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Teachers '  an d Researchers '  Belief s o f  Earl y Algebr a Development * 

Mitchel l  J .  Natha n (mitch.nathan@colorado.edu ) 
Kennet h R .  Koedinge r  (Koedinger@cmu.edu ) 

Hermin a Tabachnec k (htOl+ @ andrew.cmu.edu ) 
Schoo l  o f  Educatio n an d Institut e fo r  Cognitiv e Science , 

Universit y o f  Colorado ,  Boulde r  C O 8030 9 

Abst rac t 

Mathematics teachers and mathematics educational 
researcher s wer e aske d t o ran k orde r  arithmeti c an d algebr a 
problem s fo r  thei r  predicte d problem-solvin g difficult y fo r 
students .  I t  wa s discovere d tha t  thes e prediction s matche d 
closel y th e vie w presente d implicitl y b y c o m m o n 
mathematic s textbooks ,  bu t  the y deviate d systematicall y 
fro m actua l  algebr a students '  performance s i n importan t 
ways .  Th e Textboo k vie w o f  earl y algebr a developmen t  wa s 
contraste d wit h th e Verba l  Precedenc e (VP )  mode l  o f 
development .  Th e latte r  wa s foun d t o provid e a  bette r  fit  o f 
students '  performanc e data .  Implication s fo r  studen t  an d 
teache r  cognitio n ar e discusse d i n ligh t  o f  thes e findings. 

Introduction 

O ur  curren t  investigatio n explore s th e relationshi p o f 
teachers '  prediction s o f  th e developmen t  o f  earl y algebr a 
reasoning ,  an d students '  actua l  performances .  Earl y algebr a 
i s tha t  are a o f  mat h learnin g tha t  build s upo n an d extend s 
youn g people' s arithmeti c thinkin g t o includ e unknow n 
quantitie s an d genera l  patterns .  Thi s researc h advance s ou r 
understandin g o f  th e developmen t  o f  children' s quantitativ e 
reasoning . 

As student s shif t  fro m a n arithmeti c vie w o f  proble m 
solvin g t o a n algebrai c perspective ,  teacher s mus t  als o shif t 
thei r  practice .  Th e singl e greates t  influenc e o n teachers ' 
decision s i s thei r  perception s o f  students '  academi c abilitie s 
(Bork o &  Shavelson ,  1990) .  A n y gain s i n understandin g 
abou t  teachers '  perception s an d misperception s o f  students ' 
reasonin g abilitie s strengthen s ou r  program s o f  teache r 
preparatio n an d instructiona l  practice s i n th e classroom .  Thi s 
wor k extend s model s o f  teache r  cognition ,  an d h o w 
professiona l  practitioners '  knowledg e shape s thei r  practice . 

Thi s stud y examine s teachers '  an d researchers '  beUef s 
abou t  th e factor s tha t  m a k e mathematic s problem s difficul t 
fo r  earl y algebr a students .  Th e accurac y o f  teachers ' 
prediction s i s compare d t o problem-solvin g performanc e dat a 
of  students '  obtaine d elsewher e (Koedinger ,  Nathan ,  & 
Tabachneck ,  1996 ;  Tabachneck ,  Koedinger ,  &  Nathan , 
1994) ,  an d discrepancie s betwee n teachers '  prediction s an d 
students '  performance s ar e identified ,  an d examine d withi n a 
model-compariso n approac h tha t  extend s c o m m o n view s o f 
algebrai c reasoning .  Difference s betwee n th e model s 

attribute d t o teachers '  prediction s an d t o students ' 
performance s appea r  t o b e th e caus e fo r  poo r  predictions . 

Theoretical Framework: Difficulty Factors 

The bod y o f  wor k o n arithmeti c stor y proble m solvin g o f 
younge r  childre n (e.g. .  Carpente r  e t  al. ,  1994 ;  D e Corte , 
Greer ,  &  Verschaffel ,  i n press ;  Shali n &  Bee ,  1985 ) 
provide s fir m methodologica l  an d theoretica l  base s fo r  thi s 
stud y o f  hig h schoo l  students '  algebrai c reasonin g an d it s 
developmen t  an d impediments . 
U n k n o w n value s Proble m difficult y i s strongl y affecte d 
by di e rol e (o r  position )  o f  th e unknow n quantit y withi n th e 
proble m statement .  Result-unknow n problem s (P6 ,  Tabl e 1 ) 
i n whic h th e unknow n quantit y i s th e resul t  o f  th e event s 
bein g described ,  ten d t o b e significantl y easie r  tha n Start -
unknow n problem s (P3 ,  Tabl e 1 )  wher e th e unknow n valu e 
refer s t o a  quantit y neede d t o specif y a  relationshi p 
(Carpente r  e t  al. ,  1994 ;  Rile y &  Greeno ,  1988) . 

Rile y an d Green o (1988 )  foun d tha t  whil e 1s t  grad e 
student s wer e 1 0 0 % correc t  o n result-unknow n problems , 
the y wer e 3 3 % correc t  o n start-unknow n problems . 
Difference s lik e thi s hav e als o bee n foun d a t  th e colleg e 
leve l  (Koedinge r  &  Tabachneck ,  1995) .  Result-unknow n 
problem s len d themselve s t o direc t  modelin g an d arithmeti c 
calculations ,  an d ten d t o b e referre d t o a s "arithmeti c 
problems. "  Start-unknow n problem s ten d t o subver t  simpl e 
modelin g an d direc t  calculatio n an d ofte n requir e algebrai c 
methods ,  o r  sophisticated ,  modelin g (c f  Hal l  e t  al. ,  1989) . 

