UC Berkeley

UC Berkeley Electronic Theses and Dissertations

Title
On Hunter-type Gravitational Collapse Profiles for the Euler-Poisson System

Permalink
btt_ps://escholarship.orq/uc/item/4073f9xr|

ISBN
9798189270673

Author
Sandine, Ely

Publication Date
2026-05-01

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/4073f9xr
https://escholarship.org
http://www.cdlib.org/

On Hunter-type Gravitational Collapse Profiles for the
Euler-Poisson System

By

Ely Sandine

A dissertation submitted in partial satisfaction of the
requirements for the degree of
Doctor of Philosophy
in
Mathematics
in the
Graduate Division
of the

University of California, Berkeley

Committee in charge:
Professor Sung-Jin Oh, Chair
Professor Ruixiang Zhang

Professor Maciej Zworski

Spring 2026



On Hunter-type Gravitational Collapse Profiles for the
Euler-Poisson System

Copyright 2026
by

Ely Sandine



Abstract

On Hunter-type Gravitational Collapse Profiles for the Euler-Poisson System
By
Ely Sandine
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Sung-Jin Oh, Chair

We rigorously construct a family of smooth self-similar solutions to the isentropic gravi-
tational Euler-Poisson system with a polytropic equation of state p = p?. The problem can
be expressed as that of finding global solutions to a system of non-linear, non-autonomous
ODEs which feature singular points.

The isothermal case, v = 1, is simpler. In this case self-similar solutions were found
numerically by Larson, Penston and Hunter in their investigations of spherical gravitational
collapse. For v = 1, we construct a sequence of solutions which corresponds to a subset
of the Hunter family. The proof is based on a bifurcation-type argument developed in the
study of blow-up for semilinear PDEs and adapts this framework to the quasilinear setting.

The polytropic case, v > 1, is more challenging. In this case, we extend our isothermal
construction to the energy-supercritical range of polytropic indices 1 < v < g. As an
ingredient in the proof, we introduce a general method for proving the local analyticity of

the solution near the singular points of the ODE system.



This thesis is dedicated to my parents, who put me on this road, and also to all the
amazing people that I have met along the way.
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Chapter 1

Introduction

The Euler-Poisson system of partial differential equations describes the motion of a self-
gravitating compressible gas. Physically, it is an elementary model for the formation, evolu-
tion and collapse of stars. Mathematically, the system is classified as quasilinear and hyper-
bolic. In this thesis, we prove the existence of certain gravitational collapse profiles for the
system. These profiles are self-similar and the existence proof is based on a bifurcation-type
argument inspired by works on related semilinear models.

This introductory section is expository in nature. In Section 1.1 we introduce the Euler-
Poisson system, the main semilinear models and several associated “toy” equations. In
Section 1.2, we compare the literature on blow-up for three main equations, emphasizing
methods based on self-similar analyses. In Section 1.2.4 we discuss the method we use to
construct self-similar solutions and compare the techniques to others in the literature.

Chapter 2, consisting of the paper [100], proves the existence of certain gravitational col-
lapse profiles for polytropic index v = 1. Chapter 3, consisting of the paper [101], generalizes
the previous construction to the range of polytropic indices 1 < v < g.

1.1 On Blow-up for Several PDEs

We begin with a PDE which does not blow up for smooth data: the linear wave equation
for p: R; x R — R. The equations are

©(0, ) = po(x) - (LW)
dp(0,z) = ¢i(z)

We begin by reviewing a standard proof that if g, p; € C°(R3) then ¢ € C®(R; x R2).
To begin the proof, we recall that by conservation of energy, we have

2 2 2 2
Ve (t, ) 2ms) + 100 2@y = Vaollza@s) + 01l 72s)-
By commuting the equation with 92 for multi-indices «, we obtain that for any k € Zxo,
2 2 2 2
lo(Es )71 sy + 1O, ‘)HH‘k(Rs) = [|eoll g1 (msy + 1l n gy
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where H* denotes the homogeneous Sobolev spaces for k > 0:

N
1l = NP e

We next recall the following Sobolev embedding estimate for f € C§°(R?):

1 loegesy S 1 s

Combining the Sobolev embedding with energy conservation, we have

1 1

el e S Ml ) Falle(E, )l s
1 1
S (leoll g + lonll ) > (ol g + [l ll 2)2-

This gives boundedness of ¢, and higher derivatives can be controlled by commuting with
derivatives, yielding ¢ € C*(R; x R3). We comment that this argument requires some
integrability of (Vi 1) and their derivatives, but these conditions can be removed due to
finite speed of propagation, concluding the proof.

We comment that while there is a global-in-time bound on |¢||;«, in contrast to a
transport or heat-type equation, we do not have L°° boundedness of the wave flow. In
particular the following estimate fails:

1060l oo, xr3) T I Vel oo v, xr3) S N1 poo ey + (V0 oo (3)-

This lack of boundedness is due to focusing. One way to think about focusing is as the
time-reversal of dispersion. It is well-known that given smooth and localized data for the
wave equation, after sufficiently long time, the solution will be concentrated near |z| =t and
obey [0yp|, |[Vap| < ¢ If one then time reverses the flow, we see that initial data which is
O(1) on an annulus of radius R can focus to be O(R) in amplitude after ¢ = O(R). In the
rest of this thesis, we will consider PDEs which, unlike the linear wave equation, can blow
up in finite time. Focusing will be one possible growth mechanism to be considered.

We now discuss blow-up for three toy models, beginning with the Ricatti ODE for u: I; —
R (here and throughout I; denotes an open time interval):

o= |ul "
{u(()) = Uy ’ (R1)

where p > 1. This ODE can be solved explicitly as

U

u(t) = —. (1.1)

(1= (p = Duo/” )7

In particular, if uy # 0, we have that the solution will be unbounded as t approaches the
blow-up time ¢ = ((p — 1)|ue/’~")~'. This is the simplest example of what we mean by
a differential equation blowing up and will serve as a model for more complicated PDEs.
We comment that a key difference between (LW) and (R1) is that while the former has a
conserved energy which constrains the solution, one should think of the latter as the gradient
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flow associated to the potential V (u) = —|u|p+1/(p + 1). This potential is has a maximum,
not a minimum, at the origin and so solutions are pushed away from equilibrium.
A variation on the above ODE is the following second-order Ricatti equation for u: I; —
R:
i = |ulf . (R2)

Unlike first equation, there is no solution formula for general p. Nonetheless, if one defines

the energy to be
1 1
E=_i*— ——
2 p+1
then it will be conserved. Using the energy, one can easily sketch integral curves in the
(u,@)-plane. A rough sketch is provided in Figure 1.1. In particular, £ = 0 consists of four

branches, which correspond to the explicit solutions

[ul ",

ug (t) =+ % . and Ut (t) =+ CI; , (1.2)

(=t)7T tr=1

(the subscripts s, u stand for stable and unstable) where

¢, = (M)ﬁ-
(p—1)?
In particular, unlike (R1), there exists solutions which do not blow up, namely uy ,().
However, we may see from the phase portait that these solutions are unstable, and general
data will blow up along uy 4(¢). In comparison to (R1), the equation (R2) is closer to (NLW)
due to its time-reversability. The energy does not surpress blow-up though as the second term
is non-positive. We also comment that in this case the blow-up is due to a self-amplification
of the solution. The growth mechanism is different than the focusing effect of (LW).
The third elementary blow-up model we shall mention is the inviscid Burger’s equation

for u: I; x R, — R:

{@u +ud,u =0 (IB)

u(0, ) = ug(x)

In this case, given Lipschitz data the equation can be solved locally via the method of
characteristics. In this case (as u is constant along characteristics), one obtains

[t ) oo < o] oo

In particular, the amplitude of u cannot blow up and there are no wave-like focusing effects.
In fact, one can see by integrating by parts that |[ul|,, is bounded for all 1 < p < oo, and so
at first glance one might expect smooth solutions to remain smooth. This is false however,
and one way to see this is to apply 0, to (IB), which results in

(0 + u0,)(0pu) + (Opu)? = 0.

From this equation, one sees that if uy(z¢) < 0, then along the x, characteristic, z(t), we
have that (0,u)(t, z(t)) will obey the Ricatti equation (R1) with p = 2 and hence blow up in



T

~%7//;;; -
// (eo
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Figure 1.1: Phase Portrait of (R2)

finite time. Since u remains bounded at the blow-up time, this can be thought of as a mild
singularity. The equation can be formulated as the conservation law

2
u
8tu + ax?7

Invoking the entropy condition allows one to uniquely continue the PDE locally past a smooth
pre-shock as a discontinous shock solution. This PDE shows that quasilinearity can introduce
another blow-up mechanism that only appears after differentiation. It also introduces the
concept that a mild blow-up need not be the end of an equation’s predictability.

The three blow-up examples discussed above, (R1), (R2) and (IB), are all solvable in
closed form and feature no effects to counteract the singularity formation mechanism. We
now introduce the three main PDEs to be discussed in this introduction. The main PDEs
are the focusing nonlinear heat equation for ¢: Iy x R4 — R:

—Ap— oty =
dp —Ap =[] =0 7 (NLH)
©(0,2) = ¢o()
the focusing nonlinear wave equation for ¢: I; x R? — R
20— Aw— lolPlo =0
JGo—ADp—le[ o ’ (NLW)
@(0737) = 900(‘%‘)7 at90<07 l’) = @1(1:)

and the irrotational polytropic compressible Euler-Poisson equations for p: I; x R3 — Ry,



u: Ity x R3 - R3 and F: I; x R — R3:

Op + div(pu) =0
du+u-Vu+p 'Vp+ F =0

V xu=0, V x F =0, div F' = 4mp
p(0,2) = po(2),  u(0,) = uo(x)

(EP)

The first two equations can be thought of as model problems where one couples the linear
heat and wave equations with (R1) and (R2) respectively. We remark that (at least formally),
one can view (NLH) as the gradient flow of the energy

1 9 1 1
Exin = | =|Vol? = ——|p[fda. 1.3
NLH /RSQ\ <P’ p+1|90’ x ( )

Similarly, one can view (NLW) as the Hamiltonian flow of the energy

1, o 1_ o 1 "
E = =10 —|Vo|" = ——|o"" da. 1.4
vow = [ 310l + 36l = el o (14

A non-trivial question for these model PDEs is whether, given generic initial data, the
diffusive or dispersive effects respectively will beat out the Ricatti amplification effect. We
remark that title of “focusing” in these equation describes the sign of the nonlinear term
and is different from the focusing effect described previously.

