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Abstract: Eigenstate multifractality is a distinctive feature of non-interacting disordered metals
close to a metal-insulator transition, whose properties are expected to extend to
superconductivity. While multifractality in three dimensions (3D) only develops near the critical
point for specific strong-disorder strengths, multifractality in 2D systems is expected to be

observable even for weak disorder. Here we provide evidence for multifractal features in the
superconducting state of an intrinsic weakly disordered single-layer NbSe, by means of low-

temperature scanning tunneling microscopy/spectroscopy. The superconducting gap,
characterized by its width, depth and coherence peaks’ amplitude, shows a characteristic spatial
modulation coincident with the periodicity of the quasiparticle interference pattern. The strong
spatial inhomogeneity of the superconducting gap width, proportional to the local order
parameter in the weak-disorder regime, follows a log-normal statistical distribution as well as a
power-law decay of the two-point correlation function, in agreement with our theoretical model.
Furthermore, the experimental singularity spectrum f{a) shows anomalous scaling behavior

typical from 2D weakly disordered systems.
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Quantum coherence phenomena have a profound impact in the dynamics of disordered
media. A paradigmatic example is the Anderson transition in disordered metals where quantum
interference of non-interacting electrons induces spatial localization, leading to insulating states
beyond a critical disorder strength !. In the vicinity of the transition preceding localization, these
systems display eigenstates being neither extended nor localized that strongly fluctuate at all
length scales. Such near-critical eigenstates exhibit multifractal character, i.e., they are formed by
interwoven sets of different fractals, each characterized by a non-integer dimension?“. These
critical eigenstates’ correlations are of fundamental relevance in the presence of disorder since

the multifractal regime dominates their electronic and magnetic properties>®.

When attractive interactions between electrons are present in metals, coherent electronic
states such as superconductivity (SC) can emerge in the presence of disorder. In the strong-
disorder regime beyond the critical value, Anderson localization disables long-range quantum
coherence, thus quenching superconductivity. For weak-disorder, superconductivity persists °-1
even in polycrystalline or amorphous materials near the Anderson localization transition'!.
Nonetheless, even weak disorder strongly affects superconductivity. Recent experimental studies
showed that disorder leads to spatial inhomogeneity!'%!?-14 and granularity!s in the
superconducting order parameter, in agreement with previous theoretical results'®. Despite these
findings demonstrate the intricate interplay between disorder and superconductivity, the existence
of the superconducting state in the multifractal regime remains unexplored, and the signatures of
multifractality have been mostly theoretically addressed so far!’-°. Such investigation seems
particularly suitable in 2D materials since, unlike in 3D where multifractality only arises in a
narrow range of disorder around criticality, multifractality is expected to emerge in 2D for a
broad range of disorder strengths???!. The existence of multifractality in 2D superconductors is
expected to shed light on long standing problems such as the observed intermediate metallic

state??, and variations of the superconductivity strength near the 2D limit 23,

2D is the marginal dimension for both localization and superconductivity. Scaling theory
predicts that electronic eigenstates in infinite 2D systems are localized regardless of the disorder
strength?* precluding the development of multifractality and superconductivity. However, this is
only valid for infinite 2D systems with time reversal symmetry and, therefore, 2D systems with
spin-dependent hopping exhibit a metallic ground state for sufficiently weak disorder and,

therefore, a broad region where both multifractality and superconductivity can coexist 2°. 2D
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materials develop multifractality provided the size of the material is smaller than the localization
length m, which can be extremely large in the weak-disorder regime (it scales inversely with the
disorder strength, n o [-exp(mk-1/2), where k is the wavevector and / the mean-free path). In this
arena, single-layer transition metal dichalcogenide superconductors are envisaged as ideal

systems to investigate this elusive regime.

Here we provide evidence for the multifractal character of the superconducting state in single-
layer NbSep, a 2D superconductor?®. Intrinsic weak-disorder in NbSe, monolayers triggers

multifractality of the single-particle eigenstates, which dramatically impacts its superconducting

state. By means of spatially-resolved scanning tunneling spectroscopy at T = 1.1 K, well below
Tc, we observe strong sub-nm-sized fluctuations in the superconducting order parameter

(proportional to the SC width for weak-disorder'®) as well as in the coherence-peak amplitude.
We find that the spatial distribution of the SC order parameter amplitude corresponds to a log-
normal type and, simultaneously, its spatial correlations show power-law decay for intermediate
distances. Furthermore, the associated experimental singularity spectrum f(a) shows anomalous

scaling behavior typical from 2D weakly disordered systems. These features demonstrate that
superconductivity in single-layer NbSe; is governed by multifractal electronic states even for

weak disorder.

