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ABSTRACT OF THE DISSERTATION

Statistical Performance Characterization and Analysis of Nano-Scale VLSI Circuits

by
Ruijing Shen
Doctor of Philosophy, Graduate Program in Electrical Engineering

University of California, Riverside, December 2011
Dr. Sheldon X.-D. Tan, Chairperson

The performance of integrated circuits (IC) is becoming less predictable as tech-
nology scales to the sub-90-num regime. Disparate sources of variations stem from
the manufacturing process and ultimately translate to a parametric yield loss. To
improve parametric yield, efficient algorithms are required to accurately predict the
performance of a circuit at the design stage. However, given the high complexity
of design and the presence of a large number of correlated parameters that exhibit
significant variations, traditional Monte Carlo (MC) method becomes inefficient as a
large number of sampling points are required for an accurate statistical description
of the circuit response.

To mitigate this problem, a novel methodology for statistical performance analysis
is proposed by representing statistical processes in a deterministic way to determine
the key characteristics of statistical distributions. The proposed methodology has
been successfully applied to statistical full-chip leakage analysis and capacitance ex-
traction. For statistical full-chip leakage analysis, a general framework has been
provided to derive the full-chip leakage currents or powers as closed form functions
of process variation parameters. To the best knowledge of the author, this is the

first full-chip statistical leakage analysis algorithm considering all types of spatial



correlations with only linear time complexity O(N). Furthermore, it is extendable
to incremental analysis for even more promising computing speed for larger problem
sizes. For statistical capacitance extraction, a 3D statistical capacitance extraction
method called StatCap is proposed, in which orthogonal polynomials are used to rep-
resent the statistical processes and the analytic second-order orthogonal polynomials
are derived from the capacitance integrated equations to give more accurate results
without loss of efficiency compared to the linear models. Experimental results show
that StatCap is two orders of magnitude faster than the recently proposed statistical
approach and many orders of magnitude faster than the MC.

To improve parametric yield, not only efficient algorithms are required to accu-
rately predict the performance of a circuit, but also efficient techniques are highly
desirable for chip design. Toward this direction, a novel voltage binning technique is
proposed in the last part of the dissertation. The proposed method makes it possible
to predict maximum bin numbers required under the uniform binning scheme, and
model the optimal binning scheme as a set-cover problem. To achieve the same yield
as the uniform approach, the proposed method can significantly save the number of

bins and only takes very small CPU time cost.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Nanometer chip design in an uncertain world

As VLSI technology scales into the nanometer regime, chip design engineering faces
several challenges in maintaining historical rates of performance improvement and
capacity increase with CMOS technologies. One profound change in the chip de-
sign business is that engineers can’t put the design precisely into the silicon chips.
Chip performance, manufacture yield and lifetime become unpredictable at the de-
sign stage. Chip performance, manufacture yield and lifetime can’t be determined
accurately at the design stage. The main culprit is that many chip parameters —
such as oxide thickness due to chemical and mechanical polish (CMP) and impurity
density from doping fluctuations — can’t be determined precisely, and thus are un-
predictable. The so-called manufacture process variations start to play a big role
and their influence on the chip’s performance, yield and reliability becomes signifi-

cant [12, 30, 51, 69, 52].



As a result, it is imperative to develop new design methodologies to consider the
impacts of various process and environmental uncertainties and elevated temperature
on chip performance. Variational impacts have to be incorporated into every steps
of design process to ensure the reliable chips and profitable manufacture yields. The
design methodologies and design tools from system level down to the physical levels
have to consider variability and thermal impacts on the chip performance, which
calls for new statistical and thermal-aware optimization approaches for designing
nanometer VLSI systems.

Performance modeling and analysis of nanometer VLSI systems in the presence
of process-induced variation and uncertainness is the one of the grand challenging
problems facing IC chip designers and design tool developers. How to efficiently and
accurately assess the impacts of the process variations on circuit performances in the
various physical design steps are critical for fast design closure, yield improvement,
cost reduction of VLSI design and fabrication processes. The design methodologies
and design tools from system level down to the physical levels have to embrace vari-
ability impacts on the nanometer VLSI chips, which calls for statistical/stochastic
based approaches for designing 90nm and beyond VLSI systems.

Process variation can occur at different levels: wafer level, inter-die level, and
intra-die level. Furthermore, they are caused by different sources such as lithography,
materials, aging, etc [7, 69]. Some of the variations are systematic, i.e., those caused
by the lithography process [18, 55]. Some are purely random, i.e., the doping density

of impurities and edge roughness [7].



1.1.2 Process induced variations in a nutshell

During the chip fabrication process, there exists thickness and width variation, which
is referred by process induced variation. Inaccurate model of process variations will
cause very high potential for silicon failure. Due to the limitations of manufactur-
ing process, there are many causes for process variation. Take chemical mechanical
polishing (CMP) for instance, which is a technique used to manufacture copper in-
terconnect. In CMP, a slurry is used to grind down the copper. As a result, wider
conductors will have more copper loss compared to conductors that are skinnier.
Therefore, CMP changes the thickness of interconnect wires, which results in shift of
the parasitic resistance, capacitance and inductance. Another cause of the process
variation is the limit of the wavelength of light used in photolithography. Optical
proximity correction (OPC) [62] is a technique to manufacture structures with di-
mensions less than the wavelength of the light used to illuminate the wafer. However,
the manufactured dimensions will vary from the drawn dimensions even with the use
of OPC.

In general, process variations can be classified into the following categories [12]:
inter-die and intra-die. Inter-die variations are the variations from die to die, while
intra-die variations correspond to variability within a single chip. As a result, inter-
die variations are global variables, and affect all the devices on a chip in the same
way, i.e., make the transistor gate channel lengths of all the devices on the same
chip smaller. Intra-die variations may affect different devices differently on the same
chip, i.e., make some devices have smaller gate oxide thicknesses and others have
larger transistor gate oxide thicknesses. In addition, intra-die variations may exhibit
spatial correlation, i.e., it is more likely for devices located close to each other to

have similar characteristics than those placed far away. Under inter-die variation, if



the circuit performance metrics such as (power, timing, noises) of all gates or devices
are sensitive to the process parameters in similar ways, then the circuit performance
can be analyzed at multiple process corners using deterministic analysis methods.
However, statistical methods must be used to correctly predict the performances if
intra-die variations are involved. As some circuit performance metrics such as leakage
current varies exponentially with these parameters, simple use of worst-case values
for all parameters can result in exponentially larger leakage estimates than the actual

values, and is too inaccurate to be used in practical cases.

1.1.3 A simple look at process variations modelling

In this book, we can model parameter variation as follows,

5total = 5inter + 5intraa (11>

where ;e and 0,40 represent the inter-die variation and intra-die variation, re-
spectively. In some works such as in [9, 69, 35], dinter and dipsrq are both modeled
as Gaussian random variables. In general, we will consider both the Gaussian and
non-Gaussian cases.

For ;nirq, the value of parameter p located at (z,y) can be modeled as a location-

dependent normally distributed random variable [40]:

P = fp+ 05+ 0y + €, (1.2)

where 1, is the mean value (nominal design parameter value) at (0,0), and 6, and 6,
stand for the gradients of the parameter indicating the spatial variations of p along the

x and y directions, respectively. € represents the random intra-chip variation. Due to



spatial correlations in the intra-die variation [77], the vector of all random components
across the chip €has a correlated multivariate normal distribution, € ~ N (0, ), where
3} is the covariance matrix of the spatially correlated parameters. We will have a more

comprehensive coverage of variation modeling in Chapter 2.

1.2 Objectives and results of this thesis

The main objective of this dissertation is to develop new theories and methodologies
for efficient and accurate statistical analysis of very large scale integrated circuits.
The key contribution of this research is the introduction and the exploration of sev-
eral novel technique for statistical analysis and characterization of nano-scale VLSI

designs. The major achievements accomplished in this dissertation are as follows:

e A novel fast and accurate method for full-chip statistical analysis of leakage
power is proposed. The method is capable to consider both intra-die and inter-
die variations with strong spatial correlations without any limitation of static
leakage models. Unlike many existing approaches, no grid-based partitioning
and approximation are required. Instead, the spatial correlations are naturally
handled by orthogonal decompositions. The proposed method is very efficient
and it becomes linear in the presence of strong spatial correlations. Experimen-
tal results show that the proposed method is about 16 x faster than the recently

proposed method [9] with constant better accuracy.

e A new statistical leakage characterization in standard cell library (SCL) is put
forward for fast full-chip statistical leakage estimation. This novel characteriza-
tion in SCL works in the presence of any spatial correlation condition (strong

or weak), and can guarantee O(N) time complexity, where N is the number of



grids on chip. The numerical examples in 45nm CMOS process demonstrate
the proposed algorithm is 1000X faster than a recently proposed grid-based
method [9] with similar accuracy and many orders of magnitude times speedup

over the Monte Carlo method.

Further more, an incremental analysis algorithm is proposed to update the
chip-level statistical leakage information efficiently after a few changes are made.
The incremental analysis provides about 10X further speedup, which is 10,000X
compared to [9]. We expect the incremental analysis could achieve more speedup

over the full leakage analysis for larger problem sizes.

An efficient non-linear 3-D statistical capacitance extraction method is devel-
oped. The new method, called StatCap, uses orthogonal polynomials to repre-
sent the non-linear statistical processes. Experimental results show that Stat-
Cap is two orders of magnitude faster than the recently proposed statistical
capacitance extraction method based on the spectral stochastic collocation ap-
proach [86] and many orders of magnitude faster than the Monte Carlo method

for several practical conductor structures.

A new concept called “valid voltage segment” is proposed for yield optimization
technique using voltage binning method to improve yield of chips. The new
concept of valid voltage segment enables a series of intuitionistic and efficient
technique for yield analysis and improvement. For instance, a formulation to
predict the maximum number of bins required under the uniform binning scheme
is proposed. Also, an optimal binning scheme can be modeled as a set-cover
problem. A greedy algorithm is developed to solve the set-cover problem in an
incremental way. The proposed method is also extendable to deal with a range

of working supply voltages for dynamic voltage scaling under different operation



modes (like lower power and high performance modes).

1.3 Organization

The rest of this dissertation is organized as follows. Chapter 2 starts with providing
background knowledge about some fundamental statistical and stochastic mathematic
models, concepts and algorithms which we will used in latter part of the dissertation..

Chapter 3 to Chapter 5 focus on the new techniques for statistical full-chip leakage
power consumption analysis considering process variations. After that, Chapter 6
introduces a statistical capacitance extraction method for interconnect conductors
considering process variations. Chapter 7 presents a yield optimization technique
using voltage binning method to improve yield of chips. Finally, Chapter 8 concludes

the dissertation.



Chapter 2

Background of Statistical Analysis
in VLSI

2.1 Multiple random variables for VLSI design

2.1.1 Components of covariance in process variation

In general, process variation can be classified into the two categories [9]: inter-die
and intra-die. Inter-die variations are the variations from die to die, while intra-
die variations correspond to variability within a single chip. As a result, inter-die
variations are global variables, and affect all the devices on a chip in the same way,
i.e., make the transistor gate channel lengths of all the devices on the same chip
smaller. Intra-die variations may affect different devices differently on the same chip,
i.e., make some devices have smaller gate oxide thicknesses and others have larger
transistor gate oxide thicknesses. In addition, intra-die variations may exhibit spatial
correlation, i.e., it is more likely for devices located close to each other to have similar

characteristics than those placed far away.



In general, we can model parameter variation as follows,

5total = 5inte7“ + 5int7“aa (2]‘)

where ;¢ and d;,4-q Tepresent the inter-die variation and intra-die variation, respec-
tively. In some works such as in [9, 68, 35|, dinter and d;nie are both modeled as
Gaussian random variables. In this chapter, we will discuss both the Gaussian and
non-Gaussian cases. Due to the global effects of inter-die variation, we will use a
single random variable d;,., for all gates/grids in a chip.

For ;nirq, the value of parameter p located at (z,y) can be modeled as a location-

dependent normally distributed random variable [40]:

P = pp+ 05+ 0y + € (2.2)

where p, is the mean value (nominal design parameter value) at (0,0), and 6, and 6,
stand for the gradients of the parameter indicating the spatial variations of p along the
x and y directions, respectively. € represents the random intra-chip variation. Due to
spatial correlations in the intra-chip variation, the vector of all random components
across the chip €has a correlated multivariate normal distribution, € ~ N(0, X), where
. is the covariance matrix of the spatially correlated parameters.

A grid-based method is used in works such as [9] to consider speed-up. In the
grid-based method, the intra-die spatial correlations of parameters are modeled by
partitioning the die region into y/n row x /n col = n grids. Since devices close to each
other are more likely to have similar characteristics than those placed far away, grid-
based methods assume perfect correlations among the devices in the same grid, high

correlations among those in close grids and low to zero correlations in far-away grids.



For example, in Fig. 2.1: Gate; and Gates (whose sizes are shown to be exaggeratedly
large) are located in the same grid square, so their parameter variations (such as the
variations of their gate channel length) are assumed to be always identical. Gate;
and Gates lie in neighboring grids, so their parameter variations are not identical
but highly correlated due to their spatial proximity (for example, when Gate; has a
larger than nominal gate channel length, Gates is more likely to have a larger than
nominal gate channel length). On the other hand, Gate; and Gatey are far away from
each other, their parameters can be assumed as weakly correlated or uncorrelated (i.e.
when Gate; has a larger than nominal gate channel length, the gate channel length

for Gatey may be either larger or smaller than nominal).

Gate | :Di E
:Di Gate 3 G
Gate ates
Gatey

Figure 2.1: Grid based model for spatial correlations

With the grid-based model, we can use a single random variable p(x, y) to model a
parameter variation in a single grid at location (x,y). As a result, n random variables
are needed for each type of parameter, where each represents the value of a parameter
in one of the n grids. In addition, we assume that correlation only exists among the
same type of parameters in different grids (this assumption is not critical and can

easily be removed). For example, gate length L for transistors in the i-th grid are

10



correlated with those in nearby grids, but are uncorrelated with other parameters such
as gate oxide thickness T,, in any grid including the i-th grid itself. For each type of
parameter, a correlation matrix X of size n X n represents the spatial correlations of
this parameter. Notice that the number of grid partitions needed is determined by
the process, not the circuit. So we can apply the same correlation model to different

designs under the same process.

2.1.2 Variable decoupling and reduction

Due to the large number of random variables involved in VLSI design, we should
reduce the number of variables by exploiting the spatial correlations of the given
process variations.

Also, the spectral stochastic method in 2.2, starts with independent random vari-
ables as the input of the spectral stochastic method. Since the random variables are
correlated, this correlation should be removed before using the spectral stochastic
method. We first present following result as our theoretical basis for decoupling the

correlation of those variables [84].

Proposition 2.1.1. For a set of zero-mean Gaussian distributed variables £ whose
covariance matriz is , if there is a matriz L satisfying @ = LLT | then £ can be

represented by a set of independent standard normal distributed variables & as & = LE.

Proof. According to the characteristics of normal distribution, linear transforma-
tion does not impact on the zero mean of the variables, and yield another normal
distribution. Thus we only need to prove the covariance matrix remains unchanged

during the transformation. According to the definition of covariance,

cov(LE) = B(LE(LE)T) = LE(EET)LT, (2.3)

11



where E(x) means the mean value of z. Since £ is subject to standard normal distri-
bution,

LE(EENLY = LLT = Q (2.4)

The techniques for decoupling and reducing the number of variables consists of

two different types: principal factor analysis (PFA) and principal component analysis

(PCA). Which will be introduced in the following part.

2.1.3 Principle factor analysis technique

Note that the solution for decoupling is not unique. For example, Cholesky decom-
position can be used to seek L since the covariance matrix (2 is always a semi-positive
definite matrix. However Cholesky decomposition cannot reduce the number of vari-
ables. Principle factor analysis (PFA) [28] can substitute Cholesky decomposition
when variable reduction is needed. Eigen-decomposition on the covariance matrix

yields:

Q=LL", L= (Ve ...V nen), (2.5)

where {)\;} are eigenvalues in order of descending magnitude, and {e;} are corre-
sponding eigenvectors. PFA reduces the number of components in ¢ by truncating L
using the first k items.

The error of PFA can be controlled by k:

err = i:nﬂ , (2.6)

where bigger k leads to a more accurate result. PFA is efficient, especially when the

correlation length is large. In our experiments, we set the correlation length being 8
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times of width of wires. As a result, PFA can reduce the number of variables from

40 to 14 with an error of about 1% in an example with 20 parallel wires.

2.1.4 Weighted PFA technique

Principle factor analysis is another variable reduction technique, which can handle
the spatial correlation. One idea is to consider the importance of the outputs during
the reduction process. The recently proposed weighted PFA (wPFA) technique [83]
is followed here to seek better variable reduction efficiency.

If a weight is defined for each physical variable &;, to reflect its impact on the

output, then a set of new variables £* are formed:
&= We (2.7)

where W = diag(wy, ws, ...,w,) is a diagonal matrix of weights. As a result, the
covariance matrix of £*, (£*), now contains the weight information and performing

PFA on (£*) leads to the weighted variable reduction. Specifically, we have
QE7) = B(WEWE)T) =waw?! (2.8)

and denote its eigenvalues and eigenvectors by A} and e. Then, the variables £ can be

approximated by the linear combination of a set of independent dominant variables
¢
k
E=WE =W VA (2.9)
i=1

The error controlling process is similar to (2.6), but using the weighted eigenvalues
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2.1.5 Principal component analysis technique

We first briefly review the concept of principal component analysis (PCA), which is
used here to transform the random variables with correlation to uncorrelated random

variables [29]. Then the difference between PFA and PCA will be discussed.

Suppose that x is a vector of n random variables, x = [x1,zy, ..., ,]T, with co-
variance matrix 2 and mean vector p, = [fiz;, floys -5 Pz, ]- TO find the orthogonal
random variables, we first calculate the eigenvalue and corresponding eigenvector.
Then, by ordering the eigenvectors in descending order eigenvalues, the orthogonal
matrix A will be obtained. Here, A is expressed as

A=lel ek, ... el (2.10)

5 Ep

where e; is the corresponding eigenvector to eigenvalue \;, which satisfies

)\iei = Q@Z‘,i = ]_,2, ...n (211)

and

A < /\i—la 1=2,3,...,n (212)

With A, we can perform the transformation to get orthogonal random variables y,

Y= [y17y27 "'7yn]T by USil’lg
y= Al - ) (2.13)

where, y; is a random variable with Gaussian distribution. The mean, f,,, is 0 and

the standard deviation, oy, is v/A; on the condition that [29]

ele;=1,i=1,2,..n (2.14)
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Here, because of the orthogonal property of matrix A

A= AT (2.15)

To reconstruct the original random variables, we use the following equation:

v=ATy + p, (2.16)

PCA and PFA has two major difference. Firstly, the diagonal entries of correlation
matrix in PCA are unities, which means that the variance of every variable involving
in this analysis is one. Therefore, the “factors” defined in PCA are called “compo-
nents”, since the variables are already normalized. By contract, the diagonal elements
of the original correlation matrix are estimated communalities in PFA. Second, the
process of factor extraction is different. In PCA, the factor loadings are extracted
form the ones in the diagonals. On the other hand, PFA utilizes an iterative method
to refine estimates of the communalities to some predefined level of accuracy. After
each step, these estimated values are placed into the diagonal of correlation matrix.
In most cases, these two methods usually yield very similar results. However, PFA
is often preferred as a classification method to detect structure, while PCA is often
preferred as a method when the goal of analysis is to reduce the number of variables.

More detailed discussion can be found in [23].
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2.2 Sum of random variables

2.2.1 Monte Carlo method

Monte Carlo (MC) techniques [17] can be used to estimate the value of a definite,

finite-dimensional integral of the form

G = /S 9(X)f(X)dX, (2.17)

where S is a finite domain and f(X) is a probability density function (PDF) over X,
ie, f(X) > 0forall X and [ f(X)dX = 1. We can accomplish the Monte Carlo
estimation for the value of G by drawing a set of independent samples X1, X, ..., Xn¢

from f(X) and by applying

MC

Gue = (1/MC)ZQ(Xi)- (2.18)

i=1

The estimator G ;¢ above is a random variable. Its mean value is the integral G
we are trying to estimate, i.e., E(Gye) = G, making it an unbiased estimator. The
variance of Gyo is Var(Gye) = 02/MC, where o2 is the variance of the random

variable g(X) given by

o = /SgQ(X)f(X)dX - G2 (2.19)

We can use the standard deviation of Gp;¢ to assess its accuracy in estimating G.

If the sample number MC' is sufficiently large, then by the Central Limit Theorem,

% has an approximate standard normal distribution(/N(0,1)). Hence,

o o
PlG—-1.96 < G <G+ 1.96—— | =~ 0.95, 2.20
( 2 <Gues z C) (2.20)
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where P is the probability measure. (2.20) shows that Gj¢ will be in the interval
[G — 1.96\/%0,G+ 1.96%] with 95% confidence. Thus, one can use the error

measure
20

|Error| ~ (2.21)

3

in order to assess the accuracy of the estimator.

2.2.2 Spectral stochastic method using stochastic orthogonal

polynomial chaos

One recent advance in stochastic analysis is to apply stochastic orthogonal polynomial
chaos (PC) [74] to the nanometer scale integrated circuit analysis. Based on the
Askey scheme [78], any stochastic random variable can be represented by orthogonal
polynomial chaos, and the random variable with different probability distribution
type is associated with different type of orthogonal polynomials.

Hermite polynomial chaos (Hermite PC or HPC) utilizes a series of orthogonal
polynomials (with respect to the Gaussian distribution) to facilitate stochastic anal-
ysis [79]. These polynomials are used as the orthogonal base to decompose a random
process in a similar way that sine and cosine functions are used to decompose a peri-
odic signal in a Fourier series expansion. Note that for the Gaussian and log-normal
distributions, Hermite polynomial is the best choice as they lead to exponential con-
vergence rate [20]. For non Gaussian and non log-normal distributions, there are
other orthogonal polynomials such as Legendre for uniform distribution, Charlier for
Poisson distribution and Krawtchouk for Binomial distribution etc [19, 74].

For a random variable y(§) with limited variance, where £ = [£, &, ...&,] is a

vector of zero mean orthogonal Gaussian random variables. The random variable can
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be approximated by truncated Hermite PC expansion as follows [20]:

&) =S arH () (2.22)
k=0

where n is the number of independent random variables, H}({) is n-dimensional
Hermite polynomials and a; are the deterministic coefficients. The number of terms

P is given
-1+ k
P= Z H (2.23)

where p is the order of the Hermite PC.

Similarly, a random process v(t, &) with limited variance can be approximated as

(t,€) =Y axH}'(€) (2.24)

k=0

If only one random variable/process is considered, the one-dimensional Hermite

polynomials are expressed as follows:

Hermite polynomials are orthogonal with respect to Gaussian weighted expectation

(the superscript n is dropped for simple notation):
< H(€), H;(§) >=< H}(€) > b, (2.26)

where 9;; is the Kronecker delta and < *,* > denotes an inner product defined as

follow:

< f(£),9(8) >= (2.27)

\/(;T)n JEGIGI
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Like Fourier series, the coefficient a; for random variable y and ay(t) for random

process v(t) can be found by a projection operation onto the HPC basis:

<y(§), Hi(§) >
- cagma> =
aw(t) = = “S’%’(g’“@ ~ Vkelo,.. P). (2.29)

Once we obtain the Hermite PC, we can obtain the mean and variance of random

variable y(&) trivially as (one Gaussian variable case):

E(y(€) = w
Var(y(€)) = yiVar(&)+y3t)Var( —1)
= yi+2y (2.30)

Similarly, for random process v(t, ) (one Gaussian variable case), the mean and

variance are as follows

E((t,£)) = wl(l)
Var(v(t,€)) = vi(t)Var(&) +vy(t)Var(§ - 1)

= vi(t) + 203 (t) (2.31)

One critical problem remains so far is how to obtain the coefficients of Hermite
PC in (2.28) and (2.29) efficiently. There are two group of techniques to calculate
the coeflicients of Hermite PC in (2.28) and (2.29) efficiently, which are collocation-
based spectral stochastic method and Galerkin-based spectral stochastic method, or

collocation-based and Galerkin-based methods in short.
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2.2.3 Collocation-based spectral stochastic method

The Gaussian quadrature method is an efficient numerical method for computing the
definite integral of a function [26]. Using this method, we can compute the coefficients
ap and ag(t) in (2.28) and (2.29), respectively. Next, we will review this method,
which uses the Hermite polynomial shown below.

