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Abstract. Let x,, ., be a matrix of n x n variables, and let C[x,, x| be the polynomial ring
on these variables. Let &,, ;- be the group of colored permutations, consisting of n X n com-
plex matrices with exactly one nonzero entry in each row and column, where each nonzero
entry is an 7-th root of unity. We associate an ideal s, ., C C[Xpxy] with the group &, .,
and use orbit harmonics to give an ideal-theoretic extension of the Viennot shadow line con-
struction to &, .. This extension gives a standard monomial basis of C[X,,xx]/Is,, ., and
introduces an analogous definition of “longest increasing subsequence” to the group &,, ;.
We examine the extension of Chen’s conjecture to this analogy. We also study the struc-
ture of C[X,xn|/ls,, as a graded &,,, x &, module, which subsequently induces a
graded G,,, x &,,, module structure on the C-algebra C[S,, ,].

Keywords. Viennot’s shadow lines, orbit harmonics, ideals, graded modules

Mathematics Subject Classifications. 05E10, 05E16, 05E18, 05E14

1. Introduction

Longest increasing subsequences in the symmetric group &,, have been a well-studied object
in combinatorics. In this paper, we apply orbit harmonics and ideal-theoretic extensions of
Viennot’s shadow line construction to introduce an analogous definition of longest increasing
subsequence for the colored permutation group G,, ,..

Let &,, be the symmetric group on [n] = {1,2,...,n}. Given w € &,,, we write w in its
one line notation w = [w(1),w(2),...,w(n)]. An increasing subsequence of length | of w is a
sequence of integers 1 < i1 < i < --- < 4; < nsuch that w(iy) < w(iy) < --- < w(i). We
write

lis(w) = max{k : w has an increasing subsequence of length %} (1.1)

for the length of the longest increasing subsequence of w. Let a,, ,, denote the number of permu-
tations w € &,, with lis(w) = k. For any positive integer n, Chen [Che08] conjectured that the
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sequence (a1, an2; - - -, an,p) is log-concave, that is,
(i Qe < p g for 1 <i<in—2. (1.2)

Let x be a finite set of variables, and let C be the field of complex numbers. Let C[x] be the
polynomial ring with variable set x. If [ is a graded ideal in C[x], the Hilbert series of C[x|/I
is

Hilb(C[x]/I;q) := Y _ dime(C[x]/1)q - ¢, (1.3)
=0
where (C[x]/I)4 is the degree d part of the graded vector space C[x]|/I.
In [Rho24], Rhoades studied the following ideal:

Definition 1.1. Let X,,,, = [2; j]1<i j<n be an n x n matrix of variables, and let C[X,,x,| be the
polynomial ring in these variables. The ideal I,, is the ideal generated by

o the square x? Jor 1 < i, j < nofeach variable;

* the product x; j - x; j for 1 <i < nandl < j < j' < noftwo distinct variables in the
same row;

* the product x; ; - vy j for 1 <1 < i <nmand 1 < j < nof two distinct variables in the
same column;

e the sum Z;;l x; j for 1 < i < n of variables in the same row;
* the sum ) . x;;for 1 < j < nofvariables in the same column.

As all the generators of ,, are homogeneous, C|X,,«,|/ I, is a graded C-algebra. Let &, x S,
act on X, x, by permuting rows and columns. This induces an action on C[x,,«,] which stabi-
lizes I,,, as the collection of generators of I, is stable under this action. Thus, C[x,,,| has the
structure of a graded G,, X &,, module.

Rhoades proved [Rho24] that C[x,,x,]/I,, has Hilbert series

Hllb(c[xnxn]/]nu CJ) = Qpn + an,n—l - q + an,n—? : (]2 + -+ ap1 - qn_l, (14)

where coeflicients of ¢* are the number of permutations w in &,, with lis(w) = n — k. Us-
ing Viennot’s shadow line construction, Rhoades attached a square-free monomial s(w) for
each w € G,,, with the property that

deg(s(w)) = n — lis(w), (1.5)
and showed that (Theorem 3.7)
{s(w):w € &,} (1.6)

is a spanning set of the vector space C[x,,x,|/I,, and proved that this is actually the standard
monomial basis with respect to the Toeplitz order (see Definition 3.5). Rhoades also studied the
graded and ungraded module structure of C[x,,,]/I,, giving the isomorphism

(Clxnxnl/In)r = @ Endc( V/\) (1.7)

AbEn
A =n—k
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and gave insights on the Novak—Rhoades conjecture [NR24], which is a strengthening of Chen’s
conjecture.

We generalize Rhoades’s work to colored permutation groups &,,,, which is the group
of n X n matrices with exactly one nonzero entry in each row or column, and all nonzero entries
are r-th roots of unity. We specifically emphasize on the case r = 2, where G,, » is denoted
as B, the group of signed permutations. In Section 2.4, we will give more detailed descriptions
of the properties of these groups. The following ideal is our object of study:

Definition 1.2. Ig, . is the ideal in C[x, .| with generators:

* the (r + 1)-th power x}jlfor 1 < 4,5 < nofeach variable;
* the product x; j - x; j for 1 <i < nandl < j < j' < noftwo distinct variables in the
same row;

e the product x; ; - vy j for 1 <1 < i <nmand 1 < j < nof two distinct variables in the
same column;

* the sum 2?21 xi ; for 1 < i < n of r-th powers of variables in the same row;

* the sum Yy, | xy ; for 1 < j < n of r-th powers of variables in the same column.

e

In particular, when r = 2, we write Is, , = Ip

Again, Ig,, is a homogeneous ideal, so C[x,.n|/ls,, is a graded C-algebra.
Let GL,(C) x GL,(C) act on C[x,,x»], where the action is induced by the following action
on X, x,: let A, A" € GL,(C),

(A, A) - Xy = AXpon A1 (1.8)

Then, treating &,, - as a subgroup of GL,,(C), we obtain an action of S,, , xS, , on C[X,,x,|. The
ideal /s, , is stable under this action, so C[x;,,x,]/ /s, , has the structure of a graded &,,, X &, ,
module. Using representation theoretical tools including the Branching Rule (Equation (2.12))
and the Generalized Murnaghan—Nakayama Rule (Theorem 2.3), we give the graded module
structure (Theorem 4.3)

(Clnnl /T, )i = b Vevy (1.9)
AFrn
AT i N =k

where V> is the irreducible module of &, , labelled by the r-tuple of parti-
tions A = (A% A',...,\""!) such that 3°7_ |X| = n, and V* is the dual module of V.
See Section 2 for details of relevant notations.

Focusing on the case of B,,, b,  (first defined in Definition 3.12), which is analogous to a,, i,
counts the number of signed permutations w in B,, with a property analogous to “having a longest
increasing subsequence of length k. For n > 2, the Hilbert series of C[x,,x,,]/Ip, is

Hllb(c[xnxn]/Ian Q) = bn,2n + bn,2n—1 “q + bn,Qn—? ' C]2 + -+ bn,2 : q2n_2- (110)
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By testing n up to 40, we observe that the sequence {by, ; }2<k<o, is “almost” log-concave:
log-concavity holds for n < 8; and for larger n’s, log-concavity breaks for some small k’s and
then holds for the remaining majority of the sequence.

