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We offer a guide to dimensional reduction (DRED) in theories with anomaly mediated supersym-

metry breaking.
reduced from d = 4 to d = 4 — 2¢ dimensions.

Evanescent operators proportional to e arise in the bare Lagrangian when it is
In the course of a detailed diagrammatic calcula-

tion, we show that inclusion of these operators is crucial. The evanescent operators conspire to drive
the supersymmetry-breaking parameters along anomaly-mediation trajectories across heavy particle
thresholds, guaranteeing the ultraviolet insensitivity.

- L. INTRODUCTION

Anomaly mediation is a remarkably predictive frame-
work for supersymmetry breaking in which the breaking
of scale invariance mediates between hidden and visible
sectors [1,2]. Since the soft supersymmetry-breaking pa-
rameters are determined by the breaking of scale invari-
ance, they can be written in terms of beta functions and
anomalous dimensions in relations which hold at all ener-
gies. An immediate consequence is that supersymmetry-
breaking terms are completely insensitive to physics in
the ultraviolet. Anomalous dimensions and beta func-
tions, which depend only on degrees of freedom excitable
at a given energy, completely specify the soft parameters
at that energy. This property makes anomaly mediation
an attractive solution to the supersymmetric flavor prob-
lem. The low-energy spectrum of soft masses and cou-
plings is independent of the physics that explains flavor
in the ultraviolet.*

On the other hand, Regularization by Dimensional RE-
Duction (DRED) [6] is often the preferred regulator for
supersymmetric field theories. As with ordinary dimen-
sional regularization (DREG), DRED is simpler com-
putationally than Pauli-Villars or other cutoff methods.
DRED is also superior to DREG in that it preserves su-
persymmetry: In DREG when we analytically continue
the dimension of space-time away from d = 4, the spinor
algebra changes, creating a mismatch between fermionic
and bosonic degrees of freedom. DRED avoids this prob-
lem by compactifying from d = 4 to d = 4 — 2¢ dimen-
sions and making the fields independent of the extra 2e
dimensions. The spinor algebra doesn’t change, so the
regulated theory is still supersymmetric.

*This property has lead to the well known issue of tachy-
onic sleptons. People have taken various approaches towards
solving this problem [1,3,4] which jeopardize the ultraviolet
insensitivity. However, it was shown recently that the UV
insensitivity can be preserved while solving the problem of
tachyonic sleptons [5].

In this paper we explore the subtleties of DRED in

theories with anomaly mediated supersymmetry break-

ing. We point out is that it is not correct to just add
anomaly-mediated supersymmetry breaking to the La-
grangian if DRED is used. Since most calculations in the
literature are done this way, our result raises a warning
flag. In retrospect, it is not surprising why it is so. In the
case of the chiral anomaly, one does not add the chiral
anomaly as an additional term to the Lagrangian. When
the theory is properly regularized, the chiral anomaly is
the outcome rather than a part of the input Lagrangian.
Similarly, the anomaly-mediated supersymmetry break-
ing must be the outcome of the Lagrangian rather than
the additional terms in the bare Lagrangian. We show
that the most important consequence of compactifying
to 4 — 2¢ dimensions is the introduction of evanescent
operators, proportional to ¢, into the bare Lagrangian.
These operators prove to be of first importance in dia-
grammatic anomaly-mediation calculations. Proper in-
clusion of these operators yields a DRED-based formal-
ism suitable for anomaly mediation calculations. In ad-
dition we discuss the implications of DRED’s failure to

-regulate infrared divergences, which follows because the

dimension of space-time is necessarily d < 4 in DRED.
As a showcase for our DRED-based anomaly mediation
formalism, we perform an explicit diagrammatic calcula-
tion that shows the ultraviolet insensitivity of anomaly
mediation. Although the appearance of supersymmetry-
breaking parameters and the decoupling of flavor physics
have been well-understood through the spurion formal-
ism (see [3] for the most comprehensive review of anomaly
mediation using the spurion formalism), the phenomena
have not been investigated in a diagrammatic framework.
The spurion analysis fixes the A-terms to be
Aije = —mapadije (% + % + W), (1.1)

while scalar masses are given by
(1.2)

Here, mg/3 1s the gravitino mass, )\, jk 1s the superpoten-

tial Yukawa coupling, ; = 2;1 du log Z; is the anoma-



lous dimension of the i** superfield, and ¥; = u%yi. To
fix signs, these terms appear in the Lagrangian as

£ -m2Q;Qi — AijxQiQ;Qx + hc.,

with scalar fields Q;. It is highly non-trivial that the
forms in Equations (1:1) and (1.2) indeed are invariant
under the renormalization-group evolution, which was
checked explicitly in [7]. We apply our DRED calcula-
tion to see in detail how various diagrams conspire to set
the soft parameters on their anomaly mediated trajecto-
ries across the massive particle thresholds. In particular,
loops containing evanescent € operators produce the soft
terms above the threshold of flavor physics, and addi-
tional evanescent operators combine with the flavor fields
to decouple the flavor sector below threshold. We find
that when calculating with DRED, it is inconsistent to
simply insert the soft terms of Equations (1.1) and (1.2)
into the Lagrangian while neglecting the evanescent op-
erators.

In Section II we review some established results of
anomaly mediated supersymmetry breaking. In section
ITI, we present a puzzle that makes clear the need to
develop a consistent framework. for using DRED with
anomaly mediation. In Section IV we focus on developing
this framework, deriving the dimensionally reduced bare
Lagrangian. In Section V, we utilize this Lagrangian to
discuss the origin of Equations (1.1) and (1.2). Having
established a framework for using DRED with anomaly
mediation, we demonstrate its use through explicit dia~
grammatic calculations which confirm the UV insensitiv-
ity of anomaly mediation. In section VI, we take a mo-
ment to recapitulate, and emphasize the basic message
of our derivation of the anomaly mediated DRED-based
formalism. Section VII defines the models used in our
diagrammatic calculations. In section VIII we compute
the A-terms, a short one-loop calculation. In section IX
we discuss the substantially more complicated case of the
scalar masses, which is a two-loop calculation.

(1.3)

II. ANOMALY MEDIATION AND
HOLOMORPHIC REGULARIZATION

In this section, we provide a brief review of established

results in anomaly mediated supersymmetry breaking.
We discuss the origin of the anomaly mediated contribu-
tions. We also review the spurion analysis for regulariza-
tion schemes that use an explicit cut-off. This discussion
will provide a useful foil for the DRED scheme which we
later employ.

In anomaly mediated models of supersymmetry break-
ing [1,2], the sole source of supersymmetry breaking re-
sides in the chiral compensator field in the supergravity
Lagrangian: (®) = 1+m3/26?. We now review the origin
of this field. Supergravity is not scale-invariant because

it has an explicit mass scale: the Planck scale. However,
it is possible to reformulate the theory as conformal su-
pergravity by compensating for the non-invariance of the
Lagrangian under Super-Weyl transformations by a fic-
titious transformation of the chiral compensator field ®.

The supersymmetry breaking that arises when chiral
compensator takes on its vacuum expectation value will
always be present. However, in general, My, suppressed

. operators coupling the “observable sector” to the “hidden

sector” often dominate over these contributions. Nev-
ertheless, the chiral compensator can dominate the su-
persymmetry breaking effects, for example, if the “ob-
servable” sector (including the Supersymmetric Standard
Model) and the “hidden sector” (responsible for super-
symmetry breaking) reside on different branes in extra
dimensions [1] or if the dynamics of the hidden sector is
nearly super-conformal to suppress direct couplings be-
tween the hidden and observable fields in the Kahler po-
tential [8]. In these cases, the only communication of
supersymmetry breaking effects from the hidden to the
observable sector occurs through the supergravity mul-
tiplet, and hence the auxiliary component of the chi-
ral compensator field. Since the coupling of the chiral
compensator is completely fixed by the (fictitious) super-

. Weyl invariance, the consequent supersymmetry break-
_ing terms in the observable sector are highly constrained.

This case, where the couplings between the observable
and hidden sector are suppressed and the form of the
SUSY breaking is highly restricted, is known generically
as anomaly mediation, and it is the case which we discuss
here.

If the observable sector does not have explicit mass
scales, the Lagrangian is scale-invariant at the classical
level. Then the coupling of the chiral compensator can
be completely eliminated from the Lagrangian by appro-
priate redefinition of the fields. However, the scale in-
variance is broken at the quantum level because of the
need to regulate the theory. This leads to residual cou-
plings of the chiral compensator to the observable fields.
When the classical invariance of the Lagrangian is broken
at the quantum level leading to physical effects, this is
generically called an. “anomaly.” This explains the name
“anomaly mediated supersymmetry breaking.”

The implementation previously discussed in the liter-
ature uses an explicit cutoff scale A. Because of the im-
posed super-Weyl invariance, the cutoff parameter A only
appears in the combination A®. Such a cutoff is possi-
ble using Pauli-Villars regulators, finite N = 2 theories
[9], or higher derivative regularization [10]. Any of these
methods preserve manifest supersymmetry, and the cut-
off is a holomorphic parameter: The cutoff can be viewed
as the lowest component of a chiral superfield. We refer
to all these schemes generically as “holomorphic regular-
ization.” If a holomorphic regularization scheme is used,
independent of the details of the regularization method,
we can derive their consequences on the supersymmetry




breaking effects in the observable fields as follows.
The matter kinetic terms receive wave function renor-
malization
/ d*0z:Q: Q:, (2.1)
Here, Z; is the superfield extension of the wave-function

renormalization, Z;, following the formalism developed
in [11,12]. Z; depends on the cutoff

log Z; (1 Z Cy log* (—Q’L—(’lﬂ (2:2)

k=1

"~ Here, Ci are functions of dimensionless coupling con-
stants. Expanding the logarithms in 8,

log Z(p) = logZ( )
0]
(6 m3/2+0 m3/2 ;ka logk 1 (—)/,L(—z—)

(A®)(AD)T

+6%6°m3,, 2 k(k —1)Cy log* ™2 e

k=1
_ 1.,- ,

= log Zi([t) -+ (62m3/2,+ 92m3/2)7,- - 50292m§/2'y,-.

= log Zi(u) — (64; + 02 A}) — 6°6°m? (2.3)

Here, v = —%u%logZ and ¥ = /‘714,77' The identifica-
tion of the soft terms (the last line of Equation (2.3)),
follows from rescaling the fields in Equation (2.1} by
Qi — 177_2/_57 Once we note that A,Jk =Ai+Aj+ A,
this leads to the predictions in Equations (1.1,1.2). As
an aside, we note that both (i) and 4(u) must be fi-
nite once re-expressed in terms of the running coupling
constants at the scale p. :

The gauge coupling constant is given in terms of the
bare coupling 1/¢2 and the running effects in the Wilso-
nian effective Lagrangian as

/dzé (—15+——9-
9o

(2.4)

By expanding the logarithms to ((6?), we find the pre-

diction for the holomorphic gaugino mass

m,\(p) = 9:2 by — ZTf’)’f mg/a. (25)

Going to the canonical normalization of the gaugino
changes the above expression to [13] :

g% (p) bo — Zf Tyyy _ Ble)
872 2 (n 2 ma/z = —'ézz—ms/z-

81r2

my = —

(2.6)

AP
—Z logZ|a_0) W We.

