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ABSTRACTv
Using spurion techniques Qn.the,fiﬁe-pointvfﬁhction for
ng > nan, we obtain an expression for AMx - nt  for a conserved
Axial Current which has poles along the .n-Al trajectory invthe curfent

nomentum sguared whose residues are Veneziano type strong interaction

amplitudes satisfying the Adler consistency condition. Usihg the soft

pion theorem we obtain a simple expression for the pion form factor,
1 2 1 1y

M= - = - =

(5) T(=a" + 5) D(-7, + 3)

PR 1
I(-a" - 7, +'5)

- 1
7t

where -7 1s a constant, and is related to the s-wave -

coupling constant in the Alpn vertex.
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I. INTRODUCTION

Recently there have been several papers on the A, prt System

1
in the Veneziano mOdel,_l’e’3 and a few papers on using spurion techniques
h’}5’6

tg obtain off-mass sheli amplitudes from scalar n-pbint,functiéns.
The main defect in the former bapers was the arbitrariness in deciding

what a consistént minimél-number of Beta functions‘really meant--without
such definition any rafio of ’ Aipﬁ coupling constants_ﬁould be ontained.
Thé:main problem with thé'latter ﬁorks ﬁere that.the geheralized H-point

functions in the Veneziano model deal with scalar mesons and have little

‘ connection with pions, and the concﬁrrent problems of satisfying the

: Adler’consisténcy.conditions. " In this péper'we use an invariaht amplitude

decompositioﬁ for AMx - nx 'Wheré BHAM = 0 (zero mass pions) and
ﬁﬁefe the Invariant Amplitudes-are mutilated five-point functions for the
reaction =0 = snx. Since the Axial Vector is cdnser&ed here, we are
automaticall& gparanteed a consérved isoﬁeqtor pion form factor when wé,
use the soft pion limit to generate our pion form factor. Thus if‘dur
mutilated five~point fuction satisfieé the Adler condition on the mass

shell of the A, and the A, daughters, we have a consistent theory.

1 1
We shall show presently how this comes about.
The most general form for the amplitude for a conserved Axial

Current and three masssless pion containing no exotic resonances, and

having crossing symmetry is ' | v B
M ~' . . .. _ . . 2
Bipzy = Tr 1y 7w, TUR PP PﬁgplA(s, t, P,°)

. ' . | : o 2
+ [(PlvPB)Peu'- (Pl PQ)PBH]B(S, t, Py )

+ 2l 23 3l (1)
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We define all momentum as incoming,

2

(P, + 133)2 =t = (P, +P,)5,
(Pl + P2)2 = 5 = (P5 + Ph)g
(P2 + P3)2 = u = (Pl + -Pu)'2

The Axial Vector Current has momentum Pl’ isospin index i and the pions
have momenta P 5, ,4 and isospin ihdices 2, 5; L. The isospin
factor

Tr T, T Ty 15,= 812845 + 61362LL - 814525 .
guafanfees no exotic resonances.  The A(s,t, Plg) and B(s,t,Plg)
are to be multilated five-poinf functions fdr fhe process g = wxm  and
will cohtain poles in s,t along the pfo

trajectory. The terms which have poles in the

trajectory and poles in

P 2 along the mn-A

52 172 T3y

1 1
s-t channel are
TrTTTTA(stP)[P -P.2p. ]
12 473 51 1 "3
+ A(t,s,P.2)[P.P. P. -P.2p ]
TVTRE M1 e T 1 “2u
+B( )(s,tP )[P - P P P_ ] - (2)

- 2 2 L2
B( )(s,t,Pl ) = B(s,t,Pl ) - B(t,s,Pl )e
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IT. >MODEL FOR THE INVARTANT AMPLITUDES

The five-point function for the process = o, - wn . x_x, is of

0’5 273 L
. ‘the form7 ‘
o - : ~a(t) . -0
o , ot | 1-p S VS TR N
. , . du -a(s) . 1 : 05 N (1- )
o Hy Sy My T - pn My 1-n TRy
] . 14 \ 174 .
o o Jo |
' ' (3)
 where
a. = (P -+P )2 =p.? is fhe A, trajectory (see Fig. 1)
05 0 57 1 ' 1 . P
2
Y5 = (Pu + P5) s
and _
o= (P. +P )2 +1  is the o trajectory.
02 0 27 2 '

