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1. INTRODUCTION

In these lectures I shall describe a number of properties of chiral
anomalies from a geometric point of view. I follow mostly work done in
collaboration with Raymond Stora [1] . Some of the results are contained in a
recent paper written in collaboration with Wu Yong-Shi and Anthony Zee [2],
to which I refer also for an extentive list of old and new references on chiral
anomalies. It is possible that the methods and results described in these
lectures are fully known in mathematics. On the other hand, several crucial
formulas have not been given before (at any rate not explicitly) and their
physical relevance is emphasized here. 7

As an introduction to the main subject let us consider some examples of
the relevance of topology to physics:

(1) The Dirac monopole.
The action integral for an electron in the field of a magnetic monopole is

given by 2
2

A X’
-—tp
T= L dt +< A (x,¢) ;"0“' . (1.1)
Kvin
1 1
The integral is over a path joining the point 1 to the point 2. Let us consider the
second term in the action. If we deform the path of integration keeping the end
points fixed, and then come back to the original path, the action returns to its
original value, provided the deformation was not too large. However,-if we
swing the path about the position of the monopole and come back to the original
path, we cut all flux lines of the Coulomb-like magnetic field. The action

changes by an integer multiple of eg (g is the monopole charge)



I/—: I tmeg - (1.2)

One can say that the space of paths is infinitely connected. Classically this fact
is not very important, since I’ gives the same equations of motion as I, but
quantum mechanically it gives rise to a problem. For instance, the path

integral .
oI
Z = | D(path) e (1.3)
is not well defined, unless

/n,e3=m271 m,n mtegers , (14)

which is the Dirac quantiz‘a'tion‘con&ition. [If this quantization condition is not
satisfied, the path integral could be defined as vanishing by destructive
interference, when one integrates over the infinitely connected space of paths.]
This is a well known example of quantization of classical parameters due to
topology. Other examples are

(2). Effective or phenomenological Lagrangions which arise as solutions of the
anomalous Ward identities (see Section 4). Witten [3] and Balachandran, Nair
and Trahern [4] have observed that a phenomenon similar to that occurring for
the Dirac monopole occurs here, except that the 1 dimensional path is replaced
by a 4 dimensional sphere.

(3). Non-linear o-model coupled to supergravity [5). One finds that Newton's

constant has to take quantized values, i.e. multiples of F ”‘2.

(4). Three-dimensional Yang-Mills theory [6]. The topological mass of the
vector field has a quantized value.

(5). In the Weinberg-Salam model there may exist heavy (unstable) soliton
states [7]. The Higgs sector of the model has a global SU@), x SU@),
symmetry. It is a linear o-model but for large Higgs mass it can be
approximated by a non-linear one, hence may have soliton solitions.

A common feature of all of these examples is that they make use of
homotopy groups, so a list of the homotopy groups of the classical groups may
be useful as a guide for a systematic search. Without going into the details of
the definitions let us say roughly that the q‘h-homotopy group II a4 of a
(topological) space X is the set of mappings of S4 (the gq-dimensional sphere)
into the space X, where two mappings are considered as equivalent when one
can be continously deformed into the other. We are interested in homotopy
groups of groups i.e. the space X is a classical compact Lie group G. Here is the

list of homotopy groups of the classical groups [8].



I :q um) oN) Sp(N)
N>q/2 N>g+1 N>1/4(q-2)
0 0 Z, [P} 0
1 Z [Em] Z, [spin] (]
2 0 0 0
3 Z Z Z [Instantions]
4 0 0 Z2 [Witten]
5 Z [Chir. Lag.] (] Z,
6 0 0 0
7 Z Z Z
8 0 z, 0
period: 2 8 8

(Z : the integers; Z,, : the group of 2 elements)

The table exhibits the Bott periodicity theorem. Provided the group is
sufficiently “large” (the inequalities are indicated) the homotopy groups follow a
series of period 2 in the first column (U(N)) and of period 8 in the other two columns
(O(N) and Sp(N)). Observe also that the homotopy groups for O(N) and for Sp(N)
follow the same pattern, only shifted by 4 (half the period). See Milnor’s book [9] last
chapter, for a proof of the Bott periodicity theorem.

Remarks:
(1). II, = Ofor all three classes and also for the exceptional groups (E. Cartan).
(2). Ho refers to the connectedness of the group

T, (O(N)) = Z, is related to parity

I, (O(N=3)) = Z ,is related to spin.
(3). The Dirac monople has to do with HI(U(I)) = Z. Note that for the 't Hooft-
Polyakov monople the relevant quantity is IT,(SU@YU)) = I7,(U(1)). For
homotopy groups of quotients of groups see Hilton[10] .
(4). The instanton has to do with /T, (SU(2))= Z. Note that Sp(1) = SU(2).
(5). Witten [11] has pointed out that an SU(2) gauge theory ‘with an odd number of

chiral fermion doublets is inconsistent. This is related to IT 4(Sp(l)) =12,

(6). Chiral Lagrangians (cf. Section 4) are related to II(UN=3)) = Z.

