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The present paper describes an effort to obtain closure for a volume averaging theory (VAT) based model
of a plane fin heat sink (PFHS) with scale-roughened surfaces by evaluating the closure terms for the
model using computer fluid dynamics (CFD). Modeling a PFHS as porous media based on VAT, specific
geometry can be accounted for in such a way that the details of the original structure can be replaced
by their averaged counterparts and the VAT based governing equations can be efficiently solved for a
wide range of parameters. To complete the VAT based model, proper closure is needed, which is related
to a local friction factor and a heat transfer coefficient of a representative elementary volume (REV). The
terms in the closure expressions are complex and sometimes relating experimental data to the closure
terms is difficult. In this work we use CFD to obtain detailed solutions of flow and heat transfer through
an element of the scale-roughened heat sink and use these results to evaluate the closure terms needed
for a fast running VAT based code, which can then be used to solve the heat transfer characteristics of a
higher level heat sink. The objective is to show how heat sinks can be modeled as a porous media based
on volume averaging theory and how CFD can be used in place of a detailed, often formidable, experimen-
tal effort to obtain closure for a VAT based model.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

With the trend towards increasing levels of electronic device
integration density, it has become increasingly challenging to meet
the thermal management requirements of the resulting elevated
power dissipation. A variety of techniques [1] for heat transfer
enhancement have been developed, including ribs [2–6], pin fins
[7–9], dimpled surfaces [10–12], surfaces with arrays of protru-
sions [13], and surface roughness. The design objective of these
techniques is to significantly enhance convective heat transfer
without substantially increasing in the streamwise pressure drop
penalty.

A new heat transfer enhancement surface geometry was devel-
oped by Chang et al. [14–18] using deepened scale-roughened sur-
faces. The geometrical details of the proposed scale roughened
surface are shown in Fig. 1. The surface scales are arranged in a
staggered manner in-line on opposing walls. The authors com-
pared Nu=Nu1 and �f=f1 of the scale roughened surface with the
flow and heat transfer results reported by different research groups
ll rights reserved.
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for rib-roughened channels [2–6] and dimpled surfaces [10]. The
heat transfer enhancement of the scale-roughened surface was
surprisingly good compared with rib-roughened and dimpled sur-
faces and the channel with forward flow performs better than that
with backward flow.

A scale-roughened surface is a promising heat transfer enhance-
ment technique and can be applied to plane fin heat sinks to aug-
ment their heat dissipation capability, see Fig. 2, but further
optimization is required. If one wants to optimize such a heat
transfer device, simple equations are the only answer but they
need to be made more rigorous and must include conjugate effects.
In this work, VAT, see [19–30], will be used to develop the needed
simple equations allowing clear rigorous statements to be made
that define how the friction factor and heat transfer coefficient
are to be determined. By modeling heat sinks as porous media, spe-
cific geometry can be accounted for in such a way that the details
of the original structure can be replaced by their averaged counter-
parts and the governing VAT equations can be solved for a wide
range of design parameters. This ‘porous media’ model, which is
a function only of porous media morphology, represented by
porosity and specific surface area, and its closure, can easily be
adapted to many different structures.

Closure theories for transport equations in heterogeneous med-
ia have been the primary measure of advancement and for measur-
ing success in research on transport in porous media. Obtaining
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Nomenclature

Aw wetted surface, m2

Awp the cross flow projected area, m2

cp specific heat, J/kg K
D diameter of the scale, m
Dh hydraulic diameter, m
dh hydraulic diameter defined by Chang et al. [14], m
dp diameter of the spherical particles, m
e scale height, m
F1, F2 blending function
Fp fin pitch, m
f friction factor
H channel height, m
h heat transfer coefficient, W/m2 K
k turbulence kinetic energy per unit mass, m2/s2

kf thermal conductivity of the fluid, W/m K
ks thermal conductivity of the solid, W/m K
kt turbulent heat conductivity, W/m K
L length of the channel, m
hmi porosity
Nu Nusselt number
Pk shear production of turbulence
Pr Prandtl number
Prt turbulent Prandtl number
P scale pitch, m
p pressure, Pa
q heat flux, W/m2