This function has poles in s,t,Plz, but also has poles in .the variables

du;l to aO5’ i.e. au5 ahd 'a02° To thaln a function which just has

o o j _ : K
poles in s,t,Pl , Wwe set Ao = 72 .and a5h = 71 . We thus make the

ansatz that:

2
-  -p. a1 -y
2 - t
A(t:S:Pl')=‘a dul_duu Hl a(é?(l"Hl)-a( ) Hu“ . (1-’Hu) 2
0 0
o t)+y -y -2
X (1=pw) T, ()

N and

2

e . v B(-)(t,s,Plz) = [A(t,s,Plg) - A(s,t,Pl )] . ' (La)

- plo

So we have a theory with four parameters, a, b, 71, 72. The q2 pole

. ol
structure (q2 =P, ) of A(t,s,q?) is the following:
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(t,s,97) =
B(l +m- afs), 1-a(t))@(t) + 7y -2)‘:(-72):(-1)’“*9
= a —— 5 — ~
" 4 - - - 1 o - 1
l (-a" +m+n) mi(a(t) + Vo7 -2 m).( 7,-n)! n
m : i T .

(5)
At q2 = j ‘there are j +71' termsmand‘the.résidqe of each term has the

following asymptotic behavior:
as = s - Residue’ A(t s, me J) é a(t) 1
't > o  Residue A(t,s,m J) ::§>ta(s) -1 . (6)

We also notice that only' A has theﬂpion poleUSince the residue af’

q? = 0 is symmetric in s and t. This is in'agreemeht with our

invariant amplitude decomposition..

 III. ADIER CONSISTENCY CONDITION
"The Adlér consiétency conditioﬁs states that for theﬂstrong

1nteractlon processes A > AKX nA -+ ﬁﬂ, nA ( ) - nﬁ (where Al( n).

1s the nth daughter on. the x-A tragectory with spln-parity 1 )_if_

1

we set any of the pion four-momentum to zero, the amplitude must Vaniéh.

The pion scattering amplitude is the coefficient of <Pi“ when -
we take the residue at Pl2 = O. We notice that the st pole terms

are proportional to Pl-P5 and Pl P2 Thus for zero-mass pions we

automatically saiisfy the Adler condition for the x-x scattering.

amplitude.

*

(v
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(n)

- 7 is
1

The scattering amplitude for A

._ eu(Pl) T(n)“(s,"c,u)

where

g
N
ey
o
il
o]

(7)

The relation mn2=n- is due to the fact the nA, trajectory has slope 1

1
and passes through the origin. .

We thus find that the scattering amplitude for Al(n)ﬂ -t is

(81585),+ 8585, = 8))8,3)
e*(p.) : . ‘ ’
2 2 | - 2
"‘g"(l'nT P, (-m,” Res A(t,5,m %) + (p.P,) Fes 2()(s,4,m 2))

’ 2 - (=), .2
+ PB“ -m ~ Res A(s,t,mn ) - (PerE) Res B (s,t,mnji}

+ permutations . - (8) 

When Py > 0 s=t=0 and the above expression vanishes automatically.
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When P5 -0 t= mnz, =0, and we get the req_uiz"emént

Res A(t = mn2, '8=0, mpg) = 0. This requirement guarantees the Adler -
condition when Pé - 0 also.

Now Res A(t, s,mje)

= a Z - B(1 + mea( §), 1 - a(t)) (al(t)+ 7‘2-yl-2)1 (-_72); (-1)9 |
nt (J-m)! (-7,-3+m)t (a(t)+ 7,-7,-2-m)! e
m=0 : : .

(10)
Since o is the p ‘bra,jectOry,"V
(11)

afs) = s + énd d(t) =t +

"ol
Pl =
[ ]

The Adler point is t = 'mjz, s=0. Since' mje”= Js a(mje‘) =3 +% and
B(l+ m - a(s), 1- oz(t)\) vanishes at a(t) = +—21—
a(s) = —Jé-‘ if m<j -1, the only term that does not vanlsh automatlcally

at the Adler point is the term

(at) + 7, = 7y - 2)
3t (alt)+ 75-7,-2-3)0

a B(1+ j - oz(s), 1-a(t))
(12)

So by choosing Yo = 7y < -2]2 , this term also vanishes at the Adler point.
The result Yo =Yy < -;— is just the difference in the intercepts of the

two tragectorles with which 7y and 72 were. assocmted in the five-

point function.
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IV. STRONG INTERACTION AMPLITUDES FOR_ TR > fw, mAl - .

