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ABSTRACT OF THE DISSERTATION

Efficient Sampling Designs and Robust Inference for Time-to-Event Data

By

Mikaela K. Nishida

Doctor of Philosophy in Statistics

University of California, Irvine, 2026

Chancellor’s Professor Daniel L. Gillen, Chair

The proportional hazards (PH) model is widely used in time-to-event analyses, including

within the nested case-control (NCC) design, an efficient sampling approach often used to

reduce data collection costs in rare disease settings. By including all events and a subsample

of controls, the NCC design maximizes information while reducing the number of subjects re-

quiring full covariate information. Since the NCC design uses fewer controls compared to the

full cohort analysis, however, it also reduces the number of subjects from underrepresented

groups included in the sample. This further exacerbates the issue of underrepresentation in

clinical research and diminishes our ability to assess potential effect modification in these

subpopulations. Additionally, while the NCC design has been extensively studied for uni-

variate outcomes, its application to multiple event data remains limited.

In this dissertation, we present novel statistical methods to bridge existing gaps in current

methodology for efficient sampling and robust estimation for time-to-event data. Specifically,

we propose an extension of the NCC design that allows for oversampling of subpopulations,

thereby maximizing precision for estimated covariate effects in these groups. The resulting

estimation framework yields asymptotically valid inference in both marginal and stratified

analyses while maximizing efficiency in underrepresented subpopulations. We also explore

NCC sampling frameworks for multiple event settings and propose an event-specific stratified

xii



sampling design with corresponding estimation methods for marginal parameter inference.

We consider the efficiency of various proposed frameworks for sampling controls, highlighting

differences in performance between models assuming common and event-specific baseline

hazards across recurrent events. Finally, we transition to the full cohort setting, where we

assess robustness of standard proportional hazards estimators under violation of key model

assumptions in the multiple event setting. We show that the estimand corresponding to the

partial likelihood is dependent upon the event-specific censoring and survival distributions.

The result is that commonly implemented diagnostics for multiple event survival can be

shown to be misleading in situations where the baseline hazard varies by event type. The

work in this dissertation is motivated by current challenges in biomarker development in the

setting of Alzheimer’s disease, and applications to this area are presented.
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Chapter 1

Introduction

Biomarkers play a critical role in the early diagnosis of disease and can serve as targets for dis-

ease interventions (Van Dyck et al., 2023). As such, biomarker discovery and validation are of

primary scientific interest in many disease settings. An example of this occurs in Alzheimer’s

disease (AD), a neurodegenerative disease that affects memory, thinking, and behavior. In

AD, amyloid beta (Aβ) and phosphorylated tau (p-tau) are two protein biomarkers that

have become key to early diagnosis and serve as targets for interventions. As Aβ and p-tau

are not perfect discriminators of disease, biomarker discovery remains a primary objective in

AD research. Diagnostic aids of neurologic change are often derived from cerebrospinal fluid

(CSF), the liquid surrounding the brain and spinal cord. CSF is most commonly obtained via

a lumbar puncture, an invasive procedure in which the practitioner inserts a hollow needle

into the space surrounding the patient’s spinal column in the lower back. Many participants

are unwilling to undergo a lumbar puncture or participate in studies that require them, so

difficulty in measuring candidate biomarkers is a barrier in biomarker discovery (Witbracht

et al., 2020). When CSF samples are collected, they are frozen and stored for later use in

analyses. Since thawing of samples can cause specimen degradation over time, the efficient

use of these samples is critical to preserving this rare resource. As such, new research on
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efficient statistical sampling designs is crucial to maximizing information while reducing the

total number of CSF samples that are processed. This is even more critical when assessing

biomarker utility among underrepresented populations, including lower socioeconomic status

and non-non-Hispanic White populations.

Efficient statistical sampling designs such as the nested case-control (NCC) design accelerate

scientific knowledge while minimizing sample size requirements. The NCC design minimizes

the amount of information required on patients by only requiring biomarker information

for patients that experience disease progression (cases), and a randomly sampled subset of

patients that have yet to progress (controls) while maintaining high precision for assessing

the utility of a candidate biomarker with a reduced overall sample size relative to utilizing

all controls (Nuño and Gillen, 2017). Despite its advantages, deficiencies in this method

limit its use in many disease settings. First, the NCC design may limit or eliminate our

ability to quantify the utility of biomarkers in underrepresented subpopulations by only

sampling a fraction of the available controls from these groups, leading to less information

on biomarkers among these populations. In AD research, racial and ethnic representation

is an ongoing challenge, with study cohorts often being primarily comprised of highly ed-

ucated, non-Hispanic, White participants (Raman et al., 2021). Second, the progression

between disease stages such as the progression from cognitively normal to mild cognitive

impairment (MCI) and the progression from MCI to dementia represent censored time-to-

event outcomes, and the use of multiple time-to-event outcomes can increase precision for

assessing biomarker utility. Little research has considered extensions of the NCC design to

the setting of multiple time-to-event outcomes, despite its potential utility. The objective of

the work in this dissertation is to fill in these gaps by developing novel statistical theory and

methods to increase efficiency while maximizing available information on underrepresented

populations to discover and validate new biomarkers for time-to-event outcomes. We hope

that these methods will be applied to biomarker discovery, assessment, and validation to

address growing health disparities among underrepresented populations in the diagnosis and

2



treatment of AD.

1.1 Dissertation Overview

The work in this dissertation begins in Chapter 2, where we provide a review of concepts

that are foundational to the work that is presented in the remaining chapters. These in-

clude a review of time-to-event data, the Cox proportional hazards model, the NCC design,

and multiple event survival analysis. The goals of this dissertation are achieved through a

series of specific aims that are directed at contributing to the statistical methodology avail-

able to increase efficiency and robustness while maximizing information on underrepresented

populations.

The first aim of this dissertation is to extend the NCC design to support weighted sampling

for assessing effect modification in underrepresented populations and is motivated by the

need to maximize available information on underrepresented subpopulations to estimate

subpopulation-specific biomarker effects. Chapter 3 introduces a weighted NCC sampling

design that allows for oversampling of subpopulations, thereby maximizing precision for

estimated covariate effects in these groups. We provide corrected estimation and inferential

methods, demonstrate the performance of our method in simulation, and apply our proposed

method to data from the NIH-funded National Alzheimer’s Coordinating Center (NACC)

where we investigate potentially differential associations between Aβ and the risk of AD

between Black and non-Black populations.

Similarly motivated by current gaps in the NCC design literature, the second aim of this

dissertation is to develop a framework for using the NCC design to analyze multiple event

survival data. In Chapter 4, we explore two different sampling frameworks for multiple events

which are both motivated by the risk set formulations under models assuming common and

event-specific baseline hazards. We propose an event-specific stratified sampling design with

3



corresponding estimation methods for marginal parameter inference. We demonstrate that

stratified event-specific sampling performs similarly or better than pooled sampling with

respect to efficiency in the multiple event setting. In addition to evaluating the performance

of our proposed estimators in simulation, we apply our sampling method to data from the

Alzheimer’s Disease Neuroimaging Initiative (ADNI) to estimate the association between

p-tau and disease progression.

In addition to the work in efficient sampling designs, this dissertation aims to develop meth-

ods that are robust to model misspecification. For example, the Cox model assumes that

the hazards comparing two groups are proportional at all observed times, and when this as-

sumption is violated, it has been demonstrated that the estimate is dependent on a nuisance

parameter dictated by participant accrual and dropout patterns. In the univariate setting,

estimators that remove dependence on the censoring distribution have been developed to

assuage this issue, but the statistical implications of non-proportional hazards (NPH) have

been relatively understudied in the multiple event setting where methods analogous to uni-

variate PH models are often used. When estimating a treatment effect in the recurrent event

setting, estimates from event-specific PH models are dependent on participant accrual and

dropout patterns as well as the baseline hazard, which can change across recurrence despite

a common underlying treatment effect. The last aim of this dissertation pivots to assess the

statistical properties of standard PH estimators when analyzing multiple event data under a

violation of the PH assumption. This work is presented in Chapter 5, where we introduce the

theoretical challenges that can arise when estimating event-specific treatment effects in the

setting of recurrent events. In addition to this, we conclude that standard PH methods are

not valid under NPH for multiple event data and result in an estimate that is not replicable

or interpretable.
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Chapter 2

Background

2.1 Review of Time-to-Event Data

2.1.1 Censoring

In many studies, primary scientific interest lies in analyzing the association between different

factors and the time until an event of interest occurs. Some examples of this include the time

to disease onset, time to hospitalization or death, and time to the occurrence or resolution

of a symptom. Ideally, study participants would be followed until the event of interest is

observed, but this is often unfeasible due to time constraints, leading to a key feature in

time-to-event data called censoring. Censoring occurs when the exact time-to-event data is

unknown or incomplete for some individuals. There are various types of censoring including

right censoring, left censoring, and interval censoring. Left censoring arises when the event

of interest occurs before some time, Cl, when the participant is first observed in the study.

Interval censoring refers to the case where the event of interest is known to occur within an

interval but the exact time is unknown.

Right censoring takes place when the event of interest occurs after some time Cr, but the
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exact time is unknown due to reasons that may include loss to follow-up, study completion, or

death due to unrelated causes. Instead, the last time at which the participant was observed

at risk of experiencing the event, Cr, is recorded. We note that interval-censored data are

sometimes treated as right-censored in analyses, though specialized methods exist to handle

interval censored data. A few types of right censoring exist. For example, generalized Type

I censoring, also known as “administrative censoring,” refers to right censoring that occurs

as a result of the end of the study. More specifically, only events that occur before the

prespecified study end, τ , are observed. Similarly, Type II censoring refers to censoring

that occurs when a study ends after the rth event. Lastly, random censoring encompasses

censoring due to unplanned causes such as a withdrawal from the study or death for unrelated

reasons. A key assumption underlying most survival analysis methods is that the censoring

times and event times are statistically independent conditional on the covariates included

in the model. As such, one must ensure that causes of censoring are truly random and not

informative missingness. In this dissertation, we will focus generally on methodology for

right-censored data.

2.1.2 Useful Statistical Functions

We start by defining a few useful statistical functions that are commonly of interest in survival

analysis. Let T denote the random variable representing the survival time of interest (e.g.

time to death, time to progression of a disease, etc.).

For some time t, the Probability Density Function (PDF) is:

f(t) = lim
∆t→0+

1

∆t
P (t ≤ T < t+∆t),

and the Cumulative Distribution Function (CDF) is:

F (t) = P (T ≤ t) =

∫ t

0

f(s)ds.
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In the survival analysis context, it can often be easier to think about the probability of

surviving past a certain time, so we define the Survival Function as:

S(t) = P (T > t) = 1− P (T ≤ t) = 1− F (t) = 1−
∫ t

0

f(s)ds.

Since censored observations are often present, many methods in survival analysis will in-

stead consider the hazard function and cumulative hazard functions, which take censored

observations into account by conditioning on survival up until a certain time. Specifically,

the Hazard Function is defined as:

λ(t) = lim
∆t→0+

1

∆t
P (t ≤ T < t+∆t|T ≥ t) =

f(t)

S(t)

and can be interpreted as the instantaneous event rate at time t conditional on survival until

time t. The Cumulative Hazard Function is defined as:

Λ(t) =

∫ t

0

λ(s)ds = − logS(t).

The Kaplan-Meier estimator of the survival distribution, S(t), is:

ŜKM(t) =
∏
i:ti≤t

(
1− di

ni

)

where di denotes the total number of events occurring at time ti, and ni denotes the number

of individuals who have not yet experienced the event or been censored prior to time ti

(Kaplan and Meier, 1958).
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2.2 The Cox Proportional Hazards Model

When analyzing right-censored, time-to-event outcomes, it is common to use the semi-

parametric Proportional Hazards (PH) model proposed by Cox (1972) to quantify the rela-

tionship between the hazard function and covariates. To introduce the model, consider the

setting of right-censored time-to-event data, where Ti, Ci, and Zi = [zi1, . . . , zip]
T denote the

true event time, censoring time, and p × 1-vector of covariates for subject i (i = 1, . . . , n),

respectively. Further define Xi = min(Ti, Ci) as the observed time and δi = I(Xi = Ti) as

the event indicator for subject i. Under the Cox PH model, the event times are modeled by

the covariates via the hazard function:

λi(t) = λ0(t) exp{βTZi}

where λ0(t) denotes the baseline hazard function and β = [β1, . . . , βp] is the 1 × p-vector

of regression parameters representing the corresponding log-hazard ratios associated with

covariate vector Z. The PH model is a semi-parametric model due to the completely un-

specified baseline hazard, which is treated as a nuisance parameter in the calculation of the

partial likelihood.

As mentioned previously, the hazard function conditions on survival up until a specific time,

so an important concept that will be referenced moving forward is the “risk set.” The risk

set at time Xi, denoted by Ri, is the set of subjects that have not yet experienced the event

of interest and have not been censored prior to time Xi, or Ri = {j : Xj ≥ Xi}. The

Cox PH model can be constructed by considering the conditional probability that a subject

with covariate value Z experiences the event of interest at time t, given some subject in the

risk set experiences the event at time t. Specifically, subject i’s contribution to the partial
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likelihood is:

Li = P (subj. with Zi experiences an event at Xi |

any subj. experienced an event at Xi)

=
P (subj. with Zi experiences an event at Xi)

P (any subj. in the risk set experienced an event at Xi)

=
λi(Xi) ∆t∑

j∈Ri
λj(Xi) ∆t

=
λ0(Xi) exp{βTZi}∑

j∈Ri
λ0(Xi) exp{βTZj}

=
exp{βTZi}∑

j∈Ri
exp{βTZj}

Subjects who experience an event contribute directly to the likelihood, but subjects who do

not experience an event only contribute to the likelihood through their presence in the risk

set. It follows that the full partial likelihood is:

LFC =
∏
i:δi=1

Li,

and the corresponding log-partial likelihood is:

log(LFC) =
∑
i:δi=1

log(Li) =
n∑

i=1

δi log

(
exp{βTZi}∑

j∈Ri
exp{βTZj}

)

=
n∑

i=1

δi

{
βTZi − log

(∑
j∈Ri

exp{βTZj}

)}
.

The parameters from the Cox PH model are estimated by maximizing the partial likelihood,

or equivalently by solving the estimating equation:

UFC(β) =
∂ log(LFC)

∂β
=

n∑
i=1

δi

[
Zi −

∑
j∈Ri

Zj exp{βTZj}∑
j∈Ri

exp{βTZj}

]
≡ 0. (2.1)
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Coefficients from this model denote the log relative risk comparing subpopulations differing

by one unit in the corresponding covariate. Equivalently, exp{β̂k} is the estimated relative

risk comparing two subpopulations differing in zk by one unit but holding all other covariates

constant. Under a series of regularity assumptions, β̂FC∼̇N(β0, I−1
1 (β0)), where β0 is the true

value of β and I(β0) can be estimated by I(β̂FC) = −∂UFC(β)
∂β

|β=β̂FC
. We discuss this result

in more detail below.

Derivation of the Profile Likelihood

The Cox PH model partial likelihood is actually considered a “profile likelihood” due to the

“profiling out” of the baseline hazard. We start deriving the profile likelihood by considering

the joint density of (X, δ, Z) at (Xi, δi, Zi). We have that T |Z ∼ FT (·|Z), C|Z ∼ GC(·|Z),

and Z ∼ H. If an event is observed for subject i, or δi = 1, then we know that the

event time occurred before the censoring time, or Xi = Ti and Xi < Ci. It follows that

the contribution to the likelihood from this subject would be fT (Xi|Zi){1 − GC(Xi|Zi)}.

Similarly, if δi = 0, then the censoring time occurred before the event time, or Xi = Ci and

Xi < Ti, and subject i’s contribution to the likelihood would be gC(Xi|Zi){1− FT (Xi|Zi)}.

When putting everything together, the assumption of the independence of censoring and

event times conditional on covariates allows all terms relating to GC and H to be omitted.

It follows that the likelihood contribution from the ith subject is:

Li(β, λ0) = fT (Xi|Zi)
δi{1− FT (Xi|Zi)}(1−δi)

= {λi(Xi|Zi)S(Xi|Zi)}δi{S(Xi|Zi)}(1−δi)

= λi(Xi|Zi)
δiS(Xi|Zi)

(under the Cox PH model) = [λ0(Xi) exp{βTZi}]δi exp

{
−
∫ Xi

0

λi(s)ds

}

= [λ0(Xi) exp{βTZi}]δi exp
{
−Λ0(Xi) exp{βTZi}

}
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Denoting λ
(i)
0 as the point mass of λ0 at time Xi and discretizing the cumulative baseline

hazard such that Λ0(Xi) =
∑n

j=1 I(Xj ≤ Xi)λ
(i)
0 , we can further define the full log-likelihood

as:

ℓFC(β, λ
(1)
0 , . . . , λ

(n)
0 ) =

n∑
i=1

[
δi log(λ

(i)
0 ) + δiβ

TZi −
[ n∑
j=1

I(Xj ≤ Xi)λ
(i)
0

]
exp{βTZi}

]

=
n∑

i=1

[
δi log(λ

(i)
0 ) + δiβ

TZi − λ
(i)
0

n∑
j=1

I(Xj ≥ Xi) exp{βTZj}
]

Since we are primarily interested in the log-hazard ratios, β, we can form the profile likelihood

by “profiling” out the baseline hazard. That is, we first fix β and maximize ℓFC(β, λ
(1)
0 , . . . ,

λ
(n)
0 ) with respect to the respective baseline hazard parameters (λ

(1)
0 , . . . , λ

(n)
0 ).

∂ℓ

∂λ
(i)
0

=
δi

λ
(i)
0

−
n∑

j=1

I(Xj ≥ Xi) exp{βTZj} ≡ 0

⇒ λ
(i)
0 =

δi∑n
j=1 I(Xj ≥ Xi) exp{βTZj}

Then using these values of the baseline hazards, we can obtain the profile log-likelihood for

β:

pℓ(β) =
n∑

i=1

[
δiβ

TZi − δi log
n∑

j=1

I(Xj ≥ Xi) exp{βTZj} − δi

]

which is equivalent to the log-partial likelihood after dropping a constant term.

Asymptotic Normality of the Cox Model

To demonstrate asymptotic normality of the Cox PH estimator, we typically appeal to

Rebolledo’s Central Limit Theorem, also known as the Martingale Central Limit Theorem.

We refer the reader to Kalbfleisch and Prentice (2002) for more information. We start by

noting that the estimating equation for the Cox PH model (Equation 2.1) can also be written
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using counting process notation:

UFC(β) =
n∑

i=1

∫ ∞

t=0

[
Zi −

∑n
j=1 Yj(t)Zj exp{βTZj}∑n
j=1 Yj(t) exp{βTZj}

]
dNi(t),

where Ni(t) = I(Xi ≤ t, δi = 1) and Yi(t) = I(Xi ≥ t) denote the right-continuous counting

process and left-continuous at-risk process for the ith individual, respectively. As mentioned

previously, parameter estimates from the Cox PH model are asymptotically normal under

the regularity conditions listed below.

Regularity conditions:

1. {Yi(·), Ni(·), Zi} are independent and identically distributed (i.i.d.).

2. Zi is bounded with probability 1.

3. Λ0(τ) < ∞.

4. P{Yi(t) = 1} > 0 for all t ∈ (0, τ ].

5. I(β0) is positive-definite.

To prove asymptotic normality of this estimator, we start by demonstrating asymptotic

normality of the score function. That is, n−1/2 U(β0)
d−→ N(0, I(β0)).

Proof. For the simplicity of notation for this proof, let S(r)(β, t) =
∑n

j=1 Yj(t) Z
⊗r
j exp{βTZj},

and Z̄(t; β) = S(1)(β,t)

S(0)(β,t)
. We start by defining the score process as U(t; β) =

∑n
i=1

∫ t

0
{Zi −

Z̄(s; β)}dNi(s) ≡ 0, where Ni(s) represents the counting process for subject i’s event ex-

perience. We can re-express the score process as a martingale. Specifically, U(t; β) =∑n
i=1

∫ t

0
{Zi − Z̄(s; β)}dMi(s; β) +

∑n
i=1

∫ t

0
{Zi − Z̄(s; β)}Yi(s) exp{βTZi}λ0(s)ds where the

first term is a Martingale and the second term can be shown to equal 0. We can express

the normalized score process, evaluated at β = β0, as n−1/2U(t; β0) = n−1/2
∑n

i=1

∫ t

0
{Zi −
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Z̄(s; β0)}dMi(s; β0), which is a martingale transform because n−1/2{Zi − Z̄(t; β0)} is Ft-

predictable. Since n−1/2U(t; β0) is a martingale process, we have that E[n−1/2U(t; β0)] = 0,

and E[n−1/2U(s; β0){n−1/2U(t; β0)− n−1/2U(s; β0)}] = 0 for s ≤ t.

In order to appeal to Rebolledo’s Central Limit Theorem, we must verify convergence of the

variation process and the Lindeberg condition:

1. Convergence of Variation Process: ⟨n−1/2U(t; β0), n
−1/2U(t; β0)⟩

p−→ Σ(t) for a positive-

definite Σ(t).

2. Lindeberg Condition: For all ϵ > 0, ⟨n−1/2Uℓϵ(t; β0), n
−1/2Uℓϵ(t; β0)⟩ = n−1

∑n
i=1

∫ t

0
{Ziℓ−

Z̄ℓ(s; β0)}2I{n−1/2|Ziℓ − Z̄ℓ(s; β0)| > ϵ}Yi(s) exp{βT
0 Zi}λ0(s)ds

p−→ 0.

For the convergence of the variation process, we have that ⟨n−1/2U(t; β0), n
−1/2U(t; β0)⟩ =

n−1
∑n

i=1

∫ t

0
{Zi − Z̄(s; β0)}⊗2Yi(s) exp{βT

0 Zi}λ0(s)ds. Using the Dominated Convergence

Theorem and the Law of Large Numbers, it can be shown that ⟨n−1/2U(t; β0), n
−1/2U(t; β0)⟩

p−→

Σ(t), where Σ(t) = I(β0).

For the Lindeberg condition, we start by defining n−1/2Uℓϵ(t; β0) = n−1/2
∑n

i=1

∫ t

0
{Ziℓ −

Z̄ℓ(s; β0)}I{n−1/2|Ziℓ − Z̄ℓ(s; β0)| > ϵ}dMi(s; β0) for ℓ = 1, . . . , p. Then, we need to demon-

strate that the variation process goes to 0. We start by noticing that {Ziℓ−Z̄ℓ(s; β0)}2 ≤ K2,

where K = supi,s |Ziℓ − Z̄ℓ(s; β0)| ≤ ∞. Moreover, we can write the indicator I{n−1/2|Ziℓ −

Z̄ℓ(s; β0)| > ϵ} ≤ I{n−1/2K > ϵ} for all i and s, implying that I{n−1/2|Ziℓ − Z̄ℓ(s; β0)| >

ϵ} → 0 as n → ∞ since I{n−1/2K > ϵ} → 0 as n → ∞. It follows that ⟨n−1/2Uℓϵ(t; β0),

n−1/2Uℓϵ(t; β0)⟩ ≤
∫ t

0
n−1

∑n
i=1 Yi(s) exp{βT

0 Zi}K2I{n−1/2K > ϵ}λ0(s)ds, which converges in

probability to 0.

The normality of β̂ follows from a first-order Taylor expansion of the score around β0.

After expanding the score and doing algebraic manipulation to get
√
n(β̂ − β0), it can be

demonstrated that the product of all components on the other side of the equation converge
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to a normal random variable with mean 0 and variance I−1(β0) by the Weak Law of Large

Numbers, Mann-Wald, and Slutsky’s Theorems. That is,
√
n(β̂ − β0)

d−→ N(0, I−1(β0)),

where I(β0) is consistently estimated by I(β0).

2.2.1 The Cox PH Model Under Misspecification

A primary assumption of the PH model is that the hazard function of all contrasted subpop-

ulations remains proportional at all follow-up times. When this key assumption is violated,

we can no longer rely on the well-established asymptotic theory supporting valid inference for

the log-hazard ratio. A violation of the PH assumption, or non-proportional hazards (NPH),

can be induced when the model is misspecified due to a missing covariate or misspecification

of the functional form of a covariate that is correctly included. In addition, since inferential

models should be prespecified prior to viewing the data to avoid multiple testing bias and

data-driven modeling, it is not always the case that this assumption is met in practice. Still,

the Cox PH model is used ubiquitously in clinical research, so it is important to consider its

performance and interpretation under NPH.