Presentatio n fo rma t  Th e forma t  i n whic h a 
mathematica l  proble m i s  presente d als o bear s o n proble m 
difficulty .  Stor y problem s (PI ,  P4 )  ar e i n a  verba l  forma t 
and contai n contextua l  informatio n abou t  th e proble m 
situatio n whic h ca n b e use d b y th e solve r  a s a  sourc e o f 
proble m elaboration ,  reframing ,  an d solutio n constraint s (c f 
Baranes ,  Perry ,  &  Stigler ,  1989) .  Th e observe d performanc e 
difference s betwee n start-unknow n an d result-unknow n 
problem s appl y t o symbolicall y presente d problem s a s wel l 
as thos e presente d linguisticall y (Tabachnec k e t  al. ,  1995) . 
Symboli c arithmeti c problem s (P6 )  ar e typicall y describe d a s 
number  sentences .  Ther e i s  als o a  presentatio n forma t 
intermediat e t o th e stor y proble m an d symboli c equatio n 
format .  Thi s wor d equatio n forma t  (P2 ,  P5 )  i s  verba l  i n 

'  Som e o f  th e dat a discusse d wer e presente d a t  th e America n Educationa l  Researc h Associatio n (AERA )  annua l  meeting ,  1996 . 
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presentatio n an d describe s th e relationshi p amon g pur e 
quantitie s (bot h know n an d unknown )  wit h n o stor y context . 

Table 1: Sample problems. 

PI) When Ted got home from his waiter job, he 
multiplie d hi s hourl y wag e b y th e 6  hour s h e worke d tha t 
day.  The n h e adde d th e $6 6 h e mad e i n tip s an d foun d h e 
earne d $81.90 .  H o w muc h pe r  hou r  di d Te d make ? 

P2)  Startin g wit h som e number ,  i f  I  multipl y i t  b y 6 
and the n ad d 6 6 I  ge t  81.9 .  Wha t  di d I  star t  with ? 

P3)  Solv e fo r  X :  X  *  6  +  6 6 =  81.9 0 
P4)  Whe n Te d go t  hom e fro m hi s waite r  job ,  h e too k 

th e $81.9 0 h e earne d tha t  da y an d subtracte d th e $6 6 h e 
receive d i n tips .  The n h e divide d th e remainin g mone y b y 
th e 6  hour s h e worke d an d foun d hi s hourl y wage .  H o w 
much pe r  hou r  doe s Te d make ? 

P5)  Startin g wit h 81.9 ,  i f  I  subtrac t  6 6 an d the n divid e 
by 6, 1 ge t  a  number .  Wha t  i s it ? 

P6)  Solv e fo r  X :  (81.9 0 -  66 )  /  6  =  X 

Experiment 1: Teachers' Predictions 

Subjects and Procedure 

Participant s wer e mathematic s teacher s (n=68 )  i n th e 
southeaster n Unite d State s fro m a  wid e rang e o f  setting s an d 
socio-economi c communities ,  includin g predominantl y 
minority-base d inne r  cit y schools ,  rura l  communities ,  aiK l 
suburba n areas .  The y wer e recruite d from a  teache r  worksho p 
durin g th e summer ,  an d include d 7t h throug h 12t h grades . 

The teacher s wer e aske d t o ran k orde r  problem s o f  th e si x 
differen t  type s show n i n Tabl e 1 ,  from  easies t  t o mos t 
difficult ,  base d o n th e criterion ,  "Ho w har d d o I  thin k thes e 
problem s ar e fo r  m y students? "  withou t  discussio n . 
Teacher s als o provide d informatio n abou t  th e studen t  grad e 
leve l  tha t  th e teache r  considere d i n developin g th e ranking , 
and whethe r  the y assume d calculato r  use . 

The problem s ca n b e mappe d o n t o th e factor s discusse d 
and presente d i n Tabl e 2  usin g th e numbe r  entrie s i n th e 
tabl e (e.g. ,  PI )  a s a n inde x t o th e problem s o f  Tabl e 1 .  Not e 
tha t  th e underlyin g mathematica l  relationship s ar e th e sam e 
acros s th e problems .  Thi s underlyin g structur e wa s no t 
discusse d wit h th e participants . 

Table 2: Sample problems organized by 
unknow n valu e an d presentatio n type . 

Verba l  problem s 
Unknown 
Result-un k 
Start-un k 

Stor y Woni 
P4 P 5 
PI  P 2 

Symbol 
P6 
P3 

Result s an d Discussio n 

The average rank ordering produced by the mathematics 
teacher s i n ou r  sampl e i s presente d i n th e first  colum n o f 
Tabl e 3 .  Teachers '  ran k orderin g o f  th e si x proble m type s 
was analyze d usin g a  2-way ,  repeated-measure s A N O V A 
wit h positio n unknow n (resul t  v .  start )  an d presentatio n 
forma t  (stor y v .  word-equatio n v .  symbol )  a s within-subject s 
factors ,  an d difficult y ran k (1-6 )  a s th e dependen t  measure . 

