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Abstract

Representing Sato-Levine Invariants by Whitney Tower Intersections

by

Shawn Keith McDougal

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Peter Teichner, Chair

In this thesis we explore connections between the (mod 2 reduction of the) first nonvanishing
Milnor invariants of links in the 3-sphere and the spin-bordism groups over certain appro-
priately defined nilpotent groups. We focus our attention on the generalized Sato-Levine
invariants of Conant, Schneiderman, and Teichner [6], and using their lens of twisted Whit-
ney towers. Though we use very different tools, our results extend results of Igusa and Orr
relating Milnor invariants to the homology of nilpotent groups [13].
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Chapter 1

Introduction and Summary

A (classical) link is an ordered collection of smoothly embedded circles in S3. Links naturally
arise in many contexts—e.g. it is a classic result of Lickorish [18] that every closed, connected
orientable 3-manifold can be realized as the integral surgery on a link in S3. Closer to our
immediate interest, links arise when studying singular points of immersed surfaces in 4-
manifolds: look at a 4-ball neighborhood of a singularity and on the 3-sphere boundary
of that 4-ball you’ll see a link. A link is slice if its components bound disjoint properly
embedded disks in the D4 which is bounded by the S3. If the link coming from a singular
point as above is a slice link then the singularities can be removed.

The Whitney move—removing paired intersections between n-dimensional submanifolds
of M2n by using framed embedded Whitney disks—plays a central role of in Whitney’s
strong embedding theorem, surgery theory, h-cobordism and the classification of higher
dimensional manifolds. However, because two-dimensional disks don’t generically embed in
a 4-manifold, the Whitney trick fails in dimension 4. Thus, understanding how to remove
these intersections and singularities among disks—understanding how to “slice” links—is a
key goal in the classification of 4-manifolds. [5]

A long-standing and powerful tool in studying link concordance has been the Milnor
invariants, which capture information about the nilpotent quotients of the fundamental
group of the link complement. These invariants are obstructions to slicing a link. However,
from Milnor’s original definiton, these invariants are also very difficult to compute.

Any link in the 3-sphere bounds a collection of immersed disks in the 4-ball, and any
algebraically cancelling pair of intersections yields an immersed Whitney disk. Iteratively
removing intersections of progressively high-order Whitney disks leads to the Whitney towers
of Conant, Schneiderman, and Teichner. These towers—accompanied by intersection trees—
geometrically embody the information presented in the first nonvanishing Milnor invariants.
Conant, Schneiderman, and Teichner construct a Whitney tower filtration of links that makes
it relatively easy to compute Milnor invariants, and among other things, define higher order
Sato-Levine invariants as certain mod 2 reductions of Milnor invariants, use it to generalize
the notion of k-sliceness.

Our main result is:
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Theorem 7.3. β induces a homomorphism

h : W2k−2 → ker (Ωspin
3 (B

F

Fk
)→ Ω3(B

F

Fk
))

where β is determined by a basing for the link (cf. Section 2.9), and W2k−2 is in the
associated graded group of the twisted Whitney tower filtration of Conant, Schneiderman,
and Teichner. Our construction is summarized in Diagram 1.1 below.

The image of the homomorphism lies in the kernel of the forgetful map Ωspin
3 (B F

Fk
) →

Ω3(B
F
Fk

). (Theorem 5.9) The kernel of this homomorphism contains W2k−2, the correspond-

ing term in the framed Whitney tower filtration.(Theorem 7.4) For links with a nontriv-
ial generalized Sato-Levine invariant—which measures the obstruction to framing a twisted
Whitney tower—the image of this map lies in a quotient of H2(B

F
Fk

;Z2) = Fk
Fk+1
⊗ Z2, via

a correspondence taking twisted trees to the class indicated by applying the bracket map.
Moreover (Theorem 8.1), the image corresponds to the secondary edge invariant (sec) of
Teichner [30].

L_

��

4 %%

∈ W2k−2

#

h //

ξ

����

ker(Ωspin
3 (B F

Fk
)→ Ω3(B

F
Fk

))

p
����

3ML

b(τL) ∈ Fk
Fk+1
⊗ Z2

// //

Fk
Fk+1
⊗ Z2

im d2

(1.1)

In the diagram, ξ comes from the correspondence between Whitney concordance classes
and intersection trees (cf. Lemma 2.3). The singular bordism groups Ωspin

3 (B F
Fk

) and

Ω3(B
F
Fk

)) are explained in Section 2.8. p is the natural projection coming from the spectral

sequence for Ωspin
3 (B F

Fk
) (cf. Section 7).

In Section 2 we review classic theorems of Stallings and Dwyer which connect the lower
central series to low-dimensional topology (2.1), Whitney disks and the special challenge
they present in 4-dimensional setting (2.2), Milnor invariants background (2.5), key aspects
of Conant, Schneiderman, Teichner’s results on Whitney tower concordance of classical links
and their geometric characterizations of Milnor’s link invariants (2.3), gropes (2.4), and the
generalized Sato-Levine invariants to which our results apply (2.6).

In our main constructions, we consider as given an m-component link in L ⊂ S3 = ∂B4

with the only requirement being that L lies deep enough in the Whitney tower filtration (that
is, that L bounds a twisted Whitney tower of order 2k−2). It follows that the longitudes are
sufficiently deep in the lower central series of the link exterior, and so we get isomorphisms
between nilpotent quotients of π1(ML) and those of the free group on m generators, F (m)
(Up to the (2k − 1)st quotient, in fact). These isomorphisms allow us to define maps from
ML to the appropriate classifying spaces. (Specifically, ML → B F

Fk
. cf. Section 2.9)

Then in Section 3 we build a four-manifold, NW , that will turn out to geometrically
embody the intersection invariant of the link L. We do surgery on the twisted Whitney
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tower which the link bounds—specifically, on the top-level (unframed) Whitney circle. This
turns the pair (D4, S3) into (S2×̃S2#D4, S3). It also creates auxilliary slice disks for the
link components and thus allows us to complete the Whitney move, removing the slice disks.
We then see the four-manifold we’ve constructed has as boundary ML, the zero surgery of
the link.

After proving a general result on Alexander duality (Section 4) and then specializing
it to our situation, in Section 5 we see how the homology and fundamental groups of NW
allow us—via Stalling’s Theorem, Dwyer’s refinement, and Teichner and Freedman’s related
results—to extend the map ∂NW = ML → B F

Fk
to NW → B F

Fk
. We also see how the second

homology of NW is generated by a grope of order k, Γ, along with the grope’s meridinal
sphere. The order k grope embodies the intersection invariant data of the original link, and
is Poincaré dual to w2(NW ,ML).

Then, in Section 6 we show how the geometric meaning of the transgression in the
Leray-Serre spectral sequence for the relevant fibration allows us to connect the grope in
the second homology of NW to the corresponding commutator (mod the image of d2) in the
second homology of B F

Fk
. From our construction we also see this is the same commutator as

that captured by the generalized Sato-Levine invariant of the link.
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Chapter 2

Background and Definitions

Throughout this discussion, by “manifold” we will mean smooth manifold unless we qualify
it otherwise.

A link of m components (aka an m-component link), L, is an ordered collection of
smoothly embedded circles in S3. A framed link is one whose normal bundle ν(L) is triv-
ialized. Two links L and L′ are concordant if there is smooth, oriented, properly embed-
ded, m-component submanifold V of S3 × [0, 1], diffeomorphic to L × [0, 1] and such that
V ∩ S3 × {0} = L and V ∩ S3 × {1} = L′. [3]

Given an open tubular neighborhood of L, ν̊(L), the link exterior, EL, is S3 \ ν̊(L).
Given a connected codimension 2 submanifold An ↪→ Bn+2, with trivialized normal bun-

dle, ν(A) ∼= A×D2, a meridian of A is (the isotopy class of) the S1 boundary of a normal
disk. Regardless of codimension, a normal disk may also be called a meridinal disk.

The ith longitude of a link, λi, is a push-off of a component Li that is nullhomologous in
S3 \ Li.

Given a basepoint in S3 and a choice (up to homotopy) of paths within EL from the
basepoint to each boundary component of EL, along with the corresponding meridians.
This defines a map δ :

∨m S1 → EL. Passing to fundamental groups we get a basing,
δ : F (m)→ π1(EL).

2.1 Lower Central Series of Groups

We denote the free group on m generators, x1, x2, . . . , xm, by F (m), or simply by F when
m is understood. For any group G, let G1 = G and Gk+1 = [G,Gk] denote the lower central
series for G.

For convenience, we recall two key theorems connecting the lower central series to ho-
mology and thus to the rest of topology: Stallings’ Theorem and Dwyer’s Theorem, which
extends Stallings’ Theorem.

Theorem 2.1. (Stallings [28]) If g : σ → π is a group homomorphism inducing an isomor-
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δ

Figure 2.1: a) A Hopf link in S3. b) The link exterior, along with a basing.

phism on H1 and an epimorphism on H2, then the induced maps

gi :
σ

σi
→ π

πi

are isomorphisms for all 1 ≤ i < ω

Given a group G, and the canonical map on classifying spaces induced by the quotient
G → G/Gk−1, define φk(G) := ker (H2(G)→ H2(G/Gk−1)). There is the Dwyer filtration
φω(G) ⊂ · · ·φk+1(G) ⊂ φk(G) ⊂ · · ·φ3(G) ⊂ φ2(G) = H2(G). Dwyer extended Stallings’
result to show

Theorem 2.2. (Dwyer [9]) If f : σ → π is a group homomorphism inducing an isomorphism
on H1, then, for 2 ≤ k < ω the following are equivalent:

(1) f induces a surjection H2(σ)/φk(σ)� H2(π)/φk(π)

(2) f induces an isomorphism σ/σk ∼= π/πk

(3) f induces an isomorphism H2(σ)/φk(σ) ∼= H2(π)/φk(π) and an injection H2(σ)/φk+1(σ)�
H2(π)/φk+1(π)

Given any space X with fundamental group π1(X), both Stallings’ and Dwyer’s results
easily extend to such a space by attaching cells of dimension ≥ 3 to form K(π1(X), 1):
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recall, H1(X) = H1(π1(X)) and there is the well-known exact sequence π2(X)→ H2(X)�
H2(π1(X)) induced by the Hurewicz map.

In this light, Freedman and Teichner [11] define Dwyer’s subspace, φk(X), to be the kernel
of

H2(X)� H2(π1(X))� H2

(
π1(X)

π1(X)k

)
where the first map is the Hurewicz map, and they define Dwyer’s filtration for H2(X)

π2(X) ⊂ φω(X) ⊂ · · ·φk+1(X) ⊂ φk(X) ⊂ · · ·φ3(X) ⊂ φ2(X) = H2(X)

2.2 Whitney disks, the Whitney move, and framing

In a simply-connected oriented 4-manifold, X, a pair of (transverse) intersection points be-
tween oriented connected surfaces A and B is called a cancelling pair if they have opposite
signs, where the signs are determined via the standard sign convention comparing the orien-
tations of the surfaces at an intersection point with the orientation of the ambient manifold.
If A and B are also simply connected ,for example, disks, such a cancelling pair, p, q in A∩B,
determine an embedded Whitney circle comprised of curves in α ⊂ A and β ⊂ B joining
p and q. Since X is simply-connected, the Whitney circle bounds an immersed Whitney
disk, W . (Henceforward, we assume all intersections are transverse.) If W is embedded with
interior disjoint from the paired surfaces A and B, then we can do the Whitney move (aka
the Whitney trick), removing the cancelling pair of intersections. In dimensions higher than
four, the Whitney disk can be framed, and, by general position, the Whitney disk is gener-
ically embedded and disjoint, which allows the Whitney trick to work. The Whitney move
is the key ingredient in Whitney’s strong embedding theorem, as well as the s-cobordism
theorem and the surgery exact sequence. [7]

In dimension 4, it is no longer the case that the Whitney disk is generically embedded
and disjoint. Moreover, even if W is embedded and disjoint, a further framing obstruction
appears in dimension 4.

