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The chemical diversity of our galaxy is owed to multiple generations of stars that converted

the primordial mixture of hydrogen and helium into ∼ 100 elements that make up the periodic

table. The first stars to form after the Big Bang (Population III) were nearly metal-free and are

believed to have been far more massive, luminous and short-lived than their later descendants. It

is therefore expected that none of the Population III stars in the Milky Way survived to present

day and their properties are highly debated. By contrast, the oldest metal-poor (Population II)

stars that formed during or shortly after the era of Population III dominance may still be found

in the galactic halo. Large numbers of those ancient stars are contained within the Milky Way

globular clusters that are of particular interest to studies of stellar populations due to their coeval
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nature. Recent observations have confirmed that globular clusters undergo complex evolution

and host multiple chemically distinct stellar populations. The physical origin of this unique

feature remains largely unexplained, in part, because detailed composition measurements are only

available for the most massive, spectroscopically accessible members.

In order to study the early chemical evolution of the universe, I developed a method to

extract the fundamental properties of chemically peculiar stellar populations from multiband

photometry. My approach uniquely incorporates the calculation of new evolutionary stellar

models and model atmospheres for every considered chemical composition, thereby capturing

the exact relationships between individual atomic abundances and photometric colors. The

computational efficiency of the fitting process is attained by identifying the components of the

stellar models that are most sensitive to particular elements, and recalculating them only when

the abundances of those elements are updated.

In this dissertation, I describe applications of my modelling framework to the oldest stars

in the universe from the elusive Population III to the ancient members of the nearby globular

clusters ω Centauri and 47 Tucanae. I present predicted colors of metal-free stars at high redshift

as they may be observed by the recently launched James Webb Space Telescope (JWST) under

favourable gravitational lensing. These future observations or lack of thereof will provide strict

constraints on the mass function, formation and supernova yields of the first stars. My models

reproduce the entire color distribution of the main sequence stars in the globular cluster 47

Tucanae and provide a theoretical baseline for the ongoing observing campaigns with JWST

that are expected to uncover the substellar cooling sequence of the cluster. The new theoretical

isochrones, tailored to the chemical composition of 47 Tucanae, allow the first detailed analysis

of the variation in chemical abundances with stellar mass, which is essential to determine the

origin of multiple populations in globular clusters.
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Chapter 1

Introduction

1.1 Populations I, II and III

Of the ∼ 9000 stars discernible with an unaided eye, fewer than 10% may be described

as “blue” (spectral types ≲B9, B−V ≲−0.1); yet, they contribute half of the total luminosity

[ESA, 1997; Reed, 1998]. This fact is not surprising on its own, since bluer stars are hotter and,

in general, more luminous by the Stefan-Boltzmann law. It was, however, unexpected when

the opposite pattern was observed in the Milky Way globular clusters (e.g. M3, M13 and M68,

[ten Bruggencate, 1927]; M92, [Hachenberg, 1939]; M4, [Greenstein, 1939]) with red giants out-

shining the brightest blue stars (presently known to be helium-burning members of the horizontal

branch) by nearly 3 visual magnitudes. The first observations of an equivalent phenomenon in the

nearby dwarf galaxies [Baade, 1944] led Walter Baade to conclude that stars exist in two distinct

populations: the “ordinary” Population I, dominated by blue stars, and the globular cluster-like

Population II, dominated by red stars. Figure 1.1 contains a reproduction of Baade’s original

sketch that illustrates the difference between the two populations in a color-magnitude diagram

(CMD), as well as my recreation of the sketch based on theoretical stellar models (Chapters 2, 3

and 4) and modern photometric measurements [ESA, 1997; Gaia Collaboration et al., 2021].
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Figure 1.1. Top: reproduction of Figure 1 from Baade [1944] that shows the CMD morphology
of field stars (shaded) and globular clusters (hatched). Bottom: modern recreation of the figure
by the author. The CMD of Population I was estimated from Gaia [Gaia Collaboration et al.,
2021] and HIPPARCOS [ESA, 1997] photometry. The CMD of Population II is based on the
Gaia photometry of ω Centauri and 47 Tucanae above the turn-off point, and stellar models from
Chapter 4 below it. The CMD of Population III was derived from the models in Chapter 2.
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Baade [1944] also recognized that Population II was not confined to globular clusters and

dwarf satellites, but present throughout the galaxy in the form of high-velocity stars, identified by

Oort [1926] nearly twenty years prior, that were also characterized by the apparent deficit of the

blue spectral types O and B. The nearly uniform absolute magnitude distribution of Population II

stars, followed by an abrupt cut-off at a clearly delineated maximum luminosity, hints at a

period of rapid formation of these objects during the early stages of galactic evolution [Gamow,

1951; Russell, 1948; Sandage, 1953]. In turn, the high velocities of Population II stars suggest

that our galaxy had a “violent” past, characterized by pronounced gas turbulence [Spitzer and

Schwarzschild, 1951].

The discrepancy in stellar ages alone is insufficient to explain the observed differences

between the two populations. Even before the concept of stellar populations was introduced,

high-velocity stars were known to “cause serious trouble in using the method of spectroscopic

parallaxes” [Morgan et al., 1943] due to their aberrant mass-luminosity relation. A similar

property was also attributed to the so-called “Russell-Moore discordant stars” [Russell and

Moore, 1940] that were noticeably over-luminous for their spectral types1 [Hynek, 1948a,b], yet

lacked the distinct kinematic properties of Population II stars, suggesting the existence of another

fundamental parameter that differentiates them from Population I stars [Gamow, 1948]. This

parameter is, of course, presently known to be the abundances of elements, directly correlated

with stellar age through the chemical evolution of the galaxy.

The spectroscopic peculiarity of the high-velocity stars Arcturus, δ Leporis and κ Arietis

was first noted by Morgan et al. [1943] in the form of a contradiction between the subdominant

cyanogen (CN) absorption break at 421.6 nm (typically expected in dwarf stars) and the weakened

iron (Fe) absorption line at 407.1 nm (typically expected in giants). Through a thorough exami-

nation of the spectroscopic evidence accumulated over the course of the decade, Schwarzschild

1Note that Hynek [1948a,b] concluded that the discordant stars were significantly more massive than predicted
by the mass-luminosity relationship, which is at odds with later studies of Population II stars [Reddish, 1955] and
our present understanding of the subject [Salaris and Cassisi, 2005, Ch. 5.5].
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et al. [1951] concluded that Population I and Population II stars were indeed chemically distinct

with the former presenting a somewhat higher metallicity2. A far larger metallicity deficit of up

to an order of magnitude was subsequently identified in globular clusters [Baum, 1952] and field

subdwarfs3 [Chamberlain and Aller, 1951]. Schwarzschild and Spitzer [1953] recognized that a

discrepancy of this magnitude is inconsistent with a simple rearrangement of the primordial gas

in the galaxy, and must be explained in terms of the creation of metals throughout the history of

the Milky Way.

Coincidentally, the metallicity of the most metal-poor stars known at the time ([Fe/H]≳

−1, [Chamberlain and Aller, 1951]) was consistent with the predicted protogalactic abundances

in the steady-state cosmology [Hoyle, 1954], leading to the initial widespread assumption that

Population II stars were the first stellar generation in the galaxy (e.g., [Schwarzschild and Spitzer,

1953; Taketani et al., 1956]). However, the theory of stellar nucleosynthesis [Burbidge et al.,

1957], the Big Bang cosmology [Alpher et al., 1948] and the inability of the Big Bang to produce

elements heavier than helium in appreciable quantities [Wagoner et al., 1967] eventually led to the

mainstream expectation that stars with [Fe/H]≪−1 must exist in the Milky Way and that the first

generation of stars must have been almost completely metal-free. Aller and Greenstein [1960]

estimated [Fe/H]<−2 for the star HD 140283 (modern estimate: [Fe/H] =−2.39, [Casagrande

et al., 2010]), which was followed by the measurement of [Fe/H] ≈ −3 in Wallerstein et al.

[1963] for the star HD 122563 (modern estimate: [Fe/H] ≈ −2.6, [de Medeiros et al., 2006]).

Bond [1970] carried out a dedicated search for extremely metal-poor candidates in the solar

neighbourhood that lowered the metallicity floor further with HD 4306 ([Fe/H] =−2.89, [Honda

et al., 2004]). In recent years, metallicity measurements as low as [Fe/H]<−6 have been made

[Nordlander et al., 2019]; yet, no star has ever been definitively identified as a member of the

original generation.

2Schwarzschild et al. [1951] attributed this observation to preferential accumulation of dust grains at Population I
formation sites, rather than the overall chemical evolution of the galaxy.

3Subdwarfs (discovered by Adams and Joy [1922], historically known as “intermediate white dwarfs” [Adams
et al., 1935]) occupy the region of the CMD between conventional white dwarfs and main sequence stars.
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The classic explanation (see the discussion in Chapter 2 for alternative suggestions) for

the lack of observable metal-free stars proceeds as follows. As stars form in molecular clouds, the

initial masses are primarily determined by two factors: the Jeans mass at the time of fragmentation

and the accretion efficiency of the circumstellar material onto the protostar [Bromm et al., 2009].

In metal-rich clouds, the Jeans mass is reduced through efficient radiative cooling by metal atoms

and molecules [Omukai et al., 2005]. Of particular importance are species with low excitation

energies, including C, C+ and O due to their low-energy fine-structure lines, and CO due to its

significant dipole moment. In the absence of metals, cooling is severely limited since the ground

states of H and He lack fine-structure splitting, while the quadrupole energy levels of H2 are

effectively inaccessible at low temperatures (≲ 200 K). For this reason, primordial molecular

clouds are expected to collapse into dense cores of order 1000 M⊙ [Schneider et al., 2002], a

significant fraction of which is expected to end up in the forming star, partly due to the lack of

radiation feedback on dust grains that reduces the accretion efficiency in metal-rich environments

[Wolfire and Cassinelli, 1987]. In this somewhat simplistic picture (ignoring stellar feedback,

turbulence, magnetism, multiple star systems, dark matter etc.), the vast majority of the first metal-

free stars are expected to be supermassive, perhaps even exceeding 100 M⊙. The correspondingly

short lifespans (< 5 Myr, [Windhorst et al., 2018]) would then preclude their existence in the

present-day Milky Way.

The stark difference between the properties of these primordial objects and even the most

metal-poor Population II stars warrants the addition of a third population to the traditional two.

The term “Population III” was first introduced by Woolf [1965], in reference to the evidence

of pre-Population II processing of helium in globular clusters [Woolf, 1966; Green, 1966; Page,

1966]. This newly added stellar population was believed to occupy the apparent metallicity

gap between the enrichment yield of the Big Bang (≪ 10−9, [Iocco et al., 2007; Cyburt et al.,

2008]) and Population II stars [Wagner, 1978], and was even considered a dark matter candidate

early on [Antonov and Chernin, 1977]! The modern definition of Population III stars varies
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from author to author. In many cases, a further distinction is drawn between the first stars in the

universe that formed in the absence of external starlight (Population III.1 [McKee and Tan, 2008]

or Population IV [Jones, 1983]) and the later (likely still pre-galactic) stars that formed from

primordial gas under stellar feedback (Population III.2 [McKee and Tan, 2008] or Population II.5

[Mackey et al., 2003]). In this dissertation, I ignore this distinction and use the term loosely

to describe the early generations of stars that formed from nearly metal-free gas, such that the

abundance of metals had negligible impact on the star formation process. The term “metal-free”

will be used as synonymous and is to be understood as allowing a small tolerance in metallicity.

While no unambiguous observations of Population III stars have been made, the observable

properties of these elusive objects may be predicted with theoretical stellar modelling. Using the

metal-free evolutionary models and model atmospheres presented in Chapter 2, I was able to mark

the approximate CMD location of Population III candidates in Figure 1.1, thereby completing

Baade’s original diagram with the most recent addition to the classification system.

1.2 Multiple populations in globular clusters

Despite serving as the Population II prototype, nearly all globular clusters exhibit a pattern

of chemical evolution that is distinct from the field Population II stars. This phenomenon is

referred to as the issue of multiple populations, characterized by the apparent division of cluster

members into the primordial population that is chemically similar to the field Population II stars

of equivalent metallicities, and the chemically peculiar enriched population(s). In many cases,

the distribution of element abundances is multi-modal, resulting in the observed discreteness of

sub-populations [Norris, 1987; Norris and Freeman, 1979; Anderson, 1997; Bedin et al., 2004].

The evidence for the presence of multiple populations in globular clusters falls under three

broad categories, illustrated in Figure 1.2 and described below in the historical order of discovery.

1. Spectroscopic evidence of abundance variations was originally discovered [Lindblad,
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Figure 1.2. Top left: Gaia photometry [Gaia Collaboration et al., 2021] (uncorrected for field
contamination) of the horizontal branch stars in the globular clusters M13 and NGC 7006. Despite
the similar metallicities ([Fe/H] =−1.53 and [Fe/H] =−1.52, correspondingly, [Harris, 1996]),
the two clusters have vastly different horizontal branch morphologies, examplifying the second
parameter problem. Top right: Hubble Space Telescope photometry (see Chapter 3) of the main
sequence of the globular cluster ω Centauri. The main sequence exhibits a clear bifurcation
at F814W∼ 8. Bottom left: the Na−O anti-correlation in the globular cluster 47 Tucanae, as
revealed by the spectroscopic abundance measurements from Cordero et al. [2014]. Bottom right:
the distribution of spectroscopic abundances of oxygen and titanium in 47 Tucanae based on the
measurements from Cordero et al. [2014].
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1922; Popper, 1947] in the form of so-called “cyanogen discrepancy” [Keenan and Keller,

1953], i.e. the apparent variation in the strength of CN absorption among cluster members

with otherwise indistinguishable spectra. Detailed atomic abundances have since been

measured for giant, subgiant and main sequence turn-off stars in the nearby globular clusters

(e.g., [Sneden et al., 1992; Thygesen et al., 2014; Cordero et al., 2014; Marino et al., 2012;

Yong et al., 2008]). In most cases, multiple populations are evident in the anti-correlation

of [C/Fe] and [N/Fe]; and [O/Fe] and [Na/Fe] (Figure 1.2, lower left). The abundances

of heavier elements, on the other hand, do not generally vary from star to star (Figure 1.2,

lower right) with the exception of a few “anomalous clusters” [Gratton, 1982; Johnson and

Pilachowski, 2010; Marino, 2013].

2. Second parameter problem refers to the disparity in horizontal branch morphologies

(Figure 1.2, upper left), exhibited by the CMDs of globular clusters with similar metallicities

[Sandage and Wildey, 1967; van den Bergh, 1967], suggesting that some other parameter

is necessary to classify globular clusters in addition to [Fe/H]. It has been shown that

the color distribution of horizontal branch stars is strongly associated with the abundance

spread of multiple populations [Marino et al., 2011].

3. CMD bifurcation. The advent of high-precision space-based photometry with Hubble

Space Telescope (HST) allowed for the discovery of split main sequences (Figure 1.2, upper

right) in some globular clusters (e.g., [Anderson, 1997; Bedin et al., 2004]), occasionally

extending into later evolutionary stages [Cassisi et al., 2008; Piotto et al., 2012]. Earlier

evidence of widened color distributions (e.g., [Rodgers and Harding, 1983]) may also

belong to this category.

It must be noted that the peculiar abundance patterns of the enriched population (e.g., the

Na−O anti-correlation) have not been observed in open clusters [MacLean et al., 2015] and are

extremely rare among field stars [Gratton et al., 2000], such that the occasional exceptions are
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generally considered to be a result of globular cluster evaporation [Ramírez et al., 2012; Lind

et al., 2015]. We may therefore conclude that the chemical evolution of Population II stars is

strongly affected by the scale of the underlying gravitational structure.

Despite many decades of research, the origin of multiple populations remains largely

unknown. A detailed summary of existing evidence and proposed theories may be found in

numerous reviews of the subject [Bastian and Lardo, 2018; Gratton et al., 2004, 2015; Smith,

1987; Gratton et al., 2019; Milone and Marino, 2022; Dotter, 2013]. Here, I only give an executive

summary of the problem in order to provide the necessary context for the later chapters of this

dissertation.

We must first establish whether the observed spread in chemistry can be attributed to

evolutionary effects (the “mixing hypothesis”, [Smith, 1987]), such as convective delivery of

internally processed material to the surface of the star, e.g., by means of meridional circulation

[Sweigart and Mengel, 1979]. Since the original observations were limited to the variations

in CNO abundances [Lindblad, 1922; Popper, 1947; Harding, 1962; Wing and Stock, 1973] at

a narrow range of evolutionary stages, this interpretation was widely accepted early on [Zinn,

1973; Norris and Bessell, 1975; Dickens and Bell, 1976]. However, it is presently known that the

abundance variations extend to heavier elements, including Na and Al [Cottrell and Da Costa,

1981; Norris et al., 1981], and can be observed in stars of all initial masses. Therefore, the mixing

hypothesis is considered to be largely ruled out, although more involved versions of this model

that attempt to explain the abundances of heavier elements exist in the literature (e.g., [Messenger

and Lattanzio, 2002]).

We must also briefly consider the possibility that multiple populations arise from a simple

redistribution of metals in the protostellar molecular cloud, which naturally arises in models

where different types of dust grains display distinct reactions to the gas turbulence. A variant

of this “turbulent separation” mechanism was first invoked to explain the observed differences

between Population I and II stars [Schwarzschild et al., 1951] and may be operating in globular
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clusters to some extent [Hopkins, 2014]. However, this theory cannot reproduce the asymmetry

in the distribution of atomic abundances [Bastian and Lardo, 2018], previously observed in

spectroscopic surveys (e.g., [Thygesen et al., 2014; Cordero et al., 2014]) and in the photometry

of the lower main sequence, as I will demonstrate in Chapter 4.

The last remaining possibility is the presently mainstream “enrichment hypothesis” [Smith,

1987], where the enriched material is produced in dying stars and released back into the interstellar

medium, analogously to the overall chemical evolution of the Milky Way. The hypothesized

sites of nuclear processing include asymptotic giant branch stars [Cottrell and Da Costa, 1981;

D’Ercole et al., 2016], fast-rotating massive (> 20 M⊙) stars [Decressin et al., 2007a,b], massive

close binary stars [de Mink et al., 2009], supermassive stars (> 103 M⊙, [Denissenkov and

Hartwick, 2014]) or even the accretion disks around stellar mass black holes [Breen, 2018]. In all

scenarios, the release of the enriched material into the interstellar medium must be in the form

of low-velocity ejecta such as stellar winds. By contrast, the high-velocity ejecta of supernova

explosions are believed to escape the gravitational well of the cluster, which explains the lack

of heavy element variations (under this assumption anomalous clusters are required to have a

distinct formation mechanism, such as through accretion and tidal stripping of dwarf galaxies,

[Hughes and Wallerstein, 2000; Johnson et al., 2020]). It is also advantageous for a proposed

processing site to release the enriched material early on (≪ 20 Myr) to allow mixing with pristine

gas in the cluster in order to reproduce the observed Na−O anti-correlation, [D’Ercole et al.,

2011]. Since the onset of supernovae is expected to evacuate the cluster of its pristine gas, a later

release (≳ 20 Myr) of the enriched material would require re-accretion of the ejected gas in most

models, which may or may not be efficient enough [D’Ercole et al., 2016].

Once the enriched material becomes available in the interstellar medium, the soon-to-be

enriched population of stars must inherit the peculiar chemistry either by forming anew from

the processed medium, as is the case in multiple generation models (e.g., [Cottrell and Da Costa,

1981; Decressin et al., 2007a; de Mink et al., 2009]), or by acquiring the material through
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pollution, as envisioned by concurrent formation models (e.g., [Gieles et al., 2018; Bastian et al.,

2013; Winter and Clarke, 2023]). In both mechanisms, the total mass of the processed material

must be sufficient to produce the observed number of enriched stars, which exceeds the number

of primordial stars in most globular clusters [Bastian and Lardo, 2015]. This requirement is

challenging to satisfy, since the high-mass stars that produce the enriched material only comprise a

small fraction of the overall mass budget [Kroupa, 2001]. The proposed solutions to this so-called

mass budget problem include non-standard initial mass functions [Prantzos and Charbonnel,

2006; Karakas et al., 2006] (this solution may result in the disintegration of the cluster [Bekki and

Norris, 2006]), preferential loss of primordial stars by dynamical evolution [D’Ercole et al., 2008]

(this solution is at odds with the measured ejection rates from globular clusters in dwarf galaxies,

[Larsen et al., 2014, 2012]) and heavy dilution of the enriched material by the pristine gas retained

by the cluster or accreted from the parent galaxy [Bekki, 2023; Bekki and Norris, 2006] (this

solution requires a sufficiently long gap in population ages to allow the accretion of gas, which is

in tension with observations [Martocchia et al., 2018]). The concurrent formation models are,

in general, less susceptible to the mass budget problem due to the large amount of pristine gas

retained in the enriched population and the mass dependency of the pollution efficiency that

may introduce an upper mass cut-off in the enriched population [Bastian et al., 2013]. On the

other hand, a strong advantage of multiple generation models is the natural emergence of discrete

populations through the regulation of the star formation rate by stellar feedback [Gerola et al.,

1980; Renzini, 2008; Bekki et al., 2017]. The observational diagnostics that may allow these two

scenarios to be differentiated are discussed further in Chapter 4.

1.3 Current view and unresolved problems

I would like to conclude this review of stellar populations by describing a plausible

evolutionary pathway for the early universe from the beginning of time until the formation of
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globular clusters.

13.8 billion years ago [Planck Collaboration et al., 2020], the universe originated in a hot,

dense and expanding state. During the first ∼ 15 minutes [Tytler et al., 2000], the process of Big

Bang Nucleosynthesis [Alpher et al., 1948] produced the primordial baryonic gas, composed

of ≈ 24.5% helium and ≈ 75.5% hydrogen [Valerdi et al., 2021], alongside a trace quantity of

lithium (< 10−7%, [Cyburt et al., 2008]) and even smaller amounts of other elements [Iocco

et al., 2007]. Since the production of carbon and heavier metals in appreciable quantities required

triple collisions of helium nuclei [Bethe, 1939], it was too slow to make a significant contribution

over such short timescale.

Over the course of the next 0.1 Gyr, ∼ 3σ-overdensities in matter grew into 106 M⊙

pre-galactic “minihaloes”, where the primordial gas could cool down and collapse into the first

Population III stars [Tegmark et al., 1997]. The cooling of gas occurred rapidly at first by radiative

emission from H2 molecules; however, it must have slowed down considerably around 200 K

once the lowest excitation states became unreachable [Omukai et al., 2005]. The center of the

protostellar cloud then started a runaway collapse, producing a dense core of the size set by

the local Jeans mass (∼ 103 M⊙, [Schneider et al., 2002]). The protostar formed at the center

of the core and began accreting the surrounding material until the process was halted by the

photoevaporative stellar wind [Hollenbach et al., 1994] with the final stellar mass likely exceeding

100 M⊙ [Abel et al., 2000; Bromm et al., 2002; Yoshida et al., 2006]. The newly formed star

exhausted its lifespan in under 5 Myr [Windhorst et al., 2018], eventually exploding as a pair-

instability supernova or collapsing directly into a black hole depending on its mass [Heger and

Woosley, 2002].

The formation of Population II stars required the metallicity of the interstellar medium

to surpass the critical value, −6 ≲ [Fe/H] ≲ −4, [Bromm et al., 2001a; Omukai et al., 2005;

Schneider et al., 2006a; Clark et al., 2008; Sharda and Krumholz, 2022], at which efficient metal

cooling becomes available, allowing the collapse of low-mass cores. Since the expected nuclear
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yield of even a single Population III pair-instability supernova may be sufficient to force the

transition [Wise et al., 2012b], it seems likely that the metallicity of the interstellar medium

reached the level of Population II stars extremely fast. However, no appreciable Population II

formation in this epoch is expected due to the dissociation of H2 (the main coolant) by the

ultraviolet radiation from nearby Population III stars [Oh and Haiman, 2002] and the disruptive

shocks propagating outwards from the supernova progenitors [Greif et al., 2007]. The formation

of additional Population III stars could still proceed in isolated clouds of primordial gas [Whalen

et al., 2008], possibly even extending into lower masses (∼ 10 M⊙) under special circumstances

[Mackey et al., 2003].

During the next 0.2−0.5 Gyr, the minihaloes merged into larger gravitational structures,

gradually increasing their virial temperatures. An important transition occurred once the haloes

reached ∼ 108 M⊙ in mass, allowing the virialized interstellar gas at ∼ 104 K to cool by atomic

line emission [Greif et al., 2008]. These newly formed “atomic cooling haloes” became the

sites of first protogalaxies due to their ability to suppress the feedback of ionizing radiation

[Dijkstra et al., 2004], thereby allowing widespread star formation to resume. The fast timescale

of chemical enrichment probably allowed formation of Population II stars right away; however,

Population III stars could coexist in metal-free pockets [Johnson et al., 2008], especially if a

significant fraction of the enriched material ended up locked in black holes [Madau and Rees,

2001].

The large-scale hierarchical merging of the first galaxies in combination with the rapid

release of gravitational potential through efficient cooling induced extensive turbulence in the

interstellar gas [Wise and Abel, 2007]. The reionization of the universe occurring in the same

epoch [Ricotti and Ostriker, 2004] may have further contributed to the rapid gas compression

through shocks, generated by the inward-propagating ionization fronts [Cen, 2001]. Therefore,

the protogalaxies in atomic cooling halos were prime formation sites for the oldest globular

clusters, some of which may exceed 13.5 Gyr in age [Bromm and Clarke, 2002] and, in fact, be
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older than the Milky Way itself.

The subsequent galactic evolution proceeded in the form of further growth of protogalax-

ies and mergers between adjacent haloes [Moore et al., 2006; Frebel et al., 2010; Kirby et al.,

2008]. The Milky Way in particular was likely assembled from 100− 200 satellites [Bullock

and Johnston, 2005], aggregating some 50% of its mass and attaining the Population I metal-

licity ([Fe/H] ∼ 0) over the course of ∼ 4 Gyr [Kruijssen et al., 2019]. The accelerated star

formation during this time [Madau and Dickinson, 2014; Förster Schreiber and Wuyts, 2020], in

combination with additional turbulence induced by frequent merger events, provided appropriate

conditions for the formation of younger globular clusters [Kim et al., 2018]. The newly forming

clusters may have originated in the Milky Way or were inherited from the satellite galaxies

[Forbes et al., 2018]. Eventually, the internal chemical evolution of globular clusters branched

away from the rest of the galactic halo, producing the observed multiple populations (Chapter 1.2).

This dissertation is primarily concerned with two fundamental problems, stemming from

the general view described above.

1. How did the initial stellar mass function evolve during the early history of the Milky

Way? The feedback from supermassive Population III stars is responsible for both the

original chemical enrichment in the universe and the delay of Population II emergence.

However, the assumed top-heavy mass function of metal-free populations is inferred

from purely theoretical considerations. Recent re-evaluations of early star formation with

more detailed physical models have challenged this assumption by allowing formation

of ≳ 10 M⊙ Population III stars (e.g. [Hosokawa et al., 2011; Stacy et al., 2012; Hirano

et al., 2015, 2014]) or even < 1 M⊙ stars (e.g. [Stacy et al., 2016; Susa et al., 2014; Greif

et al., 2011; Clark et al., 2011]). Furthermore, the chemical patterns observed in extremely

metal-poor stars do not match the predicted yields of pair-instability supernovae [Umeda

and Nomoto, 2002; Nomoto et al., 2005] that are considered typical for supermassive stars.

Even in the case of top-heavy Population III stars, the enrichment yield depends on the
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fraction of stars that evolved into black holes, which cannot be determined without a more

well-defined mass function. In contrast, the mass budget problem in globular clusters may

be alleviated by a more top-heavy initial mass function than commonly assumed [Prantzos

and Charbonnel, 2006; Karakas et al., 2006].

2. What mechanism is responsible for the scale-dependence of chemical evolution?

The chemical signatures of multiple populations in globular clusters, as summarized in

Chapter 1.2, have not been observed in the galactic halo or open clusters. In the hierarchical

assembly history of our galaxy described above, the characteristic mass scale of constituent

“building blocks” has evolved by some 6 orders of magnitude from the first minihaloes to

the present-day mass of the Milky Way. A better understanding of the scale-dependence of

chemical enrichment is therefore imperative in studies of galactic evolution, and globular

clusters provide an ideal probe of this complex process.

As will be demonstrated in subsequent chapters, considerable progress in resolving these

issues can be made by taking advantage of new observables, made available by the recent launch

of the James Webb Space Telescope (JWST): direct detection of Population III stars at high

redshift and photometry of ultracool dwarfs (UCDs) in globular clusters. Chapter 2 of this

dissertation explores how the mass function of Population III stars can be measured or constrained

with JWST, depending on whether a significant fraction of metal-free stars was supermassive in

origin. The properties of UCDs and, in particular, Population II UCDs in globular clusters are

reviewed next.

1.4 Ultracool dwarfs

Ultracool dwarfs (UCDs) are the lowest-mass (≲ 0.1 M⊙) main sequence stars (spectral

types M7−L3) and brown dwarfs (≳M7) that occupy the faintest reach of the Hertzsprung–Russell

Diagram (see Fig. 1.3, left). While only a few thousand UCDs have been discovered so far
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Figure 1.3. Left: The location of spectroscopically confirmed UCDs from the SpeX Prism Library
[Burgasser, 2014] in the color-magnitude diagram from Pan-STARRS photometry [Chambers
et al., 2016]. Right: The tangential velocity distribution of spectroscopically confirmed UCDs
and ultracool subdwarfs from the SpeX Prism Library, transformed to the local standard of rest
[Coşkunoǧlu et al., 2011]. The characteristic dispersions of the thin disk, thick disk and halo are
shown for comparison as adopted in Bensby et al. [2003]. Based on astrometry from Gaia DR3
[Gaia Collaboration et al., 2021].

[Schmidt et al., 2015; Best et al., 2020], recent volume-complete surveys (e.g. [Kirkpatrick et al.,

2021]) and star formation studies (e.g. [Mužić et al., 2017]) indicate that UCDs are among the

most common object types in the galaxy, accounting for 20% to 50% of the stellar census.

Due to their unique properties, UCDs are excellent probes of old, chemically peculiar

stellar populations, such as those found in the Milky Way globular clusters. The dominant molec-

ular opacity in cool atmospheres makes their spectral energy distribution particularly sensitive to

stellar parameters [Marley et al., 2002], allowing the determination of chemical abundances from

lower resolution and lower signal-to-noise ratio spectra than those required by “warmer” stars,

or even multiband photometry. Since molecular absorption mostly originates from low-energy

roto-vibrational transitions, UCD spectral features are less affected by the non-equilibrium radia-

tion field in the atmosphere [Johnson, 1994] that poses a major obstacle to reliable abundance

measurements from the atomic lines of higher-temperature spectra [Bergemann, 2011]. The
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interiors of UCDs are fully mixed [Chabrier and Baraffe, 1997] and undergo minimal nuclear

processing, avoiding the need to correct the inferred stellar parameters for poorly constrained

evolutionary effects in higher-mass stars [Messenger and Lattanzio, 2002; Salaris et al., 2020].

The lack of nuclear fusion in brown dwarfs results in long-term cooling of these objects [Baraffe

et al., 2003], providing a handle on the age of the parent population that would be otherwise

difficult to obtain. The lifespans of UCDs exceed the age of the universe [Laughlin et al., 1997],

implying that every UCD ever formed survives to this day.

In addition to the utility of UCDs as superior chemical tracers and cosmic clocks in

surveys of stellar populations, certain unresolved problems in galactic evolution and cosmology

are specifically suited to cool stars. The variation in UCD kinematics as a function of spectral

type may be used to differentiate between the proposed heating mechanisms that determine

the present-day structure of the Milky Way [Wielen, 1977; Ryan et al., 2022]. The UCD mass

function provides an important diagnostic of the scale invariance in star formation processes

[Kirkpatrick et al., 2021]. Brown dwarfs with masses below ∼ 70 MJ do not undergo lithium

fusion [Rebolo et al., 1992] and are therefore ideal targets for measurements of the primordial

lithium abundance that remains a key unresolved problem in chemical evolution [Fu et al., 2015].

Finally, I would like to note that the close separations between cool stars and their habitable

zones make UCDs preferred candidates in astrobiological exoplanet searches [Becerril et al.,

2010; Bolmont et al., 2017]. Our ability to reliably diagnose the surface conditions of potentially

habitable worlds rests on the availability of accurate evolutionary models for their UCD hosts, as

well as our understanding of the UCD magnetospheres that differ substantially from those of sun-

like stars [Chabrier and Küker, 2006]. Therefore, the study of UCDs with different metallicities,

such as those found in globular clusters, may have fundamental astrobiological implications.

Faint luminosities of UCDs pose a major challenge to their discovery and characterization.

At present, only a few thousand candidates have been spectroscopically confirmed [Best et al.,

2020; Wang et al., 2022; Schmidt et al., 2015], of which the vast majority belong to Population I
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and have near-solar chemical abundances. By contrast, the much older, metal-poor and often

chemically peculiar UCD members of Population II are far less explored [Burgasser et al., 2007b;

Gizis, 1997]. These objects represent the earliest generations of star formation in the Milky Way,

and are of paramount importance to the study of early chemical evolution. Recent dedicated

searches for these so-called ultracool subdwarfs in the optical regime [Lodieu et al., 2012, 2017]

have brought the total object count to over a hundred. In the galactic field, ultracool subdwarfs

are often distinguished by their large velocities (Figure 1.3, right).