Struthers and Kalbfleisch (1986) demonstrated that the Cox PH model produces estimates

that are dependent on the censoring distribution when the PH assumption is violated. Specif-

ically, under model misspecification, the estimate from the PH model, or the solution to

Equation 2.1, is consistent for the solution to the following equation:

∫ ∞

0

E

{
fT (t|Z)SC(t|Z)×

[
Z − E{ZST (t|Z)SC(t|Z) exp(βTZ)}

E{ST (t|Z)SC(t|Z) exp(βTZ)}

]}
dt = 0,

where fT (·) denotes the density function for the event times, and ST (·) and SC(·) denote the

survival functions for the true event and censoring times, respectively. Patterns of censoring

are not typically of scientific interest, and yet this dependence implies that estimates obtained

via the PH model may be study-dependent, since participant accrual and dropout patterns

can differ by study. In the most concerning case, this result implies that studies with the
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exact same underlying data generating mechanism will obtain different results due simply

to having different participant accrual and dropout patterns. This poses serious challenges

to study replicability and the interpretation of results.

2.2.2 Censoring-Robust Estimators

Many researchers have addressed the issue of censoring-time dependence by proposing es-

timators that reweight estimates from the PH model to a common distribution, namely,

a censoring distribution that involves only administrative censoring at the study endpoint,

τ . The resulting estimate can be interpreted as the average covariate effect over the study

period in the absence of intermittent censoring (Xu, 2000). All reweighted estimators take

on the following estimating equation form:

UCR(β) =
n∑

i=1

∫ ∞

0

Wi(t)

{
Zi −

∑n
j=1 Yj(t)Wj(t)Zj exp{βTZj}∑n
j=1 Yj(t)Wj(t) exp{βTZj}

}
dNi(t) ≡ 0. (2.2)

Xu (2000) first proposed a reweighted estimator that removes dependence on the censoring

distribution when censoring is independent of covariates, where Wi(t) = 1/ŜC(t), the inverse

of the left-continuous Kaplan-Meier estimate of the censoring times for all subjects combined

at time t. Boyd et al. (2012) later extended this to the case where censoring may be dependent

on a single binary covariate. This type of censoring, also referred to as “conditionally-

independent censoring,” often occurs in clinical trials where participant dropout patterns

may differ by treatment arm. As a result, this requires a covariate-specific estimate of the

censoring distribution for reweighting, and Wi(t) = 1/ŜC(t|Zi) is computed using the left-

continuous, Kaplan-Meier estimate of the censoring times for the group Zi at time t. Finally,

for the setting where censoring may depend on multiple, potentially continuous covariates,

Nguyen and Gillen (2017) proposed a reweighted estimator that involves the use of survival

trees to group individuals into censoring-similar groups for calculation ofWi(t) = 1/ŜC(t|Z⃗i),

where Z⃗i here can be a vector of multiple covariates. In each respective scenario, the solution

15



to Equation 2.2 is consistent for the solution to:

∫ ∞

0

E

{
fT (t|Z)×

[
Z − E{ZST (t|Z) exp(βTZ)}

E{ST (t|Z) exp(βTZ)}

]}
dt = 0. (2.3)

Robust Variance and Asymptotic Properties for Censoring-Robust Estimators

We focus on the censoring-robust estimator proposed by Boyd et al. (2012) for the setting

of conditionally-independent censoring. The estimating equation takes the form of Equa-

tion 2.2 with Wi(t) = 1/ŜC(t|Zi), and we will denote the resulting estimate as β̂CIC , which is

consistent for the solution to Equation 2.3, denoted here as βCIC . When the PH assumption

is violated, the inverse of the second derivative of the log-partial likelihood is no longer a

consistent variance estimator. Boyd et al. (2012) derive a robust variance estimator that

accounts for violation of the PH assumption but reduces to the classic variance estimator

when the PH assumption holds. To start, we use the fact that Equation 2.2 can be written

as:

UCIC(β) =
n∑

i=1

δiWi(ti)Zi −
∫ ∞

0

S
(1)
W (β, t)

S
(0)
W (β, t)

dNW (t) (2.4)

where S
(r)
W (β, t) =

∑n
j=1 Yj(t)Wj(t)Z

⊗r
j exp{βTZj} and NW (t) =

∑n
i=1 Wi(t)Ni(t). Ex-

panding about s
(0)
W (β, t) = limn→∞ S

(0)
W (β, t), s

(1)
W (β, t) = limn→∞ S

(1)
W (β, t), and ÑW (t) =

limn→∞ n−1NW (t), Equation 2.4 is asymptotically equivalent to:

U∗
CIC(β) =

n∑
i=1

U∗
i (β) =

n∑
i=1

δiWi(Xi)Zi−
∫ ∞

0

s
(1)
W (β, t)

s
(0)
W (β, t)

dNW (t)−
∫ ∞

0

S
(1)
W (β, t)

s
(0)
W (β, t)

dÑW (t)

+

∫ ∞

0

s
(1)
W (β, t)S

(0)
W (β, t)

s
(0)
W (β, t)2

dÑW (t). (2.5)

Since Equation 2.5 consists of i.i.d., mean-zero terms, n−1/2U∗
CIC(β) is asymptotically normal

with mean zero and covariance matrix B = limn→∞ n−1
∑n

i=1 U∗
i (β)U∗

i (β)
T . Defining A =
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− limn→∞ n−1∂UCIC(β)/∂β|β=β̂CIC
, it follows that the asymptotic variance of β̂CIC is given

by limn→∞ n−1A−1BA−1. Using consistent estimators of each component, it follows that the

variance of β̂CIC can be estimated by:

V (β̂CIC) = A−1(β̂CIC)B(β̂CIC)A
−1(β̂CIC) (2.6)

where A(β̂CIC) = −∂UCIC(β)/∂β|β=β̂CIC
and B(β̂CIC) =

∑n
i=1 u

∗
i (β̂CIC)u

∗
i (β̂CIC)

T with

u∗
i (β) = δiWi(Xi)

{
Zi −

S
(1)
W (β,Xi)

S
(0)
W (β,Xi)

}
−

n∑
j=1

I(Xi ≥ Xj)δjWj(Xj)Wi(Xj) exp{βZi}
S
(0)
W (β,Xj)

×

{
Zi −

S
(1)
W (β,Xj)

S
(0)
W (β,Xj)

}
.

Further, we have that β̂CIC∼̇N(βCIC , V (βCIC)), where V (βCIC) = A−1BA−1 is consistently

estimated by V (β̂CIC) in Equation 2.6.

Proof. Let Xi = min(Ti, Ci), Ni(t) = I(Xi ≤ t, δi = 1), and Yi(t) = I(Xi ≥ t) be the

observed time, right-continuous counting process, and left-continuous at-risk process for

the ith individual, respectively. We also define the left-continuous weight process Wi(t) =

1/ŜC(t|Zi), and the history process, or filtration, is defined as F−
t = {Ni(u),Wi(u

+), Yi(u
+),

Zi; i = 1, . . . , n; 0 ≤ u < t}. We assume that (Ti, Ci, Zi) are i.i.d. observations and that Ti

and Ci are independent conditional on Zi. Then, we define S
(r)
W (β, t) =

∑n
j=1 Yj(t)Wj(t)Z

r
j

exp{βTZj} for r = 0, 1, 2, and s
(r)
W (β, t) = ES

(r)
W (β, t). To prove this, we will appeal to

Theorem 5.3 in Kalbfleisch and Prentice (2002) which implies Rebolledo’s Central Limit

Theorem. Theorem 5.3 requires demonstration that the conditions below hold.

There exists an open neighborhood B of βCIC and functions s
(r)
W (β, t) for r = 0, 1, 2, defined

on B × [0, τ ] which satisfy the following:
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1. supβ∈B,t∈[0,τ ] ||n−1S
(r)
W (β, t)− s

(r)
W (β, t)|| p−→ 0 as n → ∞.

2. s
(0)
W (β, t) is bounded away from 0 for t ∈ [0, τ ].

3. For r = 0, 1, 2, s
(r)
W (β, t) is a continuous function of β uniformly in t ∈ [0, τ ], and

s
(1)
W (β, t) = ∂s

(0)
W (β, t)/∂β and s

(2)
W (β, t) = ∂2s

(0)
W (β, t)/∂β2.

4.
∑

(β, τ) =
∫ τ

0
v(β, u)s

(0)
W (β, u)λ0(u)du is positive definite for all β ∈ B.

5. Zi are bounded for all t ∈ [0, τ ].

6.
∫ τ

0
λ0(u)du < ∞.

We start by assuming P (Yi(τ) > 0) > 0, or that there is positive probability that subject

i is at risk over the inferential support interval, which requires us to have stability at τ .

Since the risk set doesn’t diminish, ES
(0)
W (β, t) is always positive, implying Condition 2.

Moreover, Condition 6 is also implied by contradiction. We will reasonably assume that

Condition 5 holds. With this, the assumption of i.i.d. observations implies that S
(r)
W (β, t)

are comprised of independent terms and S
(r)
W (β, t) converges to s

(r)
W (β, t) for r = 0, 1, 2, by

the Strong Law of Large Numbers. We will further assume that P (Xi ≥ t|Zi) is continuous

in t. Then, the fact that there exists a neighborhood B such that with probability one, the

convergence is uniform on the set B × [0, τ ] follows since s
(r)
W (β, t) must be continuous in t

by the Boundedness Convergence Theorem. Also, for any t ∈ [0, τ ], the Strong Law of Large

Numbers implies that S
(r)
W (β, t) → s

(r)
W (β, t) as n → ∞ with probability one. We then have a

sequence S
(r)
W (β, t) of bounded monotonic functions (indexed by n) converging point-wise to

the bounded monotonic functions s
(r)
W (β, t), implying that the convergence must be uniform,

or equivalently that Condition 1 holds. Condition 5 along with the Dominated Convergence

Theorem imply Condition 3. We also assume that the positive definiteness from Condition

4 holds.

Now, we must establish that the estimating equation can be written as U(t) =
∑n

i=1

∫ t

0
Gi(t)
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dMi(t) for some predictable process Gi(t) and martingaleMi(t), both with respect to Ft. De-

fine Gi(t) = Zi−E(Zi). Since Z is assumed to be bounded, this quantity is predictable with

respect to Ft. The compensator of Wi(t)Ni(t) is Hi(t) =
∫∞
0

Wi(u)Yi(u)λ0(u) exp(β
TZ)du,

giving MW
i (t) = Wi(t)Ni(t)−Hi(t) as a mean-zero martingale with respect to the filtration

Ft. We can write the estimating equation as U(β̂) =
∑n

i=1

∫∞
t=0

[
Zi −

S
(1)
W (β̂,t)

S
(0)
W (β̂,t)

]
dMW

i (t) = 0.

Thus, the ith term of U is a sum of a stochastic integral of a predictable process with re-

spect to a martingale, implying U is a mean-zero martingale with respect to Ft. Then,

n−1/2U(βCIC , t) =
∑n

i=1

(
Zi −

S
(1)
W (β̂,t)

S
(0)
W (β̂,t)

)
dMW

i (t) is a martingale with predictable covariation

process ⟨n−1/2U(βCIC)⟩(t) =
∫ t

0
A(βCIC , u)S

(0)
W (βCIC , u)λ0(u)du. Generalizing this conver-

gence result to the misspecified model is a direct application of White (1982a).

Let (Xi, Zi) have some distribution G, and suppose there exists a unique point βCIC such that

EG(U(X,Z; βCIC)) = 0. Then under standard regularity conditions, the solution β̂CIC to the

score UCIC(β) = 0 is asymptotically normally distributed with mean βCIC and covariance

matrix consistently estimated by V (β̂CIC), given by Equation 2.6.

2.3 The Nested Case-Control Design

The NCC design is included in the family of efficient sampling designs used for time-to-event

data. Proposed by Thomas (1977), the NCC design is useful for maximizing information

while reducing the number of subjects requiring full covariate information. This design

makes use of the fact that most of the statistical information from the PH model comes

from the subjects who experience events. As such, it requires covariate information from

all who experience the event of interest, cases, and only a subset of participants who do

not experience the event, controls (Nuño and Gillen, 2017). At each event time, the NCC

sampling design draws a simple random sample (SRS) of m controls from the risk set to use

in the analysis. The value of m is specified a priori and is typically chosen to be between

one and four (Nuño and Gillen, 2017). Because m is typically small, the total sample size
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Figure 2.1: Hypothetical example of NCC sampling at three time points with cases (dark
gray) and controls (light gray) used in the full cohort (left) and NCC design (right) with m
= 4. White circles represent subjects that were not sampled in the analysis.

required under the NCC design can be considerably smaller than that of the full cohort with

comparatively little loss of precision when the event is rare (Goldstein and Langholz, 1992).

Figure 2.1 shows an example of NCC design sampling compared to the full cohort at three

hypothetical time points (t1, t2, t3). At the first event time t1, subject 20 experiences the

event of interest. The left side of each panel represents the risk set under the full cohort,

and the right side of the panel represents the data under the NCC design. Under the full

cohort (left), subjects 1-19 are at risk and included in the analysis. Under the NCC design

with m = 4 (right), only subjects 2, 8, 11, and 19 are included in the risk set for the first

event along with subject 20. These four subjects were randomly sampled from the set of

individuals who are at risk (not including the case). This process is repeated at all event

times. Generally speaking, subjects are sampled without replacement at each event time but

can be sampled for multiple risk sets under the NCC design. Subject 8 is an example of this,

appearing in the sampled controls at times t1 and t2. Moreover, subjects that are cases can

be sampled as controls at earlier event times, as seen by subject 19 who is a case at time t2

but was sampled as a control at time t1.

Relating this back to our estimating equation, consider taking an SRS of m controls from

the risk set, Ri, at each event time Xi. Then, the resulting estimating equation is:

UNCC(β) =
n∑

i=1

δi

[
Zi −

∑
j∈R̃i

Zj exp{βTZj}∑
j∈R̃i

exp{βTZj}

]
≡ 0.
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Note that this is similar to Equation 2.1, but the risk set, R̃i denotes the set of the m controls

that were sampled from Ri at time Xi along with subject i. When the PH assumption holds,

estimates obtained under the NCC design are consistent for the full cohort and asymptotically

normally distributed (Goldstein and Langholz, 1992).

Current Extensions of the NCC Design

Several extensions of the NCC design have been proposed. Langholz and Thomas (1991)

first explored alternate ways of using sampled controls in the analysis including a retained

NCC design that used sampled controls forward in time, an augmented NCC design that

used controls forward and backward in time, and an NCC design that implemented sam-

pling without replacement. The retained NCC sampling borrows ideas from the case-cohort

sampling since sampled controls are still considered an SRS at future event times. While

this design remained generally unbiased in simulation studies, the authors found that it was

surprisingly less efficient than the standard NCC design due to the positive sampling-induced

covariances between observations in tested cohorts. The augmented NCC sampling aimed

to improve efficiency of the NCC design by using sampled controls forward and backward in

time. The naive use of these sampled controls in all risk sets would lead to bias from over-

representation of individuals who survive for longer. To avoid this, Langholz and Thomas

(1991) proposed stratified sampling by path sets defined by an individual’s time-on-study

to ensure a representative risk set despite using sampled controls forward and backward

in time. This design resulted in consistent parameter estimation but did not significantly

improve efficiency compared to the classic NCC design in the simulated settings. The NCC

sampling without replacement originated from the idea of minimizing the number of controls

that are sampled more than once. Similar to the augmented NCC sampling, simply sam-

pling without replacement would lead to inconsistent estimates of the hazard ratio due to

under-representation of individuals who survive for longer. As such, the same path sets are

utilized and sampled with predetermined probabilities of sampling depending on their over-
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all representation in the risk set. Then, individuals are sampled without replacement from

the selected path set. As expected, this design resulted in more controls sampled overall,

increasing precision. However, when compared to classic NCC designs using similar overall

sample sizes, there was no evidence for a consistent gain in efficiency.

To improve efficiency of the NCC design, Langholz and Borgan (1995) proposed counter-

matched stratified sampling when a surrogate is available. In counter-matched stratified

sampling, controls are sampled from the stratum of subjects with a different covariate value

than the case to increase efficiency. With a similar goal, Samuelsen (1997) proposed the use

of controls forward and backward in time by including sampled controls in all risk sets for

which they were at risk under the full cohort, leading to a risk set similar to that of the case-

cohort design. They adjusted for any bias induced by a non-SRS using inverse probability

of sampling weights (See Section 2.3.1). Building on this, Rivera and Lumley (2016a,b)

combined the previous two ideas by implementing counter-matched stratified sampling with

the use of sampled controls forward and backward in time.

As discussed earlier, it is important to consider the performance of estimators when model

assumptions are violated. To this end, Nuño and Gillen (2020) explored the behavior of the

NCC design estimators under a violation of the PH assumption. They demonstrated that

the NCC design estimate is dependent on the censoring distribution as well as the number

of controls m in the same way that estimates from the Cox PH model are dependent on

the censoring distribution under NPH. In practice, this implies that in addition to being

dependent on participant dropout and accrual patterns, estimates are also dependent on

the choice of m for the study. In the setting of a single, binary covariate, they proposed

an estimator that recovers the full cohort estimand by removing dependence on m through

weighting of the estimating equation by a consistent estimate of the number of subjects at

risk with each covariate value. For a continuous covariate with a misspecified functional

form, Nuño and Gillen (2021) proposed an imputation algorithm to recover the full cohort
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estimand. In both settings, the proposed estimators use information from previously sampled

risk sets to maintain predictability for asymptotic arguments. Using methods analogous to

those proposed by Boyd et al. (2012), they extend both estimators to be robust to changes

in the censoring distribution. Both estimators also support the inclusion of adjustment

covariates by using hot-deck imputation to map back to a risk set that is representative of

the full cohort.

2.3.1 The Samuelsen Estimator

The work in Chapters 3 and 4 of this dissertation build upon the Samuelsen estimator.

Under the originally proposed NCC design (Thomas, 1977), controls are only counted in the

risk sets for which they were sampled. To improve efficiency of the NCC design, Samuelsen

(1997) proposed the use of controls forward and backward in time by including all sampled

controls in all risk sets for which they were at risk under the full cohort. In this case, the

risk sets at each event time no longer represent an SRS of controls, nor do the terms of the

resulting estimating equation have a covariance of zero conditional upon the filtration of the

counting process giving rise to the data.

Samuelsen (1997) proposed an estimator that reweights each control’s contribution to the

estimating equation by the inverse of the probability of being included in the NCC sample.

To this end, conditional on the filtration, F ≡ {(Xi, δi); i = 1, . . . , n}, the probability that

subject j ever experiences an event or is sampled as a control under the NCC design is:

pj =


1−

∏
Xi<Xj

(
1− m

|#Ri|−1
δi

)
, if δj = 0

1, if δj = 1


where |#Ri| =

∑n
j=1 I(Xj ≥ Xi) is the size of the risk set at time Xi. Furthermore,

they define Vj0 as an indicator for whether a subject j is ever sampled as a control, and

Vj = max(Vj0, δj). We note that the indicator Vj0 only considers controls, whereas the
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indicator Vj includes cases and sampled controls. The resulting estimating equation for the

Samuelsen estimator is:

USAM(β) =
n∑

i=1

δi

[
Zi −

∑
j∈Ri

Vj

pj
Zj exp{βTZj}∑

j∈Ri

Vj

pj
exp{βTZj}

]
≡ 0 (2.7)

where Ri is the risk set for the full cohort, but the indicator Vj limits the contribution to

participants who were included in the NCC sample.

Letting β̂SAM denote the solution to Equation 2.7, it can be shown that the variance of β̂SAM

can be consistently estimated by:

Γ̂ = Σ̂−1 + Σ̂−1∆Σ̂−1

where

Σ̂ = ISAM(β) = −∂USAM(β)

∂β
|β=β̂SAM

and

∆ =
n∑

i=1

{
Vi
1− pi
pi

WT
i Wi +

∑
i̸=j

ViVj

pipj

(1− pi)(1− pj)ρij
pipj

WT
i Wj

}

with Wj denoting the score residual for subject j from the Cox PH model weighted by Vj/pj

and

ρij =
∏

k:Xk<min(Xi,Xj)

{
1− 2

mδk
Yk − 1

+
m(m− 1)δk

(Yk − 1)(Yk − 2)

}/(
1− mδk

Yk − 1

)2

− 1.

Although there is no proof for asymptotic normality of this estimator due to a violation of

the assumption of a predictable Martingale process, Samuelsen (1997) provides a heuristic

argument for asymptotic normality that is supported by simulation results.
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Efficiency of the Samuelsen Estimator

As mentioned previously, the Samuelsen estimator increases precision under the classic NCC

design by allowing for the use of sampled controls forward and backward in time. Here, we

compare the performance and efficiency of the full cohort estimator (FC), classic NCC design

estimator, and the Samuelsen estimator using a simulation study. In the following simula-

tions, Z1 ∼ N(0.2 ∗ Z2, 1) represents a continuous predictor of interest, and Z2 ∼ Bern(0.1)

represents an a priori -specified binary adjustment covariate. To generate observations for the

full cohort, Ti ∼ Exp(λi(t)), Ci ∼ U(0.5, 3), Xi = min(Ci, Ti), and δ = I(Xi = Ti). We con-

sidered the data generating model: λ(t) = λ0 exp{log(0.85)Z1+log(1.4)Z2+log(0.45)Z1Z2},

where λ0 = 0.06 was chosen to yield a censoring rate of ∼90%, reflecting settings where the

NCC design is often used. All simulations were run for 1000 iterations.

β∗
1 = −0.349 β∗

2 = 0.578

(89% Censoring) Total N β̂1 (% Diff.) Emp. SE MB SE MB Efficiency β̂2 (% Diff.) Emp. SE MB SE MB Efficiency

FC 1000 -0.369 (0.00) 0.102 0.097 1.000 0.572 (0.00) 0.226 0.216 1.000

m = 1
NCC 208 -0.342 (-7.18) 0.151 0.148 1.527 0.460 (-19.45) 0.343 0.344 1.593
Samuelsen 208 -0.390 (5.76) 0.150 0.140 1.446 0.610 (6.65) 0.340 0.319 1.475

m = 2
NCC 293 -0.339 (-7.99) 0.129 0.124 1.279 0.479 (-16.25) 0.271 0.284 1.311
Samuelsen 293 -0.372 (1.00) 0.127 0.119 1.227 0.591 (3.31) 0.271 0.269 1.244

m = 3
NCC 367 -0.344 (-6.80) 0.118 0.115 1.192 0.498 (-12.81) 0.264 0.263 1.216
Samuelsen 367 -0.372 (0.84) 0.118 0.111 1.149 0.584 (2.22) 0.264 0.250 1.157

m = 4
NCC 432 -0.348 (-5.48) 0.115 0.111 1.145 0.504 (-11.92) 0.248 0.251 1.163
Samuelsen 432 -0.370 (0.25) 0.113 0.107 1.105 0.574 (0.33) 0.249 0.240 1.111

Table 2.1: Simulation results comparing the classic NCC design estimator and the Samuelsen
estimator with an SRS for 1000 iterations. Percent difference and model based efficiency is
compared to the full cohort. *Truth is based on estimates from a full cohort model with
n = 100, 000.

We implemented the classic NCC design sampling scheme which takes an SRS of controls

from the risk set at each event time, and we used the unique subjects from this sample for the

Samuelsen estimator. We fit a main effects model of the form: λ(t) = λ0(t) exp{β1Z1+β2Z2},

which one might consider using in a primary analysis of the marginal effect of Z1. We

note that although this model is technically misspecified, it mimics a common analysis

strategy (i.e. estimating main effects for a primary analysis before exploring potential effect

modification) when effect modification may be present. Table 2.1 presents results comparing
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the classic NCC design, which considers controls only at the times they are sampled and uses

the Cox PH model for estimation, to the Samuelsen estimator, which uses sampled controls in

all eligible risk sets. Especially for larger values of m, the Samuelsen estimator yields results

similar to that of the full cohort estimator with respect to coefficient estimation. Compared

to the NCC design, the Samuelsen estimator does a significantly better job at estimating both

β1 and β2 and is more stable overall. Moreover, the efficiency of the Samuelsen estimator is

better (i.e. closer to 1) than efficiency of the NCC design estimator for all choices of m in

this setting.