Although the normal bundle of an embedded Whitney disk, W , is necessarily trivial
since D2 is contractible, there is a special Whitney framing that is compatible with doing
the Whitney move. This Whitney framing allows the move to proceed without introducing
new intersections. To do the Whitney move, the normal bundle of W must contain a 1-
dimensional subbundle—the Whitney section—that splits the tangent and normal bundles,
respectively, of the surfaces paired by the disk, so that the surfaces remain transverse and
no new intersection points appear between the surfaces during the Whitney move.

A canonical, nonvanishing Whitney section— ν(W )|∂W—always exists over the boundary
of the Whitney disk. It is given given by pushing ∂W tangentially along one sheet and
normally along the other. The problem is to extend it over the whole disk. In dimensions
greater than 4, this problem is taken care of by orientability of the subbundle, which in turn
is taken care of by the cancelling intersection points. However, in dimension 4 this is not
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sufficient. This has to do with the fact that, whereas for n > 4, π1(G1(n − 2)) = Z2, for
n = 4, π1(G1(n − 2)) = Z, where Gk(m) is the Grassmanian of k-planes in Rm. Note that
k = 1 here corresponds to the dimension of subbundle of the normal bundle of W that is
trivialized over the boundary of W . (Equivalently, for n > 4, π1(O(n − 2)) = Z2, but for
n = 4, π1(O(n− 2)) = Z.) [27, section 1.7], [12, section 4.1]

Thus, in dimension 4, the Whitney disk comes with a relative Euler number ω(W ) ∈ Z,
which is the obstruction to extending the Whitney section across the disk. [10, section 1.3].
When ω(W ) = 0, we say the disk is framed. Otherwise, it is twisted, or k-twisted if we want
to specify the number of rotations.

W

A

B B

W

A

Figure 2.2: a) A Whitney disk W pairing local surface sheets A and B, with Whitney section.
b) Doing the Whitney move to remove intersections.

2.3 Whitney towers

In dimension 4, the Whitney disk is not generically embedded. Moreover, generic intersec-
tions between a Whitney disk and surfaces can obstruct a Whitney move. However, it can
be made disjointly embedded (and framed) at the cost of creating intersections with the
surfaces paired by W . [7] See Figure 2.3. This leads to Conant, Schneideman, and Teichner’s
construction of Whitney towers, built up by pairing as many intersections as possible with
iterated Whitney disks.

As in [26] we recall the definitions below:
An order 0 surface S in a 4-manifold M is a properly immersed surface—i.e. ∂A is

embedded in ∂M , and the interior of A is generically immersed in M \ ∂M . A Whitney
tower of order 0 in M is a collection of order 0 surfaces.

Given a (transverse) intersection point p between surfaces of order m and n, we say the
order of p is (m+ n).

The order of a Whitney disk is (n+ 1) if it pairs intersection points of order n.
For n ≥ 0, a Whitney tower of order (n + 1) is a Whitney tower W of order n together

with Whitney disks pairing all order n intersection points.
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W

A

B B

W

A

CC

Figure 2.3: A Whitney disk, W , pairing local surface sheets A and B, with another sheet
C intersecting W . A Whitney move removes the intersection point between C and W , but
introduces a pair of new intersection points between C and A.

In the definition of Whitney tower given above, all surfaces and Whitney disks are re-
quired to be framed.

There is also the notion of a twisted Whitney tower. An order 0 twisted Whitney tower
is a collection of properly immersed surfaces that are not necessarily framed.

For n > 0, an order (2n− 1) twisted Whitney tower is just a (framed) Whitney tower of
order (2n− 1) as above.

A twisted Whitney tower of order 2n, for n > 0, is a Whitney tower all of whose surfaces
of order < n are framed, except the disks of order n are allowed to be twisted.

A framed link L ⊂ S3 = ∂(B4) bounds an order n twisted Whitney tower W ⊂ B4 if
the order 0 surfaces of W are bounded by L. Henceforward, all links will be assumed to be
framed, and inside S3 unless otherwise stated.

In all Whitney towers, twisted or framed, the Whitney disks must have disjointly em-
bedded boundaries and generically immersed interiors.

For n ≥ 1 two links L0 and L1 are (twisted) Whitney tower concordant of order n if for
each i their ith components, L0,i ⊂ S3×0 and −L1,i ⊂ S3×1 cobound an immersed annulus
Ai ⊂ S3 × I which supports a (twisted) Whitney tower of order n.

Let Wn = Wn(m) be the set of framed links of m components in S3 bounding twisted
Whitney towers of order n in the 4-ball.

There is the twisted Whitney tower filtration:

· · · ⊆W3 ⊆W2 ⊆W1 ⊆W0 = L

Let Wn = Wn(m) be the associated graded Whitney concordance class of links, given by
the quotient of Wn modulo order (n + 1) twisted Whitney tower concordance. It is shown
in [7, Lemma 3.4] that, although in general the band sum is not a well-defined operation on
concordance classes of links, it is a well-defined operation in Wn .
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Intersection Trees

A tree is a connected graph without loops. A unitrivalent tree is a tree all of whose “internal”
vertices are trivalent, i.e. connect three edges. A rooted tree is a tree with a preferred
univalent (“external”) vertex called the root. The order of a tree is the number of trivalent
vertices. All trees will be considered oriented, with orientation given by cyclic orderings of
adjacent edges around each trivalent vertex.

J1 J2I2I1

Figure 2.4: Two trees I = (I1, I2) and J = (J1, J2).

In what follows we will use the bijective correspondence between oriented rooted trees
with non-root univalent vertices labeled by elements from the index set {1, 2, . . . ,m} and
formal non-associative bracketing of elements from the index set.

Given two rooted tress I and J , the rooted product, (I, J) is the rooted tree gotten by
identifying the roots of I and J to a single vertex v and sprouting a new rooted edge from v.

The inner product, 〈I, J〉 is the unrooted tree gotten from identifying the roots into a
single nonvertex point. [7]. See Figure 2.5

J1

J2

I2

I1

J1

J2

I2

I1
Figure 2.5: a) The rooted product (I, J). b) The inner product 〈I, J〉.

As in [6] we define T = T (m) to be the abelian group freely generated by oriented,
unitrivalent trees, with vertex labels in {1, ..,m} corresponding to link components, modulo
the antisymmetry (AS) and Jacobi (IHX) relations. (cf. Figure 2.6.) A −tree is a rooted
tree with root labelled .
T is graded according to the order of the trees, T =

⊕
n Tn, where Tn = Tn(m) is the

free abelian group on order n trees, modulo the AS and IHX relations.
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+- =0

+ =0AS:

IHX:

Figure 2.6: Local pictures of the antisymmetry (AS) and Jacobi (IHX) relations in T . The
univalent vertices extend to fixed subtrees in each equation.

T2k−1 is the quotient of T2k−1 by the boundary twist relations:

〈(i, J), J〉 = 0

These relations correspond to the geometric fact that an intersection point of order 2n − 1
of the form p = 〈(i, J), J〉 can be removed by a boundary twist on W(i,J) which changes
the framing by ±1. [10, Section 1.4] This merely creates a twisted disk of order n, which is
allowed in an order 2n twisted Whitney tower and thus represents no obstruction to raising
the order from 2n− 1 to 2n.
T2k is the free abelian group on order 2k trees and order k −trees, modulo the same

relations as above (only applied to order 2k trees) and certain additional relations: symmetry
(−J) = J , twisted IHX, and interior twist, 2 · J = 〈J, J〉. Note that T2k is a subgroup of
T2k.

Conant, Schneiderman, and Teichner define summation maps ηn : Tn → L1 ⊗ Ln+1.
The image of ηn turns out to be Dn (cf. Section 2.3), with ηn an isomorphism for n ≡
0, 1, or 3 mod 4. For the last case, n = 4k− 2, they show ker(η4k−2) ∼= Z2⊗ Lk, generated by
symmetric -trees of the form (J, J) . [7]

From Towers to Trees

To each order 0 surface Σi we associate the order 0 rooted tree with just 1 edge with one
vertex labelled i. The tree is indicated simply by i. To each intersection point p between
order 0 surfaces Σi and Σj we associate the order 0 tree tp := 〈i, j〉. To a Whitney disk
W(i,j) pairing order 0 surfaces Σi and Σj, we associate the rooted tree (i, j). Recursively,
for a Whitney disk W(I,J) pairing surfaces WI and WJ , where these surfaces may be order
0 or higher and I, J denote the corresponding rooted subtrees, we associate the rooted tree
(I, J). (If I = i then WI means Σi.) Similarly, to any intersection point p between surfaces
WI and WJ with corresponding trees I and J , we associate the tree tp := 〈I, J〉.
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The trees may be thought of as embedded in the Whitney tower as in Figure 2.7.

W(A,B)

A

B

A

B

WC

p

Figure 2.7: a) The rooted tree (A,B) associated to the Whitney diskW(A,B). b) The unrooted
tree 〈(A,B), C〉 associated to the intersection point p ∈ W(A,B) ∩WC

For a twisted Whitney tower, W , the order n intersection invariant τn (W) is the sum
of signed trees associated to all unpaired intersections p in W , along with -trees associated
to all twisted Whitney disks of W . It is given by

τn (W) :=
∑

p
εp · tp +

∑
J
ω(WJ) · J

where εp is the sign of p and ω(WJ) is the twisting of WJ .

Some Facts on Whitney Tower Filtrations

It is shown in [7, Theorem 1.8] that L bounds a twisted Whitney tower, W , of order n with
τn (W) = 0 if and only if L bounds a twisted Whitney tower of order (n+ 1).

By [7, Remark 3.1] links L0 and L1 in Wn represent the same element in Wn if and only if
there exists order n twisted Whitney towers W0 and W1 such that τn (W0) = τn (W1) ∈ Tn .

Bracketing Map

Suppose we are given a link L ∈ W2k−2. Then it bounds a twisted Whitney tower W of
order 2k − 2, with corresponding intersection invariant τL.

We define the reduced bracketing map, b : T → Z2 ⊗ L, on -trees via the usual cor-
respondence (cf. 2.3) between rooted oriented labeled trees and nonassociative bracketings.
We call it “reduced” because, since antisymmetry but not self-annihilation relations hold in
T , the target for the usual bracketing would be Z2⊗L′, but, as we see in Section 2.5, exact
sequence 2.5, this then maps to Z2⊗L after modding out symmetric trees.(Also cf. [7, Defini-
tion 5.2]) Thus, this map descends in the quotient to b : T2k−2/T2k−2 � Z2⊗Lk(m) = Z2⊗Lk,
where Lk is the degree k portion of the free Z-Lie algebra L(m) = ⊕Ln on m generators. By
treating the Lie bracket as the usual commutator, Z2 ⊗ Lk is isomorphic to Fk

Fk+1
⊗ Z2 [19].
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1 2

Figure 2.8: a) A link in S3, with twisted Whitney disk. b) The corresponding Whitney tower
in D4. c) The intersection tree.