Modelling low-temperature atmospheres characteristic of UCDs is particularly challenging

due to the highly debated cloud formation processes that vary with effective temperature [Helling

et al., 2008]. Refractory species offset chemical equilibria, deplete the abundances of gaseous

molecules, and introduce infrared opacity through absorption and scattering of photons off dust

grains. The condensation of silicate dust at Teff ≲ 2000 K is believed to be responsible for the

observed reddening in photometric colors [Allard et al., 2001]. The effect subsides abruptly at

Teff ≈ 1200 K, as the grains are transported [Tsuji and Nakajima, 2003; Burgasser et al., 2002]

away from the spectrum-forming region of the photosphere, giving way to more complex chloride

and sulfide clouds [Morley et al., 2012]. The effect of clouds on the spectral energy distribution

is often hard to separate from the chemical peculiarity [Burgasser et al., 2008; West et al., 2011],

which is exacerbated for brown dwarfs with significantly non-solar abundances, such as those

that belong to Population II. The diverse environments of globular clusters provide a unique

opportunity to explore cloud formation at non-solar chemistry over a wide range of stellar masses.

Ongoing and future JWST campaigns will measure the colors of brown dwarfs in globular

clusters over a wide range of temperatures, allowing a more rigorous evaluation of cloud models.

Unlike the field brown dwarfs, for which the chemical makeup is not a priori known, the

composition of globular cluster brown dwarfs is expected to approximately match that of the

lower main sequence (at least in the primordial population, see below), since both low-mass

stars and brown dwarfs are coeval and undergo minimal nuclear processing. Furthermore, the
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range of brown dwarf effective temperatures covers multiple distinct cloud regimes, allowing a

direct comparison of model accuracy among them. The chemical diversity of globular clusters

allows characterization of clouds over a wide variety of Population II abundances, contrary to the

population of field brown dwarfs that are generally much closer to the solar standard [Jurić et al.,

2008].

Globular clusters are most commonly dated by comparing the main sequence turn-off

point to model isochrones. This approach suffers from degeneracies between the age of the cluster

and other parameters, including interstellar reddening, metallicity [Carretta et al., 2000], and the

convective properties of stars [Valcin et al., 2021]. Unsurprisingly, the resulting estimates often

display systematic errors in excess of 1 Gyr (e.g., Rennó et al. [2020]). Improving the accuracy

of globular cluster ages is required for studies of the overall chemical evolution of the Milky

Way. Observations of brown dwarfs in globular clusters provide an independent probe of globular

cluster ages that may be used in conjunction with the turn-off measurements and other dating

techniques to break the parameter degeneracies. The luminosity function of a globular cluster

features a wide stellar/substellar gap between the lowest-mass stars and the highest-mass brown

dwarfs. The gap increases with the age of the cluster as the brown dwarfs gradually descend their

cooling curves in the absence of steady-state fusion. Refined age estimates can be obtained from

this gap by fitting synthetic luminosity functions to the observed magnitude distribution.

UCDs in globular clusters provide a new test of the proposed theories of multiple popula-

tions. In multiple generation models, the compositions of brown dwarfs and lower main sequence

stars are expected to match due to minimal nuclear processing in both. Brown dwarf photometry

may then be used to derive more precise constraints on the chemical compositions and ages of

individual sub-populations that can be directly compared to the theoretical predictions of pollution

efficiency and expected nuclear yields. In concurrent formation models, the abundances of the

enriched population are expected to vary between stars and brown dwarfs due to the expected

dependence of pollution efficiency on stellar mass (see Chapter 4). The primordial population
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will not be affected by accretion effects and can be used to differentiate between genuine physical

effects and systematic errors.

1.5 Outline of the dissertation

The chapters of this dissertation are ordered by the epoch of the early chemical evolution

that is explored within them. Chapter 2 presents a study of direct detectability of Population III

stars at high redshifts with JWST. The properties of metal-free stars are thoroughly explored using

a new set of stellar models. Chapter 3 details my exploration of the globular cluster ω Centauri

that may have formed in one of the atomic cooling haloes at the earliest stages of the hierarchical

assembly of our galaxy. I derive the properties of the cluster from the HST photometry of the

lower main sequence and make forecasts for future observations with JWST. Finally, a study of

the globular cluster 47 Tucanae is presented in Chapter 4. 47 Tucanae is considerably younger

than ω Centauri (∼ 11.5 Gyr as estimated in the chapter) and likely formed at a much later stage

of Milky Way assembly. This dissertation is concluded in Chapter 5.
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Chapter 2

Population III Stars at High Redshifts

2.1 Background

Population III stars are an elusive addition to the two traditional stellar populations

identified in Baade [1944]. This yet unobserved population accommodates the earliest and nearly

metal-free stars that formed shortly after the Big Bang. Nearly seven decades ago, Schwarzschild

and Spitzer [1953] recognized that early stars were likely more massive, luminous and short-

lived compared to their present-day Population I and II counterparts. In addition to the earliest

chemical enrichment of the primordial gas, Population III stars may have contributed to the cosmic

microwave background [Rowan-Robinson, 1983], the cosmic infrared background [Santos et al.,

2002; Kashlinsky et al., 2005; Madau and Silk, 2005; Kashlinsky, 2005], the gravitational wave

background [Suwa et al., 2007; Kowalska et al., 2012; Kinugawa et al., 2014], reionization and

reheating of the universe [Haiman and Loeb, 1997; Cojazzi et al., 2000; Cen, 2003b; Wyithe and

Loeb, 2003; Sokasian et al., 2004; Maio et al., 2016] and likely had a noticeable feedback effect

on the formation of the first galaxies [Greif et al., 2010; Abe et al., 2021].

Recent searches for extremely metal-poor stars have revealed a sharp cut-off in the

metallicity distribution around [Fe/H]≈−4, with fewer than 50 known objects below this cut-off
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[Abohalima and Frebel, 2018]. These include the most metal-poor star known ([Fe/H] =−6.2,

[Nordlander et al., 2019]) as well as at least one object with an unmeasured iron abundance and

the estimated upper limit [Fe/H]≲ −7 [Keller et al., 2014]. However, the comparatively high

abundances of other chemical elements (e.g. [C/H]≫−3 for both stars) challenge the status of

these sources as true Population III representatives, unless the observed abundances are acquired

from the interstellar medium through selective accretion, as proposed by Johnson [2015].

The lack of identifiable metal-free stars in surveys is consistent with the long-standing

theoretical expectation of a top-heavy initial mass function (IMF) that precludes primordial

stars from having sufficiently long lifespans to survive until the present day. This expectation is

motivated by the lack of metals in the early universe, which leaves H2 and HD as the only available

cooling agents in molecular clouds, thereby suppressing fragmentation and producing unusually

heavy stars [Larson, 1998; Maio et al., 2010]. Early numerical simulations (e.g. [Abel et al.,

2000; Bromm et al., 2002; Yoshida et al., 2006]) suggested that Population III stars predominantly

formed with masses in excess of 100 M⊙ and collapsed into black holes, with the exception

of a subset of stars with masses between 140 M⊙ and 260 M⊙ that produced pair-instability

supernovae [Schneider et al., 2002; Heger and Woosley, 2002]. Later studies with a more detailed

treatment of radiative feedback, interactions between stars, turbulence, etc., have challenged this

picture by allowing formation of ≳ 10 M⊙ Population III stars (e.g. [Hosokawa et al., 2011; Stacy

et al., 2012; Hirano et al., 2015, 2014]) or even < 1 M⊙ stars (e.g. [Stacy et al., 2016; Susa et al.,

2014; Greif et al., 2011; Clark et al., 2011]) that may exist in the present-day Milky Way, likely

disguised by metal-enriched mass transfer from heavier stars [Stacy and Bromm, 2014]. The

existence of lower-mass primordial stars enables additional mechanisms of chemical enrichment,

potentially explaining the observed inconsistency of the abundance patterns in metal-poor stars

with predictions of pair-instability supernova yields [Umeda and Nomoto, 2002]. A distinct

hypothetical population of supermassive primordial stars with masses in excess of 103 −106 M⊙

has also been proposed as seeds for the supermassive black holes in high-redshift quasars [Fuller
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et al., 1986; Muñoz et al., 2021; Woods et al., 2021; Herrington et al., 2022].

Since the majority of Population III stars are expected to have masses between a few tens

and a few hundred solar masses, the correspondingly short lifespans (≲ 20 Myr, [Windhorst et al.,

2018]) necessitate direct observation of such objects at high redshifts. The first stars begin to form

once the primordial molecular clouds, concentrated around growing dark matter over-densities,

cool down sufficiently to become unstable against gravitational collapse. The star formation rate

as a function of redshift can be traced in simulations of cosmological hydrodynamics [Xu et al.,

2013; Wise et al., 2012b,a; Jaacks et al., 2019]. The first Population III stars are expected to

form around z ≈ 30 (∼ 0.1 Gyr after the Big Bang) and the maximum formation rate density

(∼ 10−4 −10−3 M⊙ yr−1 Mpc−3) is attained around 17 ≲ z ≲ 10 (∼ 0.2−0.5 Gyr after the Big

Bang). This result is generally consistent with early reionization optical depth measurements

from the Wilkinson Microwave Anisotropy Probe (WMAP) [Spergel et al., 2003; Kogut, 2003;

Cen, 2003a], although later WMAP [Bennett et al., 2013] and Planck [Planck Collaboration

et al., 2016] measurements have cast doubt on the usability of this parameter as a probe of

primordial star formation [Yung et al., 2020]. Population III stars give way to Population

II stars once the metal mass fraction (Z) of the interstellar medium reaches a critical value,

Zcr ≳ 10−8 − 10−6 (Zcr ≳ 10−6 Z⊙− 10−4 Z⊙
1; [Bromm et al., 2001a; Omukai et al., 2005;

Schneider et al., 2006a; Clark et al., 2008; Sharda and Krumholz, 2022]) that allows for efficient

cooling and fragmentation of collapsing molecular clouds. The lowest redshift at which Population

III stars may be observed remains uncertain as isolated metal-free pockets may last for extended

periods of time, producing new Population III stars at later epochs. Population III star formation

is expected to continue until at least z = 6 (∼ 1 Gyr after the Big Bang, [Trenti et al., 2009;

Muratov et al., 2013]) and possibly much later under special circumstances [Liu and Bromm,

2020]. Searching for metal-free stars at redshifts as low as z = 3 (∼ 2 Gyr after the Big Bang) is

particularly important given observations of the Lynx arc – a star forming region at z = 3.4 with a

1Solar metallicity taken as Z⊙ = 0.01 to the nearest order of magnitude.
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Population III-consistent ionization source [Fosbury et al., 2003]; and LLS1249 – a dense gas

cloud at z = 3.5 with a Population III remnant metallicity [Crighton et al., 2016].

A renewed interest in direct detection of individual Population III stars has developed in

anticipation of observations with the next generation of ground- and space-based facilities, in

particular the recently launched James Webb Space Telescope (JWST). Using the main sequence

properties of Population III stars from the evolutionary calculations in Schaerer [2002] and

new metal-free model atmospheres calculated with the TLUSTY code [Hubeny and Lanz, 1995],

Rydberg et al. [2013] estimated the observable properties of isolated primordial stars at a range

of redshifts and stellar masses. Without gravitational lensing, Population III stars appear far too

faint to be detected even at the lowest redshift (z = 2) and in extremely long exposures (100 hr).

Rydberg et al. [2013] also considered the case of a favorable lensed observation through the

galaxy cluster MACS J0717.5+3745 – one of the largest gravitational lenses known [Zitrin et al.,

2009]. Even in the lensed case, a realistic detection was found to require either an extremely

heavy Population III candidate (≥ 300 M⊙) or a primordial star formation rate, far in excess of

theoretical expectation.

However, very high magnifications (µ) may be attained for brief periods of time in the

event of gravitational lensing during a caustic transit. A caustic is the locus of points in the source

plane where the determinant of the magnification matrix vanishes, i.e. where a true point source

would experience infinite magnification [Narayan and Wallington, 1992]. A compact light source

such as an individual star crossing a caustic may experience extreme magnification up to µ ∼ 107

from a lensing cluster with a continuous distribution of mass under most favorable conditions

[Miralda-Escude, 1991]. In practice, microlenses within the galaxy cluster will distort the lens

caustics, reducing the maximum magnification to µ ∼ 104 [Diego et al., 2018; Diego, 2019].

Since larger magnifications require more favorable and increasingly less likely configura-

tions, the true expected magnification in any given survey will strongly depend on the redshift

of interest, the number of observable targets, and the scope of the survey itself. For example,
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Zackrisson et al. [2015] calculate µ ≳ 700 as a realistic magnification estimate for detecting

Population III stars in a 100 deg2 ultra-deep survey. Extreme lensing events with µ ≫ 103 have

allowed for recent discoveries of the most distant individual stars known at z = 1.5 (“Icarus”,

µ > 2000, [Kelly et al., 2018]), z = 2.7 (currently unnamed, µ ≳ 104, [Chen et al., 2022]) and

z = 6.2 (“Earendel”, µ > 4000, [Welch et al., 2022a,b]). It has been suggested that the last source

may in fact be a Population III star [Schauer et al., 2022].

Adopting more optimistic magnifications of µ ∼ 104 −105, Windhorst et al. [2018] used

new metal-free evolutionary tracks calculated with the MESA (Modules for Experiments in Stellar

Astrophysics) code [Paxton et al., 2011, 2013, 2015, 2018, 2019] and assumed blackbody emergent

spectra to characterize Population III stars in the context of future observations with JWST. The

study estimated that a decade-long observational program monitoring up to 30 candidate lensing

clusters will be required for a reliable detection.

In this chapter, we contribute to the ongoing effort of predicting future observations of

Population III stars using stellar modelling. In particular, we focus on primordial stars with

initial masses between 1 M⊙ and ∼ 103 M⊙ on the zero age main sequence (ZAMS). ZAMS

properties of Population III stars provide a lower bound on observability since later evolutionary

stages are intrinsically more luminous and subjected to less interstellar absorption due to redder

colors [Schaerer, 2002; Windhorst et al., 2018]. Additionally, the lower surface gravities of

post-ZAMS stars may lead to super-Eddington luminosities in high-mass candidates, requiring

detailed modelling of mechanical motion in the atmosphere that falls beyond the scope of this

study (however, see [Liu et al., 2021; Yoon et al., 2012]).

We present theoretical color-magnitude diagrams of ZAMS Population III stars in JWST

NIRCam filters for a broad range of redshifts based on new metal-free evolutionary models

and model atmospheres. The observable properties of primordial stars are analyzed for their

dependence on individual opacity sources and non-equilibrium distribution of the radiation

field throughout the atmosphere. In particular, we demonstrate that even in the absence of non-
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grey opacity sources, Population III atmospheres cannot be approximated as blackbodies and

always require detailed modelling. The calculated metal-free physical parameters on ZAMS are

compared to their metal-poor counterparts and matched to simple, physically-motivated analytic

relationships. The models are also evaluated in the context of the Eddington limit, that is of

particular importance at high initial masses.

In this chapter, Section 2.2 describes our modelling toolkit and presents the new atmo-

sphere and evolutionary models calculated in this study. The key physical properties of Population

III stars inferred from the models, such as the dependence of stellar evolution on the dominant

energy production mechanism and the Eddington limit, are discussed in this section as well.

Section 2.3 details our color-magnitude calculations at high redshift and presents the predicted

color-magnitude and mass-magnitude relationships for Population III stars in the context of future

JWST observations with gravitational lensing. The effect of cosmological parameters on our

predictions is also estimated in Section 2.3. The key findings and important shortcomings of this

investigation are summarized in Section 2.4. Population III model parameters are tabulated in

Appendix A.

2.2 Modeling

2.2.1 Overview of the methodology

In this chapter of the dissertation, predictions of colors and magnitudes of Population III

stars are drawn from synthetic photometry of metal-free stellar models at ZAMS. Each model is

parameterized exclusively by the initial stellar mass and must account for all relevant physical

processes governing the evolution of the star from its pre-main sequence (PMS) phase until

steady-state hydrogen fusion. Synthetic photometry is obtained from the evolved emergent

spectrum of the star, which is, in turn, calculated by solving the radiative transfer equation at

every wavelength throughout the outer layers of the model comprising the stellar atmosphere.
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Stellar atmospheres are particularly challenging to model due to the presence of neutral

and partially ionized species, resulting in complex, wavelength-dependent opacity from significant

non-grey contributions of bound-free and bound-bound sources. At high effective temperatures

and extremely low metallicities considered in this work, the effect of non-grey atmospheric opacity

on the structure of the stellar interior is expected to be insignificant, avoiding the need for detailed

opacity calculations in the evolutionary models. However, the atmospheric opacity must be re-

introduced into the model when calculating the final emergent spectrum of the star. We therefore

calculate all models in multiple stages. First, evolutionary modelling was carried out from PMS

to ZAMS with grey atmospheric opacity. The evolved stellar radii and luminosities were used

to derive simple analytic relationships between stellar mass and the ZAMS surface parameters

(effective temperature, Teff, and surface gravity, log10(g)). Finally, the analytic relationships were

evaluated at a broad range of stellar masses (from 1 M⊙ to 1000 M⊙) and the resulting surface

parameters were used as inputs to dedicated model atmosphere calculations with the full opacity

treatment and spectral synthesis.

2.2.2 Evolutionary Modeling

We calculated all evolutionary models with the MESA code [Paxton et al., 2011, 2013,

2015, 2018, 2019], version 15140. Evolutionary calculations in MESA are carried out in adaptive

time steps until the chosen termination condition is met. By default, structure equations at each

step are solved using the grey atmosphere optical depth-temperature relationship as the surface

boundary condition. As will be demonstrated in Chapter 3 of this dissertation, this approximation

is satisfactory at effective temperatures (Teff) above 5000 K – a condition met by all models

considered in this study.

In all evolutionary models, we chose to use Y = 0.25 as the approximation for the

primordial helium mass fraction based on the Planck measurement in Planck Collaboration et al.

[2020], taken to the nearest percent to match the default precision in MESA.
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At initial masses below 90 M⊙, models are initialized as PMS stars with a central temper-

ature of 5×105 K (following [Choi et al., 2016]), uniform chemical composition, and a density

profile that satisfies the structure equations and results in the desired stellar mass. At significantly

larger initial masses, a convergent PMS solution may not exist. Instead, the 90 M⊙ PMS is used as

the starting point and the mass is slowly increased to the required value using the mass relaxation

routine provided by MESA. As an example, at the initial mass of 1000 M⊙, the relaxation process

lasts ≈ 1300 yr and results in an object with the central temperature of 72.7×106 K.

We extract the ZAMS luminosity and stellar radius from all evolutionary models once

their nuclear power output begins to exceed 90% of the total luminosity. The sensitivity of the

derived ZAMS parameters on the primordial helium mass fraction (Y ) as well as the adopted PMS

settings was estimated by computing multiple models at the representative initial masses of 10 M⊙

and 1000 M⊙ for a range of Y values from 0.24 to 0.26; a range of initial central temperatures

from 3× 105 K to 7× 105 K; and a range of maximum (pre-relaxation) PMS masses from

50 M⊙ to 100 M⊙ (stored in the max_mass_to_create variable of the build_pre_ms_model()

subroutine). We found the effect of PMS settings to not exceed 0.002 dex in both luminosity and

radius at ZAMS. The effect of the chosen Y value was slightly larger, reaching 0.02 dex at lower

masses. However, neither of the aforementioned uncertainties exceeds the average accuracy of

the calculated analytic mass-radius and mass-luminosity relationships (to be introduced below)

that were estimated as 0.02 dex and 0.03 dex respectively. Therefore, our results are insensitive

to the input parameters within the aforementioned ranges.

We calculated 428 evolutionary models with initial stellar masses ranging from 1 M⊙

to 1000 M⊙ and used the ZAMS radii and luminosities to derive analytical mass-radius and

mass-luminosity relationships for Population III stars. Radii of main sequence stars are generally

well-described by power law relations assuming that the dominant energy production and transport

mechanisms do not vary significantly [Gimenez and Zamorano, 1985; Lacy, 1979; Demircan and

Kahraman, 1991]. For stars with solar metallicity, the power law index changes noticeably around
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∼ 1 M⊙ due to the dissipation of the outer convective zone [Kippenhahn and Weigert, 1994, Ch.

22.1] and the transition of the main hydrogen fusion mechanism from the proton-proton chain to

the carbon-nitrogen-oxygen (CNO) cycle [Salaris and Cassisi, 2005, Ch. 5.2]. The latter effect

is particularly important for zero-metallicity stars, as it is expected that enough carbon will be

produced at sufficiently high masses to display a similar transition, thereby offsetting the power

law break into the range of masses considered in this study. We therefore model the mass-radius

relationship of ZAMS Population III stars as a broken power law with the break point mass (M(R)
bp )

treated as a free parameter. The adopted relationship is

R ∝


Mα, if M ≤ M(R)

bp

Mβ, if M > M(R)
bp

(2.1)

where M is the initial stellar mass, R is the corresponding stellar radius, and α and β are the

proton-proton and CNO power indices respectively. The mass-luminosity (M–L) relationship

is slightly more complicated due to the dependence on the dominant pressure support in the

interior. High-mass (M ≳ 10 M⊙) stars behave approximately as Eddington standard models

(n = 3 polytrope; [Eddington, 1918; Köhler et al., 2015]) with the mass-luminosity power index

gradually changing from ≥ 3 at M ≲ 100 M⊙ to the asymptotic linear relationship (L ∝ M) in the

limit of M → ∞. The transition occurs as the equation of state in the interior changes from the

ideal gas law to radiation pressure dominance. To accommodate this additional complexity, we

allow the index of the power law to change linearly with log10(M) below some break point mass

(M(L)
bp ), which is treated as a free parameter, as before. The relationship is

L ∝


Mδ log10(M/M⊙)+A, if M ≤ M(L)

bp

Mγ, if M > M(L)
bp

(2.2)

Here, L is the luminosity, γ is the high-mass power law index, δ is the rate of change of
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the index in the low-mass regime, and A is a constant, fixed by the requirement of the relationship

to remain smooth around the break point,

A = γ−2δ log10

(
M(L)

bp /M⊙
)

(2.3)

The best-fit values of all six free parameters, as well as best-fit normalization factors,

are given in Table 2.1. Note that the standard ZAMS mass-radius relationship for Population

I (PI) stars has αPI ≈ 0.8 and βPI ≈ 0.57 ([Popper, 1980], [Kippenhahn and Weigert, 1994, Ch.

22.1]). While the high-mass index matches the Population III value in Table 2.1, the low-mass

index is discrepant by a factor of ∼ 4. This discrepancy arises because the energy production

mechanism transition in Population I stars (≈ 1.3 M⊙; [Salaris and Cassisi, 2005, Ch. 5.2])

very nearly coincides with the onset of convection in the envelope (∼ 1 M⊙), while Population

III stars maintain radiative envelopes on either side of M(R)
bp . To compare Population III and

Population I mass-luminosity relationships, we consider the average power law index in the

1 ≤ M/M⊙ ≤ 10 and 1 ≤ M/M⊙ ≤ 40 ranges. The standard values for Population I are 3.88

and 3.35 respectively ([Popper, 1980], [Kippenhahn and Weigert, 1994, Ch. 22.1]), while the

corresponding Population III values using Eq. 2.2 and Table 2.1 are 3.87 and 3.50, suggesting

that the Population III relationship is nearly identical to its Population I counterpart at low masses

and marginally steeper at higher masses.

The mass-radius relationship is plotted in Fig. 2.1 alongside the direct output from selected

MESA models. For comparison, we also calculated multiple grids of MESA models at non-zero

metallicities, whose mass-radius relationships are overplotted in the figure as well. The expected

broken power law behavior is observed at all considered metallicities; however, the break point

occurs at progressively decreasing stellar masses with increasing metallicity due to the larger

initial carbon abundance. The point of equality in the energy production rates of the proton-proton

chain and the CNO cycle is also indicated in the figure for every mass-radius relationship shown.

Note that while the equality point is strongly correlated with the power law break point, the latter
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Figure 2.1. Mass-radius relationship from the metal-free evolutionary models calculated in this
study alongside the best-fit power law approximation given in Eq. 2.1 and using the best-fit
parameters in Table 2.1. Equivalent relationships for non-zero metallicities were calculated as
well and are shown with dashed lines for comparison. Each dashed curve is parameterized by
the total metal mass fraction, Z. The vertical line indicates the break in the best-fit power law
relationship that originates from the onset of the CNO cycle in the core. The point where the
energy production rates of the proton-proton chain (Lpp) and the CNO cycle (LCNO) match is
indicated with blue squares for every mass-radius relationship shown.
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Table 2.1. Parameters of the analytic mass-radius and mass-luminosity relationships for
Population III stars

Parameter Value Error

α 0.1982 ±0.0019
β 0.5527 ±0.0008
M(R)

bp 16.03 ±0.11 M⊙
R at 1 M⊙ 0.8792 ±0.0034 R⊙
δ −0.6893 ±0.0030
γ 1.3137 ±0.0080
M(L)

bp 153.0 ±2.8 M⊙
L at 1 M⊙ 1.850 ±0.023 L⊙

occurs at a lower stellar mass than the former as even a subdominant contribution from the CNO

cycle is sufficient to influence the pressure structure within the star. In particular, we calculated

the zero-metallicity equality point as ≈ 20.5 M⊙ – over 4 M⊙ higher than M(R)
bp .

The effective temperature (Teff) and surface gravity (log10(g)) are related to L, R and M

according to Eqs. 2.4 (Stefan-Boltzmann law) and 2.5, where σ and G are the Stefan-Boltzmann

and gravitational constants respectively.

Teff =

(
L

4πσR2

)1/4

(2.4)

log10(g) = log10

(
GM

R2 [1 cm s−2]

)
(2.5)

2.2.3 Atmosphere Modeling

Model atmospheres were calculated with version 9 of the ATLAS code [Kurucz, 1970;

Sbordone et al., 2004; Castelli, 2005a; Kurucz, 2014]. The code attains high efficiency by

sampling opacity from pre-tabulated opacity distribution functions (ODFs), described in Kurucz
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et al. [1974] and Carbon [1984]. The ATLAS suite also contains the DFSYNTHE program [Castelli,

2005b] that may be used to calculate ODFs for any given set of abundances, and the SYNTHE

code [Kurucz and Avrett, 1981] that computes the emergent spectrum from converged ATLAS

models by sampling the opacity directly at the wavelengths of interest. All atmosphere models in

this study were calculated at zero metallicity and with a more precise estimate of the primordial

helium mass fraction, Y = 0.2448, adopted from Valerdi et al. [2021].

For this project, we developed a universal Python dispatcher that combines all three codes

(originally written in Fortran) in a single user-friendly pipeline, complete with intermediate

consistency checks and comprehensive documentation. Our dispatcher BasicATLAS is available

online2.

ATLAS stratifies the atmosphere into 72 plane-parallel layers spanning the range of Rosse-

land mean optical depths (τ) from τ= 102 at the bottom to τ= 10−7 at the top. For all models with

stellar masses below 20 M⊙, the ODFs were calculated following the “new” format [Castelli and

Kurucz, 2003] at 57 temperatures between 103.3 K and 105.3 K. At higher masses, the range fails

to accommodate the deepest layers of the atmosphere that may exceed 105.3 K in temperature. As

such, a second set of ODFs was calculated with an extended upper temperature limit of 105.85 K.

For those calculations, the definition of the temperature grid stored in the variable TABT of the

LINOP() subroutine in the ATLAS source code was modified according to the altered ODF format.

Furthermore, the wavelength grid for opacity and radiation field sampling in ATLAS, that by

default spans from ≈ 9 nm to 160µm, had to be extended, first to 4 nm at stellar masses over

6 M⊙, and then to 0.1 nm at stellar masses over 29 M⊙. These extensions avoid errors in flux

density and opacity integration due to significant contributions outside the default wavelength

range. For each model, the adopted wavelength range was validated by ensuring that both the

Planck function (Bν(T )) and its derivative (dBν/dT ) drop below 0.1% of their maximum values

at the wavelength range bounds in each layer of the atmosphere. The changes were applied to the

2https://github.com/Roman-UCSD/BasicATLAS

33

https://github.com/Roman-UCSD/BasicATLAS


WBIG variable in the BLOCKR() subroutine of ATLAS.

Atmosphere calculations in ATLAS are carried out through iterative improvements of an

initial guess of the temperature profile throughout the atmosphere until a new profile is found that

meets both the hydrostatic equilibrium condition for the prescribed surface gravity and the energy

equilibrium condition for the prescribed effective temperature. On each iteration, the hydrostatic

equilibrium condition is applied first to determine the pressure profile corresponding to the current

temperature profile. Energy equilibrium is then evaluated throughout the atmosphere to determine

corrections for the current temperature profile as well as the current percentage error in the flux

and its derivative in each layer.

Since hydrostatic equilibrium is a hard requirement in ATLAS, no models can be calculated

for stars above the Eddington limit – a critical luminosity (or, equivalently, critical effective

temperature) above which the radiation pressure gradient begins to exceed gravitational attrac-

tion. To determine this limit, we considered the range of gravities between log10(g) = 4.6 and

log10(g) = 5.2 and searched for the maximum effective temperature (T max
eff ) at which ATLAS is

able to find a solution that is both in hydrostatic equilibrium and has flux and flux derivative errors

below 1% over the course of 50 iterations using the grey temperature profile [Mihalas, 1978, Ch.

3],

T (τ) = Teff

(
3
4

τ+
1
2

)1/4

(2.6)

as the initial guess, where T (τ) is the temperature at optical depth τ. The calculated values of

T max
eff showed a nearly perfect exponential dependence on log10(g) with deviations not exceeding

1% throughout the entire range of considered gravities. The functional form of the relationship is

given by

log10(T
max

eff ) =C1 log10(g)+C2 (2.7)
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where C1 and C2 are the best-fit parameters calculated as C1 = 0.2516 ± 0.0013 and C2 =

3.768±0.006 for CGS units. Eq. 2.7 is directly comparable to the commonly adopted “classical”

Eddington limit ([Mihalas, 1978, Ch. 7-2], [Rybicki and Lightman, 1986, Ch. 1], [Beznogov

et al., 2020]) in CGS units, based on grey opacity dominated by Thomson scattering off electrons

and local thermodynamic equilibrium (LTE):

log10(T
max

eff ) =
1
4

log10(g)+
1
4

log10

(
cρ

σneσT

)
(2.8)

Here, c is the speed of light, ρ is the mass density of the atmospheric layer, ne is the

corresponding electron number density, and σT is the Thomson scattering cross-section for an

electron. When the layer is fully ionized, ne/ρ only depends on the helium mass fraction:

ne

ρ
= 2

Y
mHe

+
1−Y
mH

(2.9)

where mHe and mH are the helium and hydrogen atomic masses respectively. The “classical”

equivalents of C1 and C2, denoted C(T )
1 and C(T )

2 respectively, can be evaluated numerically

as C(T )
1 = 0.25 and C(T )

2 = 3.795. Since C(T )
1 ≈ C1 and C(T )

2 > C2, the exact Eddington limit

estimated with ATLAS is slightly lower than its “classical” counterpart at all considered surface

gravities due to additional non-grey opacity sources and non-LTE effects in the atmosphere in the

complete treatment.

Eq. 2.7 is plotted in Fig. 2.2 alongside the locus of surface parameters of ZAMS Population

III stars derived from our analytic mass-radius and mass-luminosity relationships in Eqs. 2.1

and 2.2. The intersection between the two curves approximately represents the maximum mass

of Population III stars with atmospheres in hydrostatic equilibrium, which also serves as the

maximum initial stellar mass considered in this study. The maximum mass was calculated as

820.2 M⊙ by gradually increasing the initial stellar mass of the model in increments of 0.1 M⊙

until no convergent atmosphere solution could be found. Figure 2.2 emphasizes the importance
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Figure 2.2. Surface parameters of ZAMS Population III stars compared to the exact calculation
of the Eddington limit, including non-LTE effects and non-grey atmospheric opacity. The dashed
curve traces out an alternative locus of surface parameters in the absence of the CNO break
in the mass-radius relationship at M(R)

bp ≈ 16 M⊙. Surface parameters extracted directly from
selected MESA models are shown with red markers and labelled by the initial masses (in M⊙).
The maximum stellar mass with a convergent ATLAS atmosphere is shown with the blue circle at
820.2 M⊙. The “classical” (grey atmosphere, LTE) Eddington limit from Eq. 2.8 is shown for
reference. Note that the exact Eddington limit results in a lower maximum mass value.
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of the CNO cycle in Population III stars, as the shape of the surface parameters locus is clearly

dominated by the power law break in the derived mass-radius relationship at M ≈ 16 M⊙.

Overall, we calculated 59 ATLAS atmospheres, logarithmically sampling the range of

initial stellar masses between 1 M⊙ and 820.2 M⊙ and using the derived analytic relationships

for surface parameters. For each model, the number of iterations was incremented in batches

of 15 until the maximum flux error and the maximum flux derivative error dropped below

the standard convergence requirements of 1% and 10% respectively ([Sbordone and Bonifacio,

2005; Mészáros et al., 2012]; see Appendix A for details). Synthetic spectra for each model

were then calculated with SYNTHE between 0.5 nm and 2.6µm at the resolution of λ/δλ =

6 × 105. The chosen wavelength range ensures that the flux density falls below 1% of its

maximum value at the range bounds for all calculated model atmospheres. To account for

the limited buffer size in SYNTHE, the spectral synthesis for all atmospheres was carried out in

three batches: between 0.5 nm and 14 nm; between 14 nm and 400 nm; and between 400 nm

and 2.6µm. The calculations were run in parallel using the Triton Shared Computing Cluster

[San Diego Supercomputer Center, 2022]. The key properties of all models as well as their

convergence parameters are tabulated in Appendix A.