U n k n o wn value s Acros s al l  proble m types ,  8 4 % o f  th e 
teacher s ranke d result-unknow n (P4,P5,P6 )  problem s 
(arithmetic )  a s easie r  tha n start-unknow n problems .  Thi s 
resulte d i n a  significan t  mai n effec t  fo r  th e unknow n valu e 
factor ,  F(l,134)=5.9,p<.02 .  Arithmeti c equation s (P6 )  wer e 
favore d ove r  arithmeti c word-equation s (P5) ,  an d wor d 
equation s favore d slightl y ove r  arithmeti c stor y problem s 
(P4) .  Si x percen t  viewe d start-unknow n problem s a s easie r 
tha n result-unknow n problems ,  an d 1 0 % wer e inconsistent . 

Presentatio n forma t  Th e dat a sho w 4 2 % o f  teacher s 
rankin g symbo l  equatio n (P3,P6 )  problem s (ignorin g th e 
unknow n valu e factor )  a s consistentl y mor e difficul t  tha n 
word-equation s o n average ,  an d 4 9 % rankin g equation s a s 
consistentl y mor e difficul t  tha n stor y problem s (PI ,  P4 )  o n 
average .  Fewe r  tha n 3 0 % ranke d verba l  algebr a problem s 
(stor y an d wor d equatio n combined )  a s bein g a s eas y t o solv e 
as symbolicall y presente d arithmeti c problems . 

Table 3: Difficulty rank of teachers' and 
researcher s an d studen t  performances . 

Easy * 

Med. * 

Haid * 

Teacher s 
(n=68 ) 

mean ran k 

P6 
P5 
P4 
P3 
PI 

P2 

Researcher s 
(n=35 ) 

mean ran k 

P5 
P4 
P6 
P3 

P2 
PI 

Student s 
aggregate d 

(n=76+171 ) 
[ % correct ] 

P4 [78% ] 
P5 [72% ] 

PI  [59% ] 
P6 [55% ] 
P2[51% 1 

P3 [31% ] 

Textboo k 
vie w 

P6 
P5 
P4 
P3 

P2 
PI 

The author s recommen d tha t  th e reade r  tak e a  fe w minute s t o 
perfor m thi s ran k orderin g tas k befor e readin g further . 

*  Difficult y division s (Easy ,  Med ,  Hard )  sho w significan t 
difference s (p<.05 )  i n mea n rankin g o r  performanc e levels . 

Start-unknown problems were ranked as most difficult by 
teacher s base d o n a  pos t  ho c comparison ,  p=.05 .  Withi n 
this ,  verball y presente d problem s ar e considere d particularl y 
difficult .  Ove r  7 6 % o f  th e teacher s ranke d stor y an d wor i 
equatio n start-unknow n problem s a s mor e difficul t  tha n al l 
othe r  proble m types .  A  pos t  ho c compariso n amon g al l  si x 
problem s reveale d tha t  teacher s (70% )  ranke d start-unknow n 
(i.e. ,  algebra )  word-equatio n problem s a s th e mos t  difficul t 
proble m typ e given ,  p=.05 . 

Teacher s showe d a  stron g tendenc y t o ran k algebr a 
problem s a s mor e difficul t  tha n matche d arithmeti c 
problems ,  regardles s o f  th e presentatio n format .  I n 
comparin g formats ,  teacher s tende d t o ran k verball y 
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presente d problem s (i.e. ,  stor y an d word-equation )  a s mor e 
difficul t  fo r  student s tha n symboli c equatio n problem s i n 
algebr a an d arithmetic .  Ther e wa s n o significan t  interactio n 
betwee n presentatio n forma t  an d positio n unknown . 

Textboo k vie w I n a n attemp t  t o determin e th e sourc e 
of  teachers '  predictions ,  tw o prominen t  mathematic s 
textboo k serie s wer e analyze d fo r  thei r  treatmen t  o f 
arithmeti c an d earl y algebr a concepts .  Th e textboo k serie s 
first  presente d arithmeti c computation s i n symbo l  form , 
followe d b y th e applicatio n o f  thes e procedure s t o storie s an d 
scenarios .  Th e algebrai c formalis m wa s introduce d nex t 
alon g wit h rule s o f  symbo l  manipulation .  Start-unknow n 
problem s (an d translatio n methods )  wer e the n introduce d a s 
application s o f  th e formalism .  Th e chapte r  organization s 
followe d th e genera l  patter n showe d i n Tabl e 3 . 

Kendall' s  ran k correlatio n reveale d a  highl y significan t 
agreemen t  betwee n teachers '  ranking s (Tabl e 3 )  an d th e 
orderin g offere d b y th e mathematic s textboo k series , 
ttl2)=.867 ,  p=.0\5 .  Teacher s ranke d start-unknow n 
(algebra )  problem s a s significantl y mor e difficul t  tha n result -
unknown (arithmetic )  problems .  The y als o ranke d verball y 
presente d problem s withi n eac h categor y a s mor e difficul t 
tha n th e correspondin g symbol-equatio n problem .  Fro m 
this ,  i t  seem s apparen t  tha t  teachers '  decision s regardin g 
proble m difficult y ar e influence d b y th e orde r  o f  topic s i n 
textbooks .  Teacher s see m t o us e th e textboo k vie w a s a 
basi s fo r  thei r  prediction s o f  proble m difficult y fo r  students . 