To complete our review of established anomaly me-
diated results, we reemphasize that anomaly mediation
possesses the property of ultraviolet insensitivity, namely
that the effects of heavy particles completely decouple
from the supersymmetry breaking effects in the low-
energy theory. With a holomorphic regularization, this

"is quite easy to see. Instead of logarithms dependent on

1, as in Equation (2.2), loop effects of a heavy particle
cutoff at its mass M and so appear with the logarithms

(A®)A@)t | A2
S ) (o)t~ S M

The point here is that the super-Weyl invariance makes
the mass M appear only in the combination M ® which
precisely cancels the corresponding ® dependence of the
cutoff. Therefore there are no supersymmetry breaking
effects from heavy particles in the low-energy theory. We
will now attempt to understand this ultraviolet insensi-
tivity explicitly in the DRED formalism as well.

log 2.7)

II1. DRED-FUL UV SENSITIVITY?

In this section, we will outline a naive DRED calcula-
tion. We will find that simply adding the anomaly me-
diated soft terms of Equations (1.1) and (1.2) to our La-
grangian by hand and then calculating using DRED leads
to inconsistencies. In particular, we are unable to recover
the well-established result of UV insensitivity. In this sec-
tion, we demonstrate the problem using the technique of
Arkani-Hamed, Giudice, Luty and Rattazzi [11] which
“analytically continues” parameters in the Lagrangian
to the full superspace to incorporate the effects of soft

supersymmetry breaking. We will do explicit diagram-

matic calculations in later sections to further illuminate
this problem.
Consider a simple Yukawa model

W=hrXiXo+ MX Y1+ MX:Y5, (31)

where 7 is a light field and X;, Y; heavy. The massive
fields have tree-level supersymmetry breaking because
the chiral compensator appears in the superpotential as

M®:

’»Csaft = —Mmg/z()zl?l + Xzf’z)‘f‘ h.c. (32)

In addition, there are anomaly mediated effects according
to the general formula of Equations (1.1,1.2),

(h*h)?
(4m)*

*

»Csoft = -3 m3/2('r T+X1X1 +X2X2) .

h

T3 M3 2h TX1X2 + h C..
- ™
The question of ultraviolet insensitivity is whether the
scalar mass for the 7 shown in Equation (3.3) is precisely
canceled by the threshold effects from X, Y loops.

(3.3)



As we will describe in detail in Section IX, the loops
of X and Y precisely cancel mZ, if all integrals are done
in four-dimensions, paying careful attention to keep all
integrals finite. However, we can also understand this
computation rather simply using the language of the spu-
rions. First, we compute the Z-factor for T at Q2 > M?2.
It is given by

Kb AR (BRPS IAP

log Z;(Q) = (ar )21 07 @n 2 og o7
Now, we incorporate supersymmetry-breaking effects by
substituting A — A®. Performing this replacement, and
inserting the vacuum expectation value for the chiral
compensator, (®) = 1+ mg/26%, we obtain the anomaly
mediated pieces shown in Equation (3.3). Now we inte-
grate between the scale @ and M and find the low-energy
theory below M.. The additional contribution to Z, is

@ (R0 G

h*h
AlogZT—-(z;)—zlog—m—— (4 ) M2

(3.4)

(3-5)

Using this
expression, we can isolate the supersymmetry-breaking
effects in the threshold correction.

One effect arises from taking M — M® in the last

- 2 .
term, which gives AmZ = +3%’)l.,—m§ /2 This corre-
sponds to the sum of all two-loop diagrams in Figures 5
and 6 with —M m3/2X Y; mass insertions. The other
source of SUSY breaking is the A-term. Its effects can
be obtained by the replacement h — h(1— 3Wm3 /20%)
together with M — M® in the first term (and a simi-
lar replacement for h*). The contribution to AmZ is

6%?");m3 /2 This corresponds to the one-loop di-
agram,Graph 7-1, that contains one A-term and one
Mmgz;5 mass insertion. Adding the threshold corrections
to the anomaly mediated piece +3%.-"'—1)4ﬁm§ /20 We find
a complete cancellation. This cancellatlon demonstrates
the UV insensitivity.

Now we perform the same calculations, using regular-
ization by Dimensional REDuction (DRED), and we do
not find the complete cancellation. The threshold cor-
rection can again be read off from the Z-factor

Alog Z;

— h*h —2¢ -2 1 (h*h')23 —4e _ n)—4e __1_

=G 9T g 9w
(3.6)

Suppose we do the calculation in the same spirit as in
the case with the holomorphic regularization. Then, we
should again include contributions from two sources: a
cross term between an A-term and the Mmgy term,
shown in Graph. 7-1, and the diagrams including only
the Mmg/, term. The contribution from the A-term
and M® in Graph 7-1 can be found again by making

the replacement k — h(1 — 3—(2"—:);m3/202) together with
M — M® in the first term of Equation (3.6). The re-
sult is the same as in the holomorphic regularization:
AmZ = -6 i{%’{;mg /2~ However the other contribution,
from the replacement M — M ® in the last term of Equa-
tion (3.6), comes out differently. Because (M2®®)2¢ =
(M2)=2%(1 — 2e%mg;s — 266%mgy)y + 4620252m§/2), we
» 2
find Am?2 = +6§(';—:f4—m§ /2- Summing this result with
the contribution from the A-terms, we find Am?2 = 0.
We will explore in detail how this result, which differs
from holomorphic regularization result, arises in section
IX. For now, the important thing is to realize that we

have found an unexpected result. We had hoped to find
a threshold correction, that when added to the anomaly

. mediated piece, +3£(h;—1rh));m§/2, would yield a complete

cancellation. Instead, we find that the “threshold correc-
tion” itself vanishes. Somehow we seem to have lost the
ultraviolet insensitivity! :

What we have seen here is that the naive addition
of the anomaly mediated supersymmetry breaking soft
terms to a dimensionally-reduced theory leads to incor-
rect results. That is to say, putting the terms from Equa-
tion (1.1) and (1.2) in the Lagrangian by hand is not the
correct prescription in DRED. Note that most calcula-
tions in the literature are done with this naive imple-
mentation. We have to develop a consistent formalism
to implement anomaly mediated supersymmetry break-
ing within the DRED. We proceed to do this in the fol-
lowing section.

Finally, we comment on the reason that things did not
“go wrong” in the holomorphic regularization scheme.
In that case, one has already integrated out the ficti-
tious Pauli-Villars fields at the cut-off scale, yielding the
anomaly-mediated soft terms of Equations (1.1) and (1.2)
at the cut-off scale. Therefore, in the Pauli-Villars case,
it is perfectly reasonable to treat the usual anomaly me-
diated soft terms as a boundary condition at the cut-off
scale. We will expand upon this point in section VI.

IV. DERIVATION OF THE LAGRANGIAN IN
DIMENSIONAL REDUCTION

In this section, we motivate the bare Lagrangians ap-

propriate for use with DRED regularization. We look

at both the case of a Yukawa theory and a theory with
gauge couplings, trusting that combining the two pro-
vides no new wrinkles. In each case, our procedure ba-

'In fact, there is an additional piece that comes in at h?
proportional to €. The presence of this term does not change
the effect that we have gotten an unexpected result.




sically consists of starting with a supersymmetric La-

grangian, and determining how chiral compensators in-
ject supersymmetry-breaking into the Lagrangian.

By examining the Weyl scaling properties of the su-
pergravity fields [?], we can determine where we must
add chiral compensator fields ® to the supergravity La-
grangian to make it super-Weyl invariant. As noted
above, we can then rescale fields so that the chiral com-
pensator appears only in front of dimensional couplings.
This fixes how supersymmetry breaking enters the La-
_grangian since the breaking happens when ® takes the
vacuum expectation value ® = 1+ mg /292.

Here is how this works for a dimensionally reduced
theory with Yukawa couplings: In 4 — 2¢ dimensions, the
Lagrangian, written in terms of bare chiral superfields
looks like:

£= [ dt @ehy—qla

- (/ d%0 @72 (Xijk,0Q: Qi Qk + Mij,0Q:Q;) +h-c> . (1)

Here, the 0 subscript denotes a bare quantity. To recover
canonical normalization, we rescale

Qi

Qz Pl=c’ (4.2)

and then as promised, the chiral compensators only ap-
pear in front of dimensionful couplings in the superpo-
tential:

c=[aqle,
- (/ d%0 ®°Xi54,0QiQ; Qx + B M;; 0QiQ; 'Fh-c)- (4.3)

The extra power of ®¢ can be thought of as arising from
the ¢ dimensionality of Ai;x,0 which appears in 4 — 2¢ di-
mensions. Expanding in components, we find two.sources
of supersymmetry breaking in the bare Lagrangian:
Loreaking 3 —€m3/z/\ijk,oQinQk - ma/zMz'j,oQi@j-
(4.9)

The first term is one of the important evanescent opera-

tors which produces anomaly mediated soft-terms to the. -

low-energy effective Lagrangian.
For the gauge theory we begin with the Lagrangian

1

£3-—
4g2

1 g

d2OWW + — / d2OwWw (4.5)
493

and dimensionally reduce it. The @ dépendence can be

fixed by arguments of holomorphicity and dimensiohality,

_ in analogy with the resulting ®°);;x o dependence found

above. Then we should promote 515 to a superfield gauge
o
coupling [12,11],

"The metric tensor g#
. dimensions, and I'y is the gauge connection defined by

" e-scalar mass m;

1 (t—Ze
58 = —, 4.6
] 92 (4.6)

with which the Lagrangian becomes

1 1 oo
L3y / d?0 SWW + 2 / 20 STWw. (4.7)
We theh would like to associate a real superfield, Ry,
with the gauge coupling constant [11]. With the above
Lagra,nglan the superfield Ry, whose lowest component -

is glg, is given by:

(I)—2e + (@1)—25

Ry =
2g2

(4.8)

However, this choice does not lead to the familiar predic-
tion of the anomaly mediated supersymmetry breaking:
m? = {ym3 ,. It differs at O(c). We will work with a
more convenient form that leads to the familiar predic-
tion without O(¢) corrections. Instead of Equation (4.8)
we take

(eoh)~

Ry= ———. 4.9
0 gg ( )

The two expressions for Ro differ only in §28° compo-
nents, which does not lead to any physical difference in
the four-dimensional limit: We prove this fact in the next
section.

Using Equation (4.9) as the real gauge coupling super-
field, we can write the bare Lagrangian using the GMZ
evanescent opera.tor [14]. Here the bare action is given

by

1 / P (<1><1>f gtz (L), (4.10)

runs only for the compactified 2¢ .

