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Abstract 

We point out the existence of "mass scaling" among different reaction 

channels in the inclusive nucleus production in high energy nucleus-nucleus 

collisions and discuss the reasons for its existence. The possible 

relationship between the inclusive cross sections and the existence-

probability of clusters inside the nucleus is indicated. 
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The scaling phenomenon in inclusive reactions in which a single particle 

in the final state is measured for hadron-hadron collisions (A + B + C + 

anything) has been known and studied for a longtime 1 . The scaling is 

derived by assuming the existence of a momentum distribution function for the 

free and structureless constituents of the hadron in the high energy limit for 

the impulse type of interaction. The scaling variable that is used to 

describe the distribution depends on both the specific reactions and the 

kinematical regions of interest. One kind of scaling tested widely in hadron 

inclusive reactions is that the longitudinal momentum distribution of the 

observed hadron is independent of the beam momentum. 

Since the nucleus consists of nucleons that play the role of 

constituents, a similar situation may occur for the inclusive nucleus-nucleus 

reaction in which a nuclear fragment in the final state is measured. Indeed, 

that was observed in the first high energy heavy ion reaction done by the 

Greiner-Heckman group 2  in 1974. They observed that both the inclusive cross 

sections and the momentum distributions of heavy nuclear fragments of charge Z 

neutron numberN in the forward direction are independent of incoming heavy 

ion energies, 1.05 or 2 GeV/nucleon (of C 12  and 0 12  beam). Considering 

the fact that the nucleons are loosely ('lO MeV/nucleon) bound inside of the 

nucleus and can be treated as structureless in the kinematical region of 

peripheral interactions, 1 and 2 GeV/nucleon beam momentum is high enough to 

satisfy the assumptions for the scalings mentioned above. Furthermore, since 

the observed secondary nucleus fragment is nothing but a bunch of constituent 

nucleons, there may exist a different type of scaling unique to the nucleus 

fragmentation. 

In this paper, we point out that a new scaling we call 'amass scalirg" 

henceforth, which connects the different inclusive channels, does exist. 
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Speaking more precisely, the momentum distribution of the secondary nucleus C 

in the forward direction (we can conclude the same for the backward direction) 

can be described by a universal function of the scaling variable that is the 

momentum K where K is defined to be equal in the "beam rest" system to 

1ñ (m-m) 

KVCm 	PC 

where mC and P are the mass and the momentum of the observed fragment C 

respectively and mB  is the mass of the beam nucleus B. We proceed with the 

argument as follows: First, we briefly review the two-step kinematical 

model 3 ' 4  to see where the mass scaling and the factor ilmC(mB_mC)/m 

originate. Then we investigate whether the model of composite hadrons 5  can 

accommodate the mass scaling under some assumptions unique to nuclei in the 

kinematical region of our interest. If it does, the observation of heavy 

fragments in the peripheral regions of both projectile ions and the target may 

be related directly to the major cluster structure inside of the nucleus. 

The inclusive reactions of nuclei producing heavy fragments (baryon 

number greater than two) in the peripheral region have been analyzed 

phenomenologically. In the kinematical model, 3  we assume that the beam 

fragmentation reaction A + B - C + X, where C is observed in the forward 

direction, takes place by exchanging energy Eupon collision and then decays 

into C + X A + B - A* + B* then  B* - C + X. The process of interest is 

illustrated in Fig. 1. It is found that the width of the momentum 

distribution of the secondary decay product C in the Gaussian distrlbution 

( 	fl i 
	6 

exp - P 
2 
 /r ? s given by in B*  rest system 

zm(m-m) 
= ( - 	- 	 C B C 

C 	
.= 	

i 	m 

ZE 
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mB and  mC  are the masses of the nuclei B and C, respectively. Ss are the 

binding energy of fragments and n,_ is the number of fragments in X, that is, 

the number of the clusters that are treated as separate entities in unobserved 

14 

	

	 X, and E is the average excitation energy. We introduce another quantity F 0  

in order to explicitly factor the mass term containing rnC  out. 

