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- ABSTRACT
The ground state wave function and energy of a finite sysfem
of intefacting fermions are expanded in terms of multiple particle
excitations on an uncorrelated ieré order state. The resulting
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genéraiizat%on of Harﬁree«Fock theory. CompariSOn is m?de‘with
mgnyfbody p%rturbation theory and it is shown that to any order‘.
vthé theoryviﬁcorporates an infinite number of perturbaticn theory
tefmé. Solutibns_of the équétions'for ground stété atonice éystems 
are discussed and related to previous work using many-body per-
tufbation theory. It is shown that the sums of perturbation terms
neéessary forléanvergence are auﬁomaticaliy.incluﬁed in the |
‘equations for two-particle excitations. Apnlicetion of the

equations to open shell atoms is described.

I. INTRODUCTION
Many systems of irteracting fermions are well approximated by

uncerrelated wave functions and in particular by determinants of single-

‘particle states determined by Hartree-FPock thecry. It is natural to attempt

to expand the true wave function for such systems in multiple-particle
excitations on the zero order apnioximation. We present here such a
systematic expansion which corresponds tc ineluding firstly one-particle
excitations, secondly two-particle excitetions, and in succeeding orders

excitations of more and more particles. The magnitudes of the excitations

are determined.by a variational approach. The resulting coupled eguatiors
are derived in Sec. II. Similar equations were previously derived by

| Nesbetl; our equations differ from his in that they show the explicit

dependende upon the potentiallvvwhich is used to determine the single-

ivparticle states for the expansion of the wave function [W)- Section II

also contains a treatment of the effect of cﬂoosing V as the Hartree-Fock



potential and th% approXiﬁate inclusion of three-particle an§ higher ex-

‘citations. : ‘ ;

» In Sec. III the solutions of the coupled equations are discussed
and :elated to a previous calculation of the ground stéte of the’beryllium
atom using many-body perturbation 'theorys2 In that calculation it was
necessary tobiﬁclude high orderé in the perturbation expansion; It is

. shown in Sec., III thaﬁ the im@ortaht infinite sums of per;ﬁrbatioﬁ terns
# aré automatically inéluded in the coupled equations for two-particle

.excitations. Application of the equations to open shell atoms. is described v’f

gt the end of Sec. III.
II. THE COUPLED EQUATIONS

1. Derivation

In order to solve the equation

Hlw) =k W), | (1)

@oth H and {w) are expanded in terms of & complete set of single-particle .

- }ﬁgtates |n) which are determined from the eigenvalue equation

iy
)

(™ +v) |a) = €, In} .

-?he operator T represcnts the one-body operators of the Hamiltonian. In

i

‘| B
- the atomic case

T = -ho Va/zm - Ze2/r,.'



€

|

'The potentlal v is a one-body potential which approximately accounts for

the effects of the 1nteract;ng fermlons.' The nartlcular choice of V is
arbltrarv exeept that it must be Hermitian, it is often chosen to be the
Hertree-Fock potentzal |

‘ The-HamiltonianiH in second-quantized form is

H=Ze n,"n, + 2 (eb| vlea)n " n " nyn, - L (o] v ]e) A
a

a _ abed

(@)
The suwmus are taken over all the single-partic}e states. 1In the sécond
sumation only distinct matrix elements are included; for example,
(val v {dc) is not distinct from (ab| v [cd).3 It is assumed for sim-
plicity that the ground staﬁe wave function Iw) may be approximated by aﬁ
unperturbed solutionv|®o) whichlis a single deteirminant composed of the N
states In) which are lowest in energy.‘ When it is necessary to express
the unperturbed state |®0) as & linear combination of determinants, the
following approach is still applicable, but it is then necessary to con;
sider correction terms for each of the determinants and the eqﬁations
become more lengthy.

The ground state wave function is expanded as

L . + ’ 5 | . "N +__ + _
IV) M. Y+ ka ?(kaa) Ty Ty lc{o) + O:B%:l{' £(kk';0B) Mg Myt 7\5 K :‘b?)"'
v (3

The states labeled k are excited states and not occupied in |®O). The

states labeled with Greek letters are states which are,bccupied in,IQO)

' and are called wnexcited states. An.unoccupiéd, unexcited state is called -



, ' | . 1
a hole state. In all the suws only distinct terms are included. Terms

which differ oni&'in permutations of the excited states or the hole states
i ' S !

