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Berkeley, California

May 9, 1960

ABSTRACT

A number of corrections are made to the simple Landé formula for the
g values of levels deriving from the ground term of configurations of the
type 4fn° These include (a) the Schwinger correction, to give an accurate
value of the _gyromagnetic ratio for the electron spin; (b) a correction to
allow for the deviations: from perfect RS coupling; (c) a relativistic
correction, which is directly related to the kinetic energy of the electrons;
(d} a diamagnetic correction, depending on the electron density of the core.
In order to calcula.té (b), the spin-orbit coupling constants and the Coulomb
integrals Fk are estimated either from existing svpectroscopi/; data or
from a process of interpolation or extrapolation. An argument is presented
for taking ratios of the integrals Fy corresponding to é hydrogenic eigen-
function. The various radial integrals required in the calculation of {(c) and
(d) are derived from a modified hydrogenic eigenfunction of the form
re T cosh k{ar-n), The parameter k in this expression is estimated to
be approximately 0.42 over the rare earth series by comparison with available
Hartree SCF eigenfunctions. The second parameter a is chosen to give a
fit with the spin-orbit coupling constants. The result of calculating (a),

(b), (c) and (d) is to give atomic g values which agree remarkably well with

the experimental data. This confirms that the ground configurations of Prl,
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‘Ndl, Pnd, Sml, Eul, Dyl, Hol, Erl, and Tml are of the type 4f", and that such
a configufation is very lbw—lying in Tbl. Tables of spin-orbit coupling constants
and <r-3> for both neutral and triply ionized rare earth atoms are given as

well as of other radial integrals.
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INTRODUCTION
In the lasf few years a number of experiments have been set up to in-
-vestigate the magnetic properties of beams of free rare earth atoms. 1 Of the
various nuclear and magnetic properties of the atoms obtained by these
techniques, we shall direct our attention here to the interactions between the
external field E and the electrons, and in particular to those contributions to
the Hamiltonian which experimentally can be described by the effective
Hamiltonian g5 e 0,,£—I ° ;]:, where p 0 is the Bohr magneton, .,‘I is the total
~angular momentum of the electron system, and gy @ suitably chosen constant
referxfed to as the atomic g value. The elementary way of finding a theoretical
value for g7 is to equate the eigenvalues of the operator g5 ,.‘.I to those of
L+ 2%, where L and § are the total orbital and total spin angular momenta
respectively of the electron system, When L and S are good quantum
numbers, the value of gy so obtained is the Landé g value.
This simple approach is complicated by a number of factors, which,

although comparatively small, must be considered in any attempt to fit the

“Work done under the auspices of the U.S. Atomic Energy Commission
and the Swedish Atomic Energy Commission.
T.On leave from the Institute of Physics, University of Uppsala, Uppsala,

Sweden,
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accurate atomic beam data. These corrections to the elementary procedure
have been described in detail by Abragam and Van Vleck, in their examination
of the microwave spectrum of the oxygen atom, 2 and we éhall,simply enumerate
them at this point.

- To begin with, we must replace the factor 2 for the gyromagnetic ratio

of the electron spin by
g, =2 (1+ a/2mt c*0) = 2.00229,

where a is the fine-structure constant. - This will be called the Schwingér
correction.

Next, it must be recognized that in order to find the eigenvalues of
Li+ 25, we must have some knowledge of the eigenfunctions of the electron
system. It has now become clear from the available experimenta'l data that the
low’est‘ electronic configurations outside closed shells of the rare earth atoms
-are nearly always of the type 4f", and we shall confine our attention to these
configurations. . This allows us to extrapolate and interpolate the various radial
integrals that occur in the calculations along the rare earth series. The lowest
‘term in a configuration is given by Hund's rule, and is described by the two
quantum numbers SIL. When the spin-orbit interaction is included, howéver,
these quantum numbers are separately not good quantum numbers, but only
their resultant, J. For oxygen, it is a simple matter to allow for the .departures?
from pure RS coupling, but for the rare earth atoms, it is considerably r1;10re
compiex.

Also, for heavy atoms such as those considered here, the relativistic
and diamagnetic effects become quite important. By the relativistic effect we
mean here the correction, depending on the kinetic energy, which is a direct

consequence of the Dirac equation for a single.electron. The diamagnetic effect
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is caused by modificlations in the interactions between the electrons due-to the
external field, and depends essentially on the electron density in the core. In
contrast to oxygen, these effects for the rare earth atoms usually predominate
over the Schwinger correction.

The correction to the orbital gyromagnetic ratio caused by the motion
of the nucleus, which was considered by Abragam and Van Vleck for oxygen,
is for the rare earth atoms negligible compared with the experimental un-

certainties.

THE STRUCTURE OF THE CONFIGURATION 4f"
Before we can begin an examination of the departures from RS coupling
we must obtain the energy-level scheme in the RS limit; ‘that is, in.the
‘limit where the Coulomb interaction between the 4f electrons

s e/ ()

ri.
i>j J

is very much greater than the spin-orbit interaction

A =+ = (L &y sy, (2)

2 2 i r dr ~boal
2m ¢ v .

i

The fun_cfion 'V in (2) is the central field potential. We are oblige(i to perform
this calculation because no experimental results are available on the positions
of excited _terms in the configurations 4fn of neutral rare earth atoms, and it

is the admixtures of these excited terms in the ground term that produce the

departures from RS coupling. To find the eigenvalues of (1), we write

rk :
1 < R '
- = Z 71 Pk {cos w) , (3)
T k .

.. r
1) >
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where r_ and r_ are the lesser and greater respectively of the two radii
vectors” r. and rj, and w is the angle between them. - This equation
" separates the radial and angular parts of the operator. The angular part can

be treated exactly3 and the energy of an SL term is expressed.as a certain )

[[ k”l'Rl) R(J)] dr, dr

for k= 2, 4, and 6 The function — R. is the radial part of the 4f elgenfunctlon.
’ T

function of the radial integrals

In practice, it is more convenient to use the parameters 'Fk’ where

= FZ/ZZS, F, = F4/1089, F, = F6/7361.64.