Interior Twist

The operation of interior twisting—cf. [10, Section 1.3]—allows the framing to be changed
by ±2 only at the cost of introducing a self-intersection in W . There are several ways to
see why this works as it does. First, we can recall that for a generic immersion of oriented
manifolds, Σ2 # X4, we have

Σ · Σ = ω(νΣ) + 2(signed number of self intersections)

where ω(νΣ) is the (integer) Euler number of νΣ.
Second, by examining Figure 2.9 we can see that there are two loops along which the

normal bundle undergoes a full rotation, in one case from the twisting of the original strip
at time t = 0, in the second case, from the shifting from past to future along the paths
indicated. [10, Section 1.7] This leads to the interior twist relation of Conant, Schneiderman,
and Teichner: Given a rooted tree, J , and letting k·J represent the corresponding k−twisted
tree, we have 2 · J = 〈J, J〉. Because it introduces only intersections of higher order than
in the original Whitney tower, it will sometimes be useful to consider only ω(W ) mod 2.

From Trees to Links and Back

There are surjective realization maps, Rn : Tn � Wn . [7, Section 3.2] The maps are defined
using a modification of Cochran’s “Bing-doubling along a tree” algorithm to turn trees into
links. [4] Given any link L ∈ Wn with corresponding class [L] ∈ Wn , there exists a tree
τL ∈ Tn such that [Rn(τL)] = [L]. See Figure 2.10 for an illustration of how this works.

For n ≡ 0, 1, or 3 (mod 4), Rn is an isomorphism. For n ≡ 2 (mod 4), the kernel of Rn

is generated by symmetric -trees of the form (J, J) of the appropriate order, i.e. where
the order of the rooted tree J is n+2

4
.
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Path A

Path B

intersection point

Figure 2.9: A view of the interior twist operation. (Based on the diagram appearing in [10,
Section 1.7].) Two paths along which the normal bundle of the disk gets a 2π twist. Path
A—along the boundary of the twisted piece—is fully in the present. Path B is in the present,
goes into the future as it crosses portion of the fill-in piece, returns to the present, then goes
into the past as it crosses part of the interior of the twisted piece.

W2k−2

ξ
** **

T2k−2
R2k−2
oooo

q
// T2k−2/T2k−2

b
����

Fk
Fk+1
⊗ Z2

(2.1)

Lemma 2.3. The map ξ : W2k−2 → Fk
Fk+1
⊗Z2 (defined by diagram 2.1 above) is well-defined

and surjective.

Proof. L ∈ W2k−2 determines, via R−12k−2, a corresponding intersection invariant τL. From
the discussion of the realization map above, we see that this is unambiguous for 2k − 2 ≡ 0
(mod 4), and given up to symmetric rooted trees (J, J) for 2k−2 ≡ 2 (mod 4). By the self-
annihilation relation (cf. Section 2.3), the symmetric trees are trivial under the bracketing
map, b, so this map factors through the quotient T2k−2/T2k−2 as illustrated in diagram 2.1
and explained in Section 2.3. (In the geometric construction below we will also see that the
symmetric tree ambiguity is of no consequence.)
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L1

L2

L3

L1

L2

L1

L2

1 2

2 31 2 11

1

Figure 2.10: A flavor for how any intersection tree in Tn can be realized by a link. Start
with a 1-framed unknot, which realizes the intersection tree 1 . Next do a twisted Bing
double to get the Whitehead link. Then an untwisted Bing double. Finally, do an internal
band sum. Shown are the links along with corresponding intersection trees.

2.4 Gropes

A grope of class 1 is a circle. A class 2 grope is a compact oriented surface, Σ, with a single
boundary component. Recursively, for n ≥ 2, a class n grope is formed by attaching to
each pair of dual circles in a symplectic basis for Σ a pair of gropes whose classes add up to
n. [6, Section 1.6] “Attaching a class 1 grope” is taken to mean not attaching anything at
all. The surfaces are called stages.

A closed n-grope—also known as a sphere-like grope—is the 2-complex you get when you
replace a 2-cell in S2 by a class n grope. [16] See Figure 2.11.

Generalizing the easy observation that the boundary circle γ of a compact oriented surface
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with standard symplectic basis {αi, βi} is the product of commutators,
∏

[αi, βi], Freedman
and Teichner show in [11] that

Lemma 2.4. (Freedman and Teichner) For a space X, a loop γ lies in π1(X)k if and only
if γ bounds some k-grope Γ ⊂ X. Moreover, the class of Γ is the maximal k such that
γ ∈ π1(X)k.

Recall the Dwyer Filtration of the second homology of a space (cf. Section 2.1),where

Dwyer’s subspace, φk(X), was defined to be the kernel of H2(X)→ H2(π1(X))→ H2(
π1(X)
π1(X)k

).
Freedman and Teichner also show

Lemma 2.5. (Freedman and Teichner [11]) Dwyer’s subspace φk(X) of H2(X) is precisely
the subset of homology classes represented by maps of closed k-gropes into X

2.5 Milnor Invariants

By a result of Milnor [21], given a basing δ : F → π1(EL) we have the presentation for the
nilpotent quotients

π1(EL)

π1(EL)j
∼= 〈y1, y2, . . . , ym | [yi, λi], Fj〉

where yi = δ(xi) is the image of the ith meridian and λi is the image of the ith longitude

in π1(EL)
π1(EL)j

.

Figure 2.11: A class 5 closed grope.
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It follows that if the longitudes lie in π1(EL)n+1 then the basing induces isomorphisms
on the nilpotent quotients

F

Fi
→ π1(EL)

π1(EL)i
, for i ≤ n+ 2 (2.2)

By the 5-Lemma, this implies

Fn+1

Fn+2

∼=
π1(EL)n+1

π1(EL)n+2

(2.3)

The group Fn+1

Fn+2
is abelian—[Fn, Fn] ⊂ F2n ⊂ Fn+2—and is generated by n-fold simple

commutators of the form [xi1 , [xi2 , [. . . , [xin−1 , xin ]]] · · · ]. [19]
The classic Milnor invariants of a link L, µ̄L, are defined via the Magnus expansion. First

recall that the Magnus expansion, g : F (m) → A(Z,m), embeds F (m) into A(Z,m), the
associative Z-algebra of formal power series in m noncommuting variables κ1, . . . , κm, by
mapping the generator xi to 1 + κi and x−1i to 1− κi + κ2i − κ3i + . . . . So given z ∈ F (m),
g(z) will have the form 1 +

∑
µ(i1, . . . , is)κi1 · · ·κis . Magnus shows that z ∈ Fk if and only

if all coefficients µ(i1, . . . , is) vanish for s < k. [19, section 5.5]
The classic Milnor invariants are then the coefficients in the Magnus expansion repre-

senting the link longitudes, once the longitudes have been written in terms of the meridian
generators yi = δ(xi) of EL. The length of a Milnor invariant is the degree plus 1 of the
term where it appears. [21]. Milnor showed that the first nonvanishing such coefficients are
well-defined—i.e. independent of basing—and are isotopy invariants for the link. Later,
Stallings showed them to be concordance invariants. [28]

Let L = L(m) denote the free Lie algebra over Z on m generators, X1, X2, . . . , Xm, with
product given by the usual Lie bracket. This is N-graded, L =

⊕
n Ln, where the degree n

part, Ln+1, is the additive abelian group of length n + 1 brackets, modulo Jacobi identities
and self-annihilation relations [X,X] = 0. It is a classic result (e.g. cf. [19]) that

Ln+1
∼=
Fn+1

Fn+2

, (2.4)

with the generators of the Lie algebra mapping to meridians and Lie brackets mapping
to group commutators. [6]

Let L′ = L′(m) denote the quasi-Lie algebra on m generators defined by Levine. [17] The
difference between L′ and L is that the self-annihilation relation [X,X] = 0 no longer holds
in L′, being replaced by the weaker antisymmetry (AS) relation: [X, Y ] = −[Y,X]. L′ has
the same grading as L. Levine shows that the natural projection induces L′2k−1

∼= L2k−1,
while for even orders (i.e. odd degrees) we have the split exact sequence

Z2 ⊗ Lk � L′2k � L2k (2.5)

where the first map sends X to [X,X]. [7, Section 5]
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Let µin(L) denote the image of the ith longitude in Ln+1 under the isomorphism in (2.3)
above. As in [6] we define the order n Milnor invariant by

µn(L) :=
∑
i

Xi ⊗ µin(L) ∈ L1 ⊗ Ln+1

The order n Milnor invariant, µn(L), is the first non-vanishing “total” Milnor invariant,
corresponding to all length n+ 2 classic Milnor invariants. It should be noted that Magnus’
work on the Magnus expansion shows a link L has vanishing Milnor invariants of length
≤ n+ 1 if and only if the longitudes lie in π1(EL)n+1. [22]

By results of Cochran, Schneiderman, and Teichner [7], for L ∈ Wn the Milnor invariants
of length ≤ n + 1 vanish (and thus the longitudes lie in π1(EL)n+1) and the length n + 2
invariants can be computed from the intersection tree τn (W) of any twisted Whitney tower
W of order n bounded by L. Thus, this computes the order n total Milnor invariant as
well. It is a fact that µn(L) lies in Dn, the kernel of the bracketing map L1 ⊗ Ln+1 → Ln+2

Indeed, by [6, Theorem 7] there is a surjection µn : Wn � Dn that is an isomorphism for
n ≡ 0, 1, or 3 (mod 4).

Results of Igusa & Orr

Let F be the free group on m generators. Igusa and Orr showed that [13]:

H3(B
F

Fk
;Z) =

2k−2⊕
i=k

(mNi −Ni+1)Z

where Ni is the rank of Fi
Fi+1

∼= Li, and thus the number of basic commutators of length i. For

a link of m-components with vanishing Milnor invariants of length k, Orr showed that the
expression in parentheses above, mNi−Ni+1, is the number of independent Milnor invariants
of length i+ 1. [22]

For such a link, Igusa and Orr used calculations of the homology of nilpotent groups F
Fk

,

along with calculations of elements of π3(B
F
Fk

), determined by maps from S3 constructed

using a basing on the link with target a certain simply-connected quotient space of B F
Fk

,

to show that H3(B
F
Fk

;Z) essentially captures the Milnor invariant information in the range

given (i.e. length k + 1 to 2k − 1).
Also note that the expression in parentheses above, mNi−Ni+1, is the rank of Di−1, the

kernel of the bracketing map L1 ⊗ Li → Li+1. [6]

2.6 Generalized Sato-Levine and Arf Invariants

The original Sato-Levine invariant [24] was defined for all 2-component links (not necessarily
spherical) in Sn+2 that are codimension 2 and bound Seifert surfaces in the complement of one
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another. In the classical case it is defined for any 2-componenet link with zero linking number:
Given components L1 and L2 bounding Seifert surfaces Σ1 and Σ2 which meet transversally,
consider the 1-manifold intersection Σ1 ∩ Σ2, and compute it’s framing with respect to
either Seifert surface. By the Pontrjagin-Thom construction, the framing corresponds to
an element of of π3(S

2). Sato showed this to be a concordance invariant and defined a
coarser equivalence, β-equivalence, that determined an abelian group structure under connect
sum and mapped isomorphically onto π3(S

2) ∼= Z, with generator the Whitehead link. [24,
Theorem 4.1]

The Sato-Levine invariant was shown by Cochran [2] to be identical to the first nonvanish-
ing length 4 Milnor invariant, µ̄(1122). Generalizing Sato’s construction—using derivatives
of links to investigate higher-order intersections of “derived” Seifert surfaces—Cochran de-
fines a series of concordance invariants—βi, with β1 being the Sato-Levine invariant—which
are much easier to calculate than the classic Milnor invariants. Cochran shows that they
represent well-defined “integral lifts” of otherwise under-determined higher-order Milnor in-
variants. [4]

Moving in a different direction, Conant, Schneiderman, and Teichner generalize the Sato-
Levine invariant to m-component links, and show that it represents the obstruction to fram-
ing a twisted Whitney tower of even order.