2.3.2 Issues Under the NCC Design

In many settings, the NCC design can help maximize information while reducing data col-

lection costs. When there is an underrepresented subpopulation, however, it can exacerbate

preexisting issues caused by initial underrepresentation. As mentioned in Chapter 1, this

is prevalent in AD research where Black, Hispanic, and Asian participants are less likely to

participate in clinical research but are disproportionately affected by AD. Since the NCC

design only samples a subset of participants from the underrepresented group into the anal-

ysis, it may be difficult to estimate subpopulation-specific effects with precision. In the

most extreme case where the NCC design may not sample any of the participants from an

underrepresented group, this would be impossible.

To demonstrate the lack of precision in a secondary analysis examining subpopulation-specific

effects, we adopt the simulation setting from Section 2.3.1 and fit a model with an inter-

action between Z1 and Z2 of the form: λ(t) = λ0(t) exp{β1Z1 + β2Z2 + γZ1Z2}. Figure

2.2 compares the average estimated subpopulation-specific effects of the covariate of interest

using the Samuelsen estimator with the classic NCC sampling design. For the underrepre-

sented subpopulation (Z2 = 1), the lack of precision due to fewer individuals being sampled

is evident in the wider confidence intervals for estimates for that group.
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Figure 2.2: Forest plots comparing the average estimated subpopulation-specific effects in
the underrepresented (right) and overrepresented (left) subpopulations under classic NCC
sampling design with the Samuelsen estimator. *Marginal effect taken from the primary
analysis in Section 2.3.1.

2.4 Multiple Event Survival Analysis

Chapters 4 and 5 pivot from univariate survival data to data with multiple time-to-event

endpoints. Multiple event time-to-event data encompass three main types: (1) recurrent

event, or sequentially occurring events of the same type (e.g., repeated hospitalizations);

(2) multiple-type events, or sequential events of different types (e.g., disease progression

stages); and (3) clustered or correlated events, or events occurring in related units such as

family members or litter mates (Kelly and Lim, 2000). Examples of recurrent events of the

same type include recurrences of seizures or hospitalizations due to a particular ailment.

An example of multiple-type events is progression in AD where patients may progress to

MCI and then dementia. Clustered/correlated events can include disease onset in family

members or litter mates, and unlike the first two settings where event times are clustered at

the individual level (i.e. multiple measurements for an individual), event times are clustered
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at the group level (i.e. one measurement each from multiple members). Similarly, potential

correlation between event times typically originates from multiple measurements within an

individual for the first two settings, and from multiple measurements for related units in a

cluster for the last type. We also note that while competing and semi-competing risks can

be perceived as “multiple-type” events, the analysis methods presented in this dissertation

are not immediately applicable to those settings.

Multiple event survival data are typically modeled using two approaches. Frailty models

incorporate random effects analogous to those in linear or generalized linear models. Alter-

natively, marginal models extend univariate survival analysis techniques by accounting for

within-cluster correlation through post-hoc variance adjustments. Specifically, when analyz-

ing correlated survival data using a marginal model, the standard Cox PH model is sufficient

as long as an appropriate model is chosen and the covariances are adjusted to account for

correlation (Lin, 1994). Based on the characteristics of the data, one can choose a mul-

tiplicative hazards model using four key components - risk intervals, baseline hazard, risk

set, and correlation adjustment. A handful of multiplicative hazards models that can be

characterized by their different specifications of the four components have been proposed to

handle these types of data. These include the Andersen and Gill (Andersen and Gill, 1982);

Prentice, Williams, and Peterson gap-time and total-time (Prentice et al., 1981); Lee, Wei,

and Amato (Lee et al., 1992); and Wei, Lin, and Weissfeld (Wei et al., 1989) models.

The choice of risk interval plays a significant role in the analysis of multiple event survival

data because it determines when a subject is considered at risk for experiencing an event

and can alter the interpretation of the resulting estimate. There are three main risk intervals

considered in the multiple event setting: gap time, total time, and counting process. The

gap time formulation considers the time between successive events, resetting the clock after

each event. Due to this, it is typically used in settings of recurrent, ordered events, where an

individual is not considered at risk of experiencing the kth event until they have experienced
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the (k − 1)th event. In contrast, the total time formulation considers the time from a fixed

origin to the occurrence of the event, and it is commonly used when analyzing events of

different types or clustered events since primary interest lies in the relationship between

covariates and the comparable time to an event across event types. Under the total time

formulation, all units in a cluster start from time 0, and their total time until each event is

measured. The counting process formulation utilizes a total time scale from a fixed origin

but allows delayed entry for sequential events. That is, the units in a cluster are at risk for

the same amount of time as the gap time formulation, but the risk interval for the kth event

starts at the time when the (k−1)th event occurs. Figure 2.3 demonstrates the different risk

intervals for three hypothetical clusters.

Another consideration for multiple event survival data is the modeling choices for the baseline

hazard. When modeling event times via the hazard function, two model specifications arise

naturally depending on whether the baseline hazard varies by event type. This distinction

reflects different assumptions about the event-generating process. When the occurrence of

one event type does not influence the hazard of subsequent event types occurring within a

cluster, a common baseline hazard model may be appropriate. An example of this occurs

when analyzing the impact of a biomarker on time-to-progression to AD in family members,

where each cluster is a group of related individuals. Here, one family member’s progression

does not impact the hazard of progression for other members conditional on being related.

This type of model has also been utilized when analyzing the repeated occurrence of basal cell

carcinoma, where there is no clear evidence that development of a basal cell carcinoma leads

to development of another conditional on other risk factors (Pandeya, 2005). Conversely,

there may also be settings where it is appropriate to allow baseline hazards to vary across

event strata. Specifically, when the occurrence of an event may be related to the occurrence

of another event within the same cluster, a model that assumes different baseline hazards

across event types might be necessary to accurately compute the marginal hazards. Some

examples of this include stroke recurrences where the risk of having a stroke increases with
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Figure 2.3: Hypothetical illustration of three different risk intervals for three subjects. Events
are indicated by ×, and censored observations are indicated by •.
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each recurrence and progression from cognitively normal to MCI, and MCI to dementia,

where the risk of progression might be different between each of the cognitive stages. Models

with event-specific baseline hazards are also common in myocardial infarction, where an

individual’s risk of experiencing a second heart attack increases after the first (Böhm et al.,

2021). As such, two types of models can be constructed based on the specification of the

baseline hazard, and we define these rigorously in the next section.

In the multiple event setting, specification of the covariate effects are also important and

depend on the scientific question of interest. For example, one can estimate a common

covariate effect across all event strata or an event-specific covariate effect (De Jong et al.,

2020). If the relationship between the events and the covariate of interest is expected to

change or if interest lies in the specific covariate effects at each event type, then event-

specific, or stratified effects may be more appropriate. If the covariate effect is expected to

be similar across event strata, however, estimating a common effect across events can help

increase precision in settings of a small sample size (Amorim and Cai, 2015). For the work

in this dissertation, we will focus on categorizing models based on the specification of the

baseline hazard (i.e. common vs. event-specific) in Chapter 4, and later, the choice of the

type of covariate effect (i.e. common vs. event-specific) in Chapter 5.

2.4.1 Marginal Parameter Estimation

We consider the setting of right-censored, multiple time-to-event data. To maintain clarity in

our presentation of these concepts, we will assume that clustering is done at the individual

level, or equivalently, that multiple events are nested within individuals. The methods

presented can also be applied to data clustered on the group level, however. For subject

i (i = 1, . . . , n) and event type k (k = 1, ..., Ki), let Tik, Cik, and Zik = [zik1, . . . , zikp]
T

denote the true event time, censoring time, and p × 1 covariate vector, respectively. We

define Xik = min(Tik, Cik) as the observed event time and δik = I(Xik = Tik) as the event
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indicator of event k for subject i.

We model event times via the hazard function, and as mentioned previously, two natural

models arise based on the specification of the baseline hazard:

• Common baseline hazards (M1): λik(t) = λ0(t) exp{βTZik}

• Event-specific baseline hazards (M2): λik(t) = λ0k(t) exp{βTZik}

We note that these models can be easily modified to accommodate event-specific covariate

effects through modification of the parameter vector β (i.e. β vs. βk).

The parameters β for the PH model in the multiple event setting can be estimated by

maximizing the partial likelihood assuming working independence, or equivalently by solving

the respective estimating equations below (Lin, 1994):

UM1(β) =
n∑

i=1

Ki∑
k=1

δik

[
Zik −

∑n
l=1

∑Kl

j=1 Ylj(Xik)Zlj exp{βTZlj}∑n
l=1

∑Kl

j=1 Ylj(Xik) exp{βTZlj}

]
≡ 0 (2.8)

for M1, and

UM2(β) =
n∑

i=1

Ki∑
k=1

δik

[
Zik −

∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Xik)Zlj exp{βTZlj}∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Xik) exp{βTZlj}

]
≡ 0 (2.9)

for M2, where Ylj(Xik) = I(Xlj ≥ Xik) is the indicator representing whether observation lj

has an observed time greater than Xik. The two estimating equations, which correspond to

the two types of models, differ by the sums in the compensator that represent the risk set at

that event time. Under the assumption of a common baseline hazard across all event types

(M1), the risk sets at each event time are similar to the case of treating all observations as

independent. That is, at an event time Xik, the risk set is comprised of all lj pairs that have

not yet experienced the jth event type or been censored, so we sum over all measurements

(j) for all individuals (l). When allowing for event-specific baseline hazard functions (M2),
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the risk sets at each event time are comprised only of the observations at risk with that same

event type, which is captured by the indicator I(j = k). Specifically, at event time Xik,

the risk set is comprised of all kth event-type observations that have not yet experienced the

event or been censored, so we sum over all individuals’ kth events.

2.4.2 Robust Variance and Asymptotic Properties

It can be shown that Equations 2.8 and 2.9 can be approximated by a sum of n i.i.d.

random vectors, and asymptotic normality can be demonstrated using methods similar to

those presented in Section 2.2.2. Due to potential correlation between an individuals’ event

times, standard variance estimators assuming independence are inconsistent in general. In

this case, use of the sandwich or robust variance estimator can be employed (Lin, 1994).

Specifically, we have that β̂(M)∼̇N(β(M), V ) where β(M) is the true value of β for model M

(M = 1, 2), and V is the variance. The variance of the parameters for model M , V (β̂(M)),

can be consistently estimated by:

V (β̂(M)) = I−1(β̂(M)) B(β̂(M)) I−1(β̂(M))

where I(β̂(M)) = −∂U(M)(β)
∂β

|β=β̂(M) and

B(β̂(M)) =
∑n

i=1

∑Ki

k=1

∑Ki

l=1W
(M)
ik (β̂(M))W

(M)
il (β̂(M))T with

W
(1)
ik (β̂) = δik

[
Zik −

S(1)(β̂, Xik)

S(0)(β̂, Xik)

]
−

n∑
l=1

Kl∑
j=1

δlj

[
Yik(Xlj) exp{β̂TZik}

S(0)(β̂, Xlj)

]
×
{
Zik −

S(1)(β̂, Xlj)

S(0)(β̂, Xlj)

}
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where S(r)(β,Xik) =
∑n

l=1

∑Kl

j=1 Ylj(Xik)Z
⊗r
lj exp{βTZlj} for r = 0, 1, or

W
(2)
ik (β̂) = δik

[
Zik −

S
(1)
k (β̂, Xik)

S
(0)
k (β̂, Xik)

]
−

n∑
l=1

Kl∑
j=1

I(j = k)δlj

[
Yik(Xlj) exp{β̂TZik}

S
(0)
k (β̂, Xlj)

]
×
{
Zik −

S
(1)
k (β̂, Xlj)

S
(0)
k (β̂, Xlj)

}

where S
(r)
k (β,Xik) =

∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Xik)Z
⊗r
lj exp{βTZlj} for r = 0, 1.

2.4.3 NCC Design in the Multiple Event Setting

In the multiple event setting, terminal events such as death can occur. These events stop

the recurrent event process and can be informative since they may be associated with the

number of recurrent events experienced by an individual. In addition to marginal models

that account for the potential dependency of the terminal event, parametric joint frailty

models can also be used in these settings. One specific joint frailty model by Liu et al.

(2004) focuses on modeling both recurrent and terminal events and has been extended by

Rondeau et al. (2006) to model baseline intensity functions using splines for estimation of

the intensities and absolute risks as well as for computational ease.

Using this model, Jazić et al. (2019) developed the first framework for use of the NCC

design in the recurrent event setting, specifically in the presence of a terminal event. To

our knowledge, this is the only current methodology that utilizes the NCC design in the

recurrent event setting. For this method, the authors propose various designs that involve

defining different “index events,” or the cases to be used for sampling. Some examples of

index events include 1) the terminal event, 2) the first instance of a recurrent event, or 3) the

first of a recurrent or terminal event. Under this design, covariate information is collected

for all individuals who experience the specified index event, and at each of those index event

times, m individuals are sampled from those who have not yet experienced the specified

index event. The NCC design cohort then consists of all index events (cases) and sampled
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controls for whom recurrent and terminal event times as well as covariate information are

available. To gain the most information from sampled individuals, the authors also proposed

designs based on index events including 4) the second instance of the recurrent event and

5) the first of the second instance of the recurrent event or terminal event. They also use

the inverse probability of being sampled into the analysis, similar to the work of Samuelsen

(1997), to account for using a non-SRS.
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Chapter 3

Modified Nested Case-Control

Designs for Assessing Effect

Modification in Underrepresented

Populations

3.1 Introduction

As discussed previously, efficient sampling designs are often used to reduce data collection

costs, including non-monetary costs associated with the use of existing resources, in settings

where resources are limited. The NCC design helps maximize information while reducing the

number of participants needed for the analysis by only requiring full covariate information

from participants who experience the event of interest, cases, and a subset of participants

who do not experience the event, controls (Thomas, 1977; Nuño and Gillen, 2017). To review

briefly, the standard NCC sampling design requires drawing an SRS of m controls from the

risk set at each event time. The value of m is specified a priori and is typically chosen to
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be between one and four.

As we have seen in Chapter 1, the NCC design is useful in settings such as AD biomarker

discovery where measurements may be burdensome or costly to obtain. Since many study

participants are unwilling to undergo a lumbar puncture, CSF is a scarce resource in clinical

studies (Nuño et al., 2017). Additionally, the thawing process leads not only to depletion

of the sample, but also to specimen degradation over time. In this setting, use of the NCC

design allows for a reduction in the number of processed CSF samples, saving precious

resources.

Another challenge in clinical research is the lack of racial and ethnic representation, and

its impacts are detrimental to historically underrepresented communities (Wendler et al.,

2005; Chin et al., 2011). In AD research, study cohorts are predominantly comprised of

highly-educated, non-Hispanic, White individuals (Raman et al., 2021), which can limit the

generalizability of results. In fact, a study by Salazar et al. (2020) showed that participants

from underrepresented racial and ethnic groups (e.g. Hispanic, Black, and Asian) were less

likely to participate in procedures that are typical of AD clinical trials. Therefore, in addition

to efficient use of limited samples, it is important that underrepresented groups are included

in AD studies to allow for generalizability of results to these groups.

Two-phase sampling has been proposed to reduce data collection costs when there exists an

inexpensive surrogate that is available for the entire cohort, and non-SRS methods have been

implemented under this framework for settings where a biased sample may be useful. Under

two-phase sampling, information that is easier to collect is used to sample a subcohort from

which the expensive covariates will be measured (White, 1982b). The NCC design can be

considered a type of two-phase sampling where the subjects’ event time and status deter-

mines which subjects are sampled in the second phase. Although it is useful for reducing

data collection costs, the NCC design can exacerbate the pre-existing issue of underrepre-

sentation in research, as we have demonstrated in Section 2.3.2. This is because only a
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subset of participants from underrepresented subpopulations are selected into the analysis,

making analyzing the effect of a limited resource, such as CSF, in an underrepresented sub-

population difficult and hindering our ability to assess potential effect modification across

subpopulations.

Various alternatives to an SRS in the second phase of sampling have been explored to improve

efficiency while maintaining valid inference in the presence of expensive covariates (Tao et al.,

2020; Robins et al., 1994; Zhou et al., 2007). Specifically, Robins et al. (1995) proposed an

estimator that incorporates inverse probability of selection weighting to correct for a non-

SRS two-phase sampling when the missingness of an expensive covariate is conditional on the

outcome and other covariates. Under the NCC design, several biased sampling methods have

also been proposed to improve efficiency. To revisit some of the designs that were mentioned

in Chapter 2, Langholz and Borgan (1995) proposed counter-matched stratified sampling

when a surrogate for exposure is available, and Samuelsen (1997) proposed inclusion of the

NCC controls forward and backward in time, leading to a risk set similar to that of the

case-cohort design (Prentice and Pyke, 1979). Rivera and Lumley (2016a,b) then extended

this idea with a non-SRS, implementing counter-matched stratified sampling with the use

of sampled controls forward and backward in time. In counter-matched stratified sampling,

controls are sampled from the stratum of subjects with a different covariate value from the

case to increase efficiency.

In this chapter, we propose an extension of the NCC sampling scheme that allows for weighted

sampling of controls using observed covariate information, combining key ideas from two-

phase sampling with the NCC framework. Our motivation differs from past work, as it aims

to increase efficiency for assessing effect modification in a secondary analysis through pre-

specified stochastic sampling of controls. In the AD biomarker discovery setting where trials

often lack diversity, such an approach would increase the probability of sampling individuals

from underrepresented racial and ethnic groups under the NCC design to ensure assessment
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of biomarker utility across these subpopulations. Preliminary results illustrating this can be

found in Section 2.3.2. We propose methods for weighted sampling based on either a binary

or a continuous covariate under the NCC design. In each setting, we propose an estimator

that accounts for the weighted sampling along with two robust variance estimators to ensure

consistent parameter estimation and valid asymptotic inference. We use simulation studies to

compare the proposed estimator to the full cohort estimator and to the standard NCC design

with estimation carried out via the approach of Samuelsen (Thomas, 1977; Samuelsen, 1997).

Lastly, we apply our proposed estimator to data from the NIH-funded National Alzheimer’s

Coordinating Center (NACC) where we consider estimating differential associations of Aβ

and the risk of AD between Black and non-Black populations.

3.2 Methods

We start with a brief review of the foundational concepts presented in Chapter 2. Here, we

consider the setting of right-censored time-to-event data. Let Ti, Ci, and Zi = [zi1, . . . , zip]
T

denote the true event time, censoring time, and vector of covariates for subject i, (i =

1, . . . , n), respectively. We define Xi = min(Ti, Ci) as the observed event time and δi =

I(Xi = Ti) as the event indicator for subject i. Under the Cox PH model, the event times

are modeled by the covariates via the hazard function:

λi(t) = λ0(t) exp{βTZi}

where λ0(t) denotes the baseline hazard function and β = [β1, . . . , βp]
T is the vector of

regression parameters representing the corresponding log-hazard ratios associated with each

covariate. The parameters for the Cox PH model are estimated by maximizing the partial

likelihood, or equivalently by solving the estimating equation given by:

UFC(β) =
n∑

i=1

δi

[
Zi −

∑
j∈Ri

Zj exp{βTZj}∑
j∈Ri

exp{βTZj}

]
≡ 0. (3.1)
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Here, Ri represents the risk set at time Xi. Specifically, when all subjects enter at time 0, Ri

denotes the set of individuals that have not yet experienced the event of interest and have

not been censored prior to time Xi, including the individual who experienced the current

event.

Under the NCC design, only a subset of the full cohort consisting of all n individuals is used

for parameter estimation. Specifically, at each event time, m controls are randomly sampled

from Ri, and the resulting estimating equation is:

UNCC(β) =
n∑

i=1

δi

[
Zi −

∑
j∈R̃i

Zj exp{βTZj}∑
j∈R̃i

exp{βTZj}

]
≡ 0.

Note that this is similar to Equation 3.1, but the risk set, R̃i, denotes the set of the m

controls that were sampled from Ri at time Xi along with subject i, who experienced the

event.

Under the originally proposed NCC design (Thomas, 1977), controls are only counted in the

risk sets for which they were sampled. To improve efficiency of the NCC design, Samuelsen

(1997) proposed the use of controls forward and backward in time by including all sampled

controls in all risk sets for which they were at risk under the full cohort. Since the risk sets

at each event time no longer represent an SRS of controls, the proposed estimator reweights

each control’s contribution to the estimating equation by the inverse of the probability of

being included in the NCC sample. The probability that subject j ever experiences an event

or is sampled as a control under the NCC design is:

pj =


1−

∏
Xi<Xj

(
1− m

|#Ri|−1
δi

)
, if δj = 0

1, if δj = 1


where |#Ri| =

∑n
j=1 I(Xj ≥ Xi), the size of the risk set at time Xi. Moreover, Vj0 is an

indicator for whether a subject j is ever sampled as a control, and Vj = max(Vj0, δj). The
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resulting estimating equation for the Samuelsen estimator is:

USAM(β) =
n∑

i=1

δi

[
Zi −

∑
j∈Ri

Vj

pj
Zj exp{βTZj}∑

j∈Ri

Vj

pj
exp{βTZj}

]
≡ 0,

where Ri is the risk set for the full cohort, but the indicator Vj limits the contribution to

participants who were included in the NCC sample.

3.2.1 Weighted Sampling on a Binary Covariate

We propose a method that allows for oversampling of select subpopulations under the NCC

design. Here, we consider the case where a binary covariate is observed for all members of

the full cohort and indicates that the subject is from an underrepresented subpopulation.

We oversample members from the underrepresented subpopulation by first increasing the

probability that controls from that group are sampled at each event time to an a priori -

specified probability of sampling. We then correct for this oversampling by reweighting

contributions to the estimating equation. We call the NCC design with weighted sampling

the weighted NCC (WNCC) design.

To implement the WNCC design, let Z denote a binary covariate on which weighted sampling

is implemented. Let πz(Xi) be the proportion of subjects at risk atXi with Z = z for z = 0, 1.

We denote the desired probability of sampling a subject with Z = z at each event time as π∗
z ,

then we can construct sampling weights for the two groups at timeXi as wz(Xi) = π∗
z/πz(Xi).

As the risk set sizes change, the sampling weights for each individual should change. Instead

of using the traditional SRS of controls, we utilize this weighted sample of controls for the

calculation of our proposed estimator.

Under this weighted sampling scheme, we can extend the idea of inclusion probabilities

under a non-SRS (Rivera and Lumley, 2016b) to redefine the probability of a subject j

being included in the study under the WNCC design, conditional on subject j’s covariate

41



value Zj as:

p∗j =


1−

∏
Xi<Xj

(
1−

π∗
zj
m

Yzj (Xi)−I(zi=zj)
δi

)
, if δj = 0

1, if δj = 1


where Yzj(Xi) is the number of subjects at risk with Z = zj at time Xi. This is true

because the probability that subject j is sampled as a control at time Xi is conditional on

the value of zj. At time Xi, the expected number of controls sampled with Z = zj is equal

to π∗
zj
m, and the number of subjects with Z = zj who can be sampled is Yzj(Xi)− I(zi = zj)

with I(zi = zj) being an indicator for whether subjects i and j have the same covariate

value. It follows that the probability that subject j is sampled as a control at time Xi is

π∗
zj
m

Yzj (Xi)−I(zi=zj)
δi.

We further define V ∗
j0 as an indicator for whether subject j is ever sampled as a control under

the WNCC design, and V ∗
j = max(V ∗

j0, δj) as the indicator for whether subject j is included

in the analysis as a case or control under the WNCC design.

Proposition 3.1. Denote β0 to be the estimand corresponding to the full cohort estimator

and let β̂B be the solution to

UB(β) =
n∑

i=1

δi

[
Zi −

∑
j∈Ri

V ∗
j

p∗j
Zj exp{βTZj}∑

j∈Ri

V ∗
j

p∗j
exp{βTZj}

]
≡ 0.

Then β̂B
p−→ β0.

