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The full-spectrum correlated-k-distribution (FSCK) look-up table previously developed by the authors
Wang et al. (2018) provides an efficient means for accurate calculations of radiative properties of gas-
soot mixtures. Except for those of soot, radiative properties of particles are impossible to tabulate in
FSCK look-up tables since particles of different compositions and sizes may have different local temper-
atures. In order to combine the radiative properties of particles with those of gas-soot mixtures from the
FSCK look-up table, two schemes named gas FSK-particle FSK (FSK-FSK) and gas FSK-particle Gray (FSK-
Gray) schemes, are proposed. The FSK-FSK scheme employs the correlation principle to obtain the radia-
tive properties of gas-particle mixtures in FSCK form on-the-fly while the FSK-Gray scheme uses the
Planck-mean absorption coefficient to represent particle spectral behavior. Several radiative heat transfer
calculations across a 1D slab are carried out to test the accuracy of the two schemes. Furthermore, radia-
tive heat transfer in a realistic coal flame and a scaled version of it are determined to validate the perfor-
mance of the developed scheme. Results show that use of either scheme gives results of excellent
accuracy with extremely low computational cost compared to benchmark line-by-line results.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Due to its dependence on the fourth power in temperature,
radiative heat transfer is the dominant heat transfer mode during
combustion of solid fuels, e.g., pulverized or fluidized bed coal
combustion [1–7]. Therefore, a high-fidelity radiation model
accounting for radiative contributions from both gas phase and
particulate phase is of great importance for in-depth insight of
solid combustion simulations. This leads to the need of accurate
characterization of radiative properties for both gases and
particles.

Radiative properties of gases, mainly CO2, H2O and CO, display
very strong spectral or ‘nongray’ behavior across the spectrum in
high-temperature environments [8,9]. The most accurate models
for radiative properties are the so-called line-by-line (LBL) calcula-
tions [10], which require absorption coefficients at over one mil-
lion wavenumbers and, therefore, make them prohibitive in
practical simulations because of the huge computational power
required. An excellent alternative model named full-spectrum k-
distribution (FSK) method was proposed by Modest [11] based
on the reordering concept. With spectral integration performed
using k-distributions across an artificial spectrum, the FSK method
can reduce the number of radiative transfer equation (RTE) evalu-
ations from over one million to around ten without losing accu-
racy. To avoid the cumbersome processes of both assembling and
mixing k-distributions, Wang et al. [12] constructed an FSK look-
up table that can be applied in nonhomogeneous gaseous media
over a large range of thermodynamic states, and can achieve near
LBL accuracy, but at a tiny fraction of the LBL computational cost.

As an intermediate particulate species during most combustion
scenarios, soot plays a very important role in radiation [13,14].
Since soot particles are very small, they are generally at the same
temperature as the flame, which means the k-distributions of soot
can be weighted by the same Planck function as those of gases.
Moreover, the most commonly used correlations for calculations
of radiative properties of soot [15] are linearized with soot volume
fraction. This allows radiative properties of soot to be included in

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2019.03.149&domain=pdf
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Nomenclature

a nongray stretching function in FSK method, –
f full-spectrum k-distribution, m
fv volume fraction, –
fA projected area per unit volume, m�1

g cumulative full-spectrum k-distribution, –
I radiative intensity, W/(m2 sr)
k absorption coefficient variable, m�1

m complex index of refraction, m = n - ik
p total pressure, bar
q radiative heat flux, W/m2

T temperature, K
ŝ direction vector, –
r radial length, m
V cell volume, m3

x mole fraction, –
z axial length, m

Greek symbols
d(�) Dirac-Delta function, –
/ vector of local thermodynamic state variables, –
g wavenumber, m�1

jg spectral absorption coefficient, m�1

jP Planck-mean absorption coefficient, m�1

r Stefan-Boltzmann constant, 5.67 � 10�8 W/(m2�K4)
rs scattering coefficient, m�1

U scattering phase function, –
X solid angle, sr

Subscripts
b blackbody
C cell-based

Superscripts
0 reference state

Abbreviations
FSK full-spectrum k-distribution
FSCK full-spectrum correlated-k-distribution
LBL line-by-line
RTE radiative transfer equation
WSGG weighted sum of gray gases
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the FSK look-up table together with those of gases using the same
Planck function. The relevant work was done byWang et al. [16,17]
and, more recently, they developed an updated full-spectrum
correlated-k-distribution (FSCK) look-up table [18] including CO2,
H2O, CO and soot, which provides a more efficient alternative to
calculate the radiative properties of gas-soot mixtures.

Other types of important particles are the relatively large coal
and fly ash particles formed during combustion. Different from
soot, these particles may not have the same temperature as the
flame. Therefore, accurate description of the radiative properties
of multi-phase mixtures with different temperatures for each
phase using the FSK method is impossible, since the k-
distributions of these particles cannot be weighted by the same
Planck function as those of gases. In addition, the correlations used
for the calculations of radiative properties of particles, e.g., the cor-
relations proposed by Buckius and Hwang [19] or Mengüç and Vis-
kanta [20], are nonlinear with particle size, complex index of
refraction and irradiating wavelength. Consequently, tabulation
of radiative properties based on the FSK method for gas-particle
mixtures in different local temperatures becomes a Herculean task.