We also extend this notion of “having longest increasing subsequence of length £ to ele-
ments of G,, ,, and we define (Definition 3.21) ¢, ,. ;, that counts the number of elements in G,, ,
with this property. We prove (Theorem 3.23) that the Hilbert series of C[X,,x]/Is, , is

Hllb(C[Xan /ICn ruq chrk’q (111)

and also give the conjecture (Conjecture 5.1) that the sequence {c;,x} is uni-modal, that is,
there exists k& such that

Cnrd < Cnydr1 ford < kandc,,q > ¢praqr ford > k. (1.12)

The rest of the paper is structured as follows. In Section 2, we introduce the background
material on Grobner theory, orbit harmonics, group structure of G, ., the Schensted correspon-
dence, and representation theory. In Section 3, we generalize Viennot’s shadow line construction
to the group G,, -, and use this construction to find a standard monomial basis of C[X,x,]/] S
In Section 4 we give the graded &,,, x &,,, module structure of C[x,,]/Is,,. And in Sec-
tion 5, we examine the generalization of Chen’s conjecture, and close with possible directions
of future research.

2. Background

2.1. Grobner theory

Letxy = (71,9, ..., xy) be a finite list of variables, and let C[x ] be the polynomial ring over
these variables. A total order < on the set of monomials in C[xy] is called a monomial order if

* 1 < m for any monomial m
* for any monomials my, ms, ms, we have that m; < my implies m;ms < moms.

Given any polynomial f in C[xy], the initial monomial in. f of f is defined to be the largest
monomial term in f with respect to <. The initial ideal of an ideal I in C[xy] is the ideal
generated by the initial monomials of all polynomials in 7, i.e.

in./ = (inf:fel 2.1

A monomial in C[x,,x,| which is not an element of in_ is called a standard monomial. Tt
is known that
{m + I : m is a standard monomial } (2.2)

forms a basis of the vector space C[x ]/, and this is called the standard monomial basis. More
detailed descriptions of Grobner theory can be found in [CLO10].
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2.2. Orbit harmonics

Given Z a finite locus of points in CV, the vanishing ideal 1(Z) C C[xy] is the collection of all
polynomials f satisfying f(x) = 0 for all x in Z. It is known that we have the isomorphism of

vector spaces
Clxn]/I(Z) = ClZ], (2.3)

where we see C[Z] as the vector space of functions from Z to C. Note that the vector
space C[xy]/I(Z) is usually ungraded.

Given a polynomial f in C[xy], we can write f = fo + fi1 + --- + f4 where f; is homoge-
neous of degree i and f; is nonzero. Denote 7( f) as the highest degree homogeneous part of f,
i.e. 7(f) = fa4. Given an ideal I, the associated graded ideal grl is defined to be

grl = (r(f): fe). (2.4)
The isomorphism (2.3) of ungraded vector spaces above can be further extended to
Chxn]/1(Z) = C[Z] = Clxn]/er1(2), (2.5)

and since 7(f) is homogeneous for all f, C[xy]/gr/ has an additional structure as a graded
vector space.

Orbit harmonics has seen applications to presenting cohomology rings [GP92], Macdonald
theory [HRS18], cyclic sieving [OR22], Donaldson—Thomas theory [RRT23], and Ehrhart the-
ory [RR24]. One expects algebraic properties of C|x|/grl(Z) to be governed by combinatorial
properties of Z.

2.3. The Schensted correspondence

Let n be any positive integer. A partition X\ of n is a weakly decreasing sequence of positive
integers A = (A1, A2, ..., \,) such that Y ' | \; = n. We use the notation A - n to indicate
that \ is a partition of n.

A Young diagram of shape ) is a diagram of boxes with \; boxes in the i-th row. A standard
Young tableau of shape \ is a filling of {1, 2, ..., n} into the Young diagram of A such that each
number appears exactly once, and that the entries are increasing across rows and down columns.
For example, given A = (4,2, 1) F 7, we give the Young diagram of A and one standard Young
tableau of shape .

4

We write SYT(A) to denote the collection of standard Young tableaux of shape . The
Schensted correspondence [Sch61] is a bijection:

&, —— | {(P.Q): P,Q e SYT(V)}, (2.6)

AFn
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that is, the Schensted correspondence associates to each w € &,, an ordered pair (P, () of
standard Young tableaux of the same shape. The explicit bijection is usually given by an insertion
algorithm, details of which can be found in [Sagl3].

2.4. Signed and colored permutation groups

Recall that the group G,, . consists of all n X n complex matrices with exactly one nonzero entry
in each row and column, and each nonzero entry is an r-th root of unity. We introduce a more
combinatorial interpretation of the group in this section:

The r-colored permutation group S, , is defined to be the wreath product (Z/rZ) ! S,,. In
particular, when » = 2, the group is called the signed permutation group, and we denote the
group as B,. An element w of G,,, can be viewed as a pair (o, k), where ¢ is a permutation

in &, and x : [n] — {0,1,...,7 — 1} is a coloring of elements in [n]. Writing [n]" for the
set {¢#/ :4 € [n],j €{0,1,...,r —1}}, we can see w = (0, k) as a function [n|” — [n|" via the
rule ' o

(w) (i) = o (i), 2.7)
where addition is modulo r. An example is when n = 5,7 = 3, and w = (o,k) where

o = [4,2,5,3,1] = (1435)(2),k = (2,1,2,2,0), then we have w(1°) = 42 w(2°) = 2!,
w(3%) = 5% w(4°) = 3%, w(5°) = 12. In one-line notation, we denote w = [4% 2! 5% 3% 17,
and we write the cycle notation of w as (12, 42,32, 5°%)(2!). For a cycle in the cycle decompo-
sition of w, we refer to the color of the cycle to be the sum of colors of elements in it, reduced
modulo r. For example, the color of (12,4232 5%) is 2 + 2 + 2 = 0 mod 3, and the color
of (2')is 1.

Definition 2.1. Given integers n > 0, r > 1, an r-partition of n is a sequence of r partitions
A= (AN Y such that 30— |N| = n. We write X b=, n for X being an r-partition of
n. In particular, when r = 2, we call such r-partitions bipartitions.

Definition 2.2. The cycle type of an element w = (0,k) € &, is the r-partition
A= (A0 XY such that NP consists of lengths of cycles in w of color i.

Two elements in G,, , are conjugates if and only if they have the same cycle type. Thus, the
conjugacy classes of G,, . are labelled by r-partitions of n.
2.5. Representation theory
2.5.1 Representations of the symmetric group

Let G,, be the symmetric group. As the conjugacy classes of G,, are labelled by partitions
of n, there is a bijection between partitions of n and irreducible representations of G,, over C.
For A F n, we denote V* as the irreducible representation of G,, associated to A\. The dimension
of V* is given by |SYT())], the number of standard Young tableau of shape \.
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2.5.2 Representations of signed and colored permutation groups

Let A = (A%, A2, ... A\""1) I, n. A standard Young tableau of shape X is a bijection from [n]
to the collection of boxes in the disjoint union of Young diagrams of \°, A!, ..., \"~! such that
the entries in each diagram are increasing across rows and down columns. Below is an example
of a standard Young tableau for bipartition ((2, 1), (4,2)) I 9.

115 2141819
7 316

Specht constructed [Spe32] a bijection between the irreducible representations of G,, , and 7-
partitions of n such that the dimension of the irreducible representation labelled by A is the
number of standard Young tableaux of shape .