TH — lazdﬁd(e— (4.11)

3 VDI"‘eV).

This leads to a component Lagrangian that contains the
following supersymmetry-breaking pieces:

L reakin S \1la o AX
breaking = 9(2) <2em3/2/\/\ + 2€m3/2

€ .
+§m§/2gé“’A”A,,) (4.12)
Therefore, the supersymmetry-breaking effects are a tree-
level O(¢) gaugino mass my = —€mayz, and a tree-level
2= cm§/2
For Abelian theones we may also use

1
1693

2
/ d*0 (<1>q>f)~fwa%—wa +he. (4.13)



to introduce the real superfield gauge coupling, Equa-
tion (4.9). In this framework the e-scalar mass is replaced
by a non-local modification of the gaugino propagator.
We find:

1 /1 1 —_
Lyreaking D g—2 (-2-Em3/2A)\ -+ —€m3/2/\/\
) 0

,\ama,\)) :

However, it is not clear how to interpret a non-local term
in a bare Lagrangian. Moreover an extension to non-
Abelian theories is somewhat opaque due to difficulties
in making the expression containing & gauge-covariant.
Nevertheless, it provides a useful cross-check to our cal-
culations with the GMZ operator in an Abelian gauge
theory.

1
—i-2 e2m§,2 ( (4.14)

V. DERIVATION OF THE SOFT
SUPERSYMMETRY BREAKING TERMS IN
DRED

With bare Lagrangians in hand, we now go back
and derive the anomaly mediation formulas for the soft
supersymmetry-breaking parameters (Equations (1.1)
and (1.2)) for DRED regularization. This discussion is to

be compared with the known discussion for holomorphic .

regulators, reviewed in section II.

A. Yukawa Theory

In the Yukawa theory the bare Lagrangian is given by
Equation (4.3). For simplicity in this section we drop the
mass terms, so that

L= /d‘*b QlQi - (/ 420 @ 0Q:i Q5 Qx +h.c) :
(5.1)

The important point is that ®°A;;x o acts as an effective
Yukawa coupling constant.

We start by considering the wave-function renorm-
alization! Z that appears in the effective Lagrangian.
Again, following the discussion of [11,12], we promote
Z to a superfield Z, and we expand in a power series of
effective coupling constants ®€\;;x o: '

'Note that in our notation, Z~! is the residue of the pole
that one would find by calculating the two-point function.
That is to say, Z would be the coeflicient of the bare fields
QQ! in the 1PI effective action.

. k
Dy [ Mijk,oAig o(@BT)®
log Z(n) = ) ,—6,7 ( ’ L’;S (5.2)
k=1

The coefficients Dy, are regular in the ¢ — 0 limit. Since
the Yukawa coupling in 4 —2¢ dimensions is dimensionful,
it appears always with an appropriate factor of ®¢.

Now we expand the chiral compensator @ = 1+mg/562,
yielding the expression:

17k OA k
log Z = Z (———J ”’_‘ 0)

Z (m3/20 +h. C)ka (l\ijk,oxfjk,o)k

Ck 1 “26
25212 «  \k
m3/20 0°k* Dy ( Nijie oMk 0
sy T - 63)
k=1

~ Finally, we can write the expressions for vy and A, by

taking the appropriate derivatives of the first term in
Equation (5.3). We find

k
ka ijk, 0)\, ik,0
7= Z k-1 ( ZEJ
ksz ik, OAz]k 0 k
= —22 k-2 ( 25 )

Now using Equations (5.3, 5.4), and summing the contri-
butions from the #, j, and k particles, we find:

L= / %0 (1 - —m3 9252) Q1o

- / d? 025 ® (1= (i + 75 + Ye)ms/20”) QiQ;Qx
(5.6)

(5.4)

(5.5)

+ h.c.,

where we distinguish the renormalized Yukawa coupling
by Mijk = Mijr,oZ; /227?27, The soft terms do in-
deed take the form of Equatlon (1.1) and Equation (1.2).
Notice, however, that an additional O}(¢) supersymmetry-
breaking Yukawa coupling arises by expanding ®¢. This
is just the tree-level evanescent operator from the bare
Lagrangian as in Equation (4.4). Our effective La-
grangian contains a total A-term

Aije = —mgpadije(y + 95 + %) + emapadige. (5.7)

B. Gauge Theory

If we turn off the Yukawa theory but add gauge inter-
actions, the discussion proceeds analagously. Instead of
the effective Yukawa coupling ®°€\;jx 0, the relevant ex-
pansion parameter for Z is g3(®®1)¢. This is clear from




Equations (4.10,4.13). Now we justify the form of Equa-
tion (4.9). To do this, we need to show that there is no
physical consequence in switching from Equation (4.8) to
(4.9) in the four-dimesnional limit.

Consider the following change in the real gauge-
coupling superfield:

A2

R— R+0%0°— (5.8)

Clearly this change will not affect one loop quantities

such as A-terms and the gaugino mass, as both of these

depend solely on the 2 pieces of the Lagrangian. We

show now that the scalar masses are also unaffected in

the four dimensional limit as we pass from Equation (4.8)
to Equation (4.9).

The argument is simple. (To keep our expressions un-
cluttered we work with a single gauge coupling constant,
~ but we have checked that the argument can be gener-
alized to multi-coupling theories.) Generally, under the
transformation of R in Equation (5.8), the change in the
mass-squared of a matter field Q); is
Yipz,

m? — m? 4+ = (5.9)
€

We can see this as follows. Starting from the expansion

log Z; = ZCngk ~2ke, (5.10)
k=1
we find
v —_eZka_q k y—2ke (5.11)

k=1

Now, the changé in R above is the same as the replace-
ment ‘
R™' 5 R71(1-626%A%). (5.12)
Recall that to recover the scalar masses, we need the
6202 piece of log Z, which is found by replacing g2 in
Equation (5.10) by R™!. So the change in R~! induces a
change in #26? component of log Z; as given by making
the replacement
— 026°A?)

ge -+ R7I(1 (5.13)

2 _

in Equation (5.10). Therefore the change in m; =

- lOg Zilg_zo‘z is

—ZCkQ

This proves the assertion of Equation (5.9). Now notice
that the difference between

kAZ —2ke : :y}_AZ
€

g (@ + o)

R, = 5

(5.15)

(5.14) °

and

Ry = g7%(®@!)~¢ (5.16) -
is A2=R; — Ry = —*m} /2- Therefore, in this case, the
change in the scalar masses is only O(¢) and does not
affect the 4-dimensional limit. -

Now that the choice R;' = g}(®@®)¢ is justified, the
derivation of the soft parameters follows the same path as
in the Yukawa theory. Incidentally, our argument shows
that we are performing a calculation in the DR scheme.
[15] We have calculated the above-threshold case with a
finite external momentum. In particular, we can always
take the value of this momentum to be on-shell. Then
there is no additional change that depends on the ¢-scalar
mass in going from the m?2(u) we have calculated to the
pole mass. By definition, this is the DR scheme. This
is consistent with the comments found in [11].

We can also derive the gaugino mass following the same
line, even though it was already discussed in [2]. The
effective action is

/dszR ()< (<1><1>T) g¥tr(T,T,). (5.17)
where the lowest order in R(u) is the renormalized cou-

pling ¢%(u)u~%. We know define a dlmensmnless su-

perfield, F(u), such that ¢2(p) = F~1! Io ~g—o- The

kinetic function is a function of the bare couphng go to-

gether with the chiral compensator as
Flggu=2(@@")). (5.18)
Expanding the function F, we find

F'lozpmo 9o 17> €(0% + 67)m3 2

P = s +

F(FGRu™ + Fgopn™") g oo €007 M3y (5.19)

Noting that

. -1 )
—26_(](2)#_26 fz_]:l R
6=6=0

. d q
’B(g) = 'u?dz F |9=0_=0 =

(5.20)
we find
2 —2€ 1 ,B(g)
90 € Fllomgmo = . 5.21
I lé__a_() 294(ﬂ) ( )
Furthermore, differentiating it on both sides,
. _ d B(g)
-9 1 2, —2€ " 4 4e =y
e (Flgou*+ Fg )o=a=o /‘dﬁ 20 ()
B(g) ,32(9) ‘
= -2 . 5.22
200 2% (W) (522
Here, B(g) = pa%ﬂ(g). Therefore,



1, B

Flp) = 6% + 6%)my
)= 2oy * gy O T OImer
1 d B(9) sz 2
—5k @2‘04(”)0 0“mg,,. (5.23)
We therefore find the gaugino mass
ﬂ(y) ‘

consistent with the derivation in [2]. We also find an
all-order result for the epsilon scalar mass

d Blg)
dp 29%(p)
which had not been obtained in the literature. It would

be interesting to verify explicitly that this result is on the
renormalization-group trajectory 4 la [7].

2 12(

Mme =—59 3/2 (5.25)

VI. MORAL

The important moral to be taken away from the last
three sections is the following: in DRED anomaly me-
diated supersymmetry breaking effects are to be calcu-
lated from the bare Lagrangian, and cannot be added to
the Lagrangian by hand. The basic mistake in the naive
calculation in Section III is that we added the “anomaly
mediated supersymmetry breaking” to the Lagrangian by
hand and tried to demonstrate the UV insensitivity with
this cobbled together Lagrangian. The reason why this is
a mistake is clear from the analogy to the chiral anomaly
mentioned in the Introduction. In a regularized theory,
the chiral anomaly comes out automatically from the loop
calculations. One does not add the chiral anomaly as an
additional term to the Lagrangian. In the same way,
DRED is a regularization, which leads automatically to
the anomaly-mediated supersymmetry breaking. There-
fore, instead of adding soft parameters to the Lagrangian,
we should perform a complete calculation starting from
the bare Lagrangian that contains a Yukawa coupling
Ao®€ or a gauge coupling gZ(®®')¢. Then we should
find that contributions of heavy multiplets to the soft
couplings vanish below the heavy mass threshold. We
illustrate this UV insensitivity using DRED in our dia-
grammatic calculation of Section IX.

Finally, let us flesh-out this discussion by describing
the proof of ultraviolet insensitivity in anomaly media-
tion with the DRED framework. This is the analogue
of Equation (2.7). In general, the contributions from
heavy multiplets to the Z-factor have the dependence
(A*A)*¥(M*M)~k¢. The correct inclusion of the chiral
compensator then gives (A®EX*®1)F(MBM*B1) ke =

(A*A)*(M*M)~*¢, and no supersymmetry breaking ef-
fects remain.

Now we can analyze what went wrong in our ex-
ample in section III. Operationally, we made two er-
rors in our calculation. First of all, we extended the
Yukawa coupling incorrectly. Instead of extending it
to get the A-term diagram through the replacement
h — h(1 3%m3/202), we were meant to make the
replacement h — h®¢. Moreover, we neglected a one-
loop O(ch?) piece that was present in the high-energy
theory. In fact, in our attempt to compute the threshold
correction to log Z, we ended up computing the entirety
of logZ. We were unable to separate the high-energy
piece from the threshold correction.