Considering the outstanding advantages of the FSK method,
combining the radiative properties of gases and particles using
the FSK method is attractive and desirable, but only a few attempts
have been made, and it remains difficult to achieve good perfor-
mance in both accuracy and efficiency for the predictions of radia-
tive properties of gas-particle mixtures using the FSK method. For
example, Cai et al. [21] proposed an absorption coefficient regres-
sion scheme to determine ‘effective’ k-values across a narrow-band
and then directly added them to the gas k-distributions of that
narrow-band. While near LBL accuracy can be achieved, use of
the regression scheme is time-consuming due to cumbersome
assembly. Another example was given by Guo et al. [22,23] who
combined the features of the FSK method with the weighted sum
of gray gases (WSGG) method to calculate radiative properties
for fly ash without increasing computational complexity. However,
relative errors for the radiative heat source in their work were as
high as 15% compared to the LBL solution.

To overcome this dilemma, two schemes are proposed to com-
bine the radiative properties of particles with those of gas-soot
mixtures from the FSCK look-up table. Employing both schemes,
radiative properties of gas-particle mixtures can be directly
obtained by combining the particulate part from on-the-fly calcu-
lations with the gas-soot part from the FSCK look-up table. Radia-
tive calculations for 1D slabs and a realistic coal flame were carried
out to test the performance of the two schemes, demonstrating
their validity in both accuracy and efficiency.

2. Theoretical background

2.1. Full-spectrum correlated-k-distribution

A full-spectrum k-distribution is a reordered absorption coeffi-
cient that accounts for the variation of the Planck function and is
defined as [24]

f T;/ðkÞ ¼
1

IbðTÞ
Z 1

0
IbgðTÞdðk� jgð/ÞÞdg ð1Þ

where jg is the spectral absorption coefficient calculated from a
spectroscopic database; k is the nominal absorption coefficient vari-
able, which has the same range as jg; dð�Þ is the Dirac-Delta func-
tion; / is a vector of thermodynamic state variables for gas-soot
mixtures including pressure, temperature and species concentra-
tion; f T;/ðkÞ is a Planck-function-weighted k-distribution with
absorption coefficient evaluated at the local state / and a Planck
function temperature T; Ib and Ibg are the Planck function and the
spectral Planck function, respectively; g is the wavenumber.

The cumulative full-spectrum k-distribution is defined as

gT;/ðkÞ ¼
Z k

0
f T;/ðk0Þdk0 ð2Þ

Thus, g represents the fraction of the spectrum whose absorp-
tion coefficient lies below the value of k and, therefore,
0 6 g 6 1. Inverting Eq. (2), a smooth, monotonically increasing
function, kT;/ðgÞ, can be obtained, with minimum and maximum
values identical to those of the absorption coefficients.

To apply the FSK method to a nonhomogeneous mixture, radia-
tive properties need to be transformed into a unified reference g-
space (g0), which is usually achieved by employing the correlation
principle as follows
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gT;/0 ðkÞ ¼ gT;/ðk�Þ ð3Þ

and the FSK based on Eq. (3) is the so-called full-spectrum
correlated-k-distribution (FSCK) method.

2.2. Multiphase radiative transfer equation

The multiphase RTE includes terms for both the gas phase and
the particulate phase. Consider a gas-particle mixture with parti-
cles grouped into N different phases according to their material
and/or sizes with i = 1, 2, . . ., N and, in particular, let i = 0 be the
gas-soot mixture since it is at the same temperature during com-
bustion. Therefore, particles in the following context refer to those
excluding soot. Particles of different sizes possess different radia-
tive properties and may have different temperatures due to differ-
ent reaction rates and responses to heat transfer. The spectral RTE
at wavenumber g including absorption, scattering and multiple
temperature emission for a gas-particle mixture may be stated as
[24]

dIg
ds

¼
XN
i¼0

jg;iIbgðTiÞ �
XN
i¼0

jg;iIg �
XN
i¼1

rs;iIg þ
XN
i¼1

rs;i

4p

�
Z
4p

Igðŝ0ÞUiðŝ; ŝ0ÞdX ð4Þ

where scattering from the gas-soot mixture is neglected and the
scattering coefficient rs as well as the phase function U are
assumed to be gray. This treatment follows the work of Modest
and Riazzi [25] who demonstrated that gray scattering coefficients
and phase functions are valid approximations even for extremely
nongray scatters. In this work, the spectral absorption coefficients
are obtained from a LBL database [26] for gas (updated to
HITEMP2010 [27]) and correlations [15] for soot; for coal and fly
ash particles, the radiative properties are calculated using correla-
tions proposed by Buckius and Hwang [19]. Since the soot correla-
tion employs a spectrally varying index of refraction, it is
nonlinearly dependent on spectral variable, the soot absorption
coefficients used here are nongray and not linearly proportional
to the spectral variable. The Buckius-Hwang correlations present
spectral correlations for the absorption coefficient of particles in
terms of the complex index of refraction and the size parameter.
Here, a constant complex index of refraction is assumed for each
particulate phase, hence the spectral dependence of the complex
index of refraction for particles is neglected. However, particles
are still nongray due to their spectrally-dependent size parameters.

3. Combination of radiative properties for gas-particle mixtures

In principle, the radiative properties of gas-particle mixtures
can be combined on the spectral level as given by Eq. (4) as long
as LBL calculations are carried out at many wavenumbers. Because
of the huge computational cost, this scheme referred to as the gas
LBL-particle LBL or the LBL-LBL scheme is only used for benchmark
solutions in this work.