Our experiments were performed on single-layer NbSe, grown on bilayer graphene (BLG)/6H-
SiC(0001) as shown in Fig. 1a. Atomically resolved STM images of the hexagonal NbSe, films
(Fig. 1b) reveal high crystallinity (< 1-10!2 defects/cmz), where the main source of defects are

island edges and 1D grain boundaries (Fig. 3b). Superconductivity in NbSe; is depressed in the

single-layer limit (T¢c = 1.9 K)?} as compared to the bulk (T¢c = 7.2 K). At T =1 K, charge
density wave (CDW) order is fully developed as seen in Fig. 1b. STM dI/dV spectra (Fig. 1c)
taken at different locations of the same region exhibit a dip in the density of states (DOS) at the
Fermi level (EF) that corresponds to the superconducting gap. The features that define the SC

gap, i.e. depth, width and coherence peaks amplitude, are seen to locally vary at the nm-scale.
These fluctuations were consistently observed in all the NbSe, regions studied regardless of

shape, size and crystallinity.
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To better understand the nature of the SC fluctuations in single-layer NbSe,, we spatially mapped

the width and depth of the SC gap in multiple regions with high-spatial resolution of ~1 A (see
supplementary information (SI) for the extraction procedure of the SC gap). All the regions
studied here were routinely imaged with atomic resolution prior to the STS acquisition to ensure
that they corresponded to monolayer regions (see Methods for a description of the procedure).
The width and depth of the SC gap are a measure of the local SC order parameter amplitude for
weak-disorder'® and the degree of development of SC, respectively. Figure 2a shows a
representative map of the spatial distribution of the width of the SC gap ina 12.4 nm x 12.4 nm

region (90 x 90 mesh that yields 8100 values). The width map unveils clear spatial fluctuations of

the SC order parameter in single-layer NbSe; within the nm-scale. Fourier transform (FFT)

analysis of this width map (Fig. 2b) yields a reciprocal-space ring of radius q = 0.88 £+ 0.08 A'l,

which reveals a single wavelength of L =7 + 1 A involved in the complex pattern of the SC
fluctuations in real-space. The depth of the SC gap exhibits similar spatial fluctuations with the
same wavelength (Fig. 2c). These nanoscale spatial variations A are smaller than the SC
coherence length for single-layer NbSe, (§(0) ~10 nm)?%27, which we emphasize that is
theoretically plausible (see SI for an extended discussion) and was also observed in several

superconductors with different dimensionalities!%-28-30,

To confirm the superconducting inhomogeneity in single-layer NbSe,, we compare the
spatial fluctuations of the order parameter (Fig. 2a) with the spatial distribution of the amplitude
of the coherence peaks (Fig. 2d) acquired over the same region. The peaks’ amplitude is
intimately related to long-range superconducting phase coherence and directly proportional to the
quasiparticles’ lifetime, which can be reduced by multiple mechanisms present in reduced
dimensions and by the presence of disorder!'®!!-13-31 The maps show strong peak’s amplitude
fluctuations over the same length scale as that seen for the SC width and depth (7 A), although
surrounded by regions where the coherence peaks are depleted due to intrinsic disorder in the 2D
superconductor. Despite these fluctuations in the phase-coherence at the submicron-scale,
mesoscopic transport measurements in this kind of samples revealed that phase coherence

holds?3.

Herein we focus on the origin of the characteristic wavelength of the SC fluctuations of ~
7 A. Such wavelength does not match either the atomic lattice (3.44 A), the SiC reconstruction
(32 A) or the CDW superlattice (10.3 A). The latter is expected since the CDW opens only on a
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specific spots on the Nb K-H sheets, leaving most of the Fermi surface to superconductivity 3. In

order to reveal its origin, we performed spatially resolved dI/dV mapping of the electronic

structure of single-layer NbSe, near Ef. Figure 3a shows a typical conductance map (dI/dV(r,

E)) at Vi, =+ 40 mV in a defective region (corresponding topography in Fig. 3b). Defects act as

scatterers giving rise to quasiparticle interference (QPI) patterns — DOS modulations —, extending
tens of nanometers away from them. Figure 3¢ shows the Fourier analysis of the QPI map of Fig.
3a, where an anisotropic ring with intensity maxima (qqp;) 1s present along the same I'M direction

as the dispersionless CDW signal (q.qw = I'M/3). This feature is observable within +£ 100 meV
and shows a slight dispersion in & along I'M (fig. 3d). The wavelength of the QPI patterns is AQpy

