximation error guarantee.

Lemma A.30 (Approximation error of the first feed forward layer). Fiz ¢ € [L] and 6 > 0.
Assume that B, < W (s,a) < By for all s,a € [S]. When ¢ = 1, also assume that
B;l <P[s] < By for all s. Then, there exists an NN € F(J, 3, B) such that

INN([; pu]) = £

L

for all h € RS with max,h, =0 ({ < L—1) orh e [S] ({ =L). The network parameters
J,3 and B are bounded as follows:

J 5 (loglog(SBy,/6))10g(SBy/0), ||illes S m'“S(log(SBy/6))°,

B < 25(B} +10g(SBy/6)) + (m“)>2.

The only difference from Lemma A.9 is the dimension of p,, and thus we omit the proof.
We then consider the second feed forward layer FF&. The role of this layer is to compute

ol +q\" — 1[v@ € V)",

a0y (Ml < 0, v € v,

and the following lemma shows that this computation can be done exactly.

Lemma A.31 (Approximation error of the second feed forward layer). Fiz ¢ € [L]. There
exists an NN € F(J, j, B) such that

NN(lg, g;po)) = % + g — 1@ e VO)q, v e Y®

for all g,q € RS with ||, [|g]|ee < C. The network parameters J,j and B are bounded as
follows:

S il $S+dy, B S L4+ max (m™)24+mOC.

~ L+1<k<L

The proof of this lemma is found in Appendix A.7.4.
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Downsampling: masked self-attention layer. To obtain G~V from Q©, we use the

causal mask and multi-head attention. Let k& be a sequence length. The causal mask Mj is
defined as

[0 0 0 -0
_C 0 O ()
Mk: _C _C O O GRka,

¢ —C —C -0

where C is a sufficiently large constant (so that (4, j)-element of softmax(Mj, + (Wg. -)"
(Wo.m -))) is ignored in the following for ¢ > j.) Then a masked self-attention layer is defined
as

MAttn(-) = (Wy -) softmax(Mj, + (Wx =) (Wq ),
where M, is added in an element-wise manner and softmax is applied column-wise.

Definition A.6 (A class of masked multi-head self-attention blocks). We define a class of
masked self-attention blocks with as

A(D, B) :{(WV ) softmax(M, + (Wi )T (Wg +)))
Wi, Wo, Wy € R, max ; |(Wi)s, |, maxi; (W), |, maxi; |[(Wy)i;| < B}~

We will construct weight matrices so that the self-attention layer MAttn'® of the ¢-th

block (¢ = L,L —1,...,1) yields
— ¢ ¢
gz(1 Y= a<—14) Zu(@ec(pa@—“l)(v)) ﬂ[U < U]Ch(t) + (51(;) € R?

with [|687]e < 1.
The approximation error guarantee is stated as follows.

Lemma A.32 (Approximation error of self-attention layer). For ¢ € [L], there ewists
MAttn € A(D, B) with D = d; + d, and B < log(ds~") +m® such that

MAttn(Q®),

(

0 (€ RBEI-DS)
¢ ¢ ¢ L
a<1e> (qé) + 2w ecmati-tr @y Lu < U]qg)) +6 (eR5) , (veVY)
0 (E de+(3L—3€+2)S+1)

(e R(SK—%—L—I)S)

0
a) (e R : (v=0)
0 (6 de+(3L—3€+2)S+1)

\

where 8 € RS satisfies ||(5£€)||OO < d max, qu(f)Hoo
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Because we can iteratively see that qu’ = 0, the column corresponding to v € Vt(f ) is

ﬁ Y e N (pall =0 (v)) Tu < v]ql(f) + 5783), and the column corresponding to v = 0 is exactly

0 € R?. When ¢\ ~ ¢! and [|6{]|s < 1, we have g\’ ~ ¢{”. The proof of this lemma can
be found in Appendix A.7.5.

Upsampling: position-wise feed forward block. The upsampling constructs estimation
of leaf nodes starting from the root. The (L + 1) blocks of attention blocks (feed forward

layers) can implement this process. The ¢-th block of upsampling computes b from h'/
(¢+1) (0)
v , and by .

Y

b(" = normalize(h!” + h”, —q{") € RS,

im,dim
normalize(fﬁ)(pake(UH))(bl(,é)) +hi — gDy (if pa=tD(v) = pa=tD (v + 1))
i a0 (v) — palD(y + 1
(e+1) _ o (f0 GINNG if pat™~"(v) = pa™~? (v +1)
by, ™ = q normalize(fy 1 s(, 41y (bo”) +ho7), (but pal’ =V (v) # pal’~ V(v 4 1)
normalize(fgb)(pa( L-0(o11)) (b)), (otherwise)
(=12, ., L

For each update, we can track the correspondence with the message passing algorithm.

Lemma A.33 (Approximation error of feed forward layer, upsampling). Fiz ¢ € {0,..., L}
and 0 > 0. Assume that B;' < W (s,a) < By for all s,a € [S]. Then, there exist

NN, NN, € F(J, 3, B) such that
NN ([h; 15 q]) = h+ B — g,
INNy([b; s g]) — (£ () +h{ — i )| <6, if pa=t= (v) =pa—t-D(v 4 1)

Te(pal—t(v+1))
(L0 (1) — pa(L—0)
. ® NG if pal®=9(v) = pa'"~ (v + 1)
INN2([6; 2 q]) = (6 par-eury (B e )lloe <0, (but pall==D(v) # pall = D(v + 1)
¢ ¢ ‘
INNo([b; h; q]) — (féz(pa@,@(v“))(bg )))Hoo <4, (otherwise)
(=1,2,... L

Y

for all h, W, q,b € RY with max, by = 0. For all of these networks, the parameters J,j and B
are bounded as follows:

J 5 (loglog(SBy/0)) log(SBy/0),
13llee S mS(l0g(SBy/6))° + dy,
< 2 (k)\2
B S S(By, +log(SBy/d)) + Z1f§nk8ug>§:(m )+ L+C.

The proof will be placed in Appendix A.7.4.
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Normalization. Since each column vector of H®, Q. and B® is a collection of multiple
h&g), qi(,e)7 and bié), we adopt a slightly different definition of normalize than that used in message
passing. Specifically, for x = [b(*+1) . b1 h(O) g0 ) K1) = gL) q(E) (L) h p] € RE+dp
with h(®) € [S],h®) ¢ R® ({ =L —1,...,0),9¥, g b® c RS we define we define

b+ — 1gmax,es gt ]
b(l) — 15 maXses qgl)
h(0)
g — 1gmax,csgt” 1
q) 1
normalize(x) = h(D cR¥  14=| | €R".
1
g — 15 max,es g
q>
h(L)
h
L p J
For a matrix in R(@+de)x(d+1) it is applied in a column-wise manner.
Readout layer read,, Finally, the readout layer read,, extracts b{"™ and apply an

element-wise projection onto [—BYM BYM| and softmax.

[softmax(proj[_Brv!gh’Brv;gh]s(bgLH))) softmax(proj[_Brve!gh’Brv;:h]s(bgLH)))], (A.108)
where proj[—B,Ve';‘LyBrVe'Z;]S(x) = argminyé[—BYe'Z‘deﬁe'?d}sm — 9y|. According to Lemma A.36, setting
BY™ = 21og(SB,,) allows us to ignore the effect of this truncation.

The whole pipeline. Putting it all together, the neural network approximate the message
passing algorithm in the following way. The downsampling process is approximated as

(0 _ ¢(0) (6) (L) _
qv _fJ,,L(pa(L_Z)(U))(hU ) € R, veVy, {=1L,... 1
g = 5 D -Dec(pali-t ) L[V < vlqy) € RS, veVy, t=L,....1, (A.109)
h{Y = normalize(az(;e)gy) + qz(;e) —1ve Vt(ﬁ)]que)) eRY ve Vt(f)7 t=1L,...,1
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Let h htxr = (log P[s|®im))scps)- The upsampling process is approximated as

b{l) = normalize(h + htxd - qg)l)) € R%,

normalize(f(L) aL,e(wl))(b N4 b — g, (G paE—D(v) = pa=t-D(p + 1))
£ a0 (1) — a0 (p 1 1
(1) _ ) Oy . n® if pal™~9(v) = pa™ (v +1)
bv = normallze(fm pal— Z(U+1))(bv ) + hv )7 (but pa(L_g_l) (’U) ;é pa(L_f_l) (U + 1)
normalize(fﬁ L)(pa( L-0(p11)) ( bq(,é))), (otherwise)
(=12 L
(A.110)

We summarize the network architecture (which slightly differs from the previous one) and
the hypothesis class of (NN Adap) as follows. We focus on two step training, and the
definition of the parameter space ©1" ;, 1,/ p for joint training is introduced in Appendix A.6.3.

Definition A.7 (Eq. (A.8), restated). The image transformer network TF,,, has L blocks
of feed forward (Definition A.2) with skip connection, masked self-attention (Definition A.6)
with skip connection, feed forward (Definition A.2) with skip connection, and normalization in
this order. We say the collection of the parameters of (TFyim, Adap) belongs to O jp.p 5.y
if the following holds: In each block of the text transformer TF\,,, its two feed forward layers
FFi, FFy and self-attention MAttn satisfy

FFe F(J,j = (D,*,---,% D), B), with ||j|ls < D', MAttn € A(D, B).
Furthermore, the adapter satisfies

Wi e ROM W e RMS )

ada ada ada”Op < B H adaHOP <B.

The rest of this section is organized as follows. Appendix A.7.2 discusses the two step
training and proves Theorem A.2; using Lemmas A.30 to A.33, as well as the bound on
the propagation of the intermediate errors Lemma A.35. Appendix A.7.3 discusses the
joint training using these lemmas as well. Lemmas A.30, A.31 and A.33 are proved in
Appendix A.7.4, and Lemma A.32 is proved in Appendix A.7.4. Appendix A.7.6 gives the
error propagation lemma (Lemma A.35). Appendix A.7.7 gives the proof of Proposition A.29.
Finally, Appendix A.7.8 gives useful property on the message passing algorithm.

A.7.2 Proof of Theorem A.2
Similar to the proof of Theorem 2.12, define

ﬁ;m = E (i i)~ [ Z —1og p(Tox | Ttx 1515 Bim (®im) ) | -

je[dtx]
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Then we have the decomposition

0y _ 0 B*
D(:U’*nu ) - RV“’”(M 7Eim) - vam
. 0 B* 6 . 6
= inf vam(,u ’ Eim) - R\,|m + vam(,u ) Eim) - inf vam (M ) Eim) .
0€O ;b o/ B.M 0€O ;b B.M
N - 7 N -
approximation error generalization error

We state the following bounds on the approximation and generalization error, with proofs
to follow shortly.

(a). If we choose J = O(L), D = O(SL), D' = O(mSL?), and B = O(Lg+ (SL+m?)vVM),

then the approximation error

inf vam(,uea Eim) - ﬁ\ilm

0€O ;b o/ B.M

< dtx_é(\/(SL8m2+M)SL3 N \/55'L2B' (Suﬁ(5)+i)>_ (A.111)

n

(b). Under the same choice of model class ©y, ;p pr.5 M, the generalization error

vam(,uaa Eim) - inf vam(,uey Eim) S 6 (dtx . \/( n

€9 5p,0',.B,M

SLE¥m? + M)SL3)

with probability at least 1 — 1/n.

Combining the claims yields Theorem A.2.

(a) Approximation error. Take some ¢ > 0 which will be defined later. For the feed

forward layers, we use Lemmas A.30, A.31 and A.33 with § = ¢’ < 1. For the self-attention
layers at the /-th step of the downsampling, we use Lemma A.32 with § = (?,

— -
max, al g4 |0

Following the argument in the proof of Theorem 2.10, qff) = fb((ep)a( L,Z)(v))(hg)) and gz(f) are

bounded by 3(1 V log SBy) for each £. Thus C' in Lemma A.31 and § in Lemma A.23 are

& 5 .
bounded by 3(1 V log SBy) and ST 1) (1vViog 55, < T (Viog 5B respectively.

Furthermore, Lemmas A.35 and A.36 yield that

max ) | 1Og N/*(xtx,i|xtx71:i—1> mim) - 1Og ,ue(l’tx,i|xtx,1:i—1a Eim(mim>)|

(mimamtx 5T

< By (85710 Tcper (2miY) +5) + )
< 40441 dy S By + SBydis.
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We choose

, AV (SL¥m? + M)L?
40L+1d,, Byv/Sn

Moreover, similar to the proof of Theorem 2.12; from Proposition 2.9 and
Oim = || log(trunipm (Eim (Tim)) — (IOgP[$|wim])se[S]|’oo

and Lemma A .19, it can be verified that there exists some Adap(-) in Eq. (2.20) such that,
[Waadllop < €L, [Wollop < C'(SL +7°)v/M, and

Eim(wim> - Eim,* (mlm) ”g

<OS? L% -LE-p,- (Suff(S) + M) <CS*- L% - (Suff(S) + M)

Epy 020 < Eay, | 108 trunin (Eon (@im)) — 108 Eu (@) |3 < CS? - o,

Lim ~1m

for some C,C" > 0 depending polynomially on B%. Putting pieces together, according to
Lemmas A.30 to A.33, we find that there exist some 8 € Oy, ;p pr g that yields Eq. (A.111),
where

D<di+d,=(45+2)L+1=0(SL),
J < (loglog(SK/§"))1log(SK/8') = O(L),
D' = ]l $MS(og(SK/5") + di + d = O(MSL?),
B < S(Bj, +10g(5By/d")) + m? log(SBy) + L
+log%§a") + (Lp + (SL+m*)VM)
= O(Lp + (SL+m?*)VM).

(k) ().

Here we recall m = max{maxy m,, , maxy m;

(b) generalization error. Since ,ué is the minimizer of /R;wm,t(,ue, Eim) defined in Eq. (A.7),
we have

vam(,uea Eim) - inf ﬁv|m,t<,uea Eim) S 2 sup |§v|m(,ue7 Eim) - ﬁvlm,t(,uev Eim)"

€0L J.p,0'.B,M 0€9,, 5 p.p',B,M
(A.llQ)

Similar to the proof of Theorem 2.10 and 2.12, we verify the conditions for Lemma A.51 and
then apply the lemma to derive an upper bound for the R.H.S. of Eq. (A.112).
In Lemma A.51, take © = Oy ;p.pr s p(0,0) = |0 — 0|, zi = (2@, 2, ), and

1
f(2:0) = === > log it (i [Tx1j-1, Binn (Tim).

tx
* j€ldix]
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Verification of condition (a) in Lemma A.51. We note that the set O jp pr gy with metric
p(0,60") = |6 — €| has a diameter B, .= 2B. Furthermore, the dimension of ©, j p pr g is
bounded by d, = (2J +3)(2L+1)(D+ D' +1)*+ S +25M = O(S2L¥m2 +2SM). Thus, by
Example 5.8 in Wainwright (2019b), we have log N (A; O s p. o s, |||) < dplog(1+2r/A) <
d,log(2A,r/A) for A € (0,2r] with A, = 2.

Verification of condition (b) in Lemma A.51. Since f(z; 0) is BY™-bounded by the definition

read
of ready, in Eq. (A.108), it follows that f(z;;0) — E[f(z;;0)] is 0 = ¢BY™-sub-Gaussian for
all @ € O 5 p p gy for some numerical constant ¢ > 0.

Verification of condition (c) in Lemma A.51. By Lemma A .43 and the boundedness condition,
we have

|f(2:;0) — f(2;6))

1 /
< 1 Z | log :ue(xtx,jlxtx,lzj—ly Eim (im)) — log 1’ (Tt j Tt 15515 Bim (Tim))|
tx jE[dtx}
< Bylle — 6’
where By = ((cB)18‘]L5'43§’m|)4L+3B7’2bm and Breag = 4mlog B,,. Therefore, we may choose
o' = By and condition (c) is hence satisfied.
Now, invoking Lemma A.51 and plugging in the values of d,, 0,0’, A,, B,, we find

sup |/F€cdm,t<Mtea Etx) - ﬁcdm,t('vltea Etx)|

0€09,, ;p.p',B,M

< dys 0‘7\/ dplog (24, (1 + B,0/0)) + log{1/n)

n

. (5( 0 \/ (SL¥m2 + M)SL? + log(l/n))

n

with probability at least 1 — 7. Setting n = 1/n completes the proof.

A.7.3 Joint training of the vision-language model and the image
representation

Similar to Appendix A.6.3, in this section, we consider jointly learning the vision-language
models (VLMs) and the image representation within the JGHM framework. Following the
setup of Section A.3.2, suppose we are given a dataset of iid samples { (2, ¥, mtx(i))}ie[n] ~iid
Hosc-
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The next word predictors
18 (- Tt 11, Eim(Tim)) = readyim © TFym 0 Embyim (2iy1:5-1, Adap(Eim (Tim))),

for i € [diy], where Eim(2) = NNYim () as defined in Section 2.4.1, and the remaining
components are the same as defined in Section A.3.2, except that in the embedding Emb,,,
we let

P

hi(gl)’d = m(Eim(wim)), where trun;y, (2) = projj_pum pumi(2),

read’ "~ read

in contrast to Eq. (A.108). We solve the empirical risk minimization

n

é\ = arg min {/Fivlm(,uea Eim) = %Z [ Z - log ,ue(xtx,j|xtx,1:j—la Eim(wim))} }a

ee@ngD D'\ B i=1 jE[dtx}
(A.113)
where the parameter space is defined as
O™ g = {Wv|m, Wiy as defined in Eq. (2.16); (A.114)

Y4
lej = (W0 Moms W0 lops W O llops [1W 0 lop }

2J+2 ee[2L+1

v W€>OWOW0WO<B}
Uﬂuwﬁuﬂmuw @l 132 19 2o

Similar to Theorem A.2 and Theorem A.25, we state the following result without providing
a formal proof.

Theorem A.34 (Sampling error of the conditional next-token predictors, joint training).

Suppose that Assumption 2./ and Assumptwn 2.5 hold. Let @‘g"}DD, be the set defined in
Eq. (A.11}), where J = O(L), D = O(SL), D' = O(mSL?), and B = O(SL+m?). Let 8 be

the empirical risk minimizer defined in Eq. (A.ZZ:‘)’). Then, with probability at least 1 — 1/n,
we have

D(,u*a /JJG) = E(wim,wtx)NPim7tx |: Z DKL <”*(xtx,i|xtx,1:i—17 mim) ‘ ‘Me(xtx,i|l'tx71:i—la Eim(mim))>:|

ie[dtx]
- 2L11—2
< dm.(f)(,/M))
n

where O hides polynomial factors in (log(mSLn), (By)™).
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A.7.4 Position-wise Feed Forward Layer (proof of
Lemma A.31 and A.33)

This section proves Lemmas A.31 and A.33 for approximation with feed forward networks.

Proof of Lemma A.31. First we explain how to compute 1[v¥) € Vt(ﬁ)]q. We consider the
value of

T a(L*Z) v
S L Pua(iri2) = Yoy cos (LD (A.115)

which is implemented with one linear layer on p,. Eq.(A.115) is equal to L — £ if v\ ¢ Vt(ﬁ),
and otherwise at most (L — ) — (1 — maxy1<p<z (-257)). Thus, we apply Lemma A.16 with
a=L—"{and 6 =1 —maxy i<k<r (%) > ming<p<z(m®)~2 to obtain the network that

implements 1[v®) € Vt(ﬁ)]. Therefore, there exists a network that implements
01 =10 € VI =1 ¢ V1[0 € V)

, where J <1, [|Gllee S S+dp, B S L4 maxy,j<p<r(m®)2. Once we obtain this vector, we
follow the argument of Lemma A.13 to obtain the network NN; that implements 1[v*) € Vt(ﬁ)}q,
with

< 1l < < (k))2
Jl N 1, H-71“00 N S+ dp, Bl N L+ @Jrrflgak);L(m ) + C.
Next we consider how to compute ag)g. Note that ag,z)g = 1(pall=9(v))g + 1o € Vt(ﬁ)]g.
1v® ¢ Vt(ﬁ)] g is implemented similarly to NN;. The first part ¢(pat“~(v))g is obtained by
replacing each NNy, --- NN, « by ¢(pal’=9(v))g in Lemma A.13. Concatenating these two

o

networks, we obtain NNy that implements a,’g, where

Jo <1, dollee SS4dy, By SL+ max (m™)? +mOC.
(+1<k<L

Finally, by concatenating —NN;, NNy, and (the identify function for) ¢, we get the desired
network. ]

Proof of Lemma A.35. NNj is just a linear function, and thus we focus on NNo.

First, we explain how to implement f(ZL)(paL,e (041))" Approximation of each fT(i) follows

from Lemma A.11, which is denoted by fﬁ) = NNz, (¢t = 1,...,mP). The size of these
networks is bounded by

J S (loglog(SBy /0)) log(SBy/d),  ille S S(log(SBy/d))*, B < 25(Bj, +1og(SBy/9)).

~Y

Note that
Wpal~t(w) +1 (if v € VP and t(pal~t(v)) < m®)
vpalfv+1)) =<1 (it v € V) and o(pat—t(v))
(pal~t(v)) (otherwise)

I
s
)
N—
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_ {1 (if e(pal=t(v)) + 1@ € VY] = m® + 1)
t(pat~t(v)) + 1o V(e)] (otherwise) '
Thus, for 1 < i < m,
1e(pat ‘(v + 1)) = 1] (A.116)
1[e(pal~(v)) + 1[v® € VY] = ] if i £ 1,

- {n[b(pab—f(v)) +1p® € VY] = 1] + 1e(pal(v)) + 1[o@ € VO = m® + 1] if i = 1.

Using this fact, consider how to implement 1[c(pal~*(v)) + 1[v® € VY] =i 1 < i <
m® +1). 1[v® € Vt(XL] is implemented in the proof of Lemma A.31, and «(pal~t(v)) is
implemented by using «(pal~t(v)) = Zi=(1) il[i = t(pa’~*(v))] and Lemma A.16. Once we
obtain 1[v® € VY] + 1(pal—*(v)), we apply Lemma A.16 again with § = 1. Therefore, for
1 <i<m, there exists a network that implements 1[¢(pa’~“(v + 1)) = 4], where

TS Nlllee SO+ 8 +dy, B L+ max (m®)?,

We parallelize these indicators and NNj3; to obtain the vector

[NN31; NN3 ;.. ; NNy o NN o5 (1[e(pal (v + 1)) = i) ).
Once we obtain this vector we can follow the proof of Lemma A.13. Therefore, f'](*,EL)(paLfé (0+1))
is implemented by a network
J S (loglog(SB,,/6)) 1og(S B, /9),
5]l S mVS(log(SBy/9))* + dy,
B < S(B3 4 1og(SBy/6)) + Jnax (m*)? + L.

L

Next, we consider how to distinguish the three cases—(i) pall=*=Y(v) = palt==V (v + 1),
(ii) pa®=9(v) = pa®™H(v + 1) but pall=Y(v) # pa®*V(v + 1), and (iii) otherwise.
Consider the values

me(pall—0 (v
Zﬁii Pu,2(L—t+2) = Zﬁii cos (%ﬂf)())» (A-117)

and

T (L=0) v
Zﬁii Pv,2(L—t+2) = Ze L CO8 (%M) (A.118)

(A.117) is equal to L — ¢ — 2 iff pall=t=Y(v) = pall=*Y(v + 1), and (A.118) is equal to
L — ¢ —1iff pal=9(v) = pa®=9(v + 1). Therefore, the vector of the indicator functions
[L[(A.117) = L—€—2], 1[(A.117) = L— € —2] = 1[(A.118) = L — € —1], 1[(A.118) = L— £ —1]]
correspond to the vector of the three cases [1[(i)], 1[(ii)], 1[(iii)]]. It is easy to implement
1[(A.117) = L — ¢ — 2] and 1[(A.118) = L — ¢ — 1] by following (A.115). Now, we can
determine whether to add h and ¢, and the rest of the proof is the same as Lemma A.13.
Putting it all together, we obtain the desired network. O]
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A.7.5 Self-attention layer (proof of Lemma A.32)
Define the auxiliary key and the query matrices W%),WS) € R%*d a5 W%) = 1;,, and
« ifj=2andi=4,6,...,2(L—(+1),
or 2(L—0+4+2)+1<i=j<2(L+1),

(L_]'>O'/ (Zvj):(172)7
0 otherwise.

Then, the value of QK matrix is
(W Q)T (W5 QD))

_ 2mi(pall =) (v))
=« ZE’<E cos ( @ )

Y, [sin (e ')(”))) sin (2m(r>j;f/;f’><u>>) 4 cos (M) oS (M)]

m®) m®)

2mi(pal—) (v 2mi(pal=) (v))—u(paE—) (u
=Y cos (FUE D) 4o, cos (2R () "ulp w), (A.119)

m(¢
For v = 0, the attention mask ensures that the output is always q((f), and thus let us focus

onveV? In (A.119), the maximum value is (L — 1)a, which is achieved when u € V")
and u'¥ = C(pall=*1(v)), or u = 0. Otherwise, ((W%)Q“))T(Wg)Q(@))uﬂ, is smaller than
a(L — 1) by 1 — maxy cos (%) > ming (m)) 2.