During combustion, particles may have different temperatures
than the gas and, therefore, the reordering process given by Eq.
(1) cannot be carried out with a single Planck function. The only
way to obtain radiative properties of gas-particle mixtures in the
FSK form appears to be directly mixing the individual k-
distributions of gas and those of particles. While some mixing
schemes have been proposed, e.g., the multiplication scheme [28]
and the uncorrelated scheme [25], they are only valid for gases.
In the following, details are developed how to add individual k-
distributions of particles to those of gas-soot mixtures from the
FSCK look-up table, which will be referred to as the gas FSK-
particle FSK or the FSK-FSK scheme. In addition, a simpler method
using radiative properties from the FSCK look-up table together
with gray particles is also given, which is referred to as the gas
FSK-particle Gray or the FSK-Gray scheme.

3.1. FSK-FSK scheme

The FSK method is generally based on reordering of mixture
absorption coefficients that share the same thermodynamic state.
This causes a problem for gas-particle mixtures since they may
possess different temperatures during combustion, for which the
absorption coefficients jg;i in the emission term, i.e., first term on
the right hand of Eq. (4), cannot be simply added up. On the other
hand, an inspection of the spectral distribution of absorption coef-
ficients for both gases and particles, shown in Fig. 1, reveals that
the spectral complexities are mostly due to the gas phase. Since
the purpose of reordering is to simplify spectral complexities,
reordering will be done for the absorption coefficients of gas-soot
mixtures only. In nonhomogeneous media, this is achieved by mul-
tiplying the RTE with the Dirac-Delta function and then integrating
over the full spectral range:Z 1

0
�½ �d k0ð/0Þ � jg;0ð/0Þ� �

dg ð5Þ

where /0 represents a reference state of gas-soot mixtures and k0 is
equivalent to jg;0 at /0. Each term in Eq. (4) can then be reordered
as follows:

(1) Intensity gradient

Z 1

0

dIg
ds

d k0ð/0Þ � jg;0ð/0Þ� �
dg

¼ d
ds

Z 1

0
Igd k0ð/0Þ � jg;0ð/0Þ� �

dg ¼ dIk
ds

ð6Þ

where

Ik ¼
Z 1

0
Igd k0ð/0Þ � jg;0ð/0Þ� �

dg ð7Þ

(2) Emission

R1
0

PN
i¼0jg;iIbgðTiÞ

� �
d k0ð/0Þ � jg;0ð/0Þ� �

dg

¼ PN
i¼0

R1
0 jg;ið/ iÞIbgðTiÞd k0ð/0Þ � jg;0ð/0Þ� �

dg

ffi PN
i¼0k

�
i ð/iÞ

R1
0 IbgðTiÞd k0ð/0Þ � jg;0ð/0Þ� �

dg

¼ PN
i¼0k

�
i ð/iÞf Ti ;/0 ðk0ÞIbðTiÞ

ð8Þ

where k�i represents a correlated k-value for phase i and /i (i P 1) is
a vector of state variables for particles including particle tempera-
ture, size and volume fraction. The approximation made in the third
line is due to employment of the correlation principle, assuming the
absorption coefficient of the gas-soot mixture at the reference state
/0 to be correlated with absorption coefficients for both gas-soot
mixtures and particles at their local state /i. In practical applica-
tions, this correlation is always violated to some degree and may
become a major source of error.

(3) Absorption

� R1
0

PN
i¼0jg;iIg

� �
d k0ð/0Þ � jg;0ð/0Þ� �

dg

¼ �PN
i¼0

R1
0 jg;ið/ iÞIgd k0ð/0Þ � jg;0ð/0Þ� �

dg

ffi �PN
i¼0k

�
i ð/ iÞ

R1
0 Igd k0ð/0Þ � jg;0ð/0Þ� �

dg

¼ �PN
i¼0k

�
i ð/iÞIk

ð9Þ



, cm-1

, c
m

-1

0 3000 6000 9000 12000 15000
10-4

10-3

10-2

10-1

100

101

CO2

H2O
CO
Particle 1
Particle 2
Particle 3

p = 1 bar, T = 600 K, xCO2 = xH2O =xCO = 0.05, mParticle = 2.2-1.12i

fv = 10-3, r = 200 m

fv = 10-4, r = 2 m

fv = 0.3, r = 600 m

Fig. 1. Spectral absorption coefficients of CO2, H2O and CO in nitrogen as well as typical particles across spectrum.
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where the correlated principle employed in the derivation of the
emission term is also used here.

(4) Scattering

R1
0 �PN

i¼0rs;iIgþ
PN

i¼0
rs;i
4p

R
4p Igðŝ0ÞUiðŝ; ŝ0ÞdX

� �
d k0ð/0Þ�jg;0ð/0Þ� �

dg

¼�PN
i¼1

R1
0 rs;iIgd k0ð/0Þ�jg;0ð/0Þ� �

dg

þPN
i¼1

rs;i
4p

R
4p

R1
0 Igðŝ0Þd k0ð/0Þ�jg;0ð/0Þ� �

dgUiðŝ; ŝ0ÞdX
¼�PN

i¼1rs;iIkþ
PN

i¼1
rs;i
4p

R
4p Ikðŝ0ÞUiðŝ; ŝ0ÞdX

ð10Þ
Combining the above terms, the reordered RTE becomes

dIk
ds

¼
XN
i¼0

k�i ð/iÞf Ti ;/0 ðk0ÞIbðTiÞ �
XN
i¼0

k�i ð/ iÞIk �
XN
i¼1

rs;iIk þ
XN
i¼1

� rs;i

4p

Z
4p

Ikðŝ0ÞUiðŝ; ŝ0ÞdX ð11Þ

Dividing by the k-distribution at the reference state /0 of gas-
soot mixtures, the multiphase RTE can be written in the FSCK form
as