. IT3 = Z. This fact is related to chiral solitons [12], [13].



2. CHIRAL ANOMALIES AND DIFFERENTIAL FORMS
A simple way to introduce the subject of this lecture - the anomalies associatd

with chiral fermions - is to consider the Lagrangians

L= pr(o-irAp)Y (2.1)

in 4-dimensional space-time, where the g’s are Dirac spinors, A uk a set of external
vector fields and A¥ the generators of a representations of an internal symmetry group

(like SU(2), SU(3)). Let us futhermore introduce an axial current operator

Jrf = ?ers\f’ | (2'.2)

which is a singlet under the internal group, and look at its classical conservation

equations
W J-; =0 . (2, 3)

It is well established [14] that in the one-loop approximation of perturbation
theory the classical conservation equation breaks down. If one requires vector gauge

invariance, the axial vector equation takes the form

| vps
W=y R B Ee . (24)

Here

F =—inF

r..y K ,4V

and F‘wk is the usual Yang-Mills field strength associated with the fields A“k (eg123 =
1). In terms of the latter the “singlet” or “abelian” anomaly, as we shall call the r.h.s.

of (2.4), can be written as

I vpe 2
Qf‘],f-_-_m ef‘ Te % (A %A +3 AAA:) . (25)

Equally well one may consider two currents constructed analogously to the above:

fermions are split into left/right one’s

Y= 1Ehy (2.¢)
2

R

and one starts from a Lagrangian in which they are coupled to corresponding

lefright veetors felds
L = Qo yt (- A M+ T Y (% -i A )Y (27)
Now, all currents |
jp‘: = by i Y H=L,R (2.#)

are covariantly conserved in the classical approximation but lead, upon proper

definition {14], to anomalous equations



DF I o L P, F(A*’[QFALLZAL*A;‘AL‘))

W Upi S 2t

(2.9)
H:L/R N ’1L=-”ZR’:—1 ,

in higher order. The r.h.s. of (2.9) will be called the non-abelian anomaly. Comparing
the factor 1/2 in front of the trilinear A-term with the corresponding factor 2/3 in (2.5)
it is clear that the non-abelian anomaly cannot be rewitten in terms of Yang-Mills
curls. Nevertheless there is an intricate relation between the two types of anomalies
which will be cleared up in the subsequent lectures. To point out that, differential
geometric meh_ods will be used, which are going to be introduced presently.

In terms of differential forms the Yang-Mills fields A“k will be represented by
E
A=-iAg Ay dxt (2.10)

a matrix of one-forms (i.e. having anti connecting elements), the field strength by

F=dA+A (2.11)

a matrix of two-forms (wedge symbol suppressed, matrix multiplication understood,

elements of F commuting). It is easy to check that the Bianchi-identity

DF=dF+[AF]=0 (2.12

holds, by making use of the fact that

10

0(i=0 (Z'B)

and that d anti-commutes with the one-form A. The operation D in (2.12) is the
covariant differential. In order to translate Eqs. (2.5)(2.9) into the language of forms
we associate with the currents J 5 one-forms J 5 dxk, go over to their duals

*J5 = 1/31 £, J5"dx"dx“dxp and then observe that evaluating the divergence (resp.
the covariant divergence) is performed with the exterior derivation d (resp. the

covariant D):

AFTP= (1) 5 pper XX (210)

hence

¥ oc Fr = d e (AdA+L AY) , (2.15)

(2*75). =-Gi(A) o< d Ta ), (A¢A+21Ay, (2.16)

As indicated in the first lecture the fact that the anomalies are d operating on
something is crucial for their interrelation, so let us derive this fact. Consider e.g.

TrF2. Observe first

d WP T(dFF+FdF)=2 R dFF . (217)

Adding zero in the form 2Tr{A,F]F we obtain

dBF=2TRIFF = (2.1£)
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due to the Bianchi identify (2.12). In order to find the form of which TrF? is the
derivative we have to perform an integration and therefore look first of all at the

variation of Tr F2 induced by varying A into A + §A.

F=dfA+A®  §SF=dsA+5AA +ATA=Dfn),@1%)

(the signs are correct, A being a one-form.)

ST F= 2T SFF =2T D(SA)F 20
_1DNiAF = 2d RSAF . './

We have used the Bianchi-identity and that Tr SAF is a scalar.

Let us now intoduce the variation of A via a parameter t by

A =tA ) E=tdA+EA= EF+(t20A. (221)

The equation (2.20) may now be written

ST FE =24 % sAE (222)

and with § = &t /6t we have by integration

] | |
fegnE =2dfwnaf (23

hence

T Fls wfs‘e Ty A(EF+(EE0RY)

= d ’Il[AF- A?). (z2)

12

Calling the integral, which is a 3-form, w, we write

w3:2f567“z/4(tom+t‘/-l} (2.25)
[2 ‘
To(pdA+ 2A*) = T (AF-1A")

and have thus verified that

m F*

)

oy @.ze)

Analogously one can proceed for higher powers Tr F” since
! ~
AT Fon hdFF 7 =n BOFF™'- 0 (2.27)

The result is

T“;FW:OIN (Z-ZP)

in-|
!

oy = B[S AE™ (229
Q

Explicitly forn = 3

a),—znjsr/-}[éolﬂ F )
LT (A(A) e 2ATE 3 RAR)  E50)
’T';F '-‘—'0[5&); . (2.3/)
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The above considerations have to be generalized to the case where d(...) =0.

