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ABSTRACT OF THE DISSERTATION
Essays on the Optimal Selection of Series Functions
by

Francisco L. Pascual
Doctor of Philosophy in Economics
University of California, San Diego, 2007
Professor Halbert White, Chair

The object of study of the present dissertation is the asymptotic optimal-
ity of model selection procedures for choosing an optimal model whose parameters
have been estimated using ridge regression. Thus, we have to select simultaneously

both the optimal model and the optimal ridge parameter.

Our problem focuses on obtaining a forecast of a target variable given a
fixed vector of predictors. It is well known that given a quadratic loss function
(that we assumed throughout) the optimal forecast is the conditional expectation
of the target variable given the predictors, which is an unknown function of the
predictors. Therefore our task reduces to finding an appropriate model capable of

approximating this unknown function.

In particular and following White (2006) we focus on series estimators
which are linear in the coefficients. They are as flexible as non-linear models and
avoid at the same time the computational difficulties that arise in the implemen-

tation of the latter.

How well series estimators perform (in terms of approximating an un-

known function) depends crucially on how optimally the basis or series functions



are chosen. In addition, the use of ridge estimation improves the predictive ability
of the model (and therefore its approximation capabilities) as long as the shrinkage

parameter is optimally chosen.

Ideally we would select the series functions and ridge parameter that min-
imize prediction mean squared error (PMSE) but since this is unknown (depends
on the joint distribution of the data) we have to use an estimator. Most model
selection procedures can be regarded as either direct or indirect estimates of PMSE

and that is why want to study their optimality.

The asymptotic optimality property we analyze is known in the literature
as asymptotic loss-efficiency. It implies that the accuracy of the estimator based
on the selected model is asymptotically the same as that based on the best model

in the list (which is unknown).

The first chapter studies the conditions delivering the asymptotic loss-
efficiency of Mallows Cy,, leave-1-out cross-validation, generalized cross-validation
and GIC,,, the latter embedding a number of other model selection criteria. We
assume stochastic regressors and uid observations. Therefore the chapter consti-
tutes an extension of the work by Li (1986, 1987) and Shao (1997) to cover model

selection under ridge estimation, which generalizes OLS.

The second chapter studies asymptotic loss-efficiency in an environment
with dependent and heterogeneous observations and therefore it allows us to deal
with financial and macroeconomic data. We consider a generalized version of Mal-
lows Cp, that we called GCp, (following Andrews (1991)) and which is appropriate
under this more general data structure. We also cover leave-1-out cross-validation.
As we show there, when the errors of the data generating process (that we define

at the outset of chapter one) are correlated, the optimality of these criteria breaks

x1



down.

The last chapter analyzes a general version of leave-1-out cross-validation
which is known as h-block cross-validation and that is robust to error correlation. It
concludes with a small simulation showing the relative performance of the different

model selection procedures under dependence and heterogeneity.

xil



Asymptotic Optimality in Linear
Model Selection under Ridge

Estimation

1.1 Introduction

In many instances in economics and finance we need to obtain a point
forecast of a target variable Y; given a d x 1 vector of predictors Z; (with d a finite
integer). One common way to proceed, under quadratic loss, is to construct point

forecasts as approximations to the conditional expectation of Y; given Z;
1(Zi) = ElY;|Zi]

which yields the best possible prediction of Y; given Z; under prediction mean
squared error (PMSE), provided Y; has finite variance. That is,  solves the prob-
lem

min £ [(Y; —m(Z;))*]

where 9T is the set of functions m of Z; having finite variance and the expectation

is taken with respect to the joint distribution of Y; and Z;.



Throughout this chapter we will focus on quadratic loss functions, which
yields the conditional expectation as optimal predictor. Different optimal predic-
tors would arise under other losses (e.g. the conditional quantile under asymmetric
loss) but for simplicity we don’t undertake that analysis in this paper, which is

subject to further research.

As the function g is unknown (it depends on the unknown conditional
distribution of Y; given Z;) the researcher has to specify a model for p, that is,
a collection 9 of functions of Z;. If u belongs to M we say that the model is
correctly specified, otherwise the model is misspecified. In economics and finance,
as well as other sciences, models are commonly misspecified and are just approxi-
mations to the true data generating process (DGP) about which we have at best

little information.

Given the above we are forced to use models to get as an accurate as
possible approximation on the underlying conditional expectation. These can be
classified as parametric or non-parametric and those falling in the parametric class
can be linear or non-linear. Here, as in White (2006), we advocate the use of
non-linear parametric models that can be regarded as “series functions” of the

following form

F(z.0) =27+ v(2)8

JjEa
where, as will be clarified in section 2, « is a subset of N containing ¢ < p,, elements
belonging to A,,, which is a set of subsets of N with at most p,, elements; and the

basis functions 1;(.) are non-linear functions of z.

Following White (2006), one of the advantages of this specification is
that the model is non-linear in z (thus achieving the degree of flexibility featured
by non-linear models in general) and linear in the parameters 0 = (v, 3'), § =

(B1, - .., By) (overcoming the computational difficulties typical of any model non-



linear in the parameters). Thus under this setting OLS estimation becomes readily

available.

When choosing a forecasting model under the above parameterization,
one crucial question is that of selecting an appropriate model o € A, (this is
equivalent to selecting optimally the number of basis functions within those pro-
posed for a given n. Another crucial point is that our choice of basis functions
should yield a better approximation the larger their number becomes (this is the
requirement that the span (the set of all linear combinations) of the basis functions

should be dense in the function space where p lies.

Focusing on the first question in the paragraph above, we would ideally
select the regressors or basis functions (among those available for a given size n) so
as to minimize PMSE with respect to a € A,,. Nevertheless, this depends on the
joint distribution of Y; and Z;, which is unknown so we have to use model selection

criteria as direct or indirect estimates of PMSE.

The second point above implies that larger models (containing an in-
creasing number of basis functions) should deliver better approximations. It is
well known that as we increase the dimension or complexity of a model we reduce
the bias in the PMSE but as more parameters need to be estimated, the component
in PMSE accounting for parameter uncertainty becomes larger. If we estimate the
model using shrinkage techniques, we achieve a substantial reduction in variance
in exchange for little additional bias. This would allow model selection criteria to
pick larger and more accurate models, which justifies our use of ridge regression

to estimate models throughout the paper.

This chapter examines the asymptotic loss-efficiency (an asymptotic opti-

mality property defined in the next section) of a number of the most widely known



model selection procedures for choosing models under ridge estimation. There
are several results in the literature about asymptotic loss-efficiency for choosing
models under OLS estimation (a good review can be found in the paper by Shao
(1997)) and for selecting the ridge parameter in Mallows C;, and generalized cross-
validation (Li (1986)). Here we focus on selecting models under ridge estimation,
which implies choosing simultaneously the optimal number of basis functions as
well as the optimal amount of shrinkage and thus, delivering better accuracy as

discussed above.

The chapter is organized as follows. In section 2 we introduce the main
notation and definitions which will be used in later sections. Section 3 examines
the asymptotic loss-efficiency for linear model selection under ridge estimation of
several of the most commonly used statistics in applied research, which include
Mallows Cy,, leave-1-out cross-validation, generalized cross-validation and follow-
ing Shao (1997) the GIC,,, which embeds a number of model selection criteria
and is related to leave-d out cross-validation. Section 4 contains a simulation il-
lustrating the main results in the paper and including a larger number of statistics
such as AIC and BIC. We end with a conclusion( including several directions for

further research) and an appendix containing the proofs of the main results.

1.2 Notation and definitions

As stated in the introduction, our focus is on predicting a target variable
Y; given a d x 1 vector of predictors Z;. We regard our forecasting model as an
approximation to the conditional expectation of Y; given Z; (the optimal predictor
in terms of PMSE) so we are implicitly working with a quadratic loss. We assume
that Y; is generated as
Yi = u(Z;) + &



where u(Z;) = E[Y;|Z;] and ¢; is a zero mean error term with constant variance

representing the deviations between Y; and u(Z;).

Given a sample of n observations on the Y;’s and Z;’s, we write ¥ =
Yi,....Y.] e = [e1,...,&,) and Z" = [Z;,...,Z,] to denote the vectors con-
taining the n observations on Y; and &; respectively and the matrix whose i
row contains the 1 x d vector of predictors Z;. We also write Y = 7 + ¢ where

n = [u(Z1),...,u(Z,)] denotes the nx1 vector of conditional expectations corre-

sponding to each 1.

We now introduce more formally assumptions A.1 and A.2, which refer
to the data generating process (DGP) and the model respectively and will be used

in the main results of the paper.

A.1 (Data generating process)

(a) Let {(Y;, Z;)} be a sequence of iid random vectors such that Y; is real-
valued and Z; is a Z-valued vector, Z C R d € N.
(b) e; =Y, — E|Y|Z)] = Y:— u(Z;) is such that Varle;| Z;] = Varle;] = 0* <

0.

A.2 (Model) Let {¢; : Z — R} be a sequence of measurable functions. Let {p,}
be a given non-decreasing sequence of integers and {4, } a given sequence
of sets where each A,, is a set of subsets of N and each subset contains at
most p, elements, so that o € A, is a subset of N containing ¢, = #a < p,

elements.

The model is given by

My ={m:Z—>R|mz) =27+ By(z) v€ER! R, aec A}

JEa



We next define the ridge estimator; for that purpose let X, (a) be the n x (d + q)
matrix whose i row has elements Z; and ¢;(Z;), j € A, € A, i=1,...,n,n =

1,2,.... We consider the estimator given by
77(0(, h) = [771(057 h)a s ,’f]n(Oé, h)}/ = Mn(Oé7 h)Y
where M, (o, h) = X,,(a)[ X, (@) X (a) + h1,)] 7' X, (o) for given h > 0 and o € A,,.
Note that h (the shrinkage or ridge parameter) takes values ranging from
0 (which corresponds to the OLS estimator) to co. As we increase h we decrease

the variance of our estimator in exchange for additional bias. The optimal h in-

volves a trade-off between bias and variance.

The conditional PMSE given Y ,Z" and an out-of-sample Z; is
o? + Ly(a, h) (1.2.1)
where L, (a, h) = n~|n — 0o, h)||> = n~t D00 (i — fule, h))? is the squared er-

ror loss.

Note that (2.1) describes the prediction performance of a model whereas
L,(a, h) measures the efficiency of model a when estimation of the conditional

expectation is the target of the analysis.

The loss can be decomposed as
Lo(a,h) = Ap(a, h) +nte' M2 (a, h)e —n'20/[1, — M, (a, h)|M,(a, h)e
where A, (o, h) =n~t||n — M,(c, h)n||?, so the risk conditional on Z",

R.(a,h; Z") = E(Ly(a, h)|Z™) can be expressed as

Ru(a, by Z™) = Ap(a, h) + o*n~tr M2 (o, h)



As mentioned in the introduction we want to select models under ridge
estimation. This implies selecting simultaneously the optimal terms or basis func-
tions (a € A,) and the ridge parameter (h > 0). Ideally we would select the pair
(a, h) that minimizes the unconditional PMSE or its conditional version (2.1),
which is equivalent to minimizing L, («, h) with respect to o and h. As these
quantities contain the unknown vector of conditional expectations n, we can only

minimize an estimated version of them.

Some model selection criteria are direct estimates of the unconditional
PMSE (e.g. Mallow’s Cp, AIC,...). As pointed in Friednman et al. (2001) it
doesn’t make much difference whether we focus on the unconditional or condi-

tional PMSE for iid data when it comes to selecting the best model.

We next introduce the modern notions of consistency and asymptotic
loss-efficiency for model selection . The latter is highly desirable for a model se-
lection procedure to behave well and constitutes the main focus of the paper, as
shown in the next section.

Let (dn,izn) denote the model and ridge parameter chosen by a given
selection procedure and let (a, hY) be the pair minimizing L,(«, h) over a € A,

and h > 0.

Following Shao (1997), we say that the selection procedure is consistent
if
P{(éy, hy) = (o, ) Z"}— 1 a.s.
As Shao (1997) makes explicit, this consistency is in terms of model selection and
is not related to the consistency of 7(d,, ﬁn) as an estimator of 7, i.e. we do not
require

Ln(é‘m hn) = Op(l)



This last consistency is not very useful since , as Shao (1997) points out, sometimes
there no consistent estimator of 7 (e.g. inf,ea, infy>¢ Ly (o, ) # 0,(1)) because the
model may be misspecified and sometimes there are too many consistent estima-
tors (e.g. Sup,ea, SUP,so Ln(@, h) = 0,(1)), as when one has a correctly specified
model with irrelevant predictors.

In some cases a selection procedure is not consistent but (d,,, ﬁn) is still
“close” to (az, h’) in the sense that

L (Gins i) .
— —1 b.

La(ag, ;) e

A selection procedure satisfying this condition is said by Li (1986) among others to

be asymptotic loss-efficient and this is the property we analyze in the present

paper.

We conclude this section by making some remarks about assumptions A.1

and A.2 which will be useful for the rest of the paper:

1. First note that in A.1 we assume our observations are 7id. We could relax
the independence assumption and our results would hold under uncorrelated
observations. An extension to dependent data is also possible though that
would require an analysis of more general versions of the model selection

procedures we treat in section 4.

2. We also assume our errors are conditionally homoskedastic. Our results could
be easily generalized to accommodate conditional heteroskedasticity under
additional condition on the errors to those we impose in the next section (see

Andrews (1991) for the case of linear model selection under OLS).

3. In A.2 our model 9M,, could potentially include a non-linear component con-
taining any linear combination of p, basis functions for each n. This gener-

alizes the case where the basis functions follow a strict order (e.g. zero order



polynomials first, follow by first order polynomials, followed by second order
polynomials, and so on) and any linear combination of a given number of

them is possible.

In the approximation theory literature this is known as “non-linear approxi-
mations” (see De Vore (1998) for a survey and White (2005) for a summary).
This is because the functions ga(z,3) = >_,c,%;(2)5; define a non-linear
space of functions, in the sense that linear combinations of the form ag,+bgg,
where K has also ¢ elements, generally have up to 2¢ terms. This contrasts
with the so-called “linear approximations” where the basis functions follow
a strict order as shown above, so any linear combination of them would be
of the form g,(z, 8) = >_7_, ¥(2)B;. They define a space of functions that is
linear in that any linear combination of two elements of this space is again a

linear combination of the first ¢ of the 1;’s.

Non-linear approximations are more flexible than linear ones and we might
obtain a better approximation to the conditional expectation for a given
number of basis functions q. Thus we would ideally consider for each n,
all subsets of p,, basis functions. Nevertheless, for the statistics in the next
section to select asymptotically an optimal model as illustrated above, we
will need to impose some constraints on the rate at which we can increase

the number of terms with n.

1.3 Asymptotic optimality

In this section we show the conditions under which Mallow’s Cj,, leave-
1-out cross-validation and generalized cross-validation(GCV) are asymptotic loss-
efficient. The GIC,, statistic, under this framework, is asymptotic-loss efficient

for an extended loss that incorporates a penalty on model complexity. Neverthe-
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less Shao (1997) conjectures that GIC,, might not be asymptotic loss-efficient for
Lu(a, h).

Li (1987) showed that Mallow’s Cp, leave-1-out cross-validation and GCV
are asymptotic loss-efficient for linear model selection under OLS. These results
were shown for the case of fixed regressors and models that if of fixed dimension,
must be misspecified. They hold under some restrictions on the number of models
we can compare for each sample size n and moment restrictions on the errors. Shao
(1997) extends these results, for a larger number of model selection procedures, to
the case where there are also correctly specified models of fixed dimension. Finally
Li (1986) analyzes asymptotic loss efficiency of Mallow’s C;, and GCV for choosing

the ridge parameter though his results hold under normally distributed errors.

Here we extend these results to linear model selection under ridge esti-
mation, considering the case of stochastic errors without restrictions on the error
distribution. Our theorems only hold for the case of misspecified models. Never-
theless,as we argued before, this is the common situation in economics and finance

and this is why we use series approximations.

I.3.A° Mallow’s Cj,

Mallow’s Cp, selects a € A,, and h > 0 by minimizing
Lo, h) =07 Y —d(a, h)||* + 262tr M, (a, h)

where 62 is an estimator of the error variance o2 and '), 2 is the notation for Mal-

low’s C, used by Shao (1997).

Let (a®%, h¢%) minimize T, 2(cv, h) over A, x [0, 00); our goal is to show
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asymptotic loss-efficiency, that is

L, (o, hCr)
infoea, infr>o Ly (o, h)

— 1 n prob.

where L, (o, h) = n~tn — f(a, h)|*

Now assume the following regularity conditions:

A3 Y en, [infrsonBy(a, h; Z7)]7™ — 0

where m is some fixed positive integer such that E[|e;[*™] < oc.

() — k

A4 lims _
imsup, o ) [infm0 n Ry (cv, by Z7)]"

CMGAn

< 00

where k is a positive integer not depending on n such that A\g(a) > 0 for
all n (M\r() denoting the k' largest eigenvalue of X, (o) X,()) , tn(c) is
the largest i such that A\;(a) > 0, i < ¢, = #a < p,, and m* is some fixed

positive integer such that El|e;|*™] < cc.
A5 162 — 0% = 0,(1)

and where A.3-A.5 hold for all sequences {Z"} a.s.; that is, in a set of probability
1.

Theorem 1.3.1. Under A.1-A.5 the pair (ot h°r) selected by Mallow’s Oy, is
asymptotically loss-efficient.

Some remarks on conditions A.3-A.5:

1. Condition A.3 is a blend of the conditions imposed by Li (1987) for model
selection under OLS and Li (1986) for optimally choosing the ridge parame-
ter. Since R, (a, h; Z™) = A (a, h)+o*n~'tr M, (o, h), condition A.3 doesn’t
hold for correctly specified models of fixed dimension (since in that case

A, (a,h) = 0). This condition also generalizes Li’s (1986) results in that we
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don’t impose normality in the errors; instead, we only require finite moments

of order max(2m, 2m*).

In the case of series function approximations to 7, we might expect the opti-
mal conditional risk R,(c, h; Z™) to be of order O(n~1+°) for some § > 0. So
as long as the cardinality of A, is of polynomial order n? for some &' > 0,

there always exists an m such that A.3 is satisfied.

Nevertheless, under non-linear approximations (as illustrated in the earlier
section), we might want A,, to contain all possible subsets of dimension < p,.
But this violates A.3, as A,, would increase at an exponential rate and there
wouldn’t exist any finite m such that A.3 holds. Yang (1999) shows this is
not the case if we add a model complexity penalty term to Mallow’s C7,

though his result holds under the restriction of normally distributed errors.

. Condition A.4 arises specifically for model selection under ridge estima-
tion. As mentioned above, for series approximations R, («a, h; Z™) is typically
O(n='%) with § > 0, so nR,(a, h; Z") ~ O(n?). On the other hand ¢, () is
O(n) so for any m* > 3/§ the limit above is bounded and A.4 would hold.

. Finally, condition A.5 requires 62 to be consistent for 0. As Shao (1997)
shows, a popular choice for 62 is (n — p,) 7 '||Y — 7(@,||* where &, is the
largest model in A,, (assuming that A, always includes the largest model of
dimension p,,) and where 7(@,) is the OLS estimator (h = 0) of 7. Because
0 = (n=pa) Y =000 |* = (n—pa) 7 e [In— My (@) Je+(n—pn) "' nA(0n) +
2(n — p,)" eI, — M,(a,)|n, as long as A(a,) — 0 and p,/n - 1, 62 is

consistent and A.5 will be satisfied.



13

1.3.B Leave-1-out cross-validation

The leave-1-out cross-validation (CV_;) method minimizes

n

CVialoh) =n") (Yz‘ = 24(0) [ X -0y (@) X iy (@) + Ml gg] ™!

=1

2
X Xn,(n(&)Y(z')) (1.3.1)
with respect to a € A,, and h > 0, where z;(c) denotes the i row of the

X, () matrix, X, (_; denotes the X, () matrix with all the rows except the '

and Y(_;) is the vector Y with all its components except the ith,

It is easy to show that (3.1) can be expressed as

CVo—1(, h) = 07 Y|[L, — My (a, )] 7Y = i(a, B)]||%, (1.3.2)

where M, (a, h) is a diagonal n x n matrix whose i diagonal element is mg;(cv, h),

which is the i diagonal element of M, (a, h).

Following Li (1987) we can use the results for Mallow’s C, to establish
the asymptotic loss-efficiency of CV_; by noticing that the CV_; statistic is just
Mallow’s C, applied to the class of delete-1 estimates (defined below) and then
showing under some conditions that asymptotically the ridge estimator is equiva-

lent to the delete-one estimator.

