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ABSTRACT

The stability of plasma-based accelerators against transverse misalignments and asymmetries of the drive beam is crucial for their applicabil-
ity. Without stabilizing mechanisms, even small initial offsets of the drive beam centroid can couple coherently to the plasma wake, grow,
and ultimately lead to emittance degradation or beam loss for a trailing witness beam. In this work, we demonstrate the intrinsic stability of a
beam propagating in a plasma column. This result is relevant in the context of plasma-based positron acceleration, where a wakefield suitable
for the transport and acceleration of a positron witness beam is generated in a plasma column by means of an electron drive beam. The stable
propagation of the drive beam is a necessary condition for the experimental implementation of this scheme. The differences and similarities
of stabilizing mechanisms in a plasma column compared to a homogeneous plasma are identified via theory and particle-in-cell simulations.
Experimental tolerances are given, demonstrating the experimental feasibility of the scheme.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0087807

I. INTRODUCTION

Plasma-based accelerators provide extreme field gradients and
enable compact accelerator facilities, potentially drastically reducing
their costs. In a plasma-based accelerator, a high-intensity laser pulse1

or an ultra-relativistic, high-density particle bunch2 drives a plasma
wake, which can be utilized to accelerate a trailing witness bunch. In
the so-called blowout regime,3,4 the driver is strong enough to expel all
plasma electrons along the propagation axis, leaving an ion cavity with
accelerating and focusing fields on the order of tens to hundreds of
GV/m. While high-energy-gain,5,6 high-efficiency,7 and low-energy-
spread8 electron acceleration were demonstrated experimentally in
this regime, the blowout regime is not applicable to positron accelera-
tion because the ion cavity defocuses positron beams. Application of
plasma accelerator technology to an electron-positron collider requires
the development of plasma-based methods for positron acceleration.
To date, stable, high-quality positron beam acceleration in plasma
remains a challenge.

Several positron acceleration concepts have been proposed,
including utilizing positron drive beams,9 hollow-core drive beams10

or lasers pulses,11 or the back of the blowout wake.12 Unfortunately,

none of these concepts support low emittance, low energy spread, and
reasonable efficiency simultaneously. Although hollow core plasma
channels are a promising candidate,13,14 they suffer from intrinsic
beam-breakup instability due to the absence of focusing fields for the
drive beam.13,15 Using asymmetric drive beams provides stability in at
least one direction,16 but only positron beams with large beam emit-
tances (>50lm rad) have been accelerated in simulations, which is
too large for collider applications. The wake generated in a thin, warm,
quasi-hollow plasma channel provides accelerating fields for positrons
while being robust against instabilities.17 However, this scheme has
been investigated via simulations for a positron beam with several lm
rad emittance and several percent relative energy spread only, i.e., a
beam quality insufficient for collider-relevant applications.

Recently, a concept has been proposed that utilizes an electron
drive beam and a plasma column to generate positron-accelerating
and -focusing wakefield structures that show sub-lm rad emittance
and sub-percent energy spread positron acceleration in simula-
tions.18,19 Since the scheme relies on a cylindrically symmetric wake-
field structure, the drive beam stability is of utmost importance.
Previous work has reported on the attraction of an electron beam
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toward a column of neutral plasma20 and on the deflection of an elec-
tron beam at the plasma-gas boundary.21–23 Furthermore, a severe
misalignment between the column and the electron beam was found
to seed the hosing instability.24

In this article, we analyze the drive beam stability in depth via
theory and particle-in-cell (PIC) simulations. We compare the suscep-
tibility of tilted beams toward the hosing instability in a plasma col-
umn and in a homogeneous plasma. We find that the drive beam is
self-stabilizing toward tilts and transverse offsets with respect to the
center of the plasma column. Finally, we quantify the expected stability
of a beam in a plasma column in the context of a potential future
experimental realization at FACET-II.25

The paper is organized as follows: In Sec. II, we derive an analyti-
cal model for the hosing instability in plasma columns and validate it
with PIC simulations. Results obtained for the column are compared
with that obtained in a homogeneous plasma. In Sec. III, we investigate
drive beams with a transverse displacement with respect to the plasma
column center. In Sec. IV, we evaluate the stability for a possible exper-
imental implementation. Section V concludes this work.