The appropriate tool is the so-called homotopy operator k : it has the properties

dk +kd =1 (2.32)
kK*=0 , d=o . (2.33)

Let us suppose for the moment that k exists and check on the known case above what

k does. Apply (2.32) on Tr F2:
(dk +kd ) RF- TBF* - (2.3

since d Tr F2 = 0 this is simply

d(kRF*) = . @)

|
&3
7

Hence, if k is known, Tr F2is readily expressed asa d(...).
The construction of k proceeds algebraically. Build out of F and A all those

formal polynomials that vanish at F = 0, A = 0. Define an operation d on them by

dA = F-A® ', @.3¢)
AF= FA-AF (237)

and the rule that it acts as anti-derivation (commutes with F, anti-commutes with A,

and is linear on sums). Check that

OIZ:O . (2'3‘?)

Indeed: d?A = d(F—A2) =FA — AF— dAA + AdA = 0. similarly

d%F = d(FA — AF) = 0 (work out)).

14

Define another operation € by

(239)

1]

¢A

0 /

¢F =3A @.40)

and the antiderivation rule. Then verify that

Ld+rdl =& (2.41)

onA: ¢dA + dfA = 8(F-A?) = 6A
onF: ¢dF + dfF = 6(FA—AF) + d6A = SAA + ASA + &dA = SF. Here we have
assumed that § commutes withd.

These definitions of d and ¢ can thus be extended to all formal polynominals

(vanishing at F = 0, A = 0) and, in fact, be applied to families At,' F, depending on a

parameter t:

— st A 42
LA,=0 f,,Ft':Sf]t:Stf_)_t__ , @.42)

with Ag = 0,F, = 0.

The anti-commutations relation (2.41) becomes

0
fd+de =5 =5tz (2.43)

and integrating over t from 0 to 1 yields an explicit representation

ksf'fet (2'4#)
0,
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with

kd vk =4 . (2.45)

Let us illustrate these abstract considerations by an example. Choose as

polynomial AF. Then

d(AF) = F-= AFA (&)

LA(AF) = SAF +FIA +ATRA . Q41

Choosing the t-family
A—> A =tA
SA —> §AL= 3t 2Ae S otA

F— F =tF+ ()R,

(2.4¢)

we have

LA(AF) = Lpd(Aeff )= 5AF E§Ap + AShehe
= St (ﬁff+lfﬂ'+tzﬂ7) @. 49)

Hence integrating over t from 0 to 1

16

[
Kd(AF)= jn(m—;d,:ﬂ +A?)

o

(2.50)

On the other hand

L(AF)=-REA — 4 (ﬂtﬁ):-stmﬂ 2.51)

j}t(ﬁtﬁ)"_ K (AF}::-ELAZ / @.52)
A .

AK( AF) =-§’-01A1:~2’_(FA—AF) o (2.53)

Adding (2.50) and (2.53)

(kd+dKk) (AF)= AF (2.5)

as desired. The lesson we learn therefore is that one must perform first of all the ¢-
operation term by term and then integrate. It is to be noted also that ¢, depends on t
since {,F, = JA, = 6t3A /3t is a variation along the one-parameter family at the point
t. On the contrary d is t-independent. Observe that, in the example discussed above,

one can verify by direct computation that the square of the operator k vanishes
2
K=o

Actually, it is not difficult to show that this is a general fact, when k is defined by
means of the family (2.48). We leave the proof as an exercise to the reader.
A word of caution. Equations such as (2.24) and (2.26) are really valid only

locally, in some finite neighborhood in x-space. It is however well known that they
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can be given a global meaning by using a connection on a principal fibre bundle,
rather than a vector potential on the base (x-space).

Qbserve that the forms @, , are local expressions, constructed with the gauge
potential and its derivatives up to some finite order, all calculated at a given point

(see (2.29)).

Finally we emphasize that in defining the operators d, € and k and in studying

their properties (from formula (2.36) on) we have treated A and F as purely algebraic
objects from which one can form freely polynomials. No special relations (such as
particular commutation relations) have been used and the polynomials were not

restricted by any symmetry or invariance property.

18

3. TRANSFORMATION PROPERTIES OF THE ANOMALIES
The key question whose answer eventually leads to the characterization of the
anomalies is: how do they transform under a gauge transformation?