To verify this, notice that (3.1) implies that CV_; selects the pair (a, h)
that minimizes the sum of squared prediction errors for Y; with Y; being itself
excluded from the data set. Given Yi,...,Y;_1,Y;1,...,Y,, we may write the

predictor of Y; as
Y., = mej(a, h)Y;
j=1

where my, is zero, m, is the (i, j)" element of M{(a, h) = Dy (a, h)[My(a, h) — I,,]

i

+1,, where D, (a, h) is an nxn matrix with i** diagonal element (1 — my;(a, h))™?,
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and as before my;(a, h) is the i*" diagonal element of M, (a, h).

Define the delete-one estimate of 77 as
n*(a, h) = Myi(a, h)Y

where M%(«, h) has zeros as diagonal elements as specified above.

It is easy to see from this that C'V_; equivalently minimizes
_ 2
n! HY —m(a, h)YH

with respect to a € A,, and h > 0. So CV_; is just the Cy procedure applied to

the class of delete-one estimates {n%(c, h)}.

To show asymptotic loss-efficiency of CV_;, we will first show that Mal-
low’s Cy, shares this property when applied to the delete-one estimate under some
conditions. Then we will address the asymptotic equivalence between the ridge
and the delete-one estimate (in fact, as pointed by Li (1987), the replacement of
i, h) by n(a, h) can be justified by arguing that for large n the delete-one esti-
mate which is based on a sample of size n, should be nearly the same as the ridge

estimator).

Now we define
Ly(a, h) = 07l = i(a, b
Ry(o,h; 2") = B(Ly(a, h)|Z2")
and introduce the following conditions:
A.6 inf,eca, infy>o Ln(a, h) = 0,(1)

A7 limsup,,_, SUP,ea, SUPp=o A(Mn(a, b)) < 1
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where A(.) denotes the maximal diagonal element of M, (c, h)
A.8 For any sequence (o, hy,), with a € A,, and h > 0, we have
R(a,h; Z™) | Ry (a, h; Z™) — 1
if either R4 (av, h; Z™) — 0 or R, (v, h; Z™) — 0
A.9 3 a positive constant K such that for any n, a and h

MM, (o, h)) < Kn 'trM?*(a, h)

By convention A.6-A.9 hold for all sequences {Z"} a.s.

Theorem 1.3.2. Under A.1-A.8 the pair (oY, h°Y) selected by C'V_y is asymp-

totically loss-efficient.
Some remarks on conditions A.6-A.9:

1. Condition A.6 will hold as long as our series function estimator is consistent
for the unknown conditional expectation n. This will be the case for a wide

range of choices of basis functions.

2. Condition A.7 is crucial for the leave-1-out method to work and requires
that the diagonal elements of M, («,h) be uniformly bounded away from 1.
As M, (c, h) is a pseudo-projection matrix with supy,>q A(M,(a, k)) < 1, this
seems a weak assumption (for any A > 0 this condition is clearly satisfied). It
is also important to notice that this condition seems to prevent the dimension
of the largest model in A,, from being O(n). Nevertheless, as we are using

ridge estimation, models with a large number of basis functions (for each n)

will certainly require some shrinkage and this condition will be satisfied.

3. Though A.8 is hard to verify, condition A.9 will imply it. The latter is the
analog of condition (5.2) in Li (1987) and excludes unbalanced designs. We
omit the proof of this implication as it is just a simple adaptation of that of

Li (1987) to the present context.
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1.3.C Generalized cross-validation

In this section we closely follow the development by Li (1987) of general-
ized cross-validation(GCV) for linear model selection under OLS. Our results are

an adaptation of his to the present setting of ridge estimation.

Generalized cross-validation (Craven and Wahba (1979)) chooses a € A,
and A > 0 so as to minimize

n*1||Y —n(a, h)H2

GCV,(a,h) = 5
(1 —n~YrM,(a,h))

Following Li (1987) and similar to the strategy we used to show the asymptotic
optimality of leave-1-out cross-validation, we relate GCV to Mallow’s C', through

the so-called nil-trace estimator of 7.

The nil-trace estimator was introduced by Li (1987) and is defined as
(e, h) = =pY + (1 + p)ia; h)

where p = n='rM,(a, h)/ (1 — n =t rM,(a, b)).

Note that this estimator can also be written as
n(a, h) = Mn(a, h)

where M, (a, h) = —pI,,+(1+p) M, (c, h), whose trace is zero as can be easily seen.

The nil-trace estimator shrinks our ridge estimator (7(c, h)) toward the
vector Y. It is not very useful by itself and as Li (1987) affirms, it is just a device
in order to get some understanding about GCV. In fact, if we apply Mallow’s C,
to select the pair (a, h) using the nil-trace class {f(«, h)} as estimators of ), the re-
sulting minimization procedure is the same as GCV. Thus, if we find the conditions
under which Mallow’s C, is asymptotic loss-efficient under nil-trace estimation and

those under which the nil-trace and ridge estimators are asymptotically equivalent,



17

the asymptotic optimality of GCV will follow.

We introduce the following conditions:

A.10 For any sequence {«, € A,,h, > 0} such that
n~'tr M2 (o, hy) — 0
we have that

(n='tr M, (an, hn))Q/n’Iter(an, h,) — 0

A1 limy, oo SUP,e 4, SUPs 0 My (e, h) < 7y for some 0 <y < 1.

A2 lim, oo SUpye 4, suphzo(n_ltrMn(an,hn))2/n_1trM§(an,hn) < 7y for some

0<’)/2<1.

By convention, we take A.10-A.12 to hold for all sequences {Z"} a.s.
We next state a theorem specifying the conditions under which GCV is asymp-
totically optimal. The proof is omitted as it is a simple adaptation of that in Li

(1987) to the present context.

Theorem 1.3.3. Under A.1-A.6 and A.10-A.12 the pair (%Y h9CV) selected by
GCV is asymptotic loss-efficient.

Some remarks on conditions A.11-A.12:

1. Condition A.11 is milder than A.7 in that it requires that the diagonal ele-
ments of the M, («, h) matrix be asymptotically strictly smaller than one on
average. This condition seems necessary for the GCV method to work and
lies behind its motivation (see Craven and Wahba (1979)). Similar comments
to those for A.7 apply here with respect to the number of basis functions we

can include for each model.
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2. Condition A.12 is related to A.11. Note that the average variance of 7j(a, h),
which equals o?n~tr M, (a, h), comes in part from the diagonal elements of

M, (ca,h). As (n"HrM, (o, h))? <n 13" d%(a, h), A.12 requires that the

i=1 %id
asymptotic contribution of this elements to the variance of M, («, h) not be

dominant.

I.3.D GIC,,
The GIC,, method (Shao (1997)) minimizes
Lo, =0 MY —d(a, b)) +n ' \62tr M, (v, B)

with respect to o € A, and h > 0 and where {)\,} is a sequence of non-random

numbers greater than or equal to 2 such that A, /n — 0.

GIC,, with A, — oo is the GIC method of Rao and Wu (1989); with
A, = 2 this is Mallow’s Cr; and with A\, = A > 2 this is the FPE, method of
Shibata (1984).

Note that the GIC,  statistic can be decomposed as
Lo, =0 el + Lu(a, h) + 207" P (a, h)n

+2n~ Y o?tr M, (o, h) — &' M, (a, h)e) + n~H(\,62 — 20°)tr M, (a, h)
Letting Ly, (c, h) = Ly (a, h) + 1" (A\G% — 202)tr M, (a, h), GICy, can be expressed
as

nHel|> + Ln(a, k) + 2n7 ' Py (a, h)n + 2n~ (o tr M, (o, h) — €' M, (a, h)e)

As remarked by Shao (1997), L,(«a, h) is a loss function (it is the squared error
loss plus a penalty on the model complexity, tr M, («, h)).
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It is easy to see that under conditions A.1-A.2 and A.4-A.5 the GIC,,
with \, > 2 is asymptotic loss-efficient under L, (c, h) as loss. Shao (1997) con-
jectures that it might not have this optimality property for L, («, h).

It is also worth noting that Shao shows that the delete-d cross-validation
model selection procedure has the same asymptotic behavior as the GIC,, method

with \, = -1 + 1.

In the same paper Shao proves that whenever there are correctly specified
models with fixed dimension, the GIC, method is asymptotic loss-efficient and
since under some regularity conditions it has the same asymptotic behavior as
delete-d cross-validation, this also holds for the latter. He nevertheless conjectures
that the GIC, , statistic might not have that optimality property under the setting
of this paper (series approximations to an unknown conditional expectation). We
shall not resolve this question here. Nevertheless, it appears to be possible to
establish optimality of delete-d cross-validation when the loss function is based on

n — d rather than n observations. We leave this for future research.

1.4 Simulation

We use neural network models with the ridgelet activation function to ap-
proximate two data generating processes (referred to as DGP1 and DGP2 respec-
tively). The ridgelet activation function was proposed by Candes (1998,1999,2003)
and has the ability to approximate nonlinear multivariate functions which contain
singularities along lines and are otherwise continuous.

DGP1 is given by Y; = 1+ InX% + InX3, + €; where the regressors where
generated from a multivariate normal distribution with mean 0 and variance-
covariance matrix equal to the identity matrix. The error term is normal with

mean 0 and variance 1. DGP2 is given by Y; = 10sin(rX1; + 20(Xo; — 5)? + &
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where the regressors and error term were generated in the same way as for DGP1.

We applied a wide range of model selection criteria which includes Cyp,,
AIC, corrected AIC (AICc), Leave-1-out cross-validation (CV-1), generalized cross-
validation (GCV) and BIC in order to compare their relative performances for
choosing the number of ridgelet basis functions and the ridge parameter.

As we are advocating from the outset the use of models which are lin-
ear in the parameters and nonlinear in the predictors, we follow the methodology
proposed in White (2006) to obtain such parameterizations. This is based on ear-
lier results by Bierens (1990) and Stinchcombe and White (1998). It works by
starting with a linear model in the predictors, generating a large number of basis
functions by setting their internal parameters randomly and selecting the one with
the highest correlation with the residual of the linear model (in the sense that is
the one capturing more nonlinearities among those generated in this way). In a
second step, if we want to add a second basis, we generate again a large number
of them and pick the one having the highest correlation with the residual of the
model generated in the first step (which contains the linear term plus one basis
function). We can keep adding more basis functions following the same procedure
and the more we include the better our approximation becomes, though we have
to estimate a larger number of parameters. For those looking for a justification of

this method, we refer them to White (2006) and the other papers mentioned above.

We thus generate 33 models as described above. The first containing the
two predictors plus one basis and we keep incorporating basis functions one by one
until we arrive at the last model which includes the predictors (linear term) plus
33 basis functions (at each step we generate 500 new basis functions and pick the
one with the highest correlation as described above). Notice that all these models

are linear in the parameters and we estimate them using the ridge method.
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For each DGP we compute the ratio of the average squared error loss
evaluated at the model and ridge parameter (the latter from a grid of 20 values)
chosen by the corresponding model selection procedure and average squared error
loss evaluated at the pair (a, h) that minimize it. We did that for sample sizes of
100, 250, 500 and 1000 observations and always kept the number of models fixed
at 33.

We compute 100 replications of the above ratio for each sample size and
model selection criteria under consideration, reporting the mean and standard
deviation of the ratios across replications as shown in tables 1 and 2 for DGP1
and 3 and 4 for DGP2. We would expect the mean of these ratios to converge to

1 with a decreasing variance for those criteria which are asymptotic loss-efficient.

Table 1.1: Means of Ratios of Average Square Losses for DGP1

n=100 n=250 n=500 n=1000
CV-1 1.2415 1.1213 1.0330  1.0049
AIC 1.1618 1.0843 1.0241  1.0040
Mallow’s 1.2330 1.0933 1.0265  1.0040
GCV 1.2176  1.1022 1.0287  1.0041
BIC 1.2990 1.1745 1.1418 1.1219
AlCc 1.1747 1.0918 1.0268  1.0040

Table 1.2: Standard Deviations of Ratios of Average Square Losses for DGP1

n=100 n=250 n=500 n=1000
CV-1 0.1596 0.0648 0.0388  0.0100
AIC 0.1339 0.0611 0.0323  0.0083
Mallow’s 0.1518 0.0616 0.0329  0.0083
GCV 0.1520 0.0627 0.0340  0.0083
BIC 0.1708 0.0672 0.0420  0.0289
AlICc 0.1380 0.0595 0.0341  0.0083

These properties clearly holds for all except BIC whose mean lies well

above the others and shows a very slow rate of convergence under DGP1 and no
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tendency to converge under DGP2. This is expected as BIC is not asymptotic

loss-efficient and has the same behavior as leave-d-out cross-validation with the

ratio d/n tending to one.

Table 1.3: Means of Ratios of Average Square Losses for DGP2

n=100 n=250 n=500 n=1000
CV-1 1.1192 1.0723 1.0392  1.0145
AIC 1.1938 1.0851 1.0364 1.0166
Mallow’s 1.1378 1.0837 1.0331  1.0167
GCV 1.1316 1.0733 1.0327  1.0166
BIC 1.1492 1.1201 1.1153  1.1256
AlCc 1.1655 1.0829 1.0351  1.0167

Table I.4: Standard Deviations of Ratios of Average Square Losses for DGP2

n=100 n=250 n=500 n=1000
CV-1 0.1499 0.0598 0.0429  0.0137
AIC 0.2376 0.0812 0.0413  0.0162
Mallow’s  0.1705 0.0764 0.0384  0.0163
GCV 0.1729 0.0650 0.0392  0.0164
BIC 0.1438 0.0993 0.0489  0.0632
AlCc 0.2187 0.0768 0.0401  0.0163

These property clearly holds for all except BIC whose mean lies well

above the others and shows a very slow rate of convergence under DGP1 and no

tendency to converge under DGP2. This is expected as BIC is not asymptotic

loss-efficient and has the same behavior as leave-d-out cross-validation with the

ratio d/n tending to one.

The others behave very similarly for larger samples. Notice that AIC

and Mallow’s Cp differ by how the error variance is estimated but are otherwise

almost identical (many authors place them in the same family). Mallow’s C, uses

a unique consistent estimator of the variance for every model while AIC implicitly
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estimates that variance under each model. A requirement for its asymptotic opti-
mality would be that all the models under consideration approximate arbitrarily
well the unknown DGP and p,,/n tends to 0. In practice, as the smaller models
never fit well and the bigger models achieve a good degree of approximation, AIC

behavior is very similar to Mallow’s Cy..

The optimal ridge parameter tends to zero as we increase the sample size.
This is because, for computational simplicity, we keep the number of models fixed
from the outset. We could have alternatively increased then with the sample size
n and/or consider a much larger number of models for each n. This might keep
constant or even increase the optimal ridge parameter with respect to n and would

achieve even better approximations.

1.5 Conclusion and further research

We have examined the conditions under which a number of widely used
model selection procedures are asymptotic loss-efficient in the sense defined above
when selecting linear models under ridge estimation . This represents a crucial
property that our criteria should have if we expect to use them to obtain mod-
els with good predictive ability and thus avoid in-sample over-fitting. The use of
shrinkage estimation enhances the stability of the procedures (which are otherwise
criticized of being instable in the sense of choosing very different models under
small changes in the data). It also allows them to optimally choose larger models
and thus better approximations to an unknown DGP. We also showed in the simu-
lations how criteria with a bigger penalty (such as BIC) don’t share this property
as they favor smaller models. This also holds for the family of leave-d-out cross-
validation statistics with d/n tending to a constant strictly greater than 0. Shao
(1997) shows for the OLS case that these last two statistics are asymptotically

optimal when there are several correctly specified models within those considered
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and they tend to select the one with the smallest dimension. Nevertheless, in eco-
nomics, finance and many other fields our models are typically misspecified and
we can only hope to achieve good approximations. It is for this reason that we

focus on models which are series function approximations.

Though leave-d-out with d specified as above is not asymptotically opti-
mal under misspecification, it seems intuitive that it would be for a loss function
based on n — d observations instead of the whole sample. The same would hold

for BIC and related criteria. It would be interesting to provide a proof for that case.

We implicitly assume a quadratic loss function, which yields the con-
ditional expectation as optimal predictor. An asymmetric loss would yield the
conditional quantile but this would require nonlinear estimation methods which
are not covered in the present study. Other shrinkage methods such as the Lasso
(Tibshirani 1996) or more generally Bridge regression (Frank and Friedman 1993,
Fu 1998) are also non-linear. An extension to cover these cases is also subject to
further research and would also require the generalization of some procedures to

accommodate nonlinear estimation methods.

Finally we assume that our data was #2d and excluded the time series case.
If the errors in the DGP are martingale differences, we could analyze the conditions
under which some model selection procedures are asymptotic loss-efficient. Under
error correlation the criteria get a bias term that can not be consistently estimated
and methods that are robust to correlation in the errors are needed. We undertake

this study in the following chapters.
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1.6 Proofs of theorems

We will use the following lemma in the proof of Mallow’s C;, to get ap-

propriate bounds:

Lemma 1.6.1. Let {w;} be a sequence of random variables, let Z™ be a Z"-valued
random matriz, let {@; : Z" — R} be a sequence of measurable nonnegative func-
tions and let o = {(c1,...,¢,) ER":0< 1 < ... < ¢, <& <1}, Also assume
that EHZl Lei(ZMwi|1 2] < K(Zl Lpi(ZM) as., for all 1 <i < n and with
p>1 and K a constant. Then for alln > 1

P{Sup
0

where C' is a constant depending on q and p.

n

Z cipi(Z")

=1

wi| > 612"} <570 %(zn))

=1

Proof:

Following lemma 4.4 of Speckman (1985) we get that

Zczgpl (Z™w Z% (Z™w

=1

= Imax
1<k<n

sup
4

SO

n

Z Cz‘%‘(Zn)wi

i=1

>9 |Z"} = P{ max

1<k<n

P{sup > |Z”}
o

k
Y el ZMw
=1

e

<0 'FE {( max

1<k<n

Z% (27w

by applying the generalized Chebychev inequality.

The lemma then holds by applying a moment inequality from Moricz
(1976) to the expectation above.
Proof of theorem 3.1:
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Following Li (1986) and to help in the proof of the theorem, rather than
using X, (a) we will work with the matrix A, («) = [Dp(«), 0] ,where D,(«) is
the (d + q) x (d + ¢) diagonal matrix with d;(a) = )\3/2(04) as diagonal elements,
the A\;(«)’s denote the eigenvalues of X, () X,,(«) and 0 is an n— (d+q) X (d+q)
matrix of zeros. This is achieved by applying the singular value decomposition to
the X, («) matrix; that is, X, () = Up(@)An(a)V,(«) where U, (a) and V,,(«) are
nxn and (d+q) x (d+¢q) orthogonal matrices respectively. A, («) has a very simple
structure. Our statistics don’t change as long as we pre-multiply the vectors Y ,n
and € by U,(a), yielding Y = [Y,...,Y,), 7= [fi1, .., fin) and € = [&1,...,&,]"
By transforming ¢ in this way, the components of ¢ are uncorrelated but are no

longer independent, and we will have to account for that in this proof.

Write Iy, 5 as

Cpola,h) = n7 el + Lo(a, h) +2n7 e Py(a, h)n (1.6.1)
+ 2n_1(02tTMn(CY, h) — & M,(a, h)e) (1.6.2)
+ 2n Y62 — o®)tr M, (v, ) (1.6.3)

where P, («,h) = I — M,(a, h).

Asymptotic loss-efficiency for I',, o will hold if
sup sup| Ly, (a, ) /Ry (v, hy Z™) — 1| = 0,(1), (1.6.4)
aEA, h>0
and the last term in (6.1) as well as in (6.2) and (6.3) are of smaller order of
magnitude in probability than the conditional risk R, (a,h; Z™) uniformly with

respect to a and h, that is

sup supn”'|e' Py (o, h)n|/Ru(c, hy Z™) = 0,(1) (1.6.5)
a€A, h>0
sup sup |62 — o?|n"tr M, (o, h) /R, (v, hy Z™) = 0,(1) (1.6.6)
a€Ay, h>0
sup supn”'o*tr M, (a, h) — &' M, (a, h)e|/Rn(c, by Z™) = 0,(1) (1.6.7)

a€An h>0
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where all the limits above hold for all sequences {Z"} a.s.

This will imply that

Ln(aCL , hCL)

1 ' b.
inf inf L,(«,h) 7 Hnpre
a€An h>0

and
-Rn Cr, hCL,Zn
(o™, 7 27) —1 in prob.,

inf inf R, (a, h; Z7)

aEA, h>0

again for all sequences {Z"} in a set of probability 1. Before proving (6.4)-(6.7)
we define

Ry, h; Z") = An(a, b)) + o*n~tr M, (o, h)

and

Bu(a,h) = I, — Ma(a, h),

where An(a, h) =n7Y|n — Mn(au h)||* and

M, (a,h) = Ap(@)[An(@) Ap(a) + bl An(a).
We first verify condition (6.5).

