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Abstract

Scaling Limit of Anyonic Chains and Quantum Simulation of Conformal Field Theory
by

Modjtaba Shokrian Zini

We provide a mathematical definition of a low energy scaling limit of a sequence of
general non-relativistic quantum theories in any dimension, and apply our formalism to
anyonic chains. We formulate Conjecture [2.5.3| on conditions when a unitary rational
(1 + 1)—d conformal field theory would arise as such a limit and verify the conjecture
for the Ising minimal model M (4,3) using su(2), anyonic chains. Our work is based
on the existence of a Fourier transform relation between Temperley-Lieb generators {e;}
and some finite stage operators of the Virasoro generators {L,, + L_,} and {i(L,, —
L_,,)} for unitary minimal models M(k + 2,k + 1) (proven for k = 2). An earlier
attempt [I], called the Koo-Saleur formula, has slower convergence with characteristics
that hinder the convergence of algebras of observables, an important contribution of this
work. Assuming Conjecture [2.5.3 most of our main results for M (4, 3) hold for higher
(k > 3) unitary minimal models M (k + 2,k + 1) as well. Our approach is supported by
extensive numerical simulation and physical proofs in the physics literature. It is also
inspired by an eventual application to an efficient simulation of conformal field theories by
quantum computers. We approach the definition of the unitary evolution and correlator
simulation problems in the same spirit of topological quantum field theory simulation as
established by M. Freedman et. al. [2]. Under certain conditions, we present complexity
theoretic hardness results on the simulation problems by using the framework of fermionic

quantum computation by Bravyi and Kitaev [3].
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Chapter 1

Introduction

1.1 Thesis outline

In this chapter, we review the background materials for the thesis involving mathe-
matical models of topological and conformal quantum field theory and anyonic chains.

The second chapter is mostly based on our work on “CFT as Scaling Limit of Anyonic
Chains” [4]. We start by outlining our results on scaling limit of anyonic chains (2.1)). We
motivate the discussion behind scaling limit and provide a detailed overview of the main
theorems. This includes the ideas behind the proofs and conjectures for future works.
With this background, previous works are then discussed . The next sections
are all devoted to proving the results in the outline and eventually discussing
in more details the conjectures and possible future research directions.

The structure of the third chapter is similar and a continuation of the relevant work in
[4]. We introduce the simulation problems briefly before reviewing previous works
on quantum field theory simulation . Next, we discuss two simulation problems
concerning unitary evolution and correlation function . We motivate our def-

initions for these problems and outline our partial results. We also include discussions

1



Introduction Chapter 1

in each case with regards to why we fail to prove the problems are in BQP, and what
the alternative approaches could be. The last sections include proving those results (3.5)
and showing our definitions are well-defined (3.6]).

1.2 Modular Tensor Category (MTC)

Reshetikhin and Turaev introduced a 3-manifold invariant in [5] using modular tensor
categories (MTCs), believed to be the mathematical realization of Witten’s path integral
formulation of TQFT from non-abelian Chern-Simon theories. In this thesis, we will
consider MTC as the model of (2+ 1)—d TQFT. An MTC is a category with a long list
of extra structures. As the exact details of the definition are not used, we briefly overview
the concept while mentioning the connection to physics along the way. We refer to [0]
for the details.

A modular tensor category comes with a diagram calculus which allows us to compute
morphism composition. The diagram calculus will be introduced in figures below as
each structure is defined. In this calculus, morphisms are composed by stacking up
their corresponding diagram, and tensor product of morphisms is done by putting their
diagrams next to each other (Figure . The identities that will be introduced later
which the so-called structure morphisms will have to satisfy, are the necessary identities
making the morphisms invariant with respect to diagram isotopies. Hence, one is able
to alter the diagram without changing the morphism as long as the motion is an isotopy
(just like in identifying two knot diagrams).

We start with an abelian semisimple category C with C—linear Hom spaces and
add a monoidal structure on C. This is given by a bi-functor ® : C x C — C with the

following additional data.

e There is an identity element 1 (vacuum) with respect to ® (corresponding to fu-
2



Introduction Chapter 1

Y, Z
X' W

Figure 1.1: gof: X = Z, fh: XQW -Y ® Z.

sion). More precisely, there are left and right unit constraints Iy : 1@ X =S X,y

X1 X.

e There are isomorphism structure maps called associators axyz : (X ®Y)® Z =

X® (Y ®2).
These satisfy compatibility axioms expressed in the form of commuting pentagon and
triangle diagrams (Figures [1.2] and [1.3).

(XoY)eaW)® Z

ax,y,w®idz AXQY,W,Z

XeoYoW)eZ (X®Y)o(WeZ)
aX,Y(X)W,Zl lax,y,wogz
id «
Xe(YoW)eZ) XGovw y X® (Y ® (W® Z))

Figure 1.2: Pentagon axiom.

X, 1Y

(X®)QY — X®(I®Y)

lldx ®ly
rx ®idy

X®Y

Figure 1.3: Triangle axiom.

Next, assume a rigidity structure on C. This corresponds to having a left and right

dual * X, X* for each object X € Obj(C) with structure maps evy : X*® X — 1, coevy :
3



Introduction Chapter 1

1 — X ® X* for the right dual and similarly for the left dual ev’y, coev’y. Ultimately,
the left and right dual will turn out to be isomorphic and correspond to antiparticles in
physics terminology. The structure maps satisfy compatibility axioms with the monoidal

structure. One such axiom is the composition below being idx. Other axioms are derived

similarly.
XD pox L@y (v o Xy @ X XN v (Xt @ X) O g g Ty

Xv /*\X

COoevy evVyx

Figure 1.4: Diagrams for coevx,evy. By convention, the identity object I is repre-
sented by “empty” at the bottom of coevy and top of evy.

Let L(C) denote the set of isomorphism class of simple objects. Mathematically, one
can view them as irreducible representations of some algebra, and physically, they will

represent the quasi-particles (anyons) of a (2 + 1)—d TQFT.

Definition 1.2.1 A fusion category is an abelian semisimple C—linear rigid monoidal

category such that 1 is simple and L(C) is finite. We call |L(C)| the rank of C.

Finiteness of L(C) usually corresponds to some algebra having finitely many irre-
ducible representations. We will see this in the case of rational CFTs. A fusion category
has fusion rules Ng,. These are nonnegative integers that can be interpreted as the

multiplicities of a simple object (anyon) ¢ in the tensor product (fusion) of a,b € L(C):
a®b=®N;ec.

Note N&, = dimc Hom(c,a ® b) as a C—vector space. A fusion is shown by a trivalent
4



Introduction Chapter 1

graph (Figure [1.9)).

%

Figure 1.5: Trivalent graph with p € Hom(c,a ® b).

Schur’s lemma holds in an MTC, i.e. Hom(X,X) = C for X € L(C) (Figure [L.6).
This is applied extensively while using diagram calculus; a diagram of any shape sending

X to X is always equal to a scalar.

X X
f] =«
X X

Figure 1.6: Schur’s lemma: f € Hom(X,X) = f = aidx for X € L(C).

Next we add a pivotal followed by a spherical structure. The pivotal structure
identifies the double dual with the identity functor, allowing us to define the notion of
left and right trace. The spherical structure is built on top of that to identify the left
and right trace.

A pivotal structure is a natural isomorphism § : ide — (+)™* which is compatible with

monoidal and dual structure:
(5X®y:5){®5y, 51:id1, (5_)_(1 :5;(

The notion of spherical structure requires us to define the left and right trace of an
endomorphism (Figure . Let f € Hom(X, X) and define the left trace as Tr'(f) =
evy o (idx+ ® f) o (idx+ ® dy') o coevx+. The right trace is similarly defined. Spherical

means Tr' = Tr", which allows the unambiguous definition of trace Tr := Tr! = Tr", and
5



Introduction Chapter 1

the quantum dimension of simple objects dim X := Tr(idx).

f) T (f

l

=

~—~
~—

Figure 1.7: Left and right trace for f: X — X.

Next, we introduce braiding. This corresponds to moving quasiparticles around each
other in a 2—d space. Braiding is a natural isomorphism ¢ : ® — ® o Swap where Swap
is the swap functor on C x C, in other words cxy : X ® Y SYeX (Figure .
Compatibility with all previously introduced structures, notably the monoidal structure,

are imposed, including for example the hexagon commutative diagram [1.9]

P

Figure 1.8: cxy : X ®Y 5Y®X.

(XeY)®Z
cx,SW@dZ/ wz
YeoX)oZ X® (Y ®Z2)
O{Y’X’Zl lCX,Y(X)Z
Y ®(X®2) Yo2Z)eX
idy ®cx,z
Y ®(Z®X)

Figure 1.9: Hexagon axiom. The same must hold if we replace c,; with cb_i.

Definition 1.2.2 A spherical braided category is a ribbon category. A pre-modular ten-

sor category is a ribbon fusion category.
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Given a pre-modular tensor category C, one can form the S-matriz with entries sx y

given by (Figure [1.10))

Sxy = TI'(CKX o CX7y), VX, Y € L(C)

X Y
Y X

X Y

Figure 1.10: sxy = Tr(cy,x ocxy).

Definition 1.2.3 If the S—matrixz is non-degenerate, C is called a modular tensor cate-

gory.

The T-matriz is a diagonal matrix given by Txx = 0x where 0xidx is the morphism

given by Figure (by Schur’s lemma).

t

@ ~ i
X X
Figure 1.11: Twist 0.

These matrices satisfy

2mic

(ST =e’s S* | S?=C.

C = (6;+)i; is the charge conjugation matrix and c is the (topological) central charge

which is defined modulo 8. Furthermore, the Anderson-Moore-Vafa theorem states that

7



Introduction Chapter 1

T is a finite order matrix and the central charge c is rational. This implies 0x = €2™* for
some h; € Q. The notation h; is also encountered later in CFT (conformal weight). The
data S,T of an MTC is called its modular data as it gives a projective representation of
SL(2,Z).

We will be working with unitary MTCs. This means a conjugation f of morphisms,
with respect to which all structure morphisms introduced so far are compatible. Conju-
gation should be thought of as taking the diagram of f upside-down. Further, we have a

positive definite hermitian form on the Hom spaces provided by the trace

(9, f) =Tr(go f), forg: X =Y, f: X =Y.

Given a unitary fusion category, one can compute the change of basis coefficients in
Hom(a, (b®c)®d) — Hom(a,b® (c®d)) using the unitary F'—move in Figure (also
called the 6—j symbols because of the six parameters a, b, ¢, d, e, €). If the fusion rules are
multiplicity-free, meaning N7, € {0, 1} for all x,y, 2 € L(C), the labels for intertwiners

like v € Hom(e, b ® ¢) are discarded.

b ¢ d
4
K _ bed;evi
€ - Z Fa;eu,u
€V
a

Figure 1.12: The F'—move.

One can transform a fusion tree in Figure to any other with any pattern of
branching from a to j; ® ... ® j, using repeatedly the F'—move.

A basis for Hom(a, j; ® -+ ® j,,) is given by the admissible fusion trees, where ad-
missible means all possible choices of x; in Figure [1.13]| not violating the fusion rules.
Computation shows that this is an orthogonal basis [7].

8



Introduction Chapter 1

Figure 1.13: Basis for Hom(a, j; ® - -+ ® jp,) in a multiplicity-free setting.

Remark 1.2.1 The basis given by the configurations |z . ..x, o) provides the so-called
hidden localities that are used in simulating topological quantum field theory on a quan-
tum computer. The gates in the paradigm of topological quantum computation are the

L. . . .. . . — 1
braidings, as unitarity means braiding is also unitary cxy = cxy-

1.2.1 Affine Kac-Moody Lie algebra su(2); MTC

Here, we review the unitary MTC given by irreps of the affine Kac-Moody Lie algebra
su(2); (su(2) at level k) for k > 2. The k + 1 simple objects are irreducible modules of
WZW model su(2);, introduced later in[1.3.7 They are labelled by half-integers L(C) =
{0,1,...,%}. The fusion rules are the multiplicity-free fusion rules of su(2) (Clebsch-

Gordan rule) capped at level k:

J1®je= 51— Jo| ® (Jj1 — 2| + 1) & ... & min{j1 + jo, k — j1 — J2}- (1.1)

The S—matrix is given by

} 2 . w2+ 127 + 1)
]
5 i 28”1( ki + 2 )

3k

with the central charge ¢ = 75.

We list the important data for su(2)s for future reference. Let us use the labels
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{1,0,v} instead of {0, 3,1}. Fusion rules are as follows

ot =1+, 00 =yo=0,9* =1

3mi

with quantum dimensions {1,v/2,1}. The twists are §; = 1,6, = es 0, = —1 with

central charge ¢ = % S—matrix is

1 42 1
V2 0 =2
1 —v2 1

S =

N —

Finally, the nontrivial entries of the F'—move are given by

1 1 1
FI%° = ——= FYoY = (=1), FY7 = (—1).
V21 Y

We refer to [8, section 5.3] for more details.

1.2.2 Temperley-Lieb algebra

The Temperley-Lieb algebra operators e; are depicted in Figure These operators
act on a fusion tree in Figure when j; = j, by stacking up at x;—th position

(connecting j;—1, ji+1). Note that in su(2);, all anyons are self-dual.

J'Uj
jmj

Figure 1.14: TL operator for self-dual spin j € L(C).

10



Introduction Chapter 1

b
pn 1= pn —_——n—oJ
-+ p

]

Figure 1.15: Jones-Wenzl projectors recursive relation.

In the case of su(2);, the TL operators satisfy the identities
el =de;, eeie; = e, le,e;] =0, for i —j| > 1, (1.2)

where d = dim j, and more explicitly

!
xiflx;$i+1> ) (G[Z]iii);; = 590171790#1

/
€ |Ti12iTi1) = Z (e[Z]ﬁzi)if

z,eL(C)

1.2.3 Jones-Temperley-Lieb JT'L; MTC

There is a closely related MTC to the su(2), MTC and TL algebra, obtained from
the Jones-Temperley-Lieb algebra JT Lj. This algebra is itself obtained by taking the
quotient of the TL algebra for spin j = % by Jones-Wenzl projectors pri1,k > 0. We
only briefly review this MTC to clear any confusion that may arise due to their similarity
with su(2), and the fact that our anyonic chains are based on su(2), but there are others
in the literature ([9]) that are based on JT' L.

The projectors are defined inductively as in Figure with initial values py =

1

idg, p1 = id%, the identity morphism of vacuum and 3,

respectively. These projectors
themselves can form an MTC with the diagram calculus inherited from su(2)y.

For k even, JT L, MTC has simple objects {po,...,pr}, while for k odd, the even

11



Introduction Chapter 1

indices form an MTC. JT L, is called the Ising MTC, while JT L3 with objects {1, 7} is
called the Fibonacci MTC, with 7 the Fibonacci anyon. The fusion rules are multiplicity-
free and identical to those of su(2), by identifying p; — .

As an example, to obtain J7T L, we quotient T'L by
P3 = 6j6j+1 + 6j+16j — \/ﬁ(ej + €j+1) + 1.

JT Ly MTC has objects {pg,p1,p2} which is also relabelled by {1,0,1} and is closely
related to su(2); MTC.

Remark 1.2.2 There is a difference in the Frobenius-Schur indicator of the spin o

[8] which can be observed by comparing 6, in both MTCs.

The fusion rules and quantum dimensions are the same as su(2),. The twist at o differs:

Furthermore, the central charge is ¢ = % and while the S—matrix is the same, the

nontrivial fusion entries differ at F7?? by a negative sign:
1 (1

1
Fo07 = — . YV = (=1), FJ¥7 =(-1).
V21 1 i

1.3 Vertex Operator Algebra (VOA)

A VOA is a mathematical axiomatization of the chiral algebra of a CFT. However,
the story behind the discovery of this framework has less to do with physics. A series
of bold conjectures, named Monstrous moonshine, emerged in the late 1970s and early

1980s [10], describing a profound connection between modular forms in number theory
12



Introduction Chapter 1

and the Monster group in sporadic group theory.
The field of SL(2,Z)—modular invariant functions with complex variable 7 in the

upper half-plane is generated by the modular function

J(q) = ¢ ' +196884q + 21493760¢> + ..., where ¢ = &*™7. (1.4)

The Monstrous moonshine conjectures were based on a relationship behind the sequence
of coefficients of J with the dimensions of the irreducible representations of the Monster
group (McKay-Thompson and Conway-Norton conjectures).

It was proved in 1980s ([111, 12} 13], 14]) that these numbers are dimensions of repre-
sentations of the Monster group; but more importantly, it was shown that the (modular
invariant) character of a VOA V¥, called Monster VOA (or the moonshine module), co-
incides with J(g) with some appropriate scaling. Like all VOAs, it is a graded vector
space endowed with some algebra structure but its symmetry is provided by the Monster
group. We refer to the introductory materials in [15] for more details.

This new mathematical structure V¥ was then interpreted as an inherently string-
theoretic structure: the “chiral algebra” underlying the Z,—orbifold conformal field the-
ory based on the 24-dimensional Leech lattice [16, [12].

VOA is our preferred framework for (chiral) CFT. We will provide two important
examples of VOAs, the unitary minimal models and WZW models su(2);. An important
fact common to both of these models ties the discussion of MTC and VOA [I7, and

references therein|:

The representation category of the VOA forms a unitary MTC.

Remark 1.3.1 Regarding the connection between (2 + 1)—d TQFT represented by an
MTC and a rational (1 + 1)—d CFT, we need to mention the FFRS formalism [18, [19,

13
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20, 21, 122, 23] which is a rigorous construction and classification of all rational (1+1)—d
CFTs on compact surfaces (for all genera). This formalism establishes the connection

between (2+1)—d TQFT and a rational (1+1)—d CFT, but its construction is at a high

level and not useful for detailed computational purposes.

Remark 1.3.2 VOAs should be thought of as studying CFT infinitesimally at “the level
of Lie algebra”, where representations of the Virasoro Lie algebra are taken into account.
On the other hand, LCN, another framework discussed in section provides the Lie
group point of view, where representations of the Lie group of orientation preserving

diffeomorphisms of the circle Diff, (S*) are taken into account.

From a mathematical point of view, VOA is the one-complex-dimensional analogue
of both Lie algebra and commutative associative algebra [I5]; a statement that is made
precise using operad language [24]. This remarkable fact shows the richness of the theory.
This will be more evident as we will be deriving infinitely many complicated identities
involving nonassociative products generated by a single commutativity (or associativity
or Jacobi) identity.

The notations and definition for VOA follow closely those of [25] and will use formal
calculus as an essential tool. Let Ny be the set of nonnegative integers. Consider an
No—graded C—vector space V = @2 ,V,,, where the weight spaces V,, satisty dimV,, < oo,
equipped with a linear map called the vertex operator, mapping into formal Laurent

series with coefficients in End())

Y(-,2):V = EndV)[[z,27Y], Y(v,2)= Zv(n)z*’%l,

ne’l

where 2 is the formal variable and v(,) € End(V) are called the mode operators of v. The

14
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mode operators satisfy
vmyu = 0, for all v,u € V and n sufficiently large.

The vertex operator can be looked at as the analogue of the product from the left in an
algebra, where Y (a, z)b should be thought of as a.b, or complexified as a*.b. This last
analogy can be made precise [26], but we will use it as a guide for intuition.

As will be shown later, the vertex operator Y (a,z) implements the state-operator
correspondence of CFTs. They are the field operators which insert the state a at a
space-time point z = 0 with a small neighborhood locally parameterized by z.

As a different notation, which will be motivated later, for a homogeneous vector v in

some weight space with weight wt v, we can shift the index to obtain

Y(v,z2) = Z(v)nz’"’wt A Z(v)nz’”,

nez ne”

where (v), = V(ntwt v-1)-

Further, there are two distinguished vectors, the vacuum € € V, and the conformal
or Virasoro vector w € V.

The vacuum field is the identity Y (€2, z) = 1(=idy). We set a convention throughout

this thesis to use 1 as the identity operator. The creation property holds
vy =v = Y(v,2)Q=v+... € V[z]].

Creation property can be seen as the analog of the unit axiom in the definition of an alge-
bra with unit. It gives the operator-state or field-state correspondence lim,_o Y (v, 2)Q2 =
v when we replace the indeterminate z with a complex number. That is why we may use

the terms “conformal field” and “conformal vector” interchangeably.
15
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Remark 1.3.3 Motivated from the analogy of product in an algebra, a generating set S
for the VOA is defined as a set for which {[], sEQi)Q|S(i) € S,n; € Z} spansV as a vector

space.

The Virasoro vector w gives the modes and field

Wnt1) = (W = Ln, Y(w,2) = Zan_”_Q,

neL

where the L,s generate the Virasoro Lie algebra L. This has relations

(Ly L] = (1 — 10) Ly + 1—6271(712 — Ddimo - 1, Vmyn € Z, (1.5)

where the constant c is called the central charge (also called rank V) and 1 is the central
element of £ acting as identity on V. It turns out that the Virasoro field is a descendant

of the vacuum, i.e. obtained by applying Virasoro modes on the vacuum as w = w_1){2 =

L_5%.

Remark 1.3.4 The Virasoro algebra is the central extension of the Witt algebra {l,},
the lie algebra of Diff (S'). More explicitly, one has I, = —%z‘"“. This algebra is
related to conformal symmetry (and thus to CFT) as holomorphic maps can be written
as exponentials of Y_.° | ¢;l;, while Mobius maps as exponentials of c_1l_1 + colo + c1ly.
The Lie subalgebra {L_1, Lo, L1} generates an action of SL(2,C) on the formal variable
z by Mébius transformations, where L_y is translation, Lg is dilation/rotation, and L,

is inversion. These will be used to define conformal (Mdbius) covariance of correlation

functions further below, where the analytic action of these series is analyzed.

The grading of V is the spectral decomposition of Ly, so Lov = nv for any homogeneous
v € V,. A homogeneous vector v is quasi-primary (like w) if Lyv = 0 and it is primary

(like ) if L,,v =0,¥n > 0.
16
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We also have the translation covariance property for the vertex operator

iY(v,z) =Y(L_yv,z) =[L_1,Y(v,2)], (1.6)

where the left side is the formal derivative of a Laurent series.

Finally, for all a,b € V, there exists k € Ny such that
(21 — 2)F[Y(a,21),Y (b, 22)] =0 (locality condition). (1.7)

Evidently, we are defining products of vertex operators using formal series, and the
relations above should be interpreted in that context. Physically and analytically, we
want a framework in which expectation values of Y (a, z1)Y (b, z3) (discussed in more
details in section make sense if insertions are time-ordered, i.e. |z1| > |z2|. This is
the case for a VOA with the above axioms, where expectation values of Y (a, z1)Y (b, 22)

will give a rational function J1ZL:22)
(21—22)

(h € Clf, 25]), with singularity at z; = 25, that is
expanded in its Taylor series in the time-ordered region |z1| > |22].

As a result, the commutator [Y (a, z1), Y (b, 22)] is what is called an ezpansion of zero:
the difference of the expansion of a rational function in two opposite directions, here
|z1| > |22| and |23] > |z1]. This is one strength of formal calculus, where such expansion
only makes sense in a formal context; by getting rid of the singularity of z; = 25 using
(21 — 29)*, we get the numerator of the rational function h for both Y (a,21)Y (b, z) and
Y (b, 29)Y (a, z1), ensuring the difference is zero.

The above condition is also called weak commutativity, a one-complex-dimensional
analogue of the commutativity axiom in commutative algebras, analogous to a*'.(b*?.c) =

k

b*.(a* .c), but weak due to the existence of the power (z; — 2z3)". This axiom can be

17
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replaced with weak associativity:
(20 + 2)'Y (a, 20 + 2)Y (b, 20)c = (20 + 22)'Y (Y (a, 20)b, 22)c, (1.8)

The same discussion above applies, where the regions in which expectation values are
defined are |zp + 22| > |z2| and |2z2] > |z9|. Notice by formal calculus convention, the

binomial expansion of

CEEEDY (Z) o (Z) MR

keN

for n < 0 is the expansion with nonnegative powers for y, or the Taylor expansion in the
region |z| > |y|. Note the expansion for n > 0 is the same for (z + y)" and (y + z)" as
(Z) = 0 when k > n.

Thus the order of addition of formal variables allude to the region where expectation
values are analytically defined; the expansion of Y'(a, zp + 22) assumes |zo| > |22 as it
involves negative powers of (29 + 22). As a result, we need to take care of the singularity
at zp = 29 to make both sides equal, hence the factor (zy + 25)".

The expansion of the expression Y (Y (a, 20)b, 22) is what is called the operator product
expansion for Y (a,z,)Y (b, z2) (for z; = 29 + 2p) in the physics literature. Furthermore,

weak associativity is analogous to a.(b.c) = (a.b).c which complexified is a**2.(b*2.c) =

(a*.b)*2.c. This finishes the description of vertex operator algebra.

Definition 1.3.1 The tuple (V,Y,Q,w) with the above properties is called a vertex op-
erator algebra (VOA).

There exist some immediate implications of the above axioms that we list below. For

18
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any two homogeneous vectors u,v € V,
wt ((v),u) = wt u—n.

Motivated from the above equation and the creation property, modes (v),, for n > —wt v
are called the annihilation modes while the rest are called the creation modes. This
also implies that the vacuum is an example of a primary field as it has energy zero, thus
wt L, = —n. The vacuum also satisfies L_1{) = 0, a fact that is used later in conformal
covariance of correlation functions (Remark [1.3.7).

The locality axiom implies the Jacobi or the Borcherds identity, the one-complex-
dimensional analogue of the Jacobi identity in Lie algebra. To express this identity, we

need to introduce the formal delta function, analogous to the Dirac delta function,

5(z) =) 2" (1.10)

ne”

The delta function is the most important expansion of zero, that of (1—2)"'—(—z+41)"".
It is also the unique function in C[[z, 27 !]] such that Res, f(2)d(z) = f(1) for all Laurent
polynomials f € C[z,27!], where Res, is the residue giving the coefficient of z=!. More

generally,

Reszlf(zl)z;15(z—;) = f(20). (1.11)

Previously in ((1.7]) and (1.8)), it was mentioned how the same rational function is expressed

in three different regions. Using the delta function, we can put all those expressions in
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one single Jacobi identity as follows

Z1 — 29 —2Z9 + z1

21 0( VY (a,2)Y (b, 20) — 25 6(

20 20

VY (b, 20)Y (a,z1) = (1.12)

2o + 2o
21

27 16( VWY (Y (a, z0)b, 22).

This is analogous to the Lie algebra Jacobi identity ad,(ad,c) — ady(ad.c) = adaq,sc,
where ad (the adjoint action) should be replaced by the complexified product, giving
a*.(b*.c) — b*.(a* .c) = (a®~*2.b)*.c. This axiom can replace locality in the definition.
In fact, any of the associativity or commutativity or Jacobi axioms implies the other two
[15].

The above is a generator of infinitely many complicated identities for the nonassocia-

tive products v(,yu. As an equivalent formulation:

(P STIRNIL
> ( ) [ blpir—pe = (1) (j) Uptg) D) C (1.13)

=0 J §=0

— Z(—l)j+q (3) big+k—j)a(p+/)C, @, b,c €V, p,q, k € Z.
j=0

1.3.1 VOA modules and intertwiners

The next objects to discuss are the modules of a VOA. A module has a structure
similar to that of a VOA and some compatibility properties with the VOA.
A module (also called a sector or representation) (A,Y,) for a VOA (V,Y,Q,w), is

an Nyp—graded vector space A with a linear map

Ya(-,2): YV — End(A)[[z,27']], Ya(v,2) = Zv(}l)z_"_l,

neZ
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where vél) are the mode operators of v. The spectrum of wa) = Lo a gives the weights

or grading of the module

A:@An.

n€ENp

Ag is called the top-level and A,, the n—th level of module A. For an irreducible module,

Lo aa = haa,Va € Ay where hy is called the conformal or highest weight of A, and
Lo aa = (ha+n)a, VacA,.

Lastly, there is an analogous notation of (v), for a homogeneous vector v € V,

Ya(v,z) = Z(U),%Az_”_m Y,

nez

where (v)5,4 = V(ntwt v—1),4 and for any two homogeneous vectors u,v € V,
wt ((V)p,au) = Wt u—n.

The vertex operator and Yy (w, z) satisfy all the axioms of a VOA, except the creativity
property which does not make sense in this context unless A = V. Locality holds and
as a result, Borcherds identity also holds in this case with the obvious necessary
changes. The subscript A will be dropped from the mode operators involved as it will be
clear from the context.

Finally, the character for a module A is defined as

Let A, B, C be irreducible modules with corresponding conformal weights hy, hg, hc.
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An intertwiner of type ( ¢ ) is a map

A B

Y(-,2): A = End(B,O)[[z,27Y], Y(a,z) = Z amyz ",

meZ

where 7 = hs + hg — he. It has the following notation for homogeneous a € Ay,

Y(a,2) =Y (a)uz ", (1.14)

ne”L

and it satisfies similar axioms as the vertex operator. Intertwiners are part of the funda-
mental features of a CFT as they describe the fusion rules of the representation category
of the VOA.

a

—1 .

Y(a, 2)

Figure 1.16: Intertwiner Y(a, z) as a trivalent graph (recall Figure [L.F)).

Most important corollary of all the above definitions, is the infinitesimal conformal

covariance of the primary fields. Assuming a to be primary, for n > 0,

[Ln,Y(a, 2)] = (z"710, + (wt a)(n + 1)2")Y(a, 2). (1.15)

1.3.2 Further conditions on VOA and unitarity

There are many properties that the VOAs in our consideration will have, and most
of the time we will be assuming such properties. In this writing, the condition Cy—co-
finiteness is imposed on the VOAs. This is a technical condition that means the space

Cy = span{u(_9v| u,v € V} has finite co-dimension Cy = dim(V/Cy) < oco. It is
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assumed in many settings for its applications, like ensuring the representation category
of the VOA is a modular tensor category. However, more relevant to our computational
purposes is a result |27, 28] on the growth of the dimension of the weight spaces of an

irreducible module A that follows, which states

Cyn

dim 4, < (dim A4p) - ¥V "5 .

This at-most-exponential growth is necessary if an approach to simulation requires a
truncation of energy up to some N, where one can not afford more than polynomially
many qubits to be used to simulate the vector space.

An important class of VOAs consists of the unitary minimal models (UMMSs) intro-
duced in section [1.3.5] A UMM YV satisfies many properties such as being CFT-type, i.e.
Vo = CQ where only the vacuum has energy zero. Also, V has finitely many irreducible
modules and every V—module is a direct sum of irreducible V—modules (rationality).
Last but not least, V is unitary. We define unitarity below and refer to [29, 25] for more
details.

In the category of VOAs, morphisms are grade-preserving vector space maps that

preserve the field (product) and conformal structure, i.e. f:)V — W satisfies

(v, 2)u) = Y (f(v), 2) f(u) <= flvmu) = f(v)m) f(u)

f(y) = Qp,  flwy) =ww.

For two modules of V, the concept of a V—module map can be naturally defined.
Morphisms introduced below to define a unitary VOA (and later full CFT) are morphisms
in the category of VOAs.

A unitary VOA has some invariant positive definite hermitian form (-,-)y : VxV — C
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with (©,Q) = 1. Further, there is an anti-linear involution (so-called PCT operator)

n:V — V for which (n-,-) = (-,-) is an invariant bilinear form on V [25] section 5.1]
(¢, Y(a,2)b) = (Y(e?' (=27 "a, 2" e, by, a,b,ce V.

We will assume anti-linearity in the first and linearity in the second argument of (-, -)
when substituting complex numbers instead of z.
It follows that 7 is antiunitary (n(a),n(b)) = (n*(b),a) = (b, a). Moreover, for a,b,c €

V with a homogeneous and quasi-primary (i.e. ¢*f1a = a), we have
(¢,Y(a,2)b) = (=1)" “(Y(n(a),Z "), b),

in other words (a)! = (=1)"*%(n(a))_n. A hermitian field satisfies n(a) = a. The

n

conformal field w is hermitian implying L = L_,.