4 6
It often turns out that the quantum numbers f'SL are not sufficient to specify
a term, and the eigenfunctions are further classified according to their

transformation properties under the groups G2 and ‘R7. Irreducible

representations of the first are specified by the two integers .(uluz) = U, where

Uy > u, > 0, |
and of the second by the three integers ,(w1w2w3) = W, where

1__ ‘w >0

For terms of the highest and next-to-highest multiplicities of the configurations ’
: 4fn, ‘the quantum numbers anUSLSzLz completely specify a state. Unlike ¥
© S and L, the irreducible representations W and U are not good quanturn °
‘numbers, so that in general a term is defined by a certain linear combination
of pure - WUSL. terms. |

‘Elliott, Judd, and Runciman'5 have calculated the energies of all the
terms of possessin.g the highest and next-to-highest multiplicities on the.

assumption that the integrals F()’ . F4, and F2 bear the same ratio to one

another as they would if the radial eigenfunctions were hydrogenic, namely
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F,/F, =0.138, F/F, = 0.0151.~

Although their work was directed at triply ionized rare earth atoms, it seems
unlikely that the ratios of these integfals would be appreciably different for the
neutral a,toms,‘ particularly since the 4f electrons lie deep inside the atom
and should be only slightly disturbed when outer electrons are removed. The
use of hydrogenic r.atio.s has met wit/h considerable success, 6 a result which
is rather surprising since it is quite clear that the actual radial eigenfunction
has a much broader peak, and for this case the Fk ratios are significantly
less than the hydrogenic ones. For example, Ridle'y, 7, in a recent Hartree

self-consistent field (SCF) calculation for Pr3+, gives
F4/F2 = 0.129, 1?6/1?‘2 = 0.0137. ..

Since we intend to use eigenfunctions of the broader kind in the determination
of other radial integrals, we shall now give qualitative reasons for our
present preference for Fk ratios based on a hydrogenic eigenfunction.
To begin with, we must recognize that electrons in closed shells can
be polarized by electric fields and thereby produce screening effects. When
a rare earth ion is situated in a crystal, the electric field of the lattice is
taken into account by including the expression
p) 4 X 596, 4,) (4)
. Ak ik Vi -
1, k’ q .
in the Hamiltonian. It can be seen that the splittings in the J levels produced
. A q ke k\.
by the crystal field involve the products Ak p el >, where ( r is the mean
value of r'k for a 4f electron. ‘Now A% depends.on the distance d from the
nucleus of the rare earth ion to neighboring lattice charges as the function
-k-~1

d ; but in spite of the internal nature of the 4f electrons, which makes

the theoretical values for A% <rk> decrease with k, it has been found
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experimentally'é’ 8 {hat in some cases these products actually increase.

This result has been attributed to a screening effect by the. closed shells .of the

raré.eayrth ions, which increases in severity-as k< decreases. 9 10
.ﬁReturning,to the problem of the integrals Fk’ one sees that thev

velectrestatic field of one 4f electron at another is likewise subject to these

screening effects, though in a less striking manner, owing to the proximity

-of the eléctrons. In fact, we can write

k _ - k ’ : : , ‘
T< 4w Ty m g m (6 )*
R P ‘(COS w) = 'z y Y ( ] ¢) Y ) ¢ v
r_>k+1 k 2k+l m rjk+1' k*'7i°H kK 737
- k
4 j
== T o v, 6) ¥ (6, ¢)
2k+l m r.

.where the first term applies. to the region ri. <rj, the secolnd t.o' r, > rJ
_If, in the f1rst term, .we regard electron i as moving in the potential produced
| by, electron A.], thlS expressmn takes the form of a term in the summation. (4)
henc.e“we rnust include a reduction facter fk in -vthe calculation of the assoc1ated
infeg_ral : Fk' A s_im‘iler.argument applies to the second term. Moreover,
that the screening,inereases as k decreases impliee |

f6 >f,>1,>0.
The effect of these factors is to increase the ratios -}:‘4/]:7‘2 ‘and ]:"()/F2
from the values given by Ridley for the Hartreée .SCF calculation, and also to
bring her numerical value for F“2 nearer to experiment. - We feel that the
success of the hydrogeni’c ratios for the triply ionized.rare earth atoms ‘makes

them the most appropriate for our work.
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The-energies of the terms of the configurations 4fn can now be
expressed .as multiples of F,. Asis seen in the next section, we are ipterested
solely in those excited terms which differ at most by one unit in S and L
from the ground term. As an example, we give the energies and eigen-
functions for relevant téerms of Prl 4f3, for which the ground term 41 is the

zero of the energy scale:

K 48.5F, | £ (210) (21) %K)

K T7.5F, | £ (210 (20) 21 )

K 88.1F, 0.3878 | £(210) (21) *H)+ 0.9217 | £ (210) (11) 251 )
K

' 32.917‘2 0.9217 lf3 (210) (21) 2H>- 0.3878' f’% (210) (11) 2H>

The eigenvalues of all the terms we shall need have been tabulated. >

DEPARTURES FROM RUSSELL-SAUNDERS COUPLING

The effect of the spin-orbit interaction is to split the terms up into
levels, distinguished by the additional quantum number J. For a con-

- figuration of equivalent electrons, (2) can be written as

where

1 2,1 d
2m ¢ r dr
0

In addition, A couples together states of the same J but different S and
L, thus producing deviations from pure RS coupling. Elliott et al. > have

given a general formula for the matrix elements

<4f* WUSLJ ]A] 4 WUIS LT >



-11- UCRL-9188

‘in terms of a sum over the product of two 6-j symbols and the fractional
' parentage coefficients connecting the configurations f and £ °. The

depend_ence.‘on J ,is_éohtainéd in a third 6-j symbol,

(-1)

b

5 [sLs 7,
A\

e N

1s' L
‘which méy readily we evaluated from the formulae of Edmonds. 11 For our
3
example, Prl 4f , we find
3 4 3 2.. ' 1/2
2 ; e ‘
‘ <f (111) (20) .19/2./IA lf (210) (21) H9/2,> (70/11)
and '