Specifically, denoting the cokernel of W2n ↪→ W2n by Kµ2n−1, Conant, Schneiderman, and
Teichner define the Generalized Sato-Levine Invariant to be the map SL2n−1 : Kµ2n−1 �
Z2 ⊗ Ln+1, defined via the commutative diagram below (2.6). They show SL2n−1 is an
isomorphism when n is even. When n is odd, say n = 2j − 1, the kernel of Kµ2n−1 =
Kµ4j−3 � Z2⊗L2j is shown to be isomorphic to K4j−2, the kernel of the Milnor invariant map
µ4j−2 : W4j−2 � D4j−2. This kernel is the source of their higher-order Arf invariants and is
generated by symmetric -trees. [7, Section 5.2]

W2n
// //

µ2n∼=
��

W2n
// //

µ2n
����

Kµ2n−1

SL2n−1

��

D′2n // // D2n s`2n
// // Z2 ⊗ Ln+1

(2.6)

The map s`2n is defined by Conant, Schneiderman, and Teichner by applying the snake-
lemma in the diagram below (2.7), which relates the quasi-Lie algebra bracketing map to
the usual Lie algebra bracketing map. In the diagram, the Z2 ⊗ Ln+1 is the kernel of the
projection L′2n+2 � L2n+2, made up of two torsion elements of the form [X,X], and the map
sq is the squaring map, taking elements 1⊗X to [X,X], and fitting into the exact sequence
on the right side of the diagram, as proved by Levine [17].
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Z2 ⊗ Ln+1
��

sq

��

D′2n // //

��

��

L1 ⊗ L′2n+1
��

∼=
����

// // L′2n+2

����

D2n

s`2n
����

// // L1 ⊗ L2n+1
// // L2n+2

Z2 ⊗ Ln+1

(2.7)

Conant, Schneiderman, and Teichner show that in all odd orders there are links with
µ2n−1 = 0 and which thus bound twisted Whitney towers of order 2n − 1, but which don’t
bound framed Whitney towers of order 2n− 1. So the cokernel of W2n ↪→ W2n is nonempty,
and SL2n−1 represents a framing obstruction for even-order twisted Whitney towers.

SL1 corresponds to the classical (mod 2) Sato-Levine invariants of the 2-component sub-
links.

The simplest example of this phenomenon is the Whitehead link. Recall that this link is
the generator of the classic Sato-Levine invariant. It’s longitudes are 3-fold commutators of
the fundamental group generators, and thus, the Magnus coefficients of order 2 are zero, and
thus, the classic Milnor invariants of length 3 are zero, and thus, µ1 = 0. So, by [7, Theorem
1.8] the link is in W2 . (cf. Figure 2.8.) By viewing the link alternately as an internal band
sum on the Borromean rings, we see it also bounds a framed tower of order 1, and thus also
lies in W1. However, the first order intersection invariant τ1 = 〈1, (2, 2)〉 6= 0, and so the
Whitehead link does not bound a framed tower of order 2. See Figure 2.12.

W(1,2)

2

2

1
D1

D2

Figure 2.12: An internal band sum on the Borromean rings yields the Whitehead link.
Moving into the 4-ball we see the link bounds embedded disks D1 and D2, paired by a
framed embedded Whitney tower, W(1,2). The corresponding order 1 framed tree, 〈1, (2, 2)〉,
is shown in the last pane.
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The classical Arf invariants of the link components live in Zm2 and give an isomorphism

ker(µ2 : W2 � D2)
∼=→ Zm2 . [6, Lemma 9]

2.7 Spin Structures and 3-manifolds

Let E be an oriented vector bundle over a manifold Mn. Recall that a spin structure on E
is a fiber homotopy class of lifts, f̃ : M → BSpin(n),

BSpin(n)

p

��

M
f
//

f̃
::

BSO(n)

(2.8)

where f is the classifying map of the bundle, Spin(n) is the simply connected double
cover of SO(n), and p is the induced map on classifying spaces.

Alternatively, if the fiber dimension of E is greater than 2, a spin structure on E is
trivialization of E over the 1-skeleton of M that extends over the 2-skeleton of M , considered
up to homotopy.

A vector bundle that can be given a spin structure is called spinnable. A (necessarily
smooth) manifoldM is spinnable (or spin) if it’s tangent bundle can be given a spin structure.
A vector bundle E →M is spinnable if and only if the second Stiefel-Whitney class, w2(E) ∈
H2(M ;Z2), is zero. The spin structures on a spin manifold M are classified by H1(M ;Z2).
(One nice geometric way to think about the free and transitive action of H1(M ;Z2) on the
spin structures of E → M is by using dual homology classes and counting rotations as one
moves along the 1-skeleton. See [27].)

We recall a few facts on 3-manifolds and spin structures. Every orientable 3-manifold
is spin. Even more, every orientable 3-manifold is parallelizable. (The only remaining
obstruction to trivialization over the 3-skeleton would be a cohomology class with coefficients
in π2(SO(3)), which is zero.)

Any connected orientable 3-manifold bounds a 2-handlebody—a 4-manifold with only 0
and 2 handles. Moreover, any spin 3-manifold spin bounds—has matching spin structures
with—such a 2-handlebody. [15, Theorem VII.3]

A nice geometric way of thinking about spin structures on 3-manifold boundaries of 4-
manifolds comes from links. Recall the classic result of Lickorish that every closed, connected
orientable 3-manifold can be realized as the integral surgery on a link in S3. [18] (In fact,
because any spin M3 spin bounds, the framing coefficients in the integral surgery given by
Lickorish can be assumed to be even. [12, Section 5.7])

Let L = {L1, . . . , Lm} be a framed link in S3. Again let ML denote the zero-surgery
of L. A sublink L′ of L is characteristic if, for each i, `k(Li, Li) ≡ `k(L′, Li) mod 2. By
interpreting linking numbers in terms of the intersection form of a 2-handlebody bounded
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by ML, and thus connecting characteristic sublinks to characteristic surfaces, a bijection is
established between the set of characteristic sublinks of L and the spin structures on ML. [14]

Given ML bounding a 2-handlebody N , the spin structure corresponding to a given
sublink L′ is characterized by the fact that it extends to a 2-handle h attached to a knot K
if and only if the framing on h is the same as `k(L′, K) (mod 2). [12] But a 2-handlebody
has a spin structure if and only if the framings are even, and then this structure is unique
since H1 is zero. Thus, given a link L ⊂ S3 with the zero-surgery ML, there is a canonical
spin structure, s0, corresponding to the empty sublink: this is the unique spin structure that
extends to the 2-handlebody built by attaching 2-handles to the zero-framed components of
L ⊂ S3 = ∂D4.

2.8 Bordism and Spin Bordism

Let X be a topological space. The n-dimensional oriented bordism group over X, ΩSO
n (X),

is the set of equivalence classes of pairs (M, f) where M is a smooth, closed, oriented n-
manifold and f : M → X is continuous, via the following equivalence: Two pairs (M0, f0)
and (M1, f1) belong to the same class—and thus are said to be (oriented) bordant over X—if
there exists a pair (W,F ) where W is a compact, oriented (n+ 1)-manifold, F : W → X is
continuous, ∂W = M0 t −M1, and F |Mi

= fi.
Bordism groups over a point ΩSO

n (·) are denoted simply ΩSO
n .

Since (via the Pontrjagin-Thom construction) ΩSO
n (X) = Hn(X; MSO) and is an addi-

tive homology theory, the Atiyah-Hirzebruch spectral sequence exists, with Hp(X; ΩSO
q ) ⇒

ΩSO
p+q(X). Examining the spectral sequence, and using the facts that ΩSO

0
∼= Z and ΩSO

1 ,ΩSO
2 ,

and ΩSO
3 are all trivial, it is easily shown that ΩSO

3 (X) ∼= H3(X;Z), with the isomorphism
given by the Hurewicz map: [(M, f)] 7→ f∗([M ]). [8, Section 9.3]

Similarly, the n-dimensional spin bordism group over X, ΩSpin
n (X), is the set of equiv-

alence classes of triples (M, f, s) where M is a closed, spin n-manifold, with a given spin
structure s, and f : M → X is continuous, via the following equivalence: Two triples
(M0, f0, s0) and (M1, f1, s1) belong to the same class—and thus are said to be spin bordant
over X—if there exists a triple (W,F, S) where W is a compact, spin (n+ 1)-manifold, with
spin structure S, F : W → X is continuous, ∂(W,S) = (M0, s0)t−(M1, s1), and F |Mi

= fi.
Since ΩSpin

n (X) = Hn(X; MSPIN) and is an additive homology theory, the Atiyah-
Hirzebruch spectral sequence gives Hp(X; ΩSpin

q )⇒ ΩSpin
p+q (X).

By ignoring spin structure there is “forgetful” map, ΩSpin
n (X)→ ΩSO

n (X).

2.9 From Links to 3-manifolds

As usual assume we are given a link L ∈ W2k−2, which therefore bounds a twisted Whitney
tower W of order 2k − 2. Also, recall EL ⊆ S3 = ∂D4 denotes the link exterior while ML

denotes the 3-manifold resulting from zero-surgery on L. Again, let δ : F → π1(EL) be a
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basing map for m link meridians generating π1(EL). By [6, Theorem 5] the length 2k − 1
Milnor invariants vanish and the link longitudes lie in π1(EL)2k−1.

Not only only we have the isomorphisms already mentioned in Section 2.5 (2.2), but,
by [11, Lemma 2.4] we also get isomorphisms

π1(ML)

π1(ML)i
→ F

Fi
(2.9)

for i ≤ 2k − 1.
Passing to classifying spaces and letting i = k, we get a map ML → B π1(ML)

π1(ML)k
→ B F

Fk
.

ML
//

β

**

Bπ1(ML) // B π1(ML)
π1(ML)k

��

B F
Fk

(2.10)

Thus, endowing ML with the canonical spin structure s0 as described in Section 2.7, we
have [ML, β, s0] ∈ Ωspin

3 (B F
Fk

).