Remark 1.3.5 For example,

(L-292, L52) = (€, Ly L_»(2) < (2, [L2, L-2]2) (1.16)

Q primary so L2Q=0

C C
= (2 (4Lo+51)9) = 5.
eq.

This is a well-known calculation done for anyonic chains to compute the central charge of

the scaling limit, where one calculates (Z_Qﬁ, 5_2(2) where Z_g, Q are the finite versions

of L_o and the vacuum.

One can similarly define unitary modules: a positive definite form (-,-)4 : Ax A — C
with an anti-linear involution 74 : A — A with similar properties as above. Notice the

Virasoro field satisfies L = L_,, with respect to (-,-)4 as well.
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More generally, for the VOAs in this work, there exists a hermitian conjugate of any

intertwiner Y (of type ( ACB)) called Y’ (of type (,”.)) for which
(e, Y(a, 2)b)c = (=1)" “(Y (na(a), 7 )e, 0) s

for b € B, c € C' and quasi-primary homogeneous a € A.
Using the hermitian form, one can define a norm in the obvious way and get the

completion of a graded unitary module (which includes V itself) denoted by A.

1.3.3 Correlation functions

In this section, we can define the correlation function of intertwiners.

Remark 1.3.6 Y(a, z) is not necessarily a linear operator for a general value of z € C

as it 1s a Laurent series.

First, we recall the notion of configuration space for X C C as
Conf,(X) ={(z1,...,z,) € X | x; # x;}

and let C* = C — {0}. Let z; € C* and a'” € A; be fields in the irreducible modules

A;. Let Y; be of type (Ai %H) with irreducible modules C; and u € C,,,v € Cy. The

correlation function is defined as

(u> yn<a(n)a Zn) s y1<a(1)7 21)1)). (117)
This is generally a multi-valued rational function i _<i l%zl(z") 57 on Conf,(C*) [30],
i% i \Zi %)

and thus single-valued on the universal covering space Conf, (C*).

There is bound on the order of singularities s;; € Ny that depends only on a and
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al); more precisely, si; < ki; where (a(i))na(j) = 0 for all n > k;;. This is the highest
mode before which a(” does not annihilate a¥). For the order r; of poles at z;, there is
a similar bound depending only on ¥ and v. This order also includes the contribution
from 7, = ha, + he,_, — he, corresponding to Y;. Therefore, r; can be real numbers as
7; depends on the conformal weights which are real numbers in general. As a result, we
have a single-valued rational function if all intertwiners are the vertex operator Y(), as
in this case ; = 0.

In general, the correlator is single-valued when restricting to time-ordered insertion
points 0 < |z;| < ... < |z,]. In fact, in this regime, one can compute the correlation

function above by summing up all the terms in the formal calculus sum directly

Z (u, P*Y,(a'™, 2,) P¥=1Y, _1(a™ Y, 2,1) ... PPrY(aV) 2))v), (1.18)
kiyeeoskn
where P* is the projection onto (C;);, weight space of the irreducible module C;. The

sum above is equivalent to

ST (@), (@ D)y (@) [ (1.19)

mi,...,mMn€Z i=1

The reason behind the unambiguity of this sum, where terms can be added in any order,
is its absolute convergence. In fact, the sum above is uniformly convergent and bounded
in any compact neighborhood of (21, ..., z,) in Conf,(C*) (see [30, Thm. 3.5],[31, and
references therein)).

Symmetries of a QFT manifest themselves as symmetries of the correlation function.
A CFT is expected to have conformal invariant correlation functions. For simplicity, we
illustrate this when all intertwiners are the vertex operator.

Primary fields are conformal invariant, while quasi-primary fields are only Mobius
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invariant. More precisely, assume as and u, v are primary, i.e. L,a'? = L,u = L,v =
0,vn > 0. Let Y C C be an open domain containing all z; and 0 and f : U — U a
biholomorphic map which fixes the origin. According to Remark [I.3.4] one can find a
series ¢ = OL_1 4+ coLo + ... for which exp(g) = f where the zero coefficient of L_;
ensures there is no translation (f(0) = 0). Exponentiation of the infinitesimal conformal
covariance relation in yields an action e? on primary fields where

af
dz

Y (a,w)e 9 = (

(W)™ Y (a, f(w)), weEU. (1.20)

One can view u, v as insertions Y (u, 0)2, Y (v,0)Q. As they are primary, e9u = f'(0)"* “u
and e9v = f/(0)"" Yv. Applying these equations, we obtain the conformal covariance of

the correlator [32]

(u,Y(a™, z,) ... Y (aW, 2 )v) = (1.21)

FO™ PO T ™ (Y (@, f(z0)) .Y (@, f(2))0).
i=1
All the above applies to quasi-primary fields (L;a”) = Lyu = Liv = 0), if using a Mobius

map coming from g = 0L_y + coLg + ¢1 L.

Remark 1.3.7 If u = v = Q, the conformal f does not need to fix the origin, since
Lle == O

1.3.4 Full CFT

A full CFT on the plane can be constructed from two chiral CFTs, called the chiral
or left-moving Vi, and the antichiral or right-moving Vg. Notice the category of VOAs

is closed under tensor product, i.e. Vi, ® Vg is also a VOA with vacuum Q2 = Qy, ® Qy,
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and the conformal vector w = wy, ® Oy, + Oy, @ wy,.
The Hilbert space H of a full CF'T decomposes to a sum of irreducible modules of

Vr ® Vg in the form of
H =P z;Ali] @ Bj]

i,
where the sum is over irreps of V; and Vi (A[i] and B[j] respectively) for some integer

multiplicities Z;; € Ny. We shall assume Vi, = Vg = V.

Remark 1.3.8 To have a CFT, we need the character of the Hilbert space to be modular
invariant. This means Z = (Z;;); ; is modular invariant, commuting with the S, T matriz

of the MTC given by the representation category of V.

A particular class of such full CFTs is the diagonal full CF'T, which appears in scaling
limit of anyonic chains with periodic boundary conditions. Any irreducible module is

coupled with its contragredient module

irreducible modules
where A] is the contragredient module of A;. The contragredient module A’ is defined as

the linear functionals that vanish except on finitely many of the weight spaces, in other

words
A=PA,
n
which can be given a V—module structure. In the case of unitary modules, this means an-
other isomorphic copy of the module itself. Thus the Z—matrix is identity and obviously

modular invariant.

The conformal vector w = wy ® Qg + 2 ® wr has mode operators
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where the first term is the Virasoro mode for the left-moving part and the second for the

right-moving one. The conformal field is defined as
Y(w,(2,2) =Y Lpz ">+ L,z "
neZ

Primary fields a € H are accordingly defined as those satisfying
L,a =0, Vn > 0.

Conformal covariance of correlation functions for full CF'T has a similar formulation, for

which we refer to [29] section 6.1] and references therein for more details.

1.3.5 Unitary Virasoro VOAs

Unitary minimal models (UMMSs) M (k+2,k+ 1) at level & > 2, form a special class
of unitary VOAs with central charge ¢ < 1. They are completely characterized by their
central charge, which form a discrete series ¢ =1 — m for kK > 2.

Following [15] section 6.1] and [33], section 7], we construct the more general class of

Virasoro VOAs.

Remark 1.3.9 Unitary Virasoro VOA is a unitary VOA among Virasoro VOAs V.
defined below for ¢ > 0, and UMM specifically refer to the discrete series ¢ < 1, which

are the only unitary Virasoro VOAs when ¢ < 1.

To define the Virasoro VOA, let us define the Virasoro module
,Cc,o = U([,) QU (L<) C.c1, (1.22)

where U(L) is the universal enveloping algebra of the Virasoro Lie algebra £, and L<; =
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(Bn>-1CL,) @ C.c1 is the holomorphic part of £ with the central element (note the

holomorphic map correspondence described in for £<1). This has basis

L. Loyl 2<ni<...<n. (1.23)

This Virasoro module has a VOA structure. We can take 1 in U(L) to represent the
vacuum state Q. The grading is given by (L.0)n = {L_pn, ... L_1, ] Zizl n; =n}. The
first three weight spaces are (L0)o = CQ, (Le0)1 =0, (Leo)2 = Cw = CL_5A.

Remark 1.3.10 Any VOA with central charge ¢ includes the above states, as the descen-
dants of the vacuum exist in any VOA. This is the motivation behind “minimal” VOA

models, meaning they are generated by the vacuum and w.

L. is not necessarily an srreducible VOA. In fact, there is a maximal proper submodule
M. o, which after taking the quotient of, gives the (irreducible) Virasoro VOA V.o =
Leo/Mep.

V.0 is unitary, rational and C;—co-finite for the previously mentioned discrete series
M(k + 2,k + 1) when ¢ < 1. Unitarity for the discrete series and all ¢ > 1 is shown
[33] by constructing a hermitian form (-,-), which is defined on V., x V.o and satisfies
Ll =L_,.

Let us describe the UMMs M (k +2,k+ 1) withc=1— L). Their irreducible

(et 1) (kt2

modules V., are determined by their conformal weights

(k+1)r—(k+2)s)?—1

hrs — ’
! Ak +1)(k+2)

1<r<k+4+1,1<s<k.

Due to the symmetry hxio_yk+1-5 = hy s, there are @ many irreducible modules.

Remark 1.3.11 V., is obtained from a similarly defined L. in , with a VOA

structure in which Lo acts by a scalar h on the lowest energy state. For ¢ > 1, the
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irreducible modules V., are classified by a parameter h > 0. As all conformal weights in

[0, 00) are allowed, the VOA V. is not rational.

1.3.6 Ising CFT

The chiral Ising CFT is the UMM M (4, 3). It has with three irreducible modules with
conformal weights hy; = 0 (the VOA X, itself), hoy = % (the module X% corresponding
to the free fermionic field ), hs; = % (the module X e corresponding to the spin field
o). With this notation, the MTC given by Ising CFT is the Ising MTC introduced in

1.2.3l Thus, the nontrivial fusion rules are as follows:

X1 ® X1 = Xo,
2 2
X1 @X1 = X1 DX,
16 16 2
X1®X1 =X

The fermionic algebra is used to generate the Hilbert spaces X;. The Hilbert spaces
Xo, X% are generated by the fermionic modes {‘Ilnfé}nEZ satisfying the anticommutative
canonical relations (ACR) {Wy, ¥ps } = Sprar0-

The third Hilbert space X 1 is generated by {W¥,, },ez which is another version of the
fermionic algebra where the modes are indexed by integers and they satisfy the same
properties: {Wg, ¥} = dgip 0-

The first algebra generates X, and X1 by acting on the vacuum (2. The vectors

1
{\If,kT...\If,le‘ ]{71<...<kr, szN—g},
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with weight > k;, give an orthonormal basis for X & X 1. As a result, the character is

o0

g5 [ +q2). (1.24)

n=1

As a matter of convenience, the factor ¢ 21 = q_ﬁ will sometimes get dropped. Obvi-

ously, the part of the series with powers of ¢ in N — % corresponds to X% and the rest

with powers in Ny corresponds to X.

The second algebra {V,,},cz generates Xl% in a similar way, with orthonormal basis

{\I/—kr W ‘ > ’ O<k<...< k?r, k; € N}, (125)

where |{;) is the vector at the top level satisfying Lo |5) = 15 |15). Notice that ) is

sent to a scalar multiple of itself by W,. The character is
Char(X 1) = %*% H (1+4¢")

The hermitian form on this UMM implies the conjugacy relation ¥ = vl w- The formulae
for L,s are well-known [34] and will be derived in section [2.4]

Remark 1.3.12 The conformal vector is simply w = %\If_%\ll_%Q.

With regards to the intertwiners of the theory, the fusion rules for the Ising model
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correspond to three different free fermionic fields

Vi) = =", (1.26)
ne”L
W =vi ) =Y e, (1.27)
neL
wji:(z) = 2", (1.28)
neL

where 17 : X; — X;.
As a final note, the Ising full CFT is
H = XoXo+ X1 X1 +X1 X1,
2 2 16 16
with the corresponding Virasoro operators L,,, derived using the formulae for L,s. We

refer to [33] for more on minimal models, and [33] and particularly the notes [34] for the

Ising CFT.

1.3.7 Wess-Zumino-Witten (WZW) models

There are CFTs that have a local symmetry given by the action of a compact Lie
group G. To study this infinitesimally, one needs to study VOAs with symmetry from a
complex simple Lie algebra g.

Such a Lie algebra has a normalized Killing form (-, ) : g® g — C, meaning (0,60) = 2
for  maximal root of g. Further, it has an affinization § = g ® C[t,t'] ® kC with k a

central element and bracket relations:

[a@t", b@t™] = [a,b] @ "™ + 6, 1mon(a, bk (1.29)
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We decompose g into subalgebras:
=0 93-99akC, g =g@Cltft,g- =g@C[t 'Jt"". (1.30)

Next, we take the universal enveloping algebra U(g) and quotient by {g,,k — k1} where
1 is the identity in U(g) and k& € N. Taking this identity as the vacuum state 2, and

denoting (a), = a ® t", this gives a module isomorphic to U(g_) with elements
(@) .o (@), (D), €. (1.31)

Note that (a),2 = 0 when n > 0 (annihilation modes). This module has a maximal
proper submodule which taking the quotient of, gives a new g—module.

This new module has a unitary rational Cy—co-finite VOA structure as long as k #
—g, where ¢ is the dual Coxeter number of g [35]. This VOA is called the WZW model
of g at level k, also denoted by gy.

The grading of the VOA is given by

wt((a)_p, ... (aV)_,, Q) = Z n;.

The first two weight spaces are (gg)o = CS, (gr)1 = g. The vertex operator on (gx)1

defines the so-called currents

ne’

Further, unitarity is ensured by using (1.29)) with the help of the Chevalley involution n,.

For example ((a)_, 2, (b)_,2) = (€2, (ng(a))n(b)—n2) and the rest is calculated by using

kdimg
k+g -~

1.29)). The central charge of the theory is given by

34



Introduction Chapter 1

To construct modules of this VOA, let V' be an irreducible representation of g with
highest weight Ay,. Similar to the definition of g, instead of acting on the vacuum 2, we
let the modes act on the module. This means the elements of irreducible modules of gy

are of the form:
(D), . (@) v, (@), €g_, veV. (1.32)

The grading is similar with weighting given by

l
wt((aD)_p, .. (aD)pv) = hy + Y i
=1

Note the top-level of this module gj y is isomorphic to V. The trivial one-dimensional
representation V' = C) gives the VOA g, itself. The conformal weight hy is given by

W, where p is the Weyl vector of g. Not all maximal roots give irreducible modules

for gj; more precisely, only those with integrable weights Ay satisfying Ay () < k do so

35).

Remark 1.3.13 Let g = su(2). Then M(k + 2,k + 1) can be constructed as cosets

su(2),—1 xXsu(2)1

) . The coset construction is detailed in [15] and is essentially the process of
k

taking the centralizer of the embedding of su(2)y in V = su(2)x_1 x su(2);; i.e. all fields
Y(a,z) for a € V that commute with all fields Y (b, z) for b € su(2)y.

Remark 1.3.14 In g;., the conformal vector is given by w = m fofg(ui)_l(ui)_lﬂ

(Segal-Sugawara construction), where the sum is over an orthonormal basis {u;}22® with

respect to the Killing form of g = (gx)1, the space of all nontrivial primary fields.
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1.4 Smeared field or Wightman’s observable

In addition to VOA, observables coming from Wightman’s axioms will also be used.
One of the objectives of this work is to obtain the fields in the scaling limit and prove
that products of fields are also in the scaling limit, hence obtaining a “scaling limit of
algebras”. We define the observables (or fields) in each framework. As we shall see,
observables are related to the fields Y (a, z) that have been used so far. For this section,
the definitions and facts follow those of [25].

So far, the observables or fields that are point-like have been described; the insertion
of the field is exactly at a point. Smeared field operators or Wightman’s observables
are insertions of a field where the position of the particle is smeared using a smooth

complex-valued smearing function f € C(S'). Formally
wt a dz £
V(o) = $ V(a2 5= =3 fulah, (1.33)
nez

where fns are the Fourier coefficients of f. As f is smooth, its Fourier coefficients will

be rapidly decreasing:
A 1
Vk, 3Ny such that V|n| > N, = |f.| < — (1.34)
n

In order to have Y (a, f) defined on V (before taking its completion), an energy bound on

the mode operators is needed
[[(a)nbl| < Calln| +1)™[(Lo + 1)*b][, Vb €V, (1.35)

where the constants Cy,7,,s, > 0 depend on a, and the norm is given by the unitary
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structure. By summing up the above inequalities,
1Y (a, /)bl| < Cal[f]lra[1(Lo + 1)*b]], (1.36)

where the r,-norm of f is defined as

1 fllre = Y 1 fal(Inf + 1),

Similarly, we define the s—th norm of a state ||b||s := ||(Lo + 1)°b|| for any s > 0. These
notations will be useful in the next chapters.
The exact same concepts apply for smeared intertwiners Y(a, f). The domain on

which the smeared intertwiners can act are called smooth vectors (or states).

Definition 1.4.1 For any module A of V, define the set of smooth states Aoy C A as

the set of states a € A for which ||al|s < oo for all s > 0.

As they are defined on V), one can take their product

HY(a(i), fl) : V(oo) — V(oo), (1.37)
=1

and define the smeared correlator (u, [[7_, Y (a®, f;)v) on Vi) X Viso)-

Remark 1.4.1 All intertwiners of unitary Virasoro VOAs, thus including UMMs, and

WZW models are energy-bounded [25, see e.g.].

The conformal smeared field Y (w, f) will be denoted by

L(f) =Y fuLn. (1.38)

nel
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From the previous remark, for all unitary VOAs, it can be shown that L, satisfies the

energy bound

1Labl| < @w + DHIZo + Dbl (1.30)

implying

2B <[5 1Al + 10 (1.0

1.5 Local Conformal Net (LCN)

The next observables are the ones coming from the chiral local conformal net (LCN)
picture of chiral CFT. In this writing, LCN will always refer to chiral LCN, unless explic-
itly mentioned otherwise, as in full LCN or boundary LCN introduced later. We follow
the definition of LCN in [25].

Recall a von Neumann algebra is a self-adjoint algebra of bounded operators on a
Hilbert space containing identity and closed with respect to weak (equivalently strong)
operator topology. The adjoint of O is denoted by O as usual. We will axiomatize a
family of von Neumann on S'. Let Z be the family of open, connected, non-empty and
non-dense subsets (intervals) of S* and B(H) the algebra of bounded linear operators on

Hilbert space H.

Definition 1.5.1 A local Mébius covariant net A on S' is a family of von Neumann

algebras A(I) C B(H) on Hilbert space H satisfying
e Isotony. I, C I, = A(l,) C A(l).

[ J Locality. ]1 N _[2 = @ - [A(Il),A(IQ)} = {0}
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e Mobius covariance. There exists a strongly continuous unitary representation

U of PSL(2,R) (Mébius transformations of S*) on H such that

U)ADU () = A(yI), Yy € PSL(2,R),VI € T.

e Positivity of the energy. The generator of the one-parameter rotation subgroup

of U (the CFT Hamiltonian Lg) is positive.

e Existence of the vacuum. There exists a unit Mdbius-invariant vector ) €
H called the vacuwm which is cyclic for \/ ;.7 A(I), the von Neumann algebra

generated by all A(I)s.

These axioms imply the Haag duality,

Al = A(I'), VIeT, (1.41)

where I’ is the interior of S'\I. Next, let Diff, (S') be the Lie group of orientation-
preserving diffeomorphisms of S', which contains the Mobius transformations PSL(2, R)

as they restrict to diffeomorphisms on the circle.

Definition 1.5.2 A local conformal net A is a local Mdbius covariant net with the

additional conformal covariance property.

e conformal covariance. There exists a strongly continuous projective unitary
representation U of Diff, (S*) on H, extending the PSL(2,R) represenatation, such
that VI € T

UADU ) = A(I), Yy e Diff (S), (1.42)
U)oU) =0, VO € A(l), Yy € Diff (I'), (1.43)
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where Diff, (I) is the group of orientation preserving diffeomorphisms v of S* sat-

isfying y(z) = z,Vz € I'.

Remark 1.5.1 [t is an ongoing research to identify LCN with VOAs. With regards to
well-known CFTs like UMMs or WZW models, their LCN and VOA correspondence has
been fully established in [25]. Thus the notion of UMM or WZW CFT is unambiguous
whether we are using the mathematical framework of LCN or VOA to describe the CFT.
Consequently, all notions (like that of representation category) in one context have analogs
in the other. For example, irreducible modules of VOA correspond to irreducible sectors
of the local conformal net [36, see e.g. for a definition] and they form the same MTC
under similar conditions for the LCN. Hence, we will sometimes use the terminology

“lrreducible sector” to refer to irreducible modules of the VOA.

Remark 1.5.2 Full local conformal net is defined for full CFTs on a two-dimensional
Minkowski space, where instead of intervals, one considers open subsets O =1 x J C M
of the Minkowski plane formed by intervals I,J on the light rays t — x and t + x. These
have associated algebras that are sent to each other by conformal maps on the plane,
similar to (1.43). It turns out [36, section 5.1 and references therein] that a full LCN is
essentially determined by a left Ap(I) and right Agr(I) LCN and a modular invariant Z
such that SpZ = ZSg, T, Z = Z'TR for the modular data S, T of the MTC' formed by the
irreducible sectors of the LCNs A, and Ag.

Remark 1.5.3 (Unitary Virasoro LCN) For unitary Virasoro VOAs, there is a cor-

responding unitary Virasoro LCN A,;,. where

Ayir(I) = {ED] £ e C2(SY), supp(f) C I} (see [F7)). (1.44)

Ayir is dependent on the choice of the central charge which will be clear from the context.
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It is defined as the double-commutant of the algebra generated by unitaries U(exp(f)) =
') associated to real-valued smooth functions with support inside I. Note the double-
commutant theorem implies that the strong (or weak limit) of the algebra generated by

e s is Ay (I). In other words, the von Neumann algebra they generate is Auyi(I).

1.5.1 Boundary net

This section will be important in our characterization of the scaling limit of anyonic
chains with boundary conditions in section [2.6.2]

We study boundary CFT on the half-plane M, = {(t,z) : > 0}. Note the

Too Ton . "
stress-energy tensor T = has to satisfy a boundary condition at z = 0.

TIO Tll

Conservation and vanishing of the trace imply that the left and right moving compo-
nents T; = %(Too + To1) and T = %(Too — To1) are chiral fields and T, = Ty (t + z),
Tr = Tg(t — x). The boundary condition means the absence of energy flow across the

boundary,

Tu(t,z=0)=0 & T,=Tzr=T. (1.45)

This means the left and right chiral Virasoro fields are identified. The mathematical

model must describe what net of algebras the additional non-chiral fields generate.

Remark 1.5.4 An anyonic chain with boundary conditions exhibits the same behavior
in the scaling limit. They contain only one chiral algebra with identification between left
and right movers. As a result, the Hilbert space in the scaling limit is a representation
that is a direct sum of representations of the chiral algebra, and not a sum of tensor
products of representations of two chiral algebras like in a full CFT for periodic chains.

We now define the boundary net following [36, section 5.2]. This will be the first step
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in modeling boundary CFT. Let K, be the set of double cones O whose closures are
contained in M. A double cone is O = I x J where I,J C {x = 0} = R are bounded
intervals on t-axis with [ > J (meaning inf I > sup J), and I x J is defined as the region
{(t,x)|t +x € I,t —x € J}. Consider a completely rational local conformal net A(I)
restricted to a net on R by removing the point co. Then the universal cover PSE@,/R)
acts globally on the universal cover of S'. The product action on the chiral lines ¢+ and
t —x of M gives a local action of PS/L?Q,/]R) X PS/L?Q,/]R) on M. To pass to the boundary
CFT, we consider the local action of PSL(2,R) obtained by restricting the local action of
PSL(2,R) x PSL(2,R) to the diagonal. This action restricts to local actions of PSL(2, R)

on M, and its boundary, the time axis.

Definition 1.5.3 (Definition 5.6, [36]) An assignment B of a von Neumann algebra
B.(O) on a fizred Hilbert space Hp to each double cone O € K, is called a boundary

net if it satisfies the following.
° ISOtO’I’I,y. 0, C 0Oy = B+(Ol) C B+(02)

e Locality. If Oy, O, are spacelike separated, then [B(O;), B+ (03)] = 0.

P

e Mébius covariance. There exists a unitary representation U of PSL(2,R) on

the Hilbert space Hg such that U(g)B, (O)U(g)" = B, (gO) for every O € K, with
g€ PS/L—@,/R) having a path of elements g5 € PSL(2,R) connecting the identity of

—_——

PSL(2,R) and g satisfying g;O € K, for all s.

e Positive energy condition. The generator of the translation one-parameter

subgroup of U (the CFT Hamiltonian) is positive.

e Existence of the vacuum vector. There exists a unit vacuum state 2 € Hpg

such that CQY are the U—invariant vectors and cyclicity holds B (O)Q) = Hp for

each O € ;..
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The non-chiral fields of a boundary CFT generate a boundary net of algebras B, (O) on
M which contains the boundary net generated from a chiral net A(I). Let us define
A (O)=A(I)V A(J) for O =1 x J. A boundary net associated to a chiral net defines
the model for boundary CFT and we will use both terms boundary net and boundary

CFT interchangeably.

Definition 1.5.4 (Definition 5.7, [36]) A boundary net B, (O) associated with A(I)

is a boundary net B (O) satisfying the following.

e Joint irreducibility. There is a representation © of A(I) on Hg such that
(AL (0)) C BL(O) and U(g)m(AL(O)U(9)! = 7(A.(gO)) for doubles cones
0,90 € K,..

e For each double cone O, the von Neumann algebra generated by B, (O) and all
algebras w(A(I)) is B(Hp).

Remark 1.5.5 An important ezample of a boundary net associated to the chiral net A,;,
for Ising model is B4 (O) = (CAR(I) ® CAR(J))®*™ [38, Examples in p.20, 47]
for O =1 x J, generated as a von Neumann algebra by the monomials of Dirac modes
(with even many terms) in {V(f)V(g)|supp(f) C I,supp(g) C J}, and acting on the

Hilbert space Hp = Xo @ X%.

Boundary nets can be characterized using the notion of chiral extension of chiral theories.
Every maximal local boundary CFT B, can be recovered from its “restriction to the
boundary”. The latter is some (possibly non-local) chiral extension B of a chiral LCN A
defined on the same Hilbert space Hp as B. We refer to [38, 36] for the (re)construction

of the boundary CFT from a (non-local) chiral theory and classification of the latter.
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1.6 Anyonic Chain (AC)

Although anyonic chains (AC) are closely related to and inspired by spin chains, there
are some fundamental differences between them. The most salient difference touches on
the trade-off between explicit locality and unitarity in QFTs. Spin chains implement
locality explicitly by attaching local state spaces to each site, while the Hilbert spaces
of ACs do not have such explicit tensor product decomposition. In general, it is harder
to obtain unitary interacting exactly solvable spin chains with CFT scaling limits, while
such examples of ACs are ubiquitous [9]. This phenomenon is related to the localization
of braid group representations, where finite order unitary R—matrices are very rare [39).

This section follows the exposition of anyonic chains in [40, 9]. An anyonic chain is
a periodic or open (with boundary condition) chain, along which pairwise interactions

occur between quasi-particles (the anyons), e.g. the generalized spin j anyons of su(2)g.

Remark 1.6.1 Our anyonic chains will be based on su(2)y and it should not be confused

with anyonic chains based on JT Ly, like the Fibonacci golden chain in [9] (see Remark

for more on this issue).

The chain is usually presented along a straight path if it is not periodic and as a loop
if it is periodic. We will also put the nonperiodic chain along the upper half-circle S}r

(Figure [1.17]) as this picture will be used in section to relate the AC to LCN.

Figure 1.17: Anyonic chain on a straight path and on a half-circle.

A boundary condition (a,b) means xy = a and x;_; = b. The channel between each
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two anyons provides the means for fusion. Each admissible fusion path has to satisfy
the fusion rules of su(2), in (1.I). All admissible fusion paths form an orthogonal basis
of the Hilbert space Hom(zo ® z_1, ¥~ ) where the inner-product comes from the
diagram calculus of the unitary MTC su(2), (section [L.2.1]). Generally for all j and £,
the resulting Hilbert spaces do not have a tensorial structure, though the case of k = 2

does have one.

. _ Ti—17] ~
Zq = Z <in+1 ) x€;

Tit+1 Tit+1

Figure 1.18: The F—move applied on the anyonic chain.

We specialize to the case j = %, and define a Hamiltonian. The motivation of all
these settings could be seen as a generalization of the Heisenberg model [40]. In that
model, there exists a spin-spin nearest neighbor interaction given by the term

1
CL= P+,

5;-Sip1 = P —
SS+1 % 4 4

where P? is the projection onto the total spin s channel of two spins 51 and §¢+1- This

leads to the following Hamiltonian

H=JY P
J

where J determines if the chain is antiferromagnetic (J = —1) or ferromagnetic (J = 1).
To generalize, we first need to define the projection onto the total spin using the so-called
F—move in Figure [[.18

The next step would be to project onto the desired fusion which is 0 (the vacuum)
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and go back to the previous basis of fusion path by applying the inverse of the F'—move:

L—2
H=-% F'PF,

i=1
where the antiferromagnetic coupling J = —1 has been chosen in order to obtain UMMSs

T

s ), the quantum

in the scaling limit. In the case of spin—% chain, letting d = 2 cos(

dimension of %,
L—2

1 1
—IPOF_ X, H___§ X .
Fl' i z_a i = - d i

=1

The operators X; satisfy the following relations [9} eq. (3)]:
XzQ = d)(27 X; XX, = XZ', [XZ,X]] =0, for |Z —j| > 1.

These are the same operators e; of the Temperley-Lieb (TL) algebra (section |1.2.2]).
Thus,

For the nonperiodic su(2); AC, there are several possibilities (a, b) for the boundaries as

a,b € {0, 3,1}. For example, the chain (3, 1) has odd length L = 2n+1 due to the fusion

rules and the Hamiltonian is H = Zle_l e;. However, the periodic chain has always

L

2

even length 2n.

Going back to the general case, recall the operator e; acts nontrivially on the i—th
particle according to its neighbor particles . From the MTC point of view, one can
think of the (open) AC as a diagram inside Hom(zy ® z7_1, (3)®*~Y) on which e; with
the above entries act, by stacking up above z;.

Numerical experiments suggest that the scaling limit of the ACs of su(2); can be

described by chiral CFTs data or full CFT (for open boundary condition or periodic
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—— N=
— N
—— N
— N
—— N

1
2

L1 LL-2

Zo Tr—1

Figure 1.19: AC with j = 1 as an element inside Hom(zo ® 1, (3)®(7D).

chains, respectively). These results are outlined in [40} [9], showing that depending on

the boundary condition, we obtain different irreducible modules of UMMs with central

chargec = 1— m. This happens for the antiferromagnetic chain, and it is expected
that one obtains the parafermion CF'T with central charge ¢ = 2(:—;21) for the ferromagnetic
chain.

For periodic chains, exact diagonalization numerically solves the anyonic chain model
by finding the excitation spectra [9]. For example, conformal dimensions of the scaling

limit CF'T are extracted from the energy levels for a length L periodic chain given by

2mv c 1
E=FEL+~—(——+hy+h —
1L+ L( o Thet R)+O(L2),

with hz, hr the conformal weights of left and right sector. The scaling limit CFT is
stable under symmetry-preserving perturbation; more precisely, the topological symmetry
that the periodic chain has [40, Fig. 3]. One can imagine a loop inside the chain and
repeatedly use the F'—move until it gets removed. As demonstrated in [9, [40], any

perturbation preserving such symmetry will not change the scaling limit .