< (1 20) 4. | al £ 210y (1) 2H9/i=2(13/22)1/_2

Y9/2
All but‘.a_bfew of the configurations 4fn are extremely compleéex, and it would be
‘a tedious procesé to-diagonalize the combined Coulomb and spin-orbit interactions
exactl}:"'. Fortunately .{ is sufficiently small to allow us to calculate the-
ciorxrections»xto g1 by pérturbation .theoryf |

| ﬁear the RS limit( S,L, and J are good quanturﬁ numbérs Wi'thin
a mamfold of states of constant J wé can replace L + g S bsr g J where g

is.the Land& factor, given by

JU+1)+S(S+1) - L(L+1)
23(J + 1)

g =‘<SLJ| g | SLJ>= 1+ (g, - 1)

This is the zeroth-order contribution to - There is no first-order
contribution, since L+ gs'S cannot couple to any excited level. The second-

order: contribution is

z<o|A|n><m|g ) (om0}, /5,2 .
<° le |9 aCo |A1m><m|A| 0) /E'Z, | (7
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where |0> denotes the ground level and lm> an excited.level at an energy
E_ above it. . Since thgse energies are calculated as multiples of FZ’
and the matrix elements of A depend linearly on §, (7) can be expressed in
terms of (Q/FZ)Z,

To estiﬁate thése parameters we make use of the corresponding values
for the triply_ ionized atoms, which we shall distinguish here by primes. Judd12
has given the empirical formula

: F'Z = 12.4 (Z-34), (8)

and the various experimental values of {' are set out in the second column
of Table I. Values are not tabula_tted if they have been unquestionably |
superseded by later work. In the case of the neutral atoms, suitable data
for calculating { are available for.NdI, Sml, and Tml only. The electronic
c.onfiguration of Tml consists of a single hole in a full 4f-(she11, and only two
levels, 'ZFS/Z ar;d 'ZF?/Z, occur. Their separafion of 8771.?_5cm"1 quoted
by Meggers”yields at once ¢ = 2506 for this atom. The experimental data
for the other two atoms are set out in Table II., It can be .seen from this table

that appreciable departures from the Land® interval rule occur, and these

must be ascribed almost entirely to second-order effects of the type

ri(o] a | ) {m| &l 0>_/Em,

" When one knows the matrix elements of A, bwhich are needed in the calculation
of the corrections to 85 it is a simple matter to write-down the second-order
displacements of the levels as functions of { alor;e, The integral F,, which
is requiréd in calculating the energies E_» can be taken initially from (8), and

.prelimina,ry values of { obtained for NdI and Sml. The first is found to be
quite similar to the experimental value of {' for PrIV, and the second to the
interpolated value for PmIV. This correspondence between { and {' suggests

we take



Table I

Spin-orbit coupling constants and Coulomb. integrals (in cmal)

. Triply ionized atoms

Neutral atoms

Nuclear

Ion {'from - Ref.

' from

F.,t

Atom

t¥from

¢¥from

. F

charge » expt. no. Eq. (10) 2 expt. Eq. (11) 2
57 La 1350 273
;55 ceot 640 13 619 298 Ce 482 285
59  prot 711 6 754 310 ' Pr 619 298

737 14 |

781 14
60 Na>t 860 12 895 322 Nd - 770% 761 310

906 15 |
61 Pm° 1043 335 Pm 909 322
62 sm>t 1180 12 1196 347 Sm 10612 1065 335
63 ET 1360 12 1361 1360 Eu 1228 347
6a  Gat 1534 372 Gd 1402 360
65 5>t 1720 12 1720 384 Tb 1587 372
66 Dyt 1920 12 1921 397 Dy 1787 384
67 Ho3* | 12 2139 - 409 »:Ho | 200«4. 397

2080

8816-TUDN



Table I (continued) . '

Nuclear Ion {'from  Ref. {i'from , FZ' Atom t¥from ¢ from FZ
charge ~ expt. no. -Eq. (10) ' expt. Eq. (11)
68 Erot 2471 15 2380 422 Er 2242 409
69 Tm3+ 2575 14 2648 434  Tm 25v06b ' 12507 - 422
2709 14
. 3+ .
70 Yb 2940 16 2951 446

2These values are taken from Table II of this paper.
bFrom Ref. 17,

nv‘[—

8816-THDON



-Table-II

Energy levels of the lowest multiplets of Ndl and SmlI in el

Ndl; . f = 770 cma1 SmiI; ¢ =-1061 cm‘=1
Level = Pure RS Corrected vExperi:menta Level Pure RS Corrected :Expe‘rimen'tb
coupling positions coupling  positions
5 | 7 |
18 . 5005 5051 5049 F6 3714 4017 4021
1, 3465 3676 3682 TF, 2652 3146 3125
516 2117 .2343 2367 7F4 1768 2288 2273
5 Y _
'15 962 1102 1128 -F3 1061 .- 1489 1490
, | .
;4 0 0 0 -FZ 530 79.8 812
7 .
F 177 280 293
7
F, 0 0 0

4From Ref. 18.

P rrom Ref. 19

-g‘[=

8816-1T¥DN
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F,= 12.4 (Z-35) (9)
as .a better approximation for FZ' - We can now fit the experimental positions
of .the levels quite closely with the values 770 and 1061 cmal,for { (see
.Table II); . i'ndee‘d, the remaining discrepancies are only slightly larger than
spin-spin éffects', which also produce.deviations from the Landé interval
rule. 12 These results support the aésumption.of hydrogenic .'-Fk ratios and
also_,Eq.' (9). - The lowest 5'D term in -Sml 4f6 possesses an exceptionally ex-
tended multiplet structufe, and.allowance was made for this by including diagonal
spin-orbit matrix elements in estimates of the energies E_- Strictly speaking,
.this acc_ounts for some,. but by no means all, of the third-order effects; but
since the agreement between experiment and‘.theory is improved by including
it, it was felt better to do so, particularly since our present aim is to obtain

the best value for {. Fortunately <5DJ I gl 5‘D > is identical to

J
<7FJ ‘ g I 7,FJ3.>iso that the spread of 5D has no effect on the calculations
of g5 based on Eq. (7).

