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ABSTRACT OF THE DISSERTATION

On a Notion of Cohen-Macaulay and the Non-vanishing of Cech Cohomology Modules
by
Andrew James Walker

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2017
Professor David Rush, Chairperson

In this paper, we study the Cohen-Macaulay property of a general commutative ring
with unity defined by Hamilton and Marley. We give sufficient conditions on pullback
constructions, fixed rings, and normal monoid rings to all be Cohen-Macaulay in this sense.
We also exhibit a class of quasi-local rings where the top Cech cohomology module with

respect to a sequence generating the maximal ideal up to radical is non-vanishing.
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Introduction

The theory of Cohen-Macaulay (CM) rings has developed into a central topic of com-
mutative algebra. While there are many characterizations of Noetherian CM rings, one of
the simplest ways to introduce such rings is where grade and height coincide for any ideal
in the ring (see [36, Chapter 3| for details). The study of such rings has needed the Noethe-
rian assumption for much of the theory of CM rings to work nicely. Replacing grade with
polynomial grade, a generalized notion of grade that works well outside of a Noetherian
context, Sarah Glaz studied [21] non-Noetherian rings where ht(P) = p.grade(PRp) for
each P € Spec(R). However, there are examples of coherent regular rings which fail to enjoy
this property. This would be undesirable in any definition for a non-Noetherian ring to be
Cohen-Macaulay, since in the Noetherian case, regular rings are CM. It is also a classical
result of Hochster and Eagon [14, Proposition 12| that for any G, a group of automorphisms
of a Noetherian CM ring R, the fixed ring R® is CM provided R® is a module retract of R,
and R is a finitely generated R%-module. With these facts in mind, Sarah Glaz proposed [19]
the existence of a definition for a non-Noetherian CM ring that agrees with the original defi-
nition for Noetherian rings, and any fixed subring R” of a coherent regular ring R satisfying

the conditions in Hochster’s theorem above should also be CM. As a consequence of such a



definition, any coherent regular ring must be CM with this definition that Glaz expected to
exist. Tom Marley and Tracy Hamilton [26] in 2006 produced a notion of Cohen-Macaulay
that successfully answers most of Glaz’s question. Namely, they showed that with their
definition of CM, every coherent ring would be CM, and that up to dimension 2, any fixed
subring R® of a coherent regular ring R satisfying the conditions in Hochster’s theorem
above would also be CM.

While their definition answered most of Glaz’s question, this class of rings that is CM in
the sense of Hamilton and Marley is still mysterious. For instance, Hamilton proposed [24]
that based off analogous results for Noetherian CM rings, it should be reasonable to expect
in any definition for a (non-Noetherian) Cohen-Macaulay ring that R is CM precisely when
Rp is CM for all P € Spec(R), and that R is CM precisely when R[x] is CM, where z is an
indeterminate over R. However, even this is still fully unresolved.

The key insight with Hamilton and Marley’s definition of a CM ring is their recognition
of the fact that height can behave unexpectedly in the non-Noetherian context, for example
Krull’s Hauptidealsatz need not hold. To get around this, Hamilton and Marley’s definition
replaced a condition on height with a condition on Cech cohomology. Their reasons for using
Cech cohomology were motivated for at least two key reasons. The first is that when the
base ring R is Noetherian, Cech cohomology agrees with local cohomology, a tool introduced
by Alexander Grothendieck in the 1960s to resolve a conjecture of Pierre Samuel (See [22],
[23]) that has more modernly become an area of active research. Using the work of Peter
Schenzel [45] that describes when Cech cohomology and Local cohomology agree for non-

Noetherian rings, Hamilton and Marley are able to make dual use of these cohomology



theories for their definition of a non-Noetherian CM ring. A second key insight of theirs
is that for Noetherian local rings (R,m), the condition of being Cohen-Macaulay has a
simple characterization in terms of local cohomology. Specifically, R is Cohen-Macaulay
precisely when there is a unique non-vanishing local cohomology term Hiim(R)(R). This
characterization of Noetherian local Cohen-Macaulay rings rests heavily on Grothendieck’s
non-vanishing theorem (GNVT) [22, Proposition 6.4] that says for a Noetherian local ring
(R, m), H&im(R) is always non-vanishing.

In this thesis, we set out to accomplish two main objectives. Chapter 2 covers our first
goal: To provide examples of Cohen-Macaulay rings in the sense of Hamilton and Marley. We
achieve this by using many popular constructions that appear in Non-Noetherian ring theory.
Namely, we show that certain rings coming from the pullback construction of Gilmer, direct
limits of fixed rings, and non-finitely generated monoid rings can all be Cohen-Macaulay
under certain conditions. Our second goal is to find a sufficient condition on a ring that can
generalize GNVT to a non-Noetherian setting. Rather than work with local cohomology
though, we instead work with Cech cohomology which still works nicely in a general setting.
We investigate this in Chapter 3, and find a certain class of rings (containing Noetherian
ones) where GNVT holds for Cech cohomology using a proof by I. G. MacDonald and R. Y.
Sharp [39, Theorem 2.2 of the classical GNVT and the machinery of weakly coassociated
primes introduced by S. Yassemi [46]. We also give a few examples of non-Noetherian rings

that satisfy our non-vanishing result.



Chapter 1

Preliminaries

1.1 Notation

All rings will be assumed to be commutative with unity and all R-modules are unitary. We

will using the following notation throughout this paper:

e N={1,2,...}.

No = {0,1,2,...}.

Spec(R): The set of prime ideals of a ring R.

V(I) ={p € Spec(R) : I C p} : The set of prime ideals of a ring R that contain the

ideal I of R.

Min(I): The set of prime ideals of R that are minimal over I.

VI ={xz € R: 2" €I for some n € N}. This is called the radical of I.



e ara(]): The arithmetic rank of an ideal I. That is,

ara(l) = inf{i € Ng : 3z1,...,2; € R with \/(z1,...,2;)R = VT}.

e Supp(M) = {p € Spec(R) : M, # 0}: The set of prime ideals of a ring R whose

localizations at an R-module are nonzero.
e r(p) = Rp/pRy: The residue field at p.
e (A:¢ B)={ceC|cBCA}

o Assp(M): The set of associated prime ideals of an R-module M. Recall that p is an

associated prime ideal of M < for some m € M, p = (0 :g m).

e A ring R is called quasi-local if it has a unique maximal ideal, but is not necessarily
Noetherian. If R is Noetherian and quasi-local, we shall say R is local. In either case,

we will often denote the ring by (R, m) to refer to R and its unique maximal ideal.

1.2 Classical and polynomial grade

Let M be an R-module and x € R. Then we say x is M -reqular to mean that x is
a non-zero divisor on M. In other words, x is M-regular if and only if the natural map
M — M given by multiplication by z is injective. More generally, if x = x1,...,2/ € R,
we say that z is a weak M -sequence if x; is M /(x1,...,z;)M-regular for each i = 1,... /.
If, in addition (z)M # M, then we say that z is an M-sequence or that z form a regular

sequence on M.



Example 1. Let R = k[z1,...,x,], where k is a field and zy,...,z, are indeterminates

over k. Then z1,...,x, form a regular sequence on R.

For an ideal I of a ring R and M an R-module, the classical grade of I on M is the
least upper bound on all lengths of weak M-sequences contained in I, and is denoted by
grade(I, M). When R is Noetherian, M is finitely generated and IM # M, all maximal
M-sequences contained in I have common length equal to grade(I, M), which is also equal
to inf{i | EXt%(R/I ,M) # 0}. A frequently enjoyed property of classical grade in the
Noetherian context is that if M is finitely generated, then grade(I, M) > 0 exactly when
(0:p 1) =0.

In the non-Noetherian case, this need no longer hold. The example below shows such an
instance of this, and uses the technique of idealization of a module [1]. Indeed, if S is a ring
and N is an S-module, let R =S x N. Then R becomes a commutative ring with unity,
where the addition is inherited from the direct product, and the multiplication is defined
by (s,n) - (s,n') = (ss',sn’ + s'n) for s,s' € S and n,n’ € N. We denote this ring by
R =S5 x N. For I an ideal of S, we write I x M for the ideal of S generated by the images

of I and M in S.

Example 2. (|43, Example p. 116]) Let S = k[z,y], the polynomial in two variables z,y

over a field k. Set

peSpec(R),
ht(p)=1
where £(p) denotes the residue field of p € Spec(R). Let R be the idealization of the S-
module N. Set I = (X,Y)R, where X = (x,0) and Y = (y,0). Then I is a finitely generated

ideal of R with (0 :z I) =0, yet I consists entirely of zero-divisors on R.



Northcott notes in [43, p. 131-132| that Hochster first observed that adjoining inde-
terminates to a ring can create the existence of non-zerodivisors, "almost as if by magic."
With this in mind, the issue discussed above and many other problems that appear in the
non-Noetherian setting can be resolved using a different notion of grade, which Northcott
called true grade (we will use the more common notation of [13|): Let R be a ring, I an

ideal of R and M an R-module. Then the polynomial grade of I on M is

p-grade(l, M) = lim grade(IR[Xl,...,Xm],R[Xl,...,Xm] ®r M).

Theorem 1.2.1. (/43, Chapter 5]). Let R be a ring, I an ideal, and M an R-module.

(i) If I is finitely generated, then p.grade(I, M) > 0 < (0:pr I) = 0. The latter happens
exactly when f =ap+ a1 X + ...+ anX™ is a non-zerodivisor on M ®@p R[X], where

ag, - --,0m 1S a set of generators for I.
(i) If I is finitely generated and IM # M then p.grade(I, M) < u(I).
(iii) If J C I, then p.grade(J, M) < p.grade(I, M).

(iv) p.grade(I, M) = sup j{p.grade(J, M)} where J ranges over all finitely generated ideals

contained in I.
(v) If £ = x1,...,24 is an M-sequence contained in I, then

p.grade(I, M) = p.grade(I, M/(z)M) + L.

(vi) If I is proper, there is some P € V(I) such that p.grade(I, M) = p.grade(P, M).



(vii) Let ¢: R — S be a ring homomorphism. If I is any ideal of R and N is an S-module,
then

p.gradep(I, N) = p.gradeg(IS, N).

Other theories of grade are discussed in [6].

1.3 Local cohomology

Local cohomology was introduced as a tool by Alexander Grothendieck in the 1960s to
resolve a conjecture of Samuel, and has since been studied for its own sake. Let I be an
ideal of a ring R and M an R-module. The I-torsion submodule of M, denoted by I';(M),

is the set of all m € M such that I™m = 0 for some n € N. That is,
I'r(M)={me M| I"m =0 for some n € N}.

If f: M — N is a morphism of R-modules, then since f(I';(M)) C I';(N), f restricted to
I';(M) defines a morphism R-modules I';(f): I';(M) — I';(N) so that I';(—) is functorial.
The i** local cohomology functor with support in I is defined as the i** right-derived functor
of T'y(—), and is denoted by H%(—). Since I'7(—) is left-exact, we have that HY(—) 2 I'/(—).
For i > 0, to compute H}(M), where M is an R-module, first recall that an injective

resolution E*® of M is a sequence of injective R-modules
E*:0-E"—>E' - E*— ...

that is exact at each i # 0 with HY(E®) = M. After applying the I-torsion functor to E°,

we get another complex I';(E*®). Then H(M) = HY(T'[(E*)).



Example 1.3.1. Let R be a PID and a € R. Then if K is the quotient field of R, the
natural sequence 0 — K — K/R — 0 is an injective resolution of R where K is in degree
0 and K/R is in degree 1. Applying the functor I';z(—) to this sequence yields another

sequence

0= Lur(K) = Tyr(K/R) — 0.

Then I'yr(K) =0, and Tyr(K/R) = R,/R. Thus H!,(R) =0 for all i # 1, and H!(R) &

R4/R.

For M an R-module and I an ideal of R, the cohomological dimension of M with respect

to I, denoted by cd(I, M), is the maximal integer i for which H%(M) # 0.

Theorem 1.3.2. [Grothendieck’s Vanishing Theorem| Let (R, m) be a Noetherian local ring

of dimension d. Then H.(R) =0 for all i > d.

Theorem 1.3.3. /Grothendieck’s Non-Vanishing Theorem| Let (R, m) be a Noetherian local

ring of dimension d. Then HZ(R) # 0.

In other words, these two theorems simply say that cd(m, R) = dim(R) when (R, m) is
a Noetherian local ring. Local cohomology also has an alternative formulation in terms of
direct limits. We first set up the following notation: By a directed set A, we mean a set A
equipped with a partial order < with the following property: whenever «, 8 € A, there is
some v € A such that v > « and v > . Let C be any category and A a directed set. A

direct system over A is the following data:



(1) For each X € A, there is an object Ay € Ob(C).

(2) For each A, € A with p > X, we have morphisms ¢,5: Ay — A, that obey the

following rules:

(a) @xn =ida, for each A € A.

(b) ©yx = @yu © pux Whenever v > u > X € A.

We will use the notation {Ay; 1} to denote a direct system over A. In certain categories,
such as € = CommRing or Grp, we can form an object called the direct limit of {Ax; .}
that has a certain universal property described below (see also, for instance, [42, Appendix
Al). Indeed, suppose for a given direct system {Ay; ¢ 1}, we have some L € Ob(C) together
with a collection of morphisms fy: Ay — L such that whenever > X in A, we have

fuowur = fr. In other words, the following diagram commutes:

A>\ — AH
AN
L

Suppose further that this pair {L; f)} is universal with respect to this property, meaning that
for any other collection {X, g} satisfying g, o ¢\ = g, there is a unique map h: L — X

such that h o fy = gy for all A € A. That is, the following diagram commutes:

PuX
Ay ———— A,

N7

10



In this case, L, together with the maps f), is called the direct limit of the direct system
{Ax; ¢}, and is denoted by lim Ay. For a € Ay, we will let [a] denote the image of a in
ligiA/\ via the morphism Ay — liﬂA)\. Every element in @AA can be written as [a] for
some a € Ay. Moreover, [b] = [a] for some b € A, if and only if there is some v € A with

v > p, A such that ¢.,(b) = 4.