The Euler-Poisson system requires more explanation and motivation. In this case, p and
u describe the density and velocity of a gas respectively. The gas is assumed to be isentropic
and the particular pressure law of p7 is chosen for convenience. One should think of v > 1
as a parameter, analogous to the choice of p for (NLH) and (NLW). The irrotationality
condition V X u = 0 is chosen to simplify the problem. Indeed, in this case, assuming
no external force on the gas, conservation of mass and momentum lead to the irrotational
polytropic compressible Buler equations for p: I; x R3 — R.g and u: [; x R — R3

Op + div(pu) =0
Ou+u-Vu+p~tVp =0

, (CE)
VXu=0
p(0,-) = pol(),  u(0,-) = uo(:)
This system has several conserved quantities, including the mass
M= [ pdx (1.5)
R3
and the energy
- Lolul? + L pvd >1
Bep — { o 2ol Hmande =1 (1.6)
Jeazplul” +plogp v =1

The irrotationality condition allows one to formulate (CE) as a quasilinear wave equation.
One can also consider it to be a multi-dimensional generalization of (IB). Indeed, if one

5



considers plane-symmetry, rewrites the equation in terms of Riemann invariants and sets
one Riemann invariant to be constant (the simple wave ansatz), one obtains (IB) exactly.
As such, it physically unsurprising that (CE) can form shocks from smooth data. In addition
to shock singularities, in contrast to (IB), the system (CE) allows for smooth solutions which
implode (p — o0) in finite time, as discovered recently ([78]). This is surprising as there
is no analog for (LW), and the conserved mass and energy are both coercive. Heuristically,
one way to think about this as a focusing of acoustic waves which interact nonlinearly. The
conserved quantities constrain the possible scalings of this blow-up, but do not prevent it.
One expects these solutions to be unstable (see, for instance, [5]), but understanding this
instability rigorously remains an open problem.

To derive (EP), we add to (CE) an assumption that the gas self-gravitates according to
Newtonian mechanics. In this case F' represents the gravitational force. The gravitational
potential solves a Poisson equation and acts on the gas. The equations arise in astrophysics
when one models an isolated body (such as a cloud of dust or a star), evolving in a regime
in which relativistic effects are negligibile. In contrast to (CE), there is a natural instability
mechanism introduced by the gravity, and so it is unsuprising that the density can become in-
finite in finite time, a situation refered to as implosion or gravitational collapse. Nonetheless,
pressure combats this Ricatti mechanism, and the equations also allow for shocks. As such,
rigorously understanding the stability of gravitational collapse for this equation presents se-
rious mathematical challenges. We comment that (EP) still conserves the mass, (1.5), but
the energy should be modified to

1 2 1 1 2
SPU” 4 —p7 — =|F|°d > 1
EEP — {fRB gpu ,.y_]_p 87-|-| ‘ iy fy (17>

2
Jos 300 + 55507 — | FMde v =1

We also note that if one drops the pressure term from (EP), one obtains the irrotational

Euler-Dust equations for p: I; x R3 — Rog, u: I[; x R3 - R3 and F: R; x R3 — R3:

Op + div(pu) =0
ou+u-Vu+F =0
V Xu=0, V X F=0, div F = 4mp
p(0,-) = po(-),  u(0,-) = uo(:)
which we will view as a toy model for (EP). Roughly, (ED) is to (EP) what the ODEs (R1)
and (R2) are to (NLH) and (NLW) respectively. In addition, as the wave equation structure

is lost, (ED) can be solve by the method of characteristics in radial symmetry, allowing one
to understand pressure-less gravitational collapse quite explicitly.

: (ED)

1.2 Self-Similar Techniques

Both (NLH) and (NLW) can exhibit experience singularities in finite time for large data. A
basic mathematical problem is to identify initial data which definitively lead to blow-up. In
addition, one would like to know the local behavior of the blowing-up solution at the time
of singularity formation. One motivation for this is the problem of continuing the solution
past the time of blow-up.



For (NLW), in the case of p > 1 an odd integer, it is particularly easy to construct blowing
up solutions. Firstly, one notes that the Ricatti solution ¢(t,z) = uy ;(t—1), defined in (1.2),
solves (NLW) and blows up at ¢ = 0. In this case, dy¢ will be constant, and not lie in L?
so the energy integral diverges. This can remedied by multiplying the initial conditions by a
compactly supported cutoff x so that x(z) = 1 for |z| < 1. By finite speed of propagation,
the cutoff data’s development will agree with u, (t — 1) inside the backwards light cone of
(t,z) = (1,0) and hence blow up. Thus, we see that Cg° initial data can lead to blow-up.
We mention three undesirable features of this construction. Firstly, it is possible that the
cutoff introduces earlier singularities. Secondly, at the point of blow-up, we have 0%u = 0
for all multi-indices o which is non-generic. In particular, since the blow-up is dominated by
(R2), one might expect the first singularity to occur at a local maximum of ¢ with 9% < 0,
and in theory the Laplacian could then prevent blow-up. Thirdly, it uses finite speed of
propagation in a very strong way, and does not generalize to the heat equation (NLH), or to
quasilinear problems, such as (EP), where for large data the speed of propagation of outside
disturbances can be large.

A way to get around these issues is to “zoom in” on the singularity using self-similar
coordinates. Mathematically, the idea is that one can refine the choice of uy (t — 1) in the
above argument with a solution to the PDE (or part of the PDE) which is invariant with
respect to a scaling symmetry. This is called the self-similar profile. One can then replace
the cutoff part of the argument with a proof that the self-similar profile is locally stable in
a suitable sense to either perturbations of the initial data or the equation.

We remark that similarity solutions have been studied in physics, engineering and math-
ematical contexts for a long time, see, for instance, [49]. In the recent PDE literature,
self-similar variables were introduced by Giga and Kohn to study the stability of blow-ups
to (NLH) in the series of works [43], [44] and [45]. A nice introduction to the use of self-similar
profiles for studying singularities is the book [39].

We comment that while we focus on self-similar methods, there is a long history of
studying blow-up for (NLH) and (NLW). For (NLW), we refer interested readers to the
books [107], [2] and [108].

1.2.1 Self-Similar Solutions for the Toy Models

To begin our discussion of self-similar solutions, we begin with the four toy models, (R1)
(R2) (IB) and (ED), where it turns out that one can find explicit self-similar solutions. We
derive these solutions in this section, and in the next we describe how they can be used to
construct blow-ups for the more complicated PDEs.

We begin by considering (R1), which we now view as a PDE for u: [; x R — R. The
PDE is invariant under the two-parameter family of scalings given by

1 t =x
U(t, 33') — rLL,\h)\2 = U()\—, )\—)
)\f—l 1 2

In particular, given 8 € R, the PDE is invariant under the 1-parameter subgroup given by

u(t,z) = uy = ——u(~, —). (1.8)



As we shall see, there is a discrete set of 5 € R which admit non-constant, radial, positive,
smooth solutions of (R1) on I; = (—o00,0) which are invariant with respect to (1.8). Indeed,
if v is such a solution, it can be written as

wlt,r) = — (), (1.9)

where
u(y) = u(=1,y).
If we substitute (1.9) into (R1), we obtain the self-similar ODE

1
Ci =T (1.10)

Byoyu +

This is a Bernoulli differential equation, and the general solution is (for C' an integration
constant)

()7
tcp(y) = ———F—
(14 Cy?)rT
In order for this to be defined globally in y, we need C' > 0. If C' = 0 we obtain the constant-

in-space solution, and if C' > 0, the solution will be decaying in y. If C' > 0, the solution

will be smooth at the origin if and only if g = i, for k € Z>,. We note that if we consider

u(—1,y) = tcp(y) to be the initial data, then locally near y = 0, we have

u(=1y) = (

In particular, g = % corresponds to a non-degenerate maximum, and [ = i for k > 2

corresponds to increasingly degenerate maxima at the origin. These profiles are universal
in the sense that if u(t, ) is any solution that blows up at the origin at ¢ = 0 whose initial

data is
1 1 1

u(—1w) = (=)~ O

then in self-similar coordinates it will converge to @¢c g. To clarify in what sense the conver-
gence takes place, we use the change of variables

)it 1zh + oz ),

1 - x T
u(t,x) = —u(—In(—1), W), s = —In(—t), Yy = =k

()
and note that the the initial conditions become
u(0,y) = u(-1,y).

The claim is then that @ converges to ¢ g (at least locally in ). One way to understand this
is through linearizing the self-similar equations (see [39], for instance). An alternate way to
think about this is to use the solution formula (1.1), which gives

o woe=)
u(s,y) =e 1 —.
B T
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We consider y < A. We use that as s — oo,

1 1 cC 1 _

(e9) = ()P = —gyhe) o),

and derive .

_ ()7

U(s,y) = — = + 0s00(1)

(14 Cy7)

We comment that in this case, there is a particular self-similar solution (B = ) that cor-
responds to generic data. The other self-similar solutlons B = k > 1) are 1ncreasmgly
non-generic. We note that the condition ug(0) = (p — 1]3 was Chosen so that the

blow-up time would be exactly ¢ = 0, but if ug(0) # (p — 1) 1/(p D, a similar expansion is
achieved by modulating the blow-up time.

One can also construct a discrete sequence of self-similar profiles for the second order
equation (R2) (viewed as a PDE). In this case, for each § > 0, the equation is invariant with
respect to the scaling

1 t x
u(t, ) — )\p%u(x, E) (1.11)
In this case, substituting the ansatz
1 =z
u(ta x) = 2 u( )

leads to a tricky second-order ODE. A better approach (which the author learned from his
advisor), is to consider a subclass of solutions which pointwisely blow up as time-translates
of the special solution u, s, defined in (1.2). In other words, consider the solutions of the
form u

U’(t’ .T) = — - 2

(1= ()7 (t+ 1))

where ug(x) = u(—1,z). Assuming that wu(t,z) is invariant under the scaling symmetry
(1.11) gives

Uo(%ﬁ)
(A= (UO(I/A)) (t+A)7T

Differentiating the right-hand-side of the above equation with respect to A and evaluating
at A =1,t = —1 gives

2
—1 p+1

This is again a Bernoulli ODE and can be solved to find self-similar solutions. In this case,
we have

UO+<

1 T
u(t,r) = tc,p( )
(— (P
where the solutions are
tcp(y) = %
’ (1+ Cy?)



Again, we see that the allowed values of 8 are 8 = =

55, for k € Zs;. In this case, we
1

once again expect that 8 = 5 corresponds to generic blow-ups, and § = ﬁ corresponds to
increasingly unstable blow-ups, although this is harder to prove for general data without an
explicit solution formula.

In the first two examples, there are discrete families of self-similar profiles describing
self-amplification. Similarly, for (IB) there is a discrete family of self-similar profiles which
describe shock formation. Indeed, in this case, there is again a two-parameter scaling sym-

metry, and considering a 1-parameter subgroup leads to the ansatz

u(t,z) = (—t)" 7 ),

(=t)°
which gives the self-similar ODE

Byo,u + (1 — p)a + ud,a = 0.
This ODE can be solved by considering y as a function of @, and noting that we have

dy  fy+u _0
do (B—1Da

This linear ODE can then be solved via integrating factors to yield
y=—ii— CiF 1,

This implicit equation will define @ 5 as a smooth function of y provided that C' > 0. Again,
we see that C' = 0 corresponds to a degenerate self-similar solution. If C' > 0, the self-similar
solution will be smooth if and only if g = 2’;—:1, for k € Z>1. In this case, the self-similar
solution blows up at ¢ = 0, and at t = —1, the initial data is of the form

- _B_ B
u(=1,y) = tcp(y) = —y + Cys1 + o(y51).