2.6. Branching rule and Murnaghan—-Nakayama rule

Let A - ny and p F no, with the property that A\; > p; for all 4, and let n = n; — ny. The skew
partition \/u has diagram obtained by deleting the diagram of x from the diagram of A. For
example, when A\ = (4,3,2) F 9and i = (2,1) F 3, the skew partition A/ has diagram drawn
below.

The &,, character y*/* is defined to be
XM= (2.8)
lv|=n

where the sum is over all partitions v of n = n; — ny and cf;l, is the Littlewood—Richardson
coefficient.

More generally, if A = (A%, AL ... A" Y and p = (p°, pb, ..., u" 1) are r-partitions such
that \' /i are all well-defined skew partitions, the r-skew partition A/ is then

A=A Nt T . (2.9)
The size of A/pe is [A/pe| = 315 [NT] — |1
Given an r-skew partition A/ such that |\/p| = n, we also have a character x* of &,,,,
associated to it. It is defined to be

A A
XM= (2.10)
vkrn
where the sum is over all r-partitions v = (v',1%,...,1") . n, and ¢}, , is the generalized
Littlewood—Richardson coefficient, defined as
.
A i
=1 2.11)
i=1

which is the product of Littlewood—Richardson coefficients.
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2.6.1 Branching rule

The characters labelled by r-skew partitions play an important role in the branching rule of G,, ,
representations. Let A be an r-partition of G,, .. For k < n, &, x &,,_, is a natural subgroup
of &,,,, and we have the branching rule

6771 ™
Resar” e, o X0 = DX x XM (2.12)
n

where the sum is over all r-partitions g -, k such that A/p is well defined. The proof of the
branching rule can be found in [Ste89].

2.6.2 Generalized Murnaghan-Nakayama rule

We then recall how to evaluate x** on S,.,. A ribbon is a skew partition with a rookwise
connected diagram that does not contain a 2 X 2 square as a sub-diagram, and the height of a
ribbon is defined as the number of rows in it minus 1. The diagram at the beginning of the section
is an example of a ribbon of height 2. We say that an r-skew partition X/ is a r-ribbon if only
one of the skew partitions \’/u’ is non-empty and the non-empty skew partition is a ribbon.
If X\/p is an r-ribbon with )/ /;/ non-empty, we say 0 is the character of A/, where 0 is the
irreducible character of Z /rZ

0:7/r7 — GLi(C)  6(z) = ¥/, (2.13)
A decomposition of A/p into r-ribbons is a nested sequence of r-partitions
H=XCAC--CA=A (2.14)

where A;/A;_1 is an r-ribbon for 1 < i < [. Let 8; = |A;/A;i_1] and 8 = (B, Pa, - .-, 51)s
we call the decomposition in (2.14) a 3-decomposition. With this definition, we introduce the
generalized Murnaghan—Nakayama rule.

Theorem 2.3. Let w be an element of G, . Suppose the cycles of x have lengths 31, B2, . .., B,
and the cycles have colors 1, Co, . . ., ¢;. Then, we have the evaluation of x* on w:

Mi(w) =3 T [(=1D"i(e) (2.15)

where the sum is over X' of -decompositions of X/ p, h; is the height of the r-ribbon in the i-th
step of the B-decomposition, and 0; is the character of the r-ribbon in the i-th step as defined
above.

The proof of Theorem 2.3 can also be found in [Ste89].
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3. Standard monomial basis

3.1. Viennot shadow

Given a permutation w € &,,, we associate to it a diagram on a n x n grid, labelling all
points (¢, w(7)) on the grid. Below is the diagram of w = [5,1, 3,6, 7,2,4] € &5.

Viennot proved [Vie77] that the diagram can be used to construct the pair of standard Young
tableau in the Schensted correspondence. Imagine a light source at the bottom left corner
which shines northeast. Each point (¢, w(7)) in the diagram blocks light to its northeast. Con-
sider the boundary of the shadow region, and call it the first shadow line. The first shadow
line for the permutation w above is depicted in the leftmost diagram below. Then, remove all
points on the first shadow line and iterate the process, we get the second shadow line, the third
shadow line, and so on. The diagram below in the middle depicts all shadow lines of permuta-
tionw = [5,1,3,6,7,2,4].

1] .l .li
H.. - H. H, 8

Suppose the shadow lines of w are Ly, Lo, . .., L, and we have w — (P(w), Q(w)) under the
Schensted correspondence, Viennot proved [Vie77] the y coordinates of the infinite horizontal
rays of Ly, Lo, ..., L form the first row of P(w), and the x coordinates of the infinite vertical
rays of Ly, Lo, ..., Ly for the first row of Q(w). In the example above, we have the first row
of P(w)is 1,2,4,7; and the first row of Q(w) is 1,3, 4, 5.

Definition 3.1. Given the permutation w € &,, the shadow set S(w) of w is the collection of
points that lie on the northeast corners of the shadow lines.

In the example above, for w=[5,1, 3,6, 7,2, 4] € &7, we have S(w)={(2,5), (6,3), (7,6)}.
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Remark 3.2. From the construction of shadow lines, we can see that the shadow set of w will
contain no two points in the same row or column, which will induce the following definition.

Definition 3.3. A subset R of points in the n X n diagram is a (non-attacking) rook placement
if it contains at most one point in each row or column.

As mentioned in the remark, the shadow set of any permutation is a rook placement. How-
ever, not every rook placement is the shadow set of a permutation. An algorithm for identifying
whether a rook placement is the shadow set of a permutation is specified in [Rho24].

After obtaining the shadow set of a permutation, we can iterate the shadow line construction
on S(w), as depicted in the diagram below on the left. Viennot proved [Vie77] that the y co-
ordinates of the infinite horizontal rays of the new shadow lines correspond to the second row
of P(w), and the = coordinates of the infinite vertical rays correspond to the second row of Q(w).
Keep iterating this process on the new shadow set, and we will get the third row of the pair of
tableau. The process ends when the new shadow set is empty, and we would have the complete
pair of tableaux (P(w), Q(w)).

Given the connections between the shadow sets and the Schensted correspondence, the fol-
lowing lemma is immediate:

Lemma 34. Letw € G,,. The size of the shadow set is |S(w)| = n — lis(w), where lis(w) is
the length of the longest increasing subsequence of w, as defined in the introduction.

3.2. Shadow monomials

Given a collection of points S € [n] x [n], we denote m(S) to be the square-free mono-
mial [] (i.j)es Ti Let [,, be defined as in the introduction. It is straightforward that

{m(R) : R is a rook placement}

is a spanning set of C[x,,x,|/ I, since the product of any two variables in the same row or column
isin I,.

Recall that given a set of variables y1, 4o, . . ., yn, the lexicographical order is defined such
that y; > yo > --- > yy and y'y5> ...y < Pyb2 ... y%v if and only if there exists j < n
such that a; = b; for all i < j, and a; < b;. The standard monomial basis of C[x,,x,]/I, was

computed in [Rho24] with respect to the monomial order defined as follows.
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Definition 3.5. The Toeplitz order, denoted by <t.p, is the lexicographical order with respect
to the following ordering on the variables:

Tl > X1 > T12 > T31 > Tap > T13 > > Tpp1 > Tpolgn > Top- (3.1)
Rhoades defined the shadow monomials as follows:

Definition 3.6. Given a permutation w € S,,, the shadow monomial of w, is the square-free
monomial

s(w) = m(S(w)). (3.2)
Rhoades then proved [Rho24, Lemma 3.11]
Theorem 3.7. The monomials {s(w) : w € &, } span the vector space C[X,xn]/ L.