Example 1.3.4. When C = CommRing, for a given direct system {Ry; p,»} over a directed
set A, we can always form its direct limit. Indeed, set ligRA = Rx/ ~, where ry ~ 7, if
and only if there is some 7 such that v > u, A with p,,(7,) = pya(r2). We have canonical
maps Ry — ligRA that send r — [r]. Furthermore, this construction yields direct limits in

other categories, such as € = Grp.

For I an ideal of a ring R, local cohomology can be thought of as a direct limit of Ext

functors:

Theorem 1.3.5. ([9, Theorem 1.38]) Let R be a ring and I an ideal of R. Then for any

i €Z, Hy(-) =lim Extly(R/I™, ).

1.4 Cech cohomology

Let R be a ring and M an R-module. By M,, we mean the localization of M at the
multiplicative set {a" }nen,. So Mg = {2% | m € M and n € No}. For any a,b € R, we have

a natural map

mb™

(ab)™

m
M, — Mg, where —
a

11



Let z = z1,...,zy denote a sequence of elements of R and M an R-module. Define a

complex

Ce —1 0 1 2 0—1 ¢
M) 05 MEPM, S PMao, & My, S0
i i<j

where the maps d* are induced from the natural maps defined above, along with a sign
convention [See Example 1.4.1]. Indeed, d*d’ = 0 for each i € Z, so that C;(M ) indeed
forms a complex, called the Cech complex with respect to M and the sequence z. For each
i € Z, the i*" Cech cohomology module with respect to M and the sequence z is the it"

cohomology module of C;(M ). That is,

i ey ker(d®)
Hi(M) = H(C @]

(M)) =

.
z

Example 1.4.1. Let R be a ring and x1,x2 € R. If M is an R-module, then the maps in

=@

Cy, 2, (M) are determined by the sign convention on the following natural maps below:

x
My 2o —0

Ml
e
0— M
\ /
M,,

So explicitly,

m m
d° = (7,7).
/M1 ma mox?y mixy
d (77) = n v
xp’ al (z122) (z122)

If f: M — N is a morphism of R-modules M and N, then for any a € R, there is an

induced morphism of R-modules

f(m)

fa: M, — N, given by m.,
a” a™

12



Thus, for any finite sequence x of elements of R, f induces a morphism of R-complexes
C;(f) C;(M) — C;(N) so that C;(—), and thus Hp(—) are both functorial. Below we list

some useful properties of Cech cohomology:

Theorem 1.4.2. [26, Propositions 2.1, 2.4] Let R be a ring, x = x1,...,%; a finite sequence

of elements of R and M an R-module.
(i) Hy(M) =0 for all i > £.

(i) If 0 - A — B — C — 0 is a short exact sequence of R-modules, there is a natural

long ezxact sequence in Cech cohomology:

...~ HL(A) = HL(B) — HL(C) — HLT(A) — ...

(iii) If x = x1,..., x4, then there is a long exact sequence

o HE(M) — HL (M) =3 HE (M), — HEPN(M) = -
where &' = x1,...,T—1.

(iv) Let I = (z)R. Then for any a € HL(M), I"a =0 for n >> 0.

(v) Ify is a finite sequence of elements with /(y)R = \/(z)R, then HL(M) = HQ(M) for

all 3.

(vi) (Change of Rings) Let N be an S-module and f: R — S a ring homomorphism. Then

Jor all i, HL(N) = H}(x) (N).

(vii) (Flat Base Change) Let f: R — S be a flat ring homomorphism and M an R-module.

Then for any i, Hy(M) ®g S = H}@)(M ®gr S).

13



(viii) Hé@(M) = Hé(g)(R) ®r M and Supp <Hf§)(M)) C Supp <M/§M)

(iz) If dim(R) = d < oo, then HL(M) =0 for all i > d.

Let I = ()R = (x1,...,2¢)R be a finitely generated ideal of a ring R and M an R-

module. Then we make the following observation:

HY(M) = ker(M — ®f_M,,)

={meM:m/1=0in M,, foreachi=1,...,¢}
={me M:xzim =0 for eachi=1,...,¢ and some v € N}
={m e M : I'm =0 for some u € N}

= HY(M).

In general, for i > 0, local cohomology and Cech cohomology need not coincide. For
any ¢ € Z, when the base ring R is Noetherian though, we have that for any R-module M,
Hi

T

(M) = HY{(M) (see [10, Theorem 3.5.6] for a proof). In [45], P. Schenzel characterized
the sequences & where Cech cohomology and local cohomology coincide in terms of Koszul

homology: For z € R, let Ko(x) denote the complex

Koz):0>R5 R —0,

where the R on the left appears in degree zero. More generally, for x = z1,...,z¢y € R, we
set Ko(z) := Ko(71) @ Ko(22) ®- - ® Ko(z¢). Then Ko(z) is called the Koszul complex with
respect to . Now, given x € R and n,m € N with n > m, we have a natural morphism

of complexes Ko(z") — Ko(2™) induced from multiplication by "™ on R. Indeed, the

14



following diagram commutes:

If x = x1,...,2¢ € R, then whenever n,m € N with n > m, the above morphism on
Ko(z]') — Ko(xl") for each i = 1,...,¢ induces a morphism on K,(z") — Ko(z™), where
2l = x{, . ,xi (j € N). This in turn yields morphisms for each i € Z:

If, for each m € N there is an n > m so that the above morphisms are zero for all ¢ > 1, then
Schenzel calls such a sequence weakly proregular. These sequences completely characterize

when local cohomology and Cech cohomology agree.

Theorem 1.4.3. ([45, Theorem 3.2]) Let R be a ring, x = x1,...,xy a sequence of elements

of R and I = (z)R. Then the following are equivalent:

(i) z is weakly proregular.
(it) HL(E) =0 for each i # 0 and each injective R-module E.

(iii) There are natural isomorphisms Hi(M) = H}(M) for each i € Z.

We conclude this section with a remark on how polynomial grade relates to the Cech complex.

Forz =x,...,2¢ € Rand I = (z)R and M an R-module, let
C.grade(I, M) = inf{i | HL(M) # 0}.

It was shown in [26, Proposition 2.7| that p.grade(I, M) = C.grade(I, M), and that this

number is finite iff IM # M.

15



1.5 Classical Cohen-Macaulay Rings

Let R be a Noetherian ring. If whenever each sequence z = x1,...,2y € R with
ht((z1,...,z;)R) = i for each i = 1,...,¢ is a regular sequence on R, we say that the

ring R is Cohen-Macaulay. Hochster and Huneke write that for many theorems [29]:

"The Cohen-Macaulay condition (possibly on the local rings of a variety) is just what is

needed to make the theory work."

Historically, the study of Cohen-Macaulay rings goes back to a little over a century ago.
In 1916, Macaulay published a book The algebraic theory of modular systems. A modular
system is just an ideal in the polynomial ring R = C[X},...,X,]. He was concerned with

the properties of the solution to

fi=fo=...=fr=0,

where fj, are homogeneous polynomials (that is, polynomials where all terms have the same
degree), i.e., what we now call varieties in P¢. Most of his book deals with how the so-
lution set of these equations behaves with respect to the ideal generated by this family of

polynomials. In his work, he proved what is now known as an unmizedness theorem:

Theorem 1.5.1. Let R =C[Xy,...,X,] and I = (f1,..., fr) an ideal of R with ht(I) = k.

Then for any p € Ass(R/I), we have ht(p) = k.

Later on in 1946, 1.S. Cohen showed in his book, On the Structure and Ideal Theory of
Complete Local Rings, that this same unmixedness theorem holds for any ideal in a power

series ring over an arbitrary field k (he actually did so in a slightly more general case - a

16



class of rings called regular local rings). The results of Cohen and Macaulay launched an
investigation into a class of rings where an unmixedness theorem holds. It turns out these
are precisely the Cohen-Macaulay rings defined at the beginning of this section.

Cohen-Macaulay rings have ties to all sorts of branches of mathematics, such as alge-
braic topology, combinatorics, and algebraic geometry. For instance, Cohen-Macaulay rings
appear naturally in invariant theory (see [34, Section 10.3]). Namely, let G be a group that
acts on a polynomial ring R = k[z1,...,zy] by degree-preserving k-algebra automorphisms,
where k is any field. We write R to denote the fized ring or ring of invariants, which is
the subring

R :={r e R|g(r)=r for all 7 € R}.

To describe RY, one would like to find generators as a k-algebra for R®. This corresponds
to providing a surjection S — R, where S is another polynomial ring over k, assuming R
is a finitely generated k-algebra. To describe R® more completely as an S-module though,

one would like to find a free resolution of RC:
e S §m L § 5 RE 0.

The minimal length of a free resolution of R as an S-module is called the projective di-
mension of RS, and is denoted pdS(RG). It turns out that when R is a finitely generated
k-algebra, there is a simple formula for pdS(RG) that holds precisely when R® is Cohen-
Macaulay:

pdg(RY) = dim(S) — dim(R%).
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1.6 A question of Glaz

Sarah Glaz proposed in [19] the existence of a definition for a non-Noetherian Cohen-

Macaulay ring that meets these three conditions:

(G1): When R is Noetherian, the new definition of a Cohen-Macaulay ring coincides

with the original definition.

(G2): All coherent regular rings will be Cohen-Macaulay, where a ring R is coherent
if every finitely generated ideal is of finite presentation, and is regular if every finitely

generated ideal of R has finite projective dimension.

(G3): If R is coherent regular and G a group of ring automorphisms of R, then R®
will be Cohen-Macaulay as long as R is a direct summand of R as an R®-module

and R is a finitely generated R“-module.

Glaz [21] studied rings where for each prime ideal p € Spec(R), ht(p) = p.grade(pR,, R,)
and while this appears suitable as a definition of Cohen-Macaulay, found examples showing
condition (G2) fails. Later on, Tracy Hamilton in [24] studied Glaz’s question and proposed
two other properties that would be desirable in a definition of a non-Noetherian Cohen-
Macaulay ring:

(H1): R is Cohen-Macaulay < R[X] is Cohen-Macaulay, where X is an indeterminate

over R.

(H2): R is Cohen-Macaulay < R, is Cohen-Macaulay for all p € Spec(R).

Hamilton approached Glaz’s conjecture from the perspective that Macaulay initially had

about these rings: ones that satisfy some type of unmixedness theorem. That is, a Noethe-

18



rian ring satisfies the unmizedness theorem if for any ideal I generated by ht(I) elements,
Ass(R/I) = Min(I). Unfortunately, simple examples show that in the non-Noetherian case,
the theory of associated primes can behave poorly. For example, if R is an arbitrary non-zero

ring, it’s possible that Ass(R) = &, while over a non-Noetherian ring, this never happens.

Example 1.6.1. Let R = k[x, z2,x3,...] where k is a field and the x; are countably many
indeterminates over k. Set I = (z7,23,23,...) and consider the ring S = R/I. Then S is

non-Noetherian, and Ass(S) = @.

This problem, and many others, can be often be remedied by dealing instead with the
weakly associated primes: Let R be a ring and M an R-module. Then we say that p €
Spec(R) is a weak-Bourbaki or weakly associated prime of M if p is minimal over (0 :g m)
for some m € M. The set of weak-Bourbaki associated primes of M is denoted by wAss(M).

It can be shown that when R is Noetherian and M an R-module, the weakly associated
primes and the associated primes of M coincide. With this in mind, Hamilton proposed
studying a class of rings that satisfy a variation of the unmixedness theorem, instead using
the weakly associated primes: A ring R will be called weak-Bourbaki unmized (or wB-
unmized) if for any finitely generated ideal I that may be generated by ht(/) elements or
less, Min(I) = wAss(R/I).

In [24], Hamilton determined that this wB-unmixed rings satisfy condition (G1) and
the '<’ implication in conditions (H1) and (H2). It’s unknown currently if the reverse
implications hold or if (G2) and (G3) are true. We record a few other notions of Cohen-

Macaulayness that other authors have produced:
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e M. Sakaguchi [44] in 1980 came up with a definition that relates polynomial grade and
valuative dimension, in place of Krull dimension. His notion of Cohen-Macaulay (at
least) satisfies conditions (G1) and (H2), and fails condition (G2) in general. Including
him here is a little anachronistic, as he studied these rings before Glaz even proposed

her conjecture in 1994.

e T. Marley and T. Hamilton [26] in 2006 used Cech cohomology to produce a notion
of Cohen-Macaulay that satisfies conditions (G1), (G2), at least part of (G3), and the
<’ implication of conditions (H1) and (H2). It’s currently unknown if the reverse

implications are true and what more can be said about (G3).

e M. Asgharzadeh and M. Tousi [6] in 2009 modified many of the various definitions
of a non-Noetherian Cohen-Macaulay ring discussed thus far (aside from Sakaguchi’s)
and performed an analysis of the relationships amongst all of these notions of Cohen-
Macaulayness. In particular, they produced a notion of Cohen-Macaulay, which they
call weakly Cohen-Macaulay, and showed that it satisfies conditions (G1), (G2), almost

all of (G3) and the <’ implication of (H2).