II. HOSING FOR A BEAM WITH A TILT
IN THE CENTROID

The transverse stability of plasma wakefield accelerators is a
long-standing problem that arises due to the coupling between the
beam centroid, Xb, and the plasma wake centroid, Xp, created by the
beam space-charge. For example, an initial displacement of the beam
centroid with respect to the wake centroid affects the evolution of the
wake centroid itself, which in turn resonantly affects the beam centroid
at all phases behind and so forth. The amplification of an initial trans-
verse beam displacement had originally been predicted to grow expo-
nentially in time and along the beam,26,27 threatening the application
of plasma wakefield accelerators. Later, various mechanisms similar to
the Balakin–Novokhatsky–Smirnov (BNS) damping in conventional
accelerators28 were identified, predicting saturation of the hosing insta-
bility. These include energy spread of the drive beam,29 non-uniform
focusing fields due to ion motion,30,31 or longitudinally varying focus-
ing fields in the case of large beams sizes.32

Modeling the hosing instability has significantly increased the
understanding of the relevant physics. In a homogeneous plasma,
tilted beams are often used to seed and study the hosing instability. In
the following, we further develop and expand the most recent hosing
model presented in Ref. 33 to include the effect of a finite-radius
plasma column. An accurate description of the plasma response is crit-
ical because, as was shown in previous works, the relativistic mass
gain/loss27,33 and the collective behavior of the plasma sheath have
been found to mitigate the hosing instability.33 We use the adapted
model to study the stability of a tilted beam against hosing in a column
and compare it with the homogeneous case, thereby gaining under-
standing of the physics relevant in the column case.

We consider a setup where an electron beam propagating in a
plasma column drives a wake in the blowout regime, as illustrated in
Fig. 1(a), where we plot the plasma charge density q (red-gray color-
scale) and the beam density (blue color-scale). Within Secs. II and III,
all length scales are normalized to the plasma wave number
kp ¼ xp=c, all times to the plasma frequency xp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pn0e2=me

p
,

densities to the ambient plasma density n0, charges to the elementary
charge e, masses to the electron mass me, fields to the cold,

non-relativistic wave-breaking field E0 ¼ mecxp=e, and potentials to
mec2=e. The beam centroid is tilted transversely, as depicted in
Fig. 1(b), which shows the beam centroid Xb (blue line) and the plasma
wake centroid Xp (red line) along the co-moving variable f ¼ z � ct (z
is the longitudinal variable, c is the speed of light in vacuum, and t is
the time). Here, the wake centroid XpðfÞ is defined as the x-position of
the zero-crossing of the focusing field Ex � By . A transverse line-out at
f ¼ �2 is presented in Fig. 1(c), where the blue line denotes the beam
current profile and the red line a lineout of the transverse wakefield,
respectively.

A. Analytical model

The mathematical model presented in Ref. 33 describes the hos-
ing by means of a set of coupled partial differential equations for the
evolution of the f� dependent plasma wake centroid and the beam
centroid, namely,

@2Xp

@f2
þ CdðfÞ

@Xp

@f
þ
CpðfÞ
2

Xp ¼
CbðfÞ
2

Xb; (1a)

@2Xb

@t2
þ kðf; tÞ @Xb

@t
þ X2

bðf; tÞXb ¼ X2
bðf; tÞXp: (1b)

Both are driven, damped harmonic oscillator-like equations for
Xpðf; tÞ along f ¼ z � ct and Xbðf; tÞ along t, respectively.

The coefficients of the beam centroid equation kðf; tÞ and
X2

bðf; tÞ were introduced in Ref. 29. The term kðf; tÞ represents the
change in the amplitude of the beam centroid oscillation due to relativ-
istic mass gain or loss of the beam electrons, while X2

bðf; tÞ accounts

FIG. 1. Characterization of the wake structure of a tilted drive beam in a plasma
column. (a) Snapshot of the plasma charge density in the x-f-plane for a drive
beam (shown in blue) with an initially tilted beam centroid. (b) The corresponding
f� dependent wake centroid Xp (red line) and beam centroid Xb (blue line). Over a
longer propagation distance, the small induced offset of Xp by the beam offset Xb
can build up and lead to strong hosing. (c) Line-out of the beam current profile
(blue line) and focusing wakefield (red line) along x at f ¼ �2.
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for the effect of the change in the betatron frequency for a changing
beam energy.

The coefficients for the plasma wake centroid Cd, Cp, and Cb were
introduced in Ref. 33: Cp/2 is the square of the undamped oscillation
wavenumber of the system, Cb describes the coupling of the wake cen-
troid to the beam centroid, and Cd describes the damping/amplifica-
tion of the wake centroid oscillation due to the relativistic mass gain/
loss of the plasma electrons in the sheath. In the case of a narrow
beam in the blowout regime, where the overlap between the beam cur-
rent density and the electron sheath is negligible, the three wake cen-
troid coefficients are33

Cp ¼�
1

h1þWir
1þ Jz;p

~n � Jz;p

� �
@rW
r

� �
r

"

þ @fAr

r

� �
r

þ @rAz;p

r

� �
r

#
; (2)

Cb ¼
1

h1þWir
@rAz;b

r

� �
r
; (3)