In particular, we note that in this case, @/(y) has a non-degenerate maximum at the origin
in the stable case, § = % The profiles for k£ > 2 are increasingly degenerate.

We finally consider the system (ED) in radial symmetry and explicitly derive self-similar
solutions. Our treatment is related to that of [51], although the authors do not employ exact
self-similar profiles in this work. In radial symmetry, (ED) can be written as (under the
assumption 47 = 1)

{th + 50, (r?pu) =0

Ou+ udru+ =5 [ (r')?p(r)dr!

We define the local mass to be m = [ (r')%p(r')dr’, and note that these equations can be
rewritten as

om + ud,m =0
O +udu+ 73 =0

This system can now be solved via the method of characteristics. We initialize the problem
at t = —1, and define (¢, z) to be the solution to the ODE

{7" = u(t,r(t)))
r(—1) ==z

10



Along the characteristics, we then have

In particular, m is constant along characteristics, and (ED) is reduced to the well-known

inverse-square law ODE:
m

— (1.12)

F=

Thus, solving (ED) in radial symmetry reduces to standard ODEs. We note that (1.12)

has the conserved energy
1 m
E=_i*——.
2T T
As a can be seen from the phase portait, Figure 1.2, the £ = 0 integral curves divide the

dynamics into several regimes. The F = 0 solutions can be written explicitly as

r=(C+ 3\/@)3
r= (0—3\/gt)§. (1.13)

The former solutions go to r = oo with zero asymptotic velocity and the latter are the
time-reversal of the former.
Returning to the PDE, one can derive self-similar solutions as done for (R2). In particular,
one can first assume that each trajectory is of the type (1.13) (note this simplification is also
made in [51]). If one considers the initial local mass to be mg(r), then

or

r(t,2) = (22 — 3 mOT(Z)m 1))3. (1.14)

win

To express the solution in the standard (¢,7) coordinates we implicitly define (for each fixed
t) z(t,r) to be the inverse of z +— r(t,z). We then have

m(t,r) = mo(z(t,7)). (1.15)
We then note that for any 8 > 0, the PDE (ED) obeys the scaling symmetry

1t r t r
(= Y Ny (2 —
p(t,x),u(t,x)% )\2/)()\7/\6)7)\ u()\7/\ﬂ)
With respect to this scaling, the mass transforms as

t r
tr) = A 2m(=, —).

If we assume that mg(r) corresponds to a self-similar solution, then from the solution formula

(1.15), we have

m(t,r) = )\36_2m0(2(§» )
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Figure 1.2: Phase Portrait of (1.12)

2,

WV

One can then differentiate with respect to A and evaluate at A = 1, = —1 to obtain an
ODE for my. It is useful to note that as a consequence of (1.14), we have that at ¢t = —1,

2m
5’r2|t=71 =1, 8t2|t=71 = T

Using this, we have that if mg(r) leads to a self-similar solution, then

0= (36—2)mg+ (0,mo)(0rz — Brdy2)|i=—1

= (36 — 2)mg + 0-my( @ — Br).

It remains to solve this ODE for mq. To do this, we let M = ZTﬂ, which gives
M= 2(1 = B)rM — M?>
2r(M — Br)
We then let M = rf, and obtain
2 —
RICESTi}
2(f = B)

We let r = e, and seperate variables which gives

Craf-p)
”C/f<2—3f>df
1

2



_[=B_ 2-3B
/ AT

—In (M)
- 7

Thus, we see that f is the implicit solution to the equation

(2-3f)"5 _

T =Cr.
We comment that if we assume f(0) = 2, and C > 0, then this gives a smooth solution if
B = %—F i, k € Z>,. In this case, f will be a radially decreasing function of 7. One can then

recover mg to be mo(r) = % Thus, just as in (R1), (1.2) and (IB), we see that (ED) has
a discrete set of scalings for which there is self-similar solution that can be solved for rather
explicitly.

In summary, the equations (R1), (R2), (IB) and (ED) each admit a two-parameter scaling
symmetry. For these equations, for a discrete sequence [ of spatial scalings (depending on
the equation), one can easily derive self-similar solutions which blow up at the origin.

1.2.2 Treating Diffusive and Dissipative Effects Perturbatively

We now discuss the feasibility of perturbing the above solutions to obtain blow-ups for more
complicated PDE which feature competition between blow-up mechanisms and regularizing
effects. There are many works in this direction. The author’s introduction to this topic
was the paper [90]. In this work, the authors show the existence of blow-ups for several
perturbations of (IB), including the fractional KdV equation, for u: R, x R, — R:

Au + udyu + | Dy 0pu = 0, (1.16)

o

where |D,|* = (=A)z, and 0 < o < 1. The blow-ups are constructed by perturbing the
self-similar Burger’s profiles described in the previous section. In this work, the authors give
a powerful heuristic to test when this will work, namely to assume a self-similar Burger’s
blow-up and perform a dimensional analysis for the perturbation. Indeed, we recall that
for (IB), if [t], [x] are the dimensions of length and space, then we have the dimensional
relationship, expressed in the author’s advisor’s notation,

]
[u] = 7]’
from which we derive that for (1.16)
_ x] a=lg ] — [2]' 7

For the self-similar profile, we have that [z] = [t]®, so these dimensions become

(0], [udpu) = [1177%, [|Do]* O] = 170N
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As t — 0, the dispersive term is perturbative if it has more factors of ¢, which leads to the
condition

ﬁ(@—l)—1>6—27
or equivalently,
1
o< —.
g
Recalling that the allowed [ are § = 2’;—;51, we see that if o < 1, there exists a k such that

the above inequality will be satisfied. The authors of [90], emphasize that as & — 17, one
must use increasingly unstable self-similar profiles, leading to the conclusion that increasingly
unstable Burger’s profiles, from the perspective of initial data, are more stable with respect
to perturbations of the equation.

We now consider a similar dimensional analysis for (NLW). In this case, for (R2), we
have

Considering now a self-similar scaling, we have

2

—2--2_ _2 _
03], [) = (77T, [Ag] = AT
The second term will be perturbative if
g < 1.

We remark that in this case, the condition does not depend on p and also that the allowed 3
are § = i In particular, we see that for all 3, including the stable profile, § = %, we expect
the ODE blow-up to dominate the dispersive effects.

Indeed, the stability of ODE-type blow-up for (NLW) has been studied by a wide-range
of authors using a variety of tools. In one spatial dimension, the uniqueness and stability of
ODE-type blow-up was studied by Merle-Zaag in the series of papers [84], [85], [86] and [87].
Their work also extended to several spatial dimensions in the subconformal range, see [81],
[82], [83], [88] and [89]. In the case of energy-supercritical nonlinearities, where one does
not have uniqueness of the ODE-type blow-up, an alternate proof of stability of self-similar
blow-ups has been developed using semigroup theory, see [21], [32], [33], [34], [35], [36], [38],
[96] and [111]. A related problem that has received much attention is that of constructing
data which blow up on a prescribed curve. In this direction, we mention the works [15], [63],
[64], [65], [18], [19] and [62].

If we apply the same heuristics to (NLH), we have have that from (R1)

and so we expect that near a self-similar blow-up

1

Do), [P = 777, [Ag] = [T

In particular, in this case, we see that the diffusive effects will be perturbative if
1
< —.
g 2
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Main Equation | Model | 8 For Model | Condition
(1.16) (IB) L a<g
(NLW) (R2) 3= g<1
(NLH) | (R1) | & B<

(EP) (ED) 2+ B<2—7n

Figure 1.3: Scaling Heuristics for Treating Diffusion/Dispersion/Pressure Perturbatively

In particular, recalling that the allowed g are § = i, we see that the stable self-similar
ODE blow-up barely fails the above inequality. In [80], for d = 1, following numerics of
[4], and earlier works, including [10], it was shown that there is a logarithmic correction to
the blow-up dynamics. This type of criticality is sometimes termed “slow blow-up,” and
a discussion of its ubiquity in many parabolic models is discussed in the extensive survey
article [40].

One can also apply this heurstic to understand dust-like collapses for (EP), i.e. when
one can treat the pressure term perturbatively. In this case, one has that from (ED)

- [2]
=177 [u] =,
1]
and so if one considers the second equation of (EP) near a self-similar dust collapse, we

expect
O] = [wdu] = [F1=[1]77%, [p7'Vp'] =[P,

which gives the condition
B<2—7 (1.17)

In this case, the allowed values of 3 are % + i In particular, if 1 < v < %, one can find

a sufficiently large k£ so that the kth self-similar dust solution should dominate the pressure
term. We see in this case that as v — ‘51_, one must consider increasingly unstable dust
solutions. We comment that dust-like collapses have been rigorously constructed in [51]. In
this work the authors do not use the self-similar dust solutions described above, but instead
perturb a larger class of dust profiles which satisfy the vanishing condition at the origin that

p = po— cr™ + o(r™). Their proof requires a restriction on n, their equation (1.60),

4 1
——v—=>0
3 Y n

which in this discussion corresponds to (1.17). We also comment that even for the least
7

critical case v = 1, one cannot take the stable dust blow-up (8 = §, n = 2 respectively). As
such, unlike (NLW), one does not expect generic collapse to locally coverge to a dust profile.

The scaling heuristics for the models discussed so far are summarized in Figure 1.3.

As a final comment, we remark that unlike (NLH), (NLW) and (EP), the system (CE)
does not feature an obvious blow-up mechanism (Ricatti blow-up and dust-like collapse for
the other models). Another difference is that it features a two-parameter scaling symmetry,
instead of a 1-parameter scaling symmetry. It turns out, that for d > 2, for certain values

of B, there do exist self-similar implosion profiles ([78]). Under scaling conditions dictated
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by dimensional analyses similar to the ones described in this section, these can in turn be
perturbed to construct blow-up for other models, such as the compressible Navier-Stokes and
defocusing nonlinear Schrédinger equations, as shown in the works [79, 77]. We comment
that there have been several subsequent works on these type of smooth implosions. In
particular, the parameter range for which one can construct blow-ups to (CE) has been
generalized in the works [11] and [103]. In addition, non-isentropic stable blow-ups have
been recently constructed in the work [24]. Recent works have also explored various settings

in which these blow-ups can be perturbed to create singularities for related equations, see
3], [12], [16], [17], [22], [23], [104] and [105].

1.2.3 Self-Similar Blow-ups for the Full Equations

The heuristics in the previous section show that one expects the explicit stable self-similar
profile of (R2) to dominate the dynamics of (NLW) when the latter experiences blow-up.
The analogous heuristic (approximating by dust) fails for (EP). In this case, it turns out that
there is still a universal object which describes the generic blow-up dynamics: the Larson-
Penston solution. As we shall see, instead of being a self-similar solution to toy model (ED),
it is a self-similar solution to the full equation (EP).