Define B, (a, h; Z") = S0, i2(Mi(a) + h)?,
as nf%n(oz, h; Z™) > hQBn(oz, h; Z™), we get that

€' Py (or, h)n| ‘élpn(av h)ﬁ‘
sup sup ——————— = sup sup ————— 1.6.8
ozeflljn hzlg nR,(a, hy Z™) ae}t)n hzlg nR,(a, h; Z™) ( )

‘Z?:l Eifti(Nia) + h)fl}
< sup sup ~17 —
a€An k20 By " (v, h; Z7)(n Ry (av, hy Z7))1/2
6.

so for (6.5) to hold it is enough to show that (6.9) tends to zero in probability.

(1.6.9)

For each n, let I,(j) = {1,2,...,7} and LI1(j) = {j + 1,...,n}. Recall
that ¢, () is the largest ¢ such that A\;(«) > 0.
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Let
Qn(a; Z") = }erlgan(a,h;Z )
and

(o, hy ZM) Z/\2 a) + h)~?

(observe that nR,(a, h; Z") > 02V, (a, h; Z™)).

(6.9) will be 0,(1) if for any natural k£ and for [ = 1,2

oy oup T S Ou) 1)
a€An A (a)<h B1/2(a h; Z™) 3/2(04; 7

= 0,(1) (1.6.10)

and Ve > 0 3 ¢;(e) and ca(€) such that ¢1(e) — 0, ca(€) — 0, € — 00,

and
cenn Eifti(Ni(a) + )~
P{ sup  sup sup ‘2/6211(]) ( (1/)2 | > e |Z"} < ¢(e)
Q€An j=k,..ptn(0) Ajr1(@)<h<Xj(a) By~ (a, by Z7)Q0 " (a; Z™)

(L6.11)
forl=1,2

Proof of (6.10)

When [ = 1 the left side of (6.10) doesn’t exceed

sup Q- Y%(a; Z™) max |€Z|Z sup |p, () +h)"YBY*(a,h; 2" (1.6.12)

a€A, Isisk = >

< sup Q,V*(«a; Z") max |€ik (1.6.13)

a€A,
which tends to 0 in probability if inf,c 4, infs>o nf%n(oz, h; Z™)

= inf,eca, infy>onR, (o, h; Z) — 0o a.s, since maxy<;<y, |€;] = Op(1).
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When [ = 2, it suffices to show that Ve > 0

n Eifish(Ni(a) + h)™1

ploup ap IS B L
a€dn Ap(a)<h hBY (a, h; Z™)Qn " (a; Z™)

> |Z"}—>0 a.s. (1.6.14)

Since h%B,(a, h; Z") is non-decreasing in h, the left-side of (6.14) doesn’t

exceed

— (122 )\z + h -t
P{ sup sup ‘Zfl e Sl (M) ~1/2) ‘ > € |Z”} < (1.6.15)
a€An ap(@)<h Ap(0) B (o, Mu(@); Z0)Qn* (s Z7)

’Zz k+1 E%MzAk( )(A (04)+)\k(04))_1| ) .
P{ae}? el )B}l (c, M(@): Zm) ~qlq,/2(a;Z") >€/2]|Z } + (1.6.16)

> St [r(Ni(@) + 7)™ = M(@)(Na(@) + Ae(@) ]|
P< sup su -
{aeﬁixk(a)’éh Ae(@) BY? (a0, Me(@); 270N (a; Z7)

> /2 |Z”}. (1.6.17)

By applying the generalized Chebychev inequality, (6.16) is no greater
than

T B[ Eafts(Nila) + M) )™ |27]
2m 7 ~ :

acAn, (%6) B,T(Oé, /\k(a> )Qr’ry(a Zn)

Now we have to bound the expectation in (6.18). For that purpose let v;(a) =

(1.6.18)

fi(Ni(@) + Ax(a))™! and note that &; = U;(a)'e = ug(a)er + ... + upi(@)e, where
Us(a) = [ugs(), ..., upi(a)] denotes the i** column of the orthogonal matrix U(«)

and ¢ is our original vector of iid errors.

So we get that

n

(3

1=k+1

(@) + ) ) 2m|Z"]
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Co[(a 3 w35 w12

i=k+1 i=k+1

n 2m n m
— EKZ ejqu(a)) |Z"] < ¢ (Z ¢§.(a)> ,
=1 j=1
where ¢;(a) = D17, uii(a)vi(a), Oy is a constant depending on 2m and the
last inequality holds by applying theorem 2 of Whittle (1960) (recall the moment
bound for the ¢;’s). Now,

n n

D - Y (X

j=1 Ni=k+1

= > D ujla) +ZZuﬂ )i (@)v(@)va (@)

j=1 i=k+1 G=1 i’

= Y @)Y k(@) +2) vl Zuﬂ a)uzi (@

i=k-+1 j=1 i

uﬁ(a)vi(a))Q

= D (@) + A(a)

i=k+1
which holds by the orthogonality of U(«).
We therefore get that (6.18) is no greater than

1 _om Z [(Z?:kﬂ fi; (Ni(a) + Ak(a>)_2)m} ) (1.6.19)

9 By (e M(a); 27) Qg (e 27)
eyl a, \p(a a;
As Ty 2ON(@) + M)/ (S0 A2 Ou() + M) ?) < 1, where
Yoy ﬁf()\i(oz) + Me(@)2 = B™(ar, \p(a); Z™) we get that (6.19) is no greater than

ST Qs 2m) = (16)—2’” S [t nRa(a, s 2], (16.20)

acA, oA,

which tends to zero if ) ., [infp>onR,(a, h; Z™)]7™ — 0 a.s.

To bound (6.17) we fix j and write

h(i(a)+h) ™ = Ae() (@) + k(@) ™ = (Ai(a) + (@) (h=Aw(e)) (Ai(@) +7) !
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Note that for i > k+1 and b > A\ (a) we have that (h—Ag(a)) X)) (A (o) +

h)~! is non-increasing in ¢ and no greater than \j(«).
We apply lemma 6.1 with ¢;(Z") = p2(A(a) + ()72, ¢ = (b —
A(@)Ai(@)(Ai@) + 1) 7! wi = &, € = Ax(a) and 6 = §Au(a) By (@, (e); 27)

X Q}/Q(a; Z™). Note that the ¢;’s here depend on h.

Lemma 6.1 gives that (6.17) is bounded by

By (15) —2m Z [(Z?=k+1 ﬁ?()\z(a) + )\k(a/))72)m}

3 3 ; 1.6.21
? By(ev, A(@); Z7) Qe (e Z7) (6.21)

aEA,

thus achieving a similar bound as for (6.16) and the same reasoning ap-

plies.

This concludes the proof of (6.10).

Proof of (6.11)

For | = 1 B, (e, h) is non-increasing in h, so the left-side of (6.11) doesn’t
exceed

Ln(a) j ~ ~ _
“ SLiamN)
> Z { p Vo (a) 290 e 2 > |z } (1.6.22)

Ajr1()<h<N () B

a€A, j=k
tn () 1
1M % >\
<3S (I ] Sy - e
€A, j=k Bn (O{,/\J( ),Zn) n (Oé, Zn)

S { p ZEAIO) £ 1)~ (u(0) £ Ay()) )|
75 Waeskou@ Bi (0, Aj(@); 27)Qu* (0 27)
> IZ"} (L6.24)
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By the generalized Chebychev inequality, (6.23) doesn’t exceed

) Z( BL/2(0, \y (a0 Z”)@;”(a;z"))_m

ac€A, j=k

*

J 2m*
X E(Z Eifti( () + X (a) 7! |Z”) (1.6.25)
i=1
By using the same argument as for bounding the expectation in (6.18)

and applying Whittle’s theorem we get that

*

E[(g@ﬂi(&(&) i )\j(a))—l)zm |Z”] < O, (g (i) + \j(a) 2 |Zn)m*

As < T 2 (le) + \j(a) 2 ]Z”) /B (e, \@); Z7) < 1, (6.25) is
no greater than

tn (o) tn(cx)

(16) ™™ €™ Cy Q" (e Z") = Ki(e) Y Qu™ (a; Z™)
a€A, j=k =k
[Ln<0‘) - k]
— Ki(e Unte) = K]
( % (o 27

Observe that K;(€) = (16)™™ e 2™ (C, is decreasing in ¢, so (6.23) will be
0p(1) if condition A.4 holds.

To bound (6.24) we fix j and write
(Ni@) + 7)™ = (Ni(a) + A5(a)) ™ = (Nil@) + Aj(@) 7 (Ai(a) — h)(Ai(a) +h)
Note that for A\j;1(a) < h < \; and i < j we have that (\;(a) — h)(N(a) + h) !

is non-decreasing in ¢ and is no greater than one.

We apply lemma 6.1 with ¢;(Z") = pZ(\i(a) + Nj(@) ™2, ¢ = (\j(@) —
hY (i) +h)™ w =& € =1 and § = $BY?(a, \;(a); Z7)Q/*(a; Z™). Note that
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the ¢;’s here depend again on h.

Lemma 6.1 then gives that (6.24) is bounded by

tn (e

—
N———
o
3
okl
37
3*
)
>/
N
=
@z
3
3

7")B (Z ﬂ?(Ai(a)+Aj(a))‘2)m

a€A, j=k

.

() — k
IY S
acAy Qn (Oé; Z )
where the last inequality holds by using the same reasoning as for bounding (6.21).

The proof of (6.11) for [ = 1 is now complete.

Now when [ = 2, since h?B,(av, h; Z) is non-decreasing in h, we get that
(6.11) is no greater than
‘Z?:j+1 Eiftih(Ni(a) + h)il‘

»ye =z
a€An j=k Aj+1(e )<h<>‘ (@) )‘J+1( )Bn (Oé, )‘j+1<a); Zn) n (Oé; Zn)
(1.6.26)

which doesn’t exceed

tn () B
}Zz LEiftiNjr (o) (Ni(@) + Aja(a)) 1| €

P 2 >Sz7 b 4 (1627

a€An j=k { Nr(0) B, Ay (a); 2 Qi (5 27) 2| } ( )

tn (@) _
}Z Eifii[h(Ni(ar) + h) !

P = =

]Z {AM )<h<A (@) Ajr1(@) By (a, Ajr (@0); 27O (o; Z7)
A1 (@)(Ni(@) + Ajga(a) |

€
- = > —|\Z" 1.6.28
A (@) Bi(a, My (a); Z7)Qn P (a; Z7) 3 } (16:28)

OcEAn
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Using the generalized Chebychev inequality for the first term and then
Whittle’s theorem as before we obtain a similar bound than for (6.23); that is,
(6.28) is bounded by

Ks(e) Imla) =K (1.6.29)

where K3(€) depends on € and m* and K3(e) — 0 as € — oo

By applying lemma 4.1 and Whittle’s theorem to (6.29) we can also bound
it by

Kay(e) Y (o) =K (1.6.30)

where K4(€) depends on € and m* and Ky(e) — 0 as € — o0

For that purpose observe that h(\;(a)+h) ™ = X1 () (Ai(@) +Aj1 ()t
= (Aila) + Aja (@) (@) (b = Ajpa (@) (Ai(a) + h) ™
Note that for A 1(a) < h < \j(a) and i > j + 1 we have that \;(«)(h —

Air1(a))(Ni(a) + h)7! is non-increasing in ¢ and is no greater than A, (c).

We apply lemma 6.1 with ¢;(Z") = pZ(Mi(a)+Aj41(@) 72, ¢ = Ni(a)(h—
Ajpi(@)(Ni(a) +h) 7wy = &, € = Ajra(a) and 0 = %EAJH(Q)B}/Q(% Ajr(@); Z7)
x QN (o Zm).

We have now established (6.11) for | = 2. The proof of condition (6.5) in

now complete.
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To verify condition (6.6) notice that

162 — o®|tr M, (v, h) 62 — o2|tr M, (v, )
sup sup — = supsup ———= 1.6.31
aEE hzlg nR, (o, h; Z") aels hzg nR,(a, h; Z™) ( )
52 — 2SN i h
= supsup 00 =0 |Z~Z:1 (@)(Ai(a) + 1) (1.6.32)
aen h>0 nR,(a, h; Z7)

As S Ni(@)(Ni(@) + ) /nR,(a, h; Z™) < 1, (6.32) will tend to zero in
probability as long as |62 — 0% = 0,(1).

Now we verify condition (6.7), begin observing that

|o2tr M, (a, h) — &' My (v, h)e] |o2tr My (a, h) — & My (e, h)E|
sup su = supsu .
nen hzl([)) nR,(a, h; Zm) nen hz% nR,(a, h; Z™)
[Xi(e® =) (@)(Ai(a) + )|
(nRu(c, by Zm))1/2

(1.6.33)
(1.6.34)

< supsup
aen h>0 an/Q(a h; Zm)

Compare (6.35) with the left side of (6.10). Making the correspondences
82— 52 to &;,\i() to i and Vit/* (o, h: Z) to B *(a, h; Z™) and arguing as in the
proof of (6.10), we get that (6.35) is 0,(1).

The proof of (6.7) is complete.

To check condition (6.4) notice that

Ln(a,h) — Ry(a, h; Z") = n~'e' M, (o, h)e — n~ta*tr M?(a, h)
—2n"[I, — M, (v, h)]|M,,(cr, h)e
= n &M, (o, h)é — n~ o tr M2 (a, h)
—2n" ' [I, — My (a, h)]| M, (a, h)E

= n! 252)\2 )4+ h)72 —n 7?2 A2 (@) (Ni(a) + h) 2
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—271_12?:15“&2]1/\1(04) ()\Z (O[) + h)_2

So it is enough to show that

|2 Gifdi()(Ni() + h) 72|

ey h20 BY*(ov, h; Z)(nR,, (ax, h; Zm) /2 = (1) (1.6.35)
and
sup sup |Z? (& = o)A (@) (Ni(a) + h)_Q‘ = 0,(1) (1.6.36)

a€An h>0 f/nl/Q(a, h; Z")(an(OZ, h; Zm))4/2

To verify (6.35) we have to show that for all fixed natural k and [ = 1,2

> icn Eiadi(@)(Ni(a) + h) 72|
sup sup 7

= - — 0,(1) (1.6.37)
acAnhzaie)  Ba*(a, h; Z0)Qu? (o Z7) "

and Ve > 0 3 ¢f(e) and c;(e) such that ¢j(e) — 0, ¢3(¢) — 0 and € — oo

and
. .éfi)\ia )\iOé +h72
P{ sup  sup sup ’ZZflll/(;) il )El/i ) ) ‘ > € |Z"}
Q€A j=k,..in(a) Aj1()<h<Ni (@) By " (a, by Z7)Q0 " (a; ZM)
(1.6.38)
< ¢ (e) for [=1,2.
We first proof (6.37)
For [ =1, (6.37) doesn’t exceed
1M 7 + h -1
sup sup ‘Zzeh EifiAile) + )| = 0,(1) (1.6.39)

a€An A (a)20 By *(a, hy Z7) }/2(04;Z”)
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since \;(a)(Ai(a) + h)™! < 1 so the proof is exactly the same as in (6.10)

For [ = 2 we get

’Z?: 15iﬂih)\z‘(a)(>\i(@)+h)*2| .
P{asgfn A %2 20wz ¢z } (1.6.40)
which is no greater than
b su > Eifiih A (@) (Ni(@) + h) 2| .

P{aefn hz,\,}?a) )\k(Oé)B% (a, A(@); Zm) 711/2(05; Z”) >€lZ } (1.6.41)
<p{ qup |2tk zmk( JNil@) (@) + Me(@) . o)
T laedn M) B (o Me(a); 200 (a; n)
p{sup sup 2o EsshAi(@)[R(Ai(a) + 7)™ = M) (Ni(@) + Me(@) 7|

a€An h2\i(a) Ae(@) Ba (e, M (@) ZM)Q }/2(04 Zn)

> §|Z”} (1.6.43)

By the generalized Chebychev inequality and because A; () (Ai(a)+Ai(@))
<1 (6.42) doesn’t exceed

03(%) > QM a; 2 = Ge)m > [ggn}zn(a,h; ZM)" (1.6.44)

acAn, aEA,

which tends to zero if Y-, [infpsonRy(a, h; Z™)] ™0 as.
The second term has a similar bound by lemma 6.1.

To apply lemma 6.1 observe that
h(Ai(@) + 7)™ = A(a) (Nia) + A(@) 2 =

(Ni(@) + (@) 72 (h = Ak(@) (N (a) — hk(@)) (Ai(a) + k)~
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Note that for i > k+ 1 and h > M\y(a) we have that (h — M\p(a)) (A2 (a) —
hAr(a))(Ai(a) + h)~2 is non-decreasing in i and no greater than A () so we can
apply lemma 1 with () = iAi(a)((a) + Mela)) 2, e = (h — Mla))(N2(a) —
k(@) (Ni(@) + )72 w; = & and € = \g(a).

The proof of (6.35) is now complete.
The proof of (6.36) follows a similar argument than that of (6.7).
Proof of theorem 3.2:

As stated in section 3.2 leave-1-out cross-validation is equivalent to ap-
plying Mallow’s C, to the delete-one estimate, so we show that under A.1-A.5
and A.7 CV_, is asymptotic loss-efficient for the loss L% (a, h). The asymptotic
equivalence between the ridge estimator and the delete-one holds under A.1-A.6
and A.8 and follows the same argument as in Li (1987), where the proof can be

found.

Mallow’s C}, applied to n¢(a, h) equals
n Y — MY, R)Y||* + 2n o tr M%(, h)
=n"Yel* + L% (a, h) + 20 P a, h)n + 2n 1 (62 — oP)trM%(a, h) +
2n N o®trM%(a, h) — & M%(a, h)e)

where Pd(a, h) = I, — M%(a, h) and trM%(a, h) = 0.
So asymptotic loss-efficiency will follow if we show that

sup sup‘L‘i(oz, h)/R%(a, h; Z™) — 1} = 0,(1) (1.6.45)
aEAy, h>0
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sup supn~'|e’ Pl(a, h)n| /R (v, hy Z™) = 0,(1) (1.6.46)
aEA, h>0
sup sup |62 — o?|n""trM%(a, h) /R (v, by Z™) = 0,(1) (1.6.47)
a€An h>0

and

sup supn~|ottr M (a, h) — &' M%(a, h)e|/R%(a, h; Z™) = 0,(1) (1.6.48)
aEA, h>0

where all the limits above hold for all sequences {Z"} a.s.
We first show (6.46)

For that purpose notice that
nRy (o, h; Z°) = 1[I, — Myj(a, B)]'[I, — Myi(a, h)]n + otr My (e, h) My (o, )

= 1/ (I, — Dy, h)[M (. h) — 1] — In),(fn — Dy, h)[Myn(a,h) — 1] — L)

+ 0%tr (D, B)[My(a, h) — L] + L,) (D, B) [My(a, h) — 1) + 1)

= n,(Mn(aa h) - In)D72L<a7 h)(Mn(Oé, h) - In)n
+ o?tr([My(e, h) — L) D2(cr, h)[ M (v, h) — I,]
+ 2D, (e, h)[My(a,h) — I,] + I,

> 1'[M,(a, h) — L,)*n + 02757"]\/[2(04, h)

as the elements along the diagonal of D,,(«, h) are all greater or equal than one.

Also observe that

ePla,h)n = €' [MZI(a,h)— IL]n
— (I, = Dula, I)[My(a, h) = T,] = L)y

< sup supmaxd;(a, h)e'P,(a, h)n
a€A, h>0 =N
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where dj;(cv, h) id the (i1)"* element of D, (a,h).

So we get that

! DA /
B 0L R 7 ACNOT]

AN At I 1.6.49
acA, h>0 NRI(a, hy Z™) aeA, h>0 Nl (o, h; ZM) ( )

where h, = Sup,c 4, SUP,>o MaXi<y dii(, h). The right side term of (6.50) will

converge to 0 in probability under A.1-A.5 if h,, = O,(1), which is implied by B.2.

As for Mallow’s Cf, (6.48) will hold if condition A.5 is satisfied (as
trM2(a, h)/nRe(a, h; Z) < 1).
To show (6.48) notice that
&' M (o, h)e — o tr M (o, h)| =

|/ (Dy (e, B)[My(cr, ) — L) + I,)e — o”tr Dy (v, h) [My (v, h) — I, + I, |

< sup supmaxd;|e'M,(a, h)e — o*trM,(a, )|
a€A, h>0 SN

= hn|e'My(o, h)e — o®trM,(a, h)|

So we get that

|o2tr M2 (o, ) — &' M (e, h)e|

sup sup

aen h>0 nRZ(OQ h; Zn)
- |/ My (v, h)e — o2tr My (o, h)|
,, Sup su
- aéf hzg nR,(a,h; Zm)

which will converge to zero in probability under A.1-A.5 and B.2.