The above discussion seems to say that it is impossible
to regard the anomaly-mediated supersymmetry break-
ing as a boundary at the Planck Scale. Indeed, this ap-
pears to be true for DRED. However, this is not im-
possible for other regularization schemes. We can take
this view, for instance, if we use Pauli—Villars regulators
where the supersymmetry breaking Amga;s mass term
for the regulators is the source of all other supersym-
metry breaking effects. Then we can play the following
trick. We add a pair of correct- and wrong-statistics reg-
ulator fields without Amg/s mass term, which does not -
change the physics at all. Then we integrate out the
original Pauli-Villars regulators with the Amg/, mass
term and a correct-statistics field without the Amg)y
mass term. Integrating out this pair of fields will give
us the soft SUSY-breaking terms of Equations (1.1) and
(1.2), where the anomalous dimensions are to be evalu-
ated at the cut-off scale. The left-over wrong-statistics
massive field acts as the new Pauli—Villars regulator while
the supersymmetry breaking effects are now in the La-
grangian. This way, we obtain an entirely equivalent the-
ory with anomaly-mediated supersymmetry breaking in
the bare Lagrangian, regulated by the Pauli—Villars regu-
lators that do not have a Amg3;; mass term. On the other
hand, DRED does not allow us a similar trick because
there is no “regulator field.” We need to keep evanescent
operators consistently in calculations.

In later sections, we will study the UV insensitivity
with explicit diagrammatic calculations. The situation
can be somewhat more subtle in the presence of both light
and heavy degrees of freedom, but nonetheless we have
demonstrated that the effects of heavy multiplets com-
pletely disappear from the soft supersymmetry breaking
parameters below the heavy threshold once coupling con-
stants are re-expressed in terms of renormalized ones.

VII. MODEL CONSIDERED

We now define two simple toy models to fulfill the di-
agrammatic computation promised in the previous sec-
tions. Calculations using these models will follow in sec-
tions VIII and IX.




The first model contains only chiral superfields with
minimal kinetic terms and superpotential

W, = /\T’()TLH F+ hoTX;1 X+ M X3Y7 + M X5Ys. (71)

(Note £ > —W4.) Our notation 7, L, H indicates that
we are thinking of these as the essentially massless tau,
lepton doublet, and down-type Higgs doublet superfields
of the MSSM, with A, the usual MSSM Yukawa cou-
pling. Here X;, X5, Y;, Y are the heavy fields which
have flavor-dependent couplings, i.e. they only couple
to the 7 superfield. h is a Yukawa coupling and M is
a supersymmetry-preserving heavy mass. As discussed
in the previous sections, we should add a chiral compen-
sator, @, in front of mass terms and a factor ®¢ in front of
Yukawa couplings. Note that all gauge interactions have
been turned off in this model.

In the second model we turn off all Yukawa couplings
but add an Abelian gauge coupling which one can think
of as a new U(1) flavor-dependent gauge interaction with
gauge coupling g’. The superpotential now only serves to
make the flavor fields heavy:

W =MX Y1+ M X,Ys, (7.2)

and again chiral compensators must be added in front of
masses. We keep the 7 particle in the second model but
drop L and H. v

The aim of this exercise is two-fold. First of all, we
have a chance to display how anomaly mediated calcu-
lations proceed in dimensional reduction. Secondly, we
will show how integrating heavy X and Y superfields
gives rise to the threshold effects that precisely main-
tain the anomaly-mediation form for the scalar masses.
As mentioned previously, this diagrammatic approach is
completely complementary to the already established ap-
proach of the spurion calculus.

To demonstrate the decoupling, we will calculate quan-
tities “above threshold” and “below threshold”. Above
threshold we are calculating quantities with finite exter-
nal momenta well above the mass M. In these calcula-
tions, we neglect this mass relative to momenta. Below
threshold, we can neglect the external momentum rela-
tive to the masses. This is the energy regime where we
expect to see the dependence on the X and Y vanish.

VIII. A-TERMS

In this section, we explicitly demonstrate the ultravio-
let insensitivity of the A-terms associated with the rLH
operator of Equation (7.1). This affords us our first op-
portunity to see how operators proportional to ¢ are vi-
tal to our understanding of supersymmetry breaking in
anomaly mediation. We calculate in bare perturbation
theory and use the mass-insertion formalism, which al-
lows us easily to pin-point the contributions that arise at
lowest order in the gravitino mass.

Recalling Equation (1.1),

ArLa = —mzp2A: (v + 7L + 7H). (8.1)

Now, v, changes as we integrate out the X and Y fla-
vor superfields, and we expect to see this difference in
computing the 3-point 7LH function above and below
threshold. A,rp maintains the form of Equation (8.1)
even though its value changes.

In the literature anomalous dimensions are typically
quoted in terms of the renormalized or running couplings
Ar(p) and h(p) at momentum scale p. Here we have

Yr (ﬂ)Above Threshold = 2’\ A (lu) + hh* (“)) (82)

e

1 *
T @A),
where factors of two in front of A, reflect the fact that L
and H are doublet fields. To one-loop the running cou-
plings and bare couplings are identical, so we can freely
compare these expressions with the 3-point 7L H function
computed in bare perturbation theory. In the two-loop
scalar mass-squared computation, however, we will need
to distinguish between bare and renormalized couplings.
. In the expressions for vy, we see explicitly the ultra-
violet insensitivity: Above threshold the heavy parti-
cles contribute h*h/(47)? to v, or —mg A h*h/(4m)?
to A,pg. Below threshold they do not contribute at all:
The soft supersymmetry-breaking parameter A, g is in-
dependent of the heavy-field Yukawa parameter h. Our
task now is to confirm this by diagrammatic calculation.

The relevant diagrams appear in Fig. 1. (The mass in-
sertion proportional to Mmg,; is indicated by a cross on

the ¥ X scalar line.) Above threshold at scale y, Graph 1-

Yr (/L)Below Threshold = (83)

1 vanishes quadratically in 1:‘4:, so we 1gnore it. This
leaves Graph 1-2 which has value

hohi A, '

Graph 1-2 = §—3/2202077,0 (8.4)

(4m)? ’

exactly the contribution to A,y expected from Equa-
tions (8.1) and (8.2).8 As anticipated in section II,
the graph with the evanescent ¢ operator produces the
anomaly mediated contribution to the A-term. A graph
analogous to Graph 1-2 with L and H fields running in
the loop contributes the A*A2 piece to the A-term cou-
pling.

When p € M, we find an additional contribution from
integrating out the X and Y fields, which is Graph 1-1:

m3/2h0h Az

Graph 1-1= (an)?

(8.5)

$To keep. factors of (—1) and ¢ straight, note that L >
—iA-Lg7LH and i€ 3 [Graph 1-2) L H.



As promised, this is equal and opposite to the contri-
bution from the ¢ operator. Together, Graph 1-1 +
Graph 1-2 = 0, so that at scales y <« M below threshold,
the flavor-dependent interactions of the heavy particles
do not contribute to the A-term coupling. This bears out
Equation (8.3).

It is mstructlve to see the dependence on the momen-
tum scale % = —k2. The sum of Graph 1-1 and Graph 1-
2is

im3/2h3h0/\r,o

(@n)y? arctanh

1 4M?
uy/pt + 4M?
(8.6)

which interpolates the result above threshold (8.4) and
that below threshold (zero) as expected.

Graph 1-1 is finite by itself, so it is tempting to com-
pute the threshold correction without using any regula-
tor at all. And you do learn something when you do this:
When you compute at scales p € M, you find the neg-

I
\/[L2+4M2}’ /

S
X ~
// \\ L .
7 ! \ /;’
-— > *hM )\‘rh¥\
\ A N
\ 7/ ~
BN s, H
Graph 1-1
/_4—\
/ X \\ L .
7 / \ /;’
- - > — 4 hemg)y Arh
\ T N
\\ X // H
Graph 1-2

FIG. 1. Diagrams that contribute to the A;Lp coupling.

- ative of the expected above threshold (x> M) anomaly -

mediated contribution to the A-term. How do we inter-
pret this result? This calculation computes the correct
threshold correction, but to see the ultraviolet insensi-
tivity, we shouldn’t ignore the piece it is correcting. A
theory is only defined after specifying a regulator, be it
Pauli-Villars, dimensional reduction, or what you will.
Thus Graph 1-2 or its Pauli-Villars analogue always ex-
ists, regardless of how you treat the finite Graph 1-1. We

" must regulate, and when we include contributions from
the regulator-induced operators, we find an A-term which
follows the trajectory defined by Equation (8.1). The reg-
ulator diagram gives the contribution above threshold,
and Graph 1-1 gives the threshold correction.

IX. SCALAR MASSES

As a final test of our formalism, we now compute the
different above and below-threshold anomaly mediated
contributions to the scalar masses. We recover the result
~ of ultraviolet insensitivity, providing a resolution to the
puzzle of Section III. To compare diagrammatic results
with expressions for 72, note that the diagrams ° Graph

” we compute are correctlons to iL, while —im27* 7 €

L.

A. Yukawa Theory
1. Ezpectations

To understand our diagrammatic computation, we
should first work out what we expect. We know that
the scalar masses follow the form of Equation (1.2),

For easy comparison with the literature, we display 4.
in terms of renormalized couplings. However, we gen-
erally work in bare perturbation theory, and at two
loops the renvrmalized and bare couplings differ signifi-
cantly. In particular, when v and % are written in terms
of the bare couplings, they contain additional scheme-
dependent terms that vanish in the limit that the cutoff,
A, is taken to infinity (or € — 0). Nevertheless, these
additional terms are important during the regularized
calculation, so we re-express v and < in terms of bare
couplings.

Working above threshold with the renormalized cou-
plings,

(9.2)

9 = @A () + B (R
) = 1) = )2(h*(#)h(u)) (9.3)
(1) = (Ao ()5 () + 204 ()
= A () + 70 +7m)
PO WA +x + ). (99)

Below threshold the terms proportional to h*h disappear,
and in addition, v, changes as from Equation (8.2) to
Equation (8.3). Expanding to pinpoint the contributions
to the scalar mass which change across the X and Y
threshold, we find

m2
~ 2 3/2

= e (4XEA + B*R) + R*R(2X2A, + 3h*R))

2 (225

10




(Above Threshold); (9.5)
- TP
2 = i /)4 (BAZA,)

(Below Threshold). (9.6)

Again, these expressions are written in terms of run-
ning couplings A; (), h(p), and in keeping with our pre-
viously stated protocol, we now rewrite them in terms
of bare couplings. By straight-forward computation with
DRED regularization, we can compute log Z, from which

it is straight-forward to extract m,**. We find:

2 M3 {_ Afodro  ehgho

Todmrl o (W (W)

L (16On0rn0)® | ((h§ho)? (A% odrohiho
(471-)2 (/12)26 +6 (#2)25 ,+ ( 2)25

(Above Threshold, Bare Couplings). (9.7)

Below threshold, terms in Z,; proportional to
h&ho/(p?)¢ are modified to hjho/(M?)¢, because X fluc-
-tuations are cut off at scales p « M. This means that
most of the h dependence drops out of 7., as in Equa-
tion (9.6). Here however, a A} 3A; 0h{ho term remains:

A* ,\T 2
+ - 16( T’Oz 2’0) 2 2
(4m)? (u2)% (u2)e(M?)¢
(Below Threshold, Bare Couplings).