Indeed, while previously we considered constructing blow-ups to the main equations by
neglecting certain terms, another approach to constructing blow-ups begins by noting that
(NLH), (NLW) and (EP) each contain a l-parameter scaling symmetry. For (NLH), the
symmetry is given by

t
Q)= *O(X’ )-

e

AP
For (NLW), the scaling symmetry is given by

1 t x

P = Py = )\p%l (Xa X>‘

For (EP), the scaling symmetry is given by

(p,u) = (pa, un),

where
1 ¢t =z t «x

Pr = FMX’ W)’ uy = )\17716(} )\2_7)-

We comment that with respect to this scaling, the mass (1.5), scales as
M — N3,

and in particular, the range v < %, where one can construct (unstable) implosions by per-
turbing dust, corresponds to the mass-supercritical range. Heuristically, for this range of ~,
one should understand that the mass does not obstruct blow-up.

We comment that the energies (1.3) and (1.4) scale as

12 a4
Enpg — A2 1 ENrH, Enxtw — X771 Enpw.
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In particular, for both equations, the exponent p = 5 is energy-critical. Unlike the mass-
critical exponent for Euler-Poisson, this is not a threshold for collapse, and its relevance to
blow-up dynamics is more subtle (see Subsection 1.2.4). The energy (1.7) scales as

Egp — A\ Egp,

and so we see that in this case A = g is the energy-critical exponent.
Motivated by this scaling symmetry, we now perform a self-similar change of variables.
For (NLH), this is achieved by considering the ansatz,

1 T
t7 )= —""7" D S, ) s = —In(—t ) - 1
o(t,z) (_Wlso( Y) (1) Y o3

resulting in the PDE

1 2
Osp + y(‘?ygo + p—go 0> P — gaygb — P =0. (1.18)
For (NLW), one considers the ansatz
1 . x
gO(t,[E) = Lg@(s,y), s = _ln(_t)> Yy=—
()7 ~
resulting in the PDE
- - +3, . 2(p+1 2.4 .
02 +20,0.5+ (2~ Ve + L 20,5+ 22D, - 2,
20+1)

For (EP), one considers the ansatz

) = pile), ulta) = (<0 i) 5=l v

leading to the system

{asp +2p+ (2= 7)ydyp + divy(pi) = 0 (1.20)

Osti+ (v — 1) + (2 — 7)Yyt + U0y + yp" 29y p + 4w div, " (p) = 0.

We comment that s-independent solutions to the above equations correspond to radially
symmetric solutions of the main equations which are invariant with respect to the scaling
symmetry. Thus, finding scale-invariant solutions corresponds to solving the following ODEs
in y (the SS tag stands for self-similar):

1
—yayso o 05 — —5y<,0 =0, (NLH-SS)
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2(p+1) 2 2(p +

R (NLW-S5)

(v° — 1)02p + ( ﬁ

and
20+ (2 — 7)ydyp + divy(pu) = 0
(v = D+ (2 — 7)ydyt + adyit + v 20,p + 4m div, ' (5) = 0

We note that this last system contains a nonlocal term, but this can be removed by rewriting
the first equation as

= 1 A+ 2= 1))
resulting in the system
20+ (2 = 7)y0yp + div,(pi) = 0 B —_—
(v = 1)t + (2 = 7)ydyii + @0, + 720, p + TG —

Unlike the ODEs considered in Section 1.2.1, the ODEs (NLH-SS), (NLW-SS) and
(EP-SS) cannot be solved via elementary methods. Nonetheless, each equation admits two
trivial solutions. The first trivial solution, which we will call the Friedman solution, taking
the name from the literature on (EP-SS), is given for the three equations by

PR = (p%l)P+1 for (NLH-SS)
OF = Cp for (NLW-SS) . (1.21)
pr = 5=, up = —3y for (EP-SS)

These solutions are all degenerate forms of the blow-ups for the toy models which are homo-
geneous in space, and so the diffusion/dispersion/pressure vanish trivially. As such, they do
not tell us anything new, but can serve as useful benchmarks when constructing solutions
to the self-similar equations. The other trivial solution is the far-field solution,

or = (f;’i‘lfﬁ)?lly:gl for (NLH-SS)
_ 1
b= GER)T for (NLW-SS) (1.22)
pr= (2275 4 ap =0 for (EP-SS)
i Y

The far-field solutions correspond, in physical variables, to singular stationary solutions of
the main equations. In particular, they are all singular at the origin, ¥y = 0, and do not
blow up at all. Again, as with the Friedman solutions, one can use them to gain information
about the self-similar ODEs.

Refocusing attention on (EP-SS), one can ask if there is a smooth solution to (EP-SS) with
p decaying as y — oo (to rule out the Friedman solution). This problem was first considered
by Larson ([70]) and Penston ([99]) who, for the simplest case v = 1, independently used
numerics to find a non-trivial solution to (EP-SS), now called the Larson-Penston solution.
We remark that these numerical investigations are non-trivial as the ODE degerates at the
origin and when the solution experiences sonic points (see Section 1.2.4). Indeed, there are in
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fact additional smooth self-similar solutions, as noticed later by Hunter ([59]), who for v = 1
found a discrete sequence solutions for which the velocity exhibits increasing oscillations.

Numerical simulations of the Euler-Poisson system suggest that the Larson-Penston so-
lution indeed serves as a leading order blow-up profile for (EP), see for instance [59], [41]
and [9]. We comment that the study [9] observed that dust-like collapse is unstable to a
“Jeans-like” instability, in rough agreement with the heuristics in Section 1.2.2.

The Larson-Penston solution has been recently constructed rigorously by Guo-Hadzi¢-
Jang ([52]). Moreover, their proof has been extended to the relativistic setting [53], following
the investigations of Ori-Piran ([92, 94, 95]). Guo-Hadzié-Jang also proved that the solution
may be truncated to exhibit a naked singularity, shedding light on cosmic censorship for this
matter model. The authors, along with Schrecker, were also able to extend their construction
to the full mass-supercritical polytropic range 1 < v < %, [54], following numerical work
of Yahil, [113]. In Chapter 2 of this thesis, a subclass of the solutions found by Hunter
is constructed for v = 1. In Chapter 3, the previous result is extended to the energy-
supercritical range 1 < v < g. These works adapt a bifurcation approach that had been
successfully applied to construct solutions to NLH-SS and (NLW-SS), see, for instance [8],

[26] and [66].

1.2.4 Thresholds and Mode Stability

Given that the Larson-Penston solution describes generic collapse for (EP), a natural ques-
tion is: what role do the Hunter solutions play in describing the dynamics?

To prepare for this discussion, we first derive the mode stability ODEs for the main self-
similar equations of interest. For (NLH), we consider ¢g to be an exact solution of (NLH-SS).
We then substitute the ansatz @(s, y) = @o(y)+ee** @1 (y) into (1.18) and formally take e — 0.
This yields the following linear ODE for ¢;:

1 2 1 e
—%wr+5y—§ﬁ%m+%;jj—wwﬁUwr+Mn=0- (1.23)

For the case of (NLW), substituting a similar ansatz into (1.19) yields

2(p+1)

N 2 N
Qf—Uﬁwr%O]%4_+2M—§)%w

o D+3

e 2(p+1), .

A, )P e =0 (124)

p—1 (p—

We comment that while (1.23) resembles a standard eigenvalue problem, the equation (1.24)
is more complicated as A appears as a coefficient of J,¢; and moreover the system is singular

at y = 1. Following a similar derivation as that of (EP-SS), one can write the mode equation
for (EP), for A # 1, as the system

(A= 1)p1 +div (20 + y)p1 + W po) = 0
voy 20y pr + (o + )y + (v — )3 3(9ypo) - (1.25)
+A+ (v = 1) + 9ytig) s + 775 ((to +y)p1 + U1 po) =0
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For these problems, given a self-similar solution @y or (pg, o), we may look for analytic
modes. If a mode exists whose corresponding eigenvalue has positive real part, we say that
the self-similar solution is linearly unstable.

We now discuss self-similar blow-ups to (NLW). Critical phenomena for this equation
explored numerically in [7]. In this work, for several odd values of p, the authors numerically
solve (NLW) for a l-parameter family of radial initial data. The family is chosen so that
the solutions disperse for small values of the parameter and blow up for large values of the
parameter. The blow-ups they observe are modeled by (R2), which is consistent with the
previous heuristics. Surprisingly, they found that the threshold dynamics depend on the
exponent p, with a qualitative transition taking place at the energy-critical threshold p = 5.
For p > 5, the authors observe that the critical dynamics are well-approximated by a solution
to (NLW-SS), which they solve for numerically. They observe that this solution, which they
call U; “appears as the codimension-one attractor in the evolution of specially prepared initial
data.” In addition to Uy, they find a discrete sequence Us, Us, . .. of solutions. We emphasize
the similarity between the structure of the set of solutions of (EP-SS) found by Hunter and
the set of solutions to (NLW-SS) found by these authors. Moreover, by considering (1.24)
they numerically observe that U, has n unstable modes.

There has been much recent activity on self-similar blow-up for (NLW) and related equa-
tions. As shall be discussed in Section 1.2.4, self-similar solutions U;, Us, ... are rigorously
constructed in [8]. We remark in particular the surprising result [47], which demonstrated
that for d > 5, the first non-trivial self-similar solution U; to the energy-supercritical cubic
NLW admits a closed form expression. Moreover, in the case of d = 7, they were also able to
find a closed form for the unstable mode and hence prove non-linear codimension-1 stability
of Uy. This solution’s role as a threshold was studied numerically in [46]. For the quadratic
NLW, in the energy-supercritical case of d > 7, closed form self-similar solutions were found
in [27]. In the case of of d = 9, the unstable mode is again explicit, allowing the authors
to show codimension-1 stability. This work was extended beyond the past-light cone of the
singularity in [25]. We mention the recent work [61] which studies the stability of self-similar
solutions up to the Cauchy horizon.

In the case of (NLW), Giga and Kohn have proved the non-existence of solutions to
(NLH-SS) for p < 5 ([43]). For p > 5, self-similar solutions do exist. Early constructions
are due to [110], [14] and [71]. The work [26] gives an alternate construction of solutions
analogous to Hunter solutions, for /V sufficiently large. This work additionally invokes Sturm
oscillation to prove that the Nth solution has exactly N unstable modes. This is used to
show that the Nth solution is nonlinearly codimension-N stable. We comment that the
analogous statement for (NLW) remains out of reach. A recent work in this direction is [66],
which shows finite-codimension stability without determining the codimension.

In the Euler-Poisson case, the linearized spectrum of the Larson-Penston and Hunter
solutions has been numerically analyzed by [57] and [73]. In this case, the authors find
that the Larson-Penston solution is linearly stable, and that the ith Hunter solution is
codimension-i unstable. As with (NLW), the first unstable self-similar solution is understood
to describe critical phenomena ([58]). For an extensive review of self-similarity and critical
phenomena we recommend the survey [50]. We comment that in both the cases of (NLW)
and (EP), attention has been primarily focused on the first unstable self-similar solution;
the higher ones can be naturally considered to describe critical phenomena with increasingly
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high codimension.