Re Reynolds number
S an invariant measure of the strain rate, 1/m
Sw specific surface
Swp the cross flow projected area per volume, 1/m
Ts solid temperature, K
Tf fluid temperature, K

um average velocity through the channel, m/s
W width of the channel, m

Greeks
a turbulence model constant or scale attack angle (�)
b, b⁄ turbulence model constant
u1 represent any constant in the original k–x model (rk1; �)
u2 represent any constant in the transformed k–e model

(rk2; �)
u represent the corresponding constant in the SST model

(rk; �)
l viscosity, Pa s
lt turbulent eddy viscosity, Pa s
m kinematic viscosity, m2/s
mt turbulent kinematic viscosity, m2/s
q density, kg/m3

re k–e turbulence model constant
rk turbulence model constant for the k equation
rx k–x turbulence model constant
swL laminar shear stress, Pa
swT turbulent shear stress, Pa
DX the volume of the REV, m3

x specific turbulence dissipation rate

Subscripts and superscripts
� a value averaged over the representative volume
– an average of turbulent values
^ fluctuation of a value
hfif means the superficial average of the function f
f fluid phase
t, T turbulent
s solid phase
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closure for the VAT based governing equation set is the most
difficult aspect of using VAT to model and optimize a heat transfer
device. The porosity and specific surface area are geometrically de-
fined terms. The closure terms, which are related to a local friction
factor and a heat transfer coefficient, can be obtained in two ways.
The first is to rescale the available experimental data reported for
fully developed flow, using the ‘porous media’ length scale sug-
gested by VAT [22–24,26]. However, Chang et al. [14] only tested
one specific scale-roughened surface, which is not enough to ob-
tain the closure. At this time, CFD is an alternative approach for
evaluating these closure terms [31–35]. It should be noted that if
CFD is used to obtain the closure, the friction factor and heat trans-
fer will be calculated more rigorously by integrating the complete
closure formula over the REV and validated using the available
experimental data.

In the following presentation, a scale-roughened plane fin heat
sink with forward flow is first modelled based on volume averag-
ing theory. 3-D numerical calculations are made to simulate the
heat transfer and fluid flow across the channels which consist of
15 REVs and the CFD discretization is validated by comparison
with experiment. Then, the rigorously derived closure terms are
evaluated over one of the selected REVs for a range of the design
parameters, and correlations for friction factor and Nusselt number
are developed for use with the simple equations.

2. VAT based modeling

A schematic diagram of a plate fin heat sink with scale rough-
ened surface is shown in Fig. 2. Generally, the air is forced to flow
through the channels between the fins by a fan. The scales act to
increase secondary flows and turbulence levels to enhance mixing,
and form coherent fluid motions in the form of streamwise ori-
ented vortices, and also to provide some heat transfer augmenta-
tion by increasing surface areas for convective heat transfer [1].
This is a problem of conjugate heat transfer within a heteroge-
neous hierarchical structure. It is not easy to optimize this kind
of problem since many parameters are required to describe the
geometry. Simple equations are the only answer if one wants to
find the optimum configuration for these kinds of conjugate heat
transfer devices.

2.1. VAT based governing equations

Based on rigorous averaging techniques developed by Whitaker
[21,22] who focused on solving linear diffusion problems and by
Travkin and Catton [24,26] who focused on solving nonlinear tur-
bulent diffusion problems, the thermal physics and fluid mechan-
ics governing equations in heterogeneous porous media were
developed from the Navier-Stokes equation and the thermal en-
ergy equations. This is the starting point for studying flow and heat
transfer in porous media and also the basis of the present work.

In this section, a model based on VAT is developed to describe
transport phenomena in plane fin heat sinks with shielded top, at
which a boundary condition of nonslip wall is applied. The air flow
is considered to be ‘porous flow’, in which the term ‘porous’ is used
in a broad sense.

The momentum equation is

0 ¼ � 1
qf

dh�pif
dx
þ f �

Sw

hmðzÞi
~�u2

2
þ @

@z
hmðzÞiðmþ mtÞ

@~�u
@z

 !
ð1Þ



Fig. 3. Representative elementary volume (REV) for a PFHS with scale roughened
surfaces.

Fig. 1. Geometrical details of scale-roughened surface.

Fig. 2. A plane fin heat sink with scale roughened surfaces.