A few representative synthetic spectra are shown in Fig. 2.3. The spectra of stars with

M ≳ 50 M⊙ display a considerable flux excess blueward of the He II ionization break (≈ 22.8 nm)

compared to their corresponding blackbody profiles. Since ultraviolet emission is heavily attenu-

ated by the interstellar medium in the early universe, this effect results in an overall reduction of

the observed brightness of Population III stars. The blue excess is primarily caused by non-LTE

scattering of photons from deeper (and hotter) layers of the atmosphere. The departures from LTE

in the radiation field are shown in Fig. 2.4 for the highest-mass Population III model considered

in this study (820.2 M⊙) as well as a solar atmosphere model (Teff = 5770 K, log10(g) = 4.44,

abundances from Appendix C). The figure shows the 5th and the 95th percentiles of the wave-

length distribution of the source function (Sλ) for the case of LTE (Sλ = Bλ, no scattering) and the
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Figure 2.3. Synthetic spectra of ZAMS Population III stars for initial stellar masses between
1 M⊙ and the Eddington limit (820.2 M⊙). For clarity, each spectrum is shown on a separate
color-coded vertical scale. The blackbody spectra at the corresponding effective temperatures
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Figure 2.4. The 5th and the 95th percentiles of the wavelength distribution of the source function at
a range of Rosseland mean optical depths for the solar atmosphere (Bottom) and a near-Eddington
Population III atmosphere with M = 820.2 M⊙ (Top). The cases of the exact solution for the
source function and the LTE approximation are shown in solid red and dashed black respectively.
The optical depth where the gas temperature matches the effective temperature of the star is
highlighted for reference. The background color scheme corresponds to the total atmospheric
opacity as a function of both wavelength and Rosseland optical depth. The discontinuous changes
in opacity are due to bound-free absorption breaks.

39



complete solution of the integral equation for Sλ [Mihalas, 1978, Ch. 6-1]. For the solar model,

both cases are nearly indistinguishable in all but the outermost layers of the atmosphere that do

not contribute to the emergent spectrum significantly. On the other hand, the departure from

LTE is far more prominent in the Population III atmosphere, with a noticeable blue excess in the

radiation field at Rosseland mean optical depths shallower than ∼ 10.

The line features in Fig. 2.3 diminish at higher masses due to the reduced populations of

neutral species in the atmosphere required for bound-bound absorption. Selected lines may appear

stronger than shown here due to unaccounted higher-order NLTE effects (e.g. overpopulation

of excited levels as described in [Auer and Mihalas, 1972]), as captured in model sets with a

more detailed treatment of NLTE line profiles [Bromm et al., 2001b; Rauch et al., 2018; Rydberg

et al., 2013]. However, the impact of narrow line features on broadband synthetic photometry is

expected to be insignificant, especially in the JWST bands chosen in this study (see Section 2.3)

that mostly occupy the comparatively line-free wavelength interval between the Lyman series

of hydrogen and the Fowler series of ionized helium. To verify this claim, we recalculated our

synthetic photometry (introduced in Section 2.3) with all line profiles artificially strengthened by

the extreme factor of 10. We found that at stellar masses over 100 M⊙, the predicted magnitudes

do not deviate from their nominal values by more than 0.003 mag in the chosen JWST bands.

2.3 Observable parameters

Color-magnitude diagrams (CMDs) in Fig. 2.5 and mass-magnitude relationships in

Fig. 2.6 are provided for Population III stars in the most efficient JWST transmission bands. All

synthetic photometry in this study was carried out in the ABMAG system [Oke and Gunn, 1983]

from the newly calculated synthetic spectra. For comparison, we also provide equivalent results

for blackbody atmospheres at the corresponding effective temperatures.
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Figure 2.5. Color-magnitude diagrams of ZAMS Population III stars in the most optimal JWST
bands listed in Table 2.2 at four different redshifts. Synthetic photometry is shown for both
detailed opacity calculations based on model atmospheres and the corresponding blackbody
profiles. Selected initial stellar masses are indicated in both cases with red and blue markers
respectively. The red markers are labelled in solar masses. The blue markers correspond
to the same masses as the red markers in the same order along the color-magnitude curve.
Observability limits for JWST are shown in grey and labelled with the required gravitational
lensing magnification, µ.
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Figure 2.6. Mass-magnitude relationships for ZAMS Population III stars in the most optimal
JWST bands listed in Table 2.2 at four different redshifts, color-coded. Note that a different band
is used at each redshift. The equivalent relationships for the corresponding blackbody profiles
are shown in dashed lines for comparison. The observability limits for JWST are indicated with
black markers for each relationship shown. The displayed observability limits are grouped by the
required gravitational lensing magnitification, µ.
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2.3.1 High-redshift synthetic photometry

In ABMAG, the apparent magnitude, mAB, is calculated from the observed spectrum as:

mAB =−2.5log10

( ∫
(ν)−1 fν(ν)e(ν)dν∫

3631 Jy (ν)−1e(ν)dν

)
(2.10)

Here, fν(ν) is the apparent flux density per unit frequency, e(ν) is the efficiency of the

instrument, and the integrals are evaluated over all frequencies (ν) in the frame of reference

of the observer. The factor of (ν)−1 is included to adapt the relationship to a photon-counting

instrument [Bohlin et al., 2014]. Equivalently, Eq. 2.10 may be written in terms of the observed

wavelength, λ, to match the output of SYNTHE:

mAB =−2.5log10

( ∫
λ fλ(λ)e(λ)dλ∫

3631 Jy (λ)−1e(λ)cdλ

)
(2.11)

At high redshift, the apparent flux density, fλ, in Eq. 2.11 is derived from the modelled

surface flux density, Fλ:

fλ(λ) = Fλ(λe)T (λ,z)
R2

(1+ z)D2
L

(2.12)

(e.g. see [Blanton and Roweis, 2007]), where λe = λ/(1+ z) is the emitted wavelength at redshift

z, R is the radius of the star and DL is the luminosity distance to the star. In the equation, T (λ,z)

is the integrated transmissivity of the interstellar medium across the line of sight to the source. In

the wavelength range of interest, the most significant contributions to interstellar attenuation are

the bound-free and bound-bound absorption by ground state neutral hydrogen at λe ≤ 1215.67Å

– the Lyman α wavelength.

The photons absorbed by the interstellar medium will be re-emitted at longer wavelengths.

Depending on the dynamical evolution of the medium under radiative feedback and the spatial

density of Population III stars, this reprocessed radiation may contribute significantly to the
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observed spectrum of the star or have low impact on direct observations due to dilution over large

surface areas (e.g. compare “type A” and “type C” environments in [Zackrisson et al., 2011];

also see [Greif et al., 2009]). In this study, we focus on the purely stellar spectra; however, see

Rydberg et al. [2013]; Sibony et al. [2022]; Tumlinson et al. [2003]; Kitayama et al. [2004] for

various approaches to detailed feedback modelling.

At z ≤ 7, we adopt T (λ,z) from the numerical simulation in Meiksin [2006]. At higher

redshifts, the absorption by neutral hydrogen is sufficiently strong to be well-approximated by a

hard cut-off:

T (λ,z;z > 7)≈


0, if λ ≤ (1+ z) 1215.67Å

1, otherwise
(2.13)

As will be demonstrated, even at redshifts below z = 7 considered in this study, the most

appropriate JWST bands for detecting Population III stars have blue cut-offs at λe ≳ 1215.67Å,

thereby ensuring that Eq. 2.13 remains a good approximation at all considered redshifts.

The luminosity distance, DL, is calculated as a function of redshift as:

DL = (1+ z)c
∫ z

0

1
H(z′)

dz′ (2.14)

[Dodelson, 2003, Ch. 2.2] where H(z′) is the Hubble parameter [Dodelson, 2003, Ch. 2.4]:

H2(z) = H2
0
(
Ωr(1+ z)4 +ΩM(1+ z)3 +ΩΛ

)
(2.15)

In Eq. 2.15, H0 is the Hubble constant and Ωr, ΩM and ΩΛ are the fractional present-

day contributions of radiation (including relativistic matter), non-relativistic matter, and dark

energy, respectively. We adopt the Hubble constant value of H0 = 67.4 km s−1 Mpc−1 and

ΩM = 0.315 in accordance with Planck Collaboration et al. [2020]. The universe is assumed to

be flat (ΩΛ = 1−Ωr −ΩM) and Ωr is calculated as [Dodelson, 2003, Ch. 2.4.4]:
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Ωr =

(
1+

7
8

(
4

11

) 4
3

Neff

)
4σ

c3
T 4

CMB
ρcrit

(2.16)

We adopt Neff = 3.04 [Mangano et al., 2002] as the effective number of neutrino flavors,

TCMB = 2.725 K [Fixsen, 2009] as the present day temperature of the cosmic microwave back-

ground, and ρcrit = 3/(8πG)H2
0 as the critical density of the universe. The calculation implicitly

assumes massless neutrinos. The accuracy of these cosmological assumptions is examined in

Section 2.3.4.

2.3.2 Choice of bands

This study considers detecting Population III stars with JWST at z ∈ (3,7,12,17). The

chosen range spans between the redshift of the predicted saturation of the Population III star

formation rate in Xu et al. [2013] and the redshift of the candidate Population III ionization source

in Fosbury et al. [2003]. If the aim of the experiment is a simple detection of a Population III

candidate in a single band, the optimal observation band for each stellar mass and redshift may be

chosen by seeking the largest value of the predicted signal-to-noise ratio. At the lowest stellar

masses, this condition will be met by a wide band, situated closest to the peak wavelength of the

model spectrum. Due to extensive attenuation of flux by the interstellar medium at wavelengths

shorter than the Lyman α, the optimal band at higher masses remains redward of the Lyman α in

the observer’s frame of reference instead of following the peak wavelength. The transition occurs

around ∼ 10 M⊙ for z = 3 and at ≲ 3 M⊙ for z ≥ 7. Since high-mass Population III stars are

overwhelmingly more likely to be observable, the same high-mass optimal band may be safely

employed for all Population III candidates at a given redshift.

We calculated the limiting magnitudes in all JWST Near Infrared Camera (NIRCam) and

Mid-Infrared Instrument (MIRI) bands using the JWST Exposure Time Calculator [Pontoppidan

et al., 2016] as the faintest magnitudes resulting in a signal-to-noise ratio of 3 in a ∼ 10 hr
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Table 2.2. Optimal bands for Population III detection

z Best single Best pair

3 NIRCam F070W NIRCam F070W NIRCam F090W
7 NIRCam F150W2 NIRCam F115W NIRCam F150W
12 NIRCam F200W NIRCam F200W NIRCam F322W2
17 NIRCam F322W2 NIRCam F277W NIRCam F356W

Table 2.3. Limiting magnitudes of JWST bands

Band Limiting magnitude Band Limiting magnitude

NIRCam F070W 29.3664 NIRCam F090W 29.6480
NIRCam F150W2 30.5796 NIRCam F115W 29.8404
NIRCam F150W 30.0816 NIRCam F200W 30.2616
NIRCam F322W2 30.5926 NIRCam F277W 30.2774
NIRCam F356W 30.3625

Note. — Calculated limiting magnitudes are listed for JWST bands in Table 2.2, assuming
the detection signal-to-noise ratio of 3 in a ∼ 10 hr exposure (20 groups, 9 integrations, DEEP2
readout pattern) of a flat frequency continuum.

exposure (NIRCam: 20 groups, 9 integrations, DEEP2 readout pattern; MIRI: 100 groups, 132

integrations, FASTR1 readout pattern) for a flat frequency continuum. The best band for each

redshift was chosen as the one corresponding to the smallest difference between the expected

apparent magnitude of Population III stars in the high-mass regime and the limiting magnitude of

the band. The chosen bands are listed in the “Best single” column of Table 2.2.

A more detailed experiment may be designed with the aim of measuring the colors of

Population III candidates in addition to simple detection, requiring a choice of two filters without

significant overlap in their transmission profiles. We determine the optimal pairs of JWST filters

for each redshift by considering all possible non-overlapping pairs of bands and choosing the one
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with the smallest average difference between the predicted magnitude of Population III candidates

and the limiting magnitude of the band. As before, the choices are made in the high-mass regime.

The resulting optimal pairs of filters are listed in the “Best pair” column of Table 2.2.

NIRCam bands were found to be most optimal for both simple detection and color

measurements. The limiting magnitudes of all bands chosen in Table 2.2 are listed in Table 2.3.

2.3.3 Results

Predicted color-magnitude diagrams are presented in Fig. 2.5 for all four redshifts in

the most optimal JWST band pairs listed in Table 2.2. Synthetic photometry for blackbody

atmospheres at the same range of effective temperatures is shown in the figure as well for

comparison. The overall trend of the color-magnitude relationship is nearly unchanged between

redshifts, as the most efficient bands are placed in similar positions with respect to the redshifted

energy density distribution predicted by the model atmospheres. At low masses (M ≲ 100 M⊙),

predicted colors shift blueward with increasing effective temperature, with the exception of a

brief inversion of the trend around 6 M⊙. We refer to this color-magnitude diagram feature as the

“helium loop”, as the inversion is caused by bound-free absorption of singly ionized helium in

the second excited state (“Fowler break”, λe = 205.1 nm, [Silberstein, 1922]). Once formed, the

break disproportionately suppresses flux in the bluer band, resulting in the redder overall color.

In the high-mass regime (M ≳ 100 M⊙), the predicted color shifts redward with increasing

temperature due to progressively decreasing contributions of free-free and bound-free opacities,

both of which vary as λ3 and, therefore, redistribute the flux towards shorter wavelengths. At high

masses, Population III stars are predicted to be slightly fainter than blackbodies with identical

effective temperatures due to the non-LTE distribution of the radiation field illustrated in Fig. 2.4.

Magnitude predictions for the most efficient single-band observations at each redshift are

shown in Fig. 2.6 as functions of mass. Both Figs. 2.5 and 2.6 also contain the estimated JWST

observability limits for different gravitational lensing magnifications, from µ = 103 (approximate
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Table 2.4. Effect of cosmological parameters on the detectability of Population III stars

Adopted value Range Effect [mag]
Min Max Min Max

H0
a 67.4 66.9 75.0 +0.02 −0.23

ΩM 0.315 0.300 0.322 +0.04 −0.02
mν

b 0.0 0.0 0.9 0.0 −0.15

aHubble constant in km s−1 Mpc−1

bNeutrino mass in eV c−2, assumed identical for all neutrino species

minimum required magnification for direct observations of Population III stars) to µ = 107

(maximum theoretical magnification from [Miralda-Escude, 1991]). The observability limits are

based on the calculated limiting magnitudes in each band listed in Table 2.3.

2.3.4 Cosmological parameters

Predicted colors and magnitudes of Population III stars depend on the cosmological

parameters adopted when calculating the luminosity distance, DL (Eq. 2.14). Since DL is inde-

pendent of the physical properties of the star, the effect is identical for all initial masses. In this

section, we estimate the magnitude of the effect for individual variations in the Hubble constant,

H0; the present-day matter contribution, ΩM and the average neutrino mass, mν. The nominal

value of each parameter adopted in this study, the considered range of variation, and the shift in

the predicted magnitudes at the lower and upper bounds of the considered range are provided in

Table 2.4. All tests are carried out at the largest considered redshift, z = 17, where the effect is

expected to be most significant.

For the Hubble constant, the adopted range spans from the lower error bound of the

adopted nominal value (67.4±0.5 km s−1 Mpc−1, [Planck Collaboration et al., 2020]), based on
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Planck observations of the cosmic microwave background (CMB), to the upper error bound of

the local Hubble constant estimate in Riess et al. [2016] (73.24±1.74 km s−1 Mpc−1), based on

the updated distance calibration to type Ia supernovae.

The discrepancy between the CMB and local measurements of H0, known as the Hubble

Tension, depends on the adopted ΩM prior. The two measurements have been shown to be

consistent at 95% confidence for ΩM ≲ 0.3 [Wei and Melia, 2022]. We therefore adopt ΩM = 0.3

as the lower bound on the variation range and take the error in the nominal value (0.315±0.007,

[Planck Collaboration et al., 2020]) as the upper bound.

To estimate the effect of massive neutrinos, we replace the relativistic neutrino den-

sity in Eq. 2.16 with the approximation for neutrinos with identical masses in Komatsu et al.

[2011], implemented in Astropy ([Astropy Collaboration et al., 2013, 2018]). We adopted

mν = 0.9 eV c−2 as the maximum neutrino mass, measured in the Karlsruhe Tritium Neutrino

(KATRIN) experiment [Katrin Collaboration et al., 2022].

As demonstrated in Table 2.4, H0 and mν have the largest effect on the predicted photom-

etry. Larger values for both parameters lead to shorter lookback times to a given redshift and,

therefore, brighter apparent magnitudes of Population III stars. However, the gain in magnitude

for both parameters was calculated to fall below 0.25 at the most extreme, which is expected to

remain within the measurement uncertainty at the adopted limiting magnitude signal-to-noise

ratio of 3.

2.4 Discussion

In this chapter of the dissertation, we calculated new evolutionary models and model

atmospheres for ZAMS Population III stars in hydrostatic equilibrium. The new models were

used to investigate the physical properties of the first stars in the universe as well as to produce

predictions of their colors and magnitudes as may be observed in the near future with JWST
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under strong gravitational lensing. The analysis was carried out at a broad range of plausible

redshifts for Population III stars from z = 3 to z = 17. Our predictions of Population III color-

magnitude diagrams and mass-magnitude relations are provided in Figs. 2.5 and 2.6 respectively.

All predictions are given for the optimal JWST bands listed in Table 2.2. Our other findings are

listed below:

• The mass-radius relationship of ZAMS Population III stars is well approximated by a

broken power law, similar to their Population I counterparts. However, the break in the

power law occurs at a much higher mass (≈ 16 M⊙ for Population III stars as opposed to

≈ 1 M⊙ for Population I) due to the suppressed CNO cycle.

• Despite the initial absence of metals in Population III stars, the required amount of carbon

to sustain the CNO cycle is produced at sufficiently high masses. The CNO cycle becomes

the dominant energy production mechanism in Population III stars around M ≈ 20.5 M⊙,

in agreement with Yoon et al. [2012].

• The mass-luminosity relationship of ZAMS Population III stars may be approximated as a

power law with a variable power index that decreases at higher masses. This behavior is

observed in Population I stars as well and is approximately consistent with the Eddington

standard model.

• The evolution of true metal-free stars is nearly indistinguishable from the evolution of

extremely metal-poor stars with Z ≲ 10−9. This result is more conservative but consistent

with the Z = 10−8 limit derived in Windhorst et al. [2018]. Furthermore, both values

agree with the lower bound of the expected threshold of the Population III / Population II

transition (Zcr ≳ 10−8; [Omukai et al., 2005; Schneider et al., 2006a; Clark et al., 2008]).

• The maximum mass of ZAMS Population III stars, at which hydrostatic equilibrium is

possible in the atmosphere (the Eddington limit) was calculated as ≈ 820 M⊙. This value is
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well above the commonly considered range of initial masses for primordial stars, suggesting

that hydrostatic equilibrium may be an adequate approximation in Population III models.

The exact Eddington limit was found to be slightly lower than predicted by the classical

formula (Eq. 2.8) due to non-grey opacity sources in the atmosphere as well as non-LTE

effects. The influence of the CNO cycle on the internal structure of Population III stars was

determined to be a key factor in setting the maximum mass.

• Atmospheres of high-mass Population III stars host strongly non-LTE radiation fields,

resulting in significant excess in the UV flux compared to the corresponding blackbody

profiles.

• The color-magnitude diagrams of Population III stars depend strongly on the non-grey

opacity sources in the atmosphere with notable features including the “helium loop” at

M ∼ 6 M⊙ and the color-temperature inversion at M ≳ 100 M⊙. In general, ZAMS

Population III stars are fainter than expected from blackbody profiles.

• At the lowest redshift (z = 3), the highest-mass Population III stars considered in this study

(M ≳ 700 M⊙) are just observable with a gravitational lensing magnification of µ ∼ 103.

A more plausible range of stellar masses (M ≳ 100 M⊙) would likely require µ ∼ 104.

Such magnification is comparable to that inferred from previous detections of the most

distant individual stars known (e.g. [Welch et al., 2022a]). At higher redshifts, the required

magnification for an equivalent detection increases to µ ∼ 105.

• Our predictions of Population III observability do not depend significantly on the adopted

cosmological parameters; however, the maximum calculated effect of ∼ 0.25 mag is

comparable to the adopted signal-to-noise ratio of JWST observations and may therefore

be measurable under more generous gravitational lensing conditions than the minimum

detection requirement considered in this study.
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This study is limited to ZAMS Population III stars and may therefore be considered a

lower limit on true JWST observability since later evolution stages are generally expected to be

more luminous and less attenuated by the interstellar medium. The reduction in surface gravity

during the post-main sequence evolution of Population III stars may drive the highest-mass stars

considered in this study above the calculated Eddington limit, requiring a more detailed modelling

approach allowing for mechanical motion in the atmosphere as well as mass loss.

In our predictions of the observational signatures of Population III stars, only radiation

emitted directly from the stellar photospheres was considered. Realistic regions of Population

III formation are likely to display significant flux contributions from the surrounding interstellar

nebula. A follow-up study could deploy an analytic ionization model, as in Sibony et al. [2022], or

a numerical simulation of radiative feedback, to derive the necessary corrections. In this context,

the predictions drawn here may once again be interpreted as lower limits of the true observability

of individual Population III sources.

While the detailed modelling of atmospheric opacity was shown to produce noticeably

different results from the commonly adopted blackbody approximation (e.g. [Windhorst et al.,

2018; Fosbury et al., 2003]), the quantitative difference in predictions of the two approaches will

likely remain within the measurement uncertainty for Population III candidates at the observability

threshold (e.g. at z = 3, the magnitude difference between the two approaches is ≈ 0.2 mag at the

highest considered mass). However, the discrepancy may be detectable under marginally stronger

gravitational lensing and should therefore be taken into account in more detailed observational

studies of Population III stars.

Our overall result generally agrees with previous studies of Population III observability

(e.g. [Windhorst et al., 2018; Rydberg et al., 2013]) that detection of the first stars in the universe

may be possible with JWST under strong but realistic gravitational lensing, assuming sufficiently

high stellar mass. Placing more specific constraints on the expected rate of detection remains

challenging due to the highly debated initial mass function of Population III stars.
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Finally, we note that Population III stars likely formed in clusters or galaxies rather than

in isolation (e.g. [Jaacks et al., 2019; Zackrisson et al., 2011; Johnson, 2010; Johnson et al.,

2009b; DeSouza and Basu, 2015; Visbal et al., 2017]). The combined luminosity of such objects

makes them more accessible targets, requiring less extreme gravitational lensing. However,

modelling the spectral energy distributions of Population III clusters is further complicated by

the dependence on the highly uncertain initial mass function and the concurrent formation of

Population III and Population II stars [Xu et al., 2013; Wise et al., 2012b,a; Jaacks et al., 2019] at

later epochs.

Chapter 2, in full, was submitted with minor alterations and accepted for publication

in the Astronomical Journal Series 2023. An edited version of this chapter is now available in

print in Volume 165, Issue 1, authored by Mikaela M. Larkin, Roman Gerasimov, and Adam J.

Burgasser. The dissertation author provided the evolutionary models used in the study and made

a significant contribution to the detailed analysis of the properties of Population III stars and the

required literature research.
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Chapter 3

Population II Stars in ω Centauri

3.1 Background

Over 1/6 [Kirkpatrick et al., 2021, 2012] of the local stellar population consists of brown

dwarfs – substellar objects with masses below the threshold for sustained hydrogen fusion

(≳ 0.07 M⊙ for solar composition, [Hayashi and Nakano, 1963; Kumar, 1962, 1963; Chabrier

and Baraffe, 1997]). In contrast to hydrogen-burning stars, brown dwarfs do not establish energy

equilibrium and begin cooling continuously shortly after formation, gradually decreasing in

effective temperature and luminosity. The characteristically low effective temperatures of such

objects (Teff ≲ 3000 K) allow complex molecular chemistry to take place in their atmospheres,

which evolves throughout the cooling process as compounds with lower dissociation energy

form. At sufficiently low temperatures, species condense into liquid and solid forms, forming

clouds of various compositions [Lunine et al., 1986; Tsuji et al., 1996; Marley et al., 2002]. The

resulting sensitivity of spectra to elemental abundances and age (through cooling) imply that

brown dwarfs have the potential to be used as chemical tracers for studies of galactic populations

and the Milky Way at large [Burgasser, 2009; Birky et al., 2020]. Furthermore, the unusual

physical conditions characteristic of brown dwarfs, including their low effective temperatures,
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high densities [Hatzes and Rauer, 2015], and partially degenerate, fully convective interiors

[Copeland et al., 1970; Burrows and Liebert, 1993] provide empirical tests for studies of matter

in extreme conditions [Hubbard et al., 1997; Hayes et al., 2020], cloud formation in exoplanetary

atmospheres [Kreidberg et al., 2014; Faherty et al., 2016], and even searches for physics beyond

the Standard Model [Suliga et al., 2020].

Unfortunately, the faint luminosities and low temperatures of brown dwarfs make these

objects challenging to observe, with the first reliable discoveries made only in the mid-1990s

[Nakajima et al., 1995; Rebolo et al., 1995; Basri et al., 1996]. While hundreds of brown dwarfs

have since been identified, the difficulty of their detection has largely limited the known population

to the closest and youngest brown dwarfs in the Milky Way. This limitation poses two major

problems. First, current research has been focused on sources with near-solar metallicities and

chemical compositions which are not representative of the early evolutionary history of the Milky

Way. Second, most of the “evolved” brown dwarfs currently known are isolated objects in the

field which lack secondary indicators of their origins and physical properties, such as cluster

membership or binary association. The theoretical challenges associated with modelling complex

atmospheric chemistry and other low-temperature phenomena inhibits our ability to measure

these physical properties accurately.

The population of brown dwarfs in globular clusters of the Milky Way addresses both of

these problems. A typical globular cluster contains tens of thousands of individually observable

coeval members with similar ages and chemical compositions that can be photometrically inferred

from the color-magnitude diagram of the population [Beasley, 2020]. The large masses of

globular clusters allow their members to withstand tidal disruptions over extended periods of

time, making these clusters some of the oldest coherent populations in the Milky Way (≳ 10 Gyr;

[Marín-Franch et al., 2009; Jimenez, 1998]). In general, the long lifespans of globular clusters

allow for extensive dynamical evolution: these gravitationally bound stellar systems tend towards

thermodynamic equilibrium and energy equipartition, resulting in preferential segregation of
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members by mass and ejection of the lowest-mass stars and brown dwarfs [Meylan and Heggie,

1997; Fall and Rees, 1977; Gnedin and Ostriker, 1997; Fall and Zhang, 2001]. However, this

effect is noticeably suppressed in the outer regions of globular clusters [Vishniac, 1978; Trenti

and van der Marel, 2013], whose relaxation times often exceed the age of the cluster [Harris,

1996] due to increased distances between the stars [Spitzer, 1987, Ch. 2]. These regions therefore

preserve their primordial mass function and the mixing ratio between sub-populations within the

cluster [Richer et al., 1991; Vesperini et al., 2013; Bianchini et al., 2019].

Unlike field stars in the solar neighbourhood, globular cluster members display chemical

abundances characteristic of the early, metal-poor phases of the Milky Way’s formation. Globular

clusters are thus unique laboratories for studying brown dwarfs with non-solar abundances and

old ages – parameters that can be independently constrained from the overall cluster population.

In turn, the abundance and cooling behavior of brown dwarfs make them potential instruments

for refining the ages of host globular clusters [Caiazzo et al., 2017, 2019; Burgasser, 2004], in

analogy to the use of brown dwarfs in age-dating young open clusters [Stauffer et al., 1998;

Martín et al., 2018]. Brown dwarfs thus provide a link between (sub)stellar evolution, galaxy

formation and evolution, and cosmology (e.g., [Valcin et al., 2020]).

The large distances to globular clusters and the faint luminosities of brown dwarfs have

so far prevented the unambiguous detection of this distinct population. Existing deep photometric

observations of Milky Way globular clusters, made primarily with instruments on the Hubble

Space Telescope (HST), have reached the faint end of the main sequence [Bedin et al., 2001;

Richer et al., 2006] and motivated dedicated searches for brown dwarfs in the nearest systems

[Dieball et al., 2016, 2019], although results from the latter remain ambiguous. The upcom-

ing generation of large ground and space-based observatories, such as the James Webb Space

Telescope (JWST), the Thirty Meter Telescope (TMT), the Giant Magellan Telescope (GMT),

and the Extremely Large Telescope (ELT), are expected to change this situation in the next few

years [Bedin et al., 2021; Caiazzo et al., 2021]. The promise of observational data for globular
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cluster brown dwarfs necessitates development of a theoretical framework for characterizing these

sources, in particular evolutionary tracks and model atmospheres across the brown dwarf limit for

non-solar abundances.

In this work, we evaluate current HST data and make predictions for forthcoming JWST

data for one of the most well-studied globular clusters in the Milky Way: ω Centauri [Halley, 1715;

Dunlop, 1828]. This system is the largest known globular cluster (4×106 M⊙, 107 members;

[Giersz and Heggie, 2003; D’Souza and Rix, 2013]) and its dynamics fall far short of complete

energy equipartition, as confirmed by direct measurements of the velocity distribution [Anderson

and van der Marel, 2010] and constraints on mass segregation [Anderson, 2002]. Our analysis is

based on a sample located at 3 half-light radii away from the cluster center where the relaxation

time reaches ∼ 4× 1010 Gyr [van de Ven et al., 2006], indicating a nearly pristine primordial

population of brown dwarfs and low-mass stars.

ω Centauri possesses two distinct populations, identified in a bifurcation of its optical

main sequence into “blue” and “red” sequences [Anderson, 1997; Bedin et al., 2004]. Away from

the center of the cluster, the red sequence of ω Centauri is the dominant population with over twice

as many members as compared to the blue sequence [Bellini et al., 2009]. Since metal-rich stars

generally appear redder than their metal-poor counterparts due to heavier metal line blanketing

at short wavelengths [Code, 1959], a top-heavy metallicity distribution in ω Centauri is naively

expected. However, this expectation is at odds with earlier spectroscopy of individual bright

stars (e.g. [Norris and Da Costa, 1995]) that indicated a bottom-heavy distribution in metallicity

among cluster members. By comparing the observed bifurcation to model isochrones, Bedin et al.

[2004] determined that the color-magnitude diagram is unlikely to be explained by the spread in

metallicity alone, nor by a background object with different chemistry. It was further suggested

that the blue sequence may have a higher metallicity than the red sequence if it is significantly

helium-enhanced, with a helium mass fraction (Y ) in excess of 0.3 [Bedin et al., 2004]. Higher

helium content increases the mean molecular weight in stellar interiors, producing hotter and
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bluer stars for identical masses and ages.

Subsequent quantitative analysis in Norris [2004] found the helium mass fraction dis-

crepancy between the sequences to be ∆Y ∼ 0.12. A follow-up spectroscopic study of identified

members of red and blue sequences in Piotto et al. [2005] confirmed that the metallicity of blue

sequence members indeed exceeds that of red sequence members by ∼ 0.3 dex, strongly favouring

the helium enhancement hypothesis. Consistent with all aforementioned results, King et al. [2012]

calculated the helium mass fraction of the blue sequence as Y = 0.39±0.02 which remains the

most accurate estimate to date (an analysis in [Latour et al., 2021] based on a different selection

of sequence members and a different set of evolutionary models suggests that this value may be

overestimated by ≳ 0.05). The origin of such extraordinarily high helium content remains under

debate [Renzini, 2008; Norris, 2004; Timmes et al., 1995]. An additional noteworthy aspect of

ω Centauri members is the scatter in stellar metallicities within each of the two sequences, which

is fairly wide compared to other globular clusters [Bellini et al., 2017c; Johnson et al., 2009a].

This scatter suggests that ω Centauri may be the nucleus of a nearby dwarf galaxy accreted

by the Milky Way; or it may be a system intermediate in scale between a dwarf galaxy and a

globular cluster [Hughes and Wallerstein, 2000; Johnson et al., 2020; Norris et al., 2014]. Indeed,

recent work employing ultraviolet and infrared photometry and benefiting from the enlarged color

baselines was able to show that the red and blue sequences are each composed of multiple stellar

subgroups, totalling up to 15 distinct sub-populations [Bellini et al., 2017c].

In this chapter of the dissertation, we calculate new interior and atmosphere models

for ages and non-solar chemical compositions appropriate for the members of ω Centauri. By

comparing synthetic color-magnitude diagrams (CMDs) inferred from those models to new HST

photometric observations of the low-mass main sequence (≲ 0.5 M⊙), we determine best-fit

physical properties of the cluster and calibrate for interstellar reddening. Finally, we extend

our models into the substellar regime to make predictions of expected colors, magnitudes, and

color-magnitude space densities of brown dwarfs in ω Centauri down to effective temperatures of
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Teff ≈ 1000 K. Section 3.2 provides an overview of our approach to modelling the ω Centauri

stellar and substellar population. Section 3.3 describes how synthetic isochrones for the members

of ω Centauri were calculated, including our choices of specific cluster properties such as age and

metallicity. We also briefly examine the role of atmosphere-interior coupling in our evolutionary

models and discuss the relation of atmospheric and core lithium abundance predicted by our

framework. Section 3.4 describes our astro-photometric observations of ω Centauri with HST.