Therefore, by following the argument of Lemma A.17 and taking a ~ log(d/d), we have

|(softmax(M,, + (Wi, P)T (W), P)) — softmax(A©)), [0 <6, u,ve VP,

where A® € RE+DX(@+) ig 5 matrix such that AY) = boif “u,o € VB and wl €

C(pall=9(v))”, AY), =1 for u,v = 0, and AY), = 0 otherwise. There is no approximation
error in the column corresponding to v = 0 because the mask excludes the dependency on all
the other variables.

By following the proof of Lemma A.10, we obtain matrices W](f), Wg), W‘(/e) € RP*P

with [|[W2]], [W |, (W] < log(d/s) such that
(W Q®)softmax (M + (WQ) T (W QO))]

v

( 0 (€ R(3£+L—1)S)
¢ ¢ ¢ L
agle) (qé) + D L0 ccpat-tn () Lu < U]q£)> + 84 (€ R%) , (ve Vt(x ))
0 (E de+(3L—3€+2)S+1)

[0 (€ RBHL-1S)

l
a (€RY) , (v="0)
0 (E de+(3L—3€+2)S+1>

\ L

where [|65”]|oc < 6 maxy [|q2]|oc.
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A.7.6 Evaluation of error propagation

Lemma A.35 (Evaluation of error propagation). Assume we have functions £ Lo fT (1<
(< L,e [m(g)]) such that

tx
Hf(ZL)(h) _ fﬁ)(h)Hoo <0, Vh e R such that maxh, =0, { € [L],
1D ~ £l < 6. Vh € RS such that maxh, =0, ( € [L],
s s se€

and av)Hé(g lloo < 0 holds for all ¢ = L,...;1 and v € VP Moreover, we assume that
th(I(I)l)I‘ - 1m) ”oo < 51m

Consider the approzimated update introduced in (A.109) and (A.110). Then, we have the
following bound on the error propagation:

max, o |5 = b oo < 6% 2miY +4) [T0cpep (2miy) +5), (A.121)
max, oy qu - qv ||oo <0 X H£+1<k<L<2mt +5), (A.122)
max, o [ = bl < 8Ty (2m) + 5) + G (A123)

Furthermore, we have

||Softmax(b( + )) — 1 (Tx o1 = S| Timy Tix 1 - - - 5 Texw) || o

8L+15H1<k<L(2m M4 5) + O, selS], v=1,2,...,d—1.
(A.124)

Proof. The error from the image model is evaluated by Lemma A.27. Thus in the following
we will assume 6, = 0.
First, we prove (A.121) and (A.122). Because R (A.120) implies that

lgs” = afll < 6.
By Lemma A.45 and a ||6 HOO < 6, we have

1170 = Do < 20mi 4+ 1) max 1170 (#h0) = iy (@il + 20 < (2mi +4)0
This confirms (A.121) for ¢ = L — 1.
Suppose that (A.121) holds for some /(< L — 1) and prove (A.122) for ¢ and (A.121) for
¢ —1. For (A.122),

I8 — 0% 1o
— () ¢ () ‘
{}Ié%tX Hf (palh= Z)(U))(hq() )) o fi,b(pa@*@(y))(h?() ))”OO
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¢ 0 [ © [ (@) ¢
< 7{2%)( ”f (palL=9 (v (h( )) fi,b(pa(Lf&(v))(hgz ))Hoo + ”fw(pa@%)(v))(hv )> - f%L(pa(L%)(v))(hg )>Hoo

< max,ey,, |7 — [l + 0
<048 x 2mE + 4T, o SL(zmgj? +5)
k
<4 X HZ+1§k§L(2m‘EX) +5), (A.125)

where we used Lemma A.49 for the second inequality. Also,

A — D] < 2(miY + 1) max g — g + 20

< 6% 2(miy) + DT (2me +5)) +20

<8 x 2my) + ) TIr_p,. (2m&) +5),

where we used Lemma A.45 and a(e)H(St(QUHOO < 6 for the first inequality, and (A.125) for
the second inequality. Therefore, by induction, we obtained (A.121) for all £ = L,...,0 and
(A122) forall ¢ =L,...,1.

(A.123) is derived by following Lemma A.26. Finally, from the Lipschitzness of softmax,
we obtain (A.124). O

A.7.7 Proof of Proposition A.29

Fix i (1 <i<d—1). We show that softmax(l_)gL)) = yﬁll( ) for all s € [S]. (Remember
Lemma A .28, which states that uﬁ)(xtx,iﬂ)s = Uy (Ttxit1 = S|Tim, Texc1, - - - Tixi).) Without
loss of generality, for all £ and ¢, we assume that g wt(ﬁ),L(s, a) is constant for all s € [S].

We first consider the downsampling. We will verify that, for v € Vt(ﬁ),

softmax(hi?m)s (if v <4),
Vf?)(s) = softmax(hy))s (if v = palt=0(7)), (A.126)

% (otherwise),

for { =L —1,...,0 by induction.
We first verify that (A.126) holds for £ = L — 1. For v € V& if v < 4, all children of v
are observed, and we have that

Viv ( ) &S Hv 'eC(v) tx (v’ )(57 xtx,v/)

L
- (¢Ex,i(v/) (57 Tex,p!
v eN (vD)uf{v@)}

(L—1

1[v' <v]
)) (L) ))3’

o« softmax(h

else if pa(i) = v, we have

L—1 L L L L
Vl(, v )( ) Z (L) HU’EC(U) ( t(x,)L(v’) (S’ xi(;x,)v’)VJ(,,v)’ (mix,)v’ ))

th()
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= Hv/ecw) (1[?/ < i t(i)L(Uf)(57$tx,v’) + 1" > Z]%)

X Hv’eN(i)U{i} (%%,)L(v/)(sa xtxyv’))mvlgﬂ
x softmax(hl(kl))s,
and else, when pa(i) < v, none of the leaf nodes under v is observed and we have
2 OLID ORI | Y (T O Cian)
=50, e (W (seb)k) o« &
Then, assuming that (A.126) holds for some ¢ € [L — 1], we will prove (A.126) for £ — 1.

If v < i, because all v € C(v) satisfy v" < ¢ and thus I/ii)}, (a:EQU,) X exp ((hq(fi))x@) /), we
have that 7

/—1 l l
Viﬂ) )<8) X Z:c(e) Hv EC (wtx L(U’)(S xéx)v) i(,1)1 (xtgx)v ))

c)

J4 4
= Moecw (S0, v (s 2 @)

¢ ¢ ¢
& HU’GC(U) (Zx“) (v) wt(X?L(v’)(S’ xgx)w’) exp ((hz(J’zL)>I£Z) /))

tx,C
x softmax(]_[v recw) q(g) )
)

= softmax( Hv’(sz)EN(pa(L_Z)(v(L))) ]]_[U/ S U]qv’ )s’
or v'=v

— softmax(hfﬁ;)l))s,

else if v = pa*~ 1 (i), we have that
2O
x ZazEQC(U> [Lece <wtx S0y (55 xéi)v) jZ (xigi)v ))
= Moecw (1 < 0% 0 Ui (s el @)

/ 4
+ 1[0 > i E %L(v (s, JJEX)U) f) (ﬂfﬁx)v ))
20

tx'u

. 4 4 4
X HU’EC(U) (1[1}, < Z] wa wth (v') (S xtgx)v ) i,z)ﬂ (xt(;xzv’)

txv

1
+]l’U >Z Zwth’u sxtxv)5>

20

tx'u

x Toee (10 <0500 6000000 exp (1) 0 )

tC() tx, v/
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a (£
= HU/(L4>EN(pa(L—D(U(L)))(]1[“, < Z]qi,))

or v'=v

= softmaux(h,gé_l))s7

and else, when pal“=**1)(4) < v, none of the leaf nodes under v is observed and we have

¢—1) L 14 ¢
V,E,'U ( ) Z 0 Hv 'eC(v <wtx L(v/)(s 'IEX)’U )Viz)) (x‘Ex)v’)>

Lix,C(v)

¢
B Z’:EQC@) Hoeew (wtx (o) (8 xEx)u )é> x 3

Therefore, we have obtained (A.126) for ¢ — 1, and the induction proves that (A.126) holds
forall /{=L—-1,...,0.

We next consider the upsampling. Let ¢, be the largest ¢ such that pa(L_Z*)(z') =
pall=f)(i + 1) holds. We will verify that, for £ =0,1,..., L and v = pa*=9(i + 1),

f B — plo) =0,1,....0,
yy)(s) . SO tmax(b(z h ) (f - O; ) 7€ )7 (A127)
softmax(b) ) (=14,+1,...,L),

by induction.
Checking (A.127) for £ = 0 is done by just comparing the definitions of VTr and bM

Suppose that (A.127) holds for some ¢ and v = palt:=9(i +1). We will prove that (A.127)
holds for £ + 1 and v = pa*~ V(i +1). If £+ 1 < /,, we have that v = pall==V (i) =
pall=f=1(; 4+ 1), and that
(E+1) (£+1)>

0 tx,v

(£+1) 0) (£+1) £) £) (4+1) , (e+1)
<2 T pa () P A ) () (Lopa) Tix.c(pa()) V1 pa(e) Erxpae) venw) Vo (@)

(£+1) 0) (£+1) @) 0) a o (0+1) , (0+1)
X Z i(:i)pa(v) xéi—;\l/)( ) tXﬂL(”)<xtX7Pa(v)7 ‘Ttx,C(pa(v))>VT,pa(y) (xtx,pa(v)) HU’GN(U) 1[1}/ < Z]VJ,,U’ (xtx,v’ )

(e+1) (0 )y O (0
=200 ( e(0) Prepao) 70 )V pate) Prpa(o))
(£41) 041 041) (1) | T
Hv "eN (v <Z “*1) 77Z)t o ( tx ,pa(v)’ xng;)’)) exp(h’q(/j;))(xéx—;/)))> >

(+1) ( (6) (t+1)y, (6) 0 1,4 (0
- Z Ei)pa () < tx,e(v) (xtx,pa( )’ » Lx,v ) T,pa(v) (wtx,pa(v)) exp (ZU’GN(U) ]l[U, < Z]qu/(L) <xtx,pa(v))>>
(A.128)

(¢+1) (£+1)
(wtx t(v) ( tx pa(v)7 xtx,v )

7(0) {4 0 4 0 4 /+1 l
5D (B (1) = 1 @) + 1) =0 (0 ))
(A.129)

£+1 L l+1 Y L £+1 14
- Z ) ( EX,L(g) (:L‘Ex),pa(v) x‘EX v )) exp (bg )("L‘Ex),pa(v)) - ql( )(‘TEX),pa(U))>>

Tix ,pa(v)
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(e+1) (30 (£+1)
o exp (fr < i AL ))zam

(+1) 5 (e+1)
X softmax(b —h; >x§“1"
In (A.129), because pa“~*~Y(i) and v means the same child node of pa(v), the condition
/L= ¢ N( ) is equivalent to “o/“7V e A(pa~=1(i))” and does not overlap

with “o" = i". Therefore, in (A.129), we used that > ., 1[0 < i]q(fﬁ)(w“) ) =

tx,pa(v)
0+1 1), (¢ 0, (¢ 1), (¢
Zv/(Lflfl)GN(Pa(‘L—Z—l)(i)) L' < Z]q(, ) qf )(:Bixipa(v)) = hE )(xéx)’pa(v)) —qg )(z Ex)pa (v)- Else
if ¢ = £,, we have that
D @ll)) o (A128)
0+1 ¢ 0+1 OV 0, (¢ 0, (¢
- Z Ei v ( EX,L(U)) (xt(;x{pa(fy)7 x‘Exm )) exp (bg )<x§x),pa(u)) - hi )(xéx),pa(v ) + h( ( tx)pa(v)>))

(A.130)

£+1 {4 4+1 7 4
- E () < EX L(’Z) (xt(’,x)’pa(fv)7 wt(]X,’U )) eXp (bg )<xt(’,x)7pa,(’u))))

Tix ,pa(v)

(e+1) (70
[0¢ eXp (f’]‘[,('u ( >>$(€+l)

oc softmax (l_)géﬂ))

(e+1)°
xtx,v

In (A.130), because pall=*=V(i) and v are different child nodes of pa(v), and “ D ¢
N (paE==D(i)) or v/ = ¢ is equivalent to v/ “~*™ € A'(v), we used that

(041 J4 /41 l l
E H[UI < Z]qq(/(L))(xix),pa(v)) - § : H[UI S z]qq(] )= hl( )('%EX):PEL(U))
v'eN(v) v D eN (pall =4 (7))
or v'=t

(ignoring normalize). Else, when ¢ > (,, v = pall=¢=1(i 4+ 1) does not have observed leaf
nodes as its descendants, and

l+1 /+1 (£+1 {41 4
Vé,v )(xi(zx,v )) (0,8 (A128> Z ) <¢tx L(’lz)( tx ,pa(v)’ x'EXﬂ) )) exp (b( )( tx pa(v))))

Lix,pa(v)

(+1) (30 (£+1)
X exp (fm(v ( ))N*” x softmax(b >I<Z+1)'
tx,v tx,v

Now, by induction, we have (A.127) for all £ =0,1,...,L and v € pa“=9(i 4+ 1).

It always holds that ¢, < L. Therefore, we obtain that v ( ) = softmax(bz(» )Y, which finishes
the proof.
A.7.8 Bound on the posterior probability

As an auxiliary lemma, we state the boundedness of b
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Lemma A.36. Under Assumption 2./ and 2.5, we have that

1
S—Bd, S ,u*(wtx,v—'rl = S|mim7xtx,1a cee 7‘Ttx,v) S ]-7

forallv=1,...,d—1.
Proof. Consider the message passing algorithm in (A.102) and (A.104). For £ = L, pat“=5) (v)

# pall=8) (v + 1) always holds. Because b = fT(Lg

. vﬂ)(normahze(lf)ﬁ*l))) and

(£ (h)s =108 X gy (@ s)eh, (lia,s) > BYY)

b\ is bounded by —log By < (BQ()L))«% and SOftmaX(BgL))s = [ (Tixwr1 = 8] Tim, Tix 1 -5 Lis)
(this equivalence is proven in Proposition A.29) is bounded by

1
SB, < ﬂ*(gjtx,v—i—l = S’xima Tx,1y - - - axtx,v) < 17

forallv=1,...,d— 1. O]

A.8 Auxiliary lemmas

A.8.1 Lipschitzness of transformers

In this section, we establish the Lipschitz continuity of the transformers in their parameters.
Let ||H||2,00 = max;en ||H;||2 denote the column-wise (2, 00)-norm for any matrix H € RM*¥.
For any R > 0, we let Hg = {H : ||H||2.00 < R} be the ball of radius Rin || - ||2.00. W.l.0.g., we
assume the radius R > 1.

Lemma A.37 (Lipschitzness of the feedforward layer). For a J+1-layer feedforward (FF') net-
work parameterized by O = (W, € RP>X(P+D 117, ¢ RP'*(P'+1) {W; e RDIX(D,+1)}2SjSJ>,
we introduce the norm (as in Eq. 2.18)

Ox|| = Willop-
[6cll = ma. W, o

Define the parameter space
O, = {0x : ||0x] < B}.

Then for H € Hg, 05 € O 5, the function (0%,H) — FFg (H) + H is (J + 1) B/R-Lipschitz
w.r.t. Og in ||-|| and 1 + B’ -Lipschitz w.r.t. H in || - ||2.00-

Proof of Lemma A.37. By definition, for the i-th column H; of the matrix H € RP*V | we
have®

FFo,(H:) = W41 - ReLU(W; -+ ReLU(W: - Hy)).

3We incorporate the intercept term into the token matrix to simplify the notation.
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Therefore, for 6 = (W1.;,,) € O,

IFFoq(H) +H — FFg (H) — Hll2,00
= max ||Wy - ReLU(W; - -- ReLU(W; - H;)) — W), - ReLU(W/ - - - ReLU(W/ - Hy)) |2

J+1
< max|[W),, - W/, ReLU(W; - - - ReLU(W; - Hy))—
j=1
Wiy - W ReLU(W! - - ReLU(W; - Hy))l2
J+1
< Zmax Wi Wiiallop - [[Wj = Willop - [[ReLU(Wj_y - - - ReLU (W1 - Hy))|[2
7=1

J+1
< R ZHW Wllop) < (J +1)B'R- |65 — O,

where steps (i) and (ii) use the fact that [|[ReLU(x) — ReLU(y)||2 < || — y||2. Similarly, for
any matrices H, H’

HFFG\‘F(H) +H- FF@ff(H/) - H/”2,oo
= max |[H; + W1 - ReLU(W) - - ReLU(W, - H;)) — Hj—

WJ+1 . RGLU(WJ e ReLU(W1 . H;))”Q

J+1
< max [H; = Hillo + [T IWllop - max [H: = Hijls < (14 B"*") - [H = H[l2.,
=1
where the last line uses ||[ReLU(x) — ReLU(y)l|2 < [ — y]|2- O

Lemma A.38 (Lipschitzness of the attention layer). For a single attention layer Attng,,,. (+)
parameterized by Opawn = (Wo, Wi, Wy ), we introduce the norm

105l = max{[[Wollop, [Willop, [Wvllop}

where W, W, Wy, € RP*D are the query, key, value matrices. Define the parameter space
@Attn,B = {9Attn : ”|9Attn|” < B}-

Then for H € Hg, Oattn € Oatin.B, the function (Oawn, H) — Attng, ... (H) is R(1 + 4e B?R?)-
Lipschitz w.r.t. Opgn in ||-|| and 1+ B(1 + 4e B*R?)-Lipschitz w.r.t. H in || - ||2.00-

Proof of Lemma A.38. Adopt the shorthand o for the softmax activation. By definition, for
any input H € RPN the output of attention Attng,  (H) is given by

N
H; = [Attng,,, (H)]; + H; = > o ((WoH;, WiH;)) - WyH; + H;,  fori € [N].

Jj=1



APPENDIX A. APPENDIX FOR CHAPTER 2 170
Similarly, for @, = (Wq, Wi, Wy,), the output is given by
N N
H; = [Attng,  (H)]i +H; = " o((WHH;, WicH;)) - WiH; +H;,  fori € [N].
=1

Note that [|(Attng,,,, (H) +H) — (Attng, (H)+H)2,0 = maxe(n ||AHVZ — ﬁ;||2 For any i € [N],
we have
[Hi — H'~H2
N
= Z ((WoHi, WieH;)) - WiH; =~ o ((WoH:, WiH;)) - Wi H; |l

J=1

,_.

IA
Mzh

lo((WoHi, WicH; )Wy — o ((WoHs, WicH; )WY [lop - [[H; 2

1

<.
Il

|/\
-

>~ [l ((WaHs, W) (Wy = W) ot

[(e((WoH;, WiH;)) — o ((W5H;, W}<Hj>))W’v||op]
S Ual + Ua?a

where

N
R o((WoHi, WieH,))[Wy — Willop < R+ Wy = W oy (A.131)

Uai

Jj=1

R (((WaHi, WicH;)) = o((WoH: WiH) - Wil .

Jj=1

(i0)
S 2¢BR - maX|(WQHi, WKHJ'> - <WéHZ, W;(H]H
J

(4i4)

< 2eB°RY- ([[Wo — Wollop + Wik — Wicllap)- (A.132)

In the above equations, step (i) uses the property of softmax activation that Z _, o((WoH,,
WiH;)) = 1; step (ii) follows from Lemma A.47; step (iii) follows from a trlangle inequality
and the boundedness assumption on H, Wy, Wi, namely,

mjax |<VVQH27 WKH]> — <W(/2Hza WI/(H]>|
J
< max [H:l[2l[Hjll2[[ Wi llop - W — Wollop + [IHill2IH; l2Wo llop - Wk — Willop
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< BR*(|[Wq — Wollop + Wi — Willop)-

Putting equation (A.131) and (A.132) together yields the Lipschitz continuity w.r.t. 6.
For token matrix H' € RP*N | let H := Attng,,. (H') + H'. Then

N
H; = [Attng,,,, (H)]i + Hi =Y o ((WoH;, WiH})) - WyH) + H,  for i € [N].

Jj=1

Similarly, we have [|(Attng,,,, (H) + H) — (Attng,,,.(H") + H')||2,00 = max;cn) IIH; — ﬁ;HQ.
For any i € [N],

N N
~ —
IH: = Hilla = 1) o ((WoHi, WikH;)) - Wy H; + Hi = " o ((WoHi, WiH))) - Wiy H; — Hi,
j=1 j=1
N

< 1M = Hlle 3 o (W Wichs)) - W4 o H; — H

=1

N
+ Y [0 ((WoHi, WicH;)) — o ((WoHL WieH)) - Wy llop IH 2

j=1

< (1+B)-|H=H|0 +2eBR- max [(WoHi, WiH;) — (WoH;, WiH})|
< (1+ B(1 +4eB*R?)) - |H — H'||2.00,
where the last line follows from
HljaX‘<WQHi7WKHj> — (WoH;, WicH})|
< mjax |<I/VQHZ~7 WKHj> — <WQH27 WKHj>| + |<WQH;a WiH;) — <WQHQ’WKH;’>|
< max [|Hjll2l W lop [ Wiellop - IHi = Hill2 + IHi a1 Wollop Wi lop - [1H; — Hill2
< 2B°R - ||H - H,HZOO'
[

Lemma A.39 (Lipschitzness of the transformer layer). Consider the parameter space of
transformer blocks

O, 5 = {0 = (O, O0auin), 0] < B},

where ||-|| is defined in Eq. (2.18). Let TF(:) : RP*N s RP*N denote the transformer consists
of one attention layer (with normalization) and one J + 1-layer feedforward map, i.e.,

TFe,(H) = normalize(Attng,,, (H) +H), where H = FFq (H) + H.

Assume B,R > 1. Then for H € Hg,Oxtn € Ou.p, the function (0, H) — TFq,(H)
is Brr(R)-Lipschitz w.r.t. Oawn in ||| and Brr(R)-Lipschitz w.r.t. H in || - ||2,00, where
Brr(R) := (¢B)*’*5/SR? for some numerical constant ¢ > 0.
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Proof of Lemma A.39. For any O, 0. € Oy, let H= FFy_(H) +H and H = FFo, (H) + H.
We have

—
IH = Hl2.00 = [IFFg, (H) = FFgy (H)l|2.00 < (J + 1) B'R - |8 — 5],

where the last step uses Lemma A.37. Adopt the shorthand norm(-) for normalize(-). More-
over, by the definition of FF(-), it can be verified that |[H||z.c0, [H 20 < (B/+! + 1)R.
Therefore,

I'TFa, (H) — TFgy, (H) 2,00
< Hnorm(Attn@m (ﬁ) +H) — norm(Attng, (H) +H)|l20
< 2v/S||Attng,,,, (H) + H) — Attng,  (H') + H|2.
< 2VS - [||Attng,,,, (H) — Attng,  (H)]|2.0c

+ [|Attng, () — Attng,  (H)][2.00 + [[H = H'l|2c
< 2VSR(1 + 4eB2R%) - [|0aten — Orpinll + 2V S(2 + B(1 + 4eB2RY)) - |H — H 2,00,

where R := (B’*! + 1)R and the third inequality uses Lemma A.38. Putting pieces together
yields

ITFa,(H) = TFoy (H)ll2.00 < Brr(R) - |6 — Oy]l-

Similarly, for any H, H' € Hg and Oy € Oy 5, let H = FF_(H) + H and H' = FFq (H') + H'.
Then

Hﬁ o ﬁ/||2700 = HFFng(H) +H - FFGfr(H/) - H/||2,oo
< (14 B H = H2,

where the last step uses Lemma A.37. Moreover, basic algebra gives ||H||2.c0, [H [|2.00 <
(B7! + 1)R. We thus have

ITF, (H) — TFe, (H)||2.00 < |[norm(Attng,,,, (H) + H) — norm(Attng,,,, (H") + H')[[2,c
< 2VS - [||Attng,,,, (H) — Attng,,, (H")[[2,00 + [IH = H'[|2.00 ]
< 2V5(2+ B(1 +4eB?R?)) - |H — H'||2.00
< Brr(R) - [[H = H'||2.00,
where R := (B! + 1)R and the third inequality uses Lemma A.38. O

Lemma A.40 (Lipschitzness of the transformer). Consider the space

L L
O rp = {0= (05", 00), 16] < B},
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where ||-|| is as defined in Eq. (2.18). Let NN? (-) : [S]%m s RN denote the image network
that consists of L transformer blocks in Lemma A.39 and the embedding function Emb(-), i.e.,

NN (i) = TFg0.2) (Emb(y ).

Then for 0 € O 1, the function Ty, — NN? (2;,) is Byn = ((cB)'®/"S*)E-Lipschitz w.r.t.
0 in ||-|| for some numerical constant ¢ > 0. Moreover, let H := Emb(x;y,). Then the function
TFoa:ry(H) is Ban-Lipschitz w.r.t. H in || - ||200. Same results hold for the text network
NNZ (-

Proof of Lemma A./0. Let H = Emb(zy,) and R = R, = Sv/L. For 0 < i < L — 1, define

R; := (2B)"V*2R. Then it can be verified by induction that for any 0 < ¢ < L
||TF0(L—Z+1:L)(H)||2’OO < Rp_y

for any 0 € O g, H € Hg and ¢ € [L]. With this bound at hand, for any 6, 0 c Orf.1.B

INN® (H) — NN, (H)[|a,00
— || TF(H) — TF5(H)]|2.00

() &

<Y ITF g (T (TFgesrny (H))) = TFgue-n) (TF g0 (TFgesr.ry (H))) 200
/=1

@) It ~ L ~

< BY []Bre(Re)- 169 — 09 < LB- ] Bre(R)) - 16 — 6],

=1 j=1 j=1

where step (i) follows from a triangle inequality and step (ii) uses Lemma A.39. Plugging in
the definition of Brp(-) yields the desired bound.
Similarly, for two embedding matrices H, H, we have

INNG,(H) = NNZL (H)[l2.00 = [ TFo(H) — TFo(H)|l200

L
< [IBre(Re) - IH ~ Hllao < Byx - [H = Hll2..