F. Zhou et al. / International Journal of Heat and Mass Transfer 55 (2012) 7677–7685 7679
The energy equation for fluid phase is

qf cpf hmi~�u
@
eT f

@x
¼ @

@z
hmiðkf þ ~ktÞ

@
eT f

@z

 !
þ h�SwðeT s � eT f Þ ð2Þ

The energy equation for solid phase is

@

@x
ð1� hmiÞks

@eT s

@x

" #
þ @

@z
ð1� hmiÞks

@eT s

@z

" #
¼ h�SwðeT s � eT f Þ ð3Þ
2.2. Closure terms of the VAT equations

To complete the VAT based model, four closure terms need to be
evaluated. It is believed that the only way to achieve substantial
gains is to maintain the connection between porous media mor-
phology and the rigorous formulation of mathematical equations
for transport.

Two of the closure terms, the averaged porosity and the specific
surface area are geometrically defined and it is quite easy to deter-
mine them if one selects the REV correctly. The selection for a PFHS
with scale roughened surface, see Fig. 3 is seen to repeat in both
the cross-stream and flow directions. Therefore, the porosity is

hmi ¼ 1� DXs

DX
¼ H � 2je

Fp
ð4Þ

in which, DX is the volume of the REV defined as

DX ¼ P2Fp ¼ D2Fp ð5Þ

DXs is the volume of the solid part of the REV defined by

DXs ¼ D2ðFp � HÞ þ 2jeD2 ð6Þ

in which j is the ratio of the solid volume of the scale to the total
volume of the e � P � P slab, see the shaded part in Fig. 3. It can eas-
ily be shown that j is a constant and j ¼ 3

4� p
8.

The specific surface area, Sw, is defined as

Sw ¼
Aw

DX
¼ 2P2 þ pDe

P2Fp

¼ 2Dþ pe
DFp

ð7Þ

At this point, the VAT based model of scale-roughened PFHS is
still not fully closed. The other two closure terms are the local fric-
tion factor, f⁄, in the momentum equation and the local heat trans-
fer coefficient, h⁄, in the VAT energy equations and remain to be
evaluated. To evaluate the closure terms, a commercial finite vol-
ume method (FVM)-based code, CFX, was used to analyze the con-
vective heat transfer in three-dimensional channels with opposing
scale-roughened walls.

3. Numerical method and procedures

3.1. Computational domain and boundary conditions

The local closure values or closure values for fully developed
flow and heat transfer are the only kinds of closure values that
have physical meaning when describing transport phenomena
with VAT based equations. For this reason, attention should be paid
to the selection of physical model. The computational domain
should be long enough, so that closure can be evaluated over an
REV that is not affected by entrance or re-circulation effects near



Fig. 4. Computational domain. The length of the extended region was not drawn in
scale.

Table 1
Boundary conditions.

Inlet u = const, v = w = 0, T = const
Outlet @ui

@x ¼ @T
@x ¼ 0

Eight surfaces of the extended region Symmetric, slip and adiabatic wall
Interface between air and solid No-slip, no thermal resistance
The bottom of the scale roughened wall Iso heat flux
The other surfaces Symmetric

Fig. 5. Example of the grid system. Only part of the whole model is shown.
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the outlet [36]. A computational domain with fifteen REVs was se-
lected as the computational domain, see Fig. 4.

The air velocity profile at the entrance is not uniform because of
the fin thickness. The computational domain is extended upstream
a distance of five stream-wise REV lengths so that a uniform veloc-
ity distribution can be ensured at the domain inlet. The computa-
tional domain is extended downstream 15 times the stream-wise
REV length, so that at the outer flow boundary no flow recircula-
tion exits. The boundary conditions applied to the computational
domain are tabulated in Table 1.

3.2. Grid system

The grid systems for all the scale-roughened channel models are
built by Ansys Meshing. Due to the roughness of the wall, unstruc-
tured tetra-mesh is created for the scale-roughened test channel,
with prism layers being inserted in the near wall region. In the ex-
tended regions, a coarser and structured hex-mesh is adopted to
conserve computational resources. A grid system with a gradual
variation in and after the scale-roughened test channel is used to
avoid the undesirable effect of an abrupt grid width change in
the computing region. The grid system for one of the models is
shown in Fig. 5.

Grid independence tests were made carefully by recursive
refinement and comparison between the numerical simulation re-
sults. The above process was repeated until the variation of Nusselt
number and friction factor was less than 0.5%, so that the numer-
ical predictions can be regarded as grid-independent. With the tur-
bulence predictions employed, the meshes near the fluid solid
interface are fine enough to resolve the flow behavior close to
the no-slip wall. For all the simulation cases, y+ values in the
near-wall region are less than 1.