The proof of this result is provided in Section A.1 of Appendix A. We note also that the

methods from this section can easily be extended to a categorical covariate with any number

of levels.
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3.2.2 Variance Estimation for β̂B

Estimating the variance of β̂B is done in a similar fashion to that of the Samuelsen estima-

tor, which follows the form of a sandwich estimator accounting for correlated terms of the

estimating equation. Here, the variance of β̂B can be estimated as:

Γ̂B1 = Σ̂−1
B + Σ̂−1

B ∆BΣ̂
−1
B

where

Σ̂B = IB(β̂B) = −∂UB(β)

∂β
|β=β̂B

and

∆B =
n∑

i=1

{
V ∗
i

1− p∗i
p∗i

W∗
i (β̂B)

TW∗
i (β̂B) +

∑
i̸=j

V ∗
i V

∗
j

p∗i p
∗
j

(1− p∗i )(1− p∗j)ρ
∗
ij

p∗i p
∗
j

W∗
i (β̂B)

TW∗
j (β̂B)

}

with W∗
i (β̂B) being the score residual for subject i from the Cox PH model weighted by

V ∗
i /p

∗
i ,

W∗
i (β̂B) = δi

V ∗
i

p∗i

[
Zi −

∑
j∈Ri

V ∗
j

p∗j
Zj exp{β̂T

BZj}∑
j∈Ri

V ∗
j

p∗j
exp{β̂T

BZj}

]

− V ∗
i

p∗i

n∑
j=1

δj
V ∗
j

p∗j

[
I(Xj ≤ Xi) exp{β̂T

BZi}∑
k∈Rj

V ∗
k

p∗k
exp{β̂T

BZk}

]
×
{
Zi −

∑
k∈Rj

V ∗
k

p∗k
Zk exp{β̂T

BZk}∑
k∈Rj

V ∗
k

p∗k
exp{β̂T

BZk}

}
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and

ρ∗ij =
∏

k:Xk<min(Xi,Xj)

{
1−

π∗
zi
mδk

Yzi(Xk)− I(zk = zi)
−

π∗
zj
mδk

Yzj(Xk)− I(zk = zj)

+
π∗
zi
m

Yzi(Xk)− I(zk = zi)
·

π∗
zj
(m− 1)

Yzj(Xk)− I(zk = zj)− I(zi = zj)
δk

}/
(
1 −

π∗
zi
mδk

Yzi(Xk)− I(zk = zi)

)(
1 −

π∗
zj
mδk

Yzj(Xk)− I(zk = zj)

)
− 1.

As we have established in Chapter 2, a series of conditions must hold in order to demonstrate

asymptotic normality of the Cox PH estimator. Similar to the Samuelsen estimator, we are

unable to directly apply Rebolledo’s Central Limit theorem to establish asymptotic normality

due to a violation of the assumption of a predictable Martingale process in this case. As such,

asymptotic normality of the WNCC estimator, along with the classic Samuelsen estimator,

has yet to be formally established. Empirical results presented in Section 3.3 do, however,

support the conjecture of asymptotic normality, and we provide a heuristic argument for this

conjecture in Section A.2 of the Appendix.

We also propose an alternate variance estimator which takes a form similar to that proposed

by Binder (1992) and uses the weights V ∗
j /p

∗
j , derived in this manuscript. This estimator ac-

counts for the correlation between terms of the estimating equation via an empirical estimate

of the score. That is, the variance of β̂B can also be estimated as:

Γ̂B2 = Σ̂−1
B VBΣ̂

−1
B

where

VB =
n∑

i=1

W∗
i (β̂B)W∗

i (β̂B)
T .
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3.2.3 Weighted Sampling on a Continuous Covariate

Weighted sampling can also be implemented for a continuous covariate. Suppose z is a

continuous covariate which is known for the full cohort and on which weighted sampling is

implemented. Using kernel density estimation, we can obtain fi(z), the estimated distribu-

tion of z for subjects with an observed time greater than Xi, at each event time Xi. We

can also define f ∗(z) to be the desired distribution of z in the risk set at each time (e.g. a

uniform density over the support of z). Using these two functions at each event time Xi, we

can define a sampling weight for subject j who is at risk as w∗
j (Xi) = f ∗(zj)/fi(zj). These

sampling weights can then be used in the WNCC design.

If fi(z) is a uniformly consistent estimator of the true distribution function of z for subjects

with an observed time greater than Xi, and fi(zj) > 0 for all j such that Xj > Xi, then we

can define a consistent estimator for the probability that a subject j is included in the study

under the WNCC design with weighted sampling on a continuous covariate, p∗∗j :

p∗∗j =


1−

∏
Xi<Xj

(
1− w∗

j (Xi)m∑
l∈Ri

w∗
l (Xi)

δi

)
, if δj = 0

1, if δj = 1


Here, V ∗

j0 and V ∗
j are defined as in Section 3.2.1.

Proposition 3.2. Denote β0 as the estimand corresponding to the full cohort estimator and

let β̂C be the solution to

UC(β) =
n∑

i=1

δi

[
Zi −

∑
j∈Ri

V ∗
j

p∗∗j
Zj exp{βTZj}∑

j∈Ri

V ∗
j

p∗∗j
exp{βTZj}

]
≡ 0.

Then β̂C
p−→ β0.

The proof of this result follows closely to the proof in Section A.1 of the Appendix. We

further note that a continuous covariate can also be discretized so that the method from
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Section 3.2.1 would be directly applicable.

3.2.4 Variance Estimation for β̂C

Similar to the binary covariate case, the variance of β̂C can be estimated as:

Γ̂C1 = Σ̂−1
C + Σ̂−1

C ∆CΣ̂
−1
C

where

Σ̂C = IC(β̂C) = −∂UC(β)

∂β
|β=β̂C

and

∆C =
n∑

i=1

{
V ∗
i

1− p∗∗i
p∗∗i

W∗∗
i (β̂C)

TW∗∗
i (β̂C)

+
∑
i̸=j

V ∗
i V

∗
j

p∗∗i p∗∗j

(1− p∗∗i )(1− p∗∗j )ρ∗∗ij
p∗∗i p∗∗j

W∗∗
i (β̂C)

TW∗∗
j (β̂C)

}

with W∗∗
i (β̂C) being the score residual for subject i from the Cox PH model weighted by

V ∗
i /p

∗∗
i ,

W∗∗
i (β̂C) = δi

V ∗
i

p∗∗i

[
Zi −

∑
j∈Ri

V ∗
j

p∗∗j
Zj exp{β̂T

CZj}∑
j∈Ri

V ∗
j

p∗∗j
exp{β̂T

CZj}

]

− V ∗
i

p∗∗i

n∑
j=1

δj
V ∗
j

p∗∗j

[
I(Xj ≤ Xi) exp{β̂T

CZi}∑
k∈Rj

V ∗
k

p∗∗k
exp{β̂T

CZk}

]
×
{
Zi −

∑
k∈Rj

V ∗
k

p∗∗k
Zk exp{β̂T

CZk}∑
k∈Rj

V ∗
k

p∗∗k
exp{β̂T

CZk}

}
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and

ρ∗∗ij =
∏

k:Xk<min(Xi,Xj)

{
1− w∗

i (Xk)mδk∑
l∈Rk

w∗
l (Xk)

−
w∗

j (Xk)mδk∑
l∈Rk

w∗
l (Xk)

+

0.5 ·m(m− 1)w∗
i (Xk)w

∗
j (Xk)∑

l∈Rk
w∗

l (Xk)(
∑

l∈Rk
w∗

l (Xk)− w∗
i (Xk))

+

0.5 ·m(m− 1)w∗
i (Xk)w

∗
j (Xk)∑

l∈Rk
w∗

l (Xk)(
∑

l∈Rk
w∗

l (Xk)− w∗
j (Xk))

δk

}/
(
1 − w∗

i (Xk)mδk∑
l∈Rk

w∗
l (Xk)

)(
1 −

w∗
j (Xk)mδk∑
l∈Rk

w∗
l (Xk)

)
− 1.

Details regarding the derivation of the variance estimator and a heuristic argument for

approximating the limiting distribution of our estimator are provided in Section A.2 of

Appendix A. An alternate variance estimator for this method takes the form proposed by

Binder (1992), and would be computed using the weights V ∗∗
j /p∗∗j . That is, the variance of

β̂C can also be estimated as:

Γ̂C2 = Σ̂−1
C VCΣ̂

−1
C

where

VC =
n∑

i=1

W∗∗
i (β̂C)W∗∗

i (β̂C)
T .

3.3 Empirical Results

In this section, we present results from simulation studies illustrating the empirical perfor-

mance of our estimator. In all simulations presented, Z1 (e.g. Aβ) is a continuous predictor

of interest, and Z2 (e.g. race/ethnicity) is an a priori -specified binary adjustment covariate

on which we performed weighted sampling. Specifically, Z2 defines the subpopulations of

interest for assessing effect modification. We note that simulations for weighted sampling on
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a continuous covariate demonstrate similar results.

In Section 3.3.1, we first illustrate the utility of implementing a weighted sampling scheme

under the NCC design framework. Next, in Section 3.3.2, we illustrate the performance of

the proposed estimator when there is a homogeneous effect of the predictor of interest across

all subpopulations defined by the binary covariate. In Section 3.3.3, we illustrate the perfor-

mance of the proposed estimator in a primary analysis under effect modification. We also

demonstrate the benefit of the WNCC design in a secondary analysis of the subpopulation-

specific effect of the predictor of interest. We provide an analysis of the power for testing

the presence of differential subpopulation-specific effects in the secondary analysis under the

NCC and WNCC designs.

Throughout this section, we consider the data generating model: λ(t) = λ0 exp{log(0.85)Z1+

log(1.4)Z2 + ξZ1Z2}. Here, the value of ξ, the coefficient controlling the strength of effect

modification, varies, and λ0 = 0.06 was chosen to yield a censoring rate of ∼90% to reflect

settings under which the NCC design is often used. In the full cohort, Z2 ∼ Bern(0.2),

Z1 ∼ N(0.2 · Z2, 1), and Ti ∼ Exp(λi(t)). Moreover, Ci ∼ U(0.5, 3), and Xi = min(Ci, Ti).

The event indicator (δi) was set to 1 if the subject’s observed time is the event time and 0

if the subject’s observed time was the censoring time. The WNCC design was implemented

to have an equal probability of sampling from each Z2 subgroup (i.e. P (Z2 = 0) = P (Z2 =

1) = 0.5) into the risk sets at each event time. All simulations were run for 1000 iterations.

3.3.1 Weighted Sampling Performance

For these simulations, we vary the distribution of Z2 to illustrate differences in sampled

cohorts from settings where the underrepresented subpopulation comprises of 10%, 20%,

and 30% of the full cohort. That is, Z2 ∼ Bern(p), where p = 0.1, 0.2, and 0.3. Weighted

sampling is then implemented such that there is an equal probability of sampling each Z2

subgroup (i.e. Z2 = 0 and Z2 = 1) from the risk set at each event time. Specifically, a
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weighted sample of subjects are taken such that the probability of sampling a subject with

Z2 = 0 is 0.5 and the probability of sampling a subject with Z2 = 1 is 0.5 at each event time.

Table 3.1 displays the average number of subjects sampled into an analysis under the NCC

design with an SRS and with weighted sampling. We note that although we set the prob-

ability of sampling to be equal at each event time, the proportion of individuals from each

group will not always be equal due to the resampling of the same individuals at different

frequencies in each subgroup. This is also the reason we see fewer unique individuals under

weighted sampling compared to an SRS. From these results, it is clear that there is utility

in weighted sampling for increasing the number of individuals that are sampled from the

underrepresented group.

Z2 ∼ Bern(0.1) Z2 ∼ Bern(0.2) Z2 ∼ Bern(0.3)

Unique Rare N Unique Rare N Unique Rare N
N (Prop.) N (Prop.) N (Prop.)

FC 1000 100 (0.10) 1000 200 (0.20) 1000 300 (0.30)

m = 1
SRS 197 24 (0.12) 208 49 (0.24) 216 75 (0.35)
Weighted 188 51 (0.27) 204 74 (0.36) 215 93 (0.43)

m = 2
SRS 279 32 (0.11) 293 65 (0.22) 304 100 (0.33)
Weighted 251 69 (0.28) 280 104 (0.37) 298 130 (0.44)

m = 3
SRS 351 39 (0.11) 367 79 (0.22) 380 122 (0.32)
Weighted 304 80 (0.26) 344 126 (0.37) 370 159 (0.43)

m = 4
SRS 414 45 (0.11) 432 92 (0.21) 447 141 (0.32)
Weighted 350 87 (0.25) 400 142 (0.35) 432 183 (0.42)

Table 3.1: Comparison of average subjects sampled in analyses under an SRS and weighted
sampling for 1,000 simulations.

3.3.2 Homogeneous Effect of the Predictor of Interest

As stated previously, we evaluated the performance of the WNCC design and the proposed

estimator under a homogeneous effect (i.e. when ξ = 0). We fit a main effects model of the

form: λ(t) = λ0(t) exp{β1Z1 + β2Z2} to evaluate the ability of the proposed estimator to
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correct the bias induced by implementing weighted sampling. We compare results from our

proposed estimator to results from the Samuelsen estimator under the WNCC design. Below,

we report the average number of unique subjects used in each analysis, average coefficient

estimates for β1 and β2 with percent bias from the true values, average original standard

error (SE 1) estimates, average alternate standard error (SE 2) estimates, empirical standard

error (Emp. SE), and the coverage probabilities for the two standard error estimates (CP 1

and CP 2).

β1 = −0.163 β2 = 0.336

Unique β̂1 SE SE Emp. CP CP β̂2 SE SE Emp. CP CP
λ0 = 0.06 N (% Bias) 1 2 SE 1 2 (% Bias) 1 2 SE 1 2

FC (89% cens.) 1000 -0.164 (-1.00) 0.098 0.097 0.098 0.948 0.952 0.320 (-4.88) 0.229 0.229 0.230 0.966 0.963

Samuelsen
m = 1 196 -0.165 (-1.59) 0.144 0.145 0.152 0.941 0.954 -0.895 (-366.10) 0.301 0.302 0.312 0.013 0.015
m = 2 270 -0.166 (-2.17) 0.121 0.122 0.125 0.950 0.952 -0.778 (-331.36) 0.266 0.267 0.271 0.008 0.008
m = 3 333 -0.165 (-1.26) 0.113 0.113 0.114 0.944 0.949 -0.692 (-305.62) 0.253 0.254 0.257 0.012 0.012
m = 4 387 -0.163 (-0.43) 0.108 0.108 0.110 0.951 0.948 -0.594 (-276.65) 0.247 0.247 0.248 0.015 0.015

Proposed
m = 1 196 -0.168 (-3.27) 0.147 0.149 0.156 0.944 0.953 0.306 (-9.05) 0.295 0.296 0.309 0.940 0.940
m = 2 270 -0.168 (-3.41) 0.123 0.124 0.127 0.952 0.950 0.320 (-4.85) 0.260 0.261 0.264 0.954 0.954
m = 3 333 -0.167 (-2.55) 0.114 0.115 0.116 0.944 0.948 0.312 (-7.33) 0.248 0.248 0.252 0.953 0.954
m = 4 387 -0.165 (-1.54) 0.110 0.110 0.112 0.948 0.947 0.323 (-4.04) 0.242 0.242 0.242 0.950 0.952

Table 3.2: Simulation results comparing the performance of the full cohort Cox PH estimator,
the Samuelsen estimator under the WNCC design, and our proposed estimator under the
WNCC design for a primary analysis when there is a homogeneous effect of the predictor of
interest (i.e. ξ = 0).

Table 3.2 outlines the results from this analysis where the model is correctly specified and

the WNCC design is used. The Samuelsen estimator with no correction for the weighted

sampling yielded estimates with minimal bias for β1, the effect of Z1, and close to nominal

coverage probabilities for both variance estimators. The proposed estimator maintained sim-

ilar performance with both variance estimators. For β2, the proposed estimator significantly

corrected the bias induced (compared to the Samuelsen estimator with no correction) by

oversampling subjects with Z2 = 1. The proposed estimator had accurate standard error

estimates from both variance estimators, performing as well as the full cohort estimator

for bias in the case of four controls. We note that the proposed estimator also performs

well when there is a null effect for the predictor of interest, and we include these results in
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Section A.3 of Appendix A.

3.3.3 Effect Modification for the Predictor of Interest

In this section, we evaluated the performance of the WNCC design and the proposed esti-

mator when effect modification is present (i.e. when ξ ̸= 0). In this case, ξ = log(0.45).

When there is potential for effect modification, it is common first to evaluate main effects in

a primary analysis, then consider interactions in a secondary analysis. Here, we started by

comparing the performance of the proposed estimator to the performance of the Samuelsen

estimator under the WNCC design in a primary analysis setting by fitting a main effects

model of the form: λ(t) = λ0(t) exp{β1Z1 + β2Z2}. We note that the model is misspecified

here; however, this is typical in practice due to the complex relationships between variables

in research. Since the true values of β1 and β2 are determined by the censoring distribution

under model misspecification (Struthers and Kalbfleisch, 1986), we took full cohort estimates

from analyses with n = 100, 000 to be the “true values.”

β1 = −0.349∗ β2 = 0.578∗

Unique β̂1 SE SE Emp. CP CP β̂2 SE SE Emp. CP CP
λ0 = 0.06 N (% Bias) 1 2 SE 1 2 (% Bias) 1 2 SE 1 2

FC (89% cens.) 1000 -0.368 (-5.40) 0.097 0.101 0.099 0.938 0.950 0.562 (-2.71) 0.217 0.222 0.216 0.958 0.958

Samuelsen
m = 1 203 -0.400 (-14.51) 0.148 0.153 0.161 0.928 0.943 -0.621 (-207.40) 0.294 0.303 0.313 0.025 0.029
m = 2 279 -0.386 (-10.48) 0.124 0.130 0.130 0.938 0.950 -0.511 (-188.42) 0.257 0.266 0.259 0.010 0.013
m = 3 343 -0.385 (-10.13) 0.115 0.120 0.123 0.933 0.946 -0.423 (-173.11) 0.244 0.252 0.244 0.011 0.016
m = 4 398 -0.381 (-9.21) 0.109 0.115 0.113 0.937 0.946 -0.327 (-156.58) 0.237 0.245 0.234 0.016 0.022

Proposed
m = 1 203 -0.388 (-11.06) 0.149 0.153 0.161 0.937 0.948 0.558 (-3.55) 0.284 0.289 0.300 0.934 0.938
m = 2 279 -0.375 (-7.38) 0.125 0.129 0.129 0.949 0.954 0.564 (-2.49) 0.249 0.254 0.252 0.948 0.954
m = 3 343 -0.376 (-7.53) 0.116 0.120 0.122 0.942 0.950 0.556 (-3.75) 0.236 0.241 0.236 0.954 0.962
m = 4 398 -0.374 (-6.93) 0.111 0.114 0.112 0.945 0.951 0.564 (-2.38) 0.230 0.235 0.228 0.958 0.963

Table 3.3: Simulation results comparing the performance of the full cohort Cox PH estimator,
the Samuelsen estimator under the WNCC design, and our proposed estimator under the
WNCC design for a primary analysis when effect modification is present (i.e. ξ ̸= 0). *Truth
is based on estimates from a full cohort model with n = 100, 000.

Table 3.3 outlines the results from this analysis where effect modification is present in the

data generating model but not adjusted for in the fitted model under the WNCC design.

Here, we observe that the proposed estimator performs better than the Samuelsen estimator
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in correcting bias when estimating both β1 and β2. Again, this is to be expected due to

the weighted sampling that was performed on the cohort used for analyses. There is some

residual bias present with the proposed estimator; however, it performs nearly as well as the

full cohort withm = 4 controls. The alternate variance estimator (SE 2) is more conservative

than the original variance estimator (SE 1) for both β1 and β2, and the benefits of this are

evident in the nominal coverage probabilities for the proposed estimator.

To demonstrate the utility of the WNCC design and the proposed estimator in a secondary

analysis (for effect modification) setting, we fit a model with an interaction between Z1 and

Z2 of the form: λ(t) = λ0(t) exp{β1Z1 + β2Z2 + γZ1Z2}, using the subcohort sampled under

the WNCC design as one might do in practice. We conducted the same secondary analysis

using an SRS instead of weighted sampling to compare the performance of the WNCC design

with the proposed estimator to the classic NCC design with the Samuelsen estimator. We

generated forest plots comparing the subpopulation-specific hazard ratio estimates obtained

from both analyses for Z2 = 0 (i.e. exp{β̂1}) and for Z2 = 1 (i.e. exp{β̂1 + γ̂}).

Figure 3.1 illustrates the difference in precision for estimating the effect of the predictor

of interest in the underrepresented (right) and overrepresented (left) subpopulations in a

secondary analysis. Comparing the WNCC sampling scheme and proposed estimator to

the classic NCC design and Samuelsen estimator, we observe from the width of the 95%

confidence intervals that the estimates for the underrepresented subpopulation are more

precise and nearly achieve the efficiency of the full cohort in them = 4 case under the WNCC

design. When implementing the WNCC design, we use fewer individuals compared to the

NCC design. As a result, we lose some precision when estimating the effect of the predictor of

interest in the overrepresented subpopulation. In the m = 4 case, the width of the confidence

interval under the WNCC design is approximately 6% wider for the Z2 = 0 group but 10%

narrower for the Z2 = 1 group. Generally, the loss of precision in the overrepresented group

is less of a concern given the relative widths of the confidence intervals in each Z2 group as
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Figure 3.1: Forest plots comparing the WNCC design to the classic NCC design in a sec-
ondary analysis of subpopulation-specific effects. The right and left plots represent the
estimated effect of Z1 in the underrepresented and overrepresented subpopulations, respec-
tively. Average total sample size (n) listed on the left side of the plot. *Marginal effect taken
from the primary analysis.

well as our increased ability to study underrepresented groups which is often already limited.

We also conducted an analysis of the power for testing the hypothesis that there is a difference

in the subpopulation-specific effects of Z1, or H0 : γ = 0, in a secondary analysis. We

compared the power of this test under the WNCC design with the proposed estimator and

the NCC design with the Samuelsen estimator under different values of ξ, the coefficient

for the effect modification in the data generating model. We ran 1,000 iterations with

n = 1, 000 in the full cohort for each of the 10 evenly spaced values of ξ tested. For each

iteration, we implemented both the WNCC and NCC design sampling schemes and used the

resulting subcohorts in secondary analyses with the proposed and the Samuelsen estimators,

respectively. Figure 3.2 presents the resulting power curves for each design where we observe

an improvement in power for the analyses using the WNCC design compared to those using

the classic NCC design. We note that the higher reported power under the WNCC and
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NCC designs compared to the full cohort for smaller values of |ξ| are due to stochasticity of

simulations.
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Figure 3.2: Power curves for simulations testing the hypothesis H0 : γ = 0 comparing the
WNCC design to the full cohort and NCC design analyses (m = 4) under multiple values of
ξ, the coefficient controlling the strength of effect modification in the data generating model.

3.4 Application to NACC Data

As mentioned previously, the NCC design is especially relevant in settings where the event of

interest is rare and at least one of the covariates is difficult to obtain. As such, we applied the

proposed estimator to data from NACC to analyze the relationship between Aβ at baseline

and time to progression to the first of MCI or dementia. We also conducted a secondary

analysis of the subpopulation-specific associations between Aβ at baseline and time to pro-

gression in the Black and non-Black populations (Mayeda et al., 2016; Howell et al., 2017).

We included 897 individuals, all with information regarding race, years of education, sex,

age, APOE-e4 status, and with at least one Aβ measurement. These participants were all

cognitively normal at the time of their first Aβ measurement. Since Aβ samples are both

a rare resource and expensive to process, we utilized the NCC design as one might do in
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practice. The NCC analysis was conducted as if Aβ were only processed for participants

included in the NCC sample. In practice, full cohort information for a rare measure such as

Aβ would not be available for all participants to conduct a full cohort analysis; however, we

wanted to compare the performance of the NCC estimators to that of the full cohort.

Participants in this study were a majority non-Black (including Hispanic and non-Hispanic

participants of White, Asian, Multiracial, and Native Hawaiian or Pacific Islander race),

with only approximately 6.5% Black participants. Given the underrepresentation of Black

individuals in this study and the fact that AD has been found to affect the Black population

disproportionately, we performed weighted sampling to increase the probability of sampling

Black individuals into the study under the WNCC design.

Mean (sd) or Count (%)
N = 897

Observed Time (yrs.) 7.3 (4.6)
Progressed 205 (22.9%)
Aβ (pg/mL) 684.6 (357)
Black 58 (6.5%)
Female 511 (57.0%)
≥ 1 APOE-e4 allele 326 (36.3%)
Age (yrs.) 69.4 (8.9)
Education (yrs.) 16.2 (2.6)

Table 3.4: Participant characteristics for those included in the analysis.

In the primary analysis, we adjusted for a priori -selected potential confounders including age,

sex, APOE-e4 allele status, and years of education in addition to the predictor of interest,

Aβ measurement, and race (Black vs. non-Black), the covariate used for weighted sampling.