2 	2 mC(m mC) r -r 	 (1' 0 	m 
B  2 

This result is derived 3  from energy and momentum conservation as 

follows: In B*  rest system 

mB = mB + E = (m + P 2 ) 1t2  + (m + 2
) l/2 

For 	P cJ << m, mX, 

2mm 

mC+mX 	B - mC - m 	
) 

	

+ E) 	. 	 (2 

Defining a nucleon mass m in such a way that the projectile has no binding 

energy, namely mB = NBm , where  NB  is the nucleon number in the nucleus 

B. and denoting the nucleon number in the observed fragment C by N.  we have 

mC =N c m + 	where 6 is the binding energy of the nucleus C. m X  

fragments into n C  pieces of nuclei whose nucleon numbers and momentum are 

N 1  and P 1  respectively (i = 1,2,. ..,nC):  m = mN1 + 5. 	The 

energy-momentum conservation is 

nC 	nC 

m = 
	+ 	

l P/2m -. PIC 

Since Ssare  less than 10 N  MeV, and p/2m1 (>P/2m'  is 

of the order of a few MeV, whereas mN > 940 N i MeV, we can safely make 

the following approximations: 
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mC + mX = mB 
	 (3) 

nC 

(mB - mC) - mX + E = (mNB - mN + 	
- 	

(mN + (S.) 

- 	
(/2m) + P/2m X + E 

C 1 i 

Substituting these approximate forms into Eq. (2) and averaging over the 

excitation energy, we obtain eq. (1). 

The assumption that the majority of unseen fragments in X have small 

momentum like the nucleus C is quite reasonable as we are interested in the 
mC 

region of the momentum fraction X = 	for fragment C. In other words, as 

the observed nucleus C is a bunch of nucleons having momentum/nucleon approxi-

mately the same as B, others are likely to be the same in majority. For a 

large enough nucleus B. the multiplicity nC  (the number of fragmentsproduced 

from B) will be large and the binding energy term in F0 = 	
-- 

tends to average out becoming 6 independent and henceforth F 0  becomes a 

constant. Thus the mass scaling result. This is indeed observed in the Ar 4°  

fragmentation experiment 7  shown in Fig. 2. It is worth noticing here that the 

mass factor in eq. (1) [ mC ( mB - mC)/mB] is nothing but the reduced mass of the 

two-body system of fragments C and X having the masses mC  and  mX = mB - mC, 

respectively. Note also that the nonrelativistic Schrbdinger equation for a 

two-body system gives a bound state solution that has Gaussian form in momentum 

space with a width proportional to the product of the reduced mass and the 

binding energy in the small momentum region. This result will come out explic- 

(I 

itly in the composite hadron model generalized for the case of nucleus below. - 
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Generalizing the relativistic direct and hard collision models of 

composite hadrons, Schmidt and Blankenbecler 5  formulated amodel for nuclei-

nuclei interaction, which is applicable both to hadron productions as well as 

heavy nuclear fragments production. For its simplicity the model works quite 

well for pion and proton production 5 ' 7 . We examine whether the model is 

applicable to the kinematical region of interest. In their analysis, the 

probability function for finding a constituent of type C in nucleus B. with a 

momentum fraction XD  and transverse momenta P T' GC/B ( xD,PT) is derived 

assuming various types of interactions among constituents. The probability 

function found most likely to be occurring in nature is the one assuming a 

nucleon-nucleon interactiOn mediated by the exchange of mesons with monopole 

form factors at each vertex. We omit the subscript D for xD  henceforth. 