5)\:,04\7,0
(n?)e

2 _ m§/2
T (4m)?

S

The residual k¢ dependence below threshold just reflects
our use of bare couplings. Of course the heavy parti-
cles decouple from the physics at scales 4 < M, and
we see this when we use renormalized couplings as in
Equation (9.6). As an aside, we mention that there is a
factor of two difference between terms that go like the
fourth power of the coupling constant when we compare
Equations (9.8) and (9.6). The reason is that in Equa-
tion (9.8), part of the (A} ;A;0)? term combines with
the O(e) piece to give a piece that vanishes in the four-
dimensional limit.

2. One-Loop Contributions

We now turn to the calculation of the diagrams. As
mentioned previously, for simplicity we compute below-

**As an alternative to direct computation, we can find ¥,
and hence 2, through renormalization group arguments.
This method is explicitly implemented for the gauge theory

in an Appendix.

A* A, ohth
9 T07T070 °)} (9.8)

11

threshold contributions to 2 at zero external momen-
tum. Above threshold we neglect the X and Y mass
M relative to a finite external momentum. This pro-
cedure, together with the mass insertion formalism,
means that in any given diagram there is only one fixed
mass/momentum scale, a tremendous advantage compu-
tationally. Further, when M — 0, there are fewer vertices
and consequently many fewer diagrams.

As seen in Equations (9.7) and (9.8), when we write
the scalar mass in terms of bare couplings there is a one-
loop O(e) piece. These one-loop O(e€) terms occur dia-
grammatically as shown in Fig. 2. Above the X-Y mass
threshold we can take M — 0, so Graphs 2-3, 2-4, and 2-

"5 all vanish, as they contain vertices hM and/or Mm3;s.

This leaves Graph 2-1 and Graph 2-2. Poles from the log-

_arithmically divergent loop integrals pair with the O(€?)

contribution from the vertices to give O(¢) results:

h 2-1 = ichhhg——2L2 (0.
Grap. iehg, a2 ()¢ (9.9)
Graph 2-2= 2ieX; o), ——3/2—, 9.10
Ao 10
matching our expectations from Equation (9.7). Be-

low threshold, Graph 2-1 comes with (u2)¢ replaced by
(M?)¢, while Graph 2-3, Graph 2-4 and Graph 2-5 sum
to give

Graph 2-3 + Graph 2-4 + Graph 2-5 =
m§/2

(4m)2 (M)

—ifhsho )e

(9.11)
cancelirig the hA{ho dependence of Equation (9.7) as re-
quired by Equation (9.8). ,

Other one-loop graphs potentially contributing finite
terms to the scalar mass cancel among themselves.

3. Al oArohgho Contributions

There are two types of A2h? contributions to the scalar
mass. The straightforward two-loop diagrams appear in
Fig. 3. Only Graph 3-2 exists above threshold:

m§/2
(@) ()

Thls is half of the A7 gAr, ohgho dependence needed for
M2 in Equation (9.7). As expected, it is the diagram con-
tamlng vertices proportional to € which yields the contri-
bution to the anomaly mediated scalar mass.

The other above-threshold contribution comes from .
the cross term between the wave-function renormaliza-
tion and the O(¢) one-loop scalar mass derived in the pre-
vious subsection. Since the anomaly mediated soft scalar

Graph 3-2 = —4iX% o Ar ohtho (9.12)
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FIG. 2. Diagrams contnbutlng the one-loop, O(e) terms to
the scalar mass-squared.
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FIG. 3. Dlagrams that contnbute AToArohoho terms to
the scalar mass. -

mass (Equation (1.2) or (9.7)) is the mass in a canoni-
cally normalized Lagrangian, we need to divide the mass-
renormalization part of our two-point function by the
wave-function-renormalization part, Z, = 1+6Z,, when
computing corrections to the mass-squared. Cross terms
between 47, and two-loop mass diagrams are higher or-
der, but cross terms between §Z, and the one-loop mass
diagrams contribute at O(AZh?%). '

Since §Z, will multiply the O(€) one-loop masses, we
only need the O(1/¢) poles. With external momentum p,

2
1o

A (P e 19

Graph 4-1=ih{hg

P’ 1

Graph 4-2 = 2i)} gAr0 (4”)2(—_1)2)5 B

+0(%), (9.14)

which means

hisho + 2M\: o Aro 1

07 = =i T O, (9.15)

" To lowest order, dividing by Z; = 1 4+ §Z; means mul-

tiplying by (1 — dZ;), so our sought-after contribution
is '

—JZT‘x (Graph 2-1 + Graph 2-2)

= (—Qi/\:,oz\noh2 —-2i/\:,0,\r’0h3h0 —i(hyho)?
mg/z

—4i(X% g )r,0)?) )iy

(9.16)
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FIG. 4. Diagrams for the one-loop O(1/¢) wave-function
renormalization.

These two 2A7 gA;ohgho pieces combines with the
4X} oAr,0hgho piece from Equation (9.12) to exhaust the
8A% oAr,0hiho of Equation (9.7).

Below threshold the cancellation of much of the
A} gAr0hgho dependence proceeds as follows: we find
Gr’apb 3-1 supplies a threshold correction

mg/z
(4m)*(p)e(M2)’

Graph 3-1= 4Z'h8hoA:.’0/\7-,o

which exactly cancels Graph 3-2 in Equation (9.12) af-
ter the replacement (u2)%¢ — (p2)¢(M?)¢. We already
discussed in the previous subsection how Graphs 2-3,
.2-4, and 2-5 cancel Graph 2-1 below threshold. This
leaves the cross term between 67, and Graph 2-2, one
of the terms from Equation (9.16). Below threshold the
h&ho(u?)~¢ dependence in 87, becomes hjho(M?)~¢, so
that the cross term becomes

2
M3/2

9.17)

-1

Graph 5-3 -2
Graph 5-5 -1
Graph 5-7

Graph 6-2 -1
Equation (9.16) -1

TABLE I. Values (to O(c°)) of the diagrams suppling
above-threshold (h3ho)? term in the scalar mass-squared. We
have pulled out a common factor “#i(haho)z m3 /2(;12)"2‘.

4. (h§ho)? Contributions

For now we continue to work exclusively with bare cou-
plings; the relevant /2 for comparison is that of Equa-
tions (9.7) and (9.8). The new (h§ho)? diagrams appear
in Fig. 5 and Fig. 6. The graphs shown are merely
skeletons, the true diagrams being found by adding mass
insertions and the various trilinear couplings in all possi-
ble places. '

We first proceed with the calculation of the anomaly
mediated contribution’ to the scalar mass above thresh-
old. We expect our result to agree with the (h}ho)? term
in Equation (9.7). Of the graphs in the figure, only some
occur above threshold—Graphs 5-3, 5-5, 5-7, and 6-2,
each with two trilinear vertices hoemg;y 7X1 X2. The oth-
ers vanish in the M — 0 limit.

The calculations are straightforward except for Graph
5-5. This diagram is different from the others in that
it has an infrared divergence in the lower loop which is
not regulated by the external momentum. However, the -
top loop is effectively a contribution to the X two-point
function, and if we integrate that loop first, it gives a
radiatively-generated mass to the X boson which regu-
lates the infrared divergence. (Recall that we are work-
ing in the limit where the tree mass M — 0. The ver-
tices which appear in computing the one-loop X two-
point function are hgemg/ﬁf 1X> and its hermitian con-

. jugate.) We will have more to say about infrared di-

— 62, x (Graph 2-2) 3 —2iA% 4 Ar0h3ho
(9.18)

which is the residual A7 gAr0hgho dependence in Equa-
tion (9.8). This confirms the ultraviolet insensitivity:
We have checked Equation (9.8), and when we rewrite
that equation in terms of renormalized couplings, we
find Equation (9.6). There the ultraviolet insensitivity
is manifest. : .

(4m)* (p)e(M?)<

3
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vergences in dimensional reduction when we discuss the
gauge theory. :
The values of the above-threshold diagrams appear in
Table I . Also included is the (A§ho)? contribution de-
rived in Equation (9.16), which comes from the cross
term between the one-loop Of(¢) scalar mass and the
wave-function renormalization. Altogether, we find the
expected above-threshold result '

m§/2
(4m)*(p?)%e

We now turn to the calculation of the (hfho)? piece
of the 7-scalar mass below threshold. Based on Equa-
tion (9.8), we expect to find zero. Below threshold, the
cross-term between the one-loop O(¢) mass and the wave-
function renormalization disappears because the sum of

w2 3 6(h3ho)? (9.19)
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FIG. 5. Diagrams that contribute to the h* threshold correction that exclusively include scalars. These diagrams may be
defined in terms of the integral I(m,n,l) as defined in the text. Where X is shown, it corresponds to both X; and X,, as
appropriate. Also, the three point scalar couplings shown here are the vertices hM #XV*. As described in the text, this vertex
can be replaced with the e XX vertex, yielding additional diagrams.
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FIG. 6. Diagrams that contribute to the h* threshold correction that include fermions.
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Graphs 2-3, 2-4, and 2-5 cancels Graph 2-1. Then we are
left with two-loop diagrams from Fig. 5 and Fig. 6, all
of which contribute below threshold. We split our com-
putation into three parts. First, there are diagrams in
which all trilinear vertices are of the form ho M7XY, and
supersymmetry-breaking comes from a pair of mass in-
sertions Mmg/; on the scalar lines. Second, there are dia-
grams with a single ¢ trilinear vertex and a single M'mg3/s
insertion. Finally, there are the same diagrams which ex-
isted above threshold, where two trilinear vertices are of
the form hoemg 27 X1X5. Using the integrals I{m,n,l),
F(m,n,!l), and G(m, n,l) as defined in the Appendix, we

write down the values for the Feynman diagrams in a .

compact form in Table II. _
Expanding the integrals and summing all contri-
butions, we find exact cancellation, matching Equa-

tion (9.8) and verifying ultraviolet insensitivity. In par- -

ticular, the cancellation among the O(”) terms looks like

2
M3/9

0= k) e urye

(~5+10-5)  (9.20)

where the contributions are respectively from graphs with-

zero, one, or two hgems /ZTX 1 X vertices. (Table VII

gives O(e 0) expansions for the integrals, but the spurion

computation assures us that the cancellation is exact,
and it does indeed extend to all orders in ¢.)

Now it is instructive to revisit our puzzle of Section II.

When we found a vanishing threshold correction and a re-

- sulting lack of ultraviolet insensitivity, it was because we

had not calculated all contributions to the scalar mass.