e » in a masslesé pion theory we have that the pion scattering

amplitude is defined as follows

Lim 4Pl2 (n5(-P5)ﬂg("Pu)|Alg(o)lﬁg(?g))

-P 2 -0
O | | | (13).
= Pl“fTr (ﬁ3(§P5)ﬂh(-Pu)‘T'ﬁl(Pl)ﬂz(Pe)) .
_ Thérefore we have ..
(<R ), (-B,) [Tl (P )x,(R,)) o aw

Y (s +t)a B(l-a(é),_l-a(t)3
5

(B3t B30, - ByyBps
3

T

+ permutations .

. This is the'same result as J.'Shapir¢8 in ﬁhe zero pion mass limit.
o By looking at the 'p"pole ih the IS = 1 amplitude one can

. get a in terms of- ginn and fﬂ. The I = 1 part of the Axial
: - . - s

Currert matrix element is:
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. 2
s (5 eh ?35 4){2 A(s,t P, )(Plu _92 P3 - PBM P, )

=4
[

_ . .
+ 2 A(s,u,Plz) (PlHl P." - Plu P1°Ph)

S ) s - . | |
+ 2 (A(t, s.,Pl ) - A(u,s,?l_ )) (Plu P, °P, - PEu- P, .)

(=), . 2 )
+ 2B (s,t,Pl )(_P Pl P5 - 3u)
+213( )(suP )(Pll P P2 )}
‘ o - (15)
. Therefore the I, = L x-n scattering amplitude is
I=1 ‘ ‘
T S = — (s 24 2-'3 1h)[(s+t) B(l-a(s), 1-a(t)) - (s+u) B(l-a(s) 1-a(u))].
(16)
Near the s chanﬁel p pole s =~ mp2 and we obtain
=1 . e ) -
o5 a (Bisdpy - By58y,)(¢ - w)
| T T 2 o
T s+ |
(16a)

If we write the vertex for p (isospin index m) ﬂlﬁe as
u - .
8ox © (q)(Pl PQ)M €1, Ve obtain
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( | ( 2
e e i e T

T =
pole s +m 2
P
(17)
Therefore we obtain
2 R

From - Egs. (.5 ),(15) and (7) we obtain that the I =1 scattering

amplitude for Alst -+ g is

HP.
.e_i_l_)_ (5

) .1552u'* azaalh)

X2, (e 3(2a(t), 1-0(e)-Z - o)) (1-a(s), 2-a(s));

+ [-2m, P+ b(t+ mAQ)][(-g - os)) B(1-a(s), 2-a(uw))- (2 -a(u)) B(1-o(u),2-a(s))]

% (7, 2(10ale), 1)+ G - ale) Bieal), 2a(s))}

*‘Psu{b(mf‘s?[(g o s)) B(’a-a(t); 1-a(s)) - (2 - o t))?(_l-a(t),z-a'(s)) B

+ G as)) 5(e-aw), 1-ale)) - G - alw)) Bli-alu), 2-ale))]
 — QmAeyga; (B(l-a(-s), l—a(t)} + B(l—-a{s), l—a.(u))) .

- emAea (—g— - a(s)) (B(l—d(s), 2-a(t)) + B(l-a(s)‘, 2-a(u)))} .

(19)
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We notice the above expression is different from those expressions

found in the 1iteraturel’2’5 in that we have terms like B(i—a( -d t)).'

~

However nonleadlng terms of this form were absolutely necesoarv for
parameterizing Alﬂ *-Alﬁ which also has the p pole.9 .50 for a v
consistent answer to the question of the A Pt system these terms

should bé present.