Our goal is to determine the numerical solution to the integral equation < y(§), H;(§) >
(x can be a random variable or random process). In our problem, this is a one-
dimensional numerical quadrature problem based on Hermite polynomials [26]. Thus,

we have

1 12
YO HO > = / y(©) Hi()e ¥ de

ZM&)E(&)M (2.32)

Q

Here we have only a single random variable . §&; and w; are Gaussian-Hermite
quadrature abscissas (quadrature points) and weights.

The Quadrature rule states that if we select the roots of the P Hermite Polyno-
mial as the quadrature points, the quadrature is exact for all polynomials of degree
2P — 1 or less for (2.32). This is called (P-1)-level accuracy of the Gaussian-Hermite
quadrature.

For multiple random variables, a multi-dimensional quadrature is required. The
traditional way of computing a multi-dimensional quadrature is to use a direct ten-
sor product based on one dimensional Gaussian Hermite quadrature abscissas and
weights [54].  With this method, the number of quadrature points needed for n-
dimensions at level P is about (P+1)", which is well known as the curse-of-dimensionality.

Smolyak quadrature [54], also known as sparse grid quadrature, is used as an
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efficient method to reduce the number of quadrature points. Let us define a one-
dimensional sparse grid quadrature point set ©F = {~;, 72, ...,yp}, which uses P + 1
points to achieve degree 2P + 1 of exactness. The sparse grid for an n-dimensional
quadrature at degree P chooses points from the following set:

oF = U (O x..x06pM (2.33)

=

P+1<|i|<P+n

where |i] = > j—1j. The corresponding weight is:

i1...0n P+n_m n—1 im
wjil---jin - (_1) . ijim (2.34)
n+P—li|l |™
n—1
where . is the combinatorial number and w is the weight for the
n+ P —|i

corresponding quadrature points. It has been shown that interpolation on a Smolyak

grid ensures a bound for the mean-square error [54]
|Ep| = O(Np(logNp) "+ 0=D),

where Np is the number of quadrature points and k is the order of the maximum
derivative that exist for the delay function. The number of quadrature points increases
as O(("TI;!).

It can be shown that a sparse grid of at least level P is required for an order P
representation. The reason is that the approximation contains order P polynomials
for both y(§) and H;(&). Thus, there exists y(§)H,;(§) with order 2P, which requires
a sparse grid of at least level P with an exactness degree of 2P + 1.

Therefore, level 1 and level 2 sparse grids are required for linear and quadratic
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models, respectively. The number of quadrature points is about 2n for the linear
model, and 2n? for the quadratic model. The time cost is about the same as the
Taylor-conversion method, while keeping the accuracy of homogenous chaos expan-
sion.

In addition to the sparse grid technique, we also employ several accelerating tech-
niques. Firstly, when n is too small, the number of quadrature points for sparse grid
may be larger than that of direct tensor product of a Gaussian quadrature. For exam-
ple, if there are only 2 variables, the number is 5 and 15 for level 1 and 2 sparse grid,
compared to 4 and 9 for direct tensor product. In this case, the sparse grid will not
be used. Secondly, The set of quadrature points (2.33) may contain the same points
with different weights. For example, the level 2 sparse grid for 3 variables contain
4 instances of the point (0,0,0). Combining these points by summing the weights

reduces the computational cost of y(7;).

2.2.4 Galerkin-based spectral stochastic method

The Galerkin-based method is using the principle of orthogonality that the best ap-

proximation of y(§) is obtained when the error, A(§), defined as

A(§) =y(&) —y (2.35)

is orthogonal to the approximation. That is

< A€), Hy(6) >=0,k=0,1,..., P, (2.36)

where H(§) are Hermite polynomials. In this way, we have transformed the stochastic

analysis process into a deterministic form, whereas we only need to compute the
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corresponding coefficients of the Hermite PC.
For the illustration purpose, considering two Gaussian variable & = [£1,&], we
assume that the charge vector in panels can be written as a second order (p = 2)

Hermite PC, we have

y(&) = yo+m& + b +ys(&—1)+

ya(€3 — 1) + y5(&1&). (2.37)

which will be solved by (2.36). Once the Hermite PC of y(§) is known, the mean
and variance of y(§) can be evaluated trivially. Given an example, for one random

variable, the mean and variance are calculated as:

E(y€) = wo
Var(y(€)) = yiVar(€) +y3Var(e® 1)
= yi+2u5. (2.38)

In consideration of correlations among random variables, we apply principal compo-
nent analysis (PCA) 2.1.5 to transform the correlated variables into a set of indepen-

dent variables.

2.3 Sum of log-normal random variables

Due to the exponential convergence rate, Hermite PC can be used to represent log-

normal variables and the sum of log-normal variables [42].
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2.3.1 Hermite PC representation of log-normal variables

Let ¢g(§) be the Gaussian random variable, and [(£) be the random variable obtained

by taking the exponential of g(&),

1(€) = e, (&) = In(i(€)) (2.39)

For a log-normal random variable I;, let the mean and the variance of g(§) as j,

and o7, then the mean and variance of [(&) are

02
p = et (2.40)

o? = ePratoi)[ei — 1) (2.41)

respectively.
A general Gaussian variable g(§) can always be represented in the following affine

form:

9(§) = Zfigz‘ (2.42)

where &; are orthogonal Gaussian variables. i.e. < &¢&; >=0;;, < >=0and § =1
and g; is the coefficient of the individual Gaussian variables. Note that such form can
always be obtained by using Karhunen-Loeve orthogonal expansion method [20]

In our problem, we need to represent the log-normal random variable [(£) by using

the Hermite PC expansion form:
P
(&) =Y LH(E) (2.43)
k=0

where Iy = exp|pu, + 02—5] To find the other coefficients, we can apply (2.28) on {(£).
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Therefore, we have

< l(ta g)a Hk(g) >

I(t) = <@ > Vk € {0,..., P}. (2.44)
It was shown in [19], [(§) can be written as
16) = THETEZ ol + Zgj (2.49)

< HZ(§) >

where n is the number of independent Gaussian random variables.

The log-normal process can then be written as

— (1 +25ng " ZZ ff_ 5:} Gigi o) (246)

where g; is defined in (2.42).

2.3.2 Hermite PC representation with one Gaussian variable

In this case, £ = [§1]. For the second order Hermite PC (P = 2), following (2.46), we

have

1E) = (1 + 0461 + 50%(E — 1)) (2.47)

Hence, the desired Hermite PC coefficients, I ; 2, can be expressed as [y, [oo, and

%lo 02 respectively.
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2.3.3 Hermite PC representation of two and more Gaussian

variables

For two random variables (n = 2), assume that £ = [{1, &3] is a normalized uncorre-

lated Gaussian random variable vector that represents random variable g(§):

9(&) = pg + 01&1 + 0286 (2.48)

Note that

< (&G& — 0y)* >=< ff&? >=< £ >< 5? >=1

Therefore, the expansion of the log-normal random variables using second order

Hermite PCs can be expressed as

2
92

2
o
1(&) = lo(1+ 016 + 028 + 71(5% -1)+ 5 (&—-1)+
201098182) (2.49)
where
L, 1,
i = lo = exp(jg + 571 + 502)

Hence, the desired Hermite PC coefficients, [y123.45, can be expressed as ly, {01,
l 11002, Llyo2, and 21 tivel
002, 2 0071, 2 005, all 00102 respectively.

Similarly, for four Gaussian random variables, assume that

€ = [&1, &9, &3, &4 is a normalized, uncorrelated Gaussian random variable vector. The

random variable g(£) can be expressed as

4
9=t + Y 0i&i (2.50)
=1
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As a result, the log-normal random variable [(£) can be expressed as

4 4
&) =1l 1—|—Z§ZUZ—I—Z (€2 —1)o ZZ &€joi05 + (2.51)

where

4
1
Mlzlozexp(00+§zai2)

Hence, the desired Hermite PC coefficients can be expressed using the equation

(2.51) above.

2.4 Summary

To understand statistical analysis and modeling for nanometer VLSI design, some
preliminary concepts in probability theory are necessary for the better comprehension
of the following chapters. In this chapter, we have introduced the fundamentals
of statistical analysis involved in VLSI design. First we have presented the basic
concepts and components of covariance in process variation in VLSI design. After
that, we reviewed the techniques for variable decoupling and reduction, following by
different methods to estimate the sum of random variables. In leakage analysis of
VLSI, log-normal distribution has very wide application. Therefore, we discussed the

sum of log-normal random variables in detail at the end of this chapter.
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Chapter 3

Statistical Leakage Power Analysis

— Modeling and Previous Works

3.1 Introduction

As VLSI technology scales down into the nanometer regime, power consumption and
corresponding thermal effects have become the first tier limiting factor threatening the
continuous integration and performance improvement of integrated systems. Dynamic
and leakage power are the two main sources of power consumption in VLSI circuits.
In many high-performance designs, leakage component now is comparable to the
dynamic component. Reports indicate that over 40% of total power consumption in
90-nm process technology comes from leakage [58]. This situation will become worse
as technology scales and the impacts of the uncertainties from process variability and
temperature environments on transistor leakage currents become more significant [1].

Process-induced variability has a huge impact on circuit performance in the sub-
90nm VLST technologies [50]. This is the particular case for leakage power. As a result,

leakage variations become significant, and traditional worst case-based approach will
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lead to extremely pessimistic and expensive design solutions. Statistical estimation
and analysis of leakage power considering process variability are critical in various
chip design steps to improve design yield and robustness. A block diagram of the
Statistical Leakage Analysis (SLA) flow is shown in Fig. 3.1. In the leakage estimation
model, we can obtain the chip-level leakage statistics such as the mean value and
standard deviation from 1) process information, 2) library information and 3) design
information. To reduce leakage, an optimization approach has been proposed for
standard cell based designs [63]. In this chapter, we also use a regular standard cell

library for experimental results.

Statistics of

Process Parameters
(Distribution, mean value,
standard deviation,
covariance, etc.)

[ Standard Cell Library | Netlist Floorplan

Statistical Leakage Analysis

Full-Chip Leakage Statistics
(Mean value, variance, etc.)

Figure 3.1: Chip-level statistical leakage analysis flow.

Many methods have been proposed for the statistical model of chip-level leakage
current. Early work in [68] gives the analytic expressions of mean value and variance of
leakage currents of CMOS gates considering only subthreshold leakage. The method
in [49] provides simple analytic expressions of leakage currents of the whole chip
considering global variations only. The method in [75] uses third order Hermite
polynomials without considering spatial correlations, and only calculates the mean

value of full-chip leakage current.
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In [46], reverse biased source/drain junction band-to-band tunneling (BTBT) leak-
age current is considered, in addition to the subthreshold leakage currents, for esti-
mating the mean values and variances of the leakage currents of gates only. In [60],
the probability density function (PDF) of stacked CMOS gates and the entire chip are
derived considering both inter-die and intra-die variations. In [10], a hardware-based
statistical model of dynamic switching power and static leakage power was presented,
which was extracted from experiments in a pre-determined process window.

Recently, a full-chip SLA method considering spatial correlations in the intra-
die and inter-die variations was proposed [9]. This method introduces a grid-based
partitioning of the circuits to reduce the number of variables at a loss of accuracy. A
projection based approach has been proposed in [35] to speed up the leakage analysis,
where Krylov subspace-based reduction has been performed on the coefficient matrices
of second order expressions. This method assumes independent random variables
after a pre-processing step such as principal components analysis (PCA). However,
owing to the large number of random variables involved (103 to 10°), the PCA based
pre-process can be very expensive. Work in [22] proposes a linear time complexity
method to compute the mean and variance of full-chip leakage currents by exploiting
the symmetric property of one existing exponential spatial correlation formula. The
method only considers subthreshold leakage and it requires the chip cells and modules
to be partitioned into a regular grid with similar uniform fitting functions, which is
typically impractical.

Recent work in [6] presents a unified approach for statistical timing and leakage
current analysis using quadratic polynomials. However, this method only considers
the long-channel effects and ignores the short-channel effects (ignoring channel length
variables) for the gate leakage models. The coefficients of the orthogonal polynomials

at gate-level are computed directly by the inter-production via the efficient Smolyak

30



quadrature method. The method also tries to reduce the number of variables via the
moment matching method, which further speeds up the quadrature process at the
cost of more errors.

In [64], Shen et al. propose a general full-chip leakage modeling and analysis
approach, which is a gate-based spectral method and uses PCA to reduce the number
of variables with much less accuracy loss (assuming that the geometrical variables are
Gaussian. For non-Gaussian variables, independent component analysis (ICA) [24]
can be used). This method considers both inter-die and intra-die variations and it can
work with various spatial correlations. The proposed method becomes linear under
strong spatial correlations. Unlike the existing approaches as presented in [9, 22], [64]
does not make any assumptions about the distributions of final total leakage currents
for both gates and chips, and does not require any grid-based partitioning of the chip.

Chip-level SLA methods can be classified into different categories based on differ-
ent criteria as shown in Table. 3.1. Our classification and survey may not be complete
as this is still an active research field and more efficient methods will be developed
in the future. We will present in detail some recent important developments in the
section such as Monte Carlo method and the traditional grid-based method [9]. The
gate-based spectral stochastic method [64] and the virtual grid-based method will
be introduced in Chapter 4 and Chapter 5, respectively. We remark that our lim-
ited coverage of the other methods, which are presented in minimal detail, does not

diminish the value of their contributions.

Table 3.1: Different methods for full-chip SLA.

Criteria Categories
Process variation Inter-die Intra-die, spatial correlated and non-correlated
Leakage distribution | Log-normal Non-log-normal
Speed-up method Monte Carlo | Grid-based ‘ Gate-based ‘ Projection based
Leakage component Lo Lyate
Static leakage model | Gate-based MOSFET-based
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This chapter is structured as follows. In Section 3.2, we discuss the leakage model
for one gate without consideration of variation in process parameters first, then Sec-
tion 3.3 gives the process variation models for computing statistical information of
full-chip leakage current. Afterwards, Section 3.4 presents the recently proposed chip-
level statistical leakage modeling and analysis work. The chapter concludes with a

summary and brief discussion of potential open research problems.

3.2 Static leakage modeling

There are several different leakage mechanisms that contribute to the total leakage
in a device. Among them, the three major factors can be identified as: subthreshold
leakage, gate oxide leakage and junction tunneling leakage [45]. Here we describe the
empirical curve-fitting models for them, which will be used for leakage current under
process variations in the next section. The leakage current can be modeled based
on gates or devices. In this section, we will show both kinds of leakage modeling

methods.

3.2.1 Subthreshold and gate oxide leakage modeling

The subthreshold leakage current, I, is exponentially dependent on the threshold
voltage, V. Vi is observed to be most sensitive to gate oxide thickness T,, and
effective gate channel length L due to short-channel effects. When the change in
L or T,, is small, the precise relationship shows an exponential dependent effect on
L, with the effect of T,, being relatively weak. For the gate oxide leakage current,
both channel length and oxide thickness have strong impacts on the leakage currents,
which are exponential functions of the two variables.

a) Lo and Iyq. model of one gate
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The leakage model is based on gates, as in [9] and [64]. They follow the analytical

expression estimating the subthreshold leakage currents as follows:

2 —1

Top = €a1+a2L+a3L +aaToy +a5Toz, (3.1>
2 2

[gate — ea1+a2L+a3L +a4Toz+a5Tox’ (32>

where a; through as are the fitting coefficients for each unique input combination
of a gate. A look-up table (LUT) can be used to store the fitting coefficients. For
a k-input gate, the size of the LUT is 2¥ as we have two equations for each input
combination. In [9], The authors only keep dominant states for the leakage current,
i.e., only one “oft” transistor in a series transistor stack. However, this is impractical
with technology downscaling to 45nm. The Iy, based on the model in (3.1) still has

a large error compared to the simulation results. Hence, the authors in [64] keep all

a# ms # mé -
A
2 M%o
b [ m

the states.

Figure 3.2: Schematic of the AND2 gate

Take the AND2 gate in Fig. 3.2 as an example. There are four different input
patterns for the subthreshold leakage current, as shown in Fig. 3.3. In [9], the authors

mentioned the “Dominant States”, and assumed that only the leakage for dominant
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input patterns need to be considered. However, the AND2 gate is comprised of two
sub-circuits, one NAND gate and one inverter, which they have different dominant
input patterns. Actually, there is no significant difference between the four kinds
of input patterns. Also, when the inputs are “01” or “10”, the leakage sources are
NMOS gates. But when the input is “11”, the main contribution comes from the
PMOS gates (as shown in Fig. 3.3). Therefore, in nano-scale technology, we need to
measure the leakage currents for all input patterns. After choosing sampling points
for L and T, in their 30 regions linearly, and then conducting SPICE simulation at
each point, the subthreshold leakage current is stored as the original curve. We can
then perform the curve fitting process. Fig. 3.4 and Fig. 3.5 show the curve fitting
results of I, and Iy4. for four input patterns in the AND2 gate. Here, 100 points are
chosen linearly in the 3¢ regions for L and T,,. These figures show that the curves fit
the SPICE results very well, and the currents in the four cases are comparable with
each other. Since there is no “Dominant State”, all of them need to be considered.
After we obtain the analytic expression for each input combination, we take the
average of the leakage currents of all the input combinations to arrive at a final
analytic expression for each gate in lieu of the dominant states used in [9]. Based on
this model, the leakage current of one gate under process variation can be estimated
by lognormal distributions. The average leakage of a gate can be computed as a

weighted sum of leakage under different input states,

avg 2 :
[sub - PJ'ISUbJ7 (33)
jEinput states
avg
[gate - Z Pj]gate,j7 (34)
jE€input states
_ z : avg avg
[leak,chip - [sub,i + [gate,i7 (35)

Vgates i=1,...,N
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where P; is the probability of input state j; I ; and Iy, ; are the subthreshold
leakage value and the gate oxide leakage value at input state j, respectively and N
is the total number of gates in the circuit. We ensure that the interaction between
these two leakage mechanisms is included in the total leakage current estimation.
Since all the leakage components can be approximated as a lognormal distribution,
we can simply sum up the distributions of the lognormals for all gates to get the full-
chip leakage distribution. Note that there exist spatial correlations, and the leakage
distributions of any two gates may be correlated. Therefore, the full-chip leakage

current is calculated by a sum of correlated lognormals:

p
S=> e", (3.6)
=1

where p is the total number of lognormals to sum, Y; is Gaussian random variable, and
Y =[Y1,Ys,...,Y,] forms a multivariate normal distribution with covariance matrix
Yy. The vector Y is a function of L and T,,.

If further speed-up is needed, we can consider only the dominant input states here,

but it will lose some accuracy, especially for nano-scale technology:.

a=0 b=0 a=0 b=1 a=1b=0 a=1 b=1

%;gn Tu T Al TlTl

oo

Figure 3.3: Four leakage cases (ab = “00” — Pattern 0, ab = “01” — Pattern 1, ab =
“10” — Pattern 2, ab = “11” — Partern 3).

‘_

b) Isuy and g4 model of a MOSFET
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Figure 3.4: Subthreshold leakage currents for four different input patterns in AND2
gate under 45nm technology.
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Figure 3.5: Gate oxide leakage currents for four different input patterns in AND2
gate under 45nm technology.
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In [36], the authors formulated the statistical model for the subthreshold leakage
current in a MOSFET. Here, we only discuss the formulation method developed for
NMOS transistors, then, the method can be easily extended to PMOS transistors. In
this model, we first set up the L.r; (effective gate channel length) model. Afterwards,
the I, of one MOSFET can be formulated.

In nano-scale technology, the minimum feature size of a device is much smaller
than the optical wavelength, which causes a severe distortion of the rectangular gate.
Due to this, the leakage current (Ig,;) increases significantly, while the current in the
strong inversion region (/,,) is weakly affected [67].

In this part, let us translate an irregular gate structure into a single transistor of
effective gate channel length L.y first. Fig. 3.6 shows a non-rectilinear gate. We can
divide the non-rectilinear gate into slices of different lengths and same characteristic
width W, along the width direction. In this way, the leakage current of the ¢-th non-
rectilinear gate I ; can be approximated as the sum of the leakage currents of all the

slices along the width direction,

M
Igi =Y Ij(Lj,Wo) = I(Less, W), (3.7)
j=1
where W is the width of the gate, and each slice can be considered as a regular gate.
Table. 3.2 shows the expressions for modeling L.s¢ , which can be used to include the
distortion of a rectangular gate in any circuit simulation tool.

After we set up the L.sy model, a compact model for I, can be developed based
on it. The leakage current is expressed as a function of L.ry [22]. Layout parameters
SA and SB are also employed to account for the stress effects of I, (Fig. 3.7). By
evaluating different values for these two parameters, asymmetrical stress effects of

I, are included. This method uses the stress liner technique [36], and could be
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Table 3.2: Summary of the effective gate channel length model.

Model Parameters Model Expressions
M Total number of slices along the width direction
Sl L
0 po= =5
/E e
a 0= T
@ Fitting parameter
Leys = Liin + aln (%)

\ [ rtm
N — _ M L

— T

Y B e

Figure 3.6: Procedure to derive the effective gate channel length model.

extended to include the stress effects induced by other techniques (e.g. SiGe, STI).

The curve-fitted leakage model considering narrow width effect is shown in (3.8),

Asub \/qesi]\[cheff(vv2 + CVWW>
(‘/d25 + adsl‘/;is + OstQ)@pr(OéLngff + aLQLeff)

(e (7)) e (50) e (5m))

Vs - V n
©exp (%) 7 (3.8)

[sub

where all as are fitting parameters, €, is the dielectric constant of Si, and Nepeys is
the effective channel doping concentration.

In [36], the authors point out that Iy, is less important than the other two
components. Because high-k techniques are used to better insulate the gate from the

channel for sub-65nm technologies, gate-oxide tunneling effect has been moderated
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Figure 3.7: Typical layout of a MOSFET.

and controlled.

3.2.2 Junction tunneling leakage modeling

In nano-scale CMOS devices, Junction Tunneling Leakage (JTL) becomes an ex-
tremely important component in leakage current [45]. In [45] a JTL model requiring
“rectangular junction” approximation has been proposed as a simplifying assump-
tion, while the JTL model in [36] does not have that limit. Here, we give more details
about the non-rectangular JTL model in [36]. This model includes both band-to-
band tunneling (BBT) and trap-assistant tunneling (TAT) effects. Since the drain
and source junctions have the same expression of JTL for symmetrical MOSFET, we
only describe the drain junction model.

It is known that the tunneling of electrons through the bandgap contributes to
the carrier transport in the PN junction in high electric fields. This electron-hole pair
generation/recombination comes through direct or indirect BBT, and also through

TAT. We can obtained the JTL current by an integration of the generation rates over
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the structure:

Livne = q //(RBBT + Rpar)dzdy, (3.9)

where Rppr is the generation rate from BBT contribution and Ry 47 is from TAT. By
approximating the complex junction edge as a rectangular one [45], we can calculate
the integral in (3.9) by using the average tunneling current density (Jjunc). Jjunc 18
determined by the average electric field (Ej,,.) across the junction. Note that this
approximation works only when the current density is almost the same everywhere
along the PN junction. However, this is not the real case. The peak of current
density changes greatly in nano-scale technologies, since we use the “halo” profile to
reduce the depletion region width of the source-substrate and drain-substrate junc-
tions. Many two-dimensional device simulations have been conducted in detail to
describe the mechanism. It is shown that the JTL current density is dramatically
changed when “halo” is applied, and the density peak occurs where the high doping
region is implanted. There is nearly no current leaking through the bottom side of
the junction.

The traditional junction leakage model cannot be used in SLA for another reason:
Jjune 1s very hard to express. In a previous work [45], Jjun. is modeled as a function
of Nyside and Nygige, Where Nygige and Nygqe represent the donor and acceptor doping
concentration, respectively. In the real case, these two non-lithographic variation
sources are very hard to characterize, since the actual dopant profile can not be
measured directly. As a result, we need to employ new parameters.