- 	- 	N ( x ) 2 (1 - 	x 
GC//Bx,kT; - 	2 	2 	2 	

29 [P1  + M (x)][M1(x) + P 1 ] 

where 	M2(x) = (1 - x)m + m - x(l - x)m 

M(x) = M 2 (x) .4- A 2  

g = 6rIC - 1 

N(x) is a slowly varying function of x 

where M 2  is a minimum. It is found 

- m+m-m 	mC 

2m 	- 

G has a minimum at P1  = 0 and x = x 0 , 

The last expression for x 0  is obtained from energy-momentum conservation in 

the nonrelativistic limit for the peripheral interaction, namely eq. (3). 
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For momenta small with respect to the masses, and in the rest frame of 
mC 	PC 

the nucleus B, x = 	+ 	where 
PC  stands for the longitudinal momentum B.B 

carried by fragment C. For small P, G becomes 

2 
GC/B(PC,PT) = N 2 (x 0 )(1 - X 0 ) 9  x 0  e 

where 

r_2= 2 	
+ 

M (xe) 	M(x 0 ) 

For a nucleus with large nucleon number, the number of fragments nC  is large 

in general and accordingly g gets large, so the second term dominates the 

fall-off in the momentum P. In that case 

	

22 	mC(mB_mC) 	2 
= 	C 	 +A 	 (5) g  

Considering the fact that A2  should characterize the nucleus-nucleus  

interaction and the nucleus vertex, it may be parametrized as A = 2d mCmX
m 	= 

m,(mB_mC) 	 B 
2d " where d is a constant of the nucleus B. Eq. (5) then becomes 

mB 

(6) 

	

g 	C 	mB 

or 

22 
F0  = 	+ d)mB (6') 

which is an analogous form to the one ierived from the kinematical model, 

eq. (1). We get a similar expression for the case that the first factor (that 

is the very term that comes out from nonrelativistic Schrddinger equation 

mentioned before) in eq. (4) is not negligible: 

(4) 



	

_2_[ 	+ 	g 
mB[.— 2'5C + dd 

Comparing eq. (6) to eq. (1), we notice that they are identical in their 

dependence on fragment mass; however the ways the multiplicity comes in them 

are quite different. In the kinematical model, it comes in the form of 
nc 

binding energy 	6 	 while the other in the factor g. Both have a quantity 

determined by the beam nucleus B, in one as the excitation energy E, in the 

other as d which parametrizes the nucleus B. The dependence on multiplicity 

is a future topic to be studied when the exclusive reaction experiment is 

completed 9 . However, it is worth pointing out again that the Ar 40  

fragmentation experiment 6  data (Fig. 2) show that 	can be approximated 

by the constant for medium-sized fragments, 94 ± 5 MeV. This indicates two 

possible choices for d: (i)d is independent of g and the number of clusters 

nC involved in the reaction may be a constant for all medium-sized fragments 

judging from eq.(6), or.  (ii) the quantity d may depend linearly on g, which 

implies that F0  is independent of nC. 

It has been known that not only the kinematical model and the composite 

model discussed above but other models 1°  as well can derive the form of the 

fragment mass dependence mC(mB_mC)/mB  in eq. (1) for the width of the 

momentum distribution. This is not a strange coincidence. The following 

three conditions give this mass factor, and accordingly the mass scaling. 

(1) The kinematical conditions, energy-momentum conservation (that should 

hold in any theory, (2) the majority of fragmentation in heavy nuclei occur 

near the production threshold, (3) the energy required for fragmentation 

(binding energies) is small compared to the masses and the reaction involved 

is peripheral. In the limit of zero binding energies, the momentum 

distribution of various secondary C scales exactly as easily seen from the 



fact that r is a constant of all the mass mC.  The appropriate mass scaling 

variable 	 is the momentum in B rest system, K = mC(mB_mC)  2 	c and the mB 
longitudinal momentum distribution in terms of K is exp { -K 2 /r} where r0  is 

a constant of the nucleus B but independent of the fragment masses as was 

observed in Ar4°  experiment. 

In conclusion, mass scaling is observed in inclusive heavy nuclei 

production from large nuclei in the peripheral interaction rein and the 

mechanism causing this scaling is clarified. 
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Figure Captions 

Fig. 1. 	Schematical diagram for the B*  formed from the. beam nucleus B after 

acquiring energy E upon c011ision and decays into fragments. 

Fig. 2. 	Values of F0  for the fragments in the mass range 16 to 37 from 

A4°  inclusive reaction taken from Ref. 6 

Fig. 3. 	The basic direct interaction model diagram. 
19, 
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