Remark 1.6.2 Due to the similarities between JT Ly, and su(2)y for the particular case
of k =2 (Remark , what would be referred to as the Ising AC can be constructed
with either of JT Ly or su(2)s as the scaling limit results would apply to both cases. This is

consistent with physics terminology where the Ising chain means a spz'n—% chain (C%)®n
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with the Hamiltonian

n n—1
_ T z _z
H = g o; g 050541
J=1

j=1
giwven by Pauli operators o, 0%. As shown in section this Hamiltonian is the same
as the one constructed earlier. However, the general relation (for k > 2) between the
two types of JT Ly and su(2) anyonic chains is likely to be complicated. See [9] for an
attempt for k = 3, where the golden Fibonacci chain based on JT Lz is mapped to an

su(2)3 AC.

As a final note, an important connection between AC model and the Restricted Solid-
On-Solid (RSOS) lattice model provides further physical proof that the scaling limits
of ACs are CFTs. One can show that the Hamiltonian derived from the logarithmic
derivative of the transfer matrix, coincides with the AC Hamiltonian [9]. This lattice
model has been studied for a long time and the literature has similar numerical results
for this model (see [41], [42], and the references in [9]). While there is no doubt that
the two approaches are equivalent in the end, mathematically it seems easier to obtain
observable algebras of CF'Ts as scaling limits in the AC approach as illustrated in section

2.0l
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CFT as Scaling Limit of Anyonic
Chains

2.1 Outline of main results

We provide a mathematical definition of a low energy scaling limit of a sequence of
quantum theories in any dimension, and apply our formalism to ACs. The formulation is
non-relativistic and there will be no treatment of spacetime. Instead, most of our focus
will be on the scaling limit of the algebra of observables. Of utmost importance to our
applications are the recovery of all algebras of local observables in the scaling limit and
the rate of convergence to the scaling limit. Similar ideas for defining related scaling
limits for lattice models and spin chains have appeared in the physics and mathematics
literature which will be reviewed in 2.2 We show our results for the scaling limits of
the Ising ACs and pin the conditions necessary for them to generalize to higher minimal
models.

In section 2.3, we define the scaling limit of quantum theories and address the issues
that come up with scaling limit Definition [2.3.2 Quantum theories are Hilbert spaces
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W,, with Hamiltonians H,, and algebras of observables A,,. The scaling limit is a Hilbert
space which is a completion of a graded vector space V with Hamiltonian H. It is built
by stacking up the low energy spectrum of W, s using the embeddings called connecting
maps ¢A WM — WM. where M is an energy cut-off. The connecting maps satisfy
some compatibility axioms and are assumed to exist only for large enough n given a
fixed M. If such embeddings are defined for all M and n, ie. ¢, : W, — W,1,
we have a strong scaling limit, a scenario conjectured to hold for UMMs and proved

for Ising. The grading of V = ®2)V; represents the A;—energy eigenspaces on which

Hly, = A1. Next, Definition [2.3.4 defines the scaling limit of observables O, 5o

where O,,’s low energy behavior, defined as expectation values (u,, O,v,), converges to
that of O, i.e. (u,Ov). Note this applies to the Hamiltonians H,, as well, with scaling
limit H. The observables O defined on V generate the vector space A of observables
(Deﬁnition. These observables are almost linear (but not necessarily linear), where
Ou = ), u; is a formal sum with the grading w; € V;. This reminds one of point-like
fields Y (a, z)u = Y aguz~""! which expectation values are defined but are not linear
operators (Remark . If the sum ) . u; is always finite, then O is linear on V.

In section [2.3.3] we propose a definition of locality with respect to both space and
energy, called space locality and energy locality. Intuitively, energy-local observables are
those that do not shift the energy level by more than a constant A, i.e. they are zero when
viewed as a map V; — V; for |i — j| > A (Definition [2.3.9). This definition is intrinsic
but too flexible and should not be confused with the later definition of locality in the
next chapter, which is needed to characterize local operators in a quantum computer
simulation of CFT. The locality definition for simulation requires a detailed knowledge
of the energy (or space) local degrees of freedom, which may not have a canonical form
and is only known in the case of free models like Ising. Still, the concept of energy

locality provides the minimal restriction needed for some of our theorems, where we try
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to distinguish the smeared Virasoro field Y (w, f) in the scaling limit. We explore the
energy-local operators in section in greater details; Specifically, Theorem and

Theorem [2.5.2 where it is shown that

an " Wlthf—an e G (s

form the energy-local operators as scaling limit of hermitian linear combinations of
Temperley-Lieb operators e; and their commutators ile;, e;41].

Even though there is no treatment of spacetime, we propose a definition of space
locality on lattice-based models (Remark and Definition [2.3.10), which is stronger
than the usual notion of locality in quantum computation (QC-locality). This is possible
due to the obvious presence of space local degrees of freedom on a lattice model. We
point out whenever possible how one could obtain operators of interests such as smeared
Virasoro field Y (w, f) (or more generally any smeared field Y (a, f)) from a sequence of
space (or QC-local operators), in Theorem and Remark [2.5.9]

Previous works have mostly analyzed convergence of Virasoro modes L,, in the scaling
limit without taking into account the algebra of observables they generate, a crucial
characteristic of any quantum theory. There are three important types of observables in

the mathematical frameworks of CFT:
(a) (Wightman’s) Smeared fields Y (a, f),
(b) (Haag-Kastler or) LCN bounded observables O € A, (1),
(c) VOA point-like fields Y (a, 2).

Given that they are all supposed to describe the same theory, and are also considered
to be physical (computable), our goal is to show that the scaling limit vector space

of observables A contains all three as a scaling limit algebra (SL-algebra). Using our
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definition of scaling limit of observables, the notion of SL-algebra can be naturally defined
as a collection of observables in A which generate an algebra in A, hence their product
has to be a scaling limit of a sequence of observables (Deﬁnition. If that sequence is
the product of associated sequences (O ))n to the observables in a generating set {O®},
then it is called strong SL-algebra (Definition . This is the ideal scenario where
oY) 5L 00 and scaling limit commutes with taking products of 0s.

However, before we can move forward to show the convergence as an algebra, we need
to obtain the Virasoro modes L,,. We further need to analyze the rate of convergence,
which would be important to prove convergence of their product. In section [2.4] we
obtain the scaling limits of Ising ACs for all boundary conditions. Proving the limits is a
computationally involved procedure, where the same technique ([43]) is applied to each
case. The proofs for some of the cases can also be found in the physics literature with
different or similar approaches [I]. Yet, no mathematically rigorous proof for all Ising
ACs using one consistent method and with explicit estimate of the convergence rate for
the limits could be found in the literature. Therefore, we prove the Theorem which

is partially recited below.

Theorem [2.4.1] 1- The following strong scaling limits hold, up to some scalings

(explained further below) of the Hamiltonians

(a) Wo= (3, 8), Hy=—Y2""e;. Then (W, Hy,) =5 (Xo + X1, L)

(b) W, = (0,0) or (1,1), H,) =5 (X, Lo).

(¢) Wn=(0,1) or (1,0), H,) =5 (X3, Lo).
(d) W = (3,1) or (3,0), H,) =5 (X1, Lo).

2
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(¢) W, the periodic chain of size 2n, and H, = — 3", e;. Then

SL

(Wn, Hn) — (XOYO + X

if n is even.

Furthermore, restricting energies up to O(y/n) gives the rate of convergence O(L).
2- For the corresponding higher Virasoro generators, with the same rate of convergence

as above, given a fixred m # 0, we have (up to some scalings)

(a) O%,, = 22"11003( 2 )ej S Ln 4 L,
j+1 )

o =0 (M e o] P (L, — Loy)

4

If m < n, we have a rate of convergence of O(%) for energies up to /n.

It turns out one can define operators Lim, Lftm LN L., satistying the properties men-

tioned above, being some scalings of Oy, ., Oy .,
Le + L° Ly, + L,
It Eom _ atOs + Be1 SL, +—7
2 ’ 2
(L;, — L (L — L,
Z( m 5 7m> —OZnOZm‘f‘ﬁZ’m]_ S_L> Z( 5 >’

where oy, oy, B, ., and 3, are suitable scaling factors. An operator Zm is desired which

n,m?

has scaling limit L., so that expressions like L(f) := 3" finLm Shy L(f) = fiuLm can

be used where fm = Qy, + by, € C are Fourier coefficients of f € C2°(S'). Let

;o (z;+z;+zgm_2z
me 2 2

m) Vm #0, Lo= LE.
The above satisfies Zm EEN L,, and inherits the same rate of convergence from Egn and

an (Remark [2.5.1)) and will be used in our next results.
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In[2.4.4] we compare our Koo-Saleur formula to the earlier one in the literature [1], and
show why ours is a better choice with regards to algebra convergence which is addressed
below. The important distinction lies in the energy locality of our formula, while the one
in [I] mixes high and low energy spaces.

Going back to proving convergence as an SL-algebra, it is not hard to show that the
three important types of CFT observables mentioned previously live in A as a vector
space, i.e. all in a single framework. This fact tells us two things we expect. First, they
are all physical as they describe some computable convergent sequence. Second, although
all three sets are related (see [25]), and each believed to store all the CFT information,
they have to be in our set of observables simultaneously.

(a) Smeared fields Y (a, f): In section [2.5.1 using the previous results for Ising,
the smeared fields Y (a, f) are recovered as an SL-algebra. The steps to show this are
outlined. The VOA is generated by L,s applied to the primary fields, therefore realizing
the L,s or the smeared conformal field Y (w, f) should be the top priority. We illustrate
intuitively the idea behind the equations above defining L,,. Consider a nonperiodic Ising
chain placed on the upper half-circle S7 (Figure . We ask for the “finite version” w
of w. Informally, the answer is @ = e (the TL operator). For example, for any function

f with f(z) = f(2), with Fourier coefficients of sin(nf)s being zero, we have (informally)

dz

)
2miz

i F@)e; 25 Y (w, f) = %Y(w,z)f(z)zﬁ

+

where the integral on the left is an integral over a “finite” space, in other words, a
summation. Hence, as w can be regarded either as a state or a field, so does e;, which
can be seen as a vector (with a diagram presentation) or as an operator (stacking up
diagrams). Here, Y (the vertex operator) is the analog of the stacking at infinity.

For the opposite situation, i.e. f(z) = —f(Z), where the Fourier coefficients of
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cos(nf)s are zero, it can be viewed as a derivative of the previous case. However,
4Y(w,z) = Y(L_yw,2). So it is necessary to find the finite version of L_jw, which
should be the derivative (as it is the interpretation of L_;) of e;. The first candidate

that comes to mind is [ej, e;+1] and we have

o dz

omiz

i f(ei%j)[ej,ejﬂ] LN Y(w, f) = %Y(w, 2)f(2)z

st

For general smooth functions f, a linear combination of e; and [e;, €j41] is required to

obtain Y (w, f). Once this is achieved, convergence as a strong SL-algebra is proved.

Theorem 2.5.6] {L(f) | f € C&(S")} generates a strong SL-algebra with corresponding

sequence L(f) to each L(f).

As mentioned previously, for a general VOA, one would need to recover the smeared
primary fields along with the conformal field. For UMMs, and more generally unitary
Virasoro VOAs, the VOA is generated from only the conformal field acting on the vacuum,
the only (trivial) primary field {L_,, ... L_,,Q2} = V. Borcherds identity allows
us to compute a descendant field based on its parents and the conformal field. Using an

inductive approach, we obtain all Y (a, f) for all fields a living in an SL-algebra:

Theorem 2.5.8] The set of operators {Y (a, f)| a € V, f € CX(SY)} C A generate an

SL-algebra, with Y (a, f) recovered from a QC-local sequence.

In Remark [2.5.10, we outline the technical reasons why our proof does not recover the
algebra as a strong space-local SL-algebra and Conjecture [2.5.9] is made along this
direction.

The scaling limit Theorem for Ising and the rate of convergence required for the

past theorems on SL-algebras, motivate the formulation of Conjecture|2.5.3|on conditions
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when a unitary CFT would arise as such a limit and on the analytical requirements for

the above theorems on SL-algebras to hold for higher minimal models.

Conjecture [2.5.3| For any unitary minimal model ¥V = V.o and a sector V., there is
a sequence of (AC or lattice-based) quantum theories (W, H,, A,) with strong scaling
limit (V.p, Lo) such that for each Virasoro generator L,,, there is a sequence Zm e A,

(dependence on n implicit) with the following properties:

° Em s a space-local observable such that ZI,I = Z_m and azm + ai_m € Afj for
any complex number a, where AY is the (generating) subset of A, consisting of

hermitian observables.
e L, shifts the energy no more than |m|.

e There exist constants d, g., e, > 0 such that when Zm 15 restricted to energy at

most n% it has an approxvimation by L,,|,a. with error O(n%)

1

nge

Lnlnte = Lup|paw + O(—),

and the operator norm ||Ly|| is bounded by O(n®).

Assuming the above conjecture for UMMs, most theorems in section [2.5 notably Theorem

mentioned above, hold for all UMMs as well (Remark [2.5.6/ and [2.5.7 clarify which

results generalize).
(b) Local conformal net observables: The algebra of observables in LCN is
recovered in section [2.5.2, Finite versions of LCN are defined in the obvious way by

considering intervals I in the interval set Z of the upper-half circle S} (Figure [1.17),

and algebra of observables on interval I is generated by e;s where [271:1’ %] C 1.

We denote these by A,(I) and obtain a local net of strong SL-algebra of bounded
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observables Ay(/) in the scaling limit (Definition and Corollary 2.5.9). We solely
focus on characterizing the algebras A,(I), however as space is part of the data describing
the net, studying the net thoroughly should also allow a treatment of space in the scaling
limit process.

We would like to compare this net to that of A,;(I) (1.44). This may seem to be not
a like-to-like comparison at first. Indeed, as explained in section [2.6.3] it is not accurate
to call the scaling limit a chiral UMM as there is no preferred direction for chirality to
emerge. However, it is completely described by chiral data like all other versions of CF'T.

This comparison helps to understand how the theory is built from chiral data.

Applying Theorem [2.5.6, one gets e/2() 2Ly ¢iL() ag a corollary. Let J(I) be I's

reflection in the lower half-circle. For supp(f) C I U j(I), we know e'“Y) € A, (1),
implying for their scaling limit e’“(/) € A,(I). On the other hand, A, (I) is generated
as a von Neumann algebra by {e'*)|supp(f) C I}, thus Ay, (I U5(I)) C Ay(I). Once
an inclusion like the latter is obtained between two nets, where one (A,;.) satisfies Haag
duality and the other (A,) locality , it is a common trick to form a sequence
of inclusions to show their equality. We can do this when | N 9S}| = 1, where for J the
complement of I in S7:
Ap(J) S A) C Avin(TUG(T) = Avir(JUG(T)) CA(J).

~—
locality Haag duality

Theorem 2.5.13 Ay(I) = A, (1 U j(I)) for I € I, with |[I N9SL| =1, where j(I) is

1’s reflection in the lower half-circle.

Let us suppose that I does not satisfy |[I N 9S}| = 1. Then

Avir(]) Vv Amr(j(I)) - -Ab(I) - (Avir(Jl) \ Avir(‘]Q))ly
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where J; and J, are the two intervals obtained by removing I and j(I) from the circle.
The difference between A;.(I) V Ay (7 (1)) and (Ayir(J1) V Ayir(J2))" is given by the
charge transporters. In particular, we observe that A(7) includes the algebra (CAR(I)®
CAR(j(I)))e*" (Remark . This is a case of charge transporters for Xi. In section
, we speculate about the boundary CFT (Definition that corresponds to Ay (7).
More generally, if the scaling limit contains irreducible sectors X;, it is conjectured that
charge transporters p;p; corresponding to X; exist in Ay(/). Even for the Ising model,
the exact description of A,(I) is not clear yet, showing much is yet to be done.

To generalize Theorem to higher minimal models, we need a space-local rela-
tion between Temperley-Lieb generators and finite versions of Virasoro generators. In
Conjecture , it is claimed that the trivial generalization of O¢  O2 —in Theorem

n,m’ ~ n,m

should give operators Lo satisfying the properties in Conjecture . We will

discuss in , using numerical arguments from [I], why this generalization to su(2)y
ACs may not satisfy all properties in Conjecture We will also speculate on the
possible fixes, including adding higher commutators like [e;, [e;41, €j42]] to deal with the
finite-size effects and changing the framework from su(2); to the Jones-Temperley-Lieb
JTL; MTC to ensure space-locality.

(c) Point-like fields Y'(a, z): It is not hard to recover the point-like fields simply as

an almost linear operator.
Theorem [2.5.14 Y (a, 2) € A as an almost linear operator.

However, we are unable to show that they form an algebra in the scaling limit. Intuitively,

7

one would expect “ey LN Y (w, €)” where eg is the TL operator acting nontrivially on the
part of the chain closest to angle #. This means one can obtain the point-like field as an
ultra space-local operator (acting on constantly many adjacent anyons). It is because of

the high non-locality of energy (a result of being highly space-local) that the scaling limit
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does not hold. The precise statement is as follows, where a scaling of e; and i[e;, €;41]

are supposed to produce the even and odd part (cos(),sin()) of the point-like field.

Theorem 2.5.15] We do not have

~ . ~ ~ ~ SL
On = ap|[0;]1%ex + iap||03]1% [ex, €xsa] + (8705 + B 031 == Y (w, 2)2%,

T (m+1)7r]

where z = € and we pick the unique 1 < x < 2n — 1 such that 6 € [2n+1’ 1

In Remark [2.5.12] it is shown that one could build a sequence of space ultra-local op-
erators (acting on O(log(n)) adjacent anyons on the AC) converging to Y (w,e?). This
is done by comparing the number of variables and the number of equations needed to
cancel the energy non-locality. Yet, that sequence of operators may not be the one that
could yield an SL-algebra.

Finally, in section [2.6] we go through a list of conceptual and technical gaps in our
understanding of the scaling limit, providing directions for future works (some of which

are mentioned above).

2.2 Previous works

We discuss prior works in the literature on the mathematically rigorous definition of a
scaling limit in the quantum mechanics approach, and the recovery of algebras of observ-
ables. There is a vast literature on the subject of scaling limits in statistical mechanics
[41], and substantial progress has been made in the case of Ising model proving the corre-
lation functions in the limit are conformal invariant (see [44, [45] and references therein).
Statistical mechanics approach could also provide techniques with which one could com-
pute the conformal weights present at the scaling limit without actually diagonalizing

the Hamiltonian [46].
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A recent program to construct CFTs from subfactors is in [47, 48 49], where the
inductive limit of Hilbert spaces is clearly discussed based on planar algebras, which
have the same Hilbert spaces of states as ACs (spin chains in these papers are better
interpreted as generalized spin chains as in [42]). Our work focuses on the quantum
mechanics approach to scaling limits of ACs enriching the inductive limits [48] with
explicit Hamiltonians and algebras of local observables.

A scaling limit of spin chains close to our Ising AC was analyzed earlier in [I] starting
with the idea of how to take the scaling limit of the Hamiltonians of the chains and also
obtain the Virasoro modes L, from Fourier transforms of the TL generators e;. More
recently, in the first paper of the series [50] 511, [52] on the gl(1|1) (free) model, the authors
proposed a potentially rigorous definition for the scaling limit [50, section 4.3], obtained
operators like our st and computed their commutators to check their convergence to
the commutators of the Virasoro modes. Such computations are commonly pursued after
one obtains some operators Zm Sk, L,, and have been done in different models both
rigorously and numerically ([53],[54, p.19 and references therein]). We go beyond the
convergence of commutators and further pin down the conditions necessary (Conjecture
to prove the same theorems for higher level UMMs.

In the third paper of the series ([52]), the authors gave a rigorous definition of scaling
limit while working on the scaling limit of JTL algebra (with d =0 = e = 0) as it
acts on a gl(1]1) periodic spin-chain model (the scaling limit is the ¢ = —2 Logarithmic
CFT—symplectic fermions theory). Even though the context and the type of the model
(Logarithmic CFTs) are quite different from ours (unitary CFTSs), our definitions closely
mirror theirs. But there are some differences due to our different motivation, emphasis
and applications.

As defined in [52, Appendix C], our scaling limit is also dictated by the low energy

behavior of Hamiltonians, Hilbert spaces, and observables. In [52], the primary focus
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is on the algebraic scaling limit of TL operators. However, we focus on the analytic
side of scaling limits motivated by our goal of simulating CFTs as we need to know
how computations in the finite stages converge. Especially, the unitary evolution and
correlation functions involve unbounded operators for which we desire a clear description
on how they are obtained in the scaling limit. In fact, even when restricted to the bounded
observables, not all bounded operators can be obtained through the algebraic approach
(for example the unitary operators e’(¥)). Related to this, the analytic approach provides
a more direct picture on how the LCN emerges (section since we still keep the TL
operators e; as our operators of interests and (mostly) do not switch to fermionic fields.
This enables us to obtain theorems with proofs general enough for higher UMMSs assuming
Conjecture 2.5.3

The algebraic approach, and algebraic-numerical techniques [55, [56], have been used
to obtain more information about the algebraic structure of the Hilbert space and the
algebra of observables in the scaling but to our knowledge, a mathematically rigorous
procedure has been applied mainly for free models like gl(1|1). We believe our analytical
approach should also apply to such free models.

Recently, emergence of conformal symmetry has been numerically investigated using
the Koo-Saleur generators (KSGs) [57, [I]. To compare our version of KSGs with those of
[57], first recall our notation L,, = L, + L,,. Our counterparts of the KSGs are operators
L, +L_, on the ACs that give us L, £ L_, in the scaling limit ([4, Appendix]). On the
other hand, using a different diagonalization of the Hamiltonian in [57] (same as that in
[1]), the authors found their KSG operators, different from ours, in the AC notation to be

2n(j+1)mi

H, = % 351 e 2N ej, which converge to L, +L_,. Taking the sum and difference of

ﬁn and Ff_n respectively, we obtain L, +L_,, from the sum and (L, — L_,) — (L, — L_,,)
from the difference, which does not have a counterpart in our version.

The difference stems from different diagonalizations of the same Hamiltonian, which
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illustrates the potential importance of connecting maps in our definition of scaling limit
in the next section. In [I], the diagonalization of the Hamiltonian is accomplished by
constructing creation and annihilation operators from the usual Fourier transform of the
Majorana operators. While in our version, the Dirac operators are obtained as cos() and
sin() transforms for the left and right moving sectors, respectively, which implies that
going from one diagonalization to the other requires a mixing of the left and right moving
sectors of the full CFT.

It follows that the scaling limit of H, from our diagonalization will have an interchiral
part which mixes left and right moving sectors, thus clearly different from H,, = L,,+L_,,.
The method in [57] works well numerically, and for the Neveu-Schwarz sector XoXo+X %Y%,
the resulting scaling limit (see e.g. [I] for a proof) gives rise to a full CFT isomorphic
to ours by a not necessarily local isomorphism that connects the two different sets of
creation and annihilation operators.

Finally, while not directly related, the paper [29] serves as a conceptual inspiration
for our work and the techniques introduced there address analytic problems of similar

nature to ours.

2.3 Scaling limit of quantum theories

It is commonly believed that QFTs are low energy effective theories such as WCS
TQFTs are the low energy effective theories for two dimensional fractional quantum Hall
liquids. In this section, we define mathematically a low energy limit of a sequence of
quantum theories. Our formalism is closely related to the definition of topological phases
in [58] and ideas in [50].

We start with the definition of quantum theories by imagining quantum theories

that describe a collection of interacting quantum particles. The theories considered have
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a discrete energy spectrum in the scaling limit like all CFTs. Notice this is different
than the energy spectrum given by the primary fields. In the context of CFTs, there
are non-unitary Virasoro representations with continuous spectrum of primary fields,
while still having a discrete energy spectrum in each sector. The definition below is for a
finite dimensional theory, with the next definitions defining what the infinite dimensional

scaling limit is.

Definition 2.3.1 ([4], Def. 2) A quantum theory is a 3-tuple (W, H, A) where
e W is the Hilbert space of states,
e H is the Hamiltonian and hermitian,

o A is a von Neumann algebra of observables.

Remark 2.3.1 We can also add a number of notions to the definition above. For ex-
ample, the space information of the system can be thought of a graph G, which is usually
the 1—skeleton of a triangulation of the space. In the following text, G is always a chain.
There are also different notions of locality based on the basis we choose. As an example,
considering the space information given the graph G, the Hamiltonian H is r—space-local
for some constant r > 0 if H =Y _"_| H; such that each local hermitian term H; is trivial
outside the ball B,.(v;) of distance r at some vertex v; of G. If p =1, then H is r—space
ultra-local. There will be different notions of locality in this chapter, explained later in

section [2.3.3.

2.3.1 Low energy limit of quantum theories

The first part of a limit theory is a Hilbert space and a Hamiltonian, which are

constructed from the low energy spectra of a sequence of quantum theories (W,, H,,)
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with strictly increasing dimensions. The scaling limit of observables will be addressed in
the next section.

Assume a sequence of quantum theories (W,,, H,) with H,’s eigenvalues being ordered
as AW < < )\((iz)l), where d(n) = dim(W,,). The Hilbert spaces W, decompose into

the corresponding one-dimensional eigenspaces

W, = EAgm D--- EBE)\(m .

d(n)

Denote by W the Hilbert space W, restricted to energies at most M, i.e. WM =

b AP < E)\gn). Assume the following set of properties (P)

e )\, = lim )\gn) exists for all « € N with the convention Aﬁ") = 0 for ¢ > d(n), and

n— o0
lim \; = oo,
1—00

o (connecting maps) for all M > A\; where M # \; for all j, there exist connecting

unitary maps ¢A' : WM — WM | for all n > Ny for some Ny, depending on M,

n

/

e (extension) ¢pM is an extension of M when M > M', ie. ¢M| = oM.
n

The reason for M # A; for all j in the first property is that energies oscillating around
their limit points would make the stabilization of the low energy spectrum impossible for
a cut-off M = A;. From now on, any cut-off will be implicitly assumed to be not equal

to any A;. Consider the sequence (WM, ¢M) with M > A\; and M # ;. Note that this

sequence eventually stabilizes due to the existence of unitary maps for large enough n.

M

2) gives a finite dimensional vector space,

Taking the colimit of the sequence (WM
called VM along with the unitary maps p™ : WM — VM 1t follows that VM has
a natural Hilbert space structure. Further, for all M, M’ € (A\j, \j11), VM = VM as
WM = WM for n > max(Ny, Npp) due to the first property. As such the space VM

for M € (A\j, \j11) can be conveniently called V. So there are only countably many
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different VMs. Next we add the following property to P on the convergence of HM the

restriction of H, to WM:

e (convergence) The push-forward of HM on VM given by pM converges to some
operator HM:

o HY (pah) " — HM.

Obviously, HM will be hermitian. Furthermore, the above property is equivalent to
the following diagram “commuting up to €/ in the norm operator”, which goes to zero

as n — oo:
M
wM P, pM
Hrllwl lH]W .
M
wM I, pM
The construction of the scaling limit (V, H) of the sequence is not hard from here.
Properties of the colimit imply that the set {(VM, H™)} is unique up to unique
isomorphism. Using the extension property of the connecting maps, and some formal
diagram chasing involving the colimit construction, one can build {(VM HM)} as re-
strictions of a single Hilbert space and its Hamiltonian (V, H) [4].
In other words, one can ensure that the embedding VM — V is by identity and V is
a union (and colimit) of all Vs, which have a nested structure. The following diagram

will also commute:
yM 5y

HMl l "

M — sy
Since two colimits are taken to obtain the scaling limit (similar to the construction in
[50, section 4.3]), the above process is called the double colimit construction, allowing the

following definition
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Definition 2.3.2 ([4], Def. 3) Given a sequence of quantum theories

{(Wn’ Hn)}ffﬂ

with connecting maps ¢ satisfying properties the scaling limit (V, H) is the result

of the double colimit construction. This limit will be written as (W, H,,) LN (V,H).

Note also the grading

V=&V

for V, where V; is the i—th eigenspace of H by strictly increasing order of energy. This
means H|y, = A\;1 for some j > 4; note that although lim \; = oo, ;s are not strictly
increasing.

We emphasize that as long as the connecting maps are specified the scaling limit
process is unique up to unique isomorphism due to the nature of colimit. From now on,
whenever a sequence of quantum theories is given with a scaling limit, implicitly, there
is a given set of connecting maps. We do not discuss the issue of uniqueness any further
and for a relevant example, we refer to the previous discussion in section on different
diagonalization in the case of the Ising full CFT.

Notice that V is separable but not complete, i.e. not a Hilbert space. The completion
of V will be denoted by V. For notational easiness, The scaling limit will be written as
(V, H) with the understanding that one needs to take a completion whenever the context
requires so.

We would like to think of the scaling limit as the result of stacking up the low energy
spectra of H,s, and the double colimit construction fulfills this expectation. For example,
let F/\, be the eigenspace of the limit Hamiltonian H corresponding to A;, and &k be the

smallest integer such that A\, > Ay, i.e. the first larger eigenvalue of H. Choose some M
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such that \; < M < ), then the above construction builds a space Ey, from Ws with
large enough n. These are the eigenvectors of H, which energies converge to A; in the
limit. Note that our notation for the grading of V implies V; = E), and V, = E,.
Although our definition does not assume an embedding of the whole space W, into
Wii1, we expect this to be the case for all physical models, like in the case of Ising and

other free models [52]. Our discussions in section will be based on this assumption:

Definition 2.3.3 ([4], Def. 4) A sequence of quantum theories {(W,, Hy,)}3> gives a
strong scaling limit (V, H) if in addition to properties P, for alln and M, the connecting

maps ¢M are the restriction up to energy M of an isometry

an . Wn — Wn+1

for large enough n.

Given the above, the colimit of the sequence of embeddings W,, — W, 1 gives V.
Usually, the chosen basis for W, closely relates to a notion of space, and locality in
this space basis is supposed to represent locality in space. Finding the embedding ¢,
is not trivial based on this basis. In the scaling limit, the space embedding is not the
“trivial” embedding, in contrast to the thermodynamical limit [59, Appendix A]. Indeed,
the energy embedding is the trivial one as shown in the definition. As a result of this
trivial energy embedding, the space-local operators in W, (as defined later in like
e;s in ACs, are generally space non-local when their actions are pushed forward. This

will become clearer in next few sections.
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2.3.2 Scaling limit of observables

Assume a sequence of quantum theories {(W,, H,, A,,)}22, with the scaling limit
(V,H). AsVO € A,, O+ O and i(O — O) are hermitian observables, A,, is generated
by an underlying real vector space of hermitian observables called AZ, and H,, € AZ. In
the examples of ACs, the space A is given by hermitian observables generated by e;s,
a subset of which {e;,i[e;, e;41]} will be our focus. This choice is motivated on one hand
from including the local terms of interaction of the system, and on the other hand to
recover the Virasoro algebra in the scaling limit (see Theorem and Remark [2.5.11]).

To build the observables of V from the observables of W,, the low energy behavior

of the observables has to be taken into account.

Definition 2.3.4 ([4], Def. 5) Let O, € A, be any sequence of observables. For a
given M and u,v € VM, denote by u,, v, € W) the vectors (pX) " u, (p2) " v, which are
defined for sufficiently large n. The scaling limit of O,, is a partially-defined (defined on
a subset of V x V) sesquilinear form O(-,-), where O(u,v) is defined as Jirgo(un, Onvn)

when it exists. We will denote the scaling limit by O, Lo,

Notice O exactly stores the information in the limit for the expectation values of O,,. If
O can be represented by a linear operator as O(u,v) = (u, Ov), then O will also denote

the linear operator.