In the modeling method in [36], the authors introduced two new parameters, Vipin
and Vipsqt to express JTL and its variations. Vy;, represents the channel doping effect,
which is the subthreshold voltage measured when Vs = 0.1V; and V5. represents the

doping effects in drain, which is the subthreshold voltage measured when Vg, = V.
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If the variation characterization procedure is feasible, these two parameters are easily
measurable. Observing that by characterizing the fluctuations of Vi, and Vipsar,
most of the JTL variations can be included, and the junction tunneling leakage model

can be expressed as follows:

V32 E? Vi Vinsat
['unc =Wa alo R + R A ds X exp J + = + e , 3.10
’ palo BT ’ T)E;/ 2 VVis  Quniin Qthsat ( )

where E; is the band-gap, anq, stands for the tunneling length induced by “halo”
Qeniin aNd Qupeqr are empirical parameters which can be easily extracted from the
measured data. The reasons are: 1) when Vjjg is a constant, [j,,. mostly depends

on Vipiin; 2) when Vi, is a constant, [j,,. mostly depends on Vipgq:.

3.3 Process variational models for leakage analysis

In this section, we present the process variation for computing variational leakage
currents. Process variation occurs at different levels: wafer level, inter-die level, and
intra-die level. Furthermore, they are caused by different sources such as lithography,
materials, aging, etc [7]. Some of the variations are systematic, i.e., those caused by
the lithography process [18, 55]. Some are purely random, i.e., the doping density
of impurities and edge roughness [7]. In this section, we introduce different kinds of
process variations first, and then the process variational model for leakage analysis.
The main process parameter to have a big impact on leakage current is the tran-
sistor threshold voltage Vj,. Vi is observed to be the most sensitive to the effective
gate channel length L and gate oxide thickness T,,. The ITRS'08 [1] indicates that
the gate channel length variation is a primary factor for device parameter variation,

and the number of dopants in channel results in an unacceptably large statistical
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variation of the threshold voltage. Therefore, we must consider the variations in L
and T,,, since leakage current is most sensitive to these parameters [9]. To reflect
reality, we model spatial correlations in the gate channel length, while the gate oxide
thickness values for different gates are taken to be uncorrelated.

Here we list an example of detailed parameters for gate channel length and gate
oxide thickness variations for under 45nm technology in Table 3.3. As indicated in
the second column, we can decompose each parameter variation into “inter-die” and
“intra-die” variations. For intra-die variation, we further decompose it into with
and without spatial correlation. In most cases, these variations can be modeled by
Gaussian distributions ([71], [14]). The total variance (0?) is computed by summing
up the variances of all components, since the sum of Gaussian distributions is still a

Gaussian distribution.

Table 3.3: Process variation parameter breakdown for 45nm technology.

o? Distribution (o)
Gate Inter-die 20% | 4% x 18nm
Length(L) Intra-die

* Spatial Correlated | 80%
Gate Oxide Inter-die 20% | 4% x 1.8nm
Thickness(7,,) | Intra-die

*x Non-Correlated 80%

Electrical measurements of a full wafer shows that the intra-die gate channel
length variation has strong spatial correlation [18]. This implies that devices that are
physically close to each other are more likely to be similar than those that are far
apart. Therefore, the intra-die variation of gate channel lengths is modeled based on
such kind of correlation. There are several different models that can represent this

kind of spatial correlations. Take the exponential model [77] for instance,

v(dis) = e~/ (3.11)
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where dis is the distance between two panel centers and 7 is the correlation length.
The strong spatial correlation suggested by (3.11) can be used to speed up the calcu-
lation by grid based method or principal component analysis (for Gaussian distribu-
tions) or independent component analysis (for non-Gaussian distributions). Details
will be given in the next section. For gate oxide thickness, T,,, strong spatial corre-
lation does not exist, therefore, we assume T,, of different gates are uncorrelated.

The last column of Table 3.3 shows the standard deviation (o) of each variation.
According to statistical theory regarding Gaussian distributions, 99% of the samples
should fall in the range of +30. According to [1], the physical gate channel length for
high performance logic in 45nm technology will be 18nm, and the physical variation
should be controlled within +/-12%. Therefore, we let 30 be 12%, and a similar
analysis can be done for T,,.

For a gate/module in a chip with gate channel length L, and process variation

AL using our model parameters in Table 3.3, we have

L= ML + AL, AL = ALinter + ALintra_carra (312)

where gy is the nominal design parameter value, and A Lj,., is constant for all gates
in all grids since it is a global factor that applies to the entire chip. For one chip
sample, we only need to generate it once. AL;,irq_corr 1S different between each gate
or each grid, and has spatial correlation. Therefore, we generate one value for each
gate/grid, and the spatial correlation is regarded as an exponential model in (3.11),
so that the correlation coefficient value diminishes with the distance between any two

gates/grids.
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As for the gate oxide thickness T, using model parameters in Table 3.3, we have

Toa} = Moz + ATOJ," AToz = ATom,inter + AToz,intra_uncorra (313)

where 5, is the nominal design parameter value. Similarly to ALjnier, ATz inter 1S
constant for all gates in all grids. ATy, intra_uncorr 18 different between any gates/grids,
but does not have spatial correlation.

After the process variations are modeled as correlated distributions, we can apply
the Principal Component Analysis (PCA) in 2.1.5 to decompose correlated Gaussian
distributions into independent ones. After PCA, the process variations (e.g., AVy,

AT,, and AL) of each gate can be modeled as:

AXG,Z' == VG,Z'Ea (314)

where the vector AXqg,; = [Azgi1, ATgio,...)7 stands for the parameter variations
of the i-th gate. E = [g1,€9,...,6m|" represents the random variables for modeling
both inter-die and intra-die variations of the entire die. Here {e1,e5,...,6,,} can
be extracted by PCA. They are independent and satisfy the standard Gaussian dis-
tribution (i.e., zero mean and unit standard deviation). m is the total number of
these random variables. For practical industry designs, m is typically large (e.g.,
103 ~ 10°). Vg, captures the correlations among the random variables.

When m is a large number, the size of Vi ; can be extremely huge. However,
X, only depends on the intra-die variations within its neighborhood; so V¢ ; should
be quite sparse. In Section 3.4, the gate-based spectral stochastic method and the
projection-based method will use this sparsity property to reduce the computational

cost in two different ways.
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Gate-based statistical leakage analysis typically starts from the leakage modeling

for one gate,

Ig; = f(E), (3.15)

where I ; represents the total leakage current (including all the leakage components
such as subthreshold leakage, gate oxide leakage and junction tunneling leakage) of the
1-th gate. Different models can be chosen here to represent the relationship between

E and Ig,;. For example, quadratic models are used to guarantee accuracy,
log(Ig;) = ET AgiE + B, E + Cay, (3.16)

where Ag,; € R™™, Bg; € R™ and Cg; € R are the coefficients. More details will
be given in the next section.
Given the leakage models of all the individual gates, the full-chip leakage current

is the sum of leakage currents of all the gates on the chip:

Deak,cnip = 11+ Iga + -+ I N, (3.17)

where N is the total number of gates in a chip. If we choose the quadratic model
in (3.16), (3.17) implies that the full-chip leakage current is the sum of many lognor-
mal distributions. As we mentioned before, it can be approximated as a lognormal
distribution [9]. Therefore, we can also use a quadratic model to approximate the

logarithm of the full-chip leakage:
1Og(Ileak,Chip) = ETAChZ'pE + thipE + CCh'ip) (318)

where Acpip € R™™, Bonip € R™ and Cepip, € R are the coefficients. In (3.16) and
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(3.18), the quadratic coefficient matrices Agqze, and Acpip can be extremely large for
capturing all the intra-die variations, which makes the quadratic modeling problem
extremely expensive in practical applications. Several approaches have been made to

reduce the size of the model, with more details shown in the next section.

3.4 Previous works for full-chip leakage analysis

As shown in Table. 3.1, full-chip leakage modeling and analysis methods can be
classified into different categories based on different criteria. In this section, we will
present in detail several important methods such as the grid-based method, the gate-

based spectral stochastic method and project-based methods.

3.4.1 Monte Carlo methods

Monte Carlo (MC) technique mentioned in Section 2.2.1 can be used to estimate the
value of leakage power at gate-level as well as chip-level.

For full-chip leakage current, ljeqr cnip is G in (2.17). If the sample number MC' is
large enough, then we can obtain a sufficiently accurate result. However, for full-chip
leakage current analysis, the Monte Carlo estimator is too expensive. A more efficient
method with good accuracy is needed.

Several techniques exist for improving the accuracy of Monte Carlo evaluation
of finite integrals. In these techniques, the goal is to construct an estimator with a
reduced variance for a given, fixed number of samples. In other words, the improved
estimator can provide the same accuracy as the standard Monte Carlo estimator,
while needing considerably fewer samples. This is desirable because computing the

value of g(X;) is typically costly.
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3.4.2 Grid-based methods

Since the number of gates on an entire chip is very large and every gate has their
own variational parameter, the resulting number of random variables is very large.
For greater efficiency, the grid-based method partitions a chip to several grids, and
assigns all the gates on one grid with the same parameters.

The work in [9] shows a typical grid-based method considering both inter-die and
intra-die variations (including the consideration of spatial correlation). It uses lognor-
mal distribution to approximate the leakage current of each gate and the total chip
leakage is determined by summing up the lognormals. In this work, both subthreshold
leakage and gate oxide leakage of only dominant input states are considered in (3.4)
and (3.5). Here we consider only intra-die variation of parameters. The extension to
handling inter-die variation is quite obvious, as shown at the end of this subsection.

As shown in (3.6), the total leakage current of a chip is the sum of correlated
leakage components, which can be approximated as a lognormal using Wilkinson’s
method [4]. A sum of ¢ lognormals, S = 2521 eYi, is approximated as the lognormal
eZ, where Z = N(p.,0.). In Wilkinson’s approach, the mean value and standard
deviation of Z are obtained by matching the first two moments, u; and us of Zle eYi

as follows:
t
w = BE(S)=e=t? = Ze”yﬁgii/z, (3.19)
i=1

t
2 2
Uy = E(SQ) — 62,uz+202 — E 62“yi+20y¢ +
i=1

t—1 t
23 ) emttie(o) +op + 2ry0y,0,))/2, (3.20)
i=1 j=i+1

where 7;; is the correlation coefficient of Y; and Y; . Solving (3.20) for p, and o,
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yields

1
p, = 21nu1—§1nu2, (3.21)

02 = Inuy —2Inu;. (3.22)

From the above formula, we can see that a pair-by-pair computation for all cor-
related pairs of variables needs to be done, i.e., for all 4, j such that r;; = 0. It will
lead to a very expensive computation time cost. First, leakage currents of different
gates are correlated because of the spatial correlation of L. Secondly, I, and Iy
associated with the same NMOS transistor are correlated. Thirdly, I, in the same
transistor stack are also correlated. If there are N gates in the circuit, the com-
plexity for computing the sum will be O(N?), which is far from practical for large
circuits. Therefore, the grid-based method uses several approximations to reduce the
time complexity. In the grid-based method, gates in the same grid have the same
parameter values. For example, let I,;,; be the subthreshold leakage currents for
Gate; (i =1,...,t) under the same input vector, and assume that these gates are all

in the same grid k. Then

0 . . )
Isub,i - O[ieyi ho-dLytby dTox’Z, (323)

where «;, By and (; are the fitting coefficients. Since we assume that L is spatially
correlated and T, is uncorrelated, all of the I,;; in the same grid should use the
same variable dLj, and different dT,, values. Then, the sum of the leakage terms

Tgup,i in grid k is given by:

t
eYiO-I—BO'de . Z ;- ePrdToz,i (324)
i=1

48



Note that the second part of the above expression is a sum of independent lognor-
mal variables, which is a special case for the sum of correlated lognormal variables.
By using Wilkinson’s method, this can be computed in linear time. Therefore, for
gates of the same type with the same input state in the same grid, the time com-
plexity is only linear, and we can approximate the sum of leakage of all gates by
a lognormal variable which can be superposed in the original expression. Similarly,
Igate of different gates in the same grid can be calculated through summation in linear
time, and can be approximated by a lognormal variable.

Now, if the chip is divided into n grids, we can reduce the number of correlated
leakage components in each grid to a small constant ¢ in their library. As a result,
the total number of correlated lognormals to sum is no more than ¢ - n. In general,
the number of grids is set to be substantially smaller than the number of gates in
the chip, which can be regarded as a constant number. Therefore, the complexity
required for the sum of lognormals in the grid-based method is reduced from O(N?)
to a substantially smaller constant O(n?).

As we discussed before, leakage currents of different gates are correlated due to
spatially correlated parameters such as transistor gate channel length. Furthermore,
I and g4 are correlated within the same gate. In addition, leakage currents under
different input vectors of the same gate are correlated because they are sensitive to
the same parameters of the gate, regardless of whether or not these are spatially
correlated. We must carefully predict the distribution of total leakage in the circuit,
and the correlations of these leakage currents must be correctly considered when they
are summed up.

As we mentioned before, the leakage currents that arise from the same leakage
mechanisms in the same grid from the same entry of the look-up table are merged

into a single lognormally distributed leakage component to reduce the number of

49



correlated leakage components to sum. Let [7*™ and [5*™ be two merged sums,
which correspond to subthreshold leakage and gate oxide leakage components in the

same grid, respectively. These can be calculated as

t
0 . Z . . 0
Ifum — eYl +Bo-dL . a; - 651 dTogc,Z — eYl —l—BodLe.f’ (325)
=1
+
0 /. /. /o 0
Igum — eYQ +BO L . g a; . 651 dToz,z — eYQ +BOdL6'V’ (326)
i=1

where ef and € are the lognormal approximations of the sum of independent log-
normals, 22:1 a; - Aoz and Zf;l o - P8 oni in I7*™ and IS"™ respectively, as
described in (3.24).

Note that S0_, a; - efr¥eri and Zflzl a; - €’1oni may be correlated, since the
same gate could have both subthreshold and gate leakage. Therefore, ef and e”
are correlated, and we need to derived the correlation between & and ~. Since the

T,. values are independent in different gates, we can easily compute the correlation,

¢ AT,y ; 1dT
COU(Z@:l az . 661 dTox,z’ ZZ:l 041 . 651 dToac,z) as
(B?+ﬁ£2)02/ /2 B! 52
g a;age Towi (66252 Tozi — 1), (3.27)

The correlation between e¢ and e” is then found as

cov(es, ) = E(eT) — E(e5)E(e)

_ pretitoEe)/2 eonEn/2 ). (3.28)

where pe / p, and o¢ / 0, are the mean value and standard deviation of £ / 7,
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respectively. Solving (3.28) for cov(§, ), we have

cov(ef, &) ) . (3.29)

cou(€, ) = 2log (1 - pMetma+(o+(03)/2

'thgac,i

. . . t B1-dTyy ; ¢ B
Since €* and e are approximations of Y, a; - € omi and Y ;- €M

respectively, it is reasonable to assume that

t t/
cov(es, e’) = cov (Z o - ePibTomi Z - eﬁz’ATéw> . (3.30)
i=1 i=1

At the same time, the mean values and standard deviations of £ and v are already
known from the approximations, therefore, the computation of cov(&, ) is easily
possible.

We can extend the framework for statistical computation of full-chip leakage con-
sidering spatial correlations in intra-die variations of parameters to handle inter-die
variation. For each type of parameter, a global random variable can be applied to
all gates in the circuit to model the inter-die effect. In addition, this framework is
general, and can be used to predict the circuit leakage under other parameter varia-
tions or other leakage components such as the JTL current discussed in Section 3.2.2.
However, if the Gaussian or lognormal assumption does not work, we can not use the

grid-based method to estimate full-chip leakage.

3.4.3 Projection-based statistical analysis methods

The projection-based method is used to compute the moments of statistical leak-
ages via moment matching techniques, which are well developed in the area of in-
terconnect model order reduction [70]. In the projection-based method, quadratic

models in (3.16) and (3.17) are used to guarantee accuracy. Li et al. [38] proposed
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a projection-based approach (PROBE) to reduce the quadratic modeling cost. In a
quadratic model, we need to compute all elements of the quadratic coefficient matrix,
which is the main difficulty. Take A, in (3.18) for example. In most real cases,
Achip is rank-deficient. As a result, this full-rank matrix A.,;, can be approximated by
another low-rank matrix flchip, if || Acnip — flchipH F is minimized. Here, || - || denotes
the Frobenius norm, which is the square root of the sum of the squares of all matrix

elements. Li et al. [38] proved that the optimal rank-R approximation is:

R
Achip = Z )\chiprPchiprPC’Z;n’pra (331)
r=1

where m stands for the total number of random variables, and Acpipr € R and Peppy €
R™ are the r-th dominant eigenvalue and eigenvector of the matrix A.;,, respectively.

The PROBE method proposed in [38] is efficient in handling 10' ~ 10? random
variables. However, there are 10> ~ 10° variables in a full-chip SLA. This led Li
et al. [35] to improve the projection-based analysis algorithm by exploring the un-
derlying sparse structure of the leakage analysis problem. Specifically, the improved
methodology includes: 1) Two-step iterative algorithm for quadratic SLA modeling;
2) Quadratic model compaction algorithm for leakage distribution estimation; and 3)
Incremental analysis algorithm for locally updating the leakage distribution.

The algorithm in [35] estimates the full-chip leakage power with consideration
of both inter-die and intra-die process variations, and is not limited to lognormal
distributions. It can be applied to either grids or gates in the full chip.

This method has linear computational complexity in relation to circuit size under
the assumption that all the given random variables are linearly independent. However,
this is not generally true for practical circuits as spatial correlation typically occurs

in many layout related parameters. One way to mitigate this problem as suggested
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by the method is to convert the correlated random variable into independent ones
via some decomposition processes such as principal component analysis (PCA). PCA
essentially is based on the singular value decomposition (SVD), whose complexity
is (nN?), where n is the number of correlated variables and N is the number of
independent variables. As a result, the paper is not linear if PCA is considered.

The projection-based SLA starts from the standard cell library characterization.
In this step, the leakage current of each gate can be approximated by a regression
model. Typically, modeling the variations in one gate only involves a few (e.g., 5 ~ 10)
random variables. Therefore, we can run SPICE simulations (or utilize measurement
models if available) and apply the PROBE [38] method to fit the rank-K model for

each gate:
K N 2 .
1Og(IG,i) = Z /\G,z‘,j . <P(:§,z‘,j . AXG,i) + Bg’i . AXQZ' + OG,z‘; (332)
j=1

where X¢; is defined in (3.14), and Mg, P, Bai and Cg; are the coefficients.

Substituting (3.14) into (3.32):
= 2
log(Ie:) = Y iy (PEi;E) + BEE+ Cay, (3.33)
j=1

where Pg;; € R™ , Bg; € R™, and m is the total number of random variables for
the whole chip. Note that the sizes of Pg;; and Bg; in (3.33) are much larger than
the sizes of Pg;; and Bg; in (3.32). However, as discussed in Section 3.3, Vi, is a
sparse matrix. So both FPg; ; and Bg; are sparse, too. To simplify the notation, the

following symbols are defined to represent all gate-based leakage models in a matrix
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form:

10g(licarate) = [og(Ig,1),10g(Icz). - .., log(Ign)]"

Aci = Paigdazgs--dang)

Ps; = [Pe1j Poaj,--- Pangl
Bg = [Bgu,Bay, ..., Banl,

Ce = [Cc1.Caa...,Can]". (3.35)

Comparing (3.35) with (3.33), it is easy to verify that:

log Ileak Gate Z AG] PGJ ) X (PgJE) + BgE + Cg, (336)

where ® stands for the point-wise multiplication, i.e., [a1, ag, . .. ,]T ® [b1, ba, . . .]T =
[a1b1, agbs, . . .]T.

After the standard cell library characterization, we need to extract the low-rank
quadratic model of the full-chip leakage current in an efficient way. As shown in (3.17),
full-chip leakage current can be calculated by summing leakage currents of all the

gates. Applying the log transform to both sides of (3.17),
log(Ileak,chip) = log [elog(lcm) + eloslc,2) ot 610g(IG,N)j| ) (3‘37)

Substitute (3.36) into (3.37), and then apply second order Taylor expansion on it,

we will obtain the quadratic model in the form of (3.18) after some mathematical
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manipulations. In this quadratic model, the coefficients are given by

1
Conip = log( ) (3.38)

«

Behip = a-Bg-®, (3.39)
K
Aaip = oY Poj-diag(® @ Ag;) - Pl
j=1
o . T o? T T
tg- B¢ - diag(®) - Be; — 5 Bg - 9" - B, (3.40)
where diag([a1, as,...]") means the diagonal matrix with the elements {ay, as, ...}
and
= ! 3.41
a = eCG,l _I_ ecG,Q + . e + eCG,N ’ ( ’ )
d = [eOleeCG’2 o -eCG’N]T ) (3.42)

Note that computing the values of a and ® has linear computational complexity.
After getting the values of a and ®, the coefficients Cep;p, and By, can be evaluated
from (3.39) and (3.40). Since Bg in (3.40) is sparse, we can compute the matrix-
vector product Bg with linear computational complexity. Therefore, we can finish
the extraction of both Cepp in (3.39) and B, in (3.40) in linear time.

However, the quadratic coefficient matrix A.;, in (3.40) is no longer sparse, which
is the major difficulty here. We can understand this non-sparsity feature from the last
term at the right-hand side of (3.40). Because the vector ® is dense, ®®T should be a
dense matrix. Therefore, Bo®®T BY, is dense, although Bg is sparse. For this reason,
explicitly constructing A.n;, based on (3.40) becomes extremely expensive. To solve
this problem, the projection-based method uses an iterative algorithm, which consists

of two steps: Krylov subspace generation and orthogonal iteration. In this process,
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we try to find the optimal low-rank approximation of A, instead of the full matrix
Achip-

a) Krylov Subspace Generation

We can obtain the optimal Rank-R approximation of A, by the dominant eigen-
values { Aehip1, Achip2s - - - Achipr ) and eigenvectors { Pepipt, Penip2, - - - » Penipr}, as shown
in (3.31). All the linear combinations of these dominant eigenvectors generate a sub-

space called the dominant invariant subspace [21] and is denoted as

Span{Pchipla Pchina R PchipR}- (343)

We can approximate the dominant invariant subspace in (3.43) by the following Krylov

subspace [21]

SpCLTL{Qo, AchinOa AghinOa ey A?h;plQO}a (344)

where )y € R™ is a non-zero vector which is not orthogonal to any dominant eigenvec-
tors. First, we need to develop an algorithm to extract the Krylov subspace which is a
good approximation of the dominant invariant subspace. Then, the extracted Krylov
subspace can be used as the starting point of the orthogonal iteration in next step.
By doing this, the orthogonal iteration converges to the dominant invariant subspace
in only a few iteration steps. The Arnoldi algorithm used in matrix computations [21]
can be applied here to generate the Krylov subspace.

Fig. 3.8 is the flow of a simplified implementation of the Arnoldi algorithm [35].
Here, Step 3 shows the key point of the Arnoldi algorithm. In this step, we com-
pute the matrix-vector product @, = AcpipQr—1. Because A.p;p is a large and dense
matrix, (3.45) does not construct the matrix A, explicitly. Instead, it computes

AchipQr—1 implicitly. For example, we can multiply all terms in (3.40) by @),_1 sepa-
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rately and then add them together. In this way, A, in (3.40) can be obtained by
a summation of the products of many sparse or low-rank matrices. As a result, we
can compute the implicit matrix-vector product in (3.45) with linear computational

complexity. More details are provided in [35].

Algorithm: SIMPLIFIED ARNOLDI ALGORITHM.

Input: Full matrix A,
Output: Extracted Krolov subspace @)

1. Randomly select an initial vector Qg € R™.

2. Q1= Qo/||Qollr
3. Forr=23,....R

K

Qr = a-) Pg;-diag(® @A) - Pé;-Qr

j=1
+5 - B - diag(®) - B - Qs

042

—— Ba- ®0" - BL - Q.4 (3.45)

4. Orthogonalize @, to all Q;(i =1,2,...,7r—1)
5. Qr = QT‘/”QT”F

6. End For
7. Q=[Qr,...,Q Q] (3.46)

Figure 3.8: The flow of simplified Arnoldi algorithm

B. Orthogonal Iteration

Note that the Krylov subspace we compute from Fig. 3.8 is not exactly equal to the
dominant invariant subspace. Because of this, we need further apply an orthogonal
iteration [21] which exactly converges to the dominant invariant subspace, and the

matrix @ in (3.46) can be used as the initial value in the iteration. The starting
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Algorithm: ORTHOGONAL ITERATION.

Input: the matrix Q € R™* %,
Output: Qcpip and Uepip.