Cd ¼
h@fWir
h1þWir

; (4)

with the radial moments being defined as

hUðrÞir ¼
1
N

ð1
0

~nðrÞUðrÞrdr; (5)

and where the normalization factor N is given by

N ¼
ð1
0

~nðrÞrdr: (6)

Here, r denotes the radius; W is the pseudo-wakefield potential; Ar is
the radial component of the vector potential; Az;b and Az;p are the lon-
gitudinal components of the vector potential associated with the beam
and plasma, respectively; Jz;p represents the longitudinal plasma cur-
rent density; and ~nðrÞ the plasma density profile of the electron sheath.
Thus, if the electromagnetic potentials, the plasma current density,
and the plasma density profile are known, the coefficients can be cal-
culated. Several analytical models in the blowout regime34–37 calculate
the electromagnetic potentials for a given beam current profile and
parameterization of the electron sheath. The model in Ref. 35 assumes
an exponentially decaying current and electron density profile in the
sheath and has shown good agreement with simulations in the analysis
of hosing in a homogeneous plasma.33 Namely, the electron density in
the sheath is assumed to be

~n ¼ ~ns exp � r � Rb

Dq

� �
Hðr � RbÞ; (7)

where Rb is the blowout radius, Dq is the sheath thickness, ~ns is the
peak sheath electron density, and HðxÞ is the Heaviside step function.
We adapt the model in Ref. 35 for plasma columns by the following
assumptions:

1. For a blowout radius Rb smaller than the column radius Rp, the
model remains unchanged;

2. For a blowout radius Rb larger than the column radius Rp, we
assume the ions extend to Rp and that there is vacuum/non-

ionized gas between Rp and Rb. This reduces the peak sheath
electron density, since less electrons contribute to it.

The assumptions are illustrated in Fig. 2, which shows the focus-
ing field (blue lines) for the column (solid lines) and a homogeneous
plasma (dashed lines) and the respective source for the plasma poten-
tial S ¼ �ðq� Jz;pÞ (black lines), with q being the normalized plasma
charge density. The lack of ions in the column between Rp and Rb
reduces the focusing field at Rb as well as the peak of the source. The
electron sheath is spread over a larger radial extent in case of the col-
umn, which is consistently observed in simulations. Using the stated
assumptions of the model, the potentials Ar, Az, and W for both the
plasma column and the homogeneous plasma are derived in the
Appendix. Using these potentials and assuming that the thickness of
the plasma electron sheath Dq is much smaller than the blowout
radius (Dq=Rb � 1) and the thickness of the plasma electron current
DJ spreads over a plasma depth (DJ ’ 1, see the Appendix), we obtain
the following coefficients in the column for Rb < Rp (which are equal
to that in the homogeneous case33):

Cp ¼
1�R02b

4
� Dq

4Rb
1þK�R2

b

4
1�R02b � 2RbR

0
bþR2

b

� �	 

þO

D2
q

R2
b

 !
;

(8)

Cb ¼
K
R2
b

1� Dq
2
Rb
þ Rb

4

� �	 

þO

D2
q

R2
b

 !
; (9)

Cd ¼
R0b
4

Rb �
Dq

2
R2
b

2
� 1

� �	 

þO

D2
q

R2
b

 !
; (10)

with R0bðfÞ ¼ @fRbðfÞ; KðfÞ ¼ 4Ib=IA the integrated beam current,
and where IA ¼ mec3=e ’ 17 kA is the Alfv�en current. Note that the
coefficient Cp was rewritten in comparison with Eq. (36) in Ref. 33 to
highlight the differences of the coefficient in the plasma column.

In the plasma column with Rb> Rp, we obtain the new coefficients

Cp¼j
1�R02b

4
�jDq

4Rb

� 1þK�4R02b �
R2
p

4
1�R02b �2RbR

0
bþR2

b

� �	 

þO

D2
q

R2
b

 !
; (11)

FIG. 2. Source term S ¼ �ðq� Jz;pÞ (black lines) as assumed in the model and
resulting focusing field (blue lines) in a plasma column (solid lines) and a homoge-
neous plasma (dashed lines). In a plasma column with a radius Rp smaller than the
blowout radius Rb, the focusing field is reduced at the blowout radius.
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Cb ¼
K
R2
b

1� Dq
2
Rb
þ jRb

4

� �	 

þO

D2
q

R2
b

 !
; (12)

Cd ¼
jR0b
4

Rb �
Dq

2

R2
p

2
þ 3

� �	 

þO

D2
q

R2
b

 !
; (13)

with j ¼ R2
p=R

2
b < 1. A qualitative comparison of the stability in the

column versus the homogeneous plasma based on the coefficients
alone is difficult, because the plasma column consistently features a
larger sheath thickness Dq than the homogeneous plasma, which can
be attributed to the larger spread in the electron trajectories in the
sheath due to the reduced focusing field.18