Definition 2.3.5 ([4], Def. 6) We define the following sets from the set of sesquilinear
forms in Definition [2.3.]):

o A: the set of observables in Deﬁnitz’onm
o A: the vector space of sesquilinear forms in A defined on V x V,

o AH: the real vector space of sesquilinear forms represented by hermitian operators

which are scaling limit of hermitian observables in A and defined on V.
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Another difficulty with understanding the scaling limit is the difference in the descrip-
tion of observables at finite stages and at the scaling limit. The chosen basis for W, is
usually closely related to the notion of space and not energy. In the case of ACs, the e;s
are space ultra-local operators. On the other hand in CFTs, a “space-based” description
of the operators for computational purposes is hard to find. Among the different frame-
works, VOA is the only one suitable for actual calculations. Even though the Y (a, 2)s
are thought to be space ultra-local observables in the continuous spacetime, yet their

n=1 The mode operators

description is a Fourier-like series of mode operators a2~
are energy shifting operators while their space action is obscure. Therefore, having a
general definition of a Fourier transform on the e;s is essential to understand the relation

between TL and Virasoro algebra (see Conjecture for an attempt). Alternatively,

one has to find some space description of Y'(a, z).

Remark 2.3.2 A is closed under the obvious weak limit. In fact, we can consider the
semi-norms || - ||, on A which are defined by ||O||, = ||P"OP"||. Here, P" is the
restriction up to energy \,, and P"OP™ should be read as the linear operator that the
sesquilinear form O gives once restricted to the finite-dimensional space V. Then, one
can consider the usual operator norm ||P"OP™|| of this linear map. By some standard
analysis argument [4, Remark 3], it can be shown that A is a Fréchet space with respect to
these (separated) countably many semi-norms, thus providing the scaling limit metric

dSL-

Adding to the above remark, consider the case of a strong scaling limit with connecting

maps ¢,, and assume there also exist embeddings 7, : A, < A, 11 compatible with ¢,:

¢n o On = Tn<0n)|¢n(wn), VOn c .An

Then scaling limit becomes equivalent to convergence in the metric dg;,. Let us call
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the colimit of the sequence of embeddings A, — A, 11 the algebraic scaling limit. The
closure with respect to dg, of the algebraic scaling limit is precisely A, which we can call
the analytic scaling limit. As 7, is compatible with ¢,,, by the scaling limit construction,
the algebraic scaling limit contains a copy of each O,, defined on V. The embeddings 7,
exist in the case of gl(1]1) studied in [52, Theorem 4.4]. For Ising ACs, the algebra A,
for W, is the even algebra generated by Dirac operators (basis given by even products
{U,;,...¥

] —mn < 1; < n}), and the embeddings 7,, are obvious. We conjecture that

such embeddings exist for higher level anyonic chains.

Remark 2.3.3 One can ask whether A “generates” A? This is true for any model with
an algebraic scaling limit. As the algebraic scaling limit contains a copy of any O,, € A,
in A, any observable O, 5L 0O € A can be seen as an operator obtained as scaling limit

of the copies of O,, inside A, implying that A generates A.

For the set of observables in each framework for unitary CFTs, there is an underlying
generating set of hermitian observables. Indeed the hermitian fields (more strongly,
hermitian quasi-primary fields) generate the VOA [25]. As for LCN, since the algebra
corresponding to an interval I is a von Neumann algebra, it is trivially true that it can
be generated by hermitian observables. In the general scaling limit, we do not know
whether A? generates A.

We wish to identify some subsets of A that may be algebras. Since operators may
not be linear, it is not clear how one can have an algebraic structure. In general, there
might not be a linear operator which gives the sesquilinear form O.

Sometimes these operators can be almost linear, as is the case of point-like fields
Y(a,z) or any O € A. They are almost linear since one can formally set Ov = ). v;
where v; is the vector which dual (—,v;) represents the functional O(—,v) on V;, i.e. for

any u € V;, we have O(u,v) = (u,v;). If the formal sum is always finite, then O is a linear
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operator. For this reason, A is also called the vector space of almost linear observables.
The definition for the product of such operators is exactly in the same spirit of the

correlation function (u, Y (a™, z;)...Y (a®, 2,)v) in (1.18).

Definition 2.3.6 ([4], Def. 7) Given OW, ... 0% ¢ A, the product OV ...0W® as q
partially-defined sesquilinear form F(u,v) is well-defined at (u,v) € YV xV if the following

15 absolutely convergent:

Z (u, PO . preQWly),

mi,...,Mg
where P™ projects onto V.

One basic obstacle to get an algebraic structure is when observables O,, have a significant
miz of the low and high energy states (energy non-local). For example, define the two
(i)

sequences below where v,,” € E, () are pull-back of some v € By,

. Onl —717(11)( n( ))T+Ud(”)( T(Z))17
L4 On,2 =0

where recall d(n) = dim W,. Both sequences converge to the zero operator O = 0, while
being quite different. The significant (non-decaying) mix of low-high energy states in the
O,,15 manifests itself not in the expectation values of the observables at low energies,
but the higher powers of the observables. Indeed, looking at the expectation values of
powers, while OF , 2Ly OF = 0 for any k, one has O, BLy M (pM)T £ 0. Next example

shows that the rate of decay of this low-high energy mix is important:
e O,1 = Un)( (1 ))1L 4+ 2d(”)v§(”)(vﬁ("))T,

o Opp = o)+ 2 & (0 (@) + oD @)1,
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It is not hard to check that
05,1 =Ly OF, where Oy = v® (M)

and

Ok

1/ . .
2 5Ly O, where 0y = v (M) 4 Z 2 (v(“) (M) + v(l)(v(’))T>.

i=1
The first sequence has a significant high-high energy mix while the second has a decaying
low-high energy mix. One can check that HOn,lOn,gvg)H £ |010,0W]], i.e.

(U(l)

n

On,ZOn,lOn,IOnQUS)) 7L> ('U(l), 020101021](1)).

S0 0,20,10,10,, 2 does not have 0O,0,0,0; as a scaling limit. The reason behind this
is an imbalance between the low-high energy mix decay rate and the rate of high-high
energy mix. We note that it is possible to have a collection of observables with high-high
energy mix, which is even increasing, and yet have an algebra, as will be shown in the
case of Virasoro operators L, LN L,,. Generally speaking, energy non-locality should
be avoided in order to get an algebra. For the discussion of algebras in scaling limit, a

natural definition is

Definition 2.3.7 ([4], Def. 8) Given a set of almost linear observables {OW}icr, and
the algebra of operators generated by this set. If this algebra is inside A, it is called a

scaling limit algebra (SL-algebra).

Some of these SL-algebras are special, in the sense that each observable has a nice

associated sequence:

Definition 2.3.8 ([4], Def. 9) Given an SL-algebra as in Definition[2.3.7, let each O
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have an associated sequence Oﬁf) such that for any iy, s, . .., i,

lim (u, O ... Oy = (4,0 ... 0Wy) Yu,v e V.

n—oo

Then the algebra generated by {OWYic; is called a strong SL-algebra.

For example, {L(f)|f € C(S")} gives a strong SL-algebra in the case of Ising. The
above definition assumes a strong property which is sometimes not easy to show; in

section we can only show that {Y(a, f)|f € C&(S")} is an SL-algebra.

2.3.3 Locality in scaling limit

We review the conventions/terminology around local observables. In LCN (or more
generally for QFTs in Haag Kastler’s framework), the adjective local for a local net
A of von Neumann algebras refers to the locality axiom: If I; and I, are spacelike
separated, then observables in A([;) and A(I) commute. Further, elements inside the
local observables algebra A(I) are also called local observables [60, 25].

For VOA or more generally in the Wightman’s framework for QFT, observables are
described as (primary) fields, or distribution of operators ®, or limits of observables
localized at a point x [61]. In addition, there are local smeared fields ®(f) with functions
f having support in some region O [60, 11.4.1] (if f is a so-called test function, then
O(f) is “almost local”). We also have a similar locality axiom: Let ®; and ®o be
two observables and functions f; and f, be spacelike separated in their supports, then
[©1(f1), P2(f2)] = 0.

The conclusion is that “local” is used in all frameworks to describe the observables
in sets satisfying some locality axiom. Our definition of locality (in space and in energy)

turns out to be more restrictive.
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Energy-local observables

Finding the “energy basis” requires an understanding of the energy local degrees
of freedom (EL-DOFSs), which comes from an exact diagonalization of the Hamiltonian.
Even numerical exact diagonalization is very limited for interacting models. For the Ising
AC, exact diagonalization analytically gives us the creation and annihilation operators,
which are the EL-DOFs. This, in turn, provides us the energy basis, which allows us
to construct the scaling limit at each energy eigenspace. For all the models with known
CFT limits, only free theories have mathematical descriptions of their EL-DOFs so far
(see [43], 52, 53] for some recent examples). Without a clear knowledge of EL-DOFs, it is
hard to make an accurate definition of energy-local operators. Thus our definition later
(Definition will have to be flexible to certainly include those operators that are
actually energy-local. Of course, the downside is that our definition also allows operators
that should not be called energy-local.

Another goal of the following definition is to find out constraints on observables in
the scaling limit that will force them to be of a specific type. Locality is one of these
fundamental constraints.

We propose a definition of energy-local operators without using any explicit knowledge
of the EL-DOFs. Therefore, it is likely not the most refined definition and should not
be used to define local operators in a quantum simulation problem. Still, our intrinsic
notion of energy locality together with space locality, put enough constraints on operators
so that they are easier to work with (Theorem [2.5.1)).

All smeared operators Y (a, f) where f has finite Fourier series do not shift the energy
of any eigenvector by more than a constant. This is a motivation for the definition of

energy locality.

Definition 2.3.9 ([4], Def. 10) Given a scaling limit as in Definition the se-
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quence (O,),, is A—energy-local for A € N, if for any n, M and for all v € V;,v € V;
with i — j| > A,

(') (), Onlpp") ™' (v)) =0,

where (pM)~1(u) :== 0 if u & pMWM). An observable O € A which is the scaling limit

of such a sequence is called a A—energy-local observable.

Any A—energy-local is a linear operator, as the formal sum Owv is a finite sum with

no more than 2A terms. Moreover,

Theorem 2.3.1 ([4], Thm. 2.1) A—energy-local observables for all A € N form a
strong SL-algebra.

Proof:  Consider A;,—energy-local observables O®,1 < i < k and corresponding
sequences (Og))n. Note (u, O®) ... OWy) is well-defined; if v € V; for some ¢, then every
multiplication by some O®) makes a vector in a space enlarged by adding/subtracting the
energy level by A;. This means taking projections onto & = @f;z_:% A, Vi called Fs, all
operators O in the product can be replaced with the linear operator PsO® Ps without
changing the result.

Similarly for the expectation values ((p)~1(u), 0% ... O (p)~1(v)), everything is
also happening in a finite dimensional Hilbert space. Let A;) be the energy correspond-
ing to V;. The limit can be taken with restriction to WAN\WM' | with Apya,) < M <
At ay) and Adgo1-yoa;) < M < Ap—x A;)> which is a finite dimensional Hilbert space
stabilizing for large enough n and becoming isometric to §. This means for large enough
n, we might as well assume that all operators 0% are acting on S, by using the con-
necting maps followed by the projection Ps like the previous case. In this setting, we
have a sequence of operators weakly convergent, but all acting on a finite dimensional

Hilbert space. This implies norm convergence and the convergence of their product as a

(>~ A,)—energy-local operator. [
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This is our first example of an algebra which is preserved under the scaling limit. We
have required a constant A to define energy locality. One might think of the possibility
to enlarge the set of all A—energy-local observables to include those operators that are
scaling limits of A(n)—energy-local observables where A(n) is a function of n.

The motivation for this modification comes from the smeared operators Y (a, f) where
f has infinite Fourier series. Any product of these operators is defined on the VOA
, so it is possible that they form a strong SL-algebra. They are not energy-local by
themselves, but it is important to recall that the higher shift of energies happens with a
magnitude | fn| which is rapidly decaying, faster than inverse of any polynomial .

Another motivation is from quantum computation, where a local operator is defined
to be a sum of operators, each acting on no more than O(log(n)) particles for a system
with n particles. This is a discrete way of characterizing locality which is equivalent to
defining locality as an action that has exponential decay away from a specific particle.

A similar story could apply to energy locality.

Space-local observables

To have a notion of space, some notion of adjacency for particles in W,, is required.

Definition 2.3.10 ([4], Def. 11) The r—space-local operators in ACs are a sequence
of operators O, € A, that are the sum of r—space ultra-local operators. An r—space

ultra-local operator acts on r many of adjacent particles.

Remark 2.3.4 The TL operator e; is 3—space ultra-local. Notice the difference between
space-locality in our sense and locality in quantum computation (QC-locality). A sequence
of observables like O, = e1e|n| € A, is considered to be QC-local, while it is not space-

local. On the other hand, space-locality clearly implies QQC-locality.

76



CFT as Scaling Limit of Anyonic Chains Chapter 2

More generally, we note that locality in quantum computation applies on sequences O,
where O,, is the sum of operators acting nontrivially on O(log(n)) many particles. Thus

we have the following definition as well:

Definition 2.3.11 A sequence of space ultra-local operators is a sequence of O(log(n))-
space ultra-local operators. O, is a space-local sequence if it is the sum of O(log(n))-space

ultra-local operators.

The picture we hope to obtain for Y(a, f) in finite settings is that of a quantum
system with a large number of equidistant particles and some space ultra-local operator
a (the finite version of a), applied with weight f on each particle and constantly many

of its close neighbors. Informally,

ST EE a5 Y (a, f).
J

This will be explored further in section [2.5

2.4 Scaling limit of Ising anyonic chains

The main theorem of the section will be written in its entirety as a reference. We
will give an outline of the proof in the most important cases and discuss differences of
our formulae with those found in the literature. We refer to [4, appendix] for the details.
Recall (a, b) is used to denote the Hilbert space given by the anyonic chain with the two

ends of the chain being a and b.

Theorem 2.4.1 ([4], Thm. 3.1) 1- The following strong scaling limits hold, up to

some scalings of the Hamiltonians

(0) Wa= (5,1, Hy=—Y""ej. Then Wi, Hy) =5 (Xo + X1, Lo).
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(b) Wy = (0,0) or (1,1), H, = —37",%¢;. Then (W,, H,) == (Xo, Lo).
(¢) Wy = (0,1) or (1,0), H, = — 32", ¢;. Then (W,, H,) 2% (X1, Lo)-
(d) W, = (3,1) or (3,0), H, = —3"1%¢;. Then Wi, H,) 25 (x1 Ly).
(e) Let W, be the periodic chain of size 2n, and H,, = — ?"1 e;. Then
W, Hy) 25 (XoXo +X: X, Lo+ Lo)

if n s even.

SL

Furthermore, restricting energies up to O(y/n) gives the rate of convergence O(L).

2- For the corresponding higher Virasoro generators action, given a fixed m # 0, we

have (up to some scalings)

2n—1 m(j+3i)m
(a) =350 cos(T52 T e

j E} Lm + L—m7
i 3070 sin(T R e, 1] = i(Lin — L)

m(i+d)
(Fong)es

(b) —327"5" cos

i Zjnzg Sm(m(JH) )lej, ej+1] Eet (L — L)

_> Lm + L—m;

2n—2 m(j+3)m
(c) _ijz cos( QJn_ )

i Z§n23 sin (m(i;_l))[ej’ 6]—1-1] _> i(Lm - L—m)

—> Lm + L*Tﬂ;

os(%)ej Sl Lo+ L,

(d) =30

. -3 . ; SL_ .
i 3250 sin(MGET) e, €541 = i( L

— L)

(Qm(j-i—%)ﬂ'

Ty 2 L, + L,

(e) — 2311
. no . m(j T S .
i3 sin(ZHEE T es e41] < i( L — L)

If m < n, we have a rate of convergence of O(%) for energies up to /n.
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We will give an outline of the proof by going through the first case of the boundary
conditions 1(a) and 2 (a), and briefly mention the full periodic case. We will also give
a comparison of our formulae to those in [I] and how ours are better suited to obtain

convergence of algebras. We refer to [4, Appendix| for more details.

)

We will follow closely the method used in [43] to obtain all the Virasoro modes. It

DO

Y

N[

2.4.1 Boundary condition (
is therefore necessary to review the general procedure described for the Hamiltonian
diagonalization of 1(a) in [43].

Proving H, ELN Ly

Consider the operator — Z?Zl t;je;, which due to the identities

;= —=(1+0505,,), ey 1=—7=(1+0}), whereo” 0% 0¥ are Pauli operators,

\/5 Jj+1 \/§

after a suitable scaling becomes

n n—1
_ § . T E R R

where the coefficients ¢; are fixed. Written this way, we see the famous Z, symmetry by

the spin-flip operator

As detailed in [43], to diagonalize this Hamiltonian, the Majorana operators should be

defined as
j—1 J
Pgj1 = (HUZ:)U;; (Y :i(Ha,f>aj
k=1 k=1
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which satisfy the ACR (Anticommutative Canonical Relations):

{a, Yo} = 200p, Va,b=1,...,2n.

It is a well-known fact that these operators and their monomials are linearly independent

and this representation of the Clifford algebra is faithful. Using

(1_%i¢h¢h+1%

€q —

Sl

we rewrite the Hamiltonian
2n—1

H=i) toos1ta.
a=1
Next, the raising (creation) and lowering (annihilation) Dirac operators are introduced,
satisfying
[H, 0] = 260

For any operator linear in the Majorana operators, the commutator with H is also linear

in the Majorana operators. Thus, let us choose the following form for ¥

V= it
b

where 1, are numbers that will turn out to be real. The i®’s factor will ensure that the
matrix in (2.1 is hermitian and not skew-hermitian, making the computations easier.
Computing g s,

V= [H, 0] =) i,

a
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is same as the following matrix equation

wh 010 ... T
G 101 H2
=2[0 1 0 N (2.1)
1
Hign 10 Han

This hermitian matrix has determinant (—1)" [}_, £3;_;. The eigenvectors of this matrix
give the Dirac operators and each corresponding eigenvalue is the energy that is raised
or lowered. Specializing the values of ¢;s will give the different boundary conditions.
(3,3) corresponds to ¢; = 1 for all j, thus our matrix is assuming ¢; = 1. For

other boundary conditions (0,0), (1,0),(0,1),(1,1) : #; = ts,—1 =0, and (3,0), (0, 3) :

ton—1 = 0.
Notation. For n € N, set [n] := {1,...,n}. We can subtract sets [2n] — [n] =
{n+1,...,2n}. Similarly define [-n] :={-1,...,—n}.
The Dirac operators ¥, for k € [2n], are given by the eigenvectors p,; = sin(;ﬁrl)
with corresponding energy ¢, = 4005(%), satisfying
[H, Uiy =260V ap, {Vup, Vap} =0, {Vig, Vop} = Nipdpw1, (2.2)

where W_j 1= Wy, 114, and N, = 2>, |ua,k|2. The relations are obtained using the
identities

{\Ija X} = ZiaerﬂaVb{wa; wb} = 22(_1)aMaVau
a,b a

for any two linear Majorana forms ¥ = >, i®uy10,, X = >, i°141,. The hermitian matrix

has orthogonal eigenvectors, and for any eigenvector (u,x)q giving eigenvalue e, there is
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a corresponding eigenvector ((—1)*"'u, 1), giving eigenvalue e_j, := —e;. Thus we obtain
\IIL = U_; and the equations .

We will always work with the normalization of Wy by /N, hence {Wy;, Uy} =
dkr 1. The Dirac operators Uy, for k € [n] are called the raising or creation operators and
the Dirac operators Uy, for k € [2n|—[n] are the lowering or annihilation operators. There
will be a renumbering of the operators indices which will make the creation operators
have negative index while the annihilation operators will have positive index.

;s satisfy the ACR while the dimension of W, (the Hilbert space) is 2. This implies

the existence of an orthonormal basis of W, given by

[ v, vs c[n,

€S
all of which turn out to be eigenvectors of H, where 2, is the vacuum or ground state
annihilated by the annihilation operators. This is due to the energy symmetry of H and
well-known properties of the representations of the algebra generated by the Wys [43].
We recall some easy-to-prove facts on the representations of Dirac operators.

Notation. Denote by F, the algebra generated by the W;s and F, the sub-algebra

generated by the creation operators. Similarly define F, . We will use S as any subset

of the indices of creation operators.

Fact 2.4.1 Let W be a representation of F,, which is a Hilbert space with dim W = 2°
where s > n and \IIL = W_, with respect to the inner product of WW. Consider the image
Wy of the product of all annihilation operators. Taking a unit “vacuum” vector v € W,
by definition of Wy and ACR relations (in particular 3 = 0), we get F, (v) = {0}.
Further, the space W, = F,F(v) generated by the creation operators acting on v has

dimension 2™ with an orthonormal basis {[] ¥;v| VS}.
ies
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Fact 2.4.2 With the same settings of Fact let D be a matriz satisfying [D, W] = 0
for all Uy, € F,. Then D preserves Wy and it is uniquely determined based on how
it acts on Wy. In particular, if there is a decomposition of W into 2°7" wrreducible
representations where D preserves the corresponding “vacuums”, then D acts as a scalar

on each one of them. This will be the case here.

Fact 2.4.3 In addition to the spin-flip symmetry (—1)¥, the matriz H has charge conju-
gation symmetry (also called energy symmetry) provided by C' =], 07 [],(0¥)" satisfying
CH = —HC. This implies each energy has one corresponding opposite energy. This is
a necessary property which helps us to show that some nonzero scalar shift breaking this

symmetry for H can not happen.

From Fact [2.4.1} (W),)o is one dimensional from which a unit vector €2, is chosen. Define

Hl = Z Ek(\IJ+k\If,k - \If,k\I/+k).

keln]

H's eigenvectors are {][;.q ¥i€2,| VS}, each with the corresponding eigenvalue ) . €; —

ies
> jgs €- S0 H' has C—symmetry. Further [H', W] = 2,V and so, for D = H—H' =
[D, V] = 0. As (W,)o is one dimensional, D = «l. But H’ shifted by any « does
not satisfy the energy symmetry. Therefore, « = 0 and H' = H. Taking the shift

H — H+ ) ¢ and using {4, ¥ _;} =1,

H = Z 26k\lf+k\p_k.
k€(n]

The final change to H is H — %H and the desired Hamiltonian ZS is given by:

~. 2n+1 km
Lj="— k;}cos%n_'_l)llf%\l!_k. (2.3)
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Defining the scaling limit requires defining the connecting maps. Before doing so, a

renumbering £ — k — % — n is performed to get the creation operators indices as

{=3 - —(n=3)}

Notation. [(n—1)]:={3,...,(n—3)} and [-(n — )] :={—3,...,—(n— 3)}.
This will change the coefficients from cos(5275) = — sin(%) to sin(52% ), giving

~. 2n+1 , km
L§= - Z Sm<2n n 1)\Il,k\11k.
ke((n—3)]

Next, define

Gn s Wi = Wi, where VS 2 ¢ ([ ¥i0) = [ ] @011
i€s €S
This is consistent with the trivial embedding 7,, : F, < F,11 where 7,(V;) = ¥,
giving us in the limit the algebra of Dirac fermion operators F. We can show that
there is a strong scaling limit (Definition , where the scaling limit space V can be
constructed as the algebraic colimit of the sequence coming with the natural embedding
maps p, : W, < V. The connecting maps will turn out to be the restriction of p, to

energy M as it is required in Definition [2.3.3] The natural orthonormal spanning set is
iy 2

for V, where Q2 = p,,(€2,) is the vacuum vector. We need to make sure that this is consis-

tent with the definition of scaling limit obtained through the double colimit construction
in Definition 2.3.2]

Restricting to energy at most M, one has to check that ¢M : WM — Wé‘ﬁl is unitary
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for large enough n. Any eigenvector []_, ¢ V_i, with energy

has the energy (2"+3 (3" _jessin(22 5)) given by H,,, also smaller than M for large

enough n. Indeed, by using the Taylor expansion we obtain

=> k Z 2n+1 Zk+0 (2.4)

2 1
s Z
—keS —keSs —kesS —keS

Further, by taking the limit, the above shows the energy of [] , (W _xQis Y _, ok

. SL
Hence, L5 — Lo, where

Z kU U,

keN—%
This gives the character

(1+¢"2)

18

k

which agrees with the character of Xg + X 1 1'

Il
—_

Rate of convergence

Consider the natural action of Eg on V obtained through the embedding F,, — F.
We could alternatively take the “less” natural action by extending Zg by zero on the
orthogonal complement of W,, in V and this will not impact the convergence rate. Either
way, the restriction of Zg and Lg to subspace with energy at most /n, denoted by Zg] ¥

and Lo g, can be compared. To finish the proof of 1(a), one needs to show

~ 1
ESlym = Lol g+ O(-).
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This is a stronger result than restriction to some finite energy M. This equation demands
M to be changing according to n and yet have a convergence. We shall show that Egy ¥
gives the same energy as Lo g5 on its eigenvectors up to an error of O(%) This would
imply that the difference has operator norm at most O(%) as L¢| ym and Lol g7 share the

same eigenvectors in V. We estimate the difference

DS sin( )~ 3K,

—kes —kesS

assuming Y, ¢k < {/n. According to (2.4)),

k372
:_E: h.o.t] < E h.
| 6(2 12 +h.o.t| <| \+\ 0.t

—ke

In general, if the sum ), ), = t of nonnegative numbers z;, is a fixed value ¢, then
>k :lcfg <t with equality if and only if one of the numbers is ¢ and the others are zero.
This implies that the maximum above happens when S = {—|/n] 4+ 3}. The h.o.t is at

most O(-5) and the first term is O(%). This finishes the proof of 1(a).

2.4.2 The higher Virasoro modes L,,s

Changing the coefficients ¢; to a cos() and sin() transform of the e;s is necessary to
obtain the higher Virasoro modes Ly,s. We will prove the case 2(a) (Xo+X1) in Theorem
2.4.1l The proof for the convergence rate is similar to above and we refer to [4] for more

details.
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The cos() transform and L¢, + L°

The operator L, + L_,, that we want to obtain in the scaling limit is given by (see

e.g. [33])

S (k- %)@,Hmmk Y ket %)mkimxpk. (2.5)
k>mEL pez+l k>=mE kez 41

To understand what the observable O = i) t;(m)1;11¢; will be in terms of Wy’s, one
has to use the matrix equation . Similar to how we built H' previously, we build an
observable O using Wy’s which has scaling limit L,, + L_,,, and satisfies [O —O’, U;] = 0.
Then, going through the usual arguments like the previous case where we showed H' = H,

after some suitable scaling, one has O = O LN L,+ L_,,.
Notice that [L,, + L_,,, Ux] is the sum of exactly two Dirac operators with indices
differing by m from k. t;(m) should be such that the same result for [O, U] happens,

with coefficients going to k 4= 5 in the scaling limit. Using the indices before the renum-

bering (k € [2n]), a natural candidate for the coefficients would be cos((k;i)w). Hence,
computing [O, ¥;| using (2.1]), the following must hold
ti(m)pe g+t (m)pg 1 = (2.6)
on +1 )Hhm on+1 JHEm
From simple trigonometric identities, the right side is equal to
E+% k ' k-2 k—m)j
cos (L2T) g (BAmUTY | o (B2 2T) 5 (Eomlimy o
2n+1 2n+1 2n+1 2n 41

m(j + %)W)Sin (k(éyn—:_ll)ﬂ> N cos(m(‘j - 5)7T)sin <k(g - 1)7r>7
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which is in fact

m(j + 3)m m(j — 3)m
cos( o+ 1 )t j+1 + cos( om+ 1 JH -1
m(j+3)m
Thus t;(m) are forced to be cos(——2~)

Remark 2.4.1 The coefficients cos(T), as used in the conjecture [1, (7.5)], do not
satisfy the identity (@ This is the important difference of our Koo-Saleur formula

with the ones in [1, [57]. The implications will be discussed more in the future.

We change O to O/2 to cancel the factor two present in the identity for the matrix
(2.1). Although the identities above determine what O’ should be, what happens at the

boundaries when k +m > 2n or k —m < 1 must be examined more carefully. In these

. . k+m)jm . n —k—m)jm .
cases, one has to consider sm(%) = —5111((2(2 +217)L+1 )i ) = —Ha@nt1)—(ktm),; if
k+m > 2n and sin(%) = —sin((@;ﬂj”) = —lm—rj if K —m < 1. Therefore, O’ is
defined as

(k+2)m (k+2)7
> o8 (G )t = 3 eos (55T ) Vane-in ) (28)
k+m<2n k+m>2n
(k- 2)m T (k- 2)r
Al AR TR ) <—2>\11m, w*).
+(k_zm:>1cos( 2n +1 ) F k k_Zm:<ICOS 2n +1 Bk

Finally we define the finite version of the Virasoro modes for the cos() transform as:

~ ~ 2n+1
LS +L° = O 2.9
m + —m 27T Y ( )

where zﬁn is the first and Z‘jm is the second parenthesis in 1} Using the Taylor
expansion, we can prove E;m LN L+,,, and through a similar argument to H = H', we

can prove O = O'. We refer to [4] for further details.
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The sin() transform and (LS, — L* )

To recover i(L,, — L_,,), the exact same procedure applies, this time to

2n—2

O=—i Z tj (n)[ej, €j+1] 0.6 Zztj (n)’l/JjQ/}j+2.
j=1 j
The corresponding matrix for [O, ¥] where ¥ = >~ i°u;1, can be found as follows:
[0,0] = V' =i(}y i)
b

where we have

fty = 2(tp(m) pip12 — ty—o(m)py—o)

except at the boundaries where the formula will be different. In the case of the nonperi-

odic chain (3,1), this can be turned into the corresponding matrix

0 0 ty(m) 0
0 0 0 ta(m)
—t1(m) 0 0
~ta(m) (2.10)
0 0 tgn_g(m)
0 0 0
0 —tgn_g(m) 0 0

Similar to the previous procedure, we need the ¢;(m) to satisfy the following identity

ti(m)prjr2 — ti—o(m)ppj—2 =

89



CFT as Scaling Limit of Anyonic Chains Chapter 2

sin (M> sin <M> — sin <M> sin <M>

2n + 1 2n +1 2n +1 2n + 1

The above equals

sin (M) sin (M> — sin <M) sin <M>, (2.11)

2n+1 2n+1 2n+1 2n+1

which suggests the right candidate for ¢;(m) is sin (”ﬁ‘gl—ill)’r) On the other hand, the

candidate for our observable is —i0' =

.2k +m)7 . (k+m)7
Z Sin (m) \Ilk-i-m\IjL - Z S (m) \D2(2n+1),k,m\p£> (212)
k+m<2n k-+m>2n

(3 o (B el - 3 s (B, ),

k—m>1 k—m<1

Let us define

o4 (2.13)

where an is the first and L* corresponds to the second parenthesis in (2.12)). Using

m

the Taylor expansion, we conclude thm LN L.,,. Finally, after some suitable scaling,

we find O' = 0 25 i(L, — L_,).
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2.4.3 Periodic case

If n is even, the scaling limit is the diagonal full CFT XX, + X 1 Y% + X X 1 and if
n is odd, it is X0X1 + X1X0 + X% 1. Similar to how was derived, the matrix is

16

h 0 t 0 ... (=1)Ftilg,, m
s 13} U ) 2
=2 0 ty 0 S, (2.14)
lon—1
iy, (=1, toan—1 0 H2n

where by (—1)f in the entries, the sign of the operator (—1)" when restricted to &1
sector is considered. We specialize to t; = 1 for all j. There are four cases based on the
parity of n and the %1 sector. For n even, the scaling limit yields XqXg+ X ;Y; for the +1
sector and X % % for the —1 sector. The analysis is a more involved version of previous
nonperiodic cases [4].

On the other hand, if n is odd, the +1 sector gives X i X e and the —1 sector gives
XoX 1+Xy Xo. The reason the —1 sector is not diagonal is the fact that odd (even) number
of left-moving operators have to act with even (odd) number of right-moving operators

to take the vacuum living in the +1 sector to —1 sector, where the lowest energy is 1.

This is not a full CFT as the character is not modular invariant.