We have seen in the last Section that

T F =dew,,° (3.1)

with

|
, " n-1
o 0-—KT’¢F = Mn anAFb- , (3.2)

In—y —
©

(the additional superscript 9 is introduced for later convenience), where k was the
homotopy operator. Under a finite gauge transformation g(x) the field A transforms

A= Ag+dds (5:3)
hence F = dA + AZinto

=7 (3.4)

Under this transformation TrF" is clearly invariant, but how does @, , 0=
w2n_l°(A,F), understood as function of A and F, change? Certainly “’2n-10 may (and
will, in general) change by a term da, a being a (2n-2) - form, since this contribution is

annihilated by applying the d-operator yielding TrF”. But it turns out, that



19

-] —_
wzn-lo(/“?/ F; ) = wz»-/ o(ﬁl F) +d Xin-2 + wZn—l @' a[?_/ 0// (3 5)
i.e. the transformed “’2n-10 contains besides da a term which globally cannot be

written as d(...) and nevertheless is annihilated by d, the form (o2n_l(g'1dg,0) is closed.

Let us now derive this result.

Dropping for the moment the indices we write the gauge transformed

0 .
@y, 4 (Ag,Fg).

Q(Ay/@):w(?-'/}j-f-g‘lolj/ 7—’F;)

=w(A+V, FJ) . (3:6)

=1 2
V=dgg L dv =V, (3.7)
since @ is given by a trace. We want to use now the homotopy operator k for obtaining
information about w(A + V, F), but w(A + V,F) = 0at A = 0 F = 0, so we have to

substract w(V,0). It is convenient to subtract one more term: w(A,F). Hence consider
Nz w(A+V,F)=w(v,0)—w(AF) ; (3.6

observe that -

o{ﬂ:@. CB?)

Indeed: de (A+V,F)=Ta Fn/
‘ —dw(\//F) = O
_dw(AF) = - TxF".

Recall (2.32)

20

(dk-t-kd)./)- = /L
le. 0{(/(./1)::./2. .

(3.19)

We have thus indentified the (2n-2) - form a:
oy, = k(€ (A 4V, F ) =g, (A F) = g g (v,o)). (3.11)

This completes the proof of (3.5) if we also use
w(dg ?", 0) = w (g" "lj o).

Actually, k2 = 0 and wzn_lo(A,F) = kTrF" eliminate the second term in (3.11).

(3.12)

Also, ko, n.lo(V,O) = 0, so that

oy = k(wlh_'o (;H-V, F)) . (3,/3)

Exercise: Calculate a,, o for n = 2,3 (Note: in actual calculations it may be simpler

to carry along the term anVIO(A,F) inQ.)

Result:

m=2 x,= - T (VA) V=dg g (3.14)
3

m=3  oly=TR(-LV(FA+AF)+L VA + L VAVA +3V 4)

Ty Adh +dAR )= L VA L VAVA £ EVA)
[-4vl )-3VP* i)

-1 3 )
4)3"077,9):6\)3°[A/F}+alo(z——lgﬂ(? o(;‘) s. G /;/
w;°(Ag,f;):w;"[A,F)+a/u,,+/”o— ﬂ(j"o/?) C(317)
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Equation (3.16) has a well known application to instantons. Equation (3.17) will be
used in Section 4 and could in principle serve as a definition for the anomaly as well,
but a slightly more sophisticated derivation yields the anomaly in a more convenient
form, so let us proceed to this one. '

We shall distinguish the differentiation in direction of x from that in direction of

the group and denote the former by d, the latter by &:

d:a[ r9 3.8
X XM ( /

S = odt* 2 3. 19
T | (3.19)

(x# are coordinates in space-time; t* any parameters upon which the group elements

may depend). In gauge transformation too, we shall separate these variations:
-1 -1y -
Aosy'hy sy +5'0 ,  (.20)

g depends on both x and t, while A is a form in x alone. Clearly

A=deS A= o (.21)

/
since

A= 5=dd+Sd =0 . (3.22)

A = 9"/42 +;"0/} , (3.23)

v = ?‘IJ? ’ (3.24)

22

one verifies

Sa@ = —dv - v -Av = -Dv (3.21")

S = - v | (3.26)

NowF =dA + A2, therefore
T -1 27 )
Foodd+ A" =g"Fg. (3:27)
Notice that also
yzﬁ[ﬁ+v)+[¢4+v)z Y, @.Zf)
as easily verified. This implies that
A wZn-;o(#*'V/ 7} = 0(6‘}211-' 0[04’ 7/ / (3-27)
and both sides equal

mF = RF . (3.30)

Let us expand w2n_2°(d+ v,9) in powers of v

o(#'* v, 7) = w2n—10("41 ?j"'&)zﬂ-z"‘"_‘*uozn;l é"’)

where the superscript indicates the power of v. Equation (3.29) implies a set of

aJ

2n~y

relations
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...... (3.32)

We shall see later that mzn.zl is to be identified with the anomaly. Let us calculate it

explicitly. Now, from (2.29), (2.21), we see that
! A e
wzn-:o (ﬁ'“", 7} =m jst' Te ([ﬁﬂr) ?'; )) (3.33)
: )

where

A

F o= b F ) (Arv)

- F (o) SR v+ (t-t)v* (3.34)