Near the p pole in the s channel, 5 =~ mp2 as) ~

(615524' 23 5)),) eu(P ) o  (2o)i |

T(nAl‘*'nn) ~
(- s + m ) 8,

2 2 1.4 [, 2 2 2 2
5% [ng{bt-mA a -2m, ayé} + P5u b(mA]*mp )-hmA 7,8 52QA %}.} .
Deflnlngithe Al(Pi)Qm(q) #(Pe) vertex as
My \ *‘V . . . ' (
eAl“(Pl/ep (d)lcg g, + a Pl qu] €om (21)

we obtain for the p pole contributibn

_ 5158 - 23514 He)) & | o - .
pole - s+ mp2 onxt S L ,

(22)

x -{Peu[(u-t)cb - G.] -2P5ucé} .
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Comparing we find

- 2G

H

. b ) . )
D8 prtt e | - (23)

2 2
a.= [(mA - 7, )QD - Gs]gpnﬁ

—
- EmA a(l + 272)

= "‘2G g .
5A 8 pn#
We notice the first two eqpations yield the third. This is

different from what happened in Ref. 1,2,3 where making'the three

G
conditions compatible determined the ratio 52 « Substituting
2 D
a=g f we have _
Pt T - -
' 2 2 22
1 - - .
o g - o(m, m )- 2m g oriz Tl L+ 27p)
s ~pmn . gA ) ) :

(24)

We see if we knew Gs and GD we could then determine b and 72.

. V. CURRENT ALGEBRA LOW ENERGY THEOREM AND THE PION ISOVECTOR FORM FACTOR

The soft pion theorem tells us

o . LL'. ‘ . | (Pg"‘ PLI-)U-’
le <“5(-P§)ﬂl¥-(-P4)lAl (O)IT{E(PE)>%-—-—§;———-—
P,—+0 ,

3
nl ™ 2 ~
(2,7 (3150, = 858,)

Where F(Plt) is the pion form factor.
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Letting P3 = 0 we obtain

§ 2 2 2
2(812634 - 51u523)<Puu - PEH)Pl A(Pl » 0, Py )

Thus we have
2, 2 2 2
F(Pl ).= -2f P, A(Pl ,

Using the normalization condition F(0) = 1,

‘We obtain

.
!

' l" 1
= 2af B(= , =)
. ~"T( (2 ) 2)

2 2
o
ot -t

]

2g

Which gives us

UCRL-19307

(26)

(27)

(28)

v(.ésa):

A result obtained in a différent'méhnér by other authors.-
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Using the integral representation for A(t,s,qg) we have

- ' | . 1 1 1 2 1 2
T 2 & [ "2 -3 L3t
W S ~0 0] ) 7 _ ’ . _ » :

2 ey S
g - 2
xom T (1) B (29)
From the Bateman manuscript 1.51 (12) we have
1 , .
£ (1-6)77L (1 + be)™EY g - (1 +v)7™ B(x,7).
5 .
(30)
Therefore
2. &1 2 1, ., o 1 ‘
Fla7) = - = B(5 = & +5) B(=a", ~7, +3) - (z1)
1 2 1 1,
! P(§ ) T(-q +_§) P(-72 + 5)
e 2 -1 :
P(-q" - 7, +3)
As g > -0 F(q") ~(g7) " . o (32)

‘Choosing -72 haif integer gives us a form factor with poles aleng the‘

p trajectory. Choosing -y. a integer = n gives us an n pole form

2

factor.
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The fit of Jengo and Remiddi,lo to the'proton.form factor .

suggests that -7é = g. It is interesting to note that for

. - 2, ‘ 2 ' \1 1
—72 = half integer F(q ) has zeroes at q = -72 - 72 + §,+ n.
If we set -y = é s the form factor obtained would be similar to

2 2

that obtained if we used a field current identity for ﬁhe.Axial Current,
and related AMt - xx %o the Veneziano'emplitudee for mm - nx, and
mA, > an by vector dominance. This is amising in light of the fact
that the latter calculatlon completeLy ignores all the poles in the
Axial Current due to the Al daughters and therefere is internally

inconsistent with the phllosophy of the Veneziano model. -

VI. SUMMARY
We have shown that'uSing a mutilated five-pcint function for
the 1nvar1ant amplltudes of the matrix element of the Ax1al Current

prov1des a descrlptlon of that process cons1stent W1th Current algebra,

Adler con31stency condltlon, and the Venez1ano model for the four-p01nt :

function. It leads to a possibly more consistent framework for
dlscuss1ng the Alpu system and to a simple expre531on for the form
factor. |

What rema1ns>to be. shown is that these mutilated lee-p01nt

functions have the same spectrum and same factorization propertles as'

the original five-point functlons.' If that is true, Wwe can then extract

the coupling of the vector current to the p daughters, and the

coupling of the Axial Current to the A daughters by calculating

1

= axt and A = qt from the five-point function..

Pdaughter 1 daughter

.
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