In the language of this section, we calculated the first sec-
tion of Table 11, along with a cross-term from Graph 4-1
and Graphs 2-4 and 2-5. We then added in a contribution
from the A-term by hand. This gave an erroneous result.
We have seen that the correct procedure is to calculate
the entirety of Table II, and see that the contributions
sum to zero.-

5. Finite Computation for (h*h)*

In contrast to the DRED calculation above, we present
an additional calculation that does not depend on this
type of regularization. In the language of section III,
this calculation corresponds one where we have implic-
itly used a holomorphic regularization scheme. So, we
may compare this calculation to the spurion calculation
done with holomorphic regularization. This provides an
additional demonstration of the ultraviolet insensitivity.

As described in section III, we must keep all inte-
grals in four-dimensions, paying attention to the finite-
ness of the integrals. By integrating out the cut-off de-
pendent supersymmetry-breaking operators, we recover
the anomaly mediated piece of Equation (1.2). If we
choose Pauli-Villars as our holomorphic regulator, this
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aM? I(3,1,1)
24M°® I(5,1,1) + 12M° I(4,2,1) + 4M® I(3,3,1)

Grapb 5-1
Graph 5-2

Graph 5-3 12M* I(3,2,1) + 12M* I(4,1,1)
Graph 5-4 4M? 1(4,1,0) +2M? I(3,2,0)
Graph 5-5 6M* I(3,2,1) +6M* I(4,1,1)
Graph 5-6 2M* 1(3,3,0) + 12M* I(5,1,0)
Graph 5-7 aM* I(3,3,0)
Graph 6-1 —8M? F(4,1,1)
Graph 6-2 —-24M* F(5,1,1)
Graph 6-3 4M°® G(3,3,1)
Graph 5-2 24eM* I(4,1,1) +8<M* I(3,2,1)
Graph 5-3 12eM? 1(3,1,1) +4eM? 1(2,2,1)
Graph 5-5 4eM? 1(2,2,1) + 4eM* I(3,1,1)
Graph 5-6 8eM? 1(4,1,0)
Graph 5-7 4eM? I(3,2,0)
Graph 6-2 —16eM? F(4,1,1)
Graph 5-2 8¢? 1(3,1,1)
Graph 5-3 4€% I(2,1,1)
Graph 5-5 2¢% 1(2,1,1)
Graph 5-6 2¢% 1(3,1,0)
Graph 5-7 €’ 1(2,2,0)
Graph 6-2 —~4¢® F(3,1,1)

TABLE II. Below-threshold contributions to (k3ho)? terms
in the scalar mass-squared. The three sets of values represent
diagrams in which zero, one, or two trilinear vertices are of
the form hoemgz ,7X1X2. The integrals I(m,n,l}, F(m,n,l),
and G(m,n,l) are defined in the Append]x We have pulled
out a common factor i(hgho)>m3 ;.

-
// X \\
/ A\

o1 vV F
—->-$hA xx hM ¢ -+ -~
AN /I
X A // Y

. Graph 7-1

FIG. 7. Additional diagram for the finite h;4 calculation.
Ip is effectively a two loop diagram, as there is a one loop
suppression ‘through the A-term vertex.
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procedure would essentially correspond to working with
an effective Lagrangian at a scale p below the thresh-
old of the Pauli-Villars particles. We have integrated out
the Pauli-Villars fields, and the anomaly mediated soft
terms now appear in our effective Lagrangian. Keeping
this anomaly mediated piece in mind, we may turn to
a calculation of the threshold correction. We calculate
the diagrams with X and ¥ particles in the loops, taking
care to keep our integrals well defined at all times.
First, the A-terms in the effective Lagrangian give rise
to the diagram in Fig. 7. This is effectively a two-loop

diagram because there is one-loop suppression through

the A-term. It is already finite. Recalling that A, x, x, =
—mgs2h(vr + ¥x;, + ¥x2)s

m2 .
Graph 7-1 = 2ih*h 22 (yr + 7x, +7x.)  (9.21)

(4m)

m2
Tk 2 (2X5A, + 3h%h).
(4m)*
The remaining relevant diagrzims and their formal val-
ues appear in the first part of Table II. Of these only a
few are potentially divergent. Expanding F'(I,m,n) and
G(l,m,n) in terms of I(l,m,n), we find

= 2th*h

Sum of Diagrams = Finite 4.
(24M°®1(5,1,1) +30M*I(4,1,1) + 6M2I(3,1,1)).

(9.22)

The last three terms are individually divergent, but
their sum is clearly not, since the left-hand side is finite.
In Appendix B, we outline a completely finite calculation
of these terms. All told, we find that the finite evaluation
of these diagrams yields precisely -—3i(h*h)2(411r)4 m2 /2
When ‘added with the 6i(h*h)2 zi @r
from Equation (9.21), we find a total 3i(h*h)? Wm-'i/Z
This is the proper threshold correction to cancel the
known above-threshold. contribution from the Pauli-
Villars fields as given in terms of renormalized couplings,
Equation (9.5). This again verifies ultraviolet insensitiv-
ity. . :
It is worth contrasting how the cancellation happens
in dimensional reduction (Equation (9.20)). In that case
the diagrams with no e-dependent vertices contribute
—5(h§ho)?, versus —3(h*h)? in the completely finite cal-
culation. This is a signal that we must include the e-
dependent vertices to get the consistent results. The di-
mensional reduction cancellation happens through com-
plicated interplay between these diagrams and those with
the new ¢ vertices.

@n* m3 /2 contribution

Finally, we mention that the couplings throughout our .

“finite calculation” are the renormalized couplings, h(u).
This is because we have generated the soft terms by inte-
grating out the Pauli-Villars fields at the cut-off scale to

get Equations (1.1) and (1.2). However, these equations

i(A70Ar0)? ﬁmg/z (w

Graph 5-2 : 0
Graph 5-3 -4
Graph 5-5 } v -2
Graph 5-7 -4
Graph 6-2 o -2
Equation (9.16) -4

TABLE III. Values (to O(e®)) of the diagrams sup-

pling above-threshold (Afo)r0)° term in the scalar
mass-squared. We have pulled out a common factor
?)=2¢,  Everywhere in Graphs 5-2
through 6-2 L and H replace X and Y.

are renormalization group invariant, so, we can run them
down to our threshold scale, M where the equations still
hold, now evaluated -at the RG-scale M. This threshold
correction is then done with couplings at this scale, in
other words, with the renormalized couplings.

6. (Ar0Ar0)? Contributions

The calculation of (A} jAr0)? contributions to 2 is
identical to the above-threshold (h§ho)? calculation, the
only difference being factors of two from the doublets
L and H. The table analogous to Table I is Table III.
Summing, we find the 16(A} Ar,0)? expected in Equa-
tion (9.7). (Af gAr,0)? contributions are not affected by
integrating out the heavy X and Y fields.

In summary, we have utilized our new formalism in
DRED to check two anomaly mediated calculations.
First of all, we were able to check the usual form of the
anomaly mediated contributions to A-terms and scalar
masses. Secondly, we were able to explicitly verify the
ultraviolet insensitivity of anomaly mediation through a -
diagrammatic calculation. '

o

B. Abelian Gauge Theory
1. Ezpectations

Shifting to the U(1) gauge model described in section
VII, we have particle content 7, X;, Y7, X3, Y,, with
superpotential given in Equation (7.2). In this section
we primarily focus on additional subtleties that arise for
the gauge theory. We show a computation of the above-
threshold anomaly mediated contributions proportional
to Y2 and Y?YZ. We further check that the contribu-
tions going like Y2Y} vanish below threshold, confirm-
ing ultraviolet insensitivity. We believe these calcula-
tions capture the subtleties associated with the gauge
theory. Incidentally, the calculation of the anomaly me-
diated contributions in this model is quite similar to a

gauge mediation calculation performed previously [16].




Before calculating any diagrams, it is important to Graph 9-

. . 2¢
know what we expect for the scalar mass. For this, we Graph 9-2 2 e
need to know 7. It is useful to write the results in terms  Graph 9-3 : de

of both renormalized and bare couplings. In terms of
renormalized couplings we have:

TABLE IV. The one-loop O(c) contributions to the

scalar mass. . We have factored out the quantity
. 2 e
(1) = 1 = 12 )YZ)' _ v 0 23)' zgf’, (—‘,:r—)fﬁmg,%(uz) . Only one of Graph 9-1 or.9—2 con-
Trik) = (47!')2 9 \B) ) . tributes, depending on the form of the bare Lagrangian. The
1 . sum of Graph 9-1 and Graph 9-3 yields a total contribution
¥ (1) = an)? (=4g'(w)d' (W)Y : which agrees with Equation (9.27). :
T
1 ,
= @ (g WY (Y2 + YR + Y + Y4, + V) Graph 86 ——
1 Graph 8-6 Non-Local ' : -2
= W(—4y'4(u)YTZ(YTQ+ > v (9.24) Graph 10-1 ' o
heavy TABLE V. Values to O(e”) of the graphs contribut-
. R _ing to the go correction to the scalar mass above
{Here and below, thf.z sum over heavy multiplets is per- threshold. We have omitted a common factor of
formed for each chiral superfield separately.) Then igh? L m§/2Y2Z Y2 (u?)%.
clearly, (am)? T heavy “ ¢ .

. ‘ A .
mZ = m3/i (_Qg"*(#) YT?(YT2 + Z Y,Z)) (9.25) give Y.* contributions, but we do not expect further con-

T (4m) heavy ceptual difficulties in their calculation.)
(Above Threshold); , Let us consider the contribution to the scalar masses
2 above threshold. In this energy regime the SUSY-
m? = M3/2 (—2¢"4(p) Y3 (9.26) breaking Mmg;; mass insertion is suppressed (M —
T (4m)? ) ) : ‘ 0), so there are only two sources of supersymmetry-
(Below Threshold). - , breaking. First there is a tree-level gaugino mass, my =

—emgyz. Then depending on the choice of the bare La-
The last expression does not depend on the properties of  grangian, Equation (4.13) or Equation (4.10), the re-
heavy particles at all, manifesting the UV insensitivity.  maining supersymmetry-breaking is given by the non-
To get the analogous expressions in terms of the bare  Jocal gaugino operator in Equation (4.14) or by the ¢-
couplings requires a bit more work. This calculation in  gcalar mass, m, = em? /o that results from using the GMZ
done in an Appendix. In terms of bare couplings we have:  gperator.
' ‘- The diagrams in Figure 9 yield the one-loop O(¢) piece
~ 9 m§/2 ( RETE 4964Y72(Yr2 + Dheavy Y12)> (9 27)in Equatiogns-(9.27) and (9.28). Depending on o(uz' form

M = (4m)? (p2)e (4m)?(pu2)2e for the bare Lagrangian, either Graph 9-1 or Graph 9-2
(Above Threshold, Bare Couplings ). ‘ (I:(\)]ntribui?es. The values of the diagrams appear in Tablg .
2 : :

=2 _ M3/2 5er962 The two-loop terms come from one or two diagrams. If
T (4n)? (u2)¢ we choose to work with the non-local operator, only gaug-
aua rdy2 v? inos have supersymmetry-breaking, and so only the single

490 Y- 9o *r Liheavy (9.28)topology Graph 8-6 contributes. If instead we work with
(4m)2(p2)2 (4m)2 (pu2)e(M?) a supersymmetry-breaking mass for the epsilon scalar,

(Below Threshold, Bare Couplings ). Graph 10-1 adds to a reduced contribution from Graph
‘ : 8-6. Table V collects these contributions to the scalar
mass, which total

2. Insensitivity m

w2 5 —4gh'Y;? hZ y2 32 i )4 (9.29)

In this section, we will compute the above-threshold v :
anomaly mediated contributions proportional to Y;? and This completes the calculation of the mass above the
Y2YZ 5 and we check that the latter vanish below thresh-  threshold. We now demonstrate decoupling. All Graphs
old to confirm ultraviolet sensitivity. The relevant skele- in Fig. 8 are relevant, because below threshold we keep a
ton diagrams are shown in Fig. 8; we must add appropri- finite X-Y mass M, and supersymmetry-breaking enters

ate supersymmetry breaking vertices to form the actual  through a XY mass insertion. First we consider only
diagrams. (There are many additional diagrams which  the diagrams with this sort of supersymmetry-breaking.
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Prad ‘b"‘~
" eScalar ™,

Graph 9-3

There appear to be seven such diagrams, but several of
these in fact do not contribute.