dIg
ds

¼
XN
i¼0

k�i ðg0ÞaTi ;T0ðg
0ÞIbðTiÞ �

XN
i¼0

k�i ðg0ÞIg �
XN
i¼1

rs;iIg þ
XN
i¼1

� rs;i

4p

Z
4p

Igðŝ0ÞUiðŝ; ŝ0ÞdX ð12Þ

where g0 represents the reference g-space, and

Ig ¼ Ik=f T0 ;/0 ðk0Þ ¼
R1
0 Igd k0ð/0Þ � jg;0ð/0Þ� �

dg
f T0 ;/0 ðk0Þ ð13Þ

aTi ;T0ðg
0Þ ¼ f Ti ;/0 ðk0Þ

f T0 ;/0 ðk0Þ ¼
dgTi ;/

0 ðk0Þ
dgT0 ;/0ðk0Þ ð14Þ

In order to determine correlated k-values for gas-soot mixtures,
i.e., k�0ðg0Þ in Eq. (12), the latest implementation [18] is employed,
the heart of which was to employ the correlation principle twice so
that total emission is conserved. Based on this idea, the FSCK look-
up table including CO2, H2O, CO and soot has been constructed,
providing an accurate and efficient database for directly obtaining
k�0ðg0Þ.

While there is no available database for correlated k-values of
particles, i.e., k�i ðg0Þ when i P 1 in Eq. (12), they can be calculated
on-the-fly following the same idea. As a start, the employment of
the correlation principle gives
gT0 ;/0 ¼ gT0 ;/i
ð15Þ

which means the reference g-space is only related to the Planck
function temperature regardless of the vector of state variables. This
provides an approximate method to manipulate the correlated k-
values of gas-soot mixtures and those of particles in the g-space
determined by the reference temperature of gas-soot mixtures.

Since the k-distributions of particles always belong to the g-
space determined by their local temperatures, it is required to
map those k-distributions into the reference g-space. This can be
achieved by employing two interpolations

kT0 ;/iðT0 Þ gT0 ;/iðT0Þ

� ������������!1st interpolation
gTi ;/iðT0Þ kT0 ;/iðT0 Þ

� ������������!2ndinterpolation
kTi ;/i ðTiÞ gTi ;/iðT0 Þ

� �

ð16Þ
where for clarity, the particle state /i is written out here to show
one of its sub-variables, i.e., particle temperature. This process of
interpolations is analyzed in detail in [18] and briefly described
here for completeness. The first interpolation is to find g-values

on the kTi ;/iðT0Þ gTi ;/iðT0Þ

� �
distribution according to k-values on the

kT0 ;/iðT0Þ gT0 ;/iðT0Þ

� �
distribution, which is theoretically accurate since

the k-distributions of kTi ;/iðT0Þ gTi ;/iðT0Þ

� �
and kT0 ;/iðT0Þ gT0 ;/iðT0Þ

� �
share

the same k-values. The second interpolation is to determine corre-

lated k-values on kTi ;/iðTiÞ gTi ;/iðTiÞ
� �

distribution (local k-

distribution) according to the g-values found in the first interpola-
tion. It should be noted that absorption coefficients of particles
are independent of temperature when using constant and gray

complex indices of refraction. This means kTi ;/ iðTiÞ gTi ;/ iðTiÞ
� �

is

exactly the same as kTi ;/iðT0Þ gTi ;/iðT0Þ

� �
and, therefore, the second

interpolation is theoretically accurate as well. Then, the correlated
k-values of particles can be expressed as

k�i ðg0Þ ¼ kTi ;/iðTiÞ gT0 ;/iðT0Þ

� �
¼ kTi ;/iðTiÞ gTi ;/iðT0Þ

� �
; i P 1 ð17Þ

where the second term is a full expression of k�i ðg0Þ and the last
term gives the expression of correlated k-values using the above
interpolations.

Correspondingly, the a-values of particles using the correlation
principle shown in Eq. (14) can be expressed as

aTi ;T0 ðg
0Þ ¼ dgTi ;/i

ðkÞ
dgT0 ;/i

ðkÞ ; i P 1 ð18Þ

Employing the above correlated k-values and the a-values, the
total emission term for particles i can be written as



Table 1
Calculation conditions.

RTE solver P1

Reference solution LBL-LBL scheme
Gas-soot correlated-k From the FSCK look-up

table
Particle correlated-k On-the-fly calculation
Particle Planck-mean absorption coefficient On-the-fly calculation
Particle Planck-mean scattering coefficient On-the-fly calculation
Quadrature for FSK calculations 32-point Gauss quadrature

Complex index of refraction Char 2.20–1.12i
Bituminous 1.85–0.22i
Fly ash 1.50–0.02i

x, m

, W
/m

3

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
2.2

2.25

2.3

2.35

2.4

2.45

2.5

2.55

LBL-LBL
FSK-Gray (G)
FSK-Gray (GP)
FSK-FSK (G)
FSK-FSK (GP)

×106 p = 1 bar, Tgas = 1000 K, xCO2 = 0.1

Tparticle = 1500 K, d = 200 μm, fv = 10-3

∇
⋅q

Fig. 2. Comparison of negative radiative heat sources across 1D slab using different
methods with reference state of FSK method evaluated using gas phase only (G) or
including gas-particulate phase (GP).
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R 1
0 k�i ðg0ÞaTi ;T0 ðg0ÞIbðTiÞdg0

¼ IbðTiÞ
R 1
0 kTi ;/iðTiÞ gTi ;/iðT0Þ

� �
dgTi ;/i ðkÞ
dg

T0 ;/i
ðkÞdgT0 ;/i

ðkÞ

¼ IbðTiÞ
R 1
0 kTi ;/i

gTi ;/i

� �
dgTi ;/i

ðkÞ ¼ jP;iðTiÞIbðTiÞ; i P 1

ð19Þ

where jP represents the Planck mean absorption coefficient and the
total emission is conserved.