It is convenient to replace the trace by the symmetrized trace

Sta(8,,8,,,8.) = 2 1 *(B Bew) (437

To first order in v, (3.33) gives

24

fitSu (e B oA (F fh]+ T AT )
=m f;l’ St {’V ZH.,L (tz——t‘)(M«l)/f {/4’1,-] 2"4)

Using the invariance of Str, one can rewrite this as

w [1 S0 [ T (et e) (A, AP F % e [AF ]))

o [5t Sk (v[gg*::n,,,(,,-,)(tg,q,,%"-:ﬂ[,@ /T:]/J)

Now observe that
n-2 n-2
ol 71- = - [‘/46' / Z J

and

2T ket (AR

The above expression becomes

%L’Sé S‘Uz— (’V[?t""g. (t-1)(n-1) ((__?)_%_ _J%),fn-iﬁa{?zm_j]>

/

and finally, integrating by parts with respect to t we find the result for anomaly,

! n-
Iyt :m(h_n)jst(/—f) Stz(v—d (£ F z}), (3.36)
Let us give the explicit egpressions for

n=2 0);": '-I:;('\FAJQ) y; (3.?7)
m =3 w,t= Ty (vd(ﬂo/ﬁ+5’v4’3}}- (3-37)

/
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Equation (3.36) is very convenient because it exhibits the anomaly in the
canonical form in which the differential operates on a function of & and &, while v is
not differentiated. Equation (3.38) agrees with (2.186).

Equation (3.37) gives a 2-form in x space, which is the non-abelian anomaly in 2
dimensions. Similarly @ ! gives the non-abelian anomaly in 4 dimensions and
generally w2n_21 in 2n-2 dimensions. One may wonder wether the other forms,

wzn_kk'l(z = k < 2n), are also relevant to physics. If one is interested in 4

dimensional space time, one must take

In-k = 4 ng?}

k=1 = 2n-5 .

205 in which the infinitesimal gauge

For any n = 3 this gives a 4-form in x space, v,
transformation v occurs an odd number of times, 2n-5. There is an infinite number
of such forms, as n varies. According to unpublished work by I. Singer, these

generalized anomalies can be identified as obstructions to a definition of the Dirac

propagator in an external potential, globally in the space of all potentials.

26

4. IDENTIFICATION AND USE OF THE AN OMALIES
In the last Section we have defined the form (‘)Zn-Zl to be the non-abelian anomaly.
We now wish to justify this definition. To this end we go back to Section 2, generalize
appropriately the Lagrangian (2.7) to arbitrary (even) space-time dimensions,
renormalize in the one-loop approximation and consider the functional of one-particle-
irreducible Green's functions W[A] to this order. Gauge transformations are now

represented by functional differential operators

X (x)::—-? J (/4 x”’/& . (4.1)
Ay

The cross—product is constructed with the structure constants of the respective simple,
compact Lie group under consideration. One may convince oneself that the X/’s form

[X.(x), X; (5] = £5* X, (x) 8(x-3) , (4:2)

and also that their action on W[A] just yields the current (non-) conservation equation

X (x)W[A)] Ja]o (4.3)

(G, = 0 would correspond to the conservation of the respective currents). Now the
mere existence of the functional W[A], which we suppose to be ensured by appropriate
renormalization, implies a consistency condition for the possible G;’s. Acting twice on

WI[A] and using (4.2) we derive [15]

X: )G (y) = X (5) G (= ;"G ) Ixy). (4.4)

Trivial solutions of these equations are, of course, readily found:
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C.t) = X0 GLAT G.r)

A
(GIA] e.g. local) is a solution. But (4.4) has not been solved in all generality. The

anomalies (2.9) arise as solutions of (4.4) which are not variations of a local functional

in the basic fields of the theory: This feature we take as definition for the general
case: any solution of (4.4) which is not a variation of a local functional in the basic
fields (p,A y) we regard as anomaly.

Before showing that m2n_21 does solve just (4.4) we have to reformulate the
problem somewhat.

Let us introduce anti-commuting scalar fields (Faddeev-Popov fields) v,(x) ’and

the notation

v X
nG o= I [ wle) Gobo

)

7 |dx v;tx)X‘,Cx)
- | (48)

u

L3

Then the consistency conditions (4.4) turn into

v X vG — "Z-CVXV)'G =0 . (4.7)

Similarly the gauge transformation on A yi may be reformulated:
Interpreting (4.7) as invariance manifestation of v-G suggests to transform also v
sy = - Lxv), (4.9)

i.e. (4.7) becomes
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s5(viG)=0 . (4.10)

It should be clear that (4.8), (4.9) are nothing but the BRS-transformations and
(4.10) the Slavnov identity for the special case of currents. This statement is

confirmed by showing
$T=o0 (4. ”)

i.e. the transformations (4.8), (4.9) are nilpotent. Exercise: check (4.11).