2.4.4 Comparison of Koo-Saleur formulae

The conjecture [I], (7.5)] asserts that ,, +1_,, LN L., + L_,, where [, +1_,, is some

scaling of 3 cos(2%)e;. The difference with Conjecture [2.6.4|is the factor j instead of

(+3)m
It

as the “center” of the action of e; in the half-circle in Figure|1.17] Also, the identity (2.6)
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m(j+3)m
2n+1

forced the coefficient cos( ), therefore any other coefficient (including cos(2%))
should have some undesirable effect, although these effects could vanish in the scaling
limit. We can compute the coefficient of a term ¥, ¥_, in O, = 22321 cos(";—gr)wjﬂwj

forany 1 < z,y < n:

1 mjm o ogam o (j+Dyr o (j+Dar o jyT
5 )(sm(2n ) sin( ) + sin( ) sin( )>

+1 2n+1 2n+1 2n+1

This is coefficient is zero if and only if m + 2 4+ y #Z 0 (mod 2). As an example, for
m=9,x=14,n =52,y = 49 = n — 3, the above gives approximately —0.0256625 # 0.
Of course, these terms should vanish at the scaling limit, along with all terms with
nonzero coefficient giving energy shift other than m. A numerical simulation shows that
happening but with a slower rate (as in [I], table 19]). Hence, the rate of convergence
can be a reason to consider the operators in Conjecture for obtaining the higher
Virasoro modes.

More important is the mixing of low-high energy that suggests the conjecture [1, (7.5)]
does not provide the right candidates if a strong SL-algebra is desired. These terms could
make even the convergence of simple products such as the convergence of commutators
to the commutators of scaling limit impossible. Similar results hold for i(l,,, —_,,), which

is some scaling of i ) sin(25) e, ej11).

2.4.5 Notations for future sections

We set some notations for studying scaling limit of algebras. For the Hamiltonians,
we recall the notation ZS in 1) as a scaling of H, which has scaling limit Ly. The

notations and scalings for the case 1(a) in Theorem , ie. Xo+ Xy, are

Lg = aSH, + 8501 25 Lo,
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(2n+1)v2

where of = "= and ¢, € R. For the higher Virasoro generators in Theorem [2.4.1
n 87 n,0

let O¢

n,ms?

Then similar notations are defined:

U

O;, ., denote the first and second operator (superscript ¢, s refer to cos, sin).

Lg, + Le Lo+ Loy
e 05, B, S 2
2 ’ ’ 2
(L, — L* (Lin — L_p,
2 ’ ' 2
1 ~ ~
Here, o) = w = ay, and G} ., 8, € R. Similarly for the full CFT, L7 +1¢,

and z(IEfn — L ) can be defined using some scaling of:

(2.15)

(2.16)

Recall the splitting Z;m and thm is such that each have scaling limit L,,. In our

notation an and an, there is no explicit mention of n, though they depend on the size

of the chain that should be clear from the context.

One can easily recover the scaling factors by following the proof in[2.4.2] We will only

need the rate of growth of these scaling factors which will be at most O(n?) and aZ,a’

do not depend on m while 57, and f; ,, do.

2.5 Scaling limit algebras in A

Our goal is to obtain the observables of each of these three types and prove they form

an SL-algebra:

(a) smeared fields Y(a, f),
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(b) LCN observables O € A(I),
(c) point-like fields Y (a, 2).

It is not hard to show that they live in A as a vector space, i.e. all in a single framework.
This means they are all physical as they describe some computable convergent sequence.
Further, although each of the three sets are believed to store all the information of the
CFT, they have to be in our set of observables simultaneously.

We will first obtain (a), and use it to recover the observables (b), and lastly, some
comments will be made on (c¢). Only the case V = Xy + X 1 will be analyzed, and all

theorems can be similarly stated for other boundary conditions.

2.5.1 Wightman’s observables

We will try to identify when sequence of space-local hermitian observables linearly

generated by e;,i[e;, e;+1] are energy-local.

Theorem 2.5.1 ([4], Thm. 4.1) (O,), is a A—energy-local observable made from a

linear combination of e; and [ej, ej41]s and the identity
T]nl + Ztgn)e] & nnl + Zztgn) [ej,ejH]
J J

if and only if it is of the form

E

A
On =Yl +a" Lo+ Z (agf)zfn + @bﬁ,’f)ifn) +

m=1

(ag;;ig Oy ),

—m

1

3
[

where a,q(ﬁ), b € R.

m(j‘i‘%)ﬂ)
2n+1

)

Proof: [Proof sketch] A trigonometric interpolation of the tg-n s with cos(

or sin(mgl frll)”) can be performed. For the observable O, = 1,1 + Z?Zl t§”)ej, such an
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interpolation gives

2n—2 . 1
(M) _ e N g (MU 3T
t; —anmz::(]am cos( ot 1 )
2n—2 T T
n) Ly, +L¢,,
— O, =71+ aVLE + Z a%‘)T,
m=1

where 7, is some multiple of identity. Next, suppose O,, does not shift the energy level
in V more than some given A. Then since L¢, shifts the energy by at most |m| (see
(2.8])), we can inductively prove that the higher modes coefficients ag:b)_% ag;)_l, ... are all

zero up to ag\"). A similar argument applies to 7,1+ y tg»") lej,ej41]. Adding up cases

(zfn + Zc_m) and Z(an - Zs_m) proves the statement. |

Remark 2.5.1 Dealing with amzfn—i-ibmzfn every time can be cumbersome. An operator
Zm is desired which has scaling limit L,, so that expressions like fmim LN > mem

can be used where fm = a,, + ib,, € C. The choice below resolves this issue

N Fe o Fs T s o
Ly o= (P2 ZomZom i 0, T = I,

The above is a definition for an operator satisfying Zm LN L,, and inheriting the same

rate of convergence from zfn and E;’n Indeed, by Theorem |2.4.1|, restricting @ to

subspace with energy at most </n, will give an operator with a norm at most O(%) which
becomes part of the error of the approximation of L,, by Zm The rest of the operator
acting on energy higher than /n will join that of %

Convention. Given a scalar £ > 0, let PF denote the projection to subspace with

energy at most E. Then define O|g = OPF and Ol|>5 := O(1 — PF).

Notation. From now on, n will be used for the sequence index which will be related
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to the size of the chain (2n + 1 for boundary condition (3, 3)). For example

1
Lngﬂ%+0%9+&m,

where R, ,, = Em|> 4m- We can now state our first result for the scaling limit of observ-

ables.

Theorem 2.5.2 ([4], Thm. 4.2) The set of energy-local observables which have an as-
sociated hermitian energy-local sequence in the real vector space spanned by e;,ile;, ej11]

and the identity, form the real vector space
{L(f) +~1 | f € C(SY) has finite Fourier series, v € R}.
Proof: Assume a sequence of A—energy-local operators

A
On:’}/nl‘i‘ Z f]nLja
j=—A

where fﬁj = fT’"” and O,, 2% O. To show that O = L(f) + ~1 for some function f with

finite Fourier series, restrict O,, to some energy M > 2A,

A
Oulnr =l + Y f1Lilur.
j=—A

According to the properties of Ejs, for large enough n,

A
A A 1
Oular =l + Y FLilar + 70(2).

j=—A

Since O,y has a limit in the operator norm to Oy, f;’s must have a limit. To prove
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that, we compute

(LAl Oulas2) = 7 [1L-a9]+ (L-af, (30 FOG)R) = (Lol 09),

J

where |5/ is dropped as it is no longer needed. Notice all the errors O(+) corresponding

to Zj give at most |j| energy shift. This means the only nonzero term is

P LA+ (LaQ (FRO(H) + 11,0(H)0).
I |IL-A9Q|| can be exactly computed and is of order f,A2. The rest can have norm
at most O(%)|fﬁA| as fR = f",. It follows that f", must have a limit, say f_4.

Next step is to subtract f](ZA + f_}\"‘Z_A from O, and repeat the procedure. For the

special case of j = 0, v,1 + f{fzo can be seen to give the same conclusion. Denoting

lim,, o0 f]” = fj,limn_>C>o Vn =7, we have O = v1 + Z;\:_A ijj. [ |

Remark 2.5.2 By Theorem [2.3.1, we have a strong SL-algebra. Note the operators

O, =1+ Zé\:fA ]?J”ZJ used for obtaining L(f) are also space-local.

For UMMs, higher level ACs are conjectured to give the same results as in Theorem [2.4.1],
implying the above theorem for UMMs. A relaxed version of for UMMSs would still

ensure the next results in this section hold for all UMMs:

Conjecture 2.5.3 For any UMM VOA 'V = V.o and a sector V., there is a sequence
of (AC or lattice-based) quantum theories with strong scaling limit (V. n, Lo) such that

for each L,,, we have a sequence Em e A, with the following properties:
e [t 1s a space-local observable with hermitian operators azm + dz,m e A va € C.

e [t shifts the energy no more than |m|.

97



CFT as Scaling Limit of Anyonic Chains Chapter 2

e Restricted to energy at most n® it has an O(n%) approzimation by L, |pd. :

~ 1
L, = Lm|ndw + O(—

ne ) + Rm,n7

where d,, g, are positive constants and Ry, , = Ly, |y -

o ||L,.|| is bounded by O(n®) for some constant e,,.

Remark 2.5.3 Two important observations about the first and third item above:

e For space-locality to be meaningful, we need an AC or lattice-based model as Defi-

nition [2.3.10 of space-locality applies to these contexts.

e Note that R, , = Em(l —P”dw) and thus the norm of the remainder is also bounded

by O(n®).

Remark 2.5.4 The second and third item above have a meaning after the push-forward
of the map Zm acting on V., is assumed. This is done by the embedding p, : Wy, — Ven
from the strong scaling limit; the map anm(pn)*l acts on the copy of W, inside V.,
and 1s extended by zero on the orthogonal complement. This push-forward will be
implicitly assumed whenever it 1s necessary. Note that in an algebraic scaling
limit (like for the Ising model), there is a copy of each O € A, inside A, and it is equal

to our push-forward copy restricted to p,(W,), which is what will be important in our

analysis.

Remark 2.5.5 The last item applies to the Ising chain as Egn and E;L are a sum of 2n

terms of ejs which have constant norm. Taking the norm of the scaling factors of and

n,m?

o> B m into account, one has | L] < O(n?).
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Remark 2.5.6 Assuming the above conjecture, except for Theorem and
all other theorems in sections and [2.5.9 hold for all UMMs. In fact, even
Theorem|2.5.2 would be true for all UMMs if the statement is changed to: the energy-local
scaling limit contains {L(f)| f € C2(S') has finite Fourier series}. For all theorems in
section [2.5.3, the stronger Conjecture[2.6.4] on how to recover the higher Virasoro modes
for UMMs has to be assumed. Therefore, even though theorems below will be proved us-
ing the Ising AC, by replacing some of the powers by appropriate constants (d,, etc), the

results hold for UMMs assuming the above conjecture.

Remark 2.5.7 [t is conjectured that all nice VOAs as described in section (uni-
tary, Cy—co-finite, rational, etc) satisfy energy boundedness [25, Conjecture 8.18]. A
generalization of the Conjecture to all CFTs which satisfy energy boundedness is
possible. Sequences in the same fashion of the Virasoro modes have to exist for all ele-
ments inside a minimal quasi-primary hermitian field generator set of the VOA. Then,
all theorems in sections and [2.5.3, with the exception of Theorem and
can be recovered. In UMMs, the generator is only w and in WZW models, the
currents corresponding to the Lie algebra g (see [62] for a numerical demonstration on

obtaining the gy currents in the scaling limit and [53] for W —algebra currents).

Notation. Set L(f)<m = > jji<m f;L; and similarly for L(f). Define L(f)sm =

L(f) — L(f)<m and similarly L(f)sn. Also set
LAIEE =D 1Al + 1),
iI<E

and

FEm= Dl 1= 1)

lil<m
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We wish to show that the choice of the “natural” sequence corresponding to L(f) gives

a strong SL-algebra. Some lemmas are needed.

Lemma 2.5.4 ([4], Lem. 4.4) We have

= Y fiLye Al forall f € CR(S")

j==o0

Proof: Note that fjs are rapidly decreasing. Also, from Remark [2.5.5]
1L < O(n?). (2.17)

The estimation does not depend on j. This gives an absolute convergence to an operator
with norm bounded by |f|O(n?). On the other hand, for each j, we have szj +f_jZ_j €
AH implying L(f) € AX. |

SL

Lemma 2.5.5 ([4], Lem. 4. 5) L(f) 2= L(f).

Proof: The result and techniques shown here on the convergence behavior of E( f)
will be useful in the next theorems. Take any k& € N and note that ANy or)341 € N -
|fj| < mk)gH,Vj > Ny okys+1- The coefficient 10 is just for convenience and any high

enough coefficient will be sufficient. For n large enough such that '%/n > Ny (105541,

1L sl =11 Y- fLlI<0m) > |fl (2.18)

3> 1%n 31> 1%n
> 1 10k)3 + 1
< O(n2)/ - dr< O(nZ)M — O(nf(lok)zﬂ)’
1

o/ 2 (10k)3+1 1, (10K)2

where ([2.17) is used in the first inequality. The next step is an estimate for L(f). 1oy
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via energy bounds (|1.39):

o] . 3 0o
> 10k/m (j+1)2 1 _ —(10k)%+1
195" <2 > s <, gawre = O ):
j> 10% \/ﬁ

therefore
1L(f)s rogmv]] < O(n~ MW )|(Lo + 1)o]]. (2.19)

Next, given a vector v € V and the embedding W,, — V,

(L(f) = L(f)v = (L(f) < 1oy — L(f) < rogym)v + (L(f) s 10 — L(f) s r0g77)v

The two estimations above imply that the second part vanishes. For the first part,

L(f)< g = L)< gz g + o(mﬂTﬁ) + R(f)m (2.20)

where R(f)pn = Z(f)s w/m|s 4. Since v € VY for some large enough M, for large
enough n with y/n > M, R(f)rnv = 0 and L(f) < 0g5| v = L(f)<10gmv. This implies
I(L(f) — L(f))v|| — 0, which is stronger than L(f) LN L(f). |

Remark 2.5.8 Note that we proved for every v € V, for large enough n, there exists
Uy = p (V) € W, such that pn(L(f)vy) — L(f)v. This stronger result will be useful in
the next section. Furthermore, even though we assumed f € C(SY), it is clear that one

can generalize to CZ°(S").

Theorem 2.5.6 ([4], Thm. 4.6) {L(f) | f € CZ(S")} generates a strong SL-algebra

with corresponding sequence L(f) to each L(f).
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Proof: [Proof sketch] Let ©,, = (p,) Q. We need to show

H (D)) = (2, [ L(r9)9).

Proving the above for any two vectors u,v € V instead of €2 will be similar.

We can prove it by using triangle inequality after estimating the intermediate terms

where the embedding p, is used implicitly. For each 1 < j < ¢, write E( fOy =

L(f9) < rop + L(f9). w0/ Denote g, = H?:tJrl L(f9)Q and let y, = y} + 42, where

= H Z(f(j))glo% Q, vi=y -y

j=t+1

Note y; lives inside V*~%) TR YRR of vectors with energies at most k '%/n. This
decomposition of y; is made in order to separate the lower energy component of the vector

with high norm from the rest (y?). Using equations (2.18) and (2.20), we get

IL(f9) < vogml] < O( /).

Recall ||L(f9). w0zl < O(n~100*+2) and IIL(fD)|| < O(n?). Thus, we can establish

the following upper bounds for ||y}|| and ||y?||:

[l 1] < O((*W/n)*=") < O(¥/n), (2.21)
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71l < (2" = DO~ MW 0((n?)f 1)) < O(n1OT+2842), (2.22)
which imply
[lyel | < 2lly || < O(V/n). (2.23)

Let , := QF Ht _LVL(fWD), p::tir}aka:th,andq:: max, [(Lo41)z!||. Tt can be shown

77777777

that p < r||(L§ +1)Q||, and that the parameters r, p, ¢ do not depend on n ([63, Lemma

3.2.1]). Our task is to approximate

2 (L(FD) = L)yt + v2)].

by using the same decomposition of (L(f®) — L(f®)) in Lemma m

(L) <10 — L(FD) < r0gm) + (L(fD)s 1o — D) 10p5).

For the second part, using the estimates ([2.2112.23|) for ||y,||, (2.18]) for Hz(f(t))> /]

n—oo

and finally (2.19)), we can show |xt(Z(f(t))> 10g/7m — L(f®). g7 )ye| —— 0. For the first

part, using the approximation of Ls for energies up to k %/n,

@] _ 1or
o(L=rm) o pisoy,

n

L(fO) <o — LU <o = —L(fO) < 0z

klO\/*
(2.24)

Each of the three terms above leads to a vanishing term. For example, the second term,

which is the only term where our approximation gets somewhat tight, when acting on

yt, the estimation (2.21]) gives a bound of O(%ﬁ) on the result which goes to zero. The

relatively small bound on ||y?|| shows other terms vanish as well. [
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AH contains more than just the strong SL-algebra above when f € Cg°(S!):

Theorem 2.5.7 ([4], Thm. 4.7) We have {L(f) | [|f|]s < oo} C AR which contains
{L(H)|f € C(SY)} as a mazimal strong SL-algebra.

Proof: [Proof sketch] For the maximality part, one can estimate the norm of L& L(f)$
for any £ € N, and conclude that the Fourier series of f must be rapidly decreasing,
and L(f) hermitian, hence f € Cg°(S'). To show L(f) € A¥ for HfH% < 00, take
On = L(f) <tog) =5 L(f). m
We try to generalize Theorem to all fields. We recall three facts ([25])

e In a UMM, the descendants of w span the VOA.

e Due to the Virasoro algebra identities, all descendants of w can be obtained only

by applying operators L, (n > —2).

e In a UMM, all fields are energy bounded:

1Y (a, f)vll < Call £l [[(Lo + 1)*v]].

Theorem 2.5.8 ([4], Thm. 4.8) {Y(a,f)| a € V,f € CX(SY)} C A generates an
SL-algebra.

Remark 2.5.9 [t can be shown that Y (a, f) can be obtained by sequences that are local
but in the quantum computation sense of locality (QC-locality) (see Remark .

Proof: [Proof sketch] The proof works by induction using the Borcherds identity as a
recursive identity to obtain the descendant fields from the Virasoro field. Choose a basis
with descendants of w. For the field L; ...L;w = a with 7; > —2, we want to obtain
operators (ag),, for energy E and mode m with the hypotheses below for the induction

on r. The hypotheses are relaxed version of the ones in Conjecture [2.5.3;
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There exists d, such that for all E < n there are operators (ag), € A, where

e Ju, < d, such that for any m and n' > |m|, (ag)m|r provides an energy shift at
most K,(E + |m]) for some constant K, > 1. This is a more relaxed version of L,,

shifting energy by at most |m/|. It is also the obstacle to get a strong SL-algebra.
e (ag), has norm at most n° where e, only depends on a.

e There exists a constant g, > 0 such that

@) = (@) + O(—

E) + Ry, for n’ > |ml| (2.25)

where (a),,|g is the restriction of (a),, in the VOA to energy at most E. O(-=)

nda

should be regarded as the error in the approximation of (ag)m|g by (@)m|e, and it

has norm at most O(—-). Finally, the last term is Ry = (ag)m(1 — P¥).

Notice the last hypothesis implies the same for restriction of energy to any £’ < E
since projection to energy E’ has norm at most 1 and the rest will mix with Ry’
Further, the base of induction w is essentially done. For E < ni and any /n > |mj,
(08 )m = Ly, provides an energy shift of at most |m| for any mode m, in other words, at
most 1 X (E + |m|).

The induction works by assuming hypotheses have been shown to hold for the field
b, and then prove the same for a = L_5b; the Borcherds identity shows that this is the
hardest case and Lyb for £ > —1 are easier. In Borcherds identity , putting p =0

and ¢ = —1, and some index shifting gives
(@ = (Loab)m = Y (Lo j(D)mjs2 + (O)m—jir1 L),
5=0

which is an infinite sum. Note that had we chosen a = Lyb for k > —1, the Borcherds
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identity would have given a finite sum, which can be handled similarly to what comes
next.

When restricted to energy F < nf, where d, will be determined, the summation
above will be finite. Indeed, as shown in [25],

E—max{—1,m+2}

(@)m|e = > (Lo j(®Omijr2P? 4 (B)moji1 L1 PP).

=0
Putting redundant projections in the middle of the operators leads to (a),|r =

E—max{—1,m+2}

Y Loalprmmimita)Omiseals + O)mojiilpyLiale).  (2.26)
=0

This will be important as the last induction hypothesis for w and b will be applied

separately. Based on the above identities, our choice for (ag)., will be

E—max{—1,m+2} -
(ap)m = > (Lo (bp)mesez + (bpeyjm1)m—je1 Li1) (2.27)

J=0

where we recall that (wg); = Zj for all E. Each hypothesis can be checked in a straight-
forward way by simply applying the hypothesis for b and w.
It remains to show that {Y'(a, f)|a € V, f € C&(S')} generates an SL-algebra. Us-

ing the properties in the induction hypotheses, the proof is a more involved version of

Theorem [2.5.6, To get the product H?:1 Y (a9, f0)) in the scaling limit, the operators

y J)fJ) Zf A,

have to be chosen where Ejs need to be determined carefully by taking into account the

constants in the energy bound inequalities for all a;s, and also all other constants, notably
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dqa;s and g8, so that we can use the approximation provided by the last hypothesis. The
choice of s will not be universal and depends on the product which is why there is no

single associated sequence and we can not claim a strong SL-algebra. [ |

Remark 2.5.10 As mentioned during the proof, the reason we could not obtain a strong
SL-algebra generating set is the dependence of the energy shift on the energy itself. If
somehow all vectors were obtained by only applying L,.,r > —1 (which is unlikely) or if
we knew that the base of induction Lo, shifts the energy exactly by m (not true even in
the case of Ising), this issue would not be present. Still, we believe this to be a technicality

that can be resolved.

Remark 2.5.11 One would wish to get the hermitian fields, which give self-adjoint
Y(a, f)s, as a scaling limit of hermitian observables generated by the e;s. This was not
the case in the construction above. Still, as [25] demonstrates, quasi-primary hermitian

fields generate (see Remark any unitary VOA. For UMMs, that generating set is

{w}, for which there is a corresponding hermitian sequence from AH.

2.5.2 Local conformal net observables

Recall that for UMMs, the observables algebra on an interval I is given by {e'*\f)| f €
Cg°(S") and supp(f) C I} (1.44). From results of the previous section, the following is

immediate

Corollary 2.5.9 ([4], Cor. 4.9) The sequence of observables below give a strong SL-

algebra:

L) Ly (L) e 0°(SY).

Proof: [Proof sketch] The convergence is a direct application of the Trotter-Kato

approximation theorem (see e.g. [64, p. 141]) on the sequence iL(f) and its scaling
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limit ¢L(f) (see also Remark [2.5.8). The scaling limit is a strong SL-algebra due to the

uniform boundedness of the operators involved, all being unitary. [ |
Corollary 2.5.10 ([4], Cor. 4.10) {e*")}" C A as a strong SL-algebra.

Proof: [Proof sketch] We will be using Kaplansky’s density theorem multiple times.
This theorem allows us to obtain self-adjoint bounded observables as the scaling limit of
uniformly norm bounded self-adjoint observables. Restricting to self-adjoint operators
is without loss of generality, as it is a fact that observable algebras are generated by
self-adjoint operators.

Let O € {e*"}" be a bounded self-adjoint operator which we aim to show that it is
in the scaling limit. As O € {e’/(Y)}" consider a sequence of self-adjoint operators O in
the algebra generated by e*/(f)s with a strong limit to O. Each O® has a corresponding

sequence of self-adjoint (Off ))n with scaling limit O which can be thought of replacing

any i) in O0’s expression by eL(). By this construction, this sequence (O,(f))n is
uniformly norm bounded. To make it bounded by ||O®||, we apply Kaplansky’s density
theorem. Thus, new sequences (O,(f ))n are found, norm bounded by ||O®||. From these
sequences, by a diagonal selection, we would like to get a uniformly bounded sequence
O,, with scaling limit O which would give a strong SL-algebra as in the previous theorem.

As long as OWs are uniformly norm bounded, that sequence can easily be built. This
includes the case where O is in the norm-operator closure of the algebra generated
by {eH} implying ||O®@|| — ||O]]. So the C*—algebra generated by {¢’“(Y)} can be
recovered. If O is not in the C*—algebra, applying again Kaplansky’s density theorem
on the sequence O, gives a new uniformly norm bounded (by ||O]|) sequence (O™),
in the C*—algebra. Having previously proven that O can be obtained by a uniformly
norm bounded (by ||O®||) sequence (OS ))n, this gives the same settings as the easy case

at the beginning of this paragraph. [ |
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Hence, all observables in LCN form a strong SL-algebra. The next question is whether
there exists some definition of the finite-size local observables net A, (I) and how the
bounded scaling limit would compare to the LCN, called A,;-(I). As we shall see, the

anyons must be on the upper half-circle as in Figure|[1.17]

Definition 2.5.1 ([4], Def. 12) Consider the upper half-circle St with its two points
on the boundary. The set of intervals T, are the connected sets in one of the following

forms:
e Open intervals I inside St for which I N dST =0,
e Closed-open intervals I where |INOSY| =10l NdSL| =1,
o Si.

On these sets, the following nets of observables are defined

Definition 2.5.2 ([4], Def. 13) Given I € Z,, A,(I) is generated by the identity and

the e;s where [#, %] €l

The definition implies locality, i.e. [A,(I1), A, (l2)] = {0} for I; NI, = @, and isotony,
ie. [ C I, = .An(ll) C .An(lg)

Definition 2.5.3 ([4], Def. 14) Consider the set of self-adjoint bounded linear opera-
tors O in the scaling limit of the algebra of observables A, (I) such that there erists a

self-adjoint sequence O,, € A, (I) with bounded norm and

pn(On(pn) H(w)) = Ou, Yu eV,

where (p,) '(u) = 0 if u & p,(W,). This means there is sequence with “strong SL
convergence” to O or the strong-operator convergence in V. Define Ay(I) as the von

Neumann algebra generated by this set.
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Locality is the reason behind the above definition. Consider two sequences of operators
Tn 5L 2 and Yn LN y which are self-adjoint and commuting. In order to ensure [z,y] = 0,
it can be easily observed that the weak-limit offered by scaling limit is not enough and
we need at least a strong type of that limit (which is the above definition). However,
that may not be enough as z,y,§ — zyé for & € V does not necessarily hold. Let us

rewrite:

('Tnyn - xy)g = xn(:yn - y)£ + (J,’n - x)@/&

The first and second term are not guaranteed to go to zero unless z,s are uniformly
bounded and z, — z in the strong-operator topology (of V as y¢ € V). It turns out
that the strong SL convergence (which is strong-operator convergence in V) and norm
boundedness are equivalent to convergence in the strong-operator topology in V. One
direction is clear and the other is the application of Kaplansky’s density theorem to get
such a sequence with norms uniformly bounded. The definition above imposes these
properties and as a result, A,([) satisfies locality and isotony. Further, similar to the
procedure carried out in Corollary [2.5.10] there is a sequence associated to any of its
elements which are norm bounded and converge strongly to that element. Therefore, it
is a strong SL-algebra.

How does this “net” compare to A,;-(I)? Denote by j(I) the reflection of the interval

I with respect to the x—axis where j : 2z — 2.

Theorem 2.5.11 ([4], Thm. 4.11) Given a function f = 3. fme™® € C2(SY) with

supp(f) C TU (1), and foy = ap + ibyn, define (f) =

2n—1 G+ 1 2n—2 (1) o
;TUT Y . )
0t 30 L (FF e ol D0 L (¢ g esial + (Y amBi b L,
7=1 J=1 m=—o0

(2.28)
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which is inside A, (I) (for large enough n), and

RN CEY (ISP P
£y = LG (gt e e gt

2

we have €(f) LN L(f).

Proof: [Proof sketch] By direct calculation, &(f) = L(f) and the rest is Theorem
2.5.0 -

Taking real-valued functions f € Cg°(S?),
Corollary 2.5.12 ([4], Cor. 4.12) {e“U}" < Ay (1) for supp(f) Cc TUj(I).

This hints to the relation between A,(I) and A,;.. Assume I touches the boundary of
St. Then, I U j(I) is some connected interval in the circle and so {e’Dsupp(f) C

Tuj(}' = Aur(IUj(I)). By the corollary above,
Avir (LU j (1)) C Ap(1).

On the other hand, due to Haag duality for the conformal net A,;. and locality for A,,

for J the complement of I in S%,
Ay(J) C A(I) C Apir (T U G(I)) = Apir (J U J(J)) C Ap(J).

Therefore, one recovers exactly the LCN by taking the bounded scaling limit.

Theorem 2.5.13 ([4], Thm. 4.13) Ay(I) = Ayir(IU5(I)) for I € I with |[INOSL| =
1.

The above is true for all UMMSs assuming Conjecture [2.5.3]
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2.5.3 Vertex operators Y (a, 2)

In Theorem [2.5.8) (a),, was found to be in the scaling limit using QC-local operators.
We know Y (a, 2) is the weak limit of a sequence Y (a, f) where f shrinks to the § Dirac
function, implying Y (a, z) € A (Remark [2.3.2)). Alternatively, one can directly construct

a sequence to show this.

Theorem 2.5.14 ([4], Thm. 4.14) Y(a,z) € A as an almost linear operator.

Proof: [Proof sketch] Choose O,, = Z|m|<ga tos(n) (@log(m) )m2z ™Vt . Using the prop-
2 10g(|=D)
erties of (@jog(n))m as outlined in Theorem [2.5.8| one can prove O, LN Y(a, 2). |

In 2.1 we discussed the thinking behind the construction of finite stages of the

smeared Virasoro field

dz

o2miz

[ e Sy ) = §rase):?

Informally, let us take this smooth function f to converge to the ¢ Dirac function at some

point corresponding to angle 6. One would expect

N Y (w, e).

xTm (SE+1)7T]
2n+1’ 2n+1

where x, implicitly depending on n, is chosen such that 6 € | . Of course,
from our Koo-Saleur formulae, with e;s, the cos() part of Y (w, €) appears in the scaling
limit. For the imaginary part, the bracket [e,, e,41] must be used.

Finding some space ultra-local operator in A, giving us the field operator in the
scaling limit would be a “proof” that the field operator Y (w,z) should not only be

thought of the analog of a space-local observable in the continuum, but of a space ultra-

local observable. Unfortunately, the easy guess does not work, as shown below.
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Notations. Define 3¢ and 32 inside RN with entries Brm and B, ., for all m > 0, re-

. ~ m(m+%)7r ~s (. rm(z+1)w
spectively. Define the vectors v = (cos(—5, 72— ) )o<m<on and 5 = (sin(5,-57))1<m<an,

and extend them by zeros so they also become elements of RYo.

Theorem 2.5.15 ([4], Thm 4.15) We do not have

~ . ~ ~ ~ SL
On = ap|[0;]1%ex + ia|[03]1% [ea, €asa] + (8705 + B 001 == Y (w, 2)2%,

xT (ﬁ-‘rl)ﬂ']

where z = e and we pick the unique 1 < x < 2n — 1 such that € [2n+1, It

Notice x can only exist for large enough n if € is close to the boundaries.
Proof: [Proof sketch] The choice for the coefficients involved in O,, becomes clear

once we rewrite O,, as

2n

m(xz+35)m. . omr+ D)7\~
O, = Z (COS(Qn——H) + zsm(m)) L.

m=—2n

This is the “ideal” candidate expression that one would expect to converge to Y (w, 2)2>

in the scaling limit. It is clear that any finite sum up to some |m| < M for O,, goes
to Z|m| <M e™9L,.. However, restricting to some finite energy M from right and left
PY0, P does not necessarily give 3=, ), eI,

What makes this convergence impossible are the finite-size effects which implies that
L., with high |m|, more precisely 2n + 1 — 2M < |m| < 2n, have low-low energy mixing
terms. Therefore after the restriction to energy up to M, we have (unwanted) terms
other than those from L,, with [m| < M in our summation. Their coefficients can be
computed from formulae in equations and and are divergent, hence the scaling

limit does not hold. |

Remark 2.5.12 As all problems emerge from the |m| being close to 2n, the observable
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O,, as follows has the desired scaling limit

2n—log(n)] 1
m(x+§)7r o m(m+1)7r>~ SI -
cos(——=—) +isin(———) | L,, — " Ly,
> (lcos( ) +isin(7 =) >

m=—2n+|log(n)|

In fact, any function f(n) instead of log(n), with sublinear growth (and f(n)
would work. Unfortunately, this does not translate to the nice ultra-local expression in

terms of just e, and |e, e,41] we desired for O,,.