/=1

where the last line follows from Lemma A.39 and the definition of Byy.

Lemma A.41 (Properties of the score function). Consider the space
Os,r.5 = {0 = (Win, Wi, w), 0] < B},
where ||-|| is defined in Eq. (2.18). Let the score function
S (@i, Tix) = 7 (softmax(NNIV™ (z;,)), softmax(NNIV ().

Then for @ € O 1, the function (Tim, Ti) — S (Tim, Tix) 18 Bs = ((cB)®/Lg4) L+
Lipschitz w.r.t. 0 in ||| for all fived (Tim, Tix) € Xim X Xix for some numerical constant
¢ > 0. Moreover, exp(S&x(Tim, Tix)) € [1/c1, 1] with ¢; = exp(Bread)-
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Proof of Lemma A./1. Use o(+) as a shorthand notation for softmax(-) and let

S
T(x,y) = exp(¥(x,y)) = trun(z wsIs?/s)>

s=1

where we recall trun(2) = Projiexy(— Biy).exp(Bra) (7). FOT two parameters 6, 6 c Os.1.B,
we have

| exp(SXx (®ia, o)) — exD(Sh (i, Tex))|

= 7 (o (NN (a3,)), o (NNE (@) — (77 (0 (NN (23,,)), 0 (NN (1)) |
<T)+1T,+ 1T,
where
Ty = |7 (o (NN (@), o (NN (24))) — 77 (0 (NNIV (@03 ) ), o (NN (1)) |
< JJw = @oo - (NN (230 ||1 - [ (NN (@) [ < 10 — 8],
Ty = [77 (o (NN (24)), o (NN (24))) — 77 (o (NN (24,)), o (NNIV (24)) )|
< [[@]los - 1o (NN (@100)) — 0 (NNI (@30)) |1 - |0 (NNE (220) o

im
)

< 2B - NN (@) — NI (24) |, < 2B - Byx - 10— 6],
Ty = [77 (o (NN (@), o (NI (@11))) — 77 (0(NNW (@), o (NN (214,))) |
< [@os - o (NNE(@0r)) — o (NN (@40)) 1 - |0 (NI (@) o

im

—
=

(id) ~ ~
< 2eB - [NNY™(21) — NNIV= (1) [|l2 < 2¢B - Ban - |0 — 6],

where step (i) and (ii) uses Lemma A.47. Putting pieces together we find that exp(S%y (Tim,
Zix)) is (1 + 4e) BBnn-Lipschitz continuous in 6 in ||-|).
The upper and lower bounds on exp(S%x(@im, T+ )) follows immediately from the definition
of the readout function trun(-) in Eq. (A.57).
O]

Lemma A.42 (Lipschitzness of the CLIP representation). Consider the space

@cup,LB = {0 = (W(I) W(Q)

ada’ ada’

Wi, 1]l < B},

where ||-|| is defined in Eq. (2.18). Let o(-) denote the softmax function. Under the definition
of Adap(-) in Eq. (2.20), with slight abuse of notation, let the CLIP representation of the text
data

Euo(@i) = Adap(NNIY (@) = Wigyo (log (trun(W,5 o (NI (@x)))) ),

ada
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where trun(-) is the truncation function defined in Eq. (A.57). Then for 8 € Ogip 1 5,
the function Ey g(1x) 1S Badap = €xp(Bread)((¢B)*®/LSHHLipschitz w.r.t. 0 in ||| for
all Ty, € X for some numerical constant ¢ > 0, where Beaq = 4mlog Bw. Moreover,
Et\xﬁ : R RS 4s 1-Lipschitz w.r.t. Wa(ji and 2e B exp(Byead)-Lipschitz w.r.t. Wa(jg in || Jop-
Same results hold for the adapter of the image representation.

Proof of Lemma A./2. For two parameters 6, 5, we have

|Eveo(@ix) — B gl@e) 2 < T+ To + T,

where

T = || (Wah = Waa)o (log(trun (W5 (NNY™ (1)) )| .

Ty = %(J(log(trun(a/\@a(NNW“(w M) ) — o(log(trun(W2 o (NNWe (2,,)))) ))H
ada ada tx tx g ada tx tx 2a

Ty = || Wiea (o log(trun(W S0 (NN (@) ) = o (log(trun(W,8 o (NNE™ (@) ) ) ||

By properties of the softmax function, we have

Ty < WS = W lop - lo(og(trun(WS o (NNWe (a)))) )2

ada ada ( ada )
) o0 T
< Wi — W) ( D = W) = Willz, and

)
lop - [l (log (trun(W s o (NN ()
(log(trun(W 5 o (NN (z,)))) )

Ty < [Wllop - |0 (log(trun(W o (NNW= (2,,)))) ) — 0

ada

2

—_~—

(1)
< 2¢B - || log(trun(W.3 o (NN (2,)))) — log(trun(W5) o (NNP (4,)))) || oo

(i4) =
< 2¢B exp(Bread) - max [|W) .~ W) |,

JE[S]

where step (i) uses Lemma A.47 and step (ii) follows from the definition of trun(-). Similarly,
we have

Tg < 2¢B? exp(Bread) HNN&/“‘(mtX) — NN:/)‘(/tX(mtX)HQ < 2¢B? exp(Bread) - Brn - |0 — §H|

by Lemma A.40. Putting the bounds on TH, TVQ, T; together yields Lemma A .42.

Lemma A.43 (Lipschitzness of the conditional diffusion model). Consider the space

@Cdm,L,B = {0 = (W(l) W(Z)

ada> ada>

Weam), 6]l < B},
where ||-|| is defined in Eq. (2.21). Let

M (2, Eix(21x)) = readeam (TF cam (Embegm (21, Adap(Ey(24y)))))-
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Then for @ € Ocym. 1.5, the functz’on M (2, Eox (@) 18 Beam-Lipschitz w.r.t. @ in ||-||, where
Begm = ((cB)lBJLSQB3 log® ) 2L+2 eXp(QBread) and Byeag = 4mlog By + log S for some

read
numerical constant ¢ > 0.

Proof of Lemma A.J3. For any two parameters 6, 0c Ocdm, LB, We have

1M (2, Eue(@1s)) — MY (2, Exx(20)) |10

Qs Vi T (Embegn (22, Adaps Weir (B (241))))

cdm

— TE e (Embn (2, Adap" s Ve (En (20)))) e

§T1+T2

for some numerical constant ¢ > 0, where step (i) uses the definition of readym in Eq. (A.87)
and Lemma A .47, and

— [ TEYem (Embegm (2, Adap”es Wi (Eq(00))))

cdm

— TEn (Embegm (20, Adap”ss i (Ee (1)) 200

cdm
(i ) —
< ((eB)®*FS B 4108’ M)* [ Weam — Weaml,

— [ TE e (Embegm (2, Adap”eis Wais (Eq(40))))

cdm

W @
— TEXem (Embegm (21, Adap™ i Weis (Eey (@15)))) 12,00
(i)

S ((cB)l&ILSQ

log m)?L-‘rl

eXp<Bread )

(1) 177(2) (1) (2)
: HAdapWada Wada (Bx(®ix))) — Adapwada Waaa (Etx{th)»HZ,oo

log® 777)2+2 exp(2Byead) - |0 — 0,

read

(iv)
S ((CB)l&ILSQ

read

where step (ii) uses Lemma A.40 and note that ||[Embegm(2:, Adap(Ewx(2ix))) |20 < R =
¢S?10g ML Byeag for some numerical constant ¢ > 0, step (iii) follows from Lemma A.40 and
the definition of Embym,, and step (iv) uses Lemma A.42. Putting pieces together yields
Lemma A.43.

O

Lemma A.44 (Lipschitzness of the vision-language model). Consider the space

Oumrp = {0 = (W3 W W), 0] < B},

ada? ada?

where ||-|| is defined in Eq. (2.21). For any j € [di], let

log ,U/O(xtx,j|xtx,1:j—la EBim (%im)) = log oread,im (TFim(Embyim (Ztx1:-1, Adap(Bim (Tim)))))-
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Then for 6 € Oum 5, the function log 1 (i j|Tix1:j-1, Eim(Tim)) i8 Bum-Lipschitz w.r.t. 6
in |||l for all (Tim, Tix) € Xim X Xix, where Bym = ((¢B)®¥/E2S41B3_ )43 exp(2Biead) and
Biead = 4mlog By, +log S for some numerical constant ¢ > 0.

Proof of Lemma A.J4. Similarly to the proof of Lemma A .43, for any two parameters 6, 0 €
Ovim,z.B, We have

| log Me(xtx,j|xtx,1:j—1a Eim(ilfim)) - log HG(Itx,j|mtx,1:j—1a Eim(mim>)|

(1) (1) 1,(2)
S ||TF\‘/}|valm (Embvlm (xtx,l:j—17 Ad—apVVada 7W3da (Eim(mim))))
— TFYer (Embegrn (1551, Adap™ s Vo (B (1)) 1200

STV3+T4

for some numerical constant ¢ > 0, where step (i) uses the definition of read,|,, and Lemma A .48,
and

Ty = | TEY" (Embyim (2ex1j—1, Adap”se W (Ep (2)))
W (1) (2)
- Tlem (Embvlm (xtx,lzj—la Adapwada Wads (Eim(wim>>>) ||2,oo

(i) =
S ((CB)lSJLS4B3 )4L+2 |||Wv|m - Wv|m|||7

read

Ty = | TEYen (Embyim (2011, Adap™ss Vo (B (i)
= T A2
- Tlem (Embvlm (xtx,l:jfla Adapwada 7Wada (Eim(wim>>)) HQ,oo

(i)
< ((63)18JL54B?ead>4L+2 exP(Bread)

1) 1 (2) 0 o2
| Adapaie Weda (Eypy (@) — Adap” 2 e (B (2imm)) ) |2,00

(iv) ~
< ((eB)'™*5" Briyg) "™ exp(2Bread) - 16 — 6],

where step (ii) follows from a modified version of Lemma A.40 (note that one layer of trans-

former used in VLMs can be represented by two layers of transformer used in Lemma A.40),
and the fact that

||Embv|m(l‘tx71:j—17 Adap(Elm(mlm)))HQ,oo S R:= CSBread

for some numerical constant ¢ > 0, step (iii) follows from Lemma A.40 and the definition of
Emby,, and step (iv) uses Lemma A.42. Combining the bounds yields Lemma A.44.

]
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A.8.2 Lipschitzness of basic operations

Lemma A.45 (Lipschitzness of the normalization operator, |||~ co-norm). Let normalize(h),
:= h, — maxy hy for h € RS. For h,h’ € RY,

|lnormalize(h) — normalize(h') || < 2||h — A'||co- (A.133)
Therefore, for q;,q, € R® (i =1,2,...,m), we have
|normalize(D ,; ¢;) — normalize() , ¢}) |l < 2mmax; ||¢; — ¢} - (A.134)
Proof. Note that | max; hs — max, h)| < ||h — I'||«. For each coordinate, we have
normalize(h), — normalize(h')s = (hs — max hg) — (bl — max hl,)

— / / /
=hs—h, — (msax Ry — max hl).

Here hy — b/, and max, b/, — maxy hl, are bounded by ||h — h'||o, which yields (A.133).
(A.134) follows in a straightforward way:

[normalize(3; ¢;) — normalize()_; j)lloo < 2[1 325 ¢ = 2_; dilloo < 2mmax; |[gi — gi|oo-
[l

Lemma A.46 (Lipschitzness of the normalized layer, || - ||a.2-norm). For any H € RP*N | the
normalized function normalize(-) defined in Eq. (A.56) is 2v/S-Lipschitz w.r.t. H in || - ||2.00-

Proof. The lemma follows by noting that

q(l) — 15 maXses qgl) q(l) maXses q?; q(l)
) _ 1¢max,cgq'? q® max,cg qs. q?
q S . XseS q < | n ?Sq '||1S||2§2\/§' .
. . 'L
q* — 1gmax,cg q” 9 qt") 9 maXgcg qu) ) qtt) 9
n

Lemma A.47 (Lipschitzness of the softmax activation). For any w,v € RY, we have

Proof of Lemma A.47. Write u = (uq,...,uy) and v = (vy,...,vy). By definition of ¢;-
norm, we have

-l - £ e
lelle Mevltn = llellle]ls

u v

6 —
lev[ls  lev]lx

e

< 2e- ||[u — V|-
1
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“[la]

) N )
Zle " H6”H1+Z€”Z'!H€”Hl—”€
- H€“|| le”lx le*{l1l[e® [l

=1

N . s
—Z et — e el = lle™[la] | <22 et Juy — vy
He”Hl lefh le*[lx

=1

< 26”” oo | — v o,

where step (i) follows from a triangle inequality and the fact that |e® — e¥| <e”tle=vl. |2 — y|
for all z,y € R. When ||u — v||2 < 1, it follows that

— < 2e-llu— vl
et~ ool < 2 Tu = vl

When ||[u — v/ > 1, since ||||euH1 I = ||Hev||1||1 1, we have
v u v
I~ el < el I, = 22 2e b=l
le*lly [levfla e = el e TH{|e{]y fh
Combining the two cases completes the proof. O

Lemma A.48 (Lipschitzness of log-softmax). For any u,v € RY, we have

e e’
l10g (7 ) — 108 (5 )l < 20 = v]luc
el fe*Th

Proof of Lemma A./8. Let w :=u —v. Then

eu e'v
Iog () = 108 (o) llee = llw = wlloc + lhog ¥l = log e

@) 1 eV Hiw evHtw
Do+ [t < v+ [ i

where step (i) uses the Newton-Leibniz formula. O

Lemma A.49 (Lipschitzness of log-sum-exponential). For h € R% and U € R3*S define
f(h) € RS by

f(h)s :=10g 3 e U, els
Then, for h,h' € R, we have

1 (h) = f(h)llee < Ilh = h'loc-
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Proof. By differentiating f,, we have

lIJSS’ eXP(hs’) )
S e Voo explia) o

which implies that ||V f(h)]|; <1 for all h. Therefore,

V), = (

1F(h) = f(W)lloo < IV FlIll = Blloe < [ = h[[sc
O

Lemma A.50 (Lipschitzness of log-sum-softmax). For h,h/ € R® and ¥ € RS, define
f(h,h) € R by

f(hi,he) :=log }~ (g Vssoftmax(h)ssoftmax(h')s.
Then, for all hy, hy € RY and k', b} € R, we have
1 (ha, ha) = f(RY hg)lloo < (lha — R [l + (12 — Bl
Proof. Let us first fix hy. By differentiating f by h;, we have

P, [softmax(hy)s — (softmax(hy)s)?]softmax(hs)s
Y- veps) Persoftmax(hy) ysoftmax(hy) v

[Viu f(hla hQ)]s =

By following the argument of Lemma A.49, we have

1f(h1, ha) — f(R1s h2)lleo < P — Bl oo
In the same way, we have

1/ (s h2) = f (R, ho)llee < llh2 — B loc-

Adding these two bounds together, we obtain the assertion. ]

A.8.3 Properties of empirical processes

Lemma A.51 (Proposition A.4 of Bai et al. (2024)). Let {Xg}oco be a zero-mean random
process defined as

X, = %Zf(zi;e) —E.[f(;0)],

where 2y, ..., 2z, are i.i.d. samples from a distribution P,. Assume the following conditions
hold:
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(a) The index set © is equipped with a metric p and has a diameter B,. Furthermore, there
exists a constant A, such that for any subset ©" of radius r in ©, the covering number
satisfies:

2A
log N(A; 0, p) < d, log =2

VO < A< 2r.

(b) For any fixed @ € © and z sampled from P, the random variable f(z;0) — E.[f(z;0)]

is o-sub-Gaussian. That is,

E [eA(f(z;w)—Ez[f(Z§w)])j| S 6)\202/2; \V/A S R.

(¢) For any 0,0 € © and z sampled from P,, the random variable f(z;0) — f(z;0') is
o'p(0,8")-sub-Gaussian. That is,

E [ex(ﬂz;e)—f(z;e'))] < ME20.0)/2 ) e R,

— )

Under these assumptions, with probability at least 1 —n, we have

d,log (24, (1 + B,o’ /o)) + log(1/n)

sup | Xg| < ca\/

0co
where ¢ > 0 is some numerical constant.

Lemma A.52 (The empirical InfoNCE loss). For any function [ : Xy, X Xix — R such that
| flle < B, define the empirical InfoNCE loss as

RcIip K(f)
K exp(f(@m?), ) 1 & p(f (@i 'y 2ey)
Z @ v K > log @ ., Oy
K Z]G[K] exp(f (Tim ., Tix ;') o1 et P (Timj Tex )

Then,

~ A~

Rclip,K(f) - E[Rclip,K(f>]

is cmin{ B, e*” // K }-sub-Gaussian for some universal constant ¢ > 0. Moreover, for any
./l f2 X;m X th — R such that ||f1||ooa ||f2||oo < B we have Rcllp K(fl) [Rcllp,K<f1)]
(Retip (f2) — E[Rd,p,K(ﬁ)]) is 4|| f1 — f2lloo-sub-Gaussian.

Proof of Lemma A.52. By considering the case where the denominator’s exponent has content
+B and the numerator’s exponent has content FB, it is easy to see that the difference
between the maximum and minimum values of Reip i (f) is bounded by 8B. Therefore,

§C|ip7K(f) — E[§c|ip7K(f)] is 4 B-sub-Gaussian.
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Next, we show that /I:\;C|ip7K(f) —]E[/Iic|ip7K(f)] is Cej; it suffices
to consider the behavior of the first term of /Iidip’ x(f):
K (4) ()
exp(f (@im?, 21, D))
Z e (A.135)
k: Z]e[ }exp(f(wim,k » Lix 5 ))

To apply the concentration })ropertles of functions with bounded differences, we evaluate the
deviation when one of (&, Ko Lt ke[K] is replaced.

By replacing a:im(; ) with a:lm(l), the variation of the first term is as follows:

L5 i ep(f(@mi o)) 1 (@ @)
55 FamPen)) K °% @, 2?))

k£l J€E[K] exp 3311117].3 7wtx7] je[K] exp wlm,l 7wtx7]

1 ilo exp(f(:cimS?,th(;)))

K k=1 Zje[K] eXp(f<a71m(k 7€th] ))

Ly, oPU@nesl) 1 en(f @ o) (A.136)
E 75 g ep(f@m)) 2u) K7 S i exp(f (Tim, mtx,(;)))
Using the boundedness of f, (A. 136) is upper and lower bounded by and — respectlvely
By replacing mtx(l) with aztx l , the variation of the first term is as follows
1 exp(f (@i, Tic'y))
7 2 loe ® . 0 ® — O
k£l Zj;él exp(f (Tim Je o Tix j ) + eXP(f(wim,k 1 Lix | )
exp(f (@im, - Fix )
+ g los ® = 0y & ox ® = O
Zj;él eXp(f(wim,k » Lix ) + eXp(f(mim,k » Lix )
R ol exp(f (@'Y, @)
K k=1 Zje[K] eXp(f(mlm(k;)? wtx(;)))
~ log > el eXp(f(wlm(k)7 wtx(;))> N 1 log exp(f(:cimfli),ftxf;)))
3 D (@i o)) + (f @iy Fo))  E T exp(f (@) o))
(A.137)

Using the boundedness of f and the fact that log(1 + z) <  for x > —1, it can be verified
that (A.137) is upper and lower bounded by ﬂ and —QiB respectively.

Combining the two bounds above, replacmg one sample (azlm(l), a:tx(; ) with (@i, l), a:tx(l))

changes (A.135) at most ; 1B (< 6‘3K ). By concentration properties of functions with
bounded differences (e.g., Corollary 2.21 in Wainwright 2019b), the deviation of (A.135) from
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362B

 Retip.ic (f) — ERaip i (f)] s 66\/2;
the first assertion of this lemma holds with ¢ = 6.
For the second assertion, Lemma A.48 implies that

|Rc||pK(f1) cI|pK(f2)| <4||f1 f2||007

fOl" a ﬁXGd (mimf,i), thf}?)kE[K] . ThlS directly implies that Rclip,K(fl)_E[ﬁclip,K(fl)]_(/Ficlip,K(f2)_

E[Reip.x (f2)]) i 4]|f1 — f2]|oo-sub-Gaussian.
]

Remark A.2 (Exponential dependency on m) In the proof of Theorem 2.10 in Appendix A.5
we have only used ¢B-sub-Gaussianity of Rd,p xk(f)— E[Rd,p, x(f)]. By applying the fact that
Raiip.c (f) — E[Rd.p,K(f)] is ce?B //K-sub-Gaussian instead, it is easy to see that the rate

becomes
~ (\/S2L11e4mm2 + log(l/n))
@) .
nk

Here, the denominator involves K, and the convergence rate decreases with the power —% of
the total number of data, n x K, rather than with the number of batches, n. In exchange
for the better dependence on K, the bound exponentially depends on m. Viewing m as a
constant makes this permissible; nevertheless, for this reason, in Theorem 2.10 we adopt rates
that are polynomial in all parameters.

We believe that, in order to obtain the factor 1/4/K in the sub-Gaussian parameter in
Lemma A.52, an exponential dependence on B is unavoidable. We Wlll rov1de an example to
justify this. To simplify the argument, consider the case when f (mlm & ,a:tx y ) only depends
on wlm(,i and we will write f (wlm(k,), th’(.)) = y. Define the distribution of y; as

B (w.p. e B/%)
Yk = B .
—e'W—B;—l (Wp 1—e¢ B/2)

Then, the mean and variance of e¥* are given respectively as follows:

3 B
e e+ ) =

2
Var(e¥*) = 3B/ 4 (1 — 6_3/2) exp(——ﬁil) — (eB/2 + (1 — 6_3/2) eXP<——eB/E§,1>>
= 0(e38/?).

The difference in order between E[e¥ | and 4/ Var(e¥+) will become important later.
Then, Reip x(f) is simplified as

/FE = eXp (mlm(k)7 mtx(k) - eXp (mlm(k)7 mtx(lzc)))
dip () = —— Z 0g () ') Z (i) (@)
Z]e[K] exp(f(cclm o Tix k: Z €[K] exp(f(aclm g Tx g ))
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= __ Zlog o — Zlog

=2log K + log— Z Y — — Zyk (A.138)

JE (K]

Y
JE[K] €

When K is sufficiently large so that & > jerx €% and %= Zszl Y concentrate around their
expectations, (A.138) is approximated as

= 1 o et — E[e¥*] 1 &
Rclip,K(f) = QIOgK + log (1 + ? kZ:; W) + 10gE[6y1] + ? kz:;(yk — E[yk]) + E[’yl]

i { eykeyk + Ye — E[yk]} (+const.).

k:

Remembering that E[e¥*] = ©(eP/?) and Var(e¥*) = O(e3#/?), the variance of %‘3@“ is

O(eP/?), and thus ﬁcllpK(f) - E[Rd,pK(f)] is of order e?/*/v/K. As a consequence, the
sub-Gaussian parameter of Rd,p xk(f)— E[Rchp, K (f)] is at least exponentially dependent on B.

A.9 Experimental details

This section provides details for the experimental results presented in Section 2.5, along with
additional experiments.

A.9.1 Experimental setup

The JGHM data distribution. We generate the dataset from the distribution of Joint
Generative Hierarchical Model (JGHM) of Section 2.4. The root distribution P(z,) is taken

to be uniform over S states. The transition functions {w(Dé7)L}D€{im7tX},LE[S]’ ¢e(r) are constructed
as follows:

[ (5,8 )]s wers) = (1 — paip) % TIY) + pgip X softmax,e, (GU)), 0 € {im, tx},¢ € [S], ¢ € [L],
(H(De) Gg)) ~ia (TLG), TI,G € R%*% I is a random permutation matrix,

71’7 1L

G has 1id Gaussian entries.

This formulation implies that for each parent-child pair (xq(ffl) a:@) where 27V = s, the

? v

child node a:ff) takes the value H(D{)L(s) (corresponding to the non-zero element in the s-th

row of HS?L) with probability (1 — pgi,). With probability pai,, the child node xf}lj) follows
a multinomial distribution parameterized by softmaXrOW(G(Dg?L)S:. In our experiments, we

maintain a fixed set of matrices (H(DZ) G(D{)L) by using a consistent random seed for generation.

7[’7
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The parameter pg;, determines the conditional entropy of the leaf nodes @ given the root
node z,. When pgi, = 0, & is a deterministic function of x, (given fixed matrices (H(DZ?L)DL’K).
Conversely, when pgi, = 1, £ given z, exhibits high conditional entropy. Predicting x, from
xp is relatively straightforward for small values of pg;,, but becomes increasingly challenging
as paip approaches 1

In our simulations, we set the depth L = 4, the states S = {1,...,10}, and mj,, = my = 3,
and vary the transition randomness parameter pg;, from 0.02 to 0.4 with increments of 0.02.
Note that in this case d;,, = dix = d = 81. At last, we set the number of pairs in a sample to
be K = 4.