Then, identifying &,, as the group of n X n permutation matrices (i.e. matrices such that all
entries are 0 and 1, with exactly one 1 in each row and column), we have that the vanishing ideal
of G,, is generated by

cxf;—xforl <ij<n

-/

J<J

N
N

e x;;-xpforl <i<in, 1 n;
e x;icxpjforl <j<in, 1<i<i <ny

* Xy +Tig+ -+ x, —1forl <7 <ng
s X j+ay;+--F+x,; —1forl <j<n.

A quick observation is that I,, C grI(&,,), since I, is generated by the highest degree ho-
mogeneous parts of the generators of I(&,,). The orbit harmonics (2.5) gives

(C[Gn] = C[ann]/l(en) = C[ann]/ng(Gn)' (3.3)

Using an argument on the dimensions of the vector spaces, Rhoades showed [Rho24] that the
ideals I,, and grI(&,,) are actually the same, and showed that

{s(w) :w e &,}

is the standard monomial basis of C[x,x,]/I,, with respect to the Toeplitz order. Thus, let a,, ;
be the number of permutations w in &,, with lis(w) = k, the Hilbert series of C|x,,x,|/ I, is

Hllb(C[Xan]/In, Q) = Qpn + Apn—1-4q + Apn—2° q2 + -+ Qp,1 * qnil- (34)
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3.3. Generalization to signed permutations
3.3.1 Spanning set

Given a signed permutation w = (o, k), we define its diagram on the n x n grid. A point (i, j)
on the grid is colored green if o(i) = j and k(j) = 1. Itis colored blue if o(i) = j and x(j) = 0.
For example, when n = 6 and the one-line notation of w is [2!,5% 3% 10, 6°, 4], the diagram is
below on the left:

I HHEH

’ ° ¢

We define the negative set of w as

neg(w) ={(¢,5) : 0(i) = jand s(j) =1 }. (3.5)

or equivalently, it’s the collection of points colored red in the diagram. Similarly, we define the
positive set of w to be

pos(w) = {(i,7) : 0(i) = j and k(j) = 0}. (3.6)

Remark 3.8. Tt is an immediate result that neg(w) is a rook placement, and for any rook place-
ment R, there is w € B,, such that neg(w) = R.

Then, we do the shadow line construction on the positive set of w, and obtain the shadow
set S(pos(w)), as depicted above on the right. The shadow lines are drawn in brown, and the
points in the shadow set are labelled green. With this construction, we associate to the signed
permutation w a monomial

s(w) = m(neg(w)) - m(S(pos(w)))?. (3.7)

In the example above, the monomial is ;1 276 475 573 5, and we can introduce one of the main
results:

Theorem 3.9. The monomials {s(w) : w € B,} form a spanning set of C[X,x)/Ip,,.
Before presenting the proof of Theorem 3.9, we first introduce the following lemma:
Lemma 3.10. The following set descends to a spanning set of C[X,,xn]/Ip, :
{m(R1)m(R2)? : R1, Ry € [n] x [n], R = R1 U Ry is a rook placement}. (3.8)

Proof. Since the ideal /5, contains the cubes of all variables, as well as the products of any two
variables in the same row or column, the result is immediate. O]
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With the lemma, we present the proof of Theorem 3.9.

Proof. (of Theorem 3.9) According to Lemma 3.10, we can fix a rook-placement R,. By Re-
mark 3.8, the set of w € B,, with neg(w) = R, is nonempty, so it suffices to show

{m(R1)m(R2)? : R = R1 U R, is a rook placement} 3.9

lies, modulo the ideal /g _, in the linear span of

{s(w) : w € B,,neg(w) = R4} (3.10)

Let
I = {i : there exists j such that (i, j) € R4}, (3.11)

and
J = {j : there exists ¢ such that (7, j) € R1}. (3.12)

Fixing i € [n] \ I, since the sum of squares of all variables in the same row is in I, , we have

n?

Y al;=-> al modIs, (3.13)

F€m\I jeJ

Similarly, fixing j € [n] \ J, we also have the equation

> al=-) a7, modIg,. (3.14)

i€[n)\I icl

Thus, since /g, contains the products of any two variables in the same row or column, we
obtain the following relations:

* m(R1) - e 27, =0 mod Ip,
* m(R1) - Picpp i =0 mod Ip,
We also have the following relations directly from the definition of I, :

e (#2,)2=0 mod I, forie [n]\1I,j € [n]\ J;

2,J

« 27 -2}, =0 mod Ip, fori € [n]\1,j,5 € [n]\ J;
« 27,25, =0 mod Ip, fori,i" € [n]\I,j € [n]\ J.

Then, if we look at the (n—|R4|) x (n—|R4|) matrix of variables, where each variable is z7 ;

fori € [n]\ 1,7 € [n]\ J, the collection of relations are exactly the ones we used to define I,, in
Definition 1.1. For a signed permutation w with neg(w) = R, if we delete the rows and columns
that R, appears in, pos(w) will form a permutation in the remaining (n — |I|) x (n — |J|) grid.
And since

{pos(w) : w € B,,neg(w) = R4} (3.15)

ranges over all possible permutations in the grid labelled by ([n] \ I) x ([n] \ J), according to
Theorem 3.7, the proof is complete. [
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3.3.2 Standard monomial basis

Viewing B,, as n X n matrices with exactly one nonzero entry in each row or column, where the
nonzero entries can be +1, we have that the following polynomials all vanish on B,,:
. xf’] — i for1 <i,5<m

-/

° xi,j~xi,j/for1<i<n,1<j<]

N

n;

s wijrapifor 1 <j<n, 1<i<i <y

© x A aiy e tar, —1forl <i<n;
e xf;ta3; ) —1forl <j<n

Let J be the ideal generated by these polynomials, it follows immediately that J C I(B,).
Comparing these polynomials with the generators of I , it follows that I, C grJ C grl(B,).
We further improve this containment to an equality.

Theorem 3.11. We have the equalities of ideals I, = grI(B,,) and J = 1(B,,). Moreover, the
collection of monomials {s(w) : w € B,,} descends to a basis of the vector space C[X,x,]/Ip,,.
This is the standard monomial basis with respect to the Toeplitz order.

Proof. Applying orbit harmonics, we have the following sequence of isomorphisms of (un-
graded) vectors spaces

C[B,] = Clxpxn|/I(B)) = C[xpxn)/erI(B,). (3.16)
With I, C grJ C grl(B,,), we have
2"n! = dim(C[x,xy,)/grI(B,)) < dim(Clx,,xn|/grJ) < dim(Clxpxn]/ 15, )- (3.17)

Since there is a unique pair (neg(w), S(pos(w)) for each signed permutation w, the spanning
set {s(w) : w € B,} in Theorem 3.9 has size 2"n!. This forces all inequalities in (3.17) to be
equalities. This proves the equalities of ideals, and hence proves that {s(w) : w € B, } descends
to a basis of C|x,,xn|/Ip, -

To prove that this is actually the standard monomial basis with respect to the Toeplitz order,
let R, be any rook placement, and let f be a monomial with square-free part m(7R). We claim
that if f is in the standard monomial basis then f is of the form s(w) for some w € B,,. To see
this, recall that f being in the standard monomial basis means that f is not the initial monomial
of any polynomial in /5 . Then, using the notation in the end of the proof of Theorem 3.9, the
perfect square part f/m(R,) of f must not be the initial monomial of any polynomial in /,, %, |,
where the variables are z7 ; withi € [n] \ I and j € [n] \ J. Then, according to the result on
the standard monomial basis of I, by Rhoades [Rho24, Theorem 3.12], the claim is proved;
and since the vector space C[x,,x,]/Ip, has dimension 2"n!, all monomials of the form s(w)
for w € B,, must be in the standard monomial basis. ]

With the following two definitions, we will be able to find the Hilbert series of C[x,,x,]/ 5,
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Definition 3.12. Given w € B,, we define lis(pos(w)) to be the size of the largest subset L
of pos(w) such that given (i,j) and (i', j') in L, i < i implies j < j'.