- are not distinct.

When Eqs. (2) and (3) are substituted into Eq. (1) an infinite

~set of coupled equations is obtained by equating terms with the same

single-particle states. It is important in the appreciation of the theo-
reticél,basis of these equations 0 realize that this procedure is equiva-
lent to a variational approach where the f's are determined by minimizing

(v] B |v) subject to the constraint (y | ¢) = constant. Anticipating the

-rapid convergence of the approximation scheme, the following discussion

is limited to Qne-particle and two-particle excitations. Iigher order

excitations are discussed in Sec. II 3.

The first equation in the system is obtained by taking the |©O)

component of the result of inserting Eqs. (2) and (3) into Eq. (1):

N N ' N

Zoeg+r LRI vIm)- T (VI

n=1 7B r=1 o

+ T el v 1R - (el v |k>}f(1?; a) )
o,k \y A '

+ & {op]| v |kk') £(xx'; ap) = E ,
apkk? ‘ .

vhere (ab| v |cd) = (ab] v |cd) - (ba| v |cd). The nk+ Ty 2} component

. yields:



O ) i N S
: Y oe -e )2k a e - (x V&
E <€k;f n=?} €, €a> ( Ct) + o ( 7| v |ay) ( | } o)

T (H v lxa) 2t 9) # X iu&l v {x1yY - (x| v 1k=>}f<k';a>
. . : v ] Xkt Y ‘ BRI '

Bl

) {g,(;al v lB) - (] v )} 25 9)
R | } | |
+ L {52 (Y%I v ) -yl VIn £ @) B -(5)

+ L Byl v |x'a) 2(xk'; y)
B?éa:ﬁéa

- The third equafion in the series is obtained by multiplying Eg. (1) from

" o + o+ : ; .
*phe_left.by (<I?0| Ny Mg Tyt My - The result is:

N .
(ek4+ €yt + > € - & "',‘5g> f(kk'; 0B)

n=1 ‘ -

+ T {5'2 (81 v {r8) ; ( 7! v 17)} f_(kk";»ozB)
s ok o

L (ke v xR £(xX"KY aB)
11t . ) )

" (xk'| v"lozB)"%-



o | v Ik"B) £ ay) + % <k”7l fox") f'kk"; 78)
,77’ . -
‘ |
+2 (fk l v lvk" - (x| v lk") £(kk"; 0B)
x" 7#!, : | _ }

+ L Akl v lk"{3> ftk‘k"; ay)+ L (k| v |x') £(x"k'; y8)
k",/%a : B

LT v ) - (k] V)b ekt ap)
k" y%a’s : J .

i, B

D (78] v laB) £(kk'; 98) + I {;Z (5] v [gd) + (7] v IB)} f(kk'sdv).,z?ﬂ%f'
e B | S 7 | Lo Uy

+ Z =L (%] v w) + (y] v o) f(1=i<'s 8)
v Voo 7 4 } IR

- T (kY v ep) £(x; 7) - <kyl log) £(x'; ¥)
75&1,5 77&1’5

+ 2 (K| v K"B) £(x"; a) + L (Bk'| v jax") £(x"; B)
‘k" ' ) . k" '

o (yk'| v [9B) - <k‘l v !B)} £(x; a)

7;40&

Is 3 .
13, @ v ’,"” (x| v la)} £(x'; @)

L (k| v loy) - (x] v }aﬂr £(x'; B)
746 J |

-[{Z (%] v lay) - (¥ vA!aﬂr £(k; B) = E £(kk*; oB8) . (6)
lyfp - R o |



i
i

2. The Har‘bree;Fodk' Potential
A great simplification in Egs. (&), (5 ), and (6) résulté_ from

choosing V to be 'lj.he Hartree-Fock potential V., defined by matrix elements

N |
V.. |pY= T %) . (7
(al HFI),n=l(anIVIn) | ()”
Equation (&) becomes
E-E_.= % (o8] v |Ek') e(kk'; 0B) , (8)
k- RS , -
where
| N N x X . N _
By = n§1 €, + 725 (8] v |93) - .72:1 lvin = n§l -3 L VI
- | | (9)
while Eq. (5) for f(k; a) reduces to
(ek - ea) tk; a) + X {rk] v [x'a) £(x'; 7)
v 7,k* v _
(2) (v)
T (Bl v xe) £kt py) (o)
7:6:1{’ ( | :
c