We comment that even when one has found a solution to a self-similar equation, such
as (NLH-SS), (NLW-SS) and (EP-SS), the mode stability problem is typically hard, and
can only be solved in a few cases. One situation in which one can solve this problem is for
the Friedman-type solutions, (1.21), where there exists polynomial modes. In this case, for
(NLH), (NLW) and (EP), if one restricts to radial symmetry, one can find that the solutions
to (1.23), (1.24) and (1.25) respectively are given by (for k € Z>)

A=1-k (NLH)
A=1-2k—2— 125 2k (NLW) .
A=1-2k(3 —7),—3 —2k(3 —7) (EP)

For (NLW), this computation can be found in [7], and for the other equations the compu-
tations are similar. In each of these three problems, the A = 1 instability corresponds to
time-translation symmetry and should be ignored. For (NLW), we see that the rest of the
eigenvalues are negative, reflecting the fact that ODE-type blow-up is stable. For (NLH), we
see that A = 0 is an eigenfunction, again reflecting that this problem is critical from a scal-
ing perspective. Finally, for (EP), we see that 2y — % will always be an unstable eigenvalue,
consistent with the instability of dust-like collapse for this system.

We remark that the stability of the Larson-Penston solution was recently solved in the
breakthrough work [55]. The corresponding stability problem for the Hunter solutions re-
mains open.

1.3 Overview of Construction of Hunter-type
Solutions

We now discuss in greater detail how we construct Hunter-type solutions to (EP-SS). The
author learned these methods through reading the paper [26], in which solutions to (NLH-SS)
are constructed. We will contrast the proof with the construction of the Larson-Penston-
type solutions to (EP-SS) by Guo-Hadzi¢-Jang-Schrecker ([52], [54]) and the construction of
solutions to (NLW-SS) of Bizon-Maison-Wasserman ([8]).

We begin by discussing the ODE (NLW-SS). We see that, as a byproduct of working in
radial symmetry, the ODE is singular at y = 0. As a consequence, if one considers ¢ to be a
C? solution to (NLW-SS), then necessarily one must have ¢’(0) = 0. By Taylor expanding in
y?, one can formally observe that there should be a 1-parameter family of solutions regular
at the origin determined by ¢(0).

The point y = 1 is also singular for (NLW-SS). In particular, substituting y = 1 gives

the constraint A N 0
<1 ~ p+1).

= (1) = (p(1)P — 2T 5(1). (1.26
80 = (B - L) )
Again, we see that there is now a 1-parameter family of smooth solutions. As an aside, we
give a geometric explanation for this singularity, If we consider yo € R, imposing &(yo), &' (vo)

as data for the self-similar equations is equivalent to imposing Cauchy data (p, 0,¢) along

21



the curve r = yo(—t) at the level of the 1+ 1 radial semilinear wave equation. When yy = 1,
this curve is characteristic, and so one cannot freely impose zero and first order data. We
also comment that ¢*)(1) for k > 2 can be solved for by expanding (NLW-SS) about y = 1.
For instance, if we impose (1.26) and expand the equation to o(y — 1), we obtain

@+ 208 =pet = D - @+ 22 e —o.

p—1
One sees that higher derivatives are similarly determined, and so, at least formally, there is
a unique solution at this point once $(1) is specified.

We now discuss the basic algorithm for constructing self-similar solutions to (NLW-SS).
The first step is to pick a matching point yo € [0,1]. The next step is to “shoot” from
y = 0 to the right and “shoot” from y = 1 to the left using the parameters ¢(0) and @(1)
respectively. One then tries to match @(yo) and @'(yo). If successful, this gives a smooth
solution on [0, 1]. The final step is to check if this solution extends to y = co. This strategy
was numerically implemented in [7], resulting in a discrete set of solutions in the supercritical
range.

The known analytically rigorous techniques for constructing solutions proceed roughly
along the same lines. There are three main components. The first is solving the local
problem of showing that there are indeed 1-parameter families of solutions which smoothly
pass through y = 0 and y = 1. The second step is solving the global problem, whereby one
must show that, at least for sufficient ranges of the parameters, the solutions extend from
y=0and y =1 to yo. This is non-trivial as the ODEs are non-linear and so a Ricatti-type
blow-up could occur. In addition, as the system is non-autonomous, one can not understand
global dynamics by examining a 2 dimensional phase portait. The final piece is solving
the matching problem, which consists of showing that the left and right solutions actually
connect for certain parameter values. We comment that one must also solve the extension
problem of verifying that the smooth solution through the sonic point extends to y = oo, but
this in practice turns out to be easier and will not be discussed further in this introduction.

Before discussing how these steps are handled for (NLW-SS), we bring up the ODE
system (EP-SS). For simplicity, we restrict to the case v = 1. In this case, one can again
read off that the equation is singular at y = 0 which gives 4(0) = 0. There is also an analog
of y = 1. To see this, one can rewrite (EP-SS) as the matrix system

i 5 5 2p(uty)
(u?y uiy) (Z)+(4 v ~>=o. (1.27)
P m(+y)p

We remark that the coefficient matrix degenerates when
(i+y)>—1=0. (1.28)

This condition is the analog of y = 1 and it now depends on the solution. The y values which
saturate (1.28) are called sonic points. All the self-similar solutions we shall study will have
a sonic point satisfying

U(ys) =1 — ys.

For instance, the Friedman and far-field solutions have sonic points at

yr = 3, yr=1
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respectively. For any solution, one can read off from the equation that if (p, %) are a smooth

solution (see Chapter 2) then
1

27y,

p(ys) =

In contrast to (NLW-SS), we see that for a given sonic point, we now have that p(y.) and
u(ys) are completely determined. Nonetheless, there is still a 1-parameter family of solutions
depending now on y,.. Another difference between (NLW-SS) and (EP-SS) occurs when one
takes an additional derivative. For (NLW-SS), we had ¢”(1) was determined uniquely. In
the case of (EP-SS), one can derive the equations (see Chapter 2)

1
~/ X ~/ X =0,
P (y«) + 27ry*u (y+) + —
i o X i 1 1
27y, (8 (44))* + 20 () () — o7y (@ (y+))* + 7' () — 27y ' (y.) — i

In particular, due to the quasilinear structure, the second equation is quadratic. These
equations give

1 1
W (y )+ (y) + — — =0.
(@ () + 0 () + - = 5

This quadratic has two roots, called the Larson-Penston and Hunter branches as follows:

Yx

yi — 1 Hunter

~ -1 Larson-Penston
u(y.) = :

Once a branch is chosen, then the higher derivatives of p and @ at y, can then be solved for
recursively.

The general strategy for finding solutions to (EP-SS) is then similar to that of (NLW-SS),
with the free parameters now being p(0) and y, and the matching conditions being that
and @ should be continuous at y,. This was implemented numerically by [70], [99] and [59].

We now discuss, in parallel, the rigorous constructions of solutions to (NLW-SS) and
(EP-SS). For both (NLW-SS) and (NLW-SS), the first analytic step is to show that the
singular points locally give rise to 1-parameter families of initial data. For (NLW-SS), since
the singularities are semilinear in nature, one can appeal to existing literature. For (EP-SS),
the well-posedness is more subtle. In [52], the local well-posedness is established by using a
combinatorial argument to prove that the Taylor series has a positive radius of convergence.
This type of argument is also used in the polytropic case, [54], and in this case rigorous
interval arithmetic was used to justify certain bounds. In contrast, in our construction of
Hunter solutions, the singular ODE is solved in two ways. Firstly, at the level of C'* solutions,
the fundamental matrix of the singular linearized operator is used for the nonlinear argument,
being careful to not lose derivatives. This allows one to obtain smooth solutions passing
through y, = y; + € for € sufficiently small, where y; is the far-field sonic point. Secondly,
one demonstrates that the C! solution is in fact real analytic. In the isothermal case, our
proof is based on that of [52]. In the polytropic case, a more general argument is introduced
that relies only on the analyticity of the coefficients.

23



The second step is to show a global existence-type result that rules out Ricatti-type
blow-ups. This is achieved in [8] by multiplying (NLW-SS) by 0,¢ and integrating by parts,
which leads to the equation

H = (—y— 2)(¢)?, 1.29
E -9 (129

where the Lyapunov functional H is defined as

~1\2
m=0-» v, (1.30)
where - ( D
. P p+1)
V(p) = -

p+1  (p—1)
The authors then observe that that since p > 5, the right-hand-side of (1.29) is negative on
[0,1]. In addition, the Hamiltonian H has the confining property that if

c>cp, = ¢r(0)

then
V(u) < V(i) = Ju| <ec

In particular, if $(0) > ¢r(0), then ¢(y) < ¢(0) for all 0 < y < 1. One also has control
of (1 —y?)(¢')?, and so if one shoots from the left then one automatically has the existence
of a 1-parameter family of solutions on [0,1). There is a similar argument using the same
Lyapunov functional which allows one to shoot from the right.

In the case of (EP-SS), there seems to be no analogous Lyapunov functional to (1.30).
In the construction of the Larson-Penston solution, [52], the authors instead uncover mono-
tonicities in the equation which allow them to bootstrap boundedness of the solution when
shooting from y. to the left (see section 4 of their paper). Their technique is refined in the
polytropic construction [54], in which case the monotonicity of the relative velocity plays a
key role. We comment that these arguments are highly tuned to the features of the Larson-
Penston solution and seem hard to generalize to the construction of Hunter solutions.

In the author’s construction of Hunter solutions, the global boundedness is established
directly from a perturbative analysis. The key is to, for some y, fixed, split [0, c0) into the
exterior [yo, 00) and the interior [0, yo].

In the exterior, the key observation is that if one linearizes (EP-SS) about the far-field
solution (1.22), the linear system one obtains is equivalent to the following hypergeometric
equation for g(&):

// 5_ g/ + 1

TaE-n? -

We comment that a change of coordinates has taken place so that the sonic point y; cor-
responds to z = 0, the origin ¥y = 0 corresponds to z = —oo and y = oo corresponds to
z = 1. One can write down a solution to (1.31) which smoothly passes through the origin
using Gauss’s hypergeometric function and read off the asymptotics as y — 0,00. Using
the hypergeometric function to construct the fundamental matrix to the ODE, the nonlinear

g 9 (1.31)
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problem is solved using a fixed-point argument in function spaces which capture the desired
asymptotics.

In the interior region [0, o], after rescaling to unit scale, one can write the Euler-Poisson
system as a perturbation of the well-known isothermal sphere equation

AQ + 29 = 0.

The solutions to this ODE are not explicit, but can be directly analyzed through a phase-
portrait analysis. In addition, due to the scaling symmetry, one immediately sees that

y0,Q + 2
is a kernel element of the linearized operator
A+ 2e9.

This linearized solution is global and has well-understood dynamics as y — 0, co. Expressing
another homogeneous solution by solving the Wronskian ODE, one can again read off explicit
asymptotics for the fundamental matrix to the ODE and perform a nonlinear fixed point
argument.

