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ThePmbabMyl%ataMatrixHasaSaddkPoint 

EDWARD 0. THORP 

Graduoie School of Aahinkfration, Univern~ty of California at Imine, 
Irvine, Californi 92717 

Communicated by Frank Cannon&o 

ABSTRACT 

Given a “randomly selected” m x n matrix, the probability that it has a saddle point is 

m!n!/(m+n-l)!. 

The following question arose in correspondence between Martin Gardner and 

Richard Epstein. What is the probability P. that a “randomly selected” m x n 
matrix has a saddle point? Recall from game theory that the i, j element aii of 
an m X n matrix is a saddle poinr if aii is both a minimum of its row and a 

maximum of its column [3]. Epstein [2] conjectures that for square matrices 
P. = n/(22n-3 + n - 1). Epstein verified the formula for n = 2,3,4. (The formula 
as it appeared in [2] was misprinted with the 2 in the exponent omitted.) 

The problem is solved by 

THEOREM 1. The probability P,,, xn that a randomly selected matrix has a 

saddle point is P, X n = m!n!/(m + n - l)! for each of the following definitions of 
“randomly selected.” 

(1) Let o be a permutation of the integers 1,2,. . . , mn, and define the matrix 
A=(a,i) by %=a((m- l)i+j), 1 <i <m, 1 <j <n. Then there are (mn)! per- 
mutations. We define “random selection” to mean that they are equal& like&. If 
f(m, n) is the number of permutations which produce saddle points, then P,,,X, = 

f(m, n)/(mn)!. 
(2) Let the 4] be independent identically distributed random variables, with a 

common continuous distribution (i.e., P(aU = x) = 0 for any x). 

Proof. (1) With probability 1, all the au are distinct in 1 and 2. Thus we 
may and shall assume that all aii are distinct. 
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(2) Since all saddle points have the same value, it follows that there is at 

most one saddle point. 
(3) If all qii are distinct and $I : R+R is order preserving (i.e., monotone 

increasing), then aid0 is a saddle point for (uV) iff $(u,,,J is a saddle point for 

GP@)). 
(4) For eachmatrixin(2),define+sothat it maps {%} onto {1,2,...,ti}. 

Under this mapping all permutations (I of { 1,. . . ,mn} are equally probable. 

Thus the solution to (2) is the same as for (1). 

Solution to (1). By symmetry, the number of u producing a saddle point at 

u,~~ is the same for all (i&J pairs. Hence if N,, 1 is the number for u,, ,, then by 
(2) the number N for all (i,j) is mnN,, r, and if pi,, is the probability of a saddle 

point at (1, l), then Pmxn=mql,,. 

Now a,,, is a saddle point iff a,, , <a,, 1 for 2 <i <m and uiJ >a,,, for 
2 <j <n. This is true iff both a,, 1 is the mth element in order of increasing size 

in the set S consisting of the first row and first column (m + n - 1 elements) 

and also the first m - 1 elements of the set are in the first column. Now u,, , is 

the mth element with probability 1 /(m + n - 1). There are ( mm+!;2) equally 

probable ways to select the m - 1 elements of the first column fro: S. Only 

one selects the m - 1 smallest so the probability is ( mm+1;2) . This is 

independent of the size of a,,,, so 

p1,1= m+:_l ( mm+l;‘)-’ 
and 

P 
m!n! 

mx.=mnpkl= (m+n_l)!m 

Note that the Epstein value P,, = Pnx, ifandonlyifn=2,3,4.Ifn>4,then 

PII <pllx,. 
We need the condition in definition (2) of the theorem, that the wmmon 

distribution F(x) for the ~ii is continuous, as the example au=0 for all ij 
shows. This is also illustrated by an alternate proof of the theorem using 
definition (2). The idea was suggested by S. Karamardian. 

