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NOTATION

1

All symbols are defined in the text vhere first introduced. In

‘sddition,v

reference.

Y
R}

8y 3°a

<

the most important symbols are assembled here for convenient

Normal Stress acting on vertioal seotionsD positive in tension -
Normal stress acting on horizontal sections, positive in tension
Snesring stress‘soting“on”vertieslMand horizontal sections
Triangular element stiffness matrix

Displacement transformation matrix

Stiffness of the sssembled trissgulsr element systen

Transposition of a matrix

Elastic nodel point forces in assembled system

Applied nodal point forces

, Nodal point displacement components

Flexibility oi essenbled‘systen

Defornation of individual trisngular elements

'ﬁodal forees in.inoividual*trinnguler:elenents

Stresses°intindiﬁidnsl'trisngular'elenents

ZStress mstrixs relating element stresses to element deformations”

b Dimensions of triangular element (see Fig. 2)

IHodnlus of elasticity

'Poisson ) ratio

1.0 o .

-2
IhicknESs;of finite'elemeht'(one“fOOt'in this study)
Proportion of soft material in layered orthotropic msterial

(see Fig. 3)



viii

G Shear Modulus
M Ratio of horizontal to verticgl_mo_dulus in orthotropic ‘/-m;at,‘_é'rial

E;] Triangular element stiffness gat:ﬁc, orthotropic material

fer Major and minor principal stresses
Direction of principal stress from horizontal

‘Unit Weigﬁt |

e
4 |
¢ Slope of face of dam (from horizomtal)
o’ Constrained thermal stress )

oL Thermal ‘_'gggffifciéné of exp’dnsioﬁ_

AT | Temperature “incré_asgv ‘

@ ngrfrglaxation_ factp;:

\ ' X, Y Nodal point céﬁéﬁraint‘s (eliminated by relaxation)




. SUMMARY

In this report is described an investigation of the stress distribu-
tion within the cross-section of a gravity dam. The analysis wag performed
'by an automatic digital computer, ‘uging the finite element method. The
‘principal purpose of the study was to determine the effect on the stress‘
distribution, of a vertical crack extending from the center of the base

~through most of the height of the section. The dam was subjected to

dead load live load and thermal stress conditions, a. total of 17
different loading and crack configurations were considered including

cases in which the foundation material was asgumed to be orthotropically

elastic.v

‘ Results of the studies are presented graphically in the form of
pstress contours and’ boundary disPIacement diagrams for esch case.’
In addition, figures are presented depicting the amount of opening or &
closing of the crack resulting from the various load conditions.
;é' o Although the results show that definite stress concentrations result
| from the presence of the crack the maximum stressea that develoP are
not severe, being less than about 500 pei in all cases.

Subsequent to the completion of the original reportP a supplementary
1nvest1gatlon was carrled out 1n which additional conditions of loading -
and of crack configuration were cons:.dered° Included among these were

cases in Wthh the crack was assumed to ~extend through the upper surface

of the dam, effectively separating it into two blocks, Because the




la

filling of-the reservoir behind such a section causes the crack to close
gradually from the top downwards, it was necessary to develop an in-
cremental analysis procedure for the full crack height cases. The results
of this supplementary investigation are presented here as a supplemeht

to the original report (see p. 85). They show that, although the
presence of a crack extending through the full height of the section

léads to a moderate increase of stress concentration at the base, the

stresses still are not severe=--only about 600 psi maximum,




THE STRESS DISTRIBUTION OF‘NORFORK Dﬂﬂ

INTRODUCTION

!

Origin of the Problem

The distribution of_stress which actually exists in massive concrete
gravity dams has long been'the subject of conjecture. A number of
experimental studies have been carried out( ? ’3y*both in the laboratory
- and in thekfield; in an attempt to establish the order of magnitude of
the errors inherent in the simplified assumptions which form the basis
for dedign. The results of these investigations have shed considersble
light on the problem and bear out the adequacy of the design assumptions
in normal cases.‘ However, little is known about the distribution of
_ stress in dams in'which conditions differ radically from the normal.

l'One condition which is known to exist in a number of stf&gtnres,
but the effect of which has not been studied previously, is the presence
of a vertical crack or system of cracks, extending in planes parallel
to the longitudinal axis of the dam.” Such a crack if it extended
through a major portion of the height of the dam, obviously could have ;
a significant effect on its structural action in resisting water loads,
and conceivably could reduce materially its overall factor of safety.

The purpose of the investigation described in this report was to
determine the influence of such a vertical crack on the stress distribu;
tion and defornations‘of_an actual concrete gravity dam, The subject of
the study was the Norfork Dam, a 230 foot high structure buiit on the
_-North Fork River in Arkansas by the United States Army Corps of Engineers.

Extensive cracking was noticed in this structure during its construction,

T .

ps ,n_heses refer to similari&“nunhere&'keterencesslistedfst'7$
_the end of this report. L .



-4 and a rat.her extensive suwey of the dietrtbution and eue of the priuc!.pnl |
| ', cucks hu bm eerri.ed eut duri.ug the 18 yuan ui.ncc its conpletiam On C
. ;'the bu!.e of th:ls nudy it \mA npparent that uonol:lth 16 vas. one o! the -. -
.}_noat uverely crecked portionl of :he umcture md lt vu ulecud u a o
.onbﬂect for nachematicel emlyﬂ.sq e o -
: ﬂithin thi.n nengu.th wu ome prinetpll ctacks loen:ed upproximtely
' ':I.n uid-widt.h and exmndins vettieally over moct of. :l.t.o helsht, ‘lhe

L epeciﬁe objeet:!.ve of thts study vas to deterutne how aueh a single euck f =

- 1n ln otherwhe solid uet!.on would effeet :he dintributi.on of ltreu

:within the secti.ono Ihe vert,i.cal eatent o£ the crack could not bc 4
. ‘;esteblhhed w:lth great reliability, l:hus t.hie factor wu oelected u ono

‘of f.ho prtncipel varhbleo of tha l:udyo : .

S & ueond. and aho very valuable, purpou of t:he irrveougnien vu
. o tlu evaluatun oi a umtly devoloped method qf plane etress analysie(v ). S
v":l'!h!.s nthod, vhich is Enm as the "ﬂnit:e element method",' tekes nd- -
: ,vatnge of the tremendous computationel eepaei.ty of modem high-speed
. digteel. cmmsn i It lud been t:eated previously i.n reletively ninor - E R
| iy acadeni.c problem,, but. u:s effeetivmeu 1n sol.vi.ng a full ecale practieall .'
problm had not yet been demonstrated, B o | o -
| Tlu fnndamental coneept of the finite element method was developed
. ori.sinany(s) in - an actempt t.o extand and generalize the "lettlce analogy” T l_
’w‘hi.eh ‘had been proposed as e method of plme streu analye:l.s by o

nrenn:l.koﬁ( )end nenenry( )

over twenty yeafa ego. An 1nt:ermins uido T
'_iuue oi t:h!.e investigation was che offer of ur.. Henenty, now working

| .'wtth the Portland cement Aasoctetion, te mke e umilar enelyoh by ﬂn

Director of. De\rélopments Portland Cement Association Research and Development '
Laboratoriess Skokiea Illinois..» : o . S . -
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lattice analogy procedure (which had not previously been programmed for
the digitel computer)n This analysis provided an independent check on
the results obtained by the finiteelement_met‘hod9 and also made possible

a comparison of‘theyrelativejmerits_of the two procedures.

.Scope of the Investigation

The geometry of the cross-section considered in the iqvestigation

sqd‘therproperties ot the concrete.and foundation rock were specified by
the Contracting Office° Loadings which were considered included dead
1oada live load (hydrostatic pressore);'and the effects of temperature
changes; Stress distributions and deformations were cslculated due to
these load conditions applied in various combinations, as agreed upon by
the,investigators and’thevGontrecting’Office? The initial width of crack‘
opening’weskdetined under a‘combined.temperature change and dead iood
condition. The additional influence of theilive‘ioad in.closing_the
'craek andrstresSing the structure was then evaluated. Because the.
.foundstion rock“eppeared to’hsve a considerable amount,of jointing in

horizontal planes, it seemed probsblevthet its effective modulus of

eiesticity in the vertical directioe‘was,copsidersblygiess thao_;nvthé
Ah9r1?9§#§1,411é9t1°n° 'Therefore, the»efﬁeqtsbof an orthotropic fouodation

was studied in two cases | ‘ B 1“_M

All of the analyses were performed on the. IBM 704 electronic digital

computer operated by the University of California Computer Center, _The
principal computer program used in the analyses was developed by the
_investigators? prior to the ioitiation ofvthis contract, on a research
 grant from the.National Sciedee Foundation, Howeier, a few minor program
moditications and extensions_were made during the course of this study.

eStress distribution and displacement results were printed by the coopoter in teb-

ular'forpswbut were subsequemtly portrayed graphically for easier comprehemsionm.
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METHOD OF ANALYSIS

The basic problem to be solved in ;his.investigarion was the ”
determination of the stresses and displacements in a plane-stress syetqg
of arbitrary d;qensiqns andﬁprppertieasvdue to tbe application of.temPeree
ture changes, external loads, and its own dead weight. The finite element

. : ‘ ' , - (4
method which was employed in the analysis has been described‘previously(')

so the basic principles of the procedure will be reviewed here only briefly.
HaweverD several aspects of the Ppresent problem required the development

of new concepts and,techniques which will be desbribed,in,full.

fheQPegie:appreximatioh introduged;in thismme§h9d.of‘aneljere” '
is the'repreSeptatiOn of the ac;gal»planeéstress“syste@ as en“eesembidge
of triaugular plate elements, intercomnected only st the corners or
no&aiuppintsayand each subjected to a state of plane stregg,‘-Ihisf
idea;izatieg‘replaces Ehe_aetual elasﬁiciﬁy prqﬁ;eﬁebyva sfructﬁrelu
analysis problen. The advantage of the substitution is that the conditions
©of compatibility and equilibrium, which must be Tepresented by partial
differeﬁtral.equatibgé_in the elastiEitj problem, may be expressed by. a
set of simultancous algebraic equations in the structural problem. This
problem may then:be;36;Ved'by.s§and§r4 methods onStrueturél‘angljﬁis.

A very coarse mesh_(and_thereigre_quite crude) idealiggtiénebf a
vk,dam‘cross-éectidn is shown in Fig. 1. Theitriéngular'elements_ere joined
ypﬁly at their_;ornerg and the loads are also applied only at these.ﬁb&al

poiﬁgs@. beformations of the aSsemblage depend;.pf.conrse;\hpt,oﬁiY[qﬁg
,the Stiffﬁesees_of'ghe iﬁdividual'eleﬁentsﬁebut also on :he.maaﬁgrfrﬁf
‘whieh_thej are eouﬁledrv Thus it would appear that the idealization

vould be excessively flexible, due to the fact that contimuity between



b. ELEMENT AND LOAD APPROXIMATION - -

0. ACTUAL DAM SECTION L

THE TRIANGULAR FINITE ELEMENT - IDEALIZATION



the elements is imposed.at s0 few points. However, this inqomplete
continuity condition is compensated by the assqmption that the stresses
within each element must bé uniform; i.e., the normal stresses ip‘the
horizontal ( Ox ) and vertizal (Oy) directions, and shearing stress (T)
afe;constanf within each element. As a result of'this assumption, the;
edgés of each element remain straight under lo;dé and therefore continuity
is achieved not only at thg nodal points but also along the element
boundaries as well.

It should be noted that one of the major advantages of the finite
element appioximation is that the’prppgrtieg_ofyeach element may be
selected independently. Thus different moduli of elasgiqigy,VPoisson“s
'ﬁratioss unit weights, thermal cha‘nges,,_et:f::.,.5 can be imposed in each
,element'without inereasing the complexity of the analysis,‘ This
characteristic of the method is particularly advantageous in the analyéis
of dams where a definite discontinuity of properties is likely to exist

between the foundation rock and the concrete of the structure.