_ Values of { for other rare earth atoms must be obtained by inter-
polation. It is to be expected that the curve of { against Z will follow _
fairly closely the corresponding _culrve for the triply ionized atoms; for the
latter we have used

L' = 77.4 (Z - 66.29) + 28720 (80.78 - Z)" 1, (10)

which fits the ev);perimental data rather better than a curve of the type
A(Z- O')S. Vélues of Eq. (10) are set out in Table I. It can be seen. that
{(NdI), &(SmlI), and {(Tml) lie between the pairs .{' (f’rIV), L' (NAIV); ' (PmlV),
g (SmIV)‘; and ¢! (ErIV), £'(TmlV) respectively, advancing slowly towards
the second member of a pair as 2 inclreases. We have assumed a linear

shift with Z to obtain the formula

L = 81.2 (Z-66.90) + 27380 (80.72 - Z)™* . (11)

’
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- Values of Eq. (11) are given in Table I. The data on § and {' are
illustrated in Fig. 1. _ The expression (7) has been calculated-for all levels
of the lowest multiplets of the configurations.of the type 4f" (irrespective
of the fact that in some rare earth-atoms, e.g., Lal and,GdI, they may.not
necessarily be the ground configuration) and entered in the colu-rnn headed
Mspin-orbit correction' that will be found in Table V. . This completes-the -
calculation to second order of contributions to gj.produced’by departures

from pure RS coupling.

'RELATIVISTIC AND DIAMAGNETIC CORRECTIONS
In the first-ordertheorythe Hamiltonian for the interaction between
the electrons and an external magnetic field is written

Z=pyH: (L+285), | ; : o (12)

For a single electron the second-order correction to this operatbr can be
obtained in a straightforward way from the Dirac equation by inciilding terms

of the order of 'vz/cz; where v is the 'veldcity of the electron. This has
“been .done by vBrveitZO and.Margenau, 21 and the result can be written as the
following correction to the g«ﬁélue,

6o o g2 +1/2)° -
g=-a" B9 (1), (13)
i +1) )

which is usually called the Breit-Margenau correction. _The kinetic energy
T of the electron and all other (lluantities in this section are e'xpvre‘ssedvin'
datomic units. | !
The many-electron problem has been.treated by Pe,rl‘22 and Abi'agam

. and Van Vleck., The part of the correction to the classical Zeeman operator

(12) which corresponds.to the Breit-Margenau correction becomes
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2
= - . Y/ - .
82y=-qa “o-iz [Ii (4, +28) T =50 (Y, Vi X Ay
(14)
in a uniform magnetic field, where

V.=-Z'- + = —

1
! r ki T
i ik
and éi is the magnetic vector potential for electron i. The first part of
(14) can be regarded as a relativistic mass correction and the second part as
a correction.to the spin-orbit coupling. It is shown below that both these
corrections depend essentially on the kinetic energy of the electron, and (14)
is therefore referred to as.the relativistic correction.
Like the spin-orbit coupling, the interactions between the electrons are

modified in a magnetic field and therefore give rise to another correction to

the classical Zeeman operator. This can be derived .from Breit's equation

for electron-electron interactions23 and writtenz’ 22
A . p. (r.. - A) (r..+ p.)
6Z :azp = 2. (V _}_ X aiék) -~k a1 _ 1k f}k ik &1
2 0 i#k 1 k r,k B N 3
' ik ik
(15)

The first term in this expression is.a correction to the spin-other-orbit coupling
and the last two terms are ,correctioné to the orbit-orbit coupling. | These

- corrections depend essentially on the electron density in the core and we refer
to (15) as the diamagnetic.correction.

In order to calculate the matrix of (14) and (15) we shall, in principle,
folilow the approximate method which Abragam and Van Vleck used in their
discussion of the Zeeman effect in -atomic oxygen.  We transform the two-
electron operators appearing in these expressions into single-electron

operators by integrating over one of the electrons. Of course,.in doing this
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all exchange integrals are dropped as well as all elements between states
that differ by two single-electron states. In this approximation it is also
assumed that the charge density from all electrbns-is sphér_ically symmetric.
It turns out that these approximations have only a small effect on the final
result. One fnay note here the close relationship with Hartree's SCF
method.

Integration over electron k yiglds for Vi_ in (14)

1

T g (r’) Lbk.(g:'.)d%' = - +| ——— d7',

k#i r—r' o . r, -1t
i i

z z py(x')
r r

i

e

.

where p(r') = Z }P*k(r')tp k(r') is the density of all electrons except ‘i.
k #i - -

If P; is spherically syi’nmetric, Vi becomes exactly the central potential
used in the Hartree method.

. We then have, dropping the subscript i,

s (vvx A= = V. rx(er)]_ié_YHo(s_'(é“x)r),

- -~ 2r dr T =7 2 dr T T -

., and-Eq. (14) becomes

GZl'>=-a2|~LOH°Z [(l+Zs)T_ .l_ (s-(i-:-'i};l r)r fl__Y . (16)
- - 2 ™ r- - dr

In the same way we get from (15)-

2 ' IS R t o

62, =a"uy = [Zs(.v' 1 A')-('é yla-z)) 4 (r—r‘))-p:l

LT r-r" r-r! r-vr"' - -~
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Abragam and Van Vleck have shown that if p is spherically

symmetrié the operator (17) is equivalent to

52, = a® 1y z1r-zi- (vx_Ax(x) ) - Ho 2 ¥

2 i B

1 [ 1 Iz 2 opt(r')
Y(r) - | = r'pt(rt)dr' + ——— dr'|.
i 3 Lr?’ [ f r! ]
Jo r B

Here p'(r') = 4nr! 2 p(r') is the radial electron density.

where

n

Now

v X (AY(r)) = Hy() - = AXEXD g,

r
where
1 x 2

U(r) = = r' p'(r')dr',

. r o
and (12) becomes ‘

2 °
62, = - afu H E [(£+29)¥ - (s - ‘mez—ws:)rw]- (18)

Except for the radial parts this is identical to the relativistic correction

operator (16), and therefore the total correction can be written

872 = 6Z, + 82, -
N 2 . . (s'r)r
=-a “013 E[(»{+23)(T+Y)-.(3-M;ez—m)‘(T+U)}. .(19)
We have here replaced 1,4V by T, which, from the virial theorem,. is
2 dr

correct as long as we stay within a given configuration. Obviously, only
_electrons outside closed shells contribute in this summation.
In a state defined by only one determinantal pro.duct of single-electron

states the expectation value of (19) becomes

(82) = - GLZ“o HZ [(m,z +2m ) (T + Y> 5-'-'£fis, <sin2 6) {r+u)] (@20
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-0 is~here.the-ahg1e between r and the magnetic field and hence -we have