1. QW = @Q, where the superscript stands for the iteration index.

2. For1=2,3,...

K
Z9 = a-> Pg;-diag(®® Agy) - Ph; - QY

j=1
+% . B, - diag(®) - BY, - QU
a? .
~  Ba,- ®®" . Bf - QU (3.47)
3. QUUY = 70 (QR factorization)
4. End For
D. Qchip = Q(l)a Uchip = U(Z) (348)

Figure 3.9: The flow of simplified orthogonal iteration algorithm.
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point of the orthogonal iteration can be any matrix, theoretically. However, as we
mentioned before, the Krylov subspace () is a good approximation of the dominant
invariant subspace, so using () as the starting point will help the orthogonal iteration
converge within a few iteration steps.

Fig. 3.4.3 summarizes a simplified implementation of the orthogonal iteration al-
gorithm. In (3.47), note that N > R in QU~Y € RVN*E because R is typically small
(e.g., around 10) in most practical applications. As a result, similar to (3.45), comput-
ing Z% in (3.47) has linear computational complexity. Similarly, since Z®) ¢ Rm*%
contains only a few columns, the QR factorization in Step 4 of Fig. 3.4.3 also can be
done in linear time for the same reason. In Fig. 3.4.3, if the columns in the initial
matrix () are not orthogonal to the dominant invariance subspace, then the orthog-
onal iteration is probably convergent [21]. After the orthogonal iteration converges,
we can use Qcpip and Uiy in (3.48) to determine the optimal Rank-R approximation
of Acpip [21]

Achip = QChipUChinZhip‘ (349)

Combining (3.49) with (3.18) yields
10g(Lenip) = E" - (QenipUchipQnip) - E + BlripE + Cenip, (3.50)

where expressions of C;, and Bep;, are given in (3.39) and (3.40). We assume a
given approximation rank R in the algorithms in Fig. 3.8 and Fig. 3.4.3. Based on
the approximation error, the value of R can be iteratively determined. For example,
starting from a low-rank approximation, if the modeling error remains large, we should
iteratively increase the value of R. In most practical cases, R in the range of 5 ~ 15

can provide approximation results which is already sufficiently accurate.
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In summary, to extract the low-rank quadratic model of the full-chip leakage cur-
rent, we can use a two-step iterative algorithm which only involves simple vector
operations and sparse matrix-vector multiplications. Therefore, this algorithm has
linear computational complexity in relation to circuit size. Furthermore, it is not
necessary to construct the matrix flchip in (3.49) explicitly. An algorithm that effi-
ciently estimates the leakage current distribution will be introduced in the following
part.

The quadratic function in (3.50) is m-dimensional (m is large, typically). Hence,
estimating the leakage distribution directly from (3.50) is not efficient. Hence, we will
use a quadratic model compaction algorithm to convert the high-dimensional model
to a low-dimensional one, and keep the leakage distribution unchanged at the same

time.

Algorithm: QUADRATIC MODEL COMPACTION ALGORITHM.

Input: the quadratic model in (3.50).
Output: full chip leakage distribution.

L. Qcomp [UcompBeomp| = [QehipBenip) (QR factorization).
2. Q=QL F (3.51)

3. log(Lenip) = Q"+ (UeompUehipUpopp) - 2 + B,

comp comp

Q+ Coip  (352)

Figure 3.10: The flow of quadratic model compaction algorithm.

Fig. 3.10 shows the basic steps in the proposed quadratic model compaction al-
gorithm. In [35], it is proved that the quadratic models in (3.50) and (3.52) are
equivalent, and the random variables () defined in (3.51) are independent and satisfy
the standard normal distribution.

The quadratic function in (3.52) is (R4 1)-dimensional, where R+1 < N. We can

apply (3.52) to extract the PDF/CDF of log(Icsp), for example, using either Monte
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Carlo analysis or APEX [37]. Then, the distribution of I.,;, can be easily computed
by a simple nonlinear transform [57].

There is another point we want to mention here. Leakage analysis can be in-
cremental. If any local changes to a circuit are made, incremental leakage analysis
can facilitate a quick update on the leakage distribution. For simplicity, we only dis-
cuss the case where one gate is changed. It can be directly extended to handle the
simultaneous change of multiple gates.

Assume the i-th gate is changed (e.g., a high V}, gate is replaced by a low Vj,
gate), then the full-chip leakage changes as

new __ told old new
chip — fchip — LG, + IG,Z’ ) (353)

where I3 /I and 1g%/I75" represent the leakage currents of the entire chip and
the i-th gate before /after the change, respectively. Once we know the low-rank
quadratic models of log (I g}gp), log (I&l‘f) and log (18 ), incremental leakage analysis
can quickly generate the low-rank model for log (175¢). Compared with (3.17), (3.53)
only contains a few terms. As a result, it is much more efficient to update the
leakage distribution using (3.53) than the full leakage analysis from (3.17). The
iterative algorithm and compaction algorithm we discussed above can be directly
applied to (3.53).

As mentioned earlier, the projection-based approach has its limitations since it
starts with independent random variables generated by PCA. The pre-process PCA
can be expensive (at least non-linear) for a large number of resulting independent
random variables. If we assume a small number of independent variables, the proposed

Krylov based reduction will become less relevant as variable reduction has been done

in the PCA step.
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3.5 Summary

In this chapter, we have presented problem of statistical leakage analysis under process
variations and spatial correlations. We then briefly discussed the existing approaches.
Then we presented two statistical leakage analysis methods: the stochastic spectral
based method with variable reduction techniques and the virtual grid based approach.

We have presented a linear algorithm for full-chip statistical analysis of leakage
currents in the presence of any condition of spatial correlation (strong or weak). The
new algorithm adopts a set of uncorrelated virtual variables over grid cells to represent
the original physical random variables with spatial correlation and the size of grid
cell is determined by the correlation length. As a result, each physical variable is
always represented by virtual variables in local neighbor set. Furthermore, a look-up
table is used to cache the statistical leakage information of each type of gate in the
library to avoid computing leakage for each gate instance. As a result, the full-chip
leakage can be calculated with O(NV) time complexity, where N is the number of
grid cells on chip. The new method maintains the linear complexity from strong to
weak spatial correlation and has no limitation of leakage current model or variation
model. This paper also offers an incremental analysis capability to update the leakage
distribution more efficiently when local changes to a circuit are made. Experimental
results show the proposed method is about 1000X faster than the recently proposed
method [9] with similar accuracy and many orders of magnitude times over the Monte
Carlo method. Numerical results shows the proposed incremental analysis can further

achieve significant speedup over the full leakage analysis.
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Chapter 4

Gate-based Statistical Leakage

Power Analysis

4.1 Introduction

In the chapter, we propose a new general full-chip leakage modeling and analysis
method. The new method starts with the process variational parameters such as
the channel length, dL, gate oxide thickness, 07T,,, and it can derive the full-chip
leakage current [;.q in terms of those variables directly (or their corresponding trans-
formed variables). Unlike existing grid-based methods, which trade the accuracy for
speedups, the new method is gate-based method and uses principal component anal-
ysis (PCA) to reduce the number of variables with much less accuracy loss assuming
that the geometrical variables are Gaussian. For non-Gaussian variables, independent
component analysis (ICA) [24] can be used. The new method considers both inter-die
and intra-die variations and it can work with various spatial correlations. The pro-
posed method becomes linear under strong spatial correlations. Unlike the existing

approaches [9, 22|, the new method does not make any assumptions about the distri-
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butions of final total leakage currents for both gates and chips and does not require
any grid-based partitioning of the chip. Compared with [6], the proposed method
applies a more efficient multi-dimensional numerical quadrature method (versus on
reduced number of variables using inter-production via the moment matching), con-
siders more accurate leakage models and presents more comprehensive comparisons
with other methods.

In the new method, we first fit both the subthreshold and gate oxide leakage cur-
rents into analytic expressions in terms of parameter variables. We show that by using
more terms in the gate level analytic models, we can achieve better accuracy than [9].
Second, The new method employs the orthogonal polynomials, which gives the best
representation for specific distributions [20] and is also called the spectral stochastic
method, to represent the variational gate leakages in an analytic form in terms of the
random variables. The step is achieved by using the numerical Gaussian quadrature
method, which is much faster than the Monte Carlo method. The total leakage cur-
rents are finally computed by simply summing up the resulting analytical orthogonal
polynomials of all gates (their coefficients). The spatial correlations are taken care
of by PCA or ICA, and at the same time, the number of random variables can also
been substantially reduced in the presence of strong spatial correlations during the
decomposition process. Experimental results on the PDWorkshop91 benchmarks on
a 4bnm technology show that the proposed method is about 10x faster than the

recently proposed method [9] with constant better accuracy.

4.2 Flow of gate-based method

To analyze the statistical model of chip-level leakage current, traditional methods are

grid-based. Since the number of gates on a whole chip is very large, and every gate
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has its own variational parameters, which means that the number of random variables
is huge. So considering efficiency, the traditional methods partition a chip to several
grids, and assume that all the gates in one grid have the same parameters as mentioned
in 3.4.2. However, this is not the real case. Take Fig. 4.1 as one example. Here
the distance between Gatel and Gate2 is smaller than the distance between Gatel
and Gate3. In grid-based method, we suppose that Gatel has strong correlation
with Gate3, and has weak correlation with Gate2. But actually, the situation is

opposite. In this section, we will present the new full-chip statistical leakage analysis

wate?) %
1

Gatel D
‘% :[}GateZ

Al

Figure 4.1: An example of a grid-based partition.

method. This method is gate-based instead of grid-based, while it can gain better
speed as well as better accuracy than the method in [9], which is based on grid. Our
algorithm is shown in Fig. 4.2. The new algorithm basically consists of three major
parts. The first part (step 1) is pre-characterization, which builds the analytic leakage
expressions (3.1) and (3.2) for each type of gates. This step only need to be done once
for a standard cell library. The second part (step 2-5) generates a set of independent
random variables and builds the gate-level analytic leakage current expressions and
covariances. The final part (step 6) computes the final leakage expressions by simple

polynomial additions and calculates other statistical information.
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Algorithm: NEW FULL-CHIP LEAKAGE CURRENT COMPUTATION AL-
GORITHM.

Input: standard cell lib, netlist, placement information of design, o of
L and T,,.

Output: analytic expression of the full-chip leakage currents in terms of
Hermite polynomials.

1. Generate fitting parameter matrices agy, and agqere 0of Iy and Iygee
in (3.1) and (3.2) for each type of gates (after SPICE run on each
input pattern) (Section 3.2).

2. Perform PCA to transform and reduce the original parameter vari-
ables in L into independent random variables in Ly. (Section 4.3).

3. Generate Smolyak quadrature points set ©2 with corresponding
weights.

4. Calculate the coefficients of Hermite polynomial of L1 and Igase
for the final leakage analytic expression for each gate using (4.8)
and (4.9).

5. Calculate the analytic expression of the full-chip leakage current by
simple polynomial additions and calculate ficakages Oteakage; PDF
and CDF of the leakage current if required.

Figure 4.2: The flow of proposed algorithm.
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4.3 Random variables transformation and reduc-
tion

In our gate-based approach, instead of using grid-based partitioning, as in [9], to
reduce the number of channel length variables in presence of the strong spatial cor-
relation, we applied the principal component analysis (PCA) to reduce the number

of random variables. Our method starts with the following random variable vectors:

L == [Lh L2> ceey Ln] + 5Linter> Tox - [Tozla Toa}2a ceey Tozn] + 5Toz,int6ra (4]-)

where n is the total number of gates on the whole chip, 0 Linte, and 67, jnter Tepresent
the inter-die (global) variations. In total, we have 2n 4+ 2 random variables. There
exist correlations between L among different gates, represented by the covariance
matrix cov(L;, L;) computed by (3.11).

The first step is to perform PCA on L to get a set of independent random variables
L' =[L}, L}, ..., L], where L = PL/, and P = {p;;} is the n by n principal component
coefficient matrix. In this process, singular value decomposition (SVD) is used on the
covariance matrix, and the singular values are arranged in a decreasing order, which
means that the elements in L’ are arranged in a decreasing weight order. Then the
number of elements in L can be reduced by only considering the dominant part of L’
as [Ly, L}, ..., L}] (for instance, the weight should be bigger than 1%), where k is the
number of reduced random variables. Then every element L, in I’ can be represented

by orthogonal Gaussian random variable &; with normal distribution.

67



where p; and o; are the mean value and standard deviation of L. And L can be

represented as

Hr1 Pui1 ... Dik 01§
Hi2 P21 - Dok 02&2

L= + + 0 Linter - (4.3)
Hin Pn1 -+ DPnk O-kfk

For [Tyu1, Tow2, s Town)s OLinter and 6Ty inter, We can also represent them using the

standard Gaussian variables as

Toa:,j = Wozx,j + an:,jgoz,ja 5Linter = O-L,intergL,intera 5Toa},inter = O-oz,intergoz,intera (44)

where &z 5, L inter a0 og inter are independent orthonormal Gaussian random vari-
ables. As a result, we can present L and Ty by k + n + 2 independent orthonormal

Gaussian random variables.

§=1[&,80 0 Ehnyal (4.5)

Then the Iyu4(L, Tox) and Iyqe (L, Tox) can be modeled as L4, (€) and yq.(€), re-
spectively.

But among the k+n+2 variables, only k42 variables related to the channel lengths
are correlated. In other words, the n variables T, ; of each gate are independent. As
a result, for the jth gate, we only have k+ 3 independent variables, the corresponding

variable vector, §, = {&,;}, is defined as

gg,j = [517 sy gka goz,ja gL,intera fox,inter]- (46)
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4.4 Computation of full-chip leakage currents

For each gate, we need to present the leakage currents in order-2 Hermite polynomials

first as shown below for both subthreshold and gate leakage currents — I,,;(&g;) and

Tgate (&g ):

sub ng Z[suszHQ fg.]) gate ng Z atez]H2 fg.]) (47>

where Hf(fg,j)s are order-2 Hermite polynomials. Igu;; and Igg.,; are then com-
puted by the numerical Gaussian quadrature method discussed in Section 2.2.3. Let
S be the size of Z-dimensional second order (level-2) quadrature point set ©% and

Z =k + 3. Then Iy, and Iy, can be computed as the following:

subzy Z [sub 7l / < Hz(ggj) 7 (48)

gatez] - Z gate P)/l ’yl)wl/ < H (ggﬁ ) (49)

where I4,(71) and Iyq. () are computed using (3.1) and (3.2).
As a result, their coefficients for ith Hermite polynomial at jth gate can be added

directly as

[leakage,i,j = Z [sub,i,j + Z [gate,i,j- (410)

After the leakage currents are calculated for each gate, we can proceed to compute

the leakage current for the whole chip as follows:

[leakage(f) = Z([sub(ng) + [gate(ng))- (4-11)

Jj=1
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The summation is done for each coefficient of Hermite polynomials. Then we obtain
the analytic expression of the final leakage currents in terms of the &.

We can then obtain the mean value, variance PDF and CDF of the leakage current
very easily. For instance, the mean value and variance for the full-chip leakage current

are

Hileakage — Ileakage,Otha (412)

2 _ 2 2 2
aleakage - E [leakage,lst +2 E [leakage,an,typel + E [leakage,an,type27 (413)

where ljcqrageitn 1s the leakage coefficient for ¢th Hermite polynomial of second order

defined as follows,

HOth(g) = ]-7 Hlst(g) = 52" H2nd,typel (5) = 5@2 - ]-7 H2nd,typ62(£) = gigja [ 7£ j (414)

4.5 Time complexity analysis

To analyze the time complexity, one typically does not count the pre-characterization
cost of step 1 in Fig. 4.2. For PCA step (step 2), which essentially uses singular value
decomposition (SVD) on the covariance matrix, its computation cost is O(nk?), if we
are only interested in the first £ dominant singular values. This is the case for strong
spatial correlation.

In step 3, we need to compute the weights of Level 2 (k + 3)-dimensional Smolyak
quadrature point set. For quadratic model with k+3 variables, the number of Smolyak
quadrature points is about (k+ 3)2. So the time cost for generating Smolyak quadra-
ture points set is O((k + 3)?).

In step 4, we need to call (3.1) and (3.2) S times for each gate. In each call, we
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need to compute k + 3 variables in the Hermite polynomials. The computing cost for
the two steps is (O(n(k+3) x 5)), where n is the number of gates. After the leakage
currents are computed for each gate, it takes O(n(k + 3)) to compute the full-chip
leakage current.

The total computing cost is O(nk?* + (k + 3)> 4+ n(k +3)S +n(k + 3)). For second
order Hermite polynomials, S oc k%, so the time complexity becomes O(nk?). If k < n
(for strong spatial correlation), we end up with a linear time complexity O(n). In
the sub-90nm VLSI technologies, the spatial correlation is really strong, and in the
down-scaling process, the spatial correlation will become stronger, which makes sure

our method can achieve pretty good time complexity.

4.6 Experimental results

The proposed method is implement in Matlab 7.4.0. For comparison purpose, we also
implement the grid-based method in [9] and the pure Monte-Carlo method. All the
experimental results are carried out in a Linux system with quad Intel Xeon CPUs
with 2.99Ghz and 16GB memory.

The methods for full-chip statistical leakage estimation are tested on circuits in
the PDWorkshop91 benchmark set. The circuits are synthesized with Nangate Open
Cell Library and the placement is from MCNC [41]. The technology parameters come
from the 45nm FreePDK Base Kit and PTM models [59].

Table 4.1 shows the detailed parameters for gate length and gate oxide thickness
variations. Here we choose two set of o2 distributions. The last column of Table 4.1
shows the standard deviation (o) of each variation. The 3¢ values of parameter
variations for L and T,, are set to 12% of the nominal parameter values, of which

inter-die variations constitute 20% and intra-die variations, 80% (Case 1); inter-die
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Table 4.1: Process variation parameter breakdown for 45nm technology.

Case 1
o2 Distribution (o)

Gate Inter-die 20% | 4% x 18nm
Length(L) Intra-die

* Spatial Correlated | 80%
Gate Oxide Inter-die 20% | 4% x 1.8nm
Thickness(7,,) | Intra-die

* Non-Correlated 80%

Case 2
o? Distribution (o)
Gate Inter-die 50% | 4% x 18nm
Length(L) Intra-die
* Spatial Correlated | 50%
Gate Oxide Inter-die 50% | 4% x 1.8nm

Thickness(7Ty,,) | Intra-die
* Non-Correlated 50%

variations constitute 50% and intra-die variations, 50% (Case 2). The parameter L is
modeled as sum of correlated sources of variations, and the gate oxide thickness T,
is modeled as an independent source of variation. The same framework can be easily
extended to include other parameters of variations. Both L and T,, in each gate
are modeled as Gaussian parameters. For the correlated L, the spatial correlation
is modeled based on the exponential special correlation in (3.11). For [9], we still
partition the chip into a number of regular grids and the numbers of grid partitions
of spatial correlation model used for the benchmarks are given in Table 4.1.

For comparison purposes, we perform Monte Carlo (MC) simulations with 500,000
runs, the grid-based method in [9], and the new method on the benchmarks. The
large number of MC runs is due to the fact that proposed method is quite accurate.
Fig. 4.3 shows the full-chip leakage current distribution (PDF and CDF) of circuit
SCO with 125 gates, considering variation in gate length and gate oxide thickness as

in Table 4.1 for Case 1, and the spatial correlation of gate length. It shows that our
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method fits very well with the MC results, and is more accurate than [9]. Other test

cases show the similar comparison results. The results of the comparison of mean
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Figure 4.3: Distribution of the total leakage currents of the proposed method, the
grid-based method and the MC method for circuit SCO (Process variation parameters
set as Case 1).

values and standard deviations of full-chip leakage currents are shown in Table 4.2
and Table 4.3. For Case 1, the average errors for mean value and standard deviation
of the new gate-based method are 0.8% and 4.04%, respectively. While for the grid-
based method in [9], the average errors for mean value and standard deviation are
4.08% and 39.7%, respectively. For Case 2, the average errors for mean value and
standard deviation of the new gate-based method are 0.8% and 5.51%, respectively.
While for the grid-based method in [9], the average errors for mean value and standard
deviation are 4.17% and 28.4%, respectively. Our gate-based method is more accurate

than the grid-based method, especially for standard deviation value. Since we use
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Table 4.2: Comparison of the mean values of full-chip leakage currents among three

methods.
Circuit | Gate | Grid | Variation i of Tear (A) Errors (%)

Name # # Setting | MC 9] | New | [9] | New
SCO 125 4 Case 1 1.84 | 1.75 | 1.82 | -4.67 | -0.84
Case 2 1.84 | 1.75 | 1.82 | -4.85|-0.87
SC2 | 1888 | 16 Case 1 |29.98 | 28.88 | 29.70 | -3.65 | -0.91
Case 2 | 30.02 | 28.89 | 29.75 | -3.77 | -0.89
SC5 | 6417 | 64 Case 1 | 107.9 | 103.6 | 107.2 | -3.93 | -0.65
Case 2 | 107.9 | 103.6 | 107.2 | -3.9 | -0.65

Table 4.3: Comparison standard deviations of full-chip leakage currents among three
methods.

Circuit | Variation 0 of Lear (HA) Errors (%)
Name | Setting | MC 9] | New 9] | New
SCO Case 1 | 0.495 | 0.668 | 0.524 | 35.0 | -5.77
Case 2 | 0.632 | 0.726 | 0.689 | 14.9 | 9.04
SC2 Case 1 | 8.606 | 10.86 | 8.798 | 26.2 | 2.23
Case 2 | 10.71 | 12.03 | 11.36 | 12.33 | 6.13
SCH Case 1 |26.19 | 41.36 | 25.11 | 579 | -4.12
Case 2 | 26.19 | 41.36 | 25.11 | 579 | -4.12

45nm technology, while the results in [9] is based on 100nm technology, the error
ranges are different (In [9], the average errors for mean value and standard deviation
are 1.3% and 4.1%). Results of the grid-based method in [9] will become worse when
the technology scales down, since the dominant state assumption is not working any
more.

And Table 4.4 also compares the CPU times of the three methods. From this table
we can see that even our method is gate-based, it is still faster than the method in [9],
which is grid-based. And the proposed method is much faster than the Monte Carlo
method. On average, the proposed method has about 16X speedup over the grid
based method in [9]. We notice that method in [9] will become faster with smaller

number of grids used. But this can lead to large errors even with strong spatial
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correlations.

Table 4.4: CPU time comparison among three methods.

Circuit | Variation Cost time(s) Speedup (%)
Name | Setting MC 9] New 9] New
SCO Case 1 378.1 11.35 1.40 8.11 | 270.1
Case 2 358.6 7.47 1.41 5.30 | 254.33

SC2 Case 1 | 1.35x10* | 168.51 | 18.79 | 30.6 | 718.5
Case 2 | 1.35x 10* | 87.94 | 17.23 | 5.10 | 437.96

SC5 | Casel |2.76x10°| 3335 | 121.2 | 27.52 | 2277
Case 2 | 2.06 x 10° | 7798.3 | 443.95 | 17.56 | 464.33

4.7 Summary

In this chapter, we have presented a gate-based method for analyzing the full-chip
leakage current distribution of digital circuit.
die and inter-die variations with spatial correlations. The new method employs the
orthogonal polynomials and multi-dimensional Gaussian quadrature method to rep-
resent and compute variational leakage at the gate level, and uses the orthogonal
decomposition to reduce the number of random variables by exploiting the strong
spatial correlations of intra-die variations. The resulting algorithm compares very
favorable with the existing grid-based method in terms of both CPU time and ac-

curacy. The presented method has about 16X speedup over [9] with constant better

accuracy.
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Chapter 5

Linear Statistical Leakage Power
Analysis Using New
Characterization in Standard Cell

Library

5.1 Introduction

When the spatial correlation is weak, existing general approaches mentioned in 3 and 4
do not work well as the number of correlated variables can not be reduced too much.
Recently an efficient method was proposed [82] to address this problem. The method
is based on simplified gate leakage models and formulates the major computation
tasks into matrix-vector multiplications via Taylor’s expansion. It then applies fast
numerical methods like the Fast Multi-Pole method or the pre-corrected FFT method
to compute the multiplication. However, this method assumes the gate-level leakage

currents are purely lognormal, and the chip-level leakage is also approximated by
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lognormal distribution, which is not the case as we will show in the paper. Also it
can only give the mean and variances, not the complete distribution of the leakage
powers.