Section 3.5 presents our method of comparing the isochrones against our photometry, and

corresponding constraints on the best-fit physical parameters. Section 3.6 provides predictions of

the observable properties of brown dwarfs in the cluster in the context of future JWST observations.

Section 3.7 summarizes our results. Appendix B describes the parameters of evolutionary models

calculated in this study. Appendix C lists our choices of standard solar abundances. Finally,

Appendix D provides a description of the HST dataset for ω Centauri used in this study.

3.2 Overview of methodology

For the modelling purposes of this chapter, we define a stellar population as a group of

stars and brown dwarfs with identical age, initial chemical composition, and distance from the Sun.

While allowing for multiple co-existing populations in ω Centauri, we require all of them to be

drawn from the same initial mass function (IMF). The reality of a continuous, rather than discrete,

distribution of chemical abundances among the members of the cluster is partly accounted for by

allowing statistical scatter in the color-magnitude space (see Section 3.5). Potential variations in

age are briefly considered in Section 3.6.

Our first step was to determine the best-fitting isochrone to our optical and near infrared

HST observations of ω Centauri (see Section 3.4) that capture most of the main sequence but

are not sensitive enough to reach the substellar regime. The multiplicity of populations in

ω Centauri necessitated an approximate categorization of the cluster as a whole due to the extreme
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computational demand associated with calculating complete grids of model atmospheres and

interiors for multiple sets of chemical abundances. We therefore made no attempt to model

the observed blue and red sequences separately; instead, we sought to model the modal color-

magnitude trend of the entire cluster. Due to the narrow color separation between the two

sequences along the stellar main sequence [Milone et al., 2017], we expect the modal trend to

predict the colors and magnitudes of brown dwarfs in ω Centauri for both populations.

We started with an initial estimate of chemical abundances based on photometric and

spectroscopic analysis of bright members in the literature [Marino et al., 2012]. The helium

abundance was set to the value corresponding to the blue sequence of the cluster from King et al.

[2012]. As will be demonstrated shortly, the enhanced helium mass fraction in combination with

freely varying metal abundances results in a population that provides a satisfactory approximation

of the modal color-magnitude trend for both red and blue sequences. On the other hand, we found

the mass-luminosity relation of the cluster to be far more sensitive to the helium mass fraction

such that no modal population could be obtained that would adequately fit the mass-luminosity

relations of both red and blue sequences (see Section 3.5). We therefore chose to adopt a distinct

mass-luminosity relation for the red sequence from the literature [Dotter et al., 2008] and focus

our new calculations on the helium abundance of the blue sequence. This choice was made for two

reasons: first, due to the scarcity of helium-enhanced stellar models in the literature; and second,

because higher helium content generally results in higher luminosities for the largest-mass brown

dwarfs (e.g. compare models B and G in [Burrows et al., 1989]; see also [Burrows and Liebert,

1993; Burrows et al., 2011; Spiegel et al., 2011]). The latter effect makes helium-enriched brown

dwarfs more likely to be detected in future magnitude-limited surveys.

We refer to the population based on this initial set of abundances as the nominal population

of the cluster. A synthetic isochrone was calculated and compared to existing photometry, and the

chemical abundances of the nominal population (with the exception of helium) were perturbed

iteratively until a best quantitative fit to the modal color-magnitude trend of the cluster was
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obtained. We refer to all perturbed populations as secondary populations. In line with our

simplified model, we assumed that the entire CMD of the cluster could be described with

one modal population, with an empirically determined scatter used to account for other sub-

populations, multiple star systems, and measurement uncertainty.

Next, we sought to reproduce the observed present-day luminosity function (LF) of the

cluster by combining the mass-luminosity relation of the best-fitting isochrone with the commonly

used broken power law IMF (e.g. [Kroupa, 2001; Sollima et al., 2007; Hénault-Brunet et al.,

2020; Conroy and van Dokkum, 2012]). As explained above, we adopted an additional solar

helium mass-luminosity relation from literature [Dotter et al., 2008] and added the contributions

of both populations together in the LF using a population mixing ratio optimized through fitting.

As demonstrated in Section 3.5, a reasonably good match to the observed LF can be obtained with

a simple two-component IMF and two stellar populations. Finally, the isochrone of the calculated

best-fit population and the determined IMF were extended into the substellar regime to make

predictions for the colors and magnitudes of brown dwarfs expected to be identified by JWST.

The isochrones and mass-luminosity relations for the nominal and secondary populations

were calculated from corresponding grids of newly computed model atmospheres and interiors.

Simultaneous coupled modelling of atmospheres and interiors is challenging, as the substan-

tial difference in physical conditions between the two requires distinct numerical approaches

typically implemented in independent software packages. In addition, atmosphere modelling

tends to be orders of magnitude more computationally demanding, largely due to the complex

molecular chemistry and opacity present at low temperatures. For those reasons, we followed the

standard approach [Baraffe et al., 1997; Choi et al., 2016] in which a grid of model atmospheres

is pre-computed, covering the regions of the parameter space the stars are expected to encounter

during their evolution. To ensure that the size of the model grid was computationally feasible, we

restricted the number of degrees of freedom that are allowed to vary from atmosphere to atmo-

sphere within the same population. The atmosphere grid for each population has been calculated
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Table 3.1. Properties of the nominal population of ω Centauri

Parameter Value

Metallicity [M/H] −1.7 dex over solar
Carbon abundance [C/M] −0.65 dex over solar
Nitrogen abundance [N/M] 1.45 dex over solar
Oxygen abundance [O/M] −0.1 dex over solar
Age 13.5 Gyr
Helium mass fraction Y 0.4
Atmospheric lithium [Li/M] −3.0 dex over solar

over a range of effective temperatures (Teff) and surface gravities (log10(g)) encompassing the

evolutionary states of low-mass stars and brown dwarfs, while all other parameters were assumed

fixed across the population (e.g. elemental abundances, age) or derivable from the grid parameters

(e.g. stellar radius). A synthetic spectrum was calculated for each model atmosphere in the grid,

which could be subsequently converted to synthetic photometry for instruments of interest.

3.3 Isochrones

3.3.1 Initial parameters

The parameters adopted for the nominal population are listed in Table 3.1. All abundances

are given with respect to their standard solar values summarized in Appendix C.

The abundances of carbon ([C/M]), nitrogen ([N/M]) and oxygen ([O/M]) were selected

to approximate the modes of the distributions inferred from individual spectroscopy of 77 bright

(10.3 < I < 12.7) cluster members from Marino et al. [2012]. These distributions are shown in

Figure 3.1. Contrary to carbon and nitrogen, oxygen abundance lacks a well-defined modal peak

and appears to vary in the range −0.1 ≲ [O/M] ≲ 0.6. For the nominal population, we chose

the lower bound of the oxygen distribution in the figure since the data from Marino et al. [2012]
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Figure 3.1. Distribution of measured elemental abundances from individual spectroscopy of 77
bright members of ω Centauri from Marino et al. [2012]. The vertical dashed lines represent
the values adopted in this study for the nominal population as per Table 3.1. The shaded area
represents the range of oxygen abundances considered in secondary populations as per Table 3.2.

suggest a correlation between [C/M] and [O/M], with the debiased Pearson coefficient of 0.72±

0.03; and an anti-correlation between [N/M] and [O/M] with the coefficient of −0.61± 0.04.

The lower bound on [O/M] is therefore consistent with the modal peaks in [C/M] and [N/M] that

appear to fall close to the low and high bounds of their corresponding distributions respectively.

We note that the choices made for the nominal population are less important, as a secondary

population will be used in the final analysis that best fits the data.

For every population, two sets of elemental abundances must be chosen: one for the

zero age pre-main-sequence star (PMS) which will be used in evolutionary interior models; and
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one for the corresponding grid of model atmospheres. Ideally, the latter set must be informed

by the final stages of fully evolved stars calculated using the former set. Unfortunately, this

approach is not compatible with our method, in which the grid of model atmospheres is computed

before the evolutionary models, necessitating an approximate treatment. With the exception of

lithium, we assumed that the final atmospheric abundances match the initial PMS abundances,

since any changes in composition induced by core nuclear fusion are expected to be insignificant

at low masses, while models of higher mass (≳ 0.3 M⊙) develop interior radiative zones that

preserve PMS abundances in the outer layers. Our calculated evolutionary models (to be described

below) affirm this choice, with changes in abundances other than Li between the PMS and the

surface of the fully evolved star never exceeding ∼ 0.1 dex. On the other hand, the variation in

lithium abundance in both the core and the atmosphere is significant, as shown in Figure 3.2.

Atmospheric lithium is almost entirely consumed through proton capture for all but the smallest

mass (insufficient central temperature for Li fusion) and the largest mass (formation of a radiative

zone) models. Due to the minimal effect of lithium abundance on the stellar spectrum (and,

even more so, synthetic photometry), we chose to ignore the minority of masses where Li is not

depleted and assumed an abundance of [Li/M] = −3.0 for all model atmospheres (but not for

PMS in evolutionary models). This choice effectively eliminates lithium from the spectra.

The overall metallicity of the nominal population was chosen following Milone et al.

[2017], who fit model isochrones onto ω Centauri photometry acquired with the HST Wide

Field Channel of the Advanced Camera for Surveys (ACS/WFC) [Ryon, 2019] and the Infra

Red channel of the Wide Field Camera 3 (WFC3/IR) [Dressel, 2012]. While the isochrones in

Milone et al. [2017] do not account for non-solar CNO abundances, they were consistent with

observations and thus provide satisfactory starting parameters. Of the stellar populations identified

in Milone et al. [2017], we specifically focused on the metal-poor side ([Fe/H]≈ [M/H]⪆−1.7)

of the helium-rich (Y ≈ 0.4) MS-II population that corresponds to the blue sequence in Bedin

et al. [2004]. We set the lowest metallicity in the quoted range of MS-II as the initial guess for the
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Table 3.2. Properties of the secondary populations of ω Centauri

Population [O/M] [α/M]a [M/H]

LMHO (Low Metal High Oxygen) 0.6 0.0 −1.7
HMET (High METal) 0.0 0.0 −1.4
HMMO (High Metal Medium Oxygen) 0.4 0.0 −1.4
HMMA (High Metal Medium Alpha) 0.0 0.4 −1.4
HMHA (High Metal High Alpha) 0.0 0.6 −1.4

a[α/M] refers to the enhancement of α-elements that include O,
Ne, Mg, Si, S, Ar, Ca and Ti

nominal population, and allowed it to increase up to [M/H] =−1.4 in the secondary populations.

We fixed the helium mass fraction to Y = 0.4 for both nominal and secondary populations in

accordance with both King et al. [2012] and Milone et al. [2017].

Milone et al. [2017] chose an isochrone age of 13.5 Gyr, which we used in this investiga-

tion as well. The exact age of the cluster has little effect on the main sequence, which justifies

using a single upper limit for the isochrone fitting regardless of the known variation in ages of

individual members by a few Gyr [Marino et al., 2012]. In contrast, brown dwarfs continuously

evolve across color-magnitude space, so our predictions were calculated for both 10 Gyr and

13.5 Gyr (Section 3.6).

Due to the multitude of populations in ω Centauri and the inevitable bias in abundances

inferred by individual stellar spectroscopy, we perturbed the aforementioned parameters to

generate 5 sets of models for secondary populations, whose abundances are listed in Table

3.2. The perturbations were applied iteratively until the best fit to the observed population was

achieved (see Section 3.5). All properties that are not mentioned in the table are identical to the

nominal population.
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Figure 3.2. Depletion of lithium in the core and the atmosphere as a function of stellar mass for
the HMMA secondary population (see Table 3.2) over 13.5 Gyr. All models are initialized with a
solar lithium abundance (see Appendix C) in the PMS phase. Atmospheric lithium is not depleted
at M ⪅ 0.055 M⊙ due to insufficiently high temperatures for fusion, and at M ⪆ 0.5 M⊙ due to
the early formation of a radiative zone that “freezes” the surface abundance. At intermediate
masses, lithium is depleted by proton capture in the core which is propagated into the atmosphere
via convective mixing. At masses above ≈ 0.07 M⊙, trace amounts of lithium are also produced
by incomplete proton-proton chains. For masses below ≈ 0.3 M⊙ no radiative zone exists and
lithium abundances are nearly equally depleted throughout the star. A radiative zone forms
between 0.3 M⊙ and 0.4 M⊙, where the atmospheric abundance first decreases compared to
core due to late formation of the radiative zone and then increases due to early formation. A
late radiative zone allows lithium depletion by proton capture to propagate into the envelope but
prevents diffusion of lithium enhancement from the proton-proton chain.
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Table 3.3. Molecular lines included in the modelling setup

Ref Molecules # of lines

(1) HOD 41.3×106

(2) H2O 505×106

(3) CC, CN, CH, NH, OH, SiO, SiH, H2 5.7×106

(4) CO2 4×106

(5) NH3 6.7×103

(6) ZrO, YO 267×103

(7) CO 134×103

(8) C2H2, C2H4, C2H6, COF2, CH3OH, CH3D, N2, N2O, NO,
NO2, NH3, OCS, O2, O3, SO2, SF6, HI, HCN, HCOOH,
HNO3, HOCl, HOBr, HO2, HOD, HF, HCl, HBr, H2CO,
H2O2, H2O, H2S

1.3×106

(9) CO2, OH, PH3 31.2×103

(10) CN 2.2×106

(11) CH4 34.6×103

(12) H+
3 3.1×106

(13) CrH, FeH, TiH 301×103

(14) MgH 53.8×103

(15) CaH, TiH, VO 14.6×106

(16) CH4 31.3×106

Note. — (1) – AMES water [Partridge and Schwenke, 1997], (2) BT water
[Barber et al., 2006], (3) – Kurucz CD-ROM #15 [Kurucz, 1995], (4) – CDSD
(Carbon Dioxide Spectroscopic Databank) [Tashkun and Perevalov, 2011], (5) –
Sharp and Burrows [2007], (6) – Ferguson et al. [2005], (7) – Goorvitch [1994],
(8) – HITRAN2004 [Rothman et al., 2005], (9) – HITRAN2008 [Rothman et al.,
2009], (10) – Jorgensen and Larsson [1990], (11) – Brown [2005], (12) – Neale
and Tennyson [1995], (13) – MoLLIST [Bernath, 2020], (14) – Weck et al. [2003],
(15) – lines inherited from MARCS atmospheres [Plez, 2008], (16) – methane lines
generated using STDS (Spherical Top Data System; [Wenger and Champion,
1998]) in Homeier et al. [2003].
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3.3.2 Model atmospheres

We calculate all model atmospheres with Teff ≤ 4000 K using a custom setup based on a

branch of version 15.5 of the PHOENIX code [Hauschildt et al., 1997]. Molecular lines considered

in the calculation are listed in Table 3.3. Our modelling framework includes the formation of

condensate clouds in the atmosphere and their depletion by gravitational settling according to

the Allard & Homeier cloud formation model [Allard et al., 2012; Helling et al., 2008]. At

Teff < 3000 K we used the “cloudy” mode described in Gerasimov et al. [2020]. For optimization

purposes, a slightly simplified “dusty” mode is used at Teff ≥ 3000 K, which differs in its coarser

stratification (128 spherically symmetric layers instead of 250), disabled gravitational settling, and

fewer spectral features included in the calculation. It was verified that the transition between the

two modes does not introduce noticeable discontinuities in the derived bolometric corrections and

the difference between “cloudy” and “dusty” spectra at the transition temperature is insignificant.

All PHOENIX models were calculated at wavelengths from 1 Å to 1 mm with a median resolution

of λ/∆λ ≈ 18250 in the range 0.4µm ≤ λ ≤ 2.6µm and a lower resolution of ∼ 8000 elsewhere.

At Teff > 4000 K, the effects of both condensates and molecular opacities become sub-

dominant, allowing us to replace PHOENIX with the much faster and simpler ATLAS code version

9 [Kurucz, 1970; Sbordone et al., 2004; Kurucz, 2014; Castelli, 2005a].

As opposed to PHOENIX, our ATLAS setup stratifies the atmosphere into 72 plane-parallel

layers covering the range of optical depths from τ = 100 to τ ∼ 10−7. Instead of direct opacity

sampling, ATLAS relies on pre-computed opacity distribution functions (ODFs) [Carbon, 1984].

Convection is modelled using mixing-length theory [Böhm-Vitense, 1958; Smalley, 2005] with

no overshoot. Modelled line opacities include ∼ 43×106 atomic transitions of various ionization

stages and ∼ 123× 106 molecular transitions including titanium oxide lines from Schwenke

[1998] and water lines from Partridge and Schwenke [1997]. We use satellite utilities DFSYNTHE

and SYNTHE shipped with the main ATLAS code to compute a custom set of ODFs for the

abundances of interest (one set for each considered population) and derive high-resolution
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Figure 3.3. Synthetic spectra of selected low-temperature model atmospheres calculated in
this study. Shown here are the Teff = 1200, log10(g) = 5.0 atmospheres from the nominal
population (Table 3.1) and the HMHA population (Table 3.2). Both spectra demonstrate prominent
molecular features, some of which are indicated with black bars (CIA H2 represents the band of
collision-induced absorption by molecular hydrogen). A HMHA spectrum with identical parameters
but calculated in the “dusty” mode (no gravitational settling) is shown for comparison. The
corresponding synthetic spectrum for a model of solar metallicity from the BT-Settl library is
also shown. Magenta bars delineate 20% transmission bounds of HST ACS/WFC F814W and
F606W bands; HST WFC3/IR F110W and F160W bands; and JWST NIRCam F150W2 and F322W2
bands. For clarity, the spectra are shown after convolution with a 3 nm-wide Gaussian kernel.

synthetic spectra from the calculated models respectively. The calculated ODFs account for

flux from ∼ 10 nm to 160µm to ensure correct evaluation of energy equilibrium through the

atmosphere. On the other hand, our synthetic spectra span a narrower range of wavelengths

from 0.1µm to 4.2µm, accommodating all instrument bands considered in this study. All SYNTHE

spectra are calculated at the resolution of λ/∆λ = 6×105.

A few examples of calculated low-temperature models are plotted in Figure 3.3. Compared

to their solar metallicity counterparts, the spectra of metal-poor brown dwarfs are characterized by

weaker molecular absorption (e.g., 3.5µm methane band), more prominent collision-induced H2

absorption originating from deeper layers of the atmosphere, and extreme pressure broadening of

alkali metal lines (e.g., K I resonant line at 0.77µm). Synthetic spectra computed under our setup

have previously demonstrated good correspondence with observations of candidate metal-poor
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brown dwarfs in the field [Schneider et al., 2020].

A typical PHOENIX model in the “cloudy” mode requires ∼ 150 CPU hours to converge

on the Comet cluster at the San Diego Supercomputer Center made available to us through the

XSEDE programme [Towns et al., 2014]. “Dusty” models were a factor of two or three faster to

compute, while ATLAS models only took approximately 1 CPU hour each.

3.3.3 Atmosphere-interior coupling

We used the MESA code (Modules for Experiments in Stellar Astrophysics; [Paxton et al.,

2011]) for all evolutionary calculations. At zero age, a MESA model is spawned as a PMS star

with a given total mass and uniform element abundances. The initial structure is determined by

assuming a fixed central temperature well below the nuclear burning limit (in our case, 5×105 K;

[Choi et al., 2016]) and searching for a solution to the structure equations that reproduces the

desired mass of the star. From here, evolution proceeds in dynamically determined time steps

until the age of the model reaches the target age. On each step, the structure equations are solved

using the atmospheric temperature and pressure as boundary conditions. Both can in principle

be estimated from the current surface gravity and effective temperature of the model using an

appropriate model atmosphere. It is those boundary conditions that establish the coupling between

interiors and atmospheres. Once the interior structure of the star is known, the model can be

advanced to the next time step by compounding expected changes due to diffusion, gravitational

settling, nuclear reactions, mechanical expansion, and other time-dependent processes.

Our MESA configuration is derived from Choi et al. [2016] with a number of key differences

outlined in detail in Appendix B. When handling atmosphere-interior coupling, MESA is able to

estimate boundary conditions either by drawing them from a pre-computed table at a given optical

depth or at run time using one of a variety of methods relying on simplifying assumptions such as

grey atmosphere. The latter option is unlikely to be accurate at low effective temperatures where

molecular opacities and clouds dominate the spectrum. The low-mass MESA setup employed by
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Figure 3.4. Comparison of three different sets of atmosphere-interior coupling boundary condition
tables considered in this study at the surface gravity of log10(g) = 6.0 and metallicity of [M/H] =
−1.7. NextGen (dashed line) refers to the PHOENIX grid from Hauschildt et al. [1999]; Allard
et al. [2000] that excludes gravitational settling in the atmosphere as well as enhancements of
individual elements. MIST (dash-dotted line) refers to the ATLAS-derived tables used in Choi et al.
[2016]. The “custom” coupling (solid line) is based on newly calculated PHOENIX models at low
Teff and ATLAS models at high Teff and includes individual element enhancements of the nominal
population (Table 3.1) in addition to the metallicity scaling as described in text. Pressure is shown
in CGS units of barye (1 Ba = 1 dyn cm−2).
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Choi et al. [2016] relies on boundary condition tables calculated at τ = 100 for a wide range of

effective temperatures, surface gravities and metallicities. However, the accuracy of the tables at

Teff ⪅ 3500 K is questionable, as they were derived from ATLAS atmospheres that fail to account

for significant low-temperature effects such as condensation and molecular features.

In this study, we compared four different approaches to atmosphere-interior coupling:

• Run time calculation assuming grey atmosphere and drawing temperature and pressure at

τ = 2/3;

• τ = 100 tables from Choi et al. [2016] at the ω Centauri metallicity, but not accounting for

individual element enhancements or low-temperature atmospheric effects absent in ATLAS

atmospheres;

• Custom τ= 100 tables drawn from NextGen, a publicly available PHOENIX grid [Hauschildt

et al., 1999; Allard et al., 2000] without condensates or gravitational settling. The grid

covers the ω Centauri metallicity, but not the individual element enhancements; and

• Custom τ = 100 tables drawn from our own atmosphere grids described above based on

ATLAS at high temperatures and PHOENIX at low temperatures, including condensation and

gravitational settling. The grids include all individual element enhancements for each of

the considered populations.

The grids of model atmospheres calculated in this study span surface gravities from

log10(g) = 4 to log10(g) = 6. At early ages (≲ 2 Myr), stars and brown dwarfs may briefly

experience surface gravities under log10(g) = 4, falling outside of the calculated atmosphere

grid. In such instances, the boundary conditions from Choi et al. [2016] were used instead. By

applying random perturbations to those low-gravity boundary conditions, we established that

their accuracy has a negligible effect on the final results.

The temperature and pressure at τ = 100 for the tabular options are plotted as functions

of effective temperature in Figure 3.4 at log10(g) = 6.0. The effect of the chosen boundary
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conditions on synthetic photometry (described below) is shown in Figure 3.5. Both figures

demonstrate good agreement between approaches at high effective temperatures, and increasing

deviation at lower temperatures where atmosphere-interior coupling becomes important. The

final set of interior models in our analysis use custom τ = 100 tables based on our own model

atmospheres, which we believe to offer the highest accuracy. The comparison of different sets

of boundary conditions is presented here to emphasize the importance of atmosphere-interior

coupling and to demonstrate how significant changes in metallicity and element enhancements

could be “mimicked” by inaccurate boundary conditions.

3.3.4 Synthetic photometry

Synthetic photometry of each modelled population of ω Centauri was computed by first

evaluating the bolometric corrections of each bandpass of interest for each of the calculated model

atmospheres. The bolometric correction is defined as

BCx = Mb −Mx = Mb +2.5log10

(
Fx

F ′
x

)
(3.1)

where x is a given bandpass; BCx is the bolometric correction for x between the absolute bolo-

metric magnitude Mb and the absolute magnitude in band x, Mx; Fx is the total flux of the model

through bandpass x; and F ′
x is the total flux of the reference object through bandpass x. We used

the VEGAMAG system for all comparisons to HST data and the ABMAG system for JWST predictions.

For VEGAMAG, we used the apparent spectrum of Vega in Bohlin and Gilliland [2004] as our

reference. For ABMAG, the reference spectrum is defined to be a constant flux density per unit

frequency of ≈ 3631 Jy at all frequencies [Oke and Gunn, 1983]. Both Fx and F ′
x are measured

in photons per unit time per unit area [Bohlin et al., 2014] since all instruments of interest are

photon-counting. Fx (but not F ′
x ) is taken at the distance of 10 pc. By introducing the stellar radius

R we can express Fx in terms of surface flux, Φx:
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BCx = Mb +2.5log10

(
Φx

F ′
x

)
+5log10

(
R

10 pc

)
(3.2)

Both R and Mb are dependent on the total luminosity of the model, L, which cannot be inferred

from the model atmosphere on its own. For our purposes, BCx must be re-expressed in terms

of exclusively atmospheric parameters. The IAU definition of absolute bolometric magnitude

[Mamajek et al., 2015] is

Mb =−2.5log10(L/[1 W])+∆ (3.3)

with ∆ = 71.197425. Substituting in equation (3.2):

BCx = 2.5log10

(
Φx

F ′
x

)
−10log10

(
Teff

1000 K

)
+C (3.4)

where C =−30.88138 is a constant evaluated as

C = ∆−2.5log10

[
4πσ(10 pc)2(1000 K)4

1 W

]
(3.5)

with σ representing the Stefan-Boltzmann constant.

Finally, we rewrite the flux ratio, Φx/F ′
x , in terms of the synthetic energy spectrum φλ,

reference energy spectrum f ′
λ

and the dimensionless transmission profile of x: xλ:

Φx

F ′
x
=

∫
∞

0 λφλxλ10−
A

λ
2.5 dλ∫

∞

0 λ f ′
λ
xλdλ

(3.6)

In the case of ABMAG magnitudes, f ′
λ

must be converted from constant flux density per unit

frequency as

f ′
λ

(ABMAG)
= (3631 Jy)

c
λ2 (3.7)
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where c is the speed of light. Note that both integrands in equation (3.6) are multiplied by λ to

express the spectra in photon counts rather than units of energy. We have also introduced Aλ – the

extinction law in units of magnitude as a function of wavelength λ. We used the extinction law

from Fitzpatrick and Massa [2007] parameterized by the optical interstellar reddening, E(B−V ),

and the total-to-selective extinction ratio, RV = AV/E(B−V ). We assumed RV = 3.1 throughout

and allowed E(B−V ) to be a free parameter, as described in Section 3.5.

For each of the modelled populations, a synthetic color-magnitude diagram was con-

structed by calculating a grid of interior models with initial masses spanning from the lowest mass

covered by the calculated model atmospheres (0.03 M⊙ for the best-fit isochrone) to the highest

mass compatible with our atmosphere-interior coupling scheme (∼ 0.5 M⊙). At higher masses,

τ = 100 lies too deep in the atmosphere, requiring a change in the reference optical depth [Choi

et al., 2016] and potentially causing a numerical discontinuity in the calculated results. Since the

upper mass limit of 0.5 M⊙ is sufficient to accommodate the vast majority of the available HST

photometry (see Section 3.5), we chose to restrict our analysis to this upper mass limit, thereby

avoiding the complexities of using multiple atmosphere-interior coupling schemes.

The bolometric corrections in the bands of interest were calculated as described above for

each model atmosphere in the grid. Due to convergence issues associated with cloud formation

at very low effective temperatures, a few models with maximum flux errors in radiative zones

exceeding 10% were excluded from the atmosphere model grid. The remaining grid was then

interpolated in effective temperature and surface gravity to the final surface parameters of each

evolutionary interior model at the target age. Finally, the interpolated bolometric corrections were

combined with the bolometric magnitudes of each interior model to obtain the desired synthetic

photometry.
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3.3.5 Results

Figure 3.6 shows the calculated isochrone of the nominal population of ω Centauri as

defined in Table 3.1. The isochrone is plotted in the absolute pre-extinction color-magnitude

spaces defined by the HST ACS/WFC F606W and F814W optical bands and the HST WFC3/IR

F110W and F160W near infrared bands. The isochrone displays a characteristic inflection point

around ∼ 0.3 M⊙ due to the change in the adiabatic gradient induced by the formation of

molecules in the envelope [Copeland et al., 1970; Calamida et al., 2015; Pulone et al., 2003;

Cassisi, 2011]. This feature is particularly valuable in our fitting process (Section 3.5) due

to its sensitivity to chemical abundances and dense coverage by our observations. The near

infrared isochrone shows a prominent main sequence knee at ∼ 0.1 M⊙ where the flux in F160W

is suppressed by the onset of H2 collision-induced absorption [Linsky, 1969; Saumon et al.,

1994; Saracino et al., 2018], resulting in bluer colors at lower masses. This overall shift of peak

emission towards shorter wavelengths has been spectroscopically observed in L and T subdwarfs

[Burgasser et al., 2003; Schneider et al., 2020]. The hydrogen-burning limit (HBL) encompasses

another reversal of the color-magnitude slope in both diagrams at a mass of ∼ 0.07 M⊙ (detailed

calculation in Section 3.6 yields MHBL = 0.069 M⊙). As the stellar mass decreases past the limit,

the population cools rapidly into the brown dwarf regime. At optical wavelengths, brown dwarfs

of lower masses appear marginally bluer immediately after the HBL due to the pressure-broadened

K I line absorption centered at 0.77µm and extending across in the F814W band [Allard et al.,

2007, 2016].

The behavior of secondary populations around the 0.3 M⊙ inflection is shown in Figure 3.7

as differences to the nominal isochrone in absolute F814W magnitude. In general, all secondary

populations are brighter than the nominal one at identical colors, redder at identical masses,

and display a more prominent variation in slope. The effect becomes more apparent at higher

metallicities and α-enhancements, but shows little dependence on the oxygen enhancement alone,

suggesting that the lack of a well-defined oxygen peak in Figure 3.1 is not expected to pose
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Figure 3.6. Isochrones derived for the nominal population of ω Centauri in optical (top) and near
infrared (bottom) absolute color-magnitude spaces. The optical isochrone is evaluated for HST
ACS/WFC filters, while the near infrared isochrone is evaluated for HST WFC3/IR filters. Red
markers display the initial stellar masses of selected models along the isochrone in units of solar
masses. Extinction effects are not included.
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difficulties to isochrone fitting.

3.4 Observations

To determine the best-fit isochrone for ω Centauri, we compared each population isochrone

to photometric data acquired with HST ACS/WFC in the F606W and F814W bands (programs

GO-9444 and GO-10101; PI: King), and HST WFC3/IR in the F110W and F160W bands (programs

GO-14118 and GO-14662 for WFC3; PI: Bedin). Observations were carried out in a 3′×3′ field

situated ∼ 3 half-light radii (≈ 7′) southwest of the cluster centre (see field F1 in Figure 1a of

[Bellini et al., 2018]). This is the deepest observed field for ω Centauri for which both optical

and near infrared HST observations are available.

The primary data reduction followed the procedure described in Scalco et al. [2021] for

two other HST ω Centauri fields, and is analogous to methods adopted in numerous previous

works [Bellini et al., 2017a, 2018; Milone et al., 2017; Libralato et al., 2018; Bedin et al., 2019].

In brief, positions, fluxes and multiple diagnostic quality parameters were extracted using the

point spread function (PSF) fitting software package KS2 [Anderson and King, 2006; Anderson

et al., 2008]; see Scalco et al. [2021] and references therein. The photometric zero-point onto

the VEGAMAG system was determined using the approach of Bedin et al. [2005]. The sample was

filtered by quality parameters σ (photometric error), QFIT (correlation between pixel values and

model PSF), and RADXS (flux outside the core in excess of PSF prediction; [Bellini et al., 2017a;

Bedin et al., 2008]), as described in Scalco et al. [2021, Section 4].

We used the relative proper motions of sources in the observed region to separate field

stars from cluster members. Proper motions were obtained by comparing the extracted positions

of stars measured in the earliest and latest program (GO-9444 and GO-14662, respectively),

providing epoch baselines of up to 15 years. Photometry in each filter was corrected for systematic

photometric offsets following Bedin et al. [2009]. A general correction for differential reddening
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was also applied following the method described in Bellini et al. [2017b, Section 3].

Measurement of the LF (Section 3.5) requires quantification of source completeness as a

function of color and magnitude, for which we followed the approach described in Bedin et al.

[2009]. We generated a total of 2.5×105 artificial stars (AS) with random positions. For each

AS, a F606W magnitude was drawn from a uniform distribution. The remaining three magnitudes

(F814W, F110W, F160W) were then chosen to place the AS along the approximate ridgeline of the

main sequence in various color-magnitude spaces. AS were introduced in each exposure and

measured one at a time to avoid over-crowding, making the process independent of the LF. A star

was considered recovered when the difference between the generated and measured star position

was less than 0.1 pixels and the magnitude difference was less than 0.4 mag. Finally, the stars

were divided into half-magnitude bins and the photometric errors and completeness for each bin

were computed.

The near infrared and optical color-magnitude diagrams based on our observations are

shown in Figure 3.8. The full catalogue of source astrometry, photometry, membership, and

completeness is provided as an associated data product and described more fully in Appendix D.

3.5 Evaluation

With mass-luminosity and color-magnitude sequences computed for multiple populations,

we were able to determine the optimal isochrone and IMF by comparing the predictions of those

models to the HST-observed main sequence at optical and near infrared wavelengths.

3.5.1 Best-fit isochrone

We adopted a distance modulus of 13.60±0.05 based on the distance to ω Centauri of

5.24±0.11 kpc derived by Soltis et al. [2021] from the parallaxes of ∼ 7×104 members. The

adopted value is marginally smaller than the distance modulus of 13.69 derived by Cassisi et al.
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Figure 3.9. Colour probability distributions inferred from the observed scatter in HST photometry.
Also shown are the boundaries of the magnitude bins used in our fitting analysis. Yellow markers
indicate the mode of the distribution in each bin. Top: Optical data from HST ACS/WFC. Bottom:
Near infrared data from HST WFC3/IR.
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[2009] from isochrone fit to the CMD.