‘The Matrix Analysis Procedure

The fiﬁite element idealization bf a plane stress problem constitutes
a highly interconnected structural system. For such systems, the dLsplaqe;'
ment method of structural)analysis has proven to be most effective; and
for large systems, the use of matrix algebra leads to the most efficient
cbmputational processes. A general description of the'displaceﬁgnt method
formulated as a sequence of matrix operations has been published previous-
lyfay, but the principles will be reviewed here for the convenience of
the reader.

The analysis begins with a description ofythe structure and its

loading expressed in matrix form. The properties of the structure are



: defined in two matrices; ome, called the element stiffness matrix, expresses
the elastic properties of each of the _tlri,angular elements making up the
structure; the second, called the displacement transfoxrmation matrix, de-
f;nas the"gaamatry af the assemblage. InAaddition, the listing of the

vertical and herizontal load components applied to each nodal point comprises

the load matrix. These three matrices, which will be designated [k] 5

(2] » and {R] respectively, are discussed further in the following sections

of this chapter.

Wben the properties of the structure have been expressed in matrix

form, the amalysis proceeds as follows. First, the stiffness of the assembled

,sttuctural system [K] is obtained by multiplying together the element p_gigf-

ness and displacement transformation matrices:

k] = (o] (] [a] e @
in which '_a] is the transpoae of [a] . The structural s.tiffngss: pgt?ix_
ix] defines the nodal force components in the assembled structure which
result from unit displacements of thé nodal points. .Rg;tesegtipg these
elastic force components and nodal displacements by the column matrices
{a} and {z} , zf_vespect.i}vvel‘yp this force-displacement relationship may

be expressed: .

B T @

However;, equilibrtum considerations require that the elastic forces { Q}

S

daveloped at the nodal. points must equal the externally applicd loadu

{R} o . Thus Eq. 2 may be rey;vritten in terms of the external load matrix:

_{E?S = [k]{e} o ®




9
‘In a typical problem the loads {R}'ate given, while the displace-
gentsA-{r} are to be determined, thus the next step in the analysis is
the inversién of the stiffness matrix [?J to obtain the flexibility of

the s;ruc;ure [Eﬂ H

Fl = KI” @

Multiplying both sides of Eq. 3 by the flexibility matrix then y;eldq

an expression for the displacements in terms of the loads,

O L

Eq. 5 thus provides one part of the final analytical results vhiqh_?e:e

required: the deformations of the structure.

After the nodal displacements have been determined, the deéormations
of the individual plate elements: denoted by the column matrix {U?
can be determined by applying the displacement transformation matrix,

= [al{r} ' ®

,ﬂhltiplying¢:hese element deformations by the element stiffness matrix

then yié@ds the nqdal point forces {s}‘in each e}.emenf:.9
oo g8t o= [kl{ud = [K]lelir? ™)

(If may be notg& that Eqs. 6 and 7 essentially cpnsti;ute\defin#tiéns
: &f the'mgtrixes [a],and [k]v).
| In the.analysis of a structural system which 1s composed of bar type

‘elements, the nodal point forces would represent the final results.  How-

ever, 1p‘thg plane stress problgm_considered'hétep ﬁha distributed stresses




10
within the elements, {0&', rather thap the resultant nodai‘forces, are
of primary interest. Thue one final step ig needed, the ttansformation
from nodal forces to element stresses. Designating the stress tramnsfor-

mation matrix by the symbol D*ﬂ » this operation is performed as follows,

o} = Pl AMEE @
?1na11y; representing tﬁe above matrix product by a single symbol
BOE e | ®
Eq. 8 may be writ?en | | | | |

et = [mMllalin W

in which [M] performs the function of transforming from elgmeﬁt
deformations io element stresses. The entire amalytic procedure is now
contained in Eqs. 1, 4, 5, and 10.

A;thdﬁgh the procedure described above is straightéforwagd? and
provides a convenient method for the analysis of'small to moderate-size -
systems, the invérsion of fhe stiffness matrix (Eq. 4) is a tremendous
task when large systems (involving over perhaps 106 nodal points) are to
be analygedc In order to avoid this problem, an iterative solution of

-Eq. 3 for the nodal p@int,displacements was substituted for the inverpipn'
Iprocessﬁ Using this approach the procedure is capable of treating systéms

having as many as 600 nodal points.



1

Element Stiffnesses - _

isotrogié_Elasticitz = The method nsed in deriving expressions for the
stiffnesses of triaﬁgular plate elements composed of isotropic e1a§tic
matgrial has been described previously(a) so only the results will be

presented here. The geometry of a typical element is defimed in Fig. 2.

AYU

Ox,

1

Thickness = ¢,

FIG. 2  TRIANGULAR PLATE ELEMENT DIMENSIONS
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Its stiffness matrix is presented in Eq. 11, below:

sz'\‘ Sdf ( Symmetrical)
- . b |
k] = z(n—o=xﬁij.quk) “beby=§gjac bfs;idi - a1)
VagberSachy ~(4%)aj;  af +5if

in which

E = Modulus of Elasticity
D= Poisson's ratios

)

S= =z
o In t@g preceding discussion of the finite e1ement method, it has.
bgep assumed that the system to bg solved 1is pubjected to a cqnéiﬁ%on
of plahé stress, and Eq. 11 applies to this condition. .On the other
hand, there may be some justification fo: assuming that a gravity‘dam is
in a state of plane strain. The plane stress stiffness matrix of Eq. 11
can be applied in a plane strain analysis if modified elastic proﬁerties

.are introduced in the equations as follows:

v o _E
E —0%
“ v , '
V¥ = =) | FIZ?

In these equations, the "starred” values are the modified properties
to be used in applying Eq. 11 to a plane strain analysis, while the
unstarred values are thé actual properties.

-In the present 1nvestiga£ion9 the plane stress equations were used
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exclusively, because it was assumed that the method of comstruction
{in large monoliths) would lead more closely to such @@nditionsa However,
it may also be noted that for the values of Poisson's ratio used in this
study (V=o0. 17), the diﬁferemce between the modi fFied and autual praperu
ties ( E%= 1LOBE; 0¥=1.200) is well within the limits of
accuracy with which_theseIValues can be estimated. Thus the question as
to whether a condition of plane stress or plane strain exists is only

© of academic interest.

Orthotropic Elasticity - In order to establish the influence of an
| otthotropig foundatidn material on the stress distribution in the dam, it
was necessary to develop the stifﬁneas matrix for an orthotropic triangular
,elemento The derivation of the orthotropie stiffness matrix followed
 exa¢t1y the same procedure used in deriving the isotropic stiffness mat:ix
except that the stress-strain relationship for the orthotropic material
was snbstituted for the 1sotropic stress-strain relationship used in
Refetence 4. Thus, the first requirement was the derivation of the ortho='
trapic streas~strain relationship, |
For this purpose, it was assumed that the orthotropic material was
‘ actuélly a layered systam'consistiﬁg of two,isotropic materials of

different stiffnesses, E; and Ey, as shown in Figure 3.
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FIG. 3 ASSUMED ORTHOTROPIC MATERIAL

The éoftgr material (Ez) was assﬁmgd to occupy only a small proportion,
rs,of‘;pe;total @:111@1;11;35:5.9 and it was further assumed that the ratios
~of the elastic moduli of the two materials was the same as the ratios

of their Poisson's ratios:

o . B | )
5 E, _ f13?

The effective elastic properties of this layered material were determined
by applying successively stresses c;%a Oiy” and T , and computing
Xy :

‘the resqlting strains €, 8y9 and K;y,

Applying the horizontal stress, ijs the effective horizomntal

o

modulus is found to be
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O M
where r* = r(l - -ETZ) {14)

while the effective Poisson’s ratio is given by

. | |
h = = V(1-r% (15)

S_imilarly, applying the vertical stress, gy » the effe._ct:ivé vertical

mgdulus is

= O E.
R o
Y =2 4r .
E\
and the corresponding Poisson's ratio is
& & '
Dy = — 22 = ‘Ux_ﬂ = ‘L)x._' an
3 eﬁ By M o
where M= Ex
Ey

Finally,_ applying the shear stress, T';':I s the effective shear modulus
is found to be

Es
2(/“,1'1))()

6 = (18)
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These elastic properties may be summarized by the orthotropic

stress-strain relationship, which follows:

Ex | | -Up 0 ax |
By 0 o 2(utd) || LG

In the derivation of the element stiffness, the inverse form of this

stress-strain relationship is required, as follows;

Q_'ﬂ 1 = ?’;): 1))g | Ke, . 5:3 (20)
Thy M o o P2 ) Y
_ - : 2(}&*'"0:(3

Employing this orthotropic stress-strain relationship in the procedure
described in Referemce 4 for the derivation of the triangular element

stiffness leads to the following fimal result for the orthotropic plate

element stiffness matrix, [_1:]

M b: * qﬁ ; (Suming.i-m',_,.l )
&l = Et o :
. 'Q(q_jbk“‘zagbj “(?+1)x)ajbj a}- +7b‘iz
where | - oF
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-Complete Element Element‘ Stiffness Matrix - The complete element stiffness matrix
is formed merely by arranging the individual element stiffnesses as
submatrices on the diagonal of the complete matrix. Thus, if the individual
element stiffness matrices of élements a, b, ¢; . . . n are designated

kgs kb’ kg»-.- o o ky the compllete- matrix uiay be written

#

Element Stress Matrix - It was noted:above_ that the stresses in an
element are of greater interest than the nodal forces, and that the ,
matrix [M] would serve to transform from the elment deformations to
j;_he..ggresses. ,Th:l.s_ stress transformation matrix, which'was not presented

in the previous publication, is given below for any arbitrary element "i",

bK - bJ uQJ

_E | o
] = (=0¥a ) vex ~R 4
~§ac 8§95 -Shy

(23)

The .transfomation of stress for all elements in the structure thus may
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-Be accomplished by means of a diagonal matrix made up of the 1n_dividua1

element stress transformations,

M= (24)

‘Althou,gh the normal___ and shesr stresses ( Oy, 0y, $ T""':I ) completely '
def:_[.ne‘ the state of stress in the elements, it frequently is of imterest
to know the principal stresses 0y and Q7 and their directions & .
.In this i{nv,estigationv these principal stress values were determined
from the stress values .related to the x, y coordinate axes by the

standard transformation fomuias of elementary mechanics.

Displacenent Trapsfornstion Matrix

| The displag'eﬁeﬁf 't:gnsﬁgm#tipn matrix serves to relate the
deformations of t_h_é finite elements to the d_isp_lacements of the. nodal
points, as is shown by Eq. 6. The de:ivat_iori of this matrix will be
’ 'd_:,f._,scns‘ged with re‘f}e_:e‘nc’_e‘ to Fig. 4, whigh shows a portion of a triangulér
element system. The fom of the displacement transformation caﬁ be
- demonstrated by eatablish,i;;g_:he‘ rationship between the displaqments
. of nodal po:l.ntg -I, J, a_nd'l{, and the rgsulting d:e,f_ormatiokn,s' of .el;e;men_t_
npt, k.s_imilar relationships could be established between any nodal

' dispiacexnentg and the _d_efqrmatipns olf. the e_l,ane.ntsf‘:'cpnnecte;l thereto.