Proof. For a given qdti the conditional probability, given uidO= x, that qdO 
is a saddle point is 

p 
[ 

maXU!j,<X< tiUid 
iti, i+h 1 

=[F(x+)]m-‘[l-qx)]“-‘, 
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where F(x) = P(c+ <x) is the common distribution. Thus P(uid, is a saddle 

point)= 1 ?,[l- P’(x)r-‘[P’(x+)l’“-l&(x). If F(x+)=F(x) for all x, i.e., if F 
is continuous, then this becomes J~m[l-F(~)~-l[F(x)l’“-LdF(x). Again, 
if F is continuous (but not, in general, otherwise) this equals B(m,n) = 

(m- l)!(n - l)!/(m+n- l)!. Again, if F is continuous (but not, in general, 
otherwise), the probability of more than one saddle point is zero, and hence 
P,,,,, is mn times the probability aid, is a saddle point. For a proof that 

1 ‘?,[l - F(x)r-‘F(x)“-’ dF(x) = $gl -y)“-Lym-’ a3, = B(m, n), use, e.g., 

Corollary 2.41 of [l]. The continuity of F is needed to establish that P(e) is the 

uniform distribution on [0, 11. 

When the distribution F has a discrete part, it appears difficult to determine 

the general formula for PM. Certain special cases are tractable. For example, 

let the a,j independently be either 0 or 1 with probabilities q= 1 -p and p 
respectively. A matrix of O’s and l’s has a saddle point at (i,,, j,) iff either (A) 

uioi = 1 for allj or (B) uVO = 0 for all i. Let Ai be the event “uiti = 1 for allj,” and 
letA={UAi:i=l,..., m}. Then P(A) = 1 - P( fl y_ ,A:) and P(A:) = 1 - P(A,) 
= 1 -p”, so P(A)= 1 -fly_,(l -p”). Similarly if BjO is the event “uUO=O for all 

i” and B={lJBj:j=l,..., n}, then P(B)=l-I&,(1-q*). Finally P,,= 
P(A)+ P(B)=2-(1 -p”)“-(l- qm)“, which proves: 

THEOREM 2. Zf the entries of a matrix are independentfV chosen to be 0 and 1 

with probabilities q= 1 -p and p respectively, then P,,,,,=2-(1 -p”)” -(I - 

4”)“. 

COROLLARY 3. The number of distinct m x n matrices of O’s and l’s with 
saddlepoints is 2m”+‘-(2”- ly”-(2”- lr. 

Proof. Set p = i in Theorem 2 and multiply P,,,,, by the total number 2” of 
all such matrices. 

Another result for F(x) discrete is given in the next theorem. 

THEOREM 4. Zf m = n = 2 and the uY are independent and uniform& distributed 

on X] <x, < +*+ <xn, i.e.,,P(uii=xk)= l/N, then P,,,=(2N3+4N-3)/3N3. 

Proof. We need the easily proven lemma: The set of saddle points of any 
matrix (b,) is a submutrix. 

Then we consider the following disjoint cases: 

Case’l. There is exactly one saddle point. Suppose it is a,, and that a,, = i. 
Then there are three possibilities for the structure of (a,). They are, schemati- 

cally, 

( ‘. $),(i =j) and ( li &). 
<l 



EDWARD 0. THORP 94 

The first has probability of 

and the last two each have probability 

2 _$+I~. 
i-l 

Summing, simplifying, and multiplying by 4 gives 2(N+ 2)(N- l)(N-2)/3N3 
as the total probability of exactly one saddle point. 

Case 2. There is exactly one row of saddle points. Schematically the three 

possibilities for the first row are 

with probabilities 

Combining and doubling for two rows gives a 

+ 5)/3N3. 
total probability of (N- 1)(2N 

Case 3. There is exactly one column of saddle points. The procedure and 

result is the same as in Case 2; the probability is (N- 1)(2N+5)/3N3. 
Case 4. All 4 points are saddle points. The probability is Zy_, 1 /N 4 = 1 /N 3. 

Combining the results of all four cases gives (2N3+2N2-2N+1)/3N3= 

P2.2W 

REMARKS. P*,*(l)= 1, P*,*(2)= ;, which agrees with Theorem 2, and 

lim,,, P*,*(N)= g, which agrees with Theorem 1. Note too that P,,,(N) is 
monotone decreasing in N, whence 1 > Pz2(N) > f . This is consistent with the 
following. 

CoNJECIWRn. If F is a distribution with a discrete part and P,,,,(F) is the 
probability that (au) has a saddle point, then P,,,(F) >P,,,” if m,n > 1. 

Note: Emmett Keeler called my attention to the earlier paper by Goldman, 
who proves Theorem 1, part 2, in much the same way. Part 1 follows readily. 
Goldman also gives the n -2 case of Theorem 2. Keeler also cites RAND 
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memo 5768 (1968) by Dresher which considers nonzero sum games with two or 

more players. Peter Griffin pointed out an error in an earlier version. 
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