2
(sin'29> -2 AUt -1+ my
\ (20 - 1) (24 + 3)

The off-diagonal elements of (19) between two single-electron states

are
. . it .
' _ -\ _ 2 .1 -
<n1ms_m_£ I SZ ' nﬁn@sv# 1 m1+!1 =a pOH E 6 Zmﬂ) 6(1m1+ 1)
0 sin® 6 cos.6d6 <T+U>
2m, + 1 v :
— 2 7 .
= QZHO H 2 [ﬁ(1+1) -}.ml(mﬂﬂ):ll/ <T+U>, (21)

2(24 -1)(22 +3)

with the notations of Condon and Shortley. The integral has been evaluated by
means of Gaunt's formula. 24

If all electrons outside closed shells are equivalent, the total

correction to the g value obtained from (19) is of the form

6g = - a? [g' <T+Y> -h<TJ}.U>], | 2w

where g is the classic;':ll g ;falue and h .is another faétory depe.ndir-lg oi’ily
.on.the anguiar part of the eigenfunction. It turns out that the first term in
S (22) usuv.allyrpre'dominates, which means that an estimate of the correction
is obtain'edAdi_rectly‘ from this expression if the radial integrals. <T> and <Y>
are known, without the usually lengthy calculation_o‘f' h.

Thé ,operfator‘ (1"9) is very similar to the magnetic hypérfine-étructure
.operator. and vcan.therrefore Be ,convevnientlyjtreated_byjlte.nscv)r opérators.
In the case of equivaient electrons and a Hund's-rule ground state fhe factor

‘h in Eq. (22) is given by

—

' L(L+1) EJ(J+:1) - L{(L+1) + S(S+1_j] }
_2J‘(J_+1)

2(22 -2n+1)

h=-
" 3n (2L-1)(2£-1)(2£+3)
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3 I_J(J+1) - L(L+1) - s(s+1)] [J(J+_1) + L(L+1) - s<s+1)]J
4 J(3+1)
LU+ - LiL+1) + S(S+1) _ _ _ C23)
3 J(J+1)

Here n is the number of electrons or holes . in the unfilled shell, whichev_er
is the smaller. This expression is .very_ similar to the corresponding formula
for the magnetic hfs, 25 the reason being that both operators'involvve the
tensor g’? ”(3(2)) (1) , with the notatioﬁs of Edmonds. 11 Fdr J= L+S, Eq. (23)
simplifies to

L 12 2(241) - 3n (24+41) + 2n°-5
6 J (2£-1) (2£+43)

h =

Relevant values of h for the rare earth atoms are given.in Table V.

. EVALUATION OF THE RADIAL INTEGRALS

The evaluation of the various radial ir;tegrals appearing in the rela-
tivistic and diamagnetic corrections discussgd above requires some
approximate radial eigenfunction for the 4f elect;ons, No SCF calculations
are available for any rare earth atom, but a good estimate of the shape of the
eigenfunction can be made from calculatiéns in the triply ionized atoms of Pr
: .aﬁ-d Tm7-and in heavier atoms like -'W and Hg. 26 For interpolation and
extrapolation from the existing SCF eigenfunctions it is very convenient to have
an analytic approximation of these functions. A simple form, which h;s been
used byA-‘Cabezas. and Lindgreri27~in the examination of the Zeeman effect in
thuliqm, is |

“R(r) = Nr"%e™®" cosh x (ar-n) , - _- ‘ (24)
which is a modification.of the hydrogenic eigenfunction for n = £+1. . The extra

~factor has the effect of broadening out the eigenfunction without shifting the
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position of its maximum. . Wit’h. suitable values.of the parameters, good
..agreement is obtained between Eq. (24) and the corresponding SCF functions.
As mentioned above, the shape of the 4f eigenfunction is expected.to
differ only _élightly between the neutral ‘and,triply ionized atoms; and for the
same reason we expeéf a similar resuit between ne.ighbdrihg atoms in the |
. series. . By comparing eigenfunctions of the type ‘(24') ‘with availab'l\_e SCF
fuhctions.ih this fé’gion, we have obtained the « values g’iven.in'Table,III.
| These values have been d_etermined so that the values of \/r—l> <r-'2> ,.
and <r_3>become approximately the same for the two functions. | Exact formulas
for these integrals with the eigenfunétion (24) are given 1n Refere.nce (27).
Of course, one can fit only two of these integrals exactly with a two‘-_par‘amete,r
éigenfuﬁction, but. the difference ivn K ’vaige for ‘diffe:.r’vent I-)airsvis,ve.ry s.rﬁalL
which indicates that the approximation is satisfactory. We have‘vchos_en
‘these negative pdwers :of r to determine k, since all the ‘radial functions
that we want to average are decreasing with r. | |
It'is seen.from Table III that « is a very s_l.o'wl'y- va_ryiﬁg funéti.on of
” Z, "bﬁ.t,’v as one wouldv.e"x'pect, decreases with increasing ,va_,tomic 'ﬁumBer:. ?This
‘reflects the fact.that the functions become more hydrogen-like d.eep'ef. ins‘i‘vde
" the core. Quite accurate values of _:can therefore be obtained by inter-
polation from this table. | |
Althbug'h the other pa,rra‘m'eter of the wavé function (24), '3, 'coul;ci aiéo
be ea’.silvy,'obtain.ed by inte-rpolation, we prefer to determine it from fhe’
,exper,i‘mental spin-orbit coupling constant. This probably gi:\}es more reliéble
eigenfunctions than if they were entirely based on ‘SCF functions. Fc;r‘-the
calculation of the spin-orbit coupling (Eq. (5) ) one also needs an estimation
of the central potential V. The Thomas-vFermi potential 'isﬁquit'e»accurate

for heavy atoms such as those vconside‘red:here, ‘but can probably ‘be further
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-Table III
. Values of k from Hartree functions
Atom or Ion Z K-
prit 59 0.432
Tm>t 69 10.418
W 74 0.382
Hg 80 0.343
Table IV
The radial integrals (in atomic units) for « = 0.42