The notion of Cohen-Macaulay introduced by Hamilton and Marley mentioned above
was the first significant step towards resolving Glaz’s question, and is currently an active
area of study (see for example, [3, 4, 5, 6, 32, 40]). Recognizing that the height of an ideal
may behave strangely over non-Noetherian rings (for instance, Krull’s PIT may fail), they
replace height with a condition on Cech cohomology. Since in the Noetherian case it is often
desirable to have the flexibility to work with local cohomology or Cech cohomology, they

also propose to make use of the notion of weakly proregular sequences. With this in mind,
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we have their definitions: Let x = x1,...,2, € R be a sequence of elements of a ring R. We

shall say that x is a parameter sequence on R if the following hold:
(i) (@)R# R.
(ii) z is weakly proregular.
(iii) Hé(R)p # 0 for each p € V((2)R).

Moreover, if for each ¢ = 1,...,¢, x1,...,x; is a parameter sequence on R, we shall that z is
a strong parameter sequence on R. The ring R is said to be Cohen-Macaulay if every strong
parameter sequence is a regular sequence on R. It is shown in |26, Remark 3.2] that when R

is a Noetherian ring, x1, ...,z is a parameter sequence if and only if ht((zy,...,z,)R) = ¢.
Example 1.6.2. The following are several examples of Cohen-Macaulay rings:

(i) (|26, Proposition 4.4(a)]) Any zero-dimensional ring is Cohen-Macaulay.

(ii) (|26, Proposition 4.4(b)]) A one-dimensional integral domain is Cohen-Macaulay.

(iii) (|26, Example 4.9]) Let z,y be indeterminates over C. Then R = C + zC[z,y] is

Cohen-Macaulay.

(iv) (|26, Theorem 4.11]) Let R be an excellent Noetherian domain of characteristic p > 0.

Then R, the absolute integral closure of R, is Cohen-Macaulay.

(v) ([5, Corollary 3.6]) Let k be a field and R a pure k-subalgebra of k[zy,z2,x3,...],

where the z; are indeterminates over k. Then R is Cohen-Macaulay.

(vi) ([4, Theorem 4.10]) Let R = k+ xk[x, y], where k is a field and z, y are indeterminates

over R. Then R is Cohen-Macaulay.
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Chapter 2

Examples of Cohen-Macaulay Rings

2.1 Pullback construction

We will fix some notation for this section: Suppose that V' is a valuation domain (an
integral domain where the set of ideals is totally ordered) with unique maximal ideal M and
V' can be written in the form V' = k + M for some field k. For D a subring of k, consider

the following diagram:
T
k

The pullback of this diagram is the ring R = D+ M. Gilmer [17] first organized many of the

D——

facts about rings of this type, which are now typically called pullback rings. In this section,
we will look at which of these rings have the Cohen-Macaulay property defined by Hamilton

and Marley. First, we need some results from Gilmer and Bastida:
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Theorem 2.1.1. ([7, Theorem 2.1]) Let V' be a nontrivial valuation domain, and assume
V is of the form k 4+ M, where k is a field and M is the mazimal ideal of V. Let D be a
domain with identity that is a proper subring of k, and let R = D + M. Then the following

hold:

(i) dim(R) = dim(D) + dim(V).

(ii) Every ideal of R compares with M under inclusion.

(i1i) The set of ideals of R containing M is {Ay+ M}, where Ay an ideal of D. Moreover,

R/(Aq+ M) = D/A,,

so that Ay + M is mazimal, prime or (Py + M)-primary in R precisely when Ag is

mazimal, prime or Py-primary respectively in D.

(i) If A is an ideal of R contained in M, then either A is an ideal of V, or AV is a
principal ideal of V.. In this case, if AV = aV for some a € A, then A = Wa + Ma,

where W is a D-submodule of K such that D CW C K.

(v) The finitely generated ideals of R properly containing M are those of the form Aq,+ M,
where A, is a finitely generated ideal of R. On the other hand, the finitely generated
ideals of R contained in M are of the form I = Wx + Mx, where W is a finitely

generated D-submodule of K containing D and x is a nonzero element of M.
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Before we proceed further we shall need some simple results about Cech cohomology:

Lemma 2.1.2. Let I be an ideal of a ring R and M an R-module. If IM =0 and x is any

finite sequence contained in I, then Hé(M) =0 for alli > 0.

Proof. The Cech complex C;(M ) vanishes in all terms bigger than degree 0, since M, = 0

for all a € M. O

Lemma 2.1.3. Let R — S be an inclusion of rings and suppose x is a finite sequence of

elements contained in R. If x € (R:g S), then for all i > 2, HL(R) = HL(S).

Proof. We have a short-exact sequence of R-modules 0 -+ R — S — S/R — 0, and since
z(S/R) = 0, we have that H.(S/R) = 0 for any i > 0 by the above lemma. Therefore by

~

the long exact sequence in Cech cohomology, we have that HL(R) = HL(S) foralli>1. O

Theorem 2.1.4. Let V be a valuation domain of the form V. =k + M and D a one-
dimensional subring of k, where k is a field. Suppose that every finite sequence of elements

in D is weakly proreqular in D. Then for R =D + M, we have that R is Cohen-Macaulay.

Proof. Let x = x1,...,x¢ be a strong parameter sequence of R and set I = (z)R. Then
by Theorem 2.1.1, either I C M or I 2 M. Suppose first that I C M. Then we have an
inclusion of rings R — V and z € (R :g V), since x € M, so that (z)V C MV = M C R.

(V) =0 for all i > 1. Now since (z)V is a principal

Thus by the above lemma, HZ(R) = H}.
ideal of V', we must have that Hi (V) =0 for all i > 1. So in this case, the only possibility
is that £ = 1, and since R is a domain, we have x = x1 is a regular element.

On the other hand, suppose now that I D M. Then I = J+M, where J = Dy +...+Dyy,

for some yi,...,yx € D by Theorem 2.1.1. We claim that y = yi,...,y, is also a strong
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parameter sequence in R. Indeed, this is immediate from [26, Proposition 3.3(b)| once we
show (y)R = I = (z)R. The inclusion (y)R C I is immediate. For the other inclusion, just
note that since I properly contains M, we can assume each of the y; ¢ M. Then y; is a unit
in V, so that M = My; C Ry; C (y)R, and hence I = J + M C (y)R. So I = (y)R, and it
thus remains to show that p.grade(I) = k.

We have an inclusion of rings D — R, and (y)D is a proper ideal of D since I is a proper
ideal of R. Moreover, say p € V(yD). Then (D —p)N(y) = @ = (D —p) NI = @, since
I C p+M. Thus we have (y)R, # Ry, so that we conclude y is a strong parameter sequence in
D by |26, Proposition 3.3(d)]. Since D is one-dimensional, the maximal length of a parameter

sequence is 1. Thus k = 1, and since we're in a domain, it follows p.grade(I) =k =1. [

Corollary 2.1.5. Let D be a 1-dimensional Noetherian domain and K its quotient field.

Then R = D + X K|[[X]] is a 2-dimensional Cohen-Macaulay ring.

Proof. The ring K[[X]] is a DVR, and since D is Noetherian, any finite sequence of elements

in D is weakly proregular. Thus the claim follows by the above theorem. O

In the previous section it was mentioned that Hamilton and Marley’s definition of a
Cohen-Macaulay ring is unknown to satisfy the '=’ implication of condition (H1). That
is, it is unresolved if R Cohen-Macaulay implies R[X] is Cohen-Macaulay, where X is an
indeterminate over R. We show this holds in low dimension in certain cases. First we need

a couple preparatory lemmas (see |36, Theorems 150,151]| for proofs with similar ideas).
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Lemma 2.1.6. Let R be a ring. Suppose that X = X1,..., X, and t are indeterminates

over R. If J is any ideal of R[X] and Q is a mazimal ideal of R|[t], then
(VRIt) :mix ) QRIX]) = JRIE.
Proof. We'll set
1= (JRIt] :ppx ) QRIX]).
The one inclusion is clear. For the other inclusion, we consider two cases. First, assume

that ¢ € Q. If this is the case, then for any f € I, we have that ¢f € JR[t]. Now write
n .
f=> ait',a; € RIX].
i=0

Then if

tf =Y at™ € JR[,
i=0
we must have that a; € J for each i, so that f € JR[t]. This handles the first case. For the
second case, where t ¢ @, we note that since () is a maximal ideal of R[t], there is some g € @
and h € RJ[t] so that 1 = g+th. Now again, if f € I, then fg = f(1—th) = f— fth € JR[t].
We write
f=) ait' a;€ RX]and h = bt/ b; € R.
i=0 j=0

Thus we have that

f— fth= (Zn:at) - (Zn: ait”l) (i bjtj) e JRIt).
i=0 i=0 =0

Now viewed as a polynomial in (R[X])[¢], the constant term of f — fth is just ag, hence is

in J. In general the degree k > 0 coefficient of f + fth is just

ak—< Z aibj>€J.

itj=k—1
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Now the sum Ziﬂ,:kfl a;b; € J since each a; € J for i < k by induction, so that a, € J.

In any case, all of the coefficients of f are in J, so that f € JRJ[t]. O]

Lemma 2.1.7. Let R be a ring and t an indeterminate over R. Then for any maximal ideal

Q of R[t], let q = QN R. If p.grade(q, R) < oo, then

p.grade(q, R) < p.grade(Q, R[t]).

Proof. Say that p.grade(q, R) = k. Then after possibly adjoining a finite number of in-
determinates X to R, we have that q[X] contains a R[X]-sequence of length k, call it
f=fi,... fu Let J = (f)R[X] C q[X]. Evidently, after adjoining ¢, f remains a R[X,t]-

sequence of length k that lives in q[X, ¢] € Q[X]. Then

p.grade(Q, R[t]) = p.grade(Q[X], R[X, {]) = k + p.grade (Q[X]’ RJ[;%([’t]t])
R[X, ]
JR][t]

Thus it remains to show that p.grade (Q[X 1, > > (. But this happens precisely when

(VR i QRIX]) = JRI)
O

Theorem 2.1.8. Let R be a 0-dimensional ring. Then R[X] is Cohen-Macaulay, where X

1s an indeterminate.

Proof. We have that R[X] is a 1-dimensional ring, so the length of a strong parameter
sequence can only be one. So suppose that f is a strong parameter on R[X]|. Write f =
S pa;: X', and let I = (ag,...,a,)R. We must show that f is a R[X]-regular element. By

Theorem 1.2.1, this happens precisely when (0 :g I) = 0.
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So suppose otherwise. Then there is some ¢ # 0 with ¢/ = 0. That is, I C (0 :g ¢).
Since ¢ is nonzero, (0 :g ¢) is a proper ideal of R. Thus there is some p € Spec(R) with
(0 :r ¢) Cp. But then f € IR[X] C (0 :gx) ¢) € pR[X]. But since ht(p) = 0, we have
ht(pR[X]) = 0 as well. This is a contradiction though, since f is a strong parameter means

that ht(fR[X]) > 1. 0

While we are unable to resolve (H1) in general when dim(R) > 0, we show that under the
restriction that dim(R) = 1 and R is a Jaffard domain, condition (H1) holds. Recall that
an integral domain is Jaffard if dim(R[Xy,...,X,]) = dim(R) + n, whenever X1,..., X,

are indeterminates over R.

Lemma 2.1.9. Let R be a Jaffard domain with dim(R) = 1. Then if R is Cohen-Macaulay,

R[X] is also Cohen-Macaulay.

Proof. Since R is a Jaffard domain, dim(R[X]) = 2. So the maximal length of a parameter
sequence in R[X] is 2. It’s clear that since R[X] is a domain, every parameter f in R[X]
is a regular element. Thus let f, g be a strong parameter sequence in R[X]. We must show
that f, g is a regular sequence, or equivalently, if J = (f, g) R[X], then p.grade(J, R[X]) = 2.
Thus by [26, Proposition 3.6, ht(J) = 2. Choose @ € V(J) so that p.grade(Q, R[X]) =
p.grade(J, R[X]). This prime ideal ) must actually be maximal in R[X]. Now set ¢ = QNR.

Since p.grade(q, R) < p.grade(Q, R[X]) < 2, we must actually have that by Lemma 2.1.7,

p.grade(q, R) < p.grade(Q, R[X]).

Now q # 0 by [36, Theorem 37|, so that p.grade(q, R) > 1, hence p.grade(Q, R[X]) = 2, and

we’re done. O
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While the above lemma shows that a 1-dimensional Jaffard domain satisfies (H1), we
use the pullback construction to give an example of a 1-dimensional domain R that is not

Jaffard, yet satisfies (H1).

Theorem 2.1.10. Let V = C(¢)[X], where t is an indeterminate over C and X an inde-
terminate over C(t) and R = C+ XC(¢t)[X]. Then R and R[Y| are Cohen-Macaulay, where

Y is an indeterminate over R.

Proof. We have that dim(R) = 1 by the above theorem, and since any 1-dimensional
domain is Cohen-Macaulay, R is Cohen-Macaulay. Even more, Spec(R) = {0,p}, where
p = XC(t)[X] by [17, Theorem A(c)]. On the other hand, if Y is an indeterminate over R,
then dim(R[Y]) = 3 by [11, Proposition 2.1|, and thus ht(pR[Y]) = 2. We claim next that
R[Y] is Cohen-Macaulay. We achieve this by showing that for each @ € Spec(R[Y]), R[Y]g
is Cohen-Macaulay. Set T' = R[Y]g. Since dim(R[Y]) = 3, this leaves us with 3 possibilities

(the case when @ = 0 is simple, since then R[Y]q is a field):

(1) ht(Q) = 1. Then T is a 1-dimensional integral domain, which is always Cohen-

Macaulay.