© NODAL DISPLAGEMENTS DUE To RIGID BODY ROTATION

YPICAL  DISPLACEMENT  TRANSFORMATION  ANALYSIS




20

As an example, a unit vertical displacement: at joint J is 1ndieated
in Fig. 43, and the resulting distorted configuration of element "n" 1is
s_h,awprby the dashed linee. This distortion pattern violates the support
_eonditions which were assumed for the element in deriving its stiffness
' (see Fig. 2). To return the ele-ent to the required ‘support eonditionss
a r_:l.g_:lg body rotation is applied as shown in Fig. 4b. The actual
,d_iq;ort,ion\ shpwn :Ln Fig. 4a, can now be expressed in terms of the required,

support conditions as is indicated in the second column of the matrix below

W, | K bJ/qj

_ r |
G | |0 %4 Mg
s -h — (2]

'_i‘he first column of this matrix represent:s_ the relationship ‘bet&een

the horizontal displacements of joint J and the elanent deformations.
Sinee this displaeement does not violate the required support eonditions
for the element, it is clear that u., = G directly. |

Eq. 25a may be written symbolically as follcaws
{unt = [ans){s

Similar relationships can _be developed for ‘the digplacements of nodal

points I and K as follows
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ru.'; .O O T Fuj ) . r—' —M/q:
h 1
_ 0_-‘ 1o ‘ Ty 2 Ui ‘. o —GA 3 "
. . & ) > Jﬂ N -h

or in symbolic fomm

‘Ltr} [a,,]{r,}, M*-[“u]{fn}

_'Eqa. 258 and- 25‘b may also be cmb:lned into a single relati.@nship,
expressed pymbolically as follqws

. ‘
iv:si = ‘,ﬂnr Qnr dnn]{"i% | (26)
‘ . 3

Relationships similar to Eq. 26 can be established between all

nodal point displacements and element: é}efoin;ations, For example, for

the simple systgn shmm in Fig. 5, the complete displacement trans-
formation would be of the form

- L

u-d. ( a“ aag : dqr i -
. v,
Ub o Qe O '
el T o ar ax||® (20
. o
_‘&_ i o] aQ a‘.‘ J » 3_‘

4in which each of the symbols is as defined in Eqs. 25a and 25b, with

dimensions selected as appropriate to the pai;ﬁicular element.



. FIG.5  SIMPLE TRIANGULAR ELEMENT - SYSTEM




: ‘The load matrix is merely a listing {3} of the load components
applied to the nodal points of the plate element assemblage, preﬁented

~ in the same sequence as were the displacement components {'r} in éhe

-development of the displacement transformetion matrix. Three types of
1qad1ngs wgre’considéredkih this investigation, dead loads, live loads,
and thermal loads, each of which will be discussed separately below.
Dead Loads - The dead weight of each plate element is givem, of course,
by the product of its area, its thickness (which was tsken as one foot)
end its uoit weight, ¥ . One third of the total element weight was
:gpplied at each of the thrge nodal points to which it was attachgd. .Ihpl
 the toﬁalydéad load at any nodal point was taken as'one;thirdmggdghgu_
weights of all elements attached at that point, applied i@ a dbwﬁ%ard;{ or

negative "y"_direction.

L;!g Qgggg = In calculating the hydrostatic water load acting at each
hpdal péint, it was assumed that the pressure was distributed against
~an auxiliary stringer system, as shown in Fig. 6b. The re;ctibné at the '
ends of the stringers, resolved into vertical and horizontal components
as shown in Fig. chkthen constituted the live loads. For any given
nodal_pg;p;, the live load depends not only on the deptﬁ'of water at
that levgl,.but also upon the depths at the points above and below. . Whére
thé élopes of sucqesstve element faces are thé same, as is the case,in

Fig. 6, the live load components at an arbitrary modal point N are given by




%

a. TYPICAL  DAM  SYSTEM -

T eetie
. PRESSURE °
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R = 7 (do+ dn+ Awm)(do=dm)
Ry = Ry ‘df"_'l’ . (28'?

in which Yy is the unit weight of water amd the other'symbols are
defined in Fig. 6a.

Thermal Loads ~ The thermal loads may be calculated by first calculating
the stresses which would exist in the elements if strains due to tempera-
ture changes were fully constrained. Ip a plane stress system* these

stresses are given by

v “ w Eoe

o = O'g = ¢ = -0 AT : (29)
in which ol = thermal coefficient of expaﬁsion

AT =z change of temperature

The nodal forcgs required to maintain these internal stresses in each

- element may then be found by simple‘staticso While th@se'canstrainimg
forces are éppliedsbno dispiac@ments or deformations of the strueture
may occur, and the stresses are given directly'by Eq. 29. However, the
constraints are not really present, so their effect’must be eliminated
by applying equal and opposite nodal forces. These rgversgd constréining

forces are the thermal loads for which the structure is amalyzed.

*In a plane strain system, the corresponding expression is
w o E oL
T (+D)-20) AT

but for the relatively low Poisson' s ratio assumed in this investigatiom,
the difference between this and Eq. 29 is less than 5 per cent. As was
mentioned previously, the plane stress condition was assumed throughout
-this investigatlon,
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S . R |
For the element shown in Fig. 2, they would be expressed by

= 9 = “

in. b“' bj

+ | Ry - a; = Ay
Rus - | 1 -be F
Ry | T 2 | w | (30
R _ b; B ' -
[ Rye, | N

in which & is given by Eq. 29.
| The displaeements-reaulting from these thermal loads. are the
true thermal displacements in the system. However, the stresses resulting
- from these loads are only the part of the thermal stress associated with
the nodal displacements. The total thermal stress.is the sum of the
: dgformation stress resulting from the thermgl loads, plus the constrained
stress given by Eq. 29. FE
Bbundarx Displacements |

v In the_preegding discussion of the general matrix analysis procedure,
it was indicaied.that the typical amalysis requires the determination of
nodal displacements rgsulting from a given set of applied loads. In somé
'caées, however9 a "mixed" problem may exist in’ﬁhich forces are spécitied
at only part of the nodal»pointé and certain specific disp%a@amengs are
imposed at other points. Such mixed problems may be solved with no greater .
k.difficulty than cases in which noda; point loads are the only s;ress p:o=l
duéing g££e§t3°

The analysis is formulated by partitioning the nodal point forceg.
{B} into two suﬁma;rices: the specified loads {Rsk and the unknown
force components '{1[} (which gotrespond:with specified npd;l displace-

ments), At the same time, the nodal point displacements {r} are
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‘ partitioned‘into submatriees representing the specified displacements
{t } and the unknown displacements {IT% (which correspond with the

'4specified nodal forces) In this partitioned form, Eq. 3 may be written

o B ‘ (31)

inﬂwhich the stiffness ﬁé£;1g~ [KJ has been'pattitioned,to cortespond
with the pattitioniog'of toeiload and displscehent matrices. Then a
formal solution for ‘the unknown displacements il7§ is obtained from the
first of these submatrix equations

@ SRS o
e - [TfRd - [T Tl )

".Finally the unknown'forces‘{]fz may be determined from the remaining

submatrix equation

{xt = [Km]{Ui + [K,.]{r‘} S (310)

or introducing the value of {[7; from Eq. 32,

(2 = [K][Kun] '{ReE +([,] -[|<.,,] D<a»]"[n<m]}:{rs§ (33)

Because the matrix inversions required in the formal solution of
B a.large structursl system('(the calculation of l3<°°]-| in Eq. 33)
is a formidable problem, an iterative solution for the displacements was

employed in this investigation, as has been mentioned earlier - The
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solution of a mixed problem in which certain displacements {rBE are specified,
does not require any modification of the ‘iterative process. Mo iteration is |
required at these points because a reaction is available to support any

~unbalanced forces which develop.
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COMPUTER PROGRAM

The digital computer program performs three maJor tasks in the
complete analysis of a plane stress'system, First the stiffnesss displace=
ment transformation, and 1oa4 matrices are fcrmed fromwa basic gume:icalf
description of the system. Second, Equation 3 is solved for phe displace»
ments of the nodal points by an iteration pfocedure. -Third, theﬂinternal
element stresses are,determinedﬁﬁfgm theee displacements. The.generalﬂ
featu;es{of the program which carries out these operations will be described

in this chapter.

Numerical Procedure

}Before presenting the sequence of operations that is performed by
the comﬁute: program, it isAneceasary to discuss in some detail thefactualj
numerical method that was employed. This method is & modification of the
‘ well-known Geusafseidel iteration precedurevwhichg when applied to
Equation 3, involves the repeated calculation of.new displaceﬁen;s from

the equation

{e iyn=| L=n+l N

Y:’\(sﬂ) = knl':ll [Rn - 2 Kni r¢s+l) -= Kt rCS)l (34)

_ where n is the number of the unknown end 8 is the cycle of iterationo'
The only modification of the procedure introduced in this analysis

is the application of Eq° 34 simultaneously to both components of

displacement at eaeh nodal point._ Therefore, r, and,Rnibecome vectors

Qith_x_ang y components, and the stiffness coefficients may be expressed
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in the fqgm,

Ky, = R ke -
- em '

in»ﬁhich 1 and m are nodal point numbers.

Over-Relaxation Factor - The rate of canvergéﬁééﬁﬁf.thé'Gaussaﬁeigel

procedure can be greatly increased by the use of an over-relaxation
) '

factor " °. However, in order to apply this factor it is first necessary

to calculate the change in the displacement of nodal point n between

cycles of iterationm:

S)
arf

ﬂf§*4) - j,(s)

(36)
The substitution of Equation 34 into Equation 36 yields for the change

in displacement

) - .
Aﬂn(s = nn' [Rh - 2 Kni rfsﬂ) - Z Knt Q‘S)] (37)

: ' (=t,n=i (=N

The new displacement of nodal point n is then determined from the

following equation:

{.n(s-H) = Y.n(s) + @ AdS) (38)

where @ is'the,dverwrelaxation factor. For the structure considered in
R . & ! . : i

this report it was found that a value of € equal to 1.86 gave the most

rapid convergence.
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Phy51ca1 Interpretatlon of Method - There is 1mportant physical

significance in the terms_of'Eq,_37, The term {km)fl is the
flexibility»of nodal point n. _This representsﬂthe}ngdgl po@gt_
displagements_resulting from unit nodal point forces, and can be

written in the form of a sub-matrix,

f;x f;y

| (39)
' fyx ‘_fyy» |

Ko

The summation terms in Eq. 37 represent the elastic‘fdrceshagting

at nodal point n due tb the deformationéiof the piate elements:

o |
Q(s” Zk (SH) +2 kK (40)

n ! o l-n+|N ni (i

The differen@e between these elastic forces and the applied
" loads is the total unbalan¢ed force which in sub-matrix form may

be written:. '
(s+1) (S ‘ (5+1)

{Y " Ryln Qi

Eq. 38, which gives the new displacement of nodal peoint n, may

now be rewritten in the following sub-matrix form:

(5+1) (s),
{"x} _Irx fex fxy| .

= 4%+ . (42)
"y n Pdin | fyx fyy n Y |

3 (B+1D)
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It is'importgnt to note that any desired nodal point displacement rn(o)
may be assumed for the first cycle of 1terat;on. A good choice of these
&i;placements will greatiy speed the convergence of the solution. In
fact, 1if all displacements were assumed correctly, the unbalanced ’
forces given by Eq. 41 would be zero and no iteration would be necessary.
However, in a practical case there always will be unbalanced forces in -
the system at first, and the iteration process continually reduces them
toward zero. |

Boundarx Condition - Eq. 42 is valid for all nodal points within the
structure; however, in order for it to be applied to boundary nodal pointsk
the flexibility coefficients must be modified to account for the specific
t&pes of restraint which may exist. .Since these flexibility.coeffigients
are independeﬂt §£ the cycle Qf iteration, this modification is performed
before the start of iteration. There are three possible types of boun-
dary nodal pqints whose flexibility cogfficients must be modified as

follows:

(1) For points fixed in both x and y directions, Arx = Ary = 0:

* -
£, = hy = s =fy =0 (43a)
(2) For points fixed in the x direction only, Arx =

fu = hy = £¥ =0

| 3 (43b)
G’g = ‘rﬂﬂ L &——2— i, -
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(3) For points fixed “in y direction on].yl, Ary = 0:

fy =R =hy = O . -
fr = s o - (“3e)

For the structure considered in this report all boundary nodal points were

,ngllyv fixed, and Eq. 43a was applied.