Graph 8-5 vanishes because it is proportional to the
sum of the flavor charges of the heavy fields. This sum
vanishes by the gauge invariance of the Lagrangian. The
sum of Graph 8-2 and Graph 8-4 also vanishes by gauge
invariance: If we add Graph 8-4 and Graph 8-2, we get
a graph that contains the vacuum polarization operator
for scalar QED, with a form fixed by gauge invariance to
be

" = (p*p” — p*¢*)I(p?).
Upon contraction with the momentum-dependent
(F0,7*A* + h.c) vertex, the sum of Graphs 8-2 and
8-4 yields zero. Thus only four graphs containing
supersymmetry-breaking due to the Mmgz;, mass inser-
tion contribute to the threshold correction: Graphs 8-3,
8-6, and the combination of Graph 8-1 and Graph 8-7
which again contains the vacuum polarization operator.

There is a remaining worry concerning infrared diver-
gences. We can safely express Graph 8-3 in terms of the
standard integrals in the appendix, but we must be more
careful with the other graphs. If blithely written in terms

(9.30)

- of I(m,n,!), the diagrams contain infrared-divergent in-

FIG. 9. Diagrams that contribute to the O(¢) scalar mass.

Graph 9-1 exists when we utilize the GMZ operator as our
bare Lagrangian. Graph 9-2 exists when we utilize the
non-local operator: the vertex depicted in this graph is the
non-local vertex of Equation (4.14). Graph 9-3 exists in either
case, and gets its supersymmetry-breaking from the gaugino
mass.

XY

N7
= e — e — o — —

7

- Graph 10-1

FIG. 10. e-scalar diagram that contributes to the gb* con-
tribution to the scalar mass. The supersymmetry-breaking
arises from the ¢ scalar mass.
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leads to inconsistent results. :
‘metry we must use DRED, and not DREG, because an-

tegrals which are not automatically regulated by DRED.
While in DREG one can analytically continue to 4 + 2¢
dimensions to regulate the IR, DRED by definition com-
pactifies 4 dimensions down to 4 — 2¢ dimensions. IR-
divergent integrals are thus not well defined by DRED,
and one can find mutually inconsistent ways to evaluate
such integrals. In particular, the sometimes-seen pre-
scription
4
r_,

= (9.31)

(inconsistent)

Nonetheless, in supersym-

extension above 4 dimensions changes the spinor alge-
bra and causes a mismatch in the fermionic and boson
degrees of freedom. In short, a safe and consistent pro-
cedure is to use DRED to regulate the UV and add finite
masses to regulate the IR when necessary.

Fortunately in our case, we can largely avoid the in-
frared divergences. There are only two cases where we
find IR divergences to be an issue. The first is Graph 8-1
with the e-scalar replaces of the vector boson. The second
is in Graph 8-6 when there is supersymmetry breaking
from the non-local contribution to the gaugino propaga-
tor. In these cases, we keep a finite mass. - Among the
other graphs, once Graph 8-1 and Graph 8-7 are com-
bined, the sum is manifestly infrared finite. Graph 8-6
(without the non-local term in the gaugino propagator)
and Graph 8-3 are each infrared finite on their own. We
evaluate these two graphs directly, and their result is
shown in Table VL



"We evaluate Graph 8-1 and Graph 8-7 by summing
their top loops into the vacuum polarization operator and
then contracting this subgraph with the seagull vertex.
This avoids all ambiguities due to infrared divergences.
To compute the explicit form of the vacuum polarization
operator, we found it easier to work in the mass eigen-
basis, where the scalars have masses M 24+ Mmg /2, and
then to expand to O(m2 /2). For a scalar particle of mass

M and charge Yx (in the mass eigenbasis),

H(pZ) : (pupu _ngpV)_}El;.l:;z_zg_(__)_ X
/ (1 — 22)?
0/ R

Summing over the two eigenmasses and expanding in
mg/2, we find the vacuum polarization in the mass in-
sertion formalism:

(p*) =
(im§/2M2)

1
/d:c

0

(P"p* — p’g™) x
Y2 98T(2+¢€)
(47!')2 €

(1-2x)?2
(M? - p*(1 — z)z)>+e

(9.33)

We contract this result with the seagull vertex to obtain
a final value for Graphs 8-1 and 8-7. The result appears
in Table VI

There are further contributions in which supersymme-
try breaking does not come from the B-type mass. The
tree-level gaugino mass equal to —emgy/, enters a dia-
gram identical to Graph 8-6, but with one or both of
the XY mass insertions replaced by gaugino mass inser-
tions. Finally, there are the diagrams involving either the
non-local correction to the gaugino propagator (Equa-
tion (4.14)), or a massive ¢ scalar (Equation (4.10)). For
these diagrams, as mentioned above, we are careful to
keep a finite mass to deal with the infrared.

Summing the first six and either .of the last two con-
tributions from Table VI, we find below-threshold scalar
mass dependence

ms/z

~ 2 2 2 :
m75—2g Y ZY 22 (M)

heavy

@ (9.34)

This establishes Equation (9.28), which is in turn equiv-

alent to Equation (9.26), making ultraviolet insensitivity
explicit.

8. Finite Computation for g

Finally, a “completely finite” calculation, along the
lines of that performed for the (h*h)? case, is possible
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Graph 87 + 8-1
Graph 8-1 (e-Scalar)

(2 =5 —6q)(M*)~*
2(2) (M%)

Graph 8-3 2I(3,1,1) — I(2,2,1)
=(:—1-2y)(M?)7*
Graph 86 (—-% + 2 4 8y)(M?)

_g(uZ)—e(Mz)Te + 8(M2)--2e
12(u2)—e(M2)-—e - 6(M2)—2e
Graph 8-6 (Non-Local) —4(°) (M) 2(M)
Graph 10-1 (GMZ) —4(p?)"(M?) "~ 4 2(M?) 2

TABLE VI. Values to O(c") of the graphs contributing to
the go correction to the scalar mass below threshold.. We
have omitted a common factor of igh* (;:,—)TYT") Zheavy Y?m3,,.
The integrals I(m,n,l) are defined in the appendix. The
first set of entries correspond to diagrams where XY inser-
tions have been made in the graphs. The multiple listings of
Graph 8-6 represent the additional contributions that arise
when one or both of the supersymmetry-breaking vertices of
a mgpa M XYV mass insertion is replaced with supersymme-
try-breaking gaugino mass vertex. The 8-6 (non-local) and
10-1 (GMZ) values enter alternately, depending on which La-
grangian is used. They are not to be added simultaneously
toward the total contribution.

Graph 8-6 (One m))
Graph 8-6 (Two m»)

for the gauge theory as well. Although at first glance
it appears that the theory is unregulated, we can play
the same game that we did in the Yukawa theory, and
imagine that we are regulating the theory through the
use of the Pauli-Villars regulators. After the X and Y
Pauli-Villars regulator fields have been integrated out, a
contribution proportional to Y2Y? arises, as shown in
Equation (9.25). Integrating out the phy51ca.l XandY
particles should precisely cancel this anomaly mediated
contribution. This is the ultraviolet insensitivity. This
calculation is outlined in an Appendix. The result of the
finite calculation of Graphs 8-1 through 8-8 yields the
contribution: (4—;)—42m§ /2_4,7'4(/1)Y,2 > heavy Yi» which pre-
cisely cancels the corresponding term in Equation (9.25).

X. CONCLUSION

We have discussed how DRED can be used for calcu-
lations in anomaly mediation. Including operators pro-
portional to ¢ is absolutely essential, and failure to do
so will yield incorrect results. For example, as we have
shown, inclusion of the O(¢) operators is vital for recov-
ering ultraviolet-insensitivity. We stress that inserting
soft masses into the Lagrangian by hand and calculat-
ing with the resulting piecemeal Lagrangian will not give
correct results. The failsafe procedure is to start with
the bare Lagrangian given in Section IV and compute
from there. The anomaly mediated soft terms seamlessly
emerge from these computations.

To demonstrate our DRED formalism, we have per-
formed a diagrammatic calculation to shed light on the




anomaly mediated supersymmetry breaking scerario. In
particular, we have shown explicitly how threshold cor-
rections keep the supersymmetry-breaking pararneters on
anomaly-mediation trajectories. This result is not a sur-
prise, considering the proof that already exists in the
spurion calculus. However, it is interesting to see exactly
how the great multiplicity of diagrams conspire to pro-
vide the necessary contributions and cancellations. Our
calculation provides an explicit diagrammatic check of
the ultraviolet insensitivity.

Finally we mention that while the calculation in Sec-
tion IX B refers to an Abelian model, it would be rel-
atively straight-forward to extend this discussion to a
non-Abelian gauge theory.
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APPENDIX A: EVALUATION OF THE
INTEGRALS

Several diagrams contain similar integrals. In partlcu-
lar, it is useful to define:

I(m,n,l)

1 / dip d*k 1
S @n)E ) (P2 - M2 (k2 — M2 (k+ p)?
(A1)

and it is convenient to regularize the integrals using di-
mensional reduction. Tt

After performing the integrals, I(m,n,l) can be ex-
pressed entirely in terms of Beta functions (B) In par-
ticular, :

""Both integrals must be continued to 4 — 2¢ dimensions,
even though in practice, one integral is completely finite in
the mass insertion formalism. The reason is that the O(e)
terms in the finite integral can combine with L poles from the
second integral to modify the finite pieces in the result.