=6.4+0.2 A, which nearly matches the periodicity of the SC fluctuations. This suggests that the
SC fluctuations and the QPI-induced DOS modulations likely share a common origin. These QPI

patterns, previously observed in bulk 2H-NbSe», are attributed to enhanced backscattering due to

strong direction-dependent electron-phonon interactions33. 4b-initio calculations indicate that soft
acoustic phonons along the I'M direction are strongly coupled to electrons?*. This is a plausible
origin of the spatial SC modulations given the significant role of acoustic phonons in the Cooper
pairs formation. A direct correlation between the SC modulations and DOS fluctuations, i.e., A(r)

o¢ LDOS can be ruled out due the highly dynamic conductance within the SC gap (see SI).

Statistical analysis of the SC width values from the spatially resolved maps reveals relevant
features of the SC fluctuations related to multifractality. Figure 4a (upper plot, in orange) shows
the probability distribution of the SC gap width for the map shown in fig. 2a. The values fluctuate
over a wide energy range of 0.8 meV around a mean value of 1.1 meV. Such a broad distribution
reflects the large amplitude of the fluctuations of the SC order parameter induced in the weak-
disorder (intrinsic) regime'®. Three additional experimental distributions of the SC width from
regions with different degrees of intrinsic disorder are shown in figs. 4a (log scale) and 4b (linear
scale). All of them exhibit a marked right-skewed behavior with different degrees of asymmetry.
The larger the width of the distributions, the larger their asymmetry, presumably due to stronger
local disorder. This marked skewness is only observed in the statistics of the SC order parameter
(SC width), being the distributions of the SC gap depth and coherence peaks nearly symmetric

and Poisson-type, respectively (see SI).

In order to understand the characteristic properties of the SC gap distributions, we modelled

single-layer NbSe, as a system close to the Anderson metal-insulator transition, where electronic
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states exhibit a multifractal character, i.e. anomalous scaling of the inverse participation ratio and
a power-law decay of eigenstate correlation functions®33 (see SI). In 3D, where multifractality
only emerges in the strong disordered limit (y = g'! ~ 1, with g the Thouless conductance), mean
field theory found that multifractality enhances the superconducting Tc!'7'3. In 2D, where
multifractality occurs in the weak-disordered regime (y << 1), similar results were obtained!®. A
more realistic theoretical analysis?? of the spatial structure of the SC gap in 2D for y < 1 found
that, in agreement with previous experimental results 2>3¢, T was enhanced for sufficiently weak
coupling, though more modestly than in earlier predictions!®!7. The SC gap spatial distribution is

modelled by a log-normal distribution developed in !8:

. (n(%2) = 3rin (en/E0))

A(r) A
P( — | = exp| — (eq. 1)
A ) A(r) |2myln (EO/ED) 2yln (EO/ED)

with €p the Debye energy, £, the minimum energy scale to observe multifractal eigenvector

correlations, and A is the average gap (see SI). Here y is proportional to the disorder strength and
eq. 1 is valid for y = 4/kg/ < 1 (see methods). We use this expression to fit the statistical
distributions of the SC width maps measured in different sample regions. The theoretical SC gap
A(r) corresponds!® to the experimental SC width in the weak disorder limit (y < 1) of interest for
this work. As shown in Fig. 4a, the experimental right-skewed distributions of the SC width are
in all cases better described by a log-normal distribution in the multifractal regime (colored
dashed lines) than by a Gaussian distribution (grey dashed lines). These fits yield in all cases
small y values of = 0.1 (see values in fig. 4a), which indicates that the explored NbSe, regions are

barely defective.

A natural question that arises is whether other mechanisms could lead to log-normal
distributions and whether this feature obtained from a BCS approach occurs in more realistic
theoretical frameworks. First, we can rule out thermal effects since the temperature dependence
of the SC gap is rather weak even beyond T/2 = 1 K. Furthermore, an indication of thermal
effects would be the development of a peak in the distribution at A = 0 corresponding to locations
where the SC vanishes, which we do not observe. Thermal fluctuations beyond the employed
mean field formalism are also relevant only close to Tc. We can also rule out quantum
fluctuations since they are suppressed in the weak-disordered limit (y < 1). Furthermore, our
recent calculations using the Bogoliubov de Gennes (BdG) formalism reproduce the SC gap log-

normal distribution (not shown here).
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To corroborate the multifractal character of the superconducting state in single-layer
NbSe,, we investigate the spatial correlations of the SC gap A(r), a fundamental property of the
multifractal state. In addition to the log-normal distribution, another signature of multifractality is
the power-law decay of eigenstate correlations for length scales larger than the mean-free path
()*’, which we estimate here to be of ~ 2 nm (see methods). Fig. 4c shows the two-point spatial
correlation function of the SC order parameter from the SC gap width map of Fig. 2a, which is
directly related to the two-point correlation of multifractal eigenstates. The observed decay of the