In what follows, we will see that β defines a homomorphism h : W2k−2 → Ωspin
3 (B F

Fk
),

whose image lies in the kernel of the forgetful map, Ωspin
3 (B F

Fk
)→ Ω3(B

F
Fk

).(cf. section 7)
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Chapter 3

Construction of NW

Suppose we are given a link L ∈ W2k−2 which bounds a twisted Whitney tower W with
corresponding intersection invariant τL. In this and the following sections we will show that
there exists a 4-manifold NW with ∂NW = ML and with β : ML → B F

Fk
(cf. section 2.9)

extending to NW . Moreover, there exists a closed grope Γ ⊂ NW of class k, such that
[Γ] = PD(w2(N,M)), and β∗[Γ] ∈ H2(B

F
Fk

;Z2) = Fk
Fk+1
⊗ Z2 is given by b(τL). What we will

show is summarized in Diagram 3.1.

H2(NW , ∂NW ;Z2) 3 w2(NW ,M)

[Γ] ∈
_

5.5

��

H2(NW ;Z2)

∼=PD

OO

β∗
//

��

H2(B
F
Fk

;Z2)

∼=

��

H2(B
π1(NW )
π1(NW )k

;Z2)

τ

��

66

[γ := ∂(Γ \ D̊2)]
�

5.10

55
∈ π1(NW )k

π1(NW )k+1
⊗ Z2 ∼=

// Fk
Fk+1
⊗ Z2 3 b(τL)

(3.1)

By assumption we have a twisted Whitney towerW of order 2k−2 properly embedded in
D4, with ∂W = L. Assume for now that W is nontrivially twisted, i.e. L ∈ W2k−2 \W2k−2.
We will deal with the easier framed case in Theorem 7.4. Let W0 stand for W minus the
twisted disk.

Let W be j-twisted, with j 6= 0. If j is even then, by doing interior twists, and using the
interior twist relation of 2.3, we can reduce to the framed case. So we may assume j is odd.

Let A denote the twisted top Whitney disk, with α := ∂A the corresponding Whitney
circle. Do surgery on a tangential push-off of α—call it α′—with framing specified by the
j-twisting of ν(α). In other words, replace α′×D3 with D2×S2 with gluing map determined
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by the embedding and framing of α′ in D4. We now have an auxiliary 2-disk—the core of
the 2-handle we’ve attached—with which we can perform the Whitney move. Moreover, this
core disk, together with A, forms a sphere S2

α, whose normal bundle ν(S2
α) has Euler class j

corresponding to the relative Euler number for A. Note that ν(S2
α) lies in the complement

of W0. Let the boundary of the surgered out D3 that was normal to α′ be denoted by S2
β.

Figure 3.1: A half-dimensional picture of how the surgery introduces the auxilliary disk and
allows the Whitney move to proceed. In the first pane we see a linked pair of circles—a black
and a white S0—in the boundary sphere of a disk, D2. The circles bound disks—D1—that
intersect in the interior of D2I. In the second pane we surger an S0—you can even imagine
this bounding a kind of Whitney disk—to glue on a 1-handle. In the last pane, after sliding
part of the white S0 over the auxilliary disk in 1-handle, the spheres are unlinked.

Σ2

Σ1

Σ2

Σ1

auxilliary disk
unframed Whitney circle

Figure 3.2: Surfaces paired by a twisted Whitney disk. Surgery along the Whitney circle
using the j-twisting introduces an auxilliary disk to do the Whitney move.

Lemma 3.1. After performing j-surgery on α′ ⊂ D4, the new manifold is D := D4#S2
α×̃S2

β

Proof. The following argument is taken in large part from [12, section 5.2]. We have D4 ∼=
D4#S4. Let α0 ⊂ D4#S4 be an embedded circle inside S4 and away from the area where
the connect sum occurs. To be specific, let α0 be ∂D2 × 0 ⊂ ∂(D2 × D3) = S4. Since
everything’s simply connected, α′ and α0 are homotopic. By general position, a generic
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homotopy, I × S1 ↪→ M4 will be an immersion with isolated double points. The double
points correspond to distinct I coordinates, and hence, the homotopy is actually an isotopy.
Therefore, we can assume α = α0, and the surgery on α produces D4#S where S is obtained
by surgering S4 on α0. But on S4 = ∂D5 this is the same as attaching a 5-dimensional 2-
handle h along α0, and so S = ∂(D5∪h). Now (D5∪h) is a D3 bundle over S2, and these are
of two flavors, according to whether the framing is even or odd. (Recall that π1(O(3)) = Z2).
Therefore, since j is odd, the new manifold is D := D4#S2

α×̃S2
β. Note that the intersection

form is
[
j 1
1 0

]
and the boundary of D is still S3.

j

0

Figure 3.3: Kirby diagram for D

Now we remove the slice disk neighborhoods from D and call the result NW . Since these
zero-order disks are framed for towers of order greater than zero (cf. Section 2.3), and since
∂D = S3, the boundary of NW is the zero-surgery of our link L, S0(L), which we denote
by ML.

The meridian of S2
α is the same as the meridian of A, and this bounds the Clifford “torus”

formed by the top surfaces paired by the Whitney disk. This is summarized in Diagram 3.2
below.

W0 ⊂ W ⊂ D4

−surgery
��

∂ // S3

W0 ⊂ D

−slice disks
��

∂ // S3

NW
∂ //ML

(3.2)

Recall: The region near a transverse intersection point between two surfaces in a four-
manifold can be modeled by the origin in R2 × R2. The Clifford or linking torus is S1 × S1

in this model. Also note that the Clifford torus lies in the complement of the surfaces and
intersects the Whitney disk once.

As we see in the Figure 3.4, which illustrates W(I,J), the Clifford torus corresponding to
the intersection between the surfaces ΣI and ΣJ hits W(I,J) in a single point. In Figure 3.5
we make a puncture in the Clifford torus and join it by a tube to µ(I,J). (As the top surfaces
may themselves be Whitney disks, of course, the “torus” is in general a grope.)
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WI,J

J

I

Clifford torus

Figure 3.4: Clifford torus linking an intersection point, dual to the Whitney disk.

µw

W

µI

mJ

Figure 3.5: Where commutators come from. A Whitney disk, W , pairs surfaces I and J .
The Clifford torus intersects W in a point. The meridians of W and I are indicated. The
curve mJ ⊂ I is a parallel displacement of the meridian of J .

By induction we show that this meridian is a very special commutator in the meridians
of the slice disks on the link:

Lemma 3.2. Upon doing the Whitney move, the meridian µA of the twisted Whitney diskbe-
comes, in π1(NW), the commutator in the meridians of the slice disks on the link, given
precisely by treating the of τL as a root, converting to a formal bracketing as in [6] and
viewing the brackets as commutators in the usual way, [a, b] := aba−1b−1.

Proof. First, for the base case, suppose the order of our twisted Whitney disk is 1, i.e.
A = Wi,j where i and j come from zero-order surfaces Σi and Σj. Since the dual torus has
symplectic basis µi, µj, we see that µA = [µi, µj]. This is precisely what we get from applying
the bracketing operation to the corresponding rooted tree for A, (i, j).
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Next, suppose the order of our disk is k, i.e. A = W(I,J) where |I|+ |J |+ 1 = k. Suppose
we know that for any surface Σ of order < k, µ(Σ) is the bracketing of the subtree with
root at Σ. By the inductive hypothesis, since |I| < k, µI is the commutator indicated by
the corresponding tree. And the same goes for µJ . But by the same reasoning as before,
µA = [µI , µJ ]. Therefore, µA is the commutator given by the corresponding tree.

Also, by a result of Freedman and Teichner [11, Lemma 2.1], since µA ∈ π1(NW)k, it
bounds a grope of class k (and none higher). Our construction exhibits such a grope. To
see this grope, we use the following recipe, starting with the meridian of the top (surgerd)
Whitney disk: When we’re at the meridian of a zero-order surface, do nothing. When we’re
at the meridian of a Whitney disk, W(I,J), tube this meridian via (the normal circle bundle
over) an arc in the disk to the Clifford torus, T(I,J)—formed from the meridians of the
surfaces ΣI and ΣJ—which intersects the Whitney disk. Attach this torus, T(I,J), to what
has already been built. T(I,J) has symplectic basis µI and µJ . For each of these meridians do
the same thing, either attaching another torus—if the meridian belongs to another Whitney
disk, or attaching nothing—if the meridian corresponds to a zero-order surface. And so on.
See Figure 3.6 below.

Since S2
α and S2

β intersect in a single point, we see the meridian µA is a circle in the
sphere, S2

β. Thus, at the start of our process of attaching tori to meridians as above, the
first torus attaches to the S2

β.
One way to see how µA goes from being the nullhomotopic normal circle for S2

α in π1(D )
to being a nontrivial commutator in π1(NW) is to recall that the Whitney move is the inverse
of the finger move. [1] A finger move (Figure 3.7) between surfaces ΣA and ΣB with meridians
µA and µB respectively, kills the commutator [µA, µB] in the complement of the surface since
the fundamental group of the linking torus is abelian. Thus, doing the Whitney move on
these surfaces “resurrects” this commutator in the fundamental group of the complement—
i.e., we remove it as a relation in π1 of the complement of our Whitney tower. In effect, we
“hollow out” the Clifford torus in doing the Whitney move. Now if one of the meridians in
the Clifford torus belongs to a Whitney disk that hasn’t been “Whitney moved” yet, the
meridian is still nullhomotopic. So we proceed with the sequence of Whitney moves: as we
go down the Whitney tower, at each stage as we do the Whitney move we remove another
relator which the meridian of that Whitney disk represents in the fundamental group of the
complement of the Whitney tower . We thus inductively “hollow out” our grope.

For future reference, let us note that we have shown that

Lemma 3.3. Upon removal of the slice disks neighborhoods, S2
β ⊂ D becomes Γ ⊂ NW, a

closed grope of class k.

Remark 1 (On multiple trees in the forest). Although we started by assuming we had a
single top-level Whitney disk, A, if our Whitney tower has multiple top-level disks—i.e. an
intersection forest—the construction still applies. First, as in [6, Section 2.9] , arrange by
finger moves that Whitney towers are semi-split, meaning in particular that no Whitney disk
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2 3

12
3

µ

µ(2,1)

µ(3,(2,1))

µ(2,3)

Figure 3.6: An intersection tree for a twisted Whitney tower of order 2k− 2 = 8, along with
the grope—in this case, class k = 5—that arises from our construction. The meridians of
the Whitney disks of the original tower are indicate, with µ the meridian of the topmost
Whitney disk.

appears in more than one tree in the intersection forest for L. (We use “semi” here because
for our purposes we do not need the extra step—as in [6]—of reducing framings on twisted
disks to ±1.) Then we simply apply the surgery multiple times—for each top-level twisted
Whitney disk—get auxiliary disks, do the Whitney move, and get a separate grope for each
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α β α β

α β α

β

Clifford torus

Figure 3.7: A finger move between two local sheets with meridians α and β. In the third
pane we see the paired intersection points, and in the last pane we see a closeup of the
Clifford torus generated by α and β.

subtree in the forest. The intersection forms sum appropriately.
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Chapter 4

On Alexander duality

We will recall a general result on Alexander duality for properly immersed subcomplexes of
Dn, then we will modify the argument and specialize to the case of the Whitney disks in D
so we can obtain information about NW .