Belief propagation. Given the transition functions {7,0(5{1}, we can compute the true
similarity score

Sul@im, Tix) = 108[2,, 1) P (] @im P (1 [0) /P ()]

by calculating the conditional probabilities (P(x,|®y ), P(z,|2x)) via belief propagation. This
enables us to obtain the global minimum of the CLIP risk ming ﬁcnp,K(S) as defined in
Eq. (2.1) (Appendix A.5.1). Similarly, belief propagation algorithm can be applied to find the
global minima of both the CDM risk minw, g,, Redm ¢(M¢, Etx) from Eq. (2.9) (Appendix A.6.1)
and the VLM risk min, g, Rum(p, Eim) from Eq. (A.4) (Appendix A.7.1).

Guided training. Here we detail the settings for the guided penalty.
CLIP training. For CLIP training, belief propagation involves only downsamphng Let H(e 2
and H"Y ePxd pepresent the outputs of Attnim(H( ) and AttntX (H(é)) respectively, for

im tx

¢=1L,...,1. The inputs to these attention layers are Hl(i and HtX . We define H(De) as the
messages passed from the parent nodes in Vg) to the child nodes in Vg_l) (for O € {im, tx}):

@ _ |4,© Sxd
Ho = [hD»Pa(“l)(“)]vJ d €

The guided penalty r(De ) at each layer is given by:

T(D = ”H (L—0)s:(L+1—0)s,: —Hy'll3,

where different rows ((L — £)s: (L+1—{)s) in H(DZ) are used for different layers ¢ to align
with ’Hg). The total guided penalty is computed as the weighted sum across all layers:

P S 0+,

where o is a hyperparameter controlling the penalty strength.

CDM training. Note that for the CDMs, we have 2L + 1 layers. The belief propagation
process is tht into a downsamphng phase and an upsampling phase. For the downsampling
we have HY ™Y = Attn(LHM (H ) for ¢ = L+ 1,...,1. For the upsampling, we have
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Bg) = Attn(L”’g)(Bg*l)) for £ =1,..., L. Hence, the input is H(DLH) and the output is Bi(fl).
For down sampling, there are two kinds of messages Ql(ﬁz and 7-[1(2 ie.,

© _ [,® ©_[,® Sxd
Him = [himﬁpa@*”(v)L:l @ O = [ Bim.patt- %J —ted

Then the penalty for the image part in downsampling is defined as

~

)12
Tim,| = Z im (L 0)s:(L+1—0)s,: HQ + HHlm (2L—0)s:(2L+1—0)s,: QimHZ)'
=0
Regarding the text part, there are two scenarios. If we do not use clip features, we follow a
procedure similar to clip-guided training. In that case,

() _ |p+D) Sxd
b = [htx,paww]v_ &

=1,...,

and
L+1

0 @2
Ttx,| = Z ||Htx,(L—£)s:(L+1—€)s,: - Htx ”2
/=1

Otherwise, if we do use the clip features, then Hg{) ebxt

information is retained after the L-th layer:

and we only ensure that the
(L+1) 1
Ttx,| = ”Htx 18, H‘Ex? H2

Finally, there is an upsampling penalty only for the image part. An additional type of
message, Bi(fn) ie

O _ Ty )

Finally, the total penalty is defined as

~

0
Tim,t = Z (L4+1-0)s,: 1m”2+ HB (2L—0)s:(2L+1—0)s Ql(mHQ

+ ||Blm (3L—0)s:(3L+1—-4)s || )

The total penalty is defined as r = o (rim,| + 7o, + rimﬁ).

VLM training. VLM also involves downsampling and upsampling. The information structure
is almost the same as that of the CDMs, with the primary distinction being the swapping of
roles between image and text. We can define 7 |, rix 4+ and iy, in a similar manner. The
total penalty is defined as r = o (i | + Tim,) + Text) -

Learning rates and penalties. After doing a grid search for parameters, we choose the
following combinations of learning rates and penalties.
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Task | Model max Ir | min Ir | penalty (o)
CLIP | Standard TF 3e-4 3e-7

CLIP | Guided TF le-3 le-6 le-3
CLIP | Shallow TF 3e-4 3e-7

CDM | Standard TF le-3 le-6

CDM | Guided TF le-2 le-5 le-1
CDM | Shallow TF le-3 le-6

CDM | Joint Training | le-3 le-6

VLM | Standard TF le-3 le-6

VLM | Shallow TF le-3 le-6

VLM | Guided TF le-3 le-6 le-3
VLM | Joint Training | 3e-4 3e-7

Table A.1: Learning rates and penalties for different models.

Adam-W parameters. We use the Adam-W optimizer (Loshchilov, 2017) for all our
models. The parameters 3; and [y are set to 0.9 and 0.999, respectively. The weight decay is
configured to 0.01, and the error term is set to 1078, Additionally, we apply norm clipping
with a maximum /5 norm of 1.0. Finally, we employ a cosine annealing learning rate scheduler
with the number of warm-up steps set to 0.

Network architecture. Now we introduce the details of network architectures.

CLIP architecture. In CLIP training, we parameterize the similarity score function as

Sg(wima wtx) = <NN1Vlem (wim)a NN':?(/tX (wtx»
using an inner-product link function and neural networks (NN NNWi) as encoders.
Each encoder neural network NN32(xy) = read(TF(Emb(zg))) is composed of a trainable
embedding function Emb : R? — RP*4 a trainable read-out function read : RP*¢ — RS,
and a (L + 1)-layer transformer TF : RP*? — RP*? hased on the architecture from Vaswani
(2017), modified with RMSNorm instead of LayerNorm, and a pre-norm instead of post-norm.
Note that we choose L = 4 and the hidden dim D = 128.

CDM architecture. In joint CDM training, the conditional denoising function is parameterized
as the following: M;(2;, Tiy) = read(TF(Embyy(2;), Embi(y))), where Emby, : RY — RP*4
and Emby, : R? — RP*4 are trainable embedding functions, read : RP*2? — R? is a trainable
read-out function, and TF : RP*24 — RP*2d ig 5 (2L + 1)-layer transformer.

In cases of partial training with a fixed CLIP embedding Et\x(fﬁtx), the conditional denoising
function becomes M;(z;, Et\x(mtx)) = read(TF(Embiy (2:), Emth(Et\X(a:tx)))), with a trainable
embedding function Emb;, : R? — RP*4 4 fixed embedding function Emby, : RS — R9,
a trainable read-out function read : RP*(@+1) — R? and a transformer TF : RP*(@+1)
RP*(@+1) consisting of (2L + 1) layers. Note that we set the hidden dim D = 256 here.
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VLM architecture. Similarly, in the joint training of VLMs, the conditional next-token proba-
bility is parameterized as p(zix = -|Tim) = softmax(read(TF(Embyx (Tix 1:6-1), Embim (Tim)))),
with trainable embedding functions Emby, : R* — RP*? and Emby, : RF-1 — RPx(=1) 5
trainable read-out function read : RP*(@+k=1) _ RS and a (2L + 1)-layer transformer
TF : RP*(@Hh=1) — RPX(@F=1)  Note that we set the hidden dim D = 256 here.

In cases of partial training with a fixed CLIP embedding E;,(@iy), the conditional
next-token probability becomes the following:

1(Zixss = |Eim (®1m)) = softmax(read (TF(Emby (e 1:5-1); EMbian (Eimn (i)

with a fixed embedding function Emby, : RS — R, a trainable embedding function Emb :
RF=1 — RP*(=1) 4 trainable read-out function read : RP*(4+5=1) — RS and a (2L + 1)-layer
transformer TF : RP*(d+k=1) _y RDx(d+k-1)

ZSC settings. For the ZSC, we choose the number of samples to be M = 250 in Figures 2.2b
and A.Gb.

Computational resource. All our experiments are performed on 8 Nvidia Tesla A100
GPUs (80GB memory) and 12 Nvidia Tesla V100 GPUs (16GB memory). The total GPU
time is approximately 3000 GPU hours.

A.9.2 Ablation studies

Further discussion of Assumption 2.1

Many of our theoretical results depend on the boundedness conditions in Assumption 2.1,
which assume both the score function S(@in, ) and the logarithm of the probability

ratio log Pp(xim’m“‘) are bounded between [—logcy,logc;] for some constant ¢; > 0. In

(mim)P(wtx)
practice (Chen et al., 2020; Radford et al., 2021), the score function S(@iy, ) is chosen as

S(wim, II?tx) - <Eim<wim)7 EtX(a}tX»/T

for some temperature parameter 7 > 0 and normalized representations Ej,(-) and Ei(-) such
that ||[Eim(@im)|l2 = 1 and ||[Ew(®w)|l2 = 1 for all @iy, € X, Tix € Xix. In this case, the
absolute score function |S(@im, T+ )| is bounded by 1/7.

To further examine the boundedness assumption of the score function |S(@im, Z+)|, we
conducted a controlled experiment by pretraining ResNet-50 on the CC3M dataset (3M
samples) (Sharma et al., 2018) with different 7 configurations. In addition to the standard
design from Radford et al. (2021), where 7 is trainable (initialized at 0.07 and clipped to be at
least 0.01), we trained models with fixed 7 values of 0.07 and 0.1, which impose progressively
tighter bounds on the score function. We then evaluated these models on the ImageNet-1k
validation set (Deng et al., 2009) in a zero-shot classification setup.

As shown in Table A.2, fixing 7 = 0.07 yields comparable performance to the standard
trainable setting, while increasing 7 to 0.1 results in only a modest decrease in accuracy.
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Setting Val-Topl (%) Val-Top5 (%)

Trainable 7 34.81 4+ 0.04 17.61 £0.07
Fix 7 = 0.07 35.12+0.03 18.21 £ 0.11
Fix 7=0.1 31.95+0.17 15.13+0.15

Table A.2: Top-1 and top-5 validation accuracies (%) across different choices of 7. The
ResNet-50 model was pretrained on the CC3M dataset (3M samples) for 32 epochs under
various 7 configurations. For the trainable 7 case, 7 was initialized at 0.07 and constrained to
be no smaller than 0.01 during training, following the design of (Radford et al., 2021). Each
setting was evaluated over 3 random seeds, and results are reported as mean + standard
deviation.

These findings empirically support our assumption that the score function can be chosen to
be bounded.

Nevertheless, the boundedness assumptions on the probability ratio % may be
relatively strong for certain real-world multimodal data, and it is challenging to estimate the
supremum of the probability ratio in real-world multimodal distributions (e.g., image and
text) as we only have limited samples from it.

Technically, Assumption 2.1 is mainly used for change-of-measure arguments in the proof

of Proposition 2.3 and 2.9. For example, ¢; in Assumption 2.1 provides an upper bound on

E(z. ~P. [f(a:im7xtx)]
3 (Tim  ®x) Ile,tX
t }le ratio E

( )Py X Py L (Tim x| for all functions f > 0. However, for the restricted class
Tim>Ttx)~Fim XFex im>Ltx
of functions considered in the proof, a smaller upper bound may be possible. We leave the

further relaxation of Assumption 2.1 to future work.

More samples per category improves zero-shot performance

Figure A.3 illustrates the risks associated with zero-shot learning as a function of the number
of samples. The experimental setup for Figure A.3 is nearly identical to that of Figure 2.2b,
with the exception that we fix pgi, = 0.2 and vary M. Here, M ranges from 5 to 250. We
observe that a larger number of samples leads to more accurate predictions.

Figure A.5 evaluates the zero-shot classification performance of a ResNet-50 model
pretrained on the CC12M dataset (Changpinyo et al., 2021), tested on the ImageNet-1k
validation set (Deng et al., 2009). We adopt the standard 80 text templates introduced in
OpenATl’s CLIP paper (Radford et al., 2021). For each trial, we randomly permute the 80
templates and incrementally increase the number of templates following this order. This
process is repeated 16 times, and we report the mean and standard deviation of cross-entropy
loss, top-1 accuracy, and top-5 accuracy.

To validate our theoretical prediction that these performance bounds follow a rate of
C + O(1/M) (Proposition 2.4), where C' is a constant and M is the number of templates, we
also fit the curves in both synthetic dataset and the real dataset with functions of the form
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f(M)=A+ B/M (with A and B as parameters). The results in Figure A.4 and Figure A.5
show that the fitted curves (dashed) align closely with the empirical results (solid), with
R? > 0.98, thereby supporting our theoretical findings.
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Figure A.3: Risks of zero-shot learning versus number of samples. The setup of Figure A.3
is almost the same as that of Figure 2.2b, except that we fix pg;, = 0.2 and vary M, where
M ranges from 5 to 250. We can observe that larger numbers of samples lead to improved
predictions.

Out-of-distribution test

Figure A.6 shows the out-of-distribution (OOD) risk (solid curve) and excess risk (dashed
curve) as functions of the parameter pg;,, for CLIP training (Figure A.6a), ZSC (Figure A.6b),
CDM (Figure A.6c), and VLM (Figure A.6d). In all these experiments, models are trained
with a fixed pgi, = 0.2, and their risks are evaluated under varying pgi, values that are
out-of-distribution. The following observations can be made:

e As expected, across all settings, guided training (Guided TF) closely matches the perfor-
mance of the misspecified BP algorithm (Mis-spec. BP), while shallow transformers
(Shallow TF) perform much worse compared to Mis-spec. BP.

e In the CDM (Figure A.6¢) and VLM (Figure A.6d) setups, Standard TF performs
similarly to Guided TF, whereas in the CLIP training (Figure A.6a) and ZSC (Fig-
ure A.6b) setups, Standard TF shows a greater gap from Guided TF. This suggests that



APPENDIX A. APPENDIX FOR CHAPTER 2 191

3.011 —— Bayes 321 ! —— Bayes 284! —— Bayes
28 —— Standard TF 3.011 Guided TF = Shallow TF
i —=—= Fitted Curve ‘ —=—= Fitted Curve 2.6 —=—= Fitted Curve
2.841 .
2.6 1 ||
¥ 52611 % 2.4
2.4 f
& 241
2.2
20 ¥ \ \
2213 \
2.01 2.0 N 2.01
1.8 4+ T T T T T 1.8 4 T T T T T T T T T T T
0 50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 250
M M M
(a) Standard TF (b) Guided TF (c) Shallow TF

Figure A.4: Fitted curves for the risks in zero-shot learning. Each risk curve is fitted by the
function f(M) = A+ B/M, with parameters A and B. The fitted results are shown as dark

dashed lines, while the empirical risks are plotted as solid lines. All fitted curves achieve an
R? value above 0.98.
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Figure A.5: Zero-shot classification performance of a ResNet-50 model pretrained on CC12M,
evaluated on the ImageNet-1k validation set. We use the standard 80 text templates from
OpenAT’s CLIP paper (Radford et al., 2021). For each run, we sample a random permutation
of these 80 templates and progressively increase the number of templates in that order.
This procedure is repeated 16 times, and we report the mean and standard deviation of
cross-entropy loss, top-1 accuracy, and top-5 accuracy. We also fit the results with functions
of the form f(M) = A+ B/M, where A and B are parameters. Fitted curves are shown as

orange dashed lines, while empirical results are shown as blue solid lines. All fitted curves
achieve an R? value above 0.98.

standard-trained transformers may perform closer to the belief-propagation algorithm
when the in-distribution risk is smaller.
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Figure A.6: Out-of-distribution (OOD) risks (solid curves) and excess risks (dashed curves) as
a function of the parameter pg;, for CLIP training, ZSC, CDM, and VLM. Models are trained
with a fixed pgi, = 0.2. Across all setups, Guided TF closely matches the performance of
Mis-spec. BP.Inthe CDM (A.6c) and VLM (A.6d) setups, Standard TF performs similarly
to Guided TF, whereas in the CLIP training (A.6a) and ZSC (A.6b) setups, Standard TF
shows a greater gap from Guided TF. This suggests that standard-trained transformers may
perform closer to the belief-propagation algorithm when the in-distribution risk is smaller.

OOD tests with different pg;, in image and text trees

Figure A.7 shows OOD risks and excessive risks of transformer architectures and belief
propagation for VLMs and CDMs. The settings of Figures A.7a and A.7b are nearly identical
to those of Figures A.6¢c and A.6d. The only difference is that we fix the text pg, = 0.2
while varying the image pgip, in Figure A.7a, and conversely, we fix the image pgi, = 0.2 while
varying the text pg;, in Figure A.7b. We observe that the trends are similar to those in
Figures A.6¢ and A.6d.
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Figure A.7: OOD risks and excessive risks of various transformer architectures and belief
propagation for VLMs and CDMs. These figures exhibit same trends as Figures A.6¢ and A.6d.
(a) fix the text pgi, = 0.2 but vary the image pgip. (b) fix the image pgi, = 0.2 but vary the
text paip.
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Appendix B

Appendix for Chapter 3

B.1 Preliminary

In this section, we provide some preliminary discussions and a proof of Theorem 3.4. Con-
cretely, in Section B.1.1 we discuss our data assumptions and introduce additional notations.
In Section B.1.2, B.1.3 we derive intermediate results that contribute to the proof of Theo-
rem 3.4. Finally, a complete proof of Theorem 3.4 is contained in Section B.1.4.

B.1.1 Additional notations and comments on data assumptions

Tensors. For matrices A, B, C, D, and X of appropriate shape, it holds that
(BT ® A)oX = AXB,
and that

M'®C)o(B'®A)oX=((D'B")®(CA))oX
— CAXBD.

For simplicity, we denote
A®? = A®A.

Comments on Assumption 3.2, 3.3 and 3.4 Due to the rotational invariance of the
Gaussian sketched matrix S, throughout the appendix, we assume w.l.o.g. that the covariance
of the input covariates H is diagonal with the (i,7)-th entry being the i-th eigenvalue.
Specifically, Assumption 3.3 can be rewritten as

Assumption B.1 (Source condition). Assume H = (h;;);;>1 is a diagonal matriz with
diagonal entries in non-increasing order, and w* satisfies a prior such that

Jori#j, Ew;w; =0; and fori>0, EXw2 = i7" for some b > 1.
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Now that we assume H is diagonal. We make the following notations. Define
Hyp = diag(Apest, . .., Ayr) € RETFD”,
where 0 < k* < kT are two integers, and we allow kT = co. For example,
Hy, = diag(Ay, ..., A), Hpoo = diag(Ageq, ... )-
Similarly, for a vector w € H, we have

o * \ T kt—k*
Wit 1= (Wk*+17 c. >Wk;T) eR .

B.1.2 Approximation error

Recall the risk decomposition in (3.4),

Ry(vy) =minR(:) +min Ry (+) — minR(+) + Ry (viy) — min Ry ()
reduble Appre ’ Exce: ’
rreducible pprox xcess

Lemma B.1 (Approximization error). Conditional on the sketch matriz S, the minimizer of
R (v) is given by

v* .= (SHS') 'SHw",
and the approximation error in (3.4) is

Approx := min Ry (-) — min R(+)
2

— | (1-misT(sHST) 'sHE ) Hiw! (B.1)

Moreover, Approx < ||w*||% almost surely over the randomness of S.

Proof of Lemma B.1. Recall that the risk
R(w) :=E((x,w) — y)2
is a quadratic function and that w* is the minimizer of R(-), so we have
(Ex*?)w* = Exy < Hw"* = Exy,
and

R(w) = E((x,w) — (x,w"))* + R(w")
= |2 (w — w*)[[? + R(W").

Recall that the risk in a restricted subspace

Ru(v) :=R(S'v) =E((Sx,v) — y)2
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is also a quadratic function, so its minimizer is given by
v = (E(Sx)®2)71ESxy
— (SHST) 'SHw".
Therefore, the approximation error is
Approx := Ry (v*) — R(wW™)
= R(STV") — R(W")
= [H(STv" — W)
— |H2(ST(SHST) 'SHw" — w")|?
1 — 1 1 2
— [ (r- misT(smsT) 'sH} ) Hiw!

Finally, since
2
(T-H3sT(SHST) 'SH}) —1-H:S'(SHS') 'SH* <1,
it follows that Approx < [[w*||%. O

B.1.3 Bias-variance decomposition

The excess risk in (3.4) can be viewed as the SGD excess risk in an M-dimensional (misspeci-
fied) linear regression problem. We will utilize Corollary 3.4 in Wu et al. (2022b) to get a
bias-variance decomposition of the excess risk. The following two lemmas check the related
assumptions for Corollary 3.4 in Wu et al. (2022b) in our setup.

Lemma B.2 (Hypercontractivity and the misspecified noise under sketched feature). Suppose
that Assumptions 3.5A and 3.5B hold. Conditioning on the sketch matriz S, for every PSD
matric A € RM*M we have

E(Sx)®*A(Sx)®* < atr (SHS'A)SHS .
Moreover, for the minimizer of Ry (v), that is, v* defined in Lemma B.1, we have
E(y — (v*,8x))"(Sx)?* < 2(0” + a||w”||f)SHS .
The expectation in the above is over (X,y).
Proof of Lemma B.2. The first part is a direct application of Assumption 3.5A:

E(Sx)¥*A(Sx)®* = S(Exx' (STAS)xx")S’
< S(atr (HSTAS)H)S'
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=atr (SHSTA)SHS'.
For the second part, we first show that
E(y — (v*, Sx))2x®2 =< 2E(y — (w", X>)2X®2 + 2E(w* — STv*, x)?x%?
< 20°H + 2a(H, (w* — S"v*)¥)H,

where the last inequality is by Assumptions 3.5A and 3.5B. From the proof of Lemma B.1,
we know that

(H, (w* — STv*)®%) = Approx < ||w*||%, almost surely.
So we have
E(y — (v*,8x))*x®2 < 2(c” + of|w*|%)H.
Left and right multiplying both sides with S and ST, we obtain the second claim. O]

Lemma B.3 (Gaussianity and well-specified noise under sketched features). Suppose that
Assumptions 3.1A and 3.18 hold. Conditional on the sketch matriz S, we have

Sx ~ N(0,SHS ).
Moreover, for the minimizer of Ry(v), that is, v* defined in Lemma B.1, we have
Ely|Sx] = (Sx,v*), E(y — (Sx,v*))? = 0 + Approx > o°.

Proof of Lemma B.3. The first claim is a direct consequence of Assumption 3.1A.
For the second claim, by Assumption 3.1A and Lemma B.1, we have

+ (x,w* —STv*)
+ (x,[I- (SHS") 'SH]w")
SH2H :x,v*) + ([I- HzST(SHST)"'SH:|H ix,H:w’).  (B.2)
Notice that )
H 2x ~ N(0,1),

by Assumption 3.1A and that

SH:[I - HzS"(SHST) 'SH?] =0,
therefore

_1

Sx = SH2H #x is independent of [T — H2ST(SHST) 'SH2|H 2x.
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Taking expectation over the second random vector in (B.2), we find
Ely|Sx| = EE[y|x] = (SH2H 7x,v*) = (Sx, v*).

It remains to show
E(y — (Sx,v*))? = o + Approx.
This follows from the proof of Lemma B.1. Specifically,
E(y — (Sx,v"))* = R(S'v")
= Approx + R(w")
= Approx + o
> 0?,

where the second equality is by the definition of Approx and the third equality is by Assump-
tion 3.1B. We have completed the proof. O

B.1.4 Proof of Theorem 3.4

We now use the results in (Wu et al., 2022a,b) for SGD to obtain the following bias-variance
decomposition on the excess risk.

Theorem B.4 (Excess risk bounds). Consider the excess risk in (3.4) induced by the output
of (SGD). Let

Nz == N/log(N),  SNR:= (||w"[|5 + [[VollsusT)/o”.
Then conditioning on the sketch matriz S, for any w* € H

1. Under Assumptions 3.5A and 3.5B, we have

2

N
D,
EExcess < H (I—%SHS")(vo—v") + (1 + aSNR)o? - ==
=1 SHST Nets
when v < m for some constant ¢ > 0.
2. Under Assumptions 3.1A and 3.1B, we have
N 2 D
EExcess > (I-~SHS")(vy — v* + o2 2
]J Pyt ( 0 ) SHST Neff

when v < m for some constant ¢ > 0.
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In both results, the expectation is over (X, y;)~.,, and

Des = #{0 2 1/(Negen)} + (Neze?)? Y. A2,
Xj<1/(Negs7)

where (5\])]{1 are eigenvalue of SHS™.

Theorem 3.4 follows immediately by Lemma B.1 and by setting vo = 0 and plugging the
definition of Bias(w*) and Var into Theorem B.4.

Proof of Theorem B.J. This follows from Corollary 3.4 in Wu et al. (2022b) for a linear
regression problem with population data given by (Sx,y). Note that the data covariance
becomes SHS' and the optimal model parameter becomes v*.
For the upper bound, Lemma B.2 verifies Assumptions 1A and 2 in Wu et al. (2022b),
with the noise level being
52 = 2(0? + af|w*|)5).