Example 3.13. Let w € B; with one-line notation w = [3° 1',6°%,4% 79 2! 5], we have
pos(w) = {(1,3),(3,6), (4,4), (5,7)}, and lis(pos(w)) = 3.

Definition 3.14. For any pair of integers n, k, we define
boi = [{w € B, : 2lis(pos(w)) + |neg(w)| = k}| (3.18)

From the definition, it is immediate that b,, ; =0 for n >2, as |neg(w)| >2 or lis(pos(w)) > 1.
Then, we have the following corollary.

Corollary 3.15. We have the Hilbert series of C|X,xn|/ 1B,
Hilb(CXpxnl/I5,;q) = bnon + bpon—1-q+ -+ b1 ¢ (3.19)
Proof. Forw € B,,

deg s(w) = 2|S(pos(w))| + [neg(w)]
= 2(|pos(w)| — lis(pos(w))) + [neg(w)|
= 2n — |neg(w)| — 2lis(pos(w)).

Thus,

{w € B, : degs(w) = k}| = by 25— and Theorem 3.11 completes the proof. O

Example 3.16. When n = 3, the Hilbert series of C[X,,x,|/ 5, is

Hilb(ClXpxn] /I, q) = 1+ 9q + 22¢* + 9¢* + ¢*. (3.20)

3.4. Generalization to G,, ,

Given an r-colored permutation w = (o, k), we also draw it on the n x n grid. A point (4, j) is
labelled in color ¢; if o(i) = j and x(j) = [, where [ ranges over 0, 1,...,r — 1. We define the
sets Cj(w) to be the collection of points colored in ¢;. Then, we do the shadow set construction
on the set Cyp(w) and obtain the shadow set S(Cy(w)), and we associate a monomial s(w) to w,
defined as

s(w) = m(Cr(w)) - m(Cy(w))? - - - m(Cr_y(w))"™ - m(S(Co(w)))". (3.21)
With this construction, we give the following theorem:

Theorem 3.17. Let Is, . be defined as in Definition 1.2. The monomials {s(w) : w € &,,,}
descends to a spanning set of C[x,xn|/1s,, -

The proof of Theorem 3.17 is similar to Theorem 3.9. We need the following lemma, which
is similar to Lemma 3.10.
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Lemma 3.18. The following set of monomials descends to a spanning set of C[X,xn]/Is,

{Hm(Rl)l 'Ry C [n] x[n],R = U Riisa rookplacement} (3.22)

=1

Proof. Since the ideal Is, , contains the r + 1-th power of all variables, as well as the products
of any two variables in the same row or column, the result is immediate. O]

With Lemma 3.18, we give the proof of Theorem 3.17.

Proof. (of Theorem 3.17) According to Lemma 3.18, we can fix a collection of rook place-
ments R, R, ..., R,_1 such that

O R, (3.23)

is also a rook placement. Let f be the monomial

r—1

f=1Im®), (3.24)

it suffices to show

{f -m(R U R, is a rook placement } (3.25)

=1
lies, modulo /s, ., in the linear span of

{s(w) :we 6,,,C(w) =R, forl <I<r—1}. (3.26)
Let
I = {i : there exists j € [n],1 <1 < r — 1suchthat (i,7) € R}, (3.27)
and
J ={j : there exists ¢ € [n],1 <1< r — 1suchthat (i,j) € R;}. (3.28)
Note that we have
1 =1J =Rl (3.29)

Fixing i € [n] \ I, since the sum of 7-th powers of all variables in the same row is in Ig, ,, we

have
Y aj;==> a7, modls,,. (3.30)

JERI\J jeJ
Similarly, fixing j € [n] \ J, we also have the equation
Z ¥, =—> af, modls,,. (3.31)
i€l

Thus, since [g,, contains the products of any two variables in the same row or column, we
obtain the following relations:
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* [ Yicmu ;=0 mod I, ,;
o f- Zie[nw r;; =0 mod Ig, .

We also have the following relations directly from the definition of /g, . :

* (7 )*=0 mod Is,, fori € [n]\ I, j € [n]\ J;

0]

s xj;-27, =0 mod I, fori € [n]\ 1, j,j' € [n] \ J;

s xj;-xy; =0 mod Is,, fori,i € [n]\ I, j € [n]\ J.

If we look at the (n — |I|) x (n — |J|) matrix of variables, where each variable is (x; ;)"
fori € [n]\ I,j € [n]\ J, the collection of relations are exactly the ones we used to define /,,
in Definition 1.1. For a colored permutation w with Cj(w) = R, for 1 < < r — 1, if we delete
the rows and columns with labels  and .J respectively, Cp(w) will form a permutation in the
remaining (n — ||) x (n — |J|) grid. Since

{Co(w) : w € By; Ci(w) = Ry} (3.32)

ranges over all possible permutations in the grid labelled by ([n] \ I) x ([n] \ J), the proof is
complete by Theorem 3.7. [

Viewing &,, , as the collection of n x n matrices with exactly one nonzero entry in each
row and column, and every nonzero entry being an r-th root of unity, we have that the following
polynomials all vanish on G,, ,:

e aj = for1 <i,j<m;
i xi,j-xz-7j/for1<i<n,1<j<j’<n;

4 xi,j~xi/,jfor1<j<n,1<i<i’<n;
sz tai,+ta, —1forl <i<ng
cxy;tan ;e Fay,—1lforl <j<n.

Let J be the ideal generated by these polynomials, we have J C I(G,,)
and Ig, , C grJ C grI(&,,,). Thus, we have a theorem that is an analogy to Theorem 3.11.

Theorem 3.19. We have the equalities of ideals Is,, = grI(6,,) and J = I(&,,).
Moreover, the collection of monomials {s(w) : w € &,,,} descends to a basis of the vector
space C[X, ]/ Is, . This is the standard monomial basis with respect to the Toeplitz order.
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Proof. Applying orbit harmonics, we have the following sequence of isomorphisms of (un-
graded) vector spaces

C[Gnﬂ"] = C[ann]/I(Gn,T‘> = C[ann}/ng(Gn,r)- (333)
With Ig,, . C grJ C grl(&,,,), we have
r"n! = dim(C[Xpxn)/gr1(6,)) < dim(Clxpxnl/grd) < dim(Clxpxnl/Is,,).  (3.34)

Since there is a unique tuple (Cy(w),...C._;(w),S(C,(w)) for each colored permutation w,
the spanning set {s(w) : w € &,,} in Theorem 3.17 has size r"n!. This forces all in-
equalities in (3.34) to be equalities. This proves the equalities of ideals, and hence proves
that {s(w) : w € &,,,} descends to a basis of C[X,,xn]//s,,. The proof that this is actually
the standard monomial basis with respect to the Toeplitz order is very similar to the proof of
Theorem 3.11. [l