In this chapter, firstly, we present a new linear-time algorithm for statistical leak-
age analysis in the presence of any spatial correlation (from no spatial correlation
to 100% correlated situation). The new algorithm exploits the following property:
leakage current of a gate in the presence of spatial correlation is affected by process
variations in the neighbor area. As a result, gate leakage current can be efficiently
computed by considering the neighbor area in constant time. We adopt a newly pro-
posed spatial correlation model where a new set of location-dependent uncorrelated
virtual variables are defined over grid cells to represent original correlated random
variables via fitting. To compute the statistical leakage current of a gate on the new
set of variables, the orthogonal polynomials based collocation method is applied and
the variational gate leakages and total leakage currents are represented in an analytic
form in terms of the random variables, which can give complete statistic information.
The new method considers both inter-die and intra-die variations and can work with
any spatial correlations (strong or weak, as defined in Section 3.3). Unlike the exist-
ing approaches [9, 22|, the new method does not make any assumptions about the
final distributions of total leakage currents for both gate and chip levels. In case of
medium and strong correlations, the proposed method can also work in linear time
by properly sizing the grid cells so both locality of correlation and accuracy are still
preserved.

Furthermore, we bring forth a novel characterization of standard cell library for
statistical leakage information and we have the following observations: (1) The set
of neighbor cells is usually small (~ 10), and only considering the relative position,

not the absolute position on chip. (2) As proved later, the number of neighbor cells
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involved in our model is not related to the strength (level) of spatial correlation.
(3) The orthogonal polynomials based stochastic collocation method is applied and
the variational leakage of a gate is represented in an analytic form in terms of the
virtual random variables, which can give complete distribution. (4) The gate-level
leakage distribution is only related to the type of gates in a standard cell library. This
statistical leakage characterization can be stored in a look-up table, which only needs
to be built once for a standard cell library. And the full-chip leakage of any chip can
be easily calculated by summing up certain items in the look-up table.

The main contributions of this chapter are as follows:

1. We applied the virtual grid based model for spatial correlation modeling in the
statistical leakage analysis and making the resulting algorithm linear time for

the first time for all the spatial correlation (weak or strong) cases.

2. We proposed a new characterization in SCL for statistical leakage analysis. The
corresponding algorithm can accelerate full-chip full-chip statistical analysis for
all spatial correlation conditions (from weak to strong). To the best knowledge
of the authors, the proposed approach is the first published algorithm which

can guarantee O(N) time complexity for all spatial correlation conditions.

3. In addition, an incremental algorithm has been proposed. When a few local
changes are made, only a small circuit (includes the changing gates) is involved
in the updating process. Our numerical examples show the incremental analysis
can achieve 10x further speedup compared with the library-enabled full-chip

analysis approach.

In addition to the main contributions, we also present a forward-looking way

to extend the proposed method to handle run-time leakage analysis. In order to
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estimate maximum run-time leakage, the input state under the maximum leakage
input vector needs to be chosen. While for transient run-time leakage simulation,
every time the input vector changes, the input states of some gate on a chip will
be updated. Therefore, the incremental technique makes efficient run-time leakage
simulation possible. More details are given in Section 5.4.6.

Experimental results on the PDWorkshop91 benchmarks on a 45nm technology
show the proposed method using novel characterization in SCL is on average two
orders of magnitude faster than the recently proposed method [9] with similar accu-
racy. For weak correlation situation, more speed-up can be observed. We remark that
the experiment in this work is based on idle-time leakage. However, the linear time
algorithm can also be applied to run-time leakage by selecting different input states
under certain input vectors. Notice that glitch events is ignored in the simplified
discussion, which may cause estimation errors [39], and needs to be considered in the

future work. More details are discussed in Section 5.4.6.

5.2 Virtual grid-based spatial correlation model

The virtual grid-based model is based on the observation that the leakage current of
a gate in the presence of spatial correlation only correlates to its neighbor area. If
we can introduce a set of uncorrelated variables to model the localized correlation,
computing the leakage current of one gate can be done in a constant time by only
considering its neighbor area. Hence total full-chip statistical leakage currents can
then be computed by simply adding all the gate leakage currents together in terms
of the virtual set of variables in linear time. Notice that the virtual random variables
in different grids are always independent, which is different from traditional grid-

based model. This idea was proposed recently for fast statistical timing analysis [11]
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to address the computational efficient modeling for weak spatial correlation, which
is similar to the PCA-based approach [64], but with different set of independent
variables.

Specifically, the chip area is still divided into a set of grid cells. When the spatial
correlation is weak enough to be ignored, the cell can become so small that one cell
only contains one gate. Then we introduce a “virtual” random variable for each cell
for one source of process variation.

These virtual random variables are independent and will be the basis for statistical
leakage current calculation concerned with spatial correlation. Then we can express
the original physical random variable of a gate in a grid cell as a linear combina-
tion of the virtual random variables of its own cell as well as its nearby neighbors.
Since virtual random variable in each cell has specific location on chip, such location-
dependent correlation model still retains the important spatial physical meaning (in
contrast to PCA-based models). The grid partition can be made of any shape. We
use hexagonal grid cells [11] in this work since they have minimum anisotropy for 2D
space.

Here we define the distance between centers of two direct neighbor grid cells as the
grid length d.. Gates located in the same cell have strong correlation (larger than a
given threshold value pp;45) and are assumed to have the same parameter variations.
And “spatial correlation distance” d,,,, is defined as the minimum distance beyond
which the spatial correlation between any two cells is sufficiently small (or smaller
than a given threshold value p,,) so we can ignore it.

In this model, the jth grid cell is associated with one virtual random variable
& ~ N(0,1), which is independent of all other virtual random variables. AL; can then
be expressed as its k closest neighbor cells. We introduce the concept of correlation

indez neighborset T'(j) for cell j, and the corresponding variable vector, f_;M-, is defined
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as

Egriay = €00 € T(5)], (5.1)

to model the spatial correlation of AL; as

AL; = qum) ag - &, (5.2)

For example, hexagonal grid partition is used as shown in Fig. 5.1, and if 7'(4)
for each cell is defined as its closest k& = 7 neighbor cells, then AL located at cell
(x;,y;) can be represented as a linear combination of seven virtual random variables
located in its neighbor set. Take AL; in Fig. 5.1 for instance, we have AL; =

&1 + by + ...+ aréy.

dmax
10
8
2 ds
7
3
1 -9
d
4 6 :
Y
5 4

Figure 5.1: Location-dependent modeling with the 7'(i) of grid cell i defined as its
seven neighbor cells.

This concept of virtual random variable helps to model the spatial correlation.
Two cells close to each other will share more common spatial random variables, which

means the correlation is strong. On the other hand, two cells physically far away from
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each other will share less or no common spatial random variables. In this way, the
spatial correlation is modeled as a homogeneous and isotropic random field and the
spatial correlation is only related to distance. That is to say, spatial correlation can
be fully described by p(d) in (3.11). dy4. is the distance beyond which p(d) becomes
small enough to be approximated as zero.

Since p(d) is only a function of distance, the number of unique distance values
between two correlated grid cells equals the number of unique element values in Q.
From Fig. 5.1, the spatial correlation distance equals to the distance between cell
1 and cell 10 which i8S d,u, = ﬁdc, and there are only three unique correlation
distances d; to ds. Correspondingly, there are only three unique elements in Qy,
without including two special values: 0 for d > d,,4, or 1 for distance within one cell.

Furthermore, the same correlation index can be used for all grid cells and the co-
efficient . should be the same for the same distance because of the homogeneousness
and isotropy of spatial correlation. For the cell marked 1 in Fig. 5.1, we only have two
unique values among the seven coefficients, i.e., we set pg = a1, p1 = ;,1=2,3,...,7.

In other words, we have

ALy =poéy +pi(§a+ ...+ &) (5.3)

In this way, although there are seven random variables involved in the neighbor set,
there are only two unknown coefficients left in the linear function in (5.3) due to the
symmetry property of hexagonal partition.

According to (3.11), a nonlinear over-determined system can be built to determine
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the two unique values of pg, p; as follows,

p(0) = E(AL}) = pj + 6p7
p(di) = E(ALy,ALy) = 2pop1 + 20 (5.4)
p(ds) = E(AL;,ALg) = 2p?

p(ds) = E(ALy,ALs) = p;

The system in (5.5) can be solved by formulating them as a non-linear least square

optimization problem. In the matrix form, we can rewrite (5.2) for a whole chip as
AL = Pyy-¢, (5.5)

where N is the number of grid cells, and £ = [£1,&2, ..., &n]. According to (5.2),
the correlation index set contains only £ spatial random variables, which is a very
small fraction of the total spatial random variables. As a result, Py y is a sparse
matrix. Every gate only is concerned with £ virtual random variables, which has
specific location information.

Fundamentally, PCA-based method performs a similar process and has a similar

new transformation matrix between the original and new set of variables:
AL =V, &, (5.6)

where V,, ,, is the transformation matrix obtained from eigen-value decomposition of
the correlation matrix in PCA. The major difference is that V,,,, is a dense matrix
even though the original correlation matrix is sparse. This makes a huge difference

especially when the spatial correlation is weak as eigen-decomposition will take almost
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O(n?®) to compute. The virtual independent spatial correlation model also works for

medium and strong correlation cases, which will be shown in the next section.

5.3 Linear chip-level leakage power analysis method

In this section, we will present the new full-chip statistical leakage analysis method.
We first introduce the overall flow of the proposed method and highlight the major

computing steps. The new algorithm flow is summarized in Fig. 5.2.

Algorithm: NEW FULL-CHIP STATISTICAL LEAKAGE ANLAYSIS.

Input: standard cell lib, netlist, placement information of design, stan-
dard deviation of L and T,,.

Output: analytic expression of the full-chip leakage currents in terms of
Hermite polynomials.

1. Generate ay through as for I, and Iy, in (3.1) and (3.2) for each
type of gates (Section 3.2).

2. Solve (5.5) to determine coefficients in (5.3).

3. Calculate the coefficients of Hermite polynomial of Iy, and Igue
for the leakage analytic expression for each gate.

4. Calculate the analytic expression of the full-chip leakage current
by simple polynomial additions and calculate mean value, standard
deviation, PDF and CDF of the leakage current if required.

Figure 5.2: The flow of proposed algorithm.

The new algorithm consists of three major parts. The first part (Step 1 and
2) is pre-characterization. Step 1 builds the analytic leakage expressions (3.1) and
(3.2) for each type of gates, which only needs to be done once for a standard cell
library. Step 2 deals with a small-sized non-linear over-determined system, which can

be solved with any least-square optimization algorithm. The second part (Step 3)
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generates a small set of independent virtual random variables and builds the analytic
leakage current expressions and covariances for each gate on top of the new random
variables. The final part (Step 4) computes the final full-chip leakage expressions by
simple polynomial additions. From the final expressions, we can calculates important
statistical information (like mean, variance, and even the whole distributions). In the

following, we briefly explain some important steps.

5.3.1 Computing gate leakage by the orthogonal polynomial

method

In the following, we use the orthogonal polynomial based modeling approaches men-
tioned in 2.2.3. Note that for Gaussian and log-normal distributions, Hermite poly-
nomial is the best choice as it leads to exponential convergence rate [20]. For non
Gaussian and non log-normal distributions, there are other orthogonal polynomials.
The proposed method can be extended to other distributions with different orthogonal
polynomials.

In our problem, y(£) in (2.22) will be the leakage current for each gate, and
eventually for the full chip. For the jth gate, from (5.2), AL, only relates to k
independent virtual random variables in 7'(j). Since k is a small number, Step 3 in
Fig. 5.2 can be very efficient.

To compute the gate leakage current, we need to present both Iy, and [y, of

each gate in the second-order Hermite polynomials, respectively:

— P —
[sub(ggm'dj> = Zi:o [sub,z',jHi (fg'l"idj)? (57>

. P -
[gate (ggm'dj ) == Zi:o [gate,i,j HZ (fgridj ) ) (58)
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where Hi(ggridj) are second-order Hermite polynomials defined as in (4.14). And
Toup i and Igq;; are then computed by the numerical Smolyak quadrature method
in (2.32).

Notice that the time complexity of computing leakage for a gate is O(k?). And the
number of involved independent random variables k is very small compared to total
number of gates. The analytic expression is also functions of those involved random

variables.

5.3.2 Computation of full-chip leakage currents

After the leakage currents are calculated for each gate, we can proceed to compute

the leakage current for the whole chip as follows:

—

Lonip(€) = D= (Teunlri) + Tyuae Eoria))- (5.9)

The summation is done for each coefficient of Hermite polynomials. Then we obtain
the analytic expression of the final leakage currents in terms of E
We can then obtain the mean value and variance of full-chip leakage current very

easily as follows,

Pehip = Lehip,oth; (5- 10)
Ughip = Z [czhip,lst +2 Z ICthp,an,typel
+ Z [czhip,2nd,typ527 (511)

where I.pipan is the leakage coefficient for ¢th Hermite polynomial of second order
defined in (4.14). Since Hermite polynomials with orders higher than two have no

contribution to mean value or standard deviation. Second order is good enough for
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estimating ficnip and oepip in (5.10) and (5.11).

5.3.3 Time complexity analysis

To analyze the time complexity, one typically does not count the pre-characterization
cost of Step 1 in Fig. 5.2, and the time cost of Step 2 is ignorable compared to the
following steps. In Step 3, we need to compute the weights of Level 2 k-dimensional
Smolyak quadrature point set. For quadratic model with k£ + 3 variables, the number
of Smolyak quadrature points is S ~ O(k?) based on the discussion in Section 5.3.1.
So the time cost for generating Smolyak quadrature points set is O(k?). In step 4, we
need to call (3.1) and (3.2) S times for each gate. In each call, we need to compute
k + 3 variables in the Hermite polynomials. The computational cost for the two
steps is (O(nk x S)), where n is the number of gates. After the leakage currents are
computed for each gate, it takes O(n(k+3)) to compute the full-chip leakage current.

For the second order Hermite polynomials, S oc k2, and the k is the number of
grid cells in the correlated neighbor index set, which is a very small constant number.

As a result, the time complexity of our approach becomes linearly — O(n).

5.4 New statistical leakage characterization in SCL

In this section, we will present why a new characterization modeling statistical leakage
can be added to SCL, and how it can be applied in our new full-chip statistical leakage

analysis method.
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5.4.1 Acceleration by look-up table approach

The spatial correlation in (5.2) is related to distance between two grid cells. As a
result, neighbor set T'(i) represents the relative location, not the absolute location.
In other words, a local neighbor set T" and a local set of variables 506 = [&,. .., &
can be shared by all the gates in all the cells.

The local neighbor set T' and the coefficients in (5.2) are determined by d,q:/d..

From the specific spatial correlation model in (3.11), (as shown in Fig. 5.3),

dmax =N\ — ln(plow>7 dc =" \/ — ln(phigh)a (512)

then the ratio of spatial correlation distance d,,., over grid length d. becomes

e de = /(1) /1) (513)

Once the threshold values pp;gn, and pioy, are set, dpq./d. is not related to the correla-

1

Phigh

p = exp(-d°/m?)

0 dc/n dm dmax/n
Figure 5.3: Relation between p(d) and d/n.

tion length 7. This means we can determine the grid length once we know the spatial
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correlation distance for a specific correlation formula at cost of controlled errors (by
Phigh and Plow)-

Furthermore, (5.13) shows the spatial correlation (strong or weak) has nothing to
do with T and the virtual random variables used in our model. At the same time, the
fitting parameters of static leakage in (3.1) and (3.2) is only related to the types of
gates in a library. As a result, the coefficients of Hermite polynomials for the leakage of
one gate are only functions of the type of the gate, ppign and pio,. Therefore, a simple
look-up table can be used to store the coefficients of Hermite polynomials of each type
of gates in the library. In other words, we do not need compute the coefficients of
Hermite polynomials for each gate, just look them up from table instead. This makes
a big difference, as the time complexity is reduced from O(n) to O(N), where n is
the number of gates and N is the number of grid cells on chip.

For the look-up table, suppose @) is the number of Hermite polynomials involved
and m is the number of gate types in the library, then it includes two matrices as

follows:

Cs = {Isub,q,j}a Ceo = {Igate,q,j}- (5~14)

Here I .4, represents the coefficient of H, for jth kind of gate in the library for
subthreshold leakage; and Iy, 4 ; represents the coefficient of H, for jth kind of gate
in the library for gate oxide leakage. Cgs and Cg are () X m matrices. Notice the
table needs to only be built once and can be reused for different designs with different
conditions of spatial correlations since the new algorithm is independent of spatial
correlation length 7 or the circuit design information. In this way, the look-up table
actually builds a new characterization in SCL, which present the statistical leakage

behavior of each standard cell.
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5.4.2 Enhanced algorithm

The enhanced new algorithm consists of two parts. The first part is pre-characterization
as shown in Fig. 5.4. We build analytic leakage current expressions for each kind of
gate on top of a small set of independent virtual random variables. For fixed values
of Phigh, Prow and one library, a new characterization is added to the SCL by building
a look-up table, which stores coefficients of Hermite polynomials of I, and Iy, for
the leakage analytic expressions for each kind of gate. This process only needs to be
done once for one LIBRARY, given ppign and pre,. Besides, it involves a small-size
non-linear over-determined problem, which can be solved fast with any least-square

algorithm.

Algorithm: CHARACTERIZATION OF STATISTICAL LEAKAGE INFOR-
MATION IN SCL

Input: standard cell lib, pnign, prow-
Output: look-up table for coefficients of Hermite polynomials of Iy,
and Igq. for the leakage analytic expressions for each kind of gate.

1. Generate fitting parameter matrices agy, and agere 0f Iy and Iygee
in (3.1) and (3.2) for each type of gates (after SPICE simulation
on each input pattern) (Section 3.2).

2. Calculate dp4q/de from ppign and pie, to determine the neighbor
set. And then solve (5.5) to determine coefficients in (5.3).

3. Generate Smolyak quadrature points set ©2 with corresponding
weights.

4. Calculate the coefficients of Hermite polynomials of I, and g,
for the leakage analytic expressions for each kind of gate in library.

Figure 5.4: The flow of statistical leakage characterization in SCL.

When we deal with full-chip statistical leakage analysis, the coefficients of local

Hermite polynomials in the neighbor grid cell set for each cell can be simply calculated
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by the look-up table. After transferring the local coefficients to corresponding global
positions, we can compute the final full-chip leakage expressions by simple polynomial
additions. From the resulting expression, we can calculate other statistical informa-
tion (like mean, variance, and even the whole distributions). The new algorithm flow

is summarized in Fig. 5.5. In the following, we briefly explain some important steps.

Algorithm: NEW FULL-CHIP STATISTICAL LEAKAGE ANALYSIS ALGO-
RITHM.

Input: Look-up table for coefficients of Hermite polynomial of I, and
Igqte for the leakage analytic expression for each kind of gate. netlist,
placement information of design, standard deviation of L and T,,.
Output: analytic expression of the full-chip leakage currents in terms of
Hermite polynomials.

1. For every grid cell on chip, calculate the coefficients of local Hermite
polynomials in the neighbor cell set by the look-up table.

2. Transfer the local coefficients to their corresponding global posi-
tions.

3. Calculate the analytic expression of the full-chip leakage current
by simple polynomial additions and calculate mean value, standard
deviation, PDF and CDF of the leakage current if required.

Figure 5.5: The flow of the proposed algorithm using statistical leakage characteriza-
tion in standard cell library.

5.4.3 Computation of full-chip leakage currents

Here we define a gate mapping matrix as follows

GNXm = {gi,j}7 (515)
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where g; ; represents the number of jth kind of gate in library located in 7th grid cell.
Then the coefficients of local Hermite polynomials in neighbor set for all the cells on

chip can be easily calculated by the look-up table as follows,
Isub,loc =G- Cg, Igate,loc =G- Cg (516)

In order to get the full-chip leakage current, the local coefficients need to be

transferred to their corresponding global positions
T(i) = (wi,y;) + T (5.17)

For the #th grid cell, the local set of random variables 506 should be transferred to
the corresponding positions in 7°(z). Therefore, Lsyp o a0d Igase joc can be transferred
to the corresponding global coefficients based on the global virtual random variable

set 5 For example, the coefficient of &; in the ith cell is

Isub(gi) = Z Isub,lac(gT(k;)—(wk,yk)) (518)

k€T (k)

Next, we can proceed to compute the leakage current of the whole chip as follows,

—

Ichz‘p(g) = Z Isub(g) + ]gate(g) (519)

The summation is done for each coefficient of global Hermite polynomials to obtain
the analytic expression of the final leakage currents in terms of 5 We can then obtain

the mean value, variance, PDF and CDF of the leakage current very easily. For
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instance, the mean value and variance for the full-chip leakage current are

Hehip = Lenipoth (5.20)
O-?hip = Z Ic2hip,15t +2 Z ICthp,an,typel
+ Z Ic2hip,2nd,typ52’ (5.21)

where Iopipan is the leakage coefficient for ¢th Hermite polynomial of second order

defined in (4.14).

5.4.4 Incremental leakage analysis

During the leakage-aware circuit optimizations, a few small changes might be made
to the circuit. But we do not want to compute the whole chip leakage from scratch
again. In this case, incremental analysis become necessary. In this section, we show
how this can be done in our look-up table based framework.

For brevity, we only consider the case where one gate is changed. However, the
proposed incremental approach can be easily extended to handle a number of gates.

Assume one gate located in the ith grid cell is changed (e.g. a jth type of gate is
replaced by a (j + 1)th type), resulting in:

new __ gold old new
chip — “chip = *tgrid—i + grid—i (522)

where I7j¢% and I3¢, denote the full-chip leakage currents after and before change,
respectively; and Igﬁ“ildﬂ- and 779, are the leakage currents in the ith grid cell before

and after change, respectively.
As defined in (5.15), ¢;; in gate mapping matrix represents the number of jth

kind of gate in the library located in the ith cell on a chip. Therefore, we can quickly
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generate the new gate mapping matrix G™ by updating only two elements in G°

gy = g —1,
new - gold 4 (5.23)
gz,]—f—l gz,j—‘,—l . .

In the incremental analysis processes, we can consider the updating part as a small
circuit, in which there is only one grid cell (the ith cell on chip) and only two types
of gates in the library (the jth and the (j 4+ 1)th). Then the updating gate mapping
matrix is

Gurdate — 1 1], (5.24)

and look-up tables in (5.14) using in the small circuit are only

ngdate = [Isub,j> Isub,j—i—l]
Cgpdate - [Igate,ja Igate,j—i—l]a (525)

where Ly j/(j+1)s Lgatej/(j+1) are the j/(j 4 1)th column in Cg and Cg, respectively.

Compared to the size of the whole chip, the small circuit is much simpler and
only contains a few terms. Therefore, updating the leakage distribution using (5.24)
and (5.25) is much cheaper than the full-blown chip leakage analysis. More details
on the incremental look-up table approach are not included in this paper due to the

limited number of pages.

5.4.5 Time complexity analysis

Considering statistical leakage analysis of a certain chip, for each grid cell, we need

to do a weighted sum up of m kinds of gates in this cell for every coefficient in the
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neighbor set(size k). For quadratic model with k variables, the number of coefficients
is about S ~ k?. So the time cost for this step is O(k* x m x N), where N is the
number of cells. For transferring the local coefficients to their global positions and
summing them up, the time cost is O(NV). Next, it takes O(N) to compute the full-
chip leakage current. Since k£ and m are very small constant numbers, as a result, the

time complexity of our approach becomes O(N).

5.4.6 Discussion of extension to statistical run-time leakage

estimation

The leakage current for each input combination we obtained in 3.2 can be the leakage
in stand-by mode (idle) as well as active mode (run-time), by choosing different
selections of input vectors.

For idle leakage analysis, we take the average of the leakage currents of all the
input combinations to arrive at analytic expression for each gate as in (5.26), in lieu
of the dominant states used in [9]. The reason for keeping all input states is that the
technology down-scaling narrows the gap between leakage under dominant states and
others. Only consider one state in leakage analysis will lead to large error compared

to the simulation results.

avg z :
[sub — Pi[sub,ia
i€all input states
avg
Igate - Z Pilgate,ia (526)

i€all input states

where F; is the probability of input state ¢ and Isu; and Iy is the subthreshold
leakage and gate leakage value at input state i, respectively.

On the other hand, run-time leakage might change when a new input vectors is
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applied. By choosing the input state at gate-level under certain input vector, the
final analytic expression for run-time leakage can be obtained. Notice that the size of
the look-up table of run-time leakage is larger than the one used in idle-time leakage
analysis. For run-time leakage, the analytic expressions of all input patterns cannot
be combined and have to be stored separately.