The third step in constructing self-similar solutions is to match the inner and outer
solutions. We start by discussing (EP-SS). In the case of Larson-Penston-type solutions, a
topological argument is used (see [52], [54]). In contrast, in the case of Hunter-type solutions
the argument is based on the implicit function theorem. This approach is more quantitative,
but (as with the construction of the inner and outer solutions) requires smallness. This need
for smallness is why we are only able to construct the Nth Hunter solution for N sufficiently
large.

We comment that in comparison to these two constructions, the earlier work [8] on
(NLW-SS) uses a combination of these methods. In particular, the Nth solution for N suf-
ficiently large is constructed using perturbative techniques. The authors of [8] are then able
to leverage the Lyapunov functional (1.30) to show that by decreasing ¢(0) from this regime
down to ¢r(0), one must pass through the entire discrete family of self-similar solutions.
We conclude by mentioning that the analogous construction of Hunter solutions for N small
remains an open problem. Perhaps adapting this descent method could prove fruitful.
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Chapter 2

Hunter self-similar implosion profiles
for the gravitational Euler-Poisson
system

2.1 Introduction

We begin by describing the setup of the problem. We consider a time interval [;, Euclidean
space R3, a gas with density p > 0 and its velocity vector field u. The (non-relativistic)
gravitational force per unit mass generated by the gas is —2 grad(A~!p), units having been
chosen so that the gravitational constant is (27)~'. We assume that the gas is ideal and
isothermal, and choose units so that the ratio of its pressure to its density is 1. If we
model the evolution of this gas by coupling the isentropic compressible Euler equations
with self-gravitation, we get the following system of equations for p: I; x R3 — R.y and

u: Iy x R3 — R3, which we refer to as the Euler-Poisson system,

Op + div(pu) =0 2.1)
atu+u~gradu—|—granip—i—Zgrad(A_lp) =0 '

We will focus on solutions with the property that p(0) — oo in finite time, which we refer to
as implosion. We will make the highly simplifying assumption that both p and u are radially
symmetric. For notational convenience we define

div, f(r) = (0, + ;)f and div, ' f(r) = %/07.(7")2]6(7”)6%”,

so that under radial symmetry (2.1) becomes the following system of two equations on I; xR,.:

Op + div,.(pu) =0
Ou + udu + % +2div; ' (p) =0

Since the equations are invariant with respect to time translations, we may assume that
the implosion occurs at ¢ = 0. We then note that we have the following dynamical scaling

26



symmetry:

(p(t,r),u(t,r)) solves (2.1) <— (%p(%,%),u(%,%)) solves (2.1). (2.2)

A natural first step in understanding singularity formation is to understand the self-similar
solutions, namely those which are fixed by this symmetry.

We now summarize the rest of the introduction. In Subsection 2.1.1, we will derive
the main system of ODEs, state the theorem and discuss related works. We then compare
the system to a class of semilinear focusing heat equations in Subsection 2.1.2, highlighting
connections that motivate our proof of the theorem. In Subsection 2.1.3 we give an outline
of the proof and describe the organization of the rest of the paper. Subsection 2.1.4 lists
some of the notation used in the paper for the reader’s reference.

2.1.1 Derivation of equations and statement of the theorem

As a first comment, we shall only study classical solutions of (2.1), by which we mean that
p and u are C' and p has sufficient decay for the gravitational force to be well-defined. As
a comment, we do not require that either the total mass fRS pdz or the total energy,

1 _ 2
Blpu) = [ 5olul* + plog(p) — Jerad A7 (o)

are finite. In fact, the solutions we discuss will have infinite mass and energy.
We will study the system through the technique of similarity variables, by which we mean
switching to the variables (p, i, s, y) defined by

1 r . r r
pt,) = 5p(~log(—1), ), ult,r) = i(~log(~1), =) s = ~log(~1), y=--.
Performing this change of variables leads to the following system:
O0sp + yOup + 2p + divy(pu) =0 (2.3)
Osii + ydyii + Uy @i + %2 4 2div, (p) = 0 ‘

We see that (p, u) is a solution to (2.1) on (—oo, 0) x R which is both radial and invariant un-
der the scaling symmetry (2.2) if and only if (p, @) := (p(—1,y),u(—1,y)) is an s-independent

solution to (2.3). In this case, the equations for (5(y), @(y)) become (from now on div = div,))

{yﬁyp +2p+div(pu) =0 (2.4)

Yyl + 1dyii + %2 + 2div"(p) = 0

We comment that the use of self-similar solutions to study compressible fluid implosion
has an extensive history. Existence of self-similar solutions to the compressible Euler equa-
tions (without gravity) was shown by Guderley [49] (see also Sedov [102]). Recently, Merle-
Raphaél-Rodnianski-Szeftel [78] constructed smooth self-similar solutions. In the Euler-
Poisson system, the presence of gravity removes a degree of scaling freedom from the Euler
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system studied by these authors, leading to a different type of ODE problem. These au-
thors used stability properties of their smooth profiles to rigorously describe implosion for
the defocusing non-linear Schrodinger, compressible Euler and compressible Navier-Stokes
equations ([77], [79]). For further developments, we refer readers to the recent works of
Buckmaster-Cao-Labora-Gémez-Serrano [11], Jenssen-Tsikkou [60] and Cao-Labora-Gémez-
Serrano-Shi-Staffilani [17], and their discussions.

To understand the structure of the system (2.4) we eliminate the non-local term by
rewriting the first equation as

p = div(yp+p)

and substitute this into the second equation. This leads to the following formulation of the
self-similar Fuler-Poisson system as a system of quasilinear, non-autonomous ODEs:

(a I i i y) (5) + (2;227:2)) =0. (2.5)

We now discuss some essential features of the system. We adopt the terminology and
discussion of Guo-Hadzic-Jang [52], the only differences being that we work with @ instead of
their variable @ and that our derivations only require C! regularity of the solutions. Firstly,
we note that the system is singular at y = 0, where the equations impose the boundary
conditions

™=

@W0)=0 and  (0) = —g. (2.6)
Secondly, if for some point y, we have (@(y.) + y.)*> = 1 then the system is singular (the
coefficient matrix has determinant zero). Such a point y, is refered to as a sonic point.

We note that if @(0) = 0 and @ is bounded, then by continuity there exists at least one
sonic point y, for which 4(y,) +y. = 1. In this case, multiplying the system (2.5) on the left
by (1 —p(y.)) gives p(y:) =y, . Assuming now that both @(y.) = 1 — y. and p(y.) =y,
multiplying the system (2.5) on the left by (y* 1) gives the condition

. _ 4
20,0 (y+) + 20 (y.) + " =0.

*

1

Also, assuming again @(y.) = 1 — s, p(y«) = y. ' and p, @ are C*, we can multiply (2.5) by

(1 —y;'), and substitute

p) =y + 0wy —y) +oly—w),  aly) =1—y+ 7 (y)(y— ) +oly — v

which gives

(y*ﬁ’(y*)Q 27 ()i (3) — y—l*a%y*f ) - i) - yi) (v — ) + oy — ) = 0.

which combined with the previous equation gives the following quadratic for @ (y.):

1
i (y)? + @ (ye) + ——— =0
(v-) (v:) Yo Y2
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which has two solutions, —y_ !, ;! — 1. In summary, a C* solution at a sonic point 3, where
(y«) + ¥« = 1 must satisfy either

. 1 - 1 _ . 1

P\Yx) = —, P\Y«) = ——, u(ys) = 1 — s, U\Yx) = —— or

(y+) m () 2 () () "
i 1 , 1 3 X , 1
plys) =—,  Ply)=———, aly)=1-y, @y)=—-1 2.7
)= F) ==l )= 27)

We use the convention that the first type of first order Taylor expansion is called a Larson-
Penston expansion and the second type is called a Hunter expansion.

Two explicit solutions to (2.5) are the Friedman solution (pp,@r) = (3, —2y) and the
far-field solution (pf,as) = (y=2,0). Neither are classical solutions as for the former the
gravitational field is not well-defined and for the latter there is a singularity at y = 0.

The historically first non-trivial solution to (2.5) to receive attention is called the Larson-
Penston solution, which we now label (pg, o), named for the authors who discovered it
independently through numerical integration [70, 99]. The solution is analytic and satisfies
the qualitative properties pg < <y>_2, g S 1 and 4y > 0. Moreover, the solution has a unique
sonic point ¥, € (2,3) where it has a Larson-Penston expansion. This solution was rigorously
proved to exist by Guo-Hadzi¢-Jang [52]. Further solutions were found numerically by Hunter
[59], which we label as {(px, @)}32,. These are still analytic and obey jy <y (y) > and
iy Sy 1, but the velocity is no longer positive. These solutions each have a unique sonic
point y. € (0,2) where p; has a Hunter-type expansion. From the plots of the Larson-
Penston and Hunter solutions (see Figure 4 of Maeda-Harada [73] for instance) we infer that
for k > 0, py. intersects the far-field density =2 precisely k + 1 times on (0, c0).

We also comment that Shu [106] criticized the Larson-Penston solution on physical
grounds and proposed instead a certain “expanding wave” self-similar solution. Further,
non-smooth, self-similar solutions were introduced by Summers-Whitworth [112] and were
later argued to be unstable by Ori-Piran [93]. We focus on the Larson-Penston and Hunter
solutions for simplicity and also because their stability has been investigated numerically
through both linear mode analyses and simulations of the full nonlinear equation. Some
references for computations of unstable eigenvalues are Hanawa-Nakayama [57] and Maeda-
Harada [73]. The numerics seem to suggest that for £ > 0 the operator obtained by formally
linearizing (2.3) about (pg, @) has k+1 unstable modes, with the least unstable mode coming
from time-translation symmetry. This suggests that the Larson-Penston and Hunter solu-
tions fit into a sort of “non-linear spectrum” with the Larson-Penston solution playing the
role of the ground state. We also mention that there have also been numerical simulations of
the radially-symmetric Euler-Poisson system indicating a self-similar collapse regime. Some
sources include Hunter [59], Foster-Chevalier [41] and Brenner-Witelski [9].

In this paper we prove the following result which are consistent with an extrapolation of
the numerical works on the Hunter solutions.

Theorem 2.1.1. For some integer N > 1 there exists real analytic solutions {(pr, Ur) } 52 n
to (2.5) on [0,00) subject to the boundary conditions (2.6) and the requirement pr, > 0. In
addition, py, intersects y~2 exactly k+1 times. For these solutions, the sonic point condition
(ar(y) +y)* = 1 is true at exactly one point y =y, € (0,2), where p admits the Hunter-type
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expansion (2.7). Finally, these solutions satisfy the asymptotic bounds p <k <y)_2, U < 1.