e T (B v R SR o) = (8 - Bg) 205 a) -
X', k" | | N o o
. (a) |



f;to the rhs and then theﬁequation’divided by (e' - € +E- EHF)' In

;Goldstone s theory, the energy denomlnator would be (e - ek). The term

The sums over uﬁex01bed sta*es are no longer restricted bec%use now there
are addlulonal terms arising fiom 1ncompleoe cancellatlons wlth the

Hartree-Fock potential They correspond to diagrams in perturbation

orF’

theory in whlch the exclu51on principle is violated in the intermedlate

states.2 The terms of Eq. (10) are represented by diagrems in Fig. 1.

The diagrams provide a connection with the corresponding terms of perturba-

“tion theory. In order to cor;espond more closely to the diagrams of

Goldstone perturbation theory,3 the term (a) of Bg. (10) should be brought

(E - EHF) incorporates the summatlon of many:hlgher—order terms in perturba- f
tion theory and corresponds to inclusion -of fhe third class of EPV diagrams
of reference 2. It is assumed in this paper ﬁhat (E - EHF) is not largé
relaﬁive to (ﬁz - ek) and this assumption'constitutes a restriction to
finite ‘systems.

- When V is chosen as VﬁF’

Eq. (6) reduces to
() + €1 - €, -'eB) £(kk'; qﬁ) +.(ﬁ§‘l v |aB)

s T (R v R 2(xK o)
k"k“l . .
(1)

+ LR v ) (k" ay) + L (x| v fox") £(xk"5 78)

Xk k
N ! (1) - _7 (iii) |
+ L (k| v Ik"B) £(k"k'; ay) + 2 (y”kl |k"a) £(k"k'; y8)

k“')’ ) 7 v

(iv) : v N (v)



.10

+ L G’é! v [ep) 205 8) - T (R ¥ los) 20 ﬁy)
A (vi) ' o (vit)

DT v ) 20t ) +§ G| v [E"B) £(x; @)

7 ,
| (viit) o ()
+ TG v k') S5 B) = (B - B) Skt o) . ()
(x)

Again, as in Eq. (lo),zthe sums over hole states are unrestricted because
 of contributions from the potential VHF' The diagrams for Eq. (11) are

given in Fig. 2.

3. Higher Excitations

Thevdiscussion S0 far hes only included one- and two-particle
eXcitéﬁions,'and there are, of course, excitations up to N particles. When
higher excitations arg‘in;iuded, Eg. (&) still involves only one- énd tvo-
particle excitations directly. Equations (5) and (10) for f£(k; a) must be
modified to inelude coupling with f(kk'k"; ofy) and Eés. (6) and (11) for
f(kk'; of) must include’ terms coupling with £(kk'k"; apy) and £(kk'k"k";
| aByd ). The importance of higher excitations depends both on the size of
' the system and the "goodness" of the single-particle wave functions used
in thé expansion. In perturbation theory, both one- and two~particle :
excitations enter in first order. Three- and four-particle exc;tations
ehter'in second oraer; >When good single-particle wave functions‘aré used
~ the matrix eieme#ts involving unexcited’to excited statés ma& be'expectedv

to‘be'small, as found in reference 2. In Eq. (5) for £(k; ) and Eq. (6)



for f(kk;; of ),;’2 the fchfee- and i"our-pa‘rtivc‘:l'e terms correspox’?d to two
‘higher ¢rders o% pcrturbdfion theory thén do the lowecst ord%:r terms. When -
N is not so largé that the possible number of hig,ﬁer éxcitaibionsv cen over- |
come the reductions due to terms reduced 'by two orders of perturbation |

theory, higher excitations are not expected to be very important.