Experiment 2: Researchers' Predictions 

Subjects and Procedure 

Participant s wer e mathematic s educationa l  researcher s (n=35 ) 
disperse d throughou t  th e US ,  an d wer e recruite d vi a a n 
Interne t  discussio n grou p o n algebrai c thinkin g an d teaching . 

Researcher s receive d th e sam e problem s an d tas k 
instruction s a s th e teacher s (Experimen t  1) .  Th e material s 
were distribute d an d collecte d electronicall y ove r  e-mail . 

Results 

The mathematic s researcher s showe d stron g agreemen t 
wit h teacher s an d th e textboo k view .  Abou t  66 % o f  th e 
respondent s consistentl y ranke d start-unknow n problem s a s 
harde r  tha n result-unknow n problem s acros s th e 3 
presentatio n forms ,  whil e 34 % ranke d result-unknow n 
problem s a s mor e difficul t  i n som e bu t  no t  al l  cases .  Abou t 
31 % o f  th e respondent s consistentl y ranke d equation s a s 
easiest .  Onl y 23 % o f  th e respondent s consistentl y ranke d 
equation s a s harde r  Uia n wor d an d stor y problem s withi n 
each o f  th e tw o level s o f  th e positio n unknow n factor .  Thes e 
dat a indicat e tha t  researcher s vie w stor y problem s a s haidC T 
tha n equation s fo r  start-unknow n (i.e. ,  algebra )  problems , 
and se e al l  form s o f  start-unknow n problem s a s harde r  tha n 
al l  result-unknow n problem s (Tabl e 3) . 

Student Performance versus Teacher 
Expectations :  A  Mode l  Compariso n 

We discus s th e abov e findings  o f  teachers '  an d researchers ' 
prediction s o f  proble m difficult y i n relatio n t o studen t 
performanc e data .  Student s i n tw o studie s (Tabachnec k e t  al. , 

1995;  Koedingere t  al. ,  1996 )  solve d problem s base d o n th e 
si x proble m type s show n i n Table s 1  an d 2 .  Koedinge r  an d 
hi s colleague s ter m thei r  investigatio n a  difficult y factor s 
assessmen t  (DFA )  becaus e i t  seek s t o systematicall y identif y 
th e factor s affectin g students '  problem-solvin g difficulties . 
I n th e tw o studies ,  7 6 an d 11 7 nint h grad e students , 
respectfully ,  complete d quizze s i n thei r  mat h classes .  Al l 
student s wer e eithe r  currentl y enrolle d i n a  hig h schoo l 
Algebr a I  class ,  o r  ha d complete d i t  th e previou s year . 

Studen t  performanc e Th e initia l  se t  o f  studen t 
performanc e dat a (n=76 )  showe d highl y significan t  effect s o f 
unknown valu e an d presentatio n format .  A s predicte d b y 
teachers ,  student s score d muc h lowe r  o n start-unknow n 
(algebra )  problem s tha n o n result-unknow n problems , 
F(l,75 )  =  48.9,p<.0001 .  Contrar y t o teachers '  expectations , 
however ,  students '  experience d greate r  difficultie s whe n 
solvin g symbo l  equatio n problem s tha n verball y presente d 
problems ,  F(2,75 )  =  12.6,/7<.0001 .  Also ,  i n contras t  t o th e 
vie w proffere d b y teacher s o r  b y textbooks ,  students '  d o no t 
find  algebr a stor y an d wor d problem s t o b e mos t  difficult . 
Algebr a equatio n problem s wer e significantl y les s likel y t o 
be correctl y solve d tha n eithe r  stor y problem s o r  word -
equatio n problem s (p<.0 \  i n a  pos t  ho c test) .  Algebr a stor y 
and algebr a word-equatio n problem s wer e actuall y foun d t o 
be equa l  i n difficult y t o arithmeti c symbo l  problems ,  a 
resul t  predicte d b y onl y 4.5 % o f  th e teacher s i n th e sample . 

A replicatio n o f  thes e result s wa s mad e th e followin g 
year ,  an d largel y paralle l  th e origina l  findings.  Student s 
(n=171 )  showe d a  greate r  tendenc y t o accuratel y solv e result -
unknown tha n start-unknow n problems ,  F(l,170)=138 , 
/7<.0001 .  Th e effec t  o f  presentatio n forma t  wa s largel y 
replicate d i n thi s stud y a s well ,  (F(2,170)=38.4 ,  p<.000l) . 
Symboli c equation s wer e significantl y mor e difficul t  tha n 
eithe r  stor y problem s o r  wor d equatio n problems ,  p<.Ol . 
However ,  thes e dat a foun d tha t  result-unknow n word -
equatio n problem s (P5 )  wer e significantl y mor e difficul t 
tha n result-unknow n stor y problem s (P4) ,  p<.Ol . 

The patter n o f  result s ft^om  bot h studen t  sample s ar e s o 
simila r  tha t  th e combine d result s ar e representativ e o f  eac h 
group .  Th e relativ e difficult y orderin g o f  th e problem s fo r 
th e combine d dat a set s ar e show n i n Tabl e 3 . 