A space ultra-local sequence for Y (w, 2)

One can construct a space ultra-local sequence in terms of e, and O(log(n)) many of
its neighbor TL operators with the desired scaling limit (Definition [2.3.11]). O,, will be a

linear combination of:

[8log(n)] [8log(n)]
Z ly€sty, 1 Z tylesty, €xryt+1] and 1. (2.29)

y=—|8log(n)] y=—[8log(n)]
The idea is to select the t,’s such that O,, becomes of the form:

[log(n)] 1 2n—|log(n)]
m(xr + 5 1 ~ o~
Z (COS(M) + z'sin(m(x——:_)WDLm + Z CmLm, (2.30)

m=—|log(n)] m=—2n+|log(n)|,
mg([—log(n)],|log(n)]]

where we need specific coefficients for m € [—|log(n)], |log(n)]], more precisely

m(z + )

2n+1 w)>’

2n +1

< cos( ) + ¢ sin(

and zero for m < —2n+|log(n)] or m > 2n—[log(n)]. This means that there are in total
4|log(n)| many equations for each of the cos() and sin() part, thus 8|log(n)| in total.
On the other hand, there are 2|8log(n)| variables t,s. As the matrix involved in these
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linear equations is the one used in Theorem for the trigonometric interpolation, this
system has infinitely many solutions. Next, it is not hard to see that observables like
provide the desired scaling limit. Indeed, the finite-size effect are no longer present
as for |m| close to 2n, the coefficients of L, are zero. Further, restricting to energy up

to M, PMO,,PM for large enough n equals:

m(z + )7 oom(r+ )T\~
M) +@sm(gn—+1))> Lm> pM (2.31)
which converges to PMY (w, e?)e?? PM.

It is still unknown if this sequence can give rise to a strong SL-algebra. The question
likely boils down to the following analysis problem: Is there a sequence of functions that
have a support of width O(log(n)), with their Fourier series having specific coefficients
at both ends m < —2n + |log(n)] and m > 2n — |log(n)], and around the zero mode
m € [—|log(n)], [log(n)]], and also having coefficients ¢,, at all other modes with fast

enough decay rate (with respect to n).

2.6 Conjectures and future directions

In this section, we provide a list of problems that need to be addressed for a clearer

picture of the structures in the scaling limit.

2.6.1 SL-algebras in the scaling limit

The smeared fields Y (a, f) were obtained as QC-local operators.

Conjecture 2.6.1 ([4], Conjecture 5.2) There is a spanning set S = {a}.ecy of the
VOA such that for any a € S, the smeared field Y (a, f) is a scaling limit of a space-local

sequence.
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One obstacle to space locality is the absence of commutators in the Borcherds identity.
Otherwise, the terms involving product of far apart e;s would disappear. For example, if
Y (a, f) can be expressed in terms of commutators of Y (w, f) with the Virasoro generators,
the above conjecture can be proved.

Closely related to conformal invariance, is the scaling limit of the product of unitaries

'L and the smeared field operators L(f).

Conjecture 2.6.2 ([4], Conjecture 5.3) Prove that the algebras in Corollary|2.5.10
and Theorem together generate a (strong) SL-algebra.

As a remark on the emergence of conformal invariance in the scaling limit, notice that

due to Corollary , for €9 € A,;,(I), we have

LN iL(9) g =iL(f) Sby GiL(f) Gil(9) g=iL(f)

Further, the scaling limit above is itself in A,;.(exp (f)(I)). This is the conformal covari-
ance axiom ((1.42)) for the LCN:

U(’Y)Amr(]>U<rY)T - szr(’y(]»? v E D1H+(Sl)

Similar to how A(I) is generated by e'“()s it is easy to show that A,(I) can also
be generated by ¢il(Ns. Due to Corollary and Theorem , this implies that,
loosely speaking, the two sets eiz(f).An(I)e*iZ(f) and A, (exp (f)(I)) become the same
in the scaling limit (at least for I and exp (f)(I) satisfying the condition in Theorem
2.5.13). Therefore, conformal invariance emerges in the scaling limit. This may not be
satisfying as it is not clear what the group of operators eil(f) really is, and whether it
is “the natural finite” version of Diff, (S!) that should recover its action in the scaling

limit (see [49] for a different candidate, the Thompson’s group).
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We could not get all types of observables as an SL-algebra. Specifically, we believe

Conjecture 2.6.3 ([4], Conjecture 5.4) Field operators Y (a,z) form a strong SL-

algebra, with space ultra-local observables associated sequence to each field.

The techniques and analysis used in [29], involving the convergence of the truncated
versions of the field operators to the correlation function, may be found to be useful.

It is known that the product of QC ultra-local hermitian operators can be simulated
efficiently [65, Claim 6.2] on a quantum computer. If one can show an efficient con-
vergence of algebras of space ultra-local (thus QC ultra-local) hermitian observables to
hermitian point-like fields, an efficient quantum computer simulation of the correlation

functions becomes feasible.

2.6.2 LCN and boundary CFT in the scaling limit

Theorem [2.5.13| only shows the scaling limit of bounded nets for intervals I touching
the boundary of the half-circle. Let us suppose that I does not have this property. Then

it gives an observable algebra between:
-Avir<]) \ szr(](I)) - Ab(I) - (AviT(Jl) v Avir(J2))/

where J; and J, are the two intervals obtained by removing I and j(I) from the circle,
implying J; U Jo U T U j(I) = S' — {four points}.

It is a fact in local conformal net that the difference between Ay (1) V Ayir(j(1))
and (Ayir(J1) V Ayir(J2))" is given by the charge transporters. In the case of Ising, this
means the smeared fermionic fields W(f)¥(g) with supp(f) C I, supp(g) C j(I), and
the smeared fields a(f)a(g). Here, a : Xy — X is the intertwiner given by Y(o, z) where

o= |1—16> € XL is the spin state 1} and we use the smeared version of this intertwiner
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sending the vacuum sector to the spin sector. As the Ising anyonic chain with boundary
condition (%, %) gives Xy + X%, we can only expect for charge transporters of the type
U(f)¥(g). Indeed, it can be easily shown that W(f)W(g) € Ay(I). More precisely,
the subalgebra of the Dirac algebra CAR(I) @ CAR(j(I)) generated by basis elements
with even many Dirac operators is inside A,(I), where CAR(I) = {W¥(f)|supp(f) C I}.
Note the finite algebra 4, is the even subalgebra of the Majorana operators ¢; which is
isomorphic to the even subalgebra of F,, = {\If_n+%, ce \I/n_%}.

On the other hand, we recall the boundary CFT (BCFT) in Remark given by
B, (0) = (CAR(I) @ CAR(J))=*™ for O = I x J. Our results on the scaling limit of
the Ising anyonic chain with boundary condition ( %, %), strongly suggest that the scaling
limit theory is related to the restriction of the mentioned BCF'T to spacetime regions
“I x j(I)".

The story for higher level anyonic chains should be similar: If an anyonic chain with
boundary condition (zg,z7_1) gives the Hilbert space ), X;, the corresponding net to
this is conjectured to include all charge transporters for the irreducible modules, denoted
usually by p;p; where p; is the irreducible sector corresponding to X;. This is also what
happens in the case of TQFT, where string operators on the lattice converge to charge
transporters in the limit [66].

The framework of nets of observables could also allow a precise treatment of spacetime
in the scaling limit process, as the local finite nets A, (I), encode spacetime information

by how they are relative to each other.

2.6.3 Higher minimal models

Due to the numerical results on higher level ACs, it was conjectured in that the

theorems in section are true for higher level UMMs. Here, we propose exact identities
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giving us the Virasoro algebra.

Conjecture 2.6.4 [}, Conjecture 5.5] The Hilbert space and the Virasoro algebra action

of every chiral UMM with central charge ¢ =1 — can be obtained as a scaling

6
(k+1)(k+2)

limit of some su(2), AC. More precisely, from the operators

¢ m(j +3)m s m(j+ 1)
e Fs SL
we get operators LS,,, L%, — L, where
Le, + L¢ Ly +L_y,
Dm T Tem_ge0e 450125 +—7
2 ’ ’ 2
i(Ls — L° (L — L
- 2 ) 0305 + Bl = 3 2 :

satisfying the properties in C’onjecturefor Ay Oy By and B, being suitable scal-

ing factors.

Remark 2.6.1 The size of the chain was assumed to be 2n — 1. In general, this depends

on the boundary condition which needs to be adjusted accordingly.

A correction should be made to the above conjecture. It is not accurate to call
the scaling limit a chiral UMM, though it is completely described by chiral data. It
is clear that there does not exist a preferred direction for chirality to emerge; indeed,
chirality only emerges in the boundary of a system and the anyonic chain as defined is
not a boundary component of some (2 + 1)—d QFT. Furthermore, the Hamiltonian is
obviously symmetric with respect to flipping the chain.

The situation is likely similar to boundary CFTs in statistical mechanics (RSOS)
models [I section 7] as the transfer matrix-Hamiltonian correspondence demonstrates.
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As discussed in the previous section, the anyonic chain scaling limit as an algebraic QFT
is likely related to what is called in the literature a “non-diagonal” BCFT [38, section 7].
The precise correspondence is a topic of current research.

Yet, the most important criticism towards the above conjecture is about the identities
for the higher Virasoro modes.

Following a numerical argument made in [I, eq. (3.31-3.43)], using the known ex-
pression of the free energy of the vertex model (or the continuous Potts model) in the
thermodynamic limit [41], one can see whether the above identities deliver at least the
correct central charge. Estimating (£2,, [EQ, Z2]Qn), assuming the conjecture, should give
(€, [L2, L 5] = § in the limit (Remark [1.3.5). The above identities work exactly for
the case of Ising, but give only an approximation of the central charge for higher levels.
We still believe that a space-local Koo-Saleur formula should exist that gives a strong
SL-algebra in the scaling limit. It is a subject of current research on how to include
higher commutators of e;s in the identities above (while preserving the space-locality of
the formulae) in order to correct the error.

One option is to use the closely related Jones-Temperley-Lieb JT'L; MTC instead of
su(2);. As introduced in section [1.2.3] JT Ly is obtained by taking the quotient of the
TL algebra by Jones-Wenzl projectors pyi1,k > 0. The expression pi;; = 0 imposes a
recursive relation on commutators. Thus higher commutators can always be written in

terms of lower (up to [e;, [. .., [€i4k_1, €irk] - - -]]) commutators ensuring space-locality.
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Chapter 3

Efficient Quantum Simulation of

CFT

3.1 Outline of main results

The original motivation behind the work in the previous chapter was an efficient
quantum simulation of CF'T. In each simulation problem, there will be local observables
for which their expectation values is to be efficiently computed in polynomial time with
respect to the inputs.

To define local observables, consider the problem of simulation of unitary evolution
[67] of a quantum many-body system. There, the (k—)local Hamiltonians are a sum
of polynomially many (k—)ultra-local operators. Quantum computation gives a precise
definition of locality. A fundamental aspect of this definition is the explicit or implicit
assumption of a sequence of operators O,,, which are the sum of wultra-local operators
acting on at most O(log(n)) many particles. So one can distinguish between local and
non-local (sequence of) operators.

Definition 3.1.1 Given (C%)®", the tensor product of n qudits C%, for an wultra-local
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sequence of operators (Oy),, O, acts nontrivially on at most O(log(n)) many qudits. A

local operator is a sum of ultra-local operators.

Locality is a salient feature for any physical QFT. Since TQFTs are low energy
effective theories, their locality is not intrinsic and usually hidden. For example, in the
Witten-Chern-Simons (WCS) modeling of the fractional quantum Hall liquids, the WCS
theory is an effective description for the emergent anyons, it follows that locality of WCS
TQFTs should be derived from that of the underlying electron systems. However, the
simulation of TQFTs in [68] uses a hidden locality given by pairs of pants decomposition of
the space surfaces (|z; ... 2,_s) in Figure[l.13)). Similarly, there are no intrinsic (infinite)
local degrees of freedom for a CF'T to define locality.

We wish to declare a subset of observables in CFTs to be ultra-local. Depending on
what problem one wants to solve, we need to efficiently simulate the local observables the
subset generates. The argument behind the declaration of those observables as ultra-local
is motivated from discussions in the previous chapter, on space and energy locality (see
e.g. 2.5.3).

Theorems in the previous chapter on convergence of expectation values could also
be helpful. Yet there is no guarantee that using those approximations is the right path
for the problems ahead. In fact, we will also point out the disadvantages of the anyonic
chain approach for each simulation problem.

In this chapter, we will explore the possible definitions for the two problems that
CFT simulation includes. Before discussing the problems, we make a review on related
works on QFT simulation. Next, we try to define each simulation problem, and show our
results after making the attempts on the definitions.

In the first part, we start with defining the unitary evolution simulation problem.

Definition [3.3.1] (CFT UNITARY EVOLUTION) Inputs: Given k and real-valued
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functions fU) with n; many Fourier coefficients for 1 < j < k, each coefficient (ffj))m
computable in polynomial time p(m) with respect to m using a classical Turing machine.
Output: An approximation of the following up to an error €, with complexity mea-

sured with respect to {,ny,... g, k} U {(ffj))m}j,m
k .
(@, J] e 0. (3.1)

Jj=1

Using Fock space construction of CFTs along with the trick developed in [3] to ultra-
localize the Dirac fermionic operators, it is shown in how to get an approximation of
this expectation value. We can only go so far with this approach and prove the rate of

convergence is efficient under certain conditions.

Theorem [3.5.3] Consider the same setting as above with the condition that
k
D MDY oo
j=1

is of order O(log(ny,...,ng, k)). Then CFT UNITARY EVOLUTION is in BQP.

This technical condition is due to our inability to accurately estimate some norm of

(1—PN) H?:l LU0, which is the higher energy part of the state (see Remark [3.5.2).

We instead opt for an estimate on some norm of the whole state H?Zl i L) ), and yet
obtain the nontrivial result above. Lastly, other alternative approaches will be discussed.
Afterwards, we move to the more complicated correlation function simulation prob-
lem. There are two possible formulations, each corresponding to choosing the space or
energy basis as the computational basis, based on local degrees of freedom of space or
energy.
The energy basis formulation corresponds to the case of smeared correlators, where

space position is given by smearing functions f(e?) = ¢’  which represent the Fourier
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transform that takes the space basis to the energy basis. In this scenario, the states
undergoing some unitary operations U are obtained by creation modes acting on the
vacuum Y, (@™, e=*n0) Y, (oM, e *) Q0 = [T, (aD)_4,Q. We will argue that U is a
product of unitary gates from a set Uy, = U U, where U, is formed by

hermitian primary fields

the following gates

o cB@h(@n

o ¢i(@(@h()n (@)l (@)m+a(a)fn(@)m () (a)n)

I

o ci(@(@h(@m+a(@)h(@)n)

o ci(@(@n(@m+a(a)(a)h)

Y

for all B € R,a € C.

Definition (CFT Correlation Function Simulation Problem)
Inputs: Given error rate ¢ > 0, hermitian primary fields {b\9) é‘:l? {a®Y_ | with corre-
sponding modes m;, k; and intertwiners H;, Y,; of type (gja), (Acfcly) where Bj, 6’j, A;, C;
are irreps of V satisfying Co=Co=V and C, = Cn, and finally a description of a
unitary U as a product of N unitaries from the set Uy with all chosen modes used to
describe the N unitaries forming a set My .

Output: An approxzimation of the normalized correlation function below with error

rate €, with complexity measured with respect to {my, ..., my, ky, ... ki, %, N}UMy where

mj,ki > 0.

(Y70, e7m0) L Y5 (60, 00, UY, (0, e 50) Yy (0D, e Q)|
19,060, =) Y60, e ) Q[ [[Yn(at™, e 50) Yy (a®, e-m8)Q|

(3.2)

Conjecture The CFT Correlation Function Simulation Problem is in BQP and

generically BQP-complete.
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It is a corollary of fermionic quantum computation in [3] that for the case of Ising CFT,
the problem is BQP-hard.
For the point-like version, the correlator is the insertion of point-like fields on the

unit circle (space at present time), i.e. |z;] = |w;| = 1:
(402, ) 910, w) 2, U Ya(a™, 2) . r(a®,2)0) | (33)

Surprisingly, a substantial amount of analysis is necessary (section to show the
above is well-defined. The correlator should be interpreted as a probability density
function, but it is not rigorously known how one should integrate it in order to have
a proper normalization like in the smeared case. This is crucial for understanding what
the quantum computer should approximate. Finally, we discuss some ideas on what the

right approach could be for the above problems.

3.2 Previous works

The circuit model of quantum computing is based on quantum mechanics. From
early research on computational complexity of QFTs [2], it was stated explicitly as a
conjecture that QFTs would not provide extra computational power beyond quantum
mechanics (eztended quantum polynomial Church thesis), as suggested by the efficient
simulation of (2 + 1)—d TQFTs [68]. An important difference between TQFTs and
CFTs is that while TQFTs are realized as gapped quantum systems, CFTs represent
universality classes of gapless (massless) critical phases. Our program seems to be a first
attempt towards a quantum simulation of gapless QFTs mathematically.

More recently, there has been effort towards simulating scattering amplitudes of mas-

sive QFTs, although some are made with support from numerical and physical arguments.
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For a general survey we refer to [69]. Below we discuss the important results.

The first recent work [70] in this domain was a quantum estimate of relativistic
scattering probabilities in massive scalar ¢* quantum field theories. It has been shown to
be in BQP for four and fewer dimensions. This is among the simplest interacting theories
in fewer than four dimension (where it is believed to be free). This provides an exponential
speedup over previous classical algorithms. The algorithm uses an approximation of the
field by discretization of space via a lattice, and discretization of the field value at each
lattice site. Creating the initial state for the simulation is done by a modified version
of adiabatic state preparation for preparing non-eigenstates such as wavepackets. Given
a list of momenta of incoming particles, the quantum algorithm outputs the probability
distribution of outgoing particles up to a precision of ¢ efficiently. The algorithm works

by [0, Appendix]
e creating the free vacuum adiabatically,
e cxciting the wavepackets afterwards using evolution of some Hamiltonian H,

e turning on the interaction term adiabatically and simulating the Hamiltonian time

evolution,

e and finally adiabatically turning off the interactiong term and measuring the occu-

pation numbers of momentum modes.

This work would support the extended Church thesis if the convergence of lattice models
to the continuum is addressed mathematically. When the coupling constant is sufficiently
small, QFT scattering amplitudes are computed using perturbation theory. Perturbative
analysis helps in the weak coupling regime to find the convergence rate. If the coupling
constant is strong, perturbation theory no longer applies and non-perturbative methods

are used to determine the rate of convergence.
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More recently, in [71], it was shown that the above problem for 2—d spacetime is in
fact BQP-complete even for the weakly coupled regime. To implement a universal gate
set, an external field J(t,x) is chosen so that the scaling limit is a collection of double-
well potentials. The |0) and |1) states of a qubit can be represented by choosing the
particle occupation (in the ground state) of the left well for |0) and the right well for |1).
Varying the source term J as a function of time moves the potential wells. Moving the
left and right wells of a single qubit closer together implements single-qubit gates (like
Pauli gates) through tunneling between the wells. Moving the wells of neighboring qubits
closer together implements inter-particle interactions which are generically entangling 2-
qubit gates. There is still a question regarding the mathematical rigor of the methods,
particularly the validity of the perturbative analysis, as also mentioned by the authors
themselves in [71, section 2.4].

There is also a parallel work [72] by the same authors for the massive (1 + 1)—d
fermionic QFT called Gross-Neveu model, a theory with quartic interactions. Unlike
free bosonic operators in the previous settings which commute and have easy-to-realize
spatial localization, the localization of the free anticommuting fermionic operators is
tricky and uses the technique developed by Bravyi and Kitaev [3], which we shall also
use in section [3.5] The algorithm follows the same line of thought, where a free theory
is excited and interaction term is adiabatically turned on and off and measurement is
eventually made.

Note how the use of free field theory in both settings mirrors our use of Fock space
in (3.5 to construct (interacting) CFTs as subtheories. It is difficult to realize interacting
theories directly (but see in this regard).
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3.3 Unitary evolution simulation problem

Following functorial (n+1)—d QFT, unitary evolution of a system given by a manifold
X of dimension n, is described by unitary maps assigned by the functor to elements
inside the automorphism group of X in (n + 1)—cobordism category Aut(,41)—cob(X).
In (24 1)—d TQFT, it is well-known that the mapping class group of a surface X is
isomorphic to Aut(a11)—con(X); the proof is by simply using the cobordism cylinder X
construction for any diffeomorphism ¢ € Diff(X). Therefore, the unitary evolution is a
representation of the mapping class group which is generated by braids and Dehn twists.
Those are operators for which one can have an ultra-local expression. It is this point of
view that is adopted when simulating the unitary evolution of TQFT and showing its
BQP-completeness in [2], and we seek a similar characterization for unitary evolution in
CFT.

In functorial CFT [73], the unitary evolution is guided by unitary maps called U(7).
Therefore, our goal is to simulate |(2, U(y)2)|, with U(—) a positive-energy projective
unitary representation of Diff, (S') and v a diffeomorphism in this Lie group. It is
well-known ([74]) that the representation U corresponds to a unitary positive energy
representation of the Virasoro algebra. Following a result of [74], there exist f)s in
Cge(SY) such that v = exp (fM) o -+ oexp (f*), and further U(exp(f)) = e*U) Vf €

Cg°(SY). Accordingly, the simulation target becomes

k

(@ J] e a). (3.4)

Jj=1

Therefore, it makes sense to understand the complexity of an evolution infinitesimally, in
terms of its decomposition to a product of e*()s, similar to how local unitary operations

can be defined as (a product of) e for local Hamiltonians H.
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Theoretically, given any accuracy, is computable as long as functions f@s are
computable. However, we can not assume any computable function in our definition of
the problem. This is similar to how the problem of unitary evolution of quantum many-
body systems only assumes local Hamiltonians that are a sum of ultra-local interaction
terms. Thus, the set of local operators should be specified. Let F be the set of local
operators among ¢“/)s that can be considered in (3.4) as part of the inputs of the
simulation problem.

Ideally, this set should be similar to its analog in other settings, where it is generated
by an wultra-local generating set. It is believed that the ultra-local terms are not among
e'LNs; this argument is made in the next part on correlation functions and Remark
. Our investigation in this part is on the operators e?/(f)s that should be among the
local operators.

For example, the operator e*fo’0 which is the evolution by the CFT Hamiltonian
corresponding to the constant function f = f is certainly one of the operators one would
want in F. More generally, ¢iFm Lt finLm) corresponding to the real-valued function
f= fmeime + f_me’ime must be in F as well. Therefore, it is reasonable to ask a finite
combination of these to be simulated efficiently. This means e’(f) € F for f having finite
Fourier series.

We can wonder which functions with infinite Fourier series can be considered for
the simulation problem. An analogy in quantum computation, would be to think of a
hermitian matrix H that may be non-local, but its non-local effect, by the non-local
interaction terms, is exponentially small. This translates to a unitary operator which is
non-local but has an action exponentially close to a local operator around some “centers”

of action. In general, recall the Fourier coefficients f, are rapidly decaying

A 1
Vk, 3N}, such that V|n| > Ny = |f,] < —
n
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but what the rate of this decay (or equivalently, the growth rate of Ny) should be is
unclear. Perhaps, an exponentially decaying fn (corresponding to analytic functions)
or a polynomial growth for Ny is the answer. Computing the dependence of the rate of
convergence of the scaling limit in Corollary [2.5.10]on Ny, could help answer this question.

So far, we can safely assume that the set F has all operators corresponding to func-
tions with finite Fourier series, hence, the following definition for the unitary evolution

simulation problem.

Definition 3.3.1 /[CFT UNITARY EVOLUTION] Inputs: Given k and real-
valued functions fY9) with n; many Fourier coefficients for 1 < j < k, each coefficient
(ffj))m computable in polynomial time p(m) with respect to m using a classical Turing
machine.

Output: An approximation of the following up to an error €, with complexity mea-
sured with respect to {,ny,...,ny, k} U {(fzj))m}jm

k

(@] e 0. (3.5)

j=1
The conjecture in the same spirit of TQFT is

Conjecture 3.3.1 ([4], Conjecture 5.6) CFT UNITARY EVOLUTION is in BQP.

Generically, the problem is BQP-complete.

In TQFT on the sphere, unitary evolution on the vacuum is trivial, as it is a one
dimensional space. In CFT, due to the existence of descendants provided by L_,, for

m > 1, we have a nontrivial problem in an infinite dimensional Hilbert space, the unitary

Virasoro VOA V..

Remark 3.3.1 One can generalize the above to other sectors V., or even replace 2

with the primary fields other than the vacuum in the VOA. Thus, the generalization of
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Definition |3.5.1| includes the expectation value for any primary state & instead of (2. We

will address this in section |3.5, using the Fock space construction of VOAs.

The AC approach provides some motivation for which operators have to be in F.
Further, it gives a discretized picture of what unitary evolution looks like in a CFT: Take
many particles on a chain where it is allowed to have fusion between nearby particles
with certain penalties for the undesired fusion. The value of the penalties is what gives
the function f. If one lets the system evolve in this setting, the unitary evolution guided
by those constraints is il 1t f is the constant function, then the CFT Hamiltonian is
recovered.

But the AC approach may not be the right one. To approximate using ACs,
we first need a proof that AC gives the VOA in the scaling limit. Furthermore, a bigger
obstacle could be proving the BQP-completeness, as the expression for approximating
the operators e’“() are exponentials of weighted sum of all e;s. It is hard to build specific
unitary operators, like a nice universal gate set, without a more detailed understanding
of elLWs,

Also note that L,s are considered to be local terms, but L,, = Y (w, f) is given by the
smearing (position) function f(e?) = ¢, Fourier transforms send locality in spacetime
to that of energy-momentum. If one considers Y (w, z) as (ultra-)local in space basis,
then any of its Fourier modes, like L,,, should be viewed as (ultra-)local in an energy
basis (based on energy local degrees of freedom). We speculate that it is unlikely that
the problem defined above has an algorithm based on a computational basis that uses a
discretization of space(time), like AC (or other statistical 2d lattice models).

Finally, one needs to prepare the vacuum which is also a nontrivial problem (see [75]
for the case of Ising). By using a basis based on energy, this issue is non-existent, as

demonstrated later in section [3.5| using the Fock space construction of VOAs.
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3.3.1 Alternative approach

The first alternative approach is to use a combinatorial realization of the action of
Virasoro generators called path representations, originally developed to compute the
character of VOAs involving counting the dimension of each weight space. Path repre-
sentations of the states of the Hilbert space and how the Virasoro algebra acts on these
paths can be analyzed. We refer to [76] for nonunitary minimal models M (2,q) (with
q odd) where the action of every Virasoro generator is obtained, and [77] for unitary
minimal models, where actions of higher Virasoro generators is not known yet.

Another approach would be to derive an exact expression for |(2,U(v)f2)|, which
would be easier to think about from a computational perspective. Exact expression can
be obtained for all free models [78, see Theorem 6.2.3 and section 7], but they are not
suitable for computation, and no such closed formula is known for higher (interactive)

minimal models.

3.3.2 Fock space construction of CFTs

A more promising approach is investigated in section [3.5], with results under certain
conditions (Theorem , using large enough tensor power of the Fock space. This
contains many interacting models as subtheories, including all su(2);, WZW models and
all minimal models (see [79, section 4] for a list). The Fock space is a free theory given
by (Xo + X1 )(Xo + Y% ) and can be modelled using an ultra-local realization of the Dirac
operators Wy, Wys ([3]).

Let us briefly discuss the idea behind this ultra-localization following [72, section
3.2]. The naive localization attempt of Dirac operators corresponds to the mapping
U g o W Q2 —0...1...1...0) where 0 < k; < ... < k; < n and the one states are

used for positions k; +% only. We call the occupation number for k—th position o, which
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is1if w_, 1 is among the acting operators on the vacuum and 0 otherwise. To know the
action of any operator W_,,, we generally need to know the parity of total occupation

number ¢, = > 1 0;, as the Dirac operators anticommute to put ¥_,, in its place in

i<m+1
the ordered sequence k; < ... < k;. Thus, the operator is not ultra-local as its action in
the worst case is dependent on all qubits. Bravyi and Kitaev [3] use the following trick to
compute the parity of ¢, in O(log(n)) with a clever ordering of the mode indices. First,
represent any mode index k; + 3 € {1,...,n} by its bit string of length s = [log(n)].
Then consider the following partial ordering: * = z,...21 2 y = y,...y; if for some
r,x; =y fori>rand yp1 = yr2 = ... =y1 = 1. Now let n; = erjJr%or. Any

total occupation number t,, = > 1 0; can be computed from the n; quantities in

r<m+1
O(log(n)) time and changing the occupation number of any mode o, requires updating
only O(log(n)) of the n; quantities.

Using the above localization, it can be shown that a local expression for the Vi-
rasoro generators of any unitary subtheory can be derived using the Dirac operators.
By some energy truncation and taking the scaling limit, one should compute the rate
of convergence and show that it is efficient. This could provide a faster convergence
than AC; indeed, CFT has quantized energy but continuous spacetime. Using the Fock

space means using the energy local degrees of freedom as the local basis for quantum

computation, instead of the space local degrees of freedom as in AC.

3.4 Correlation function simulation problem

The second problem is the simulation of the correlation functions of CFT. Similar
to TQFT ([2, R0]), we have insertions of n fields (like a fusion tree in a Temperley-Lieb
diagram) followed by a unitary operator (braiding) and the probability of getting back

to some state (inner product with another fusion tree). Loosely speaking, for any QFT,
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Topological Quantum Computation

Computation Physics

readout

applying circuits braiding anyons

create
anyon pairs

initialize

Figure 3.1: Time flows from bottom to top ([58, Figure 3]).

the following two seem to be our target

(T pi(wp. U ] eilz09), (3.6)

jes’ €S

(TT pitan. U T en(ro)l, (3.7)
jes’ icS
with U some local unitary operator, ¢;,p; some fields from set of sectors S,S’, and
insertion points or smearing functions z;,w; (f;, ;).

As quantum computation is usually performed in the Schrodinger picture, we pick our
insertion points or smearing functions so that they do not have any explicit parameter of
time. In the case of (1+ 1)—d CFT, this means insertion points are on the unit circle S*
(space at present time in the radial setting) and smearing functions are smooth complex-

valued functions on the unit circle, i.e. inside C(S*). It is only through U that time
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evolution occurs. In the next parts, we will address the following questions:

e [deally, both quantities above are probability amplitudes between 0 and 1, but they

are not so by default. What is the correct normalization?
e What is the nature of the computational basis in each version?

e What are the set of ultra-local unitary gates used to construct the unitary U?

These issues are discussed for both versions of the correlator for chiral CFT, but all the

definitions and ideas can be readily generalized to full CFT.

3.4.1 Simulation of the point-like correlation function

Throughout this and the next part, we will assume a nice VOA: unitary, CFT-type,
rational (including Cy—co-finite), will all intertwiners being energy-bounded. Given our

knowledge so far, our simulation target seem be the following

| (y;(b(l), w) - Y00, w)Q, U () Yn (@™, 2) .. Yy (a?, zl)Q> I (3.8)

where |w;| = |z| = 1, a¥ € A;,bY) € B; are hermitian primary fields in the irreducible
modules, and Y;, J5 are of type ( A, %H)’ ( B, %}1) with irreducible modules C}, 6’]-. To
have a nonzero result, we need 6’0 =(Cp =YV and CN'Z =C,.