To sum up, the FSK-FSK calculations for particles require two

raw particulate k-distributions, i.e., kT0 ;/iðT0Þ gT0 ;/iðT0Þ

� �
and

kTi ;/iðT0Þ gTi ;/iðT0Þ

� �
, two interpolations for correlated k-values and

one additional interpolation for a-values. The raw particulate k-
distributions are directly generated from the absorption coeffi-
cients of particles calculated on-the-fly. Due to the relatively gentle
spectral behavior, the resolution for the absorption coefficients of
particles is set to 100 cm�1, at which LBL emission still provides
high accuracy. This guarantees efficient on-the-fly calculations
for obtaining correlated k-values for particles without any changes
to the FSCK look-up table.

3.2. FSK-Gray scheme

Considering the fact that the absorption coefficients of particles
display simple spectral behavior, as shown in Fig. 1, it is natural to
carry out a straightforward FSK-Gray scheme that only takes into
account of the spectral behavior for gas-soot mixtures using the
FSK method and treats particles as gray. The RTE shown in Eq.
(12) can then be simplified to

dIg
ds

¼ k�0ðg0ÞaT0 ;T0 ðg0ÞIbðT0Þ � k�0ðg0ÞIg þ
XN
i¼1

jP;iIbðTiÞ

�
XN
i¼1

jP;iIg �
XN
i¼1

rs;iIg þ
XN
i¼1

rs;i

4p

Z
4p

Igðŝ0ÞUiðŝ; ŝ0ÞdX ð20Þ

In FSK-Gray calculations, the correlated k-values of gas-soot
mixtures are still obtained from the FSCK look-up table while the
Planck mean absorption coefficients for particles are calculated
on-the-fly using absorption coefficients with the same resolution
mentioned in Section 3.1. Therefore, the use of FSK-Gray scheme
still does not require changes to the FSCK look-up table

4. Reference state

As mentioned in Section 2.1, radiative properties of gas-soot-
particle mixtures in nonhomogeneous media require a single refer-
ence state /0, derived from which a unified g0 can be determined
for solving Eqs. (12) or (20). Therefore, the choice of /0 is very
important and should be optimized for any given problem. For a
gas-soot mixture at constant total pressure, the reference state is
generally evaluated as [24]

x0 ¼ 1
V

Z
V
xdV ð21Þ

jP;0ðT0; x0ÞIbðT0Þ ¼ 1
V

Z
V
jP;0ðT0; xÞIbðT0ÞdV ð22Þ

where x represents a vector including mole fractions for different
gas species and volume fraction for soot. Eqs. (21) and (22) indicate
that the reference gas mole fraction and soot volume fraction are
volume-averaged and the reference temperature is a Planck-mean
temperature based on average emission from gas-soot mixture in
the entire volume. This evaluation of reference state was recom-
mended for nonhomogeneous particulate media in [21], in which
the results suggested that the choice of reference state was not sen-
sitive to the particle state variables. However, it was found that sig-
nificant errors may arise if the reference state only considers the
gas-soot mixture in nonhomogeneous particulate media. Conse-
quently, a new reference state for nonhomogeneous particulate
media is proposed here that employs the same reference gas mole
fraction and soot volume fraction as given in Eq. (21), but a different
reference temperature evaluated as

jP;0ðT0; x0ÞIbðT0Þ þPN
i¼1jP;iðT0;v0

i ÞIbðT0Þ
¼ 1

V

R
V jP;0ðT0;xÞIbðT0Þ þ

PN
i¼1jP;iðTi; viÞIbðTiÞ

h i
dV

ð23Þ

where vi represents a vector including particle projected area per
unit volume and volume fraction for phase i; v0

i can be calculated
by the same volume averaged method as used in Eq. (21). Thus,
the reference temperature becomes a Planck-mean temperature
based on total emission from both gas-soot mixture and particles.

In order to test the quality of these two possible reference tem-
peratures, radiation in a nonhomogeneous gas-particle mixture
across a 1D slab bounded by two parallel black cold walls is consid-
ered. The gas phase has 10% CO2 and 90% N2 at 1000 K. The parti-
cles are char at 1500 K with a uniform diameter of 200 lm and
volume fraction of 10�3. Other calculation conditions are shown
in Table 1. The negative radiative heat sources using different
methods are shown in Fig. 2. For all FSK schemes, the reference
mole fraction of CO2 is 0.1. The reference temperature for the
FSK-Gray (G) and FSK-FSK (G) schemes is calculated by Eq. (22)
which is 1000 K while that for the FSK-Gray (GP) and FSK-FSK
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(GP) schemes is calculated by Eq. (23) which attains a higher value
of 1418 K. The results using the FSK-Gray (G) or the FSK-FSK (G)
schemes show large discrepancies, which mainly results from
ignoring the particulate phase in the reference state. In contrast,
both FSK-Gray (GP) and FSK-FSK (GP) schemes give almost identi-
cally good results compared to the LBL-LBL scheme. This illustrates
that Eq. (23) is more appropriate for FSK calculations in nonhomo-
geneous particulate media and is used in this work.
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5. Results and discussion