Finally, convergence to zero in probability of (6.45) and (6.47) also follows
under A.1-A.5 and B.2 by similar arguments.
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I1

Optimal Selection of Series
Functions under Dependent and

Heterogeneous Processes

II.1 Introduction

This chapter extends the results in the first one to accommodate data
dependence and heterogeneity and thus achieves as much generality as possible.
Recall that one of the goals of forecasting is to obtain a point forecast of a target
variable Y; given a d x 1 vector of predictors Z; (which might include lagged values

of Y;) and with d a finite integer. The conditional expectation of Y; given Z;
1(Z) = E[Y:| Z]

yields the best possible prediction of Y; given Z; under prediction mean squared

error (PMSE), provided Y; has finite variance. That is, pu solves the problem

min E [(V; = m(Z,))’]

where 9 is the set of functions m of Z; having finite variance and the expectation

is taken with respect to the joint distribution of Y; and Z,.

44
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There are several classes of non-parametric models capable of approxi-
mating the unknown conditional expectation above with more or less degree of
accuracy. Here, following White (2006), we focus on series estimators which are
linear in the parameters. That is, they have the following form

J(z,60) =27+ ) 0(2)8;
j€a

where « is a subset of N containing ¢ < p, elements belonging to A,,
which is a set of subsets of N with at most p,, elements; and the basis functions

;(.) are non-linear functions of z.

As stated in the previous chapter and following White (2006), they offer
the advantage of being non-linear in z (achieving the degree of flexibility of non-
linear models) and linear in the parameters (avoiding the computational problems

of models lacking this property).

The performance of series estimators will depend on the properties of the
family of basis functions chosen (polynomials, trigonometric functions, neural net-
works with sigmoidal activation functions, wavelets, etc...) but most crucially on
the optimal selection of the number of basis functions for a given sample size. We
thus trade bias (decreasing as we incorporate more basis functions) for variance

(parameter estimation uncertainty).

Ideally we would select the number of basis functions minimizing PMSE
but since it is unknown (it depends in the process generating the data) we can
only work with an estimate. There is a wide range of model selection procedures
which can be regarded as either direct or indirect estimates of PMSE. Among the
first lie the family of cross-validation methods and among the indirect ones we find

information selection criteria such as AIC, BIC, Mallow’s Cy,, etc...
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Here we analyze the optimality (asymptotic loss-efficiency) of a more gen-
eral version of the Mallow’s Cj, statistic that we call ”generalized” Mallow’s Cp,
(GCp) following Andrews (1991). It is asymptotically equivalent to the family
of generalized information criteria studied by Konishi and Kitagawa (1996) par-
ticularized to ridge estimation. GCj accounts for model misspecification and in
that sense is more general than the TIC information criterion (Takeuchi, 1976),
which reduces to AIC (Akaike, 1973) when the models are correctly specified. We
also study the optimality of leave-1-out cross-validation, though any other cross-
validation method with the validation set size of smaller order than the sample

size will have the same asymptotic behavior.

We will see that the model selection procedures we analyze are asymptot-
ically optimal for simultaneously choosing the number of basis functions and the
ridge parameter under some regularity conditions that include some mild restric-
tions in the process generating the data and misspecification of the approximating
models. This is the common case in economics and finance. Other procedures
such as BIC (Schwarz, 1978) and H-Q (Hannan and Quinn, 1979) and leave-d-out
cross-validation with d/n tending to a constant greater than zero are only optimal

when the models are correctly specified.

Our framework is very general as it applies to any series estimator linear
in the parameters. It also accommodates dependence and heterogeneity in the
data generating process (DGP). We allow our data to be near-epoch dependent as
many time series processes satisfy this memory requirement (as long as they possess

some mild dynamic stability conditions) and is therefore more general than mixing.

We also allow for heterogeneity, which in economics and finance occurs
very often in the form of breaks. Some basis functions (such as the family of

wavelets or the more powerful ridgelets and curvelets (Candes, 1998, 1999, 2003)
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are robust to this type of phenomena and they constitute our main motivation for

relaxing the stationarity assumption commonly used in model selection.

Li (1986, 1987) studied the asymptotic loss-efficiency of Mallow’s Cy,
(Mallows, 1973), leave-1-out cross-validation (Stone, 1974) and generalized cross-
validation (GCV) (Craven and Wahba, 1979) for selecting the number of regressors
or basis functions under the 7id assumption and fixed regressors. Also that of Cp
and GCV for choosing the ridge parameter under iid and normally distributed
errors. Andrews (1991) studied the optimality of Cp, GCV and leave-1-out cross-
validation under independence and fixed regressors but allowing for heteroskedastic
errors. He finds that GCV is not optimal for series estimators under those con-
ditions. Shao (1997) analyzes this property for a large number of model selection
criteria finding that those mentioned in the earlier papers are optimal under mis-
specification while others such as BIC or leave-d-out cross-validation are optimal
when there are two or more correctly specified models. His paper represents a
good summary of the optimality properties of model selection procedures. Finally,
Burman and Nolan (1992) studied the asymptotic loss-efficiency of leave-1-out
cross-validation under time series stationarity though their results are tailored at

regression splines and their conditions are much stronger than ours.

In the next section we introduce the notation and concepts that will be
used throughout the paper. Section 3 deals with the asymptotic loss-efficiency of
GCp and leave-1-out cross-validation. We then conclude and offer the proof of the

results in the last section.
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II.2 Notation and definitions

Our focus is on predicting a target variable Y; given a d x 1 vector of
predictors Z;. We regard our forecasting model as an approximation to the condi-
tional expectation of Y; given Z; (the optimal predictor in terms of PMSE) so we

are implicitly working with a quadratic loss. We assume that Y; is generated as
Vi = pu(Z) + &

where u(Z;) = E[Y;|Z;] and ¢, is a zero mean error term representing the devia-

tions between Y; and pu(Z;).

Given a sample of n observations on the Y;’s and Z;’s, we write Y =
Yi,....Y,.),e = [e1,...,e,) and Z" = [Zy,...,Z,] to denote the vectors con-
taining the n observations on Y, and &, respectively and the matrix whose #"
row contains the d x 1 vector of predictors Z;. We also write Y = 1 + ¢ where
n=[u(21),...,1(Z,)] denotes the n x 1 vector of conditional expectations corre-

sponding to each t.

We now introduce assumptions B.1 and B.2, which refer to the data
generating process (DGP) and the model respectively and will be used in the main

results of the paper.

B.1 (Data generating process)

(a) Let {(Yi, Z;)} be a sequence of dependent and possibly heterogeneous
random vectors such that Y; is real-valued and 7, is a Z-valued vector,

ZCcRY deN.

(b) & =Y, — EYi|Z)] =Y — u(Z).

B.2 (Model) Let {1, : Z — R} be a sequence of measurable functions. Let {p,}

be a given non-decreasing sequence of integers and {A,} a given sequence
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of sets where each A, is a set of subsets of N and each subset contains at
most p, elements, so that a € A,, is a subset of N containing ¢, = #a < p,

elements.

The model is given by
M, ={m:Z—R|m(z) :z’7+25j¢j(z) yeRY B, €R, a € A,}
JEa
We next define the ridge estimator; for that purpose let X, («) be the

n x (d+ q) matrix whose " row has elements Z; and ¢;(Z,), j € A,, a € A,, t =

1,...,n, n=1,2,.... We consider the estimator given by
ﬁ(a7 h) = [771(057 h)7 S "f]n(a7 h)}/ = Mn(Oé7 h)Y

where M, (o, h) = X, () [ X, (@) X, (@) + 1) ' X, («) for given h > 0 and « € A,,.

We also define X, (.) = [¢1(.),...,¢,, ()] to denote a p, x 1 vector
containing the maximum number of basis functions given a sample of size n and
Xopn = [Xpn(Z1), ..., Xp, (Z,)] to denote the corresponding n X p, matrix which

includes all the observations.

We next define the concept of near-epoch dependence, a memory require-

ment on the sequences of observations that will be used throughout the paper:

Given a probability space (2, F, P), let V; be a F-measurable vector-
valued sequence, let Fi1" = o(Vi_,,..., Vigm) such that {FiT7}%°_ is an in-
creasing sequence of o-fields contained in f. Also let {S;} be a sequence of F -
measurable random variables with E|Sy| < oo foralli=1,...,dandt=1,...,n.

Then {S;} is Lo-NED on {V;} of size —a iff

Vi = sup || Syt — BT Silo = O(mfa*)
¢
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for a* > a.

We define Ly (. h) = n~ln — i, )2 = n=" S0 (y — juler, )2 as

the average squared error loss, which can be decomposed as

Lo(a,h) = Ap(a, h) +n~te' M2 (a, h)e —n~'20[1, — M, (a, h)|M,(a, h)e

where A, (a,h) = n~Y|n — M, (o, h)n||?, and the unconditional risk is defined as
its expectation; that is, R,(«, h; Z") = E(L,(«, h)).

We also defined L (a, h) = A, (o, h)+n~'e’ M?(, h)e which is the sum of
the first two components of the average squared error loss. As we will show in the
proofs, the difference between L,(«,h) and L% («, h) is asymptotically negligible

relative to average squared error loss.

We next introduce the modern notions of consistency and asymptotic
loss-efficiency for model selection . The latter is highly desirable for a model se-
lection procedure to behave well and constitutes the main focus of the paper, as
shown in the next section.

Let (dn,izn) denote the model and ridge parameter chosen by a given
selection procedure and let (o, hY) be the pair minimizing L,(«, h) over a € A,

and h > 0.

Following Shao (1997), we say that the selection procedure is consistent
if
P{(an, hn) = (af, h5)}— 1.

As Shao (1997) makes explicit, this consistency is in terms of model selection and

~

is not related to the consistency of 7(&,, h,) as an estimator of 7, i.e. we do not
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require

Ly (G, b)) = Op(l)

This last consistency is not very useful since , as Shao (1997) points out, sometimes
there no consistent estimator of n (e.g. infaea, infy>0 Ly, (o, ) # 0,(1)) because the
model may be misspecified and sometimes there are too many consistent estima-
tors (e.g. SUP,ea, SUP,>0 Ln(@, h) = 0,(1)), as when one has a correctly specified
model with irrelevant predictors.

In some cases a selection procedure is not consistent but (&, ﬁn) is still

“close” to (o, h) in the sense that

~

LTL A'I’LJ hTL .
—LHEZ;’ h;;; —1 in prob.
A selection procedure satisfying this condition is said by Li (1986) among others to

be asymptotic loss-efficient and this is the property we analyze in the present

paper.

II.3 Asymptotic loss-efficiency

In this section we show the conditions under which GC;, and Leave-1-out

cross-validation are asymptotic loss-efficient.

We will extend previous results to accommodate dependent and possibly
heterogeneous observations. We will impose near-epoch dependence as memory
requirement on the observations in order to achieve as much generality as possible.
As stated in the introduction, our theorems only hold for the case of misspecified
models; nevertheless, as we argued there, this is the common situation in economics

and finance and this is why we use series approximations.



52

Leave-1-out cross-validation is asymptotically equivalent to GCp but un-
like this one it has the additional advantage of not requiring estimation of the
variance-covariance matrix term that appears in the penalty of GC;,. When the
errors in the DGP are correlated both GCj;, and leave-1-out cross-validation lose
their optimality and methods capable of dealing with it (such as h-block cross-
validation (Burman et al., 1994; Racice, 1997) ) are required.

I1.3.A GCg

GCyp selects a € A, and h > 0 by minimizing
GCra(a,h) =n7HY =i, h)|]? +n~r W (a, b))V, ()

where W,,(a, h) = E[X,, (o) X, () + b1, ],
Vola) = E[X, (o) ee’ X, ()] and (e, h) = M, (o, h)Y.
As W, (a, h) and V,,(a) are unknown, we have to estimate them consis-

tently. The corresponding estimators will be given by

Wn(av h) = n_l[Xn(O‘),Xn(O‘) + hIQn]

and
V(o) =n! Z elry(a)zy ()
t=1

where 7,(a) denotes the " row of the X,,(«) matrix.

We minimize in practice GC%, (o, h) = n Y — (e, b) |2 +n~ " trW; 1V,
Let (L, h%CL) be the corresponding minimizers over A, x [0, 00); our goal is to
show asymptotic loss-efficiency, that is

Ln(aGCE, hGCL)

inf e, infp>o Ly (o, h)

where L, (o, h) = n~tn — 7(a, h)|*

— 1 n prob.

Now assume the following regularity conditions:
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B.4

B.5

B.6

B.7
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> aea, (BlinfazonLy(a, h)]) ™™ — 0

where m is some fixed positive integer such that the memory and moment

restrictions below are satisfied.

m*

limsup,, oo Y [tn(@) — K] (E[g nL,(a,h)]))" < oo

aeAn

where k is a positive integer not depending on n such that A\i(a) > 0 for
all n (where \,(a) denotes the k' eigenvalue of the X, (a)' X, (a) matrix) ,
tn(a) is the largest ¢ such that A\j(a) >0, t < ¢ = #a < p,, and m* is some
fixed positive integer such that the memory and moment restrictions above

are satisfied.

(Memory requirements)

(a) The sequence of errors {e;} is Lo-NED on {V;} of size
—max{sz 1(77: ;)2771 1+( 1)722m*—1<%)2m*—1+<m* _1) (r ) }

for some r > 2 and where {V;} is an a-mixing sequence of size —(2—2 +

m —1).
(b) {Zi} is a Lo-NED sequence on {V;} of size —8(2=;)? for some r > 2 and
i=1,...,d and where {V;} is the same a-mixing sequence as before.

(Moment restrictions)

(@) ||et][max{@m—1)r,2m*—1)rarap)y < A < 00, for some r > 2 and p > 1.

(b) 1|%;(Z:) || maxfarapy < A < o0, for all j and t.

The sequence of basis functions {t;(.)} is such that |¢;(Z') — ¢;(Z?%)] <
B(ZY, Z%)p(Z', Z?%) for all j, where B(z',2%) : Z x Z — RT is a non-
negative B*-measurable function and p(z', 2%) = 320 | |z} — 22| , where z; is

the ¢ component of the d x 1 vector z.
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We further assume that || B(Z;, E{X7 Z)) | 4/(-1) < 00, ||p(Ze, B Z4) || < 00

m m

and ||B(Z;, B Z)p(Zy, EfX M Z4) ||, < 0o, where 1 < ¢ <2 and 7 > 2.

m

B.8 E[€t|€t—1a Et—2,--+,E1, Zt7 Zt—lv Zt—Qa ce Zl] = 0.

B.9 For some 0 < < 1 and same p as in B.6,

n—1
2 \1/p p, . . -5 _
@i " (X +2)(inf fnfnLa(0 )™ = 0,(2).

B.10 )\mm{n_l S EXpn(Zt)Xpn(Zt)’} =C,

where O, (infaca, infrsonL,(a, h))~179 = o,(1).

. . = N
B.11 [infaca, infrso nLy(o, h)] " ppsupye, |(Z:) — w(Z,)| = O,(1)

Theorem I1.3.1. Under B.1-B.11 the pair (a““L hECL) selected by GC; is asymp-

totically loss-efficient.

Remarks on conditions B.3-B.11:

1. Condition B.3 is similar to A.3 in chapter 1 and similar comments ap-

ply. For the case of series function approximations to 7, we might expect
infaea, Elinfyso Ln(a, h)] to be of order O(n=1*?) for some § > 0. So as
long as the cardinality of A, is of polynomial order n’ for some ¢ > 0,
there always exists an m such that B.3 is satisfied. Also notice that since
inf,ea, Elinfy>o Ly(o, h)] < infaea, infr>o R, (o, h) we might need slightly
stronger moment restrictions on the errors than those needed under inde-
pendence for this condition to hold. Finally remember from the first chapter
that this assumption requires that we expand the size the model set at a
polynomial rate and breaks down when one or more models are correctly

specified.
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2. Condition B.4 is the analog of A.4 in chapter 1 and arises specifically for
model selection under ridge estimation. As mentioned above, for series ap-
proximations inf,e 4, F[infy>o L, (a, h)] is typically O(n=1%%) with § > 0, so
infaea, ElinfysonL,(a,h)] = O(n’). On the other hand ¢,(a) is O(n) at

most so for any m* > 3/6 the limit above is bounded and B.4 would hold.

3. Conditions B.5 and B.6 impose the memory and moment restrictions on the
errors and predictors required for the results to hold. We allow the obser-
vations to be near epoch dependence (NED), which is a weaker memory
requirement that mixing and it is satisfied by a wide range of dynamically
stable time series processes. The size requirements on the NED coefficients
allow for transformations or functions of the observations to be equally NED.
Condition B.7 is also a condition imposed on the basis functions to inherit

the NED property from the predictors.

4. Condition B.8 is sufficient for {e;;(Z;)} to be a martingale difference se-
quence for all j (see Hayashi, 2000). Notice that B.8 implies that the error
term is serially uncorrelated and is also uncorrelated with the current and
past predictors. When the errors are correlated this requirement breaks down
and GCp, gets a bias that can not be consistently estimated. The same prob-
lem occurs with leave-1-out cross-validation and methods that circumvent

this problem such as h-block cross-validation are required.

5. Condition B.9 requires the existence of a large enough p so that it holds
and by B.6 this will imply that at least we will need the first p moments
of the errors and regressors to be uniformly bounded. There is a trade-off
between how big p should be and how slow is the convergence of the series

estimator to the unknown function it is approximating. The slower the rate
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of convergence, the bigger p (and corresponding moment restrictions) that

we will need.

6. Condition B.10 sets the maximum rate at which we may allow the minimum
eigenvalue of the information matrix to decrease as we add more basis func-
tions into the models to improve the level of approximation. This rate is
unknown as it depends on how fast the optimal nL,(a, h) goes to infinity,
which at the same time depends on the rate at which the series estimator

converges to the true conditional expectation.

7. Finally condition B.11 imposes a restriction on the rate at which we can
increase the number of basis functions with the sample size to achieve a bet-
ter degree of approximation. Notice that it might imply a very slow rate
if the rate of convergence of the series estimator is also slow. Nevertheless
there exists a trade-off between this condition and B.8 in the sense that we
can tolerate a faster degree of increase in the number of basis functions as
long as the multicollinearity problem doesn’t get substantially worse as the
model gets bigger. In any case this all depends on the way we implement

our approximation and the data generating process, which remains unknown.

I1.3.B Leave-1-out cross-validation

Leave-1-out cross-validation can be regarded as a direct estimate of pre-
diction mean squared error (PMSE). It works by splitting the data into two parts.
The first part contains n-1 observations used for fitting the model (model con-
struction) and the observation left is used for assessing the predictive ability of the
model (model validation). This procedure is repeated for each single observation
and finally the model minimizing the average of all these predictive ability mea-

sures is the chosen one.
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A more general version of cross-validation is leave-d-out cross-validation.
It differs from leave-1-out in that the validation set contains d observations instead
of just one and the construction (or test) set contains the n — d remaining ones. It
is computationally less attractive than leave-1-out since unlike the latter it doesn’t
have closed form though some simulations have shown some evidence of better
performance than leave-1-out in small samples. Asymptotically it has the same

asymptotic behavior than leave-1-out as long as d/n tends to zero.

Dependence and heterogeneity in the data doesn’t affect the asymptotic
optimality of cross-validation as long as the errors are uncorrelated (to be more
precise as long as the sequence of products of the error with the regressors is a
martingale difference, which is ensured by condition B.8). When the errors are
correlated we will need more general cross-validation procedures such as h-block

cross-validation, whose asymptotic optimality is studied in the next chapter.

The leave-1-out cross-validation (C'V_;) method minimizes

n

CVir(ah)=n 'Y (Yt — (0 (X (@) X (@) + Al )™

t=1
2

x Xn,(—t)(@m—w) (IL.3.1)

with respect to a € A, and h > 0, where x,(a) denotes the #** row of the

X, () matrix, X,, (_4) denotes the X, («) matrix with all the rows except the "
and Y(_y) is the vector Y with all its components except the tth.

It is easy to show that (2.1) can be expressed as
OV i, h) = 07| (L = Mo (e, )] Y = i(a, B, (11.3.2)

where M, (a, h) is a diagonal n x n matrix whose ¢ diagonal element is mg (cv, h),

the ™" diagonal element of M, (c, h).
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Now we introduce the following condition required for the asymptotic

loss-efficiency of (C'V_4):

B.12 h, = 0,(1)

where h, = Sup,e 4, Supjso A(M,(a, b)) with A(.) denoting the maximal di-

agonal element of a matrix.

Theorem 11.3.2. Under B.1-B.10 and B.12 the pair (V=1 hCV=1) selected by

leave-1-out cross-validation is asymptotically loss-efficient.