(2) ht(Q) = 2. In fact, we must have that () = pR[Y]. Indeed, this follows since no three
prime ideals of R[Y] can contract to the same prime ideal of R. Since R has only two
prime ideals, 0 and p, we must have QN R = p. But then pR[Y] has height 2 in R[Y] by
our previous remarks, and since pR[Y] C @, we must have that QQ = pR[Y]. So we must
show that T is Cohen-Macaulay. Since dim(7") = 2, a (strong) parameter sequence
can be at most length 2. So suppose f is a parameter in T'. Since T is a domain and

f is non-zero, we must have f is a regular element. So suppose now f,g is a strong
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parameter sequence in 7" and let J = (f,¢)T. Then ht(J) > 2, and in fact we must
have that ht(.JJ) = 2, and so v/J = pT'. On the other hand, we observe that v XR = p,
so that \/XR[Y] = pR[Y], and thus vVXT = pT. But since Cech cohomology is
computed up to radical, we have that szc,g(T) >~ H%(T) = 0, contradicting that f,g
is a strong parameter sequence. Thus this situation is impossible. So we conclude T’

is Cohen-Macaulay.

ht(Q) = 3. We note that as before, we must have @ N R = p, so that we have
pR[Y] C Q. Now the length of a parameter sequence can be at most length 3. If f
is a parameter, then as before, f must be regular. Now suppose that f,g is a strong

parameter sequence in T'. Set J = (f,g)T. Then there are two subcases to consider:

(a) ht(J) = 2. In this case, we must have that v/.J = pT', and as before H]%g(T) =
H)2((T) = 0, contradicting that f,g is a strong parameter sequence. So this

situation can’t happen.

(b) ht(J) = 3. In this case, we must have that v.J = QT, and so p.grade(J,T) =
p.grade(QT,T) < 2. Now p.grade(Q, R[Y]) < p.grade(QT,T"), and so by Lemma
2.1.7, we have that 1 = p.grade(p, R) < p.grade(Q, R[Y]), hence p.grade(J,T') =

2.

Thus we have any strong parameter sequence f, g is a regular sequence on T'. Lastly,
say f,g,h is a strong parameter sequence on R[Y] and set I = (f,g,h)T. Then
ht((f,g,h)T) = 3, and so we have \/(f,g,h)T = QT. Now f,g,h is a strong param-

eter sequence means that f, g is also a strong parameter sequence. By our previous
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comments, this can only happen if \/(f, g)T = QT'. But then since Cech cohomology
is computed up to radical, we must have H%g,h(T) = H%Q(T) = 0, contradicting that

f,9,h is a strong parameter sequence. So there are no strong parameter sequences of

length 3. So R[Y]q is Cohen-Macaulay.

O

Hamilton and Marley suggest in [26] there might be some additional assumptions on a
ring needed to fully resolve conditions (H1) and (H2). With this in mind, they propose
studying FGFC rings (see [41]| for more details): A ring R is said to be FGFC if every
finitely generated R-ideal has finitely many minimal primes. We have a nice property of
FGFC rings (this was proved only for pure subrings of k[z1,zs ] where k is a field and the
x; are indeterminates in [5, Lemma 2.4], but the statement and the proof extend easily to

any FGFC ring):

Lemma 2.1.11. ([5, Lemma 2.4]) Let R be a FGFC ring and I an ideal with ht(I) > k.

Then there are {x;}¥_, in I such that ht((z1,...,7;)R) >1i for eachi=1,... k.

Theorem 2.1.12. Suppose that R is a FGFG wB-unmized ring one-dimensional ring. Then

R, is Cohen-Macaulay for all p € Spec(R).

Proof. Let x be a strong parameter sequence in Ry. Since R} is at most one dimensional, z

can only have length 1. So write x = x € Ry. We must show now that
p.grade(z Ry, Ry) = 1.
There is some @ € V(zRp) by Theorem 1.2.1 such that

p.grade(Q, Ry) = p.grade(z Ry, Ry).
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Write @ = qR,, so that p € V(q). Since z is a parameter, we must have that ht(zR,) = 1
by [26, Proposition 3.6], so @ = pR, and q = p. Thus ht(p) = ht(pR,) = ht(zR,) =
Then by the above lemma, there is some y € p such that ht(yR) > 1. If we can show that

y is regular, this completes the proof, since then
1 < p.grade(p, R) < p.grade(pRy, Ry) = p.grade(z Ry, Ry) < 1

so that we must have equality. Now ht(yR) > 1, so that y ¢ ¢ for any v € Min(R) = wAss(R).
Thus y1 ¢ U{r| v € wAss(R)}, where equality holds since R is wB-unmixed, which by [33,

Theorem 6.2(i)] is equal to Z(R). Thus y is regular. O

2.2 Direct Limits of Fixed Rings

Fix a directed set A and let {Ry; pun} denote a direct system of rings. Suppose further
that we have a direct system of groups {G; fux} over A so that the following two conditions

hold:
(i) For each A € A, G}, is a group of ring automorphisms of R).

(i) For any A\, u € A with u > A, if g € G\, then f,1(g9) o pur = pur © 9. In other words,

the following diagram commutes:

Ry ——

J' Pux

Ry ——

e

In this case, we will say that the two systems are compatible.
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Lemma 2.2.1. Let {Ry; pun} and {Gx; fur} be compatible direct systems of rings and groups
respectively over a directed set A. Whenever v > pu > X in A, for any g € G we have the
following square commutes:

Py
R, "5 R,

fu)\(g)J J{f'w\(g)

R, R,
Proof. We have that if ¢’ = f,\(g), then since f,,(¢") = fyr(g), the claim follows by
compatibility.

O

Theorem 2.2.2. Let {Ry;pun} and {Gy; fun} be compatible direct systems of rings and

groups respectively over a directed set A. Then G = lig/\ G\ is a group of ring automorphisms
of R = hﬂ/\ Ry.

Proof. Suppose that [g] € G, where g € G\ for some A € A. We'll define a map [g]: R — R
as follows: For [r] € R, where r € Ry, let [g]([r]) = [fur(9)(pua(r))], where p is any p € A
with > a, A. To check that [g] is well-defined, we must check that this map doesn’t depend

on the choice of g,r or u:

(i) Independence of u: Suppose that y' is another element of A with x> a, A. We
want to show that [f,\(9)(pua(r))] = [fwr(9)(pua(r))]. Now choose v € A with v >
i, i, Since the systems are compatible, by the above lemma, the following diagram
commutes:

P!

Py
R, 2R, 2R,

qu(Q)J( me(g) me(g)

4) (7
Rﬂ Pyu R’Y Pyt RH,
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Thus, we have that

oo (£ (@) (Puar)) = r(@) (Prulprar)))
= J:2(9) (Pra(1)
= £2(9) (P (purar))
= oot (Fur(@pwalr))).

so that the claim follows.

(i) Independence of r: Say [r| = [r’] for some 7" € R,. Choose § > o, &’ with pga(r) =
paa (). By the independence of p, we can assume without loss of generality that

p > B, A, so that pua(r) = puar(r'). Thus it’s easy to see [g]([r]) = [g]([']).

(iii) Independence of g: Say [g] = [¢'] for some ¢’ € G)/. Then there is some v > X\ X
with fya(9) = fyn(¢'). By the independence of p, choose p with ¢ > ~,. Then

Jur(9) = Fux(¢'). from which it follows that [g]([r]) = [¢]([r]).

Thus [g] is a well-defined map on R. In fact, by the independence above, when evaluating
[9]([r]), where [r] € R, we may assume that g € G and r € Ry for the same A € A. Thus
[9]([r]) = [g(r)], from which it’s clear that [g] defines a ring homomorphism on R. Lastly, we
will show that [g] is an automorphism of R. So suppose that [g]([r]) = [g(r)] = 0 for some
[r] € R. Then there is some p > A with p,(g(r)) = fur(9)(pur(r)) = 0 by compatibility of
the systems. Now f,x(g) is an automorphism of R,,, so that we must have p,(r) = 0, and
thus [r] = 0, so that [g] is monic. It is clear that [g] is epic from the fact that [g]([r]) = [g(r)]

and ¢ is a ring automorphism of R). O
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From the above theorem, it then makes sense to consider the fixed ring R® of R, where
G = lign/\ Gy and R = liﬂ)\ R). The question of what conditions on R and GG are necessary
in order for the fixed ring to be Cohen-Macaulay have been well-studied in the (classical)
Noetherian case (e.g., see [31]), particularly when R = k[X7,..., X,] is a polynomial ring
over a field and G is a linear algebraic group. Recently in [5], the Cohen-Macaulayness of
RE has been studied for when R = k[X1, Xo,...] is a polynomial ring in infinitely many
variables over a field. The rest of our work in this section builds up to a set of sufficient
conditions (Theorem 2.2.9) on the direct systems {Ry;pur} and {G); fur} that give the

limG
Cohen-Macaulayness of (hgl R)\> = ™,

Lemma 2.2.3. Let {Ry; pun} and {Gx; fur} be compatible direct systems of rings and groups
respectively over a directed set A, and suppose the transition maps f, are surjective whenever
w>Nin A Then {RSAH/’M} is a direct system of rings, where 1,y : RfA — Rg“ is the

natural map induced by restriction of pux: Ry — R).

Proof. Since ¥\ = pux R we need only check that the image of 9,5 is contained in RE” .
A

Indeed, suppose that g € G, and r € Rf*. Since f,,) is epic, there is some h € G with

g = fux(h). Thus, by compatibility, we have that g(p, (7)) = fux(h)(pur(r)) = pur(h(r)) =

pux(r), so that p,\(r) € RS“, completing our claim. O

Lemma 2.2.4. Let {Ry; pun} and {Gy; fur} be compatible direct systems of rings and groups
respectively over a directed set A, and suppose the transition maps f,» are surjective and p,
are injective whenever > X in A. Set G = lig)\ Gy and R = ligl)\ Ry. Then the natural

map T @RSA — RY, where [r] — [r] with r € R$*, is an isomorphism of rings.
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Proof. First, we remark that 7" is well-defined. This holds, provided that whenever r € RG*,
we have [r] € RY. But if [g] € G, say g € G without loss of generality. Then [g]([r]) =
[g(r)] = [r], so that indeed, [r] € R and thus T is well-defined. We define an inverse map
S: RG — lingA as follows: For [r] € R®, say r € Ry. Then let S([r]) = [r]. We need
to check that this map is well-defined; that is, that r € Rf*. So suppose g € G\. Now in
R, [((r)] = [g)([r]) = [r]. Thus there is some > A with p,i(9(r)) = pa(r), 50 that by
injectivity, g(r) = r. Since S is then well-defined, it’s easy to see that S and T" are inverses

of each other. O

An extension of rings R — S is said to have the lying over property, if whenever p €
Spec(R), there is a q € Spec(S) with gN R = p.

Lemma 2.2.5. Suppose that

g

R
al B
T U

is a commuting square of rings and ring homomorphisms. If g and o have the lying over

property, then so does f.

Proof. Let p € Spec(R). Then there is some t € Spec(T") so that tN R = p, and likewise
there is some u € Spec(U) so that uNT =t. Thusp =uNTNR =unNSNR, and so if

q=unSs € Spec(S), then qN R = p. O

An inclusion of rings R C S is said to be pure if for any R-module M, the sequence
0> M®rR— M®gS is exact. If R is a direct summand of S, then it is easy to see that

the extension is pure. We record the following simple fact for referral later.
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Lemma 2.2.6. Fvery pure inclusion of rings R C S satisfies the lying over property.

Proof. Let p € Spec(R). Then pS N R = p since our extension is pure by [31, Corollary 6.3].

Thus pS € Spec(S) and contracts to p, so that the claim follows. O

We shall need two key results, the first due to Asgharzadeh, Dorreh, and Tousi [4], and

the second due to Hochster and Roberts [31].

Theorem 2.2.7. ([, Proposition 4.2]) Suppose that { Rx; pur} is a direct system of Noethe-
rian Cohen-Macaulay rings with transition maps satisfying lying over (e.g., pure or integral

extensions). Then R = liglRA is Cohen-Macaulay.

Theorem 2.2.8. (/31, Section 7]) If S is a reqular Noetherian ring of characteristic p > 0,

and R — S is a pure extension of rings, then R is Noetherian Cohen-Macaulay.

Recall that if R C S is an inclusion of rings, we say R is a module retract of S if there is
an R-linear map o: S — R so that o(r) = r for all » € R. In this case we call the map o
above a module retraction. It is easy to see that if R is a module retract of S, R is a direct
summand of S. Indeed, the module retraction o gives a splitting of the natural short exact
sequence 0 - R — S — S/R — 0. For a group G acting on a ring R by ring automorphisms,

Bergman [8, Proposition 1.1] gives two instances when R is a module retract of R:

(i) If G is finite and the order of G is a unit in R, we have a module retraction called
the Reynolds operator o: R — RS, (see [?, Propositions 9-12]), where for each = € R,

o(x) is defined by

1
o(z) = al > g(@).

geG
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(ii) If G is locally finite, i.e. if for each x € R, the orbits O, = {gz | g € G} are finite, and
|0,/ is a unit in R for each 2 € R, then a module retraction p: R — R is defined for

each x € R by

Theorem 2.2.9. Suppose that {Ry; pun} and {Gy; fun} are compatible direct systems of
rings and groups respectively over a directed set A. Let R = liglRA and G = liglG)\.
Suppose further that for some prime p > 0, and for any u, A\ € A with > X the following

hold:
(i) Ry is a Noetherian reqular ring of characteristic p.
(i1) Rf\;* is a module retraction of R)y.
(1it) The transitions maps p,» are injective and satisfy lying over, and the f,x are surjective.
Then RS is Cohen-Macaulay.