Thre e generalization s ca n b e draw n fro m th e studen t  data : 
(a )  Start-unknow n problem s ar e harde r  fo r  thes e student s 
tha n result-unknow n ( p <  .001) ;  (b )  Symboli c equatio n 
problem s ar e harde r  tha n bot h wor d equatio n problem s an d 
stor y problem s ( p <  .001) .  Th e latte r  tw o verba l  proble m 
type s ar e abou t  equa l  i n difficult y i n th e origina l  stud y 
(n=76) ,  whil e wor d equatio n problem s wer e mor e difficul t 
fo r  stor y problem s i n th e replicatio n (n=171) ;  an d (c )  th e 
relativ e amoun t  o f  difficult y attribute d t o symbolis m (b , 
above )  i s a s larg e a s th e amoun t  o f  difficult y du e t o start -
unknown (algebraic )  problem s (a ,  above) . 

Teacher s predicte d muc h o f  wha t  make s problem s difficul t 
fo r  students .  A  Kendall' s  Ran k Correlatio n (Tau )  yield s a 
significan t  relationshi p betwee n teachers '  rating s an d 
students '  performances ,  T(12)=.61 ,  p=.0 3 (se e Tabl e 3) . 
However ,  som e significan t  systemati c discrepancie s wit h 
students '  performance s ar e als o apparent . 

Students '  solutio n strategie s Tabachnec k e t  al . 
(1994 )  observe d five  majo r  type s o f  solutio n strategie s use d 
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by th e hig h schoo l  student s t o solv e th e 6  classe s o f 
problem s i n Tabl e 2 .  Th e firs t  tw o group s — arithmeti c an d 
algebrai c method s — ar e schoo l  taught .  Th e othe r  thre e — 
diagram s (direc t  modehng) ,  guess-and-test ,  an d unwindinj: !  — 
ar e informall y adopte d an d invente d strategies .  I n additio n t o 
these ,  students '  m a y hav e provide d n o response ,  o r  provide d 
insufficien t  informatio n t o allo w codin g a  strategy .  Guess -
and-tes t  refer s t o th e clas s o f  model-base d method s use d fo r 
iterativ e analysi s o r  "han d simulations "  o f  th e event s o f  th e 
proble m (e.g. .  Hal l  e t  al. ,  1989) .  Unwindin g method s allo w 
th e studen t  t o wor k backward s fro m th e given s o f  th e 
proble m an d "unwind "  o r  und o th e quantitativ e constraint s 
imposed ,  i n orde r  t o isolat e th e unknow n (cf .  Kiera n & 
Chalouh ,  1990 ;  Polya ,  1957).Unwindin g ofte n parallel s th e 
step s referre d t o i n th e scenari o o f  a  stor y problem ,  o r  th e 
orde r  o f  mathematica l  constraint s provided .  Unlik e a n 
algebrai c approach ,  unwindin g make s n o us e o f  equation s o r 
symboli c place-holder s fo r  unknow n quantities .  Unwindin g 
may b e don e mentall y b y th e solve r  (Koedinge r  & 
Tabachneck ,  1995) ,  o r  throug h th e solver' s writte n work . 

Thes e strategie s supporte d students '  problem-solvin g 
processes ,  an d appeare d t o allo w student s t o solv e problem s 
whic h woul d otherwis e b e beyon d thei r  reach ,  an d avoi d 
school-taugh t  method s tha t  ar e error-prone . 

An analysi s o f  th e strategie s fro m origina l  studen t  dat a 
(n=76 )  wa s conducted .  Arithmeti c strategies ,  no t 
surprisingly ,  wer e use d overwhelmingl y i n solvin g result -
unknow n problems .  Fo r  start-unknow n problem s non -
standar d solutio n approaches  wer e preferred ,  an d wer e mor e 
successfu l  tha n standar d methods .  Stor y problem s tende d t o 
elici t  th e unwindin g strateg y fro m student s 5 6 % o f  th e time . 
Stor y problem s seldo m elicite d th e symbo l  manipulatio n 
method s associate d wit h algebr a (onl y 6 % o f  th e time) . 
Situation-les s wor d equatio n problem s tende d t o elici t  eithe r 
a guess-and-tes t  approac h (3 1 % o f  th e time )  o r  unwindin g 
(26%) .  Symboli c equation s resulte d i n n o respons e from 
thes e algebr a student s a n alarmin g 3 0 % o f  th e time ,  mor e 
tha n twic e a s ofte n a s th e othe r  proble m types .  W h e n 
student s di d respon d t o equations ,  the y tende d t o sta y withi n 
th e mathematica l  formalis m an d appl y symbo l  manipulatio n 
method s (26%) ,  o r  op t  fo r  iterativ e guess-and-tes t  (20%) . 