We sought an isochrone that is most statistically compatible with the observed photometry,

accounting for the average spread in the data introduced by unmodelled astrophysical and

instrumental phenomena, such as the variation in abundances across the cluster, multiple star

systems, observational errors, etc. First, we developed a likelihood model that predicts the

probability of finding a cluster member at a given point (c,v) in color-magnitude space assuming

that the average population is well-described by one of our isochrones:

PE(c,v) ∝

∫
ξ(m)P

(
c,v
∣∣∣ c0(m,E),v0(m,E)

)
dm (3.8)

In the equation, P(...) is the probability of observing a member at (c,v) assuming that the “true”

location of the star in the color-magnitude space (including reddening) is (c0,v0). Both c0 and

v0 are functions of the initial stellar mass, m, and the optical interstellar reddening E. Finally,

ξ(m) is the IMF, such that ξ(m)dm is the number of stars in the cluster with masses between

m and m+ dm. Note that a proportionality sign is used here as the likelihood function is not

appropriately normalized in the given form.

The individual probability distribution, P(...), encapsulates the scatter of photometry

around the best-fit isochrone, and must account for all relevant effects including experimental

uncertainties, unresolved multiple stars, and multiple distinct populations known to be present

in ω Centauri. For our purposes, both P(...) and ξ(m) can be estimated empirically from the

observed spread of HST data across the color-magnitude space without theoretical input. In this

method, the scatter along the color axis is degenerate with that along the magnitude axis, as any

observed distribution of data points may be reproduced by perturbing predicted photometry along

only one axis and not the other. We therefore chose to sample the observed scatter in photometry

along the color axis only and use the magnitude axis as an estimator of the initial stellar mass by
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Figure 3.10. Likelihoods of compatibility and best-fit interstellar reddening for the population
isochrones calculated in this study based on HST photometry. “Nominal” refers to the nominal
population described in Section 3.3. Secondary populations are summarized in Table 3.2. The
vertical axes are normalized to Lnominal. Error bars indicate random errors in the values as
described in text. Selected reddening values from literature are also shown with their uncertainties.
AgeS refers to the reddening estimate used in Thompson et al. [2001, green]. The other two values
are taken from Calamida et al. [2005], calculated from comparison with (fcw) NGC 288 (black)
and M13 (blue). Marker shapes differentiate between fits obtained using optical ACS/WFC
(squares; right axis) and near infrared WFC3/IR photometry (triangles; left axis). The two sets of
values have different vertical scaling and cannot be compared against each other.

85



1.0 1.5 2.0 2.5 3.0
c (mF606W mF814W)

19

20

21

22

23

24

25

26

27

v 
(m

F8
14

W
)

Excluded data
Included data
Nominal
HMHA
HMMA

0.4 0.5 0.6 0.7 0.8 0.9
c (mF110W mF160W)

16

18

20

22

24

v 
(m

F1
60

W
)
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interpolating the theoretical mass-luminosity relation for the population under evaluation.

The empirical scatter was sampled from the observed data as follows. First, the range of

apparent magnitudes in v (F814 in the optical, F160W in the near infrared) was divided into 10

bins of equal widths as demonstrated in Figure 3.9. Within each bin, the variation of magnitude

was ignored and the probability density function (PDF) of the color distribution was computed

using Gaussian kernel density estimation with bandwidths calculated as in Scott [2015]. The

distribution was then translated along the color axis to place the mode at the origin. The inferred

PDF around the mode was then used as the scatter in color for all stars whose magnitudes fall

within the magnitude bin.

The initial mass function in equation (3.8), ξ(m), was evaluated by converting all measured

magnitudes in the HST dataset to initial stellar masses using the linearly interpolated mass-

magnitude relations derived from stellar models discussed in Section 3.3. The inferred distribution

of masses was then converted into the mass PDF, ξ(m), using the same kernel density estimation

method as in the color spread [Scott, 2015], but trimmed on both sides at the lowest and highest

modelled stellar masses respectively to avoid extrapolation.

The integral in equation (3.8) was computed numerically by drawing 104 masses from the

inferred ξ(m) PDF, evaluating the integrand for each and summing the results. Finally, the total

likelihood of a given isochrone being compatible with the HST dataset (L(E)) was calculated as

in equation (3.9).

L(E) ∝ ∏
i

PE(ci,vi) (3.9)

In the equation, the product may, in principle, be taken over all individual measurements (ci,vi).

In practice, we must only include those members in the HST dataset that fall within the magnitude

range of all calculated isochrones, as stellar masses of members out of range cannot be reliably
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estimated. Furthermore, since inferred stellar masses are dependent on interstellar reddening

which is not a priori known, we must only select those cluster members for analysis that

fall within the modelled range at all realistic reddenings, which we conservatively take to be

E(B−V ) ∈ [0.0,0.4]. Our final choice of bounds was v ∈ (18.65,23.83) in the near infrared

(WFC3/IR F160W) and v ∈ (19.99,25.44) in the optical (ACS/WFC F814W), accommodating

approximately 85% and 94% of all available measurements, respectively. The subset of selected

members is shown in Figure 3.11.

For the nominal and each of the secondary populations, we maximize L(E) with respect

to the interstellar reddening, E(B−V ). We estimate the random error in the best-fit reddening

value, E0 by considering three contributions. The intrinsic fitting error may be adopted as the

Cramér–Rao bound:

Var(E0) =−
(

δ2 lnL
δE2

∣∣∣
E=E0

)−1

(3.10)

which in our case evaluated to
√

Var(E0)≈ 0.001 for all isochrones. The contributions of the

random sampling of ξ(m) during numerical integration and experimental uncertainties in the

data were estimated by repeating the fitting process 10 times with different samples of ξ(m) and

random Gaussian perturbations in the data. Finally, the error induced by the uncertainty in the

distance to the cluster was determined by repeating the fitting process for upper and lower 1σ

bounds on the distance modulus value.

All of the aforementioned contributions were combined in quadrature. The resulting

likelihoods and best-fit reddening values are shown in Figure 3.10 with uncertainties. Every

secondary isochrone performs better than the nominal one, with HMHA offering the best fit in

both optical and near infrared wavelengths. As such, we used HMHA for our predictions of brown

dwarf photometry described in Section 3.6. The best-fit reddening values corresponding to this

isochrone are E(B−V ) = 0.238±0.003 from the near infrared data and E(B−V ) = 0.17±0.01

from the optical data. The random errors in both E(B−V ) estimates quoted here and shown in

Figure 3.10 are likely not representative of the true uncertainty in the value, which is primarily
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driven by systematic effects due to the simplified population parameters, the reddening law, and

errors intrinsic to the calculated stellar models. The scatter in E(B−V ) estimates between the

optical and near infrared datasets suggests that the true value of the uncertainty in reddening is of

the order of ∼ 0.07.

Our reddening estimates exceed most literature values, of which three are shown in

Figure 3.10. The Cluster AgeS experiment [Thompson et al., 2001] uses the value of E(B−V ) =

0.13± 0.02 based on the value of E(B−V ) = 0.132 given by the map of dust emission from

Schlegel et al. [1998] at a particular point within ω Centauri and assuming the uncertainty of

0.02 motivated by the variation of reddening across the cluster. In Calamida et al. [2005], two

reddening values of E(B−V ) = 0.13± 0.04 and E(B−V ) = 0.10± 0.03 are derived from

comparison with NGC 288 and M13, respectively. The apparent discrepancy in reddening values

may be an artifact of our approach, since a single population is used to model both main sequences

of the cluster.

Two best-fitting secondary isochrones – HMHA and HMMA – as well as the nominal isochrone

are plotted against the HST data in Figure 3.11, visually illustrating the goodness-of-fit. Both

isochrones in the figure have been corrected for the corresponding best-fit interstellar reddening

parameters.

3.5.2 Best-fit luminosity and mass functions

Assuming the best-fit (HMHA) isochrone to be representative of the average distribution

of ω Centauri members in color-magnitude space, we now seek a suitable IMF for the cluster to

estimate the population density. As will be demonstrated shortly, the cluster is well described by

a broken power law:
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Figure 3.12. Observed luminosity function (LF) for ω Centauri (black) with three theoretical fits
corresponding to the cases of µ = 0 (red, solar helium population only), µ = 1 (green, enhanced
helium population only) and µ being a free parameter (both populations). The enhanced helium
population is based on the mass-luminosity relation of the best-fit isochrone calculated in this
study, HMHA. The solar helium population is based on the mass-luminosity relationship from Dotter
et al. [2008, DSED]. In each case, a broken power law IMF is assumed (Equation 3.11) with the
best-fit values γ= 0.89±0.06, γ= 0.50±0.07 and γ= 0.83±0.08 for the three cases respectively.
The best-fit mixing fraction in the case of two populations was calculated as µ = 0.15±0.14. The
fitting is carried out between the apparent magnitudes of 19.5 and 23 only since DSED models
are not available at the faint end and photometry becomes increasingly unreliable at the bright
end due to saturation [Scalco et al., 2021]. Nonetheless, the observed LF outside this range is
shown in yellow for completeness. The normalization on the vertical axis is such that the sum of
all bins used in the fit is unity. The upper color-coded horizontal axis indicates the initial stellar
masses corresponding to magnitudes for the solar helium population (red) and the enhanced
helium population (green) in solar masses.
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ξ(m) ∝


m−2.3, if m > 0.5 M⊙

m−γ, if m ≤ 0.5 M⊙

(3.11)

The power index of the high-mass regime (−2.3) as well as the break point (m = 0.5 M⊙)

are fixed to the values employed in the “universal” IMF derived in Kroupa [2001]. It has been

demonstrated by Sollima et al. [2007] that those values are well-suited to the high-mass regime

of ω Centauri. The power index of the low-mass regime (−γ) is allowed to vary. For comparison,

Sollima et al. [2007] use γ = 0.8, while the “universal” IMF introduces additional break points

with different power indices.

The theoretical mass-luminosity relationship for HMHA was combined with the IMF to

derive the theoretical luminosity function (LF) for ω Centauri as a function of γ. The best value

of γ was determined by optimizing the χ2 statistic for the goodness-of-fit between the theoretical

and observed LFs. Our analysis of the LF was carried out in the F160W band of HST WFC3/IR

between the apparent magnitudes of 19.5 and 23. Within this range, the data were divided into 15

uniform bins with the count uncertainty in each bin taken as the square root of the count. The

counts have also been adjusted for estimated sample completeness in each bin as discussed in

Section 3.4. The histogram was normalized and used as an estimate of the underlying PDF.

The theoretical LF was calculated from the IMF in equation (3.11) using the mass-

luminosity relationship from HMHA and integrating the resulting PDF within each magnitude bin.

Both observed and theoretical LFs within the fitting range are plotted in Figure 3.12 in green and

black respectively for the best-fit value of γ = 0.50±0.07. The correspondence between the two

LFs appears poor, indicating that the HMHA population alone cannot reproduce the observed LF.

This result is not surprising as our best-fit isochrone was calculated for the helium mass fraction

of the blue sequence in ω Centauri that is only representative of a minority of the members.

To improve the fit, we added a second population with a solar helium mass fraction and a

mass-luminosity relationship adopted from the Dartmouth Stellar Evolution Database (DSED;
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[Dotter et al., 2008]) for [M/H] = −1.7 and Y = 0.2456. The extinction of 0.085 mag was

applied to synthetic F160W photometry from DSED based on the average magnitude difference

between the best-fit reddening (E(B−V ) = 0.17, lower bound most consistent with literature)

and reddening-free (E(B−V ) = 0) HMHA isochrones. The mixing fraction between the two

populations, µ, was treated as a free parameter varying between 0 (DSED population only) and 1

(HMHA only). The best-fit LF based on both HMHA and DSED as well as the best-fit based on DSED

alone (µ = 0) are shown in Figure 3.12. The calculated best-fit value of µ = 0.15, is comparable

to its uncertainty of ±0.14. Therefore, we present this result as the 2σ upper limit on the blue

sequence population fraction, µ < 0.45. The blue sequence thus contributes less than 45% of the

cluster population in the observed region, in agreement with Bellini et al. [2009]. The best-fit

value of γ when both HMHA and DSED LFs are included is 0.83±0.08, which matches the adopted

value of γ in Sollima et al. [2007].

3.6 Predictions

3.6.1 Substellar population of ω Centauri

In this section, we present our predictions of colors, magnitudes and CMD densities of

brown dwarfs in ω Centauri using the best-fit isochrone (HMHA) and the best-fit IMF (Equation

3.11) calculated in Section 3.5. Figure 3.13 shows predicted CMDs for the cluster in three

different sets of filters: F814W vs F606W-F814W for HST ACS/WFC, F160W vs F110W-F160W for

HST WFC3/IR and F322W2 vs F150W2-F322W2 for JWST NIRCam.

For the first two diagrams, observed main sequence photometry is available and shown

alongside predicted colors and magnitudes in blue. The density of points in the predicted set

is proportional to the PDF luminosity function (Figure 3.12) extended into the brown dwarf

regime. The normalization is such that approximately 1700 points fall between the initial masses

of 0.1 M⊙ and 0.3 M⊙. This choice closely matches the number of members within the same
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Figure 3.13. Predicted color-magnitude diagrams for ω Centauri from the main sequence through
the stellar/substellar gap and down to the appearance of first brown dwarfs. Predicted points
are based on the best-fit HMHA isochrone and the best-fit IMF. For clarity, a Gaussian scatter in
color by 0.1 magnitudes was added to each point. Where available, predicted CMDs are shown
alongside existing HST photometry reaching the cool end of the main sequence. All CMDs
are normalized to 1700 objects between 0.1 M⊙ and 0.3 M⊙. The instruments used are HST
ACS/WFC (left), HST WFC3/IR (middle) and JWST NIRCam (right). The cyan star shows the
near infrared color and magnitude of BD2 – a candidate brown dwarf in the globular cluster M4
from Dieball et al. [2019]. The magnitude of BD2 shown here has been adjusted for the difference
between the distance moduli of ω Centauri and M4 using the distance measurement from Neeley
et al. [2015]. The grey dashed line indicates the approximate faint limit for both HST datasets
and the expected faint limit of future JWST measurements, calculated using the JWST Exposure
Time Calculator [Pontoppidan et al., 2016] for a 1 hr exposure and signal-to-noise ratio of 2.
The color and magnitude corresponding to the hydrogen-burning limit (HBL) are highlighted
in each case. The arrows in the HST plots (left and middle) indicate the approximate direction
and relative magnitude of the effect of decreasing metallicity and α-enhancement as estimated
from the difference between the best-fitting HMHA and HMMA secondary populations as well as the
nominal population. In the case of JWST, the scatter among isochrones does not display a clear
direction and is shown with error bars instead.
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Figure 3.14. Predicted luminosity function for the HST ACS/WFC F814W band, the HST
WFC3/IR F160W band, and the JWST NIRCam filter F322W2. Curves are shown for the population
ages of 13.5 Gyr (solid) and 10 Gyr (dashed). The two peaks correspond to the main sequence
and brown dwarfs in the cluster with a stellar/substellar gap in between. The vertical dash-dotted
lines indicate the approximate faint limits for the instruments shown, calculated identically to
Figure 3.13. The shaded areas around the curves indicate the range of our predictions based
on the uncertainty in the determined IMF. While the shown ranges are for the age of 13.5 Gyr,
similar uncertainties apply to the case of 10 Gyr. This figure demonstrates the superiority of
infrared observations with JWST as the apparent magnitude of brown dwarfs enters the limit of
the instrument.
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as well as the predicted mass-effective temperature relationship (dashed). The approximate mass
of the hydrogen-burning limit is highlighted with a vertical line and labelled.
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range of masses in the optical HST dataset used in this analysis. For clarity, a Gaussian spread

with a standard deviation of 0.1 magnitudes was applied to each point from the predicted set

along the color axis. Each CMD contains a region of low source density below the cool end of the

main sequence (the stellar/substellar gap) followed by an increase in density at fainter magnitudes,

corresponding to the accumulation of cooling brown dwarfs.

The effects of metallicity and α-enhancement on the predicted brown dwarf colors and

magnitudes are indicated by error bars and arrows in Figure 3.13 at three effective temperatures:

1900 K, 1300 K, and 1000 K. The first temperature is just above the HBL, while and the latter

two are below the HBL. The effect size was inferred from the scatter among the two best-fit

isochrones, HMHA and HMMA, and the nominal isochrone. Note that at Teff = 1000 K, only the

best-fit isochrone (HMHA) has computed atmosphere models, so scatter at this temperature is based

on extrapolated bolometric corrections for both HMMA and the nominal isochrones and may be

unreliable. The scatter is substantial in the optical and near infrared HST bands, but appears far

less significant in infrared JWST bands, as the F150W2 band accommodates most of the prominent

metallicity features in the spectrum (see Figure 3.3). A different choice of narrow-band filters

would make color measurements more sensitive to chemical abundances at the expense of worse

signal-to-noise ratio.

The extended luminosity functions that the CMD predictions are based on are shown in

Figure 3.14. As before, both the main peak corresponding to the main sequence and the brown

dwarf peak just emerging at the faint end can be seen with a gap in between. In the figure, each

plot is given for two cluster ages of 10 Gyr and 13.5 Gyr corresponding to the expected ages of

the youngest and oldest members in ω Centauri. While the main sequence peaks appear relatively

unaffected by age, the brown dwarf peaks emerge at slightly brighter magnitudes at 10 Gyr. As

expected for objects in energy equilibrium, the main sequence evolves slowly with time. By

contrast, substellar objects have entered their cooling curves and are moving steadily across

color-magnitude space. Hence, the luminosity function gap for ω Centauri and other globular
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clusters provides a potential age diagnostic for the system, assuming the evolutionary timescales

are correctly modeled [Caiazzo et al., 2017, 2019; Burgasser, 2004, 2009]. We also show in

Figure 3.14 the variance in LF predictions taking into account uncertainty in the inferred IMF. In

general, a higher value of the power index results in fewer low-mass members in the cluster and

vice versa. Note that the width of the stellar/substellar gap is insensitive to the adopted IMF and

is primarily determined by the mass-effective temperature relationship of the population. The

normalization in Figure 3.14 is for the total number of helium-enriched members in the entire

cluster based on the best-fit IMF (Equation 3.11), the best-fix mixing ratio (µ = 0.15) and the

assumed total cluster mass of 4×106 M⊙ [D’Souza and Rix, 2013].

Finally, we provide a set of mass-luminosity relations for the aforementioned JWST and

HST filters in Figure 3.15 alongside the mass-effective temperature relationship. All curves are

based on the best-fit isochrone (HMHA). The predicted initial stellar mass at the hydrogen-burning

limit (HBL) was taken as the mass for which the total proton-proton chain luminosity output

corresponds to a half of the total luminosity output at 13.5 Gyr. This limit was found to be MHBL

= 0.066 M⊙ for HMHA (Figure 3.15). For comparison, the HBL for the nominal population is

at a marginally higher value of MHBL = 0.069 M⊙. A higher HBL mass is expected for stars

with lower metallicity as the corresponding reduction in atmospheric opacity results in faster

cooling and requires a higher rate of nuclear burning (higher core temperature) to sustain thermal

equilibrium. We note that the hydrogen-burning limits calculated here are lower than most

literature estimates (e.g. [Chabrier and Baraffe, 1997]) due to the increased helium mass fraction

that stimulates faster hydrogen fusion in the core, allowing stars of lower masses to establish

energy equilibrium.

3.6.2 Unresolved binary systems

A fraction of brown dwarfs in ω Centauri may be multiple systems which will appear

brighter due to the superposition of fluxes from individual components. Existing constraints
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from the luminosity function [Elson et al., 1995] and the radial velocity distribution [Mayor et al.,

1996] suggest that ω Centauri has an unusually low binary fraction of at most a few percent

among hydrogen-burning members which is likely to be lower yet for the substellar population

of the cluster [Burgasser et al., 2007a; Fontanive et al., 2018]. We may therefore safely ignore

the effect of triple and higher-order systems that are far less likely to form than binary systems

[Raghavan et al., 2010].

The effect of unresolved binary systems is determined by the binary fraction of the cluster

as well as the distribution of the component mass ratio, q = Ms/Mp where Ms and Mp are the

masses of the secondary and primary components respectively and q ≤ 1. To quantify the effect,

we carried out numerical simulations where a number of randomly chosen objects in the JWST

predicted dataset received secondary components with masses drawn according to the commonly

used [Kouwenhoven et al., 2009] power law distribution of mass ratios, P(q) ∝ qβ. In each case,

the probability distribution was trimmed at the minimum value of q that ensures the secondary

mass remains within the mass range of the best-fit isochrone HMHA. We considered a range of

β values from β =−0.5 calculated by Reggiani and Meyer [2011] for a variety of star forming

regions, to β = 4 used by Burgasser et al. [2006] for field brown dwarfs. We found the companion

mass distribution at the lowest value of q to closely resemble that obtained through random

pairing of cluster members for our IMF. On the other hand, the highest considered value of β

emphasizes preference for components with similar masses corresponding to the so-called “twin

peaks” effect [Lucy and Ricco, 1979; Kouwenhoven et al., 2009].

We found that the width of the stellar/substellar gap shown in Fig. 3.14 is not noticeably

affected by binary systems for binary fractions under 0.5 due to the smooth rise in brown dwarf

number density with magnitude. The average brightness of modelled brown dwarfs increased by

∼ 0.1 mag for the case of β = 4 and a binary fraction of 0.2. For the more realistic binary fraction

of 0.05, the magnitude difference did not exceed 0.03 mag for all considered values of β, falling

well within the expected uncertainty of future JWST measurements. We therefore conclude that
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magnitude predictions for brown dwarfs in ω Centauri presented in this work are not noticeably

affected by any realistic population of unresolved multiple star systems in the cluster.

3.7 Discussion

In this study, we calculated a new set of theoretical isochrones, mass-luminosity relations,

and color-magnitude diagrams for the helium-rich members of the globular cluster ω Centauri.

Our predictions provide a theoretical expectation for the first observations of brown dwarfs in

globular clusters anticipated with JWST. At present, globular cluster photometry extends below

the faint end of the main sequence, but not deep enough to robustly sample the brown dwarf

population. The predictions presented in this chapter of the dissertation are adjusted for the

metallicity and enhancements of individual elements in ω Centauri. The necessary parameters

were determined by starting with a set of abundances derived from literature spectroscopy of

bright members and iteratively perturbing them until the best correspondence of the synthetic

color-magnitude diagram with the existing main sequence HST photometry was achieved. Our

main findings are summarized below:

• In agreement with qualitative expectations, our predictions show that the main sequence is

followed by a large stellar/substellar gap in the color-magnitude space populated by a small

number of objects. The specific size of the gap depends on the age of the cluster and the

evolutionary rate of brown dwarfs, the latter of which depends on the helium mass fraction

and metal abundances.

• The modal trend in the color-magnitude diagram of ω Centauri cannot be reproduced with

solar or scaled solar chemical abundances as evidenced by the dependence of compatibility

likelihood on enhancements of individual elements shown in Figure 3.10. For this reason,

our analysis required new evolutionary interior and atmosphere models.
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• The best-fit abundances calculated in this study are summarized in Tables 3.1 and 3.2 corre-

sponding to the HMHA population. We found that the helium-rich members are most consis-

tent with the metal-rich end ([M/H]≈−1.4) of the metallicity distribution in ω Centauri in

agreement with the hypothesis of Bedin et al. [2004].

• The best-fit isochrone, HMHA, is based on the distinct modal peaks of the [C/M] and [N/M]

distributions inferred from spectroscopy of bright members in Marino et al. [2012]. The

positions of the peaks within their distributions are consistent with the second generation

of stars discussed in Marino et al. [2012] that is most resembling of the blue helium-rich

sequence in the cluster.

• On the other hand, the broad [O/M] distribution in Marino et al. [2012] lacked a well-

defined peak. Figure 3.7 demonstrates that the oxygen abundance cannot be reliably

constrained by our method as the optical color-magnitude diagram of the cluster does not

change significantly while [O/M] is varied within the limits of its distribution. However, we

established that the CMD depends strongly on the abundance of α elements. The two best-

fitting secondary populations, HMHA and HMMA, both require considerable α-enhancement

with specific values of [α/M] = 0.6 and [α/M] = 0.4.

• The HST-observed luminosity distribution of the cluster can be reproduced within uncer-

tainties by a broken power law IMF and two populations with solar and enhanced helium

mass fractions, with the latter containing fewer than 45% of the members, in agreement

with measurements in Bellini et al. [2009] away from the center of the cluster.

• We calculated the hydrogen-burning limit for the helium-rich members of ω Centauri as

0.066 M⊙. This value falls below the literature predictions for a solar helium mass fraction

(∼ 0.07 M⊙ at solar metallicity [Baraffe et al., 1998]) as larger helium mass fraction

increases the core mean molecular weight, allowing faster nuclear burning and, hence,

energy equilibrium in objects of lower mass.
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• We predict that the brightest brown dwarfs in ω Centauri will have magnitude 28 in JWST

NIRCam F322W2 (Figure 3.14). Within our modelling range, the density of brown dwarfs

appears to reach its maximum around magnitude 30, where the brown dwarf count per

magnitude is comparable to the star count per magnitude around the peak of the main

sequence within a factor of two. Based on our exposure calculations for JWST, we predict

that the brown dwarf peak is just detectable with a 1 hr exposure, while signal-to-noise

ratios between 5 and 10 can be attained for the brightest brown dwarfs for the same exposure

time.

The analysis in this study is based on a new set of evolutionary models and model

atmospheres, which was necessitated by the significant departures of ω Centauri abundances from

the scaled solar standard that is assumed in most publicly available grids. Our grid reaches Teff ∼

1 kK which is just sufficient to model the reappearance of brown dwarfs after the stellar/substellar

gap in globular clusters. Extending the grid to even lower temperatures is currently not feasible

with our present setup due to incomplete molecular opacities and associated convergence issues,

requiring a future follow-up study with an improved modelling framework.

The analysis presented here relies on the assumption that a single best-fit isochrone is

sufficient to describe the average trend of ω Centauri members in the color-magnitude space. A

more complete study must model the population with multiple simultaneous isochrones capturing

the chemical complexity of the cluster that may host as many as 15 distinct populations [Bellini

et al., 2017c]. In fact, the bifurcation of the optical main sequence at the high temperature end into

the helium-enriched and solar helium sequences is visually apparent in Figure 3.11, suggesting

that the approximation is invalid in that temperature regime, which may explain the mismatch in

the main sequence turn-off points between our best-fit prediction and the infrared dataset in the

lower panel of Figure 3.11. At lower temperatures, the sequences appear more blended due to

intrinsic scatter as well as increasing experimental uncertainties. However, the separation between

the isochrones of different populations may be similar to or more prominent than differences
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around the turn-off point [Milone et al., 2017]. Other globular clusters, such as NGC 6752, also

show highly distinct populations in the near infrared CMDs [Milone et al., 2019].

In this study, mixing in additional isochrones from public grids allowed us to construct a

model luminosity function that approximated its observed counterpart reasonably well; however,

future studies will need to produce a more extensive grid of both evolutionary and atmosphere

models to capture the multiple cluster populations present.

The current scarcity of known metal-poor brown dwarfs necessitates over-reliance on

theoretical models of complex low-temperature physics that remain largely unconfirmed. The

predictions drawn in this chapter of the dissertation will be directly comparable to new globular

cluster photometry expected over the next few years from both JWST and other next generation

facilities under construction. The observed size of the stellar/substellar gap as well as positions

and densities of metal-poor brown dwarfs in the color-magnitude space will then provide direct

input into state-of-the-art stellar models, offering a potential to improve our understanding of

molecular opacities, clouds and other low-temperature phenomena in the atmospheres of the

lowest-mass stars and brown dwarfs.

Chapter 3, in full, was submitted with minor alterations and accepted for publication in the

Astrophysical Journal Series 2022. An edited version of this chapter is now available in print in

Volume 930, Issue 1, authored by Roman Gerasimov, Adam J. Burgasser, Derek Homeier, Luigi

R. Bedin, Jon M. Rees, Michele Scalco, Jay Anderson, and Maurizio Salaris. The dissertation

author was the primary investigator of this study.
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Chapter 4

Population II Stars in 47 Tucanae

4.1 Background

Globular clusters are large gravitationally bound conglomerations of stars, commonly

observed in the stellar halos of galaxies including our own [Harris, 1991; Harris and Racine, 1979;

Hubble, 1932]. Since the brightest examples (e.g. M5, ω Centauri, 47 Tucanae) are prominent

naked-eye targets, the study of globular clusters dates back multiple centuries [de Lacaille, 1755;

Messier, 1781]. A typical globular cluster hosts over 105 members [Hilker et al., 2020], far

outnumbering the populations of typical open clusters (∼ 20 – 104 members, [Qin et al., 2023;

Sampedro et al., 2017]) that form in the present-day Milky Way. This points to the origin of

globular clusters in the early phases of the hierarchical assembly of galaxies [Freeman and

Bland-Hawthorn, 2002], making them some of the oldest objects in the universe, often exceeding

12Gyr in age [Carretta et al., 2000; VandenBerg et al., 2013]. By consequence, the members

of most globular clusters exhibit sub-solar metallicities ([Fe/H]≲−1dex, [Bailin, 2019; Harris,

1996; Baum, 1952]) and have a distinct color distribution [ten Bruggencate, 1927; Hachenberg,

1939; Greenstein, 1939] that motivated the original definition of stellar populations [Baade, 1944;

Oort, 1926].
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Globular clusters are prime stellar astrophysics laboratories [Moehler, 2001] and probes of

galactic formation and evolution [Lee, 2012; Recio-Blanco, 2018; Arkelyan and Pilipenko, 2022;

Strader et al., 2004]. The old ages of globular clusters provide a direct constraint on the age of the

universe [Krauss and Chaboyer, 2003; Valcin et al., 2020, 2021], while their kinematic properties

trace the distribution of dark matter [Doppel et al., 2021; Vitral and Boldrini, 2022; Alabi et al.,

2017]. Furthermore, tidally disrupted globular clusters are responsible for the production of

stellar streams, alongside dwarf galaxies [Newberg, 2016]. Understanding the properties and

evolution of these unique objects is therefore of uttermost importance to stellar astrophysics,

galactic science and cosmology.

Naively, the coeval nature of star clusters leads to the expectation of uniformity in

element abundances among their members. Nonetheless, the presence of star-to-star chemical

variations within globular clusters was evident since the early spectroscopic observations that

found differing cyanogen (CN) absorption strength [Lindblad, 1922; Popper, 1947] in stars of

identical spectral types and luminosity classes1 (the “cyanogen discrepancy”, [Keenan and Keller,

1953]), followed by the first discoveries of carbon star members [Harding, 1962; Wing and Stock,

1973]. At first, these anomalies were largely attributed to evolutionary effects rather than a genuine

primordial inhomogeneity (e.g., [Zinn, 1973; Norris and Bessell, 1975; Dickens and Bell, 1976;

Sweigart and Mengel, 1979]), in part, because the comparable features of peculiar field stars

were generally consistent with internal processing [Wallerstein and Greenstein, 1964; Wallerstein,

1969]. This consensus was eventually challenged by the observed spread in CNO abundances at

early evolutionary stages [Da Costa and Demarque, 1982; Norris and Freeman, 1979; Hesser and

Bell, 1980], evidence of variations in [Na/Fe] and [Al/Fe] [Cottrell and Da Costa, 1981; Norris

et al., 1981] and the discovery of heavy element (atomic number greater than 13) variations in the

globular cluster ω Centauri [Freeman and Rodgers, 1975].

Closely related to chemical heterogeneity is the so-called second parameter problem,

1Note that Lindblad [1922] did not claim the discovery, erroneously interpreting the result as a luminosity
misclassification.
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characterized by the diversity of horizontal branch morphologies among color-magnitude dia-

grams (CMDs) of globular clusters with comparable metallicities [Sandage and Wildey, 1967;

van den Bergh, 1967]. In some cases, the horizontal branch is distinctly bimodal (e.g., NGC 2808,

[Harris, 1974]), which led Rood and Crocker [1985] (also see [Crocker et al., 1988]) to suggest the

presence of multiple populations (MP) of stars with distinct histories of chemical enrichment. In

this scenario, a fraction of members (the primordial population, using the terminology of [Bastian

and Lardo, 2018]) form similarly to regular halo stars, while the rest (the enriched population)

are influenced by the unique environment of the cluster. The MP origin of the observed chemical

anomalies was proposed by Smith and Norris [1983] on the basis of the observed bimodality in

CN absorption among globular clusters with split horizontal branches. This hypothesis is now

firmly established based on detailed spectroscopic abundance measurements of the horizontal

branch members [Marino et al., 2011].

Over the last three decades, the existence of MP in globular clusters has been confirmed

by detailed spectroscopic abundances of giant (e.g., [Sneden et al., 1992; Thygesen et al., 2014;

Cordero et al., 2014; Marino et al., 2012; Yong et al., 2008]), subgiant and main sequence turn-off

stars (e.g., [Marino et al., 2016; Gratton et al., 2001; Briley et al., 1996]), integrated spectroscopy

[Rennó et al., 2020], and splitting of main sequence (e.g., [Anderson, 1997; Bedin et al., 2004;

Piotto et al., 2007; Milone et al., 2013]) and post-main sequence (e.g., [Cassisi et al., 2008; Piotto

et al., 2012]) CMDs. A more comprehensive summary of available evidence of MP may be found

in numerous reviews of the subject ([Bastian and Lardo, 2018; Gratton et al., 2004, 2015; Smith,

1987; Gratton et al., 2019; Milone and Marino, 2022; Dotter, 2013] and references within).