Proof. We first claim that for each A € A, the extension RfA — R) is pure. This follows
immediately from the fact that RfA is a module retract of Ry, hence a direct summand of
R, so that the extension Rf* — R) is pure. Next, by Lemma 2.2.3, {Rf*;?ﬁu,\} form a
direct system of rings, where 1,y := p,x 2 : Rf* — R,Cj”. We claim that for any g > A in

A

A, the maps ), satisfy lying over. Indeed, we have a commuting square

G Pux Gu
R$™ 22, RS

||

—
R)u“ pM>\ R’Y

38



where p,» has lying over by assumption, and the inclusion Rf* — R, is a pure extension
as shown above, so that Rf* — R, also has the lying over property by Lemma 2.2.6. From
Lemma 2.2.5, we see then that the extension RfA w—@ Rf“ satisfies lying over. Lastly,
from Theorem 2.2.8, each Rf* is Noetherian Cohen-Macaulay. Thus, we conclude that by

G ~
=

Theorem 2.2.7, hg R RC is Cohen-Macaulay, where the isomorphism holds by Lemma

2.24. O

In |5, Example 4.3|, it is shown that for a field k, the Veronese subring S = k[{x;x;}i j>1]
of R = k[z1, z2,...] is Cohen-Macaulay, where the z1, z9, ... are countably many indetermi-
nates over k. We obtain a similar result, except in positive characteristic # 2 and for power

series.

Example 2.2.10. Let & be a field and p > 0 a prime with char(k) = p # 2. For each n € N,

suppose that x1,z9,... are indeterminates over k and let

R, = k[z1,...,z,],

G, =17/27 ={1,-1}.
Then we have a natural automorphism

—-1: R, — R,, where

x;— —x; foreach i =1,...,n,

so that each (—1) = Z/27Z = G,, defines a group of ring automorphisms of R,,. Moreover, for
any n > m, we have a natural inclusion p, m,: R, — Ry, and identity map fy, pm: G — Gp

that form direct systems {R,; pp.m} and {Gp; fn,m} of rings and groups respectively.
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The limit of these direct systems is thus
R:= lian = k[z1,22,...] and G = liqun = Zo.
n n

It’s clear these two direct systems are compatible, since for any n > m € N and any g € Zo,

we have the following square commutes:

R,“— R,

o

R, “— R,

Moreover, for any n > m € N : R, — R,, has the lying over property. Indeed, it’s
s y y Pn,m m n ymg property. )

enough to show this for when m € N and n = m + 1. In this case,

R’m-‘rl = k[[xla <oy Ty, xm+1]] = Rm[[xm+l]] = HRm7
=0

where the isomorphism holds as R,,-modules. Since R,, is a Noetherian ring, an arbitrary
product of flat R,,-modules is flat (|12, Theorem 2.1]), so that the extension R,, — Ry41 is
flat. Even better, for each m € Max(R,,), we can see from the natural surjection Ry,41 —
R, that sends z,,+1 — 0 that mR,,+1 # Rp+1, so that the extension R,, — Ry+1 is
faithfully flat by [42, Theorem 7.2|, hence has the lying over property. Thus we satisfy the

conditions of Theorem 2.2.9, so that we see the ring

RY = k[{x;x;}i>1] is Cohen-Macaulay.

2.3 Monoid Rings

Let N{j denote the n-fold product of Ng, where n > 1. We equip Nj with component-wise

addition, so that it becomes a semigroup (monoid even).
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For A, B C N, their Minkowski sum is the set A+ B = {a+b|a € A,b € B}. By
a Njj-ideal, we mean a set S C Nj that is a subsemigroup of Njj such that S + Nj C S.
Furthermore, we say that S is a prime Njj-ideal when in addition N{j\ S is also a subsemigroup
of Nj. Let I C {1,...,n}, and set P; := {(a1,...,0n) € Nj | a; > 0 for some ¢ € I'}. Then
Py is a prime Nj-ideal, and in fact these are the only prime ideals of N [28, Lemma 2.4].

By a square-free Njj-ideal, we mean an ideal H of Nfj of the form H = P, N P, N---N Py,

for subsets Iy,..., I of {1,...,n}. We can assume without loss of generality that the I; are
incomparable.
Write k[Nj| = k[z1,...,z,], where k is a field and z1, ..., z, are indeterminates over k.

So for H < N} a square-free ideal, we may view the ring k[H U{0}] = k+ k[H] as a subring

of k[xy,...,zp].

Example 2.3.1. Let H be the ideal of N} generated by (1,1,0),(0,1,1),(1,0,1). Then

H = P 2N P3N P 3, and if k is any field, then
k+ k‘[H] =k+ ($1$2, o3, $11’3)]€[$1, x9, 1‘3] — k[a:l, T9, .7,'3] = k‘[Ng]

In [3], Asgharzadeh and Dorreh proved that all rings R of the form R = k + k[H|, where

H is a square-free ideal of Ng, are Cohen-Macaulay. Indeed, they showed that the rings
(i) k+ zk[z,y]
(i) k+ zyk[x,y]

are both Cohen-Macaulay in the sense of Hamilton-Marley when k is a field and z,y are

indeterminates over k.
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Lemma 2.3.2. Let k be a field and H C Nj. Then k[H| is a square-free monomial ideal
of kINg] = E[z1,...,xy,], where the x; are indeterminates over k, if and only if H is a

square-free ideal of Nj.

Proof. We have H = ﬂle Py, if and only if k[H] = ﬂle k[Pr,]. The square-free monomial

ideals of k[xi,...,x,] are precisely the ideals that are the intersection of the Nj-graded
prime ideals, i.e., ideals of the form k[P for some I C {1,...,n}. O
Lemma 2.3.3. Let S = k[Nj§] = klx1,...,2,], where k is a field and x1,...,x, are inde-
terminates over k. For H — N[ a square-free ideal, say k[H] = (m1,...,mgq)S for some

mi,...,mq € S. Then the following hold in the ring R =k + k[H]:
(1) k[H] is a mazimal ideal of R.
(i) VR({ma,...,mq}) = {k[H]}.
(11i) R, is a regular n-dimensional Noetherian ring for any i € {1,...,d}.
() Ry is Noetherian regular for all p € Spec(R) with p # k[H].
(v) dim(R) = n.
(vi) Hy,(R) =0 unless m = 1,...,%p.

Proof. (i) Since R/k[H] = k, this claim is clear. (ii) Let p € Spec(R) with my,...,mq € p.
Now k[H] is a homogeneous ideal of S, and thus is generated as a k-vector space by elements
of the form mm;, where i € {1,...,d} and m € S is an arbitrary monomial. It thus suffices
to show that any element of the form mm, above lies in p since then k[H| C p, so that by

2

maximality of k[H] we would have p = k[H]. Now (mm;)? = (m?m;)m; € Rm; C p, so that
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=ux; € Rpy,. Now

mm; € p. (iii) Let j € {1,...,d}. For any i € {1,...,n}, we have

if m; = :czf .-zl then assume without loss of generality that there is some m € N so that

ij >0 for all 1 < j <m and i; =0 for all j > m. Then for each j € {1,...,m}, we have

tj—1, ti—1 djp1

i i
€T LRI i x€: x€T: ...x"t 1
1 —1 +1 m
J 1 ! = € R’mm
my; Xy
so that we must have R,,, = k[x{d, ooy EY @y, ... ], and thus is a regular Noetherian

ring of dimension n. (iv) If p € Spec(R) and p # k[H], then by (ii), we must have m; ¢ k[H]|
for some i =1,...,d. Thus R, = (Ry,), is a localization of a Noetherian regular ring, hence
is also Noetherian regular.

(v) We have dim(R) = rankz(H U {0}). Since Z(H U {0}) = Z", we see dim(R) = n
[18, Theorem 21.4]. (vi) We will let I denote the ideal of S generated by m (we use this
notation to distinguish which ring we will work in, even though set-theoretically, I = k[H]).
When n = 1, the only square-free monomial ideal of S is just I = (x)5, and in that case
R = S, where the claim is trivially true. So suppose n > 2. There is a short exact sequence
of R-modules

0—-R—-S—S/R—0,
where I(S/R) = 0. Thus H}, (S/R) = 0 for i > 1. From the long exact sequence in Cech
cohomology, we have an exact sequence of the form

0=HJ'(S/R) — HJ:(R) — HJ\(S) — HJ(S/R) = 0.

So HLL(R) = Hp,

(S) = H}(S) since S is a Noetherian ring and all sequences are weakly

proregular. From [38], we have that

pdg(S/I) = cd(S, ) = max{i | H}(S) # 0}.
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Since H4(S) = 0 for any i > dim(S) = n by Grothendieck’s Vanishing Theorem [9],

pdg(S/I) = n if and only if H}(S) = H),

(R) # 0. Now let m = (z1,...,2,)S and
suppose pdg(S/I) = n. Then localizing at m, by [10, Proposition 15.15(e)|, we have

pdgs(S/I) = pdg_(Swm/ISm) = n. From the Auslander-Buchsbaum formula, we have
pdg, (Sw/ISwm) + depth(Swn/ISn) = depth(Sy) = n,

so that depth(Sy/ISm) = 0. This implies m € Assg(S/I). But since I = /I, a primary
decomposition of [ is just an intersection of its minimal primes. Thus, m is minimal over I,

so that I is m-primary and thus I = m. O

Lemma 2.3.4. Let H C Ny be a square-free ideal and R = k + k[H]|. Then every strong

parameter sequence on Ry has length less than n.

Proof. Let f = f1,..., fo be astrong parameter sequence on Ryg). Then since dim(Ryq]) <
dim(R) = n by Lemma 2.3.3(v), we must have £ < n. If ¢ = n, then since heightp, ((f)Rym) =
n, we must have |/(f)Ryg) = k[H|Rym). Write k[H] = (m)k[Ng] for some square-free

monomials m = my,...,mg € k[Nj]. Then
HF (Rimy) = Hy, (Rygpa)) = Hyp (R) ) = 0
by Lemma 2.3.3(vi). So ¢ < n. O

As a consequence of this lemma, we obtain a different proof than the one in [3] of the fact
that the rings R = k + k[H] are Cohen-Macaulay when dim(R) = 2 and H is a square-free

ideal of Ng.
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Corollary 2.3.5. Let H C N2 be a square-free ideal and R = k + k[H]. Then R is Cohen-

Macaulay.

Proof. We instead will show that R is locally Cohen-Macaulay, i.e., R, is Cohen-Macaulay
for all p € Spec(R). This implies R is Cohen-Macaulay by [26, Proposition 4.7]. First,
write k[H] = (ma, ..., mq)k[N3] for square-free monomials my, ..., mg € k[H]. Suppose
p € Spec(R). If m; ¢ p for some i = 1,...,d, then by Lemma 2.3.3(iv), R, is Noetherian
regular, and thus is Cohen-Macaulay.

On the other hand, if m; € p for all i =1,...,d, then by Lemma 2.3.3(ii) we must have
p = k[H]. Now in the ring Ry, the maximal length of a strong parameter sequence is
one by the above lemma. Thus this must be a regular element since Ry is a domain. So
Rymy 1s Cohen-Macaulay, and thus R is Cohen-Macaulay since Ry is Cohen-Macaulay for

all p € Spec(R). O
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Chapter 3

Non-vanishing of Cech Cohomology

We will attempt to give a generalization of Grothendieck’s non-vanishing theorem using

Cech cohomology instead of local cohomology.

3.1 Cech stability

Hamilton and Marley showed that any coherent regular ring is Cohen-Macaulay with
their definition. Any valuation domain is coherent regular (see [20]), so that any valuation
domain will be Cohen-Macaulay. We will give a simple proof of this fact though that is

independent of knowing all valuation domains are coherent regular:

Lemma 3.1.1. If V is a valuation domain, then Hi(R) =0 for all i > 1 and any finite

sequence x in V. Moreover, V is Cohen-Macaulay.

Proof. Let x = x1,...,x¢ be a finite sequence in V. Then (2)V = (z;)V for some i €
{1,...,¢}, so that H.(V) = H. (V) =0 for all i > 1. Thus, if z is a strong parameter

T

sequence in V', we must have £ = 1, from which it is clear V is Cohen-Macaulay. O
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Recall that a Prifer domain is an integral domain R such that for all p € Spec(R), R,

is a valuation domain.
Corollary 3.1.2. Any Prifer domain R is Cohen-Macaulay.

Proof. For any p € Spec(R), R, is a valuation domain, which is Cohen-Macaulay. Since R,

is Cohen-Macaulay for all p € Spec(R), R is Cohen-Macaulay by [26, Proposition 4.7]. O
Lemma 3.1.3. For any nonzero, proper ideal I in a Prifer domain R, p.grade(l) = 1.