Sequence o erations
Only the main pper"ations of the computer program will be described;
the details .of coding will be omitted. The program was written for an
_ 1BM 704 computer with 32768 storage locations. The operation of the program

is flexible in that both input and output can be "on-line" or may be

effected "off-line” through the use of magnetic ta,p»es and pe:iphera;.
gquipment;. |
_Illg_tgy_asg = For the purpose of numerically dgfin:l.ng a structure,. ail
nodal points and elements are numbe;'ed as illustrated in Fig. 7. The
numerical description is read into the machine in the form of punched
cards, by the follaw;l.ng, four arrays: |

A, 2armeter'Artay (6 numbers):

1. Numbered elements

2. Number of nodal points

3. Number of boundary points

4. Over-relaxation factor

5. Convergence limit

6. Coefficient of thermal expansion

B. Element Array (9 numbers per element)

1, Element number

2. Number of nodal point i
3. Number of nodal point j
4. Number of nodal point k
3. . Modulus of elasticity E
6. l’o:l.sson s ratio U




. 3iNana73  31v7d ANV SINIOd TVGON  ¥04  W3LSAS  ONINIEWNN

31VYNIGYO'

& . umawnN o\ 4
& 1N0d waoN 21\

s awaovaasia-x

wiLNe

s




35

7. Unit weight of element Jc
8. Temperature change within element AT
9. Orthotropic factor /ug.ﬁé‘.

: y
C. Nodal Point Array (7“numbers per nodal point)

1. Nodal point number

2. x-ordinate

3. y-ordinate

4. X-load

5. -Y=-load

6. Initial x-displacement
7. Initial y-displacement

D. Boundary Condition Array (2 numbers per bounaaty point)
1; Nodal point number |
2. This number indicates the type of restraint; "0* for

fixed in both directiomns; "1" for fixed in x-direction;
and "2" for fixed in y-directionm. '

Iﬁ Qhould be noted that fo; a fixed boundary pgint, the initial displace-
ment is the final displacement of the point, since it is not altered Sy
the iteration précedureo |

Formation of.Elemént Stiffness Matrices - Thé stiffness matrix for each

element :is determined from Eq.:1l or Eq, 21, The basic element

gﬂiﬁeﬁ@i@ﬂ@yﬁrqﬂcalculated from the coordimates of the cqnnecting.nodal~poincs:

AT X5 T X

by = &% -4
»,b&A:= Ye — Yt .

where i, j, and k are the nodal point nnmbers of the three connecting
points and are given in the element array. |
Formation of Complete Stiffness of System - Because of the large matrices
that are dgfeloped 1n a flane stress éystem, the formal matrix procedure
represented by Eq. 1 is not.used directly. Since the complete stiffness

mgﬁrix contains many zero elements, only the non-zero elements are developed
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and retained by the prog:gm;vthugp it is possible»to»treat large plane

E . stress systems without exceeding the storage capacity of the computer.
Formation of Load Matrix - The load matrix {R} is composed of live loads,
éeéd 1oads, and temperature loads. The equations which are used to deter:

Formation of Nodal Flexibilities - The nodal point flexibilities are deter-

mined from the previously developed stiffness coefficients. The fleg@-‘
bilities associated with the boundary nodal points are mbdified by the
application of Eqs. 43, as required.

Ite?attve;Solu;ipn - The repeated application of Eq. 42 at all nodal points

constitutes the-iterative procedure, The sum of the absolute magnitude of
the unbalanced forges at all nodal points (given by Eq. 41) is also com-
puted for each cycle; this sum, when compafed to the convefgence limit,
serves as a check on the convergence of the procedure. 1In all analyses
presented in this report, this sum was reduced to less than 1/1000 of the
ivalue obtained in the first cycle of iteration.

.}cglgplation-gg Element Stresses - From thevnodal point displacements,

|  with the aid of Eq. 23, the element stresses Ux , Gy, & Ciy are
calculated. As added information the principal stresses §; and (3. and
directions O are alss'calcula;ed. |
Outgut‘lnformstion = At desired points in the iteration procedure, nodal
displacemen;s and element stresses are printed. Fig. 8 illustrates the

form of the computer output, in a typical case.

Timing

" The computational time required by the program is approximately

equal to 0.07 ném seconds, where n equals the number of nodal points and
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m equals the number of cycles of'iteraticnu The number of cyclés Eequired
dgpends on the accuracy of the initiaily assumed disp1acements and on the
desired degree of convergence.. For the structure considered in this report,
the computer time per sélution was approximately 7 minutes for the coarse

mesh and 17 minutes for the fine mesh idealitation. Betweén 70 and 100

cycles of iteration were used in typical cases.
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| | : SCHEDULE OF ANALYSES

The Strugtpral_ﬁzstan

The dimensions and properties of the strucfﬁral system considered
in this investigation were supplied by the Contracting Office. Fig. 9

shqws the basic geometry of the section of dam which was analyzed,

‘Mbnpligh 16. This was one'of the most severely cracked,por;ions of the
structure. The extent of the cracking could not be defined e'xﬁctlyD

but it appeared #hst there was one princi?al crack which extended from
near the center of the basg to roughiy two=thirds.off£he height of the
secﬁion, as.shown in the figure. The physical proﬁerties assumed for the

various materials in the system are listed in Table I, below.

Table I. ASSUHED-PROPERIIES OF MATERIALS

Concrete: - Mbduiua of Eiasticity | Ee = 2.0 x 106 psi
| 0.17

1 G

Poisson's Ratio 0

Unit Weight 150 pef

7.0 x 10‘.=6 per p

2
60

‘Thermal Coefficient

Foundation Rock: .Mbhuius'oflElasticity 5.0 8 106 psi

Ek =

Poisson’s Raéip D = 0.17

Thermal Coefficient o =7.0x 10-6 per °F

Vertical Modulus B = 1.0 x 106 pst

(Qrthotrppic cases) :
Water: ~ Unit Weight 8, = 62.5 pcf
Temperature AT = =35° in body of dam decreasing to
change:

OQFJabout 30 feet below the surface of the .

foundation rock (See Fig. 10)
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Tﬂé relatively low modulus of elasticity assumed for the concrete
was chosen in order to account for the effects of creep which would be
expected to have occurred in the twent& years'since the dam was built.
Dead weight of the foundation rock was not considered because the de-
formations and stresses resulting from this effect existed prior to the
construction of the dam. Only conditions resulting from the comstruction
of_the dam were included in the 1nvestigation.

Cases Considered

The priﬁcipal variables consi@eted iﬁ.these studies included the
form of,lpading, the crack height, the type of fpundaéion material
(whgther iSOtropic‘of ofthotropic) and the possibility pf.upliﬁ;

ﬁressures at the upstream edge of the base. .Several factors were

considered in selecting the most significant combinations of these

variables. For example, temperature changes are known to have played
an important part in the behavior of the structure, and are assumed
to have been the primary cause of cracking. ‘Theréforés temperature

effects we#e inciuded with each of the basic éonfigurations. Howevér, §

because the computed “thermal stresses were not ¢onsidered io be repre-

sentative of -actual conditionsy: - 1t was décided’to use the thermal
analysis primarily for detemmining the extent of the crack opening, and

to calculate separately the stresses dué‘to dead and live loads. Analyses
of an uncracked section were included so that the.spgcific 1nf1uen¢e of
’thg»cragk‘qn the stress dis;ributions resulting from:eééﬁpof the loading
conditions could be evaluated, The o::hotropic_foundation was considered

only in those cases believed to be most representative of actual conditions

" in oxder to determine the importance of this factor. Similar considerations
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i _ | : dietated the choice of the case in which uplift pressures were included,

~ The 1ist of all cases atudied 1g presented iq Table II,

. rzable IL SGHEDULE OF ANALYSES

Case £§gug;jgggghg"- Logdigg v '-5'.' ; Foundation o U§11£t 
- Nome . Dead Load Isotr0pic<; Nb;

Dead & Live - " .. m

:G‘!:‘ -] __7>

" D4LéTemp. " . om
»-Twoéthirds': Dead Load S Soow _i  ,',ﬁ
e :'Dead_&mve‘. e e

woo o Dead+'1‘empo o "o _ ".'_"

. " . | - D‘s, L* Tempo '_ / " - . ”:.

‘" e W w9

™ U ‘Desd+Live  Orthotropic "

L .SﬁfeﬁaNinEhs’jnead load . Isotropic . S
. " . pesd 1 Live SR o
. g:;..~ ';‘“..' "._ iDeadj+ temp. . :" .:,,  i.a . 1 ”j 

11 " Dead 4 Live s ﬁodél_poﬁ,ﬁts"

2w e e g e

N 2/9t7/9. " % . Isotropic 3 modal points'
*Dnl B Twowghirdfs Temperature Isoﬁéopic - " o Nb_ S

*0-2 " . DeaddLive - om0 e

' #These cases were included to provide a check on the- analjrses made by
‘Mx. D, Mclienry of the Portland Cement: Assoa::i.m:i«:nn9 material properties 7 o

were those uaed :i.n the PCA analyses rather than those cited a‘bove. - :
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:Analxsis Procedare _

' Foundation Displacements = The finite element approximations used in

'; the ana1y31s of this dam are shown in Fig. 10. The coarse mesh approxi-
- mation was employed first in order that a large foundation zone might be
'1ncluded in the analysis. With this ideallzations the magnitude of the
foundation deformations could be determined with good accuracy. ‘Then

the displacements calcnlated along-the dashed line in the coarse mesh

approximation were introduced as boundary displacements at the base of
the‘fine mesh system. By this procedure it was possible to retain the

effect of the complete foundation and still not devote a large number of

};; A elements to its treatment in the final analysis.

Separate coarse mesh analyses were carried out for each basic

loading condition: dead load, dead plus live load, dead plus temperature,
etc. Each set of calculated bouadary displacements was then used in the
analysis.of‘the fihe mesh case for the corresponding loading. lt was

A assumed, however, that the extent of the crack would not affect the'i

'-boundary displacements; thus the same displacements were introduced for

a given load case regardless of the crack condition. It should be noted
that water loads were applied to the appropriate foundation elements_as"
well as to the dam structure in both coarse and fine mesh live load

analyses.

Treatment of Crack - The presence of an open crack introduces no comp11=

i R cation in the finite element analysis procedure; each side of the crack )
‘is treated just like any other external boundaryo Nodal points are
Tdefined along both sides of the crack as shown in Figo ll and displace= S

l

’-f‘ments of the tw0»sets,o£~points are assumed to take placc,independently, _
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In order that this assumption be reasonable, it is necessary, of course,
that each pair of ﬁointe move apart rather than toward each other. Thus
1t was assumed thatrthe dam was subjected first to the dead load plus
temperature change eonditions; which resulted in an opening of the crack.
Then if the subsequent live loading did not completely eliminate the
separation at any pair of nodal points it is eleer that the two sides
would continue to act independently as assumed.
vggligg_rressures - It was recogeized at the outset of this investigation
tpat there might be a tendency for tensile stresses to develop at the
upstream edge of the base of the dam. Because the tensile strength at
this pqint is eesentially nil, it would be expected to crack open under
repy_loedipg condition for which tensile stresses were indicated. Further-.
‘more, since this crack would be exposed te the full hydrostatic pressure
at the base of the dam (in live load conditions), uplift pressures woﬁld
be developed over the full eﬁtent of the crack.