Even if intuitively the VOA mathematical framework of CFT should easily allow the
computation of such correlation, it involves some analysis (carried out in section
to show that is well-defined. Note that correlators are generally well-defined only
when insertions are time-ordered, i.e. |z1] < ... < |z,|, and similarly for |w;|s. Also,
observe that singularities in (3.8)) need to be avoided. For example z; # z;. This means

(z:); € Conf,(S!) and similarly (w;); € Confj(S*), where we recall the configuration

space for X C C is defined as Conf,(X) = {(z1,...,2,) € X | x; # x;}.
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This correlation function is not a probability amplitude. In QFT, this is interpreted
as an evaluation of some probability density function on the continuous space. Thus one
expects the integral of over the space of eligible insertions points (non-singularities)
with some measure to be finite. However, this is not clear even in the case of a simple Ising

1 ‘2
w1 —21

fermion correlation function with ~ the identity diffeomorphism, where [ [ | = 0.
Generally speaking, in QFT, the rigorous mathematical formulation of the probability
density function is not known, even though it is obvious it involves the term .
Without this, it is not possible to define this version of the simulation problem. Of
course, once the density function is known, it is a valid mathematical question whether
sampling such density function or computing it directly can be simulated efficiently using
a quantum computer.

Assuming a rigorous formulation of the problem, one can speculate on the nature
of the computational basis of the quantum algorithm. Since the ultra-localization is
happening with respect to continuous space, with uncountably many points, the com-
putational basis likely approzimates Y,(a™, z,)...Y1(aM), 2,)Q, with the help of some
lattice and scaling limit.

Approximating CFTs with finite anyonic systems can be done through scaling limit.
However, as demonstrated in the previous chapter, the space embedding in scaling limit is
non-local. Furthermore, it is unclear how to approximate the intertwiners on the anyonic
chains, as our success has been limited to the trivial intertwiner, i.e. the vertex operator
Y() = H(VVV). Even in this case, there is much to be done to ensure a scaling limit
algebra convergence (see section .

In , the unitary is set as U(y). It is shown later in Lemma by using

conformal covariance, that fields inserted at z; essentially move to 7(z;), making our

136



Efficient Quantum Simulation of CFT Chapter 3

target

(Y0 (@), 70+ Yot (@), 5 () (62, 1) (0, )2, U ()R] (3.9)

Thus, avoiding the singularities also requires y(z;) # w;. Note n;(a?) = al¥, as the
primary fields are chosen to be hermitian. As alluded to previously, it is believed that
U(7) are local but not ultra-local unitary operators, implying the possibility of having

unitaries other than U(+) in (3.8). This is discussed in more details in the next part.

3.4.2 Simulation of the smeared correlation function

A smearing function is interpreted as the probability density function of the position

of the particle. As the formal definition below suggests:

o) = 9@ 55 =S fah

the definition of the smeared correlator should be the probability distribution that comes
from the weighted integration of the probability density functions (point-like insertion)
by the smearing functions over S'. This interpretation is formalized in [31], Proposition

3.12] and Theorem 3.6.12

Based on (3.7), our simulation target seems to be the following

|(yl~<b(l)> gl) s yl’(b(l)a gl)Qv U(ﬂy)yn(a(n)a fn) s yl(a(l)a fl)Q> |7 (310)

with f;, g; € C&°(Sh). For the point-like version, the correlation function had to be shown
that it is well-defined. Here, as all intertwiners are energy-bounded, both vectors involved

in the inner product are smooth vectors inside V(.), and this is a usual inner product of
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the Hilbert space V. This also allows us to perform the normalization in order to have

an actual probability amplitude

(40, 90) - Y00, 9) 2, U ()Y@, fu) . Ya(aV, £1)2))
1960, g0) - Y (01, g1) Q[ [dn (™, fr) ... Y1(a®), f1)Q2]

(3.11)

In the point-like discussion, we observed that the computational basis should approximate
the continuous space basis. This makes the analysis far more difficult and is not the best
approach given that CFTs naturally arise as the low energy behavior of increasingly
large size quantum theories. Further, unlike space, energy is quantized. As quantum
computation occurs in finite discrete spaces, a computational basis that relates to energy
is more desirable, which is the case for the smeared version. The functions f;, g, are
generated by Fourier modes €™’ and one can think of Y(a,e ™)Q = (a)_, as the
ultra-local insertion of a primary field in the energy basis, where the smearing function
ind

f, i.e. the position probability density function, is e™"*’. Thus the possible values for

fi»g; are the Fourier modes e™?.

For Ising, this means our computational basis are
excitations of the vacuum with Dirac ¥ or spin ¢ operators depending on the sector, e.g.
U U

With a judicious choice of the basis, one should be able to prepare these states
quickly, perhaps in constant time, similar to the case of TQFT [7, Chapter 7.2-7.3]. As
an example, using Fock space construction of a CFT, the operators W_, can be ultra-

localized [3] and the computational basis {¥_y, ... V_ 2} can be constructed efficiently.

In terms of the unitary evolution, one can rewrite (3.10)) as

| (% (m(a™M), Ba_ ., (V) (1) - Bt (0 (@™, Ba_,, (1) (Fa)) B:(0D, 00) . B3(bY), 61)Q, U (7)Q> .
(3.12)

138



Efficient Quantum Simulation of CFT Chapter 3

The adjoint action 4, (y) is defined in (3.86]) and this rewriting follows from the conformal
covariance of the smeared field. The unitaries U(7) are all symmetries of the theory and
are products of exponentiation of a smeared quasi-primary field L(f), not a primary
field. This leads us to speculate on whether other physical unitaries could replace U in
, which generate e’“()s.

As mentioned in [3], in a fermionic system with computational basis {¥_;, ... VU_; O},

the physical unitary operators involve:
e ¢#¥-i%i (action by an external potential),

o PV—iVi¥-k¥k (two-particle’s interaction),

o i@V Up+av_,¥;) (tunneling),

Z(Q\Ifk\I/J‘Fa\I},J\If,k) (

° ¢ interaction with a superconductor),

where € R,a € C. These operators generate a universal gate set. As a result, if one
considers such operators as physical in Ising CF'T, the simulation of Ising CFT correlation
function is BQP-hard.

Inspired from this, the following physical unitaries may be what the ultra-local unitary
gates should be. They are the exponentiation of the ultra-local field insertions of some

hermitian primary field a, i.e. Y(a, ™) = (a),, and their adjoint:

{eB@h@n cila(@h@n(@)h(@mntF(@)@)m@h@n) gie@i@nta@h@n) gi@@n@mnta@im@i)y

(3.13)

The intertwiner Y is of type ( ACB) given the sector B on which the unitary is supposed
to act on. We define Uy, = U U,, where U, is the set given above for all

hermitian primary fields

BeR,aecC.
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Remark 3.4.1 [t is important to note that U(y) = []e*V3) simulation would likely
require the ability to simulate the unitaries above; the Virasoro field L(f) in all UMMs or
WZW models is generated by some other primary fields (we refer to Rema,rks and
for the formulae). As a result of the Borcherds identity, the formula for L, + L_,
is an infinite hermitian sum of terms like ()l ,..(a)m for all m € Z, as we saw in the
case of Ising when writing L, + L_, as a sum of V_,_, V. and their adjoints in eq.
. FEven though this sum is infinite, when restricted to any energy cut-off E, it only
involves poly(E) many terms. Thus, it makes sense to set the unitary gates as proposed
above, and try to solve the simulation problem with these unitaries. Given that, some

analysis similar to section for unitary evolution (a generalization of the Trotter-Kato

approach), should follow to approzimate e*Fs.

Definition 3.4.1 (CFT Correlation Function Simulation Problem)
Inputs: Given error rate e > 0, hermitian primary fields {bV) é.:l, {a®}1_  with modes
m;, ki and intertwiners ‘35, Y, of type (Bj %j71)7 (Ai %i—l) where Bj, 6]», A;, C; are irreps of
V satisfying Co=Co=V and C;, = Cn, and finally a unitary U description as a product
of N unitaries Uy, with all chosen modes used to describe U forming a set My .

Output: An approximation of the normalized correlation function below with error

rate € with complexity measured with respect to {my, ... ,my, ky,... ki, %, N}U My where

k?z‘, m; Z 0.

| (%l{b(”, e~y | Y- (bV), =m0 Y, (al, e~ Hn0) Y, (oD, eﬂ'kl@)g) |
Y560, e=imf) . Y3 (6D, e=imi0)Q[.|[Y,(a™), e=ikn0) Y, (D), e=ik0)Q|

(3.14)

Conjecture 3.4.1 The CFT Correlation Function Simulation Problem is in BQP and

generically BQP-complete.

Note we did not manage to simulate the spin field o and its modes for Ising CFT. As
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mentioned previously, it was shown in [3] to be BQP-complete if one only uses the

fermionic field ¥. Thus the problem above for Ising is known to be BQP-hard.

3.4.3 Alternative approach

CFT in nature arises from finite systems in some limit, and as such, it is always the
case that CFT in the continuum is the approximation of physical reality and not itself.
The mathematical frameworks for this continuum provide many tools to study the large
size finite models in their low energy spectrum, similar to how calculus can be thought
of as a powerful tool to study discrete functions defined at many points. Therefore, one
may ask whether these facts need to be accounted for in the simulation problem. If
so, the strictly physical version of the problem is likely easier as there is no need for a
potentially difficult convergence analysis. Of course, mathematical curiosity requires that
it be formulated also in the continuum, and the convergence rate of discrete to continuum
rigorously be studied.

However, we need a canonical definition of discrete CFT as there is usually a wide
range of lattice models with the same CFT in the scaling limit, otherwise there is no
natural discrete version of the CFT simulation problem. One can speculate that this
discretization is provided by some g—deformation of the symmetry algebra, the Vira-
soro algebra. There are many attempts in this area [12] 1], [82], but none provide the
framework we want to.

This suggests a new approach to the whole CFT and the simulation problem, where
one needs to formulate the ¢g—deformation of the Virasoro algebra and study its repre-
sentation theory as the discrete CFT. This should be followed by a study of the limit

(and convergence rate) when ¢ — 1.
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3.5 Unitary evolution simulation using Fock space
construction

Define the Fock space as H = (Xo + X%)(YO + X1) with Hamiltonian

1
2

Lo=Lo+Lo= Y kU, T+ > kU_ T,
keN—1 keN—1

and character [] (1+ ¢*)2. The Uy, ;s are the Dirac operators of the left and right
keN—1
moving sectors. They act as U, ® 1 and 1 ® Wy, respectively. For this reason, they are

relabelled by (commuting operators) W& W&,

3.5.1 Construction of the restrictions of Virasoro modes

The first steps of our approach starts by building this Fock space as a strong scaling
limit of finite spaces. Then, restricting to a desired subtheory gives restrictions of the
Virasoro field to finite subspaces. We can divide this construction into the following

steps:

a) First, consider the tensor product H,, = HL@HE, where each HLF with dimension
n n n

2" is generated by the action of n Dirac operators on their vacuums Q%%. The n

13

creation Dirac operators are \I/Ij,f withk e S={5,5,...,n— %} and their adjoints

are the annihilation operators, W, acting on H2F, respectively.

(b) Each HL® is given a special basis ([3]) using qubits (C?)®", so that the Dirac
operators are all ultra-local operators acting nontrivially on O(log(n)) many qubits.
In particular, any bilinear expression in terms of Dirac operators is a local operator.
If hermitian and acting on a finite dimensional Hilbert space, its evolution can

be simulated efficiently on a quantum computer. This will be the case for the
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approximation of the hermitian operator L(f). Moreover, this construction leaves
the vacuum Q,, = QL @ Qf as a basis element [00...0) ®]00...0), making vacuum

preparation trivial.

Define the Hamiltonian H,, = >, ¢ kUL, U + >, o k¥E U2 We have a strong
scaling limit to (H,Lo) in which the vacuum 2, is sent to the vacuum Q € H.
More precisely, H,, = LoP"|y, where P™" is the projection of H onto H,, and thus
H,, can be extended to H (by zero) using LoP". Note that P"LoP™ = LoP", as L

does not increase the energy.

The above generalizes. For any operator O formed by bilinear terms of Dirac
operators each of which decreases the energy (like LL,, with m > 0), the operators
P"OP" = OP™ and P"O'P" = P"O" (like L_,, with m > 0) are both local
operators acting on H,, with scaling limit O and O'. Indeed, OP"™ (P"O7) is exactly
given by the bilinear terms of O (O7) that do not include any Dirac operator with

mode higher than n or lower than —n.

By abuse of notation, we will use the same notation P" for the projection onto H,,,
which is the subspace of H®? with elements of total energy smaller than n. This is
n

strictly contained in H®P; e.g. for n = 3,p = 2, we have UL, Q3 ® UL,Q5 € 7—[?2
2 2

but it is not in H3 5 since its energy is higher than 3.

The facts mentioned in step (d) hold for tensor powers of H. Indeed, this applies

to Virasoro modes of any subtheory (as mentioned below) of H®?.

Many chiral CFTs (including minimal models) are unitary subVOAs of some H®?;
see [79, p.42-43]. The tensor power p depends on the subVOA V), thus is a constant

in the simulation problem. V inherits the grading of H®P and its conformal vector
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is the projection of that of H®P to V (|25, proposition 5.29] and [79]). The confor-
mal vector w € V, is inside the weight 2 subspace of H®P, which has an explicit
orthonormal basis formed by all creation Dirac operators applied on the vacuum
Q%P O®P (which is denoted by € by abuse of notation):
L,R),j 1, (L,R).j’
{oy = (PGP0 K =

k=5,1<j,7 <p} (3.15)

N —
DN W

3

—3, coming from the j, j’~th copy in the tensor power and be-

with weight —%,
longing to either of the (L, R) sectors. The basis has (2p)? elements v;. Given the

VOA, for some computable constants y; in constant time, we have
w= Z,uivi. (3.16)

The restriction of the vertex operator Y (—, z) of H to V is the vertex operator of
the latter, as V is a subVOA of H. Taking this on both sides of the above equation,
we obtain the Virasoro field for V. On the other side, for each v;, Y (v;, z) at each
mode is a bilinear expression of Dirac operators. More precisely, each v; defined
in is either a tensor product of \P_%Q and \I/_%Q (when j # j' or Us are
not of the same chirality L or R), or is of the form U W .0 (when 7 = j' and
both Ws are of the same chirality L or R). The vertex operator corresponding to
these are respectively linear (fermionic field W_ 1 Q) and linear (derivative of the
fermionic field W_ %Q), and bilinear (the Ising model Virasoro field 30 _ %\IL%Q).
Thus the Virasoro mode L,, of V will also be bilinear in Dirac operators. Since V
is a unitary subVOA, its hermitian form is also a restriction of that of H®?, and
we are completely familiar with the hermitian form of the latter. Therefore, due

to steps (d-f), for m > 0, The hermitian operator P*L_,, + L,,P" acts on H,,,
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as a local operator. Notice, there is no error O(%) like in the previous chapter

approximations, as we are directly taking the restriction of L,, to some subspace.

Remark 3.5.1 Unless V = H®P, the subspace M, is strictly larger than V", the sub-
space of energy at most n, described by the VOA Hamiltonian Ly, and does not give V
in the scaling limit. This does not matter for simulation purposes, and is modelled by
what is usually called a junk J" computational subspace V" @& J" = H, . The finite local
verston of the Virasoro modes L, P", P"L_,, form > 0 are converging to L,,, L_,, where
their action is extended to H®P. Furthermore, L,,P" P"L_,, act on the whole H®P by
definition, though they preserve H, . This allows us to compare them directly to L,
without any artificial push-forward, as was the case in the previous chapter using some
scaling limit construction. Finally, note the vacuum for V is also €1, which means no
preparation for the vacuum is required for simulation as mentioned in (b). These last

two points are significant advantages that this approach provides over that of AC.

3.5.2 Convergence of unitary evolution on Fock space

With the previous settings V — H®P, and ) being the vacuum, let us consider a
finite sum of the Virasoro modes L(f) = >, 1<x finLm where f(e) = D ml<N fme™ e
Cg°(SY) has a finite Fourier series.

First, we try a very simple case of Conjecture We will generalize our method

and mention the obstacles to proving the full version of the conjecture.

Theorem 3.5.1 Given f € C(S') with finitely many Fourier coefficients, a quantum

computer can approximate the following up to an error € in polynomially many steps in

1
€

(9, eLDQ)). (3.17)
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In the above, the complexity of the algorithm is only measured with respect to the error.
We do not claim the above can not be exactly computed (see [83] for the similar problem
in TQFT which is #P-hard). But as far as we are aware of the literature, there is a lack
of an exactly computable description of this simplest case of unitary evolution.

We set fm = 0 for |m| > N. Define the unitary e*2"(f ) given by the hermitian operator

L'(f) =Y fuP " Lon+ > fuLmP" (3.18)

m<0 m>0

acting on the finite dimensional Hilbert space H,, ,. From the construction steps outlined
in L") can be simulated efficiently on a quantum computer with 2np many
qubits, where p depends on V. Hence, it suffices to prove that for n larger than some

constant C',

1

(") — et < =, (3.19)
n

and take n = max([C], [£] + 1) to finish the proof.
Our arguments will be based on estimations found in [84] regarding the action of
e'!) . Below, we introduce and recall some notations and the relevant inequalities.
Notations. Let A = Lo+ 1 and V) for s > 0 be all £ € V such that the s—th norm

is finite (not to be confused with Vs, the energy s eigenspace):

€1l := 1A%EN] = (Lo + 1)*¢[| < o0 (3.20)
Notice || - |[o = || - || the norm on V. Let V() = NsVs) to be the set of smooth vectors for
A As V) C V) for s > &, clearly V C V(o). ||.||s gives two continuous semi-norms on
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skew-adjoint operators X (which will be assumed to be some iL(f))

X¢&|s
| X |s41 = sup M, (3.21)

eeve |[€]]s+1

A, X&||s

X | apr = sup LAXElle (3.22)

Ve |[€lls1

Finally, recall the r—th norm for » > 0,

11l = |l (] + 1) (3.23)

There are two obvious observations that will be used implicitly in our estimates

11 = D mfl(ml + 17 < 1 fllr s 11(Zo + DElls = €]l (3.24)

m

Let us prove the above seminorms are finite for smeared Virasoro fields. As the VOA

is unitary, the representation of Virasoro algebra gives an energy bounded conformal field

(25, B4]), i.e.

IL(HEN < Coll Il l€] N, (3.25)

for some C,,, r,, > 0 depending on V. This follows from the sum of
[ILmél] < ColIm| +1)™[|¢]]1, Vm. (3.26)

Further, [A, X] = ¢L(f’). Iteratively applying this relation leads to (see also Lemma
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3.6.13)

[ XElls < M| fllrorsll€lls41 (Where My =2°C,) = [ X|sp1 < M| f]|r,+s (3.27)

1A, XIElls = [1L(Ells < Ml f llrosll€llsr = [ X aser < Ml fllross (3.28)

The above also shows why L(f) is a map from Ve) = V(o). A stronger statement is true

X

for the exponentiation where we have e : V) — V() as a unitary operator. Moreover

the following estimate holds ([84], proof of Proposition 2.1]):

VE € V(S) : ||6X§||S < e2s1Xla,s

&lls (3.29)

Going back to the problem, let Y = iL"(f). To estimate ||(eX — e¥)&]|, we will proceed
as in the proof of [84, Corollary 2.3]. Take & € V(o) and define F(t) = e=e!* ¢, F(t) is

differentiable and F(t) = e~ (X — Y)e!X¢, implying

1(e™ — ")l =

1 1 1
e [ Fal < [ 11t (= vyeear = [ 160Vt @30

(1-t)Y

where the second equality holds as e is a unitary. Let & = ¢, Using the definition

of Y in ({3.18)), the goal is to have an estimate on
X =)l = 11 = PYL+ 3 fuLn1 = PENL (331)
m<0 m>0

Recall that for |m| > N, the Fourier coefficients are zero. From Remark we know
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V" C Hpp. Therefore, for —N < m < 0 : L, : V"™ — V" C H,,, which implies
(1L-pPYL, = (1-P"YL,(1 —P"™) = (1-P")L,(1—-P"N). If n < N, then

PN = 0. By choosing n > N,
(X =)l = 11> fn(1 = PMLin(1 = P"N) 4 >~ frnLin(1 = PM)&|[ < (3.32)

m<0 m>0

< Cullf (X = PP=)E 1.

The last inequality is derived using the triangle inequality followed by
(1= P") Ly (1 =P " M)&[] < L1 =P M)&I] s [[Lin(1=P")&|] < [|Lin (1= P""M)&],

and applying (3.26). We wish to show that (3.32) is smaller than + when £ = Q and n

is larger than some constant. We need to use

1€ ]]5 = [ ¢]|s < eft¥las)|g]]; < efXlas||g|]y < e8Mall T2 || (3.33)

which follows from (3.28 [3.29). Let & = >",(&); with (&), € V. Recall

1€ells = [1(Lo + 1)l = O (1 + D>[(&])=. (3.34)
=0
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Let us suppose that 1) is > % We find a constant upper bound for n:

1
L <l =gl = [0 -vieear —

(3.35)
l ! . n—N _ ! ) 2 %
n<0w‘|f||w/0 ia-p >5t||1dt—0w||f||m/0 (,;N(ZH) 1EnlA3dt =
(3.36)
_ 2 1 ) 1
SR <l [[(F e ri@pia <l [ el
(3.37)

where we multiplied both sides by (n — N)? in the last line. By (3.33)), this implies

N e (339
Finally, specializing to the case of Theorem where £ = Q = [[¢||3 = 1, and the
norms depending on f and N are also constant (with regards to how complexity of the
algorithm is measured). Clearly for n higher than some constant the above inequality
does not hold, meaning is smaller than % This proves Theorem .

The proof actually provided an efficient estimate of the state e“()¢ for any ho-
mogeneous £ with given energy E. This energy can be a parameter of the algorithm
complexity, as ||£||5 is a polynomial in E in (3.3§).

If N and f are accounted for in the complexity of the algorithm, the bound on n will
be polynomial if ||f’||,,+2 is of log order O(log(N)). The following is the best we can

prove for this simulation problem on e*/(/)¢.

Theorem 3.5.2 Inputs: Given function f with N many Fourier coefficients, with each

coefficient fm computable in polynomial time p(m) with respect to m using a classical
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Turing machine, and a unit homogeneous vector & with energy E prepared in advance.
Also given the promise that || f'||,,+2 is of order O(log(N)).

Output: The state e“¢ up to an error e. The complexity of the algorithm is
measured with respect to {%, N, E, fm}

The above problem is in BQP.

The above is a nontrivial result. Regarding the norm condition, it includes cases where
the Fourier coefficients f,, are of order %.
Next case is the product of unitary operators e**(/ @) (Conjecture |3.3.1]). Following

the previous theorem, our best result on the full version of Conjecture [3.3.1]is derived:

Theorem 3.5.3 Consider the same settings as in Conjecture |3.5.1), with the exception

of a prepared homogeneous state & of energy E instead of 2, and the promise that

k

S IEDY 42 (3.39)

j=1
is of order O(log(ny,...,nk, k)). Then one can efficiently approzimate the state

eI e (3.40)

k
=1

J

up to error € in polynomially many steps in {1, ni,... ,ng,k,E} U {(ffj))m}jM on a

quantum computer.

Proof: Let X; = iL(fW)and Y; = iL"(f")). Using the intermediate sums technique

k k b—1 k
=TI =" (qTe" @ =) IT e, (3.41)
j=1 j=1 b=1 j=1 j=b+1
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followed by the triangle inequality to sum up estimates on

b—1 k
I e —e®) T Vel (3.42)
j=1 j=b+1

will give the error rate of the estimate of (3.40). If each of the above is smaller than %,
the error is % and choosing a higher n like nk, the desired rate of error is achieved. For

each of the intermediate terms in ([3.42)),

b—1 k k
I HeYj(eXb —e') H eXigl] = ||(e™ — e') H eXig||, as €7 is unitary.  (3.43)
Jj=1 j=b+1 j=b+1

After repeating the previous argument in Theorem [3.5.1, replacing £ with H?:b 41 eNig,

N with n, and f with f® in (3.38)),

(n —m)° Ol LI se| TT X
— < Collf]ree wi2|| H e i E|ls. (3.44)
j=b+1

According to ([3.29} |3.28)),

k
I H eXig||5 < eZi=pr1 61Xilas|g] |5 = 82 Zimorn IO Ttz ¢ |, (3.45)
j=b+1

As a result

2
(n — nb) < Owa(b)Hr 66]\/[2 Z§:b+1H(f(j)),||m+2||§|‘3‘ (346)

By making sure that none of the k inequalities above for b = 1,... & hold, the theorem
follows. The promise in the statement is needed to be able to have a polynomial bound

on n. [
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Remark 3.5.2 In order to discard the promise, the first possible approach is to find a bet-
ter estimate for ||&]|s than what provides, which is not exponential in || f'||;,+s—1-
Below, an example is provided that shows the tightness of this bound. There is a need
to estimate accurately ||(1 — P""N)&||s, instead of replacing it with ||&||s as is done in
(3.37). One can hope that ||(&)i|]s has a rate of growth similar to the Taylor series term

i ’ . . . .
Hf”’}% of ellf'llros=1 “in which case ||(1 — P*~N)&||s is polynomially bounded.

Remark 3.5.3 This method has potential and provided some progress into the simulation
problem. The power of the Fock space to yield accurate restriction of the Virasoro field
on finite spaces is clearly more than that of ACs. The analysis of the convergence rate
becomes doable as well. Further, as mentioned in Remark[3.5.1], the issue of preparation
of any primary state in the vacuum sector is completely dealt with, as € is simply |0...0).
We leave it to the future to apply this method on functions with infinite Fourier series,

and to find out what possible additional promise is needed in that case.

We prove the claim made in Remark regarding the growth rate of ||&]|s. Notice
that for any v(e?) = €@ ¢ Diff, (S'), where p is a 2r—periodic diffeomorphism of R,
and h € Cg°(Sh), we have (|85, (15)])

UL(U )" = Ly (h)) +r(e, b1, (3.47)

where r(c, h,v) is some constant, computed in [86, (3.27)]. The adjoint action ~, of

v € Diff, (S) is defined as

7 (h)(z) = mhw—%z)), 2= e (3.48)

The function h is chosen to be h = 1, giving L(h) = Lg. This is required to take a power
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of (Lo + 1) acting upon &;:
1€el]s = (Lo + 1)°U(y™ )0 = [|(Lo + 1)U ()| = (3.49)

1T (L((h)) + (r(e, hyy) + 1)1)°Q| = [[(L(y(h)) + (r(e, by y) + 1)1)°Q |-

Therefore, our example would be to choose v such that the above is exponential. Let
v = exp(cos(N6)), hence U(y) = ) with f(e?) = cos(N0) = L(f) = Ly + L_x.

From standard Lie group theory v, = exp(ady). The map ad is defined as

ady(g) = [f.0] = f'g — o I, where = 5 7(e”). (3.50)

We will show a lower bound for (3.49)) that is exponential in N. We compute
ads(h) = f' = — N sin(N0) (3.51)

ad;(sin(N¢)) = —Nsin?(N¢) — N cos’(N) = —N = —Nh.

As a result, ad; : span{h,sin(N6)} — span{h,sin(N6)}. This implies the exponential
of the adjoint map, restricted to the subspace generated by the above two functions, is

precisely equal to its Taylor series:

e d,)F °° N °° N2k+1
exp(ads)h = Z (ak{) ) sin(N6). (3.52)
k=0 ' k=0 k=0
We will choose s = 1 and compute ||{;—1||; in this setting:
0o N 0o N2k+1
(2 5 = O gy SO + o)+ noel o (353)
k=0 = (
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As the operator corresponding to the smearing field above is a sum of Ly, Ly, and L_y,
the result is a sum of two vectors of weight 0 and N as we are acting on ). The two
vectors are orthogonal to each other, and in order to obtain a lower bound on the norm

above, we compute the norm of the weight N vector:

i N2+ Q|| = i NQ’““ /cN(N2 -1) _ (eN — e*N) [cN(N? —1)
2k + 1) (2k +1 12 2 12
)

k’:0 k:O
(3.54

This is clearly exponential in N, thus exponential in || /||, 4s-1 = N(N + 1)"+571 (we

chose s = 1, but this estimate works for any ||&|[s).

3.6 Point-like correlation function on the unit circle

To compute correlation functions, ideally, we would want the product of point-like
field insertions to give a well-defined vector. This is not the case in general, hence why the
observables are called almost linear and only their expectation values are well-defined.
Nevertheless, if the field insertions are inside the unit circle (meaning insertions are done
in the past in the radial setting), and they are energy-bounded, their product is a vector.

All theorems proven below are formulated using the vertex operator Y (a,z) for
energy-bounded primary field a. The hermitian assumption on a is not needed and
is only assumed in the quantum simulation problem. Moreover, one can also add the
quasi-primary Virasoro field w to this collection, due to its conformal covariance prop-
erty similar to that of primary fields.

We will always implicitly adjust the weighting of the vertex operator by Y (a, 2)2"* @ =
> (a)mz~™, so that the modes (a),, with coefficient 2= change weights by —m. This

does not impact any of the convergence results as it is a simple global multiplication.
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Energy-boundedness implies:
(@)m&l] < Callm]| +1)"[[(Lo + 1)¢][, V€ € Vieo),
where if £ € V} is homogeneous, then
(@)ml] < Callm| + 1) (k + 1)[[]]-

All theorems generalize for intertwiners Y(a, z). We will make some remarks on the
possible subtleties of this generalization in the end.

As the product order can be important, we set a convention for the order of any
product as follows: Hi:k A; = A;... Ag, where the bottom index k of || appears first in
the product. We also recall the definition of configuration space for X C C as Conf,(X) =
{(x1,...,2,) € X | z; # x;} and denote the closed unit disk by D; and its interior by
D, with the zeros removed giving Dy, DlX This is important as the insertion points will
always be nonzero.

The final result in Theorem |3.6.16[is to show that the correlation of point-like inser-

tions on the unit circle, i.e. (3.8)), rewritten here for the vertex operator Y =Y
(YD wy) ... Y (0D, w)Q, U)Y (a™, 2,) ... Y (aV, 2)Q), (3.55)

is well-defined on Confy(S') x., Conf,(S'). x., means the cartesian product with the
additional condition y(z;) # w;. We prove this by demonstrating that (3.55)) is equal to

(3.9) (up to some scalar), rewritten here for the vertex operator Y =Y

(Y (n(a™),7(21) .- Y (n(@"™), ()Y (0, w) ... Y (0D, w)Q,U(7)Q).  (3.56)
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The proof involves using estimates and analytic continuation to find the definition of
correlators on Confy(S') x., Conf,(S') that are closer and closer in form to our target

correlator in ((3.55)).

e An important Lemma [3.6.1, which shows if insertions are done in the past, i.e.
|z1] < ... < 2] < 1, then [T, Y(a!9, 2,)Q € Vi) is an actual state (note that

Y (a', z;) are not linear operators on Vw,)).

e This implies Corollary [3.6.8 where by some analytic continuation argument,

n

UM [ Y@, 2)9)

i=1
is an analytic function defined on Conf,(D;).

e In Corollary [3.6.10] the first nontrivial result on the domain of (3.55)) is obtained:

l n

Ty @, w)Q, U [[Y (@, 2)0)

i=1 i=1

is an analytic function defined on the region Confy(D}) x Contf,(DJ). Fixing either

of z; or w; allows analytic extension to Conf;(D;‘) or Conf,(D7).

e To extend the domain to the boundary of the above configuration spaces, we will
need to relate the correlator to their smeared versions. By doing so, one can use the
known conformal covariance of smeared correlators, and send the smeared functions

to delta functions, in order to recover conformal covariance for point-like insertions

on the unit circle (Theorem [3.6.12{ and Lemma |3.6.14)):
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where () = ¢ d, = wt a and v = [[._, Y (0@, w;)Q for |w;] < 1.

e From one of our first results, the RHS of the previous equation is known to an-

alytically extend to |w;| = 1. By taking the adjoint of the fields Y (a™,~(z;))

to the other side of the inner product, the main Theorem [3.6.16| follows. It
shows (3.55)) is well-defined on Conf;(S') x, Conf,(S*) and equals (3.56) up to

(~1)Z4%0 [Ty o/ (1),

We start the procedure outlined above by showing that past insertions form a smooth

vector.