When three-particle excitations are included, the term

T Byl v k') £(kk'K"; apy) (12)
Byk'k"

is added to the 1lhs of Egs. (5) and (10) for £(k; o). The following terms

‘are added to the lhs of Eq. (6) due to triple excitations:

z <) z | (y8] v |x") - ky‘l vV x") ) £(xk'K"; apy)
7,k" ﬁiéa:_a:y >

- % (v} v _Iak“)vf(ldc'k"; ayd)

5:7%531{"
DY (K9] v [&"%™) £(xk"K" afy) (13)
7, K",k .
- (] v Jak") £(e'E"; 985)
7:67&131(
+ 0 (] v [k"k"’) F(X"K'KW"; apy)
7,klt,klll v ‘ ) ] , .

'Coupling with four-particle excitations adds the term

T (B v e s(akURY oBye) 0 (1k)
7,8,k K" | SRS |
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| .
to the lhs of Eg (6) for £{kk'; ¢p). Equatlon (ll) for f(kk" ab ), using
HF’ is modified on the lhs by the last four terms of Eq. (13) (w1thout
restrictions on the sums over hole states) and by Eq. (ik).

The terms f(kk'k"; apy) and f(kk’k“k?&’a@y&) are determined

from equations which are similar to Bgs. (5) andv(6). Vhen N.is not largé,
it should be quite valid to truncate terms béyond four excitations in the
equétions for £(kk'k"; apy) and £(kk'k"K'S ofyd ) and to exclude all higher
‘ excitatiqns.  A simpler spprcxXimation is to approximate thiree- and four-
‘particlg excitations by products of one- and two-particle exciﬁations and‘ é-

3

to omit three-body and higher clusters, as has beeh discussed by Sinanoglu.h

III. APPLICATIONS OF THE EQUATIONS TO ATOMIC STRUCTURE CALCULATIONS
1. Solutions and Perturbation Theory

| The set of coupled equations (4), (5), end (6); or (8), (10},
and (1) if'vHF is used; may be solved for the ground state energy E. That
" is, the matrix determined by the complete set of equatiohs must be diago-
nalizéd. The lowest eigenvalue is'the gromd state energy and higher
eigenvalues correspond to excited states with the same symmetry. The set
has glready been truncated beéause higher excitations have been Qﬁitted.
The contlnuum may be divided into finite blocks such that the variation of
f within any given block is small and the calculation 1s then reduced to
that of a finite number of‘coupled equations provided a finite number of
" bound excited states is used.

When Var is used, the one-particle excitations £(k; a) are
relatlvely unimportant compared to the two—particle cxcitatlons f(kk aB),‘

and only the f(kk ; aﬂ) are needed to determine E - EHF



v',f;adﬁer diagrem term (i) of Eg. (11) accounts for the interaction of two
. 311':';‘ ; ' \
“particles in states |k) and |k'). Since the states |k) are determined by

13
The sdlution of Eq. (11) is, in the first approximation,
) : R
£(kk'; op) = (ea +egm €y = €y - (@B] v |oB) + E - Ep) -',(kk'l v |eg) .
| | | (15)
The term {B| v ]dB) in Eq. (15) comes from the diagonal part

of teim (vi) of Eq. (ll) Tt is the same term used in feferenee 1 to shift

all energy denominators of the terms in perturbation theory. It might be

expected on physical‘grounde because €, + € - (0B v |oB) 1is Just the

effective two-particle energy for particles in states o) and [8). The

%:a potential in which all the wlexcited states are filled (in the HF case),
# there is also a correction to account for the fact that |k) and |k') are
“ propagating with [a)'and [8) unoccupied. This correction comes from the

’5vterms y =8 in (11) and (1v) of Eu. (11) and from terms y = @ in (iii) and

”(v) of Eq. (11). These terms were called hole-particle EPV (exclusion

: ?rlnciple violating) terms in reference 2 because they involve hole-particle
»?nteractlons (and exchange) in which the exclusion principle is violated in

,'ﬁgoing from one hole state to the same hole state.

'In the numerical calculations on Be it was found necessary to

include certain terms bejond second order in. perturbation theory, namely

"‘ihe ladder dlagrams and the hole-particle EPV d.lagram.s.5 If only these

l
ierms are. retalned then Eq. (ll ‘becomes

Py o) =D (R v ), . (16)




1%

where

s

: p =.ﬁ3 f>e5 - €y - €yt = (dé] v |aB) + E - EEF ”

- L (k' v k;'l{"‘) f(l-:"‘k’";vaﬁ) P(x'; o8 )
klllcnt l ' . /( . - ﬁ

- % (Bk'| v |K"8) £(ix"; aﬁyf(kk'; B ) a7)
X" : . | ! . | .