The uplift preesyre analyses were treated in exactly the same
kyannet as ve:e_the {ertieal crack analyses, with separate nodal_ﬁpints
being located along the base of the dam and in the foundation rock, as
shown in Fig. 12‘ The only difference was that hydrostatic livelload
forces were epplied at the nodal points of this crack, acting normal to
both the upper and.lower surfaces, as shown. It was assumedvthat the
crack extended,dqwnstteam a distance of three nodal points (about 52 feet)
becansé.a grout curtain and relief drain system located in this vicinity A
: would prevent the uplift pressure from extetding further. (One analysis
.was made in which the uplift pressure was applied over a distance of

about 42 feet, but this’coﬁdition was not considered realistic).
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RESULTS OF ANALYSES

The stress components in each element and the displacement components
of"gggh nodal point, whicbﬂwere calculate@_by‘the digital computer and
printed in tabular form (see Fig. 8), constituted the direét results of
the analysis procedure. However, the mass of numerical data was too bulky
gp‘be digested readily in this form, and a considerable gffort was
égpegded_in rep:esentiqg.the most significant of the data in graphical
plo;(;,s °

| _ Stress data were presented in two different forms: stress vectors
gpduétress contours. The stress vectors are merely diregt.graphicgl,plots
'qflghe principal stresées in each’element. (Tyey are plotted from the |
center of the elehent, and‘consist'of~arrows,showing the sense ahd
; Airection of the gﬁresses, the length of the arrow representing the
fﬁagnitudé. qStﬁdy of the stress vector diagrams, which are compileﬂ i;
th_Appenﬂix, reveals a great deal of detailed information about the
state qf stress in the structure. However, a more easily interpreted
represen;aﬁion is providéd by the stress contours which are presented
and discussed in the first section of this chapter.

iDisplaéemen;»data‘a:e also presented in two different sets of
figures. | The boundary displacements are merely figures depicting the
defp:mgd:shape of the cfo§s=section-under load. These aré of qualitative
interest; but have no great significance witb regard to the performance
"of the étructure. The crack displacements are shown in these figures,
but in b;&er to provide a clearer impfeésion of the extent of the crack
~opening, and of the effec; on it of the various load combinationég
:separate-figures have been constructed showing only the crack displacements.
The disélacament figures are presented and discussed in the latﬁgr part

of this chapter.



Stress Contours |
| Line; connecting points of equal s;iees intensity in the cross-section

are called 1eo;static lines or stress comtours. Suchwcontoure we:e,drawn‘
ipﬂeach_eese for the verticai normal stress 03‘ , the shear stress 2%5 ’
and :E.er the principal stresses_' g~ 1 and J. 2o The major principal 8;1_:‘385;
(1 1s defined as the maximum tensile (or minimum compressive) stress,
while the minor pr;ncipal stress, qag'is the maximum compressive component.,
- In constructing the stress contours, it was assumed that the stress values
eompﬁ;e@ for each element existed at the centroid of the element, and the
contours were based on these controls. . However, a ee:taiﬁ amount of
~9qu§hing.waa.required in converting the discontinnogs finite element
results into a represen:ag;qn of the actual continuous system,

Also presented for eachpcase are plots of the Oy and T, stress
distributions across the base section of the dam. These curves were
defined by the intersections of the stress contours with the base line.

The resultant forces represented by these base stress distributions were
evaluated;dieeetly from the graphs by means of planimeters. Comparisqns
of the calculated force resultants with the applied loads for all cases

are presee;ed in Table.lll, et the end of this seetion,

Caee’A (Fig. 13)-- The base stress distribution computed inm ehis uncracked
sectionfis very nearly of’the'simple trapezoidal form assuﬁed,by the
_elementary theory, althpugh a slight tendency toward stress concentration
is.evidentvat the heel of the dam (the expected effect of foundation
elasticity). The shear stress distribution across the base for this
aimple, dead load condition merely represents the resistance provided
by ghe«fpundation rock to the Poisson's ratio expansion teedencies in the

[}
concrete. The principal stress plots show that no tensile stress is
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developed at any point in the section, and that the maximum compressive

stress 1s about 250 psi, only slightly more than would have been predicted

|

by elementary theory.

Case B (Fig. 14)~-~ Comparison of this case with Case A shows the influence
of thé;iive»load‘on the stresses. Some definite shifts in the distributions
are eﬁidgnt, due to the change in location and direction of the resultant
applied forces, but no signifiéant éhange has occurred in the maximum st:esé
values; actually the maximum:stresses’have been reduced slightly:by the‘
}iyg load. The most notable change from Case A is the reversal of ﬁﬁe.base
_shear.stress.direction in the region of the heel. This is a direct result
of the lateral hydrostatic force, which in this case must be balanced
by the base shear stresses. |
Case C (F:I.go 15)-- In this figure it is seen that the addition of the
thermal loads causes very substantial changes in the stress magnitudes and
directions, especially near the base where the foundation resists the thermal
strains. - The primary thermal effect is a lateral contraction of the con-
crete together with the restraint to this contraction which is provided

by the fpundation rock. Although the assumed therm§1 gradient in the
§e:tical direction tendé to distribute this congtrafning effeét over a
-fairly deep portion of the dam near the bése, the stresses which result

are quite iarge.

o The direct conséquence of the base restraint is a system of tensile
stressés 0x in the horizon;aindirectipn (near the base) accompanied by
shearrs;rgsses ( Cig ) on horizontal planes. Tﬁesé shear stresses oﬁpose
those due to dead load; but when combined with live load effects they
'pfoduce a maximum shear stress of nearly 400 psi near the heel. At the

same time, the tensile normal stresses ( Gy ) in the base zone tend to
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cause a rounding of the base plane (convex downward), and this rounding
tendency is resisted by vertical normal stresses (ay ).

The resulting tensile stress of 400 psi (as well as the major
principal stress of orer 500 psi) in the vicinity of the heel demonstrates
the severity of the losding produced b& the temperature changes. Thus
the fact that the structure cracked is not surprising.

On the other hand, it should be recognized thst the assumed thermal
Stresses probably are considerably more severe than those which actually
occurred, at least in the vicinity of the faces of the dam, These zones
probably never achieved the high temperatures which developed in the
, mid-section, thus the Oy thermal stresses near the faees would have been ..
oonsiderably lesa than the computed values. The assumed conditions.
probably are quite realistic in the mid-section, however, and the computed
tendency for cracking in this ares should be representative of actual
conditions. | ’
~Case,D»(Fig, 16)-- Ihe comparison of this case with Case A demonstrates
the relatively minor influence which the crack had on the stressges due
to dead load alonea The only notable effect ig with Tespect to the
stresses resulting £from Poisson“s rstio expansion. The lateral stresses
due to this effect are greatly relieved by the Verticsl erack through the
center of the seotion, thus the corresponding shear stresses at the base
of the section are also reduced. Minor normal stress concentrations appear
at both upper and lower ends of the crack, but the maximum stresses
'associated with these are negligible.

Gase (Figa 17)== The influence of the crack on the stress distribution
. due to live load is much greater than on that due to dead load, as is

-indicated by a comparison of Cases E and B. The cracked ‘section temnds to
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resist the lateral logd as two separate systems, connected only at the top.
Thus the normal stresses (Gg) associated with overturning are much
greater in: the upstreaﬁ’block than they were for the solid damgreaching

a value of abouﬁ 400 psi. Similarly, the shear force is resisted only by
the upstream block, causing a significant increase in shear stress as
compared with the uncracked case.

Sizeable st;ess concentrations also were developed at the upper end
of the crack in this case, due to the action of the zone above the crack
in forcing cont#nuity of displacement between the two blocks. Two
d;gtinef;actionsvwere involved in maintaining ;ontinuity. The lateral
force acting on the upstream block’pressed it against the restraint of
the downstream block, causing horizontal compressive stresses (Qx ) to
develop above the crack. At the same time, the bending of the two blocks
tended to cause thé contact surface of the left block to move downward
while the corresponding surface of the right block tended to move up.

The resulting shearihg stresses iﬁ the zone above the crack put the
upstream face of the crack in vertical temsion (Gy ) and the downstream
f#cg in vertical compression. This Gy tensile zome in the upstream

block near the tip of th; crack is of conmsiderable interest, in that
horizontal cracking was observed at this location in the prototype.

The corresponding compressive stress in the downstream block is consider-
able larger in magnitu&e, of course, because the dead weight stress in
this case is an additive rather than a reducing influence. The maximum
cémpressive stress in this zone is mo larger than the maximum base stress,

however, and thus is not of particular interest.

Case F (Fig. 18)~- Comparison of this case with Case D shows the relative -

importance of the thermal loads on the cracked section, The thermal
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effects everywhere are similar to those observed for the uncracked

section (see the comparison between Cases B‘endic) when due aliowence

‘has been made for the fact that the crack has converted the system into

two. prentimllgf independent structures. As was noted in the discussion

of Case C howevers the assumed thermal conditions are not entirely

realistic, and a better impression of the importance of the crack .

1is provided by the comparison of Cases E and B, in which only live and

dead loada are considered.

. asg (Fig. 19)w~ The differences observed between Cages G and E are

equivalent to the differences between Cases F and D, in that in each
case the differences Tepresent the effect of the thermel load on the
cracked seetion. On the other hand, the comparison of Cases G and C
demonstrates the influenee.of the orack on the stress distributions

dﬁe‘tO’identical load conditionso Howevera because the stresses resulting

_from the temperature changes are quite large, and because the assumed

thermal conditioms are a rather crude approximation of the actual
conditions, this ecomparison is considered to be less significant than

that discussed above for live and dead loads only (Gases E and B)

gggg_g (Fig. 20)-- The influenee of the orthotrOpic foundation is indicated
byﬁaAcomparison of Cases H,and E, since otherwise these two cases were

identical. -1t is apparent from the similarity of the stress contours for

the two. cases that the vertieal foundation flexibility has very little
-effect on the distribution of stress in the upper regions of the structure.
The only noticeable effect is observed near the base, and is most evident
in the Gy end. Z;ﬁ values plotted for that section. The reduced vertical

‘foundation modulus considered in this case makes the dam behave relatively
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more like a rigid body. Thus the computed stress distribution is more
iikejthetfassociated with a rigid dam on a flexible base, in which stress

concentrations tend to deveiop.at'toe and heel. However, it will be

~noted that these increased stress concentration tendencies in Case H as

compared with Case E are not.great; in fact they ate-almost within the

range of accuracy of the method of analysisu.

»paneFI (Fig. 21)~-- This case corresponds exactly with Case D, the only

ditference being that the crack has been extended upward for one more

nodal point to 7/9 height. qupaéison of these cases demonstrates that

'the additional crack height has a negligible influence on all aspectsof

the stress. distribution due to dead load alone.

-9§3§‘Jv§213? 22)-= The re@ationship between Cases I and D, which.naa

disenssed.ebove, applies also to Cases J and E, except that in these
latter cases the iive'ldad'also is acting;‘_Although the effect is not;
1a:ge, it is appnrént that*the-incrensed erack height does result in
a definite increase in eertginAeriticaI live load stress valnes; Over
most of the eroes-section, the similarities between the two cases are
quite remarkable, but the maximum tensile and compressive stresses at .

the base show a significant increase in the 7/9 crack case, as does the

maximum tensile stress at the upstream face of the crack. This finding

is not Surpriaings of course; since these critical stress values are a

- direct consequence of the crack, it is to be expected that extending

the erack would result in an increase in their magnitude.

Case K (Figo_23)'“ Another indication of the effect of extending the crack
height is shown by the comparison of cases K and F. As would be expected

in the absenee of live load, the difference shown by thisncomparisgn (for

dead and thermal loads) ismnegligible.
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CLase L-1 and L-2 (Fig; 24 and 25);f The effect of uplift pressures at
the heel of the dam is shown by a comparison of Cases L and J. The
principal efféct of thg.uplift condition is the upward movement of the
heel of the dam, and the consequent rotation of this upstream portion
ofmthe dam. .?his rotation causes.a ;ignificant iﬁcrease in 1:l'ae.’¢:om‘=
pressive stress at the base of the dam on,thé upstream side of the crack,
and also causesJinereases'in the stfess concen;rations near the upper
end of the crack.