correlations can be fitted to a power-law function restricted to intermediate distances as (see SI):
<AMAFT) > «<1/|r—=7'|Y  (eq.2)

with the same exponent y that governs the decay of the multifractal eigenstates (y = 0.2 £ 0.1 in
fig. 4c). The power-law decay is a feature present in all the studied regions for relatively long
scales (0.7 nm < |r — r'| < 7 nm). The fits to power-law functions in the studied regions yield y
values that are in qualitative agreement with those independently obtained from the log-normal
distributions. In agreement with our predictions?’, islands with smaller y values present a power-

law decay followed by faster decay (likely exponential) for longer distances.

Lastly, the SC order parameter is expected to show multifractal features as is built up
from multifractal eigenstates of the one-body problem. The singularity spectrum f{a) is an
observable of a multifractal measure that can be computed (see SI), and it represents the
ensemble of scaling dimensions that characterize the multifractal entity. In figs. 5a-d we plot f{a)
for the previously shown experimental A(r) distributions. In all the cases, the shape of f(a) is well
described by a parabola, typical of multifractal eigenstates in weakly disordered 2D systems3>-38,
which becomes broader as disorder (represented by v) increases suggesting an anomalous scaling
in the spatial distribution of A(r). In the weak disorder limit at criticality, f(a) is exactly parabolic
in the non-interacting limit and can be fitted (solid lines in figs. 5a-d) as in refs. 3338, This
experimental behavior, which confirms the SC order parameter as multifractal, is qualitatively
reproduced by numerically computing f(a) for a 2D system in a random potential using the BdG

equations (see SI).

These unique features observed in the SC state of single-layer NbSe, must be originally
triggered by the multifractal structure of the electronic states (strictly the only fractal entity in the
system) 1720, We have explored their nature by simultaneously mapping the conductance (LDOS)
in the same regions where the SC gap was characterized. Interestingly, multifractal effects on the

electronic conductance are only observable in the most disordered regions (SI, fig. S2m-p). The
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conductance distributions corresponding to the four regions studied in Fig. 4 show Gaussian
distributions for y < 0.16 that evolve towards a right-skewed log-normal distribution for larger
disorder (y = 0.142). The larger sensitivity of the SC to multifractality than that of the LDOS is

due to the SC gap exponential dependence on the electron-phonon coupling (V), i.e., A

e =NV with N(0) the LDOS at Er. Small changes in the coupling and DOS induce
comparatively large changes in the SC gap for disorder regimes where the electronic states are
barely multifractal and the effects in the conductance nearly imperceptible. Therefore,
superconductivity amplifies the effect of multifractality and enables its observation in nearly

pristine 2D superconductors.

In summary, we provide experimental evidence of the elusive multifractal
superconducting state in a prototypical 2D superconductor in the low-disorder (intrinsic) regime.
We demonstrate that multifractal characteristics fully manifest in the superconducting state even
in the weak disorder regime. Multifractality is therefore expected to dominate the
superconducting properties of the recently discovered family of highly crystalline 2D
superconductors with spin-orbit coupling such as single layers of transition metal
dichalcogenides. These 2D materials open the door for further investigation and eventual control

of the intriguing multifractal regime.

Methods

Sample preparation and STM/STS characterization

Single-layer NbSe, was grown by molecular beam epitaxy (MBE) on epitaxial BLG on
6H-SiC(0001) at the HERS endstation of Beamline 10.0.1, Advanced Light Source, Lawrence
Berkeley National Laboratory (the MBE chamber had a base pressure of ~ 1 x 10-1° Torr). We
used SiC wafers with a resistivity of p ~ 300 Q-cm. BLG substrates were obtained by flash
annealing SiC(0001) substrates to ~ 1600 K. High purity Nb and Se were evaporated from an
electron-beam evaporator and a standard Knudsen cell, respectively. The flux ratio of Nb to Se
was controlled to be ~ 1:30. The growth process was monitored by in-situ RHEED and the
growth rate was ~17 minutes per layer. During the growth, the substrate temperature was kept at
600 K, and after growth the sample was annealed to 670 K. To protect the film from
contamination and oxidation during transport through air to the UHV-STM chamber, a Se
capping layer with a thickness of ~10 nm was deposited on the sample surface after growth. For