-Z (K% v fox") £(ue"; afs)/f(kk'; b )

-2 (k| v [K"8) £(x"k'; as)/f(lm‘; @)

- (k] v |x"a) f.(k"k'; aa)/f(kk'; ag) .
k" . . , - ] |

The laét four terms on the rhs of-Eq._(l7)lare related td the expréssion
(ba + 2b) which was used in reference 2 to suﬁ thé hole-pariicle EPV
‘diagrams. The ladder term of Eq. (17) is related to the factor t of '
reference 2 which summed the ladder diagrams. Equations (16) and (17)
are equivalent to the calculation of reference 2. The neceséary higher:
order ténms of berturbation théory are thus éeen to be included in the :
multiple-particle excitation theory in a straightforward mannef.

The last five terms on the rhs of Eq. (17) may have a dependence
on k and k' which simplifies the caléulations. This was found to be true
.in the numerical calcﬁlations for Be: where each of the five terms could
be ﬁfitﬁén to a ggod gppfbximétion-as Ci(gub+ €5 = € = €yt - (B v |aB)),

'where;Ci is an appropriate‘cohstant for the ith term.2
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. 2. Application to Open Shell Atoms 1 :

Since ':'the Hamiltonian H commutes with the total orbital and spin

a.ngu'lar‘ mon;entum operators L and S, the eigens‘catés for this Hamiltonian
2 _

L .'must be eigenstates of L~ and Sg. ‘The unperturbed eigenstate [QO) should

‘have the correct symmetry (in L and §) of the true ground state ]v\y)‘v‘rhich .

may be written

)

Equation (2) may be written as

H=Hy+v-V, | (19)
X N
-1 .
vhere v= L (r,.) , V= L V(r,), and H, [¢.) = E, |2.) .
g3 ij 421 i 'O 010

When Eqs. (18) and (19) are substituted into (1), there results:

Avy= 5 - 5V [BE - (v-W] Jo), -~ (20)

where AE =E - E,. Sincel and § commute with H and v, the calculated

0
2

groud state. lllf) will be an eigenstate of L™ and Sa if }: and S comnute with

V and |®O) is an eigenstate of L2 and 82. For closed-shell atoms, VHF

defined by Eq. (7) commutes with I and $ and ]00) is a single determinant.

For open-shell atoms L and S in general do not ccmmute with VHF :

and so it is desirable to choose a V(r) which approximates VHF’a.s closely

as posSi‘ble _bu’c which-vcomznutes with L and S. As described in Sec. 'II 1,

|<p0') Loy . - | (8)




16
, .
it is convenlent but not necesaary that ]® ) be described by a single
determ;nant. In calculating the ground state of many open- shell atoms 1t
is_possible 10 choose [QO) as a single determinant because the ground
.state usually has the maximum.Spin'consistent ﬁith the exclusion principle.
The energy is 1ndependent of ML and.MS and the choice ML L and MS =
often makes IQO) a single determinant.
Calculations for open-shell atoms, using Egs. (&), (5), and (6),
vi are planned. The numerical work described in reference 2 indicates the

vvfeasibility of these ¢alculations.
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| o caprions | } |
’f(e.) Diagraz_ns'v e

{ |
~Diagrams corresponding to the terms of Ig. (10).

Fig. 1.
for £(k; o) and £(kk'; ¢ ). Diagrams (b), (e¢), and (&) correspond

to the terms labeled (d), (¢), and (&) in Eq. (10).

Fig. 2. Diagrams corresponding to terms of Eq. (11). (&) Ladder diegram
for term (i). () Ring dlagram and hole-particle diagram of

term (ii). The diagrams for (1ii), (iv), and (v) are similar.

(c) Hole-hole' interaction diagram of term (vi). (4) Diagrem for
coupling of one-particle and two-particle excitations of term

(vii). The"aiagram for (viii) is similar. (e) Diagram for (ix)

and (x). The exchange diagrams for (¢}, (a), and (e) have been

‘onitted. -
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

"A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report. ‘

‘As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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