Cases L-1 and L-2 differ only in the extent of the uplift.crack
assumed at the heel of the section. In Case L-1 it extended downstream
fpr three nodal points (about 32»ft.), in Case L-2 it extepded 3% nodal
points (about 42 ft.). The additional uplift in Casng-Z caused an
;ncreaséd stress copdition as would be expected§ however, Case i-i is
considefgd more realistic bgcause a system of drains and a grout
curtain provided in the protdtype Should be effective in limitipg
uplift effects to about the first three nodal points.

The maximum stresses observed in Case L-1, the most critical case
goﬁsidered (except for L-2), amounted to over 400 psi compression at the

base upstream of the crack and on the downstream face of the upper end

of the crack. At the same time a tensile stress of about 150’psi was

obsg:vedycn the upstream face near the upper end of the crack. The

tension at the heel of the dam which was noted in Case J has been elit_ninated3

.of course, by the opening of the crack at this location, and in its place

is the 100 psi hydrostatic upiift pressure. Similarly, the shear stress

near the heel has been eliminated by the crack and the entire shear

actiﬁg on the upstream block ié resisted by the remaining uncracked

portion of the base.
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Qggg_g (Fig. 26)-- Tﬁis case is gomparable with Case H in that it represents
the céﬁdition»of‘dead plus live load acting on the system with the ortho-
tropic foundationf The only difference betwegn this and Case H is ﬁﬁe
extension of'the crack to the 7/9 height. As might be'expecteds the result
of this extension is a slight increase of the stress values at all points
of concentration. Of greater interest is the compariéon with Case J,
@hich demonstrates the effect of the orthotropic foundatipn,’ In this
comparison it is quite evident that the softening of the foundation
tends to reduce the bending consfraint acting at the base of the blocks,
upstream and downstream of the crack. Thus the @y stress gradient across
the base in Case M is considerably less than in G;ase‘.’J° Ihis softening
affect of tbefgrthotrOPic foundation is considerably mbre evident hefe
in the 7/9 crack height case than iﬁ was with the 2/3 créck height

(Case H)@ |

_Qggg;ﬂ fFiga 27)== In this case, the crack has been assumed to extend
upward ffog'2/9 hgight rather than from the base. Otherwise conditions
are idgntical:with~Case L-1. As would be expected, the stress concen-
trations here are greatly reduced, with maximum compressive mormal
stresses: of only about 250 psi r#ﬁher than 400 psi as in Case iwlo In
effec;, the-portion of the dam up to the hase of the crack acts in com-
‘bination with the foundation as a single unit. The remaining portion
ﬁhiCh'is subject to tﬁe c;aek effect is cpnsiderably smaller and there-
fore is stressed less. The form of the stress distribution, however, is
entirely cbnsistent with that observeé béfore°

Cases. 0-1 and 0-2 (Figs. 28§and 29)-= As was noted previously, these

cases were included to provide a direct comparison between results obtained

by the finite element method and those computed by D. McHenry of the
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?ortlandrcemgnt Association using the lattice anology. The properties
ps;umed by McHenry differed significantly from those employed ip the
analyses deécribed above, due in p;rt to certain limitations in his
,1attice analogy. Consequently it was)considéred desirable to employ
these same property assumptions in a finite element analysis for the .
purpose of mgking thiSacbmparison. Different properties were assumed
in each of the cémparison cases, and each is discussed separately.-
Case 0-1 (Tﬁgrmalﬁloading only): |

Température change: T = = 23°F (uniform in dam, no. change in
foundation)

Moduli of Elasticity: Foundation E é 5.0 x 106 psi
S Dam E s 1.90 x 108 psi

Poisson's Ratio: , U= 0.33

The GE strésses computed by the two methods are seem in Fig. 28»
to pe equivalent for all practical purpoées° The sfress‘contours are
- generally the same, and show appreciable differences only at the poiﬁts
-of stress concentration along the base of the dam. At the toe and the
hggi of the section, these differences are dﬁe.primarily to the boundary
; app:ox;mations-imposed by the lattice analogy used by McHenry. The
atructuﬁe acgually analyzed by that approaéh is one in which the sloping
surfacgs of the dam are representéd by steps in the rectangular mesh.
Thus at each step a stress concentration is found which is not represen-
tative of the prototype system. The minor differences which may be |
seen in the base stress concentrations upstream and daﬁnstream from the
crack may be due to differences in the methods of representing the
crack. In any case, tﬁe substagtial agreement between results obtained

by methods as different as these is good evidence of the reliability of

both methods.
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Case 0-2 (dead and,livg load):
| 6

Modulus of Elasticity: Dam and foundation  E = 4.0 x 10" psi
Poisson's Ratio: - . Vs 0.33
Unit Weight: Comcrete "%, = 150 pef

The principal stress distributions for this loading (Fig. 29) are
seen to be remarkably similar, with only very slight differences to be
noted in the stress concentrations at the toe and the heel. These are

due undoubtedly to the step-wise approximation of the sloping faces

which was used in the lattice analogy, and are of no praétical importance.

Static Checks of»Force-Result;nts

In applying the finite element method, the digital computer

‘automatically satisfies the'equilibrium requireheﬁts'imposed‘on thé

structure; in other words, internal forces are determined which exactly
balance the external loads acting at.each nodal point. fThuss,thefe is
no question that each portion of the finite eiément'idealiZ$tipn is in

éQuil;bfium,frHcWever,‘a further stage of approximation is involved in

* establishing the element stresses, and particularly in comstructing the

stress contours representing these element stresses. Thus it is of some

Ainterest'to-cbmpare_thé resultant forces represented by the calculated
stress distributions with the external load resultants applied across the

‘same secticﬁs; ‘Such_éhecks were made at the base of the dam‘section for

all c;ses_céﬁéidéféas and also with respect to the small triangular block

above the tip of_the crack for one case.

Base Force Resultants- A comparison of the rgsultany”forcéss‘determined'
from the calculated base normal and shear stress distributions, with
the total vertical and horizontal applied load components, Fy and F

respectively, is presented in Table III,
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TABLE III, 'CHECK OF BASE FORCE EQUILIBRIUM

Cagse ,!qg dx _H | Fgr;qr 1; y dx P Efror

b, - A 3300" 33507 -1.5% 0 0 o

B 3740 3650 2.5 1570 1530 2.6/

3]

; 3780 3650 3.6 1640 1530 7,2%
T D 3400 3350 1.5 o 0o o

‘?9503 13650 0 1640 1530 - 7.2

3250 3350 -3.0 oo 0
3800 . 3650 41 130 10 o7

H 6 WM =

3650 3650 0 1620 1530 5.9
T amsg 330 o o o o
J 13600 3650 -1.4. 1590 ..1530 3.9
kom0 om0 21 0 0 o
1300 30 14 1520 1530 0.6
L-2 3600 3650 =1l.4. 1520 1530 ;b,gi
W w3 14 1ss0 1% 13

N 3700 365 1,4 1560 1530 2.0°

Ii general it is believed that these results represent a very satisfactory
 degree of agreement, and that the triangular element mesh size which vas
employed is, justified, A finer definition of the #t-fe-;é? could have’
been achieved, of course, by using smaller elements, but at a considerable
gogt}inméoppu;atiohal'effortg  1§"is_be1ieved that.nd‘greatéf‘précisidn

could be justified for the purpose of this project.
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?}9?@;%?°Y? F:ggk~ Erom the complete_streSs distribution iﬁformatiqn”

provided_by these analyses it is possible go'eValﬁate the equiliﬁriqm of
forces_act;ng on any desired portion 6f‘§hg crgss~sectidn; of particylgr”
'intergs;.iq this'regatd‘is'the small triapgular block_gbove the tip of the
crack, which transmits éllvpf';heAfptggs acting between the two basic
portions of the dam. Fig. 30 shows the normal and shear stress distri-

butions in this zone of the cross-gection for Case J, the case with

the seven-ninths crack height subjected to dead plus live loads. The

mormal and shear stress distributions acting on the vertical and horizontsl

surfaces bounding this little block are shown, in addition to their

resultant forces. The resultant forces acting on the block are seem to
balance to within about 4 per cent, which is a v?fy]§9§%§§a?§9fymreéeiéf;

‘especially considering the rather small mmber of elements used to define

]

the state of’stfess in this local regicn;

Bn e s e - N N [y [ A — T IR S e e e e e e h -

£fect of Crack on Base Stress Distribution- In the discussion of the

stress contours sbove, it was moted that the effect of the erack on the

stress distribution was indicated directly by a comparison of cracked

L Y

[ R U U Y

section results with the uncracked ssction results for like loading
'é?n9¥F§°E§:'WF#p?P?lé;ﬁﬁvewbe%a-relaF%vsiy;?#mple“¢°;a??%ﬁse"Fhe,vﬁos?ﬁm

80 that the digital computer would automatically make such s comparison,
.§§§§;§gging¥$;rg§§ reéu;ts‘fpr"the_u@c;gcked'gasg from those fof the cracked
‘gecgiOn.i-This was not done for the pfesént iﬁvestigatidn because it was
considered that the results‘wduld nbt be of snfﬁiqient interest to justify
the programming effo:;t° However, to indicate the chargcter of such an
analysis, the effect of the crack on the base stress distribution for a
typical 1oading_waé evaludtég by maﬁually‘téking”the différenéé Bétﬁeén

the base stresses for Cases B and Jo The‘resultss shown in Fig. 31, depict
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’the base normal and shear stresses ‘cauged by the 7/9 crack when the section

N AL N O

is subjected to 1ive plus dead loading. The stress concentrations due to -
'the crack, amounting to a maximum of about 200 psi in compression, are quite

;evident in,this plotch

i
N

g
Haw;

Boundary Displacements,ﬁ)y

The displacement vectors ofveach of the boundary nodsl points have

S

'been plotted for the most significsnt cases which were treated.i Lines

connecting the end points of these vectors show the deformed shape of the

B IR Wy B LT NP

‘structures to a greatly exaggerated deformatiOn'scale. The reference;base

with respect to which all displacements have been computed is the base of o

’the coarse mesh foundation elements (Fig. 10), thus foundation deformations

vas well as those of the concrete structure are: represented,

i
0

Uncracked Section (Fig, 32 )-» The only notable result presented in this
'figure is the relative magnitude ef the thermal deformations as compared
withsthose~due tocdead and,live loadSsl The fact thst scrions cracking

has heen‘observed in the structure is not at. all surprising in view of

'Athese‘very large thermsl strains°

v*o;Thirds‘crsck ggig;t (Fig. 33)- Gomparing Figs. 32‘andi33; it is apparent
that the only effect of the crack on the boundary deformations is a very
slight increase in downstreem displacement resulting from the live load.
Thus it is evident that the cracked structure behaving as two blocks is
‘slightly more flexible than the uncracked system, as would be expected.

The introductionvof the.orthotropic foundationkleads ‘to the expected,large
"iﬁégeage in theLysrticalidisplacemEnt.of the strnctnre@’but has no other

N

apparent effect on the boundary displacements.
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ésxsa:ﬂizéhsnszaskuﬂsiﬁhsﬂﬁ?%s~“34)4~R@marks similar to the above apply
edually to the first two cases _presented in Fig.»34‘ the additional crack
height considered here has a very small influence on the boundary displace-
ment. The addition of uplift pressures at the heel of the section causes
an additional dounstream Totation of the dam, as is shown in the third
sketch. The increased stiffness provided by closing the crack for the
Lover two modal potats is demonstrated by the Teduced downstrean dis-

placement to be noted in the fourth sketch in'this_figure.