The informall y acquire d unwindin g an d guess-and-tes t 
(GT )  method s showe d th e highes t  likelihoo d o f  success . 
Thi s i s becaus e thes e method s rel y o n mor e familia r  an d 
practie d representations .  (Tabachnec k etal ,  1994) .  Bot h G T 
and Unwin d ( U W )  rel y o n a  verball y mediate d arithmetic . 
GT make s th e proble m arithmeti c b y guessin g a t  a  star t 
valu e an d propogating .  U W operate s i n tw o modes .  Fo r 
stor y problems ,  th e solve r  use s th e situate d natur e o f  th e 
value s gleane d fro m th e proble m scenari o (e.g. ,  maintai n th e 
unit s a s on e say s o r  write s th e values) .  Thi s minimize s th e 
likelihoo d o f  producin g absur d values .  W h e n use d wit h 
problem s wit h n o contex t  o r  i n th e translatio n for m o f  a 
stor y problem ,  unwindin g essentiall y  transform s th e algebr a 
proble m int o a  se t  o f  arithmeti c problem s tha t  ar e the n mor e 
readil y solved .  Th e findings  tha t  equat e studen t  performanc e 
on arithmeti c equatio n problem s t o tha t  o f  algebr a stor y an d 
wor d problem s ar e evidenc e fo r  this . 

T wo developmenta l  model s Teacher s an d researcher s 
do no t  see m t o plac e sufficien t  weigh t  o n th e powe r  o f 

students '  alternativ e solutio n strategies .  Rather ,  students ' 
problem-solvin g abilitie s ar e largel y though t  o f  withi n th e 
textboo k vie w o f  algebr a developmen t  (Tabl e 2) ,  wher e 
arithmeti c symboli c skil l  i s  followe d b y applicatio n o f  tha t 
reasonin g t o verba l  problems ,  an d start-unknow n problem s 
necessaril y  rel y o n translatio n int o symboli c form .  Thus , 
teacher s an d researchers ,  examinin g a  proble m fo r  it s  leve l  o f 
relativ e difficulty ,  m a k e thei r  decision s base d o n th e 
question ,  "ho w fa r  alon g th e developmenta l  trajector y from 
symboli c arithmeti c t o algebr a stor y proble m solvin g ha s a 
studen t  progressed? "  Th e analyse s o f  students '  problem -
solvin g proces s dat a suggest s a n alternativ e frajectory  fo r  th e 
developmen t  o f  one' s earl y algebr a reasonin g abilit y  tha t 
circumvent s som e o f  th e difficultie s o f  symboli c algebra . 

F ro m this ,  on e ca n frame  students '  performance s an d 
teacher s expectation s i n th e for m o f  tw o competin g model s 
of  earl y algebr a development .  Th e textboo k an d verba l 
precedenc e model s o f  students '  earl y algebr a developmen t  ar e 
compare d i n Figur e 1 .  Eac h squar e i n th e figure  depict s th e 
leve l  o f  problem-solvin g competenc y tha t  th e studen t  ca n 
achiev e unaide d (cf .  Vygotsky ,  1978) .  Al l  sixtee n possibl e 
level s ar e show n i n Figur e 1  wit h a  descriptiv e label .  Th e 
number  i n eac h leve l  indicate s th e tota l  numbe r  o f  student s 
from  th e initia l  study ,  n=76 )  tha t  hav e progresse d t o tha t 
leve l  bu t  no t  beyond ,  a s determine d b y thei r  problem -
solvin g performance .  Thes e number s ar e use d t o compar e th e 
predictiv e powe r  o f  th e tw o model s base d o n studen t  data . 

Figur e 1  illustrate s tw o differen t  pathway s throug h thi s 
spac e o f  al l  competenc y levels ,  on e whic h i s consisten t  wit h 
th e Textboo k mode l  (dashe d lines )  o f  developmen t  an d 
anothe r  (heav y lines )  whic h correspond s t o ou r  alternativ e 
Verba l  Precedenc e (VP )  mode l  o f  development .  Th e Verba l 
Precedenc e mode l  (lef t  o f  center )  suggeste d b y ou r  researc h 
favor s th e earl y developmen t  o f  verba l  problem-solvin g 
abilitie s ove r  symboli c proble m solvin g (Koedinge r  & 
Tabachneck ,  1995) .  Th e mode l  tha t  follow s from  th e 
Textboo k vie w (righ t  o f  center )  favor s developmen t  o f 
arithmeti c befor e algebra ,  an d symboli c proble m solvin g 
abilitie s ove r  verba l  reasoning . 

Th e V P mode l  predict s tha t  student s ente r  wher e verba l 
arithmeti c proble m solvin g i s a  leve l  o f  competenc e b y 
itself .  Th e Textboo k mode l  predict s tha t  verba l  arithmeti c 
proble m solvin g i s no t  acquire d a s a n initia l  competency , 
but  i s acquire d afte r  competenc y i n symboli c arithmetic . 
Thre e level s — th e Nul l  leve l  a t  th e to p o f  th e figure,  th e 
Al l  Arithmeti c level ,  an d leve l  wher e al l  problem s i n ou r 
proble m spac e — ar e c o m m o n t o bot h models . 