Let us now go over to forms
A W)
/4 =~ w AKX

v= - vt A, Cl“')3/

where v is a 0-form with values in the Lie-algebra, and re-express (4.8), (4.9) as

SA = -dv-vA -Av = - Qv , (4./4)

3

SV = -v . | (4.17)

The consistency equation (4.10) becomes ‘
Sf'rq', wC[r] =0 (4.16)

or, equivalently,

§ThowGLAlG)=dy (4.17)
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(d: exterior x-derivative; y some quantity). Hence the & defined in (4.14), (4.15) and
the d in (4.17) fulfill the algebra (3.25) (3.26) and will be identified with those

operators. What remains to be shown is thus only that (4.17) can be identified with

= 0[(’ “}zn-szj

ie. ("Zn-zl with v-G[A)(x) and y with wzn_zz,lndeed let us look at the system (3.32)
A
n o
'T';_ F d OJZ"-I =0
n
STF™ - =0

1
§5coy, ) +dy, n =0

!

(4.1¢)

S CJZM- 2>

2

] .
SOJZn_z 4’46\)2”_3 =0

We see that 02n_21 is linear in v and satisfies the consistency condition. The problem
of finding the most general solution of the consistency condition will not be discussed
here [16].

In order to derive physical consequences from the presence of-' the anomalies we
. use the approach of phenomenological Largrangians [15]. We permit the presence of
another multiplet of fields §; (Lorentz-scalars) and try to adjust its transformation law
under the gauge group so that the anomaly can be derived as variatin of a local
functional of the gauge fields plus the fields &.

1t turns out [15] that the law of non-linear realization

/
- ?/(’“;?}: _e“_eF:eT

(4.19)
is the correct one and that
ot g X
W [A )3 ] = |3t e

°

£.G[A] (4.2

satifies

(X Z)WA T = w GIAT | (u2t)
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i.e. fulfills the anomalous Ward-identity. Here

B
. = ”l" ——
Ze =My 7

I
3
! 9“0. =0 )

%2y
H

generates the transformation of £ (X is given in (4.1)). The identification
§ = 1/F_ m;in the local action WA, £] + Fn2/2 Tr fdx ke 3 ye"f + normal solution
shows that the anomaly contributes additional pion-pion and pion-vector interactions
in the 6-model-type phenomenological action. Examples wher‘e these arguments have
been successfully applied‘ are the processes - 2y,n—> ynn ete. [15].

One can show directly [15] that (4.20) gives a solution of the anomalous Ward
identity. Here instead we first rewrite it in a more geometric form from which this

fact will follow. The factor e ~*X transforms A into A ) where abstractly speaking

alt) = &3 (4.20)

which we may understand as a family of group elements parameterized by t. Hence

varying this parameter is a variation 8 in group space

gt Ia(t) =-Fit (4,24

1/-’: "}:r . (4‘!2"—)
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Thus . : j[x)
. ( _
W= e 7t €77 g G.IAT6 < [N W [A;q0] = £ we(Aer) . Go)

In higher dimensions we would write similarly

!
= —[dx [st TaviC [Agy 10x) . (4.28) | (x
!d LB [ i o \/\/[A,«g(x)] = fj 5),;2“‘ (A+v) (4.31)

Interchanging the order of integration we can interpret the integral in group space:
for any fixed t the x-integral is in fact one'over the corresponding configuration g,(x) (2n-2 dimensional space time).. Observe that-
in group space, t = 0 parameterizing the identity e and t = 1 the element g(x). We

(d.f.a’)w{(ﬂ-i-\r} -"T"L(g"Fg): T, F3 ) (4.32)

therefore write (up to a sign)

 q(x)

| A
w [ A; 7(x)] = f o, (#,v) . (427
£
Using the expansion is invariant under deformations of the integration manifold provided the limits of

e (A +7) = (A )+ e (A v)t -

which is a 6-form purely in x and therefore vanishes in 4 dimensions. Therefore (4.30)

integration are kept fixed (similarly for (4.31)).
We now show that W satisfies the anomalous Ward identity. This is a
consequence of the second of Eqs. (3.32), slightly reinterpreted. Let us perform a

gauge transformation

we first note that | A —_— L—’A’l\ + ll—'a“a = Ah ) (4,33)
wee(A)=0 -, (4. 28 g(x) — Wa(x) .

since w5° () is a 5-form purely in x, but spacetime here is 4-dimensional; next we see Observe that )
that for the special parametrization (4.23) . -1 -1 — [
. ﬂﬂr::; /4;—:‘-? (d‘f';);'CZ ’4/;)
v2=v>= - =0 ' (4.29) '
/ satisfies
since there is oniy one independent differential 6t..So we can write ) . @ [ / ( )
a [ A A- , ? — A P A? . 4‘1 ; é
Therefore

74 o | . .
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¥ by |
W[Ak) A"g]:£wg(ﬂ (AA,.?I)}::&/N{(& [A/l‘7,)(/4~ N—} - V:g‘/&} =j—//n; . (4,42}

Change the integration variable from g’ to g’ = kg', where k = h at the upper limit ' Now, in analogy with (3.32),

win 3] - (@), G (@005 =-@ a4

(here 5, is an even variation), therefore

(4.43)