We performed weighted sampling such that the probability of sampling Black individuals

and non-Black individuals at each event time was equal. We fit a Cox PH model to the full

cohort, the Samuelsen estimator to a WNCC design sample, and the proposed estimator to

the same WNCC sample. Table 3.5 displays results for the predictor of interest (Aβ) as well

as the covariate on which weighted sampling was performed (Black vs. non-Black).
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Aβ (200 pg/mL) Black/Non-Black

Unique Est. log HR % SE 1 SE 2 Est.log HR % SE 1 SE 2
N (HR) Bias (p-value) (p-value) (HR) Bias (p-value) (p-value)

FC (77% cens.) 897 -0.174 (0.840) 0.00 0.043 (<0.001) 0.042 (<0.001) -0.291 (0.747) 0.00 0.389 (0.455) 0.413 (0.481)

Samuelsen
m = 1 323 -0.099 (0.905) 42.83 0.055 (0.073) 0.054 (0.068) -1.662 (0.190) -470.85 0.445 (<0.001) 0.453 (<0.001)
m = 2 387 -0.144 (0.866) 16.93 0.045 (0.001) 0.043 (0.001) -1.590 (0.204) -446.19 0.432 (<0.001) 0.443 (<0.001)
m = 3 431 -0.163 (0.850) 6.21 0.046 (<0.001) 0.044 (<0.001) -1.290 (0.275) -343.07 0.413 (0.002) 0.421 (0.002)
m = 4 482 -0.178 (0.837) -2.30 0.043 (<0.001) 0.042 (<0.001) -1.046 (0.351) -259.34 0.408 (0.010) 0.419 (0.012)

Proposed
m = 1 323 -0.102 (0.903) 41.52 0.065 (0.120) 0.065 (0.117) 0.024 (1.025) 108.41 0.411 (0.953) 0.424 (0.954)
m = 2 387 -0.157 (0.855) 9.73 0.050 (0.002) 0.048 (0.001) -0.351 (0.704) -20.48 0.400 (0.381) 0.427 (0.412)
m = 3 431 -0.173 (0.841) 0.72 0.051 (0.001) 0.049 (<0.001) -0.282 (0.754) 3.20 0.394 (0.474) 0.414 (0.496)
m = 4 482 -0.190 (0.827) -9.58 0.047 (<0.001) 0.046 (<0.001) -0.267 (0.766) 8.28 0.393 (0.497) 0.413 (0.518)

Table 3.5: Estimated results from NACC data for Aβ and Black vs. non-Black coefficients
comparing the proposed estimator to the Samuelsen estimator with weighted sampling and
full cohort analyses.

Under the full cohort, we estimate that the risk of progressing to MCI or dementia is approx-

imately 16% lower for those with higher Aβ when comparing two subpopulations of similar

age, sex, APOE-e4 status, and education but differing in baseline Aβ by 200 pg/mL. For

larger values of m, our proposed estimator estimates this association with similar precision,

as seen in Table 3.5. Using the WNCC sampling scheme, the number of subjects used was

almost 50% less than the full cohort. Although this was not our primary goal, it highlights

the utility of the efficient sampling design in reducing the potential costs associated with

covariate collection. When estimating the coefficient associated with race (Black vs. non-

Black), our proposed estimator corrects any potential bias induced from the use of the classic

Samuelsen estimator with the weighted sampling.

In the secondary analysis, using the individuals sampled in the primary analysis under the

WNCC sampling scheme, we fit a model with an interaction between Aβ and the indicator of

Black race. Figure 3.3 shows the estimated hazard ratios and corresponding 95% confidence

intervals (original variance estimator) for Aβ in the Black population and the non-Black

population for the classic NCC design based on an SRS, the proposed WNCC design, and

the full cohort. In this analysis, we observe a lower estimated hazard ratio for Aβ in the Black

population compared to the full cohort marginal estimate, which was driven by the large
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Figure 3.3: Forest plots comparing the WNCC design to the classic NCC design in a sec-
ondary analysis of subpopulation-specific hazard ratios for Aβ. The right and left plots
represent the Aβ hazard ratios in the Black and non-Black subpopulations, respectively.
Average total sample size (n) listed on the left side of the plot. *Marginal effect taken from
the primary analysis.

proportion of non-Black participants in the full cohort analysis. Due to the oversampling

of Black individuals into the WNCC sample, estimates from the proposed estimator are

less biased than those provided by the classic NCC design (compared to the full cohort

estimate). The WNCC estimator provides more stable estimates for a single draw compared

to the classic NCC with an SRS, as seen in the m = 2 case. Moreover, when m = 3 and 4,

the WNCC is nearly as efficient as the full cohort. For non-Black individuals, the estimated

hazard ratios when m = 3 or 4 are also close to unbiased for the full cohort under both the

WNCC and NCC designs. Despite undersampling non-Black individuals under the WNCC

design, there is a minimal loss in efficiency (approximately 3% for the m = 4 case) for higher

values of m.

It has been well-established that use of the NCC design can greatly reduce the number

of subjects requiring full covariate information while maintaining consistency. The NCC

design, however, can exacerbate underrepresentation of some subpopulations, and we pro-
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Unique N (% Black)
FC = 897 (6.5)

SRS Weighted Sampling

m = 1 328.1 (5.0) 316.9 (13.1)
m = 2 411.8 (5.4) 388.2 (12.6)
m = 3 472.0 (5.7) 442.9 (11.7)
m = 4 519.7 (5.8) 488.8 (10.9)

Table 3.6: Average number of unique individuals and proportion of unique individuals that
are Black under an SRS and weighted sampling for 1000 iterations with NACC data.

posed weighted sampling to assuage this issue. To illustrate the utility of weighted sampling,

we conducted 1000 iterations of random sampling on the NACC dataset under simple and

weighted sampling schemes. The results, displayed in Table 3.6, demonstrate that under the

proposed weighted sampling, the proportion of Black participants in the sample doubles for

most choices of m compared to an SRS. The overall sample size is also slightly smaller under

the weighted sampling scheme due to resampling of the same individuals from the Black

population.

3.5 Discussion

As we’ve seen, the NCC design is useful in settings where the event of interest is rare and the

covariate of interest is expensive or difficult to measure. Under this sampling design, how-

ever, it can be difficult to draw inference on the effect of this covariate in underrepresented

subpopulations. In AD biomarker discovery, this challenge can result in disparities in ther-

apeutic interventions and diagnoses for underrepresented ethnic and racial subpopulations.

In this chapter, we proposed an extension to the Samuelsen estimator that allows for the

maximization of information on the subpopulation-specific effects of an expensive covariate

to preempt this issue. Our method involves weighted sampling under the NCC design with

a correction using derived inclusion probabilities. In simulation studies, our method per-

formed well for estimating effects in primary analyses while increasing power to detect effect
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modification in underrepresented subpopulations. When applied to real data, our method

also performed well compared to the full cohort for larger values of m while reducing the

sample size by almost 50% compared to the full cohort analysis.

Under the proposedWNCC design, users are able to specify a desired distribution of sampling

individuals into the analysis at each event time conditional on one of their covariate values.

In our simulations for the binary covariate case, we specified an equal probability of sampling

from each subpopulation defined by a binary covariate at each event time. We note, however,

that the overall proportion of individuals from the underrepresented subpopulation who

are included in the analysis will depend on the initial proportion of individuals from the

underrepresented group in the full cohort, the hazard associated with the underrepresented

group, and the initial sample size. We recommend defining similar desired probabilities for

each subgroup (or an even distribution over a continuous covariate) in practice to avoid

issues that may arise in the case of NPH.

Since the goal of the WNCC design is to increase representation of a select subpopulation

through intentional sampling, it shares some similarities with counter-matched stratified

sampling. The WNCC design is focused on increasing efficiency in the secondary analysis

and accommodates sampling based a on continuous covariate, which differs from the goal of

most counter-matched designs. Our proposed method also shares ideas with survey sampling

methods, and hence a natural extension to consider may be the calibration of the estimated

weights (Støer and Samuelsen, 2012; Rivera and Lumley, 2016a,b). Calibration has been

demonstrated to increase efficiency when auxiliary variables are highly correlated with the

predictor of interest (Breslow et al., 2013), and one could surely implement it in conjunction

with the WNCC design. As mentioned previously, however, the main goal of our method is to

increase efficiency for detecting effect modification via the inclusion of more participants from

underrepresented subpopulations than an SRS, so we have not yet explored this extension

to the proposed design. Moreover, in the setting of biomarker discovery, it is not guaranteed
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that variables highly correlated with the biomarker measurement will be available on the full

cohort.

Statistical models for biomarker discovery should be specified prior to viewing the data. As

such, it is likely that assumptions for the Cox PH model will not always be completely met in

practice. Struthers and Kalbfleisch (1986) demonstrated that the estimand for the Cox PH

model is dependent on the censoring distribution under a misspecified model, but methods

for a censoring-robust estimand, that can be interpreted as the average covariate effect over

the support of the observed times (Xu, 2000), have been developed for the full cohort by

Boyd et al. (2012) in the context of a randomized clinical trial and Nguyen and Gillen (2017)

in the observational study setting. The extension to the NCC design by Nuño and Gillen

(2020) and Nuño and Gillen (2021), mentioned in Chapter 2, should be implemented with

our proposed WNCC design to obtain censoring-robust inference that will guard against

potential violation of the PH assumption.

Many two-phase sampling methods are motivated by the need to maximize information with

respect to a rare exposure. In this setting, we focus on maximizing information with respect

to a rare resource in an underrepresented subpopulation for a single exposure; however, the

NCC design and weighted sampling can be advantageous in the multiple event setting as

well. One can imagine utilizing longitudinal data with multiple biomarker measurements

and different stages of disease progression to estimate biomarker effects. Further, weighted

sampling can be implemented in the multiple event setting to maximize information on any

underrepresented subpopulations. To our knowledge, a basic framework for NCC sampling

in the multiple event setting does not currently exist, so the following chapter focuses on

developing this.
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Chapter 4

Nested Case-Control Sampling for

Marginal Estimation in Multiple

Event Settings

4.1 Introduction

When studying rare events with expensive or difficult-to-obtain covariates, the NCC design

provides an efficient approach to reducing data collection costs while maintaining valid sta-

tistical inference (Thomas, 1977; Nuño and Gillen, 2017). This design has proven valuable

across diverse disease settings, including rare cancers, cardiology, and renal disease, by sub-

stantially lowering both financial and operational costs (Shamberger et al., 1999; Cushman,

2004; Lønning et al., 2022; Warwick et al., 2010). For example, in an analysis of risk factors

for portal hypertension in children with Wilms’ tumor, the NCC design was implemented

to reduce the number of participants for whom radiation therapy doses were calculated and

verified by an oncologist (Warwick et al., 2010), saving both time and money. Similarly,

an NCC study was conducted to analyze the relationships between different genetic factors
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and the risk of venous thrombosis, reducing the number of participants for which genomic

DNA was analyzed (Cushman, 2004). The NCC design has been thoroughly investigated for

univariate survival outcomes, and we reviewed several important extensions in Chapter 2.

In Chapter 3, we proposed a weighted sampling framework motivated by current challenges

in the AD biomarker discovery setting. Despite this extensive body of work and need for

efficient sampling designs in diverse settings, applications of the NCC design to multiple

event data remain scarce.

Recall that multiple event time-to-event data fall into three main categories: (1) recurrent

event, or sequentially occurring events of the same type; (2) multiple-type events, or sequen-

tial events of different types; and (3) clustered or correlated events, or events occurring in

related units such as family members or littermates (Kelly and Lim, 2000). These data are

typically modeled using one of two approaches - frailty models or marginal models. In this

chapter, we will focus on the marginal model approach, where the standard Cox PH model

is sufficient as long as an appropriate model is chosen and the covariances are adjusted to

account for potential correlation within clusters (Lin, 1994). Models are typically chosen

based on the characteristics of the data using four key components - risk intervals, baseline

hazard, risk set, and correlation adjustment - which are described in detail in Chapter 2.

We also note that while competing and semi-competing risks can be perceived as types of

multiple event data, the analysis methods presented in this chapter are not intended for

immediate use in those settings.

As discussed previously, the NCC design has been extended to handle recurrent event data

in the presence of a terminal event under a joint frailty model framework (Jazić et al., 2019).

To our knowledge, this represents the only current NCC methodology for recurrent events.

No prior work has addressed NCC sampling for marginal parameter estimation under semi-

parametric models. In this chapter, we address this critical gap in the literature. To handle

all types of multiple event data, we consider models based on the specification of the baseline
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hazard for multiple event survival data and use these models to motivate our sampling

framework. Specifically, we outline NCC sampling strategies for multiple event data that

include pooling observations for sampling and stratifying sampling by event number. We

demonstrate how event-specific sampling enables the fitting of marginal models that assume

either common or event-specific baseline hazards (Lin, 1994), yielding consistent estimates

of the full cohort estimand for both model types. We also describe scenarios in which this

method yields efficiency gains compared to pooled sampling. Finally, we apply the proposed

method to data from the Alzheimer’s Disease Neuroimaging Initiative (ADNI) to analyze the

association between progression through Alzheimer’s disease (AD) stages (i.e. cognitively

normal to MCI and MCI to dementia) and p-tau, a key biomarker in AD research.

4.2 Methods

We consider right-censored, multiple time-to-event data with clustering at the individual

level. Throughout this chapter, we assume multiple events are nested within individuals to

maintain clarity in our presentation; however, the proposed methods can be applied to data

clustered on the group level. We will also distinguish the event number (for an individual)

from other uses of the word “event” by referring to the former as “event type,” though this

is also applicable to recurrent events of the same type. For subject i (i = 1, . . . , n) and

event type k (k = 1, ..., Ki), let Tik denote the true event time, Cik the censoring time, and

Zik = [zik1, . . . , zikp]
T a p-dimensional covariate vector. We define the observed event total

time as Xik = min(Tik, Cik) and δik = I(Xik = Tik) as the event indicator of event type k

for subject i. We saw in Chapter 2 that different timescales can be used in the multiple

event setting. Moving forward, we will consider the gap time formulation, which is often of

scientific interest in the recurrent event setting; however, these methods are easily applicable

to total time as well. The observed gap time can be formally defined as Gik = Xik −Xi,k−1

where Xi0 = 0.
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We start with a brief review of the notation and foundational concepts for multiple event

survival data, where we again model event times via the hazard function. As outlined in

Chapter 2, two model specifications arise based on whether the baseline hazard varies by

event type, and this specification generally reflects different assumptions about the event-

generating process. A common baseline hazard model may be chosen in settings where

the occurrence of one event type does not influence the hazard of subsequent event types

occurring within an individual. Conversely, a model with event-specific baseline hazards may

be appropriate when the occurrence of an event type may be related to the occurrence of

another event type within the same individual. The hazard function for each of these models

is listed below:

• Common baseline hazards (M1): λik(t) = λ0(t) exp{βTZik}

• Event-specific baseline hazards (M2): λik(t) = λ0k(t) exp{βTZik}

The parameters β for these models can be estimated by solving the following estimating

equations (Lin, 1994):

UM1(β) =
n∑

i=1

Ki∑
k=1

δik

[
Zik −

∑n
l=1

∑Kl

j=1 Ylj(Gik)Zlj exp{βTZlj}∑n
l=1

∑Kl

j=1 Ylj(Gik) exp{βTZlj}

]
≡ 0 (4.1)

for M1, and

UM2(β) =
n∑

i=1

Ki∑
k=1

δik

[
Zik −

∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Gik)Zlj exp{βTZlj}∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Gik) exp{βTZlj}

]
≡ 0 (4.2)

for M2, where Ylj(Gik) = I(Glj ≥ Gik) represents whether observation lj has an observed

gap time greater than Gik. The variance of these parameters can be estimated via a sandwich

or robust variance estimator provided in Section 2.4.2.
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4.2.1 NCC Design Sampling for Multiple Event Data

We propose two NCC sampling strategies motivated by the baseline hazard specifications

described above. Each sampling scheme aligns naturally with its corresponding model struc-

ture as pertains to the specification of the baseline hazard. That is, in each model setting,

one might consider sampling controls from the risk sets defined under that model. For ex-

ample, under the M1 model, the risk set at each event time consists of all lj pairs that have

not yet experienced the jth event type or been censored, regardless of the event type. Simi-

larly, one can consider sampling from this risk set under the NCC design at each event time,

adopting a pooled sampling approach. We term this “pooled sampling” because it ignores

event type, treating all observations in the risk set as if they were independent, similar to

univariate NCC sampling. In contrast, under the M2 model, the risk sets at each event

time consist of observations with the same event type that have yet to experience that event

or be censored. For settings where fitting an M2 model is appropriate, one can consider

sampling from these event-stratified risk sets under the NCC design for an event-specific

sampling approach. Here, the NCC design is implemented separately on each event stratum.

Figure 4.1 provides a hypothetical example of viable controls under each sampling approach.

With both of these approaches, the sampling scheme coincides with the intuition behind

the at-risk status under each fitted model (M1 vs. M2). As such, both of these sampling

methods yield controls that are representative of the appropriate risk sets and would be

valid for fitting their respective models without additional modifications under the design

by Thomas (1977). In practice, however, it would be ideal to be able to fit both types of

models while using the same sampling scheme. First, we present the theory for both pooled

and event-specific sampling. We then demonstrate that the event-specific sampling scheme

results in a minimal loss in efficiency compared to pooled sampling when fitting models with a

common baseline hazard (M1) and a gain in precision when fitting models with event-specific

baseline hazards (M2). Intuitively, event-specific sampling helps to maintain a proportional
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Figure 4.1: Hypothetical example of four subjects experiencing at most two events, where
the length of each line represents the gap time between events. Events are indicated by ×,
and censoring is indicated by •. Observations considered at risk at time t = 1 under pooled
and event-specific sampling schemes are denoted by a blue star on the right side of the plot.

number of controls to cases for each event type by design, ensuring an adequate number of

controls for event-types with fewer observations when fitting M2 models and allowing for

potential changes in the model being fit for the final analysis.

4.2.2 Pooled NCC Design Sampling

Similar to our work in Chapter 3 and as inspired by the work of Samuelsen (1997), we can

utilize the sampled controls forward and backward in time to maximize information in the

multiple event setting. To adjust for this non-SRS of controls in the analysis, we can use

the inverse of the probability of being sampled. For observation lj, the probability of being
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included in the analysis (i.e. as a case or sampled as a control) under pooled sampling is:

p
(P )
lj =


1−

∏
(i,k):Gik<Glj

(
1− m

|RP (Gik)|−1
δik

)
, if δlj = 0

1, if δlj = 1


where |RP (Gik)| =

∑n
l=1

∑Kl

j=1 I(Glj ≥ Gik), the pooled risk set size at time Gik. We can

then define V
(P )
lj as the indicator of whether observation lj is included in the analysis under

pooled sampling. The resulting estimating equation is as follows:

Ũ (1)
P (β) =

n∑
i=1

Ki∑
k=1

δik

[
Zik −

∑n
l=1

∑Kl

j=1 Ylj(Gik)
V

(P )
lj

p
(P )
lj

Zlj exp{βTZlj}∑n
l=1

∑Kl

j=1 Ylj(Gik)
V

(P )
lj

p
(P )
lj

exp{βTZlj}

]
≡ 0 (4.3)

for M1, and

Ũ (2)
P (β) =

n∑
i=1

Ki∑
k=1

δik

[
Zik −

∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Gik)
V

(P )
lj

p
(P )
lj

Zlj exp{βTZlj}∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Gik)
V

(P )
lj

p
(P )
lj

exp{βTZlj}

]
≡ 0 (4.4)

for M2. We note again that the terms captured in the sums in the compensator depend

upon the choice of model to reflect the appropriate risk sets.

Proposition 4.1. Denote β(1) and β(2) as the estimands for the full cohort M1 and M2,

respectively. Let β̂
(1)
P and β̂

(2)
P be the solutions to Equations 4.3 and 4.4, respectively. It

follows that as n → ∞, then β̂
(1)
P → β(1). Similarly, as n → ∞ and Ki/n → ci, where

0 < ci < 1, for i = 1, . . . , n, then β̂
(2)
P → β(2).

The proof of this result follows closely from the proof in Section B.1 of Appendix B.

The variance of the model parameters can be estimated via a robust variance estimator, ΓP
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(Binder, 1992):

Γ̂P = Σ̂−1
P VP Σ̂

−1
P

where

Σ̂P = IP (β̂) = −∂Ũ (M)
P (β)

∂β
|
β=β̂

(M)
P

and VP =
n∑

i=1

Ki∑
k=1

Ki∑
l=1

W
(M)
P,ik (β̂

(M)
P )W

(M)
P,il (β̂

(M)
P )T

for M = 1, 2 with

W
(1)
P,ik(β̂) = δik

V
(P )
ik

p
(P )
ik

[
Zik −

S̃
(1)
P (β̂, Gik)

S̃
(0)
P (β̂, Gik)

]
−

V
(P )
ik

p
(P )
ik

n∑
l=1

Kl∑
j=1

δlj
V

(P )
lj

p
(P )
lj

[
Yik(Glj) exp{β̂TZik}

S̃
(0)
P (β̂, Glj)

]
×
{
Zik −

S̃
(1)
P (β̂, Glj)

S̃
(0)
P (β̂, Glj)

}

where S̃
(r)
P (β,Gik) =

∑n
l=1

∑Kl

j=1 Ylj(Gik)
V

(P )
lj

p
(P )
lj

Z⊗r
lj exp{βTZlj} for r = 0, 1, or

W
(2)
P,ik(β̂) = δik

V
(P )
ik

p
(P )
ik

[
Zik −

S̃
(1)
P,k(β̂, Gik)

S̃
(0)
P,k(β̂, Gik)

]
−

V
(P )
ik

p
(P )
ik

n∑
l=1

Kl∑
j=1

I(j = k)δlj
V

(P )
lj

p
(P )
lj

[
Yik(Glj) exp{β̂TZik}

S̃
(0)
P,k(β̂, Glj)

]
×
{
Zik −

S̃
(1)
P,k(β̂, Glj)

S̃
(0)
P,k(β̂, Glj)

}

where S̃
(r)
P,k(β,Gik) =

∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Gik)
V

(P )
lj

p
(P )
lj

Z⊗r
lj exp{βTZlj} for r = 0, 1. Details

regarding the variance estimators and limiting distribution follow closely to that of event-

specific sampling presented in Section B.2 of Appendix B.

4.2.3 Event-Specific NCC Design Sampling

We continue to utilize the sampled controls forward and backward in time to maximize infor-

mation under event-specific sampling. For observation lj, the probability of being included
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in the analysis (i.e. as a case or sampled as a control) under event-specific sampling is:

plj =


1−

∏
i:Gij<Glj

(
1− m

|R(Gij)|−1
δij

)
, if δlj = 0

1, if δlj = 1


where |R(Gij)| =

∑n
l=1 I(Glj ≥ Gij), the event-specific risk set size at time Gij. We define

Vlj as the indicator of whether observation lj is included in the analysis under event-specific

sampling, and the resulting estimating equation is as follows:

Ũ (1)(β) =
n∑

i=1

Ki∑
k=1

δik

[
Zik −

∑n
l=1

∑Kl

j=1 Ylj(Gik)
Vlj

plj
Zlj exp{βTZlj}∑n

l=1

∑Kl

j=1 Ylj(Gik)
Vlj

plj
exp{βTZlj}

]
≡ 0 (4.5)

for M1, and

Ũ (2)(β) =
n∑

i=1

Ki∑
k=1

δik

[
Zik −

∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Gik)
Vlj

plj
Zlj exp{βTZlj}∑n

l=1

∑Kl

j=1 I(j = k)Ylj(Gik)
Vlj

plj
exp{βTZlj}

]
≡ 0 (4.6)

for M2.

Proposition 4.2. Denote β(1) and β(2) as the estimands for the full cohort M1 and M2,

respectively. Let β̂(1) and β̂(2) be the solutions to Equations 4.5 and 4.6, respectively. It

follows that as n → ∞, then β̂(1) → β(1). Similarly, as n → ∞ and Ki/n → ci, where

0 < ci < 1, for i = 1, . . . , n, then β̂(2) → β(2).

The proof of this result can be found in Section B.1 of Appendix B.