The proposed statistical characterization in SCL is fast enough to make run-time
leakage estimation under a series of input vectors possible. More details for statistical
run-time leakage analysis is given in the following part.

Here we present a forward-looking way to extend the proposed method to han-
dle run-time leakage current estimation. In traditional power analysis, leakage was
considered important only in the idle time. However, as technology scales down, the
growth of leakage power become significant even during run time for instance for
computing the maximum power bound [16].

Run-time leakage, however, is input-signal dependent and changes each time the
input signals change, which means it becomes time varying. As a result, the run-time
leakage analysis will take extremely long time as we need to perform the statistical
analysis for each input vector along the time domain. Fortunately, with the novel
statistical characterization in SCL and the incremental approach discussed in Sec-
tion 5.4.4, leakage analysis at each cycle is fast enough to make run-time leakage
estimation possible.

In the following, we show how to extend the proposed statistical leakage method
to handle the run-time leakage analysis. First, in the run-time leakage analysis, given
the initial input vector and initial state of each gate on a chip, the initial leakage
analysis can be done using the algorithm in Fig. 5.5. After that, every time the
input vector changes, the input states of some gates on the chip will be updated.

Instead of computing the chip-level leakage from the very beginning, the incremental
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technique discussed in Section 5.4.4 can be applied here to update the run-time leakage
information. The flow of proposed statistical analysis of run-time leakage is shown in

Fig 5.6.

SLA on given initial input vector and
input states of all gates on chip

A

Change in
input vector?

Yes

Update runtime leakage behavior
by incremental leakage analysis

Figure 5.6: Simulation flow for full-chip run-time leakage.

Also one notable difference is that the gate-level leakage analytical expressions
in (3.1) and (3.2) for all input states need to be stored for run-time leakage analysis
instead of the average value in (5.26) for idle-time leakage analysis.

Second, sometimes the maximum statistical run-time leakage estimation is re-
quired instead of such transient results of leakage. In fact, the maximum run-time
leakage of a circuit can be much greater than the minimum leakage (by a few orders
of magnitude [39]). Besides, the input vectors causing the maximum leakage current
highly depends on process variations due to the shrinking physical dimensions.

To obtain the maximum statistical run time leakage, we follow the work in [16],
which proposed a technique to accurately estimate the run-time maximum/minimum
leakage vector considering both cell functionalities and process variations. One can

first run the tool in [16] to obtain input vector giving the maximum leakage power

97



first. Then one can apply the proposed SCL tool to obtain the maximum/minimum
statistical leakage power under the input. The proposed statistical leakage character-
ization in SCL will work as long as the input vector is given.

We note that glitch events also have effect on run-time leakage power and the
ignoring glitching can cause an estimation error of approximately 5-20% depending
on circuit topology [39]. However, glitch has not been considered in any existing

statistical run-time leakage analysis works so far and will be investigated in the future.

5.4.7 Discussion about run-time leakage reduction technique

Run-time leakage reduction technology such as power gating [3] is widely applied
in design of mobile devices nowadays. Although the model of leakage power used
in this work is idle-time leakage, the proposed method can be extended to leakage
computation under the run-time scenario with leakage reduction.

By shutting off the idle blocks, power-gating is an effective technique for saving
leakage power. Following the run-time leakage model for power-gating in [27], the

variational part of full-chip leakage can be estimated as

Leak = (1=W) > 19, (5.27)

i€allgates

where W is the empirical switching factor. And from [80], the leakage of a gate 19
can be approximated into a single exponential function of its virtual ground voltage

(We)

[gate ~ [Ae*KgateVVG’ (528)

where K4 is the leakage reduction exponent, and I is zero-Vy ¢ leakage current.

Notice both the switching factor W in (5.27) and the leakage reduction exponent
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K,

gate 10 (5.28) are related only to the type of gates and not to a statistical factor.

Therefor, the proposed look-up table approach can work for both idle leakage and

run-time leakage with power-gating activities.

5.5 Experimental results

The proposed methods with and without using look-up table have been implemented
in Matlab 7.8.0. Since the leakage model for method in [82] has to be purely log-
normal (linear terms in exponent parts), we did not choose it for comparing purpose.
All the experimental results are carried out in a Linux system with quad Intel Xeon
CPUs with 2.99Ghz and 16GB memory.

The methods for full-chip statistical leakage analysis were tested on circuits in the
PDWorkshop91 benchmark set. The circuits were synthesized with Nangate Open
Cell Library [53] and the placement is from MCNC [41]. The technology parameters
come from the 45nm FreePDK Base Kit and PTM models [59].

Table 5.1: Summary of test cases used in this chapter.

Circuit | Gate # | Area/um? Testcase | dpaz/pm | de/pm | Grid 4
SCO 125 1459x1350 Case 1 2190 730 2%2
Case 2 1095 365 4x4
SC1 1888 4892x4874 Case 3 1896 612 8x8
Case 4 918 328 16x16
SC2 6417 | 10092x10466 | Case 5 984 328 32x31
Case 6 482 164 64 x64
VLSI 2e6 SC2 x 256 Case 7 6301 2144 | 112x112

According to [1], L and T, for high performance logic in 45nm technology will be
18nm and 1.8nm, respectively. And the physical variation should be controlled within

+/-12%. So the 30 values of variations for L and T, were set to 12% of the nominal
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values, of which inter-die variations constitute 20% and intra-die variations, 80%. L
is modeled as sum of spatial correlated sources of variations, and T, is modeled as
an independent source of variation. The same framework can be easily extended to
include other parameters of variations. Both L and 7T,, are modeled as Gaussian
parameters. For the correlated L, the spatial correlation is modeled based on (3.11),
and the partition adopts Fig. 5.1. The test cases are given in Table 5.1 (all length
units in pm), where test case “VLSI” is generated from duplicating SC2 as unit block
to 16x16 array.

For comparison purposes, we performed Monte Carlo (MC) simulations with
50,000 runs using (3.1) and (3.2), the method in [9] (only consider spatial correlation

of neighbor grid cells) and the proposed approaches on the benchmarks.

5.5.1 Accuracy and CPU time

The results of the comparison of mean value and standard deviations of full-chip
leakage current are shown in Table 5.2, where New is the proposed method. The
average errors for mean and standard variance (o) values of the new technique are
4.52% and 3.92%, respectively. While for the method in [9], the average errors for
mean value and o are 4.12% and 3.83%, respectively. Table 5.2, shows these two
algorithms have almost the same accuracy and our method can handle both strong
and weak spatial correlations by adjusting grid size. For very large circuit such as
Case7 Monte Carlo and method in [9] run out of memory but the proposed method
still works.

Table 5.3 compares the CPU times of MC, method in [9], proposed method(New),
and proposed method using statistical leakage characterization in SCL (shorted as

LUT). This table shows the new method, New, is much faster than the method in [9]
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Table 5.2: Accuracy comparison of different methods based on Monte Carlo.

Test Grid Mean Value (uA) Errors (%)
Case # MC | Method [9] | New | Method [9] | New
Casel 2 x 2 3.311 3.105 3.169 -6.20 -4.28
Case2 4 x4 3.310 3.105 3.169 -6.20 -4.28
Case3 8 x 8 30.04 28.88 30.46 -3.85 -1.38
Cased | 16 x 16 | 30.04 28.88 30.46 -3.85 -1.38
Caseb | 32 x 32 |191.6 179.0 182.7 -6.59 -4.65
Case6 | 64 x 64 | 191.6 179.0 182.7 -6.59 -4.65
Case7 | 112 x 112 | - 2.6e4 - -
Test Grid Standard Deviation (uA) Errors (%)
Case # MC | Method [9] | New | Method [9] | New
Casel 2 x 2 0.904 0.837 0.861 -7.40 -4.69
Case2 4 x4 0.594 0.547 0.548 -7.91 -7.74
Case3 8 x 8 5.713 5.494 0.417 -3.83 -5.18
Cased | 16 x 16 | 5.307 5.400 5.067 1.75 -4.52
Caseb | 32 x 32 | 33.87 31.83 32.25 -6.02 -4.78
Case6 | 64 x 64 | 33.20 30.27 29.34 -8.83 -11.63
Case7 | 112 x 112 | - 4.1e3 - -

and MC simulation. On average, the proposed algorithm has about 113X speedup
over [9] and many order of magnitudes over the MC method. And the speed of our
approach is not affected by the total number of grid cells. If the spatial correlation is
strong, which means d,,,, is large, d. can be increased at the same time without loss
of accuracy. So the number of neighbor grid cells in 7'(¢) will still be much smaller
than the number of gates. The new method will be efficient and linear under both
cases. Table 5.3 also shows proposed method can gain further speed up with look-up

table technique using statistical leakage characterization in SCL.

5.5.2 Incremental analysis

For comparison purpose, one gate in each benchmark circuit is changed, and the pro-

posed incremental algorithm is applied to update the leakage value locally. Table 5.4

101



Table 5.3: CPU time comparison.

Test Case | MC | Method in [9] | New | LUT
Casel 83.14 2.96 0.10 | 0.023
Case2 87.09 13.16 0.14 | 0.036
Case3 828.42 26.24 0.86 | 0.033
Cased 869.12 74.50 0.87 | 0.609
Caseb 7532.77 117.77 8.65 | 1.005
Caseb 7873.54 490.84 10.67 | 7.191
Case7 - - 2598 | 3.7313

shows the computational cost of the incremental analysis and the speedup over four
different leakage analysis methods in Table 5.3. Compared with the look-up table ap-
proach (the fifth column in Table 5.3), the incremental analysis achieves 13 — 3.1e4X
speedup. As discussed in Section 5.4.4, the mini-circuit for updating only contains a
small constant number of terms. Therefore, when the problem size increases further,

we expect the incremental analysis could achieve more speedup over the full leakage

analysis.

Table 5.4: Incremental leakage analysis cost.

Test Cost time(s) Speedup over
Case | Incremental LUT | MC | [9] | New | LUT
Casel 3.78e-4 2.2eb | 2.7ed | 265 53
Case2 1.53e-4 5.7e5 | 8.1ed | 915 157
Case3 0.0026 3.2e5 | 3.7e4 | 331 13
Cased 1.12e-4 7.8e6 | 6.7e5 | 7768 | 407
Caseb 0.0095 7.9e5 | 1.1e5 | 911 16
Caseb 2.77e-4 2.8e7 | 6.1e6 | 3.9¢e4 | 3.1e4
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5.6 Summary

In this chapter, we have presented problem of statistical leakage analysis under process
variations and spatial correlations. We then briefly discussed the existing approaches.
Then we presented two statistical leakage analysis methods: the stochastic spectral
based method with variable reduction techniques and the virtual grid based approach.

We have presented a linear algorithm for full-chip statistical analysis of leakage
currents in the presence of any condition of spatial correlation (strong or weak). The
new algorithm adopts a set of uncorrelated virtual variables over grid cells to represent
the original physical random variables with spatial correlation and the size of grid
cell is determined by the correlation length. As a result, each physical variable is
always represented by virtual variables in local neighbor set. Furthermore, a look-up
table is used to cache the statistical leakage information of each type of gate in the
library to avoid computing leakage for each gate instance. As a result, the full-chip
leakage can be calculated with O(NV) time complexity, where N is the number of
grid cells on chip. The new method maintains the linear complexity from strong to
weak spatial correlation and has no limitation of leakage current model or variation
model. This work also offers an incremental analysis capability to update the leakage
distribution more efficiently when local changes to a circuit are made. Experimental
results show the proposed method is about 1000X faster than the recently proposed
method [9] with similar accuracy and many orders of magnitude times over the Monte
Carlo method. Numerical results shows the proposed incremental analysis can further

achieve significant speedup over the full leakage analysis.
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Chapter 6

Statistical Capacitance Modeling

and Extraction

6.1 Introduction

It is well accepted that the process-induced variability has huge impacts on the circuit
performance in the sub-100nm VLSI technologies [51, 50]. The variational consider-
ation of process has to be assessed in various VLSI design steps to ensure robust
circuit design. Process variations consist of both systematic ones, which depend on
patterns and other process parameters, and random ones, which have to be dealt
with using stochastic approaches. Efficient capacitance extraction approaches by us-
ing the boundary element method (BEM) such as the fastCap [47], HiCap [66] and
PHiCap [81] have been proposed in the past. To consider the variation impacts on
the interconnects, one has to consider the RLC extraction processes of the three-
dimensional structures modeling the interconnect conductors. In this chapter, we
investigate the geometry variational impacts on the extracted capacitance.

Statistical extraction of capacitance considering process variations has been stud-
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ied recently and several approaches have been proposed [34, 86, 28, 87, 85] under
different variational models. Method in [34], uses analytical formulae to consider the
variations in capacitance extraction and it has only first-order accuracy. The Fast-
Sies program considers the rough surface effects of the interconnect conductors[87].
It assumes only Gaussian distributions and has high computational costs. Method
in [28] combines the hierarchical extraction and principle factor analysis to solve the
capacitance statistical extraction.

Recently, a spectral stochastic collocation based capacitance extraction method
was proposed [86, 84]. This approach is based on the Hermite orthogonal polynomial
representation of the variational capacitance. It applies the numerical quadrature
(collocation) method to compute the coefficients of the extracted capacitances in the
Hermite polynomial form where the capacitance extraction processes (by solving the
potential coefficient matrices) are performed many times (sampling). One of the
major problems with this method is that many redundant operations are carried
out (such as the set up of potential coefficient matrices for each sampling, which
corresponds to solve one particular extraction problem). For the second-order Hermite
polynomials, the number of samplings is O(m?), where m is the number of variables.
So if m is large, the approach will lose it efficiency compared to the Monte Carlo
method.

In this chapter, instead of using the numerical quadrature method, we use a
different spectral stochastic method, where the Galerkin scheme is used. Galerkin-
based spectral stochastic method has been applied for statistical interconnect mod-
eling [74, 15] and on-chip power grid analysis considering process variations in the
past [44, 42, 43]. The new method, called statCap, first transforms the original
stochastic potential coefficient equations into a deterministic and larger one (via the

Galerkin method) and then solves it using an iterative method. It avoids the less
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efficient sampling process in the existing collocation-based extraction approach. As
a result, the potential coefficient equations and the corresponding augmented system
only need to be set up once versus many times in the collocation based sampling
method. This can lead to a significant saving in CPU time. Also the augmented po-
tential coefficient system is sparse, symmetric and low-rank, which is further exploited
by an iterative solver to gain further speedup. To consider second order effects, we
derive the closed-form orthogonal polynomials for the capacitance integral equations
directly in terms of variational variables without the loss of speed compared with the
linear model. Experimental results show that the proposed method based on the first
order and second order effects can deliver two orders of magnitude speedup over the
collocation based spectral stochastic method and many orders of magnitude over the
Monte Carlo method.

The main contributions of the this chapter are as follows:

1. Proposing the Galerkin-based spectral stochastic method to solve the statistical
capacitance extraction problem where Galerkin scheme (versus the collocation

method) is used to compute the coefficients of capacitances;

2. Deriving the closed-form coefficients hermite polynomial for potential coefficient

matrices in both first order and second order forms

3. Studying the augmented matrix properties and showing that augmented matrix

is still quite sparse, low rank and symmetric;

4. Solving the augmented systems by Minimum Residue Conjugate Gradient method
[56] to take advantage of the sparsity, low rank and symmetric properties of the

augmented matrices;

5. Comparing with the existing statistical capacitance extraction method based
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on the spectral stochastic collocation approach [86] and Monte-Carlo method

and showing the superiority of the proposed method.

We remark that we have put less emphasis on the acceleration techniques during
the extraction processes such as the multiple-pole scheme [47], the hierarchical meth-
ods [66, 81], using the more sophisticated iterative solvers such as general minimal
residue (GMRES) [61], which actually are the key components of those methods. The
reason is that this is not the focus area where our major contributions are made. We
believe those existing acceleration techniques can significantly speedup the proposed
method as they did for the deterministic problem. This is especially the case for the
hierarchical approach [66], the number of panels (thus the random variables) can be
considerably reduced and the interaction between panels are constant. These are the

areas for our future investigations.

6.2 Problem formulation

For m conductors system, the capacitance extraction problem based on the Boundary

Element Method (BEM) formulation is to solve the following integral equation [48]:
1 — —
————p(z;)da; = v(r;) (6.1)
S| x— x|

where ,o(x_;) is the charge distribution on the surface at conductor j, v(z;) is the

potential at conductor ¢ and P—lﬂ is the free space Green function '. da; is the
Ti—T;j

surface area on the surface S of conductor j. x_; and :E; are point vectors. To solve for

capacitances from one conductor to the rest of others, we set the conductor’s potential

to be one and all other m — 1 conductors’ potential to be zero. The resulting charges

Note that the scale factor 1/(47eg) can be ignored here to simplify the notation and is used in
the implementation to give results in units of farads.
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computed are capacitances. BEM method divides the surfaces into N small panels
and assume uniform charge distribution on each panel, which transforms (6.1) into a
linear algebraic equation

Pg=v (6.2)

where P € RV*¥ is the potential coefficient matrix, ¢ is the charge on panels, v is the
pre-set potential on each panel. By solving above linear equation, we can obtain all
the panel charges (thus capacitance values). In potential coefficient matrix P, each
element is defined as

S

1
Py = [ G, (63)
J J55

where G(x_z,;j) = =

|z~

is the Green function of point source at :E; S; is the surface
of panel j and s; is the area of panel j.

Process variations introducing conductor geometry variations are reflected on the
fact that the size of panel and distances between panels become random variables.
Here we assume the panel is still a two-dimensional surface. These variations will
make each element in capacitance matrix follow some kinds of random distributions.
The problem we need to solve now is to derive this random distribution and then to
effectively compute the mean and variance of involved capacitance given geometry
randomness parameters.

In this chapter, we follow the variational model introduced in [28], where each
point in panel ¢ is disturbed by a vector An; that has the same direction as the

normal direction of panel i.

7, =1, +An (6.4)

where the length of the An; follows Gaussian distribution |An;| ~ N(0,0?). If the

value is negative, it means the direction of the perturbation is reversed. The cor-
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relation between random perturbation on each panel is governed by the empirical

formulation such as the exponential model [88]
() =e (6.5)

where 7 is the distance between two panel centers and 7 is the correlation length.
The most straightforward method is to use Monte Carlo (MC) simulation to ob-

tain distributions, mean values and variances of all those capacitances. But the MC

method will be extremely time consuming as each sample run requires the formulation

of the changed potential coefficient matrix P.

6.3 Review of spectral stochastic method

In this section, we briefly explain how to compute coefficients, the mean and variance
from Hermite PCs using spectral stochastic or orthogonal polynomial chaos (PC)
based stochastic analysis method in 2.2.2.

In case that ¢(£) in (6.2) is unknown random variable vector (with normal distri-

bution), then potential coefficient equation become

P(§)q(§) =v (6.6)

Where both P(§) and ¢(§) are in Hermite PC form. Then the coefficients can be
computed by using Galerkin method. The principle of orthogonality states that the

best approximation of v(§) is obtained when the error, A(§), defined as

A(§) = P(&)q(&) — v (6.7)
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is orthogonal to the approximation. That is

< A€), Hy(6) >=0,k=0,1,..., P, (6.8)

where H(§) are Hermite polynomials. In this way, we have transformed the stochastic
analysis process into a deterministic form, whereas we only need to compute the
corresponding coefficients of the Hermite PC.

For the illustration purpose, considering two Gaussian variable & = [£1,&], we
assume that the charge vector in panels can be written as a second order (p = 2)

Hermite PC, we have

&) = q+qé+ @i +aE—1)+

(& — 1) + g5(&1&). (6.9)

which will be solved by using augmented potential coefficient matrices to be discussed
in Section 6.4. Once the Hermite PC of ¢(¢) is known, the mean and variance of ¢(&)
can be evaluated trivially. Given an example, for one random variable, the mean and

variance are calculated as:

E(q€) =
Var(q(€)) = ¢Var(€)+¢Var(E® —1)
= q%—|—2q§, (610)

In consideration of correlations among random variables, we apply principal compo-
nent analysis (PCA) to transform the correlated variables into a set of independent

variables.
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6.4 New orthogonal polynomial based extraction

method: StatCap

In this section, we present our new spectral stochastic method based method, StatCap,
which uses the orthogonal polynomials to represent random variables starting from
the geometry parameters.

In our new method, we first represent the variation potential matrix P into a
first-order form using Taylor expansion. We then extend our method to handle the

second-order variations in the Section 6.5.

6.4.1 Expansion of potential coefficient matrix

Specifically, each element in the potential coefficient matrix P can be expressed as:

1

Py = —/ G(x;, z;)day (6.11)
Sj Js;

where G(z;, ;) is the free space Green function define in (6.3).

Notice that if panel i and panel j are far away (their distance is much larger than

the panel area), we can have the following approximation [28]:
Py~ G(ry, 1)) i#j (6.12)

Suppose variation of panel i can be written as An; = i ﬁ; where T_LZ is the unit normal
vector of panel ¢ and 7 is the scalar variation. Then take Taylor expansion on the

Green function,

1
G(z; +Ang, z; +An;) = ——— (6.13)
‘ r; — .I'j +A7”LZ — A?’LJ|
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1 1
=—— +V—-75(An; — An;) + O((An; — Anj)2) (6.14)
| o= [ @ —

From free space Green function, we have

N 1 1 T
V(1) =V——— = V— = — (6.15)
| 2 — x| |r| [
r=x; — x; (6.16)

Now we first ignore the second-order terms to make the variation in the linear

form. As a result, the potential coefficient matrix P can be written as

P =~ PO + P1 =
G(z) +Any, 1 +Any) ... G(zy +Any, 2, +Any,)
G(zy +Ang, 21 +Any) ... G(xy +Any, z,, +An,,) (6.17)
G(zy +Any, 2y +Any) ... G(x, +An,, T, +An,)
where
Py =
Gan, 1) G(on,x2) ... Gz, 2,)
P =
0 . VG(z1,2) - (An, — Any)

— =

VG(23,71) - (Any — Any).. VG(x3,2) - (An, — Any)

— =

VG(xn,21) - (Ang — Anyg). .. 0
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We can further write the P; as the following form:

Pb=Vi-N,-Ji—J,-N,- W (6.18)
le
0  VG(ahza) ...  VG(ry,a,)
VG(zy,z1) 0 . VG(7y, )
VG(tp,21) ... VG(zn,r,1) 0
ny 0
0 ns
Ny =
0 T,
5711 0
0 5%2
Vlz
0 ... on,

where J; and Nj are vector matrices and V) is a diagonal matrix.
To deal with spatial correlation, P, can be further expressed as a linear combina-

tion of the dominate and independent variables

£=161,6,..., )] (6.19)

through the principal component analysis (PCA) operation. As a result, V; can be
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further expressed as

Zle alifi 0
0 Yob a9k

(6.20)
0 S ané
Finally we can represent the P, as
where
Pli:Ai'Nl'Jl_Jl'Nl'Ai (622)
and
a4 0 0
0 ag; ... 0
0 0 ay

6.4.2 Formulation of the augmented system

Once the potential coefficient matrix is represented in the affine form as shown in

(6.21), we are ready to solve for the coefficients P;; by using the Galerkin method,

which will result in a larger system with augmented matrices and variables.
Specifically, for p independent Gaussian random variables

€ =[&,..., &), there are K = 2p+p(p—1)/2 first and second-order Hermite polynomi-

als. H;(§)i=1,..., K represents each Hermite polynomial and Hy =&, ..., H, = &,.
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So for the vector of variational potential variables ¢(§), it can be written as:

q(&) = qo + Z q: H;(€) (6.24)

where each ¢; is a vector associated with one polynomial. So the random linear

equation can be written as:

P K
Pq= (P + ZPM'Hz’)(CJO + Z%’Hi) =0 (6.25)
i=1 i=1

Expanding the equation and performing inner product with H; on both sides, we can

derive new linear system equations:

Wo®@Py+ > Wi@Py)Q=V (6.26)

i=1

where ® is the tensor product and

do v
q1 0
Q= ; V= (6.27)
qK 0
andW, =
< H;HyHy > < H;HyH, > - < H;HoHg >
< H;H{Hy > < H;H{H{ > < H;H Hg >
(6.28)
< H;HH,, >
< H,HxkHy >< HiHKkHy, > < H;HixHg >

where < H;H;H,, > represents the inner product of three Hermite polynomial H;,

H;, H,,. The matrix (Wy ® Py + > 7 | W; ® Py;) in (6.26) is called the augmented
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potential coefficient matrix. Since H; are at most second order polynomials, we can
quickly calculate every element in W; with a lookup table for any number of random
variables.