In order to verify the schemes proposed in Section 3, radiative
calculations for 1D slabs and a realistic coal flame are carried
out, with emission and negative radiative heat source r�q pre-
dicted using both the FSK-FSK scheme and the FSK-Gray scheme.
Total pressure is 1 bar and other calculation conditions can be
found in Table 1.
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Fig. 3. Comparisons of emission and negative radiative heat source using different
methods for Case A.
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Fig. 4. Comparisons of emission and negative radiative heat source using different
methods for Case B.
5.1. Sample calculations

To demonstrate the accuracy of the schemes in nonhomoge-
neous gas-particle fields 1D slabs bounded by two parallel black
cold walls are considered. The slabs are geometrically divided into
two equal-width layers filled with gas-soot-particle mixtures. For
all four test cases, the left layer has a temperature of 1000 K for
particles and 1200 K for a gas-soot mixture comprised of 5% CO2-
10% H2O-10% CO-75% N2 and a soot volume fraction of 10�6, while
the right layer has a temperature of 2000 K for particles and 1800 K
for a gas-soot mixture containing 10% CO2-20% H2O-5% CO-65% N2

and a soot volume fraction of 5 � 10�7. The particles here are char
with particle volume fractions and sizes listed in Table 2. Most of
these configurations were proposed in [21] to approximate both
unburned and burning gas-particle environments in typical pulver-
ized and fluidized-bed coal combustion conditions. For large parti-
cle volume fractions, the test layer thicknesses are reduced due to
large optical thicknesses.

Figs. 3–6 show distributions of both emission and r�q across
the slabs using the FSK-Gray and the FSK-FSK schemes compared
against those of benchmark LBL calculations. The correlated k-
values of gas-soot mixtures from the FSCK look-up table and those
of particles, in principle, preserve the emission term, which is
demonstrated by the well overlapped emission terms obtained
from the LBL and FSK calculations in these figures.

For all cases, r�q in the left (cold) layer near the interface devi-
ates significantly from the emission spectrum at the local temper-
ature since incident radiation at those locations is dominated by
strong emission from the right (hot) layer, where noticeable errors
in the FSK calculations may occur. Away from the interface in the
cold layer, such deviation is reduced. This phenomenon is barely
observed in the hot layer because emission from the cold layer is
negligible. Hence, the problem approaches the case of a stand-
alone homogeneous hot layer and the results for r�q in this layer
using both schemes are almost error-free compared to benchmark
LBL results.
Table 2
Layer width (l), particle diameter (d) and particle volume fraction (fv) for 1D cases.

Case Left layer Right layer

l, m d, lm fv l, m d, lm fv

A 0.05 200 10�3 0.05 100 2.5 � 10�4

B 0.05 2 10�4 0.05 0.4 10�5

C 0.005 600 0.6 0.005 400 0.05
D 0.005 600 0.3 0.005 400 0.1
The noticeable errors for r�q in the cold layer using the FSK-
Gray scheme mainly come from the employment of the correlation
principle for gas-soot mixtures and ignoring spectral behavior for
particles while those using the FSK-FSK scheme are due only to
the employment of the correlation principle for both gas and par-
ticulate phases. From Figs. 3 to 6, it can be observed near the center
of slab that the departures from LBL calculations using the FSK-
Gray scheme are relatively larger than those using the FSK-FSK
scheme. For pulverized coal cases, Cases A and B, shown in Figs. 3
and 4, the results using the FSK-FSK scheme almost fully overlap
with the benchmark results, illustrating that errors from the
employment of the correlation principle can be ignored. This also
means the errors using the FSK-Gray scheme stem mainly from
ignoring the spectral behavior of particles, but the increase in error
is minimal. For fluidized-bed coal cases, Cases C and D, shown in
Figs. 5 and 6, emission from particles dominates because of the sig-
nificantly increased particulate volume fraction, for which the
effects of ignoring spectral behavior for particles on the accuracy
become a little more severe. However, the FSK-Gray scheme still
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Fig. 5. Comparisons of emission and negative radiative heat source using different
methods for Case C.

x, m

E
m

is
si

on
 o

r 
, W

/m
3

0 0.002 0.004 0.006 0.008 0.01

-6

-3

0

3

6

9

LBL-LBL
FSK-Gray
FSK-FSK

×108

Emission

q

∇
⋅q

Fig. 6. Comparisons of emission and negative radiative heat source using different
methods for Case D.

Table 3
CPU time comparisons of generating spectral
properties for particles at 100 thermodynamic
states based on different schemes.

Scheme CPU (s)

LBL-LBL 46.25
FSK-Gray 0.005
FSK-FSK 0.06
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accurately predicts the trends of r�q. While small errors due to
employment of the correlation principle or/and ignoring spectral
behavior of particles remain, both FSK schemes give excellent pre-
dictions of radiative heat sources in nonhomogeneous particulate
media.

To test the efficiency, CPU times for generating particle absorp-
tion coefficients used in the LBL-LBL calculations, the particle cor-
related k-values used in the FSK-FSK schemes and the particle
Planck-mean absorption coefficients used in the FSK-Gray scheme
at arbitrary thermodynamic states are compared. The pressure is
fixed at 1 bar and the temperature range for arbitrary thermody-
namic states is from 300 K to 3000 K. Particles with volume frac-
tions ranging from 0 to 0.6 and diameters ranging from 1 lm to
500 lm are included in the generation. In the LBL-LBL calculations,
the resolution of absorption coefficients is set to 0.01 cm�1 in order
to trace all possible spectral complexities in the gas phase; while in
FSK calculations for particles, 100 cm�1 is verified to be able to give
error-free Planck-mean absorption coefficients compared to that
calculated by the absorption coefficients with high resolution. As
expected, the CPU cost for LBL calculations is largest as shown in
Table 3. Due to the assembly of two k-distributions as well as the
interpolation process, the CPU time for the FSK-FSK scheme is lar-
ger than that for the FSK-Gray scheme. During radiative calcula-
tions, generating particle k-distributions only consumes a small
portion of total CPU time and, therefore, the increment of CPU cost
for the FSK-FSK scheme should be acceptable in practical applica-
tions, as demonstrated in the following section.