In what follows, unless otherwise indicated, all homology will be assumed to be with Z
coefficients.

Theorem 4.1. Let Σ be a properly immersed subcomplex of Dn, where n ≥ 2. Then
Hk(Σ, ∂Σ) ∼= H̃n−k−1(D

n \ Σ).

Proof. Consider the Σ properly immersed in the “northern” hemisphere DN of Sn. Let ν(Σ)
denote a tubular neighborhood of Σ in DN . (See Figure 4.1.) Then the complement in Sn of
DN \ ν(Σ) is DS ∪ ν̄(Σ), where the union is along the boundaries of Σ and DS, with disjoint
union in the event that Σ has no boundary.

Hk(Σ, ∂Σ) ∼= Hk(DS ∪ ν̄(Σ), DS) (by homotopy)

∼= Hk(Sn \ (DN \ ν(Σ)), Sn \DN)
∼= Hn−k(DN , DN \ ν(Σ)) (by Lefschetz duality)

∼= H̃n−k−1(DN \ ν(Σ)) (from the sequence for the pair)

Notice that the only step where the homology of DN matters is the last one. Thus,
by applying the reasoning in the first three steps to the properly embedded m order-zero
Whitney disks in D , we have the following

Corollary 4.2. H2(D ,NW) ∼= H2(
⊔m
i=1D

2
i /∂D

2
i )
∼= Zm, generated by the dual meridinal

disks of the D2
i .

Corollary 4.3. H3(D ,NW) ∼= H1(
⊔m
i=1D

2
i /∂D

2
i ) = 0.
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∑

DN 

DS

∂∑⊂Sn-1

Sn

Figure 4.1: Σ properly immersed in the northern hemisphere of Sn
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Chapter 5

Facts about NW

Lemma 5.1. H1(NW) is freely generated by the meridinal circles dual to the (now removed)
m properly embedded slice disks, i.e. the meridians of the link components in ML.

Proof. Consider the following portion of the exact sequence in homology for the pair (D ,NW):

H2(D ) // H2(D ,NW) ∂ // H1(NW) // H1(D )

The last map is the zero map as H1(D ) = 0. The first map is also the zero map: since
the generators of H2(D ) have zero algebraic intersection with the slice disks, they can be
represented by cycles completely inside NW . (Just add tubes joining cancelling pairs of
intersection points.)
Thus we see that ∂ : H2(D ,NW) → H1(NW) is an isomorphism, and the generators of
H1(NW) are the boundaries of the meridinal disks for the slice disks.

Lemma 5.2. H2(NW) ∼= Z2, with generators mapping to S2
α and S2

β under the inclusion
NW ↪→ D .

Proof. Consider the following portion of the exact sequence in homology for the pair (D ,NW):

H3(D ,NW) ∂ // H2(NW) i // H2(D )
p
// H2(D ,NW) ∂ // H1(NW)

By corollary 4.3 the first map is zero. Thus, i is injective. By the proof of Lemma 5.1
the last map is an isomorphism. Thus p is zero and i—induced by inclusion—is in fact an
isomorphism.

Theorem 5.3. H2(NW ,ML) is generated by [S2
α] and [Γ], where [S2

α]2 = j with j odd, [Γ]2 =
0, [S2

α · Γ] = 1, and Γ is a closed grope of class k.

Proof. See the observations on the intersection form of NW and [Γ] in the construction of
NW in section 3. (In particular, Lemma 3.3.)

Lemma 5.4. H2(NW) ∼= H2(NW ,ML) ∼= Z2
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Proof. Consider the long exact sequence for the pair (NW ,ML).

H3(NW ,ML)
∂3 // H2(ML)

i∗ // H2(NW)
j∗
// H2(NW ,ML)

∂2 //

H1(ML)
∼= // H1(NW)

The last map is an isomorphism by Lemma 5.1. The first map, ∂3, is an isomorphism
for the same reason: Poincaré duality yields the dual map, i∗ : H1(NW) → H1(ML), which
is also an isomorphism by Lemma 5.1. Thus, both i∗ and ∂2 are zero maps, and j∗ is an
isomorphism.

Lemma 5.5. ∂(Γ \ D̊2) is given by the natural transgression in the 5-term exact sequence

for the fibration B(π1(N)k)→ B(π1(N))→ B( π1(N)
π1(N)k

).

Proof. Since Γ is a closed k−grope, γ := ∂(Γ \ D̊2) represents a class [γ] ∈ π1(N)k, well-

defined in π1(N)k
π1(N)k+1

. Thus, (Γ \ D̊2, γ) defines a class in H2(B(π1(N)), B(π1(N)k)). By

Corollary 6.7 to Theorem 6.1, [γ] maps to τ([Γ]).

Lemma 5.6. The inclusion ML ↪→ NW induces an isomorphism

π1(NW)

π1(NW)k
∼=

π1(ML)

π1(ML)k

Proof. NW = (D \
⊔m
i=1 ν(D2

i )), where D is the result of surgery along the boundary of
the twisted Whitney disk and the D2

i are the slice disks bounded by the link components as
described in Section 3.

H1(ML) is freely generated by the meridians of the link components, since ML = S0(L)
and all linking numbers are zero [12]. Similarly, by Lemma 5.1, H1(NW) is generated by the
meridians to the D2

i . The inclusion ML ↪→ NW thus induces an isomorphism on H1 since
the meridians of the link go to the meridians of the disks.

By Theorem 5.3 and Lemma 5.4, H2(NW) is generated by gropes of class k or higher.
Therefore, by a result of Freedman and Teichner [11], H2(NW) is the same as φk(N), the kth
term in its Dwyer filtration. Therefore, ML ↪→ NW trivially induces a surjection

H2(ML)

φk(ML)
�

H2(NW)

φk(NW)
.

The result then follows from Dwyer’s Theorem (2.2).

Lemma 5.7. The basing map induces an isomorphism

Fk
Fk+1

∼=
π1(N)k
π1(N)k+1
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Proof. Consider the exact sequences for π1(N)k → π1(N)→ π1(N)
π1(N)k

and π1(M)k → π1(M)→
π1(M)
π1(M)k

. The inclusion map induces the following commutative diagram involving the corre-
sponding 5-term exact sequences, where the isomorphisms labelled A, B, and C come from
Lemma 5.6:

H2(π1(M))
q
//

��

H2

(
π1(M)
π1(M)k

)
τ //

A

π1(M)k
π1(M)k+1

j
//

f

��

H1(ML)

B

h // // H1

(
π1(M)
π1(M)k

)
C

H2(π1(N))
q′
// H2

(
π1(N)
π1(N)k

)
τ ′ // π1(N)k

π1(N)k+1

j′
// H1(N) h′ // // H1

(
π1(N)
π1(N)k

)
We will show that the middle map f is an isomorphism.

First, f is injective. For suppose x ∈ π1(M)k
π1(M)k+1

goes to zero under f . It has a preimage

y ∈ H2(
π1(M)
π1(M)k

). This corrsponds to y′ ∈ ker τ ′. By the reasoning of Lemma 5.5, ∂(y′ \ D̊2) ∈
π1(N)k+1. Thus, y′ is a (k + 1)−grope. But by [11], the (k + 1)−gropes are the kernel of q′.
Therefore, y′ = 0, y = 0, and x = 0.

And now a standard diagram chase—using only the fact that A and B are surjective
while C is injective—shows that f is also surjective. Let y′ ∈ π1(N)k

π1(N)k+1
. since B is surjective,

there exists z ∈ H1(ML) such that B(z) = j′(y). By commutativity and the fact that C

is injective, z ∈ kerh. So there is a w ∈ π1(M)k
π1(M)k+1

such that j′(f(w)) = j′(y) and hence

f(w)−1y′ =: v′ ∈ ker j′. Morever, there exists u′ ∈ H2

(
π1(N)
π1(N)k

)
with τ ′(u′) = v′ and thus,

by the surjectivity of A, there is u ∈ H2

(
π1(M)
π1(M)k

)
such that f(τ(u)) = v′. Therefore,

y′ = f(w)v′ = f(w)f(τ(u)) = f(wτ(u)).
Now compose with the isomorphisms in Equation 2.9 of Section 2.9.

Corollary 5.8. The basing map β : ML → B F
Fk

extends to a map β̄ : NW → B F
Fk

.

Proof. Define the extension of β to NW by precomposing the induced map π1(NW )
π1(NW )k

→ B F
Fk

with the natural quotient.

Theorem 5.9. [ML, β, s0] ∈ ker(Ωspin
3 (B F

Fk
)→ Ω3(B

F
Fk

))

Proof. From the Lemmas above and Corollary 5.8, we see that [ML, β] = 0 ∈ Ω3(B
F
Fk

)

Lemma 5.10. The isomorphism above sends ∂(Γ \ D̊2) to the element given by b(τL) under
the bracket map.
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Proof. As we saw in the construction of NW , ∂(Γ\D̊2) is the meridian of the twisted Whitney
disk, A. But by Lemma 3.2, the meridian, µA, is simply the commutator of the top-level
surfaces that A is attached to. This is the same as the element of Fk

Fk+1
given by b(τL) under

the bracket map.

Lemma 5.11. [Γ] is Poincaré dual to w2(NW ,ML)

Proof. By the earlier result on the structure of H2(NW), the Poincaré dual of w2(NW ,ML) is
represented by a mod 2 homology class [Σ] = a[Γ]+b[S2

α]. By the Wu formula, 〈w2(NW ,ML), [Γ]〉 =
[Γ]2 = 0 and 〈w2(NW ,ML), [S2

α]〉 = [S2
α]2 = 1. But 〈w2(NW ,ML), x〉 = [Σ] · x = a[Γ] · x +

b[S2
α] · x. Thus, we see a = 1 and b = 0.
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Chapter 6

Some facts about fibrations

Recall that, given a fibration F ↪→ E
p→ B, with path-connected fiber and base, one corollary

of the Leray-Serre spectral sequence for the fibration is the 5-term exact sequence for the
fibration:

H2(E)
p∗
// H2(B) τ // H1(F )π1(B)

// H1(E)
p∗
// // H1(B)

where τ is the transgression (cf. Definition 6.2 below) and the third map H1(F )π1(B) →
H1(E) precomposed with the surjection H1(F ) � H1(F )π1(B) gives the induced map from
inclusion F ↪→ E.

Theorem 6.1. Given a fibration F ↪→ E → B with B and F path connected, there is the
following commutative diagram

H2(E) // H2(E,F )

��

∂ // H1(F )

����

// H1(E)

H2(E) // H2(B) τ
// H1(F )π1(B)

// H1(E)

where the top exact sequence comes from the homology sequence for the pair (E,F ) and
the bottom exact sequence comes from the 5-term sequence for the fibration.

In the process of proving this theorem we will need to show the equivalence of two notions
of the transgression. Key elements of the argument can be found in [20].