We also demonstrate in Section B.2 that the variance of the model parameters can be esti-

mated via a robust variance estimator, Γ (Binder, 1992):

Γ̂ = Σ̂−1V Σ̂−1 (4.7)

69



where

Σ̂ = I(β̂) = −∂Ũ (M)(β)

∂β
|β=β̂(M) and V =

n∑
i=1

Ki∑
k=1

Ki∑
l=1

W
(M)
ik (β̂(M))W

(M)
il (β̂(M))T

for M = 1, 2 with

W
(1)
ik (β̂) = δik

Vik

pik

[
Zik −

S̃(1)(β̂, Gik)

S̃(0)(β̂, Gik)

]
−

Vik

pik

n∑
l=1

Kl∑
j=1

δlj
Vlj

plj

[
Yik(Glj) exp{β̂TZik}

S̃(0)(β̂, Glj)

]
×
{
Zik −

S̃(1)(β̂, Glj)

S̃(0)(β̂, Glj)

}

where S̃(r)(β,Gik) =
∑n

l=1

∑Kl

j=1 Ylj(Gik)
Vlj

plj
Z⊗r

lj exp{βTZlj} for r = 0, 1, or

W
(2)
ik (β̂) = δik

Vik

pik

[
Zik −

S̃
(1)
k (β̂, Gik)

S̃
(0)
k (β̂, Gik)

]
−

Vik

pik

n∑
l=1

Kl∑
j=1

I(j = k)δlj
Vlj

plj

[
Yik(Glj) exp{β̂TZik}

S̃
(0)
k (β̂, Glj)

]
×
{
Zik −

S̃
(1)
k (β̂, Glj)

S̃
(0)
k (β̂, Glj)

}

where S̃
(r)
k (β,Gik) =

∑n
l=1

∑Kl

j=1 I(j = k)Ylj(Gik)
Vlj

plj
Z⊗r

lj exp{βTZlj} for r = 0, 1. We provide

details regarding the variance estimators along with a conjecture of asymptotic normality

for this sampling scheme in Section B.2 of Appendix B.

4.3 Empirical Results

In this section, we present results from simulation studies demonstrating the performance

of the proposed sampling and estimation methods from this chapter. We consider multiple

event data with at most two recurrent events. In all simulations presented here, Z1 is a

continuous cluster-varying covariate, meaning it can change across measurements within an

individual, drawn from MVN (⃗0,Σ0.7) where Σ0.7 is a 2 × 2 matrix with 1 on the diagonal

and 0.7 on the off-diagonals. Z2 is a cluster-invariant covariate, meaning it is constant
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for all measurements from that individual, drawn from Bern(0.5). We note that in these

simulations, Z1 mimics the covariate that is difficult or costly to obtain, as a slightly different

approach might be taken if the expensive covariate were cluster-invariant. We provide more

details regarding this approach in Section 4.5.

In all simulation settings, true event times for the kth event of subject i, Tik, were generated

from an Exp(λik) where λik is taken to have either a common baseline hazard for both event

types or different baseline hazards for each event type. Individual-specific censoring times

Ci were generated from U(0, 1), and observed times Xik were defined as min(
∑k

j=1 Tij, Ci).

Event-specific indicators δik were 1 if Xik =
∑k

j=1 Tij and 0 otherwise. Here, we utilize the

gap time formulation and present the results from the two data generating models - M1 and

M2 - below. In each scenario, we provide results from fitting the model that matches the

data generating model and compare the two methods of sampling. All simulations were run

for 500 iterations.

4.3.1 Common Baseline Hazard

In this section, the data generating model is λik = λ0 exp{log(0.7)Z1ik + log(1.4)Z2ik + vi}

where vi ∼ N(0, 1) is an individual-level random effect to induce additional correlation

within subject measurements and λ0 = 0.11 was chosen to yield an overall censoring rate

of approximately 90% (∼ 90% for the first event type, and ∼ 85% for the second event

type). As stated previously, we evaluated the performance of the event-specific NCC design

sampling framework and corresponding estimator from Section 4.2.3 under the setting of a

common baseline hazard for both events by fitting the corresponding model of the form:

λik(t) = λ0(t) exp{β1Z1ik+β2Z2ik}. Table 4.1 demonstrates that the proposed sampling and

estimation method yields coefficient estimates that perform similarly to the full cohort as

well as nominal coverage probabilities for all values of m.

As mentioned previously, pooled sampling can also be implemented with methodology pre-

71



β∗
1 = −0.339

Total Meas. Unique N β̂1 (% Bias) Emp. SE Rob. SE Cov. Prob.

FC (90% cens.) 3288 3000 -0.334 (1.54%) 0.059 0.057 0.940
m = 1 618 541 -0.337 (0.64%) 0.084 0.082 0.944
m = 2 868 763 -0.335 (1.21%) 0.071 0.070 0.948
m = 3 1085 958 -0.333 (1.86%) 0.067 0.065 0.932
m = 4 1277 1131 -0.334 (1.58%) 0.064 0.063 0.950

β∗
2 = 0.327

Total Meas. Unique N β̂2 (% Bias) Emp. SE Rob. SE Cov. Prob.

FC (90% cens.) 3288 3000 0.323 (-1.28%) 0.117 0.118 0.956
m = 1 618 541 0.327 ( 0.21%) 0.163 0.162 0.952
m = 2 868 763 0.325 (-0.59%) 0.138 0.140 0.950
m = 3 1085 958 0.323 (-1.10%) 0.127 0.132 0.956
m = 4 1277 1131 0.320 (-1.93%) 0.127 0.128 0.958

Table 4.1: Simulation results comparing the performance of the full cohort PH estimator
to the proposed estimator (NCC design with event-specific sampling), both assuming a
common baseline hazard across event types (M1). *“True” estimates are based on a model

with n = 100, 000, and percent bias was calculated as E{(β̂ − β∗)/|β∗|} · 100.

sented in Section 4.2.2. Figure 4.2 compares average estimates and corresponding 95% confi-

dence intervals (constructed by taking the average of all simulations) from the two sampling

methods. Here, the length of the confidence intervals for event-specific sampling (green) are

similar to the length of the intervals for the pooled sampling, with an increase of 1% or less

on average for event-specific sampling compared to pooled sampling. Moreover, for larger

values of m, both are comparable to the performance of the full cohort while using fewer

overall measurements. We note that the smaller overall sample size under event-specific sam-

pling is due to the stochastic resampling of more individuals in the smaller second event-type

stratum.

4.3.2 Event-Specific Baseline Hazards

For the setting where the baseline hazard is allowed to vary by event type, we assumed a

data-generating mechanism of the form: λik = λ0k exp{log(0.7)Z1ik+log(1.4)Z2ik+vi}. Here,

λ01 = 0.1 and λ02 = 0.2 were again chosen to yield an overall censoring rate of approximately
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Figure 4.2: Average estimated effects and corresponding 95% confidence intervals from
pooled and event-specific NCC design sampling schemes under a common baseline haz-
ard model (M1). “Total” represents the average total number of unique observations, and
“Unique” represents the average total of unique individuals sampled. *“True” estimates are
based on a model with n = 100, 000.

90% (∼ 91% for the first event type, and ∼ 77% for the second event type) to reflect

settings where the NCC design is most commonly used. We evaluated the performance of the

proposed event-specific NCC design sampling framework and corresponding estimator under

the setting where each event type has a different baseline hazard. We fit the corresponding

model of the form: λik(t) = λ0k(t) exp{β1Z1ik + β2Z2ik}. Table 4.2 demonstrates that the

proposed sampling and estimation method yield estimates consistent for the full cohort

estimand. The robust variance estimator also yields nominal coverage for all values of m.

We compared the average estimates and corresponding 95% confidence intervals (constructed

by taking the average of all simulations) for the event-specific and pooled sampling meth-

ods in this scenario (Figure 4.3). Event-specific sampling yields 3-6% narrower confidence

intervals than pooled sampling on average, attributable to more proportional control repre-

sentation across event types.
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β∗
1 = −0.327

Total Meas. Unique N β̂1 (% Bias) Emp. SE Rob. SE Cov. Prob.

FC (90% cens.) 3266 3000 -0.318 (2.64%) 0.057 0.055 0.948
m = 1 605 501 -0.323 (1.14%) 0.083 0.080 0.940
m = 2 845 710 -0.318 (2.58%) 0.071 0.068 0.926
m = 3 1053 896 -0.319 (2.29%) 0.065 0.063 0.948
m = 4 1236 1062 -0.319 (2.27%) 0.062 0.061 0.956

β∗
2 = 0.306

Total Meas. Unique N β̂2 (% Bias) Emp. SE Rob. SE Cov. Prob.

FC (90% cens.) 3266 3000 0.300 (-2.08%) 0.113 0.113 0.950
m = 1 605 501 0.305 (-0.49%) 0.152 0.157 0.964
m = 2 845 710 0.297 (-2.98%) 0.139 0.135 0.950
m = 3 1053 896 0.305 (-0.34%) 0.127 0.127 0.948
m = 4 1236 1062 0.300 (-1.96%) 0.128 0.123 0.938

Table 4.2: Simulation results comparing the performance of the full cohort PH estimator to
the proposed estimator (NCC design with event-specific sampling), both assuming different
baseline hazards across event types (M2). *“True” estimates are based on a model with

n = 100, 000, and percent bias was calculated as E{(β̂ − β∗)/|β∗|} · 100.

4.4 Application to ADNI Data

We’ve emphasized that the NCC design is particularly valuable for AD biomarker research,

where measurements are costly to obtain and process. Recall that many biomarkers are

derived from CSF which is obtained via an invasive procedure called a lumbar puncture.

Collected samples are frozen and stored for use in future analyses. However, repeated freeze-

thaw cycles degrade sample quality, making sample conservation essential beyond mere cost

considerations.

The ADNI study collects longitudinal imaging, genetic, and biomarker data on participants

across North America. Since it is of interest to preserve CSF samples, we applied our

proposed NCC design and corresponding estimators to data from ADNI to estimate the

association between p-tau, a key biomarker in AD, and the risk of disease progression, where

we define disease progression to be either progression from cognitively normal (CN) to MCI or

progression from MCI to dementia. We considered each progression to be separate events and
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Figure 4.3: Average estimated effects and corresponding 95% confidence intervals from
pooled and event-specific NCC design sampling schemes under a model with event-specific
baseline hazards (M2). “Total” represents the average total number of unique observations,
and “Unique” represents the average total of unique individuals sampled. *“True” estimates
are based on a model with n = 100, 000.

utilized longitudinal biomarker CSF p-tau measurements. We included N = 278 individuals

who started with a diagnosis of CN and had CSF p-tau measurements and data regarding

age, sex, APOE-e4 allele status, and education. In order to evaluate the performance of our

estimator in this example, we also provide results from a full cohort analysis for comparison.

We note, however, that this would not be possible in practice since only measurements for

the sampled cohort would be available.

Table 4.3 includes participant characteristics for the full cohort, and Figure 4.4 displays

event-specific Kaplan-Meier estimates. Out of N = 278 unique participants, 73 progressed

to MCI, and of those participants, 21 progressed to dementia. Two participants who pro-

gressed to dementia were missing the timing of an MCI diagnosis, so we used the midpoint

between CN and dementia diagnoses. Ideally, CSF samples would be collected at each dis-

ease milestone. Measurement timing, however, did not always align with diagnosis dates. We

therefore imputed p-tau values for 63 observations using each participant’s closest available

measurement to the “baseline” of each event (i.e. at true baseline or at first diagnosis of
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Progression to MCI Progression to Dementia

Low P-tau High P-tau Low P-tau High P-tau
(< 23 pg/mL) (≥ 23 pg/mL) (< 23 pg/mL) (≥ 23 pg/mL)

N = 185 N = 93 N = 31 N = 42

Progressed 40 (21.6%) 33 (35.5%) 4 (12.9%) 17 (40.5%)
P-Tau 16.9 (3.5) 32.2 (8.1) 16.4 (3.9) 33.4 (8.6)
Age 73.4 (5.6) 76.3 (6.1) 73.8 (5.5) 77.2 (5.5)
Female 94 (50.8%) 46 (49.5%) 14 (45.2%) 18 (42.9%)
1 APOE-e4 allele 36 (19.5%) 27 (29%) 4 (12.9%) 14 (33.3%)
2 APOE-e4 alleles 6 (3.2%) 2 (2.2%) 4 (12.9%) 1 (2.4%)
Education (yrs.) 16.2 (2.8) 16.4 (2.3) 16.5 (2.8) 16 (2.7)

Table 4.3: Participant characteristics for individuals stratified by event and p-tau level. Val-
ues are reported as mean (SD) for continuous variables and count (%) for discrete variables.

MCI) and adjusted for this in our analysis using the time between the “baseline” of each

progression and date of the closest available p-tau measurement. To analyze the associa-

tion between p-tau and disease progression, we fit a model with p-tau measurement as the

predictor of interest and allowed for differing baseline hazards for each progression (M2).

We utilized a gap time model formulation, meaning observed times were represented by the

time since the previous progression, and focused on estimating a shared covariate effect to

maximize precision. We also adjusted for age, sex, years of education, APOE-e4 allele sta-

tus, and the time from the “baseline” of each progression to the date of the closest available

p-tau measurement. We noticed that 47 of the imputed measurements were taken more than

one year before or after the diagnosis, which could potentially bias results, so we conducted

a sensitivity analysis where these observations were removed. We obtained similar results

from the sensitivity analysis, so we present the results from the original imputed cohort in

Table 4.4. For select covariates, we report the total number of measurements used (Total

Meas.), number of unique individuals included in the analysis (Unique N), coefficient esti-

mate (Est.) and corresponding hazard ratio (HR), standardized bias (Std. Bias), which was

computed by taking the ratio of the difference from the full cohort estimate and the standard

error for the full cohort estimate, standard error estimate (SE), and p-value.
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Figure 4.4: Kaplan-Meier plot of disease progression for participants stratified by progression
type (event type).

In the full cohort, we estimate that the risk of disease progression is approximately 40%

higher for those with higher p-tau when comparing two subpopulations of similar age, sex,

years of education, APOE-e4 status, and time from diagnosis to measurement but differing

in p-tau by 10 pg/mL. This result is consistent with previous research that demonstrates

an increased risk of progression associated with higher p-tau measurements (Blennow et al.,

2010; Blom et al., 2009). Our proposed sampling and corresponding estimator result in some

bias relative to the full cohort estimate, but generally provide results consistent with the full

cohort for the predictor of interest, p-tau, as well as the adjustment covariates. Table 4.4 also

shows the results for age (continuous per 10 year-increment) and APOE-e4 status, two well-

researched risk factors for dementia (Hou et al., 2019; Saunders et al., 1993). Our analysis
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P-Tau (10 pg/mL) Age (10 years)

Total Unique Est. Std. SE Est. Std. SE
Meas. N (HR) Bias (p-value) (HR) Bias (p-value)

FC (73% cens.) 351 278 0.34 (1.40) 0.00 0.09 (<0.01) 0.27 (1.31) 0.00 0.17 (0.10)
m = 1 155 123 0.34 (1.41) 0.08 0.13 (<0.01) 0.08 (1.08) -1.16 0.25 (0.76)
m = 2 192 152 0.39 (1.48) 0.61 0.12 (<0.01) 0.40 (1.49) 0.80 0.20 (0.04)
m = 3 241 194 0.35 (1.42) 0.16 0.11 (<0.01) 0.17 (1.18) -0.61 0.18 (0.34)
m = 4 243 194 0.30 (1.35) -0.38 0.10 (<0.01) 0.30 (1.34) 0.16 0.17 (0.08)

APOE-e4 - 1 Allele (vs. 0) APOE-e4 - 2 Alleles (vs. 0)

Total Unique Est. Std. SE Est. Std. SE
Meas. N (HR) Bias (p-value) (HR) Bias (p-value)

FC (73% cens.) 351 278 0.30 (1.34) 0.00 0.23 (0.21) 1.10 (3.00) 0.00 0.35 (<0.01)
m = 1 155 123 0.46 (1.58) 0.69 0.30 (0.13) 1.29 (3.64) 0.56 0.56 (0.02)
m = 2 192 152 0.40 (1.49) 0.44 0.26 (0.12) 1.30 (3.66) 0.57 0.34 (<0.01)
m = 3 241 194 0.29 (1.33) -0.03 0.25 (0.25) 0.86 (2.36) -0.70 0.42 (0.04)
m = 4 243 194 0.29 (1.34) -0.03 0.24 (0.24) 0.97 (2.62) -0.39 0.38 (0.01)

Table 4.4: Estimated results from the application of our proposed sampling design and
estimator to ADNI data, including full cohort results. Standardized bias was computed by
taking the ratio of the difference from the full cohort estimate and the standard error for the
full cohort.

shows that the risk of disease progression is higher for participants who are older and those

with higher numbers of APOE-e4 alleles. The proposed method returns conclusions similar

to the full cohort results for these variables. The estimates presented here are a result of

single analyses, each with its own independent cohort for each choice of m. As such, due

to the variability in sampling, it is expected that improvements in bias are not perfectly

monotonic with the increase in m. Moreover, the minimal increase in total measurements

from the m = 3 analysis to the m = 4 analysis can likely be attributed to this stochasticity

as well as the resampling of observations in multiple risk sets. We note also that the number

of individuals with two APOE-e4 alleles is small, resulting in unstable robust standard error

estimates, and that the resulting hazard ratios for APOE-e4 (2) should be interpreted with

this in mind. It is important to note also that if we were to perform this analysis in practice,

we could reduce the number of CSF samples requiring processing by approximately 30-65%,

depending on the choice of m, by using the NCC design.
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4.5 Discussion

The NCC design has been thoroughly investigated in the univariate setting, but little work

has been done for multiple event data. In this chapter, we explored two potential NCC

sampling schemes for marginal parameter estimation in the multiple event setting - one that

pools all observations in a single risk set (pooled), and another that stratifies risk sets by

event type (event-specific) for sampling. The development of these sampling frameworks was

motivated by models that assume a common baseline hazard for all observations (M1) and

models that assume different baseline hazards for each event type (M2), respectively.

A single sampling design capable of fitting both model types offers practical advantages.

We recommend using an event-specific NCC design sampling scheme in the multiple event

setting for the most flexibility in fitting different types of models. This proposed sampling

design maintains a balanced number of sampled controls proportional to cases across event

strata and is also supported by the use of the sampled controls forward and backward

in time for optimal efficiency using an extension of the Samuelsen estimator framework

(Samuelsen, 1997). In simulation, our proposed estimator was consistent for the full cohort

estimand, maintained valid uncertainty quantification for inference, and significantly reduced

the number of participants used in the analysis. When compared to pooled sampling, the

proposed event-specific sampling scheme demonstrated a gain in precision in M2 models and

a minimal loss in precision when fitting M1 models despite using fewer observations.

In some settings, it may be of interest to estimate the cumulative baseline hazard function

for risk prediction using the NCC sample. We suggest users implement the weighted cumula-

tive baseline hazard function estimator proposed by Lin (2000) with event-specific sampling

probabilities, plj. The data should either be stratified by event type for event-specific base-

line hazards or pooled together for a common baseline hazard. In either case, event-specific

sampling probability weights should be used to coincide with the way the observations were

sampled.
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Several considerations arise when conducting inference with multiple events. To avoid mul-

tiple testing bias, researchers should select covariates a priori, before examining the data.

This includes the potential for effect modification of the selected covariates by event type.

In settings where an event-specific coefficient is deemed appropriate, the proposed event-

specific sampling encourages adequate representation across event types to estimate this

effect modification, and we recommend fitting a model with different coefficients associated

with the prespecified covariate for each event type. Moreover, the timescale should be se-

lected exclusively with the scientific question of interest in mind. Our proposed sampling

method is intended to be used for both total time and gap time formulations, but its utility

is not evident for the counting process timescale due to the inconsistencies of risk set timing

between subjects and event types.

A critical practical consideration involves whether expensive covariates are cluster-varying

(changing with each measurement, e.g., biomarkers collected longitudinally) or cluster-

invariant (constant over time, e.g., sex, race). For cluster-varying covariates, sampling ob-

servations rather than individuals makes sense, as each measurement yields new covariate

information. In these settings, timing of covariate measurement for an observation may not

always align with the occurrence of an event for that individual. Imputation methods can be

implemented using the nearest measurement, but results should be interpreted taking this

into account. For cluster-invariant covariates, covariate values are already known once an

observation is sampled at the first event, so all subsequent events for that individual should

be included in the analysis. From the results presented here, we advise implementing the

classic NCC design with the Samuelsen estimator on the first event stratum, then including

all observations from later event types with a probability of 1 to maximize the available

information.

The number of events for each individual should also be considered in the analysis of multiple

event data. In Section 4.4, we applied our method to the AD biomarker setting where
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subjects experienced at most two events. In settings with a higher maximum number of

events, some participants may have significantly more events than others, potentially biasing

results when a strong covariate effect is present. To remedy this, we recommend extending

the current proposed method to weight each term of the estimating equation by the inverse

of the number of observations for the individual associated with that term.

Finally, as we discussed in previous chapters, one must exclude vast departures from the PH

assumption for valid interpretation of results when using the PH model, and this is also true

of the methods presented in this chapter. In practice, it is common for this assumption to

be violated, and it has been demonstrated that the resulting estimand is dependent on the

censoring distribution (Struthers and Kalbfleisch, 1986), making results difficult to replicate

and interpret. Since the proposed methodology is one of the first covering the NCC design

in the multiple event setting, censoring-robust estimation has yet to be developed for this

case. In the next chapter, we will revisit existing censoring-robust estimators that have been

developed for the full cohort (Xu, 2000; Boyd et al., 2012; Nguyen and Gillen, 2017) and

discuss their performance in the multiple event setting.
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Chapter 5

On the Analysis of Multiple Event

Survival Data Under

Non-Proportional Hazards

5.1 Introduction

The PH model relies on the strong assumption that the hazard functions of any two subpop-

ulations remain proportional across all follow-up times. In clinical settings, covariate effects

can be complex and potentially time-varying, resulting in a violation of the PH assumption,

yet practitioners still often default to using the PH model. Substantial work has been done

to characterize the properties of the PH model under NPH in the univariate setting, yet the

implications of NPH for the analysis of multiple event data remain largely unexplored.

Recall that multiple event survival data can often be categorized as recurrent events, multiple-

type events, or clustered/correlated events. Recurrent events are sequentially occurring

events of the same type such as heart attacks, hospitalizations, or seizures. Multiple-type
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events involve different types of events and may include progression through stages of a dis-

ease such as Alzheimer’s disease, where an individual may progress from cognitively normal

to having mild cognitive impairment (MCI), and from MCI to dementia. Lastly, clustered

or correlated events are events occurring within related units such as an individual, family,

or litter, potentially in any order. Analyzing multiple time-to-event outcomes can be advan-

tageous for many reasons, including providing a clearer understanding of disease progression

over time and increasing statistical power and precision. These data can be analyzed using

methods analogous to the univariate PH model, yet the statistical implications of NPH have

been relatively understudied in these settings.

In this chapter, we examine the properties of PH estimators when analyzing multiple event

data under a violation of the PH assumption. We begin by reviewing existing work on

robust estimation in the univariate PH model, highlighting the finding of Struthers and

Kalbfleisch (1986) that, under NPH, the PH model estimate depends on the distributions

of the censoring and event times. After reviewing current analysis strategies for multiple

event data using PH models, we evaluate the statistical implications of the Struthers and

Kalbfleisch (1986) result in the multiple event setting. Finally, through simulation studies, we

demonstrate that a simple extension of univariate censoring-robust estimators is insufficient

to yield interpretable and replicable estimates in the multiple event setting.

5.2 Background

5.2.1 Non-Proportional Hazards in the Univariate Setting

We start with a review of foundational concepts and begin by considering the setting of

univariate, right-censored, time-to-event data, where Ti, Ci, and Zi = [zi1, . . . , zip]
T denote

the true event time, censoring time, and covariate vector for subject i = 1, . . . , n, respectively.

We further define Xi = min(Ti, Ci) as the observed event time and δi = I(Xi = Ti) as the
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event indicator for subject i. In this setting, practitioners are often interested in estimating

the association between covariates and the time to the event of interest. One approach is

the Cox PH model, which characterizes event times through the hazard function:

λi(t) = λ0(t) exp{βTZi}

where λ0(t) denotes the baseline hazard function and β = [β1, . . . , βp]
T is the vector of

regression coefficients, with each element βj representing the log-hazard ratio for covariate j.

The estimating equation for the Cox PH model can be expressed as the stochastic integral:

U(β) =
n∑

i=1

∫ ∞

0

{
Zi −

∑n
j=1 Yj(t) Zj exp{βTZj}∑n
j=1 Yj(t) exp{βTZj}

}
dNi(t) ≡ 0 (5.1)

where Yj(t) = I(Xj ≥ t) is the at-risk indicator for subject j at time t, and Ni(t) is the

counting process representing the number of events experienced by subject i between time

0 and t. As we have discussed in Chapter 2, the model parameters are obtained by solving

for β such that U(β) = 0.