B. Comparison with simulation results

For a comparison of the transverse beam stability in a plasma col-
umn and in a homogeneous plasma, we employ three-dimensional
particle-in-cell (PIC) simulations performed using the quasi-static PIC
code HiPACEþþ.38

We consider beam parameters that have been used to demon-
strate high-quality positron acceleration18,19 and introduce a tilt in the
bunch distribution to seed the hosing instability. The beam has a bi-
Gaussian distribution with rx;y ¼ 0:1; rz ¼ 1:41; Ib=IA ¼ 1, it has a
mean energy of c0 ¼ 20 000, and the emittance is such that the beam
is matched in the focusing field of a blowout wake. The initial centroid
of the beam is linearly tilted for f < 0 according to Xb;0 ¼ 0:014
�fHð�fÞ. The beam is sampled with 107 macro-particles. The com-
putational domain is ð�16; 16Þ � ð�16; 16Þ � ð�6; 6Þ in x � y � f
in case of the plasma column and ð�8; 8Þ � ð�8; 8Þ � ð�6; 6Þ in case
of a homogeneous plasma. In both cases, the mesh resolution is
0:0078� 0:0078� 0:0012. The plasma column has a radius of Rp

¼ 2:5 and is modeled by 25 macro-particles per cell. The homoge-
neous plasma is modeled by 4 macro-particles per cell. The numerical
parameters were chosen to ensure convergence, which is reached for
different parameters in the column and the homogeneous plasma. The
ion background is assumed immobile. The beam is advanced in both
cases by a constant time step of Dt ¼ 10.

First, the effect of the beam tilt on the wake centroid is compared in
the column case and in the homogeneous plasma case by integrating Eq.
(1a) backwards in f from the start of the tilt to the tail of the beam. To
calculate the coefficients Cp, Cd, and Cb in Eq. (1a), RbðfÞ is extracted
from the first time step of a PIC simulation using a beam without a tilt.
The slope of the blowout radius R0bðfÞ is calculated from the extracted
RbðfÞ. The parameterization of the electron sheath using Eq. (7) is
in reasonable agreement with the simulation forDq;h ¼ 0:25 andDq;c ¼
0:5 for the homogeneous plasma and plasma column, respectively. We
compare the predicted wake centroid from the model (solid lines) with
wake centroid from the simulations (dashed and dashed-dotted lines) in
Fig. 3. The wake centroid is extracted by the interpolation to the zero
crossing of the transverse wakefield Ex � By . The model shows reason-
able agreement with the simulations. Both the model and the PIC simu-
lation show that the wake centroid displacement in the column is smaller
than in the homogeneous plasma. This indicates that a beam propagat-
ing in a column is less prone to the hosing instability than in a homoge-
neous plasma due to the larger sheath thickness in the column case.

To confirm these findings, we solve the coupled equations Eqs.
(1a) and (1b). During the numerical integration of Eq. (1b) in t, at

each time step, we integrate Eq. (1a) in f to calculate the wake centroid
offset. To calculate kðf; tÞ (cf. Ref. 29) in Eq. (1b), we additionally
extract the accelerating field Ez from the PIC simulation with the
aligned beam. We evaluate the beam centroid at the position of the tail
Xb;tail , which is most susceptible to the hosing instability, and compare
it with the PIC simulation results. We define the tail in the simulation
as Xb;tail � Xbð�4:26 < f < �4:20Þ, while we can directly evaluate it
in the model at f ¼ �4:23.

The model (black lines) shows good agreement with the simula-
tions (blue lines for homogeneous plasma and red lines for plasma col-
umn), as shown in Fig. 4. As it can be seen in Figs. 4(a) and 4(b), the
envelope of the oscillation in the homogeneous plasma has a higher
slope than in the column and reaches its maximum after �40x�1b;0,
while it takes �50x�1b;0 in the column. Here, xb;0 denotes the initial
(i.e., at injection) betatron frequency of the beam. Both cases saturate
at roughly two times the initial offset. The presence of an initial uncor-
related relative energy spread detunes the oscillation,29 suppressing the
hosing. For instance, an initial energy spread of rc=c0 ¼ 3% damps
the oscillation in both the homogeneous plasma and the column case,
as shown in Figs. 4(c) and 4(d). Here, the oscillation envelope is
damped quicker in the column, which we attribute to the reduced cou-
pling (see Fig. 3). Besides reducing the hosing at the tail, an uncorre-
lated energy spread also prevents the emergence of a wave-like pattern
in the beam profile, which can be seen in the video of the full evolution
of the bunches in the supplementary material.