Atom z {T) {v) (u)
La 57 9.2 5.8 8.3
Ce 58 10.5 .4 9.0
Pr 59 11.8 7.0 9.7
-Nd 60 13.1 7.6 10.4
Pm 61 14.4 8.2 11.1
Sm 62 15.6 8.8 11.7
. Eu 63 :16.8 9.4 12.4
Gd 64 17.9 10.0 ‘13,0
Th 65 19.1 10.6 13,6
‘Dy 66 20.3 11.1 14.2
Ho 67 21.5 11.7 14,8
Er 68 22.7 12,3 15.4
Tm 69 24.0 12.9 .16.0
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improved by Writing4 V(r) - Z v (r/b), where b = 0.88534 ‘Z°4/3and the
function v is dete%‘mined so that V agrees with a suitable SCF potential.
. We have here used tungsten for this purpose, since this is:the nearest atom
for which SCF ca'lculat'ioris have been made. The difference between this
potential and the Thonias-Fermi potential is, however, quite small. 27

,AWe,have determined the radial eigenfunctions of all the rare earth atoms
in this way, ﬁsin‘g the spin-orbit coupling constants given by Eq. (l.l). For
convenience -we have used the same value of « .throughout the whole s"’gries and .
have chosen « = 0.42 as a reasonable value in view of Table IIi, The -
corresponding values of the integrals<’I‘>,<U>,and <Y> are given in Table IV,
.<T> is calculated from the formula given in Ref. (27), and <U> and <Y> have been
integrated numerically with the "elec;cron .densitf frorﬁ fh.e rThomas_Fex;‘rrii ”
model., .. The variation of these integrals with the spin-orbit c-o‘uplhing”
constant is s,howp in Figs. 2 and 3. The quapti'pies; involved .a‘re here divided
by appropriate powers of Z, which makes the sarﬁe diagram valid ‘f‘or all .
elements. . The valpes are given for two different « wvalues, 0.40 ar'id‘,Oj.421,
which shows the dependence on the shape of the eigenfunctions. For cpmparison
we have also marked some points in the diagram for a hydrogenic eigen-
function. From these diagrams it is easy to estimate the corrections.to the
integrals, corresponding to a small charige in the spin-oﬂrbit coupling- .
constant.

We are now ready to calculate the relativistic and diamagnetic corrections

to the g values, and from Eqgs. (22) and (23) and Table IV we get the iresults

shown in Table V for all levels of the ground terms.



Table V

o . . . .. Atomic g values:. theory and ”e.xpe.rifnent e

Level Landg.valie with h Spin-orbit

Atom Relativistic TFheoretical -Experimental
-Schwinger correction ~and g g
> . : J J
correction diamagnetic
et S o (Ref. 1)
corrections’: :
(Lal) 'ZFS/Z 0.85682 -6/35 0 -0.00084 0.8560
21-*7/2 1.14318 8/63 0 -0.00079 1.1424
3 4 0.79954 -348/2025 0.00675 -0.00090 0.8054
(Cel) 3 5 1.03341 17/1350 0 -0.00092 1.0325
3H6 1.16705 7/54 -0.00021 -0.00092 1.1659
4—19/2 0.72664 -212/1089 0.00500 -0.00095 0.7307 0.7311+0.0003
Prl -4111/2 0.96495 -1258/42471 .,0.00126 -0.00100 0.9652
4113/2 1.10794 628/8775 -0.00045 -0.00103 11,1065
4115/2 1.20046  94/675  -0.00098 -0.00104 1.1984

592_
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Table V (coni:inued)

Atom Level Landé value with :h Spin-orbit Relativistic Theoretical Experimental
Scl’fwinger correction and 83 , g1
' correction diamagnetic '
corrections (Ref. 1)
1, 0.59908  -25/99 0.00461 -0.00098 0.6027  ..0.6032%0.0001
515 0.89977 -23/396 = 0.00178 -=b.00106 0.9005 0.9002%0.0002
NdI -'516 1.07159 713/13860 -0.00020 -0.00112 1.0703 1.0715%0.0020
5-17 1.17898 149/1260 -0.00182 -0.00115 1.1760
i
518 1.25057 29/180  -0.00320 -0.00117 1.2461 =
6»H5/2 0.28408 -398/945  0.00967 -0.00091 10.2928
6H7/2 0.82500 -1456/14175 0.00358 -0.00110 0.8275 0.831+0.005
6H 1.07087 1526/22275 .0.00055 -0.00120 1.0702 1.068+0.004
19/2 _ . . o
Pml L .
6H11/2 1.20326 13972/96525 -0.00136 -0.00125 1.2006 o
. l'v>- . B O
6 . o - : , e
H13/2 1.,28270 326/1755 -0.00281. =0.00129. 1.2?86 o
- B ) . . i T N c T \o
6., ‘ ‘ ' s
H15/2 - 1.33410 28_‘/‘1,3_5_5 ,=0.()'-‘0f195.. =‘0~:0>0133 ”1.3287 ®




-Table V {continued)

Atom Level Landg value with h Spin-orbit “Relativistic Theoretical Experimental
Schwinger correction and g g
: a . 3 3
correction diamagnetic
: (Ref. 1)
.corrections
7_F1 1.50115 7/18  -0.00203 -0.00138 1.4977 1.4976+0.0002
F, 1.50115 103/270 -0.00233 -0.00140 1.4974
F, 1.50115 10/27  -0.00279 -0.00141 1.4969
-Sml
7-1«“4 1.50115 16/45  -0.00340 -0.00143 1.4963
TF, '1.50115  91/270  -0.00416 -0.00146 1.4955
'F, 1.50115  .17/54  -0.00507 -0.00149 1.4946
Eul 857/2 2.00229 2/3 -0.00678 -0.00175 -1.9938. 1.9935£0.0003
F 1.50115 7/18  -0.00304 -0.00159 11.4965
7F2 1.50115  103/270 -0.00349 -0.00160 1.4961
7
F 1.50115 10/27  -0.00418 -0.00162 1.4953
(GdI) 3 ; /
F, 1.50115 16/45  -0.00509 -0.00164 1.4944
F, 1.50115 91/270 -0.00623 -0.00168 1.4932
TF, 1.50115 17/54  -0.00759 -0.00171 1.4918
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-Table V (continued)