We also generalize the notion of longest increasing subsequence to the colored permutation
group. We first give the following two definitions:
Definition 3.20. Given w € S,,,, we define lis(Cyo(w)) to be the size of the largest subset L
of Co(w) such that given (i, 7) and (i',j') in L, i < i implies j < j'.
Definition 3.21. For integers n,r, k, we define

(3.35)

Cnork =

{w € 6,1 -lis(Co(w)) + i(r —1) - |Ci(w)]| = k:}

Example 3.22. Letn=0, r=4, and w=[4%,1°,5% 63, 2!, 3°]. We have Cy(w)={(2,1), (6,3)},
so lis(Co(w)) = 2, and we have

4-Tis(Co(w)) + 3|Cy (w)] + 2| Co(w)| + |Cs(w)| = 4x 243 x1+2x2+1x 1 = 16, (3.36)

so w would contribute 16 to ¢ 4,16.
With these two definitions, we give the Hilbert series of C|x,xn|/ /s, .-
Theorem 3.23. The Hilbert series of C[x,xn|/ s, is

Hilb(Clxxn]/ s, q) Z Coried™ (3.37)

Proof. Forw € G,,,,

degs(w) =r - |S(Co(w))| + Zz | Ci(w

=7+ (Co(w) — lis(Co(w))) + Zz - |Ci(w)]

:Tn—r-liS(CO(w)) — (r—i) : |Ol(w)|

1

7

Thus, [{w € &,,, : degs(w) = k}| = ¢ rrn—r and Theorem 3.19 completes the proof. O
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4. Module structure

As mentioned in the Introduction, treating G,, , as the group of n X n matrices with exactly one
nonzero entry in each row and column, and every nonzero entry being an r-th root of unity, we
canlet &, , x &, act on C[x,,|, induced by its action on the matrix of variables

<A7 A/) *Xpxn = AXanA,_l- 4.1

Since the collection of generators of /g, , is stable under this action, we have that C[x,,x,]/ s, .
isan G,,, x G,,, module. By Theorem 3.19, we have an isomorphism and an equality of
ungraded vector spaces

ClG,s] = Clxpxnl /er1(Sy,r) = C[ann]/jen,r- 4.2)

Since C[S,,,]| is semi-simple, (4.2) upgrades to an isomorphism and an equality of
ungraded G,,, X G,,, modules.

To investigate the graded structure of C[x,,,,|/ /s, ,, we first introduce a lemma, which is a
crucial part in orbit harmonics. Let x be a collection of variables and C[x] be the polynomial
ring. Given a graded C-algebra A = @, A, let Acy = B¢, A; be the direct sum of its
homogeneous components with degree less than or equal to d.

Lemma 4.1. Let [ be an ideal in C[x]| and grl be the associated graded ideal of it.
Let B C C[x]<q be a collection of homogeneous polynomials with degree at most d. If BB de-
scends to a basis of the vector space (C[x]/grI)<q, then B descends to a basis of the vector
space C[x]<q/(I N Clx]<q)-

Proof. The proof can be found in the proof of a known result [Rho24, Lemma 3.15]. [

4.1. Graded module structure of C[x,,,|/ 5,

We first work on the case when r = 2. In this case, the irreducible B,, x B,, modules are of
form V) @ VM0 where (A, 1) and (), fi) are bipartitions of n. Equation (4.2) now reads:

C[B,] = Clxpxn]/erl(B,) = C[xuxn]/IB,- (4.3)
We give the main theorem of this section.

Theorem 4.2. For any k > 0, the degree k piece (C[X,,xn|/IB, ) has graded B,, X B,, module
structure

(Chuxal/ Iz k= P VO @V, (4.4)

(Ap)kFan
2X1+|p|>2n—k

Proof. For W any B,, X B, module, End¢(W) is also a B,, X B,, module with the action

(u,v) - @) (w) = u-pv™" - w) forall u,v € B,, ¢ € Ende(W),w € W. 4.5)
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We also have that End¢ (W) is isomorphic to W ® W* as B,, X B,, modules, where W* is
the dual module of W, via the isomorphism

We@W* = Endc(W), a®x— ¢, withp(w) =z(w) - a, (4.6)

where a,w € W and x € W*. Then, since all matrix representations of 53,, can be realized over
the real numbers, we have that IV is isomorphic to W*. So we have an isomorphism of B,, X B,

modules
Endc(W) =W e W. 4.7

Since the algebra C[By] is semi-simple, the Artin—Wedderburn Theorem gives the isomor-
phism of C-algebras

U:C[B, = EP Endc(VOM), (4.8)

(A p)ban

where the (), z1)-piece of ¥(a) maps v to a - v for a € C[B,], v € VW, Since C[B,] is
a B, x B, module via left and right action, (4.7) and (4.8) imply that we have the isomorphism
of ungraded B,, X B,, modules

CB.= P Endc(VO)= P v gyt (4.9)
(Ap)F2n (A u)Fan

Returning to the statement of the theorem, by an inductive argument, it suffices to prove that
for any %, we have the isomorphism of ungraded B,, x B,, modules:

(Clnxnl/Is)<x = €D Ende(VOH). (4.10)

()\“u)}_2n
21+ p|=2n—k

With Theorem 3.11, we have a chain of isomorphisms and an equality of ungraded B,, X B,
modules:

C[B,] = Clxpxn|/I(By) = Clxuxnl/ertl(B,) = C[Xuxn]/IB, - 4.11)
Then, consider the image of C[x,,x,]<x in C[X,x,|/I(B,), denoted by Ly, i.e.

Ly, = Image(C[Xpxn]<k = ClXnxn] = ClXnxn]/I(Br)). (4.12)
By Lemma 3.10 and Lemma 4.1, we have that

Ly, = spang{m(R1)m(R2)? + 1(B,) : R1 U R, is a rook placement and |R| + 2|R,| < k}.

Then, Lemma 4.1 implies that we have the isomorphism of B,, X B, modules R
Ly = (Clxuxnl/IB, ) <k- (4.14)

So we are reduced to showing that
Ly~ @ Endc(VO). (4.15)

()"/‘L)F2n
221+ =2n—k
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For any j < k, consider the collection of monomials
Mj_{ Jj_ .2 2 2 . . . . << /2 4.16
=AMy = T2 T Tt Li+1Ti+2i+2 0 Ti—ig—i -V ST /2] (4.16)
For example, when j = 4, the collection of monomials is
j 2 .2 .2
M] = {1’1711’272, .1'1,1.1'272{13373, x171x272x3,3x474} . (417)

Since nonzero monomials in C[x,x,]/Ip, are cube-free, the degree j monomials
in C[x,xn|/Ip, are generated by the action of B,, x B, on M’. Thus, L; is generated by the
action of B,, x B, on{J;, M.

Fix 0 < j < k. For all ¢ satisfying 0 < i < [j/2], embed B,,_;1; C B, by letting it act on
the last n — j + ¢ letters. Let eg be the group algebra element

6? = <€+t17,1)(€+t2’,2) tee (€+ti’,i)(€—ti+17,i,1) s (€—tj,1'7,j+i) Z w , (418)

wEanjJri

where e denotes the identity element and ¢; _; denotes the transposition in B,, that interchanges !
and —[, and fixing all other elements. Identify C[B,,| with the collection of functions from B,
to C, via the rule

Z apw = [ f(w) = ay. (4.19)

weBn

Since C[x,x,)/I(By) is naturally identified with functions from B, to C, we can identify e
with m]. Let 3 = {e/ : 0 < ¢ < |j/2]}, and let Ji be the two-sided ideal generated
by Ug<j<x 2+ We have the identification

I, = Ly. (4.20)

So we are now reduced to find the image of .J;, under the Artin—Wedderburn map in (4.8).
Note that the image of J; would be direct sum of endomorphisms of irreducible modules such
that not all elements of J; act as the 0 operator. Fixing j < k, we need to find the irreducible
modules such that not all elements of 3; act as 0.