Remark: Condition B.12 is much milder than B.11 and thus allows much
faster rates of increase in the number of basis functions than those required for the
optimality of GCp. The difference lies in that the GC; model selection procedure
requires for its implementation the estimation of the V,, variance-covariance term
that appears on its penalty and the uncertainty arising from its estimation nega-
tively affects the performance of the statistic. This does not occur for leave-1-out

cross-validation, which increases its flexibility.

II.4 Conclusion

We have analyzed the conditions under which GCj, and leave-1-out model
selection procedures are asymptotic loss-efficient under model misspecification as
well as under time series and potentially heterogeneous data. This enhances the
applicability of these model selection criteria when choosing the optimal number
of basis functions in series estimation as well as the optimal shrinkage parameter

whenever ridge regression is used to estimate the basis functions coefficients.

It is worth noticing that the naive AIC wouldn’t be optimal since we

need to account for model misspecification. On the other hand, GCp, requires the
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estimation of its penalty term and that will affect its performance. When the
misspecification problem is not too serious AIC might work better for selecting
the optimal number of regressors or basis functions. Leave-1-out cross-validation
doesn’t incorporate any term requiring estimation too and in this sense it will be
more efficient than GCp, delivering better approximations to the unknown condi-

tional expectation (optimal prediction under quadratic loss).

Other model selection procedures such as BIC, H-Q, FPE and so forth,
which penalize more than AIC or GCy will not be asymptotically optimal un-
der model misspecification. Therefore, they should never be employed for imple-
menting series estimators. The same conclusion holds for any leave-d-out cross-
validation method with d/n tending to a positive constant since they will be asymp-

totically equivalent to some of the statistics above.

Accounting for heterogeneity will make it possible to implement series
estimators that are robust to the presence of structural breaks (such as wavelets,
rigelets or curvelets basis functions) as usually encountered in macroeconomic and
financial data. Accounting for near epoch dependence will make the procedures

work under very general time series processes.

It is also important to remark that error correlation will break down the
asymptotic optimality of both selection procedures and methods that are robust
to it are required. h-block cross-validation is a generalization of cross-validation

that circumvents that problem and will be studied in depth in the next chapter.
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I11.5 Proofs of theorems

In the proof of theorem 3.1 we will call lemma 6.1 from chapter 1 and
will use the following theorem which generalizes Whittle’s result and is proved at

the end of this section.

Theorem IL.5.1. Let {¢;} be a Ly-NED on {V;} of size —22™1(2=5)?"1 where
{V;} is an a-mizing sequence of size —%’2 for some r > 2. Also let Fe; = 0,
el @m-1)r <A <00, where m > 1 and let
0 — (T_2)2m71/2m71(T_1)2m71 00 e 1/2—1/T .
ijlj 1y[j/4] < 00 and ijﬂ 1oz[j/4} < 00;
where v and « denote the Lo-NED and a-mizing coefficients respectively and

[.] denotes the integer part of . Then, for any sequence {b;} whose elements are

uniformly O, (1) and any integer n, we have
n 2m noN™
E(Z bjaj) < C<Z b?)
7=1 3=1
where C' is a constant depending on m and lN)j = E|b;|.

Proof of theorem 3.1:

As we did in chapter 1 and following Li (1986) rather than using X, («) we
will work with the matrix X, (a) = [An(a), 0] ,where A, () is the (d+q) x (d+q)
diagonal matrix with dy(a) = )\, / *(a) as diagonal elements, the A;(c)’s denote the
eigenvalues of X, (a)' X, («) and 0 is an n— (d+¢q) x (d+ ¢q) matrix of zeros. This is
achieved by applying the singular value decomposition to the X, («) matrix; that
is, Xy (a) = Up(a)An(a)V, () where Uy (ar) and V,,(«) are n xn and (d+q) x (d+q)
orthogonal matrices respectively. A, («) has a very simple structure. Our statistics

don’t change as long as we pre-multiply the vectors Y, and e by U, (), yielding

¥ ~

Y=Y, .Y 0= [fin, ..., i) and E = [&1,...,&,].
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Write GC7,, as

GCp,(a,h) = n7'ell® + La(a, h) + 207" Py(a, h)n (IL.5.1)
+ 207t (trW, Yo, h) V() — €' M, (e, h)e) (I1.5.2)
oo (W o h) V(@) — trW Yo, h)Via(a))  (IL5.3)

where P, (a,h) = I — M,(a, h).
Asymptotic loss-efficiency for GCj,, («, h) will follow if

sup sup|Ln(a, h)/L:(c, h) — 1| = 0,(1), (IL.5.4)

aEA, h>0

and the last term in (5.1) as well as (5.2) and (5.3) are of smaller order of magnitude
in probability than L («, h) and L,(a, h) respectively, uniformly with respect to
a and h; that is,

sup supn_'|e' Py (e, h)n|/Li(a, h) = 0,(1) (IL5.5)
a€An h>0

sup supn trW, e, h)V, (o) — &' M, (a, h)e|/ L, (a, h) = 0,(1) (I1.5.6)

aEA, h>0

sup supn L trW (o, B)V,(a) — triV; Y (o, h)Vu(@)|/Ln(a, h) = 0,(1)  (I1.5.7)

a€An h>0
This will imply that

Lu(a%2, 190
inf inf L, (o, h)

acA, h>0

— 1 in prob.

Before proving (5.4)-(5.7) we define as in chapter 1
L (a,h) = Ay(o, h) + n~ e M (o, h)E

and

P,(a,h) = I, — M, (a, ),

where A, (o, h) = n~1|7

— M,(av, h)||? and
M, (o, h) = Ap(a)[An(a)' Ay («

) + hI] "' An(a).
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We first verify condition (5.5).

Define B:(a, h) = Y0, i2(M(@) + h)?, as nL:(a, h) > h2B(a, h), we
get that

|e’ Py (cr, h)n ‘é’f’n(a,h)ﬁ}
sSup sup —————~— = sup sup —=——— 11.5.8
ozG/Il)n hzlg nLy(a,h) aefn hz}i:)) nLx(a, h) ( )
v G M(@) + h)E
< sup sup |~Zt_1 Eefs(Mela) + 1) | (I1.5.9)

acA, h>0 (B (a, h)Y2(nLx (o, h))1/2
so for (5.5) to hold it is enough to show that (5.9) tends to zero in probability.

For each n, let I1(j) = {1,2,...,5} and Ir(j) = {j + 1,...,n}. Recall
that ¢, (a) is the largest ¢ such that A\;(a) > 0.

(5.9) will be 0,(1) if for any natural k£ and for [ = 1,2

> en Eefe(Ne(@) + R) 71| — o,(1) (1L5.10)

Ssu Ssu = =
b o (Br(c, )2 (0L (o, b)) 72

and Ve > 0 3 ¢;(e) and co(€) such that ¢1(e) — 0, ca(€) — 0, € — 00,

and
S Efie( N (o) + h)E
P{ sup  sup sup ‘z;tell(j) el tE ) +h) ‘ > 5} < ¢le)
Q€An j=k,ooim (@) N1 (a)<h<A;(a) (B (o, h))Y2(nLx (o, h))'/?

(IL5.11)
forl=1,2

Proof of (5.10)

When [ = 1 the proof is identical to the analog expression under inde-

pendence shown in the first chapter.
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When [ = 2, it suffices to show that Ve > 0

{ |2t Euftch @) + )7 }
P< sup sup >ep—0
a€An A () <h (h2B*(a h))l/z(nL* (a, h))1/2

(11.5.12)

Since h2B:(a,h) is non-decreasing in h, the left-side of (5.12) doesn’t

exceed
wp su S Efh (M) + b)Y 6
P{aefn /\k(a)P;h A (v )(Bn(a7/\k( )))1/2(ni;;(a,h))1/2 = } < (I1.5.13)
[0 Bl (@) (@) + M) Au() + ()|
P4 su _ _ /9
o e e AT e 2 }mﬁ 1)
S0 B [ O0) + 1) = M) (ule) + ) ]
P< sup su ° . ] .
{QGIEL )\k(a)P;h )‘k(a)(B;;(Oéa Ak(@)))l/z(n[;;';(&, h))1/2 TII /521}5)

By applying the generalized Chebychev inequality, (5.14) is no greater

than
e

Now we have to bound the expectation in (5.16). For that purpose let v, () =
ide(@)(A(@) + A(@)) ™! Gulash) = Al@)(B; (. A(a)))* (0L (a, b)) and
note that &, = Uy(a)'e = uy(a)ey + ... + upt(a)e, where Uy(a) = [uy(a), .. .,

tni ()] denotes the ¢t column of the orthogonal matrix U(«) and € is the vector

of errors.

So we get that the expectation term in (5.16) equals

n

B [G;Qm(% h)( > (usla)er + ... + unt(a)en)%(oz)) 2m] _

t=k+1
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n n 2m
E [G;zm(a, h) <61 Z (o) + ...+ en Z um%(a)> } =
t=k+1 t=k+1

2m

E{Gnm(a, h) <ZZ; gjgbj(a))m} = E[(XZ; gj&j(a,h)) 1 (I1.5.17)

where ¢;(a) = Y7, uj(a)vy(a) and o, h) = ¢;(a)/Gula, h).

Now, by noticing that

¢;(a) Yot Wit (@) e (@) (Ne(@) + Me(a)) ™

= — —~(I1.5.18)

Gy(a, h) (3, 22 () (Asl@) + (@) =2) " (nLiz(a, b))
< >t w5 (Q)] e A (@) (A () + Ag(a) ™!

- i1 AR (@) (M) + () 2

and taking into account that both w;,(a) and Ak (a)(Ae(@) + M)t are

(11.5.19)

O(1), it is easy to see that (5.18) is uniformly bounded in j and then we can applied
theorem (5.1) with b; = ¢;(a, h), yielding that

n

EKi%(a’ h)>2m} <c(XEaan)’)

J=1

where C' is a constant depending on m.

Now,
ST (Blgila, ) =3 (BIG (0 h) S up(a)u(a)])?

siEh%m&iwmmmf (115.20)

ujt(&)%(oz)) _ (I1.5.21)
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:E[G;Q(a,h)(i zn: uj,(a)y +ZZuﬁ a)ujp (@) v (@) (a )H

j=1 t=k+1 j=1 t£t/
(11.5.22)

:E{G;Q(a,h<z Zu]t )+2> () (a Zuﬁ ) (o )]:

t=k+1 LAt
(11.5.23)

n

B0 3 )] = E[a:tah) 3 i) uda) + )]

t=k+1 t=k+1

(I1.5.24)
where (5.20) follows from Holder’s inequality and (5.24) from the orthog-
onality of U(a).

Now, (5.24) doesn’t exceed

i1 BEA(@))?(Ae(@) + M) 2

E —— - (I1.5.25)
(320 At (@) )2 (Ae(@) + i) ~2) @i (@)
= B[0()(@u(0) )] < GE[(@1(0) 7]
where C} is a constant and Q% (a) = inf,>onL%(a, h).
So we get that (5.16) is no greater than
o) L@ k) S @) s

oA,
where the last inequality follows from jensen’s inequality, and the result

will follow from assumption B.3.

A similar bound follows for (5.15) which can be checked by following the

same steps as its analog in chapter 1 (6.17) involving the application of lemma 6.1
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and theorem 5.1 as we did above.

This concludes the proof of (5.10).

The proof of (5.11) also follows from its analog in the first chapter (6.11).
The only difference is that here we use theorem 5.1 to replace Whittle’s result and

apply the same reasoning as for (5.10). The bound we will achieve is of the type

K(€) Y [taler) — k] (Elinf nL (o, h)]) ™™

h>0
OéeAn

where K (€) is a constant depending on € and the result will follow from
assumption B.4.

To verify condition (5.4) notice that

|La(a,h) — Ly (o, h)| = 2070/ [L, — My (o, B)]| My (v, h)e]|

=207 |if I, = My (o, h)| My, (a, B)E| = 207> Ejish (@) (Me(@) + 1) 7|
=1
and it therefore suffices to show that

I3 Erfu (@) (M) + h) 72 -
e 120 (B (v, h))Y2(nLz (v, h))1/2 = 0p(1) (I1.5.27)

The proof of (5.27) is similar to that of (6.35) in chapter 1, with the

exception that here we will need to apply theorem 5.1 instead of Whittle result as
we did when verifying condition (5.5).

Now we verify condition (5.6).

First, observe that the left-hand side of (5.6) doesn’t exceed
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[ inf infnL,(a,h)] ! sup sup n~ e My (o, h)e — trW Y a, h)V,(a)|  (I1.5.28)

a€An h>0 €A, h>0
~1
— [inf infnL,(a,h “tr[ X (@) X, i)™
[a1€nAn fllgon (v, )] jellz iglgn [tr[ X (@) X (@) + hig,]

x X, (a)'ee’ X, (o) — trW, Ha, h)V,(a)] (I1.5.29)

so it will be enough to show that for some 0 < 6 < 1

1

[ inf inf nL,(a, h)}_( ) sup sup{ (n~'[X,(a) X, () + hiy,])

a€An h>0 a€An h>0
—(n ' E[X,(a) X (@) + 1, )) T} = 0,(1) (I1.5.30)
and
[aienjn }lrzlg nLy(a,h)] - as;lz{n_an(a)’sa’Xn(a)
—E[n' X, (a) ee’ Xo(a)]} = O,(1) (11.5.31)
In the following we will denote by ||.|| the euclidian norm of a matrix or

vector.

Now, (5.30) will hold if

and
)\mm{n‘l Z EXpn(Zt)Xpn(Zt)’} =C, (I11.5.33)
t=1

where O, (infaea, infrsonL,(a, h))~179 = 0,(1).

We verify condition (5.32)
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E|ln X0, Xup, — EIX0, Xopa || = (IL.5.34)

n

E{ : ) [”_1 Z Vi(Z)Un(Zy) —n ' E Z wj(Zt)wh(Zt)]Q} = (I1.5.35)

) nz{ZE[% (20 Z2) = Bvs(Zyn( 2]+ (I1.5.36)
22 _Zl EWj(Z)n(Ze) — Evi(Z)on(Zy)] [Wi(Zi—r ) on(Zy—r)

— BVi(Zi— ) Un(Zi—r)] } (IL5.37)

To bound (5.36) we follow the same argument as in chapter 6 of Gal-

lant and White (1988). Letting n, = ¢;(Z)Yn(Z:) — Ev;(Z)Yn(Zy) and 7y, =

BT An s where BT TA() = E(|F(Z7*77) and get that
\E(mm—T)\ = |E[77t77tT + (N7 — Utﬁh)” (I1.5.38)

< | Elniies]| + | Emetier + me(e—r — neier)]| (IL.5.39)

Since 7, is F ' "t[/2-measurable we get that

|Elmier]| = |E[E (i |F 72| (I11.5.40)

= |BIE(m|F 2 )h | (I1.5.41)

IN

HEtf‘r+[T/2}ntH2

e[ (I1.5.42)

By the law of iterated expectations and the conditional Jensen’s and

Holder’s inequalities we get that HﬁtTH2 < ||7]t_TH2 < Hnt_THT where r > 2.
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Now, by applying Minkowski and Holder inequalities

In-ll, = (052 en(Zer) = Evi(Zir)bn(Zi-), (IL5.43)
< i (Zier)on(Zi—r)||, + | By (Zir)on(Zi—r )] (IL5.44)
< N[ (Ze) || 10n(Zeo) o, + 1195 (Ze) || 00 (Zi—) || {11.5.45)
< 2|05 Zer)||y, |n(Zi—r) ||, < 2A° (I1.5.46)

where the second inequality in (5.45) follows from the moment restrictions in B.6

(b).

Now,

B, < 5oty ol + - B, (san

where the inequality holds by following the same argument as in the proof of lemma

3.14 of Gallant and White (1988).

(r=2)°
It can also be shown that Hm — Et+[[://j]]ntH2 < Klu[‘;%l)z, where v =

Z?Zl Vim and this follows from example 17.17 of Davidson (1994) under our as-

sumptions.

Thus we get that

(r=2)°
| Elnine]| < 28210820707 + KaylG0%) (11.5.48)
which together with
| B[ (-7 — meiir)]| < HUtHQHUt—T—UtﬁtTHQ (I1.5.49)
(r—2)>
(r—1)2
< el Kovg s (IL.5.50)
(r—2)2
< 207Ky (11.5.51)
yields that
1/2-1/r r=2)" (r-2)7
|E(nme—)| < 282(10A%a " + Ky + Kovly"™)  (115.52)
(r—2)
o 1/2—1/r r—1)2
= 20%(10A% [ " + K p') (I1.5.53)
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We thus get that (5.36) doesn’t exceed

n—1 (r—2)2
2n ) "2 (10A% 7Y + Kav !, 07) < 4A™nCy (I1.5.54)
=1
(r=2)
where C) = Y72, 2A2(10A2a[1T//251/r + Kgy[j_(;;;}lﬂ) which is finite under

the mixing and near epoch dependence sizes in B.5.

The expectation term in (5.35) is no greater than

2{ BV (Z)3(Z:) + (B (Zovn(2)) "} < (I1.5.55)
2{[les (2013 [wn(Zo) | + i (205 ][en(Z0 |15} (I1.5.56)
< 4w, (Z|| 5| en(20)||; < 4 (I1.5.57)

So finally we find that (5.34) is bounded by

Pn  Pn
Z Z(4A4n_1 +4A*n71C)) = Oyp?nt

j=1 h=1
and (5.32) will hold if p,n~'/2 = O(1) as result of the generalized Cheby-
chev’s inequality.
This concludes the proof of (5.30).

Now we verify (5.31)

For that purpose it suffices to show that

(inf infnL,(a, h))0||n" "X}, e’ Xpp, — Eln' X, e’ Xy, || = Op(1) (115.58)

a€An, h>0

First, notice that
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E [n_lX;Lpnseanpn} = n! Z E Xy, (24) Xy, (Z1) }

+ nilz Z {E[«‘Eté?t—TXpn(Zt)Xpn(Zt*T”

T7=1 t=741

+ BlaerX,.(Zi-r) X, (2]}

= n_l Z E[€t2Xpn<Zt)Xpn(Zt)/]

This is because

EleerrXp (Z)Xp (Zi—r)'| = E[Fleier—rXp,(Z0)Xp,(Zi—r) | Ti=r]]
= E[E[eX,, (Z)| s ]t Xy, (Zi—2)'] =0

where Ny = o(e:Zs, 601741, - . .).

Now,
|ln~' X, e6' Xy, — Eln7' X, e’ Xy, ]
_ 7128 (20X, (Z) —n~ ZE 2 X,y (Z) X,y (Z4)']
t=1
n—1 n
0 Y S e X, (20X, (Zes) + e X (Ze ) X, (Z2)
=1 t=7+41
—1253 (2)X,,(Z) —n™" > E[e1X,,(2)X,,(Z)] (I1.5.59)
t=1
n—1 n
n Y {ee- X, (20X, (Zi—r) +a181- Xy, (Zi-2) Xy, (Z)' }|| (IL5.60)
7=1t=7+1

and we will handle these two terms by first showing that (5.59) is O,(1).

Begin noticing that (5.59) equals



72

7j=1 h=1
— ”_2{2 E[e}0;(Z)¢n(2) — Bl (Z)en(Z)] (IL5.61)
j=1 h=1 t=1
+2> > Eefi(Z)n(2) — Ejvi(Z)vn(Z))]
=1 t=r+1
X[} i(Zi—r)Un(Zi—r) — B} 0i(Zor)n(Zi—r)] } (I1.5.62)

The expectation term in (5.61) is no greater than

2{ Befv2 (203 (2) + (Bt (Z)en(2)) "} < (I1.5.63)
2{|lellslles (2ol llen(Zols + llellilles(Zo |3 len (20 |13} (I1.5.64)
< 4lel|3lles (2ol [wn(Z0) s < 4a® (I1.5.65)

To bound (5.62) we let n, = €31 (Z;)n(Z1) — Ei1b;(Zy)n(Z;) and follow
the same steps taken to bound (5.36) above, arriving at the conclusion that (5.59)

doesn’t exceed

n—1 (r—2)3

4 4 1/2-1/r r—1)3 4
20 2AM10A T + Kl < AAMCy (I1.5.66)
T=1
(r=2)%
where C3 = Y77 | 2A*(10A*a [1//24] ¢ Vi /74}” which is finite under the

mixing and near epoch dependence sizes in B.5.

So we finally get that (5.59) is bounded by

Pn  Pn
Z Z(4A8n’1 +4A'nTICs) = Oypin?

j=1 h=1
and it will bounded in probability if p,n~"/? = O(1) as result of Cheby-

chev’s inequality.
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We will handle now (5.60).