Then we can apply the upper bound in Corollary 3.4 in Wu et al. (2022b) (setting their index
set K = () to get

2 D
+ (Iv* = VO”;HST + &2)ﬁ-

(I — ’ytSHST) (vo — V") N
SHST™ eff

=

EExcess <

t=1

We verify that

[v" = voll s < 20HSTV | + 2vo [3pes
— 2| H3ST(SHST) ' SHW" |2 + 2||vo|3ps+
< 2|[FEw|1? + 2||vo2ps
= 2[|w*|I& + 2] vollgusT

which implies that

(Iv* = vollgms™ +6%) < 2[w*[|F + 2/[vollgasT + 2(0® + af|w|[F)
< (14 aSNR)o™.

Substituting, we get the upper bound.

For the lower bound, Lemma B.3 shows Sx is Gaussian, therefore it satisfies Assumption
1B in Wu et al. (2022b) with § = 1. Besides, Lemma B.3 shows that the linear regression
problem is well-specified, with the noise level being

2

52 = 0% + Approx > 0.

Although the lower bound in Corollary 3.4 in Wu et al. (2022b) is stated for Gaussian
additive noise (see their Assumption 2’), it is easy to check that the lower bound holds for
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any well-specified noise as described by Lemma B.3. Using the lower bound in Corollary 3.4
in Wu et al. (2022b), we obtain

H (I—%SHS")(vo—v")

t=1

2
~9 Deff

EExcess 2 N
SHST eff

Plugging in % > o2 gives the desired lower bound. O

B.1.5 Proofs of Lemma 3.5, Theorem 3.6 and 3.7

Lemma 3.5 is proved in Lemma B.27. Theorem 3.6 follows from Lemma B.5 and B.11.
Theorem 3.7 follows from Lemma B.6 and B.12.

B.2 Proofs in Section 3.4

B.2.1 Proof of Theorem 3.1
Proof of part 1. By Assumption 3.1B and the definition of R(-), we have

R(w) =E((x,w) —y)* = E({x,w) — E[y | x])* + E(y — E[y | x])’
=E((x,w) — (x,w"))? + 0% > o°.

Note that the equality holds if and only if w = w*. Therefore we have min R(-) = R(w*) = o2.

Proof of part 2. Part 2 of Theorem 3.1 follows immediately from Lemma B.6.

Proof of part 3. We choose Bias(w*),Var as defined in Eq. (3.5) and (3.6) and let
Bias := Ey-+Bias(w*). Part 3 of Theorem 3.1 follows directly from the decomposition of
the excess risk in Theorem 3.4 (note that E|w*||%/0® < 1), and the matching bounds in
Lemma B.13 and B.16.

It remains to verify the stepsize assumption required in Lemma B.13. Since we have from
Lemma B.27 that

1 B 1 C1 > C2
(SHST) ~ M X, T M N, T M

for some a-dependent constants ¢y, ¢a, c5 > 0 with probability at least 1 — e=*™) it follows
that for any constant ¢ > 1, we can choose v < ¢y for some a-dependent ¢y such that
v < W Therefore, we have verified the stepsize assumption.

Finally, the last claim in Theorem 3.1 follows directly from combining the previous three
parts and Theorem 3.4, noting 02 < 1. and

>3

min{M, (Neffv)l/“} < (Neff’Y)l/a

Var =
~Y
Neff Neff

< (Netgy)'/*! < Bias + Approx

under the stepsize assumption v < 1. Here the hidden constants may depend on a.
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B.2.2 Proof of Theorem 3.2

Similar to the proof of Theorem 3.1, we have min R(-) = 02 under Assumption 3.1B. Moreover,
by Lemmas B.9, B.14 and B.16, we have with probability at least 1 — e~ that
E-Approx ~ M,
Bias < max {Ml’b, (Nefffy)(l’b)/“},
Bias > (Nefffy)(lfb)/“ when (Nefffy)l/“ < M/3,
Var < min {M, (Neff'}/)l/a}/Nefﬁ
when the stepsize v < ¢ for some a-dependent constant ¢ > 0. Here the hidden constants

in the bounds may depend only on (a,b). Combining the bounds on Approx, Bias, Var yields
Theorem 3.2.

B.2.3 Proof of Theorem 3.3

Similar to the proof of Theorem 3.1, we have min R(-) = ¢ under Assumption 3.1B. Notice
that we have v < 1 implies v < 1/(tr(SHST)) with probability at least 1 — e~*™) by
Lemma B.29. It follows from Lemma B.10, B.15 and B.17 that

Ey-Approx ~ log'™* M,
Bias < max { log'™® M, logl_a(NeffV)}7

Bias 2> logl_“(Neff'y) when (Neffv)l/“ < M€ for some small constant ¢ > 0,

min{M, (Neesy)/log"(Nesey)} < (Negzy)/ 1og® (Nezsy)

Var < ~
Nets Nesgsy

= log_“(NeffV)

with probability at least 1 — e=**) when the stepsize v < ¢ for some a-dependent constant

¢ > 0. Since Var < Bias and log' ™*(Negsy) < log'™® M when (Negey)'/® > M€, putting the
bounds together gives Theorem 3.3.

B.3 Approximation error

In this section, we derive upper and lower bounds for the approximation error in (3.4) (and B.1).
We will also show that the upper and lower bounds match up to constant factors in several
examples.

B.3.1 An upper bound

Lemma B.5 (An upper bound on the approximation error). Given any k < d such that
r(H) > k+ M, the approximation error in (3.4) (and B.1) satisfies

Approx < [|Whao ... + (Hog + Sou A Sour] ™ wiawoy )
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almost surely, where Ay := Sk:oon:ooS;;oo' If in addition k < M /2, then with probability
1 — e M)
SR 4 N1 + >—k> Wkl

Approx S Wiy, . + (=22 2t

where (\;)b_, are eigenvalues of H in non-increasing order.

Proof of Lemma B.5. Write the singular value decomposition H :~UAUT, where A =
diag{Ai, o, ..., Ag} with Ay > Ao > ... )y >0 and UU" =1. Define S := SU,w* :=U'w
Then by Lemma B.1 the approximation error Approx = Approx(S, H, w*) satisfies

Approx(S, H, w*) = (1—st (SHST)~ 1SH%) i

— | (1-UAlST(SAST) 'sAlUT)UAIUTw

1

— ||[U(T- A3ST(SAST) "sA)ASUTw

- <I - A5ST(§AST)_1SA5>A5VV*H2 — Approx(S, A, W),

Since S £ S by rotational invariance of standard Gaussian variables, it suffices to analyze the
case where H = A is a diagonal matrix, as the results may transfer to general H by replacing
w* with w*.

Therefore, from now on we assume w.l.o.g. that H is a diagonal matrix with non-increasing
diagonal entries. Define A := SHS'.

By definition of Approx, we have

Approx = H <I — H%ST(SHST)ASH%>
— <[H1/QSTA—1SH1/2 . Id]®2a Hl/QW*W*TH1/2>.

Moreover, for any k € |

1/2aT A —1Qi7l/2 H/’S], 1/2 HY?
H'/2STA~'SH o A7 (SHY2 SinHY2) - 1
( 2gT ACIS), HY2 1, HY’ST A-'S, . HY2 )

1/2

H/2ST 1s()kHl/2 H/2SI A~ 1Skoon/oo—Id_k
_. ( ) (B.3)

U2 +vv’ UV—l—VW) {2(U2+VVT 0 )

Therefore

1/2QT A —lQirl/2 1192 _
H7S ATSHT ~1,] _<vTU+WVT W2 VTV 0 WXVTV
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and hence

2 T
Approx < 2< (U —i—OVV e _:]VTV) ,H1/2W*W*TH1/2>
= 2(U + W HY w. 0w o Hy D)+ 2(W2 VIV H 2w, oow ] CHY2 ),

*, k00" k00

We claim the following results which we will prove at the end of the proof.

(W2 + VIV B w aew o HZ) < meuﬂm (B4)
<U2 +VVT>H(1)/;€2W*0kW*0k 1/2> = ([Hg, + Sox Ay 'Soa] ™ wiwp, kT>‘ (B.5)

Note that in claim (B.5) the inverse A ' exists almost surely since r(Hy.oo) > r(H) — k > M
by our assumption and Si..c € RM*(@=%) ig g random gaussian projection onto R™. First
part of Lemma B.5 follows immediately from combining claim (B.4) and (B.5).

To prove the second part of Lemma B.5, first note that with probability 1 — e~
have

Q(M) we

(>

A
i>k 7'
=2t 4 A
M P

) ; DY
puin (A1) = [ Ak ™ 2 ¢/ Skt )

forc some constant ¢ > 0 by Lemma B.25. Moreover, by the concentration of the Gaussian
variance matrix (see e.g., Theorem 6.1 in Wainwright 2019a), we have S{,;So.x = I1/5 with
probability 1 — e~*™) when M /k > 2. Combining the last two arguments, we obtain

(Z Disk /\z>

Ai
S(IkAIQISO:k - CSE)r;kSO:k/ % + Npg1 7

A 2
2 Ik/(% + Ngg1 + %»

and therefore

<[H8k+s KAy 1SOI~:] s Wo.tWo.k > <[Sa—kA 1SOk] WOkWSkT>

IFLGs, + SoxAx Soel ™ [lIwoi 1

Zi Ai Zz )‘? *
(S22 a + =2 fwiy ) (B6)

VARIVAN

AN

with probability 1 —e~*)_ Combining Eq. (B.6) with the first part of Lemma B.5 completes
the proof.

Proof of claim (B.4) Note that

T, =W=H/2S] A'S,. H/2 -1,
=H,2 S (So.xHoxSes + SkiooHrooSrn) " SkocHY 2 — Ly,

k:oo
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= Hli:/:osloo(Sk:OOHkZOOSg:oo>7lsk:ooHllg;/§o —Ip = 00—z,

where the last inequality uses the fact that the norm of projection matrices is no greater than
one. Therefore, we have ||W||2 < 1. Now, it remains to show

W2+ V'V = -W, (B.7)

as claim (B.4) is a direct consequence of Eq. (B.7) and the fact that |[W|| < 1.
By definition of W in Eq. (B.3), we have

W2 = (H/2S] A7'S,. H/2 — 1)
=Top — 228 AT S Y2 + Y2 S) AT'S oo HiooS) oo A7 S HL 2

k:00 k:oo
=T, —2H2S] _A'S,.. H/? +H/2S] AT'ALAT'S, H/2.

By definition of V in Eq. (B.3), we have

VIV =H/2S] A (So.xHoxS{i)A 'S H}

k:oo®
Since S():kHo;ksak + A, = A, it follows that
W24+ VTV =1, —2H,/2S] A~'S,...H/2 + H,/2S] AT'AA'S, . H/2
=T~ H2S AT HZ = —W.

Proof of claim (B.5) It suffices to show U? + VTV = [H,; + S{,A; 'Sox]!. Using the
definition of U in Eq. (B.3), we obtain

U = Hy/¢Sg A" SoxHyly — I,
= HyPSq, AL o Hy Y — HYPS AL Soa[Hy, + SiAx Son] ' Siu AL SonHyly — T
= Hy'S, AL So [y + Sgi Ay Soa] " Ho Hl — T
where the second line uses Woodbury’s matrix identity, namely
AT = [SoaHoaSgy + Ayl = Al — A Sox[Hy + So Ay Sor] T Sg AL
Continuing the calculation of U, we have
U = HyS0, AL Sox[Hk + Sg AL Sox] THy/” — T,
= Hy/ (S0, Ay SoxHyy + SrAr ' Sou] ™! — T Hy,/?
= —Hy,*[Hy + Sgu AL Soa] T Hy, .
Therefore,

U? = H,*[Hyj + SauAr Sorl Hof [Hyj + SaiAr Sl Hyy”. (B.8)
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Since
Hy Sg A~ = Hy¢So, AL — HyldSo AL Son[Hy ) + g AL Sou] ST AL
= Hy,*[Hgj + S0A; ' Sox] 'S0 AL!
by Woodbury’s matrix identity, it follows from the definition of V in Eq. (B.3) that
Wa

= Hy/'S0 A St Hioo S A SoxHyly

= Hy,*[Hy i +S0,AL Sor] 'S5 AL (SkocHkoSiioo ) A S [Hy i + S0, AL Soa) " Hyy”

= Hy,*[H + S0 A; " Soa) 'S0 AL So[Hy i + SqiAy 'Sl ' Hy,” (B.9)
Combining Eq. (B.8) and (B.9) yields

U2+ W' = Hy*[H;} + S{ A So] ' H,, %, (B.10)

and therefore

<U2 + VVTa Hé{ZW*,O:kW*T,O:kH(I):/; = <[H&i + S(IkAI;ISO:k]_la WS;kWS:kT>-

B.3.2 A lower bound

For the approximation error Approx, we have the following result.

Lemma B.6 (Lower bound on the approximation error). When r(H) > M, under Assump-
tion 3.1C, the approzimation error in (3.4) (and B.1) satisfies

Ew+Approx 2 i

d
=M
where (\;)%_, are eigenvalues of H in non-increasing order.

Proof of Lemma B.6. For any k < d, following the proof of Lemma B.5, we have
Approx — <[H1/2S—TA718H1/2 . Id]®2; H1/2W*(W*>TH1/2>

and

k:oo

26T A-ISEHY? 1, — [ HokSoxA T SoxHyy — Hy/ ST A~ 1S p0 H.
d — 1/2 oT 1 1/2 1/2 oT 1 1/2
Hk:oosk:ooA SOik:[_]:O:k HkooSkooA SkZOOHk:oo - Id—k
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_. (\;JT \>/v> , (B.11)

U24+Vvv"'  UV+VW
VIU+WVT W24+VvTy

Therefore
[H1/2sTA—1SH1/2 . Id]®2 _ (

and
Ey-Approx = By (U2 + W T HY 2w Wi, HYE) + By (W2 + VIV HY Pwi wi HY2
+ 2B (UV + VW, B Pwi i, JH )
= tr((U* + VW) Hoy) + tr((W? + VTV)Hy.o ),

where the last line uses the fact that Ey«(w*)®? = I;. Using Eq. (B.7) and (B.10) in the
proof of Lemma B.5, we further obtain

Eq-Approx = tr(Hy, > [Hy L + S A o] " Hyt *Hou) — tr(WHjeoo)
= tr([Hy; + Sos Az 'Sor] ") — tr(WH.oo)
> —tr(WHy.o) =: T.

where Ay, := Sj.00H.00S,..- For T3, we further have

Ty = tr(H2 Lo — HYZ ST AT Sea HYZJHL)

100 k:oco
> tr(Hy2 Lok — HYZS LA S HY X THZ)

d—k
>3 e —HESLAT S HYD) - pasi - i(Heoo),
=1

where the second line is due to A = Ay (and hence —A1 > —A,;l ), the third line follows
from Von-Neuman’s inequality. Since M :=1;_; — HifiSZmAglskaiﬁ is a projection
matrix such that M? = M and tr(I;_, — M) = M, it follows that M has M eigenvalues 0
and d — k — M eigenvalues 1. Therefore, we further have

d—k d
T3> ) (M) - prgrrp—i(Hpoo) 2 Z Ai
i=1 i=k+M
for any k£ < d. Letting £ = 0 maximizes the lower bound and concludes the proof. m

B.3.3 A lower bound under Assumption 3.3

Lemma B.7 (Lower bound on the approximation error under Assumption 3.3). Under
Assumption 3.3, the approximation error in (3.4) (and B.1) satisfies

d
Ew+Approx 2 Z i,
i=M
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where (\)%, are eigenvalues of H in non-increasing order and the inequality hides some
(a,b)-dependent constant.

Proof of Lemma B.7. The proof is essentially the same as the proof of Lemma B.6 but we
include it here for completeness. Let HY := E[w*w* | be the covariance of the prior on w*.
Following the proof of Lemma B.6, we have
Ey-Approx = By (U2 + W T HY 2w o wi HYZ) + By (W2 + VIV HY Pwi wi HY2
= tr((U* + W )HoHY,) + tr(W? + VT V)H oo HY ),

where the last line uses Assumption 3.3 and notice that H, HY are both diagonal. Next,
similar to the proof of Lemma B.6, using Eq. (B.7) and (B.10), we derive

Ew+Approx = tl"(H(;ilc/z [Hy,, + S(—l)—:kAlzlSO:k]_lH(;Ilc/ZHO:kHBYk) — tr(WH.oo Hy )
= tr([Hy,, + SorAy Sor] Hy,) — tr(WHoo HY )
> —tr(WH oo HY ) =: Ts

where Ag = Si.ooHpooS/.

poo- FOT Ty, following the same argument for 73 in the proof of
Lemma B.6, we have

Ty > pi(Ta—p — Hi{iS;mAglskalﬂ ) - tras1—k—i(HiooHpr o)

k:oo

d

d
> Z i (HHY) 2 Z 7N,

i=k+M i=k+M

for any k < d where the last inequality uses Assumption 3.3. Setting £ = 0 maximizes the
lower bound and concludes the proof. O

B.3.4 Examples on matching bounds for Approx

In this section, we derive matching upper and lower bounds for Approx (defined in Eq. 3.4 and
B.1) in three concrete examples: power-law spectrum (Lemma B.8), power-law spectrum
with source condition (Lemma B.9) and logarithmic power-law spectrum (Lemma B.15).

Lemma B.8 (Bounds on Approx under the power-law spectrum). Suppose Assumption 3.1C
and 3.2 hold. Then with probability at least 1 — e~ *™) over the randomness of S

M7 < Ey+Approx < M1,

Here, the hidden constants only depend on the power-law degree a.
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Proof of Lemma B.8. For the upper bound, by Lemma B.5 and noting Ew}? = 1 for all 1,
we have with probability at least 1 — e~ (M)

Z’i 1)‘%' 21 1)‘12
Ew+Approx < ,g,; Ai + (% + A1+ # -k

klfa k172a
< klme 4 ( ]1\4 + k7O + 1M )kl

k1 a
< (M + 1> ki
for any given k; < M /2. Here the hidden constants depend on a. Therefore, letting k; = M /2
in the upper bound yields
E-Approx < M@

with probability at least 1 — e=2(M),

For the lower bound, we have from Lemma B.6 that
Ew+-Approx 2 Z i > M
i=M
This completes the proof. O

Lemma B.9 (Bounds on Approx under the source condition). Suppose Assumption 3.3 hold.
Then with probability at least 1 — e~ M) over the randomness of S

M0 <Ey-Approx < M0,
Here, the hidden constants only depend on the power-law degrees a, b.

Proof of Lemma B.9. For the upper bound, by Lemma B.5 and noting Ew:? = i¢~° for all i,
we have with probability at least 1 — e=%(M)

Z' k Ai Z k )‘?
k>kq M M

k,l—a kl—?a
S ki—b + ( ;W + kl—a + 17) k%-&-a—b

k
< (Ml -+ 1) el
for any given k; < M /2. Here the hidden constants depend on a,b. Moreover, choosing
ki = M/2 in the upper bound gives

E-Approx < M0
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with probability at least 1 — e~ (M),
For the lower bound, we have from Lemma B.7 that

Ew+Approx 2 Zz @b > it

=M
This completes the proof. n

Lemma B.10 (Bounds on Approx under the logarithmic power-law spectrum). Suppose
Assumption 3.4 hold. Then with probability at least 1 — e~ ™) over the randomness of S

log' ™ M < Ey-Approx < log'™* M.
Here, the hidden constants only depend on the power-law degree a.

Proof of Lemma B.10. For the upper bound, by Lemma B.5 and noting Ew;? = 1 for all 4,
we have with probability at least 1 — e=%(M)

oy i e A2
Approx S 3 A+ <Z;4—k + N1+ Lo N )]{71
k>k1

1 1—a k’ k1—2a
< logl_“ ki + <—ogM Ly kfl log™ k1 + ! )kl

k1 1 [k
14 log'™* i,

( TV logky, gk M) og"”
<log' "k

for any given ky < M/2, where the third line uses » ., A7 < 1/(k log* k;). Choosing
= M /2, we obtain

E-Approx < log'™* M

with probability at least 1 — e~*(™) Here the hidden constants depend on a, b.

For the lower bound, we have from Lemma B.6 that

Ew+Approx 2 Z Ai 2 Z i~ tlog™*i > log' ™ M.
i=M i=M

Therefore, we have established matching upper and lower bounds for Approx. O

B.4 Bias error

In this section, we derive upper and lower bounds for Bias(w*) defined in Eq. (3.5). Moreover,
we show that the upper and lower bounds match up to constant factors in concrete examples.
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B.4.1 An upper bound

Lemma B.11 (Upper bound on the bias term). Suppose the initial stepsize v < m

for some constant ¢ > 1. Then for any w* € H and k € [d] such that r(H) > k + M, the
bias term in (3.5) satisfies

1

eff

Bias(w™) <

V115

Moreover, for any k < M/3 such that r(H) > k + M, the bias term satisfies

2

* 2 A
Bias(w") < Lol [“M/Q( M 4w

k
eft?) s (Ag)

with probability 1 — e~ ¥ ™) where A, = Sk’:oon:ooS;gr;oo; {ui(Ak)}i]\il denote the eigenvalues
of Ay in non-increasing order for some constant ¢ > 1.

Proof of Lemma B.11. Similar to the proof of Lemma B.5, we can without loss of generality

assume the covariance matrix H = diag{\1, Ao, ..., \¢} where \; > \; for any i > j.
Let SHY2 = U (AY2 0) VT be the singular value decomposition of SHST, where A :=
diag{xl, Aoy A M} is a diagonal matrix with diagonal entries in non-increasing order. Define

A, = Sk:oon:ooSkT;oo- Then it follows from similar arguments as in Lemma B.5 that Ay is
invertible.
Since

. X
[7:SHS |2 = vA1 < A\ < + <1

1)‘2‘

i

for some constant ¢ > 1 by the stepsize assumption, it follows that I; — v SHST = 0,, for
all t € [N]. Therefore, it can be verified that

N N
[ — vSHST)SHS™ [[(1y — %SHS')
t=1 t=1

=< (Iny —ySHS")Ne*SHS " (I, — ySHS " )Netr —: M,

and by definition of Bias(w*) in Eq. (3.5), we have

2 2

Bias(w™) =

N
[](T-~sSHST)v*
t=1

< H (I—ASHST) " v*

SHST

= (M, v*®?). (B.12)

SHST
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Note that the eigenvalues of M are {\;(1 — ~v\;)?Nees}M = Since the function f(z) =
2(1 — yx)?Ne#t is maximized at zg = 1/[(2Nezs + 1)7] for x € [0,1/7] with f(x¢) S 1/(Negsy),
it follows that

M|z < ¢/(Negs7) (B.13)

for some constant ¢ > 0. The first part of Lemma B.11 follows immediately.

Now we prove the second part of Lemma B.11. Recall that v* = (SHST)_lus*.
Substituting
SH = (SO:k’HO:k Skoonoo)

into v*, we obtain
(M, v*®%) = (M, (SHST)"'SHw")*?)
—w* 'HS'"(SHS")"'M(SHS")"'SHw"

S 27—‘1 + 2T27
where
Ty := (wi,) "HoxSo..(SHST) *M(SHS ") !So.. Hou Wi.p., (B.14)
Ty = (Wh.o) ' HiooS). o (SHST) 'M(SHS ") 'S0 Hioo Wi - (B.15)

We claim the following results which we prove later. With probability 1 — e~

2
cllwills | ar2(Ax)
Ty < - . B.16a
b= Nessy par(Ay) ( )
for some constant ¢ > 0.
Ty < [Wioollf, .- (B.16b)

Combining Eq. (B.16a), (B.16b) gives the second part of Lemma B.11.
Proof of claim (B.16a) By definition of 7}, we have
Ty < |[HoxSo,(SHST)'M(SHS ") ™" So.x Houxll2 - [ 3-
Moreover,
| Ho.Sg(SHST)"'"M(SHS ") ™' So.. Houx 2
< Mz - [I(SHS ") ™" SoHou 13

c
Nozey [(SHS ") 'S Hoxl3

<

for some constant ¢ > 0, where the last line uses Eq. (B.13).
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It remains to show

a2 (Ax)
piar(Ay)

for some constant ¢ > 0 with probability 1 — e~ Since SHST = So.,Ho.1S{., + Ay, we
have
(SHS")™'SoHox = (A" — Ay Sox[Hyg + So Ay Sour] ' S Ar ) S0 Hon
= A, 'SoHor — A Sor[Hy + Sg.s AL 'Sok) 'S AL SorHok
= A 'So[Hy, + Sg. AL ' Sou] Hy Hou
= A 'S [Hyp + SosAr 'Sor] Y, (B.18)

I(SHST)™"SpuHoxll2 < ¢ (B.17)

where the second line uses Woodbury’s identity. Since
Hy} + Sg.. AL Sow = Sg.AL Souk,
it follows that
I + SoxAr Sou] Iz < ISoxAx " Sou] |2

Therefore, with probability at least 1 — e~*(M)

1AL S0 [Hgy, + S Ay Sk T ll2 < AL 2 - [1Sollz - [I[H + S Al Sou] ™ 2
< AL 2 ISoull2 - [Sok Ak Sl 12
1A N2 - IS0l 1A 2
" fmin(S¢e Ay 'Soik) ™ fimin (S AL Souk)
where the last inequality follows from the fact that ||Soll2 = v/][S¢:Sox]l2 < ¢ for some

constant ¢ > 0 when k < M /2 with probability at least 1 — ™) Since Sy is independent
of Ax and the distribution of S, is rotationally invariant, we may write S&kA;So:k =

M - . iid 3 : : : :
S <188, where §; ~ N(0,I,/M) and (\;)M, are eigenvalues of A} in non-increasing

=1 Ay
order. Therefore, for k < M/3
M M2 M2
1 1 1 1
SoiAL o = Y 55 =Y 88 - < Y — (B.19)
o1 AM—i o1 AM—i Am/2 An/2

for some constant ¢ > 0 with probability at least 1 —e~*™) where in the last line we again use
the concentration properties of Gaussian covariance matrices (see e.g., Theorem 6.1 in Wain-

wright 2019a). As a direct consequence, we have

Hary2(Ag)
ponr (Ag)

) for some constant ¢ > 0. This concludes the proof.