As noted above, a primary assumption of the PH model is that the hazard functions of any

two subpopulations remain proportional at all event times, the PH assumption. Since infer-

ential models are typically prespecified based on scientific reasoning rather than empirical

model fit, it is not uncommon for the PH assumption to be violated in practice. When this

occurs, estimates obtained from the Cox PH model are dependent on the distribution of

the censoring times. Specifically, Struthers and Kalbfleisch (1986) demonstrated that the

solution to Equation 5.1 is consistent for the solution to the following equation:

∫ ∞

0

E

{
fT (t|Z)SC(t|Z)×

[
Z − E{ZST (t|Z)SC(t|Z) exp(βTZ)}

E{ST (t|Z)SC(t|Z) exp(βTZ)}

]}
dt = 0

where fT (·) denotes the density function for the event times, and ST (·) and SC(·) denote the

survival functions for the true event and censoring times, respectively. From these results, we
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see that while the patterns of censoring are not typically of scientific interest, under NPH our

results may depend on the accrual and dropout patterns. Moreover, these patterns will be

study-dependent, posing further challenges to replicability and interpretation of results. In

the context of a clinical trial, this implies that estimated treatment effects can be influenced

by participant accrual and dropout patterns when the PH assumption is violated, rendering

results sensitive to factors that are not of primary scientific interest.

5.2.2 A Review of Censoring-Robust Estimators

Many researchers have addressed censoring-time dependence in the univariate setting by

proposing reweighted estimating equations that target the parameter corresponding to a

common reference distribution, namely, a censoring distribution involving only administra-

tive censoring at end of study, τ . The resulting estimate can be interpreted as the aver-

age covariate effect over the study period in the absence of censoring (Xu, 2000). These

reweighted estimators take the following form:

UCR(β) =
n∑

i=1

∫ ∞

0

Wi(t)

{
Zi −

∑n
j=1 Yj(t)Wj(t)Zj exp{βTZj}∑n
j=1 Yj(t)Wj(t) exp{βTZj}

}
dNi(t) ≡ 0 (5.2)

As a review, Xu (2000) first proposed a reweighted estimator that removes dependence on the

censoring distribution when censoring is independent of covariates, where Wi(t) = 1/ŜC(t),

that can be estimated using the left-continuous Kaplan-Meier estimate of the censoring

times for all subjects combined at time t. Boyd et al. (2012) then extended this to the case

where censoring may be dependent on a single, binary covariate. This type of censoring, also

referred to as “conditionally-independent censoring,” often occurs in clinical trials where par-

ticipant dropout patterns may differ by treatment arm. As a result, this requires a covariate-

specific estimate of the censoring distribution for reweighting, and Wi(t) = 1/ŜC(t|Zi) can be

computed using the left-continuous, Kaplan-Meier estimate of the censoring distribution for

subjects with covariate value Zi, evaluated at time t. Finally, in the setting where censoring
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may depend on multiple, possibly continuous covariates, Nguyen and Gillen (2017) proposed

the use of survival trees to group individuals into censoring-similar groups for calculation

of Wi(t) = 1/ŜC(t|Zi). In each scenario, the solution to Equation 5.2 is consistent for the

solution to:

∫ ∞

0

E

{
fT (t|Z)×

[
Z − E{ZST (t|Z) exp(βTZ)}

E{ST (t|Z) exp(βTZ)}

]}
dt = 0,

where the estimate is no longer dependent on the censoring distribution. In each case,

the resulting estimate represents a weighted average covariate effect over the study period,

where the weights are determined by the survival time distribution rather than the censoring

distribution.

5.2.3 Analysis of Multiple Event Data Using the PH Model

A common approach for analyzing multiple time-to-event data is to perform marginal param-

eter estimation using methods analogous to the univariate Cox PH model while accounting

for potential within-subject/within-cluster correlation via a post-hoc correction to variance

estimates. Kelly and Lim (2000) summarize established modeling strategies, discussing vari-

ous choices in defining the risk intervals, baseline hazard, and risk set, as well as approaches

for accounting for within-subject correlation. An additional consideration for these models

is whether one should estimate a common covariate effect or an event-specific one (De Jong

et al., 2020). Four models naturally arise when considering the components of the hazard

function. Formally, for cluster i (i = 1, . . . , n) and event type k (k = 1, . . . , Ki), we have the

following models:

1. Common baseline hazard, common covariate effect: λik(t) = λ0(t) exp{βTZik}

2. Event-specific baseline hazards, common covariate effect: λik(t) = λ0k(t) exp{βTZik}

3. Common baseline hazard, event-specific covariate effect: λik(t) = λ0(t) exp{βT
k Zik}
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4. Event-specific baseline hazards, event-specific covariate effect:

λik(t) = λ0k(t) exp{βT
k Zik}

where λ0(t) and λ0k(t) are unspecified baseline hazard functions, β represents the vector of

model parameters that are either shared among all event strata k or specific to event type

k, and Zik is the vector of covariates for cluster i, event type k.

The parameters in model 1 can be estimated by fitting a single PH model to all of the

data as if the observations were independent. Similarly, the parameters in model 3 can be

estimated via a single PH model including an interaction between covariates and event type.

The parameters from model 2 can be estimated by fitting a PH model that is stratified by

event type, and lastly, the parameters from model 4 can be estimated by fitting separate PH

models for each event type. As mentioned previously, post-hoc adjustments must be made

to the variance estimators to account for within-cluster correlation for all of these models,

since standard variance estimators assuming independence are generally inconsistent (Lin,

1994).

In practice, model choice is guided by the scientific rationale and relevant statistical con-

siderations. For example, the choice between a common or event-specific baseline hazard

typically reflects assumptions about the event-generating process, as we have discussed in

previous chapters. A common baseline hazard assumes that all event types within a cluster

occur with a common baseline rate. Conversely, event-specific baseline hazards allow the

baseline rate of experiencing each event type to differ across event strata. In settings such

as myocardial infarction, where an individual’s risk of experiencing a second heart attack

increases after the first (Böhm et al., 2021), this would be an appropriate assumption.

When deciding between a common covariate effect and an event-specific one, practitioners

should consider the scientific goals of the analysis, including the hypothesized relationship

between the event types and the covariates. If this relationship is expected to change or if
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interest lies directly in the event-specific covariate effect, then stratified covariate effects may

be more appropriate. If covariate effects are expected to be similar across all event types,

however, then estimating a common covariate effect can improve precision in small-sample

settings. An example of this occurs in clinical trials that test the effect of a treatment when

the endpoint of interest may be recurrent or include multiple events. In this setting, primary

analyses may specify a common covariate effect across events to gain power for detecting the

treatment effect (Amorim and Cai, 2015).

To confirm the validity of the common treatment effect assumption, a natural diagnostic

approach might include estimating the event-specific treatment effects through a completely

stratified PH model, as demonstrated by Chen and Wei (1997). As in the univariate anal-

ysis of a treatment effect, the problem of censoring dependence will arise in this stratified

analysis when the PH assumption does not hold. As shown above, this issue can typically

be addressed using censoring-robust estimators; however, a new challenge arises with event-

stratified estimates because the densities and survival functions for event times, fT (t|Z) and

ST (t|Z), may vary across event strata even when the true covariate effect is identical across

strata. We discuss this situation in detail in the following sections.

5.3 Multiple Event Analysis Under Non-Proportional

Hazards

To extend the result of Struthers and Kalbfleisch (1986) to the multiple event setting, con-

sider the clinical trial setting where interest lies in a single treatment effect across recurrent

events. We assume that recurrent events are ordered and adopt within-individual clustering

for simplicity of presentation. We note, however, that the methodology presented here is also

applicable to other types of multiple event data (e.g., unordered events or events of different

types) clustered at either the individual or group level.
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For the remainder of this chapter, let Tik, Cik, and Zi denote the event time, censoring time,

and treatment indicator for the kth (k = 1, ..., Ki) event recurrence of subject i (i = 1, . . . , n).

We assume that Tik ⊥ Cik|Zi. We note that Zi represents the treatment for subject i across

multiple recurrences k but can be easily modified to represent a treatment effect that may

change by event recurrence. We further define the observed event time as Xik = min(Tik, Cik)

and δik = I(Xik = Tik) as the event indicator of event recurrence k for subject i. Suppose

the baseline hazard is expected to differ by recurrence, so to gain precision for estimating

the effect of the treatment Z, a model of the form λik(t) = λ0k(t) exp{βTZi} (model 2) is

considered. To verify that the assumption of a common β is appropriate, event-stratified

models (model 4) are fit first. Stratifying the data on event k, consider estimating the

stratum-specific treatment effect for the kth event recurrence under the PH model, β̂k,naive,

using the following estimating equation:

U (k)(β) =

nk∑
i=1

∫ ∞

0

{
Zi −

∑nk

j=1 Yjk(t)Zj exp{βTZj}∑nk

j=1 Yjk(t) exp{βTZj}

}
dNik(t) ≡ 0, (5.3)

where nk denotes the number of subjects who are at risk for the kth event recurrence.

Proposition 5.1. The solution to Equation 5.3, β̂k,naive, is consistent for the solution to:

∫ ∞

0

Ek

{
fTk

(t|Z)SCk
(t|Z)×

[
Z − Ek{ZSTk

(t|Z)SCk
(t|Z) exp(βTZ)}

Ek{STk
(t|Z)SCk(t|Z) exp(βTZ)}

]}
dt = 0 (5.4)

where Ek(·) is the expectation taken with respect to the distribution of Z in the kth stratum,

fTk
(·) is the density function, and STk

(·) and SCk
(·) denote the survival functions for the true

event and censoring times for the kth event recurrence, respectively.

This result follows directly from the results of Struthers and Kalbfleisch (1986). Since the goal

is to compare stratified treatment effects across event recurrences to assess treatment effect

heterogeneity, it is crucial that the resulting estimates do not depend on factors unrelated

to the scientific question of interest, such as the censoring distribution. As is apparent from
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Equation 5.4, this requirement is not satisfied when the PH assumption is violated.

Implementing the censoring-robust estimator proposed by Boyd et al. (2012), we may es-

timate a stratum-specific treatment effect for the kth event recurrence which is robust to

changes in the censoring distribution, β̂k,CR.

Proposition 5.2. Denoting β̂k,CR as the estimated censoring-robust stratum-specific treat-

ment effect for the kth event recurrence, it follows that β̂k,CR is consistent for the value of β

that solves:

∫ ∞

0

Ek

{
fTk

(t|Z)×
[
Z − Ek{ZSTk

(t|Z) exp(βTZ)}
Ek{STk

(t|Z) exp(βTZ)}

]}
dt = 0 (5.5)

where fTk
(·) and STk

(·) are the density and survival functions for the true event times for

the kth event recurrence.

Although the dependence on the censoring is removed, dependence on fTk
(·) and STk

(·)

still remains. In the univariate setting, this dependence does not matter. In fact, it is

critical that estimates from the PH model depend on these quantities, since they provide

insight into the underlying survival mechanism giving rise to the estimated log-hazard ratios.

When comparing estimates from Equation 5.2 across studies in the univariate case, we are

inherently assuming that each study consists of observations that are a random sample of the

same study population. Equivalently, we are reasonably assuming that the underlying fT (·)

and therefore ST (·) are the same across replications. In the multiple event case, however,

fTk
(·) and STk

(·) can change with each recurrence k despite being from the same population,

and we will illustrate examples where this problem occurs.
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5.3.1 Example: Constant Baseline Hazard with a Time-Varying

Covariate Effect

In this analytic example, we consider the setting where survival times follow a distribution

with a constant baseline hazard and a time-varying covariate effect. That is, fTk
(t|Z) =

λk exp{−λkt} where λk will be parameterized by a hazard function with an event-specific

baseline hazard, or λk = λ0ke
α(t)TZ . It follows then that we can define the event-specific

survival function, STk
(t|Z) = exp{−λkt} = exp{−λ0ke

α(t)TZ ·t}. We note that α(t) represents

a time-varying covariate effect that is identical across all k.

Proposition 5.3. Assuming that censoring dependence has been accounted for using appro-

priate censoring-robust methods, it follows from Equation 5.5 that the estimate from the PH

model for the kth recurrence, β̂k,CR, is consistent for the value of β that solves:

∫ ∞

0

Ek

{
λ0ke

α(t)TZ exp{−λ0ke
α(t)TZ · t}×[
Z − Ek{Z exp(−λ0ke

α(t)TZ · t) exp(βTZ)}
Ek{exp(−λ0keα(t)

TZ · t) exp(βTZ)}

]}
dt = 0,

which is dependent on the event-specific λ0k via fTk
(t|Z) and STk

(t|Z).

In this example, it is clear that no algebraic manipulation can be done to completely remove

the effect of λ0k since it appears multiplicatively inside the exponential term. Concisely, the

functions fTk
(t|Z) and STk

(t|Z) are non-separable with respect to λ0k(t).

5.3.2 General Setting

In the general, non-parametric setting, we have fTk
(t|Z) = STk

(t|Z) · λk(t) and STk
(t|Z) =

exp[−
∫ t

0
λk(s)ds]. Assuming hazard functions with event-specific baseline hazards and a

time-varying effect, or λk(t) = λ0k(t)e
α(t)TZ , we can further define fTk

(t|Z) = exp[−
∫ t

0
λ0k(s)

eα(s)
TZds] · λ0k(t)e

α(t)TZ , and STk
(t|Z) = exp[−

∫ t

0
λ0k(s) exp

α(s)TZ ds]. Similar to the expo-
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nential setting, α(t) is a time-varying covariate effect for which we are interested in estimating

the average. The event-specific estimate from the PH model for the kth recurrence, β̂k,CR, is

consistent for the value of β that solves:

∫ ∞

0

Ek

{
exp

[
−
∫ t

0

λ0k(s)e
α(s)TZds

]
· λ0k(t)e

α(t)TZ×[
Z −

Ek{Z exp[−
∫ t

0
λ0k(s) exp

α(s)TZ ds] exp(βTZ)}
Ek{exp[−

∫ t

0
λ0k(s) expα(s)TZ ds] exp(βTZ)}

]}
dt = 0.

Since the effect α(t) is identical across recurrence strata, the ideal estimator would produce

an estimate consistent for the same quantity β across all k, or equivalently, correctly identify

that the estimated average covariate effects are the same across recurrences. Due to the

difference in λ0k(t) across recurrences and the non-separability of both fTk
(t|Z) and STk

(t|Z)

with respect to λ0k(t), however, β̂k,CR varies with k, resulting in an incorrect comparison

of the average covariate effects across event strata. This is problematic since the baseline

hazards are not typically of scientific interest and are meant to be eliminated when using

this model.

Unlike the censoring distribution, which is completely a nuisance parameter in estimation,

the survival distribution, although containing a nuisance parameter, is essential to estimating

the treatment effect. As such, a solution such as reweighting by the inverse of an estimate of

fTk
(t|Z) and STk

(t|Z) would completely remove the signal we are trying to detect. Further,

due to the complete confounding of the baseline hazards λ0k(t) and the covariate effect α(t)

in the hazard function, disentanglement of the effect of the nuisance parameter and the effect

of the covariates is not directly possible, implying that event-specific covariate effects are not

truly comparable when NPH is present and baseline hazards differ across multiple events.

We illustrate this concretely with empirical examples in the next section.
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5.4 Numerical Illustrations

In this section, we consider the setting of a randomized clinical trial where primary inter-

est lies in estimating a treatment effect using recurrent event data but recurrence-specific

treatment effects are considered to validate the choice of estimating a common covariate

effect. In the simulations presented, participants experience at most two recurrent events,

and Zi ∼ Bern(0.5) represents the treatment which remains constant for all events. For

the kth recurrence of subject i, Tik is generated from a distribution with piecewise-constant

hazard function where λik(t) = λ0k exp{log(0.5) · I(t ≤ 3)Zi + vi} is formulated with an

early-diverging hazard. We include an individual-level random effect vi ∼ N(0, 1) to induce

correlation within subject.

We also explore a variety of censoring settings, including settings where censoring patterns

differ by recurrent event and settings similar to that explored by Boyd et al. (2012) where

patterns differ by treatment arm. As such, censoring times Cik were generated from a variety

of “powered-uniform” distributions [SC(t) = 1−(t/γ)rI(0 ≤ t ≤ γ)], denoted as PUnif(γ, r),

that differed by recurrence and/or treatment arm. More specifically, we compare results

under three settings:

1. Treatment-specific censoring: Ci1, Ci2 ∼ PUnif(10.5, 2.5− Zi)

2. Event-specific censoring: Ci1 ∼ PUnif(10.5, 0.5) and Ci2 ∼ PUnif(10.5, 3)

3. Treatment and event-specific censoring: Ci1 ∼ PUnif(10.5, 0.5 + 0.5Zi) and Ci2 ∼

PUnif(10.5, 2.5− Zi)

In addition to this censoring, we implement administrative censoring at τ = 10 to ensure all

observed times are over a common support.

Observed times Xik were defined as min(Tik, Cik), and event-specific indicators δik were 1 if

Xik = Tik and 0 otherwise. Here, we utilize the gap-time formulation, meaningXik represents
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β∗
1 = −0.265

First Recurrence Second Recurrence

% Est. Emp. Rob. Cov. %. Total Est. Emp. Rob. Cov.
Cens. Cens. Total (% Bias) SE SE Prob. Cens. (% Bias) SE SE Prob.

Cox PH 1 43.2 5000.0 -0.327 (-23.62) 0.037 0.038 0.620 41.7 2837.5 -0.326 (-23.32) 0.049 0.051 0.774
BKG 1 -0.255 (3.56) 0.042 0.043 0.946 -0.251 (5.28) 0.056 0.058 0.952

Cox PH 2 69.3 5000.0 -0.412 (-55.54) 0.051 0.051 0.172 35.6 1534.0 -0.297 (-12.29) 0.061 0.064 0.926
BKG 2 -0.257 (2.74) 0.070 0.068 0.944 -0.253 (4.51) 0.066 0.069 0.946

Cox PH 3 62.6 5000.0 -0.393 (-48.38) 0.045 0.047 0.238 43.6 1872.1 -0.327 (-23.52) 0.059 0.062 0.846
BKG 3 -0.255 (3.72) 0.060 0.060 0.934 -0.255 (3.77) 0.067 0.069 0.960

Table 5.1: Simulation results comparing the event-specific estimates from the Cox PH and
BKG estimators in the setting of a common baseline hazard across event types. “True”
estimates are based on a model with n = 100, 000, and percent bias was calculated as
E{(β̂ − β∗

1)/|β∗
1 |} · 100.

the time since the previous recurrence. We present the results from fitting recurrence-specific

Cox models of the form: λk(t) = λ0k(t) exp{βkZ} for k = 1, 2. In all simulations presented,

we compare the estimates for β1 and β2 under the standard PH model (Cox PH) as well as

the estimator proposed by Boyd et al. (2012) (hereafter BKG), which removes dependence on

the censoring distribution. For the settings of common and event-specific baseline hazards,

we present model estimates (Est.), empirical standard error (Emp. SE), model-based robust

standard errors (Rob. SE), and corresponding coverage probability (Cov. Prob.). Since there

is no “truth” in this case, we compare all estimates to the first recurrence estimate taken

in the absence of censoring. As such, coverage probability and percent bias are calculated

based on a large-sample (n = 100, 000) estimate of β∗
1 , the average log-hazard ratio over

[0, 10] in the absence of intermittent censoring for the first recurrence. All simulations were

run for 500 iterations.

5.4.1 Common Baseline Hazard

We start by illustrating the baseline setting where the data-generating model is the same

across all recurrences. That is, all recurrences share a common baseline hazard and the same

functional form of β. The underlying data generating model is λik(t) = 0.15 exp{log(0.5) ·

I(t ≤ 3)Zi + vi}. Table 5.1 presents the results for the two estimators (Cox PH and BKG).
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β∗
1 = −0.258

First Recurrence Second Recurrence

% Est. Emp. Rob. Cov. %. Est. Emp. Rob. Cov.
Cens. Cens. Total (% Bias) SE SE Prob. Cens. Total (% Bias) SE SE Prob.

Cox PH 1 43.2 5000.0 -0.328 (-27.46) 0.039 0.038 0.526 20.9 2838.0 -0.407 (-57.90) 0.040 0.043 0.052
BKG 1 -0.257 (0.25) 0.043 0.043 0.952 -0.348 (-34.95) 0.046 0.047 0.485

Cox PH 2 69.3 5000.0 -0.409 (-58.71) 0.054 0.051 0.178 14.4 1535.4 -0.384 (-49.09) 0.054 0.056 0.376
BKG 2 -0.253 (1.58) 0.070 0.068 0.936 -0.350 (-36.01) 0.058 0.058 0.642

Cox PH 3 62.6 5000.0 -0.393 (-52.67) 0.049 0.047 0.180 22.8 1871.1 -0.410 (-59.36) 0.052 0.053 0.174
BKG 3 -0.253 (1.78) 0.061 0.059 0.942 -0.355 (-37.84) 0.059 0.056 0.582

Table 5.2: Simulation results comparing the event-specific estimates from the Cox PH and
BKG estimators in the setting of an event-specific baseline hazard across event types. “True”
estimates are based on a model with n = 100, 000, and percent bias was calculated as
E{(β̂ − β∗

1)/|β∗
1 |} · 100.

As expected, the Cox PH estimator provides estimates that are dependent on the censoring

distribution for both recurrences. The BKG estimator corrects for any dependence on the

censoring distribution, resulting in minimal bias for estimating β∗
1 and clearly targets the

same quantity for both recurrences.

5.4.2 Event-Specific Baseline Hazards

Next, we consider the setting where the baseline hazard differs for each recurrence but

the underlying treatment effect is the same. Specifically, the data-generating model is

λik(t) = λ0k exp{log(0.5) · I(t ≤ 3)Zi + vi} where λ01 = 0.15 and λ02 = 0.3 were chosen

to reflect the increasing baseline hazards commonly observed in disease settings such as

cancer, renal disease, and heart disease. Although an NPH effect is present in this setting,

the estimated recurrence-specific treatment effects should be the same across recurrences,

since the underlying relationship between the risk of experiencing the event and the treat-

ment is identical across recurrences. Table 5.2 presents the estimated treatment effects with

corresponding details for each event recurrence using the Cox PH and BKG estimators.

Similar to the common baseline hazard setting, the Cox PH estimator will change with

different underlying censoring since NPH is present. Although it appears that estimates for

both recurrences tend to be similar for censoring settings 2 and 3, this is not because the
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estimators converge to a common estimand, but rather reflects a coincidental attenuation of

the two estimates toward one another (See Figure 5.2). The BKG estimator estimates β∗
1

with minimal bias and nominal coverage probability for the first recurrence, which is to be

expected. For the second recurrence, the BKG estimator is clearly not targeting this same

quantity and the resulting estimates represent time-averaged treatment effects with weights

that differ from those for the first recurrence.

5.4.3 Across Multiple Settings

We compared the Cox PH and BKG estimators for the first and second recurrences across a

range of baseline hazard ratios. Figure 5.1 presents results for the setting with no intermit-

tent censoring, and Figure 5.2 contains results under the third censoring setting (i.e., event-

and treatment-specific censoring). As seen in Figure 5.1, the Cox and BKG estimators are

equivalent for the first recurrence and for the second recurrence in the absence of intermit-

tent censoring. This is expected, as the BKG estimator is designed to target the average

treatment effect in the absence of intermittent censoring. When there is no difference in

the baseline hazards, all estimators agree for the first and second recurrences. As the base-

line hazards separate, the differential dependence on the event-time distribution becomes

evident, with the second-recurrence estimates departing increasingly from those of the first.

Figure 5.2 illustrates the additional dependence on the censoring distribution. Here, both

Cox estimators are biased relative to a censoring-invariant estimand. The BKG estimator re-

moves this dependence on censoring, and when there is no difference in the baseline hazards,

the two event estimates agree. As this difference increases, however, the BKG estimates

diverge despite the same underlying treatment effect.

96



−0.5 0.0 0.5

−
20

0
20

40

Relative Difference in Baseline Hazards

P
er

ce
nt

 B
ia

s

CoxPH − Event 1
CoxPH − Event 2
BKG − Event 1
BKG − Event 2

Figure 5.1: Estimated treatment effects using the Cox PH and BKG estimators across a
variety of baseline hazard settings in the absence of intermittent censoring. Percent bias is
calculated as E{(β̂ − β∗

1)/|β∗
1 |} · 100, and relative difference in baseline hazards is (λ01 −

λ02)/λ01.