The proof of the theorem is contained in Section 2.4 and the structure is based on an
approach in Collot-Raphaél-Szeftel [26] (which we discuss more in the next section) adapted
to the quasilinear nature of the Euler-Poisson system. While we solve the same system of
ODEs as considered in [52], our method of proof is very different, resulting in different types
of solutions. In their work, the authors use nonlinear invariances of the flow to perform a
shooting argument resulting in the Larson-Penston solution, which is expected to be the
stable profile (and hence the most physically relevant). In contrast, our argument perturbs
off of the far-field solution and the isothermal sphere (a solution to the static Euler-Poisson
system). Relative to the Larson-Penston solution, the solutions we construct are expected
to be highly unstable. In particular, we do not construct the first Hunter solution, which is
believed to play a role in describing critical collapse (as argued by Harada-Maeda-Semelin
[58] for instance). Another technical difference is that in [52] they work with real analytic
functions, while in our case the bulk of the argument is concerned with C*! functions. To show
the solutions we construct are analytic at 0 and y, we use the analytic local-wellposedness
theory of [52] along with a singular ODE argument at the C'-level. As a final point of
comparison, we note that the methods of [52] have been adapted to more complex systems. In
particular, the relativistic analog of the Larson-Penston solution was first studied numerically
by Ori-Piran [92, 94, 95] leading to a prediction of the formation of a naked singularity. Guo-
Hadzi¢-Jang [53] were able to both rigorously construct this profile and show the existence
of a spacetime exhibiting a naked singularity. Returning to the Newtonian setting, these
authors, along with Schrecker, [54] proved the existence of polytropic analogs of the Larson-
Penston solution discovered numerically by Yahil [113]. It is currently unclear whether the
methods in this work extend to either the polytropic or relativistic scenarios.

We finally comment that while we have so far only discussed self-similar implosions, other
dynamical regimes for the Euler-Poisson system have also been investigated mathematically.
For pressure laws p = p” for 1 < v < %, Guo-Hadzié-Jang [51] have shown existence of grav-
itational collapse which is dust-like rather than self-similar. For v = %, there exists a class
of homologous collapsing solutions found by Goldreich-Weber [48] and further investigated
mathematically by Makino [74], Fu-Lin [42], Deng-Liu-Yang-Yao [30] and Deng-Xiang-Yang
[31]. For a further introduction to the literature we mention the survey article [56].

2.1.2 Comparison with a class of focusing semilinear heat equa-
tions

In this work, we will view (2.1) to be modeled by the following equation on I; x R2,
dp=A0p+¢f  p>5. (2.8)

While this equation is in many respects different from (2.1), there are also a few similarities.

At a very heuristic level, the p~! grad p term in (2.1) and the Ag term in (2.8) correspond
in the sense that they work to prevent the formation of bell-shaped singularities. In contrast,
the 2grad A=!p term in (2.1) and the ¢ term in (2.8) accelerate this type of blow up. In
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each case, the dynamics are driven by this competition of forces, and implosion results from
inertia and the latter force winning out over the former.

More formally, each equation admits a 1-parameter scaling symmetry, and in each case the
equation is energy-supercritical. When we apply the scaling symmetry of the Euler-Poisson
system, the energy transforms as

B335 3 (5, 3) = MB(p(t, 1), utt, 7).

As a result, rescaling initial data to have smaller initial energy shortens the dynamical
timescale.
The nonlinear heat equation also has a 1-dimensional scaling symmetry, namely

E) solves (2.8).

1 t
@(t,x) solves (2.8) < WQO(F’)\

In this case, an energy which is dissipated by the flow is

1
E(p) = /RS Vel — LA

As p > 5, we see that this equation too is energy-supercritical.

Another shared quality of these equations is the existence of a l-parameter family of
time-independent radial solutions. For the Euler-Poisson system, if one imposes u = 0, and
lets p = e, then taking a divergence of the second equation in (2.1) leads to the equation

Aw + 2e" = 0. (2.9)

Under the assumption of radial symmetry this is the well-studied isothermal sphere ODE
and there is a family of smooth, decreasing solutions parameterized by

A= Qx = Q(/A) — 2log(X),

where @ is the solution to (2.9) with Q(0) = 0. As A — 0, the family @), converges pointwise
on R3\ {0} to the far-field solution,

Qf = —2log(r), e9r = —-

which is both stationary and self-similar. For the nonlinear heat equation, imposing 0;p = 0
and radial symmetry leads to the classical Lane-Emden ODE

2
o e =0

For p > 5, this ODE may be studied in the same way as for the isothermal sphere equation,
and there is a 1-parameter family of smooth, positive, decreasing solutions parameterized by

A Oy = AP 1D(-/N),
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where ® satisfies ®(0) = 1. In this case, as A — 0, the limiting far-field solution is

Cos 9 2\t
o= C o (—(1——>) |

p—1 p—1

One can consult Chandrasekhar [20], for instance, for a treatment of both the isothermal
sphere and Lane-Emden equations.

In comparison to the Euler-Poisson system, self-similar singularity formation for (2.8)
is better understood mathematically. For these equation, self-similar variables were used
to study the stability of ODE-type blowups by Giga-Kohn [43, 44, 45], Merle-Zaag [80]
and Bricmont-Kupiainen [10]. The first constructions of self-similar solutions to (2.8) are
due to Troy [110], Budd-Qi [14] and Lepin [71]. Collot-Raphaél-Szeftel [26] proved finite-
codimension stable self-similar blowup for the equation outside of radial symmetry. An
ingredient of their proof was a new construction of a discrete set of highly oscillatory self-
similar solutions to (2.8) using a perturbative argument based on the Lane-Emden and
far-field solutions (Proposition 2.5 of their monograph). Our proof of Theorem 2.1.1 is an
adaptation of their argument. We comment that while we learned the method from this
paper, there is a long history of using bifuraction-type methods in related contexts. A few
sources in this direction are the works of Budd-Norbury [13], Biernat-Bizon [6], Dancer-Guo-
Wei [29] and Koch [67].

We note that in addition to proving existence of self-similar profiles, [26] proves the linear
and non-linear stability of the associated blowups, questions which are not addressed in this
work. Their results also fit into the general theory of self-similar blowup for heat equations,
which is much more mathematically advanced than the corresponding theory for the Euler-
Poisson system. In particular, in the radial setting there is a classification of self-similar
blowups due to Matano-Merle [75, 76].

The fact that we are still able to construct solutions in the hyperbolic, quasilinear setting
is evidence for the strength of the approach of [26] and its potential applicability to other
equations which are focusing, energy-supercritical and have a 1-parameter scaling symmetry.

2.1.3 Proof outline

We now present a more detailed outline of the proof of Theorem 2.1.1.

We consider a fixed 3y < 1 and perturbatively construct C! solutions defined on [y, 00)
and [0, yo] respectively. We call these the “exterior” and “interior” regions. Matching these
solutions at gy, results in a discrete family. Figure 2.1 is a sketch illustrating the qualitative
locations of yo,y. with respect to the features of the solutions we construct (one should
imagine many more oscillations and yy < y.). We note that this picture is similar to the
numerical solutions plotted in Figure 4 of [73] (their independent variable is the reciprocal
of ours so one should horizontally flip the image). We also comment that we shall see
oscillations in the linear analyses for both the exterior and interior regions as y — yo.

The exterior solutions are modeled on the far-field solution, (ps,as) = (y~2,0). We let €
be a small parameter, require the solution have a Hunter-type sonic point at 1 + ¢ and then
rescale the variables to put the degeneracy at 1 (a similar technique is employed in [52]). We
then study a linearization of the problem. In comparison to [26], our linearized operator L is
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Figure 2.1: Qualitative sketch.

analogous to their operator L.,. In their case, a unique (up to scaling) homogeneous solution
1 is identified by imposing decay conditions at co. In our case, requiring the homogeneous
solution be smooth at the singular point 1 identifies a unique (up to scaling) homogeneous
solution (Prom, Whom )-

To explain what we mean by this, and to illustrate some of the difficulties which do not
appear in the problem of [26], we now discuss the following model ODE on (—o0, 00):

z 0N\ (0 \(f\ _(F
@66 0)6)- (&) 10
In this case, we see that two linearly independent homogeneous solutions for (f,g) are
(1,0) and (log|z|, 1).

In particular, within the space of homogeneous solutions, there is a 1-D subspace of distin-
guished solutions which pass through the origin continuously. Returning to the inhomoge-
neous problem, if we assume that f, g are a C* solutions to this equation and plug in x = 0,
we see that from the first line that we must have ¢g(0) = F(0). We also see from inverting
the first matrix, that

9(0) _ F(z)— F(0)

f/+g_ —
x x

Thus, if f, g are C!, the righthand side must be continuous, so F' must be differentiable at 0.
Assuming F, G are continuous, and F' is differentiable at 0, we can write down a 1-D space
of solutions to (2.10), namely

X

g(z) = F(0) + /Ox G(2')d', flz) = /Ox Mdm’ + C.

A key takeaway is that we need to assume that a component of our non-linearity is differen-
tiable at 0 in order to have a C! solution. The linearized operator we study is similar, and
the iteration scheme works because under the assumption that our solution is C!, it can be
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shown that a component of the non-linearity, instead of being merely continuous, is in fact
differentiable at 0.

As another point of comparison, in the problem considered in [26], their homogeneous
solution v, can be written down using the Tricomi solution to Kummer’s equation whereas in
our case we can use Gauss’s hypergeometric function to express our homogeneous solutions
(Phom (¥), Whom(y)). The connection formulae for hypergeometric functions allow us to see
that the asymptotics of (prom V), Whom (¥)) as y — 0 are given by

(VT
Prom{y) = 175 Sin <\/7_ log(y) + dl) +O0(y*?),

C1

(VT
Whom (y) = W sin (7 log(y) +di + 6o | + O(y?’/Q),

for some explicit ¢; > 0, d; € R/27Z and

Oy = arctan(?) + 7. (2.11)

We comment that the frequency @ is the limit of the frequency w used in the argument

of [26] as the power in the non-linear heat equation tends to infinity. To briefly explain
where the numerology comes from in our problem (in the exterior region), we note that if
one linearizes (2.5) about (py, ), the resulting equation, written in matrix form, is

5 2y%—4 —2 F;
3_ 6__,4
(o) (% 22) 0 o

y -y

This system, viewed as a complex ODE in y, has a pole of order 4 at y = 0. One obtains
a simple pole at y = 0 if one changes variables to, for instance, p = y?p, © = y~*a. In this
case, the resulting system is

- 2 2 _
p - 21 - 2_1) p .
ay(ﬁ)+( T )(@)—0.
y(y*-1) y(y>—1)
As the pole at y = 0 is simple, one can locally construct homogeneous solutions by means of
the method of Frobenius. In particular, the leading order asymptotics of these homogeneous

solutions are governed by the residue of the coefficient of the zeroth order term. We may
diagonalize (the negative of) this residue as

—2 =2\ (1 1 \[-i+iZ 0 11\
2 1 - ei@o e—ieo 0 1 Zﬁ e’i@o e—ieg )
2 2

and in doing so we see the constant 6, and frequency 4
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We use a contractive mapping argument to construct a family of exterior solutions
(Pext|€](y), Text|€](y)) for € < 1 which are C* on [y, 00), solving (2.5), with a Hunter-type
sonic point at y = 1 + € of the form

Y

ﬁeact = yiz + y_€2phom + €Pext
aext = €YWhom + EUegt
where pe,; and ., are suitably small, (see lemma 2.2.7 for details).
In the interior region, after a rescaling, we approximate p by e?, where Q is the radial
solution to (2.9) with Q(0) = 0. We define u, by solving the self-similar conservation of mass
equation

{(yay +2)e? + div(e®u,) =0 (2.13)

w(0)=0, w(0)=-2

By studying the isothermal sphere equation, it is shown that e? and w, have the following
asymptotic behavior as y — oo, for some ¢; > 0 and dy € R/277Z,

o 1 sin(% log(y) + dg) 1
er=—5+ 5/2
) Y

To understand the asymptotic behavior of u, as y — oo, we can use the isothermal sphere
equation (2.9), to rewrite (2.13) as

1 .
~5 (40, + D(AQ) + div(u.) =0,
and since (y0, + 2)A = Ayd,, we may rewrite this as
1
—5 div 9, (y9,Q) + div(e9u,) = 0.