AL 'So.e[Hy, + So. AL Sou] M2 < ¢

with probability at least 1 — e~ (M
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Proof of claim (B.16b) By definition of T3 in Eq. (B.15), we have
Ty =wi. HiooS,.  (SHST) V(I — ySHST)2Nert (SHST)1/28,.  Hyoo Wi o,
< Wi HpooS, (SHS) 'Sy Hioo Wi
< |HZS o (SHS) 'Sk Y2 | - [[Wioo ...
< ||Wk:oo||Hk:0C7
where the last line follows from
IH,2S] _(SHST) 'S H} ||
= |HY2S]_(SoHoSg s + StcoHrooSrns)  Stise HYZ ||
< |HY2S] A'SiaHY2 |2 < 1.

B.4.2 A lower bound

Lemma B.12 (Lower bound on the bias term). Suppose w* follows some prior distribution
and the initial stepsize v < m for some constant ¢ > 2. Let HY := Ew*w*'. Then
the bias term in Eq. (3.5) satisfies

3 1:(SHHYHST)

E,-Bias(w*) >
as(w) 2 4;(SHST)

’i::\i<1/(’yNeff)

almost surely.

Proof of Lemma B.12. Let My := SHST(I — 2ySHST)***". Adopt the notations in the
proof of Lemma B.11. By definition of the bias term, we have

N
H (I — %SHST)V*
t=1

N/Ness
— <SHST H ,yNefftSHST)QNeff *®2>

2

Bias(w™) =

SHST

N/Nets
<SHST I— Z ,yNefftSHST)QNeff *®2>
t=1
> (SHST (I — 29SHST)*™™* v*®2) = (My, v*?), (B.20)

where the third line uses Iy — 2,SHST = 0, for all ¢ € [N] established in the proof of
Lemma B.11, ZN/NEH YNossi < 27, and the fact that (1 —w)(1 —v) > 1 —w — v for w,v > 0.
Substituting the definition of v* in Eq. (3.5) into the expression, we obtain

Ey+Bias(w*) > By« (My, v*®?) = E- (My, ((SHS ") "'SHw*)®?)



APPENDIX B. APPENDIX FOR CHAPTER 3 214

r(HST(SHS")'My(SHS )" 'SHHY)
((SHS")'My(SHS')"'SHHYHS ")

t
tr

iar—iv1((SHST)!My(SHST)™) - 11;,(SHHYHS "),

.

1

7

where the last line uses Von Neumann’s trace inequality. Continuing the calculation, we have

1;(SHHYHST)
pi((SHST)2My ™)

NE

Ew+Bias(w™) 2
i=1

— i /lz‘(SHHWHST)

= pi((SHST)(1 - 2,8HST) )
> p;(SHHYHST)
- 4:(SHST)

where the first inequality uses ppsyi 1(A) = u; ' (A™!) for any positive definite matrix
A € RM*M " and the second line follows from the definition of My and the fact that (1 —
A’yNeff)_QNeff 5 1 when )\ < 1/(’7Neff). ]

B.4.3 Examples on matching bounds for Bias(w")

In this section, we derive matching upper and lower bounds for Bias(w*) in (3.5) in three
scenarios: power-law spectrum (Lemma B.13), power-law spectrum with source condition
(Lemma B.14) and logarithmic power-law spectrum (Lemma B.15). Recall that we define
Bias := E+Bias(w*).

Lemma B.13 (Bounds on Bias under the power-law spectrum). Suppose Assumption 3.1C and
3.2 hold and the initial stepsize v < m for some constant ¢ > 2. Then with probability
Q

M) over the randomness of S

Ew+Bias(w*) < max {(Neffv)l/“’l, M7y,

at least 1 — e~

and
Ey-Bias(w*) > (Negey) /7!

when (Neggy)/® < M/c for some constant ¢ > 0. Here, all the (hidden) constants depend
only on the power-law degree a.

Proof of Lemma B.15. For the upper bound, using Lemma B.28, B.11 and the assumption
that Ew}? = 1 for all 4 > 0, with probability at least 1 — e~%*M) we have

[l

Ew+Bias(w™) < Noze + HWZQ:OOH%I@@O



APPENDIX B. APPENDIX FOR CHAPTER 3 215

ko
5 Nessy * ,;kz)\i
ko
Netsy
< max {(Nefffy)l/“*l, lea},

4

+ ky e

where in the last inequality, we choose ky = [M /3] A (Neg£7y)/® to minimize the upper bound.

When (Negey)'/* < M/3, combining Lemma B.12 and B.27 gives the lower bound

3 pi(SHHVHST) 3 pui(SH?ST)

E-Bi ) > - A P
as(w) 2 :(SHS) 4:(SHST)”

i:S\i<1/(Neff"/) i:S\i<1/(Neff’y)

Z Z ’L;_a _ Z i@ Z (Neff,y)l/afl

5\v.'<1/(Neff7)ﬂ§]\/[ Xi<1/(Netsy),i<M

—Q(M

with probability at least 1 — e ). Here, the hidden constants depend only on a. O

Lemma B.14 (Bounds on Bias under the source condition). Suppose Assumption 3.3 hold

and the initial stepsize v < WlHST) for some constant ¢ > 2. Then with probability at least

1 — e M) oper the randomness of S
Ey-Bias(w*) < max {(Negey) 70/, M0,
and
Fy-Bias(w*) > (Nogey) 1 0/a

when (Negey)/* < M/c for some constant ¢ > 0. Moreover, when b > a + 1, with probability
at least 1 — e~ M) over the randomness of S

Ew-Bias(w") < log Negs - max {(Neffy)(l’b)/a, Ml’b}
In all results, the hidden constants depend only on a,b.
Proof of Lemma B.1j. For the upper bound, using Lemma B.28, B.11 and the assumption

that (w.l.o.g.) Ew}? = % for all i > 0, with probability at least 1 — e~*™)  we have

||W6k Hg 2
S Ew- T;’Y + Wiy o0y, o

E~Bias(w™)
< k%—ka—b

~Y

+ A
Nessy K>y
k%-&-a—b

Sk
Nessy 2
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5 max {(NeffV)(l_b)/a7 Ml_b}

when b < a + 1, where in the last inequality, we choose ky = [M/3] A (Negsy)'/® to minimize
the upper bound.

When (Nesey)Y* < M/c for some large constant ¢ > 0, combining Lemma B.12 and B.27
yields the lower bound

: pi(SHHYHST) pi(SH@+0/agT)
EW*B ) 2> ~ s
sw)Z D T UleHST) T 2 @HST)
i:Ai<1/(Neff’y) i:Ai<1/(Neff’y)

Z’—(a—i—b) - -
D N D O
Ai<1/(Negsv),i<M Ai<1/(Negs7),i<M

—Q(M)

with probability at least 1 —e . Here, the hidden constants depend only on a, b.

Upper bound when b > a + 1. Following the previous derivations, when b = a + 1, we
have with probability at least 1 — e~*(M)

W5, 113

Ew*B )< ]EW* k : :
ias(w*) < Nz + [1Whyioo I, o

< IOg k‘g
~ eff”Y
< log(Nets7)
~ Neff’Y

+ ka0
+ Ml—b

where the last line follows by setting ky = [M/3] A (Negsy)Y/%. When b > a + 1, we have with

probability at least 1 — e~ %(M)
wBias(w") S Ey- Tﬂ + ||Wk2:oo||Hk2m
S +ky
eff”Y
< + M
eff”

where the last follows by choosing ks = M/3 to minimize the upper bound.

Note that there exist non-constant gaps between the upper and lower bounds on the bias
term (plus the approximation error term, Lemma B.9) in the simple regime where b > a + 1.
We leave a more precise analysis of the bias term for future work.

O

Lemma B.15 (Bounds on Bias under the logarithmic power-law spectrum). Suppose As-

sumption 3.4 hold and the initial stepsize v < thﬁ for some constant ¢ > 2. Let
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k:= inf{k : klog®k > Negsy}. Then with probability at least 1 — e~ M) ouer the randomness
of S

Ey-Bias(w") < max { log'™*(Nets7), log' ™ M},
and
E.-Bias(w*) > log" ™ *(Neez7)

when (Nessy) < M€ for some sufficiently small constant ¢ > 0. Here, all constants depend
only on the power-law degree a.

Proof of Lemma B.15. For the upper bound, using Lemma B.30, B.11 and the assumption
that Ew}? = 1 for all 4 > 0, with probability at least 1 — e~%*M) we have

Ey-Bias(w*) < E M | E:
wrBias(w*) < Eg Noee +lec2:ooHHk2;oo

ko
s eff”Y * Z A

k>ko

ko
Negsy
< max { logl_“(Neffy), log' ™ M},

+ logl_“ ]{32

~

where in the last inequality, we choose ko = [M/3] A [(Neff'y) / loga(]\/’efffy)] to minimize the
upper bound.

Recall k* =~ M/log M (for example we may define k* = inf{k : klogk > M}) in
Lemma B.29. Combining Lemma B.12 and B.29 gives the lower bound

o pi(SHHHST) u(SH'S )
Ew~Bias(w™) 2> Z 11;:(SHST) ~ Z m’

i <1/(Neg£7y) i:As<1/(Negty)

i~2log i v a
Z E TTi1—a. = E 7 lOg 7
- 1=1log™ "4 ,
)\i<1/(Neff'Y),7:§k* )"i<1/(Neff7)7ZSk*
k*

e Z i'log i

1=Nessy
2 log' ™ (Negey) — log! (k")

> log'™*(Negsy) — c1log' (M)

with probability at least 1 — e for some constant ¢; > 0. Here, the (hidden) constants
depend only on a. Therefore, when (Negey)/* < M for some sufficiently small constant
¢ > 0, we have

Ey-Bias(w™) 2> logl_a’(Neffy) ] logl_a(M) pe logl_“(Neffy).
with probability at least 1 — e=(M), O
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B.5 Variance error

In this section, we present matching upper and lower bounds on the variance term Var defined
in (3.6) under the power-law or logarithmic power-law spectrum.

Lemma B.16 (Matching bounds on Var under power-law spectrum). Under Assumption 3.2,
Var defined in Eq. (3.6) satisfies

min{M7 (Neff’V) l/a}
Neff

Var =

with probability at least 1 — e~*M)

only depend on a.

over the randomness of S. Here, the hidden constants

Proof of Lemma B.16. By the definition of Var in Eq. (3.6) and Lemma B.27, we have

#0y 2 1/(Nete)} + (Nexe)* s ety ¥

Var = Nows
o min {M; (Neff’Y)l/a + (Neff7)2 : (Neff’V)(lfza)/a}
- Nees
_ min{M, (Neeey)'/"}

Neff

with probability at least 1 — e=**) over the randomness of S. Here the hidden constants

may depend on a. O

Lemma B.17 (Matching bounds on Var under logarithmic power-law spectrum). Under
Assumption 3.4, Var defined in Eq. (3.6) satisfies

min{ M, R} ~ min{M, (Ness7y)/1log"(Nessy)}
Ness Nets

Var <

with probability at least 1 — e~ M) guer the randomness of S, where k 1= inf{k : klog”k >

(Negsy)} and = hides constants that only depend on a.
Proof of Lemma B.17. Define k* = inf{k : klogk > M} and let

D= #{5\] > 1/(Negs7)} + <Neff’7)2 Z 5\?

X;<1/(Negsv)

By the definition of Var in (3.6) and Lemma B.29, we have

B3 2 1/ (Natt)} + (Vate?)? S 1) e N
Neff

Var =
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B D min{M, k}
Neff Neff

with probability at least 1 — e~*™) over the randomness of S, where the second line follows
from

Neff'Y
> # /\ > 1 R ~ , and
{ /( ffw} log” ( eff’Y)
[) < Neff7 (NeffV) ) i < NeffV
~ 10g*(Netey)  10g°*(Negs) 1351 (Vo )32 ™~ log®(Nets7)
when k < M. O

B.6 Expected risk of the average of (SGD) iterates

In this section, we study the expected risk of the average of (SGD) iterates. Namely, we
consider a fixed stepsize (SGD) procedure where 4, = v and define vy := >~ ' v;/N. Our
goal is to derive matching upper and lower bounds R(Vy) in terms of the sample size N
and model size M. Compared with the last iterate of (SGD) with geometrically decaying
stepsizes, we show that the average of (SGD) iterates with a fixed stepsize achieves a better
risk, in the sense that the effective sample size Ngss is replaced by N in the bounds (c.f.
Theorem 3.1). This may give improvement up to logarithmic factors.
We start with invoking the following result in Zou et al. (2023).

Theorem B.18 (A variant of Theorem 2.1 and 2.2 in Zou et al. (2023)). Suppose Assump-
tion 3.1 hold. Consider an M - dimensional sketched predictor trained by fived stepsize (SGD)
with N samples. Let Vy := Ez 0 VZ/N be the average of the iterations of SGD. Assume
vo = 0 and 0 > 1. Conditional on S and suppose the stepsize v < 1/(ctr(SHST)) for some
constant ¢ > 0, then there exist Approx, Bias, Var such that

ERy (Vy) — 02 = Ey-Approx + Bias + o*Var,
where the expectation of Ry is over w* and (x4, y;)Y., and

Approx := E&2
2

Y

— | (1-misT(sHST) 'sH: ) Hiw!

EW* <T1 + T3> S Bias S Ew* (TQ + T4),

DeffN
Var = ’
A~ TN
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and
Ty ((1 —(I- VSHST)N/4>2(SHST)1B ) (B.21a)
1- ’}/2N2 0/, .
Tyi— e ((1— (1—~SHST)Y) (SHST)'B B.21b
2.—WT<<_(_7 ))( ) 0)7 (B. )
— L T T\N/4 . T T\N/4\2
T= 3 tr((I (I-~SHST) >B0> tr((I (I—SHST)V/) ) (B.21c)
L (1 ~SHST)VBy(I — ~SHST)V) . ety
T = N (Bo — (I —~SHS")VB,(I - vSHS")") N (B.21d)
B = v'v'', (B.21e)
Degn = #{} > 1/(NV)} + (N7)* > X, (B.21f)

Xj<1/(N7)

where (), )L, are eigenvalue of SHS.

See Section B.6.2 for the proof.
For T;(i = 1,2,3,4), we also have the following upper (and lower) bounds.

Lemma B.19 (Lower bound on T7). Under the assumptions and notations in Theorem B.18,
we have

pi(SH?ST)
BeTiZ D SHST)

i:Ai<1/(yN)
almost surely, where (S\Z)Z]\Ll are eigenvalues of SHS' in non-increasing order.
See the proof in Section B.6.2.

Lemma B.20 (Upper bound on T5). Under the assumptions and notations in Theorem B.18,
for any k < M/3 such that r(H) > k + M, we have with probability at least 1 — e~ M) that

1 [MM/2(AI<)

T ~ i| W*' 2+ w*'oo : ?
2 S ey | Il + I

where Ay = Sp.0oHp.00S;.
See the proof in Section B.6.2.

Lemma B.21 (Lower bound on T3). Under the assumptions and notations in Theorem B.18,
we have

Deff,N Z [IJZ(SH2ST)

By Ty > Sl
S~TN 11;:(SHST)

A <1/(yN)

almost surely, where (5\ WM are eigenvalues of SHS' in non-increasing order.
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See the proof in Section B.6.2.

Lemma B.22 (Upper bound on T}). Under the assumptions and notations in Theorem B.18
and assume r(H) > M, we have

Deﬂ,N

TS Wl =

almost surely, where Ay := Sk;oon:OOS;OO.

See the proof in Section B.6.2.
With these results at hand, we are ready to derive upper and lower bounds for the risk of
the average of (SGD) iterates.

B.6.1 Matching bounds for the average of (SGD) iterates under
power-law spectrum

In this section, we derive upper and lower bounds for the expected risk under the power-law
spectrum. Our main result (Theorem B.23) follows directly from Theorem B.18 and the
bounds on T;(i = 1,2,3,4) in Lemmas B.19 to B.22.

Theorem B.23 (Scaling law for average iterates of SGD). Suppose Assumption 5.1 and 3.2
hold and 0® < 1. Then there exists some a-dependent constant ¢ > 0 such that when v < c,
with probability at least 1 — e~ M) over the randomness of the sketch matriz S, we have

ERuM(Vy) = 0° + @(Ml_“) + @((]\W)l/a—l)7

where the expectation is over the randomness of w* and (x;,y;)~.,, and ©(-) hides constants
that may depend on a.

See the proof in Section B.6.2.

Compared with Theorem 3.1, Theorem B.23 suggests that the average of (SGD) achieves
a smaller risk in the sketched linear model—the (Neey)'/® is replaced by (Nv)Y® in the
bound for the bias term. This is intuitive since the sum of stepsizes D, 71 =~ Negs7y for the
geometrically decaying stepsize scheduler while ), v, = N+ for the fixed stepsize scheduler.

We also verify the observations in Theorem B.23 via simulations. We adopt the same
model and setup as in Section 3.5 but use the average of iterates of fixed stepsize (SGD)
(denoted by vy) as the predictor. From Figure B.1 and B.2 we see that the expected risk
ER(vy) also scales following a power-law relation in both sample size N and model size M.
Moreover, the fitted exponents match our theoretical predictions in Theorem B.23.
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Figure B.1: The expected risk (Risk) of the average of iterates of (SGD) versus the sample
size N and the model size M for different power-law degrees a. The expected risk is computed
by averaging over 1000 independent samples of (w*,S). We fit the expected risk using the
formula Risk ~ 02 + ¢;/M® + ¢, /N via minimizing the Huber loss as in Hoffmann et al.
(2022). Parameters: 0 = 1,y = 0.1. Left: For a = 1.5, d = 20000, the fitted exponents are
(a1,as) = (0.59,0.33) ~ (0.5,0.33). Right: For a = 2, d = 2000, the fitted exponents are
(ay,a9) = (1.09,0.49) ~ (1.0,0.5). Note that the values of (a;,as) are close to our theoretical
predictions (a — 1,1 — 1/a) in both cases.
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Figure B.2: The expected risk of the average of iterates of (SGD) minus the irreducible
risk versus the effective sample size and model size. Parameters o = 1,7 = 0.1. (a), (b):
a =1.5,d =10000; (c), (d): a =2,d = 1000. The errobars denotes the +1 standard deviation
of estimating the expected risk using 100 independent samples of (w*,S). We use linear
functions to fit the expected risk under log-log scale and report the slope of the fitted lines
(denoted by k).



APPENDIX B. APPENDIX FOR CHAPTER 3 223

B.6.2 Proofs

Proof of Theorem B.18

Similar to the proof of Theorem B.4, we have the decomposition
R(Vn) = 0 + Approx + ||¥y — v¥||3psT-

Note that (v¢)Y, can also be viewed as the SGD iterates on the model y = (Sx, v*) + £ + ¢,
where the noise satisfies

E(€ +€)? = R(v*) = E& + o2

Therefore, the upper and lower bounds on Bias, Var follow directly from the proof of Theo-
rem 2.1, 2.2 and related lemmas (Lemma B.6, B.11, C.3, C.5) in Zou et al. (2023).

Proof of Lemma B.19

For any positive definite matrix A € RM*M et

fi(A) :

Since v < 1/(ctr(SHST)), we have f;(SHS") = 0. By definition of 7} and recalling
v* = (SHST)"'SHw*, we have with probability at least 1 — e~%M) that

(I— (T =y A)VH2A7 4% IN2,

FoTi = Eg-[w* "HST(SHST)™' f,(SHS)(SHS ") 'SHw"|
=tr ([(SHS') ' fi/(SHS")(SHS") '|(SH?S")).

Following the proof of Lemma B.12 (by Von Neumann’s trace inequality), we have

M

, 2QT
BT, > Hi(SH'S )
= ui((SHST)2f,(SHST)~!)
, 2qT

iAi<1/(yN) Hi <(SHST)2f1(SHST)*1>
> Y pi(SH?ST)
~ J(SHST)’
i:A;<1/(yN) K ( )
where the third inequality is due to
2.2 A\72 2
Ay N < N < 1 <1

AN S (1— (1 - NV~ (Zl{v:/(;lfl(l — N2 T (L= AN

when A < 1/(Nv).
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Proof of Lemma B.20

By definition of Ty, the fact that 1—zN = (1—z) S~ " 2%, and recalling v* = (SHST) 'SHw",
we have
T, = w* HS' f,(SHST)SHw",
S 2[}"’8kTHOksgka(SHST>SOkHOkWSkI + WZOOTHkooS;oo]%(SHST)SkoonooWZogL

- -~

T Too

where fo(A) = [Z?:OI(I —vA)¥?/A/N? for any symmetric matrix A € RM*M_ Moreover,

we have
Ty = Wi HouSgf2(SHST)SouHopws,,
< || f2(SHST)(SHS")?| - [[(SHS ") ~"'So.sHoswp,i |1*.
Using the assumption on the stepsize that v < 1/(ctr(SHST)), we have

N-1

1 12
T T 2 < . _ T
| >(SHST)(SHST || < max_ NQ[;u )] A
1 N—-1
_ o il . o o N
= I N%Lo“ W] 1= (=)
1 1

Combining Eq. (B.22) with Eq. (B.17) in the proof of Lemma B.11 (note that we assume
k < M/3), we obtain

L orpnr2(Ag)q2 2
T < onk [feA0) o
for some constant ¢ > 0 with probability at least 1 — e~ ™). For Thy, we have
Tos = W.oo HkeooS) oo f2(SHST)Skoo Hpoo Wi

< |If2(SHST)SHS || - [(SHST)~"/*(Sp.oc H o JHL o Wi I

k:oo
1/2

< [If2(SHST)SHS | - [|(SHS ") S H 1 - [ Wi, .. -

Since ||fo(SHST)SHST|| = ||[Zfi61(1 — ySHST)/]?2/N?|| < 1 by the assumption v <
1/(ctr(SHST)), and
I(SHS) 28 HYZ | = [H2 S/ (SHST) 'S H/Z |
= [ H2S e (S0 HoaS(x + StiooHicocS o) ' S HILZ |
< S e Sk HiocS o) Skoc L [ = 1,

it follows that Thy < ||w,’;oo||%{koo Combining the bounds on T3, Ty completes the proof.
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Proof of Lemma B.21

Let f3(A) := (I — (I — yA)N/4) /4 /N? for any positive definite matrix A € RM*M Following
the same arguments as in the proof of Lemma B.19, we have f3(SHST) = 0 and

1
Ey- [_VNQ tr <(I - VSHST)N/“) BO>]

= Ew-[w* THST(SHS") ™' f5(SHS")(SHS ") 'SHw"]
=tr((SHS') ' f3(SHS)(SHS ") 'SH?S").

Moreover,

= ji(SH?ST)

i—1 Mi((SHST)2f3(SHST)_1)

3 pui(SH?ST)

iAi<1/(yN) Hi <(SHST)2f3(SHST)71>

21 1 (SH2ST)

~ N 1;(SHST)’

i:Ai<1/(yN)

Il:i"w* Tl Z

>

(B.23)

where the third inequality is due to

M(A) S 1— (1 —ANN/A Z]‘\i/4_1(1_7)‘>i (1 —~yN)N S

1-1-HF>1—ei1>1 A > L 1 -
1—(1—7)\)% { - Nva o S e TN > —min{N~y\;, 1}.

Bk = MF 22 > E gk M<K 5

(B.24)

We thus have
) M . M .
tr <(I — (I—ySHS")M) ) =) = (1—9X) 2> min{(NyX)? 1}
=1 =1
= #{\ > —}+N2 > ) AN =Danx (B.25)

Xi<1/(N7)

Combining Eq. (B.25) and (B.23) completes the proof.
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Proof of Lemma B.22

Substituting v* = (SHST)"!SHw* in the expression of T; and noting vy = 0, we have

1 Deff,N
T, = N tr (Bg — (I—ySHS")"B,(I— vSHS")") - N

= /Y_iv tr (W*THsT(SHsT)—l [I o (I o ’}/SHST)QN} (SHST)_ISHW*) .