3.3. Mathematical model

The air flow is assumed to be three-dimensional, incompress-
ible, steady state. In the low Reynolds number region, the flow is
assumed to be laminar, while for Re > 2000, a turbulent model is
adopted. Buoyancy and radiation heat transfer effects are not taken
into consideration. The three-dimensional governing equations for
continuity, momentum and energy are as follows:

(1) Continuity equation

@qui

@xi
¼ 0 ð8Þ

(2) Momentum equation

quj
@ui

@xj
¼ @

@xj
ðlþ ltÞ

@ui

@xj

� �
� @p
@xi

ð9Þ

(3) Energy equation

quj
@T
@xj
¼ @

@xj

l
Pr
þ lt

Prt

� �
@T
@xj

� �
ð10Þ

The k–x based Shear-Stress-Transport (SST) model with auto-
matic wall function treatment is used to predict the turbulent flow
and heat transfer through the channel. The SST model blends the
robust and accurate formulation of the k–x model in the near-wall
region with the free-stream independence of the k–e model in the
far field. The SST model gives a highly accurate prediction of the
onset and the amount of flow separation under adverse pressure
gradients by the inclusion of transport effects into the formulation
of the eddy-viscosity. This results in a major improvement in terms
of flow separation predictions. The superior performance of the SST
model has been demonstrated for high accuracy boundary layer
simulations in a large number of validation studies.

Menter [37,38] proposed the equations for the SST model as

DðqkÞ
Dt

¼ ePk � b�qkxþ @

@xj
ðlþ rkltÞ

@k
@xi

� �
ð11Þ

DðqxÞ
Dt

¼ aqS2 � bqx2 þ @

@xi
ðlþ rxltÞ

@x
@xi

� �
þ 2ð1� F1Þqrx2

1
x

@k
@xi

@x
@xi

ð12Þ

where the blending function F1 is defined by:

F1 ¼ tanh min max

ffiffiffi
k
p

b�xy
;
500m
y2x

 !
;
4qrx2 k
CDkxy2

" #( )4
8<:

9=; ð13Þ

in which

CDkx ¼max 2qrx2

1
x

@k
@xj

@x
@xj

;10�10
� �

ð14Þ

The turbulent eddy viscosity is computed from:

mt ¼
a1k

maxða1x; SF2Þ
ð15Þ



Fig. 6. Validation of the present CFD simulation by comparing with experimental
data by Chang et al. [14].
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where S is the invariant measure of the strain rate and F2 is a second
blending function defined by

F2 ¼ tanh max 2

ffiffiffi
k
p

b�xy
;
500m
y2x

 !" #2
8<:

9=; ð16Þ

To prevent the build-up of turbulence in stagnation regions, a pro-
duction limiter is used in the SST model:

Pk ¼ lt
@ui

@xj

@ui

@xj
þ @uj

@xi

� �
! ePk ¼minðPk;10 � b�qkxÞ ð17Þ

Each of the constants is a blend of the corresponding constants of
the k–e and the k–x model:

u ¼ F1u1 þ ð1� F1Þu2 ð18Þ

The constants for this model take the following values

b� ¼ 0:09;
a1 ¼ 5=9; b1 ¼ 3=40; rk1 ¼ 0:85; rx1 ¼ 0:5;
a2 ¼ 0:44; b2 ¼ 0:0828; rk2 ¼ 1; rx2 ¼ 0:856:

ð19Þ

The CFD code solves the Reynolds-averaged Navier–Stokes
equations with a high resolution scheme for the advection terms
as well as turbulence numerics. The fully coupled momentum
and energy equations are solved simultaneously. The RMS type
residual for solution convergence criteria is set to be 10�5 for the
momentum balance and 10�6 for the energy equation.

4. Closure evaluation

Closure evaluation described in this section consists of three
parts. First, the two different length scales used to evaluate the
flow and heat transfer characteristics of the scale-roughened chan-
nels are defined. Second, the computational model and the method
adopted in current numerical simulations are verified and vali-
dated by comparing the CFD results with experimental data. Third,
two correlations which serve as closure for the VAT based model
are developed based on the simulation results.