Crack Opening (Fig.‘3§)

) The displacements of the upstream and downstreammgaces of the crack
were generally of more interest than the outer boundary displacements.
In the first place, the amount of opening of the. crack was used as a
check on the prOperties assumed for the concrete (i.e. its thermal
coefficient and modulus of elasticity) as ?ell.aswennthe_eﬁsvﬁedhtsteré?
cre changes. Because the opening of the crack rather than its actual
dsplacement was of principal interest, only the horizontal components
uere)plotted in this'figure, relative'to thevoriginal position of the
,crack,: | )

_Two sets of results are presented in this figure, those for the 2/3
crack height, and those for‘the.7/9 crack height° For each'system;,the
crack_opening due to temperature alone was'determined by taking the
’diiterence,between dead load plus temperature and the dead load (alone)
results. Ihehmaximum'Width of the opening due to temperature was found
to be over 1/8 inch for the 2/3 crack height'case and over 3/16 of an inch
for the 7/9 case, the increase in opening due'to the'vertical'extension
of the crack'bein__g'qui,tenotahleq These values decreased to about 1/8

Hinchkandhjust'under 3/16 inch respectively~when dead load was includedg
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a more realistic condition, of course. Addition of the live load then
caused both a large downstream displacement of the crack as well as

tendencies toward closing pear the _upper end (where the base constraint

was less effective) The ‘amount of closure was somewhat greater in the

7/9 case, but even here it did not completely close at any point.

e

However, when the uplift pressures were added, it was found that

the crack did actually close at the _top nodal point in the 7/9 case.

~The calculations show an excess of closure of O 004 inches, thus the L

i

displacements actually would have been slightly less than these computed

vslues, and.results obtained in_this“case msy be considered slightly
conservstive.i‘ln other uords; contact pressures across‘the upper_nodsl
point oflthe'crackNWOuld have carried some of the,Stress,_end'results
would revert back slightly toward those obtained for the 2/3 crack
height case. .
It should be noted, however, that only in the most severe conditions
assuned did any crack closing develop, and since the crack probably .
does mot extend all the way from the base to 7/9 height, it is probable

L

thatjno clésure‘actuslly has been produced on the'prPtOtype-étruCtu:e’
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 CONCLUSIONS

The results obtained in this investigation permit several conclusions
to be drawn with regard to a number of different aspects of the study.
| : It _shou.ld be pointed_out .that the, investigators were not .requested to -
..’estiabliash the adeQuao&_ of the structure and no conclusions of this' ty_pe_
will hefreported:_ (though it should also be'.mentioned that none of 'the
‘results indicatej_an_ overstressed or unsafe eonditio,n}:; -Specific .conelns’i‘ons

are éig‘c’dsséd’ consecutively, below.

Method of Analzsis
e of the most important results derived from the study was the

.doxnonstration'of the ef_fectiveness"and versatility of the finite elqnent.
method and of the digital computer program which was developed. to
implement the.metho:d. _Stress distributions and de(formeti-ona were _obj_tain:ed'
for & variety of e‘cmpl,eg plane stress s“ystea;s snbjeeted to ‘some _-rattier v
awkward loa_éling'"eonditions; .The input data required to define ‘any
'prs'bi‘em‘ is easily prepared; the most time eonsnming part of the task is
the choiee of the most suitable finite element mesh and the evaluation
of the eoordinates of the nodal points of the syst. Tglhen the.inpu_t.,dat',_'a
‘has _been pr‘epared properly, the operation of the program is 'ant'omat‘ic'
and the analysis can be carried to any suitable degree of convergence.
«Computer time requirements are quite reasonable, even for the treatment
of complex cases such as these.

. The comparison of this method with the lattice analogy employed by
D.- ngﬂenry demonstrated that both methods give relisble results. The
lattice analogy ide‘eli:zation utilized a much 'ﬁiner mesh than was considered

desirable in the finite element system. In any ‘analysis of this type it
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18 necessary to weigh the advantsge of increased precision of the results

,aﬁmﬁerﬂefyeiémeafa. In general;,itzis beatjto,ase only enough elehea;a

ﬁéfdbtaiﬁ the necessary accuracy; this 1s particularly true when a

,Iarée‘number of cases are to be t:eated, Comparisons of the computer

time reQuifemeate of the ﬁwofmethods are relatively meaningless because

' the IBM 704 used in this study is a much faster andineteepowerful machiﬁe

than the LGP30 used by McHenry, though it may be noted that the_ahalyais

of a sihgle‘caae by,MeHeﬂ:y took about 200 ti@ea as long as to do a

| similar problem on the IBM 704.

‘The most obvious advantage of the finite element method over the
lattice analogy is the ease with which it can account for arbitrary

bodnaary_cphd;tions(e.g. sloping surfaces), arbitrary matertal'ptoper;ies

v(?aiaseQS? ratio ﬁﬁbfebe taken as 1/3 in,the,lattice‘aaalggy)'and
~a:bi;;a:& tﬁefmalava:iatidns. §uch special conditions as the o:thdtrépi#

foundation, which would be quite difficult to represemt in the 1at§i¢é

analogy, also may be included without difficulty.

;;Effeet of Craek

The principal reason for initiating this investigation was the question:
as to how a centrally located crack would affect the stress behavior of a
gravity dam, These studies shawed clearly that, although several rather
aignificant etreas coneentrations might be associated with the crack
the magnitudes of,the total stresses wereknot excessive forkthe seetiqn
gepget:y7qqnaidefed ﬁere,zbeing less tham 500 psi 13 all cases. The
ﬁ?iacipal stress cqneent:atien;zones were at the upfer and lower ends

of the crack and at the heeiqoibtheﬁdam., Tensile stress was developed at

¥
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the heel of the cracked section, and at the upstream face of the crack
near its upper end. It is of interest to note that cracking was observed
in the prototype at this latter location, and it is presumed to be

present in the vicinity of the heel also.

Thermal Loading
. The finite element analysis described in this report indicates stresses
due to thermal changes which are consistent with the assumed.behavior of
the‘structqre. However, it is believed that the magnitude of the com-
puted stresses, which exceeds 500 psi near the heel of the cracked sectioﬁ“
or 350kpsi at the base of the section with the crack extending to 7/9 height,
is considerably greater than the ;ctual thermal stresses developed in
these initial zones because several of the assumptions on which the anaiysis
is based are not satisfied.
The principal differencés between the assuﬁed and the actual qonditions
are as follows: |
1) It was assumed that there was no horizontal temperature gradient,
whereas.it is known that the temperature rise (and sﬁbsequent
cooling) must be significantly smaller near the expésed_;urface&
of the §ection, Tensile stresses near the surface therefore
would be significantly less than computed. .
2) It was assumed that the entire section was subjected to dead
ﬂweight andwcooling‘effects as a unit,‘whereas the structure,
"actually was bullt over an extended. perlod of tlme, and coollng

deformatlons of the earlmest constructlon took place before the
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final sections were built. - Resistance-to'thermal‘deform;tion
(thermalfstress) must'thgrefere be_lessjthaq‘éoﬁpgted,

3) It was assumed that the séction acteq as a hqmpgeneous, isotropic
elastic system except fpr‘tpe!spec;fied vertical and uplift
cracks, whereas it is known that_mapy’additéoﬁal-smaller,cracksl
developed in the structure, particulariy néar the base. . Thgsefv
additional cracks would have the effect of relieving tensile
stresses wherever the comﬁuted tensiie stresses were high
enough to induce cracking. Specifically, it would be expected
that the horizontal ((J;) tensile stress over the entire base
seqtion, and the vertical ((T;) tensile stress near the heel
would be reduced by this effect,

Because of these several factors tending to reduce thermal stess,

it is believed that the computed thermal stresses are significantly
higher than the actual values in the critical stress regions. Therefore
it was deemed advisable to base the principal stress analysis céndlusions
of the study on dead and live load effects, and to take account of the
thermal'ahalysis with regard to its deformation effects only. This is?
equivalentito assuming that all thermal stress was dissipated by creep ’

and cracking.

Orthotropic Foundation

Although the orthotropic foundation was found to contribute to large -
vertical displacements of the section, the effect of the orthotropy

on the stress distribution was inconsequential. Thus any question as to

-



82

whether the assumed foundation properties are correct or realistic is
! of little importance; it seems clear that the results don't depend upon

this factor.
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SUPPLEMENTARY INVESTIGATION

INTRODUCTION

,Objectives of the Supplementary Ihvestigation

~Dur1ng the course of the or1gina1 invest1gat10n regard1ng
the stress d1stribut10n 1n Norfork Dam, a number of topics
came up_whlch were of interest, but were beyond the scope of

the contract” Accordlngly, the contract was modlfled to permit

the extension of the investlgatlon into two of these areas,

_and this supplementary report descrlbes the‘worh done‘under

the extended COntrect. This;supplement”is_intendeq_merelyou
as an addition to the original report and is not-complete in
itself, |

-One of the topics considered here. “involves a simple
extension of the analyses performed in the original work, to
1nclude a case not previously treated. .In thls new caSe,

which is designated N-2, the central crack is assumed to ex-

tend from the first to the'seventh nodal points (i.e., from

1/9 to 7/9 height). Thus it lies midway between cases L-1
and N of the original investigation. It is now-belieued that
this new case is closer to thelactual conditions in the dam
than any of the preVious cases. Case N-3 is identical with

Nezkexceptrthat the reservoir level has been set at 573 ft.

5§1ev,rather than 584 ft as was assumed for all other live

load cases. It represents the state of stress developed by
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the'ma%iﬁ?mwvaté? level yet permitted in the reservoir.

| The other subject of this supplementary study is the case
of a crack extending through to the upper surface of the dam.
Exanination of the dam indicates that no such crack exists;
however, this condition is of interest as a limiting case as
well as a subject of scientific curiosity. The physical
properties of the dam vere assumed the same for this case as
beforé, and a similar finite element idealiZatiog'was;gdqptgdfw”
As before, the thermal changes were used merei&dtq estab;isgwphe

initial crack opéning (under_dead,load’plus‘the?malwcquit;ons).

The thermal stresses were considered to be unrealistig;_que
to creep effects, and were not included in the final stress

distributions. Isotropic foundation conditions were assumed

in’all of the new analyses, and the calculations were carried
out both with and without uplift pressures.
The principal difference between these new cases and the

previous analyses is that,.ﬁith-the crack extending to the

surface, the section_becomés so flexible that addition of the

live load causes the upstream block to deflect into contact

with the downstream block. This "crack closing" condition
makés the'structure non~linear and requires a major modi-
'iication of the analysis procedure in order to account for it.
Thus,lanfédditional result of this supplementary study was the
demonstration of a procedure for the analysis of non-linear

problems by the finité element method.
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~Cases Considered

A complete listing of the analyses considered in_this

supplemgntary investigation is presented in Table Ila, below.

Table Ila  SUPPLEMENTARY SCHEDULE OF ANALYSIS

Case Crack Heights __Loading Uplift Fig. No.
N2 1/9 %0 7/9 Dead + Live o sz 36
N-3  1/9 to 7/9 Dead + Live (573ft.) 32 ft.  36a
P-1 Fullr Dead + Tempv , Noné 37 & 38
P-2 Full Dead + Live | None%; 39
P-3 Full Dead + Temp 32 ft.

P-4 Full Dead + Live 32 ft. 40
Q-1 1/9 to full Dead + Temp - None

Q-2 1/9 to full Dead + Live None 41
Q-3 1/9 to full Dead + Temp 32 ft.