Note that eg is naturally an element of the group algebra C[B;_; X B,,_;+;]. Given V) an
irreducible module of B,, labelled by bipartition (A, 11), it suffices to analyze the character of

ResZr YO 4.21)

Bj—ixBn—j+i
evaluated on eg . By the Branching Rule (2.12),

ReSB;LiXBn,jHX(/\’u) = Z X()‘vﬁ) X X(A/)\vlﬁ/ﬂ)’ (422)
Q¥n)

where the sum is over all (), j2) that are bipartitions of j — i and that (A\/X, 11/)) is well-defined.
Denote

7’]5 = (6 + t17_1)(€ + t27_2) Ce (6 + t@—i)(e — ti+17—i—1) Ce (6 — tj—i,—j-i—i)a (423)
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PR R
thatis, & =0 >, cp ,  w,wehave

(>\ u) Z X A/A 1/ i) Z w | . (4.24)

wGBn_]-_H;

Let 0 be an irreducible character of Z/27Z = B;, we have that 6(e+t; _;) # 0if and only if # is
the trivial character, and #(e—1t; _;) # 0 if and only if § is the signed character, i.e. (¢, _;) = —1.

By the Generalized Murnaghan—Nakayama Rule (2.15), we have that X(;\’ﬂ) (nf ) is nonzero if and
only if |[A\| =i and |i| = j — 2i. On the other hand,

NCRTLE B S (4.25)

wEanjJri

is nonzero if and only if the trivial representation x((»=7+9.9) has non-zero multiplicity
in yWA#/R) - This forces u/fi = @, and the diagram of )/ A has no two boxes in the same
row. Combining these conditions, we have that eg acts as a nonzero operator on VM) if and
only if the following holds:

o |u| =7 —2i,thus |\ =n — j + 2i;

« there exists A I i such that the diagram of A / A has no two boxes in the same column.
Note that the second condition is equivalent to

* the diagram of \ has less than ¢ boxes beyond the first row, i.e. A\; > |A| —i=n—j +1i.

Since the first condition is an equality, the two conditions can be combined to
2\ + |pu| = 2n — 5. (4.26)

Since j < k is arbitrary, we can conclude that elements of J; act as nonzero operators on
all V1) satisfying
201 + |p| = 2n — k. (4.27)

This gives the isomorphism of B,, X B,, modules

Jp = @ Ende (V) (4.28)

(A p)an
221 +|p|=>2n—k

which completes the proof. ]
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4.2. Graded module structure of C[x, .,/ /s, ,

We now investigate the graded module structure of C[x,y,]//es,, for general r. Given
A= (A% N1 an ropartition of n, let X' = (A2, AL N2 000 A be the dual -
partition of X, obtained by fixing \° and interchanging \* with A" ~*. As the dual module of a uni-
tary matrix representation is its conjugate, by the generalized Murnaghan—Nakayama rule (2.15),
the dual module of V* is V', and we have the following theorem.

Theorem 4.3. For any k > 0, the degree k piece (C[x,xn|/Is, )k has graded &, , x &, ,
structure

(Clxnxn) /60 ) = 45 Ve v (4.29)
m(ﬁzgﬁﬁﬂsz}e
Proof. Similar to the proof of Theorem 4.2, we have that for any G,,, x &,,, module W,
Endc(W) =W @ W*. (4.30)

Then, similar to (4.9), we have the isomorphisms of G,,,, X &,,, modules

ClGn, = P Endc(V) = P Ve (V) =PVrevr. (4.31)

A=rm A=rm AFrn

By Theorem 3.19, we have a chain of isomorphisms and an equality of ungraded &,,, x G,,,
modules:

ClSy,r] = Clxnxnl /[L(Gn,r) = Clxnxn] /811(Enr) = Clxpxn] /s, - (4.32)
Again, let L, be the image of C[X,,xn]<k to C[Xyxn]/I(S,,,), that is,
Ly, = Image(ClX,xn) <k = ClXnxn)] = ClXnxn]/I(Gny)). (4.33)

By Lemma 4.1, we have that

Ly, = spang { (H m(RJ’) +I(6,,) : U R; is a rook placement and Zz Ryl < k:} :
i=1 i=1

i=1
(4.34)
Applying Lemma 4.1 again, we have the isomorphism of ungraded &,, , x G,,, modules

Lk = (C[ann]/IGn,r)Ska (435)

and we are reduced to showing that

12

Ly oy, Endc (V). (4.36)
A=rm
PA I i >k
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Let M}, be the subset of the spanning set in (4.34), containing all monomials
[[mry 4.37)
i=1

where the rook placements {R;}!_; satisfy the criteria in (4.34), and for all j < r

UR —{(a,a):1<a< ZJ:|RZ-|}. (4.38)
=1

In other words, in the n x n grid, the rook placements {R;} are arranged on the diagonals, from
bottom left to top right. For example, when k£ = 5 and = 3, we have

_ 2 3 2 .2 .2 .3
My, = {$1,1I2,2J33,3954,4365,5, L1,1722%3,3L4 4, L1,122,2L3 3, T1,1T3 oL3 3, %711’2,2}- (4.39)

Monomials in L;, are generated by monomials in M}, by two sided action of G,,,, X &, ;..
Again, identifying C[&,,,] and C[x;,x»|/1(S,,) with functions from &,,,. to C, we can
identify x7 ; in C[X;,x,]/I(&y,,) with the group algebra element

(e +w’(i% i) + W (%, i) + - + Wl ) > w, (4.40)

wEGn 1,r

where &,,_; , is embedded in &,,, by acting on the last n — 1 letters, e denotes the identity
in 6, ,, w is the primitive r-th root of unity in C, and (z’o, z’l) denotes the element in G,, . that
maps i° to i’ while fixing all other elements. Let 3, be the collection of group algebra elements
identified with monomials in M}, and let J; be the two-sided ideal generated by J,,. We have
identification

Ly = Jg. (4.41)

So we are reduced to finding r-partitions A such that not all elements of .J; acts as zero
operator. Denote

el = e+ w (i) + W (@) + o+ w0, (4.42)

For rook placements {R;}_, satistying the criteria in (4.34) and (4.38), let R = U;Zl R, we
have that the group algebra element that is identified with [ ]}_, m(R;)" is

f[ IId > w (4.43)
j=1 (ii)eR; WES,,_r|.r

Letn=[];_, [Liier, ¢/, we can embed &,,_|z| » in &, by letting it act on the last n — |R|
letters. Then, by the Branching Rule (2.12), we have

Me) = Z XM ()M Z w | . (4.44)

/"'|_1"|R| wEan\’R\,r
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Let 6 be any irreducible C-character of &, = Z/rZ. Note that we have 0(e!) # 0 if and
only if ((:°,i')) = w™. Thus, by the generalized Murnaghan—Nakayama rule (2.15), we have
that for g = (% pt, ... "1 B |R|, x*(n) is nonzero if and only if |/| = |R,_;|. On the
other hand,

M dow (4.45)

WES,_|R|,r

is nonzero if and only if the trivial character has nonzero multiplicity in xy*/#, which indicates
that || = | M| for 1 < j < 7 — 1, and there are no two boxes in the same column in the diagram
of \°/u°. That is, there are less than |u°| = |R..| boxes beyond the first row in the diagram of \°.