D
—: tr (w*"HS" f,(SHST)SHw") - ;N (B.26)

where fy(A) = A7'I — (I — yA)*N]A7'/(N~) for any symmetric matrix A € RM*M,
Moreover,

Deff,N

tr (w* HS' f,(SHST)SHw")
< | f«(SHST)SHS'| - [[(SHS ")~ 2SH?||* - w.[|}
< [If2(SHST)SHS || - [|w. i1
Since

2N—-1

1 .
|£i(SHST)SHS || = || > _ (T—+SHST)| <2
1=0

by our assumption on the stepsize, it follows that
tr (w* ' HST f£,(SHST)SHwW") < ||w.[|}. (B.27)
Combining Eq. (B.26) and (B.27) we find

Deff,N

TS Il =

Proof of Theorem B.23

First, by Lemma B.27 we have 1/tr(SHS") > ¢, for some a-dependent ¢; > 0 with probability
at least 1 — e ®M)_ Therefore we may choose ¢ sufficiently small so that v < ¢ implies
v < 1/tr(SHST) with probability at least 1—e~*™). Now, suppose we have y < 1/tr(SHST).
Following the notations in Theorem B.18, we claim the following bounds on Approx, Bias, Var:

EApprox ~ M*~* (B.28a)
Var = min {M, (Nv)"/*}/N. (B.28b)
Bias < max {M' ¢, (N’y)l/“_l}, (B.28¢)
Bias > (N+)Y2~! when (Nv)Y* < M/c for some constant ¢ > 0, (B.28d)

with probability at least 1 — e~ (M) Putting the bounds together yields Theorem B.23.
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Proof of claim (B.28a) Note that our definition of Approx in Thereom B.18 is the same as
that in Eq. (3.4) (and B.1). Therefore the claim follows immediately from Lemma B.8.

Proof of claim (B.28b) This follows from the proof of Lemma B.16 with Ngss replaced by
N.

Proof of claim (B.28¢) By Theorem B.18, Lemma B.20 and B.22, we have

2
wio |3 Sk, i00Hry:00S]. D
Biangw*H Gekoll2 | Haa/2(Sksio0Hs: Tkg.oo) B Wi+ o2 Do
N~ ,UM<Sk2:oon2:ooSk2:oo) 2 N
T 2
< ﬁ MM/2(Sk2:oon2:ooSk2:oo) + kl_a + Deff,N
~ Ny ,uM(SkQ;oonQ:ooSkTQ:oo) 2 N

with probability at least 1 — e~*™) for any ky < M/3. Choosing ky = min{M /3, (Nv)'/*}
and using Lemma B.27 and claim (B.28b), we obtain

1 1/a
Bias < max { M™%, (N4)Y/7'} + min {M,]\;Nv) }

< max { M7, (N9) Y} 4 (N9)/o~ < max (M1, (Ny)Ye)

with probability at least 1 — e=(M),

Proof of claim (B.28d) By Theorem B.18 and Lemma B.19, we have

: pi(SH?ST)
]E’w* Bias 2 Z m

i\ <1/(YN)

When (Nv)/® < M/c for some large constant ¢ > 0, we have from Lemma B.27 that

Z‘—2a
E,«Bi > = —a > 1/a1l—a — 1/a—1
weBlas > P PR APACEIRY (N7)
A <1/(yN) :A;<1/(yN)

with probability at least 1 — e=(M),

B.7 Concentration lemmas

B.7.1 General concentration results

Lemma B.24. Suppose that S € RM*4 js such that !

Si; ~ N(0,1/M).

IWe allow d = oco.
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Let (A\i)i>1 be the eigenvalues of H in non-increasing order. Let (\)M, be the eigenvalues of
SHS' in non-increasing order. Then there exists a constant ¢ > 1 such that for every M > 0
and every 0 < k < M, with probability > 1 — e~ M) — ¢=2(k) " ye have

3 Zl )\i k Zz )‘12
)\j—<>\j+T]€ <c- M')\j—i-)\k_u—i- >Tk .

As a direct consequence, for k < M/c?, we have

. o A 1 Py
Aj—(Aj+zli>’§§~(Aﬁ%)ﬂlwkﬂ,

for every 5 < M,

for every j < M,

where ¢; = ¢ + 2¢2.

Proof of Lemma B.2j. We have the following decomposition motivated by Swartworth and
Woodruff (2023) (see their Section 3.4, Proof of Theorem 1).

SHS" = So.xHo.k S + ShicoH:oo St oo

Zz‘>k Ai
M

Zi>k Ai

= SO:kHO:kS(—l)—;]g + M

We remark that this decomposition idea has been implicitly used in Bartlett et al. (2020) to
control the eigenvalues of a Gram matrix. In fact, we will use techniques from Bartlett et al.
(2020) to obtain a sharper bound than that presented in Swartworth and Woodruff (2023).

For the upper bound, we have

1;(SHS') < py (SO:kHO:kS(—)r:k + E#k ' IM) T ‘ StiocHiiocSiioc = ZZ]T/; s
2
2

o\ WL
< Wy (SO:kHO;kSgk) + ZZX; Ty + - (Akﬂ + Zz;; >7

where the last inequality is by Lemma B.25. For 7 < k, using Lemma B.26, we have

k
115 (So:xHoxSgp) < Aj 42 - \/% A

For k < 53 < M, we have

k
,uj (SOkHOkS;]rk) =0 S )‘j +cy - M . )‘j'
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Putting these together, we have the following for every j =1,..., M:

Py Al
15 (SHS') < 41 (SoaHoaSgy) + ZZ]T/; Tt (Ak“ * Zl]T/[k l)

Y [k A
gAjJrZ%-IMJrc-( 7N Tk Z>T’“>

Similarly, we can show the lower bound. By the decomposition, we have

= 11 (SoxHoxS) + E#k Ty — ’ SkecoHr00S i — Zﬁk : IMH

N N
e (SO:kHo:kSgk) + ZZX; Ty — - <)\k+1 + ZZX; )7

where the last inequality is by Lemma B.25. For j < k, using Lemma B.26, we have
T k
17 (SoHowSgs) = Aj — co - A Aj-

k
1 (SO:kHO:kS(—)r:k) =02>X — A1 —c2 - U Ajs

where the last inequality is due to A\; < \;, for j > k. Putting these together, we have

For k < 7 < M, we have

M

oy 2 Y
ZAj+E%-IM—C-<\/M-/\j+)\k+1+ —Zﬁ; )

So far, we have proved the first claim. To show the second claim, we simply apply

1
c-y/%ﬁi for k < M/c?,
/ z>k )\12 \/Zz>k )\k—i-l

z>k
2¢% -\
i + k41,

in the first claim. O]

ok i A2
1;(SHST) > 11 (SoxHoxSg.1) + E‘#’c Ay —ar- <)\k+1 + ZD—’“)

and

<

l\')l»—
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Lemma B.25 (Tail concentration, Lemma 26 in Bartlett et al. (2020)). For any k > 0, with

probability at least 1 — e~ M) we have
Zi Ai Zz )‘12
‘ SkoonooS;roo - #’C : IM ) 5 )\k+1 + >Tk

. . . T .
Moreover, the minimum eigenvalue of Sk.coHk:00Sy.., Satisfies

Mmin(Sk:oon:ooS;—;oo) Z Ak—i—2M
with probability at least 1 — e~ HM)

Proof of Lemma B.25. The first part of Lemma B.25 is a version of Lemma 26 in Bartlett
et al. (2020) (see their proof). We provide proof here for completeness.
We write S € RM*? ag

1
S=(s1 ... sp), siNN(O,M.IM) i>1.

Since Gaussian distribution is rotational invariant, without loss of generality, we may assume
H = diag{\1,..., A\, }.

Then we have
SkiocHriooSfoe = ) AiSiS] -
i>k
Fixing a unit vector v € RM then
2
VTSk:oon:ooS;—;ooV = Z )\Z (S;’rv) )

1>k

where each s v is (1/M)-subGaussian. By Bernstein’s inequality, we have, with probability

>1-4,
1 1 , . 1
S (Akﬂ-loggﬂ/ék A; -logg)-

By a union bound and net argument on S¥~!, we have, with probability > 1 — §, for every
unit vector v € RM,

Z Ai (SiTV)2 — —ZZX; A

i>k

S (s ) -

1 1 1
’SM (AkH- (M—l—logg) + Z)\f (M—i—logg)).

>k
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So with probability at least 1 — e~*M) we have

N\

M

~ A1 +

which completes the proof of the first part of Lemma B.25.
To prove the second part of Lemma B.25, it suffices to note that

IM+k IM+k
T T T
SkicoHrk:00S k00 = E AiSiS; = Xoniyk E Sis; = Chon+k - Iy
i=k+1 i=k+1

for some constant ¢ > 1 with probability at least 1 — e~ *™) where the last line follows from

concentration properties of Gaussian covariance matrices (see e.g., Theorem 6.1 Wainwright
2019a). [

Lemma B.26 (Head concentration). With probability at least 1 — e SUM) _ e=2k) e have

) k
for every 7 <k, |,uj(S():kH0:kS(I,€) - NS/ U A

Proof of Lemma B.26. Note that the spectrum of SO:kHO:kS(Ik is indentical to the spectrum

of H(l)/,f S&kSO;kH(l):/,f . We will bound the latter. We start with bounding the spectrum of
So:1Sg.,- To this end, we write S, € R¥*M as
1
Sor=(s1 ... sum), sZ-N/\/'(O, M-Ik), i=1,...,M.

Then repeating the argument in Lemma B.25, we have, with probability > 1 — ¢, for every
unit vector v € R¥,

So we have, with probability > 1 — e=?®),

k
[85S0s ~ Tl £ /1
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This implies that

1 (BUESTLS0H) < gy (HYZBYE) 4y (170

| k
:)\j—l—cl- MA],

k
i (B8], S0 HY) = gy (BPHLE) — o[- (e )

| k
:)\j_cl' M)\j

We have completed the proof. O]

and that

B.7.2 Concentration results under power-law spectrum

Lemma B.27 (Eigenvalues of SHS" under power-law spectrum). Suppose Assumption 3.2
hold. There exist a-dependent constants co > ¢1 > 0 such that

17" < p;(SHST) < cpj ™

with probability at least 1 — e M),

Proof of Lemma B.27. Let (\;)M, denote the eigenvalues of SHST in non-increasing order.
Using Lemma B.24 with k = M/c for some sufficiently large constant ¢ and noting that
> ok = k', we have

(A EM ) =G MUK N S S (TR EM ) F - MO

1
2
for every j € [M] for some constants &, i € [2] with probability at least 1 —e~**). Therefore,
for all j < M/¢ for some sufficiently large constant ¢ > 1, we have

Aj € [E357", a5

with probability at least 1 — e=*™) for some constants ¢3,é4 > 0. For j € [M/é M], by
monotonicity of the eigenvalues, we have

~ ~ M —a

N <Ay <al| %) <M <a

¢
for some sufficiently large constant & > ¢, with probability at least 1 — e~ ™). Moreover,
using Lemma B.25 with k£ = 0, we obtain
:\j > Aar > fimnin (SkooHiooSpn) = Gohans > E7(M/E) ™0 > &gj7°

with probability at least 1 — e=*™) for some constants ¢, é7, s > 0. Combining the bounds
for j < M/¢ and j € [M/é, M| completes the proof. O
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Lemma B.28 (Ratio of eigenvalues of Sj..ocHy.00S,.., under power-law spectrum). Suppose
Assumption 3.2 hold. There exists some a-dependent constant ¢ > 0 such that for any k > 1,
the ratio between the M /2-th and M-th eigenvalues

/LM/2(SkoonooSkToo) c

with probability at least 1 — e X

Proof of Lemma B.25. We prove the lemma under two scenarios where k is relatively small
(or large) compared with M.

Let ¢ > 0 be some sufficiently large constant. Applying Lemma B.24 with Hy.., replacing
H, for ky = M/c, we have

3 D sk Nitk
[LM/Z(Skoon:ooS;oo) S 5 : ()\M/2+k + %) + 1 - >\k0+1+k7

—a (k0+k)1_a
(kv M)+ (kvM)™(1v %) + (kv M)

(kv M)=(1v %) (B.29)

M

N

+ (ko +1+k)

N

AN

—Q(M

with probability at least 1 —e ) for some constant ¢; > 0.

Case 1: £k <M From Lemma B.25, we have
/ILmin(Sk:oon:ooS]—lg—;oo> Z )\k—l—QM Z (k V M>_a‘
with probability at least 1 — e=*(M)_ Therefore

T Sl
MM(Sk:wHk:wSk:w)

~

with probability at least 1 — e=*™) when k/M < 1.

Case 2: k> M On the other hand, when k is relatively large, using Lemma B.24 with
H;.... replacing H again, we obtain

MM(Sk:oon:ooSkT;oo) > 5 ()\M—i-k + %) — €1 Nhgt1+ks

(k’o + k’)l*a

202[(M+k)‘“+ i

i|—C3'<k?0+]_+kZ>_a
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(M) Q(ko

with probability at least 1 — e~ M) — e=%k0) where ¢4, ¢o, c5 > 0 are some universal constants.

Choosing kg = M/c? for some sufficiently large constant ¢ > 0, we further obtain
—a k
jar (Skme HieooSTL) = 4 (M + k) [1 + M} s (M 4 k)
—a k
> co(MV k) [1 v M] — (M V k) (B.30)

—Q(M

with probability at least 1 —e ), where (c;)7_, are a-dependent constants. Since

co(MVE) 1V %] —er(MV k)™ > DV M) (1Y %)

when £ is large, i.e., k/M > ¢ for some sufficiently large a-dependent constant ¢ > 0 that
may depend on (¢;)7_;, we have from Eq. (B.29) and (B.30) that

H’M/2(Sk’oonooS;OO) < (k Vv M)_a(]- V %) < 1
finr (SkecoHrooS10n) ™ (kV M)=o(1V 35) ~

with probability at least 1 — e=2(M), O

B.7.3 Concentration results under logarithmic power-law spectrum

Lemma B.29 (Theorem 6 in Bartlett et al. (2020)). Suppose Assumption 3./ hold. Then
there exist some a-dependent constants ¢, & > 0 such that, with probability at least 1 — e~ M)

[c-j log ™ (j +1),¢-j log ™ *(j +1)] j <Kk,

(SHS") ¢
Hi( ) {[C~M-1log1—a(M),e-M-llogl—a(M)] k*<j <M,

where k* = M /log(M). Also, there exists some a-dependent constants ¢y, co > 0 such that
C1
jlog*(j +1)

< u(SH2ST) < 2
<l )< jlog*(j +1)

with probability at least 1 — e~ M)

Proof of Lemma B.29. The proof is adapted from the proof of Theorem 6 in Bartlett et al.
(2020). We include it here for completeness.

First part of Lemma B.29. In Lemma B.24, for some constant ¢ > 1, choose

k* .= min{kZO:Z)\i ZC-M-/\k+1}.
i>k
Then with probability > 1 — e~ M) we have:
1 er A ~ e A
forevery 1 <j <M, —- ()\j+21>—k) <\ <e¢- ()\j—l—h),

C1
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where ¢; > 1 is a constant.
When \; = jtlog™(j + 1), we have

k* = M/log(M),

and

Z A = log'™*(k*) = log'~*(M).

i>k*
Therefore, we have
. — )\ Z’L>k* )\
B ‘llog 1) j <k,
- -1 log M) k"<j<M,

where k* = M/log(M).

Second part of Lemma B.29. Let ); denote the i-th eigenvalue of SH2ST for i € [M].
Using Lemma B.24 with k = M/c for some sufficiently large constant ¢y and noting that
Sir A m > i 2 log (i 4+ 1) < k' log > k, we have

1
5 g log_za(j +1)— & -M? log™* M
< 3
<\ < 3 (5 2log " (j 4+ 1) + &tM 2log >* M) + & - M ?log™>* M

for every j € [M] for some constants &, € [2] with probability at least 1 — e~}

for all j < M/¢ for some sufficiently large constant ¢ > 1, we have

. Therefore,

A €[G5 % log > (j+1),éx- 5 2 log™>*(j + 1)]

with probability at least 1 — e=*™) for some constants ¢, ¢ > 0. For j € [M/é M], by
monotonicity of the eigenvalues, we have

_ - M |\ —2 M
N <Ay <a(| =) g (|5 ]) <M 2o M < j R log (4 1)
¢ ¢

for some constants cs, cg > 0 with probability at least 1 —e~**)_ Moreover, using Lemma B.25
with k& = 0, we obtain

Aj > Aar > fhmin(SkecoHpooSho) = Crdans > Gs - j 2 log (5 + 1)

with probability at least 1 — e~%™) for some constants &;,é > 0 when j € [M/é M].
Combining the bounds for j < M/é and j € [M/¢, M] completes the proof. O
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Lemma B.30 (Ratio of eigenvalues of Sk:oon:OOS,I:OO under logarithmic power-law spectrum).
Suppose Assumption 3./ hold. There exists some a-dependent constant ¢ > 0 such that for
any k > 1, the ratio between the M /2-th and M-th eigenvalues

/LM/2(SkoonooSkToo) c

with probability at least 1 — e X

Proof of Lemma B.30. Similar to the proof of Lemma B.28, we prove the lemma under two
scenarios where k is relatively small (or large) compared with M.

Let ¢ > 0 be some sufficiently large constant. Applying Lemma B.24 with Hy.., replacing
H, for ky = M/c, we have

Ei>k0 >\i+k

3
o HpnoS, ) < = -
/2 (S HiiooSgino) < 5 ()\M/2+k+ A

) + 1 Meg+14ks

log' (ko + k)  log “(ko+1+Fk)

<0 o (N k) +

~ 2 M ko+1+k
—a 1—a 1—a

< log™(M + k) log ~*(M + k) < log" (M + k) (B.31)
(M + k) M M

—Q(M

with probability at least 1 — e ) for some constant ¢; > 0.

Case 1: k< M. Applying Lemma B.24 with Hy., replacing H, for ky = M/c, we have

/LM(Sk:oon:ooS;ﬁr;oo> 2 2 : <)\M+k + %) — €1 Akgt1ks
1, log' (ko + k) log (ko +1+k)

> (M +k) " log™ (M + k -
R (M+k) - log™ (M + k) + —=— T het1+k
S log™ (M + k) log' *(M + k) B 6lo(gfa(M)
~ (M +k) M M

1—a
> log"™* M
~ M

with probability at least 1 — e=*(M) Therefore,

~

fia1/2(Stioo He:00SE o) < logla(M—l—k)}/[loglaM} <1

with probability at least 1 — e~*™) when k/M < 1.
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Case 2: k> M. On the other hand, when k is relatively large, using Lemma B.24 with
Hy... replacing H and ky = M/c again, we obtain

/LM(Sk:oon:oosg;oo) > 3 <)\M+k + %) — €1 Mhgt1+ks
1, log' (ko + k) log™ (ko + 1+ k)

> (M 4+ k) log™ (M + k -

= ( + ) 0g ( + ) + Y C2 o+ 1+ k

U log'~*(M + k) log™ (M + k)
>k log™ (k —
Rk log™ (k) + M S vy
log' ™ *(M + k)

2

M

with probability at least 1 — e ™) where ¢, ¢y, c5 > 0 are some a-dependent constants.
Therefore,

pat/2(Shioo koS o) [logl_a(M + k;)} / [logl_“(M + k)

with probability at least 1 — e~ *™) when k/M > 1. O

|1
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Appendix C

Appendix for Chapter 4

C.1 Proofs

C.1.1 Proof of Proposition 4.1

Adopt the shorthand R; = log M For any i € [ny], we have

Tref (Yil2s

lim —— -logo| — - -log———= | — =log2 = lim —— -logo(—pPR;) — = log 2
B—0 ﬁ s ( ﬁ s 71'ref(yi ’ xz) 5 s B—0 B s ( ﬁ ) 5 s
B 2 1 + exp(BR;)
hm 3 10g< 2 )
L2 exp(SR;) — 1
= hi% B - log (1 + 5 )
B B—0 ﬁ 2
=R;.

Averaging over all i € [ng] and noting that > ' R;/nf = Laa(0) — Epyg [log meet(vi | )]
yields the first part of Propostion 4.1.
For the second part of Propostion 4.1, by definition

ng

1 2
VoLxpos(0) = - ) _Bve log o(—/AR;)
=1

_ ni Z 2y log(1 + exp(BR,)

2 pBexp(PR;)
Zﬁ 1+ exp(BR;) VR
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1 o= 2 Ri
_ Ly 2edlR) g
ng =1+ exp(BR;)
Therefore, it follows immediately that

ng ng
| » 2exp(AR) 1
f VeLaros(0) = Iy o3 oy R = oy 2 VR

=1
1
= - > Valogm(y: | #:) = VoLaa(6).
=1

This completes the proof of Proposition 4.1.

C.1.2 Proof of Theorem 4.2

239

Let 1o := n/ns denote the normalized learning rate. For 4, j € [ny], define ~; ; := (x;, z;) and
Ciniti = (Binit, T;). Throughout the proof, we also use Cx(k =0, 1,2,...) to denote constants
that may depend on (By, by, B,, 3) but not on (¢,n¢,d). By the definition of the logistic

model and some algebra, we have

Vologmo(y; | @i) = xi(2y; — 1)(1 — m(ys | 21)).

Therefore, the gradient of Lga and Lypo both lie in the span of z4, ..., z,,. Consequently,

08% — O and 6’1(\}?30 — Bt can be rewritten as follows:

ng ng
(t) _ (®) (t) _ (t)
Oca — Onie = E :aGA,i iy, ONpo — Omit = E ANPO,i * Lis
i=1 i=1

where
1
ot = o) — o2y — 1)(1 — mo(yi | ),
1
Aerei = o — 02y — 1) (1 — malys | 1)) - W,
and

t
Wi = me (i | xz‘)/[ﬁit) (i | ) + mp,,, (i | ).

NPO NPO

We also define ai?i)

* € {GA,NPO} and v; = (15 -+ s Ying)-
For » € {GA,NPO}, we have

) _

1
Tow (Yi | ) = o
1+ exp ((1 — 2y;){x;, 05 >>

= 0 and adopt the shorthand notations a.’ = (aj,,...,Qnjx
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1

14 exp <(1 — 2yi)cinit,i + (1 - 2yi><xia Z?le Oéit).rj))

1
= o =: pred, <( ay ,’m)
1+ exp ((1 = 2p)cies + (1 - 290l 7))

where we denote the dependence on (¢initi, ¥;) implicitly using pred; for notational simplicity.
Therefore, letting bfi = (ol ;) for x € {GA,NPO} and combining all i € [ng], we
obtain

bgil = bgA — Mo - FAGA? bl(\?;é = b1\2>o no - I' diag {Af\%o}w(t)a
where

[ = (Yijh<ij<ne

.

AW = (Af{,...,A&f) LAY = (2 — 1)(1 — pred, (b)), for i € [ng],x € {GA,NPO},

WO = (W, W) T W = W (b ) =m0 (s ) /[ (3 )+ g (| )
Oxpo ONpPo Ginit

Again, we hide here the dependence on (53, Ciniti, ¥i) in W; for simplicity. We now claim the
following results of which the proofs are deferred to Section C.1.3 and C.1.4.

Lemma C.1 (GA converges to infinity linearly ). Under the assumptions in Theorem 4.2 and
the notations in the proof of Theorem J.2, there exist some (By, b,, B,)-dependent constants

Co, C1,C5 > 0 such that the GA iterations {bgk}g’il satisfy

Cinot < bgki < Conot, when y; = 0,
—Compt < bGAZ < —Cinot, when y; = 1.
for alli € [ng] and t > 1 when max;4; |, ;| < Co/ng.

Lemma C.2 (NPO converges to infinity exponentially slow ). Under the assumptions in
Theorem /.2 and the notations in the proof of Theorem /.2, there exist some (By, by, By, 3)-
dependent constants Cy, Cp > 0,C, € (0,1) such that the NPO iterations {bl(é%go}fil satisfy

1 1

bl(\?pm € [_B log(Cynot + 1), _B log(Cunot + 1)] when y; = 1,
1 1

bl(\f)PO ; [E log(Cunot + 1), B log(Cynot + 1)] when y; = 0.

for alli € [ng] and t > 1 when max;x; |7 ;| < Co/ny.
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Combining Lemma C.1 and C.2 and noting

Heit) - 1n1t||XTX - \/ _01n1t TXTX(G() - 1n1t \/ o7 XXTXXT ®)

- \/b (XTX) ' XXTXXT(XTX) ' = (|p®|,

for x € {GA,NPO} completes the proof.

C.1.3 Proof of Lemma C.1

We prove Lemma C.1 by induction.

Case 1: t =1 When t = 1, since || < ||ill2 - [|Omicllz < B:By, it follows from the
definition of pred,(-) that

C3 < A(c(;)z)x,i <lwheny, =1, —-1< Agki < —(C4 when y; =0

for all i € [ng] for some constants C3, Cy € (0,1) depending only on (By, b, B,). Note that
there exists a constant Cy > 0 depending on Cs, Cy, b, such that

0
‘ Z ,yi’jA(G)A:.]
JF

for all 7 € [n¢] when max;; |v;;| < Co/ns. It follows that

’71 i (0)
AGA i

()‘

3 1
—To - AGA € [—5%17701AGA1 —%,mo\A(é)i,iH € [~Cano, —Cino] when y; =1,

2
1 (0) (0)
—10 - 7] AL € [2%‘,1'770|AGA,¢|7 §7i,i|770AGA7i|] € [Cino, Camo] when y; =0

for some (By, b,, B,)-dependent constants C,Cy > 0. Therefore,

bGhs = bsh; — M0+ 7 AGA € [~Camg, —Cimo] when y; = 1,
bg/)u = bg/)x,i — o - %TA(cgz)x € [Cino, Camo] when y; = 0.