Proof. Since R is a domain, p.grade(I) > 1. Moreover, p.grade(I) is the supremum over
all p.grade(J) such that J is a finitely generated ideal contained in I. Thus to prove the
lemma it will suffice to show that if I is finitely generated, then p.grade(I) < 1. Now if
p.grade(/) > 2, then in some polynomial ring extension R[X ], we have that I[X] contains a
R[X]-regular sequence f,g. It follows by [36, Exercise 3.1.2] that (IR[X])~! = R[X], from

which we see I~! = R. But since R is Priifer, we have R =11 =1. O

The above lemma presents an issue in establishing a connection between grade and height
in a Priifer domain, despite the fact that these rings are all Cohen-Macaulay in the sense
of Hamilton and Marley. Indeed, there are Priifer domains with prime ideals of arbitrarily
large height (e.g., for any n € N, there are valuation domains of dimension n), yet ideals can
only have polynomial grade equal to 1. However, in the Noetherian case, the notion of grade
and height are supposed to coincide in a Cohen-Macaulay ring. The underlying issue is that
when R is any Noetherian ring, local cohomology (or equivalently, Cech cohomology) has a
clear connection to height that disappears in the general, non-Noetherian case. We record

this well-known relationship between height and local cohomology in the following lemma.
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Lemma 3.1.4. Let R be a Noetherian ring and I a proper ideal of R. Then

. . k
hi(r) = inf {cd(f, Rp)} = int { sup{k € Z | H¥(R), # 0}}.

Proof. First we notice that if q € V(I), then p C q for some p € Min(I) and so H¥(R), #

0= HY(R)q # 0. Thus it’s enough to show that

— . k
ht(I) = peﬁgx(l) { sup{k € Z | Hf (R), # O}}

So suppose p € Min(I), then /IR, = pR,. By standard facts about local cohomology (for

instance, in [9]), we have for any k € Z,

HJ(R)y = Hip, (Ry) = Hf/ﬁ(Rp) = Hyg, (Rp).

Moreover, we have that by Grothendieck’s theorems on the vanishing of local cohomology

modules over a local ring with support in the maximal ideal (see Theorems 1.3.2, 1.3.3),
ht(p) = dim(Ry) = cd(pRy, Ry) = sup{k | Hyg, (Ry) # 0},
and thus the claim follows. O

Since local cohomology and Cech cohomology coincide in a Noetherian ring, the above
claim would hold just as well if local cohomology was replaced with Cech cohomology. Cech
cohomology has many formal properties though that hold even over non-Noetherian rings,
for instance, see Theorem 1.4.2. With this in mind, we will instead focus our attention for
most of this section on the relationship between height and Cech cohomology (rather than
local cohomology) in the general case. The following example illustrates that the Noetherian

condition was crucial in proving Lemma 3.1.4:
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Example 3.1.5. Let V be a valuation domain with dim(V) = k, so that Spec(V) =
{0,p1,p2,. .., Pk—1,Px}, where p; C p;11 for each i. Now suppose [ is a proper (non-zero)
ideal of V. Then /I = p; for some i, and in fact ht(I) = i. Choose z € p; — p;_1, SO
that vV = v/I. Now V is a domain, so that z is weakly proregular, and thus H}C(V) =
HF, (V)= HE(V) =0 for any k& > 1. Thus, in this case, the height of an ideal I plays no

role in the non-vanishing of Cech cohomology.

In the Noetherian case, the key fact that makes the above situation impossible is the
non-vanishing theorem of Grothendieck (Theorem 1.3.3). There’s no reason to expect this
theorem to be true in general, and all known proofs of this result use structure theorems
that depend heavily on the Noetherian assumption - for example, Cohen’s structure theorem
or the theory of attached primes (see [9]). With this in mind, since results like Lemma 3.1.4
that link height and Cech cohomology may fail over non-Noetherian rings, we will investigate
a modified definition of height defined in terms of Cech cohomology.

Let R be a ring and I a finitely generated ideal of R. Then we may write [ = (2)R,
where = 21, ...,2s € R. For M an R-module, we define the Cech cohomological dimension

of M with respect to I to be
C.cd(I, M) :=sup{k € Z | HE(M) # 0}.

Since Cech cohomology is independent of the generating set for I, this notation is justified.

Moreover for finitely generated I, we define the Cech height of I to be

9

Cht(I):= inf {C.cd(I,R,)}.
(D= Jof, (el )

By convention, sup{@} = —oo and inf{@} = cc.
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Lemma 3.1.6. Let R be a ring and I a finitely generated ideal of R. Then C.ht(I) > 0.

Proof. If I = R, this is certainly true. So assume [ is proper. It’s enough to show that
for every prime ideal p € V(I), C.cd(I, Ry,) > 0. If not, then the only other possibility is
C.cd(I, Ry) = —o0, i.e. for all k € Z, HQ(R)p = 0, where z is a finite generating set for I.

But then this says p.grade(I, Ry) = p.grade(IRp, Ry) = oo, so that by [43, Chapter 5|, we

must have IR, = Ry, i.e., I Z p, a contradiction. O

Lemma 3.1.7. Let R be a ring and I a finitely generated ideal of R. If p C q in V(I),

C.cd(I, Ry) < C.cd(I, Ry). Moreover,

Cht(I)= inf {C.cd(I,R,)}.
() peli/ﬁn(l){ ¢ (’ p)}

Proof. Let x be a finite generating set for I. Now if .FIQ”“(R),J # 0 for some k € Z, then

HE(R)y, = HE(R)q ®r R,, so that HE(R)q # 0. This completes the proof of the first

statement. The second statement follows from the first. O

Lemma 3.1.8. Let R be a ring, I a finitely generated ideal of R, and p € V(I). Then

C.cd(I, Ry) = C.cd(IRy, Ry). Thus C.ht(I) < C.ht(IR,), and in particular

Cht(I) = inf Cht(IRy).
()q&n (IRy)

Proof. Suppose I has a finite generating set x. We have a flat map f: R — R,, and
HQ(R)p = H}“@(Rp), where the latter module is isomorphic to lLI]’?(@(Rp)pRF # 0. Since
f(z) is a generating set for IRy, this shows C.cd(I, Ry) < C.cd(IRy, Ry). Conversely we can
take the generating set for IR, to be in the image of f, so the reverse inequality holds for

the same reasoning. This completes the first statement. The second statement follows from

the first. 0
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We have an easy version of Krull’s Principal Ideal Theorem for Cech height:

Lemma 3.1.9. Suppose I is a finitely generated R-ideal. Then for each p € V(I), we have

C.cd(I,Ry) < p(I). In particular, C.ht(I) < p(I).

Proof. Let = x1,...,7y be a generating set for I. Then H¥(R), = 0 for any k > ¢, since

the Cech complex vanishes in all degrees larger than /. O

Lemma 3.1.10. Let R be a ring and I a finitely generated R-ideal. Then for any p € V(I),
we have C.cd(I, R[X]yrix)) = C.cd(I, Ry), where X is an indeterminate over R. Moreover,

C.ht(IR[X]) = C.ht(I).

Proof. Let z be a finite set of generators for I and say that HQ(R[X]),GR[X] # 0 for some

k € Z. Now z is also a generating set for IR[X]| in R[X]. Then we have

HE(RIX ]y = HE(RIXDprix ) = HE (Rp[Xlprpx) ) = HE (B[ XDy

_ <H§(Rp) DR, RP[X])pR[xr

so that Hg(Rp) = HQ(R)p # 0. Conversely, suppose that HQI‘:(R);3 # 0. Then since R —

R[X] is faithfully flat, we have that R[X],r(x) = Ry[X],p[x) is faithfully flat over R,. Thus

0 # HE(Ry) ©r, Byl Xlprix) = (HE(Ry) ©r, Ryl X]) @y BolXprix) = HERIX]prpsg

as in the lines above. This completes the proof of the first statement. For the second

statement, just note that @ € Min(/R[X]) & @ = pR[X] for some p € Min([). O
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Lemma 3.1.11. Let I be a finitely generated R-ideal. Then C.cd(I, R,) < ht(p) for any

p € V(I). In particular, C.ht(I) < ht(I).

Proof. For each p € V(I), we have that C.cd(I, Ry) < ht(p) since H.(R), = 0 for all i >

dim(R,) = ht(p), regardless of the sequence z. The second statement follows immediately.

O

Lemma 3.1.12. Say R is a ring and I a finitely generated R-ideal. Then p.grade(l, R) =

C.grade(I, R) < C.ht(I).

Proof. Write I = (z)R for some finite sequence z in R without loss of generality. Next, we
assume that (R, m) is quasi-local with m minimal over I. In this case, we have that C.ht(I) =
C.cd(I,R) = sup{k | HE(R) # 0} > inf{k | HF(R) # 0} = C.grade(I, R) = p.grade(I, R).
The general case follows from the fact that for any p € Min(I), by the above argument,
p.grade(I, R) < p.grade(IRy, Ry) < C.ht(IR,). Taking the inf over all p € Min(I) then

yields the claim. O

Lemma 3.1.13. Let R be a ring and I a proper finitely generated R-ideal. If I = (2)R,

where x = x1, ..., 20 € R, then Supp(HL(R)) = V(I) < C.ht(I) = ¢.

Proof. =: We have that by Lemma 3.1.9, C.ht(I) < ¢ always holds. Thus it remains
to show C.ht(I) > ¢; that is, C.cd(I,R,) > ¢ for each p € V(I). But by assumption
p € Supp(H.(R)), so that this follows immediately. <: Since Supp(HS(R)) C V(I) always
holds, it remains to show the other inclusion. So suppose p € V(I). Then ¢ = C.ht(I) <

C.cd(I, Ry) < 4, so that in fact, C.cd(I, Ry) = ¢, and thus HL(R), # 0. O
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This allows us to reformulate Hamilton and Marley’s notion of Cohen-Macaulay in terms

of Cech height:

Corollary 3.1.14. Let R be a ring. Then R is Cohen-Macaulay < every weakly proreqular

sequence x1, ..., xy with Cht((x1,...,2;)R) =i for all i € {1,...,£} is a regular sequence.
Let R be a ring and I a finitely generated ideal of R. In general, we have the following:
p.grade(I, R) = C.grade(I, R) < C.ht(I) < ht(I).

When R is Noetherian, as a result of Grothendieck’s non-vanishing theorem, we have that
ht(I) = C.ht(I). With this in mind, we shall say that a finitely generated ideal I of a ring

R is Cech stable if C.ht(I) = ht([).

Lemma 3.1.15. Let R be a ring and suppose that every finitely generated ideal of Ry is

Cech stable whenever p € Spec(R). Then every finitely generated ideal of R is Cech stable.

Proof. Let I be a finitely generated R-ideal. Then for any p € Min(I), we have that
C.cd(I, Ry) = C.cd(IRy, Ry) = Cht(IR,) since Min(IR,) = {pR,}. Thus, since IR, is

Cech stable in Ry, we have that C.ht(IR,) = ht(IR,) = ht(pR,) = ht(p). So,

Che(r) = _inf {C.cd(], Rp)} = nf {ht(p)} = 1t (I).

O

Lemma 3.1.16. Suppose S is a Noetherian ring, and let R = S[X1, Xo,...], where the X;

are indeterminates over S. Then every finitely generated ideal of R is Cech stable.

Proof. Let I be a finitely generated ideal of R and write I = (f)R, where fi1,..., fm € R.

We must show that ¢ := ht(I) is equal to C.ht(I). Since t > C.ht(I) always holds, it remains
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to show ¢ < C.ht([). To achieve this, by Lemma 3.1.7 it is enough to show that for each
P € Ming(I) there is some j > ¢ so that Hé(R)p # 0.

So suppose P € Ming(I). Then there is N sufficiently large so that f; € S[X1,..., Xn]
for each i € {1,...,m}. Consider the natural inclusion S[Xi,...,Xn] = R and let J =
I'NS[Xy,...,Xn], so that we have p := PN S[Xy,...,Xn] is minimal over J = (f)R.
Moreover, pR is a prime ideal of R such that I C pR C P. Thus we must have P =
pR, and by |25, Lemma 4.1|, we also have ht(p) = ht(P) > t. Let j = ht(p). Then
since S[X1,...,Xn]| — R is faithfully flat, we have S[X1,..., Xn], = Rp is also faithfully

flat. Then H4(R)p = H}(S[X1, ..., Xn])p ®s(x,....x,], Bp # 0 since HH(S[X1, ..., X,])y =

HI(S[X1, ..., Xnlp) # 0. O

In Fall 2016, Yves André [2| proved a famous conjecture of Hochster’s called the Direct
Summand Conjecture |30]: If R is a Noetherian regular ring and R < S a module-finite
extension of R, then R is a direct summand of S. Hochster showed the Direct Summand
Conjecture is equivalent to another conjecture of his, called the Monomial Conjecture: If
(R, m) is a n-dimensional Noetherian local ring and z1,...,x, a sequence of elements of
R with \/(z1,...,2,)R = m, then for all k € Ng, (1---2,)F ¢ (2™, 2F)R which
he was able to use in characteristic p using the Frobenius map. We show below (Theorem
3.1.17), that as a consequence of having Cech stability, the Monomial Conjecture holds in
non-Noetherian quasi-local rings in characteristic p. First, we make a remark about the top
Cech cohomology module Hé (R) with respect to a sequence x = z1,...,2¢ € R, where R is

any ring. Observe that

¢

Hé(R) = coker( @ Ry gy, — mexe)-
i=1
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We'll use [] to denote the natural image of an element of Ry,...,, in H5(R). Every element

in H(R) can thus be written in the form [a/(21 - - - 24)"] for some a € R and i € No.