Ifhis infinitesimal .

hix)= € +m(x)

(430) J;W:—f(d+a")w,,". (4.44)
£

then . The right hand side can be evaluated by Stokes’ theorem. Since n vanishes at the

upper limit, while n = m(x) at the lower limit, we finally obtain the desired equation

where m = m(x) at the upper limit andmll = 0 at the lower limit and J;n W - f 6\)" ! ( m (K )/ ,4 ) i ( 4' 4 O
X

k ko' —e+m ( x) m = e +n ( /,c, 3 7} The expression (4.30) for the effective Lagrangian W can be simplified if one
= -— = .
‘ makes use of (3.5), (3.17), which implies

So we must make an infinitesimal transformation (drop the double-primes)
e (F+v) = e (A )+ (d+8) o, + a/,@”[alﬂ”};)'

and correspondingly Now, the first term w,(A) in the r.h.s. vanishes because it is a 5-form purely in x. The

;M CZ = Q [A/ 9, -+ ’”7 ) - Q [A, ;/ [4 4 // " sécond term can be integrated by Stokes’ theorem. Therefore (4.10), using (3.17),
gives
- _JdV - QU-Vad



g(x)
WlA, 6] - f“e (v,A)+ )’3‘/-77« (5 (4+ 7).

(s)
Here a, and V are as given in (3.14), (3.15). The last integral is exyended over a 5-

dimensional manifold in group space having the sphere g(x) as boundary (as % varies
over S, g(x) describes a sphere in group space). The integral is invariant under

deformations of the 5-manifold because the integrand is a closed form (in general

d BV 2 (2na) BV = 0

for V = dgg!, dV = V2)) In (4.47) the dependence on the vector fields in explicit, since
a, is explicitly known. It is polynomical only. One could use the simplified form
(4.47) to show that W satisfies the anomalous Ward identity (4.45) (Excercise for the
resader).

The last terxﬁ in (4.47) is an integral in group space. For a group (like SU(3)) with

a nontrivial IT;, there exist 5-cycles Cy such that the integral (write simply d for

f’fz (5'45)° #o
<. |

does not vanish; suitably normalized (see below) it equals an integer. This means that

d+ 8

although the integral in (4.47) is unchanged if one performs small deformations of the

5 manifold, it is ambiguous for large deformations. This fact leg\ds to a quantization of

@4

(442

(4.49)
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the effective action, as mentioned in the Introduction. The normalization to be chosen

is 2r times that which gives an integer for (4.49),
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5. NORMALIZATION OF THE ANOMALIES
The normalization of the form TrF", which enters in the abelian anomaly (2.5),
(2.15) can be related to the formula for the index of the Dirac operator. This gives the
correctly normalized abelian (or singlet) anomaly in 2n dimensions. The connectioﬁ
between it and the non-abelain anomaly in 2n-2 dimensions permits then to find that
normalization also. So both normalizations can be determined completely from purely
geometric arguments.

First the singlet anormaly. In (compactified) Euclidean space-time, one writes

QWJ/:r'z CCX)—Z_ Cﬁ‘: Js P, /(5‘./)

'uj Zeno modey

where C(x) is the anomaly, ¢, are normalized zero modes of the Dirac operator with a
given external potential, and ys means the analogue of. Y5 in any number of
dimensions. J P reg5 is the (suitably regularized) axial vector current. The factor 2
comes from carrying out the divergence, which gives the Dirac operator once on the

" spinor on the right and once on that on the left.

Integrating (5.1) over all space-time, the left hand side gives zero. Therefore

} IC(X)O(X =2'/Zq§f{,¢a ;2[7;*—",)/(;2}

where n(n_) is the number of zero modes of positive (negative) chirality. Their
difference is the index. Now it is known (see eg. Ref. [17), Eq. (7.22)) that the index is

given by the integral of the Chern character

ch(v) = 777,6{7',:

(53)
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More precisely, in 2n dimensions

‘' n n
_’_.( L) F
ml L2r

o
ThereA(F =12F yvdx“dx")

_ 2 L " Y Y
C Cx} - ;?- Cz".)n Z)\- ,]2 6’:"1 C‘-S,‘ll-" ,;;n-. "Ln & .

(This is real because Fyv = ~i F”vili). This requires, of course, that one knows
somehow the correct formula for the index. A nice derivation (for physicists) based on
quantum mechanical supersymmety, has been given recently by Alvarez-Gaumé [18]
and by Friedan and Windey [19].

In order to determine the normalization of the non-abelian anomaly, we shall
proceed as follows. Since the non-abelian anomaly determines the phenomenological
Lagrangian (see Sect. 4), we shall require that it be normalized so that the
Lagrangian satisfies the quantization condition. As we shall see, the normalization of
the non-abelian anomaly is thenv related directly to that of the index formula, without
the extra factor 2 necessary for the singlet anomaly. Of course this procedure is, in a
sense, like going backwards, and the normalization of the non-abelian anomaly can be
computed directly in perturbation theory. What we are saying is that the
perturbation theory result agrees with the correct normalization for the
phenomenological Lagrangian, as required by geometric considerations.