5.2. Flame calculations

To further test accuracy as well as efficiency of the FSK-FSK
scheme, radiative heat transfer for a realistic coal flame is calcu-
lated. The target configuration is a laboratory-scale pulverized-
coal flame with the central air jet entraining bituminous coal par-
ticles into the hot flue gas [29]. This flame has been studied in a
wide range of coal combustion focusing on ignition and pyrolysis
characteristics [30], turbulence models [31], chemistry [32] and
radiation effects [2]. To model this coal flame, a Eulerian-
Lagrangian method implemented in OpenFOAM-2.3.x is used with
the carrier gas modeled by Eulerian equations and the particles
tracked in a Lagrangian framework. The computational mesh
employed in this work is a 10� axisymmetric wedge consisting of
15,000 hexahedral cells with a single cell thick in the azimuthal
direction. For gas phase combustion, a systematically reduced
methane mechanism [32] is used to model the kinetics. Other
physical models and numerical algorithms used here are the same
as those used in [2]. It should be noted that the purpose of this
modelling is not to resolve the flame details quantitatively with
sophisticated turbulence and combustion models, but to demon-
strate the validity of both the FSK-Gray and the FSK-FSK schemes
in a realistic flame. Hence, only quasi-steady time-average profiles
shown in Fig. 7 are used for radiative calculation comparisons, i.e.,
turbulence-radiation interaction is not considered.

To determine the radiative heat sources for the Eulerian mesh,
radiative properties of the Lagrangian particles are required for
each cell. Assuming a number of J particles to be located in cell i,
the cell-based volume fraction f v ;C and the projected area per unit
volume f A;C are expressed as

f v ;C ¼
XJ

j¼1

f v;j ð24Þ

f A;C ¼
XJ

j¼1

f A;j ð25Þ

With cell-based projected area per unit volume, the cell-based
particle temperature Tc can be calculated in a manner that con-
serves emission of particles located in the same cell, i.e.,

j�f A;CrT
4
C ¼

XJ

j¼1

j�f A;jrT
4
j ð26Þ

which gives

Tc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPJ
j¼1f A;jT

4
j

f A;C

4

vuut ð27Þ
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where j� is the nondimensional absorption coefficient calculated by
the Buckius and Hwang correlations [19], which depends on the
complex index of refraction and a mean particle diameter deter-
mined by f v;C and f A;C. During combustion particles composed of
pristine coal or ash rarely exist; most coal particles are partially
burnt, especially for the laboratory-scale pulverized coal flame
studied here. Therefore, a model to calculate the complex index of
refraction of partially burnt coal particles is needed. Here, a
binary-switch model is used, where the complex index of refraction
is switched to that of the fly ash when only 5% of the cell-based ini-
tial mass of the solid carbon remains.

Employing the cell-based radiative properties of particles
together with those of gases, volumetric emission and the negative
radiative heat source,r�q, are determined using both the FSK-Gray
and the FSK-FSK schemes without feedback to the flame. The LBL-
LBL calculations provide a reference solution. Fig. 8 gives the
results for both volumetric emission and r�q as well as the distri-
bution of state variables at two axial locations. During combustion,
the Lagrangian particles are discretely distributed across the
domain as shown in the right most part of Fig. 7, indicating that
some cells may be filled with a large number of particles while
others are not or even without particles. This explains why the
cell-based volumetric emission and r�q show oscillating behavior
at the locations where particles exist.

At z = 0.05 m, the coal particles have not ignited and are still
being heated by the hot gases. While the temperatures of particles
are lower than those of the gas phase, emission from particles is
appreciable as compared to that from the hot gas. This is because
the large cell-based projected area per unit volume as shown in
Fig. 8a results in large absorption coefficients for particles. Near
the axis at z = 0.05 m where there is strong self-absorption, the
FSK-Gray scheme gives relatively large errors for the prediction
of r�q due to the gray assumption for particles. Even the FSK-FSK
scheme incurs some errors close to the axis. The reason is that
the correlation principle for particles is greatly challenged in low
temperature environments, for which the radiative contributions
can be neglected. At most locations across z = 0.05 m (Fig. 8b), both
the FSK-Gray and FSK-FSK schemes give excellent predictions of
the radiative heat source compared to the benchmark LBL
calculations.

As seen from Fig. 7, the coal particles are ignited at approxi-
mately z = 0.13 m, downstream of which a continuous flame begins
to develop. It is indispensable to test the FSK-FSK scheme in these
regions and the location of z = 0.25 m is chosen in this work as a
representative example as shown in Fig. 8c and d. Since char oxida-
tion produces additional heat along the flame front, the particle
temperature at z = 0.25 m has a maximum of 500 K above that of
surrounding gas; correspondingly, most of the emission is from
particles. However, due to the small size of this coal flame, self-
absorption of particles tends to be near zero such that r�q almost
overlaps with emission. The same phenomenon is found at other
axial locations where the coal particles are burning. While it is hard
to test the accuracy of the FSK schemes at z = 0.25 m for the predic-
tion of r�q, the overlapped emission using different schemes still
illustrate that both FSK schemes can be applied to laboratory-
scale coal flames.