We remark that matrices W; are very sparse due to the nature of the inner prod-
uct. As a result, their tensor products with Pj; will also lead to the very sparse
augmented matrix in (6.26). As a result, we have the following observations regard-

ing the structure of the W; and the augmented matrix.
1. Observation 1: W is a diagonal matrix.
2. Observation 2: For W; matrices, i # 0, all the diagonal elements are zero.

3. Observation 3: All W; are symmetric and the resulting augmented matrix Wy ®

Py+ 3" W; ® Py is also symmetric.

4. Observation 4: If one element at position (I, m) in W; is not zero, i.e. W;(l,m) #
0, then elements at the same position (I,m) of W;, j # i, must be zero. In

other words,

Wi(l,m)-W;(l,m) =0 when i # j

Vij=1,....,pand Im=1,.... K

Such sparse property can help save the memory significantly as we do not need to
actually perform the tensor product as shown in (6.26). Instead, we can add all W;
together and expand each element in the resulting matrix by some specific P;; during
the solving process, as there is no overlap among W; for any element position.

As the original potential coefficient matrix is quite sparse, low rank, the augmented

matrix is also low rank. As a result, the sparsity, low rank and symmetric properties
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can be exploited by iterative solvers to speed up the extraction process as shown in
the experimental results. In our implementation, the Minimum Residue Conjugate

Gradient method [56] is used as the solver since the augmented system is symmetric.

6.5 Second-order StatCap

In this section, we extend StatCap to consider second order perturbations. We show
the derivation of the coefficient matrix element in second-order orthogonal polynomial
from the geometric variables. As a result, the second order potential coefficient matrix
can be computed very quickly. In our second-order StatCap, we consider both of the

far field and near field cases when (6.11) is approximated.

6.5.1 Derivation of analytic second-order potential coefficient

matrix

Each element in the potential coefficient matrix P can be expressed as

P = xl, xj )da;da;
sls]

— | G(z;, xj )da; (6.29)
S]

Q

1
— | G(z;, x] )da; (6.30)
Si

Q

where G(z;, x_;) is the free space Green function defined in (6.3).
We assume the same definitions for An;, on; and T_LZ as in Section 6.4. If we consider

both first-order and second-order terms, we have the following Taylor expansion on
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IR
Pij(An;, An;)
— Pi,j,O + VPZJ . A?’LZ + VPZ] . A?’Lj

+An;TNV? P An; + An;TV? P An,
(6.31)

apz] 5

~ (¥
~ w0+aAn5 +3

1] 17 2 8 PZ]
+8A 50n;” + 8A + 2580, A, 010N,

And to deal with the spatial correlation, An; can be further expressed as a linear
combination of the dominate and independent variables in (6.19) through the PCA

operation. As a result,

where a;, is defined in (6.20). After that, P will be represented by a linear combina-

tion of Hermite polynomials

p p
= B +ZP1L§L+ZP2L(5L -
L=1 L=1

Li#Lo

+ Z Z P2L1,L2€L1§L2 (633)
L1 Lo

where Py, is the coefficient corresponding to the first type of second order Hermite
polynomial, {2 — 1; and Pyy, 7, means the coefficient corresponding to the second
type of second order Hermite polynomial, £7,&r, (L1 # Lg).

So for each element P;; in P, the coefficients of orthogonal polynomials can be

computed as follows,
0P, OP;;

J
LD AN,

Pz'j,lL = aiLW

(6.34)
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, 0Py, &P,

Pijar = ajp OAn,? T4 OAn,?
O?P..

20;1,0;, 57— — 6.35
+2a LajLaAnjAni ( )

0Py 2P

Pijory Ly = 20i0, GiLy 5 + 2051, 0j0, 77—

’ OAn;? TR O AR

0*P;;

+2(CL1‘L1(1]'L2 + aiLQCLle)m (6.36)

Hence we need to compute analytic expressions for the partial derivatives of F;;
to obtain the coefficients of Hermite polynomials. The details of the derivations
for computing the derivatives used in (6.34), (6.36) and (6.36) can be found in the

appendix section.

6.5.2 Formulation of the augmented system

Similarly as Section 6.4, once the potential coefficient matrix is represented in the
affine form as shown in (6.33), we are ready to solve the coefficients Py, P»y, and
Py1, 1, by using the Galerkin method.

In this case, P in (6.33) now is rewritten as

p K
P=Py+> PuHi+ > PyuH, (6.37)

i=1 i=p+1

So after considering the first-order and second-order Hermite polynomials in P, the

random linear equation can be written as:

p K K
Pq= (PO+ZP11‘HZ'+ Z P2in‘)(QO+ZqZ~HZ~) = (6.38)
i=1

i=1 i=p+1
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Expanding the equation and performing inner product with H; on both sides, we can

derive a new linear system:

K
(W0®Po+im®Pu+ZWi®P2i)Q:V (6.39)
i=1 i=p+1
where ® is the tensor product and @ and V' is the same as in (6.27). and W; has the
same definition as in (6.28).

Again, the matrix in the right-hand side of (6.39) is the augmented potential
coefficient matrix for the second-order StatCap. Since H; are at most second order
polynomials, we can still use lookup table to calculate every element in W; for any
number of random variables.

Now we study the properties of augmented potential coefficient matrix. We review
the features and observations we made for the first-order StatCap.

For W;, which is a K x K matrix, where K = p(p + 3)/2, the number of nonzero
elements in W, is showed in Table 6.1. From Table 6.1, we can see that matrices W;
for i =1,..., K are still very sparse. As a result, their tensor products with P;; and
Py; will still give rise to the sparse augmented matrix in (6.39).

For the four observations in Section 6.4 regarding the the structure of W;,i =
p+1,..., K and the augmented matrix, we find that all the observations are still
valid except for Observation 2. As a result, all the efficient implementation and
solving techniques mentioned at the end of the Section 6.4 can be applied to the

second order method.

Table 6.1: Number of non-zero element in W,

1=01<1<p|p+1<i<2p|2p+1<1<K
# non-zero | K 2p+2 p+3 2p+4
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6.6 Experimental results

In this section, we compare the results of the proposed first-order and second-order
statCap methods against the Monte Carlo method and the SSCM method [86], which
is based on the spectral stochastic collocation method. The proposed statCap meth-
ods have been implemented in Matlab 7.4.0. We use Minimum Residue Conjugate
Gradient method as the iterative solver. We also implement the SSCM method in
Matlab using the sparse grid package [32, 31]. We do not use any hierarchical algo-
rithm to accelerate the calculation of the potential coefficient matrix for both statCap
and SSCM. Instead, we use analytic formula in [76] to compute the potential coeffi-
cient matrices.

All the experimental results are carried out in a Linux system with Intel Quadcore
Xeon CPUs with 2.99Ghz and 16GB memory.

We test our algorithm on six testing cases. The more specific running parameters
for each testing cases are summarized in Table 6.2. In Table 6.2, p is the number
of dominate and independent random variables we get through PCA operation, and
MC# means the times we run Monte Carlo method. The 2 x 2 bus are shown in
Fig. 6.1, and three-layer metal plane capacitance is shown in Fig. 6.2. In all the
experiments, we set standard deviation as 10% of the wire width and the 7, the

correlation length, as 200% of the wire width.

Table 6.2: The test cases and the parameters setting

1x1 bus | 2x2 bus | 3-layer | 3x3 bus | 4x4 bus | 5x5 bus
Panel # 28 352 75 720 1216 4140
p 10 15 8 21 28 35
MC # 10000 6000 6000 6000 6000 6000

First, we compare the CPU times of the four methods. The results are shown

in Table 6.3. In the table, StatCap(1st/2nd) refer to the proposed first and second
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Figure 6.1: A 2 x 2 bus

Figure 6.2: 3-layer metal planes
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order methods respectively. SP(X) means the speed up of the first-order StatCap

comparing with Monte Carlo or SSCM. All the capacitances are in pico-farad.

Table 6.3: CPU runtime (in seconds) comparison among MC, SSCM and Stat-

Cap(1st/2nd)
1 % 1 bus, MC(10000)
MC SSCM | StatCap(1st) | StatCap(2nd) | SP(MC) | SP(SSCM)
2764s 49.35s 1.55s 3.59s 1783 32
2 x 2 bus, MC(6000)
MC SSCM | StatCap(1st) | StatCap(2nd) | SP(MC) | SP(SSCM)
63059s 2315s 122s 190s 017 19
3-layer metal plane, MC(6000)
MC SSCM | StatCap(1st) | StatCap(2nd) | SP(MC) | SP(SSCM)
16437s 387s 4.11s 6.67s 3999 94
3 x 3 bus, MC(6000)
MC SSCM | StatCap(1st) | StatCap(2nd) | SP(MC) | SP(SSCM)
2.2 x 10°s 7860s 408s 857s 534 19
4 x 4 bus, MC(6000)
MC SSCM | StatCap(1st) | StatCap(2nd) | SP(MC) | SP(SSCM)
—* 3.62 x 10* 1573s 6855s 260 23
5 x 5 bus, MC(6000)
MC SSCM | StatCap(1st) | StatCap(2nd) | SP(MC) | SP(SSCM)
—* - 1.7 x 10* 6.0 x 10%s - -

* — out of memory

It can be seen that both the first and second order StatCap are much faster than
both SSCM and the Monte Carlo method. And for large testing cases, such as the 5x5
bus case, Monte Carlo and SSCM will run out of memory, but StatCap still work well.
For all the cases, StatCap can deliver about two-orders of magnitude speedup over
the SSCM and three orders of magnitude speedup over Monte Carlo method. Notice
that both SSCM and StatCap use the same random variables after PCA reduction.

We notice that both Monte Carlo and SSCM need to compute the potential coef-
ficient matrices each time the geometry changes. This computation can be significant

compared to the CPU time of solving potential coefficient equations. This is one of the
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reasons that SSCM and MC are much slower than StatCap, in which the augmented
system only needs to be setup once.

Also SSCM uses the sparse grid scheme to reduce the collocation points in order
to derive the orthogonal polynomial coefficients. But the number of collocation points
are still in the order of O(m?) for the second-order Hermit polynomials, where m is the
number of variables. Thus it requires O(m?) solutions for the different geometries.
In our algorithm, we also consider the second-order Hermit polynomials. But we
only need to solve the augmented system once. The solving process can be further
improved by using some advanced solver or acceleration techniques.

Next, we perform the accuracy comparison. The statistics for 1 x 1 bus case from
the four algorithms are summarized in Table 6.4 and Table 6.5 for the mean value
and standard deviation respectively. The parameter settings for each case is listed in

Table 6.2. We make sure that SSCM, the first-order and The second-order StatCap

use the same number of random variables after the PCA operations.

Table 6.4: Capacitance mean value comparison for the 1 x 1 bus

MC | SSCM | StatCap(1st) | StatCap(2nd)
C11 | 135.92 | 135.90 136.58 136.21
C12 | -57.11 | -57.01 -57.49 -07.27
C21 | -57.11 | -57.02 -57.49 -07.27
(22| 135.94 | 135.69 136.58 136.21

Table 6.5: Capacitance standard deviation comparison for the 1 x 1 bus
MC | SSCM | StatCap(1st) | StatCap(2nd)
Cl11 | 242 | 2.49 3.13 2.63
Cl2 | 1.71 | 1.74 2.02 1.86
C21 | 172 1.71 2.02 1.86
C22 | 251 | 2.52 3.19 2.63
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From these two tables, we can see that first-order StatCap, second-order StatCap
and SSCM give the similar results for both mean value and standard deviation com-
pared with the MC method. For all the other cases, the times we carry out Monte
Carlo simulations are as shown in Table 6.3, and the similar experimental results can
be obtained. The maximum errors and average errors of mean value and standard
deviation for all the testing cases are shown in Table 6.6 and Table 6.7. Compare to
the Monte Carlo method, the accuracy of the second-order StatCap is better than the
first-order StatCap method, while from Table 6.3, the speed of second-order StatCap
keeps in the same order as first-order StatCap, and is still much faster than SSCM

and Monte Carlo.

6.7 Additional notes

In this appendix section, we detail the derivations for computing derivatives in (6.34),
(6.36) and (6.36).

First, we consider the scenario where panel i and panel j are far away (their
distance is much larger than the panel area). In this case, the approximations in
(6.12) and (6.13) are still valid. From free space Green function, we have (6.15)
and (6.16) for the first-order Hermite polynomails and we have the following for the

second-order Hermite polynomails:

1

Py = —S——=— (6.40)
| @i — ;|
P.. T

or;, _ _rm (6.41)

OP,. T on
L (6.42)

O0An; |7
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Table 6.6: Error comparison of capacitance mean values among SSCM, and Stat-

Cap(1st and 2nd order)

1 x 1 bus, MC(10000) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err | 0.19% 0.67% 0.28%
Avg err | 0.14% 0.57% 0.24%
2 x 2 bus, MC(6000) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err | 0.32% 0.49% 1.19%
Avg err | 0.15% 0.24% 0.89%
3-layer metal plane, MC(6000) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err | 0.30% 1.84% 0.81%
Avg err | 0.14% 0.90% 0.58%
3 x 3 bus, MC(6000) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err | 0.33% 0.81% 0.43%
Avg err | 0.11% 0.58% 0.11%
4 x 4 bus, SSCM as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err 0 0.76% 0.35%
Avg err 0 0.40% 0.09%
5 x 5 bus, StatCap(2nd) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err — 0.59% 0
Avg err - 0.28% 0
9° P, 3(7 -m)? 1
0An2 T B |7
Py _ 3(rm)® 1 (6.44)
0An;? |7 |5 |7 |3 '
PPy =3 -m)(r - m) 6.5
OAn;An; | T E (6.45)

Second, we consider the scenario

where panel ¢+ and panel j are near each other

(their distance is comparable with the panel area). In this case, the approximation
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Table 6.7: Error comparison of capacitance standard deviations among SSCM, and
StatCap(1st and 2nd order)

1 x 1 bus, MC(10000) as standard

SSCM | StatCap(1st) | StatCap(2nd)
Max err | 2.48% 29.34% 8.77%
Avg err | 2.29% 23.38% 7.91%
2 x 2 bus, MC(6000) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err | 14.28% 12.98% 25.99%
Avg err | 6.11% 8.51% 6.04%
3-layer metal plane, MC(6000) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err | 8.35% 16.26% 2.38%
Avg err | 3.37% 5.06% 0.86%
3 x 3 bus, MC(6000) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err | 23.32% 21.39% 11.75%
Avg err | 3.33% 10.35% 4.38%
4 x 4 bus, SSCM as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err 0 25.7% 6.68%
Avg err 0 16.1% 3.89%
5 x 5 bus, StatCap(2nd) as standard
SSCM | StatCap(1st) | StatCap(2nd)
Max err — 17.5% 0
Avg err - 7.92% 0

in (6.12) is no longer accurate and we must consider the general form in (6.29) and

(6.30).

Since panel ¢ panel j are perpendicular to An;/An;, for
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(6.29), we have

oP;;
8Anj

9P,
8Anj2

(xia ‘/L‘j)da]'

8Anj

Q

1 d
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8Anj
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; 8Anj
= —/ 3daj
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1

1
= da;
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(6.46)

fs xl,xj )da;

0An;?

1

= a

5j ij |z — 254+ An;—Anj|
|ml—m]+Anz An]|d
0An;?

8An]2
3 2 1
-~ (T n]) _ — da]
sils, (R [RPp

3(?.@)2/ da; _l/ da;
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(6.47)
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Similarly, with (6.30), we can further obtain

op; 0% [ Glai, ;)da;

OAn; OAn;
— 7 1
— v dai 648
L & (6.48)

82Pz] - 82 1 fS .I'Z,lll'J dal
OAn2 BINCE
PASAY da: 1 da:
_ 30 m) / a 1 i (6.49)
Sz

s SR s

. 82 P;; . . .
While for 51—~ we need to further consider two cases. First, when panel ¢ and
J i

panel j are in parallel, we have

PP; PP, PP

= =— 6.50
8Ani2 8Anj2 8AnjAnZ ( )
Second, we consider panel ¢ and panel j are not in parallel. Then we arrive
PPy Opak
3AnJAnZ B 8Anj
a T nZ fS = 1|3dal)

- 8Anj

N (6.51)

n S; 8Anj ’

Assume the conductors are rectangular geometries. Then two panels should be either
in parallel or perpendicular. Since panel ¢ and panel j are not parallel, these two
panels will be perpendicular.

Without loss of generality, we assume that panel 7 is in parallel with xz-plane,

panel j is in parallel with yz-plane. Then easily to see, ny= (0,1,0) and ﬁ;: (1,0,0).
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Let ug, k,0 € {0,1} denote the four corners of panel i, with (z,y;, z;) being the
Cartesian cooridinates of corner uy;, and the center of gravity is (z;,y;, 2;). Let tx,
k,l € {0,1} denote the four corners of panel j, with (x;,y;x, zj1) being the Cartesian
cooridinates of corner ¢, and the center of gravity is (z;, y;, z;)-

After that, (6.51) can be further deduced to

il [Zil dxdz
82Pij B — Y fxz sz |7 ‘3
8AnjAni S; Ox;
O [T % ([#1 dz Yo
Y~ Y fxiO—’Ij (fZiO ‘77‘3)

S; Oxj

_yj—yi(/m dz _/ &
T AT

r

B Y — i 1 k+l+1(zil . zj)
- ZZ( ((wir — 2;)* + (¥ — y5)?)

5 k=0 1=0

1

\/(xm — )2+ (yi —y;)2 + (20 — zj)2> (6.52)

X

where

R AT

6.8 Summary

In this chapter, we have proposed a novel statistical capacitance extraction method,

called statCap, for three-dimensional interconnects considering process variations.
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The new method is based on the orthogonal polynomial method to represent the vari-
ational geometrical parameters in a deterministic way. We consider both first order
and second order variational effects. The new method avoids the sampling operations
in the existing collocation-based spectral stochastic method. The new method solves
an enlarged potential coefficient system to obtain the coefficients of orthogonal poly-
nomials for capacitances. statCap only needs to set up the augmented equation once
and can exploit the sparsity and low-rank property to speedup the extraction process.
The new statCap method can consider second-order perturbation effects to generate
more accurate quadratic variational capacitances. Experimental results show that our
method is two orders of magnitude faster than the recently proposed statistical ca-
pacitance extraction method based on the spectral stochastic collocation method and
many orders of magnitude faster than the Monte Carlo method for several practical

interconnect structures.
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Chapter 7

Voltage Binning Technique for

Yield Optimization

7.1 Introduction

Process-induced variability has huge impacts on the circuit performance and yield in
the nanometer VLSI technologies [2]. Indeed, the characteristics of devices and inter-
connects are prone to increasing process variability as device geometries getting close
to the size of atoms. The yield loss from process fluctuations is expected to increase
as the transistor size scaling down. As a result, improving yields considering the
process variations is critical to mitigate the huge impacts from process uncertainties.

Supply voltage adjustment can be used as a technique to reduce yield loss, which
is based on the fact that both chip performance and power consumption depend
on supply voltage. By increasing supply voltage, chip performance improves. Both
dynamic power and leakage power, however, will become worse at the same time [72].
In contrast, lower supply voltage will reduce the power consumption but make the

chip slower. In other words, faster chips usually have higher power consumption
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and slower chips often come with lower power consumption. Therefore, it is possible
to reduce yield loss by adjusting supply voltage to make some failing chips satisfy
application constraints.

For yield enhancement, there are also different schemes for supply voltage adjust-
ment. In [72], the authors proposed an adaptive supply voltage method for reducing
impacts of parameter variations by assigning individual supply voltage to each manu-
factured chip. This methodology can be very effective but it requires significant effort
in chip design and testing at many different supply voltages. Recently, a new voltage
binning technique has been proposed by the patent [33] for yield optimization as an
alternative technique of adaptive supply voltage. All manufactured chips are divided
into several bins, and a certain value of supply voltage is assigned to each bin to make
sure all chips in this bin can work under the corresponding supply voltage. At the cost
of small yield loss, this technique is much more practical than the adaptive voltage
supply. But only a general idea is given in [33], without details of selecting optimal
supply voltage levels. Another recent work [89] provides a statistical technique of
yield computation for different voltage binning schemes. From results of statistical
timing and variational power analysis, the authors developed a combination of analyt-
ical and numerical techniques to compute joint probability density functions (PDFs)
of chip yield as a function of inter-die variation in effective gate length L , and solve
the problem of computing optimal supply voltages for a given binning scheme.

However, the method in [89] only works under several assumptions and approxima-
tions that will cause accuracy loss in both yield analysis and optimal voltage binning
scheme. The statistical model for both timing and power analysis used in [89] are
simplified by integrating all process variations other than inter-die variation in L to
one random variable following Gaussian distribution. Indeed, the intra-die variations

has a huge impact on performance and power consumption [5, 65]. And other process
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variations (gate oxide thickness, threshold voltage, etc) have different distributions
and should not be simplified to only one Gaussian distribution. Furthermore, this
technique cannot predict the number of voltage bins needed under certain yield re-
quirement before solving the voltage binning problem.

In general, voltage binning for yield improvement becomes an emerging technique
but with many unsolved issues. In this paper we propose a new voltage binning
scheme to optimize yield. The new method first computes the set of working supply
voltage segments under timing and power constraints from either the measurement of
real chips or Monte Carlo based SPICE simulations on a chip with process variations.
Then on top of the distribution of voltage segment lengths, we propose a formulate
to predict the upper bound of bin number needed under uniform binning scheme for
the yield requirement. Furthermore, we frame the voltage binning scheme as a set-
cover problem in graph theory and solve it by a greedy algorithm in an incremental
way. The new method is not limited by the number or types of process variabilities
involved as it should be based on actual measured results. Furthermore, the new
algorithm can be easily extended to deal with a range of working supply voltages for
dynamic voltage scaling under different operations modes (like lower power and high
performance modes).

Experimental results on a number of benchmarks under 45nm technology show
that the proposed method can correctly predict the upper bound on the number of
bins required. The optimal binning scheme can lead to significant saving for the

number of bins compared to the uniform one to achieve the same yield with very

small CPU cost.
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7.2 Problem formulation

7.2.1 Yield estimation

A “good” chip needs to satisfy two requirements:

1) timing slack is positive S > 0 under working frequency.

2) power does not exceed the limit P < Py,,.

For a single voltage supply, the definition of parametric chip yield is the percentage
of manufactured chips satisfying these constraints. Specifically, we compute yield for

a given voltage level by direct integration in the space of process parameters:

Y = /.../f(Afl,...,Afn)dAfl...dA)?n (7.1)

S>0,P<Pjim

where f(A)fl, Afg, e A)(?n) is the joint PDF of AX; to A)?m which represents the
process variations. Also there exists spatial correlation in the intra-die part of varia-
tion. Existing approach in [89] ignores the intra-die variation in process parameters,
which means only one random variable for inter-die variation is considered. And all
other variations except inter-die variation in L.s¢ are integrated into one Gaussian
random variable. In this way, the multi-dimensional integral in (7.1) can be modeled
numerically as a 2 or 3 dimensional integral. However, the spatial correlation can have
significant impacts on both statistical timing and statistical power of a circuit [8, 65],

thus impacts on yield analysis also.

7.2.2 Voltage binning problem

We first define voltage binning scheme as in [89].

Definition 7.2.1. A wvoltage binning scheme is a set of supply voltage levels V=
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{V1,Va, ..., Vi.}, a set of corresponding bins U= {U1,Us, ..., U}, which is also a
partitioning of all chips, and a binning algorithm B, which distributes manufactured

chips among the bins.

The binning algorithm B assigns chips to bins so that any chip in bin U; meets
both the performance and power constraints at supply voltage level V; corresponding
to U;. The yield loss is constituted by chips which fail to be assigned to any bin in
U.

The definition of a voltage binning scheme depends on two factors: the bin voltage
levels V and the binning algorithm A. Different binning algorithm will result in
different yield even given the same bin voltage levels V. However, in the optimization
process, the focus is the binning algorithms which can produce the maximum possible
yield. That is to say, in an optimal binning algorithm, there exists at least one voltage
bin for any “good” chip (the chips satisfies performance and power constraints). In
this way, the yield loss under bin voltage levels V will reach the maximum value.