Now,

Z Z {5t5t T X (Zi—7) +gtet—TXpn(Zt—T)Xpn(Zt),}
=1 t=7+1 p
n—1
< 0 Y| 3 et X (20X (B + e X ()Xo (2
7=1"t=74+1 p
-1, pPn Pn n py l/p
< n_IZ{ZZ Z {5t€t—r¢j(zt)¢h(zt—r)+€t5t—r@/)j(Zt—T)@/)h(Zt>} }
j=1 h=1 lt=r+1
< n_lz{ZZQP (8] 3 ae s zoinzi)
j=1 h=1 t=7+1
P\ \ 1/p
b B[S o) )}

t=7+1

where the last inequality follows from applying the ¢, inequality.

Now, because

Blewerthj(Ze)on(Ze-)|" < lledlipllee—r 5105 (ZO 15 1von(Ze-r) |5, < A*

and by a straightforward generalization of lemma 6.7(b) of Gallant and
White (1988) to LP norms we get that the last two summands above don’t exceed
CpQ/pnl/p (Z ( + 2))1/p, where C' is a constant that depends on p. Therefore
(5.31) will hold if for some p > 0 and § as specified above

—_

(pin)l/p( (T + 2)) e P(inf 1nf nL,(a,h))™° = 0,(1)

aEA,
1

3

3
Il

This concludes the proof of (5.6)
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Now we verify condition (5.7)

Notice that the left-hand side of (5.7) doesn’t exceed

[ inf inf nL,(q, h)}_1 sup sup n”trW o, W)V, (@) — triV o, h) Vi (o)

a€EA, h>0 a€A, h>0

so it will be enough to show that for 0 < 6 < 1

[ inf inf nL,(q, h)}_(l_é) sup SUP{(n_l[Xn(O‘),Xn(O‘) + h[qn])_l

a€EAy h>0 a€An h>0
— (0 E[ X, (a) X (@) + 1, ) T} = 0,(1) (I1.5.67)
and
-6 B -1 1t
[alenjn }1Lr>1g nL,( O?;lj) {n! Z Eiwy(a En ' X, (o)’ X, ()]}
—0,(1) (IL5.68)

Condition (5.67) follows from (5.30) so we only have to show (5.68), which
will hold if

[Inf infnly( *12 Xp(Z) = E[n™ X, 28/ X, ] || = Op(1)
(I1.5.69)
Let Vi =n~'X], é6X,,, and V" = E[n~'X}, ec'X,,,] and notice that
& = e — (I Zs) — w(Zy)), where [i(Z;) denotes a consistent estimator of
1(Zy).

So we get that

3

! 5t (Zt))> Xpn(Zt)Xpn<Zt)/

#
Il
—_
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—2n N e Z) - 1 Z0)) X, (20) X, (Z0)'

+n N (1 Zy) — w(2))* X, (Z0) X, (Z) (I11.5.72)
= Vi + Vo + Vi,

So |V — V| < Vil + Vsl 4 [Vas |l and it suffices to show that
|Vis|l = O,(1) for i = 1,2, 3.

The bound for ||V follows from (5.58), which was shown above.
Now we bound ||V ||

Now,

Vool = 4l[n™" Y i Z) = 1(20)) X, (Z0) X, (Z0) |

< 4lln Y Jedl i Z) = m(Z01X,, (20X, (2 |

t=1

< dswp |(Z) — w2l [n~" Y e X (20X, (Z) |

n

= aswp | Z0) = u(Z0) [|n " 3 (201X, (20X, (Z1)

—Eled| X, (Z0) X, (Z,) + Eled| X, (20) X,,(2.)) |



76
< toup () — (2 [0 D (% (20X, (4 — Bl X0, (2%, (20|
) = (IL.5.73)

+aswp | Z) = p(Z)| [t Y Bler| X, (20X, | (IL5.74)
t<n

t=1

and we need to show that both (5.73) and (5.74) are O,(1)

(5.73) will be O,(1) if p,n~1? = O(1) and sup,,, |1(Z:) — u(Zy)| = O,(1)

by following the same argument as in (5.58).
Now we bound (5.74).

Notice for that purpose that

101> EBled X, (20X, (Z0) || <07t || Eledl X, (20) X, (Z2) |

t=1

{ZZ lled i (Ze)n(Z1)]) }1/2

7j=1 h=1
/2

< ”_12{ > lledli3lle (2113 ||¢h(zt)||4} < A3p,

1

j=1 h=
and therefore (5.74) will be bounded in probability if

[ inf infnL,(a, h)}_apn sup |(Z:) — u(Zy)| = Op(1).

a€An h>0 t<n

Finally, we find a bound for ||V3,].

Now,
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n

WVall = [0 Y ((Z0) = 1(20))*X,,(20) X, (Z)) |
< sup((Ze) = p(Z)* ™! > X0 (Z0) X, (2|
= igf('&(zt) - M(Zt))QHn_l Z(Xpn(Zt)Xpn<Zt), — E[Xp,(Z) Xy, (Z:)]

+ B[X,,(2)X,,(2) )|

n

< sup((Z) — p(Z))?||n! Z(Xpn(zt)Xpn(Zt)/

t<n =1

— E[X,,(Z) X, (Z)])]|

n

+ sup((Z) — w(Z))?|[n" Z[Xpn(zt)xpn(zt)lH

t<n —1

and from here it is obvious that ||V, || will be O,(1) under the same con-

ditions that guarantee that ||V2,|| is also bounded.
Proof of theorem 3.2:

First notice that the squared norm in (3.2) can be expressed in the fol-

lowing way

[, = My, (o, )Y = i(ax, h)]l!2 = (Y — (e, b)) (I, — My(c, ) (Y = ij(a, b))
= (Y —7j(a, b)) (I, + 2M,(c, ) + 3M>(cv, h) + .. )(Y — ij(a, b))
= (Y = i(a, b)) (Y = i, b)) + 2(Y = i(c, b)) M (a, h)(Y — i), )
+3(Y — A, b)) M2 (o, B)(Y = (e, b)) +

and therefore

CVa-r(a,h) = n= (Y = ije, b)) (Y —ij(a, )
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+2n7 (Y — (0, b)) M (0, h)(Y = i, b)) + O, (hT_wh))

where T, (a, h) = (Y — (e, h)) M, (o, h)(Y — (ar, b)) and
Ry = SUPge 4, SUPsso A(M; (e, b)) with A(.) denoting the maximal diagonal element

of a matrix.

It can be easily shown that

CVp1(a,h) = n~Yel|? + Lo(a, h) + 207 (I, — M, (o, h))n

T,
+47”L_1T1n(04, h) + 2n_1T2n(av h) + 2n_1T3n(a7 h) + Op (hn néa’ h))

where

Ty (o, h) = €' (I, — My(a, h)) M, (v, h) (I, — My, (, h))n

To,(a, h) =n'(I, — M, (c, h)) M, (a, h) (I, — M, (e, h))n

and

Tsn(a, h) = €' [(I, — My (a, )My (c, h)(I, — My(er, h)) — My (a, h)|n

and asymptotic loss-efficiency of C'V,, _; will follow if we show that

sup sup| Ly (av, h) /LY (c, h) — 1| = 0,(1), (I1.5.75)
a€A, h>0
and
sup supn~'|e' Py (v, h)n|/Li(a, h) = 0,(1) (IL.5.76)
a€A, h>0
sup supn~ | Ty (a, h)| /L% (o, h) = 0,(1) (IL.5.77)
a€A, h>0

fori=1,2,3.
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We already showed for the generalized AIC model selection procedure

that (5.75) and (5.76) are 0,(1) under the assumptions.
Now we show that (5.77) is 0,(1) for i = 1,2, 3.

For i = 1 the results follows as

e (I, — M, (a, h)) M, (e, h) (I, — M, (c, h))n
< hpe' (I, — M, (v, h))?*n

so it is enough to show that

sup supn'|e'(L, — My (v, h))*n| /L (c, h) = 0,(1)
acAp h>0

but (5.78) equals

sup sup n’l‘é’([n — Mn(a, h))2ﬁ‘/£;(a, h)
acA, h>0
‘Z?:l 5t/1th2()\t(04) + h)_2|
< sup sup —= =
acd, h>0 h(B:(a, b)) /2(nL: (o, h))1/?

(IL5.78)

(11.5.79)

and it can be readily seen that (5.79) is 0,(1) by following the same lines

as in (5.5) and taking into account that h?*((\(a) +h)™2 < 1.

We now verify (5.77) for i = 2.

For this purpose notice that

T2n<@> h) = U/(In - Mn(Oé, h))Mn(Oé, h><In - Mn(a7 h))n

< hon' (I, — My (v, h))27] < hynL}(a,h)
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so |Ton(cv, h)|/nLi(a,h) < hy, and the result follows as h, = o,(1) by

assumption.
Finally we verify (5.77) for i = 3.
Now,

T (o, )| = |&'[(In — M (e, ) My (e, B)(I, — My(ar, b)) — My(cv, h)]e]

= |&'[My (e, h) — My (cr, ) My, (c, h) — My, (c, h) My, (e, )

+  My(a, h) My (v, h) My (o, ) — My(a, b)]e]
< C!a’Mn(a, h)e — &' M, (v, h)e]

where C' denotes a finite constant.

By following the same steps than for showing condition (5.6) it is straight-
forward to see that (5.77) for i = 3 will hold if

Hn_l[Xrlzannp E[Xflzannan = Op(l) )

n

)\mm{nl Xn: EX n(Zt)Xpn(Zt)’} - C,

=1
where C,, (infaea, infysonL,(a, h))~179 = 0,(1)

and

for some p > 0 and J as above

(p>n)VP(inf inf nL,(a, k)™ = O,(1).

acA, h>0
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Proof of theorem 5.1:

For simplicity we will only consider the case m = 2. Analog results follow
for m > 2 though the algebra becomes more complicated. We let '} and C5 be

generic constants that will be used throughout.

Now,

n

B eib)'] = B[]+ B[R] + > E[eb]  (115.80)
j=1

Jj=1 J#k J#k
+ Y E[eebeb] + Y Elebierbieibicmbm] (I1.5.81)
kAL kAlAm

We will proceed to bound each of the summands above.

Now the first summand in (5.80) equals

4 n

b 474 14
ZE (E|b;)* E’b 7 —L—] = E[elbid]] (11.5.82)

J=1

where b; = E|b;| and d; = b;/F|b;| = b;/b;.
By Holder’s inequality the right hand-side of (5.82) doesn’t exceed

Z Bt dillo = Eled][B3]]]d! ]
j=1

n

< 3B < (S (B

7=1 7j=1
where the first inequality follows since sup;Elej| < oo and sup;||dj|ls <

oo. under the theorem assumptions.

Similarly the second summand in (5.80) equals
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S E[EREERE] < el ||ek||4||d2d2||oob%2<02Zb2
Jj#k Jj#k

where the second inequality holds as sup; ||d5d; ||l < oc.

To bound the third summand in (5.80) we begin with

> " Elefbiabi]| < |E[edblerb]|

j#k J#k
= Y |B[EBBerbidi] | < b\ didi]|o| B3y
Gk 7k

(r—2)%
<> Bbellddslloe (5 (5020 Nlewlle + Bivjocay) + llewll - Bavil3") (115.83)
J#k

where r > 2.

Let

(r—2)3
sy = 50{1153'71/7"”516”7" + By, + Bor Y
[(=7%] (2] =3 [Ezd]
So (5.83) doesn’t exceed
1 74 | 7272y 91
Ch Zb bkﬁ k— J] < Z(bj + bjbk)ﬂ[¥}
J#k j#k
n—1n—j
= O YD B+ 0280
j=1 p=1
n—1 n—j n—1 n—j
= bl 7272 g1
B Cl{ bjﬂ[%] + Z j J+P19[Z]}
j=1p=1 j=1 p=1
n-l n—j n—1 n—j
b 1 7272
= Cl{ 7 Zﬁ[g] M baijrp}
=t p=l j=1 p=1
n-1 n—1 n—j n
b b2h 2
C1{D1 ;1+M1 jzb§+p} < C2(ij2>
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where Dy =377 19[151 < oo and M; > 19[1%

Similarly, following the same lines of proof we get that

1> Elebeini]| < Cof Zzﬂ

J#k

and therefore we achieve the desired bound for the third summand in (5.88).
We now bound the first summand in (5.81).

We first show that |Z#k# E[e?b?ekbkabl] ’ is bounded. Begin noticing

that it doesn’t exceed

Z ‘E[é?b?ékbkélbl” = Z }E ibidjzgkbkdkélbldl”

G#k#L JFk#
(r=2)
< > Bbibilddsdlo (€52 (5ot el + Buvgess)) + el B2l
J#kA
<Ci ) bbby (IL.5.84)
#kA
where 1% =8 is defined similarly to ﬁ[lk_j].
4 4
Now, (5.84) is bounded by
n—-2n—j—1ln—j—p
7272 | 7272 _ 7272 P22 2
Ch Z (b bk +b b T’“ =y Z Z babj+p ij+p+q)19[%]
kA =L p=1 g=1
n—2n—j—1ln—j—p n2nj1n]p~~
SZPID VDI EIES DD DI DR UEYD
7j=1 p=1 q=1 j=1 p=1 q=1

The first summand in (5.85) equals

—j—1 n—j—p n—2n—j—1

n—2mn
DD B D Hy<Dad ) b,
j=1 p=1 q=1

j=1 p=1
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<Da(3 1)
j=1

where Dy = 2211 19[2%], which is finite under the theorem assumptions.

The second summand in (5.85) equals

n—2 n—j—ln—j—p n—j n

n—2
DU D By <Y 0 0, v
q=1 j=1 p=1

j=1 p=1 q=1

<D,(3_8)°
j=1

By the same reasoning,

|z#k# E|e;bjeibieib] | and }Z#k# E[e;b;erbyeib?] ‘

achieve the same bounds and therefore the first summand in (5.85) is

bounded by Cy (30, 52)%.

j=1"7J

We finally bound the second summand in (5.81). Consider first

| Y Elgbebicibigmbn) | (I1.5.86)
JFkFIFmM

and the following cases:
i) m—1>(1—kk— )
W) l—k>m—-1>k—j
) l—k>k—j>m—1
) k—j>m—-1>1—-k

VVk—j>l—k>m—1
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Under case i) (5.86) doesn’t exceed

> |E[ebierbebinbm] | < Z b;bbibm || dj dididon | 00| BE €1 1Em
j<k<

j<k<l<m
r 3
IN) IN) BZ) 1/2—1/r 8<(r 21))3
LY (lesercill Gatsze emll + Biguay) + el Bav X507
]<k<l<m
<Gy BjBkBleﬁfmT,l] (I1.5.87)
j<k<l<m
(r=2)°
where 19?,,17_1} = b [1,{12111/7”” Eml|r +B1V[m l]) + Bov [87,(17:11])3
Thus (5.87) doesn’t exceed
n—-3n—j—2 r r
7272 52 ) 7272 2 72 3
Ci Y B0+ 05) 00y = Cr Y (B30 4 + 2l g O
j<k<l<m j=1 r=1 p=1g¢=1
n—3 n—j— n—3n—j—2 r T
_ 7272 93
_01{ DN IS I Z]} (115 8)
j=1 r=1 1 ¢g=1 j=1 r=1 p=1 g=1

b=
The first summand in (5.88) is bounded by

7173~ n—j—2 n—j—2 r nf3nf]72~ ~ n—j—2
PIAOI NI DD TP DD DR DRI
7=1 p=1 r=1 g=1 j=1 p=1 r=1
n—3n—j—2~ ~ no )
§D3Z Z 32'§+p<D3< ?)
Jj=1 p=l j=1

where D3 = Zoil rﬁ?ﬁ} < oo under the assumptions.
4

The second summand in (5.88) is bounded by

w
3

.

2n—j—2 r n— n—j—2 r

J J—
3 72
Z Z Jj+p+q ]+p+Q+T19[ z1 S +p Z b]+p+q+r

r=1 g=1

QJ

n—on

"y

1 r=1 p=1 g¢g=1

<.
Il
<.
Il
—
3
Il
i
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= i%i@%irﬁ?ﬁ < D3(i i)’
j=1  p=1

—1 j=1

So we finally conclude that (5.86) under case i) is bounded by
n 7 2
Ch (Z j=1 b? ) :

It can be easily seen that the same bounds are attained for (5.86) under
all the other cases by following the same lines of proof as above. The same con-

clusion holds for all the remaining different orderings of j, k,[ and m.

I1.6 References

Akaike, H. (1973), Information Theory and an Extension of the Maximum Likeli-
hood Principle, 2nd International Symposium in Information Theory, Petrov, B.N.
and Csaki, F. eds., Akademiai Kiado, Budapest, 267-281.

Andrews, D.W.K. (1991), Asymptotic Optimality of Generalized C},, Cross-vali-
dation and Generalized Cross-validation in Regression with Heteroskedastic FEr-
rors, Journal of Econometrics, 47, 359-377.

Andrews, D.W.K. (1991), Asymptotic Normality of Series Estimators for Various
Nonparametric and Semi-parametric Regression Models, Econometrica, 59, 307-

345.

Burman, P.,Chow, E. and Nolan, D. (1994), A Cross-validatory Method for De-
pendent Data, Biometrika, 84, 351-358.

Burman, P. and Nolan, D. (1992), Data-Dependent Estimation of prediction Func-
tions, Journal of Time Series Analysis, 13, 189-207.

Burnham, K. and Anderson, D. (2003), Model Selection and Multi-Model Infer-
ence, Springer.

Candes, E. (1998), Ridgelets: Theory and Applications. Ph.D. Dissertation, De-
partment of Statistics, Stanford University.

Candes, E. (1999), Harmonic Analysis of Neural Networks, Applied and Compu-
tational Harmonic Analysis, 6, 197-218.



87

Candes, E. (2003), Ridgelets: Estimating with Ridge Functions, Annals of Statis-
tics, 33, 1561-1599.

Craven, P. and Wahba, G. (1979), Smoothing Noisy Data with Spline Functions,
Numerical Mathematics, 31, 377-403.

Davidson, J. (1994), Stochastic Limit Theory, Oxford University Press.

Frank, I.LE. and Friedman, J. (1993), A Statistical View of Some Chemometrics
Regression Tools, Technometrics, 35, 109-148.

Gallant, R.A. and White, H. (1988), A Unified Theory of Estimation and Inference
for Nonlinear Dynamic Models, Oxford: Basil Blackwell.

Fu, W. (1998), The Bridge versus the Lasso, Journal of Computational and Graph-
ical Statistics, 7, 397-416.

Hannan, E.J. and Quinn, B.G. (1979), The determination of the order of autore-
gression, J.R. Statist. Soc. B, 41, 190-195.

Konishi, S. and Kitagawa, G. (1996), Generalised information criteria in model
selection, Biometrika, 83, 875-890.

Li, K.-C. (1986), Asymptotic Optimality of Cy, and Generalized Cross-validation
in Ridge regression with Applications to Spline Smoothing, Annals of Statistics,

14, 1101-1112.

Li, K.-C. (1987), Asymptotic Optimality for C,, Cp, Cross-validation and Gener-
alized Cross-validation: Discrete Index Set, Annals of Statistics, 15, 958-975.

Mallows, C. (1973), Some Comments on C,,, Technometrics, 15, 661-675.

Newey, W.K. (1997), Convergence Rates and Asymptotic Normality for Series Es-
timators, Journal of Econometrics,79, 147-168.

Opsomer, J.,Wang, Y. and Yang, Y. (2001), Nonparametric Regression with Cor-
related Errors, Statistical Science, 16, 134-153.

Racine, J. (1997), Feasible Cross-validatory Model Selection for General Station-
ary Processes, Journal of Applied Econometrics, 12, 169-179.

Shao, J. (1993), Linear Model Selection by Cross-validation, Journal of the Amer-
ican Statistical Association, 88, 486-494.



88

Shao, J. (1997), An Asymptotic Theory for Linear Model Selection, Statistica
Sinica, 7, 221-264.

Stone, M. (1974), Cross-validatory Choice and Assessment of Statistical Predic-
tions, J.R. Statist. Soc. B, 36, 111-147.

Schwarz, G. (1978), Estimating the Dimension of a Model, Annals of Statistic, 6,
461-464.

Takeuchi, K. (1976), Distribution of Informational Statistics and a Criterion of
Model Fitting, Suri-Kagaku (Mathematic Sciences), 153, 12-18.

Tibshirani, R. (1996), Regression Shrinkage and Selection via the Lasso, Journal
of the Royal Statistical Society, B, 58, 267-288.

White, H. (2006), Approximate Nonlinear Forecasting Methods, Handbook of Eco-
nomic Forecasting, Edited by Graham Elliott, Clive Granger and Allan Timmer-
mann, Elsevier.

White, H. (2001), Asymptotic Theory for Econometricians, Academic Press.