Level Lan@é,'.va'lbt{ve with ph Spin-orbit

Experimental

Atom Relativistic Theoretical
Schwinger correction and - 87 81
correction diamagnetic
) . (Ref. 1)
corrections
6H5/2 0.28408 -398/945 0.02214 -0.00119 0.3050
6H7/2 0.82500 -1156/14175 0.00821 -0.00145 0.8318
on 1.07087  1526/22275 0.00127 -0.00157 1.0706
9/2 .
‘ThI _
6H11/2 1.20326  13972/96525 -0.00312 -0.00165 1.1985
. . N : . '
6}113/‘2 1.28270 326/1755 -0.00643 -0.00171 1.2746 \?
6H15/2 1.33410 28/135 -0.00928 -0.00175 1.3231 1.3225+0.003
I, 0.59908 25/99 001653 -0.00149 0.6141
I, 0.89977 23/396  0.00638 -0.00162 0.9045
516 1.07159 -713/13860 ;o.o'o_'o7z -0.00168 1.0692 _
Dyl ' ' ' g
517 1.17898 '149/1260 -0.00653 -0.00174 1.1707 ?
Ig 1.25057 29/180  -0.01180 -0.00178 1.2370 1.2416620.00007; =
: ‘ . : 1.2415+0.0003 %




Table V (continued)

Level Landé value with h Spin-orbit

Atom Relativistic Theoretical Experimental
-Schwinger correction and g g
: - : : J J
correction diamagnetic
: (Ref. 1)
corrections
419/‘2 0.72664 -212/1089 0.02948  -0.00167 0.7544
4111/2 0.96495 -1258/42471  0.00743 -0.00177 0.9706
Hol 4 k
I3/, 110794 628/8775 -0.00265 -0.00182 1.1035
4-115/2 11.20046 94/675 -0.00578 -0.00205 1.1926 1.19516£0.000 10
3H4 0.79954 -348/2025 0.0709 -0.00184 0.8048
*H, 1.03341 17/1350 0 -0.00190 1.0315
Erl 3 .
H, 1.16705 7/54 -0.00219 -0.00192 1.1629 1.1638+0.0002
.ZFS/Z 0.85682 -6/35 0 -0.00204 0.8548
Tml : .
ZF7/2 1.14318 8/63 0 -0.00198 1.1412 - 1.14122£0.00015

Qog-
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Although they are not needed ,for. the calculations herei',' the valués of
<r-3>have ‘alsc‘>~been‘det‘ermined with the same type of eigenfun‘c.:tionAfor' the
neutral és well as”the triply ionized .atoms, and are given-in Table VL. The
" eige.nfunctions have been chosen to reproduce the spin-orbit coupling constants
giveﬁ by (10) .a.nd (11), and the corresponding a values are included in the

table. We have used « = 0.42 in all cases.

Figure 4 shows, for the neutral atoms, the variation of Z.1 with the

spin-orbit coupling constant for two values of -k, where Zi is defined'by

r dr ! \ r :

and. séme results with a Thomas- Fermi potential are also given for comparison.
As one would expect, lthe values of <r-3> determined in this way are quite
insensitive to the shape of the eigenfunction, and it is also seen from-the fi-gure
that the actual choice of potential is not critical either, | |

The values in Table VI differ considerably from those given.by
~ Bleaney, 28 which were calculated by use of hydrogenic eigenfunctions. We
believe, however, that our values are much more accurate, since our
a-séumptioris about the spin-orbit coupling and the eigenfunctions have been

‘very successful in our calculations.
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Table VI

Values of 2, and <r-3> for neutral and triply ionized atoms
(in atomic units)

Atoms Ions
Element z (k= 0.42) ()  « =0.42) (z7%)
La 57 (4.95) (2.34) .
Ce. 58 (5.37) (3.00) 5.73 3.64
Pr 59 5.73 3.63 6.03 | 4.24
Nd 60 6.04 4.25 6.30 4.83
Pm 61 6.32 4.87 6.54 5.42
Sm 62 6.58 5.50 6.78  6.02
Eu 63 6.82 6.13 7.00 . 6.64
Gd 64 (7.05) (6.78) .22 1.2
Th 65 i 7.27 7.44 7.43 7.92
Dy 66 7.49 8.14 7.63 8.60
Ho 67 7.71 8.87 7.84 9.32
Er 68 7.93 9.66 8.05 | 10.10
Tm 69 8.16 10.51 8.27 - 10.95

Yb 70 ' .- . 8.50 11.89
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.. DISCUSSION OF RESULTS

The expe.rimént’al ar%d the‘or‘etical‘ vaiues “for ’gJ arei,éélrfipare'd 1n |
-Table V. It can be seen that the agreement is extraordinarily good for:'the
early melrnberé of t:h_e rare eaz;th :s:e'l'ie's, but less s0 for the later ‘n.w.embers,
particularly. DyI. The large second-order contributions to 85 due to de-
partures from pure .RS coupling make it seem likely thaf higher-order effects
are not negligible in these cases. This hypothesis is consistent with the good -
agreement which has been obtained for the early members of the series. -In
the case 6f Hol 4f11, for exémple, ‘third-order effects are

(20’04/619)_3(298/397)3 = 14.5

times as large as for Prl 4f3, so that the discrepancy of 0.0023 for g,iS/Z
would be less than 0.0002 for the corresponding atomic g value in Prl.
- Fortunately, it is not difficult to include third-order effects for levels that
i satisfy J = L. + S. This is-because all pdssible linkages of the type
<0 ’A l m><m [A [ n> <n [g [ n> (n [Al (»,.
| which inclﬁdes ‘three S'pin-orbit_ matrix elementé, involve Vé_ry few. sta_t:e‘s
| ‘m> and.. l n> . To produce the proper value of J while at the samé'time
‘having a nénzero matrix eller(nent with the ground level, the quantum numbers
S.and L o.f na :state of this type must be resp.evctively oﬁe unit less thé.n. and one -
.;.mit greatefv.than the corresponding quantum numbers of thé ground state. The .
. large value.of L favors the occurrence of very few terms of the same kind
fi.e., terms with the same S and L); for Erl and Hol there is only one,
while for Dyl there are but two, one of which possesses . an exceptionally '
s,mall matrix element of A connecting it to the ground state. In these .cases
it is easier to set up the 2 X2 .secular determinants and solve them exactly