Q-4  1/9.to full  Dead + Live 32 ft. 42

Cases P & Q involve the new full crack height configura;
tion in which the crack closed under live loading. Thé 1st
and 3rd analysis for each case considered dead plus thermal
stresses in order to establish theAinitial crack qpeningm
The stresses due to thermal cpanges were not considered
significant, however, as was noted above, and stress contours
are presented only for the 2nd and 4th analysis for each césen

METHOD OF ANALYSIS FOR CRACK CLOSING

General Comments

If a gravity dam section is cracked all the way to the
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surface, the crack will open over its entire lemgth under the
action of ______ grav1ty loads and thermal changeso_;Asvppgmpgseyyqir
1s filled, however, the increasing hydrostatic pressures will
gradually force“the_crack c103ed_at thg”topgﬁand‘asﬂpgte water
is added the crack will close\fﬁr;her and fgrtﬂer_dcwnt As
the crack closes and contact is made betw¢en_th§vtyq s;des,
the behaviour of the dam changeé° Opposite sides of thg -
crack are no longer free to move 1ndependent1y, 1n fact because
of the roughness of the crack surface, 1t may be assumed that
the two s1des lock together upon contact and subsequently
displace as a continuous medium.

This changing character.of the structure with crack

closing makes it infinitely non-linear in reality. However,

in the finite element idealization only a finitevnumber‘of

nodal points can come into contact along the crack surface.

Thus an incremental approach to the non-linear problem

becomes feasible. The reservoir is filled by increments and
each time a nodal point closes, they are locked together and

ﬁhe medified structure is subjected to.further incremehts

of load. For the purpose of this analysis, a pair'of nodal
points facing each other across the crack (see Fig. 11, Final
Report) is assumed to have closed when their relative horizontal
displacement under live load just equals their.initial hofi—v

zontal displacement due to dead load plgs thermal changes.



89

Ihe_stressés and displacements deyélqped“in eathelement
of the dam due to each increment of loading may be super-
imposed to obtain thé'ﬁqtalustress in the nqn;lingarugystem
at any stage of loading. Thus the treatment of the crack
closing problem reduces to the amalysis of a succession of
varying structures due to load increments and”thebsgpgr;
position of the stresses (and displacements) calculatéd for
each increment.

Upl:i.ﬂ:kpr’csessuuc"es,,J where considered in these analyses, were
assumed to act over the first 3 nodal pqin@s Qf the base (32
feet) and were applied at the full.hydrostatic pressure _
appropriate to each load increment. It should be noted that
the ektent of opening of the uplift pressure crack‘Was not
assumed to increase incrementally; it was active oVer its
full extent throughout the loading.

_ Because of the incremental nature of the loading applied
to the dam in these studies, it was not feasible to establish
initial foumdation displacements with a coarse mesh system as
has been done previously. For this reason a larger foundation
zone was included with the dam section in order that the
foundation deformations might be treated realistically.

As wés noted earlier, the thermal stresses computed in
establishing the initial crack displacement condition of the

structure were not considered to be realistic. Thus these

stresses were stored during the incremental live load analysis



90

and then subtracted off prior to printing the final stress dis-
tribution. This is equivalent to assuming that the thermal
stresses were eliminated by creep and plastic flow.

The Computer Program

The plane stress program used in all the previogs.analyses
formed the basis of the crack-closing analysis program., How?
ever, it was modified by the addition of sub-routines which
accomplished the incremental loading and structural modifica;
tion operations described above. The basic flow sequence of
the modified analysis is as follows:

1) The dead plus thermal loading case is solved, for the

section cracked to the surface.

2) The displacements and stresses due to this loading
are stored and the loading is erased.

3) After checking that the water level is nqt at the
prescribed maximum, the loads due to a specified
increment of water level are computed.

4) The structure, in its existing crack configuration, is
analyzed for the incremental water leads,

5) The resulting horizontal crack displacements are checked
against the previously existing crack openings to

- see 1f closure develops at any nodal point.

6a) If no closure occurs, the stresses and displacements

are superposed on the previocusly existing results, the

loads are erased, and the procedure is repeated from
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Step 3.

6b) If exact closure occurs at any nodal poigt,’the §truct;
iuregis-modified by altering element connectiqns o)
that the structural form is that of a section with
the crack height lowered. Then stresses and displace;
ments are superposed into storage, the loads are
erased, and the procedure is repeated from Step 3.

6c) If overclosing occurs at any nodal point, the loads

are scaled so as to cause exact closing* and the
structure is modified as above. The remaining pro-
portion of the loads is saved for superposing with the
new load increment. The scaled stresses and displace;
ments are superposed into storage, and the procedure
is repeated from Step 3.

7) When the maximum water level is reached, the prévailing
stresses and displacements in storage are printed.

8) Finally the stresses due to thermal changes are sub-
tracted and the residual stresses (due to dead plus
live load) are printed.

Because essentially the same basic program was used for

each increment of loading, the analysis of a single case

*It will be noted that this scaling of loads is not exactly
equivalent to taking a smaller water level increment. However,

for small increments of water level, the difference is negligible.
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involving crack elosing was equiva;entwto apprqximately 10
analyses of the-previous_typef. Hoyever, the hlgh Speed IBM
7090 digital computer became available for these analyses,
and inkaddition certain quifieatipns !ereﬂmade_invppe basic
plane stress program which permitted faster operation. As a
result, a complete.eraek‘closing case ;‘invplving apprgximately
1200 cycles of iterations in all - could be solved in about 12

minutes,

RESULTS AND DISCUSSION

Cases N-2 and N-3

| As was noted earlier these cases are intermediate be tween
Cases L—l and N of the or1g1na1 investigation report, in that
the crack extends from 1/9 height to 7/9 height rather thanv
from the base and from 2/9 height respectively in the previous
studies. The stress cohtours for Case N-2, presented in Fig. 36,
Show that the maximum stresses fall between the values given
for the previous studies in Fig, 24 and 27 respectively. Thus
the compressive stresses at the upstream side of the base of
the crack are reduced from L- 1 but are greater than N, while
similar effects are observed with respect to the temnsile
stresses near the top of the crack,

The stress contours for Case N-3 (shown in Fig. 36a) are

so similar to Fig, 36 that differences can be noted only by
careful scrutiny.’ The loadlng for this case is reduced by about

10 per cent from Case N-2 and the apparent changes in stress
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are of this.erder’qf magnitude.

Crack Closing Cases (P and Q)

 Because the stress distribution of the systems subjected

o crack closing depends so directly upon the extent of crack
closing, it is advantageous to comsider just the crack dis-
placement_history during.the incremental loading,__These results
- are presented in Fig. 37 ﬁor Case P (cracked to the base) and
in Fig. 38 for Case Q (cracked to 1/9 above the base).

«Case P-2, in whieh no uplift is considered, shows‘a
regular relative displacement effect of the two sidesAof_thebﬂw
crack as the load is increased, with a final condition in which
fthe crack is closed from the top to 7/9 height. ‘Thus its
| final conflguratlon is quite similar to Case J (Fig. 22)

Case P-4, which includes the uplift crack is cogsiderably
‘more flexible (due to the redirection of base constraint) . In
fact, in the initial dead load plus‘thermal change condition;
the analysis indicates that the uplift crack would develop
negative displacements, which accounts for the wide openipg of
the vertical crack for this condition. This is‘an impossible
situation, of course, but as 11ve load is added the upstream .
block tilts rapidly and long before the top of the vertical
- crack closes, the uplift crack has opened. Thus the analysis
is correct for an initial condition consisting of dead plus
thermal plus partial water loading, and is valid for all sub-

sequent stages of loading. The greater flexibility of the P-4
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case (as compared with 2;2) isviodioayedwby tthfgct that closure
developed from the top to 5/9 height of the crack.
Case Q in Fig. 38 is due to the increased stiffness caused by the
base of the crack starting at 1/9 height. This additional
connection at the base of the crack inhibits its initial oponing
under dead plus thermal loading. Subsequent live loading then
is able to caﬁse greater closure thap developed in Case_Péﬁ, i.e.
from the top to 6/9 height. The uplift crack produced abproxi:
mately the same result in Case Q-4 as in GaséﬁP—4, including
both the overclosing effect of the uplift crack before live
loading (to a reduced degree) and the closing of the vertical
crack from the top to 5/9 height under full live load.

The Stress,contours for Cases P-2, P-4, Q-2,and Q-4 are
. shown in Figs. 39, 40, 41 and 42 respectively. Comparison of
the results for Case P-2 with Case J (Fig. 22) is of consider;
able interest in{that the finol crack configuration is the same
in both cases .but vertical adjustment took place in Case P-2
before the crack closed at the top. Consequently the shearing
forces transmitted across the crack from 7/9 height to the top
are much less in this case than for the corresponding zone in
Case J. As a result, the live load is carried moré by the
upstream block in Case P-2 with corresponding increases in

the stress concentrations at the base of the block (exceeding
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600 psi compression and 309 psi tension). ;

Addition of the uplift pressures in Case P-4 eliminates
the tensile Stress concgnﬁrations»at_the heel quthgnsegtion,
be transferred to thewdqynstream block.‘ The compressive
stress concentratiqn"at the base is seen to be reduced from
Case_P;z (to less than 600 psi). |

Similar results are evident in Cases Q-2 and Q;4, except
that having the crack closed to the first nodal point éguses
a much more favorable distribution of load between the two

segments of the structure. In Case Q-2, the maximum tensile

and compressive stresses at the critical horizontal section

are only about 150 and 450 psi respectively. Addition of the
uplift forces in Case Q-4 again reduces the maximum compressive
stress at the critical section to only about 350 psi.

One of the basic assﬁﬁptions made in the "crack closing"
ahalyses was thét the two sides of the crack locked together
upon contact, and that no relative sliding of the two sgrfaces
was permitted. This assumption is valid, of course, only if
the coefficient of friction between the surfaces is sufficient
to prevent slip. In order to asseés these frictional force
requirements the shear and normal stresses developed along
the part of the crack which had closed were evaluated for Cases
P-4 and Q-4. The results; shown in Fig. 43, demonstrate that

the normal and shear stresses average about 50 psi in Case P-4
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and about 30 psi in Case Q-4. In both cases the shear and
normal stresses are nearly of equal value thus the requiredk
coefficient of friction is about l. For the lov_stress_values
»and rough concrete surface involved here this seems quite
reasonable and the_assumed behavior is beliered Justified,‘
CONCLUSIONS “ H

The principal. contributlon of this supplementary investle:
gatlon was the development of the 1ncrementa1 analysis procedure
which made possible the treatment of crack closing condltlons. .
Although the 1ncrementa1 loadlng 1ncreases the computational
effort by a factor of about 10, with the present hlgh speed
program and dlgltal computer such problems may be handled easily°
Data preparation for an 1ncrementa1 analys1s is not much more
compllcated than for a'simple plane stress analysis, and it is
expected that thlS newv program nay flnd application 1n future -
investlgatlons on other aspects of grav1ty dam behavior.

The results obtained from the crack o1051mg analysis of the
Norfork Dam do not 1nd1cate extremely severe .8tress values,
although the maximum stresses are 1ncreased ‘somewhat over
corresponding cases which do not have the full crack height.

In general, redistrlbutlon of stress whlch might result from
cracklng or creep effects 1n regions of overstress has a favor=
able 1nf1uence on the stress dlstributlon,.VDeformation adgust—
meuts tend to dlstribute the stress more uniformly to the

entire system, and since the structure is very massive, these



i06

average stresses are quite safe, Even the addition"of uplift
pressures tends to have a favorable effect on the system as

a result of eliminating the region of tensile overstress.
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TABLE IIIa. CHECK OF BASE FORCE EQUILIBRIUM

Case _dx Fy Error | xydx _Fx Error
N-2 3560% 36505  -2.5% 1610 1530 5.2
N-3 3550 3640  -2.5 1500 1460 2.7
P-2 3620 3650 -0.8 1650 1530 7.8
P-4 3650 3650 0 1530 1530 0
Q-2 3580 - 3650 -1.9 1620 1530 5.9

Q-4 3610 3650 -1.1 1440 1530 -5.9
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APPENDIX
_STRESS VECTORS FOR ALL CASES
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