4.1. Length scales

Before evaluating the closure terms, it is interesting to note that
using a particular length scale leads to a parameter that is very
beneficial when evaluating the heat transfer coefficient and friction
factor. It was shown by Travkin and Catton [26] that globular med-
ia morphologies can be described in terms of Sw, hmi and dp and can
generally be considered to be spherical particles with

Sw ¼
6ð1� hmiÞ

dp
ð20Þ

Dh ¼
2
3

hmi
ð1� hmiÞ dp ð21Þ

This expression has the same dependency on equivalent pore diam-
eter as found for a one diameter capillary morphology leading nat-
urally to

Sw ¼
6ð1� hmiÞ

dp
¼ 6ð1� hmiÞ

3
2
ð1�hmiÞ
hmi Dh

¼ 4hmi
Dh

ð22Þ

This observation leads to defining a simple ‘‘universal’’ porous med-
ia length scale

Dh ¼
4hmi

Sw
ð23Þ

that meets the needs of both morphologies: capillary and globular.
This was also recognized by Whitaker [22] when he used a very
similar (differing by a constant) length scale to correlate heat trans-
fer for a wide variety of morphologies. Zhou et al. [39] also showed
that using the ‘porous media’ length scale is very beneficial in
collapsing complex data yielding simple heat transfer and friction
factor correlations. For the present scale-roughened channel, Dh is
defined as

Dh ¼
4hmi

Sw
¼ 4DðH � 2jeÞ

2Dþ pe
ð24Þ

It can be seen that Dh is a function of e, D and H.
The Reynolds number defined using the VAT suggested length

scale is

ReDh
¼ qumDh

l
ð25Þ

To validate the CFD simulation results, the Reynolds number is de-
fined the same as that used by Chang et al. [14]

Re ¼ qumdh

l
ð26Þ

in which dh is the hydraulic diameter defined by

dh ¼ 2 � H �W=ðH þWÞ ð27Þ

The averaged Nusselt number in the developed region used for val-
idation is defined as

Nu ¼ qdh

kf ðTs � Tf Þ
ð28Þ

The friction factor for validation is defined as

f ¼ Dp
1
2 qu2

m

dh

4L
ð29Þ
4.2. Validation and verification

To verify the computational model and the method adopted in
numerical simulation, preliminary computations were first con-
ducted for a scale roughened channel which had the same dimen-
sions as the one experimentally tested by Chang et al. [14]. A
quarter of the full test section is selected to be the computational
domain, see Fig. 6. From the figure we can see that the maximum
deviation of the Nusselt number and the friction factor from exper-
iment are 6.3% and 12.1% with the average deviation being around
3.5% and 5.8% respectively. Our predicted results and the
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experimental data agree very well, thereby showing the reliability
of the physical model and the adopted numerical method.

4.3. Mechanism of heat transfer enhancement by Scales

To have a qualitative view into the flow behavior, Fig. 7 provides
insight into the local distributions of the streamlines on three
cross-sections in the y–z planes normal to the flow direction at
Re = 10,000. The three planes are located at the inlet, the center
plane and outlet of the eleventh REV, showing how the streamlines
develop when the fluid flows through one cycle of scale-roughened
channel. It is found that when the flow starts entering the REV,
some cone-shaped streamlines are formed above the scales. After
that the flow starts spinning in the span-wise direction. As the fluid
flows farther downward, the spinning becomes stronger. The
strong spinning of the flow breaks the near wall boundary layers
continuously and enhances the bulk flow mixing. It is easy for
the readers to turn the plane streamlines into 3D footage in mind
and imagine how the flow is marching in a spiral pattern. This ex-
plains why the heat transfer is augmented by the scale-roughened
surface.

4.4. Closure

Travkin and Catton [26] rigorously derive the closure terms for
VAT based model from the lower scale governing equations. The
closure term in the VAT momentum equation, f⁄, has the form

f � ¼ 2

R
@Sw

�p � d~s
qf

~�u2Awp

Swp

Sw
þ 2

R
@Sw

swL � d~s
qf

~�u2Aw
þ 2

R
@Sw

swT � d~s
qf

~�u2Aw

�
@
@xj
h�̂ui �̂ujif

1
2 q~�u2

þ
@
@xj
h~mT

@~�ui
@xj
if

� �
1
2 q~�u2

ð30Þ

The first three terms are form drag, and laminar and turbulent
contributions to skin friction, respectively. The fourth term repre-
sents the spatial flow oscillations, which are a function of porous
media morphology and tell one how flow deviates from some
mean value over the REV. The fifth term represents flow oscilla-
tions that are due to Reynolds stresses and are a function of porous
media morphology and its time averaged flow oscillations.