In summary, we find that beam propagation in the column case
is more robust against hosing seeded by a tilt in the beam centroid
compared to the homogeneous plasma case. Our model demonstrates
that this is mostly due to the increased sheath thickness in the plasma
column, leading to a decreased coupling of the wakefield centroid Xp

to the beam centroid Xb. However, the column has an additional con-
straint in comparison with the homogeneous plasma, namely, that the
propagation axis of the beam must be aligned with the center of the
column. The stability for a transverse displacement of the beam with
respect to the column axis is discussed in Sec. III.

III. HOSING FOR A BEAM NOT ALIGNED WITH THE
COLUMN AXIS

The transverse displacement of the electron beam with respect to
the plasma column axis is a problem that may arise in experiments
due to machine jitters. A transversely misaligned beam that drives a

FIG. 3. Wake centroid as a function of f for the beam shown in Fig. 2. In the model,
the sheath thicknesses are assumed to be Dq;h ¼ 0:25 and Dq;c ¼ 0:5 for the
homogeneous case and the column case, respectively. The wake centroid deviation
due to the beam tilt is smaller for the plasma column than in a homogeneous
plasma, indicating a higher stability in the column. This feature is observed in simu-
lations and is well captured by the model.
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wake in the blowout regime experiences a restoring force toward the
column center. In fact, when all plasma electrons of the column are
expelled, the majority of the background ions are located on the
opposing side of the column with respect to the location of the dis-
placed beam. As the transverse wakefields are mostly caused by the
ion distribution, the wake centroid Xp is not aligned with the beam
centroid Xb but shifted toward the column center. As a consequence,
Xp depends on the co-moving variable f, since the ion distribution
depends on the blowout radius, as illustrated in Fig. 5. Therefore, the
head and the tail of the beam are experiencing different restoring
forces, which potentially seed the hosing instability.

The analytical model derived in Sec. II is not applicable in this
case. In the solution of the coupled centroid equations, the integration
has to begin at the start of the beam displacement, which is at the head
of the beam. However, in this location, the assumption that the elec-
tron sheath is much smaller than the blowout radius (Dq � Rb) is not
fulfilled anymore, rendering the model inaccurate. Therefore, PIC sim-
ulations were used to investigate the stability of a transversely dis-
placed beam.

The parameters of the beam considered for this study are the
ones introduced in Sec. II B, except for the uncorrelated energy spread
that has been set to zero, and a beam size of rx ¼ 0:05. The initial
transverse beam offset with respect to the column is set equal to one
root-mean-square (rms) size of the beams, namely, Xb;0 ¼ rx ¼ 0:05.

The beam is advanced in the plasma column for 2000 time steps with
an adaptive time step, resolving each energy-dependent betatron
period of the beam with 81 temporal steps. The evolution of the bunch
centroid at the tail of the beam, Xb;tail, is shown in Fig. 6(a). As indi-
cated in Fig. 5, the tail of the beam drifts toward the column axis and
hosing is seeded. Using an immobile ion background (dashed line),
the induced hosing grows initially and saturates at an amplitude on
the order of the initial offset. When ion motion is enabled (assuming a
Helium plasma, solid line), the oscillation is damped, leaving domi-
nantly a drift toward the column axis. The final f-dependent bunch
centroid is shown in the inset of Fig. 6(a). As predicted by the wake
centroid Xp in Fig. 5, the tail of the beam has drifted closer to the col-
umn axis than the head. The f-dependent temporal evolution of the
full bunch is shown in Fig. 6(b). We see that while the tail and the cen-
ter of the bunch undergo oscillations, the head slowly drifts toward the
axis. The oscillations are damped, leaving only a slow drift toward the
column axis.

The damping of the oscillation is caused by the detuning effect
associated with the motion of background Helium ions.39–41 The origi-
nally uniform background ion distribution is perturbed by the strong
space charge fields of the bunch, leading to f-dependent, non-linear
focusing fields. Any longitudinal dependence of the focusing fields
causes decoherence of the centroid oscillations,31,32,42 which is similar
to the BNS damping mechanism28 in conventional accelerators. While
the longitudinal variation of the focusing fields for small, high-density
drive beams is caused by ion motion, larger, less-intense drive beams
can be subject to longitudinally varying focusing fields due to the fact

FIG. 4. Comparison between the evolution of Xb;tail in the model and the simulation
in (a) a homogeneous plasma and (b) the column without an initial energy spread.
The oscillation in the plasma column rises less steeply than in the homogeneous
plasma but saturates at the same value of roughly two times the initial offset. (c)
and (d) Show the results for an initial uncorrelated energy spread of rc=c0 ¼ 3%.
The detuning of the oscillation due to the uncorrelated, relative energy spread has
a greater effect in the plasma column and leads to oscillations with an amplitude
slightly smaller than that in the homogeneous plasma.