Quantitativ e m o d e l  compar i so n Usin g th e pattern s 
of  studen t  performanc e i n th e origina l  stud y (n=76) ,  i t  i s 
possibl e t o classif y eac h studen t  int o a  competenc y leve l 
showin g thei r  development .  Student s classifie d a s competen t 
i n eithe r  non e o r  al l  o f  th e proble m categorie s fit  bot h 
model s trivially .  A  student' s performanc e doe s no t  fit  th e 
model  whe n i t  demonstrate s on e competenc y bu t  lack s 
anothe r  tha t  i s  presume d t o b e earlie r  i n th e sequenc e 
predicte d b y a  particula r  developmenta l  model .  Fo r  example , 
i f  a  student' s competenc y reache s symboli c arithmeti c bu t 
no further ,  an d th e studen t  canno t  als o solv e verba l 
arithmeti c problems ,  the n tha t  studen t  fits  th e Textboo k 
model  bu t  no t  th e V P model .  Thi s i s becaus e th e normativ e 
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model  predict s tha t  competenc y i n symboli c arithmeti c 
proble m solvin g precede s competenc y i n iirithmeti c verba l 
proble m solving .  O n th e othe r  hand ,  i f  a  student' s 
competenc y leve l  reache s verba l  arithmeti c proble m solvin g 
but  n o further ,  an d include s n o symboli c arithmeti c proble m 
solving ,  sh e fit s  th e V P bu t  no t  th e Textboo k model . 

Alternatively ,  a  student' s competenc e m a y follo w a 
trajector y differen t  tha n tha t  predicte d b y eithe r 
developmenta l  model .  Fo r  example ,  a  lon e subjec t  i s  show n 
t o hav e competenc y a t  solvin g verba l  arithmeti c an d 
symboli c algebra ,  bu t  n o othe r  areas .  Performanc e o f  thi s 
subjec t  i s  outsid e o f  bot h models ,  reducin g diei r  predictiv e 
power .  Ther e ar e seve n suc h level s (thi n soli d lines ) 
accountin g fo r  2  o f  th e 7 6 subject s i n th e initia l  study . 

As a  quantitativ e measur e o f  th e predictiv e powe r  o f  eac h 
of  th e tw o models ,  th e percentag e o f  student s w h o follo w 
eac h o f  th e propose d trajectorie s i s compared .  O f  th e 7 6 
participant s i n th e origina l  study ,  6 9 (o r  abou t  9 1 % )  o f  th e 
student s follo w th e V P model ,  whil e 4 1 (62% )  follo w th e 
Textboo k model .  Mos t  o f  thos e fitting  th e Textboo k mode l 
ar e th e 4 2 (55% )  student s i n th e thre e level s c o m m o n t o 
bot h model s (th e centra l  column) .  Onl y 5  student s (7% ) 
uniquel y fit  th e Textboo k model ,  whil e 2 7 (36% )  uniquel y 
fit  th e V P model .  T w o student s (3% )  remai n outsid e both . 

F ro m th e origina l  studen t  data ,  th e Verba l  Precedenc e 
model  provide s a  superio r  fit  ove r  th e Textboo k model .  A s a 
furthe r  test ,  th e V P mode l  i s als o applie d t o th e dat a from 
th e 17 1 student s i n th e replicatio n study .  Here ,  15 1 student s 
(88% )  fit  th e V P model .  I n contrast ,  onl y 7 9 student s (46% ) 
fit  th e Textboo k model .  A s before ,  mos t  o f  thos e student s 
w ho fal l  alon g th e developmenta l  trajector y o f  th e normativ e 
model  ar e th e 6 5 student s (38% )  w h o ar e i n th e thre e 
competenc y level s c o m m o n t o bot h models .  Onl y 1 0 
student s (6% )  uniquel y fit  th e Textboo k model ,  whil e 8 6 
student s (50% )  uniquel y fit  th e V P model ,  an d 7  student s 
(4% )  remai n outsid e o f  eithe r  model .  Thi s i s adde d suppor t 
tha t  th e Verba l  Precedenc e mode l  bette r  reflect s students ' 
problem-solving  performanc e tha n doe s th e Textboo k model . 
Furthermore ,  th e V P account s fo r  a  hig h percentag e o f 
student s o n a n absolut e scale ,  suggestin g i t  capture s 
somethin g basi c t o students '  earl y algebr a development . 

Conclusions 

Students '  problem-solvin g behavior s diffe r  i n systemati c 
ways fro m thos e suggeste d b y textbooks ,  an d from  th e 
expectation s o f  teacher s an d mathematic s educatio n 
researchers .  Start-unknow n (algebra-level )  problems ,  thos e 
wit h a n initia l  unknow n quantity ,  ar e accuratel y predicte d b y 
teacher s t o b e mor e difficul t  overal l  tha n arithmeti c (result -
unknown )  problems .  However ,  th e impac t  o f  verba l 
presentatio n format s o n students '  problem-solvin g processe s 
i s misunderstood .  Thes e format s ten d t o trigge r  strategie s 
tha t  fal l  outsid e o f  th e standar d view ,  an d consequentl y lea d 
t o a  ver y differen t  patter n o f  performance .  Students ' 
alternativ e strategie s ar e genera l  an d fairl y robust ,  providing , 
i n m a n y instances ,  way s fo r  th e solve r  t o verif y th e accurac y 
of  th e solutio n produced .  A s i s eviden t  fro m th e advantage s 
gaine d fro m th e contextles s word-equations ,  thes e alternativ e 
strategie s ar e no t  limite d t o contextuall y ric h proble m 
situations ,  bu t  exten d ove r  a  rang e o f  verba l  presentations . 