Since optical thicknesses in boilers with coal combustion are
generally very large, it is expected to test the FSK-FSK scheme in
cases where self-absorption of particles is significant. This is
achieved by enlarging the original coal flame shown in Fig. 7 with
mesh size in each direction increased by a factor of 20. Similarly,
the same scaling is applied to the particles’ coordinates and other
parameters remain unchanged. Radiative heat transfer is recalcu-
lated using the different schemes and the results at z = 5 m (scaling
from z = 0.25 m by a factor of 20) are shown in Fig. 9. Since state
variables are unchanged, emission shown in Fig. 9 is exactly the
same as in Fig. 8d. With the increased optical thicknesses, particles
absorb a large amount of emission, especially at locations close to
the axis. It can be seen from Fig. 9 that the results ofr�q using both
the FSK-Gray and the FSK-FSK schemes overlap very well with the
reference LBL calculations at most locations along the radial direc-
tion, which illustrates that treating particles as gray is definitely
valid for practical applications. Thus, both the FSK-Gray and the
FSK-FSK schemes are the safe choices to predict radiative heat
sources for realistic flames with one particulate phase.

Moreover, to test the performance of both schemes in multi-
phase particulate media, the scaled case shown in Fig. 9 is recalcu-
lated by treating the coal as two separate particulate phases, i.e.,
unburned char and fly ash. For each particulate phase, the cell-
based volume fraction and projected area per unit volume are cal-
culated based on their own mass fractions. The complex indices of
refraction for char and fly ash can be found in Table 1. Other calcu-
lation conditions remain the same as those used in Fig. 9. Because
of different treatment of coal particles, the LBL-LBL scheme for two
particulate phases gives different results compared to that for one
particulate phase as shown in Fig. 10a. Results using the two FSK
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schemes for the two-phase case are also included in Fig. 10b, in
which all FSK calculations show excellent agreement with the
benchmark LBL-LBL results. This demonstrates that both FSK-
Gray and FSK-FSK schemes can be applied to multiphase particu-
late media.

CPU times using different schemes for the scaled coal flame are
compared in Table 4. Because of approximately one million evalu-
ations of the RTE, the LBL-LBL calculations for both 1 phase and 2
phases require a large amount of CPU time; the double calculations
of one million particle absorption coefficients for 2 phases
increases CPU significantly. For calculations using both FSK
schemes, only 32 RTE evaluations are employed here, leading to
considerable savings in CPU time. A 32-point quadrature scheme
was chosen to assure negligible quadrature errors, while 8 points
should suffice in most practical applications. While generation of
particle k-distributions for the FSK-FSK scheme consumes addi-
tional CPU time as shown in Table 3, the difference in CPU cost
for flame calculations between the FSK-Gray scheme and the
FSK-FSK scheme is minor. The reason is that the CPU time used
for calculations of particle spectral properties is tiny and most of
the CPU time is used for gas k-distribution generations and RTE
evaluations. This also explains the reason why increasing the num-
ber of particulate phases incurs only minor additional CPU cost for
both FSK schemes. Therefore, the FSK-Gray scheme and the FSK-
FSK scheme can be treated to be equally efficient for realistic appli-
cations. Together with the accuracy discussions above, both the
FSK-Gray and FSK-FSK schemes are appropriate for use in nonho-
mogeneous particulate media.
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Table 4
CPU time comparisons of radiative calculations for the scaled coal flame case using
different schemes.

Scheme Number of particulate phase CPU (s)

LBL-LBL 1 0.72 � 106

2 1.09 � 106

FSK-Gray 1 4.95
2 5.21

FSK-FSK 1 5.35
2 5.87
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6. Conclusions

In this work, two schemes, i.e., gas FSK-particle FSK (FSK-FSK)
and gas FSK-particle Gray (FSK-Gray) schemes were developed
for the treatment of nongray spectral properties in nonhomoge-
neous multi-phase media with individual temperatures for each
phase. The FSK-FSK scheme employs the correlation principle to
combine correlated k-values of gas-soot mixtures from an FSCK
look-up table with those of particles calculated on-the-fly, while
the FSK-Gray scheme treats particles as gray and directly employs
the Planck-mean absorption coefficients of particles for radiative
calculations. Since the spectral properties for particles are calcu-
lated on-the-fly, use of either scheme does not require any changes
to the FSCK look-up table nor increases its size. Both accuracy and
efficiency were verified for the two schemes using several sample
calculations and a realistic coal flame simulation.

While most test cases in this work involve only two solid
phases, the theoretical derivation of both FSK schemes was pre-
sented for an arbitrary number of solid phases. This is indicated
by the subscript i in those derivations and the scenarios for multi-
ple solid phases are the same as those for a single solid phase.
Employment of the correlation principle and ignoring the spectral
behavior of particles may result in some errors, which were shown
to be negligible in high temperature environments. CPU time
increases as the number of particulate phases increases; however,
the increment is minimal. Therefore, both FSK schemes extend the
applications for the FSCK look-up table from gas-soot mixtures
with a single temperature to the case of multi-phase mixtures with
individual temperatures for each phase.

For all cases tested here the FSK-Gray scheme provided suffi-
ciently accurate results. However, the FSK-FSK scheme includes
more detailed spectral consideration for particles and, therefore,
is able to simulate particle radiation more accurately than the
FSK-Gray scheme. Since CPU requirements for both FSK schemes
are roughly the same, the use of the FSK-FSK scheme is
recommended.
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