The enriched population is characterized by distinct light element abundances: most

prominently, the overabundance of nitrogen and sodium, and the depletion of carbon and oxygen,

compared to the primordial population [Sneden et al., 1992; Dickens et al., 1991]. On the other

hand, the abundances of heavy elements generally do not display star-to-star variations (globular

clusters are said to be mono-metallic, in the sense that [Fe/H]≈ const), with the exception of a
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few anomalous globular clusters [Marino, 2013], of which ω Centauri is the most well-known

[Gratton, 1982; Johnson and Pilachowski, 2010]. By contrast, these characteristic abundance

patterns are not observed in open clusters [MacLean et al., 2015; Martell and Smith, 2009;

de Silva et al., 2009] and are rare (∼ 3% of the [Fe/H]≤−1 local sample, [Martell et al., 2011])

among field stars [Kraft, 1994; Gratton et al., 2000; Martell and Grebel, 2010; Carretta et al.,

2010], motivating the common assumption that the handful of known examples were ejected from

globular clusters in the past [Ramírez et al., 2012; Lind et al., 2015].

The physical origin of MP remains largely unexplained [Bastian and Lardo, 2018]. The

mono-metallic nature of non-anomalous globular clusters is usually attributed to the high velocity

of supernova ejecta that expel a significant amount of pristine gas from the cluster, alongside most

of the material enriched with heavy elements, shortly after the onset of star formation (∼ 30Myr,

[D’Ercole et al., 2008, 2016]). Many of the proposed MP theories fall under one of two broad

categories. In multiple generation models (e.g., [Cottrell and Da Costa, 1981; Decressin et al.,

2007a; Breen, 2018]), star formation proceeds in two or more bursts with a sufficient time interval

to allow the earlier generations of stars to build up a reservoir of enriched gas, from which later

generations are assembled. Alternatively, concurrent formation models (e.g., [Gieles et al., 2018;

Bastian et al., 2013; Winter and Clarke, 2023]) invoke a single generation of coeval stars, in which

a fraction of the members are polluted by stellar ejecta to attain the chemical abundances of the

enriched population. Both approaches suffer from major shortcomings. Since nuclear processing

primarily occurs in massive stars, and since these stars make a subdominant contribution to the

overall mass budget for commonly assumed initial mass functions (e.g., [Kroupa, 2001]), it is

unclear how a sufficient amount of processed material can be produced in multiple generation

models to assemble the enriched population of stars (enriched stars make up the majority of

members in most globular clusters, [Bastian and Lardo, 2015]). This mass budget problem is

easier to resolve in concurrent formation models, where the enriched population is envisioned

to form from pristine gas prior to the onset of supernovae; however, considerable fine-tuning is
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needed to match the required pollution timescales [Salaris and Cassisi, 2014] and to reproduce

the discreetness of populations that arises naturally when multiple generations are involved.

A potential observational signature of concurrent formation models is the possible de-

pendence of element abundances on the initial stellar mass [Ziliotto et al., 2023; Milone, 2023],

related to the fact that the magnitude of chemical enrichment is determined not only by the

composition of the polluted material produced by the primordial generation, but also by the ability

of the enriched generation of stars to accrete it. If the polluted material is primarily accreted

onto circumstellar disks, the accretion efficiency is expected to be proportional to the surface

area of the disk and its longevity, which, in turn, depends on the mass and evolution of the parent

star [Carpenter et al., 2006; Ohtani and Tsuribe, 2013]. If instead the material is accreted onto

the surface of the star, the accretion rate is expected to be proportional to the squared stellar

mass (e.g., in the Bondi accretion formalism, [Bondi, 1952]). The accreted material may then be

diluted by convective mixing within the star, which also depends on the stellar mass [Chabrier

and Baraffe, 1997]. Finally, the density of polluted material may not be uniform throughout the

cluster. For example, in the concurrent formation model of Bastian et al. [2013], the polluted

material is only available in the core of the cluster. In this case, the accretion efficiency will

depend on the kinematic properties of the stars, which are also related to stellar mass [Anderson

and van der Marel, 2010; Anderson, 2002].

Due to the large distances to globular clusters (≳ 5kpc, [Harris, 1996]), high signal-to-

noise ratio spectra can only be obtained for the brightest members that fall within a narrow mass

range. Studying the variation of chemical abundances over a wider mass range inevitably requires

the inference of chemistry from multiband photometry. In general, the photometric colors of

low-mass stars are highly sensitive to the variations in element abundances due to the dominant

molecular chemistry and opacity in low-temperature atmospheres [Marley et al., 2002; Gerasimov

et al., 2022]. Furthermore, low-mass stars are particularly valuable as chemical tracers, since

molecular absorption is less affected by the non-equilibrium radiation field [Johnson, 1994],

107



while the interiors of low-mass stars are fully mixed and undergo minimal nuclear processing

[Chabrier and Baraffe, 1997]. Sophisticated stellar models are required to take full advantage

of this potential. Accurate simulation of the intricate physics and chemistry in low-temperature

atmospheres remains extremely challenging.

Considerable progress in the photometric analysis of cool stars near the end of the main

sequence (≳ 0.1M⊙) in globular clusters has been made since the advent of space-based obser-

vations with the Hubble Space Telescope (HST) and the James Webb Space Telescope (JWST).

Recent results include measurement of the [O/Fe] spread in the globular clusters NGC 6752

[Dotter et al., 2015], M92 [Ziliotto et al., 2023] and 47 Tucanae [Milone, 2023] and photometric

characterization of individual populations in NGC 6752 [Milone et al., 2019; Gerasimov et al.,

2022]. Our measurement of α-enhancement in ω Centauri is described in Chapter 3 of this

dissertation.

The CMDs of globular clusters are expected to extend far beyond the end of the main

sequence into the brown dwarf regime. Unlike stars, brown dwarfs do not establish energy

equilibrium and, instead, undergo long-term cooling, thereby creating a stellar/substellar gap

in the CMD between the faintest main sequence star and the brightest brown dwarf [Burgasser,

2004; Caiazzo et al., 2017, 2019]. Photometric observations of the substellar sequence in globular

clusters would then not only extend the mass baseline of MP studies, but also provide an

independent constraint on the cluster age from the width of the gap. The faint magnitudes of

globular cluster brown dwarfs pose a major challenge to their detection. The results of dedicated

searches for brown dwarf candidates in the globular cluster M4 [Dieball et al., 2016, 2019] with

HST remain inconclusive. In Chapter 3, we estimated the colors and magnitudes of the brown

dwarfs in the globular cluster ω Centauri and concluded that the substellar sequences of nearby

globular clusters fall within the sensitivity limit of JWST. Nardiello et al. [2023] recently reported

the first tentative discovery of a brown dwarf in the globular cluster 47 Tucanae, designated BD10.

While the substellar nature of this object remains to be confirmed, we anticipate that many similar
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discoveries will follow in the near future from the ongoing Cycle 1 JWST campaigns [Bedin

et al., 2021; Caiazzo et al., 2021] and subsequent cycles.

In this chapter, we describe a new method to determine the chemical abundances and

other fundamental parameters of globular clusters based on their CMDs from the subgiant branch

to the substellar regime. Our approach involves the computation of new evolutionary models

and model atmospheres with fully self-consistent chemical abundances. Model isochrones are

calculated and fitted to the observed distribution of photometric colors in an iterative manner.

The computational efficiency of the process is attained by identifying the components of the

stellar models that are most sensitive to particular elements, and recalculating them only when the

abundances of those elements are updated. We apply our method to the brightest mono-metallic

(non-anomalous) globular cluster 47 Tucanae.

This chapter of the dissertation is organized as follows. In Section 4.2 we describe

our compilation of spectroscopic 47 Tucanae abundances in the literature. The archival HST

photometry that was used in this study is briefly described in Section 4.3. Section 4.4 details

the process of calculating a theoretical isochrone for a given set of chemical abundances, and

includes a thorough analysis of associated systematic errors. Our method of isochrone fitting to

the observed CMD is presented and applied to 47 Tucanae in Section 4.5. In Section 4.6, we

derive the mass function of the cluster and predict the anticipated properties of its substellar

members. Our results are discussed and the conclusions are drawn in Section 4.7.

4.2 Nominal chemistry

In this study, we adopt spectroscopically inferred chemical abundances of 47 Tucanae as a

baseline for comparison against their photometric counterparts, as well as an initial guess in CMD

fitting (Section 4.5). We refer to this set of abundances as the nominal composition of the cluster.

The nominal abundances are compiled from three sources: Thygesen et al. [2014], Cordero et al.
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[2014] and Marino et al. [2016]. The set is similar to that used in Zhou et al. [2022]. Here, we

provide a more complete description of its derivation.

Thygesen et al. [2014] list metallicity ([Fe/H]) and the abundances of 26 other elements,

measured for 13 stars at the tip of the red giant branch (3900K ≲ Teff ≲ 4300K, 0.3 ≲ log10(g)≲

1.5) in 47 Tucanae. For [Fe/H], [Ti/Fe] and [Sc/Fe], separate measurements are made for the lines

of neutral and ionized species. Both estimates of [Fe/H] are consistent and treated as independent

in our analysis. Since titanium and scandium have much lower ionization potentials than iron

[Lide, 2004], the neutral lines of these elements may be affected by unaccounted ultraviolet

overionization, particularly prominent at low effective temperatures and metallicities [Bergemann,

2011; Zhang et al., 2008; Mashonkina, 2010]. As such, we discard the neutral line measurements

of [Ti/Fe] and [Sc/Fe] in Thygesen et al. [2014]. We further discard all measurements without

uncertainties.

Cordero et al. [2014] obtained 181 composition measurements for 164 unique red giant

and asymptotic giant members of 47 Tucanae (log10(g)≲ 3). The dataset includes [Fe/H] and

9 other elements. Of 164 observed stars, 5 have also been analyzed in Thygesen et al. [2014].

Abundance measurements reported in both references are generally consistent within the published

error bars, with the exception of [Al/Fe], for which the value in Cordero et al. [2014] exceeds

that of Thygesen et al. [2014] by ∼ 2 and ∼ 2.5 sigma for the stars 2618 and 3622 respectively

(catalog numbers from [Lee, 1977]). The difference may be partially caused by the more detailed

modelling of Al lines in Thygesen et al. [2014], following Andrievsky et al. [2008].

The measurements in Marino et al. [2016] extend our sample to the fainter red giant and

sub-giant members with 3 < log10(g) < 4. The dataset lists metallicities and abundances of 7

individual elements for 74 stars. For sodium, we adopt the values with non-local thermodynamic

equilibrium corrections based on the curves-of-growth from Lind et al. [2011]. Following the

authors’ recommendation, we use uncertainties of 0.1dex, 0.1dex and 0.15dex in [Mg/Fe],

[Al/Fe] and [Si/Fe] respectively, instead of the quoted measurement errors due to the effect of
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CN molecular features on the analyzed lines of these elements around 0.8µm.

The final sample includes measurements from multiple sources for [Fe/H], [Al/Fe],

[Ca/Fe], [Eu/Fe], [La/Fe], [Mg/Fe], [Na/Fe], [Ni/Fe], [O/Fe], [Si/Fe] and [Ti/Fe]. We carried

out a Kolmogorov–Smirnov statistical test for each of these elements to determine whether the

measurements from different sources in literature are consistent with a shared parent population.

The null-hypothesis (measurements are consistent) was rejected with 99% confidence for [Al/Fe],

[Eu/Fe], [Mg/Fe], [Na/Fe], [Ni/Fe] and [Si/Fe]. Since the spectroscopic measurements used in

this study span a vast range of post-main sequence evolutionary stages, the discrepancy may

reflect a genuine alteration of surface abundances by the first dredge-up [Salaris et al., 2020],

meridional circulation [Sweigart and Mengel, 1979], thermohaline mixing [Angelou et al., 2011]

or other mechanisms. However, the effect is normally most pronounced in the products of the

CNO cycle [Messenger and Lattanzio, 2002], all of which have passed the consistency test in our

compilation. Therefore, the observed discrepancies between different literature sources are likely

systematic in nature, exemplified by the aforementioned mismatch in aluminum measurements

between Thygesen et al. [2014] and Cordero et al. [2014].

All spectroscopic composition measurements from the three literature sources were

combined into a single set of chemical abundances, available in Table E.1 of Appendix E. We

assumed that each abundance measurement (x(X)
i for the i-th measurement of element X out of

N(X) measurements in total) is drawn from a normal distribution with the standard deviation

composed of two components added in quadrature: the physical variation in chemistry among

cluster members (s(X), identical for all measurements of X) and the measurement error (σ(X)
i ).

The physical variation of each element may then be estimated as in Equation 4.1:

(
s(X)
)2

=
N(X)Var

(
x(X)

i

)
N(X)−1.5

−
〈(

σ
(X)
i

)2
〉

(4.1)

Since we are ultimately interested in the standard deviation of the physical spread, we
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evaluated the unbiased sample variances assuming N(X) − 1.5 degrees of freedom [Brugger,

1969]. In cases where the average measurement error exceeds the observed scatter in the data, s(X)

cannot be estimated, and the data may be considered consistent with lack of star-to-star variations

in X . The mean abundance of each element and its uncertainty were calculated using the square

reciprocal measurement errors as statistical weights with s(X) added to the measurement error in

quadrature if available. Finally, we note that the estimates of s(X) for the six elements that did

not pass the Kolmogorov–Smirnov test are likely biased by systematic errors that may have been

unaccounted for in the quoted measurement uncertainties.

Since the helium abundance cannot be measured spectroscopically at low effective tem-

peratures, the nominal helium mass fraction of 47 Tucanae was adopted as Y = 0.25, following

the isochrone fit of eclipsing binary members in Thompson et al. [2020].

4.3 Archival photometry

Throughout this chapter, all mentions of the optical bands F606W and F814W will implicitly

refer to the wide field channel of the Advanced Camera for Surveys (ACS) on HST. Likewise, all

mentions of the near infrared bands F110W and F160W will refer to the near infrared channel of

the Wide Field Camera 3 (WFC3) on HST. Finally, the infrared bands F150W2 and F322W2 will

refer to the Near Infrared Camera (NIRCam) on JWST.

Our analysis is based on archival HST photometry (GO-11677, PI: H. Richer) of 47

Tucanae presented in Kalirai et al. [2012]. The primary field was imaged in the F606W and F814W

bands. The field spans ∼ 5arcmin and is located at 6.7arcmin (2.1 half-light radii, [Harris, 1996])

from the center of the cluster. Parallel fields were imaged in the F110W and F160W bands, as well

as additional bands of the ultraviolet and visible light channel that are not used in this study. The

parallel fields span a 250 degree arc, centered at the primary field with the radius of ∼ 6arcmin

and facing away from the center of the cluster (see Figure 2 of [Kalirai et al., 2012]). This work

112



is based on the observations of the primary field and one of the parallel fields with the largest

cumulative exposure time (field 13, referred to as the “stare”).

All magnitudes quoted in this chapter are VEGAMAG.

4.4 Model isochrones

We derive the properties of 47 Tucanae by comparing theoretical model isochrones to

the observed CMD of the cluster. Due to the presence of MP, an accurate model of the CMD

requires multiple theoretical isochrones that capture the observed spread in photometric colors.

We therefore aim to find three isochrones with distinct chemical compositions that approximately

trace out the blue tail, the red tail and the ridgeline of the CMD. We adopt the convention of

identifying the blue and red tails of the distribution based on the F110W – F160W near infrared

color of the lower main sequence.

We search for the desired isochrones through iterative perturbations of the nominal

chemical composition. In this section, we describe the general process of calculating a theoretical

isochrone for a given chemical composition. Our approach to isochrone fitting and the treatment

of multiple populations in the cluster are presented in Section 4.5.

4.4.1 Evolutionary models

Stellar evolution is simulated using the MESA (Modules for Experiments in Stellar Astrophysics)

code [Paxton et al., 2011, 2013, 2015, 2018, 2019], version 15140. The evolution begins at the

pre-main sequence (PMS) phase and is allowed to proceed either until the age of 13.5Gyr or until

the tip of the subgiant branch, whichever occurs sooner. For our purposes, we define the tip of

the subgiant branch as the point, at which the innermost shell that satisfies εnuc > 103 ergg−1 s−1

begins to fall outside the central 10% of the stellar mass (εnuc is the specific nuclear energy release

rate). This criterion was empirically determined to be a reliable indicator of the hydrogen shell
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ignition that characterizes the onset of the red giant branch [Gamow and Keller, 1945]. Evolving

the model further into the red giant branch incurs a larger computational cost due to the rapid

variation of surface parameters with age, and is beyond the scope of this study; however, see

Salaris et al. [2020].

The initial stellar masses are sampled on an adaptive grid that guarantees the difference in

luminosities and effective temperatures between adjacent grid masses of |∆ log10 L|< 0.12dex

and |∆Teff|< 120K, respectively, at the checkpoint ages between 10Gyr and 13.5Gyr in steps of

0.5Gyr (the typical average differences at 13.5Gyr are ⟨|∆ log10 L|⟩ ≈ 0.07dex and ⟨|∆Teff|⟩ ≈

70K). The lowest mass in the grid (∼ 0.04M⊙−0.05M⊙) is chosen to attain an evolved Teff of

≲ 700K at 13.5Gyr, while the highest mass (∼ 0.9M⊙) is set by requiring that the star takes at

least 10Gyr to reach the tip of the subgiant branch.

PMS stars at zero age are initialized with uniform chemical abundances and central

temperature of Tc = 5×105 K. This choice follows Choi et al. [2016], and ensures that the stars

of all considered initial masses are found within the boundary condition tables (Section 4.4.2)

at the completion of the main PMS relaxation routine in MESA. The additional PMS relax-

ation for > 0.3M⊙ stars until the formation of the radiative core, introduced in version 15140

(pre_ms_relax_to_start_radiative_core), was disabled in all of our evolutionary models

to provide a consistent definition of zero age for all calculated evolutionary tracks.

The interior convective mixing length (in the formalism of mixing length theory, MLT;

[Böhm-Vitense, 1958]) in all models was set to the solar-calibrated value of αMLT = 1.82 scale

heights [Salaris and Cassisi, 2015; Choi et al., 2016]. The effect of other choices for this parameter

is discussed in Section 4.5.

4.4.2 Boundary conditions

At each evolutionary step, energy conservation requires the pressure-temperature profile

to be consistent with the luminosity output of the star. Evaluating this condition near the

114



1000 2000 3000 4000 5000 6000
Effective Temperature [K]

2.0

2.5

3.0

3.5

4.0

4.5

5.0

5.5

6.0

Su
rfa

ce
 G

ra
vi

ty
 lo

g 1
0(

g)

0.040.07

0.16

0.29

0.50

0.70

0.90
PHOENIX

Stable conv.
Limited conv.
Irregular conv.
ATLAS
Evo. tracks
Isochr. 11.5 Gyr

Figure 4.1. Effective temperatures and surface gravities of the model atmospheres, calculated in
this study for the final ridgeline isochrone of 47 Tucanae. The PHOENIX models are color-coded
by their convergence parameters, as detailed in Section 4.4.4. The evolutionary tracks of selected
MESA models in the Teff – log10(g) space are shown for comparison, as well as the final isochrone
at 11.5Gyr. The tracks are labeled by their initial stellar masses in M⊙.
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Figure 4.2. Synthetic spectra of selected model atmospheres at log10(g) = 5, calculated in this
study for the ridgeline isochrone of 47 Tucanae. The important absorption bands of CH4, CO,
CO2, H2O and NH3 are labeled with ragged black lines that represent the variation of absorption
strength within the band for the Teff = 800K model. The central wavelengths of prominent TiO
bands, Na and K atomic lines and the peak of the CH4 ν3 (asymmetric stretching vibration band)
Q-branch are shown with vertical dotted lines. The approximate wavelength range of strong
collision-induced H2 absorption (CIA) is shown with the horizontal dashed line. The spectra have
been convolved with a 10Å Gaussian kernel for clarity.
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surface of low-mass stars is challenging due to the complex relationship between the pressure-

temperature profile and the outgoing energy flux, caused by low-temperature phenomena such as

non-grey molecular opacity, cloud formation and convective instabilities. This issue is particularly

prominent at Teff ≲ 4500K, as the structure of the stellar atmosphere begins to significantly deviate

from the Eddington approximation [Mihalas, 1978; Burrows et al., 1989; Dorman et al., 1989;

Zhou et al., 2022]. More accurate atmospheric pressure-temperature profiles may be extracted

from model atmospheres, precomputed for the entire range of surface parameters that may be

encountered by the star during its evolution.

Following Chabrier and Baraffe [1997]; Choi et al. [2016]; Phillips et al. [2020], we

calculated a grid of model atmospheres (Section 4.4.3) for each theoretical isochrone, spanning

2 ≤ log10(g) ≤ 6 for 2500K ≤ Teff ≤ 7500K, and 4 ≤ log10(g) ≤ 6 for 500K ≤ Teff ≤ 2400K,

with steps of 100K in Teff and 0.5 in log10(g). Models with log10(g) < 4 & Teff < 2500K

were not required, since such low gravities are only encountered during the early evolution

(< 5Myr) and the subgiant phase, both of which are characterized by higher effective temperatures

(Teff > 2500K). For some of the calculated isochrones, a small number of model atmospheres

could not be computed due to convergence issues (Section 4.4.4). The corresponding empty

grid points were then filled in using linear Delaunay triangulation [Barber et al., 2013]. The

temperatures and gravities of the atmosphere models calculated for the final ridgeline isochrone

are plotted in Figure 4.1 alongside the Teff – log10(g) tracks of selected evolutionary models.

The model atmospheres were converted to tables of gas pressure and temperature at a

prescribed depth and provided to MESA as the outer boundary conditions at each evolutionary step

and for each iteration in the solution of the stellar structure equations. In general, specifying

the boundary conditions at larger Rosseland optical depths (τ) is preferred, as it minimizes the

discontinuity in opacity between the atmosphere and interior, and ensures adiabatic behavior

at the boundary [Chabrier and Baraffe, 1997, 2000; Spada et al., 2017]. However, the reduced

atmospheric opacity in more massive stars shifts the boundary to larger physical depths, where
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the non-ideal gas behavior may be significant [Burke et al., 2004], and is not accounted for in our

high-Teff model atmospheres. We therefore employed two distinct atmosphere-interior coupling

regimes with boundary conditions at τ = 100 for M < 0.5M⊙, and at T (τ) = Teff (photosphere)

for M > 0.6M⊙, where T (τ) is the temperature profile of the star and M is the initial stellar

mass. At intermediate stellar masses, 0.5M⊙ ≤ M ≤ 0.6M⊙, a linear ramp between the two

regimes was applied. The range of transition was chosen to approximately coincide with the

maximum value of dT (τ = 100)/dM for main sequence stars. The implications of this choice on

the synthetic photometry are discussed in Section 4.4.6.

By default, MESA falls back on the Eddington approximation when the range of pre-

tabulated boundary conditions is exceeded. Near the edges of the table, a smooth blending

between the on-table and off-table boundary conditions is carried out, which may result in

numerical instabilities at low Teff due to the extreme inaccuracy of the Eddington formula. Since

our models do not leave the table range during regular evolution, we modified the source code

of MESA to disable the off-table blending once the PMS phase has been completed. We also

updated the code to interpolate the tables linearly rather than bicubically to address unphysical

temperatures and pressures resulting from spline overshoots [Fried and Zietz, 1973] in the vicinity

of poorly converged model atmospheres (Section 4.4.4).

4.4.3 Model atmospheres

Model atmospheres were calculated using the PHOENIX code [Hauschildt et al., 1997],

version 15.05.05D [Allard et al., 2011, 2012; Gerasimov et al., 2020] at Teff ≤ 5000K; and

the ATLAS code [Kurucz, 1970], version 9 [Kurucz, 2005, 2014] at Teff > 5000K. The use of

ATLAS for “warm” atmospheres is advantageous due to its superior computational efficiency (see

Section 4.4.5), attained by virtue of opacity sampling from pre-tabulated opacity distribution

functions (ODFs; [Kurucz et al., 1974; Carbon, 1984]), simplified chemical equilibrium (only

gaseous species are considered, molecule-molecule interactions are ignored) and the ideal equation
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of state. The ODFs for the chemical composition of each isochrone were computed for 9nm ≲

λ ≲ 160µm at 57 temperatures between ≈ 2×103 K and ≈ 2×105 K using the satellite package

DFSYNHTE [Castelli, 2005b; Castelli and Kurucz, 2003]. ATLAS atmospheres are stratified into

72 plane-parallel layers, spanning 10−7 < τ < 100 with logarithmic spacing. The synthetic

spectra for each model atmosphere were calculated using the SYNTHE code [Kurucz and Avrett,

1981] within 0.1µm < λ < 5µm, at the constant resolution2 of λ/∆λ ∼ 6×105. All three codes

are packaged in the open source Python dispatcher BasicATLAS3, alongside a suite of internal

consistency checks and a synthetic photometry calculator.

PHOENIX allows for a more accurate treatment of low-Teff atmospheres through direct

sampling of opacity at the wavelengths of interest, a more complete chemical reaction network

(including condensation, see [Allard et al., 2001] for a review), a comprehensive molecular line

database (most importantly, H2O lines from [Barber et al., 2006] and CH4 lines from [Brown,

2005] and [Wenger and Champion, 1998; Homeier et al., 2003]; other included lines are listed in

Table 3.3), and a non-ideal equation of state [Saumon et al., 1995], among other features. The

inclusion of condensate species (clouds) in the chemical equilibrium and the opacity model is

necessary to reproduce the observed reddening of photometric colors at Teff ≲ 3000K compared

to gas-only models [Allard et al., 2001; Lunine et al., 1986]. Our setup of PHOENIX also includes

the Allard & Homeier treatment of gravitational settling for condensate species [Allard et al.,

2012; Helling et al., 2008] that gradually removes clouds from the spectrum-forming region of

the atmosphere at Teff ≪ 2000K [Tsuji and Nakajima, 2003]. For computational efficiency, we

only consider gravitational settling at Teff < 2500K and, otherwise, assume that the condensate

species remain at chemical equilibrium.

Our PHOENIX models are stratified into 250 layers when gravitational settling is used and

128 layers otherwise. Unlike ATLAS, the atmospheric layers in PHOENIX are spherical and defined

2SYNTHE treats all line profiles as symmetric with respect to the nearest point on the wavelength grid. For this
reason, high resolutions of order λ/∆λ ∼ 105 −106 are typically recommended even when not required for intended
science [Kurucz, 2014; Sbordone and Bonifacio, 2005].

3https://github.com/Roman-UCSD/BasicATLAS
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by the optical depth at a fixed wavelength (τλ, where λ= 1.275µm) instead of the Rosseland mean.

The bottom of the atmosphere is set to τλ = 103 for the models without gravitational settling, but

reduced to τλ = 316 when settling is enabled to avoid the numerical issues associated with settling

calculations at large depths. The top of the atmosphere is defined by the gas pressure, rather than

optical depth, set to 10−3 dyn/cm2. The optical depth grid is approximately logarithmic. For all

models considered in this study, the atmospheres at the final evolutionary state are negligibly thin

compared to the stellar radius (the τ = 100 layer is always found within the outer 0.1% of the

photospheric radius, calculated at T (τ) = Teff). Therefore, the effect of spherical geometry is

expected to be subdominant, allowing the use of approximate atmospheric radii from literature

[Baraffe et al., 2015] instead of introducing additional dimensions to our model atmosphere grids.

The wavelength sampling and spectral synthesis for all PHOENIX models are carried out within

1Å < λ < 1mm with a median resolution of λ/∆λ ∼ 18250 between 0.5µm and 3µm. A few

examples of the synthetic spectra for the chemical abundances of the ridgeline isochrone and

log10(g) = 5.0 are provided in Figure 4.2.

We assume that the chemical composition of the atmosphere is unaffected by stellar

evolution and is identical to the initial composition of the PMS star, with the exception of [Li/Fe]

that is reduced by 3dex in all PHOENIX models compared to the PMS abundance. This assumption

is justified by the fact that low-mass stars (≲ 0.6M⊙) undergo minimal nuclear processing (with

the exception of lithium burning), while their higher-mass counterparts establish radiative zones

at young ages, thereby preventing the nuclear burning products from reaching the atmosphere.

The behavior of [Li/Fe] in the interior and the atmosphere of the star as a function of mass was

explored in detail in Chapter 3.

4.4.4 Model convergence

In both model atmospheres and the time steps of evolutionary models, the equations of

input physics are solved using iterative methods. At the high effective temperatures of ATLAS
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atmospheres, the parameter space maintains approximate local linearity [Gustafsson et al., 2008],

allowing for fast and reliable convergence onto a self-consistent solution. We carry out ATLAS

iterations in batches of 15 until the maximum flux error and the maximum flux derivative error

across all layers drop below 1% and 10%, respectively (following [Sbordone and Bonifacio,

2005; Mészáros et al., 2012]; see Appendix A), or until no further progress can be made. These

convergence standards have been met by nearly all ATLAS atmospheres computed in this study,

with the exception of a few Teff > 6500K models that generally fall outside the region of parameter

space, explored by the calculated evolutionary tracks (Figure 4.1).

The evolution of convergence parameters across iterations in low-Teff PHOENIX atmo-

spheres is more involved. In models with subdominant cloud settling (Teff ≳ 2000K), the flux

errors generally decrease with every iteration until the model arrives at a stable solution with

the typical maximum and average flux errors across all radiative layers of ∼ 3% and 0.5%,

correspondingly. In this work, we refer to this convergence pattern as stable, and the models that

exhibit this pattern are shown in green in Figure 4.1 for the ridgeline isochrone. A small number

of models with stable convergence may occasionally encounter iterations with ill-conditioned

temperature corrections that break the trend in convergence and increase the flux errors by over

an order of magnitude, effectively restarting the computation. In those cases, the iteration with

the minimum average error, from which we derive the final synthetic spectrum, is still expected

to produce a reliable result; however, the gain in accuracy from an increased number of iterations

may be limited.

At lower Teff, the effects of condensate settling become more prominent, resulting in a far

more complex relationship between the model parameters that restricts the effectiveness of the

temperature correction scheme. In this regime, the flux errors typically oscillate between high and

low values across iterations. While the flux errors of the best iteration are usually comparable to

those of the atmospheres with stable convergence, the final solutions to the structure equations may

lack uniqueness (i.e. for some Teff and log10(g) there may be multiple atmosphere structures with
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similar flux errors but vastly different emergent spectra). Furthermore, the pronounced sensitivity

of the model to temperature corrections casts doubt on the usefulness of the radiative flux errors

as a diagnostic of self-consistency. We refer to the convergence pattern in this temperature regime

as irregular. Selected PHOENIX atmospheres with irregular convergence had to be excluded from

the grid due to the rapid growth of the oscillation amplitude in the temperature structure between

iterations. However, solutions with satisfactory flux errors have been found for the vast majority

of models with this convergence pattern, and are shown in Figure 4.1 with black markers for the

ridgeline isochrone.

A small number of models displayed a convergence pattern, intermediate between that of

stable convergence and irregular convergence, which we refer to as limited convergence. In those

cases, the model may exhibit stable convergence for the first few iterations, but then transition into

the irregular convergence pattern before a solution with satisfactory flux errors can be reached. In

some cases, the transition between the two convergence patterns may occur multiple times over

the course of ∼ 100 iterations. The models with limited convergence are shown in Figure 4.1

with red markers for the ridgeline isochrone. At very low temperatures (Teff ≲ 1200K) and

high gravities (log10(g) ≳ 5.5), the condensate species are almost completely removed from

the spectrum-forming region of the atmosphere, restoring the stable convergence pattern (see

Figure 4.1).

For most PHOENIX models computed in this study, we used the nearest atmosphere

structure from the NEXTGEN model grid [Hauschildt et al., 1999; Allard et al., 2014] as the initial

guess in the solver, with the exception of models with particularly poor convergence that were

recalculated, using the nearest well-converged atmospheres from our grid as the initial models

instead. In principle, the accuracy of our low-temperature atmospheres may be improved by

calculating the models in small batches with progressively decreasing Teff and log10(g), and using

the atmospheres from the preceding batch as initial guesses. In fact, we adopted this approach for

the ATLAS models. However, the high computational demand of PHOENIX (Section 4.4.5) makes
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the un-parallelized computation extremely time-consuming. Furthermore, it is unclear how the

potential gain in numerical precision would compare to the systematic errors in the input physics

and grid interpolation errors. We therefore chose to focus on identifying the outlier models based

on their synthetic photometry and excluding them from the isochrone calculation instead, as

described in Section 4.4.7.

Nearly all evolutionary MESA models in our grids have converged at every time step within

the “gold tolerances” [Paxton et al., 2019], with the exception of a few lowest-mass models

(≲ 0.05M⊙), where the tolerances were relaxed to their standard values to allow evolution over

the discontinuities in dT (τ = 100)/d log10(g), caused by the sparse gravity sampling in the

boundary condition tables.

4.4.5 Computational demand of model atmospheres

All model atmospheres used in this chapter were calculated on the Bridges-2 supercom-

puter [Brown et al., 2021], operated by the Pittsburgh Supercomputing Center. Our PHOENIX

models were calculated to ∼ 100 iterations, requiring between ∼ 0.15 processor hours per itera-

tion at the highest temperatures to ∼ 1.5 processor hours at the lowest. The high memory demand

of PHOENIX (≳ 4GB per model) necessitated requesting at least 2 (and occasionally 3) service

units for each processor hour.