First, note the following:
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Given a fibration F ↪→ E
p→ B we have the following commutative diagram:

πq(F )

h

��

i∗ // πq(E)

h

��

j∗ %%

p∗
// πq(B)

∼=
��

∂ // πq−1(F )

h

��

πq(E,F )

h
��

∂

88

Hq(F )

��

i∗ // Hq(E)

p∗
��

j∗
// Hq(E,F )

p̃∗
��

∂ // Hq−1(F )

��

Hq(∗) // Hq(B)
j∗
//

τ

44

Hq(B, ∗) ∂ // Hq−1(∗)

(6.1)

where the first row is the homotopy exact sequence for the fibration, the other rows are the
homology sequences for the pairs, h is the Hurewicz map, p̃∗ is the induced fibration on pairs.
We have the following:

Definition 6.2 (Transgression). The trangression, τ , is the homomorphism,

τ : j−1∗ (im p̃∗)→ Hq−1(F )/∂(ker p̃∗)

given by τ(z) = ∂r + ∂(ker p̃∗) where z ∈ j−1∗ (im p̃∗), and p̃−1∗ (j∗(z)) = r + ker(p̃∗). (The
various maps are as defined in Diagram 6.1 above.)

(Preview of the proof of Theorem 6.1) A convenient reformulation of the definition of the
transgression is given by the following diagram:

ker p̃∗

∂
��

// // Hq(E,F )
p̃∗

// //

∂
��

im p̃∗

τ

��

∂(ker p̃∗) // // Hq−1(F ) // // Hq−1(F )/∂(ker p̃∗)

(6.2)

We will show that the two geometrically defined terms on the right correspond to terms in
the spectral sequence for the fibration. We will also show that a similar diagram with these
spectral sequence terms commutes. Then we will identify a certain differential appearing in
the new diagram with the transgression. Then, translating back into the geometric setting,
the proof will be complete.

Given the fibration F ↪→ E
p→ B, let E∗∗,∗ denote the corresponding Leray-Serre spectral

sequence. We then have the following:

Lemma 6.3. En
n,0
∼= j−1∗ (im p̃∗) ⊆ Hn(B)

Lemma 6.4. En
0,n−1

∼= Hn−1(F )/∂(ker p̃∗)



CHAPTER 6. SOME FACTS ABOUT FIBRATIONS 38

Lemma 6.5. dn : En
n,0 → En

0,n−1 is the transgression of the fibration.

where, again, the various maps are as defined in Diagram 6.1 above.

Proof of Lemma 6.3. Consider the map of fibrations:

E

p

��

j
// (E,F )

p̃

��

B
j
// (B, ∗)

Let E∗∗,∗ and Ẽ∗∗,∗ denote the corresponding Leray-Serre spectral sequences. By naturality

the inclusions j induce j∗ : Er
p,q → Ẽr

p,q for all r, p, q. Their E2 pages are the same save
for the first column, since Hp>0(B;H∗(F )) ∼= Hp>0((B, ∗);H∗(F )). When p = 0 we get
Ẽ2

0,∗
∼= H0((B, ∗);H∗(F )) = 0 since B is path connected. This implies j∗ : E3

p,q → Ẽ3
p,q

is injective for p > 0 and an isomorphism for p ≥ 3. We then get by induction that
j∗ : Er

p,q → Ẽr
p,q is injective for p > 0 and an isomorphism for p ≥ r. In particular we find

that En
n,0
∼= Ẽn

n,0. Since the p = 0 column for the Ẽn page is still zero, the differentials

originating in the p = n column are zero, we get Ẽn
n,0 = Ẽ∞n,0.

Now for any fibration G ↪→ X
π→ B with connected fiber, consider the commutative

diagram below, taken from applying naturality to the induced map of fibrations between

G ↪→ X
π→ B and ∗ ↪→ B

id→ B.

Hn(X)

����

π∗ // Hn(B)

=

��

E∞n,0(X) // E∞n,0(B)

(6.3)

The map at the bottom is the composition E∞n,0(X) � E2
n,0(X) → E2

n,0(B) = E∞n,0(B).
The second map is an isomorphism since the fiber is assumed to be path connected. Thus,
the diagram gives a factorization of π∗ as a surjection followed by an injection. This must
be equivalent to the canonical factorization Hn(X) � im π∗ � Hn(B). Thus E∞n,0(X) is
identified with im π∗.

Applying this to our relative fibration above, we have Ẽn
n,0 = Ẽ∞n,0 = im(p̃∗ : Hn(E,F )→

Hn(B, ∗)) and hence, the isomorphism j∗ : En
n,0
∼= Ẽn

n,0 gives En
n,0
∼= j−1∗ (im p̃∗).
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Next, from naturality of the spectral sequence we get the following diagram:

ker p̃∗
��

��

∂ // ∂(ker p̃∗)
��

��

Hn(E)

p∗
����

j∗
// Hn(E,F )

p̃∗
����

∂ //

(#)

Hn−1(F )

q
����

i∗ // Hn−1(E)

E∞n,0 // // En
n,0 dn

// En
0,n−1

// // E∞0,n−1

OO
(6.4)

The two longer rows are exact, as is the first column, as we have just shown. We will show
that the middle square commutes and that the second column is exact. This will identify dn

with the transgression. The map q in the second column is the natural quotient map. To
complete the proof of Lemmas 6.4 and 6.5 we need the following:

Lemma 6.6. The middle square in the diagram above commutes.

Proof of Lemma 6.6. To prove the middle square commutes we invoke the definitions of the
spectral sequence terms appearing:

En
n,0 = Zn

n,0/B
n−1
n,0 + Zn−1

n−1,1, En
0,n−1 = Zn

0,n−1/B
n−1
0,n−1

where

Zn
n,0 = {x ∈ FnCn(E) | ∂(x) ∈ F0Cn−1(E) = Cn−1(F )} (6.5)

Bn−1
n,0 = {x ∈ FnCn(E) | ∃y ∈ F2n−1Cn+1(E) s.t. ∂y = x} = Bn(E) (6.6)

Zn−1
n−1,1 = {x ∈ Fn−1Cn(E) | ∂(x) ∈ F0Cn−1(E) = Cn−1(F )} (6.7)

Zn
0,n−1 = {x ∈ F0Cn−1(E) | ∂(x) ∈ F0Cn−2(E)} = F0Cn−1(E) (6.8)

Bn−1
0,n−1 = {x ∈ F0Cn−1(E) | ∃y ∈ Fn−1Cn(E) s.t. ∂y = x} (6.9)

FsCt(E) = im(Ct(p
−1(B(s)))→ Ct(E)) (6.10)

and C∗ denotes relevant chain complexes for the spaces involved.
Let x ∈ Hn(E,F ) = Hn(Cn(E)/F0Cn(E)). We have p̃∗(x) = x + Bn(E) + Zn−1

n−1,1.
Moreover, from the definitions we see that the differential dn : En

n,0 → En
0,n−1 can be written

as dn(x+Bn(E)+Zn−1
n−1,1) = ∂(x)+Bn−1

0,n−1. Since ∂(x) ∈ F0Cn−1(E) this is well-defined. Also,
we have ∂(x) ∈ Hn−1(F ) given by ∂(x) +Bn−1(F ). So the map q : Hn−1(F )→ En

0,n−1 takes

x+Bn−1(F ) to x+Bn−1
0,n−1. Since Bn−1 = {∂(y) | y ∈ F0Cn(E)} ⊂ {∂(y) | y ∈ Fn−1Cn(E)} =

Bn−1
0,n−1, we see that q is also well-defined.

Finally, chasing around the square in both directions we see that x + F0Cn(E) with
∂(x) ∈ F0Cn−1(E) is taken to ∂(x) +Bn−1

0,n−1 both by dn ◦ p̃∗ and by q ◦ ∂.
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Proof of Lemma 6.4. Now we can complete the proof of Lemma 6.4. Let u ∈ ker(q). By com-
mutativity of the rightmost square, u ∈ im(∂). So ∃t ∈ Hn(E,F ) s.t. ∂t = u. If t ∈ ker(p̃∗)
then we’re done: u ∈ ∂(ker p̃∗). If, on the other hand, t /∈ ker(p̃∗), then by commutativity
of the middle square p̃∗(t) ∈ ker dn. Thus, p̃∗t ∈ E∞n,0. So ∃s ∈ Hn(E) s.t. p∗(s) = p̃∗(t).

By commutativity of the leftmost square, p̃∗(j∗(s)) = p̃∗(t). Let t̃ = t − j∗(s). t̃ is clearly
in ker(p̃∗), and we have ∂(t̃) = ∂(t) = u. So ker(q) = ∂(ker(p̃∗)), and the second column of
Diagram 6.4 is exact.

Proof of Lemma 6.5. Consider the following diagram, which is simply diagram 6.2 (the def-
inition of τ) modified by the results of Lemmas 6.4 and 6.3:

ker p̃∗

∂
��

// // Hq(E,F )
p̃∗

// //

∂
��

En
n,0

dn

��

∂(ker p̃∗) // // Hq−1(F ) // // En
0,n−1

(6.11)

Thus we see that dn = τ .

Proof of Theorem 6.1. Now refer back to diagram 6.4. Letting n = 2, using the fact that
im(p∗(H2(E)) → H2(B)) = E∞2,0 as in diagram 6.3, as well as the isomorphism E2

2,0
∼=

H2(B) ∼= H2((B, ∗)), Theorem 6.1 follows.

Corollary 6.7 (Corollary to Theorem 6.1). Given the sequence π1(NW)k � π1(NW) �
π1(NW )
π1(NW )k

, form the canonical fibration of classifying spaces,

B (π1(NW)k) ↪→ B (π1(NW))� B

(
π1(NW)

π1(NW)k

)
Then we get the following commutative diagram (where the homology is to understood to

be of the classifying spaces):

H2(π1(NW)) // H2(π1(NW), π1(NW)k)

#
��

∂ // H1(π1(NW)k)

����

// H1(π1(NW))

H2(π1(NW)) // H2

(
π1(NW )
π1(NW )k

)
τ

// H1(π1(NW)k) π1(N)
π1(N)k

// H1(π1(NW))
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Chapter 7

On the map to

ker (Ω
spin
3 (B F

Fk
)→ Ω3(B F

Fk
))

Since ΩSpin
n (X) = Hn(X; MSPIN) and is an additive homology theory, and B F

Fk
is a CW

complex, the Leray-Serre-Atiyah-Hirzebruch spectral sequence for the fibration ∗ ↪→ B F
Fk
→

B F
Fk

yields Hp(B
F
Fk

; ΩSpin
q )⇒ ΩSpin

p+q (B F
Fk

). We will first examine the E2 page of the spectral
sequence:

3 0 0 0

2 Z2 Zm2
Fk
Fk+1
⊗ Z2

1 Z2 Zm2
Fk
Fk+1
⊗ Z2

0 Z Zm Fk
Fk+1

H3(B
F
Fk

) H4(B
F
Fk

)

0 1 2 3 4

d2

Ωspin
1 = Z2, generated by a circle with the nonbounding Lie group framing. Ωspin

2 = Z2,
generated by a torus with the Lie framing. Since it is shown that every spin three-manifold
spin-bounds, Ωspin

3 = 0, and the top row of our chart is all zeroes. ( [15, Ch. 7])
The terms we are interested in are the components of Ωspin

3 (B F
Fk

), i.e. the terms with

index (p, q) such that p+ q = 3, indicated by the boxes. The (1, 2) term corresponds to the
classic Arf invariant of the link components. (Recall the isomorphism Ωspin

2 = Z2 induced by
the Arf invariant of any Seifert surface for a knotted component. [23])

Since the edge homomorphism from the (0, 2) term, Ωspin
2 = Z2 → Ωspin

2 (B F
Fk

), is the same

as the map induced by the split injection ∗ ↪→ B F
Fk

in our fibration, the differential from the
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(2, 1) term, d2 : Fk
Fk+1
⊗ Z2 → Ωspin

2 , indicated by the dotted line, must be zero. [8, Section

9.3]
Suppose we are given an m-component link, L, representing the class [L] ∈ W2k−2.