Theorem 3.1.17. Suppose that (R, m) is a quasi-local ring of dimension n with char(R) = p
and m = /I, where I is a finitely generated Cech stable ideal. Then if I = (x1,...,2,)R,

for allk € Ng, (1 ap)k ¢ (25t1, ... 2F+DR,

Proof. Since I is Cech stable and Min(I) = {m}, we have that n = ht(I) = C.ht(I) =
C.cd(I,R), and so H}(R) # 0. Suppose by way of contradiction, that for some k& € Ny
we have (z1---z,)F € (2., 25T)R. Then for some r1,...,r, € R, (z1---2,)* =
S it Consider now the element 7 := [1/xy - - - 2,] € H}(R). Then

_[ 1 ]_[ (1 xp)F }_[rlm’fﬂ—i—...—l—mxﬁﬂ}_o
L P e N e L as ) (21 z0)FHL =0

We have a natural homomorphism of abelian groups F': H}'(R) — H}}(R) where

o

Now, let [r/(xq---x,)!] € H}(R) be arbitrary. Choose t sufficiently large so that p* > i.

Then
[ r ] B [r(m '-wn)pti}
(xl N xn)l ($1 e $7’L)p
, 1
- [
T(Il €T ) (x]_ . $n)pt

=r(x; :L“n)pt_iFt(n) =0

This contradicts our assumption that H}(R) # 0. O
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Lemma 3.1.18. Let (R,m) be a quasi-local FGFC ring with dim(R) < co. Then
(i) ara(m) < oo.
(i) If m = /T with I finitely generated Cech stable, then dim(R) = ara(m).

Proof. (i) Since R is FGFC, if ht(m) = n, we know that there are x1,...,x, € m with
ht((x1,...,2n)R) = n. Thus we must have that Min((z1,...,z,)R) = {m}, so that
(x1,...,2p)R = m, and hence ara(m) < oo. For (ii), the above work shows dim(R) =

ht(m) > ara(m). The other inequality follows by Lemma 3.1.9. O

So if (R, m) is quasi-local FGFC and m is generated up to radical by a finitely generated
Cech stable ideal, then R has a system of parameters, that is, a sequence &1, . . . , &, such that
\/m = m where n = dim(R) is the smallest integer for which this happens. The
Cech stability condition is actually needed, since any valuation domain (V,m) of dimension
larger than 1 will be FGFC, yet ara(m) = 1. It’s easy to produce rings non-Noetherian that

have systems of parameters.

Example 3.1.19. Let R = k[x,y], where k is a field and z,y are indeterminates over
k. Then R is local with unique maximal ideal m = (x,y)R. Suppose that M is any R-

module and let S = R x M be the idealization of M. Then S is a 2-dimensional quasi-local

ring with maximal ideal m x M. Moreover, vm x M = /(X,Y)S, where X = (z,0)
and Y = (y,0). We claim X,Y is a system of parameters for S that generates a Cech
stable ideal in S. To show that (X,Y)S is Cech stable, we must show that HZ ,(S) # 0.
As R-modules, we have that H)Q(’Y(S) = H2,(S)=H:,(R®& M) = H2 (R)® H2,(M),

which is non-zero since H7 ,(R) # 0 by Theorem 1.3.2. So we conclude that (X,Y)S
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is Cech stable. Moreover, S is FGFC. Indeed, suppose J is a finitely generated ideal of S.
Then v/J = m X M, where m: S — R is the natural projection (a ring homomorphism).
Since R is Noetherian, 7(J) has only finitely many minimal primes P, ..., Py. Thus J has
minimal primes Py X M, ..., P, x M. So we see that by Lemma 3.1.18, XY is a system of
parameters for S. Moreover,if M is not a finitely generated R-module, then S will not be a

Noetherian ring.

Lemma 3.1.20. Say (R,m) is a quasi-local ring and I = (y,x1,...,2¢)R is an ideal of R

with /T =m. Then C.ht(I) > C.ht(I/yR) > C.ht(I) — 2 if y is regular.

Proof. Set = x1,...,xp. Let t = C.ht(I/yR) = sup{i | Hég(R/yR) # 0}. We have
a short exact sequence 0 — R % R - R/yR — 0 that yields a long exact sequence in

Cech cohomology:
i it+1 Y i+l i+1
e Hy,Q(R/yR) — H,7) (R) = Hy' (R) — Hy' (R/yR) — - -+

Now for i > t, we must have HZ/&(R/yR) = 0, so that multiplication by y on H;‘;l(R) is
injective. But H;:’;(R) is I-torsion, so that for any m € HZ:’;(R), yNm =0 for N > 0,
and so H;EI(R) = 0. Thus C.ht(I) < t+ 2. For the other inequality, observe that for
any j > C.ht(I) = sup{i | H;‘lg(R) # 0}, by the above long exact sequence it follows that

Hj .(R/yR) =, so that t < C.ht([). =
The following is a technical lemma we shall need later.

Lemma 3.1.21. Suppose (R,m) is FGFC quasi-local with dim(R) = ara(m) = n < co. If
x € m is a reqular element and m/xR is generated up to radical by a Cech stable ideal of

R/zR, then dim(R/zR) =n — 1.
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Proof. Since x is regular, we have that dim(R/xR) < dim(R) = n. Now suppose ara(R/xR) =

k. By Lemma 3.1.18, we have that dim(R/zR) = k. Then there are 77, ...,7Tf € R/xR with

V@1, ..., 7)R/zR = m/zR. Thus m = \/(z1,...,2x,2)R, so that ara(m) =n < k + 1,

ie,dim(R/zR) > n — 1. O

3.2 Weakly coassociated primes

For a maximal ideal m of a ring R, let Dy (—) := Hompg(—, Er(R/m)), where Er(R/m)
is the R-injective hull of R/m. Note that Dn(—) is an exact, contravariant functor of R-
modules. For an R-module M, we shall say p € Spec(R) is a weakly coassociated prime of
M if there is a submodule N C M so that M/N C Dy(R) for some m € Max(R) and p is

minimal over (N : M). We shall need the following facts about weakly coassociated primes:

Theorem 3.2.1. ([46, Theorems 2.9,2.11,2.15]) Let (R, m) be a quasi-local ring and M an

R-module. Then the following hold:
(i) M =0< Dy(M)=0.
(i) p is a weakly coassociated prime of M < p € wAss(Dn(M)).
(i) Upewass(pnoy # ={z € R+ M % M is not onto}.
Before we proceed, we need a few more technical lemmas.

Lemma 3.2.2. (/9, Lemma 10.1.16]) Let R be any ring, and say M is an R-module and I

12

an ideal of R with IM = 0. Then we have an isomorphism of R/I-modules (0 :g, ) I)

Er/(M).
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Lemma 3.2.3. Let (R,m) be a quasi-local ring and M be an R-module. If wAss(Dn(M))

is finite, then m ¢ wAss(Dy(M)) < M 2 M s onto for some b € m.
Proof. Follows immediately from prime avoidance. O

Lemma 3.2.4. Let (R,m) be a quasi-local ring and x a finite sequence of elements of R.
If a is a regular element of R and n € N, suppose that Hy(R) = 0 and Hg_l(R/aR) £ 0.

Then for some p € wAss(Dm(Hg_l(R))>, a € p. In particular, H} '(R) # 0.

Proof. From the short exact sequence 0 — R % R — R/aR — 0, we have an induced long

exact sequence in Cech cohomology:

HIYR) % HI Y(R) — Hr '(R/aR) — H}R) = 0,

z

from which we see

- (rjar) = 2B
z (R/a )—m# .

T

Thus the map H}~'(R) % HI(R) is not surjective, and so H27'(R) # 0. Now by Lemma

T

3.2.1(iii), there is some p € WASS(Dm(Hn_l(R))) with = € p. O

3.3 A sufficient condition for Cech stability

We would like to develop a sufficient condition on a quasi-local ring (R, m) of finite Krull
dimension that guarantees m is generated up to radical by a Cech stable ideal. In other
words, we want to find a condition on R so that if m = \/@ with z = x1,...,2¢0 € R,
then Hgim(R) (R) # 0. With this in mind, we introduce a class of quasi-local rings that will

be sufficient for Cech stability.
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Definition 3.3.1. Let (R, m) be a quasi-local ring. We will say that R is in the class Cs.op.s
if for each ideal I of R, the following conditions hold on the ring S = R/I and its maximal

ideal n =m/I:
(i) n=+/(2)S for some z = z1,...,7 € S, i.e. ara(n) < co.
(i) ara(n) = dim(S).
(iii) [wAssg(S)| < oo.

(iv) ‘WASSS (Dn(H’“(S))M < oo for any k € N.

x

(v) If dim(S) > 0, there is an ideal J of S such that dim(—2-) < dim(S) and via the

ann J

natural morphism Spec(S/J) — Spec(S), we have

wAss(S/J) = {p € Spec(S) : dim(S/p) = dim(S)}.

The proof of our result below is the same in spirit as the proof of Grothendeick’s non-
vanishing theorem by I.G. MacDonald and R.Y. Sharp in [39, Theorem 2.2|. However, this
proof relied on the fact that the modules H (R) are Artinian for any i € Z and any Noethe-
rian local ring (R, m). Since this need not be true in general, we replace the Noetherian
assumption with the condition on the weakly associated (and coassociated) primes of the
ring (and Cech cohomology modules, respectively) and arithmetic rank in the definition

above.

Theorem 3.3.2. Suppose (R, m) is a quasi-local ring in Csop.. If m = /(x)R for some

finite sequence x = x1,...,xy € R, then (z)R is Cech stable. Moreover,

wAss (Dm(Hgim<R>(R))) C {p € Spec(R): dim(R/p) = dim(R)}.
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Proof. Let I = (z)R. We'll prove our claim by induction on n := dim(R). When n = 0,
we have that m consists of nilpotent elements, so that since I is finitely generated, I = 0
for t > 0, and thus H)(R) = R # 0. Since Spec(R) = {m}, we have that necessarily
WASS(Dm(Hg(R))) = {m} = {p € wAss(R): dim(R/p) = 0}. Thus the claim is complete

when n = 0.

Suppose now n = dim(R) > 0. Then by condition (v) above, there is an ideal J of R

with dim(=£~) < n and wAss(R/J) = {p € Spec(R) : dim(R/p) = dim(R)}. From the

ann J

short exact sequence 0 - J — R — R/J — 0, we get an induced long exact sequence in
Cech cohomology:

HJ(J) = H}(R) — H}(R/J) — HIH(J).

and thus by Theorem 1.4.2(ix),

For any i, we may regard H(.J) as a module over -,

H3(J) = H}(J) =0 (orif J = 0, this follows trivially), so that H}(R) = H}(R/J). Thus

by replacing R with R/.J, which has the same dimension as R, we may assume wAss(R) =
{p € Spec(R): dim(R/p) = n}.
Now say by way of contradiction that H}(R) = 0. By our assumptions on R. We

claim next that m € WASS(Dm(H;L_l(R))>. Since R is in Csop., |[WAss(R)| < oo and

z z

‘WASSR (Dm(Hk(R))> ‘ < 00, so that if m ¢ wAss (Dm(H"_l(R))) , then by prime avoidance,

along with Lemma 3.2.1(iii) and the fact that Z(R) = Uyewass(r) P ([33, Theorem 6.2]), we

must have that

m¢Z Z(R)U{z € R: Hy"'(R) = HJ '(R) not onto}.

x

Thus m contains a non-zerodivisor a on R such that Dy (Hy Y(R)) = aDn(Hy H(R)). It

follows dim(R/aR) < n — 1, so that our induction hypothesis applies, and since m/xR =

61



V/(z)R/aR, we have (z)R/aR is Cech stable. Since |[wAss(R/B)| < oo for each finitely
generated ideal B of R, in particular Min(B) is finite, so that R is FGFC. By Lemma

3.1.21 then, dim(R/aR) = n — 1 and hence H£_1(R/aR) # 0. Then Lemma 3.2.4 says that

T

a € p for some p € WASS(Dm(Hn_l(R))). This means Hy~!(R) 5 H2~'(R) is not onto,

and since a € p C m, we get a contradiction. Thus m € wAss (Dm(Hg_l(R))> and so we

write WASS(Dm(Hg_l(R))) = {m,p1,...,pr} and wAss(R) = {q1,...,q¢}. Then by prime
avoidance, m ¢ (Uf:1 pi) U (U§:1 qj>. Thus we may choose some d € m\ U,’le p; that is
a non-zerodivisor on R. From the short exact sequence 0 — R AR R/dR — 0, the long

exact sequence in Cech cohomology gives us the following exact sequence:

Hy~H(R) 5 HE7H(R) — HE 7 (R/AR) — HY(R) =0,

x

from which we conclude

L ()

H} ' (R/dR) JHR)

# 0.
Now from the short exact sequence
0— dHy ' (R) — H} '(R) = H} ' (R/dR) — 0,
after applying the exact functor Dy (—), we get another exact sequence
0 = Du(H} ' (R/dR)) = Dn(H} ' (R)) = Dn(dH} ' (R)) — 0,

z

from which we see WASS(Dm(Hg_l(R/dR))) C WASS(Dm(Hn_l(R))) = {m,p1,...,px}
Now if q € wAss (Dm(Hg_l(R/dR))>, then there is some R-linear map f: Hy~'(R/dR) —

E(R/m) for which g is minimal over anng(f). Since dH ' (R/dR) = 0, we have

d € annp(Hy "' (R/dR)) C anng(f) C g.
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But by our choice of d, the only member of {m,pi,...,pi} for which this is possible is
m. Thus wAss (Dm(Hgfl(R/ dR))) = {m}, which is a contradiction unless n = 1 since by
induction hypothesis wAss (Dm(Hg_l(R/dR)D C {p € Spec(R/dR): dim(R/p) = n — 1}.
But if n = 1, observe that since d € m, 1 < p.grade(m, R) = p.grade(I, R) = C.grade(I, R) <
dim(R) = n = 1 by Theorem 1.2.1(vi), so that we actually must have H}(R) # 0. Thus for
any n € Ny, we must have H(R) # 0.