The computational demand of ATLAS models is dominated by the spectral synthesis,

carried out by the SYNTHE package. The calculation of the emergent spectra for most ATLAS

models required between 1.5 and 3.5 processor hours per spectrum (and the same number of

service units). For comparison, the structure calculations only took ≈ 0.005 processor hours per

model for all iterations.

The computational demand of a complete atmosphere grid for each chemical composition

is approximately 5× 104 service units, with nearly 98% taken by PHOENIX calculations. This

estimate does not include recalculation of failed models, ODF calculations, calculations of partial
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pressure tables for each chemical composition used in PHOENIX, and evolutionary calculations

with MESA. This estimate only applies to the final isochrones (ridgeline, blue tail and red tail)

presented in Section 4.5: to calculate the intermediate isochrones used during the fitting process,

we took advantage of various optimizations described in Section 4.5.

4.4.6 Isochrone stitching

The process of calculating theoretical isochrones described earlier in this section required

a choice of three “stitching points”, where distinct modelling setups were blended together:

the effective temperature where ATLAS models are replaced with PHOENIX models (5000K), the

effective temperature where the gravitational settling in PHOENIX models was disabled (2500K)

and the initial stellar mass, where the τ = 100 boundary condition tables were replaced with

T (τ) = Teff (smooth ramp between 0.5M⊙ and 0.6M⊙). Here, we briefly review the implications

of those choices for synthetic photometry.

Our choice of the ATLAS/PHOENIX transition temperature (5000K) is higher than that used

in Chapter 3 (4000K). For comparison, the published grid of ATLAS models with the updated

molecular opacities [Castelli and Kurucz, 2003] reaches 3500K, although the low-temperature

extension has known issues [Plez, 2011]. We calculated an additional test set of ATLAS models for

the parameters of the ridgeline isochrone at 4000K ≤ Teff ≤ 5000K, as well as an additional grid

of evolutionary models with the updated boundary conditions. We found the synthetic photometry

at 11.5Gyr of the regular ridgeline isochrone and its altered version to be indistinguishable at

Teff = 5000K, but rapidly increasing at lower temperatures to attain the difference of ≈ 0.025mag

in F606W – F814W and F150W2 – F322W2 at Teff = 4000K. The difference originates almost

entirely from the synthetic spectra with only a minor contribution from the boundary conditions.

Our choice of the minimum Teff without gravitational settling (2500K) is, on the other

hand, lower than that employed in Chapter 3 (3000K), which allowed us to significantly reduce

the computational demand. We calculated a test grid of PHOENIX atmospheres for the ridgeline
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isochrone with 2500K ≤ Teff ≤ 3000K and enabled settling of condensates, as well as a test set

of corresponding evolutionary models. We found that at Teff = 2500K and at the age of 11.5Gyr,

the effect of gravitational settling on the same colors as before is ≈ 0.01mag. In the optical

regime, both the boundary conditions and the synthetic spectra make comparable contributions to

the observed difference, while the latter dominate in the infrared. At Teff > 2500K, the effect of

gravitational settling decreases rapidly in the infrared, but remains approximately constant in the

optical up to the warm end of the test grid at 3000K, primarily due to the effect of the updated

boundary conditions on stellar evolution.

Lastly, we examine the effect of the transition between the atmosphere-interior coupling

schemes by disabling the linear ramp at 0.5M⊙ ≤ M ≤ 0.6M⊙. The effect on synthetic photom-

etry at 11.5Gyr is most prominent in F606W – F814W when the range of T (τ) = Teff boundary

condition tables is extended down to 0.5M⊙, resulting in the discontinuity of ≲ 0.01mag between

the two regimes. The discontinuity is less prominent when the τ = 100 tables are extended to

0.6M⊙ or when other photometric colors are considered.

In summary, our choice of “stitching points” in the isochrone is not expected to introduce

errors larger than 0.01mag in any of the photometric colors considered in this study; however, it

appears that the optimal choice of the transition between the two atmosphere-interior coupling

schemes falls at somewhat larger masses, and a small gain in accuracy may be attained by allowing

gravitational settling of condensates at Teff > 2500K.

4.4.7 Synthetic photometry and hammering

The preliminary synthetic photometry for the calculated isochrones is obtained by applying

the reddening law to the synthetic spectra, evaluating the bolometric corrections for each model

atmosphere in the bandpasses of interest, and interpolating the result to Teff and log10(g), predicted

by the evolutionary model at the required initial mass and age. The resulting magnitudes were

corrected by the distance modulus of (13.2418±0.0625)mag [Chen et al., 2018]. To calculate
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the bolometric corrections, we used the synphot() routine of the BasicATLAS package. The

process uses the reddening law from Fitzpatrick and Massa [2007], parameterized only by the

optical reddening, E(B−V ), and assuming the total-to-selective extinction ratio of RV = 3.1.

The strong dependency of low-Teff spectra on surface parameters and the highly non-linear

behavior of cool atmospheres pose a challenge to the interpolation of bolometric corrections.

Linear interpolation of a sparsely sampled grid leads to large unphysical discontinuities in the

derivatives, and is known to introduce noticeable errors even at relatively high temperatures

[Mészáros and Allende Prieto, 2013; Gustafsson et al., 2008]. On the other hand, higher-order

interpolation methods are less robust against outliers [Fried and Zietz, 1973], such as those intro-

duced by the models with poor convergence. Specialized interpolation methods for atmosphere

grids with non-convergent models (e.g. [Nendwich et al., 2004]) generally require a means to

reliably identify the outliers, which is not straightforward in the case of irregular convergence, as

discussed in Section 4.4.4.

To address these issues, we decided to avoid interpolating the grid at low temperatures

altogether and, instead, to calculate additional PHOENIX atmospheres at 600K ≤ Teff < 2400K

in 50K steps, with log10(g) set to the values predicted by the isochrone for each effective

temperature at the target age. We refer to this process as atmosphere hammering. In addition

to removing the need to interpolate bolometric corrections at low temperatures, hammering

serves two other purposes. First, it reduces the effective number of dimensions in the atmosphere

grid from 2 to 1 (since the hammering models obey a known Teff – log10(g) relationship),

allowing the outlier models to be easily identified, e.g., by their placement in the color-magnitude

space. Second, it allows us to derive the synthetic photometry at Teff < 2500K from higher-

gravity model atmospheres that have better convergence (e.g., from Figure 4.1, to calculate the

bolometric corrections at the Teff = 2000K point on the 11.5Gyr isochrone, one would require

both log10(g) = 5.0 and log10(g) = 5.5 model atmospheres for the interpolation method, but only

one log10(g)≈ 5.5 model for the hammering method). The major drawbacks of the hammering
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method are the added computational cost and the resulting commitment to a particular target age,

since the hammering models fix the Teff – log10(g) relationship.

The linear interpolation and hammering methods of calculating synthetic photometry

at Teff ≤ 2350K are compared in Figure 4.3. The figure demonstrates that at Teff ≲ 1000K

(the brown dwarf regime), linear interpolation may be off by as much as 2mag in the optical

regime and ≳ 0.5mag in the near infrared. It is also apparent that the two methods converge at

Teff ≳ 2000K, suggesting that linear interpolation of bolometric corrections is valid across the

main sequence. In this study, we use linear interpolation for all models with Teff > 2350K.

4.5 Isochrone fitting

4.5.1 Main sequence turn-off and subgiant branch

The high effective temperatures of the main sequence turn-off and the subgiant branch

in 47 Tucanae (Teff ≳ 5000K) suppress molecular formation in the atmosphere and minimize

the impact of chemical abundances on the observed photometry. The notable exceptions are

the overall metallicity, [Fe/H], and the helium mass fraction, Y , as they have a significant effect

on the mean molecular weight and opacity of the interior that, in turn, guide the evolutionary

track of the star [Salaris and Cassisi, 2005, Ch. 5.5]. These high-mass stars are also sensitive

to the adopted energy transport parameters (in particular, the mixing length, αMLT) due to the

emergence of an outer convective zone [Joyce and Chaboyer, 2018]. To reduce the degree of

degeneracy in the determination of chemical abundances, it is advantageous to constrain as many

parameters as possible from the main sequence turn-off and the subgiant branch before analyzing

the lower main sequence. We used this part of the CMD to assess our choice of αMLT = 1.82, fix

the cluster age and the optical reddening, E(B−V ), as well as to evaluate the accuracy of the

helium mass fraction and metallicity in the nominal chemical composition (Section 4.2, Y = 0.25,

[Fe/H] =−0.75).
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Figure 4.4. Top: ridgeline isochrones of 47 Tucanae at different ages, overplotted on the dis-
tribution of observed colors in optical (left) and near infrared (right). Middle: comparison
of the ridgeline isochrone at 11.5Gyr with the nominal [Fe/H] and Y (red) to the helium-rich
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color-magnitude diagram subtend the 1σ and 2σ contours in the data distribution, respectively.
E(B−V ) = 0.04mag for all shown isochrones.
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The upper panels of Figure 4.4 show the turn-off point and the subgiant branch of

the ridgeline isochrone, evaluated at 4 distinct ages and overplotted on the color-magnitude

distribution of the archival photometry (Section 4.3) in the optical (left) and near infrared (right).

The isochrones were calculated using the nominal metallicity and helium mass fraction, as well

as E(B−V ) = 0.04mag, in agreement with Percival et al. [2002]. In the figure, the 11.5Gyr

isochrone is the only one that matches both the color of the turn-off point and the luminosity of

the subgiant branch within one standard deviation. Furthermore, the presented fit firmly fixes

the reddening at 0.04mag, as lower values would result in the isochrone being “too blue” at the

turn-off point, while higher values would make the isochrone “too faint” at the tip of the subgiant

branch. This age estimate broadly agrees with the literature (e.g. [VandenBerg, 2000]; also see

[Rennó et al., 2020] for a compilation of recent age measurements).

To explore the effect of the helium mass fraction and the overall metallicity, we calculated

two additional isochrones with Y = 0.28 and [Fe/H] =−0.7, with all other parameters matching

those of the ridgeline isochrone. The results are plotted in the middle panels of Figure 4.4.

While the enhanced metallicity offers a marginal improvement of the fit at the turn-off point, the

corresponding decrease in luminosity of the subgiant branch reduces the overall goodness of fit.

On the other hand, the higher helium mass fraction improves the fit at the subgiant branch, at

the expense of mismatching the color of the turn-off point by nearly two standard deviations in

near infrared. Based on these results, we chose to use the nominal metallicity and helium mass

fraction for all isochrone calculations henceforth.

The lower panels of the figure demonstrate how our choice of the mixing length compares

to two alternative values: αMLT = 1.6 and αMLT = 2.0, of which the latter is the default value in

MESA. The isochrones are shown at 11.5Gyr. Around the turn-off point, the effect is practically

indistinguishable from that of the cluster age, emphasizing the limitations of using the color of

the turn-off point as an age diagnostic for globular clusters. Our earlier claim that the 11.5Gyr

isochrone is the only one that fits the observed scatter within one standard deviation is invalid if
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the mixing length is allowed to vary as a free parameter. We found that a comparable goodness-

of-fit is obtained at 12.5Gyr for αMLT = 2.0, or 10.5Gyr for αMLT = 1.6. Figure 4.4 appears to

indicate that the effect of the mixing length is most significant at the tip of the subgiant branch. If

the trend continues into the red giant branch, it is possible that a better estimate of the cluster

age may be obtained from higher-mass stars. Since the degeneracy cannot be broken within the

mass range considered in this study, we chose to adopt the solar-calibrated αMLT = 1.82 for all

isochrones and the corresponding best-fit age of 11.5Gyr.

4.5.2 Lower main sequence

Below the main sequence inflection point (∼ 0.5M⊙, [Calamida et al., 2015]), the abun-

dances of individual chemical elements have a significant influence on the shape of the CMD. In

this study, we consider the variations in 11 element abundances: [C/Fe], [N/Fe], [O/Fe], [Na/Fe],

[Mg/Fe], [Al/Fe], [Si/Fe], [S/Fe], [Ca/Fe], [Ti/Fe], and [V/Fe].

The effect of atomic abundances is twofold. First, variations in abundances displace

the chemical equilibrium of the atmosphere and change the corresponding opacity distribution,

resulting in altered photometric colors. Second, the new atmospheric structure affects the

boundary conditions of the atmosphere-interior coupling (Section 4.4.2), thereby offsetting the

end-point of the evolutionary track to different Teff and log10(g). The importance of the latter effect

approximately correlates with δκ= |dκ/d[X/Fe]| at T (τ)= Teff, where [X/Fe] is the abundance of

the element of interest and κ is the Rosseland mean opacity. For the range 0.1M⊙ < M < 0.5M⊙,

this diagnostic is by far the largest for [O/Fe] and [Ti/Fe] (∼ 10−7 cm−1dex−1 at 0.2M⊙) due to

the prominent TiO and H2O absorption bands (see Figure 4.2). For comparison, the next two most

important elements, [C/Fe] and [Al/Fe], have δκ ∼ 2×10−8 cm−1dex−1 and ∼ 10−8 cm−1dex−1,

respectively, at the same initial stellar mass.

The relative importance of the two effects depends on the chosen photometric bands. For

instance, the optical main sequence spectra for fixed Teff and log10(g) are only weakly sensitive
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to the oxygen abundance, since H2O bands are mostly confined to infrared wavelengths, while

the rate of TiO production in the atmosphere is primarily determined by [Ti/Fe]. As such, the

atmosphere-interior coupling alone is responsible for over 50% of the correlation between the

optical colors (F606W – F814W) and [O/Fe] for main sequence stars. This example emphasizes

that accounting for the enhancements of individual elements in the atmosphere-interior coupling

scheme is essential for the accurate photometric determination of the chemical composition. Since

47 Tucanae is known to have a significant spread in [O/Fe] based on spectroscopic measurements,

the corresponding distribution of photometric colors cannot be captured with atmosphere-interior

boundary conditions based on solar or even solar-scaled abundances. Furthermore, since both

[Ti/Fe] and [O/Fe] have comparable δκ, and since both are considered to be α-elements, even

solar-scaled boundary conditions with adjustable α-enhancement would not be adequate.

4.5.3 Abundance variation grids

We determine the final red tail, blue tail and ridgeline isochrones for 47 Tucanae by

iteratively correcting the nominal element abundances, derived in Section 4.2. Each iteration

begins by calculating the theoretical isochrone with fully self-consistent chemistry as detailed in

Section 4.4. However, since the available datasets only extend to the end of the main sequence

(Section 4.3), we terminate all intermediate isochrones at Teff = 3000K to avoid unnecessary

calculations of model atmospheres.

To determine the corrections in the element abundances for the next iteration, we first

compute an abundance variation grid of model atmospheres for the current isochrone. The grid

spans 5 initial stellar masses between 0.13M⊙ and 0.7M⊙ that sample the main sequence of the

cluster with approximately even intervals in the CMD. At this stage, we assume that the effect of

chemistry on the atmosphere-interior coupling is negligible and compute new model atmospheres

(Section 4.4.3) for the Teff and log10(g) of the chosen masses, based on the parameter relationships

of the current isochrone. For each stellar mass, we calculate 22 new model atmospheres with each
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of the 11 elements considered in this study perturbed by 0.5dex and −0.5dex, one element at a

time. A photometric sensitivity plot (Figure 4.5) is then produced that shows the effect of each

element on the relevant photometric colors. Since the abundance variation grids are based on the

assumption of constant atmosphere-interior coupling, we also calculate δκ for each element to

estimate our confidence in the derived correlation between colors and abundances.

The abundance corrections are then determined manually based on the current discrep-

ancies between the isochrones and the data, the photometric sensitivity plot and estimated

adjustments to the photometric sensitivity based on the δκ values and our experience with earlier

iterations. At each iteration, we follow the reductionist approach of adopting the smallest possible

number of corrections in the chemical composition to reproduce the data. In principle, the deriva-

tion of abundance corrections may be automated by introducing a quantitative goodness-of-fit

criterion, similar to the one derived in Chapter 3 for fitting a single isochrone to the CMD.

However, since there is no straightforward way to extend that criterion to simultaneous fitting of

multiple isochrones, and since the automated routine must be “trained” to take advantage of the

abundance variation grids based on experience, we chose to use human input at every iteration

instead.

A satisfactory fit was obtained after 10 iterations. The final isochrones were extended

to Teff ≳ 700K to reach the substellar regime, as required for our further analysis. For the final

ridgeline isochrone, an additional abundance variation grid was computed for 7 initial masses

below the end of the main sequence at 0.05M⊙ ≤ M ≤ 0.08M⊙. The derived photometric

sensitivity is shown in Figure 4.5. We determined that corrections in [Ti/Fe] and [O/Fe] are

sufficient to reproduce the photometric spread in both optical and infrared colors, while variations

in other abundances compared to their spectroscopic means do not offer a noticeable improvement

to the fit. While the value of [Ti/Fe] needed to be offset from its nominal value to fit the data, we

found that the observations are most consistent with a constant value of [Ti/Fe] across all three

final isochrones.
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Table 4.1. Best-fit parameters of the final isochrones for 47 Tucanae

Parameter Blue tail Ridgeline Red tail

E(B−V ) [mag] 0.04 0.04 0.04
αMLT 1.82 1.82 1.82
Age [Gyr] 11.5 11.5 11.5
[Fe/H] [dex] −0.75 −0.75 −0.75
Y 0.25 0.25 0.25
[Ti/Fe] [dex] 0.64 0.64 0.64
[O/Fe] [dex] 0.48 0.33 0.03

Note. — The abundances of individual elements
unlisted in the table are set to their nominal values,
derived in Section 4.2 and summarized in Appendix E.

The final isochrones are plotted in Figure 4.6, while their best-fit properties are summa-

rized in Table 4.1. In near infrared bands, the photometric spread noticeably overflows the red

tail isochrone around the main sequence inflection point (F160W ∼ 19mag). A similar red excess

in the optical CMD is also seen at the corresponding evolutionary phase (F160W ∼ 20.5mag),

despite the inverted [O/Fe]-color relationship. This prominent discrepancy between the data and

the model isochrones cannot be accounted for by varying any of the considered elements.

4.6 Analysis

4.6.1 Oxygen abundance

Figure 4.6 demonstrates that the near infrared photometry of the lower main sequence is

particularly sensitive to the oxygen abundance of 47 Tucanae. Here, we calculate the lower main

sequence distribution of [O/Fe] in the cluster. Each of the three isochrones shown in the figure

defines the relationship between the initial mass of the star and its position in the CMD space for
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a given oxygen abundance ([O/Fe] = 0.48dex for the blue tail isochrone, [O/Fe] = 0.33dex for

ridgeline and [O/Fe] = 0.03dex for red tail; see Table 4.1). Equivalent relationships for other

values of [O/Fe] may be approximated by interpolating or extrapolating the calculated isochrones.

It is therefore possible to define a curvilinear transformation from the CMD space in Figure 4.6

to the M− [O/Fe] space.

To obtain the desired transformation, we first generated a 1000× 300 regular grid of

synthetic stars at 1000 evenly spaced initial masses from the minimum (≈ 0.045M⊙) to the

maximum (≈ 0.875M⊙) value within the range of all three isochrones, and 300 evenly spaced

values of [O/Fe] from −0.57dex to 0.78dex. The chosen range of oxygen abundances corresponds

to tripled distances from the ridgeline oxygen abundance to the other two isochrones. Each

synthetic star was projected onto the near infrared color-magnitude plane by, first, linearly

interpolating the CMD of each of the three isochrones to the mass of the synthetic star and, second,

linearly interpolating and extrapolating the resulting three points to the oxygen abundance of the

synthetic star. The curvilinear transformation of the observed CMD of the cluster was carried out

by identifying the closest synthetic star to each real observation in the color-magnitude space, and

assigning the mass and [O/Fe] values of the closest synthetic star to the real star. This method is

unreliable above the main sequence inflection point, where all three isochrones merge and the

curvilinear transformation becomes non-unique. We carry out this analysis below the inflection

point (0.1M⊙ ≤ M ≤ 0.5M⊙), where the isochrones are well-separated, and the transformation is

accurate to 10−3 M⊙ in mass and 10−2 dex in the oxygen abundance, as estimated by applying the

transformation to 104 synthetic stars with randomly chosen masses and oxygen abundances. We

further restrict our analysis to stars that satisfy −0.27dex < [O/Fe]< 0.63dex (doubled distances

between the calculated isochrones) to avoid excessive extrapolation and to discard the occasional

outlying measurements that fell outside the range of synthetic stars.

The result of the transformation is shown in the right panel of Figure 4.7. The distribution

of [O/Fe] in selected mass bins is shown in the left panel of the figure. We note that the highest
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Figure 4.7. Left: distribution histograms of [O/Fe] in 47 Tucanae in different initial mass bins.
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at 0.1M⊙ < M < 0.4M⊙, overplotted on the distribution of spectroscopic measurements in the
literature (Section 4.2).
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Table 4.2. Comparison of synthetic and real distributions of spectroscopically inferred oxygen
abundance in 47 Tucanae

Statistic Synthetic Real

Mean 0.239 ±0.023 0.174
Standard deviation 0.252 ±0.015 0.214
5th percentile −0.190 ±0.047 −0.170
25th percentile 0.067 ±0.036 0.030
75th percentile 0.421 ±0.029 0.320
95th percentile 0.621 ±0.038 0.476

Note. — All values are quoted in dex. The in-
dicated uncertainty of the synthetic values was cal-
culated as the standard deviation across 105 Monte-
Carlo trials.

mass bin (0.4M⊙ < M < 0.5M⊙) is likely unreliable due to the proximity of the main sequence

inflection point, where the isochrone fit is noticeably poorer. The remaining mass bins are

combined into a single oxygen abundance distribution in the lower panel of Figure 4.7. A

histogram of the spectroscopic measurements of higher-mass stars (M ≳ 0.9M⊙) is plotted in the

same panel for reference.

To compare the spectroscopic and photometric abundances quantitatively, we began with

a null-hypothesis that (1) the photometric distribution is free of systematic errors and represents

the true chemistry in the lower main sequence, and (2) photometric and spectroscopic abundances

are identical, i.e. there is no dependence of [O/Fe] on stellar mass. The spectroscopic distribution

of oxygen, as described in Section 4.2, consists of 117 individual measurements with published

uncertainties. We generated 105 synthetic equivalents of the spectroscopic dataset by drawing 117

random measurements from the photometric distribution for each trial and applying simulated

Gaussian noise according to the published spectroscopic uncertainties. For each synthetic set,

we estimated the mean, standard deviation, 5th, 25th, 75th and 95th percentiles. The averages
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and spreads in those statistics across all 105 Monte-Carlo trials are summarized in Table 4.2,

alongside the equivalent values calculated for the real spectroscopic dataset.

The null-hypothesis was rejected, since the statistical parameters of the real spectroscopic

distribution fall outside the synthetic range by up to ∼ 4 standard deviations. If the systematic

errors in the photometrically inferred abundances are the dominant contributor to the estimated

discrepancy, their expected magnitude varies from ≈ 0.02dex at the oxygen-poor tail of the

distribution (inferred from the 5th percentile) to ≈ 0.15dex at the oxygen-rich tail (inferred from

the 95th percentile). We note that the latter value is comparable to the average spectroscopic

uncertainty of 0.147dex across the 117 measurements.

Alternatively, a genuine variation in chemistry with stellar mass may be responsible for

the discrepancy between spectroscopic and photometric values. Under the standard assumption

that the enriched population of 47 Tucanae is oxygen-deficient [Dickens et al., 1991], the values

of the higher percentiles are expected to be primarily determined by the oxygen content of the

primordial population, while the values of the lower percentiles would be mostly set by [O/Fe] of

the enriched population. As discussed in Section 4.1, the chemistry of the enriched population may

depend on stellar mass in concurrent formation models. We, however, disfavor this explanation,

since the spectroscopic/photometric discrepancy in Table 4.2 appears largest at the oxygen-rich

(primordial) tail of the [O/Fe] distribution, rather than the anticipated oxygen-poor (enriched) tail.

Both photometric and spectroscopic distributions in the lower panel of Figure 4.7 exhibit

a clear negative skewness (i.e. the oxygen-poor tail is longer than the oxygen-rich one). To

assess the statistical significance of this feature, we calculated the Fisher-Pearson coefficient of

skewness for both distributions, obtaining −0.22±0.03 and −0.43±0.19 for the photometric

and spectroscopic cases respectively. Hence, spectroscopic and photometric measurements are

consistent with each other, and indicate that the distribution of [O/Fe] in 47 Tucanae is indeed

negatively skewed. While both skewness estimates have high confidence, the photometric value

is vastly more statistically significant than its spectroscopic counterpart (7.3 vs ∼ 2.3 standard
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deviations, respectively), due to the number of photometric measurements (5046) exceeding the

number of spectroscopic measurements (117) by over an order of magnitude.

4.6.2 Mass function

The mass functions of globular clusters retain a footprint of their dynamical evolution

[Sollima and Baumgardt, 2017; Baumgardt and Sollima, 2017] and may vary between populations

if they have distinct kinematic properties. Furthermore, an estimate of the mass function is

required to predict the luminosity function and the CMD of the substellar sequence. In this sub-

section, we seek a mass function that can reproduce the observed F160W magnitude distribution of

47 Tucanae, assuming that the isochrones calculated earlier and the oxygen abundance distribution

derived above accurately capture the properties of the cluster. The choice of the photometric band

is motivated by the fact that the oxygen abundances were inferred from the near infrared CMD

and the fact that lower main sequence members are brighter in F160W than in F110W (Figure 4.6).

We also assumed that the mass function (ξ) is of the form of a broken power law [Kroupa, 2001]:

ξ(M) ∝


M−β, if M > Mbp

M−γ, if M ≤ Mbp

(4.2)

Here, β and γ are the power law indices in the high- and low-mass regimes respectively,

separated by the break-point stellar mass Mbp. We keep all three parameters as free variables. The

magnitude function, φ(m), where m is the apparent magnitude of the star (in our case, F160W), is

related to the mass function as in Equation 4.3:

φ(m) =−ξ(M(m))
dM(m)

dm
(4.3)

In Equation 4.3, we treat the stellar mass, M, as a function of magnitude, m, as given by

the mass-magnitude relationship provided by the isochrone. In practice, the mass-magnitude
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Figure 4.8. The observed magnitude function of 47 Tucanae in F160W with the best-fit theoretical
magnitude function in magenta. Additional magnitude functions that use only one of the theo-
retical isochrones instead of the abundance-weighted average are shown for comparison. The
displayed error bars are Poisson counting errors.

relationship is sampled at a set of masses, Mi, and magnitudes, mi, corresponding to the initial

masses of the calculated evolutionary models. We therefore rewrite Equation 4.3 in the form of

finite differences:

φ

(
mi +mi+1

2

)
=−ξ

(
Mi +Mi+1

2

)
Mi+1 −Mi

mi+1 −mi
(4.4)

Here, the magnitude function is evaluated at the mid-points between the adjacent evolu-

tionary models on the mass grid. We calculated three distinct magnitude functions for each of the

three final isochrones (red tail, blue tail and ridgeline). The magnitude function for an arbitrary

[O/Fe] can be obtained by linearly interpolating/extrapolating between the three calculated magni-
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tude functions to the desired oxygen abundance. The combined magnitude function for the entire

cluster was computed as the average of individual magnitude functions, evaluated for the oxygen

abundance of every star that satisfies 0.1M⊙ < M < 0.4M⊙ and −0.27dex < [O/Fe]< 0.63dex

(the same restrictions as in the lower panel of Figure 4.7). Finally, the magnitude function was

binned into 20 uniform bins in the range 17 < m < 24 using trapezoid integration.

To determine the parameters of the mass function, β, γ and Mbp, we applied the same

binning to the observed magnitude function in F160W and fitted the theoretical magnitude function

to the result, using least squares regression, weighted by the Poisson errors in each bin. The

observed magnitude function and the theoretical best fit are shown in Figure 4.8. The best-fit

parameters of the mass function are β = 1.55± 0.15, γ = −0.18± 0.06 and Mbp = (0.40±

0.02)M⊙. In addition to the combined magnitude function, three more theoretical magnitude

functions were calculated for the same parameters as the best fit, but using only one of the

three isochrones instead of a weighted average of all three. As seen in Figure 4.8, the scatter

among the theoretical magnitude functions is consistent with the Poisson counting errors in the

corresponding magnitude bins, suggesting that for main sequence members the distribution of

oxygen abundance has a subdominant effect on the luminosity function of the cluster.

4.6.3 Substellar population of 47 Tucanae

In this sub-section, we predict the colors, magnitudes and number densities of the brown

dwarfs in 47 Tucanae, as they may be observed with JWST NIRCam. The color-magnitude space

considered in this study is F322W2 vs F150W2 – F322W2, since brown dwarfs are most likely to

be detected in wide bands at long wavelengths due to their faint magnitudes and red colors. Our

predictions are based on the assumption that the mass function (Equation 4.2 with the best-fit

parameters in Figure 4.8), the calculated isochrones (Figure 4.6) and the inferred distribution of

chemical abundances (Figure 4.7) remain unchanged in the substellar regime.

We re-calculated the synthetic magnitude function of 47 Tucanae in 30 evenly spaced
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Figure 4.9. Top: predicted magnitude distribution of stars and brown dwarfs in 47 Tucanae at
different ages. The bright and faint peaks represent the main sequence and the brown dwarfs of the
cluster, respectively, with a clear stellar/substellar gap in between. The distribution is normalized
to the number of stars in the dataset (Section 4.3). Bottom: predicted CMD of 47 Tucanae from
the subgiant branch to the substellar sequence. Isomass lines are shown for selected masses.
The color scatter in the figure is derived from the inferred distribution of [O/Fe] near the end of
the main sequence. The inset sub-figure in the upper right corner shows the mass-magnitude
relationship for the ridgeline isochrone with the hydrogen-burning limit highlighted.
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magnitude bins between m = 15.1 and m = 28.25 in F322W2, using the best-fit mass function

parameters. The calculations were carried out for three different ages: 10Gyr, 11.5Gyr (best-fit

age) and 13.5Gyr. The resulting magnitude functions are shown in the upper panel of Figure 4.9.

At all ages, the magnitude function exhibits a clear stellar/substellar gap at m ∼ 26, where the

brown dwarf density per magnitude is reduced by nearly an order of magnitude (compared to the

maximum density within the modelled range that is predicted to occur around m = 27.5). While

the lower main sequence is virtually unaffected by the cluster age, both the turn-off point and the

substellar sequence undergo noticeable evolution.

A synthetic CMD based on the inferred oxygen abundance in Figure 4.7, the isochrones in

Figure 4.6 and the predicted mass function at 11.5Gyr is shown in the lower panel of Figure 4.9.

Lines of constant mass (isomass lines) for selected masses and −0.27dex < [O/Fe]< 0.63dex

are also shown for reference. Since the isochrones of the substellar sequence in 47 Tucanae appear

almost exactly parallel to the isomass lines, the effect of evolution on the brown dwarf colors is

highly degenerate with [O/Fe]. This presents a potential challenge to the use of brown dwarfs

as chemical tracers, since the masses of individual brown dwarfs (and, hence, their evolutionary

phases) are not a priori known. The degeneracy also reduces the observed photometric scatter,

making the substellar sequence far narrower than the main sequence in the CMD space.

The predicted mass-magnitude relationship for the ridgeline isochrone is shown in an inset

sub-figure of the lower panel of Figure 4.9 with the hydrogen-burning limit (HBL) highlighted.

We define the HBL as the mass, at which the energy output from nuclear reactions contributes

50% of the stellar luminosity at 11.5Gyr. In this case, the HBL was computed as 0.074M⊙.

4.7 Discussion

We developed a general method for determining the chemical compositions, ages and

mass functions of globular clusters from the observed CMDs in optical and near infrared bands.
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Our method relies on state-of-the-art model atmospheres and evolutionary models that are fully

self-consistent and incorporate the full set of non-solar abundances in every component, including

the interior structure and evolution, nuclear processing, atmosphere-interior coupling, atmospheric

structures and spectral synthesis. Our modelling framework was applied to the brightest mono-

metallic globular cluster 47 Tucanae. We reproduce for the first time the observed scatter in the

photometric colors of main sequence stars without any a priori assumptions of its magnitude.

We also provide the first measurements of chemical compositions for individual stars of the

lower main sequence in a globular cluster (Figure 4.7). An extension of our models to the

substellar regime predicts the expected colors and magnitudes of brown dwarfs in the cluster,

reproducing the anticipated stellar/substellar gap. The predicted brown dwarf CMD for the first

time incorporates the inferred distribution of chemical abundances. The best-fit parameters of 47

Tucanae determined in this study are listed in Table 4.1. The key findings are as follows:

• The photometric scatter of 47 Tucanae in both optical and near infrared bands can be

reproduced with unaltered average spectroscopic abundances for all elements (Appendix E)

with the exception of [O/Fe] and [Ti/Fe]. Constraining the abundances of elements other

than oxygen and titanium from the CMDs considered in this study is challenging due to the

subdominant effect of those elements on stellar atmospheres, as illustrated in Figure 4.5.

• The observed photometric scatter is predominantly driven by [O/Fe]. Our best-fit model

CMD is consistent with the absence of star-to-star variations in [Ti/Fe], in agreement with

the spectroscopic measurements and the mono-metallic nature of 47 Tucanae.

• The photometric distribution of the oxygen abundance estimated in this study (Figure 4.7)

at M < 0.4M⊙ is statistically consistent with the spectroscopic distribution, inferred from

evolved stars, under the assumption of systematic errors in the photometric estimates of

order 0.15dex. These errors are comparable to the experimental uncertainties in available

spectroscopic measurements, demonstrating that lower main sequence CMDs of globular
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clusters may be used in chemical analyses.