By our construction (cf. Corollary 5.9) we have [ML, β, s0] ∈ ker (Ωspin
3 (B F

Fk
)→ Ω3(B

F
Fk

)).
However, it remains to show that:

Theorem 7.1. The above construction induces a well-defined map

h : W2k−2 → ker (Ωspin
3 (B

F

Fk
)→ Ω3(B

F

Fk
)),

well-defined in the sense of being independent of both the link representative and independent
of the element of τ2k−2 mapping to W2k−2.

We will give two proofs of the independence of link representatives, one directly geometric
and the other using facts we will see later (cf. Section 8) concerning the secondary edge
invariant of Teichner as it applies to the spectral sequence for Ωspin

∗ (B F
Fk

). The first proof
will automatically imply independence of intersection tree.

Proof of independence of link representative. Suppose we are given two m-component links,
L and L′ which represent the same class in W2k−2. Recall from Section 2.3 that this means
that they are twisted Whitney tower concordant of order 2k − 1: for each i, their ith
components, L1,i ⊂ S3 × 0 and −L2,i ⊂ S3 × 1 cobound an immersed annulus Ai ⊂ S3 × I
the collection of which supports a twisted Whitney tower of order 2k − 1. Note that, by
removing 3-balls from S3 away from the links, the same concordance exists if we view the
links in B3 × I.

Now put L and −L′ in separate copies of B3 ⊂ S3 = ∂D4, with respective basings δ and
δ′. Recall that a twisted Whitney tower of order 2k− 1 is simply a framed Whitney towerof
order 2k − 1. Thus, L t −L′ bound m immersed annuli {Ai} ⊂ D4 supporting a framed
Whitney towerof order 2k − 1.

Note that if we were to remove tubular neighborhoods, the boundary becomes EL#−EL′ ,
and the separate basing maps on EL\B3 (respectively, −EL′ \B3) extend uniquely to basings
on the closed-up EL (respectively, −EL′). By the same arguments as before, these basings
induce isomorphisms on the nilpotent quotients

π1(EL)

π1(EL)n
→ F

Fn
, for n ≤ 2k (7.1)

which, after finishing the zero surgeries, extend to isomorphisms

π1(ML)

π1(ML)n
→ F

Fn
, for n ≤ 2k − 1. (7.2)

with the same statements applying to −L′, −EL′ , and −ML′ . Denote the induced maps
β : ML → B F

Fk
and β′ : ML′ → B F

Fk
.
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Also note that, since the concording annuli support a framed Whitney tower concordance
of order 2k− 1, our link meridians {µLi} and {µL′i} map to the same elements of F

Fk
, and so

the separate basings induce the same map β̃ : ML#−ML′ → B F
Fk

.
We perform the same construction as before, but this time in a framed Whitney tower

setting (see Theorem 7.4). This gives us DL,L′ = D4#S2 × S2. And now slice annuli play
the role of slice disks. Performing the Whitney move and removing open neighborhoods of
the slice annuli. We now have a 4-manifold, call it NL,L′ , whose boundary is ML#−ML′ .

Although this time we’ve removed annuli rather than disks, the same homology calcula-
tions of Sections 4 and 3 apply. For example, analogously to Corollary 4.2,

H2(DL,L′ , NL,L′) ∼= H2(
m⊔
i=1

Ai/∂Ai) ∼= Zm,

generated by the dual meridinal disks of the Ai, and as in Corollary 4.3,

H3(DL,L′ , NL,L′) ∼= H1(
m⊔
i=1

Ai/∂Ai) = 0

By Seifert-van Kampen, the fundamental group of NL,L′ is simply the free product of
π1(ML) and π1(ML′). Thus, β̃ : ML#−ML′ → B F

Fk
extends to B : NL,L′ → B F

Fk
.

Again, since the concording annuli support a framed Whitney tower concordance of order
2k − 1 and since π1(NL,L′)2k−1 ⊂ [π1(NL,L′), π1(NL,L′)], the generators of H1(NL,L′) coming
from the meridians of L are the same as the corresponding generators coming from the
meridians of L′. And thus, just as in Lemma 5.1 we have

Lemma 7.2. H1(NL,L′) is freely generated by the meridinal circles dual to the (now removed)
m properly embedded slice annuli, i.e. the meridians of the link components {µLi} = {µL′i}.

By the corresponding isomorphisms on H1 the spin structures s0 and s′0 uniquely extend
to a spin structure S on NL,L′ .

Since, by Theorem 7.4, w2(NL,L′ ,ML#ML′) = 0, we have

[ML#−ML′ , β̃] = 0 ∈ Ωspin
3 (B

F

Fk
).

To get [MLt−ML′ , β tβ′] = 0 in Ωspin
3 (B F

Fk
), attach a 3-handle to a 2-sphere separating

the ML and −ML in ∂NL,L′ . Such a sphere originates—before we do the surgery and remove
slice annuli—as a sphere in S3 separating the copies of B3 ⊂ ∂D4 which contained our
links. This sphere does not affect π1, H1, or the calculations of H2(NL,L′) and the relative
Stiefel-Whitney class, and the map similarly extends.

Also note that since L is concordant to itself and this argument did not involve any
particular choice of Whitney tower, this also shows that our map is independent of the
Whitney tower which L bounds, and thus, independent of which intersection tree maps to
to L via R2k−2 : T2k−2 � W2k−2.
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2nd proof of independence of link representative. Suppose we are given two m-component
links, L and L′ which represent the same class in W2k−2. Since the links are Whitney tower
concordant, by [6, Theorem 3.3.] we can choose corresponding Whitney towers, W and W ′
with the same intersection invariant, τ (W) = τ (W ′) = τ ∈ T2k−2.

We will analyze the components that make up [ML, β] and [ML′ , β
′] in Ωspin

3 (B F
Fk

). From

the spectral sequence we see the building blocks of Ωspin
3 (B F

Fk
) are

H3(B
F

Fk
; Ωspin

0 ) ∼= H3(B
F

Fk
;Z)

H2(B
F

Fk
; Ωspin

1 ) ∼=
Fk
Fk+1

⊗ Z2 (7.3)

H1(B
F

Fk
; Ωspin

2 ) ∼= Zm2

Since ML and ML′ bound oriented 4-manifolds—N and N ′, respectively—with maps
extending to B F

Fk
, the H3(B

F
Fk

) = ΩSO
3 (B F

Fk
) component is zero. Since the links are con-

cordant, corresponding link components have the same Arf invariants, and thus [ML, β] and
[ML′ , β

′] have the same term in H1(B
F
Fk

;Z2). (Which is actually zero if k > 1 since the

(classic) Arf invariants are obstructions to a link being in W3 . [25] [7, Corollary 1.16]) Fi-
nally, since, in each case, the only class in H2 that doesn’t go to zero in the map to B F

Fk
is

the grope representing PD(w2(N,ML)) (respectively, PD(w2(N
′,ML′))), then, by Theorem

8.1, the H2(B
F
Fk

) component is sec(ML) (sec(ML′), respectively), which in each case is the

image of b(τ) ∈ Fk
Fk+1
⊗ Z2 (mod d2). Thus, we have [ML, β] = [ML′ , β

′] in Ωspin
3 (B F

Fk
).

Proof of independence of intersection tree. Recall from Section 2.3 that the realization maps,
Rn : Tn � Wn , are isomorphisms for n ≡ 0, 1, or 3 (mod 4), Rn , and, for n ≡ 2 (mod 4),
the kernel of Rn is generated by symmetric -trees of the form (J, J) of the appropriate
order, i.e. where the order of the rooted tree J is n+2

4
. But by our construction, a symmetric

tree contributes nothing to the image in H2(B
F
Fk

): spherical classes go to zero in the map

to B F
Fk

.

From the above we see that β induces a well-defined map from W2k−2 to Ωspin
3 (B F

Fk
).

Moreover, we have:

Theorem 7.3. β induces a homomorphism

h : W2k−2 → ker (Ωspin
3 (B

F

Fk
)→ Ω3(B

F

Fk
))

Proof. Since τL1]L2 = τL1 + τL2 , since the band sum of two links L1 and L2 can be realized
via a boundary sum of two copies of D4 away from the links, and since the corresponding
Stiefel-Whitney classes sum appropriately, we see that this is in fact a homomorphism.
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Theorem 7.4. W2k−2 is in the kernel of the homomorphism h : W2k−2 → Ωspin
3 (B F

Fk
).

Proof. Since the order ≥ 2, by Whitney moves (as in [6]) we can arrange that the unpaired
intersection point for the top-level Whitney disk is not with a zero-order surface but rather
with another Whitney disk. Again, do surgery along the Whitney circle as before, again
yielding a pair of spheres S2

α and the meridinal S2
β. This time, however, the intersection form

is [ 0 1
1 0 ], since the original disk is framed. Again use the auxiliary disk in S2

α to do the Whitney
move. Upon removal of the zero-order disks, both S2

β and S2
α—tubed via the meridian of the

intersecting disk—become gropes in NW . The intersection form hasn’t changed. (Homology
calculations are similar.) Since w2 = 0, there is no obstruction to extending the spin structure
from the boundary ML to NW . Thus, L ∈ W2k−2 implies ML = 0 in Ωspin

3 (B F
Fk

).



46

Chapter 8

The secondary edge invariant of
Teichner

Theorem 8.1. Given any link L ∈ W2k−2, there exists a four-manifold N with boundary
the zero-surgery ML, such that the relative Stiefel-Whitney class w2(N,ML) maps to the
corresponding secondary edge invariant of Teichner [29], sec(ML) ∈ H2(B

F
Fk

;Z2)/ im d2.

Proof. Take N to be NW constructed from the Whitney tower as above. By Lemma 5.8, β :
ML → B F

Fk
induces β∗[ML] ∈ ker(Ωspin

3 (B F
Fk

) → Ω3(B
F
Fk

)). Therefore, by [29, Proposition

3.2.3], the obstruction to extending the spin structure from ML to N maps to the secondary
edge invariant, that is,

β∗(PD(w2(N,ML))) = sec(ML, β)

Note as an aside that, in general, a relative obstruction class w2(X, ∂X) depends on
the choice of a spin structure on ∂X. The difference in obstruction determined by different
spin structures on ∂X will be determined by coboundaries in H2(X, ∂X), which come via
the exact cohomology sequence for the pair from H1(∂X), modulo the image of H1(X).
However, in our case, w2(NW ,ML) does not depend on the choice of spin structure, as
H1(NW) ∼= H1(ML).

Corollary 8.2. Given a link L ⊂ ∂B4, bounding any twisted order 2k − 2 Whitney tower,
W ⊂ B4, and given any basing β : ML → B F

Fk
, we have SL(L) = sec(ML, β), and thus,

another proof that the Sato-Levine invariant of a link is independent of the Whitney tower
used to compute it.
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