Lastly, we claim wAss(Dm(Hg(R)» C wAss(R) = {p € Spec(R): dim(R/p) = n},
which will complete the induction. So suppose () € wAss (Dm(Hg(R))) Then @ consists
of zerodivisors on R. Indeed, suppose on the other hand that f € ) is a non-zerodivisor on
R. From the short exact sequence 0 — R i> R — R/fR — 0 we get the following exact

sequence in Cech cohomology:

H(R) L HZ(R) — HI(R/[R),

where the last term is zero since dim(R/fR) < n — 1 along with Theorem 1.4.2(ix). Then

H(R) ER H}(R) is surjective, meaning that f ¢ Q' for any Q' € wAss(Dn(H}(R))), a

contradiction. Thus @ consists of zerodivisors on R, so by prime avoidance, ) C q; for
some i € {1,...,¢}. Since the g, are all necessarily minimal primes by our assumption on

wAss(R), we must have that @ = ¢;, and so our claim is complete.
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3.4 Examples of rings in Cs.p.

Example 3.4.1. Let (R, m) be a Noetherian local ring. Then R is in Cg,p.. Indeed, since
any quotient of a Noetherian local ring is still Noetherian local, it is enough to show that
R satisfies conditions (i)-(v) of Definition 3.3.1. Every Noetherian local ring has a system
of parameters, so that conditions (i) and (ii) are met. Moreover, since every ideal has a

primary decomposition, |wAss(R)| = |Ass(R)| < oc.

Example 3.4.2. Let (R, m) be a 0-dimensional quasi-local ring. Then R isin Cg, .. Indeed,
since every quotient of R is still a 0-dimensional quasi-local ring, it’s enough to just check that
R satisfies (i)-(iv) of Definition 3.3.1. We have m = 1/(0)R, so that ara(m) = dim(R) = 0,

and thus (i) and (ii) are satisfied. Since |Spec(R)| = 1, conditions (iii) and (iv) are met.

Example 3.4.3. Let (R, m) be a 1-dimensional quasi-local domain. with [Spec(R)| < oo.
Then R is in Csop.. Indeed, let I be an ideal of R. We must check that R/I satisfies
conditions (i)-(v) of Definition 3.3.1. If dim(R/I) = 0, then the above example shows R/I
is in Csop.. If dim(R/I) =1, then I = 0, and since |Spec(R)| = 2, it is clear that R satisfies

conditions (i) - (v).

We would like to next show that every 2-dimensional quasi-local Krull domain with
Noetherian spectrum is in Gy, .. Recall that an integral domain R is a Krull domain if the

following conditions on R hold:

(i) For each p € XM = {p € Spec(R) | ht(p) = 1}, R, is a discrete valuation ring.

(i) R = mpeX(l) Ry.

(iti) Iz # 0, |V(zR) N XV| < <.
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Before we proceed, we shall need some facts about a certain closure operation on the ideals
of an integral domain introduced by W. Fanggui and R.L. McCasland in [16]. Let R be an
integral domain R with quotient field K. An ideal J of R is called a Glaz- Vasconcelos ideal
of R if J is finitely generated and J~! := (R :x J) = R, which we denote by J € GV (R).
For I an ideal of R, the w-envelope of I, denoted by I, is the ideal

L= |J =

JEGV(R)

Lemma 3.4.4. Let J be a finitely generated ideal in a domain R. Then J € GV (R) <

p.grade(J, R) > 2.

Proof. If J = R, the claim is trivial, so we can assume throughout that J is proper. So if
J~1 = R, then since J is proper, it’s not principal. Thus we may write J = Rb+ I for some
non-zero b € J, where I Z Rb and I is finitely generated. So write I = (ay,...,a,)R, and
let f=ap+a1X+...+a,X" € R[X]. We claim that b, f is a R[X]-sequence contained in
J[X].

Clearly b is R[X|-regular. Next, we claim that f is a non-zerodivisor on R[X|/bR[X] =
(R/bR)[X]. By Lemma 1.2.1(i), this happens precisely when (0 :g/,z I) = 0. So suppose
r4+bR € (0 :gspr I). Then Ir + bR = bR, so Ir CbR = I(r/b) C R. Thenr/be J~' =R,
or in other words, r € bR. Hence we have (0 :g/pr I) = 0, so that b, f forms a R[X]-sequence

in J[X]. Thus p.grade(J, R) > 2.
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Conversely, suppose p.grade(J, R) > 2, so that for some n € Ny,

gradepx, . x,](J[X1, ..., X, R[X0, .., X)) > 2.

1111

Now if (J[X1,...,X,])"t = R[X1,..., Xy, then J~! = R, so that we might as well assume
grade(J, R) > 2. Then J contains an R-sequence x,y. Now if ¢ € J~! then cx = r and
cy = s for some s,r € R. Hence we have sz = cyr = ry = r = tx for some t € R since y is

a non-zerodivisor on R/zR. Thus cx =r =tx = c=1 € R. O

Lemma 3.4.5. Let I be an ideal of a domain R. Thenp.grade(I, R) = 1 < p.grade(I,, R) =

1.

Proof. 1f p.grade(I,,, R) = 1, then since I C I,,, we must have p.grade(/,R) < 1. Now
I, # 0 means I # 0, therefore I contains a regular element, and so p.grade(I, R) > 1, and
hence we actually get equality. Conversely, suppose that p.grade(/, R) = 1 and suppose
that p.grade(1,, R) is bigger than 1. Then we may choose a finitely generated ideal J C I,
with p.grade(J, R) > 2. Now by the above lemma, J € GV (R), and since I,, contains J,
we must have R = (Iy)y = I,. But then there is some J' € GV(R) with J' C I, which
by the above lemma and the monotonicity of polynomial grade implies p.grade(I, R) > 2, a

contradiction. O

Theorem 3.4.6. Let R be a Krull domain, and I = (ai,...,an)y a w-ideal of R. If
p € Spec(R) is minimal over I, then ht(p) < mn. In particular, for any x # 0 in R, any

prime ideal minimal over x has height one.

Proof. This is just a special case of [15, Corollary 1.12], since every Krull domain is strong

Mori. O
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Lemma 3.4.7. Let (R,m) be a quasi-local Krull domain with dim(R) > 2. Then the fol-

lowing hold:
(i) my, = R, and therefore p.grade(m) > 2.
(ii) ara(m) > 2.

(iii) m = Uyex b, and so X1 is infinite.

Proof. (i): We have that since m is maximal, either m,, = m or R. In the former situation,
then m is a maximal w-ideal, so that by [15, Theorem 2.8(8)], we must have ht(m) = 1,
a contradiction. Thus m,, = R, so there there is some J € GV(R) with J C m. But
then p.grade(m, R) > 2. (ii): If m = vzR, then ht(m) = 1 by Theorem 3.4.6, which
contradicts our assumption that dim(R) > 2. (iii): If m # U,cxa) p, then there is some
z € m\Upexm p. But then VZR = m, contradicting (ii). The fact that X must be

infinite follows immediately by prime avoidance. O

Lemma 3.4.8. Suppose that (R, m) is a quasi-local Krull domain with dim(R) = 2. Then
ara(m) = 2. In other words, there are x,y € R with \/(x,y)R = m. Moreover, any such

pair of elements must be an R-sequence.

Proof. Suppose z # 0 is in m. Let V(zR) N XM = {p,,... p}. Then m # U§:1 p;. Thus
there is some y € m\ U§:1 pi. Then \/W = m as desired. For the moreover part, say
W = m for some ¢,d € R. We claim this is a regular sequence on R. Indeed, ¢ # 0 by
part (ii) of the above lemma. Now if d € Z(R/cR), then d € p for some p € wAssp(R/cR) =
wAssgr/.r(R/cR). We can’t have ht(p) = 1, otherwise c,d € p contradicts V(c,d)R = m.

Therefore ht(p) = 2, and so p = m. Now if m € wAss(R/cR), then p.grade(m, R/cR) = 0
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by [26, Lemma 2.8]. But p.grade(m, R/cR) = p.grade(m,R) —1 =2 —1 = 1 since c is a

regular element of R, a contradiction. Therefore ¢, d is a regular sequence of R. O

Lemma 3.4.9. Let (R,m) be a quasi-local Krull domain with dim(R) = 2. Then R is

Cohen-Macaulay.

Proof. Let fi1,..., fm € R be a strong parameter sequence. Now if m = 1, then since f; # 0,
we must have that f; is a regular element of R. If m > 2, then H}T,---,fm<R) # 0, which is
impossible, since the Cech cohomology should vanish in degrees larger than 2 = dim(R). So
the only case left to check is when m = 2. In this case, we must have ht((fi, f2)R) = 2, so

that \/(f1, fo)R = m, and thus f1, fo form a regular sequence by the previous lemma. [J

Lemma 3.4.10. Let R be a ring and I a finitely generated ideal of R. If (0 :g I) = 0 and
ht(I) = 1, then I is Cech stable. More generally, if I is any ideal with p.grade(I) = ht(I),

then I is Cech stable.

Proof. (0 :r I) = 0 says that p.grade(/, R) > 0. The claim then follows immediately from

the inequalities p.grade(I, R) < C.ht(I) < ht(I). O

Lemma 1. Let (R, m) be a quasi-local Krull domain with dim(R) = 2. Then every finitely

generated ideal of R is Cech stable.

Proof. Let I be a finitely generated ideal of R. If ht(I) = 0, I = 0, so there is nothing to
do. If ht(I) = 1, then by the above lemma, since R is a domain, (0 :g I) = 0, and hence [
is Cech stable. If ht(I) = 2, then v/I = m, so that p.grade(m, R) = p.grade(I, R) = 2, and

thus by the above lemma we also conclude I is Cech stable. O
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Lemma 3.4.11. Let (R,m) be a 2-dimensional quasi-local Krull domain with Noetherian
spectrum and I a height one prime ideal of R. Then there is an ideal J of R with I C J

where the following hold:

(i) dim (%) ~0.
(ii) wAss(R/J) = {p € V(I) : dim(R/p) = 1}.

Proof. Let B = (z,y)R be a finitely generated ideal of R with VB = m, where z,y is a
regular sequence on R. Since R is Laskerian |27, remarks after Example 4.2], the ascending
chain
(I:RB)C(I:gB)C(I:zpB*C---

must terminate at some n € N (|37, Proposition 3|). Let J = (I :g B™). We claim that
J satisfies (i) and (ii) above. For (i), let f € m = VB = V/B", so that f* € B for
k> 0. Now if x € J, then «B™ C I = zf* € I, and since = was arbitrary, we must have
ffICI=fecI:gJ ThusV(I:gJ) C {m}, so that (i) holds. For (ii), we first note
that m ¢ wAss(R/J). Indeed, suppose by way of contradiction that m € wAss(R/J). Then
VIR f =m = /B" for some f ¢ J. Since B" is finitely generated there is some t > 0

where
B"™C(J:rf)
=B"fCJ=(I:gr B")
éBn(H_l)f -

=fe (g B""Y)=(I:r B") = J
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So m ¢ wAss(R/J). We remark that B € GV (R) = B" C GV (R) by [16, Lemma 1.1]. If
p € Ming(I), then p has height one, so that I C p = J = (I :g B") C I, C py = p, by
[35, Corollaire 3|. Thus V(I) = V(J). Moreover, {p € V(I) : dim(R/p) = 1} = Ming(I) =

Ming(J) = V(J)\{m} = wAss(R/J), so (ii) holds. O

A ring R is said to have Noetherian spectrum if it satisfies ACC on radical ideals, or

equivalently if Spec(R) is a Noetherian topological space with the Zariski topology.

Theorem 3.4.12. Let (R,m) be a 2-dimensional quasi-local Krull domain with Noetherian

spectrum. Then R is in Csop..

Proof. We must show that R/I satisfies conditions (i)-(v) of Definition 3.3.1 for any ideal
I of R. We proceed into cases. Case I: If dim(R/I) = 2, then I = 0, so we must show R
satisfies (i) - (v). As shown above, ara(m) = 2, so that conditions (i) and (ii) are met above.
Since R is a domain, wAss(R) = {(0)} = {p € Spec(R) : dim(R/p) = 2}, so that (iii) and
(v) hold. Moreover, if z,y € R is such that \/W = m, then z,y is a regular sequence
on R and so for all £ # 2, Hg]j,y(R) = 0. If ¢ is any nonzero element of R, we also have a
short exact sequence

0RSR—R/cR—0
which gives an exact sequence in Cech cohomology:
H?,(R)5 HZ, (R)— H} (R/cR)=0

Thus multiplication by ¢ on H2 , (R) is surjective, so that ¢ ¢ p for any p € wAss(Dn(HZ ,(R))).
Since ¢ was arbitrary, we must have wAss(Dy(H2 ,(R))) = {(0)}, and thus (iv) holds. Case

x’y

II: If dim(R/I) = 1, then Spec(R/I) is finite, so conditions (iii) and (iv) are satisfied.
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If V(I) = {p1,...,px, m}, then by prime avoidance there is some b € m\ Ule pi- Then
VO(R/I) =m/I, so that dim(R/I) = ara(m/I) = 1 and thus (i) and (ii) are met. Lastly,
(v) holds by Lemma 3.4.11. Case III: If dim(R/I) = 0, then by Example 3.4.2, R/I satisfies

conditions (i)-(v). O
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