Whittle, P. (1960), Bounds for the Moments of Linear and Quadratic Forms in
Independent Variables, Theory of Probability and its Applications, 5, 302-305.

Yang, Y. (1999), Model Selection for Nonparametric Regression, Statistica Sinica,
9, 475-499.



I11

Optimal Selection of Series
Functions by h-Block

Cross-validation

III.1 Introduction

This chapter constitutes an extension of chapter 2 and analyzes the
asymptotic loss-efficiency of h-block cross-validation. This model selection pro-
cedure is a general version of leave-one-out cross-validation (which was analyzed
extensively in the previous chapter) and is applicable when we are dealing with

dependent data.

This model selection criteria was formally introduced by Burman et al.
(1994) and studied from an empirical point of view by Racine (1997, 2000). It

differs from leave-one-out cross-validation in that instead of removing 1 observa-

tth

tion at each iteration, it removes 2h + 1 (it actually removes at the t"* iteration

t'h observation but also the h observations preceding and following

not only the
the t*". The validation set continues to have one observation as the leave-1-out

method but the estimation set only contains n — 2h — 1 observations (notice that

89
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leave-1-out cross-validation arises when h=1).

The superiority of h-block over leave-one-out cross-validation arises when
the errors of the data generating process are correlated. Remember that as we
showed in the previous chapter, leave-one-out cross-validation is asymptotically
optimal when applied to time series data as long as a condition implying the mar-

tingale difference assumption on the errors of the DGP is satisfied.

Remember that we formulated our data generating process as
Y, = i Zy) + &

where u(Z;) = E[Y;|Z;] and Z; is a d x 1 vector of predictors (which may contain
lag values of Y;). We use series functions in order to approximate the unknown
conditional expectation above given a number of predictors in our information set.
When the set of conditioning predictors incorporates all the relevant lags of the
variables we are using to predict, the error in the DGP will be a martingale dif-
ference (see section 3.5 of White (2001)). The omission of relevant past values of
the predictors will make the errors correlated and thus the leave-1-out method will

break down.

Since the models we are using to approximate the data generating pro-
cess are nonparametric in nature (series estimators linear in the coefficients), the
more predictors we include the slower will be the rate of convergence of the ap-
proximation to the unknown conditional expectation. There will be an additional
cost in terms of estimation uncertainty. It is for these reasons that though a richer
information set (in terms of current and lag values of the predictors) might lead
to better predictive ability, it will clearly worsen the model approximation and
estimation uncertainty. Thus we might be only interested in picking a few number
of lags with each predictor (of course, whenever we have a very wide information

set) and that will plausibly make the errors correlated.
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Of course h-block cross-validation will perform worse than leave-1-out
under uncorrelated errors (notice that a smaller estimation set is used at each
iteration) and as it will be shown later in the chapter, it imply imposes more re-
strictions from the model selection perspective. A crucial question will be how
to select the optimal h and we give some recipes in section 3 which are relevant

whenever we work with large samples.

This is the first theoretical study (that we know) of h-block cross-valida-
tion for the selection of the optimal number of series functions and as we did in
the previous chapters we generalized to consider ridge estimation (note that OLS
arises as a particular case). We also generalize to consider heterogeneous near
epoch-dependent observations, thus including very general dynamically stable pro-

cesses that might contain breaks (as most arising in finance and macroeconomics).

In the next section we reintroduce the notation and concepts from chapter
2 that will be used throughout the chapter. Section 3 deals with the asymptotic
loss-efficiency of h-block cross-validation and we state and discuss the assumptions
under which our results hold. Section 4 contains a simulation in which we analyze
the optimality of a range of model selection criteria (including the procedures an-
alyzed in the previous chapters) for several time series processes, some of which
include heterogeneity in the form of mean and variance shifts and error correlation.

We then conclude and offer the proof of the main results.

II1.2 Notation and definitions

In this section we reintroduce most of the notation and some definitions

from chapter 2 for the sake of completeness. As we already stated there, we
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want to obtain an optimal forecast of a target variable Y; given a d x 1 vector
of predictors Z;. We regard our forecasting model as an approximation to the
conditional expectation of Y; given Z; (the optimal predictor in terms of PMSE)

so we are implicitly assuming a quadratic loss. We assume that Y; is generated as
Vi = u(Zi) + e

where u(Z;) = E[Y;|Z;] and ¢, is a zero mean error term representing the devia-

tions between Y; and pu(Z;).

Given a sample of n observations on the Y;’s and Z,’s, we write ¥ =
Yi,....Y,),e = [e1,...,e4) and Z" = [Zy,...,Z,] to denote the vectors con-
taining the n observations on Y; and &; respectively and the matrix whose ¢
row contains the d x 1 vector of predictors Z;. We also write Y = 1 + ¢ where
n=[u(21),...,1(Z,)] denotes the n x 1 vector of conditional expectations corre-

sponding to each t.

We now restate assumptions B.1 and B.2 from chapter 2 as C.1 and C.2
respectively, which refer to the data generating process (DGP) and the model

respectively and will be used in the main results of the chapter.

C.1 (Data generating process)

(a) Let {(Y;, Z;)} be a sequence of dependent and possibly heterogeneous
random vectors such that Y; is real-valued and Z; is a Z-valued vector,

ZCcRY deN.
(b) & =Y, = EVi|Z)] = Yi — u(Zy).
C.2 (Model) Let {¢; : Z — R} be a sequence of measurable functions. Let {p,}
be a given non-decreasing sequence of integers and {A,} a given sequence

of sets where each A, is a set of subsets of N and each subset contains at

most p, elements, so that a € A,, is a subset of N containing ¢, = #a < p,
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elements.

The model is given by
My ={m:Z—>R|mz) =27+ Bi(z) veER! R, aec A}
JEa
We next define the ridge estimator; for that purpose let X, («) be the

n x (d+ q) matrix whose " row has elements Z; and ¢;(Z,), j € A,, a € A,, t =

1,...,n, n=1,2,.... We consider the estimator given by
If](av >\) = [771(0&, )‘)7 s 7If]n(a7 )‘)]/ = Mn(Oé, )‘>Y

where M, (o, \) = X, (a)[ X, (@)’ X, (@) + M| 7P X, («) for given A > 0 and « € A,,.

We also define X, (.) = [¢1(.),..., ¢, ()] to denote a p, x 1 vector
containing the maximum number of basis functions given a sample of size n and
Xop, = X0, (Z1), ..., X,,(Z,)] to denote the corresponding n x p,, matrix which

includes all the observations.

We next define the concept of near-epoch dependence, a memory require-

ment on the sequences of observations that will be used throughout the chapter:

Given a probability space (€, F, P), let V; be a F-measurable vector-

t+

valued sequence, let fi*7" = o(Vi_,,..., Vi) such that {FiF7

koo, is an in-
creasing sequence of o-fields contained in F. Also let {S;} be a sequence of F -
measurable random variables with E|Sy| < oo foralli=1,...,dand t =1,...,n.

Then {S;:} is Lo-NED on {V;} of size —a iff

*

Vi = sup ||Sit — BT Sy|la = O(m ™)
t

for a* > a.



94

We define Ly(a, ) = nln— i M2 = 07t S50 (e — fielc, V)2 as

the average squared error loss, which can be decomposed as

Lo(a, A) = Ap(a, \) +n e M2 (o, Ne — n 120/ [1, — My, (a, \)] My, (r, Ve

where A, (a,\) = n~||n — M,(a, M\)n||?, and the unconditional risk is defined as
its expectation; that is, R,(a,\) = E(L,(a, \)).

We also defined L} (a, \) = A, (o, \)+n~te’ M2(a, A)e which is the sum of
the first two components of the average squared error loss. As we will show in the
proofs, the difference between L,(ca, \) and L («, ) is asymptotically negligible

relative to average squared error loss.

I1I.3 Asymptotic loss-efficiency of h-block cross-
validation

As we stated in the introduction, h-block cross-validation represents a
generalization of leave-one-out. It splits the data in two parts. The first part con-
tains n-(2h 4 1) observations used for fitting the model (model construction) and
the observation left is used for assessing the predictive ability of the model (model
validation).This procedure is repeated for each single observation and finally the
model minimizing the average of all these predictive ability measures is the chosen

one.

So it differs from the leave-one-out method in that we removed 2h + 1
observations at each iteration (the #!* and h observations on either side of the ¢**)

instead of just one.
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It seems to perform better than leave-1-out cross-validation when the er-
rors in the data generating process are correlated for any block size h (see the
simulations by Racine (1997), (2000)). Nevertheless we provide restrictions to
achieve optimality that involve trade-offs between the block size, the rate at which
we can increase the number of series functions with n and the sample size. Of
course the block size will need to increase to infinity at a smaller rate than n to
deliver asymptotic loss-efficiency in addition to further restrictions. We provide in

this section some optimal ways of doing it.

Formally, the h-block cross-validation model selection procedure (C Vn}fq)

selects o € A,, and A\ > 0 so as to minimize

CVE_ (0 ) = (n—20) 3 (V) — 24(@) X!y (@) X oy (@) + Mpea]

t=h+1

X X (eny(@)Y(—tn)) (I11.3.1)

where z;() denotes the ¢ row of the X, («) matrix, X(_;) denotes the X, («)
matrix with both the ¢ observation (row) and h observations on either side of the
t* removed and Y(_¢.n) denotes the Y vector with all its components except both

the t'* and h observations preceding and following it.

Now assume the following regularity conditions:

C.3 Y ea, (ElinfrsonLy(a,N)]) " — 0

where m is some fixed positive integer such that the memory and moment
restrictions below are satisfied.

m*

C.4 limsup, ; [tn (@) = ) (Elinf nLn(a, N)]) ™ < 00
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C.6

C.7

C.8

C.9
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where k is a positive integer not depending on n such that Ag(a) > 0 for
all n (where \,() denotes the k" eigenvalue of the X,,(a)' X, (a) matrix) ,
tn(@) is the largest ¢ such that A\(a) > 0, t < ¢ = #a < p,, and m* is some
fixed positive integer such that the memory and moment restrictions above

are satisfied.
(Memory requirements)

(a) The sequence of errors {e;} is Lo-NED on {V;} of size
—max{22m—1(: ;)Qm 1+( 1)722m*—1<%>2m*—1+(m*_1) (T ) }

2r
—2

+

for some 7 > 2 and where {V;} is an a-mixing sequence of size — (-
max{m — 1,k + 1}) and & is such that p, = O(n").
(b) {Zi} is a Lo-NED sequence on {V;} of size —8(*=5)? for some r > 2 and

i=1,...,d and where {V;} is the same a-mixing sequence as before.
(Moment restrictions)

(a) |letllmax{@m—1)r,@m*—1)rarapy < A < 00, for some r > 2 and p > 1.

(b) ij<Zt)“maX{4r,4p} < A < o0, for all j and ¢.

The sequence of basis functions {¢;(.)} is such that [¢;(Z') — ¢;(Z?)] <
B(ZY, Z%)p(Z1, Z?) for all j, where B(z',2%) : Z x Z — RT is a non-

, where z; is

: : d
negative B*-measurable function and p(z!,2?) = >°7_, |2} — 22|

the i*" component of the d x 1 vector z.

We further assume that || B(Zy, E{X 7 Z) || g/q-1) < 00, |p(Ze, EXZ1 Z4) || < 00
and | B(Zy, EX Z)p(Zy, EFX Z) || < 00, where 1 < ¢ < 2 and r > 2.

For some 0 < § < 1 and same p as in B.6,

3
—

(pin)l/p( (T + 2))1/p( inf inf nL,(a, \))™° = O,(1).

1 acA, A>0

\‘
Il

mm{ L BX, (7 >Xpn<zt>}—cn

where C,,(infaea, infysonLy,(a, ))~09) = O,(1) for some § > 0.
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C.10
1. h — 00 as n — 0.
2. puh¥*n~12 = 0(1).

3. dyh = 0,(1), where d,, = sup,¢ 4, Supyso MMy (v, X)) with A(.) denoting the

maximal diagonal element of a matrix.

Theorem II1.3.1. Under C.1-C.10 the pair (aCV"1, \V"1) selected by h-block

cross-validation is asymptotically loss-efficient.

Remarks:

1. Conditions C.1-C.9 are the analogs of those for GC; and leave-1-out cross-

validation in chapter 2.

2. It is worth noticing that condition C.5 (a) might require stronger memory
constraints on the mixing sequence on which the errors are near-epoch de-
pendent than those needed in the earlier chapter (where we assumed that

the errors in the DGP were a martingale difference sequence).

3. Condition C.10 (a) requires the block size to increase with the sample size
(so the observations in the validation set and those used for estimation are
approximately independent for large n). C.10 (b) implies a clear trade-off
between the rate of increase of the block size and the rate at which we
can incorporate larger models with additional basis functions to potentially
achieve better approximations, as can be expected. C.10 (¢) involves a similar
trade-off and it will be weaker than C.10 (b) in those cases where p,/n

tending to zero also implies that d,, tends to zero (see Andrews, 1991).

II1.4 Simulation

We use neural network models with the ridgelet activation function to

approximate two data generating processes (referred to as DGP1 and DGP2 re-
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spectively).

DGP1 is a nonlinear additive AR(2) model (NLAR(2)) with iid errors

given by

3—Y? 3—(Y_y —0.5)3
— 1406 (Yis )4
1+Y2, 1+ (Yi2 —0.5)
where &; ~ iid N(0,1).

Y, =04 +0.1e;

The second DGP is also the same nonlinear additive AR(2) model but were now
the errors are given by

Et = 0.8€t_1 + Uy

where u; ~ iid N(0,0.1).

We applied a wide range of model selection criteria which includes GCp,
leave-1-out cross-validation (CV-1), generalized cross-validation (GCV), h-block
cross-validation and BIC in order to compare their relative performances for choos-

ing the number of ridgelet basis functions and the ridge parameter.

We follow the same methodology outlined in the first chapter for gener-
ating the ridgelet basis functions and that was proposed in White (2006). In this

simulation we generated a total of 33 ridgelet basis functions.

For each DGP we compute the ratio of the average squared error loss
evaluated at the model and ridge parameter (the latter from a grid of 20 values)
chosen by the corresponding model selection procedure and average squared error
loss evaluated at the pair (a, h) that minimize it. We did that for sample sizes of
100, 250, 500 and 1000 observations and always kept the number of models fixed at

33. For the case of h-block cross-validation the block size h was of the order of n'/5.
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Table II1.1: Means of Ratios of Average Square Losses for DGP1
n=100 n=250 n=500 n=1000

CV-1 1.2553 1.1234 1.0522  1.0043
GCL 1.2345 1.1804 1.0322  1.0089
GCV 1.2335 1.1522 1.0903  1.0203
BIC 1.3391 1.2345 1.1523  1.1523
h-block 1.3567 1.2347 1.1543  1.0522

Table IT1.2: Standard Deviations of Ratios of Average Square Error Losses for

DGP1

n=100 n=250 n=500 n=1000

CV-1 0.0148 0.0085 0.0064  0.0047
GC.L 0.0119 0.01454 0.0064  0.0047
GCV 0.0136  0.0081 0.0106 0.007
BIC 0.0129 0.008 0.0064  0.0047
h-block 0.0232  0.0148 0.0064  0.0047

We compute 100 replications of the above ratio for each sample size and
model selection criteria under consideration, reporting the mean and standard de-
viation of the ratios across replications as shown in tables 1 and 2 for DGP1 and 3
and 4 for DGP2. We would expect the mean of these ratios to converge to 1 with

a decreasing variance for those criteria which are asymptotic loss-efficient.

We can clearly see from table 1 that for DGP1 the average of the ra-
tios of average squared error losses for BIC doesn’t have a tendency to converge,
which can be explained as the BIC model selection procedure is not asymptotic
loss-efficient. The ratio for h-block cross-validation clearly lies above that for the
remaining selection procedures. This is due to the lack of correlation in the errors

(they are actually independent) and seems natural that in this case h-block cross-
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Table II1.3: Means of Ratios of Average Square Losses for DGP2
n=100 n=250 n=500 n=1000

CV-1 13356 1.1945 1.1413 1.1214
GCL 13098 1.2034 1.1532 1.1342
GCV 1.3882 1.2544 1.1725  1.1388
BIC 1.3223 1.2532 1.2032  1.2243
h-block 1.2544 1.1123 1.0734  1.0032

Table I11.4: Standard Deviations of Ratios of Average Square Error Losses for
DGP2

n=100 n=250 n=500 n=1000

CV-1 0.0167 0.00152 0.0035  0.0029
GC.L 0.0165 0.0154 0.003  0.0029
GCV 0.0184 0.0146 0.0056  0.0032
BIC 0.1633 0.0146 0.0032  0.0038
h-block 0.0618  0.0145 0.0036  0.0029

validation underperforms relative to the other procedures which are optimal.

In the case of DGP2 (where the errors are strongly correlated) h-block

cross-validation clearly outperforms all the other model selection criteria.

II1.5 Conclusion

In this chapter we analyzed the asymptotic loss-efficiency of h-block cross-
validation under near-epoch dependent and heterogeneous processes. This proce-
dure is the only one of those studied previously which is robust to error correlation

in the data generating process.

It seems that under strong correlation h-block cross-validation in clearly

superior though other selection procedures might perform better under weak cor-
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relation. We showed in a small simulation its good performance relative to the
other model selection criteria. It would be interesting to see a more ambitious and
extensive Monte Carlo exercise for a wider range of correlation structures in the

errors as well as data generating processes.

Of course it remains important for the performance of h-block cross-
validation to optimally choose the block size h. Racine (1997, 2000) shows that
under important error correlation h-block outperforms leave-1-out cross-validation
even for small values of h. Here we gave some recipes about how to choose h
optimally and through the proofs it can be seen a clear analogy between this and
the problem of consistent estimation of variance-covariance matrices in the presence
of autocorrelation and heterogeneity (see Andrews (1991) and Hansen (1992)). In
fact h-block cross-validation is implicitly linked with the use of a flat kernel. We
might borrow further insights from the consistent covariance estimation literature

and extrapolate them to the present setting.

I1I1.6 Proofs

In this section we proof theorem 3.1, which shows the conditions under
which h-block cross-validation is asymptotic loss-efficient for selecting the number
of terms in series estimators which are linear in the parameters. We start with the
following decomposition (shown in Racine (1997)) and which is key for the analysis

that follows.

(X0 () X (@) + My, — X{py (@) Xy (@) =
(XL(Q) X (@) + My, ) "+ (XL (@) Xn(a) + My,) ™ Xy (@)
X [Dian — Xy (@) (X (@) Xo(@) + My,) ™ Xy (@)] T Xy (@)

1

X (X (@)X, (a) + N,)
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where 119, denoted the 1 + 2h x 1 + 2h identity matrix and X(.p) de-
notes the (1 + 2h) X g, matrix containing the (1 + 2h) rows of observations that

are missing in X(_y.p).

We now define the ridge estimator computed with all the observations

except both the #*" and h observations on either side of it by

A (@ N) = (X ()X oy (@) + M) ™ X oy (@) Yoy (111.6.1)

and (6.1) equals

-1 -1

(Xh(@)Xn(a) + My,) " + (X (@) Xn(@) + Mg, ) Xy (@)

t[Tivon — Xy (@) (X, () X (@) + qu)_let:h)(a)] X (a)
x (X (a)Xn(a) + My ) ) (X(Q)Y = X( gy (@)Y i)

and therefore

Y; — 2(@)ieny (@A) = Yi — 24(a) (X4 (a) X (@) + A,,)  Xo(Q)Y

-1 -1

— () (X;L(a)Xn(a) + )\an)
X Xét:h)(a)}

+ 2(0) (X5 () X () + My, ) ™ Xy (@) Ve

Xy (@) [Tivon — Xy (@) (X7 (@) X (@) + ALy, )

Xy (@) (X () X (@) + M, )~ XL ()Y

n

-1

-1

+ (@) (X),(@) Xa(@) + M, ) ™ Xy (@) [Livon = Xy (@) (X7 (@) Xn(a) + M, )

1

X X{t:h)(a)}_lX(t:h)(a)(X;l(a)Xn(a) + M) X Yien (111.6.2)

-1

= ¥, — af(0)ia, A) — 24(0) (X4 (0)Xo(0) + My )™ X (@) [Tron — Hoeay (00, V)]

X X(t:h) (a)f](a7 )‘)
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-1

+ 2y() (X, (a) X, () + /\]qn)_lXEt:h)(Oé) (Lo + [Tig2n — Hny (o, A)]

X H(t:h)<04, )\))Yv(t:h) (11163)

= Y, — j()i(a, A) = 2(@) (X () X () + Mg, )™ X{oy (@) [Tipon = Hegy (0, V)]
X X(t:h)(a)ﬁ(a, )\)

+ xt( )(X, ( )Xn<a) + )‘an)ilX(/t;h)(a> [Il—s-Qh - H(t:h)(&y /\)} 71Y(t;h) (111.6.4)

1 -1

= ¥, — i o), A) + 4 (0) (X (0) X (@) + My,) ™ X (@) [Tron — Hay (00, V)]

< (Yim — Xeem (@), A)) (IIL.6.5)

where Hppy (o, ) = X () (X] (@) X () + )\an)_lX(’t:h)(a).