The closure terms in the VAT energy equation, h⁄, can be defined
in various ways and in general will depend on how many of the
integrals appearing in the VAT equation one uses and lumps into
a single transport coefficient, see Travkin and Catton [26]. The
Fig. 7. Streamlines on the planes normal to flow direction, Re = 10,000.
nature of the equation shows that the energy transferred from
the surface is integrated over an area and then divided by the cho-
sen REV volume; therefore, the heat transfer coefficient is defined
in terms of porous media morphology, usually described by spe-
cific surface and porosity.

The complete form of the closure term h⁄ is

h� ¼
1

DX

R
@Sw
ðkf þ ktÞrTf � d~s

SwðeT s � eT f Þ
�

qf cpfr � ðhmi ĝuf T̂f Þ
SwðeT s � eT f Þ

þ
r � kf

DX

R
@Sw

Tf d~s
� �

SwðeT s � eT f Þ
ð31Þ

In most engineered devices, the geometry is regular and a well-cho-
sen REV will lead to only the first term being needed. The second
term is identically zero for regular repeating geometries and the
third is Biot number dependent. However, when in doubt, one
should use the complete form given by Eq. (31).

After solving the three-dimensional governing equations (8)–
(10) with appropriate boundary conditions, the closure for the
VAT based momentum equation and energy equation is obtained
by integrating Eqs. (30) and (31) over the selected REV to compute
the friction factor and heat transfer coefficient.

To make the correlations applicable to relatively wide range of
dimensions of scale roughened channels, 20 different sets of design
dimensions, see Table 2, were simulated at different Reynolds
numbers, ranging from 500 to 3 � 104. It should be noted that,
for all the design points, the scale pitch is equal to the diameter
of the scale, which is the only sensible way to lay out the disc
shaped scales. The ratio of the scale height to the scale diameter,
e/D, or the angle of attack, a = arcsin (e/D), defines the shape of
the scales. The ratio of the channel height to the scale diameter,
H/D, specifies the shape of the channel. Therefore, e/D and H/D
could specify the shape of the REV. The REVs, which have the same
e/D and H/D but different scale diameters, are dynamically similar,
and they are governed by the same physical laws and associated
equations, which produce exactly the same solution in terms of
dimensionless variables, such as Nu and f, at the same Re. There-
fore, e/D and H/D are selected to be the design parameters. How-
ever, since Dh is a function of e, D and H, and Dh is the chosen
length scale, the heat transfer and friction closure relationships
were correlated in terms of e/Dh and H/Dh, using a multiple regres-
sion technique.
Table 2
Dimensions of the numerically tested models.

Model e/D H/D

1 0.05 0.75
2 0.05 1.25
3 0.05 1.75
4 0.05 2.25
5 0.1 0.75
6 0.1 1.25
7 0.1 1.75
8 0.1 2.25
9 0.15 0.75
10 0.15 1.25
11 0.15 1.75
12 0.15 2.25
13 0.2 0.75
14 0.2 1.25
15 0.2 1.75
16 0.2 2.25
17 0.25 0.75
18 0.25 1.25
19 0.25 1.75
20 0.25 2.25



Fig. 8. Deviation of the proposed Nusselt number correlation. Fig. 10. Comparison of the present Nu correlation and rescaled experimental data,
and some well-known correlations for smooth channel.
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The resulting Nusselt number correlation is

Nu� ¼ h�Dh

kf

¼ 0:144Re0:765
Dh

e
Dh

� �0:695

þ 0:457

" #
H
Dh

� �1:018

þ 8:235 ð32Þ

The resulting friction factor is in the form

f � ¼ 94:53
ReDh

þ 0:0019Re0:217
Dh
þ 3:544

e
Dh

� �1:465 H
Dh

� �0:0232

ð33Þ

Figs. 8 and 9 show the comparison between the numerical simula-
tion results and the results predicted by the proposed correlations.
The proposed heat transfer correlation, Eq. (32), can describe all the
simulation results within a deviation of 15% and 98.2% of them
within 10%. The correlation of friction factor, Eq. (33), can predict
90.5% of data within a deviation of 10% and all of them within a
deviation of 20%. The correlations of Nusselt number and friction
factor have an average deviation of 3.2% and 5.4% respectively.