Therefore, the problem of computing optimal voltage binning scheme can be for-

mulated as follows:

maxY; s.t. Viin < Vi € V< Vinaz (7.2)
1%

where Y is the total yield under the optimal voltage binning scheme with supply
voltage levels V= {1, Vo, ..., Vi)

We would like to mention one special type of voltage binning in which we have an
infinite number of voltage bins with all possible voltage levels. This binning scheme
allows the supply voltage to be individually tailored for each chip to meet timing and
power constraints. It is obvious that the yield in this case is the maximum possible

yield, named as Y4, which should be an upper bound of yield for any other voltage
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binning scheme. As a result, for optimal solution, k,,; should be the minimum number

of bins that make Y opt = Yinaa-

7.3 Proposed new voltage binning method

Algorithm: NEW VOLTAGE BINNING ALGORITHM

Input: Timing and power constraints, measured data of timing and
power from N manufactured chips.

Output: Optimal voltage binning scheme and the corresponding number
of bins Koy

1. Map measured data to a set of V4 segments S = {S;}, in which
S; = [Viow.j» Vhign.j] Tepresents the Vy, range at which the j% chip
satisfies timing and power constraints.

2. Keep only the valid Vi segments Syar (Viow < Viign)-

3. Calculate voltage levels and corresponding bins for optimal binning
scheme:
Sieft = Spar; 1 =1
while S, 4, is not empty
Stmp = Steft
GREEDY-SET-COVER(Sinp) = Siest, Vi
U; = chips covered by V;; i ++

kopt:i—l

Figure 7.1: The algorithm sketch of the proposed new voltage binning method.

In this section, we present a new voltage binning scheme, which not only gives
the good solution for a given set of voltage levels, but also computes the minimum
number of bins required. Fig. 7.1 presents the overall flow of the proposed method
and highlights the major computing steps. Basically, Step 1 and 2 compute the valid

voltage segment for each chip. Step 3 determinates the voltage levels and the chip
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assignments to the resulting bins. This is done by a greedy-based set covering method.
In Fig. 7.1, Sjcp+ denotes the set of uncovered voltage segments left in the complete
set of valid voltage segments S,q;. V; is the i supply voltage level, and chips assigned
to U; can meet both the power and timing constraints at supply voltage V;.

The algorithm in Step 3 tries to find the voltage level one at a time such that it
can cover as many chips as possible in a greedy fashion (a chip is covered if its valid
Viaq segment contains the given voltage level). The algorithm stops when all the chips
are covered, and the number of levels seen so far (k) will be the minimum number of
bins that can reach the maximum possible yield Y,,q,. In the new algorithm, we can
also provide a formulation to predict the minimum number of bins required under the
uniform binning scheme from the distribution of length of valid Vj; segment, which

can serve as a guideline for the number of bins required.

7.3.1 Voltage binning considering valid segment

For a chip, the working supply voltage range (segment) [Viow, Viign] actually can be
considered as a knob to do the trade-off between the power and timing of the circuit.
As we know, supply voltage affects power consumption and timing performance in
opposite ways. Reducing supply voltage will decrease the dynamic power and leakage
power, which is often considered the most effective technique for low power design.
On the other hand, propagation delay will increase as supple voltage decreases [73].
Fig. 7.2 shows the mean delay and power consumption as functions of supply voltage,
which show such trends clearly. As a result, given the power consumption bound
and the timing constraint for a chip, Vi, is mainly decided by timing and Vj;g, is
mainly determined by power constraint. Since process variation leads to different

timing performances and power consumptions, the valid Vyq segment [Vipw, Viign] will
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Figure 7.2: The delay and power change with supply voltage for C432.

be different for each chip. As a result, the measured timing and total power data
from a chip can be mapped onto corresponding working V,; segments, which is the
Step 1 in Fig. 7.1. For some chips, we may have Vj,,, > Vi (invalid segment), which
means that these chips will fail on any supply voltage. So we call them “bad” chips.

Suppose there are N sampling chips from testing, and ny.; are bad chips. Obvi-

ously, the maximum of possible yield via voltage binning scheme only will be

Ymaz = (N - nbad)/Nv (73)

We then define the set of valid segments Sya; = [Viow, Vhign] by removing the bad chips
from the sampling set and only keeping the valid segments (Step 2 in Fig 7.1). Then
the voltage binning scheme problem in (7.2) can be framed into a set-cover problem.
Take Fig. 7.3 for instance, there are n,, = 13 horizontal segments between V,,;,
and V.. (each corresponds a valid Vg segment), and the problem becomes using
minimum number of vertical lines to cover all the horizontal segments. In this case,

three voltage levels can cover all the V;; segments of these 13 chips. We also notice
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that one chip can be covered by more than one voltage level. In this case, it can

be assigned to any voltage level containing it. The problem is well known in graph

theory with known efficient solutions. This valid voltage segment model has many

—
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—

A

/

—

vdd

Vmin

V2

Vmax

Figure 7.3: Valid voltage segment graph and the voltage binning solution.

benefits compared with other yield analysis model for voltage binning:

1. Distribution of length of valid supply voltage segment can provide information

about the minimum number for uniform binning under certain yield requirement

(e.g. to achieve 99% for Y4, more details in 7.3.2.)

2. The model can also be used when the allowed supply voltage level for one voltage

bin is an interval or a group of discrete values for voltage scaling mechanism

instead of a scalar (details in Section 7.3.3). To the best knowledge of the

authors, this proposed method is the first one working for this case.

7.3.2 Bin number prediction under given yield requirement

The distribution of valid V4, segment length (defined as len = Vg — View) can be a

guide in yield optimization when there is a lower bound requirement for yield. And

140



it works for both uniform binning and optimal binning. Notice that the optimal
binning can always has an equal or better yield than the uniform binning. Actually
the experiment result part shows that the number of bins needed for optimal voltage

binning is much smaller than the prediction from the distribution of len. Fig. 7.4
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Figure 7.4: Histogram of the length of valid supply voltage segment len for C432.

shows the histogram of valid supply voltage length, len, for testing circuit C432.
From which we can see that it is hard to tell which type of random variable it belongs
to. However, it is quite simple to get the numerical probability density function
(PDF) and cumulative distribution function (CDF) from measured data of testing
samples, as well as the mean value and standard deviation.

Suppose the yield requirement is Y,¢,, and the allowed supply voltages for testing
is in [Viin, Vinaz). For the uniform voltage binning scheme, there is k& bins, and the

set of supply voltage levels is V= {V1,Va,..., Vi}. Since the voltage binning scheme
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is uniform,

Vi—=Viei=AV const. (i=2,3,...k). (7.4)

For the uniform voltage binning scheme, we have the following observations:

Observation 1. If there are k bins in [Vi,in, Vinee|, then
AV = (Vinaz — Vinin) /(B + 1). (7.5)

Observation 2. For a V4 segment [Vjoy, Viign] with a length len = Viign — Viow,
if len > AV | there must exist at least one Vyy level in the set of supply voltage levels

V= {Vi,Va, ..., Vi } that can cover [Vipy, Vhign]. Now we have the following results:

Proposition 7.3.1. For the yield requirement Y,¢,, the upper bound for voltage bin-

ning numbers k., can be determined by

Vmaz - me

kuyp = ————
TP (1= Yie)

-1, (7.6)
where F~(len) is the inverse function of cumulative distribution function (CDF) of
len.

(7.6) basically says that the upper bound for the numbers of voltage bins in
uniform scheme can be predicted from the yield requirement and the distribution of
len.

Proof sketch for Proposition 7.3.1:

If the chip satisfies the yield requirement Y.,
1 - F(AV) <Y,., (Observation2). (7.7)

For the upper bound for voltage binning numbers k,,, the corresponding AV,,;, can

142



be calculated by

Vmaz - szn .
AViin = Thodl (Observationl). (7.8)

From (7.7) and (7.8),

Vieg=1—F(AV,) =1—F (M) '

kyp +1
which is equivalent form of (7.6). Q.E.D.

Notice that the optimal binning always has a better or equal yield compared to
uniform binning using same number of bins. Therefore, if the uniform voltage binning
scheme with k£ bins already satisfies the yield requirement, k£ bins must be enough
for the optimal voltage binning scheme. So the histogram for the length of valid Vg,
segment can be used to estimate the upper bound for the number of bins needed for
a certain yield requirement for both uniform and optimal voltage binning schemes.
And this process can be done right after mapping measured power and timing data

to working Vy; segments.

7.3.3 Yield analysis and optimization

The whole voltage binning algorithm for yield analysis and optimization is given
in Fig. 7.1. After the yield analysis and optimization, supply voltage levels Vo=
{Vi,Va, ..., Viopt} , the corresponding set of bins U = {U1,Us, ..., Uk opt} can be
calculated up to kg, where Y, opr = Yinqs already.

There are many algorithms for solving the set-cover problem in Step 3. By choos-
ing optimal set-cover algorithm, the global optimal solution can be obtained. In this
case, the decision version of set-covering problem will be NP-complete. In this paper

we use a greedy approximation algorithm as shown in Fig. 7.5, which can easily be
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implemented to run in polynomial time and achieve a good enough approximation of
optimal solution. Notice that the greedy approximation is not necessary and any algo-
rithm for set-cover can be used in Step 3, which is not a limitation for our valid supply
voltage segment model. The solution found by GREEDY-SET-COVER is at most a
small constant times larger than optimal [13], which is found already satisfactory as
shown in the experimental results. Besides, the greedy algorithm can guarantee that
each voltage level will cover the most segments corresponding to uncovered testing
chips, which means this algorithm is incremental. As a result, if only & — 1 bins is
needed, we can stop the computation at k£ — 1 instead of k. And when the designer
needs more voltage bins, the computation doesn’t need to be start all over again.
Actually the benefit of incremental voltage binning scheme is very useful for circuit
design. Since when the number of bins increase from k£ — 1 to k, the existing & — 1

voltage levels will be the same.

Algorithm: GREEDY-SET-COVER(S).
Input: S.
Output: C.

1. Select an supply voltage value V; value which covers most voltage
segments in &

2. C+ 0

3. fori=1: size(S)

4. return C

Figure 7.5: The flow of greedy algorithm for covering most uncovered elements in S.

We remark that the proposed method can be easily extended to deal with a group
of discrete values V1,V ,... for dynamic voltage scaling under different operation

modes instead of a single voltage. For example, if the i supply voltage level V;
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contains two discrete values, V; and V},, which are the supply voltages for saving-power
mode and high-performance mode, respectively (anything in between also works for
the selected chips). Set-cover algorithm in Fig. 7.5 now will use a range V, (defined by
users) to cover the voltage segments instead of a single voltage level. Such extension

is very straightforward for the proposed method.

7.4 Experimental results

In this section, the proposed voltage binning technique for yield analysis and opti-
mization was verified on circuits in the ISCAS85 benchmark set with constraints on
timing performance and power consumption. The circuits were synthesized with Nan-
gate Open Cell Library. The technology parameters come from the 45nm FreePDK
Base Kit and PTM models [59]. The proposed method has been implemented in
Matlab 7.8.0. All the experimental results are carried out in a Linux system with

quad Intel Xeon CPUs with 2.99Ghz and 16GB memory.

7.4.1 Setting of process variation

For each type of circuit in the benchmark, 10000 Monte Carlo samples are generated
from process variations. In this paper, effective gate length L and gate oxide thickness
T, are considered as two main sources of process variations. According to [1], the
physical variation in L and T,, should be controlled within +/-12%. So the 3o values
of variations for L and T,, were set to 12% of the nominal values, of which inter-
die variations constitute 20% and intra-die variations, 80%. L is modeled as sum of
spatial correlated sources of variations, and 7, is modeled as an independent source
of variation. The same framework can be easily extended to include other parameters

of variations. Both L and T,, are modeled as Gaussian parameters. For the correlated
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L, the spatial correlation was modeled based on the exponential models [77].

The power and timing information as a function of supply voltage for each testing
chip is characterized by using SPICE simulation. Under 45nm technology, typical
supply voltage range is 0.85V — 1.3625V" [25]. Since that, Vy, is varied between 0.8
volt and 1.4 volt in this paper, which is enough for 45nm technology.

We remark that practically the power and timing information can be obtained
from measurements. As a result, all the sources of variability of transistors and

interconnects including inter-die and intra-die variations with spatial correlations will

be considered automatically.

7.4.2 Prediction of bin numbers under yield requirement

As mentioned in 7.3.2, the proposed valid segment model can be used to predict the
number of bins needed under yield requirement before voltage binning optimization.

Table 7.1 shows the comparison between the predicted number and the actual number

Table 7.1: Predicted and actual number of bins needed under yield requirement.

Circuit | Yy, | Predicted | Real for Uni. | Real for Opt.
C432 | 99% 25 23 4
97% 10 9 3
95% 7 6 3
C1908 | 99% 27 12 7
97% 11 6 3
95% 7 3 3
C2670 | 99% 8 4 3
97% 5 3 2
95% 3 2 1
C7552 | 99% 30 12 5
97% 9 4 3
95% 6 3 2
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lower bound requirement for yield optimization (normalized by Y;,4,). Column 3 is the
predicted number of bins; and columns 4 and 5 are the actual bin numbers found for
the uniform and optimal voltage binning schemes, respectively. This table validates
the upper bound formulation for the needed number of bins in 7.3.2. From this table,
we can see that the predicted value is always the upper bound of actual number of
bins needed, which can be applied as a guide for yield requirement in optimization.
Table 7.1 also shows that the optimal voltage binning scheme can significantly reduce
the number of bins compared with the uniform voltage binning schema under the
same yield requirement. When yield requirement is 99% of the optimal yield, the

optimal voltage binning scheme can reduce 52% bin count on average.

7.4.3 Comparison between uniform and optimal voltage bin-

ning schemes

Experiments for both uniform and the optimal voltage binning schemes with different
number of bins are used to verify the proposed voltage binning technique. Table 7.2
shows the results, where Y4, is the maximum chip yield which can be achieved
when Vg4 is adjusted individually for each manufactured chip, VB stands for voltage
binning schemes used and £k, is the minimum number of bins to achieve Y,,,,. From
Table 7.2, we can see that the yield of optimal VB always increases with the number
of bins, with Y},., as the upper bound. And the voltage binning can significantly
improve yield compared with simple supply voltage. Column 8 in Table 7.2 shows
that the number of bins needed to achieve Y., in optimal voltage binning schemes is
only 1.88% of number of bins needed in the uniform scheme on average, which means
that optimal voltage binning schemes is much more economic in order to reach the

best possible yield.
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Table 7.2: Yield under uniform and optimal voltage binning schemes (%).
Circuit| Yoee | VB | 1 bin | 2bins | 5bins | 10bins | kgp
C432 | 96.66 | Uni. | 60.19 | 79.04 | 90.52 | 94.36 | 4514
Opt. | 80.08 | 88.68 | 96.42 | 96.66 | 10
C1908 | 98.06 | Uni. | 71.80 | 91.46 | 95.20 | 97.04 | 437
Opt. | 89.18 | 92.88 | 97.18 | 98.06 | 21
C2670 | 90.15 | Uni. | 81.12 | 87.13 | 89.74 | 89.95 | 1205
Opt. | 85.77 | 88.34 | 89.83 | 90.08 | 13
C7552 1 93.46 | Uni. | 73.94 | 86.38 | 91.40 | 92.34 | 1254
Opt. | 87.22 1 90.30 | 92.64 | 93.26 | 18

Fig 7.6 compares the yields from uniform and optimal voltage binning schemes
with the number of bins from 1 to 10 for C432. This figure shows that the optimal
binning scheme always provides higher yield than the uniform binning scheme. For
optimal voltage binning scheme, the yield increasing speed is slower down as the bin
number increases since we use greedy algorithm. For other testing circuits, similar

phenomenon is observed from the yield results.

7.4.4 Sensitivity to frequency and power constraints

For very strict power or frequency constraints, voltage binning can provide more
opportunities to improve yield. Figure 7.7 shows the changes in parametric yield
for C432 with and without voltage binning yield optimization due to the changes in
frequency and power consumption requirements, where P,,., is normalized power
constraint and f,,.., is normalized frequency constraint. By analyzing this figure, we
can see that parametric yield is sensitive to both performance and power constraints.
As a result, yield can be substantially increased by binning supply voltage to a very
small amount of levels in the optimal voltage binning scheme. For example, without
voltage binning technique, the yield will fall down 0% when constraints become 20%

stricter, while the voltage binning technique can keep the yield as high as 80% under
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Figure 7.6: Yield under uniform and optimal voltage binning schemes for C432.

the same situation.

7.4.5 CPU times

Table 7.3 compares the CPU times among different voltage binning schemes and
different number of bins. Since the inputs of our algorithm in Fig. 7.1 are the measured
data for real chips practically, the time cost of measuring data is not counted in the
time cost of the voltage binning method. But in this paper, the timing and power
data is generated from SPICE simulation. There are three steps in our proposed
method as shown in Fig. 7.1. It is easy to see that the time complexity of Step 1 and
2 are both O(N), where N is the number of MC sample points. From [13], Step 3 can
run within O(N?in(N)) time. Therefore, the speed of our voltage binning algorithm
is not related to the size of circuits. Table 7.3 confirms that binning technique is

insignificant even for the case of 10 bins, and the time cost is not increasing with the
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Figure 7.7: Maximum achievable yield as function of power and performance con-
straints for C2670.

number of gates on chip.

Table 7.3: CPU time comparison(s).
Circuit | VB | 1bin | 2bins | 5bins | 10bins
C432 | Uni. | 0.0486 | 0.0571 | 0.0866 | 0.1374
Opt. | 0.0747 | 0.0786 | 0.0823 | 0.0827
C1908 | Uni. | 0.0551 | 0.0749 | 0.1237 | 0.2037
Opt. | 0.0804 | 0.0840 | 0.0874 | 0.0901
C2670 | Uni. | 0.0347 | 0.0371 | 0.0425 | 0.0504
Opt. | 0.0686 | 0.0696 | 0.0711 | 0.0704
C7552 | Uni. | 0.0476 | 0.0565 | 0.0925 | 0.1493
Opt. | 0.0775 | 0.0791 | 0.0802 | 0.0812
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7.5 Summary

In this chapter, we have proposed a new voltage binning technique to improve the
yield of chips. First, we have proposed formulation to predict the maximum number
of bins required under the uniform binning scheme from the distribution of valid Vy
segment length. We then developed an approximation of optimal binning scheme
based on greedy-based set-cover solution to minimize the number of bins and keep
the corresponding voltage levels incremental. The new method is also extendable to
deal with a range of working supply voltages for dynamic voltage scaling operation.
Experimental results on some benchmarks on 45nm technology show that the pro-
posed method can correctly predict the upper bound on the number of bins required.
The proposed optimal binning scheme can lead to significant saving for the number
of bins compared to the uniform one to achieve the same yield with very small CPU

cost.
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Chapter 8

Conclusion and Future Works

This chapter concludes the dissertation. The first section summaries the research con-
tributions for statistical analysis techniques we proposed for nano-scale VLSI design
in the dissertation. Then the second section discusses how our work can be extended

in the future.

8.1 Summary of research contributions

As technology sizes shrink down to nanometer regime, circuit integration increases,
and the variational consideration of process has to be assessed in various VLSI design
steps to ensure robust circuit design. In order to efficiently generate high yield chips,
we must have a reliable statistical model in the first place.

In this dissertation, we have presented several novel statistical modeling method-
ologies for VLSI design automation. Then based on our models, we have proposed
fast and accurate approach for statistical analysis for full-chip leakage power, and
3D capacitance extraction. An voltage binning technique was also proposed for yield

improvement and optimization.
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8.1.1 Fast and accurate full-chip statistical analysis of leak-
age power

Chapter 4 presented a method for analyzing the full-chip leakage current distribu-
tions. Compared to existing approaches, no grid-based partitioning and approxi-
mation were required. Instead, the spatial correlations were naturally handled by
orthogonal decompositions. The proposed method was very efficient and it becomes
linear in the presence of strong spatial correlations. Experimental results showed that
the proposed method is about 10x faster than the recently proposed method [9] with
constant better accuracy.

In Chapter 5 an improved linear-time algorithm for full-chip statistical analysis
of leakage powers was proposed, which worked well in the presence of general spatial
correlation (strong or weak). In this algorithm, a new statistical leakage character-
ization in SCL was put forward for fast full-chip statistical leakage estimation. The
most promising feature of this technique was O(N) time complexity, where N was
the number of grids on chip. The numerical examples showed that the proposed algo-
rithm was 1000X faster than a recently proposed grid-based method [9] with similar
accuracy and many orders of magnitude times speedup over the Monte Carlo method.
Further more, an incremental version was proposed, which provided about 10X fur-
ther speedup. So we ended up with 10,000X compared to [9], and the incremental
analysis could achieve more speedup over the full leakage analysis for larger problem

sizes.
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8.1.2 Efficient non-linear 3-D statistical capacitance extrac-

tion method

Next, in Chapter 6, we have proposed a efficient statistical capacitance extraction
method for interconnect conductors considering process variations. In the new method
called StatCap, orthogonal polynomials were used to represent the statistical pro-
cesses. The chapter showed how the variational potential coefficient matrix was rep-
resented in a first-order form using Taylor expansion and orthogonal decomposition.
Then an augmented potential coefficient matrix, which consisted of the coefficients
of the polynomials, was derived. After that, corresponding augmented system was
solved to obtain the variational capacitance values in the orthogonal polynomial form.
Then this chapter proposed a method to extend StatCap to the second-order form to
give more accurate results without loss of efficiency compared to the linear models.
We showed the derivation of the analytic second-order orthogonal polynomials for the
variational capacitance integral equations.

To the best knowledge of the author, this was the first time that closed-form
formulas for second-order potential coefficient matrix was proposed, which provided
more accurate extraction result with tiny cost of additional runtime. Also, techniques
such as setting up the augmented equation once and exploiting the sparsity and low-
rank property were used to speedup the extraction process. Experimental results
showed that statCap was two orders of magnitude faster than the recently proposed
statistical capacitance extraction method based on the spectral stochastic collocation
approach [86] and many orders of magnitude faster than the Monte Carlo method for

several practical conductor structures.
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8.1.3 Yield optimization for nano-scale VLSI considering sta-

tistical behavior

Chapter 7 proposed a yield optimization technique using voltage binning method to
improve yield of chips. Voltage binning technique tried to assign different supply
voltages to different chips in order to improve the yield. The chapter introduced
a novel “valid voltage segment concept”, which was determined by the timing and
power constraints of chips. Different from previous voltage binning technique, the
new concept of valid voltage segment enabled a series of efficient technique for yield
analysis and improvement.

Using this novel concept, we have proposed formulation to predict the maximum
number of bins required under the uniform binning scheme from the distribution of
valid Vg segment length, and then developed an approximation of optimal binning
scheme based on greedy-based set-cover solution. The nature of greedy algorithm
could keep the corresponding voltage levels incremental while we were trying to mini-
mize the number of bins. The new method was also extendable to deal with a range of
working supply voltages for dynamic voltage scaling operation. Experimental results
on some benchmarks on 45nm technology showed that the proposed voltage binning
technique could correctly predict the upper bound on the number of bins required,
and the proposed optimal binning scheme can lead to significant saving for the num-
ber of bins compared to the uniform one to achieve the same yield with ignorable

runtime.
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8.2 Future research topics

Our work in statistical related VLSI research can be extended in several following
directions.

First, we can extend our fast full-chip statistical leakage analysis methodology
to run-time leakage reduction or simulation. Although the model of leakage power
used in this is idle-time leakage, the proposed method can be extended to leakage
computation under the run-time scenario with leakage reduction. In this dissertation,
we discussed about it, and further experiment needs to be done.

Second, for 3D capacitance extraction, we have put less emphasis on the accelera-
tion techniques during the extraction processes such as the multiple-pole scheme [47]
and the hierarchical methods [66, 81], where the key idea is using the more sophisti-
cated iterative solvers such as general minimal residue (GMRES) [61]. The reason is
that this is not the focus area where our major contributions are made. We believe
those existing acceleration techniques can significantly speedup the proposed method
as they did for the deterministic problem. This is especially the case for the hier-
archical approach [66]. The number of panels (thus the random variables) can be
considerably reduced and the interaction between panels are constant. These are the
areas for our future investigations.

Third, for yield analysis and optimization, there are a lot of new problems lies in
process variation related issues. In this dissertation, we focus on the voltage binning
scheme. However, there are several different methods to predict and improve yield,
and extend to more variation. Increasing chip yield rate considering statistical issues

is and will be a continually emerging topic in the future.
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