Letd = 77, j - |R;| be the degree of the monomial [[’_, m(R;)’. Combining these
conditions, we have that ¢ acts as a nonzero operator on V' if there exists pu = (u°, pit, ..., u"=1)
such that the following holds:

Lorlp®l 4 (r = Dlpl| + -+ [0 = d
2. M =y for j # 0;
3. diagram of A\°/4° has no two boxes in the same column.
Note that the third condition is equivalent to
o O R e e P B e C el /P (4.46)
Multiplying both sides by r, we get
rAY > rn — | A = | A2 — = N = | ). (4.47)
Then, the first and second condition combined gives that
Pl =d— (r = DIN| = (r = 2]\ = = N (4.48)
Substituting this into the inequality (4.47), we have
A+ N 2N 4+ (= DN = —d (4.49)

This shows the isomorphism of G,,,, X &,, , modules

1%

Ji o) End¢(V?), (4.50)

A-rm ,
A N ek

which completes the proof. ]
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5. Conclusions and conjectures

Given a (possibly infinite) sequence a; of positive real numbers, we say that the sequence is
log-concave if for all positive integer 7, we have

2
aj - Gipo < Q415 5.1

and we say the sequence is uni-modal if there exists a positive integer &k such that
a; < Qi1 fori < Iw’}, a; = Qi1 for: > k. (5.2)

In the case of Hilbert series, we say a Hilbert series is log-concave or uni-modal if its sequence
of coefficients is log-concave or uni-modal. Recall that the Hilbert series of C[x,,x,]/I, is

Hllb(C[Xan]/In, Q) = an,n + an,n—l - q + an,n—? : q2 +---+ an,l : qn_1, (53)

where @, ; counts the number of permutations w € &, with lis(w) = k. Chen conjectu-
red [Che08] that the sequence {a,, 1} is log-concave, that is, fixing an integer n, for all £ such
that2 <k <n—1,

a2 ), = Anjoot * Qoo (5.4)

We found some interesting patterns when we tried to generalize this to the Hilbert series
of C[x,,xn)/IB,- Recall that we showed in Corollary 3.15 that the Hilbert series of C[x,x,|/I5,
is

Hﬂb(C[ann]/[Bn; Q) = bn,2n + bn,2n71 g+ bn,l : q2n71’ (55)

where {bn,k}iif is defined in Definition 3.14. By testing n up to 40, we found that
» for n < 8, the sequence {b,, } is log-concave;

e for 9 < n < 17, we have bi}k < bp k-1 - bpy1 when k = 3, and log-concavity holds for the
remaining of the sequence;

e for 18 < n < 27, we have bi}k < by k-1 by+1 when k = 3 and 5, and log-concavity holds
for the remaining of the sequence;

e for 27 < n < 40, we have b721,k < bpg—1 - bpy1 when k = 3,5, and 7, and log-concavity
holds for the remaining of the sequence.

From this observation, we conjecture that the Hilbert series of C[x,,x,]/Ip, is “almost log-
concave”: log-concavity breaks for some small £’s, but holds for the majority of the sequence.
In [BDJ99], Baik, Deift, and Johansson proved that as n — oo, the distribution function for
lis on &,,, with proper rescaling and recentering, converges to the Tracy—~Widom distribution of
the largest eigenvalue of a random GUE matrix. That is, as n — oo, the histogram of {a,, ;}
for a fixed n will converge in distribution (with rescaling and recentering) to the Tracy—Widom
distribution. In Figure 5.1, we give the histogram of {a,, ;} when n = 65. The horizontal axis
corresponds to values of k, and the height of each bar represents the corresponding a,, .
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2.00x10™90

1.50x10790

1.00x10™90

5.00x10"89

0.00x10700 T o) T T T T

Figure 5.1: a,, , when n = 65.

One possible direction for future studies is to study the limit of the probability distributions
corresponding to {b,, x} as n — oo. In analogy with the case of {a, }, one could hope that
we have convergence to a natural probability distribution. In Figure 5.2, we give the histogram
of {b, 1} when n = 40. The horizontal axis corresponds to values of k, and the height of each
bar represents the corresponding by, .

Our testing on uni-modality also yields a very nice pattern, and we give the following con-
jecture:

Conjecture 5.1. For any integers n, r, the Hilbert series of C[x;,x»]/ /s, is uni-modal, that is,
there exists k such that

Cnrd < Cnpdr1 ford < k,and ¢, q = ¢yt ford > k. (5.6)

Conjecture 5.1 is tested to be true for » < 4 and n < 20.

As mentioned in [Rho24], orbit harmonics played a key tool in our analysis. We
treated the colored permutation group &, as a collection of n X n matrices, and proved
that I, , = grI(&,, ). We provide one possible direction for future studies below.

A complex reflection on a finite-dimensional vector space V' is an element of finite order
in GL(V') which fixes a hyperplane pointwise. A complex reflection group W is a finite group
generated by complex reflections. Shepherd and Todd showed in [ST54] that any complex re-
flection group is either one of the 34 exceptional cases, or in the form G(r, p,n), where r,p, n
are integers with p divides r, and the group G(r, p, n) consists of n x n matrices with

* exactly one nonzero entry in each row or column;
* each nonzero entry is an r-th root of unity;

* the product of all the nonzero-entries is an r/p-th root of unity.
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1.20x10™59

1.00x10™59

8.00x10"58

6.00x10"58

4.00x10758

2.00x10"58

0.00x10700 T T T .

Figure 5.2: b, ;, when n = 40.

When p = 1, G(r,1,n) is the colored permutation group &, ,, and we calcula-
ted grI(G(r,1,n)) = Is, , in this paper. It may be interesting to study grI(G(r, p,n)) for differ-
ent p’s that divides 7. For example, G(2, 2, n) coincides with the Coxeter group of type D, and
it would be a good object for future study.

Another possible direction is on the equivariant log-concavity of C[X,, x|/ Is, . In [Rho24],
Rhoades conjectured that with S,, x &,, acting on (C[x,,x, )4 by independent row and column
operation, there exists an injection

(Clxnxn)/In)a+1 ® (Clxnxnl/In)a—1 ib) (Clxnxn)/In)a @ (ClXpnxn]/In)a (5.7)
such that given (w,v) € &,, X &, f € (Clxpnxnl/In)a+1, 9 € (ClXnxn)/In)d-1,
¢ ((w,v) - (f®g)) = (w,v) (6(f®9)). (5.8)

This conjecture would imply both Chen’s Conjecture [Che08] and the Novak—Rhoades Con-
jecture [NR24]. As the Hilbert series of C[x,,x»]/ /s, , is not always log-concave, it would be
interesting to study given G,, ,., for which d’s we can have an injection

(Clxnxnl/Is,, )at1 © (Clxnxnl /s, a1 = (Cuxn] /s, )a @ (Cnxn] /s, )a (5.9)

that commutes with the diagonal action of G,, , X &,, ,. Our calculation shows that whenn = 1
such an injection exists for any r, d.
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