Whil e man y teacher s appea r  t o b e influence d b y th e 
Textboo k vie w i n thei r  decision s concernin g proble m 
difficulty ,  th e studen t  performanc e dat a sugges t  a n alternativ e 
developmen t  o f  algebrai c reasoning .  Thi s place s greate r 
emphasi s o n students '  abilit y  t o reaso n abou t  verba l 
problems .  Alternat e form s o f  quantitativ e reasonin g ma y 
developmentall y preced e symbo l  manipulatio n abilit y  fo r 
many student s — a s suggeste d b y th e V P mode l  o f  earl y 
algebr a development .  Th e us e o f  thes e method s b y colleg e 
student s w h o hav e bee n awa y from  algebr a fo r  a  whil e ha s 
als o bee n observe d (Tabachnec k e t  al. ,  1994) ,  suggestin g 
the y ar e relativel y resistan t  t o extinctio n — unlik e algebrai c 
symbol  manipulatio n skills ,  whic h wer e poorl y execute d b y 
student s o f  Algebr a I  (Tabachnec k e t  al. ,  1995) . 

Implications for Research on Student Cognition 

The relativ e difficult y o f  start-unknow n problem s i s well -
establishe d i n th e elementar y schoo l  wor d problem-solvin g 
literatur e wit h singl e operato r  problem s (e.g. ,  DeCorte , 
Greer ,  &  Verschaffel ,  i n press) .  Th e symbo l  disadvantage s 
apparen t  i n ou r  studen t  dat a challenge s th e oft-cite d vie w tha t 
stor y problem s ar e inherentl y harde r  tha n symboli c one s 
(e.g. ,  C u m m i n s e t  al. ,  1988 ;  Mayer ,  1982) .  A  numbe r  o f 
mor e recen t  studies ,  mostl y a t  th e lowe r  grad e levels ,  hav e 
show n positiv e effect s o f  situationa l  contex t  (e.g. ,  Barane s 
et  al. ,  1989 ;  C T G V ,  1993) .  Th e relativel y hig h performanc e 
on situation-les s wor d equation s show n her e suggest s tha t 
th e genera l  advantag e associate d wit h verba l  problem s 
involve s mor e tha n a n advantag e o f  context .  Student s a t  thi s 
stag e ca n solv e situation-les s word-equation s fa r  mor e readil y 
(b y som e 1 7 % )  tha n the y ca n reaso n abou t  symbols .  O f 
course ,  thi s finding  i s certainl y developmentall y roote d — a s 
symboli c skil l  develops  an d student s attac k harde r  problem s 
mor e often ,  advantage s o f  symbolis m ar e likel y t o appear . 

The studen t  dat a als o sho w tha t  student s ca n d o a s wel l  o n 
simpl e algebr a problem s a s the y d o o n arithmeti c problems . 
Thi s occur s whe n th e arithmeti c problem s ar e presente d 
symbolicall y whil e th e algebr a problem s ar e presente d 
verball y (wit h o r  withou t  a  context )  an d thu s elici t  powerfu l 
alternativ e strategie s suc h a s Guess-and-Tes t  an d Unwinding . 

By buildin g o n students '  informall y acquire d knowledge -
base d strategies ,  suc h a s Unwindin g an d Guess-and-test ,  i t 
m ay b e possibl e t o enhanc e acquisition ,  retention ,  an d scop e 
of  algebrai c reasoning ,  provid e a  riche r  conceptua l  basi s fo r 
symbol  manipulation ,  an d develo p i n th e student ,  a  stronge r 
sens e o f  agenc y a s a  proble m solve r  an d mathematician . 

Implications for Research on Teacher Cognition 

By relyin g o n th e Textboo k view ,  teacher s ten d t o mak e 
inaccurat e prediction s o f  h o w student s wil l  perfor m an d 
develop .  Thi s i s o f  grea t  interes t  sinc e thes e belief s o f 
proble m difficult y affec t  teachers '  instructiona l  plannin g an d 
th e developmen t  o f  thei r  assessment s (cf .  Bork o & 
Shavelson ,  1990) .  Th e Textboo k vie w i s quit e popular ,  an d 
has hel d th e attentio n o f  educationa l  researchers ,  cognitiv e 
scientists ,  an d educator s fo r  som e tim e (e.g. ,  Mayer ,  1982) . 
Belief s d o no t  easil y change .  I f  w e wan t  t o ultimatel y brin g 
teachers '  view s int o close r  alignmen t  wit h th e empirica l 
findings,  i t  i s  imperativ e tha t  teacher s ar e mad e awar e tha t 
the y hol d thes e views ,  tha t  th e view s ar e explicitl y 
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characterize d fo r  them ,  an d tha t  thei r  strength s ar e 
acknowledge d whil e th e limitation s ar e exposed . 

Mat h educator s nee d t o b e mad e awar e o f  th e powe r  an d 
flexibilit y o f  students '  alternativ e reasonin g siiatcgic s 
Finding s fro m thi s stud y suggests ,  however ,  tha t  an y 
attempt s t o addres s this ,  wil l  nee d t o first  addres s th e belief s 
hel d b y teachers ,  principall y thos e i n mat h textbooks . 
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Figur e 1 .  T w o model s o f  earl y algebr a developmen t  (heav y line s v .  dotte d lines) ,  fit  wit h th e origina l  studen t  dat a (t\#76) -
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