FIG. 5. Characterization of the wake structure of a beam with a transverse offset
with respect to the column axis. (a) Snapshot of the plasma charge density in the x-
f-plane for a beam (shown in blue) with an initial transverse offset of Xb ¼ 0:05
with respect to the plasma column center. (b) The resulting f� dependent wake
centroid Xp (red line) that lays between the beam centroid Xb (blue line) and the
center of the column (black line), leading to an attraction of the beam toward the
center of the column. (c) Lineout of the beam current profile (blue line) and focusing
wakefield (red line) along x at f ¼ �1.
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that their head is not experiencing a full blowout wake, and this can
suppress the hosing instability, as discussed in Ref. 32.

In summary, an initially transversely displaced electron beam in
a plasma column is attracted by the column center, but seeds the hos-
ing instability by inducing a longitudinal dependence in the wake cen-
troid Xp. However, multiple damping mechanisms cause decoherence
of the oscillation, such as ion motion, energy spread, or the head not
being in the blowout wake. These processes mitigate the hosing insta-
bility and lead to an overall stable propagation of the beam in the
plasma column.

IV. ASSESSMENT OF STABILITY FOR FACET-II
BEAM PARAMETERS

The demonstrated stability against tilts and transverse offsets
makes plasma columns a promising candidate for positron accelera-
tion. Currently, FACET-II25 is the only beam-driven plasma wakefield
accelerator facility that plans to accelerate positrons. Using electron
drive beams similar to those available at FACET-II, we test both trans-
verse offsets as well as pointing jitters to evaluate tolerances in a possi-
ble experiment. Using SI units in this section, the beam is assumed to
be bi-Gaussian with rx;y ¼ 10lm, rz ¼ 20lm, has a charge
of Qb ¼ 3 nC, a mean energy of c0 ¼ 20 000, an initial emittance
of �0 ¼ 10 lmrad, and an uncorrelated relative energy spread of
rc=c0 ¼ 3%. We consider a Helium plasma column with a density of
1� 1017cm�3 and with a radius of Rp ¼ 2:5 k�1p ¼ 42lm. Helium is
used owing to its high ionization threshold: for the given beam param-
eters, other gases would be ionized outside of the column by the driven
wakefield (which exceeds the radius of the column) causing the

column to expand and deteriorate the positron accelerating and focus-
ing fields.

Three different offsets are tested in PIC simulations with the
same numerical parameters as in Sec. II B. The evolution of the full
beam centroid (a) and the centroid measured at the tail (b) are shown
in Fig. 7. Here, the tail is defined as Xb;tail ¼ Xbð�62 lm < f
< �58 lm). The blue line corresponds to a small initial offset,
Xb;0 ¼ 1lm, the red line to an offset equal to a rms size of the beam,
Xb;0 ¼ rx ¼ 10 lm, and the green line to an offset equal to half the
column radius, Xb;0 ¼ 0:5Rp ¼ 21lm. Simulations show that in all
cases, an oscillation is induced, which, as expected, is more pro-
nounced at the tail of the beam. However, even for an initial misalign-
ment of 0:5Rp (green line), which significantly perturbs the wakefield,
the drive beam does not breakup, and the seeded hosing is mitigated.
We find that, in this case, the mitigation is not caused by ion motion,
but rather by the uncorrelated energy spread developing as the beam
propagates in the plasma. Although the beam is slightly pulled toward
the axis, the drift is not sufficient to compensate and cancel the initial
offset. For the presented cases, the beam energy is partially depleted at
the end of the propagation distance.

Notably, the induced oscillation scales with the initial offset.
Although offsets by a large fraction of the column radius significantly
distort the wakefield behind the bunch, the intrinsic stability of the
bunch is an important finding. In combination with the scaling of
the oscillation with the initial offset, the intrinsic stability allows for
the alignment of the beam via active feedback loops.24 The emitted
betatron radiation by the oscillating bunch scales with the oscillation
amplitude, and, thus, with the initial offset, allowing for alignment of
the electron beam and the plasma column by minimizing the emitted
betatron radiation.