Integral Series Expansion
1(3,1,1) —ﬁ;(i 1+ 0(e))
1(3,2,1) W(—li"*' O(e))
1(3,3,1) ?(rﬁ- O(e))

I(4,1,1) W(l—glg - fli + %“‘ O(e))
I(4,2,1) A—,{Eggl’f‘ (9(16) . )
1(5,1,1) welize 13— 12+ O(e

1(3,2,0) #(51; — 3+ 0(e) -
1(3,3,0) W(—%‘f‘ 0(6))

1(4,1,0) | W(*g £+ 24+ O(e))
1(5,1,0) (o + —12— 5+ O(e))
G(3,3,1) (4 2+ 4+ O(e))
F(4,1,1) az(E2 41— 2+ 0(e)
F(5,1,1) (T — 5+ 1+ 0(e)

TABLE VII. A list of series expansion useful in evaluation
of (R*h)? cancellations. We neglect the Log(4n) and Log(M?)
which ca.ncel along with the Euler-v’s. There is also a common

factor of (4”)4

(—1)mintitt B(2,n+m—2)
(4r)4-e(M2Z)ntmti=4+e T'(2 — €) B(m, n)
xBn+l—-2+e¢m+1—2+¢)
><B(2—~l—e n+m+l—4+¢).

I(m,n,l) =

(A2)

This expression can then be Taylor expanded to order ¢,
as shown in Table VII.

We also also define the following integrals which
are useful in the evaluation of dlagrams that include
fermions:

‘ _ [k (p-k) d*p Ak
F(m,n,l) _/ T2 ((k=p)2 ~ M) (k2 = MZ)m’
- (A3)
- and
_ [ K%k -p) d*p d*k
G’(m,n,l) = (pz), ((k‘ +P)2 _ Mz)n (k.2 — M2)m .
(A4)

Using partial fraction decomposition, one can rewrite

- F(m,n,l) and G(m,n,!l) in terms of I(m,n,l). In par-

ticular, we find that:

-1 .
F(m,n,l) = —2—[I(m— 1,n, )+ I(m,n—1,1) +

I(m,n,l -1)] - _le(m,n,l), (A5)



and
G(m,n,l) = —x
(Itm=-1,n—1,0) = I(m — 2,n,l) — I(m — 1,n,1 - 1)
+M?[I(m,n — 1,1) = I(m — 1,n,1) — I(m,n,] - 1)]).

(A6)

APPENDIX B: FINITE CALCULATIONS

Here we undertake the “finite” calculation of the A%

correction in the Yukawa model and a similar calculation .

in the gauge theory. First consider the Yukawa theory.
Using Table I and Table VII, one can write the threshold
correction (excluding the A-term contribution) as

Sum of Diagrams = §(h*(p)h(p))*(Mms,2)? ((4%)“4 —1

+24M*1(5,1,1) + 30M?21(4,1,1) + 61(3,1, 1))

Here, we have only used the expressions in Table VII for
those integrals that are finite. Since we are not working
in DRED here, there is no order € contribution to these
integrals.

Our remaining task is to calculate the combination
24M*I(5,1,1) + 30M2I(4,1,1) + 61(3,1,1) without re-
sorting to the regularization of any integrals. After a
Wick rotation, we can write this combination as:

6/ d*p dik 1 1 1
(2m)8 (k2 + M2)3 (k —p)? + M2 =
5M? 4M*
1-—- .
x ( k2 + M2 + (k2 + M2)2> .(B2)
This, in turn, can be written as:
6/ d*pd*k 1 ii_@_ (k?)3
(2m)8 (k —p)? + M2 p2? k2 0k? (k2 + M2)4"
(B3)

Now this integral can be done by first doing the k2 inte-
gral by parts. The surface term vanishes, leaving

[ %
From this point, standard Feynman parameter tech-
niques can be employed, yielding the result:

d*p d*k 2k —
(2m)8

2k2(p - k) 1
(k .__p)Z + MZ) p2 (k2 +.M2)4'

(B4)

24M*1(5,1,1) + 30M?I(4,1,1) + 61(3; 1, 1)

= (4=t

o (B5)

Combining this with Equation (B1) yields

6M2

(B1) Graph 8-3=m} ,M?g M) & > v?

22

mg/z
(4m)*

As discussed in the text this combines with a contribu-
tion +63(h* (u)h(1))? aive @y m3,, from the A-term diagram
to yield the correct threshold correction for the scalar
mass.

Incidentally, the calculation of the same integrals in
dimensional regularization will yield &53(4m)™*. The
difference results from the fact that the d4k becomes a
d*~%¢k and the integration by parts picks up an extra
piece.

Now consider the gauge theory. Again, the game will
be to keep all integrals well defined without ever contin-
uing to 4 —2¢ dimensions. Since we stay in 4 dimensions,
the evanescent operators do not arise, and we need only
consider Graphs 8-1, 8-3, 8-6, and Graph 8-7. The key
is combine these graphs first, avoiding any divergent (ill-
defined)integrals.

Graph 8-3 can be written as:

Sum of Diagrams = —3i(h* (n)h(n))? (B6)

1
(@)

(B7)

heavy
z(2z — 1) dz
(M2 - p?z(1 — 2))?’

d*p
(2m)*p?

=

By itself, this integral would be divergent at the end-

points of the Feynman parameter integral. So we must

combine this expression with expressions for the remain-
ing graphs before evaluation. Graph 8-6 can be written:

| I , 1
Graph 8—6.— 4m3/2M gl (#)YT h;y},i (47!‘)2 %
d*p 23dz
[ o | g

Finally, we write the sum of Graphs 8-1 and 8-7 using
the vacuum polarization operator:
I(p?) d*p

_ ass2
Graph 8-1+ Graph 8-7= —3ig'" (1) / W—, (B9)
where II(p?) is the vacuum polarization operator to
Oo(m2 /2) in four dimensions. In the mass insertion for-
malism, it is given by the expression:

im2  M2(Y2. +Y2,)g'"* (1) (1~ 22)%dz
2 — 3/2 X, X2
H(P ) = (47)? / (M2 —p22(1-2))2 ’
(B10)

which can be seen by taking the ¢ — 0 limit in Equa-
tion (9.33).

Utilizing Equations (B7), (B8), (B9), and (B10), we
can write the sum of diagrams as




Graph 8-1+ 8-3 + 8-6 + 8-7= —4i L2 w2

Ty s
Y2 Z YZ/

heavy

z(1—z)2dzd%
M2~pz (1-2))%

This integral is completely finite so no regulator is
needed. The integral yields a contribution to the scalar
mass

—%(Graph_&l +83+86+87)

4
2ml, Mg (Y2 30 Y2,
heavy

- (730_4 (B12)

This precisely corrects Equation (9.25) to be Equa-
tion (9.26), demonstrating the ultraviolet insensitivity.

APPENDIX C: CALCULATION OF
. WAVE-FUNCTION RENORMALIZATION IN
: GAUGE THEORY

To offer an alternative to direct computation, and

to avoid the niceties of a supersymmetric (sans Wess-
Zumino gauge) calculation of Z,, we can use renormal-
ization group principles to determine 7?2 in terms of bare
couplings. Working above threshold, the generic struc-
ture of two-loop dlagrams tells us that Z, must be of the
form

ngﬁz. 1 Y25 1
Z. =1 A—T———— L. B C1
Ay T PamigeEa (Y
Then

= —1- —log Z.

77' - 2I‘dﬂ g T_
— Y72g62 + 2 B YT2964 _]-_’__ 2 Y‘r4964 _1_
(4m)2(p?)e (4m)*(p?)? € (4m)t(p?)% ¢
(C2)

The poles in 4, are lower order than the poles in Z,
because p derivatives hitting terms like (12)¢ bring down
factors of e.

We know that in the ¢ — 0 limit, the expression for v,
must agree with the expression in terms of the renormal-
ized coupling to one-loop order. Comparing with Equa-
tion (9.23) fixes A = —2, so that

Y295
Ir __2(41r)2( 2)e
YZggt 1 Yig 1
MR 7 P i 7w (177 e e

Now we work to fix B. We can do this by utilizing
two pieces of information: the known expression for the

23

running of the gauge coupling and the finiteness of ..
To proceed we first write the bare coupling in terms of
the renormalized coupling. They are equal at one loop,

(B11) and at higher order we include an arbitrary parameter

C to be completely general. We define the renormalized
coupling as:

2 gy = 12 9 1 YZg5t 1
g°(8) +Cq" (1) = 95 —3(4,r) °( 7% e W(ﬁz—)e;
(C4)

This form is convenient because it allows us to rewrite
the v, of Equation (C3) simply in terms of renormalized
couplings,

_o Y79 Y2g"(p)
@202y Cln ey

Now we make the critical observation that v, is an ob-
servable quantity, and so it must be finite in the ¢ — 0
limit when expressed in terms of the renormalized cou-
pling. In other words, C is finite. Now we can determine
B by comparing our definition in Equation (C4) with the
known running of the gauge coupling constant:

g(/)4 (YTZ + Zheavy
(4m)?(p?)¢

Inserting this known expression for g'?(u) into Equa-
tion (C4) and keeping up to O(g"*), we find the condition

g64(Y1_2 + Zheavy },z'z) 1

(C5)

9% () =95 (Cs)

Y?)1
=90 — ;

2 2z 14
9 @mure et %
. ’ 14 1 ng/4 1
—g2_p Y0 49 _Tr9% 21
% = Bamegaye Vim0
Equivalently, .
= (Y7 + ) Y7) +2Y7 — Ce(4m)*(u?)".

(8)

heavy

But since C is finite and comes multiplied by ¢, it makes
at most a finite O(g’*) contribution to v,, which is next-
to-leading order in Equation (C2). We have consistently
been neglecting such terms. In short, ’

= (24 30 ) +av2

heavy

(C9)

We have determined that-

: = _9 Y7-2962 + 964Y-r2(Y72 + Zheavy Ytz)l
V= T ) (w2)e @mip?? ¢
. (C10)

and differentiation ylelds the scalar mass in terms of bare
couplings:



mg/z (2 EYnglg g,gYTZ (Y'r2 + Zhea.vy Yzz)
(4m)2 " (p?) (4m)2(p?)*
(Above Threshold, Bare Couplings ).

2

T —

—4 ) (C11)

3

Below threshold, ¢ <« M, and the analysis is similar. In
v we make the replacement Y;?(p?)~¢ — Y2(M?)~¢ for
the heavy particles, because their contributions to loop
integrals are cut off at M: We then find

Y2gi2
.= 250
T (@m)2(u?)e
BYS 1 gV YR 1
+2 g(; 2)2¢ ¢ 4 2h yz - (C12)
- (am)(p)?ee (47r)( Je(M2)e €
- Clearly then
3/2(
= @n)? ( )
()Y—r4 g,g}/‘r2 Zheavy )fiz 013
areeE  anieyon? ()

(Below Threshold, Bare Couplings ).
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