• The discrepancy between the spectroscopic and photometric [O/Fe] values appears largest

at the oxygen-rich tail of the distribution. If a genuine mass dependence of chemistry

makes a significant contribution to the observed discrepancy in addition to the suspected

systematic offset, the variation of [O/Fe] with stellar mass would be most prominent in

the primordial population of the cluster instead of the enriched population. Since this

conclusion contradicts the theoretical expectation, we disfavor this explanation and suggest

that the mass dependence of chemistry makes a subdominant contribution compared to the

systematic offset, if any. We therefore expect the difference in [O/Fe] between the lower

main sequence and evolved stars to be less than the estimated systematic offset of 0.15dex.

• Corroborating our previous study of ω Centauri, we confirm that the JWST CMD of 47

Tucanae is expected to have a stellar/substellar gap below the end of the main sequence,

followed by a large number of brown dwarfs (Figure 4.9, top). The gap occurs around

F322W2∼ 26mag and the maximum density of brown dwarfs within the modelling range is

attained at F322W2∼ 27mag.

• While our models indicate that the colors of brown dwarfs are highly sensitive to chem-

ical abundances (Figure 4.5), the apparent degeneracy between their isomass lines and

isochrones (Figure 4.9, bottom) will make the inference of photometric abundances chal-

lenging in the considered color-magnitude space (F322W2 vs F150W2 – F322W2).

The constraints on the mass dependence of the oxygen abundance inferred in this study

restrict the allowed parameter space of concurrent formation MP models, in agreement with

previous studies of the photometric spread near the end of the main sequence [Ziliotto et al.,

2023; Milone, 2023]. However, a detailed model of pollution as a function of stellar mass is

required to carry out a thorough evaluation of proposed concurrent formation models, which may

be challenging to derive due to the uncertain properties and evolution of circumstellar disks.
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Future observations of the substellar sequences in nearby globular clusters, including 47

Tucanae, might extend the mass baseline of photometric analysis by nearly an order of magnitude

and explore the abundances of other elements such as carbon and nitrogen that are far more

important in the atmospheres of brown dwarfs than main sequence stars (Figure 4.5). The

aforementioned isomass-isochrone degeneracy suggests that the luminosity function of brown

dwarfs in globular clusters needs to be considered in conjunction with the CMD when deriving

photometric chemical abundances. We further emphasize that JWST and HST bands other than

the ones considered here may be more sensitive to chemical variations in substellar atmospheres,

necessitating a follow-up study that explores all possible color combinations rather than a small

subset of filters used in this chapter of the dissertation.

We note that the predicted substellar CMD of 47 Tucanae in Figure 4.9 was calculated

under the assumption that the variation in [O/Fe] alone is sufficient to reproduce the photometric

scatter. While this assumption was shown to be accurate for the main sequence stars, it likely has

limited validity in the substellar regime and a more accurate theoretical CMD may be obtained by

calculating additional isochrones that incorporate the spectroscopically inferred scatter in other

elements.

If the spectroscopic/photometric discrepancy discussed here and in Section 4.6.1 is

primarily caused by systematic offsets, their nature must be investigated in a future study, e.g., by

comparing the synthetic spectra to observations of nearby metal-poor low-mass stars and brown

dwarfs.

Chapter 4, in full, is being prepared for submission to the Astrophysical Journal Series

2023, authored by Roman Gerasimov, Adam J. Burgasser, Ilaria Caiazzo, Derek Homeier, Harvey

Richer, Matteo Correnti and Jeremy Heyl. The dissertation author is the primary investigator of

this study.
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Chapter 5

Conclusion

5.1 Summary of findings

This dissertation explored the chemical evolution of the universe from the early metal-free

Population III stars emerging some 100 Myr after the beginning of time, to the Milky Way

globular clusters ω Centauri and 47 Tucanae that contain some of the oldest stars in our galaxy

and retain the archaeological record of its assembly.

The study of each of the three environments was based on newly calculated evolutionary

models and model atmospheres that were specifically tailored to the expected properties of

these stellar populations. Most notably, the models of Population III stars capture the extreme

non-equilibrium radiation fields in the metal-free atmospheres that cause significant ultraviolet

excess in the spectral energy distribution, while the models of UCDs in globular clusters account

for the peculiar chemistry of these objects, including its effect on the chemical equilibrium,

opacity, cloud formation and transport, and atmosphere-interior coupling. In each case it was

unambiguously demonstrated that the commonly adopted generic modelling techniques, such

as the use of grey atmospheres for Population III stars or solar metallicity models for globular

clusters, are not adequate to address the problems at hand.
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The overarching theme of this dissertation is the importance of ongoing and future JWST

observations, as well as other next-generation facilities, in the upcoming studies of chemical

evolution. In Chapter 2, it was demonstrated that Population III stars can be observed directly at

redshifts ≲ 12 under favourable gravitational lensing (µ ∼ 104), if their masses exceed 100 M⊙.

We note that lensing events of this magnitude have already been observed [Chen et al., 2022], the

range of redshifts is believed to be dominated by Population III stars [Bromm et al., 2009], and

the required mass range matches the classical formation scenario, where the fragmentation scale

is determined by the lowest roto-vibration level of molecular hydrogen in the absence of metal

coolants [Abel et al., 2000]. In both ω Centauri and 47 Tucanae, as well as other nearby globular

clusters, JWST can discern the onset and, possibly, the peak of the substellar sequence under

the assumption that the initial mass function does not change significantly between the stellar

and substellar regimes. This assumption is almost certainly justified at least for the highest-mass

brown dwarfs, since the lowest-temperature stellar members with only marginally larger masses

have already been detected in abundance with both HST and JWST, and the star formation process

that sets the initial mass function operates before hydrogen ignition.

The key advantage of studying the ancient stellar populations with stellar modelling is

the “behind-the-scenes” insight into the inner workings of stars and brown dwarfs that cannot be

obtained from more data-driven techniques such as atmospheric retrieval [Madhusudhan, 2018].

Particularly noteworthy findings of this dissertation that may be attributed to this category include

the following:

1. Despite their metal-free nature, Population III stars are able to fuse hydrogen through the

CNO cycle at masses above 16 M⊙, since the conditions in their hot cores are sufficient to

create the necessary amount of metals using the triple-α process.

2. Around the mass of 6 M⊙, Population III stars enter an intricate balance between the

intensity of short-wavelength out-of-equilibrium radiation from the deep layers of the
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atmosphere and the absorption of same wavelengths by the second excited state of helium

that results in a brief inversion of the color-magnitude trend, such that the star gets redder at

higher temperatures. This feature of the CMD (the helium loop) may serve as a diagnostic

of the helium mass fraction.

3. The hydrogen-burning limit in the enriched population of globular clusters like ω Centauri

may be 10%−15% lower than its Population I value (≳ 0.075 M⊙, [Baraffe et al., 1998])

due to the large helium mass fraction (Y ≈ 0.4) despite the much lower metallicity of the

cluster. This reduction may potentially allow objects as cold as Teff ∼ 1800 K to remain

stellar.

4. The photometric difference between primordial and enriched brown dwarfs in globular

clusters is nearly degenerate with the effect of stellar mass, giving the substellar sequence

a narrower appearance on the CMD despite the fact that JWST colors may vary by over

0.5 mag between populations for a fixed mass.

The studies of ω Centauri in Chapter 3 and 47 Tucanae in Chapter 4 provide a framework

for inferring the chemical abundances of globular clusters by fitting theoretical isochrones to the

observed multiband photometry of the lower main sequence. In each case, I was able to obtain

detailed abundances of key elements, including oxygen and titanium, by exploiting the different

effects these elements have on the spectral energy distribution of stars with different masses.

Most importantly, for 47 Tucanae I was able to recover the distribution of [O/Fe] near the end of

the main sequence without any posterior assumptions of the existence of multiple populations or

the expected chemical spread. This technique has an affordable computational cost (∼ 105 CPU

hours per population) and can be adapted to any globular cluster or coeval stellar population in

the future.
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5.2 Implications for the origin of multiple populations

The main findings related to the issue of multiple populations in globular clusters are as

follows:

1. The spread of oxygen abundance near the end of the main sequence of 47 Tucanae is closely

comparable to that inferred from the spectroscopic observations of post-main sequence

members.

2. The titanium abundance does not vary noticeably among main sequence stars.

3. The inferred oxygen distribution displays a high degree of asymmetry.

4. The luminosity functions of both 47 Tucanae and ω Centauri are consistent with identical

initial mass functions in both primordial and enriched populations.

The consistency of the chemical spread between main and post-main sequence members

indicates that the operating chemical enrichment mechanism is insensitive to the initial stellar

mass between ≲ 0.1 M⊙ and ≲ 0.9 M⊙. Since accretion on both circumstellar disks and stellar

atmospheres is expected to depend strongly on the stellar mass [Bondi, 1952; Carpenter et al.,

2006; Ohtani and Tsuribe, 2013], I conclude that multiple generation models are most consistent

with the observations. Therefore, the chemical peculiarity of the enriched population was most

likely already present in the interstellar gas at the onset of formation of the second generation

of stars. Furthermore, turbulent separation [Hopkins, 2014] is unlikely to have played a key

role in the observed chemical scatter, since the asymmetry of the inferred oxygen distribution

implies that the total number of oxygen atoms in the cluster was not conserved by the enrichment

mechanism.
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5.3 Future work

While the stellar models presented in Chapter 2 already capture many of the key physical

processes that operate in metal-free stars, the following improvements are required to realistically

simulate the high-redshift environment where these stars originate:

1. Population III stars likely existed in galaxies, which are easier to detect with JWST than

individual stars due to the combined luminosity of the large number of members. Since

the properties and evolution of stars are set by their initial masses, the expected spectral

energy distribution of the early galaxies and its redshift dependence will be strongly

regulated by the initial mass function. Extracting the Population III mass function from

high-redshift galactic surveys requires distinguishing the Population III contribution from

that of other luminous sources such as the first Population II stars. The short lifetimes of

Population III stars and high metallicity yields of their supernova explosions [Schneider

et al., 2006b] ensure that even at very high redshifts, the contribution of Population II stars

to the combined luminosity remains significant [Sarmento et al., 2018; Xu et al., 2013].

A comprehensive mass function-dependent model of the spectral energy distribution in

Population III-dominated galaxies can be developed by combining the existing simulations

of star formation and feedback (e.g., Sarmento and Scannapieco [2022]; Riaz et al. [2022])

with detailed stellar models such as the ones presented in Chapter 2. The predictions

calculated in this framework would be directly comparable to the future surveys of z ≳ 10

galaxies with JWST, and will provide constraints on both the early evolution of the initial

mass function and the chemical enrichment mechanisms that contributed the first metals in

the universe.

2. While individual Population III stars may form up to z = 6 or later in surviving metal-free

pockets of the universe [Trenti et al., 2009], the competing formation rate of Population II

stars favours the search for these objects at pre-ionization redshifts (z ≳ 9, Sarmento et al.
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[2018]) to avoid cross-contamination. The neutral interstellar gas around Population III

stars of that epoch absorbs the emergent flux blueward of the Lyman α wavelength [Meiksin,

2006] and reprocesses it into longer wavelengths in the form of nebular emission that can

be included in the spectral model. The observed spectral energy distribution will have both

stellar and nebular components. The specific weight of each component depends on the

ability of Population III stars to expel the surrounding gas beyond the virial radius of the

underlying dark matter halo through radiative feedback [Johnson et al., 2009b], which, in

turn, depends on the initial mass function. The uncertain nature of the Population III mass

function requires consideration of all possible regimes.

The first tentative detection of a brown dwarf in 47 Tucanae was recently announced

[Nardiello et al., 2023]. The ongoing [Bedin et al., 2021; Caiazzo et al., 2021] and future

observations of globular clusters with JWST will likely reveal many more substellar members in

these unique environments. In Chapters 3 and 4, I demonstrated that the luminosity function of

the substellar sequence is sensitive to the cluster age. Therefore, an independent age diagnostic of

globular clusters may be obtained from these future observations. While the effect of chemical

peculiarities on the colors of brown dwarfs appears degenerate with stellar mass (Chapter 4), the

extreme sensitivity of cool atmospheres to atomic abundances is expected to translate into the

substellar luminosity function instead. As such, future observations may be sensitive to more

subtle variations in the initial mass function between individual sub-populations.

Finally, it is important to note that our understanding of the complex processes responsible

for the observed UCD spectra remains incomplete. While the chemical abundances of the enriched

population are almost exclusive to globular clusters, direct comparisons of synthetic spectra to

chemically peculiar ultracool subdwarfs in the galactic halo [Burgasser, 2014] may still be highly

valuable. The spectroscopic observations from large-scale surveys of Population II stars (e.g., the

galactic archaeology component of the Subaru Prime Focus Spectrograph survey, [Takada et al.,

2014]) may be particularly suitable to establish the sought comparison baseline.
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5.4 Afterword

The oldest globular clusters in the Milky Way may have formed over 13.5 Gyr ago. Over

the last century of astronomical research, their members were promoted to the status of the first

stars in the universe, only to be demoted shortly after to give way to Population III competitors.

But even if globular clusters do not represent the primordial stellar population themselves, they

have definitely “experienced” that population firsthand through its radiative feedback. I find

it even more remarkable that globular clusters are almost certainly the oldest objects that can

be observed with an unaided eye. In the same year when Walter Baade first defined stellar

populations, Tennessee Williams famously wrote that “time is the longest distance between

places”. It is perhaps safe to assume that neither of them realized just how close they could see to

the beginning of time by simply looking up.

The prospect of observing the first stars at high redshift and the recent progress in the field

of galactic archaeology are a clear reminder that our stellar past is not lost but merely scrambled

and in need of more sophisticated analysis. The framework for inferring the properties of stellar

populations from multiband photometry presented in this dissertation contributes yet another

instrument to that analysis. It is my hope that in no-so-distant future, the early days of our galaxy

will be no more obscured than ancient globular clusters on a dark starry night.
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Appendix A

Model parameters of Population III stars

Table A.1 lists the defining parameters and convergence criteria of all ATLAS-9 model

atmospheres calculated in Chapter 3. Initial masses are sampled logarithmically between 1 M⊙

and the estimated Eddington limit (820 M⊙). The corresponding stellar radii, luminosities,

effective temperatures and surface gravities are calculated using Eqs. 2.1, 2.2, 2.4 and 2.5 as well

as the best-fit parameters in Table 2.1. Only the effective temperature and surface gravity are

used as inputs to model atmospheres. The final convergence is parameterized in terms of the

maximum absolute flux error and the maximum absolute flux derivative error with respect to the

depth-integrated mass density (see [Kurucz, 1970]). Flux errors and flux derivative errors are used

to calculate the temperature corrections between iterations using the Avrett and Krook [1963]

scheme at large optical depths and the Λ-iteration scheme ([Böhm-Vitense, 1964], [Mihalas,

1978, Ch. 3-3]) at shallow optical depths, respectively. All models calculated in this study meet

the standard convergence target of flux error below 1% and flux derivative error below 10%

[Sbordone and Bonifacio, 2005; Mészáros et al., 2012].
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Table A.1. Parameters of Population III models calculated in this study

Init. Mass Eff. Temp. Gravity Radius Lum. Max Flux Max Flux
M [M⊙] Teff [K] log10(g) R [R⊙] log10(L/L⊙) Err. [%] Der. Err. [%]

1.000 7180 4.550 0.879 0.267 0.24 6.58
1.124 8047 4.581 0.900 0.485 0.62 1.54
1.264 9000 4.612 0.921 0.700 0.61 3.11
1.421 10045 4.642 0.942 0.911 0.71 7.49
1.597 11189 4.673 0.964 1.118 0.76 8.30
1.796 12437 4.704 0.987 1.322 0.78 7.88
2.019 13796 4.734 1.010 1.523 0.85 6.84
2.270 15273 4.765 1.034 1.719 0.79 5.00
2.551 16873 4.796 1.058 1.912 0.84 3.89
2.868 18602 4.827 1.083 2.102 0.74 4.94
3.225 20466 4.857 1.108 2.288 0.58 5.76
3.625 22472 4.888 1.134 2.471 0.53 5.73
4.075 24623 4.919 1.161 2.650 0.45 5.17
4.582 26924 4.949 1.188 2.825 0.35 4.50
5.151 29381 4.980 1.216 2.997 0.34 3.23
5.790 31996 5.011 1.245 3.165 0.31 1.63
6.510 34772 5.042 1.274 3.330 0.23 1.31
7.318 37712 5.072 1.304 3.491 0.24 0.93
8.227 40817 5.103 1.334 3.648 0.28 0.60
9.249 44087 5.134 1.365 3.802 0.31 0.65

10.398 47521 5.164 1.397 3.953 0.32 0.47
11.690 51118 5.195 1.430 4.100 0.32 0.36
13.141 54874 5.226 1.464 4.243 0.27 0.27
14.774 58785 5.256 1.498 4.383 0.24 0.23
16.609 62432 5.276 1.554 4.519 0.20 0.26
18.672 65238 5.270 1.658 4.652 0.18 0.31
20.991 68031 5.265 1.769 4.781 0.17 0.46
23.598 70799 5.260 1.887 4.906 0.15 0.49
26.529 73528 5.254 2.013 5.028 0.12 0.56
29.825 76205 5.249 2.148 5.147 0.14 0.59
33.529 78819 5.243 2.291 5.261 0.15 0.70

Continued on next page
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Table A.1 (continued)

Init. Mass Eff. Temp. Gravity Radius Lum. Max Flux Max Flux
M [M⊙] Teff [K] log10(g) R [R⊙] log10(L/L⊙) Err. [%] Der. Err. [%]

37.694 81355 5.238 2.445 5.373 0.21 0.74
42.376 83800 5.233 2.608 5.480 0.26 0.75
47.639 86143 5.227 2.783 5.584 0.20 0.84
53.557 88369 5.222 2.969 5.685 0.22 1.09
60.209 90467 5.216 3.167 5.782 0.17 1.15
67.688 92425 5.211 3.379 5.875 0.21 1.08
76.095 94232 5.206 3.605 5.965 0.22 0.93
85.547 95878 5.200 3.846 6.052 0.23 0.69
96.172 97352 5.195 4.103 6.134 0.23 0.64

108.118 98647 5.189 4.378 6.214 0.23 0.65
121.547 99754 5.184 4.671 6.289 0.26 0.53
136.645 100666 5.179 4.983 6.361 0.31 0.45
153.617 101379 5.173 5.317 6.430 0.37 0.51
172.698 102000 5.168 5.672 6.497 0.44 0.59
194.149 102624 5.162 6.052 6.563 0.47 0.60
218.264 103253 5.157 6.456 6.630 0.40 0.49
245.375 103885 5.152 6.888 6.697 0.46 0.54
275.853 104521 5.146 7.349 6.764 0.32 0.38
310.117 105160 5.141 7.840 6.831 0.19 0.26
348.637 105804 5.136 8.365 6.898 0.13 0.26
391.941 106452 5.130 8.924 6.964 0.15 0.39
440.624 107103 5.125 9.521 7.031 0.18 0.43
495.354 107759 5.119 10.158 7.098 0.19 0.41
556.881 108419 5.114 10.838 7.165 0.22 0.44
626.052 109082 5.109 11.562 7.232 0.25 0.48
703.814 109750 5.103 12.336 7.299 0.30 6.53
791.234 110422 5.098 13.161 7.365 0.37 7.67
820.200 110629 5.096 13.425 7.386 0.60 4.59

158



Appendix B

Evolutionary configuration for ω Centauri

Table B.1 lists all MESA v15140 settings employed in Chapter 3 that differ from their

default values. The initial settings were adopted from Choi et al. [2016]. The boundary condition

tables for atmosphere-interior coupling were then replaced with the tables calculated in this study

as detailed in Section 3.3. Since the setup in Choi et al. [2016] is based on the older version

of MESA (v7503), some of the settings were replaced with their modern equivalents. Finally, all

parameters that have insignificantly small effect on the range of stellar masses considered in this

study (e.g. nuclear reaction networks) were restored to MESA defaults.

Table B.1. Configuration options chosen in evolutionary models calculated in this study

Parameter Value Explanation
Zbase Same as initial_z Nominal metallicity for opacity calcu-

lations
kap_file_prefix

kappa_lowT_prefix

kappa_CO_prefix

a09

lowT_fa05_a09p

a09_co

Opacity tables pre-computed for the so-
lar abundances in Asplund et al. [2009]
which match the abundances adopted
in this study the closest. Also follow-
ing Choi et al. [2016]

create_pre_main-

_sequence_model

True Begin evolution at the PMS, following
[Choi et al., 2016]

Continued on next page
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Table B.1 (continued)

Parameter Value Explanation
pre_ms_T_C 5×105 K Initial central temperature for the PMS,

following [Choi et al., 2016]
atm_option T_tau for the first 100

steps and table after
that

Boundary conditions for the
atmosphere-interior coupling. Use
grey atmosphere temperature relation
initially, following [Choi et al., 2016],
then switch to custom atmosphere
tables

atm_table tau_100 Use pre-tabulated atmosphere-interior
coupling boundary conditions at the op-
tical depth of τ = 100

initial_zfracs 0 Use custom initial abundances of ele-
ments

initial_z Metal mass fraction cor-
responding to the popula-
tion of interest

[M/H] is converted to metal mass frac-
tion using the abundances in Tables 3.1
and 3.2 as well as solar baseline abun-
dances in Table C.1

initial_y 0.4 Enhanced helium mass fraction, Y =

0.4, considered in this study
z_fraction_* Abundances of all ele-

ments corresponding to
the population of interest

Enhancements in Tables 3.1 and 3.2 as
well as solar baseline abundances in
Table C.1

initial_mass Range from ∼ 0.03 M⊙

to ∼ 0.5 M⊙

Evolutionary models are calculated
from the lowest mass covered by the
atmosphere grid to the upper limit of ∼
0.5 M⊙ where the atmosphere-interior
coupling scheme can no longer be used

max_age 13.5 Gyr Terminate evolution at 13.5 Gyr for all
stars as the maximum expected age of
cluster members

mixing_length_alpha 1.82 scale heights Convective mixing length determined
by solar calibration in Choi et al.
[2016]

Continued on next page

160



Table B.1 (continued)

Parameter Value Explanation
do_element_diffusion True Carry out element diffusion
diffusion_dt_limit 3.15×107 s but disabled

in fully convective stars
Minimum time step required by MESA

to calculate element diffusion. The de-
fault value, 3.15×107 s, is changed to
a much larger number, 3.15× 1016 s,
once the mass of the convective core is
within 0.01 M⊙ of the mass of the star
to suppress diffusion in fully convec-
tive objects due to poor convergence
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Appendix C

Solar abundances

In this appendix, we list the solar element abundances adopted in this study for both

atmosphere and evolutionary models (Table C.1). Solar abundances are presented as logarithmic

(dex) number densities compared to hydrogen whose abundance is set to 12.00 dex exactly.

All elements omitted in the table were not included in the modeling. The abundances listed

here correspond to hydrogen, helium, and metal mass fractions of X = 0.714, Y = 0.271 and

Z = 0.015 respectively.

Table C.1. Solar abundances adopted in this study

Symbol Element Abundance Error Reference
H Hydrogen 12.00 – (1)
He Helium 10.98 0.01 (2)
Li Lithium 3.26 0.05 (4)
Be Beryllium 1.38 0.09 (3)
B Boron 2.79 0.04 (4)
C Carbon 8.50 0.06 (6)
N Nitrogen 7.86 0.12 (6)
O Oxygen 8.76 0.07 (6)
F Fluorine 4.56 0.30 (3)

Ne Neon 8.02 0.09 (8)
Continued on next page
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Table C.1 (continued)

Symbol Element Abundance Error Reference
Na Sodium 6.24 0.04 (3)
Mg Magnesium 7.60 0.04 (3)
Al Aluminium 6.45 0.03 (3)
Si Silicon 7.51 0.03 (3)
P Phosphorus 5.46 0.04 (6)
S Sulfur 7.16 0.05 (6)
Cl Chlorine 5.50 0.30 (3)
Ar Argon 6.40 0.13 (5)
K Potassium 5.11 0.09 (6)
Ca Calcium 6.34 0.04 (3)
Sc Scandium 3.15 0.04 (3)
Ti Titanium 4.95 0.05 (3)
V Vanadium 3.93 0.08 (3)
Cr Chromium 5.64 0.04 (3)
Mn Manganese 5.43 0.041 (3)
Fe Iron 7.52 0.06 (6)
Co Cobalt 4.99 0.07 (3)
Ni Nickel 6.22 0.04 (3)
Cu Copper 4.19 0.04 (3)
Zn Zinc 4.56 0.05 (3)
Ga Gallium 3.04 0.09 (3)
Ge Germanium 3.65 0.10 (3)
As Arsenic 2.30 0.04 (4)
Se Selenium 3.34 0.03 (4)
Br Bromine 2.54 0.06 (4)
Kr Krypton 3.25 0.06 (5)
Rb Rubidium 2.36 0.03 (4)
Sr Strontium 2.87 0.07 (3)
Y Yttrium 2.21 0.05 (3)
Zr Zirconium 2.62 0.06 (7)
Nb Niobium 1.46 0.04 (3)

Continued on next page

1The uncertainty in Mn abundance differs between the preprint (arXiv:0909.0948) and published versions of
Asplund et al. [2009] by 0.01 dex. The latter is presented here.
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Table C.1 (continued)

Symbol Element Abundance Error Reference
Mo Molybdenum 1.88 0.08 (3)
Ru Ruthenium 1.75 0.08 (3)
Rh Rhodium 1.06 0.04 (4)
Pd Palladium 1.65 0.02 (4)
Ag Silver 1.20 0.02 (4)
Cd Cadmium 1.71 0.03 (4)
In Indium 0.76 0.03 (4)
Sn Tin 2.04 0.10 (3)
Sb Antimony 1.01 0.06 (4)
Te Tellurium 2.18 0.03 (4)
I Iodine 1.55 0.08 (4)

Xe Xenon 2.24 0.06 (5)
Cs Caesium 1.08 0.02 (4)
Ba Barium 2.18 0.09 (3)
La Lanthanum 1.10 0.04 (3)
Ce Cerium 1.58 0.04 (3)
Pr Praseodymium 0.72 0.04 (3)
Nd Neodymium 1.42 0.04 (3)
Sm Samarium 0.96 0.04 (3)
Eu Europium 0.52 0.04 (3)
Gd Gadolinium 1.07 0.04 (3)
Tb Terbium 0.30 0.10 (3)
Dy Dysprosium 1.10 0.04 (3)
Ho Holmium 0.48 0.11 (3)
Er Erbium 0.92 0.05 (3)
Tm Thulium 0.10 0.04 (3)
Yb Ytterbium 0.92 0.02 (4)
Lu Lutetium 0.10 0.09 (3)
Hf Hafnium 0.87 0.04 (6)
Ta Tantalum −0.12 0.04 (4)
W Tungsten 0.65 0.04 (4)
Re Rhenium 0.26 0.04 (4)
Os Osmium 1.36 0.19 (6)

Continued on next page
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Table C.1 (continued)

Symbol Element Abundance Error Reference
Ir Iridium 1.38 0.07 (3)
Pt Platinum 1.62 0.03 (4)
Au Gold 0.80 0.04 (4)
Hg Mercury 1.17 0.08 (4)
Tl Thallium 0.77 0.03 (4)
Pb Lead 2.04 0.03 (4)
Bi Bismuth 0.65 0.04 (4)
Th Thorium 0.08 0.03 (6)
U Uranium −0.54 0.03 (4)

Note. — (1) – Hydrogen abundance is 12.00 by definition. (2) – Helium PMS abun-
dance calibrated to the initial helium mass fraction of Y = 0.27±0.01 as estimated from
an ensemble of solar models in literature calibrated to observed photospheric metallic-
ity, luminosity and helioseismic frequencies [Christensen-Dalsgaard, 1998; Boothroyd
and Sackmann, 2003]. (3) – Present day spectroscopic photospheric abundances from
Asplund et al. [2009], Table 1. (4) – Meteoritic abundances from Asplund et al. [2009],
Table 1. (5) – Present day indirect photospheric abundances from Asplund et al. [2009],
Table 1. (6) – Present day spectroscopic photospheric abundances from Caffau et al.
[2011b], Table 5. (7) – Present day spectroscopic photospheric abundance of zirconium
from Caffau et al. [2011a], (8) – Present day spectroscopic photospheric abundance of
neon inferred from a representative sample of B-type stars [Takeda et al., 2010].
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Appendix D

Photometric catalog for ω Centauri

We include with this dissertation an astro-photometric catalogue of measured sources

in the HST imaged fields, and multi-band atlases for each filter. The main catalogue (filename:

Catalog) includes right ascensions and declinations in units of decimal degrees; as well as

VEGAMAG magnitudes in F606W, F814W, F110W and F160W before zero-pointing and differential

reddening corrections. The last three columns contains flags to differentiate unsaturated and

saturated stars for F606W and F814W filters and a proper motion-based flag to distinguish between

field stars and cluster members.

Four additional catalogues R-I_vs_I.dat, J-H_vs_H.dat, C_RIH_vs_H.dat and I-H_-

vs_J.dat contain differential reddening-corrected, zero-pointed colours and magnitudes dia-

grams in the mF606W −mF814W vs mF814W, mF110W −mF160W vs mF160W, (mF606W −mF814W)−

(mF814W −mF160W) vs mF160W, and mF814W −mF160W vs mF110W observational planes. All four

files have the same number of entries and ordering as the main catalogue with one-to-one

correspondence.

Finally, for each filter we provide two additional files containing the estimated photometric

errors (F606W_err.dat, F814W_err.dat, F110W_err.dat and F160W_err.dat) and complete-

ness (F606W_comp.dat, F814W_comp.dat, F110W_comp.dat and F160W_comp.dat) computed
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in each half-magnitude bin.

We also release the atlases of the imaged field in each of the four filters. These atlases

consist of stacked images produced with two sampling versions: one atlas sampled at the nominal

pixel resolution and one atlas sampled at 2×-supersampled pixel resolution. The stacked images

adhere to standard FITS format and contain headers with astrometric WCS (World Coordinate

System) solutions tied to Gaia Early Data Release 3 astrometry [Gaia Collaboration et al., 2021].

We provide a single stacked view for each of F606W and F814W fields, and two stacked views for

each of F110W and F160W fields separated into short and long exposure images.

The catalogues and atlases are available online1.

1https://web.oapd.inaf.it/bedin/files/PAPERs_eMATERIALs/wCen_HST_LargeProgram/P05/
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Appendix E

Nominal composition of 47 Tucanae

Table E.1 lists the nominal composition of 47 Tucanae adopted in this work, based

on spectroscopic observations of giant and sub-giant members of the cluster in the literature.

The derivation of the abundances listed in the table is described in Section 4.2. The physical

member-to-member spread provided in the table (s(X)) was calculated using Equation 4.1.
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Table E.1. Average chemical composition of 47 Tucanae inferred from spectroscopic
measurements in literature

Best estimate Unc. Physical spread # of measurements Reference(s)

[Fe/H] −0.75 0.01 − 281 (1)(2)(3)
[Al/Fe] 0.35 0.01 0.06 195 (1)(2)(3)
[Ba/Fe] 0.25 0.07 − 13 (1)
[C/Fe] −0.25 0.01 0.10 70 (3)
[Ca/Fe] 0.26 0.01 − 162 (1)(2)
[Ce/Fe] −0.04 0.10 − 11 (1)
[Co/Fe] −0.00 0.02 − 13 (1)
[Cr/Fe] −0.04 0.03 − 13 (1)
[Cu/Fe] −0.14 0.10 − 13 (1)
[Dy/Fe] 0.70 0.07 − 13 (1)
[Eu/Fe] 0.44 0.01 − 150 (1)(2)
[La/Fe] 0.20 0.01 − 144 (1)(2)
[Mg/Fe] 0.35 0.01 − 87 (1)(3)
[Mn/Fe] −0.19 0.04 − 13 (1)
[Mo/Fe] 0.55 0.04 − 13 (1)
[N/Fe] 0.85 0.05 0.33 54 (3)
[Na/Fe] 0.27 0.01 0.15 236 (1)(2)(3)
[Nd/Fe] 0.04 0.07 − 13 (1)
[Ni/Fe] −0.06 0.01 − 174 (1)(2)(3)
[O/Fe] 0.18 0.02 0.16 117 (1)(2)
[Pr/Fe] −0.03 0.06 − 13 (1)
[Ru/Fe] 0.50 0.04 − 13 (1)
[Sc/Fe] 0.21 0.05 − 13 (1)
[Si/Fe] 0.32 0.01 − 222 (1)(2)(3)
[Ti/Fe] 0.34 0.01 − 163 (1)(2)
[V/Fe] 0.17 0.04 − 13 (1)
[Y/Fe] 0.07 0.05 − 13 (1)
[Zn/Fe] 0.26 0.04 − 13 (1)
[Zr/Fe] 0.41 0.06 0.10 13 (1)

Note. — All values are quoted in dex with respect to solar abundances. (1) – Thygesen et al.
[2014]. (2) – Cordero et al. [2014]. (3) – Marino et al. [2016].
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and G. W. Preston. Cluster AgeS Experiment: The Age and Distance of the Globular Cluster ω

Centauri Determined from Observations of the Eclipsing Binary OGLEGC 17. AJ, 121(6):
3089–3099, June 2001. doi:10.1086/321084.

I. B. Thompson, A. Udalski, A. Dotter, M. Rozyczka, A. Schwarzenberg-Czerny, W. Pych,
Y. Beletsky, G. S. Burley, J. L. Marshall, A. McWilliam, N. Morrell, D. Osip, A. Monson,
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