So we get that

n—nh
CVTif_l(oz,/\) = (n—2h)"* Z (Yt — 2 ()N (v, /\))2
t=h+1
— o) Y (V- (@), V)’
t=h+1
Fn—2h) S (20 (X)X @) + Ay, ) ™ Xy (@) [T — Homle, V)]
t=h-+1
x (Y — Xemy ()i, V)))*
n—nh
+2n—20)"" 3 (Y — zh(@)ian )24 (@) (Xh(@)Xa(a) + Aly,) " X (@)

x [Tiyon — Hemy (@, N] ™ (Yo — Xy (@i, V) (111.6.6)



104

n—h

= (=207 3" (Y = ai(@)ia, V)’
t=h+1
n—h )
_ R / -
+ (n —2R)7" Z (Yien) — Xny (@), V) [ivon — Hamy (o, )] Xy
t=h+1

X (XL (@) Xp(@) + AL, ) " g (a)z (@) (X4 (a) X (@) + A, )~

-1 .
X Xy () [Lion — Hamy (0, M) (Yen) — Xy (@)i(, V)

>

n—

+2(n —2h)7 (Vi = 2 (@)i(a, \))a5(0) (X7 (@) X (@) + Alg,) ™ X{ppy(a)
X [IH-Qh - H(t:h)(aa )‘)} o (Yv(t;h) - X(t:h)(a)’f]<aa )‘)) (11167)
= (n—2h)"" i (Y; — 2h(@)ii(a, \))?
+ (n—2h)’1 i (Y(t;h) _X(t;h) (a)ﬁ(a, )\))/ [[1+2h+H(t;h)<Oé, )\) +H(2t:h)<a? )\) +.. }

X X (X0(0) X (@) + A, (@) () (XL () X (@) + A,,)

n—h
+2(n =201 Y (Y = a(@)i(a \))z(a) (X (@) Xa(@) + Alg,) ™ Xy (@)

t=h+1

X [Il+2h + H(t:h)(a, )\) + H(Qt:h) (Oz, )\) + .. } (Yv(t;h) — X(t:h) (04)77(04, )\)) (11168)

n—nh

= (n =27 " (Y — 2j(a)i(a, \)

t=h+1

i
>

F =23 (Y — X (@)ien N)) Xy (X, (@) Xal) +AL,,)
t=h+1

()
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x 2 (X0 (@) X (@) + Ay ) ™ Xy (@) (Yiany — Xy (@)i(a, V)

+ (n—2R)7" i (Yieny — Xy (@)(a, )\))/X(t:h) (X, (a) X, () + )\an)_lmt(a)

+..
(n—2h) i (Yieny— X eny (@) 7i(r, ) Hgny (00, N) X eany (X, () X ( )—i—)\an)_l
x 24(0))(0) (X)) X () + Ay )™ Xy (@) (Vi) — Xy (@)ir(a, A))
+..
+2(n—2h)7 37 (Vi = al(a)i(en V) ag(@) (X (@) Xala) + My,) Xy (@)
< (Yom) — Xam (@)i(a, A))
+2(n —2h)"" i (Y — z(a)i(e, \)wi(a) (X, (@) Xn(@) + Mg, ) X (@)
X H(th (a )\)(Y(t; _X(th)( ) (a )\))
n (I11.6.9)
n—nh
= (=207 (¥ = ai(@)ia, V)’
t=h+1
+ (n —2h) 'Ry, (a,\) + O, (hn(Qh j; 1_)]2%;;1(@’ )\))
+2(n—2h)"" i (Y — 2y (a)n(a, N))zy(a) (X, (a) Xn(a) + )\an)flxt(a)

X (¥ = @)l \)a(a) (% - wifa)ifa, N)
(n —2h)7! Z Z — zy(a)f(a, N)) 2y (a) (X, () Xn(a) + A,

=1 t=l4+h+1

% 2,(0) (Yot — 24 ()i, V)

-1
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n—h—I

Z Yt — 3 ()7 (ev, )\)) i )(X;l(@)Xn(a) + )‘an)

+1

h
2(n — 2h) 12 -

=11

d"RQ”—M) (111.6.10)

raa(0) (Vs — ()0, ) + op( fanl
where d,, = Supae 4, SUP;so A(M, (v, X)) with A(.) denoting the maximal

diagonal element of a matrix,

h n—h—l

R N) = 373 (Vi — afy (@), M) (0) (X (@)X, (0) + M)

x @i(@)a}(@) (X (@) Xa(a) + My,) " wraa(@) (Vi — 2 (@), )

-1

n—h—l

+ ) > (Ye—ai(@)iaA)a(a) (X (@) Xa(a) + AL,

-1

X xt+l<a>x;+l<a><xg<a>x (@) + My,) " zy(a) (Vi — zy(@)i(a, N))

+2ZZ (Yo — a1 (@)ia, N) 2 (@) (X () X (a) + M, )~

T= =7+h+1

1

x 24(0)(0) (X4 (@) X (@) + My st (@) (Viaror — 2y (0, )

+222 z Yi = aj(a)i(a, N))a(e) (X, (@) Xa(@) + AL, )
X xt+l(a)xé+l(a>(X7ll(

1

)Xo (@) +AMy,)  zr(a) (Yier —2)_ (@)fi(, A)) (IILG6.11)

and
h n—h-l
Ron(a, ) =) ) (Vi = aj(a)ia, N)) 2 (o ) (XL ()Xo (a) + AL,,) "
=0 t=h+1
X (@) (Yt+l - $t+l(04)77(04> )\))
h n—h—l

+ 30D Vet = pal@)ifo, A)zh(0) (X (@) Xa(a) + AL,,) ™

=1 t=h+1
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x (@) (¥; = 2 (a)i(e, A)
h
£33 > (Y= e, A) ) (X (@) Xala) + AL,,)
X Tpy1-r(Q) (Yt+l - xQH(a)ﬁ(a, )\))

-1

£33 > (Y= al@)ita, V) zha) (Xp(a) Xa(a) + AL, )
h
+ Y (Yorr — 2y (@), V)2t (0) (X(@) Xa(a) + AT, )™

Xz () (Y — zy(a)i(a, A)) (I11.6.12)

Y (Yert — a0, 2) 21 (0) (X4 (@) Xo(0) + AL, )

x zy(a)(Yier — 2y (a)fi(a, N)) (I11.6.13)

Thus we get that

n—h
CVI_ () = (n =200 " (Y, — 2(a)i(a, \))
t=h+1
oo S (Y- ai(a, A) () (Xh(a) Xa(a) + AL,,) "

X (@) (Y — 3 (a)ip(a, N))
h n—h—I

2n —20) 7 Y7 D7 (Vi = a(@)i(an V) () (X (@) Xa(@) + A, )

=1 t=h+1

21(0) (Yt — 2} (@) X)) + O() (111.6.14)
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- _th{n_l Z(Yt — zy(a)i(a, )\>)2 ——h! Z(Yt — z(a)n(a, )\))2
h -1 - / A 2
D DI (A ACHUICIN)

oYY S (3 - oo 1)) (XL(0) Knfo) £ M)

=0 t=l+1

X 2i(@) (Y — 23 (a)ij(a, A))

2 Y (i (it ) ode) (Yo Xofo) + )

=0 t=l+1

X xyi(@) (Y — (@) (a, N))

SN S (Y af(adite X)) (X (@) Xale) + AL,)

=0 t=l4+n—h+1

X 2i(@) (Y — a3 (a)ip(a, A))

T } (I11.6.15)
= _ngh {”_1@/ — i, N) (Y =7, N)) + 20 T (a, A)
+0, (—d"hTZ(a’ N %CVh’fl> } (I11.6.16)

where

Tu(a,A) = (Y —ia,N) Maa, (Y =i, V)
+ (Y - 77(04, /\))/Mn(av )‘> (Y - 77(04, /\))7

M, (e, A) denotes a diagonal matrix whose ¢ diagonal element is the ¢ diago-
nal element of M,(a,\) and M,(a, \) denotes a matrix identical in structure to

M, (c, \) but with zeros along both its main diagonal and last n — (h + 1) upper

and lower diagonals; that is,
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0 mlg(a, )\) ce ml(h+1) (CK, )\) 0 ... 0

maq (Oé, )\) 0 oo mg(h+1) (a, )\) mg(h+2) (Oé, )\) ... 0

Mn<057 >\) = msy (O{, )\) m32<04, )\) . mg(h+1)<04, )\) mg(h+2) (CY, )\) .. 0
I 0 0 oo Mgy (@, ) Mppyo)(,A) .0 0 |

Now, (6.16) equals

n
n — 2h
+4n*1T1n(oz, )\) + 277/71T2n(0(, )\) + 277/71T3n(0(, )\) + 477/71T4n(0(, )\)

{H_IH€H2 + Ly (o, N) + 207 (1, — M,(a, A)n

ATy (c,N)  h
420 Ty (a, A) + 20 T (c, A) + O, (% + ﬁcvh’f_1> } (I11.6.17)

where

<

Tin(a, \) = &' (I, — My (a, )My, (a, \) (I, — M (a, A))n

=

Ton(a, A) = 0 (Ln — Mi(c, A)) My (0, A) (I — My (c, )
Tyn(0, ) = €' [(I, — My (e, N) My (0, N (I, — My(ev, \)) — My (c, M)
Tin(er, N) = €' (L — M (c, A)) My (e, \) (I — My (e, \)n
Tsn(a, A) =0/ (Ln = My (0, X)) My (e, ) (L — M (e, M)y

and

Ton(a, N) = &'[(In, — My, (a, )My, (ar, N) (1, — M (e, N))e

Asymptotic loss-efficiency of C'Vnhﬁ1 will follow if we show that

sup sup| Ly (o, A) /L (c, ) — 1| = 0,(1), (I11.6.18)
aEA, A>0
sup supn |’ (I, — My (o, A))n|/Li(a, A) = 0,(1) (I11.6.19)

a€An A>0
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sup supn~ | Ty (a, A)| /L5 (c, A) = 0,(1) (I11.6.20)

aEA, A\>0
for i =1,2,4 and 5, and

sup supn~ | Ta,(a, A) 4 Ton(c, A)| /L (e, A) = 0,(1) (I11.6.21)

acA, A>0

We already showed in chapter 2 that (6.18), (6.19) and (6.20) for i = 1
and 2 hold under the assumptions in section 3, so we only need to verify (6.20) for
i =4 and 5 and (6.21).

We now show (6.20) for ¢ = 4.

For that purpose notice that

T, V)| = |€'(1, = My (e, A)) M (v, A) (I, — My, (a, A))y| (111.6.22)
= |&M,(a, N7 (I11.6.23)
< d,|& D) (I11.6.24)

where & = (I, — M,,(a, \))e, 7 = (I, — M, (o, \))n and D,, denotes a n xn
matrix with zeros along both its main diagonal and last n — (h + 1) upper and
lower diagonals and with ones elsewhere.

Now, (6.24) doesn’t exceed

h n n 1/2 , n 1/2
2d, Y > e < 2dnh<Za‘f) <Z ,13) (I11.6.25)

=1 t=l+1 t=1 t=1

1/2 1/2

= 2d,h(' (I, — My(a, \))%)

(1 (Lo — Ma(cr, M) *n) (I11.6.26)
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therefore we get that (6.20) for i = 4 doesn’t exceed

1/2

2d,,h sup sup (8/(]” — Ma(a, /\))26) Vv (77’ (In — My(a, )‘))277)

acA, A>0 nL;(OQ /\)

(I, — M, (a, \ 2 \1/2 (I, — M, (v, A 2 \1/2
= i oy s U= Ml )% (1~ (1))
a€An 220 (7' (In = My (v, 1) 1)

= 2d,hO,(1)

and the result will follow as long as d,h = 0,(1).

We now verify (6.20) for i = 5.

Notice that
Tsn(a,\) = /(L — My(a, \)) M, (c, \) (I, — My (c, \))n

1/2

’ 1/2/ 4
< 20 h (7 (L — Ma(, N)*0) " (0 (L — Ma(a, 2))n)
< 2d,hnL}(a, )

where the second inequality follows from Holder’s inequality and the same

reasoning as for the case i = 4 above. The result follows if d,h = 0,(1) once again.
We finally verify (6.21).

Now,
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T30, A) + Ton(a, N = |€'[(Zn — My(a, \))(My(c, A) + My (e, N)) (I — Mi(a, N))
- MV
< Clé(Mp(a,A) + My(a, N)e — &' My (e, N
= c|m~w,; (o, V() — trW o, AV ()
+ trW, (o, M) V(@)
— trW, (@, MVa(a)]

where

Wo(a,\) = Eln ' X (o) X, (a) + A, ]
Vila) = Eln ' X, (a)ee’ X/ (a)]
Wn(a, AN =nt (X;(oz)Xn(Oz) + )\an)

Vila) =n ' X, (a)ee' X! (a)

n

{5t5t 1wy (@)zy (o)
I+1

n h
Vi(a) = n_IZ&tEmt(a) Z

+ stst_lxt_l(a)x;(a)}

and C' is a finite constant.

Therefore
sup sup [ Tsn (@0, A) + T, M|
a€An A>0 nL; (o, A)
‘trW*l(a MV (o) — trW (o, NV, (oz)!
< C sup su n \"» n 277 n 111.6.27
o aefn )\218 nLTL(O‘a )‘) ( )
trW (o, WVi(@) — trW, Ha, MV,
+ C sup sup Vo, DVae) — iV T V() (I1.6.28)

a€A, A0 nL; (o, A)
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and we will have to check that both (6.27) and (6.28) are o0,(1).

To verify that (6.27) is 0,(1) it will be enough to show that

[ inf inf nL, (o, )\)]_1 sup sup{Wn(oz, A) = Wa(a, A)| = 0,(1)

a€EAn A>0 a€An A>0

and

~

Va(a) = Va(@)| = 0y(1)

sup
aEA,

Now, (6.29) will hold if

”nil[Xrlzanﬂpn - E[X;zannan = Op(1>
and

)\mm{n_l Zn: EX n(Zt)Xpn(Zt)’} =C,

t=1

where C,,(inf,eca, infrsonL,(a, N)) ™! = 0,(1)

(111.6.29)

(I11.6.30)

(111.6.31)

(111.6.32)

Conditions (6.31) and (6.32) will hold under the assumptions in section

3 and it was proved in chapter 2, so here we will only verify condition (6.30).

To verify condition (6.30) we let

n npn

t=1

+ nt 2 > {EleieiiX,.(2)

=1 t=l+1

+ Elecr Xy, (Zi-0)X,,(Z0)']}

Vi=En'X), ef'X,,,] = n' Y E[gX,,(2)X,,(2)]

X

p

(Zi)]
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Vo= n—lZE[ngpn(Zt)Xpn(Zt),}

t=1
h n

+ 'Y Y {Blas X, (20X, (Zi)]
=1 t=I+1

+ E[Stgtle n<thl)Xpn<Zt),}}

and

V., = n_le?Xpn(Zt)Xpn(Zt)/
t=1

h n
4+ pt Z Z {gtgt,lXpn(Zt)Xpn(ZFO/

=1 t=l+1

+ e Xp, (Ze2) Xy, (Z0)' }

and (6.30) will hold if V* — V* = O,(1).
Now,

Vi = V= (VE = Vi) + (V= V) (IT1.6.33)

n n

and the result will follow if we show that each of the summands in (6.33)

are bounded in probability.

We first show that V; — V¥ is O,(1). Notice for that purpose that
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n

veovr = n—lz( Xp,xzt)Xpn(Zt)'—E[E?Xp,xzaxpn(zt)'])

t=1

+ n! Z Z {(stet X (Z0) Xy (Zi1) — EleieiiX. n(Zt)Xpn(Zt—z)'])

=1 t=l+1

1 (5t5t_lX (Zi21) X, (Z1) — Elee X n(Zt—z)Xpn(Zt)’]) }

For what follows we denote by ||.|| the euclidian norm of a matrix and for

a random matrix X we define | X||, = (E|| X|]?)"?.

Now,
Vi =Vl < 263 )X, (Z) — E[2X,,(Z)X,.(Z)]|| (111.6.34)
2
h n
+n Z Z (Etgth (20 X, (Zi) — E[gtﬁfHX n(Zt)Xpn(Ztl)’})
=1 "t=l+1 2
(111.6.35)
h n
DYDY (5t5t—lX (Z0) Xy, (Zi) = BleeiaX, ,L(Zt_l)X,,n(Zt)’})
=1 "t=l+1 2
(I11.6.36)

The right hand-side of (6.34) is bounded by Cip,n~'/? as was shown in

chapter 2 (5.59), where ¢; denotes a finite constant.

To bound (6.35) notice that

n 2

> <5t€t_lX (Z)X,, (Zi) — E[etst_lxpn(zt)xpn(Zt_l)’])
t=1+1

2
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= i pZ E [( i et (Ze)n(Zer) — Estst_n/;j(zt)wh(zt_l))j (111.6.37)

1 h=1 t=l+1
The expectation term in (6.37) doesn’t exceed Cy(l+2)n by lemma 6.7(b)

of Gallant and White (1988), which holds under the assumptions. Also notice that

(5 above denotes a finite constant.

Thus (6.37) is no greater than
Pn  Pn

Co) D (1+2m= Cop(l+2)n= Copy(h+2)n

j=1 h=1

So we get that

HV; — V;Hz < Cypan Y2 + 2Cop,h(h + 2)Y/ 2012

and therefore HV; —Vr

, will be O,(1) if p,n~/2h3/2 = O(1) by applying

Chebychev’s inequality.
Finally we show that V* — V* is O(1).

First notice that

n—1 n
Vi=Vy o= n ) Z{E[at&:tan(Zt)Xpn(ZH)’} (I11.6.38)

l=h+1t=I+1

+ Elee X (Z )X, (Z0)] } (111.6.39)

and therefore
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n—1

\Ve=ve < nt Z{ Z Elee11X,,(Z) X, (Z2)'] || (111.6.40)
I=h+1 Nt=]+1
+ ). ElagaiX,, (Zi)X,,(Z)] } (I11.6.41)
t=I+1
Now,
> EleweaX,,(Z0)X,,(Zis1)]
t=I+1

{i 3 <Z E‘gtgt—l%(zt)iﬁh(zt—l)\)2}1/2 (T11.6.42)

7=1 h=1 “=l+1

and given that under the assumptions

(r—2)2

]. 2 1/r r 2
E|€t5t—l¢j(zt)wh(zt—l)| < AQ( 5A% [l//4] / + Kv [?;4}1 )

we get that (6.42) doesn’t exceed

& 2 2 1/2-1/r 4((7:—21))22 ks
» Z A*(50%ay " + Ky ™”)
G=1 =1 =it 1

(r—2)2

< pund?(58% 5+ K )

Therefore

n—1 (r—2)2

[V = Vil < 2XmA? (5% + Ky ™) (1116.43)
=1

(r=2)2

h
— 2> p A2 (5A%a 3+ Kyt (11L6.44)
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and we need the sizes of both the mixing and near-epoch dependence

(r=2)
coefficients to be such that p, Y =, (Oz[ll//i]_l/r + 1/[‘;;2]71)2) < 0.

There only remains to proof that (6.28) is 0,(1) and we can follow similar
steps than those that verify condition (5.6) in chapter 2. By doing that it can be
easily seen that (6.28) will hold if for some 0 < § < 1

[ inf inf nL,(a, \)] ~(-9) sup sup{ (n~'[X,(a) X, (a) + )\an])_l

a€An A2>0 acAn, A>0
— (' E[X,(a) X (@) + M, ) T = 0,(1) (I11.6.45)
and
. . -3 -1 11
[alenjn g% nLy(a, \)] jeufn{n Xn(a)ee' X, ()
—E[n' X, (a) ee’ Xo(a)]} = O,(1) (I11.6.46)

As in chapter 2, (5.45) will hold if

[ X X, — EIX ) Xopa|| = Op(1) (I11.6.47)
and
Amm{n‘l > EXpn(Zt)Xpn(Zt)’} =C, (I11.6.48)
t=1

where C,,(infaea, infasonLy,(a, \))~079 = 0,(1).

Also by using the same argument than for showing (5.31) in chapter 2 we

can conclude that (6.46) will hold if for some p > 0 and § as specified above

2n)Y? (> (r +2)) " (inf inf nL, (o, X)) = 0,(1)

n - a€An A>0

3
—

T
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