,than attempt to use higher-order perturbation theory. By the former course,
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a number of higher-order effects are taken into account, and the problem for
Erl, for which 3H6 and '1-16 are the only levels in the configuration with
J = 6, is solved completely. For Hol and:Dyl there are other states with ‘
the same J value as the ground level, and the results are correct only to

third order. The ground-level eigenfunctions are
0.9959 |*m, ) + 0.0017 |'1, ) for ExL,

0.9860 4115/z>‘" 0.1669 |‘2,Kl5/2>for Hol,
0.9698 | 5’18> - 0.2438 I3K8> for Dyl,

where
l 3K8> = 0.4596 ‘ (211) (21) 3K8> - 0.8882 f (211) (30)

It is to be n_oted that the coefficients.in these states depend on our choice of
the integrals Fk and ¢. The final theoretical values for gy taking into
account the Schwinger, relaj:ivistic, diamagnetic, and.spin-orbit corrections
(to third order), are set out in Table VII for these atoms.

The agreement between experiment and theory can be seen to be
excellent. When these re‘sults are taken with others in Table V, there can be
no doubt that the gi‘ound configurations of PrI, NdI, PmlI, Sml, EuI, Dyl,
Hol, ErI, and Tml are of the type 4f”, Apart from Lal and GdI, which are
known to.have .4fn°1 .5d as the ground configurationzg, there remain Cel and

- Tbl. The work of Smith and Spaldingl on Cel and of Penselin and Schliipmannl

on Thl indicate that the simple configurations of the type 4fn are not sufficient

. to account for the experimental results.in these cases. For Tbl, however, we

can at least say that 4f9 .is very low-lying.

3K8> )
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The good agreement also gives us a gr:eat.deal of confidencea,bou.t the
various radial integrals réquired in the_calcula,tionsa The values of the -
spin-orbit coupling constah’cs given by Eq. (11) should be accurate to at least
5% along the whole rare earth series. The integrals FZ’ which to some.ex-
tent depend .on the choice of the ratios F4/F‘2 and -F6/F2, are probably given
to within 10% by Eq. (9). . The error in the relativistic and diamagnetic
corrections should also be quite .small, probably not exceeding 10%. "I‘his .
shows that the a‘ppr'oximations made in the latter case are justified-and-also
supports the typé of eigenfunction qse<::l. It is easy to.see, for instance, that
if'a;hydrogeni.c eigenfunction is used instead of the modified type ,(;4), .thé
V agreement would be poorer in almost all cases, Aé mentioned earliﬁr,
the shape of the eigenfunction has only a small effect on <r-3> , and we
estimate that the errors in the tabulated values of these quantities are not
greater than 5%. |

In all the calculations it has been assumed that the electronic con-
figuration is a pure 4" configuratior_l; This is not so restrictive és. it
. might ap’pear'.at first sight. . The Coulomb interaction is ch.ieﬂy,res‘pons'iible
for admixing other configurations, and it commutes with S, L, 'and J. The’
Landé formula, with thye Schwinger correction, remains valid, and no
corrections are neceésary. - The ‘spin=orbitvinte,ract'ion can couple only to con-
figurations of the type 4fn—]'5f,,4,fn_16f, etc. These configurations are far re-
-moved from the ground configuration, and matrix elements of & between 4f and nf
states are certainly small. The virtually perfect agreement that has been obtained
for Tml, 2"7.Where there are no corrections to gJ due to spin-orbit coupling
_effects within the ground configuration, supporté the view that the effects of
configuration interaction are negligible. It also indicates that the residual

discrepancies between the theoretical and experimental g values of other



Table VII

Atomic g wvalues including third-order spin-orbit coupling effects

| &y
Atom Level Lang,_é;_vaiue with  Spin-orbit Relativistic Theoretical Experimental
Sc%lwinger correction and
correction ' diamagnetic
corrections
Dyl 5-18 1.25057 -0.00743 -0.00178 1.2414 1.24166+0.00007
) 1.2415 +0.0003
Hol 45115/2 1.20046 : -0.00371 -0.00205 - 1.1947 1.19516+0.00010
Erl 3H6 1.16705 -0.00140 -0.00192 1.1637 -1.1638 +0.0002

=9.€-=
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_rare earth atoms are chiefly due to .hi"gher-ox"der spin-orbit effects within the
ground. configuratioﬁs, .rather t‘han. to éppi‘o#ﬁmation-s ‘made in' estimating
the relativis.tic-:anc-ldiafr;agneticvcorrrevgtions. ’ This‘concllu.sinon‘ is supported
:byv-thev e#ce‘al.rlelnt agreement obtained,for Erl, where 1’:he co‘mplete J = 6 matrix
is diagonalized. | |

It is interesting to note that when the Schwinger,. relativistic, dia-

magnetic, and second-order spin-orbit corrections to the various g5 values

of the levels of a given multiplet are made, the final calculated values satisfy:

. an equation of the type -
(J+1) (J-1 = JZ + b (25)
gy - U-llgg_ =2 T +b, |

where a and b depend on the multiplet under examination and are indepericient

of J. In deriving this equation, which is of a quite bge,ne,ral validity, use was made

of the detailed form of the 6-j symbol (6) and also the S, L, J dependence of h
Finally, we should like to point out that some neglected correctﬂi‘ons

and errors in parameters such as { may pro‘duc'e effects. which to somé extent

cancel, and therefore the remarkable agreement we héve obtained between

the experimental and theoretical g1 values may, be paftly,, accidental. How-

ever, since the results depend in so many ways on our various assumptions, .

and-are so well checked by, experiment, we feel that this could occur in only

.one or two instances, and our general concluéions concerning the accuvracy of

the spin-orbit coupling constants and other radial integrais should not Be

affected,
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Fig. 1. Spin-orbit coupling constants. The full lines represent
values taken from Eq. (10) and (11) for the triply
ionized and neutral atoms respectively. The points
are the experimental values given in Table I.
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Fig. 2. Variation of the kinetic energy <T> with the
spin-orbit coupling constant L.
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