We also tested the stability of the beam against pointing jitters,
modeled by adding an initial normalized transverse momentum ux to
the beam particles. It is expected that the maximum pointing angle
X0b ¼ ux=uz to achieve stable beam propagation should be much
smaller than the ratio of the column radius Rp and the plasma length
Lp, i.e., X0b � Rp=Lp. Here, uz is the mean normalized longitudinal

FIG. 6. Evolution (a) of the beam centroid at the tail of the beam Xb;tail along the
propagation distance for an initial offset of Xb;0 ¼ rx ¼ 0:05 assuming an immo-
bile ion background (dashed line) and with mobile ions in a Helium plasma (solid
line). The inset shows the final slice-dependent beam centroid. Waterfall plot (b)
with the evolution of the beam centroid for Xb;0 ¼ 0:05 in Helium vs longitudinal
coordinate (horizontal axis) and propagation distance (vertical axis). The beam cen-
troid decreases via a damped oscillation toward the column center.

FIG. 7. Evolution of the (a) full beam centroid and (b) beam centroid measured at
the tail of the beam for different offsets. Despite offsets of large fractions of the col-
umn radius, the overall propagation in a plasma column is stable.
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momentum of the beam. A plasma length of Lp ¼ 42 cm is assumed,
such that Rp=Lp ¼ 10�4. Three different pointing angles are used to
study the pointing jitter. The evolution of the full beam centroids (a)
and the centroids measured at the tail (b) are shown in Fig. 8. The blue
line corresponds to an initial pointing angle of X0b;0 ¼ 0:01Rp=Lp
¼ 1 lrad, the red line to an initial pointing angle of X0b;0 ¼ 0:1Rp=
Lp ¼ 10 lrad, and the green line to an initial pointing angle of X0b;0
¼ Rp=Lp ¼ 100lrad. The dashed lines indicate the vacuum propaga-
tion, which was calculated analytically assuming ballistic propagation
in vacuum.

For the small and medium pointing angles, the propagation of
the centroids hardly differs from that in vacuum. For the large point-
ing angle of X0b;0 ¼ Rp=Lp, the beam centroid significantly deviates
from the column axis. In contrast to the vacuum propagation, propa-
gation in the plasma column results in the centroid trajectory being
bent toward the column center. This affects only the center and tail of
the beam, while the head still propagates almost unchanged away
from the column axis, as shown in the videos in the supplementary
material and in agreement with previous studies.21–23 Therefore, the
initial assumption to achieve stable beam propagation that the point-
ing jitter should be much smaller than Rp=Lp was verified. In the con-
text of the presented parameters, a pointing jitter of � 10 lrad is
required to allow for stable wakefield structures usable for positron
acceleration.

In summary, beam parameters similar to those available at
FACET-II predict stable beam propagation for even large offsets and
moderate pointing jitters. Large offsets or significant pointing jitters
deteriorate the wakefield structure and, therefore, a positional align-
ment on the lm-level and an angular alignment on the �10lrad-level
are required for positron-relevant applications. The implications of a
misaligned drive beam on the quality of a potential trailing positron
beam will be addressed in detail in a forthcoming work.43

V. CONCLUSION

In this work, we have extended an existing model to describe the
hosing instability to plasma columns and have validated the model by

means of PIC simulations. We found that plasma columns are in fact
more stable against hosing of tilted beams than homogeneous plasmas
because of the increased sheath thickness in the column. However, the
propagation axis of the beam needs to be aligned with the central axis
of the column. A transversely misaligned drive beam is attracted
toward the column center with longitudinally varying forces.
Although hosing is seeded, it is efficiently damped by various BNS-like
mechanisms, including ion motion31 or energy spread of the beam.29

Finally, we have evaluated the tolerance for misalignment of an elec-
tron beam for the experimental realization at FACET-II. We found
that even for large offsets, the beam is stable. The scaling of the oscilla-
tion with the initial offset allows for alignment via active feedback
loops. The demonstrated overall stability of an electron beam in a
plasma column is an important step toward the experimental realiza-
tion of positron acceleration in a plasma column.

SUPPLEMENTARY MATERIAL

See the supplementary material for videos of the full evolution of
the tilted bunches from Sec. II.
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APPENDIX: DERIVATION OF THE POTENTIALS IN A
PLASMA COLUMN

In the quasi-static approximation, Maxwell’s equations can be
written as35

�r2
?