Lemma 3.6.1 For insertion points |z1]| < ... <|z,| <1

HY(a(i), z)Q=v= ka, (3.57)

1=1 k=0
where vy, with energy k has norm smaller than B(|2],.. ., |Z’;—;1|)z§, for some function B

depending on a'¥. As |z,| < 1, it follows v € V) C V.

Proof: Fixing k, we have to estimate
> IPFY (@™, 2) PRy (a0 2, ) L PRY (0 2)Q, (3.58)
k11
where P™ projects onto V,,,. Computing each term

[zl ™ .z ™ (@) - (@) ], (3.59)

where Z§=1 m; =k >0Vt <n—1and ) m; =k Notice m, < k as taking the
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adjoint of P*(a™)_,, , if m, > k, gives zero. Next, using energy boundedness repeatedly,
@™, - (@), QI < (3.60)

(J] Car (Imal + 1)7a) (ma + .. 4 mpoy 4 1% (my + 1)
=1

Let Cy) oo = [y Cor- Replace my, with m,+Fk, implying =", m; = 0 and m,, <0,

and replace m; = k; — k;_1 for 1 < i < n with ky = k, = 0. Rewriting the inequality

[zal® [Tz 1 (@™) i (aD) 2y Q] <
=1

n—1 n
ik, r o
Ca(l),,,,,a(") |Zn|k H(kl + 1)8’1(i+1) ‘Z_ kl- H(’kl — ki,1| —+ 1) al®) (361)
i=1 ot i=1

The factor 2* has been obtained. The rest needs to be shown to be smaller than some

function B() of |ZZT

. The terms [, (|k; —ki—1|+1)"® can be replaced by the following

rough estimate
ki —kia| +1<ki+k1+1<(ki+1)(ki+1). (3.62)

Rewriting accordingly for the whole sum,

n—1
S T 1 2

z.
E1yeoskno1>0 i=1 i+l

i (3.63)
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Notice that |-2-| < 1, implying

Zi+1

> ﬁl Sk = H“(ll—\i)' (3.64)

Z.
kpyokno1>0 i=1 i1

i=1 Zit1

The factors (k; 4+ 1)% G+ a@ ¥+ in ([3.63)) can be obtained by multiplying the above

Zi

. | and taking a derivative with respect to it s i+1) + 756 + gy

by enough powers of |

times. The above function has its Taylor expansion also converging to its derivative (term

by term differentiation), implying uniform convergence to a function B([Z[,...,[==]).

Zn

Corollary 3.6.2 For u € V() the correlation function (u, [1Y (a9, 2)Q) is absolutely

convergent where |z1| < ... <|z,| < 1. More precisely, the sum
> (Pru, PPY (a2, . PRY (0, 2)Q)| (3.65)
kk1,...kn

s uniformly convergent in any compact neighborhood.

Proof: By the previous lemma, for v =), cyu, where u;, a unit vector with energy

k, the above is bounded by

21 Zn—1 k
B(|l—]|,... . )
(5h - D el (3.66)

As u € Vi), ¢ is decreasing faster than any polynomial. Hence, even for |z,| = 1, the

sum is uniformly convergent in any compact neighborhood. [ |

Remark 3.6.1 Due to the above results, we can unambiguously write the correlation

160



Efficient Quantum Simulation of CFT Chapter 3

function as

> (wPYY (™, z,) .. PPY (aV), %)Q), (3.67)

kvkl 7777 kn,

or any other sum alike, where projections are done only in 1 < j < n fized places such as

> (Pru, . PMY(a®), z)) . PRy (at™) z,) L Y (@Y, 2)Q). (3.68)

oKy ek

Remark 3.6.2 [t is easy to see that ) can be replaced by any state in V), as that would

only introduce finitely many poles at z;.
From the previous corollary, as U(7) : V(o) = Vi),

Corollary 3.6.3 For v € Diff,(S'), the correlation function (U(7)Q,[1Y (a®, 2)Q) is

absolutely convergent for |z;| < ... < |z,| < 1.

The next step is to extend the domain of the correlation function to the closed unit disk in
the configuration space, i.e. Conf,(Dy) = {(#1,...,2n) | i € D1, 2 # 2;}. Let us define
Fu(z1yy20) o= (un, [T, Y (@D, 2)). Tt is well-known (following Huang’s results in
[30]) that F}, is an analytic function defined on the configuration space Conf,(C*). More

precisely, F}, is a rational function of the form

Gk<Z1, ey Zn)
[Lic;(zi — 25)%

F, = (3.69)

where G, is a polynomial, and the order of the poles for (z; — 2;) is at most s;;, where
(aD),,a) = 0 for all m > s;;. Note the absence of z; = 0 poles is due to the action on

the vacuum Q [87, Remark 3.5.2]. Replacing €2 by a higher energy state would produce
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poles at z;, order of which is dependent on a” and the state [I5, section 3]. Next, define

n

F(zp,...,21) = (u, H Y (a9, 2)Q) = Z cxFr, (3.70)

=1 k

which has been shown so far to be analytic for |z;] < ... < |z,| < 1.

We shall bound the coefficients of the polynomial Gy, so that G = > Gy is
uniformly convergent on compact neighborhoods in Conf,(D;). As a result, F =
G 1. (2i—2;) 7" is also analytically extended to that space. Most importantly, this will

allow us to define F' on n distinct points with |z;| = 1, getting us closer to the formulation

in @3).
Lemma 3.6.4 The order of z; for any i in Gy is at most k + Zj Sij-

Proof: This fact comes from the same proof that Gy, is a polynomial [15, Proposition

3.2.7]. By weak commutativity, the following holds in formal calculus

H(zi — 2;)% (uy, H Y (a9, 2)Q) = Gy = H(’Z" — 2;)%9 (uy, H Y (al®), Zo(i))§2),
i=1 i=1

1<J 1<J

(3.71)

where o is any permutation. Consider z; for some fixed ¢ and o such that o(1) = i. This
shows that z; has no poles (as pointed out previously) since z; ™ (a),,Q = 0,¥m > 0 .
Taking o(n) = 7, as u; has weight k, shows z; has maximum positive order k. Finally,

the product [](z; — 2;)*7 gives a contribution of 3, s;; to the maximum order of z;. M

Let Gr= Y dj. sl 20

J1yeesdn 20
Lemma 3.6.5 There exist constants Q) 4o, Ry, qm > 0 depending on a) and n
such that

R
Ajy, ook < Quvr._amk aM,.alm
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for large enough k.

Proof:  Consider a substitution |z;] < ... < |z,| of complex numbers for the left

equality in (3.71]). Then one can use the expansion below of the correlator

S dio g A =T =2 (e [[Y (@9, 2)) = (3.72)
=1

J1503n 20 i i<y

[IGi—=0( 3 I uk,n (@), ).

1<j S mi=k 1 =1
To compute the coefficient of ], zf, we first decide which powers are selected from the
product (z;—z;)*. Let S = max; ), s;;. There are at most (rnax(sij—i-l))(g) < (S+ 1)(75)

choices that can be made from the product [ | —z;)%. Afterwards, there is a unique

i<j(%i
choice of m; in the expansion of the correlation function that would give [], 2.

There are also bounds on these choices. For z;, by the previous lemma j; < k+ S, and
no positive power more than S can emerge from [] ; 7éi(zi — z;)%. Therefore the choice
for the m; is bounded by —S < 7, — S < m; < j; < k+S. The minimum for m; happens
when the maximum power (< S) for z; is selected from [[,;(2; — 2;)*. The maximum
for m; happens when no z; is selected from the product (z; — z;)%.

Let us now compute the coefficient corresponding to each choice. The binomial coef-
ficient for a power of z; in H#Z_(zi — z;)® can be no more than (g)n_l < 20=Dn=1),

As m; is bounded between —S and k+.5, it follows |m;| < k+S. Let R = max(s,u) +

T, ). Using the following loose estimates

(my 4.+ my 4+ 1)% < (Jmy| + ...+ [my| + 1)% < (nk +nS + 1)F (3.73)

(jmi] +1)7a® < (k+ S+ 1)%, (3.74)
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we obtain |(ug, [T1_, (@) _,, Q)] <

Cor,am(my+ .. F My + 1)% o (my + 1)%® H(|mi| +1)"® < (3.75)

Coy.qm(nk +nS + 1) (k+ S+ 1) < Cooy_yom (nk +nS + 1)

It follows
| djy .| < Catryam (S + 1)(B)oS=Dn=Dn (4 g 4 1)2R0 (3.76)

where the first term is the maximum number of possible choices to get [], zf‘, the second
comes from the bound on the coefficient of z; in [[,_,;(2; —2;)*" for each i =1,...,n, and

the third term is the bound calculated for the unique choice of m;. The above is clearly

Qu),..am> Bo)_qm- u

Corollary 3.6.6 There erist constants Q! ), y > 0 such that

/
La(m)r T (L) gln

Rl
V(z1,0 0 20) € DY 2 |Gi(21, 0y 20)] € Qy gk @@e™,

for large enough k.

Proof: There are at most (k+541)" many coefficients |d;, . ;. x| since 0 < j; < k+S.

When |z;| <1,
Gz, z) €Y gl < (b + S+ 1)" Qg k' eWia (3.77)
J1se0JN

A suitable choice for Q;m,” R;(U,...,a(") clearly exists to satisfy the statement. [ |

.,a(">’
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Corollary 3.6.7 F =Y ¢, F}. is an analytic function defined on Conf, (D) with order

of singularity at z; = z; at most s;;. In particular, the same holds for

Proof: As Fy, = [[,..(zi — #;)*? Gy, and this product is independent of k, bounding

i<

|F}.| only requires bounding |Gg|. By the previous corollary, this is bounded uniformly

in k, uniform convergence on any local compact neighborhood in Conf, (D7) is ensured,
and F' is analytic on Conf, (D). For the statement on the order of singularities, note
G =2 Gy =[1;-;(2 — z;)* I is defined on the entire D |
Corollaries below show that one can take adjoints of operators Y (a”, z;) or U(7) in the

inner product when evaluating the correlation function at all points in the domain.
Corollary 3.6.8 (Q,U(y) []_, Y (a9, 2,)) is an analytic function on Conf,(Dy) with
order of singularity at z; = z; at most s;;. In fact
(Qv U(f}/) H Y(G(Z)J Zl)Q) = (U(’yil)Qa H Y(a(2)7 Zi)Q)v
i=1 =1

on Conf, (Dy).

Proof: Note that U(y)" = U(y~!). Even though this corollary seems obvious, note
that one can use the definition of the correlator above as a sum of inner products (see

(3.67)) only on |z1] < ... < |2,| <1 where absolute convergence holds. When |z;| = |z],

evaluation is done by taking the analytic extension, thus taking a limit. We note that
(Q, PPU(y)P*Y (a'™), z,) PPt ... PRY (oM 2)Q) =
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(PFU(vHQ, PEY (0™, 2,) PP PRy (oY), 2)Q),

which summing over k, ky, ..., k,_1, implies

n n

QU [[Y@®,2)0) = U] Y@, 2)0).

i=1 i=1

As |z1] < ... <|z,| <1 and its permutations form a dense subset in Conf, (D;), the rest
follows from the previous corollary. [ |
One can also take adjoints of the fields. Recall the anti-linear involution n : V — V for

which

n 1
(2, JTY (@, 20)y) = ()= (] Y (@), 5 e, y) (3.78)
i=1 i=n
for all z,y € V. We would like to show the same holds when z € V() and (2); €

Conf, (Dy).

Corollary 3.6.9 ([, Y (n(a®),Z)YU(y)Q,Q) is an analytic function on Conf, (D)

with order of singularity at z; = z; at most s;;. In fact
v 1 n
(~0=" ([T Y a), 75U )2.Q) = UM T Y (@, 2)9),

i=n =1

on Conf,(D;). More generally, one could take adjoints of only some of the insertions

qiving
(—1)Z= et T Y (@), 7 YU ]V (069, 2)2) = (U@ [ Y (@, 2)9),
1=n =1 1=1

on Conf, (D7).

Proof: First, the equality of the inner products involved in the expansion (3.67)) in
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the region |z1| < ... < |z,| <1 is shown:
L wt al® — n— n)\ —— _
(—1)Zi= (Y (@), 7 PR PR Y (n(a™) 7 PR U()0.Q) =

(—1)Zimnvta?(phr L pEasty (p(a®), 2 Y PRU(1)Q, Y (@Y, 21)Q) =
()T e (Y ((a®), 771 L PR Y (n(a™), 2 Y PRU (), PRy (atV), 2)Q) =
= (PFU(y)Q, Y (0™, 2,) PP ... PRy (oY), 2))Q)

where each equality is implied from (3.78)), and taking P* to the other component. Using
the analytic extension as proven in Corollary for (U(y), I, Y (a?, 2)9) implies
the equality on the entire Conf, (D;"). The last statement has a similar proof. |
The combination of above corollaries gets us closer in proving the well-definedness of

1D Let D; be the interior of D.

Corollary 3.6.10 ([T._, V (5@, w,)Q, U(y) [T, Y (a'?, 2)Q) is an analytic function de-
fined on the region Conf,(D) x Conf, (D).

Fizing either of the two points in (z); € Conf,(DY) or (w;); € Conf(DJ), the
function can be extended analytically to Confy(Dy) or Conf, (D5).

The same holds for all other formulations of the inner product (which do not involve

any interchanging of U(~y) with the fields), like taking adjoints of the fields or U(7).

Proof: ~ By lemma m the correlator is analytic in the region Confl(lo?f) X
Contf,(DJ), and vectors on both components of the inner product are inside V(oo)- More

explicitly, for the expansion

> P’“HP’“ L w)Q, PEU(y) PY TV (@, ) PRQ)| <
=1

ke k! ki K
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> HP’“HP’“ ) w) Q|| [PFU( P’“'HY ). z)PRQ|| <
kK kK,
E:HPqIﬂjb“wAMHWIIY ), z) PHQ||,
kK’ K k!

where the last inequality is due to U(y) being unitary. According to Lemma m,
both terms above are exponentially decreasing with order wf and 2F. Hence, the sum
is absolutely convergent on Confy(D}) x Conf, (D), and uniformly convergent on any
compact neighborhood.

If the zs are fixed in Conf, (D), then U (7) [T, Y (a9, 2)Q € Vo), and by Corollary
3.6.7, we have an analytic extension to Conf;(Dy).

The same can be done when w;s are fixed, where

l n l n

Ty D w)Q U [[Y(a®,2)0) = O[]V, w), [TV (@, 2)Q)

i=1 i=1 =1 i=1

as both components are vectors in V(.. Similarly, using Corollary , we can extend
analytically to Conf,, (D;"). Note this also shows one example for the last statement of the
corollary and other formulations of the inner product can be similarly shown to deliver
the same correlator. [ |
Eventually, the definition of the correlator should be extended to include Conf;(S*) x

Conf,(S') where x., means v(z;) # wj, as alluded to in . For this purpose, we shall
study the relationship between the smeared and the point-like correlation functions on
the unit circle, from which conformal covariance of point-like correlation functions on
St follows. Our work so far and the Proposition 3.12 in [31] provides the basis for this

discussion.
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Lemma 3.6.11 For u € V() we have

(u,ﬁ Y(a, £,)Q Hfj i0; Hd&l, (3.79)
i=1

where f; € CZ(S") with disjoint support.

Remark 3.6.3 Note the disjoint support of f; is needed to not hit singularities of the
correlation function at z; = z;. Further, as z; = €% have the same norm, the value of
(ur, [T}—, Y (a9, €)Q) is determined by the analytic extension of (ug, [Ti—, ¥ (a', 2,)Q2)
to Conf, (D7), which is a continuous extension to the boundary on which the point (z;); =

(e1); lives. As mentioned previously, one can not use the expansion:

(uk,gY(a(i), = > JI=" uk,H (@) -m ),

S mi=k 1

as this expansion does mot absolutely converge when z;s have equal norms, thus is not

well-defined. The value of F is obtained by taking a limit from the interior of the disk:

hm F= hm chFk—ch hm Fy,

z—>eJ z—>eJ z]—>eJ

where swapping the limit and the infinite sum is allowed since the convergence was proven

to be uniform in any compact neighborhood on Conf, (D).

Proof: We first show these two identities:

lim (3 cpug, [T Y (0, £)9) = (u, Hy<a<i>, )9) (3.80)

K—o0 4
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K
: 1 " " i6 i0n, i0;
%@m;(%)n /W---/chFk(e e )1;[]3-(6 .)1:[0192: (3.81)

ﬁ /: . /7; F(e, ... e Hfj(e% lj[dei.

The first identity is obvious due to the continuity of the inner product on V() X V() and
Zfil Crur — U € V(o). The second is due to the uniform convergence of ) ¢, Fj;, to F' on
compact neighborhoods given by the union of supports of f;s. This allows interchanging
the limit and integral. The statement immediately follows as the LHS of the above two

identities are equal, as shown in [31), Proposition 3.12]. |

Remark 3.6.4 One can replace the vacuum by any finite energy vector vy, and it follows

by the exact same argument after taking adjoints that

n

(H Y(a(i)7fi)u,vk) = (271r)” /7T /W (ﬁY(a(j)’ein)u’Uk> Hfj(ez‘ej) H a8,

i=1 - -

j=1 J

(3.82)

Ultimately, we will need a stronger version of the above lemma where the vacuum is
replaced by any vector coming from past insertions, i.e. v = H§:1 Y (b, ;)€ for some
lwi| < ... < |w| < 1. Stating the desired theorem explicitly, given a number of past
insertions Y (b, w;) in addition to our present insertions Y (a'¥), €%) (on the unit circle),
we want to be still able to integrate over the present insertions. Recall from Lemma|3.6.1

that v =", v € Vo).

Theorem 3.6.12 For u € V) and v as defined above,

n

i _ 1 " " - 7)) t0; (43 )
[y fn) = oz [ [ (G IIVe e Lo [To, s

=1

where f; € C°(SY) with disjoint support.
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We shall generalize the proof of [31], Proposition 3.12]. A few energy-bound estimates

are needed which are recited from [31].

Lemma 3.6.13 (Proposition 3.9, [31]) Recall the property of an energy-bounded field

a, where

1Y (a, F)ol] < Callfllralv]]se, Yo € Vi), Vf € CZ(SY),

for some Cy, 14,8, > 0, with r, s—th norms defined in . We have
1Y (@, Fvllp < 2°Call fllratpllv]lsatp, Y0 € Viso),p € N.
Proof: 'This can be proved using the infinitesimal rotational covariance:
(Lo, Y (a, f)] = Y (a, [).
We will do induction on p. For p = 0, it is the assumption. Assume
1Y (a, flollp < 2°Call fllraspl V] satp, VU € Vico)-
Then
1Y (a, Fvllpsa = [I(Lo + 1)Y (a, fvll, = [[Y(a, f)(Lo + v +iY (a, f)v]l, <

1Y (a, £)(Lo + D)v[lp + [[Y (a, f)]l, <
2°Call fllratpll (Lo + 1)0llsgtp + 2°Cal L rgspl [V]s0p =
2Ca(llfllrarpll0llstprr + 1 Nratpl [0l sutp) < 27 Call Fllraprn [0]sutpsa

where the first inequality is using the induction hypothesis and the last is using the
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observations we made in (3.24)). |

Remark 3.6.5 For f = €™ in the lemma above,

[1(@)nvllp < 2°Caln] + 1) P[[0]|sy1p, Y0 € Vioo)- (3.84)

This implies that for (u, [T, Y (a®, fi)v) for u,v € V(e with ||u|| = 1, the expansion of

the inner product like in 15 absolutely convergent:

Yoo lw I T@)m) [Tl < D2 HTT@ ) moll- TT 1) <
M1,...,Mn =1 =1 mi,...,Mn =1 =1
Z H(’mz’ + 1>ra(i)+...+7“a(n)HUHZ;}ZI s.(3) H ’(f.l)mz s
M1,...,Mn =1

where the last inequality is obtained by iteratively applying , and M) a0 15 @

constant that is a product of the powers of 2 and the C,us. It follows that

awnvnzWHDmAH DA |(£), )

=1 my

n
< Ma(l),...,a(") HUHZZ 8,(3) H ||fi||7"a(i)+...+7“a(n) < Q.

i=1
Remark 3.6.6 Let u =) cyu € Vi), and v =Y v € V(o) a result of past insertions

at wy, ..., wy, where ug, vy have energy k and ||ug|| = 1. From our previous computation,

n

> Ick||(uk,H(a("))miw)|H|(f}')mi <

M1 ,...yMp =1

‘cklMa“),...,a(") Hvk' ‘ |ZZ 5.(1) H | |fl | |7’a(¢) ot (n)
i=1
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which sum over k, k' is finite:

M, a(”)HHfZH vt o D lek] ol s

k,k’

My, qm H il oy o Z |Ck|z oillss s

Jizt) Do (K + 1)

/
w ¥ < oo, due

but 3, leal < 00 and X llowllss, < B((l2
to Lemmal3.6.1.

Proof: [Proof of Theorem [3.6.12] Choose |w;| <1 < ... <71, <1, such that % <c

for some fixed |w;| < ¢ < 1, i.e. 71 not arbitrarily close to |w;|. Let v}, = % By the
l
previous remark,

n—1
LU T (kg

k|- (g, PEY (@, fo) PPt PRY (0, fr)of)-(— r
1

n
=1 v

is bounded by a constant (as |w| <7 < ... <7, <1 and % < ¢) multiplied by

/

k|- (ug, PEY (@™, f,) PP PRYY (oM, fy)up)|

the sum of which over k, k', ky,...,k,_1 is finite. Indeed, by a similar argument in the

previous remark, it is less than

M), <n>HHf@H Pyt (o) Z!CHZH’U;«HL 5 )€

NI ST (K + 1)2%0 ¢ s still finite as ¢ < 1. It

and 35, [Jvplls, s ¢ < B((I52
is crucial that v is not any state in V., but a state with energy components v; with

exponential norm decay (a corollary of being a result of past insertions). Otherwise, the
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summation over £’ might have been divergent due to presence of r| ¥ Thus as long as the
conditions |w;| < r; < ... <71, <1 and % < ¢ are satisfied, one can apply dominated

convergence theorem to interchange the limit and the sum in the equation below

nfl
. wl T
> lim ¢, (ug, PEY (@™, f) Pt PRy (D) f)u).( Yeipk
1, ,rn—>1 z+1
K/ Kkt oo ko i=1
nfl r
= lim > clug, PY (@™, fo) PP PRY (0D, ). d
T1yeeeystn—>1 Terl
k! kK ek i=1
n n
= lim Ck uk,HijY( Vg H o
1, —1 o

vy

where the last equality is simply the integral giving the Fourier coefficients of f;s at
ki1 —k; for i > 1 and k' — k; for f;. The next step is to use the r; to change the insertion

points to:

= 1 k; 0; (i .
_rl,,,l,lygnlﬁlk/kk N 27( / /ﬂ- uk,HP Y TJB )Uk/ Hfj(e )Hd&z

Next, we exchange the sum and integral. This is possible because of our first lemma
on insertions in the past and the uniform convergence of the expansion of inner product
in a locally compact neighborhood (see Remark [3.6.1). Note the assumption that v =

[T, Y (b, w;) is an insertion at points |w;| < ... < |wy| < 1 is being used here where

Ck (uk, I, P*5Y (), rjewf)vk/> is similar to (3.68)), which includes all the fields a®® and

b but projections are not done after the past insertions b, except for P¥ after the
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last past insertion b®. It follows

= lelll’gnlﬁl (QW)TL /ﬂ . /ﬂ-(u, EY(Q(]), ;e 9,7)1)) H fj(e 9.7) ];[ do;.

The last step is to exchange the limit and the integrals, which is possible due to the
analyticity of (u, [T, Y (a®?, ;) Hi.:l Y (b9, w;)Q) in Conf, (D). |

Set d, = wt a and let v be an insertion in the past like in the previous setting.
Lemma 3.6.14 For (&) = ¢ with p a 2m—periodic diffeomorphism of R, i.e. p(6+
21) = p(0) + 27, we have

(0, U [TY (@2, 2)9) = [[7'(60)%0 (0, ] [ Y (@?, 7 (2)U (1)), (3.85)

i=1 i=1 i=1
where z; = €' are distinct points on S*.

The lemma is essentially conformal covariance, but on the unit circle for point-like inser-

tions. Recall the smeared version of conformal covariance for primary fields, where

UMY (a, )U()" =Y (a, Ba,(7)(S)) (3.86)

as operators on smooth vectors, which implies

n n

(0, UM [[Y(@®, £)92) = @, ][V (@, Ba o, ) (Fi)U (7)) (3.87)

i=1 =1

A da—1
Here, B4, (7)(f)(z = €) = (W) f(v71(2)), a generalization of the adjoint action

v« defined in (3.47)). (3.86) can be derived very similarly to [88, eq. (39)] and (3.47);
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from the infinitesimal conformal covariance
(Lo, Y (a,2)] = ("0, + (wt a)(n +1)2")Y (a, 2) (3.88)
one obtains the smeared infinitesimal conformal covariance

[iL(f). Y (a,9)] = Y(a, (Wt a) f'g — g'f), (3.89)

which can be exponentiated. Then using the fact below gives the desired equation (|3.86|)

%exp(ﬁda (7)) (9)li=0 = (wt a)f'g — ¢'f, where v, = exp(tL(f)).

Proof: [Proof of Lemma [3.6.14] Let U ()"0 = u,, U(7)) = uq with wu,, uq € V(so)
We first rewrite the RHS of (3.87)) as

(D=0 ([T (@), By D))o, ue).

where n : V — V gives the adjoint field. By the previous lemma, the LHS and RHS of
(3.87)) are themselves equal to

. ; 1 " " i, - 0,
(uv,gY(a(l),fi)Q): (27r)“/ / (o TTY @) [T ) [T @0, (3.90)

Zd“() HY Bd (z)( )(fz))v7u9> = (391>

e o 0o QDY e T 8 [T o
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Thus RHS of both equations above are equal. The terms inside the integrals have to be
shown to be related according to the statement.

We shall take the limit as f; converges to a delta function at z; = €'% to recover the
statement. Consider fs,, parametrized by d; > 0, as a smooth function on the circle,
nonzero symmetrically around e*® with the measure of the support interval equal to
d;, and with integral on the circle equal to 2m. As §; goes to zero, since ¢ # ¢;, the

functions will have disjoint support which allows the use of the previous lemma. Hence,

n n

(o, [TV (@, £5)9) = (u, [T Y (a9, €9)0) = (3.92)

i—1 j=1

1 /7r /7r ( n ) 0. n A n n N n
e (n JT Y (@9, %)) — (uv,HY(a(]),ewﬂ)Q)) I %5, [T d6:.
(27T) —n T j=1 j=1 7=1 ’ =1
(o, [T5—, Y (a9, e?)Q) is uniformly continuous on any compact subset in Conf, (D). As
the integral can be taken not on the whole circle but only on §; compact neighborhood of

¢;, the norm of the difference inside the integrand gets smaller than any € > 0. Therefore

as 0; — 0
(y, HY(a(j), e ?)Q) — e < (3.92) < (uy, HY(a(j), e9)Q) + e = (3.93)
j=1 j=1
(o [T Y (@, f5)9) = (w0, [ [ Y (a9, e9)92).
i=1 j=1

Let us now evaluate the same limit for (3.91)). For a function f with integral 2, the

function £y, (7)(f), by change of variable and periodicity of p, has integral

[ o= [ (o)™ s e = o

—T
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/” <ﬁ)da1f(7_1(eip(9)))d,0(9) = /z P ()% f()do.

If f is converging to a delta function at e, then the above will converge to 2mp/(¢)d

Taking (3.91)), we have

H (€%9))v, ug) x

H/_ Ba_ .y (V) (fo,)d0; =

[ [ (Y 0,0 um) = (LY 00,2 )

[T 6, ) () [T s

HY a), B (1)(f5.))v, ug)

Since v is smooth, as & — 0, the support of 84, (7)(fs;)(¢") which depends on the
support of f5,(77'(2;)) goes to zero as well and the functions will have disjoint support.

Hence the integral can be taken on arbitrarily small neighborhoods of v(e*)s. With an

argument similar to (3.92), given that the integrals [* B4 ., (v)(f5,)d6; — o’ (¢;)%® | it

follows
n n 1
(o, JTY (@9, 69)0) = (=)= TT o/ (@) (T Y (n(@"). v (), ug) =
7=1 =1 j=n
(3.95)
N Y (@D, e)Q) =[] ¢/ (6:)% (v, [ Y (aV, 7)) U (7)),
7=1 =1 J=1
where the last implication follows from the last statement in Corollary [3.6.9] |

Corollary 3.6.15 ([T._, Y (0, w;)Q, U(7) [T\, Y (a®, z)Q) on Conf,(D})x Conf, (S,
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i.e. lwi| <1 and z; = €1, equals

l

1= Hp )0 ([TY (@) ) [T Y 00, w2, U)9).

=1

Proof: 'This is a direct application of the previous lemma followed by taking adjoints
of Y(a,~(z;)) to the other side as shown in the last statement of Corollary - |
By Corollary 71 (TT, Y (n(a®), 2)) HZ LY (09, w;)Q, U(7)Q) is an analytic function

on Conf, (D7), implying the main theorem of this section:

Theorem 3.6.16 The correlation function ([T._, Y (0, w:)Q, U(7) [Tr, Y (@, 2,)Q) is
well-defined on Conf,(S*) x., Conf,(S') and equals

l

1) a0 Hp O ([TY e A=) [Ty 00w vem)o.

=1

3.6.1 General case for intertwiners

Below we explain the necessary changes required for the generalization of the results
in the previous part to intertwiners. Each result which proof needs some additional

remarks is mentioned below.

e Throughout the previous part, there was a convention that Y (a,2)z""* be used
instead of Y'(a, z). This had no impact in the convergence result, as it was a product
by a constant integer power of z. More importantly, this also had no impact on the

wt a

question of existence of analytic extensions. For intertwiners z is replaced by
2t e+ By with Ay = (ha-+hp) — he for conformal weights h of the irreps involved in
the intertwiner type H( ) This number can be fractional. When doing analytic

extension, this can no longer be ignored, as is explained below.

e The function Fy, = (ug, [T, Yi(a?, 2)Q) is generally a multi-valued rational func-
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tion on Conf,(C*), thus single-valued on the universal covering space Conf, (C*).
The important equation Fj, = % still holds with the caveat that G is a
i<j\Te J

polynomial if multiplied by suitable fractional powers of z;s.

Lemma is proven similarly, with an important change in (3.71]), where right

equality needs to be changed to

n
[1Gi—2) > By alus, [ [ 9@, 20)9),
i<j 1.7 i=1

where braiding coefficients B, 1 5 appear to allow the permutation of intertwiners.
This is the same as performing the necessary braidings on a fusion tree to implement
a given permutation ¢ on the anyons. Here, summation is over 7, which represents
all intertwiners of type ( Aic B) for all irreps B, C. Of course, only admissible types
matter according to fusion rules. Recall that the equations are in formal
calculus, and that is enough to bound the degrees of z; in Gj. The bound k+ ; Sij
in Lemma |3.6.4] will only change by some constants, all depending on Ay of the

intertwiners involved in the equation above.

Regarding Corollary and all similar results showing certain correlators are
analytic or equal on some configuration space, in this generalized setting, they now
imply that the correlators are multi-valued analytic functions or equal as multi-

valued analytic functions.

Proposition 3.12 in [31] is the basis of the results involving the relationship between
smeared and point-like correlators on the unit circle. This proposition is formulated
for general intertwiners. As such, all arguments leading to Theorem |3.6.12| easily

generalize. Then, Lemma and the main Theorem |[3.6.16| follow similarly.
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