subsequent STM experiments, the Se capping layer was removed by annealing the sample to ~
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530 K in the UHV STM system for 30 minutes. STM imaging and STS experiments were
performed in a commercial SPECS GmbH Low-Temperature (1.1 K) STM, under UHV
conditions. STM differential conductance (dI/dV) spectra were measured at 1.1 K using standard
lock-in techniques. To ensure that all the STS data were taken in monolayer regions, we routinely
carried out a two-step procedure before the STS experiments consisting of the measurement of
the apparent height of the chosen NbSe, island, which had to be = 7 A, which corresponds to the
monolayer. Subsequent STM imaging of the selected regions was carried out with atomic
resolution to visualize the 3x3 CDW order. STM/STS data were analyzed and rendered using

WSxM software?”.

All our STS maps were purposely carried out in regions without large defects (grain
boundaries, edges, adsorbates, etc.) in the field of view (FOV) to avoid spurious electronic effects
in the SC gap maps. This is typically 16 nm x 16 nm in our samples. Since the FOV is the upper
bound for the longest wavelength (1) of the detectable SC fluctuations, and the lower bound is
the pixel-to-pixel distance (~ 1 A in the STS maps), our experimental spatial range of detection of
SC fluctuations is 0.1 nm <A < 16 nm. As we describe in the SI, this range of detection likely
comprises the relevant spatial length scales of this system and, therefore, we believe that our

measurements and further statistical analysis are in

Mean free path estimation (/)

The mean free path, /, in 2D is / = h-c /(e>-V(27n)), with o and n the conductivity and
electronic density of single-layer NbSe,, respectively. Our previous transport experiments in this
type of samples showed ¢ = 1/300 Q in the normal state, therefore / = 24.4/\(n). Taking n =
1.25-10'6 cm™ as in ref. 27, then / = 2 nm. This estimation may vary due to other factors such as
the presence of graphene, the exact geometry of the transport devices, and the exact value of n. In

ref. 27 a smaller value of / = 1.3 nm is reported.

A value of / ~ 2 nm yields y = 4/kg-[ = 4/(\N(2mn)-1) ~ 0.07 << 1, which is in good
agreement with the experimental y values extracted from our measurements. Furthermore, the
condition y ~ 0.07 << 1 is fulfilled, which validates the applicability of eq.1 used in the
theoretical fit of the statistical distributions of the SC width maps.

ASSOCIATED CONTENT
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Estimation of the superconducting gap, Gap distribution for different areas, Relevant spatial
length scales, Wavelength of the superconducting gap modulation, Inhomogeneous BCS
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Figure 1. a, Large-scale STM topograph of single-layer NbSeo/BLG (V=1 V, ;=10 pA). b,
Atomically resolved STM image of single-layer NbSe,. The 3x3 CDW superlattice is indicated

(Vg=14 mV, I; =1 nA). ¢, Normalized dI/dV spectra acquired at several nearby locations on

NbSe, (f=938 Hz, I = 0.8 nA, Viyg. =20 uV). The definition of superconducting gap width,

depth and coherence peaks amplitude is indicated with arrows.
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Figure 2. Spatial distribution of the superconducting gap width (a), depth (¢) and coherence hole-

peak amplitude (d) acquired on the same region. b, FFT of the gap size distribution in a. The

observed q vector corresponds to a wavelength of 7 A. Scale bar is 0.5 A-!.
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Figure 3. a, dI/dV conductance map taken at Vi =40 mV. b, Corresponding STM topograph (V;
20 =40 mV, I;=1 nA), showing the main source of intrinsic defects, i.e., 1D grain boundaries and
22 edges. ¢, FFT of the conductance map in a. d, Energy dependence of the QPI wavevector along
24 the I'-M direction extracted from the FFT of the dI/dV maps. Inset: The first/second Brillouin

Zones.
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Figure 4. a, Log-scale SC gap width probability distributions for four different studied regions of

single-layer NbSe, with different disorder strengths (y = 1/g, with g the Thouless conductance),

normalized to the mean value of the gap. The deviation from a Gaussian distribution (grey dashed

curve) and fit to a log-normal distribution from our theoretical model (colored dashed line)

indicates the multifractal character. The fitted y value of each distribution is shown in the

corresponding upper right panel. b, Same distributions merged and shown in linear scale. ¢, Two-

point correlation function of the spatial SC gap width map (Fig. 2a) fitted to power-law decay.
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35 Figure 5. a-d, Singularity spectra computed from the same experimental spatial distributions A(r)
studied in figure 4 (dots). Solid lines are the corresponding fits using the analytical prediction for

38 a weakly disordered quasi-2D disordered system.
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