As a consequence,

bgl)%,i < bg]z)x,i =0, Agz)x,i 2 Ag]z)x,i when y; = 1,

b(Gl/)x,i > b(cgz)x,i =0, A(Glz)x,i < A(C(;]z)x,i when y; = 0.
Case 2: t = K +1 Now, suppose we have

b((?Az [—Conot, —Cinot] when y; =1,

b(Ct%A,z’ [Cinot, Conot] when gy; =0
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for t € [K] and
bgj&),i < < bg])A,i =0, AE}KA),i >...> Ag)&i when y; = 1,
bg?d > > bgf)k,i =0, Agjx),i <...< Ag}w when y; = 0.

By the monotonicity of A((Qx,z" we have
;< Ag?ﬂ- <lwheny, =1 —-1< Ag?,i < —(C4 when y; =0

for all i € [ng]. Therefore, following similar arguments as in the ¢t = 1 case, we have
/0 %-TAE;I? € [~Cono, —Cimo] when y; =1,

-1 - %TAg? € [Cyno, Cang] when y; = 0.

Then it follows from the induction assumption that
bg:;l) = bg?ﬂ. — N - %TAng € [—Cono(K +1),—Cino(K 4+ 1)] when y; =1,
bgfgl) = bg?ﬂ- — N - %TAg? € [Cino(K +1),Cono(K + 1)] when y; =0,
and also

baxs’ < bans AG: 2 A, wheny, =1,

b > i, ALY < A, when y, = 0.

This concludes the induction step and therefore completes the proof.

C.1.4 Proof of Lemma C.2

We prove Lemma C.2 by induction.

Our induction assumption is the following: there exist some constants Cy > 0,C, €
(0,1),Cy > 0,C4, Cy depending only on (By, by, B;, 5) such that when max;.; |y, ;| < Co/ny,
for any ¢t > 1 we have

1.
bl(\}ti:’o,’b S “e S bl(\?%oﬂ - 07 Al(\%’O,z Z e Z Al(\?l):’O,z When y’L - 1,
bl(\ii:)o,l Z PN Z bl(\[I)F)’O,z — 0, Al(\%’O,z S e S Al(\?l):’Oﬂ/ When y’L — 0.
2.
(®) 1 1
bxpoi € [—E log(Cynot + 1), —E log(Cunot + 1)] when y; = 1, (C.1)
1 1
bgigo’i € [5 log(Cunot + 1), B log(Cynot + 1)] when y; = 0. (C.2)
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3.
(1) 1 1 _
bxpo € [=Ca — 3 log(not + 1), —C} — 3 log(not + 1)] when y; =1, (C.3)
1 1
bg;ovi €[Cr+ 3 log(not + 1), Cy + 3 log(not 4+ 1)] when y; = 0. (C.4)

Lemma C.2 follows immediately from the second part of the induction assumption.

In the following, we first specify the parameter-dependent constants Cy, Cy, Cy, C,, Cy in
the ¢ = 1 case and prove the induction assumption when &£ = 1. Then given the induction
assumption holds when ¢t < K, we prove that it holds when t = K + 1 as well.

Case 1: t =1 When t = 1, since |cinit| < |||z - [|init]]2 < B:By, it follows from the
definition of pred,(-) that

Cy < AI(\%);O’Z- <lwheny; =1 —-1< AI(\?%Oﬂ- < —Cy when y; =0 (C.5)

for all i € [ng] for some constants Cs, Cy € (0,1) depending only on (By, b,, B,). Moreover,
we claim that

Wgt) € [05 - exp ((QyZ - 1)6171(\330@‘) ,Cg - exp ((Qyi — 1)6()1(\%0»} (C.6)

for all i € [n¢] and ¢ such that predi(bl(\%o’i) < predi(bl(\?l)ao,i) for some (By, b, B, 3)-dependent
constants Cs, Cg > 0.

Now, suppose Eq. (C.3) and (C.4) hold for some (Bjy, b, B,, 3)-dependent constants
C1,C5 > 0 which we will specify later. Then, there exists a constant Cy > 0 depending on
C1.6, b, such that
< Jid

0
9 Al(\II)’O,iWi

‘ Z %,jﬁg)%o,jwj (C.7)
JFi

for all i € [ng] when max;.;|v; ;| < Co/n¢. Furthermore, combining Eq. (C.5), (C.6), (C.7)
gives

. 0 0 3 0 o |1 0 0
—To - %‘T dlag{Al(\I%o}WE s [— §%,mo|A§u)ao,i|W§ )a —§%,mo|A1(\r%o,¢|W§ )}

€ [~Csio exp(Bbigno i) —Crmo exp(Bbipo,)] when y; = 1,
3

) 1
—no -7 diag{AGpo W € [5%,1-?70!A1(\?1)>o,¢|wz(0)a5%',1770|A1(\?1)>0,JVV§0)]

€ [Crmo exp(—Bbigno 1) Csio exp(Bbipo,;)] when y; =0,

if max;z; [7vi ;| < Co/ns. Here C7,Cs > 0 are some (Cs, Cy, Cs, Cg, §)-dependent constants,
and we pick C7 such that C';3 < 1. As a consequence,

1 0 1 0
bl(\u)Do,z' < bl(\u)Do,i =0, Al(\n)Do,z‘ > A%\I%O,i when y; = 1,
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1 0 1 0
bl(\Ig’O,i 2 bl(\n)ao,i =0, Al(\II)DO,i < Al(\HZ’O,i when y; = 0.

This concludes the proof of the first part of the induction assumption.
Now, we start to prove the second part of the induction assumption. For i such that
y; = 1, consider the ordinary differential equations

bj(t) = —Csno(1 + exp(Cy)) - exp(Bbi(t)), b, (0) = 0;
b, (t) = =Crno - exp(Bbi(t)), b.(0) = 0.
It can be verified that the ODEs have closed-form solutions

b(t) = —% log(BCino(1 + exp(Cy))t + 1),

bu(t) = —% log(8C7mot + 1).
Since
bl(\%P)’O,i = bl(\%F)’O,i —To - %TAI(\?P)’O,Z' > bl(\%%o,i — Csmo exp(ﬁbl(\?l)ao,i) > bl(\%l))O,i — Csno,
it follows that for any point bl(\?l)goj = 5b1(\¥,071- + (1 — 5)61(\(1)%0,1‘ with € € [0, 1]

~Cm(1+ exp(Cin)) - exp(Bbpo,) < —Ciihy exp(Bbipo,) < —Crilo exp(Bbipo,)
< —Cmp - eXp(ﬁbl(\?l)DO,i)'
Therefore, we have by the comparison theorem for ODEs that
bi(e) < bipo, < bule)
for € € [0,1]. Setting
Co=CrB,  Cp:= BCs(1 + exp(Cy))

concludes the second part of the induction assumption.
For the last part of the induction assumption, since log(z + 1) + log(c) < log(cx +1) <
log(z 4+ 1) 4+ log(c + 1) when ¢ < 1, we have
1
B

where the last inequality uses SC; < 1. Therefore, we obtain

[log(not + 1) 4 log(BCs(1 + exp(Cs)))] < bi(t) < bu(t) < ——<[log(not + 1) + log(BC7)],

|~

1 1
blS%O,i € [_E log(not + 1) — Cy, ——=log(not + 1) — C1,

B

where

Cy = %mg(m), Cy = %mg(@cs(l + exp(Ce)))

for ¢ such that y; = 1. Following the same arguments, similarly, we also have

1 1
bito., € 5 loglmt + 1) + Cr, log(mt + 1) + C)

for ¢ such that y; = 0. This concludes the last part of the induction assumption.
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Case 2: t = K + 1 Suppose the induction assumption holds for ¢ € [K], we now show that
the induction assumption holds for ¢ = K + 1 as well. Following the proof of ¢ = 1 case and
using the monotonicity property of {ANPO Z}t:O, we have

Cs gAf@Oi <lwheny =1, -1 gAl(\{;)Oi < —Cy when y; =0

for all ¢ € [ng]. Since pred, (bNPOz) < pred, (bNPOz) by the definition of pred; and the
monotonicity of {bNPO,i}t:m it follows from Claim (C.6) that

WZ(K) € [05 - exp <(2y2 - 1)5()1(\1]1())0’2-) ,Cg - exp ((Zyl - 1)5()1(\111())0’1-)]

Putting the last two displays together and following the same argument as the t = 1 case, we
find that

—To - dlag{ANPO}W
—To - dlag{ANPO}W

The first part of the induction assumption (for t = K + 1) follows immediately as the sign of

B e [~ Oyt exp(Bbino ;) —Crmo exp(Bbigpp,,)] Wwhen y; = 1,

€ [Cro eXp(—BbNPOJ), Csno exp(ﬁpro’i)] when y; = 0.

SN S~

K)

the gradient updates —nj - dlag{A( O}W are determined as above.

Note that b(K) < bNP)O < by (K) by the induction assumption. Similarly, using the
comparison theorem of ODES we obtain

(K +¢) < bipe) < bu(K +¢)

for e € [0,1] and bl(\f;gfg =c bl(\f;glz) +(1- 5)61(\11;0 Choosing € = 1 gives the second part
of the induction assumption for t = K + 1. The last part of the induction assumption for
t = K 4 1 follows from the same algebra as in the t = 1 case.

Proof of Claim (C.6) By definition

B , . t
o i e pred, (o)

oo (i | @) + T (s | z:)  pred,(bho)? + pred, (680 )7

NPO

When pred,; (bNPO ) < pred, (bNPO 4)» we have

t) pred, (bNPO )7 pred, (bNPOz)ﬁ

W
2pred, (b$p0.)? pred; (bipo,;)?

7

€[C- predi(bl(\%’o,i)67 Cu- predi<bl(\230,i>ﬁ] (C.8)

for some constants Cj, C,, > 0 depending only on (By, b,, B,, 3). Note that pred, (bNPO ) <

predi(bl(\?g,o,i) is equivalent to (1 — 2yi)b1(\%o7i > 0. Therefore, under this condition, we have
1
1+ exp ((1 — 2u;)Cinit,i + (1 — 2yz)b1(\%o l)

pred; (bNPOz) =
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exp (20 = 1¥iho, )
eXp ((2% - ]-)bl(\%’o,z) +exp ((1 - 2yi)cinit,i>
exp (29— Dbho, ) exp (20— 1>b§éiao,i)]

I +exp ((1 — Z?Ji)Cinit,i) 7 exp ((1 — 2yi)cinit,i>

S

(C.9)

Putting Eq. (C.8) and (C.9) together and recalling that |cinit ;| < BpB,, we obtain

W € [Cs - exp (25 = 180, ), Co - exp (20 — 1B0ho, ) |

for some constants Cs, Cs > 0 depending only on (By, b,, B, 3). This concludes the proof of
Claim (C.6).
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C.2 The role of KL Divergence on the Forget Set

In this section, we report Forget KL, the KL divergence between the output distributions of the
initial model and the unlearned model on the forget set, defined as Ep. KL(7wet (- | 2)||mo(- | 2)).
In experiments on the synthetic dataset and TOFU dataset, we observe that the models
exhibit better unlearning performance when the forget KL is maintained at a moderate level.
This suggests that explicitly maximizing the forget KL. may not be an ideal objective for
unlearning tasks.

C.2.1 Synthetic Experiment

We present the forget KL for the synthetic experiments in Figure C.1 (a) and (b). Combining
with Figure 4.4, we find that the unlearned models attain Pareto frontiers when the forget
KL is suitably large—an excessively large forget KL (as in GA, GA + RT after 1200 steps) or
an excessively small forget KL (as in IDK + RT) may deteriorate the unlearning performance.

GA = GA+RT —4— IDK+RT —4— NPO NPO+RT  =—§= DPO+RT

25 0.200

0.175

)
=)

0.150

] 0.125
N

-
o

D 0.100
o

Forget KL
s

S 0.075
5

0.050

o

0.025

0.000

o

0 400 800 1200 1600 2000 0 400 800 1200 1600 2000
Steps Steps
(@) (b)

Figure C.1: Forget KL versus optimization steps for all methods in the synthetic experiment.
(a): a =1, (b): @ =0. The errorbars denote £1 standard deviation over 5 runs.

C.2.2 Experiments on the TOFU dataset

We also examine the Forget KL during the unlearning process in the TOFU dataset. We first
observed that while GA and GA+RT tend to induce an explosively large KL divergence on
the forget set during the unlearning process, the NPO-based approaches induce a much slower
growth of Forget KL (Figure 4.8). It stabilizes at a moderate level even after several epochs.
One natural insight from this distinction is that even in the context of unlearning, a larger
KL divergence on the forget set is not necessarily advantageous. Rather, a moderate and
stabilized KL divergence on the forget set is preferable, which ensures the unlearned models
generate fluent outputs with reasonable linguistic structures but incorrect content. This also
suggests that KL divergence on the forget set may not be a suitable objective function to
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maximize for unlearning LLMs, contrary to what was done in some prior literature (Chen
and Yang, 2023).

C.3 Ablation experiments on the role of retain loss

Forget Quality
e e ©
_ — o]
o wu o

e
o
o

o
o
S

12 24 36 48 60 72 84 96 108 120

e
o

e
v

Model Utility
o
=

o
w

e
()

12 24 36 48 60 72 84 96 108 120
Step

Figure C.2: The evolution of the forget quality and model utility when we adjust the weights
of the NPO term and the retain loss term in NPO-+RT. The experiments are performed on
Forget10.

Maini et al. (2024) demonstrated that methods incorporating a retain set outperform those
that solely optimize a loss function based on the forget set. It is natural that a regularization
via retain loss will improve the performance on the retain set, which agrees with the tendency
shown in Figure C.2 that the model utility monotonically grows as the weight of the retain
loss increases. Surprisingly, with the help of the retain loss, the forget quality can also
improve. Specifically, NPO+4RT shows a much more significant forget quality as the weight of
the retain loss grows from 0 to 2 (see the top-right panel of Figure 4.6 and Figure C.2). We
conjecture that it is because fine-tuning the retain loss term can help the model to preserve
answer templates and their linguistic structure while optimizing the NPO term forces the
model to forget some specific facts. The combination of the two pushes the unlearned model
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to approximate the retrained model by generating the outputs with similar templates but
incorrect entities. However, further increasing the weight of the retain loss (e.g., from 2 to
5, in Figure C.2) leads to a drop in the forget quality, possibly due to the diminished scale
of the NPO term. Notably, in our experiments, the retain loss plays a more significant role
when we target forgetting a larger fraction of the data (See the middle and right panels of
Figure 4.6).

C.4 Experimental details of the synthetic experiments

In this section, we discuss the experimental details of the synthetic experiments studied in
Section 4.4.

Initial model and retrained model. We create the initial model 7 and the retrained
model 7., via optimizing over € using the cross-entropy loss on the entire dataset D =
Drg U Dgrr and the retain dataset Dgr, respectively. Concretely, initializing at 6 = 0195, we
run gradient descent for 20000 steps with the learning rate equals 0.05 to obtain the initial
model m,.s and the retrained model e,

Unlearning. During unlearning, starting from the initial model 7., we run gradient
descent on each of the loss functions for 2000 steps with the learning rates selected via a
grid search. We choose the learning rates so that the training remains stable within 2000
steps. It should be noted that variations of the learning rates may affect the number of steps
needed to reach the minimal forget distance (or retain distance) in Figure 4.4 (al, a2, b).
However, they are less likely to alter the Pareto curves shown in Figure 4.4 (c). A grid search
is also conducted to select the optimal 5 for NPO (and DPO)-based methods. The choices of
learning rate and 3 are summarized in Table C.1.

Method learning rate B

a=1 a=0 a=1 a=0
GA,GA+RT, IDK+RT  5e-4  le4 NA NA
NPO, NPO+RT 5e-3  He-2 1 10
DPO+RT be-3  He-2 0.1 5

Table C.1: Values of learning rate and S for different methods when o« =1 and o = 0 in the
synthetic experiments.
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C.5 Experiments on the TOFU dataset

In this section, we provide details of the experiments on the TOFU dataset (Maini et al.,
2024). We first present a detailed explanation of the metrics, the baseline methods and the
hyperparameters in the experiments. Then, we provide the full results on different levels of
the tasks.

C.5.1 Experiments Setup
Dataset

TOFU Dataset. We evaluate NPO-based methods and all baselines on the TOFU (Task
of Fictitious Unlearning) dataset (Maini et al., 2024) designed for measuring the unlearning
methods for LLMs. TOFU contains 200 fictitious author profiles, each consisting of 20
question-answering pairs generated by GPT-4 based on a set of predefined attributes. These
profiles are fictitious and do not exist in the pre-training data, providing a controlled
environment for studying unlearning LLMs. TOFU introduces three levels of unlearning
tasks, each aiming at forgetting a subset of 2, 10, and 20 authors (comprising 1%, 5%, and
10% of the training data, respectively), referred to as the forget set Dgg, with a computational
constraint that scales linearly with the size of the forget set. We refer to these tasks as
Forget01, Forget05, and Forget10, respectively.

Dataset for Evaluation. In addition to the forget set, Maini et al. (2024) also introduced
other datasets to measure the performance of the unlearned model. The retain set Dgrr is
the part of the data that we do not hope the model to forget, which is, by definition, the
complementary set of the forget set in the full dataset. To evaluate the model performance
on the retain set, TOFU earmarks a subset of 400 question-answer pairs, accounting for 10%
of the data, as an exclusive retain set that is never included in the forget set for any task.
Moreover, to measure the general capacities of the unlearned models, two additional datasets
are introduced: the Real Authors set and the Real World set. The Real Authors set includes
question-answer pairs about authors in the real world and often deals with neighboring
concepts entangled with those in the forget set. The Real World set contains commonsense
knowledge about the real world and is designed to examine the general world knowledge of
the unlearned model.

Dataset beyond Forget10. In scenarios where the targeted forget set exceeds 10% of
the data (Forget20, Forget30, Forget50, and Forget90), we reorganize the original forget and
retain sets within the TOFU dataset. To assess the Truth Ratio on an evaluation dataset, it is
necessary to utilize the perturbed and paraphrased answers, which in TOFU were generated
by properly prompting GPT4. To avoid any potential distribution shift from the newly
crafted responses and their original forms, we evaluate the Truth Ratio using the publicly
available data within TOFU. Consequently, even for tasks that are beyond forget10, we
continue to use the data from the standard forget10 subset to compute the Truth Ratio on
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the forget set. This serves as a reasonable proxy for evaluating the Truth Ratio on the full
forget set.

Metrics

Model Utility. We measure the general capacities of the unlearned model using Model
Utility, which aggregates multiple metrics across the retain set, the real-world set and the real-
author set. Given a question-answer pair = = [q, a], we compute the normalized conditional
probability P(a | ¢)'/1*!, where | - | denotes the number of tokens in a certain sequence. This
probability is then averaged over the retain set, the Real Authors set, and the Real World set
each. We also compute the averaged ROUGE-L recall score (Lin, 2004) across these datasets,
a metric that evaluates the accuracy of the model’s response compared to the reference
answers. Finally, we compute the averaged Truth Ratio on the three datasets above. The
Truth Ratio defined in (Maini et al., 2024) measures how likely the unlearned model will
give a correct answer versus an incorrect one. More specifically, given a question ¢, Maini
et al. (2024) generated a paraphrased (correct) answer a via prompting GPT4. They then
generated five perturbed answers with the exactly same templates but incorrect answers
a;,i=1,2,3,4,5 in the same way. The Truth Ratio is defined by

LY, @ | )
._ 5 1=1 ?

The model utility is defined as the harmonic average of the nine metrics above (the probability,
the ROUGE score, and the Truth Ratio on the retain set, the Real Authors set, and the Real
World set).

Forget Quality. Forget quality assesses how well the unlearned model mimics the retrained
model (defined as the model trained only on the retain set). This is a rigorous measurement
as the ultimate goal for unlearning LLM is not only to stop generating the content related
to the forget set but also to make the unlearned model indistinguishable from the retrained
one. From a practical view of point, this requires the next-token probability given a prefix
of the unlearned model to be as close as possible to that of the retrained model. In TOFU,
they compute the Truth Ratio (defined in Eq. C.10) on each question-answer pair from the
forget set. Instead of simply averaging them, they test whether the distribution of the Truth
Ratio computed from the unlearned and the retrained models are indistinguishable. More
specifically, they perform the Kolmogorov-Smirnov (KS) test and compute the p-value of
the test. A large p-value indicates that the two models are indistinguishable from the Truth
Ratio. When the p-value is above 0.05, we say the forgetting is significant.

Baseline Methods

In this section, we introduce the baseline methods in our experiments.
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GA-based Methods. Gradient Ascent (GA) is a key component in many LLM unlearning
methods. Performing GA is equivalent to doing Gradient Descent (GD) on the negative
cross-entropy loss function, which is denoted as Lga(f) defined in Eq. (4.1). Based on
gradient ascent, a large class of unlearning methods performs gradient-based optimization
on a linear combination of the GA loss Lga and several other loss functions that encourage
unlearning (Jang et al., 2022; Yao et al., 2023; Chen and Yang, 2023; Maini et al., 2024;
Eldan and Russinovich, 2023). Such a loss function can be written as

L(0) = cgalaa(0) + craLrc(0) + crrLrr(0) — crexrKra(0) + crrxrCrr(6), (C.11)

where cga, ¢ra, CRT, CFGKL, CRTKL are non-negative weights. Here, Lpg (6) =—Ep,log(ms(7|x))]
is the Forget loss where (x,y) ~ Dpg and § # y is any response for prompt x which show
some extent of ignorance towards the question x. Lrr(f) = —Ep,.[log(me(y|z))] is the retain
loss. Kpg(0) = Ep.. [D(mo(+|2)||met(-|2))] is the expected KL divergence on the forget set.
Krr(0) = Eppr [D(ma(+|x) || et (+|2))] is the expected KL divergence on the retain set. In our
experiments, we use three GA-based methods reported in (Maini et al., 2024), referred to as
GA, GA+RT, GA+KL, which fall in this class of loss function. The weights in Eq. (C.11)
are shown in Table C.2.

Loss CGA CFG CRT CFGKL CRTKL

GA 1 0 0 0 0
GA+RT 1 0 1 0 0
GA+KL 1 0 0 0 1
IDK+RT 0 1 1 0 0

Table C.2: The weights for different components in GA-based losses and IDK+RT loss.

IDK-based Methods (’I don’t know’).  Maini et al. (2024) proposed IDK+RT, which
is a supervised loss function comprising of the retain loss and IDK loss term. The IDK loss
term Lpg is the averaged cross-entropy loss for question-answer pairs with questions x from
the forget set Drg and answers y replaced by 4 = 'I don’t know’ or a similar sentence showing
ignorance towards this question. IDK+RT does not involve GA loss, and in general, IDK+RT
loss shows a higher stability than GA-based methods.

DPO-based Methods. We also tested the DPO method (Rafailov et al., 2024) and its
variants by adding either the retain loss or the KL divergence on the retain set. In the DPO
loss, we take 'T don’t know’ or its variants as positive responses and the answers in the forget
set as negative responses. We use 8 = 0.1 in all DPO-based experiments, which is commonly
recognized as the optimal inverse temperature in most cases.
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KTO-based Methods. We examine Kahneman-Tversky Optimization (KTO) (Ethayarajh
et al., 2024), an alignment method with only non-paired preference data. The objective
function of KTO is (we use a slightly different version than the original one as in (Ethayarajh
et al., 2024))

LxT0 = %EDFG {— log o (Zref — Blog %)} , (C.12)

where [ > 0 is the inverse-temperature, o is the sigmoid function, and

Zret 7= Bonmeg [6- D (mo(- [ 2)[ et (- | 2))] - (C.13)

Following Ethayarajh et al. (2024), we estimate the KL term via averaged log probability
ratio for questions in the forget set and answers in the "I don’t know" set (as the unrelated
outputs). We examine both KTO and KTO+RT in our experiments with 5 = 0.1.

Hyperparameters

For the experiments TOFU, we use Llama2-7b-chat model (Touvron et al., 2023). All
experiments are conducted with two A100 GPUs. We use AdamW with a weight decay of
0.01 and a learning rate of 107° in all finetuning, retraining, and unlearning experiments,
which agrees with the setting in (Maini et al., 2024). We use an effective batch size of 32
for all experiments. In finetuning and retraining, we train for 5 epochs, while we train for
10 epochs in the unlearning process. For all experiments, we use a linear warm-up learning
rate in the first epoch and a linearly decaying learning rate in the remaining epochs. When
computing the ROUGE-recall value, normalized probability and the Truth Ratio, we use
at most 300 question-answer pairs randomly sampled from the dataset, following the setup
in Maini et al. (2024).
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C.5.2

Full Results
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Statistics for NPO-based methods and baselines on the Forget0O1 task of TOFU.
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
Forget 5 percent of data (10 Authors)
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Figure C.4: Statistics for NPO-based methods and baselines on the Forget05 task of TOFU.
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
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Figure C.5: Statistics for NPO-based methods and baselines on the Forget10 task of TOFU.



APPENDIX C. APPENDIX FOR CHAPTER 4 257

Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
Forget 20 percent of data (40 Authors)
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Figure C.6: Statistics for NPO-based methods and baselines on the Forget20 task of TOFU.
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
Forget 30 percent of data (60 Authors)
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Figure C.7: Statistics for NPO-based methods and baselines on the Forget30 task of TOFU.
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
Forget 50 percent of data (100 Authors)
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Figure C.8: Statistics for NPO-based methods and baselines on the Forget50 task of TOFU.
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