5.5 Discussion

It has been clearly established that under violation of model assumptions, the estimate

from the Cox PH model is dependent on the distributions of the censoring and event times.

Past work has addressed the dependence on the censoring distribution through development

of estimators that remove this dependence and map back to a weighted average covariate

effect under no intermittent censoring. Since these censoring-robust estimators have been

studied only in the univariate setting, the dependence on the event-time distribution has

not previously posed a challenge. The results we have presented here demonstrate that the
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Figure 5.2: Estimated treatment effects using the Cox PH and BKG estimators across a
variety of baseline hazard settings. Percent bias is calculated as E{(β̂ − β∗

1)/|β∗
1 |} · 100, and

relative difference in baseline hazards is (λ01 − λ02)/λ01.

implications of NPH extend meaningfully to the multiple event setting.

Under NPH, standard Cox PH estimators depend on both the censoring distribution and the

baseline hazard, neither of which is typically of primary scientific interest. While censoring-

robust estimators resolve the first problem in the univariate setting, they are insufficient in

the multiple event setting when event-specific baseline hazards differ across strata. The non-

separability of the baseline hazard from the covariate effect precludes direct comparison of

stratum-specific treatment effects, even after censoring adjustment. These findings suggest

that practitioners should exercise caution when fitting stratified PH models to validate a
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common treatment effect assumption under NPH, as apparent differences in event-specific

estimates may reflect differences in the baseline hazard rather than true treatment effect

heterogeneity. Our results also raise further concerns regarding the scientific interpretation

of an estimated covariate effect that is pooled across multiple event times when the PH

assumption is violated.

Ideally, there would be a way to remove the dependence of the estimand on the baseline

hazard to create a fair comparison between event-specific treatment effects similar to the

way dependence on the censoring distribution is removed. Due to the complex confounding

of the baseline hazard and parameters in the survival distribution, however, we believe doing

so would be difficult if not impossible. One approach might be to iteratively estimate the

cumulative baseline hazard and regression coefficients, weighting the estimating equation by

the inverse of the estimated baseline hazard; however, convergence of such a procedure is not

guaranteed, and time-invariant estimates of a truly time-varying coefficient may ultimately

be attenuated. It appears that the only way to remove this dependence on the baseline

hazard function is to directly estimate the time-varying parameter function β(t). This raises

the question of whether estimating the full parameter function β(t) is preferable to reporting

a weighted average thereof. In addition to the issue of comparability across event strata,

this finding raises important questions about the interpretation of the pooled treatment

effect when model assumptions are violated, and whether this modeling strategy remains

appropriate in such settings.

It is important to specify analyses prior to viewing the data to avoid multiple testing biases.

As such, it would be likely for practitioners to plan to estimate a pooled covariate effect across

recurrences and later learn that the data violate the PH assumption. In the case where NPH

were to be encountered via diagnostics, we would advise against conducting the pooled

analysis as it is no longer clear whether the event-specific covariate effects are empirically

comparable and what the interpretation of a pooled covariate effect would be. Instead, we
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would recommend reporting the stratified covariate effects along with the Kaplan-Meier plots

to provide a more complete picture of the underlying behavior of the time-varying covariate

effects for each event recurrence.
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Chapter 6

Conclusion

Throughout this dissertation, we have emphasized the importance of tools that facilitate

robust and efficient estimation for time-to-event data. Specifically, we saw the utility of the

NCC design for maximizing available information while reducing data collection costs. We

also saw the benefits of implementing the Samuelsen estimator to increase efficiency of the

NCC design. In addition to efficiency, we highlighted the importance of using estimators

that are robust to potential violations of model assumptions. Notably, censoring-robust

estimators have been developed to guard against cases of NPH and allow for estimation of

an interpretable and replicable estimand.

These methods have clear benefits and often improve the analysis of time-to-event data,

but they are not without their limitations. As we have established, the NCC design can

exacerbate pre-existing issues of underrepresentation in research by sampling a small number

of individuals from that group. Additionally, there have been few examples of its use in the

multiple event survival setting. Censoring-robust estimators have been thoroughly developed

in the univariate setting, but there are currently no examples of their use in the multiple

event setting. In fact, a unique problem arises in the multiple event setting that is not
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directly accounted for by traditional censoring-robust estimators. Particularly, the estimand

is dependent on the distribution of the event times, making comparisons across event strata

difficult. This dissertation addressed these shortcomings to draw awareness to and improve

current methodology.

In Chapter 3, we proposed a weighted NCC design that allows for oversampling of con-

trols from underrepresented subpopulations. Motivated by the need to precisely estimate

subpopulation-specific biomarker effects in AD research, this design maximizes information

on the expensive-to-collect covariate while ensuring a more representative sample than the

classic NCC design. In addition to implementing an efficient sampling design, our proposed

estimator uses sampled controls forward and backward in time to gain the most informa-

tion from them and is consistent for the estimand under the full cohort. We also developed

two variance estimators that are robust to model misspecification and performed well in

simulation studies.

We pivoted to multiple time-to-event endpoints in Chapter 4, where we developed an NCC

design sampling framework for this setting. We presented two NCC sampling schemes that

were inspired by the risk set formulations of PH models for multiple event data. Despite

introducing two options, we generally recommend event-specific sampling, which stratifies

sampling by event number, to pooled sampling, which treats all observations as indepen-

dent. In addition to the benefits of having a primary framework for this setting, our results

demonstrated that event-specific sampling often presents a gain in precision for coefficient

estimates from models assuming event-specific baseline hazards and a minimal loss in pre-

cision for estimates from models that assume a common baseline hazard. We also derived

corresponding variance estimators that provided nominal coverage for valid inference using

models with either baseline hazard specification.

Finally, we addressed censoring-robust estimation in the multiple event setting in Chapter 5.

We interrogated the impacts of all components in the quantity for which the PH estimate is
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consistent, proposed by Struthers and Kalbfleisch (1986). Specifically, we highlighted that

there may be settings where the estimand’s dependence on the event times impacts results

and that this cannot be addressed by traditional censoring-robust estimators. In the clinical

trial setting where information from multiple endpoints may be used to gain precision on

the treatment effect, practitioners may fit models completely stratified by event number

to compare the treatment effect across these strata. Even under current censoring-robust

methods, the stratified analyses are still dependent on a nuisance parameter for estimation.

Specifically, we draw attention to the case where differences in the baseline hazard impact

the distribution of the survival times, resulting in an estimate that changes with each event

stratum despite a common underlying treatment effect. We also demonstrate that this

problem cannot be easily solved using reweighting methods, leading us to question the use

of the PH model under NPH in the multiple event setting.

6.1 Future Directions

Each of the proposed methods was developed as a step to achieve the overarching goal

of equitable, efficient, and robust inference as motivated by challenges in AD biomarker

discovery. Independently, they fill existing gaps in current statistical methodology, but when

combined, they can be used to address a variety of limitations across many settings. For

example, the weighted NCC design can be combined with the multiple event NCC sampling

framework to assess subpopulation-specific biomarker effects in the multiple event setting.

Moreover, ideas from censoring-robust estimation can be combined with these methods to

ensure replicable results under NPH. Along with these direct extensions, there are a few

concepts that give rise to additional future work in this area.
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6.1.1 Samuelsen Power and Sample Size Calculations

In all of the aforementioned methods utilizing the NCC design, we implemented the use of

sampled controls forward and backward in time to improve efficiency of the classic estimator

via extensions of the Samuelsen estimator. This framework can be useful in NCC settings, as

it increases efficiency by providing more information at each event time without increasing the

sample size, and allows for consistent estimation of the full cohort estimand under violation of

the PH assumption. Despite its benefits, the Samuelsen estimator is not as widely used as the

classic NCC design, likely due to general unfamiliarity with it. On a similar note, sample size

and power calculations have not yet been developed for the Samuelsen estimator, making its

practical use in studies difficult for practitioners. Development of these calculations to ensure

easier use of the Samuelsen framework in NCC design studies would be a key component of

future work.

In Chapter 3, we proposed weighted sampling of controls in each risk set to achieve more

thorough subpopulation representation for analyses. When using this method, practitioners

are able to specify a desired probability of sampling controls from each subgroup; however, as

observed in our examples, the distribution of sampled controls does not perfectly match the

prespecified desired probabilities due to the resampling of controls at different rates for each

subgroup. In future work, it would be necessary to explore this dynamic of our proposed

extension in addition to the classic Samuelsen framework to ensure practitioners are able

to utilize these designs with full understanding of the statistical implications. The result of

this work would ideally guide practitioners’ decisions about the required sample size needed

to accurately assess the scientific questions of interest. This work must also be done for our

proposed NCC framework for the multiple event setting presented in Chapter 4.
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6.1.2 Extensions to NPH in the Multiple Event Setting

As discussed, the ideas presented in Chapter 5 were motivated by the need to estimate a

common estimand across event strata in order to make a fair comparison and determine

whether to estimate a combined or stratified treatment effect. In light of the impacts of

the baseline hazard on the estimand via the survival distribution, there is still an ongoing

discussion as to what the combined estimate really means and if it makes sense to interpret.

Different arguments can be made for various settings, but it would be worthwhile to have a

lengthy discussion and perhaps conduct a meta-analysis of what has been done in the past

and how results may have be impacted as a result.

Moreover, the results in Chapter 5 beg the question as to whether there is a more inter-

pretable estimand in settings where NPH may be present. Due to its explicit interpretability,

one possible estimand that may be of interest is restricted mean survival time. Explicitly,

restricted mean survival time is the area under the survival curve up to a specific time point,

τ , or µ(τ) =
∫ τ

0
S(t)dt, and it can be interpreted as the average event-free time from time

0 to τ . When comparing different groups, we can consider the difference in restricted mean

survival time, or µ1(τ) − µ0(τ) =
∫ τ

0
{S1(t) − S0(t)}dt. The difference in restricted mean

survival time does not impose the assumption of PH, and the estimand of interest must be

explicitly specified via the choice of the time τ , making it a potentially fairer way to compare

across event recurrence strata.
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Appendix A

Supplementary Material for Chapter 3

A.1 Proof of Proposition 3.1

We provide a proof of Proposition 3.1, the consistency of our estimator when conducting

weighted sampling on a binary covariate, below. This proof is easily translated to Proposi-

tion 3.2 by replacing all V ∗
j and p∗j with V ∗∗

j and p∗∗j , respectively.

Proof. Let Ti, Ci, and Zi = [zi1, . . . , zip]
T denote the true event time, censoring time, and

vector of covariates for subject i, (i = 1, . . . , n), respectively. We define Xi = min(Ti, Ci)

as the observed time and δi = I(Xi = Ti) as the event indicator for subject i. Let

G = {(Xi, δi, Zi), i = 1, . . . , n}, which denotes the complete cohort study information. Let

H = {(Xi, δi, zi), i = 1, . . . , n}, which denotes the skeleton of the cohort and contains all

information which is relevant to weighted nested case-control (WNCC) sampling. It fol-

lows then that H ⊆ G. As defined previously, V ∗
j0 is an indicator for whether subject j is

ever sampled as a control under the WNCC design, and V ∗
j = max(V ∗

j0, δj) is the indica-

tor for whether subject j is included in the analysis under the WNCC design. Moreover,

p∗j (defined in Section 3.2.1) represents the probability that subject j is included in the
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analysis under the WNCC design conditional on the covariate value used for weighting.

Given these definitions, we have that E

(
V ∗
i

p∗i

∣∣∣ G) = E

(
V ∗
i

p∗i

∣∣∣ H) = 1. For r = 0, 1, 2,

we define S(r)(β, t) =
∑

j∈Rt
Z⊗r

j exp{βTZj} and S̃(r)(β, t) =
∑

j∈Rt

V ∗
j

p∗j
Z⊗r

j exp{βTZj}. It

follows that E{S̃(r)(β, t)} = E{S(r)(β, t)}. Since 1
n
{S̃(r)(β, t)− S(r)(β, t)} = 1

n

{∑n
i=1

(
V ∗
i

p∗i
−

1

)
Y(i)(t) Z⊗r

i exp{βTZi}
}

where Y(i)(t) = I(Xi ≥ t), then by the weak law of large num-

bers, 1
n
{S̃(r)(β, t)− S(r)(β, t)} p−→ 0. The proof of consistency easily follows from the work of

Andersen and Gill (1982) using the fact that supt
1
n
|S̃(r)(β, t)− S(r)(β, t)| p−→ 0 and that the

pseudo-likelihood is a version of the full likelihood with 1/p∗i copies of observation i.

A.2 Derivation of Variance and Approximation of Lim-

iting Distribution

Below, we provide details for the derivation of the variance of our estimator when conducting

weighted sampling on a binary covariate. We also provide a heuristic argument for approxi-

mating the limiting distribution of this estimator. This proof is applicable to the estimator

for weighted sampling on a continuous covariate by replacing V ∗
j , p

∗
j , β̂B, IB, UB, ΣB, and

∆B with V ∗∗
j , p∗∗j , β̂C , IC , UC , ΣC , and ∆C , respectively.

Proof. Let W0
j be the score residual for subject j from the Cox PH model weighted by V ∗

j /p
∗
j

evaluated at the true parameter value and Wj =
∫ {

Zj − S(1)(β0,t)

S(0)(β0,t)

}
Y(j)(t) exp{βT

0 Zj}λ0(t)dt,

then it follows that Wj − W0
j

p−→ 0. We can write 1√
n

{
(UB − U) −

∑n
j=1

(
1 − V ∗

j

p∗j

)
Wj

}
=

1√
n

∑n
j=1

(
1 − V ∗

j

p∗j

)
(W0

j − Wj) where U is the score function of the classic Cox model and

UB is the score function of the WNCC estimator (binary). Since Wj − W0
j

p−→ 0, then

1√
n

{
(UB−U)−

∑n
j=1

(
1− V ∗

j

p∗j

)
Wj

}
p−→ 0 by Slutsky’s theorem (using the previous statement).

It follows that 1√
n
UB and 1√

n

{
U +

∑n
j=1

(
1− V ∗

j

p∗j

)
Wj

}
have the same limiting distribution.

We know that E{U} = 0 and E{
∑n

j=1(1−
V ∗
j

p∗j
)Wj} = 0, and the two terms are uncorrelated.
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Additionally, Cov{U} = Σn and Cov{
∑n

j=1(1 −
V ∗
j

p∗j
)Wj} = ∆n, where Σn = E{I(β0)} and

∆n = Cov

{∑n
j=1

(
1− Vj

pj

)
Wj

}
. Then n−1Σn → Σ, for some positive definite matrix Σ and

n−1IB → Σ, and n−1∆n → ∆, for some positive semidefinite matrix ∆. If we assume that

n−1/2
∑n

j=1(1 −
V ∗
j

p∗j
)Wj converges in distribution to a normal distribution with expectation

0 and covariance matrix ∆, then we can show that n−1/2UB is asymptotically normal with

expectation 0 and covariance matrix Σ + ∆. Then by a first-order Taylor expansion of UB

around β0, we have that
√
n(β̂B −β0)∼̇N(0,Σ−1+Σ−1∆Σ−1). Estimators of the matrices Σ

and ∆ are given by ΣB, the observed Fisher’s information from our proposed estimator, and

∆B, an empirical estimate of the analytic covariance of
∑n

j=1(1−
V ∗
j

p∗j
)Wj, respectively.

A.3 Additional Simulation Results

Table A.1 displays results for a primary analysis under no effect of the predictor of interest.

The proposed estimator performs well for estimating β1, with nominal 95% coverage proba-

bilities indicating a controlled Type I error. Moreover, the proposed estimator accounts for

bias induced from weighted sampling when estimating β2.

β1 = 0.000 β2 = 0.336

Unique β̂1 SE SE Emp. CP CP β̂2 SE SE Emp. CP CP
λ0 = 0.06 N (Std. Bias) 1 2 SE 1 2 (% Bias) 1 2 SE 1 2

FC (89% cens.) 1000 0.000 (5.7e-3) 0.098 0.097 0.100 0.955 0.949 0.319 (-5.31) 0.227 0.227 0.229 0.949 0.951
Samuelsen
m = 1 195 0.003 ( 0.031) 0.143 0.144 0.149 0.946 0.950 -0.901 (-367.72) 0.299 0.300 0.302 0.010 0.012
m = 2 269 -0.003 (-0.032) 0.121 0.121 0.129 0.937 0.935 -0.792 (-335.25) 0.264 0.264 0.267 0.006 0.006
m = 3 332 -0.003 (-0.041) 0.112 0.112 0.113 0.947 0.946 -0.691 (-305.22) 0.251 0.251 0.258 0.010 0.010
m = 4 387 0.001 ( 0.010) 0.108 0.108 0.111 0.944 0.945 -0.603 (-279.09) 0.245 0.245 0.250 0.014 0.016

Proposed
m = 1 195 0.003 ( 0.036) 0.145 0.147 0.152 0.943 0.951 0.304 (-9.74) 0.293 0.295 0.295 0.953 0.957
m = 2 269 -0.003 (-0.031) 0.122 0.123 0.131 0.937 0.936 0.310 (-7.92) 0.258 0.259 0.263 0.946 0.946
m = 3 332 -0.004 (-0.042) 0.114 0.114 0.114 0.949 0.947 0.316 (-6.06) 0.246 0.247 0.253 0.943 0.946
m = 4 387 0.001 ( 0.013) 0.109 0.109 0.112 0.944 0.945 0.317 (-5.69) 0.240 0.241 0.245 0.940 0.943

Table A.1: Simulation results comparing the performance of the FC Cox PH estimator, the
Samuelsen estimator under the WNCC design, and our proposed estimator under the WNCC
design for a primary analysis under a null effect of the predictor of interest. We note that
standardized bias was used to assess performance for estimating null effects.
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Appendix B

Supplementary Material for Chapter 4

B.1 Proof of Proposition 4.2

We provide a proof of Proposition 4.2, the consistency of our proposed event-specific sampling

estimator for fitting M1 and M2 below. The notation used in the following proof is applicable

to M1, but we note that this proof is applicable to M2 by replacing S(r)(β, t) with S
(r)
k (β, t) =∑n

l=1

∑Kl

j=1 I(j = k)Ylj(t)Z
⊗r
lj exp{βTZlj}, S̃(r)(β, t) with S̃

(r)
k (β, t) =

∑n
l=1

∑Kl

j=1 I(j =

k)
Vlj

plj
Ylj(t)Z

⊗r
lj exp{βTZlj} for r = 0, 1, ℓ(1)(β) with ℓ(2)(β), ℓ̃(1)(β) with ℓ̃(2)(β), β̂(1) with

β̂(2), and β(1) with β(2). There is also an added constraint that Ki/n → ci, where 0 < ci < 1,

for i = 1, . . . , n in addition to n → ∞, for convergence.

Proof. We define Tik, Cik, and Zik = [zik1, . . . , zikp]
T to denote the true event time, censoring

time, and vector of covariates of event type k, (k = 1, . . . , Ki), for subject i, (i = 1, . . . , n),

respectively. We define Xik = min(Tik, Cik) as the observed time and δik = I(Xik = Tik) as

the event indicator of event type k for subject i. We further define Gik = Xik−Xi,k−1 where

Xi0 = 0. Let G = {(Xik, δik, Zik), i = 1, . . . , n; k = 1, . . . , Ki}, which denotes the complete

cohort study information. Let H = {(Xik, δik), i = 1, . . . , n; k = 1, . . . , Ki}, which denotes
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the skeleton of the cohort and contains all information which is relevant to the event-specific

sampling. It follows then that H ⊆ G. As defined in Section 4.2.3, Vlj is the indicator for

whether observation lj was selected into the sample under event-specific sampling, and plj is

the probability that observation lj is included in the analysis under event-specific sampling.

It follows that E

(
Vlj

plj

∣∣∣ G) = E

(
Vlj

plj

∣∣∣ H) = 1.

We further define S(r)(β, t) =
∑n

l=1

∑Kl

j=1 Ylj(t)Z
⊗r
lj exp{βTZlj} and S̃(r)(β, t) =∑n

l=1

∑Kl

j=1
Vlj

plj
Ylj(t)Z

⊗r
lj exp{βTZlj} for r = 0, 1. Then, it follows that E{S̃(r)(β, t)} =

E{S(r)(β, t)}. By the weak law of large numbers, we have that 1
n
{S̃(r)(β, t)−S(r)(β, t)} p−→ 0

as n → ∞, since 1
n
{S̃(r)(β, t)−S(r)(β, t)} = 1

n

{∑n
l=1

∑Kl

j=1

(
Vlj

plj
− 1

)
Ylj(t)Z

⊗r
lj exp{βTZlj}

}
,

and we will further assume that supt
1
n
|S̃(r)(β, t)− S(r)(β, t)| p−→ 0. If ℓ(1)(β) and ℓ̃(1)(β) are

the log-likelihoods for M1 in the full cohort and event-specific sample respectively, it also

follows that 1
n
{ℓ̃(1)(β)− ℓ(1)(β)} = 1

n

∑n
i=1

∑Ki

k=1 log

{
S(0)(β,Gik)

S̃(0)(β,Gik)

}
δik

p−→ 0. Using the fact that

ℓ̃(1)(β) is a pseudo-version of ℓ(1)(β) with Vlj/plj copies of observations lj, the proof of con-

sistency follows from the work of Andersen and Gill (1982), stating that if β̂(1) is the unique

maximizer of ℓ̃(1)(β) and β(1) is the unique maximizer of ℓ(1)(β), then β̂(1) p−→ β(1).

B.2 Derivation of Variance and Approximation of the

Limiting Distribution

We provide details of the derivation of the variance estimator along with an argument

for asymptotic normality of our proposed event-specific sampling estimator for fitting M1.

These results can be extended to the M2 case by replacing S(r)(β, t) with S
(r)
k (β, t) =∑n

l=1

∑Kl

j=1 I(j = k)Ylj(t)Z
⊗r
lj exp{βTZlj}, S̃(r)(β, t) with S̃

(r)
k (β, t) =

∑n
l=1

∑Kl

j=1 I(j =

k)
Vlj

plj
Ylj(t)Z

⊗r
lj exp{βTZlj} for r = 0, 1, Ũ (1)(β) with Ũ (2)(β), W

(1)
ik with W

(2)
ik , and β̂(1) with

β̂(2). Similarly to the previous section, there is also the added condition that Ki/n → ci,

where 0 < ci < 1, for i = 1, . . . , n in addition to n → ∞.
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Proof. We start by defining Ũ (1)(β) =
∑n

i=1

∑Ki

k=1 δik

[
Zik − S̃(1)(β,Gik)

S̃(0)(β,Gik)

]
. By doing a Taylor

expansion about S̃(0)(β, t) = S(0)(β, t) and S̃(1)(β, t) = S(1)(β, t), we have that Ũ (1)(β) is

asymptotically equivalent to U∗(β) ≡
∑n

i=1

∑Ki

k=1 δik

[
Zik − S(1)(β,Gik)

S(0)(β,Gik)
+ S(1)(β,Gik)S̃

(0)(β,Gik)

S(0)(β,Gik)2
−

S̃(1)(β,Gik)

S(0)(β,Gik)

]
. Here, U∗(β) can be consistently estimated by substituting S̃(0)(β, t) = S(0)(β, t)

and S̃(1)(β, t) = S(1)(β, t). That is, we can consistently estimate U∗(β) by using
∑n

i=1

∑K
k=1

W
(1)
ik (β) where W

(1)
ik (β) = δik

Vik

pik

[
Zik − S̃(1)(β,Gik)

S̃(0)(β,Gik)

]
− Vik

pik

∑n
j=1

∑Kj

l=1 δjl
Vjl

pjl

[
Yik(Gjl) exp{βTZik}

S̃(0)(β,Gjl)

]
×{

Zik − S̃(1)(β,Gjl)

S̃(0)(β,Gjl)

}
, the score residual for observation ik, weighted by Vik/pik. It follows that

we can estimate the covariance of Ũ (1)(β) by V =
∑n

i=1

∑Ki

k=1

∑Ki

l=1W
(1)
ik (β̂(1))Wil(β̂

(1))T

and then the estimated variance of our proposed estimator is Γ̂ = Σ̂−1V Σ̂−1 where Σ̂ =

I(β̂) = −∂Ũ(1)(β)
∂β

|β=β̂(1) . A conjecture of asymptotic normality follows closely from Samuelsen

(1997).
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