Remember that
T’; Fn = den_l (A)F)

where

(£.6)
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| n-l!
Doy (A,F )= [dt BAE™ (57

FtF+ (FRE)AT (&)

One finds
|
n-~1 ne
Chan, (V,9) = [ (6B (59)
0

The integral is easily carried out (successive integrations by parts) with the result

|
m [ (ot et el el @)
0 | Cfln-l)_/

Multiplying (5.10) by the factor in front of the index formula, 1/n! (i/2r)", (without the

extra factor 2) gives

-'_/“—. LR M—)!"‘[ m=loe V- /
o Gr) ) EZn'—I),/ =t (7)%)77

(s.1)

From the fact that the index is an integer one can then deduce that the form

¢ ! Y n-J I
B e R v e

(2n-1)!
also integrates to a integer, the integral being performed over a (2n-1)-cycle in group

space (see [20]). Now we know that the phenomenological Lagrangian must be

40

normalized with an additional factor 2r. This means that the non-abelian anomaly in

2n-2 dimensions is given by ( wh to a Sl‘jm )

-n_ .
|t 1
7nT CZ,H)"" wZn—z Y (5—,/3)

with w2n_21 given by the expansion (3.31). For n = 3, formula (5.13) with (3.38) agrees

with (2.9).
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APPENDIX. A SIMPLE FORMULA FORq,, ,

It is often useful to have a simple explicit formula, (A. 16)} below, for the
differential form a,_, occurring in Egs. (3.5), (3.14) to (3.17). The formulas (3.11) or
(3.13) are sufficient, but they still require some work to evaluate Qgp o

We define a connection depending upon two parameters A and g

A
2.,/4,

where, as in the text,

V = o{? ?'/

ﬁlﬁ—/‘v (A1)

dV= V" . (4.2)

/

The corresponding field strength is

T =d A+ 4, (437

)"‘ l/‘

and it satisfies the Bianchi identities

4G, =-[Ay, F ] A8

Differentiating (A.3) one finds

r _ahr R A} G5

and

PRI N SR

We consider the integral

mf%'((&lﬁ.-fﬂl/) Q}m"" (#.7)

42

over a one-dimensional path, which is a clockwise triangle in the A, u plane going from
the origin to the point (0, 1) to (1, 0) back to the origin. On the segment from (1, 0) to
0,0, =0, dl’“ = 1A, ';A,uz MA + A2AZ = F, (as defined in 2.48), and therefore

(A.7) equals, by (2.29)

0 -
[RRAE =, (AF). G)
|

On the segment from (0,0) to (0, 1),A = 0,4 , = — uV, &, , = —pdV + Pa

= (y2 - y)VZ. Therefore (A.7) equals

l

2 »n-|
-h IFZ'(X,«V ([‘l‘/‘)v} = —-OJZn" (\//0)'

’ (A7)

On the segment from (0, ) to (1, 0), A + p = 1"’4).;1 =AM+ QA -1V,

9; a= FA + 2= v2 + {A, V]). Therefore (A.7) equals

'nfS,A 772[,4+V)(F,\—+(/‘2-A)(V7:*fﬁ,vj))n—l
= W, ("H—V/F) . [A-’D/

Finally, (A.7) integrated over the clockwise triangle equals
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0y, (V, o} ,

which is the expression we would like to equate to da,, ,. If we consider

(A+V,F)-w, (A F)- (A.1)

2y}

2n-1 2h-1

Tr(A S, M"‘")and-Tr(V #, ““'l ) as the two components of a 2-vector in the plane, we

can apply Stokes’ theorem to (A.7) and transform it into an integral over the inside of

vE) T

the triangle

~[f7 (A5

Using (A.5) and (A. 6) (A.12) becomes

(o [[ S5 (( AolV+l/olA)

-A ? oqf‘mlv} Z:_zf VZ)/ ﬁi\,/w A] '/Z\Z"—z

I+

") e

(».5)

Using the invariance of Str, the last two terms can be rewritten

Stz(;ﬂ”,vjﬂ T VA AL T /
St (VA[A,, 7] )
Sk(VAd E ")

where we have also used (A.4). Therefore (A.13) becomes

A. %)
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n(n-nd [[Sta (VA ET

whichfinally gives the desired formula

) e

o(zn-z=—%(n-')”8tz (VAE") , @1)

as a two dimentional integral over the interior of the triangle: in (A.16)
! [-A
)’ J = f SA | § R .
19 o

One may have preferred a one-dimensional integral formula for a, , like that for

(4.17)

@y, 1, but (A.16) is just as easy to evaluate. In the expansion of .91 y"“2 one encounters

only the integrals
[ rl-A Wkl
fﬂjs,mtp“ —— (4.7
A 5 (h+k+2)

As an exercise, the reader may check that (A.16) agrees with (3.14) (obvious) and

(3.15) and then go on to the next casen = 4.
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