It should be noted that the present correlations are not only
applicable to scale-roughened channels but also converge to
smooth channels when e = 0. From the definition of Dh, Eq. (24),
it is known that Dh = 2H as e becomes zero and the proposed cor-
relations converged to

Nu� ¼ 0:0325Re0:765
Dh
þ 8:235 ð34Þ

and
Fig. 9. Deviation of the proposed friction factor correlation.
f � ¼ 94:53
ReDh

þ 0:0019Re0:217
Dh

ð35Þ

To validate the predictive capability of the present correlations, the
results predicted by Eqs. (32) and (33) for different e/D are com-
pared with the rescaled experimental data by Chang et al. [14] as
shown in Figs. 10 and 11, see Zhou et al. [39] on how to rescale
available experimental data using the VAT suggested length scale.
Both Figs. 10 and 11 show that the rescaled experimental data by
Chang et al. [14] and the proposed correlations agree very well.

To further check whether our correlations converged to smooth
channel when e = 0, a few well known correlations for smooth
channels are brought into the comparison. It is shown in Fig. 10
that the converged Nu correlation, Eq. (34), for smooth parallel
plate channel can predict the Nusselt number with an average
deviation of 4.1% from the correlation proposed by Sieder and Tate
[40] and around 13% above Dittus–Boelter equation [41] for turbu-
lent flow. Also, when Reynolds is decreased, the Nusselt number
converges to the analytical solution for laminar flow through par-
allel plate ducts with uniform heat flux at two walls, which is
Nu = 8.235. From Fig. 11, it is seen that the converged friction factor
correlation, Eq. (35), almost coincides with the analytical solution
for laminar flow through parallel plate ducts, which is
f ¼ 96=ReDh

, and the correlation by Beavers et al. [42] for turbulent
flow.
Fig. 11. Comparison of the present f correlation and rescaled experimental data,
and some well-known correlations for smooth channel.
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It should be noted that the correlations proposed in the present
work are not necessarily the most accurate, however, they have
wide application, are easy to use, and are quite satisfactory for
most design calculations [22]. Also, for optimization, extreme
accuracy is not vital because variation in the parameter being opti-
mized can be as much as an order of magnitude.

At this point, the VAT based model of PFHS with scale rough-
ened surfaces is fully closed. With the closure correlations, the gov-
erning equation set is relatively simple and can be solved
discretely in seconds. With the help of a statistical tool for Design
of Experiments (DOE) or Genetic Algorithm (GA), a scale roughened
PFHS could be designed and optimized in an hour, instead of days
of CFD or experimental work. How to design and optimize a scale
roughened PFHS based on VAT will be presented in a future paper.

5. Concluding remarks

Volume averaging theory is little more than a judicious applica-
tion of Green’s and Stokes’ theorems to carry out the integration
needed to average the point-wise conservation equations in a rig-
orous way. By treating the closure part of the problem carefully,
the result remains rigorous in spite of its simplicity. Many every-
day engineered devices are hierarchical and heterogeneous and
can be effectively treated by application of VAT. It is an approach
that can be applied to many different types of transport phenom-
ena, see Travkin and Catton [26].

The present paper describes an effort to develop a VAT based
hierarchical model for a plane fin heat sink with scale roughened
surfaces and obtain the closure for the model by CFD code. A length
of 15 REVs was selected to be the computational domain. The rig-
orously derived closure terms represented as heat transfer coeffi-
cient and friction factor were evaluated over the carefully
selected REV. Correlations of friction factor and Nusselt number
were established based on the simulation results.

With closure in terms of the friction factor and the heat transfer
coefficient, the problem is closed and the porous media governing
equations derived from VAT areeMðhmi; Sw; f �Þ ð36Þ

eT sðhmi; Sw; h
�Þ ð37Þ

eT f ðhmi; Sw; h
�Þ ð38Þ

where eM stands for averaged momentum equation variables, eT s andeT f stand for averaged energy equation variables for solid and fluid
phase. The macro scale equations are functions only of porous med-
ia morphology, represented by porosity and specific surface area,
and its closure.
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