A

/

" #
¼

J

q

" #
; (A1)

with the Lorentz gauge condition being

FIG. 8. Evolution of the (a) full beam centroid and (b) beam centroid measured at
the tail of the beam for different offsets. The column affects the beam propagation
only for large pointing jitters.
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r? � A? ¼
@w
@f

; (A2)

and the wake potential w ¼ /� Az , where / and A are the scalar
and vector potentials, respectively. Assuming cylindrical symmetry
(A? ¼ Arr̂),
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@

@r
r
@

@r

� �
w
Az

	 

¼ � q� Jz

Jz

	 

: (A3)

Thus, for a given parameterization of q and Jz, we can use Eq. (A3)
and (A2) to calculate w, Az, and Ar. Following Ref. 35, we assume:
First, the beam expels all electrons within the blowout radius, such
that q is solely determined by the ions inside the ion cavity. Note
that q ¼ 0 for Rp < r < Rb. Second, the plasma electron sheath
density and current can be parametrized by an exponential function
and the source term for Eq. (A3) is Sðf; rÞ � �ðq� JzÞ � �q,
which is consistently observed in PIC simulations. Using the expo-
nential parameterization of the sheath, Sðf; rÞ in the homogeneous
plasma and in the column, with Rb < Rp, is

Sðf; rÞ ¼
�1 ; r < RbðfÞ;
S0ðfÞe� r�RbðfÞ½ �=Dq ; r 	 RbðfÞ;

(
(A4)

with S0ðfÞ being the peak and Dq the thickness of the electron
sheath, respectively. In the case of the plasma column with Rb 	 Rp,
the source term is

Sðf; rÞ ¼
�1 ; r < Rp < RbðfÞ;
0 ; Rp < r < RbðfÞ;
S0ðfÞe� r�RbðfÞ½ �=Dq ; Rp < RbðfÞ < r:

8>><
>>: (A5)

The peak of the source terms S0ðfÞ is calculated from Eq. (12)
in Ref. 35 and is in the case of a plasma column given by

S0ðfÞ ¼

R2
bðfÞ

2Dq RbðfÞ þ Dq
� � ; RbðfÞ < Rp;

R2
p

2Dq RbðfÞ þ Dq
� � ; RbðfÞ 	 Rp:

8>>>><
>>>>:

(A6)

The case RbðfÞ < Rp is equal to S0ðfÞ in a homogeneous plasma.
The plasma current density Jz;p is parameterized by

Jz;p f; rð Þ ¼
0; r < Rb fð Þ;
Js fð Þe� r�Rb fð Þ½ �=DJ ; r 	 Rb fð Þ;

(
(A7)

where JsðfÞ is the peak current density and DJ is the thickness of the
sheath current density, respectively. JsðfÞ is calculated by Eq. (16) in
Ref. 35 via

JsðfÞ ¼
KðfÞ=2�

ð1
0
rdrd2W=df2

DJðRb þ DJÞ
; (A8)

where KðfÞ ¼ 4Ib=IA is the normalized beam current.
Using the source term, we can calculate w from (A3) by inte-

gration and assuming that limr!1 wðrÞ ¼ 0. For the case

Rp 	 RbðfÞ, which is equivalent to a homogeneous plasma, we
obtain the same result as Ref. 35,

wðf; rÞ ¼ R2
b � r2

4
þ DqR2

b

2ðRb þ DqÞ
1þ eRb=DqE1

Rb

Dq

� �	 

(A9)

for r < RbðfÞ and

wðf; rÞ ¼ DqR2
b

2ðRb þ DqÞ
e�ðr�RbÞ=Dq 1þ er=DqE1

r
Dq

� �	 

(A10)

for r 	 RbðfÞ, with E1 being the exponential integral function. For
the case Rp < RbðfÞ, we obtain the new results,

wðf; rÞ ¼
R2
p � r2
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for r < Rp < RbðfÞ,
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for Rp < r < RbðfÞ, and
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r
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for Rp < RbðfÞ < r.
For the longitudinal component of the vector potential Az, we

get the following results both in the plasma column as in the homo-
geneous plasma. Within the blowout radius r < RbðfÞ,

Azðf; rÞ ¼
KðfÞ
2

ln r; (A12)

and outside of the blowout radius r 	 RbðfÞ,

Azðf; rÞ ¼
KðfÞ
2
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r
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Note that although Az has the same form in the column and in the
homogeneous case, they still differ, because the peak current Js
depends on w, which is different in the column and homogeneous
case [see Eq. (A8)].

The radial component of the vector potential Ar in the homo-
geneous plasma yields within the blowout radius r < RbðfÞ,

Arðf; rÞ ¼
Rb

4ðRb þ DqÞ2
@Rb

@f
ðR2

b þ 2DqRb þ 2D2
qÞ

�r 1þ eRb=DqE1
Rb

Dq

� �	 

; (A14)
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and outside of the blowout radius r 	 RbðfÞ, we get

Arðf; rÞ ¼
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� 1
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�3DqðDq þ rÞe�ðr�RbÞ=Dq



: (A15)

Note that there are sign differences between Eqs. (A14) and (A15)
and the corresponding Eqs. (21) and (22) in Ref. 35, which do not
originate from the choice of co-moving variable. In the column case
with r;Rp < RbðfÞ, we obtain the new results

Arðf; rÞ ¼
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and for Rp < RbðfÞ < r,
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