Applying now div, ! we see that explicitly

1
e = =5 0,(40,Q) (2.14)

from which we may read off the asymptotic behavior

VT
u, = ey ?sin (7 log(y) + ds + 6y | + O(1).
We note that this numerology is consistent with the previous section. In this case, one can
read off the frequency @ from the isothermal sphere ODE by either looking associated phase
portrait in homologous variables, or by computing the homogeneous solutions to A + y% and
the constant 6y arises from integrating when solving (2.13). It is shown (again through

an iterative construction) that for every A < # one can construct an interior solution
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(Pint [\ (¥), @ine[A](y)) which is C* on [0,y,] (we actually construct a C? solution, but this
distinction doesn’t matter for the matching), solving (2.5), with 5(0) = A2, of the form

{p = 5eQ(-/A) + pint(-/)
Uintg = M (+/N) + Nt (-/N) ’

where pine, win are suitably small (see Lemma 2.3.6 for more details).

With both regimes having been studied, the remaining step is to implement the matching
using the parameters € and A. Heuristically this matching is possible because of the fact that
the interior and exterior asymptotic behaviors match as we approach y, (both regimes witness
the oscillation). To simplify the algebra, we note that without loss of generality, yo < 1 can
be chosen so that

g log(yo) + dy = g mod 2. (2.15)

We then consider the exterior solutions defined for € < yg/ ‘& yé/ ?

asymptotics uniform with respect to €, yo:

. We have the following

Pext(Yo) — % = E—ysl/zCl Sin(g log(yo) + dl) + O(G?Jo_m) (2.16)
0

Tuezééy()) = €—y51/2 1 sin(§ log(yo) + di + 90) + O(Gyo_l/z)
0

Similarly, for the same fixed 1, we consider the interior solutions in the regime \/? <

yg/ ‘& yé/ 2, we have the following asymptotics uniform with respect to A, yo:
Pint (o) — % = /\1/2#02 sin(? log(yo/A) + dg) + O()\l/Zyo_l/Q) 217
0
Buntit) =Ny sm(g log(yo/A) + do + 90) + O 2y, ")
0

If we match (2.16) with (2.17), and implement (2.15), then we get

eci + O(eyd) = o \/2 cos 4 log(A\) +dy — d2> + O()\l/ng)
ecy cos(bp) + O(eyg) = o \/2 cos g log(A\) +dy — dy + 90> 4 O(/\l/ng) .

We may then solve the first equation for €, substitute it into the second equation and simplify,
so that the matching condition becomes

G[A(yo) =0
for some function G[A|(yo) such that
G[A](yo) = sin <g log(\) +dy — d2> +O(y3). (2.18)

We then define A\, + = % exp(—/mr —d; +dy £ %) Assuming yy has been chosen sufficiently
small, and k& > N for some large N (so that A\ 1 are small) we see that by the intermediate
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value theorem there will exist Ay € (Ag—, A\p+) which solve G[A|(yo) = 0. Each Ay will
correspond to a classical solution obtained by gluing together (fest, Gert) and (Pint, Uint)-
The perturbative nature of this argument also allows us to conclude positivity of p and also
exactly count the zeroes of 425, — 1 and show that they increase by 1 as k increases. This
oscillation-type result allows us to enumerate the solutions.

This argument (done rigorously) finishes the bulk of the proof of Theorem 2.1.1. Two
things remain: to show each solution has a unique sonic point and to show that the solutions
are real analytic. As a first step in counting the sonic points, we note that by construction,
any matched solution will have one sonic point near y = 1. To show that there are no other
sonic points, separate arguments are used on [0, yo] and [yg,c0). For the interior, we show
@4y = O(y), which rules out sonic points assuming yy is sufficiently small. For the exterior,
we expect u + y to be close to y as we are perturbing off of the far-field solution. Motivated
by this, we then show that for the exterior solutions (@ + y)’ > 3, which combined with the
absence of sonic points in the interior suffices to show that there is at most one sonic point.

In regards to regularity of the solutions, by standard local ODE theory, it follows that
the C' solutions are locally real analytic at all points except possibly y € {y.,0}. For
each of these points, by the methods of [52], it follows that given the appropriate boundary
conditions there exists locally a unique real analytic Hunter solution. We then prove that
this local solution is the unique one of regularity C! by linearizing the system about it and
using its analyticity to derive asymptotics for the principal matrix solution.

The rest of the paper is organized as follows. Sections 2.2 and 2.3 detail the construction
of the exterior and interior solutions respectively. The proofs of several lemmas are deferred.
Section 2.4 details the matching argument and contains the proof of the main theorem.
Finally, Sections 2.5 and 2.6 contain the proofs deferred from Sections 2.2 and 2.3 respectively.

2.1.4 Notation

To aid the reader we informally describe a few notational conventions.
e (t,xz) are the standard (Euclidean) time and space coordinates.

e 1 is the Euclidean radial coordinate.

(p,u) are the mass density and velocity. In the radial setting, v is the radial velocity.

y is the self-similar radial coordinate, defined in Subsection 2.1.1.

e o(y), u(y) are the self-similar mass density and velocity, defined in Subsection 2.1.1.
e 1, denotes a sonic point, defined in Subsection 2.1.1.

e ps,uy denotes the far-field solution, defined in Subsection 2.1.1.

e () is representative isothermal sphere solution, defined in Subsection 2.1.2.

e () is the far-field isothermal sphere solution, defined in Subsection 2.1.2.

e 1 is the matching point, defined in Subsection 2.4.
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® Dhom, Whom are homogeneous solutions to a linear ODE, defined in Subsection 2.2.2.

e c1,d; are constants appearing in the asymptotic expansions of ppom,Whom, defined in
Subsection 2.2.2.

e 0y is an explicit constant appearing in asymptotic expansions, defined in Subsection
2.1.3.

e p, v are convenient rescalings of p, u, defined in Subsection 2.1.3.
e u, is a function appearing in a linearized analysis, defined in Subsection 2.1.3.

® (o, dy are constants appearing in the asymptotic expansions of @), u,, defined in Sub-
section 2.3.1.

e p, w are convenient variables for the exterior analysis, defined in Subsection 2.2.1. This
definition of p is consistent with that in Subsection 2.1.3.

e 2 is a rescaling of y that maps the sonic point to z = 1, defined in Subsection 2.2.1.
® p,w are rescalings of p,w, defined in Subsection 2.2.1.

e p,w are renormalized differences of p,w and the far-field solution, defined in Subsection
2.2.1.

e In Sections 2.2 and 2.5, p,w are the differences of p,w and prom,wWhom, defined in
Subsection 2.2.3.

e 0 is a convenient variable for the interior analysis, defined in Subsection 2.3.1.
e w, u are rescalings of W, u, defined in Subsection 2.3.2.
e (), uy are recalings of ), u,, defined in Subsection 2.3.3.

e In Sections 2.3 and 2.6, w, u are differences of w, @ and @y, uy, defined in Subsection
2.3.3. As a comment, this usage of u should not be confused with u as used in the
introduction for the physical velocity.

e In Sections 2.3 and 2.6, y;,r are the rescalings of 3y, A, as defined in Subsection 2.3.3.
As a comment, this usage of r should not be confused with r as used in the introduction
to for the Euclidean radial coordinate.

2.2 Solving the self-similar equations on [y, o)

2.2.1 Choice of variables

In the exterior region we will first change variables from p, 4 to p,w defined implicitly by

p= and u=y@-—1).

@Ml’ﬁx
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In this case, (2.5) with the Hunter boundary conditions become

0
W@-1))+Z+5(p0—1)= . (2.19)
)=y, Pu)=p-1 o)=L J)=0

The principal motivation for these variables is that the far-field solution takes the relatively
simple form (p, @) = (1,1).

We now perform a y,-dependent change of variables that will fix the domain [yg, o),
move the sonic point from y, to 1 and simplify the values of p,w at the sonic point (a similar
change of variables is done in [52]). In particular, we define

1—yo 5 (v« — Dyo

o = ) = ’ Z:ay+ﬁa
Y« — Yo Y« — Yo

p=yplay+8), o= ig(ay + B).

*

Under this change of variables, (2.19) becomes the following system for p(z),w(2),

(pw(z —B)) —yp =0

w((w =)z = B) + (ag)5ig + 2% (pw — 1) = 0. (2.20)

M=1, pO=2  w)=1,  (1)=0.

We next let y, = 1 + € for some parameter ¢ small. As a note, for notational convenience
we continue to use both € and y, in the equations. We then switch variables to p(z),w(z)
defined by

I'B

€ . .
p=1+ (p—1), w=1+¢€w+1).
p ay.

We then define the following quantities (which depend on € as well as on p,w):

L= D)@ = B+ (g + )z = ),

X 1
Az (€, D, @) = e(y. + ew)(@(z — B)) + Eﬁ'za—y B+ -<(p—1))

(- D)y + i) —1).

Yx ¥

o) = (252) = (92(0)+ (& 22) ()

which can be extended to acting on matrices by acting column-wise. We then note that

formally (A (e, p,w), Az(e,p,@)) = €L + O(€*). We can thus define

A1(€’ﬁ7 (IJ) = 6(1 +

N 1 R R - R A o o R
Ni<€p7 LU) = _(ELi(pa CU) - Al(pa LU)), N(€7p7w) = (N1(€7p7w>7N2(67p7 CU))

€
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With this notation, (2.20) becomes

{L(ﬁ @) = N(e, p, )

A A R R (2.21)
p(l)y=1, p(1)y=1, w@l)=-1, &(1)=0

We view this system as a family of ODEs parameterized by e. In the next section we will
study the linearized operator. In the subsequent section we will use this information to show
that the equation is well-posed for € close to zero.

2.2.2 Properties of the linearized operator

We now consider the following equation on (0, co):
Lip.w) = (P.Q). (2:22)

We remark that L is a variable coefficient operator which is singular at z = 1. We shall see
that when solving from z = 1 the structure is similar to the model problem (2.10) discussed
in the introduction. In comparison with that problem, the constraints are similarly easy to
derive, but due to the variable coefficients it is harder to identify the distinguished subspace
of homogeneous solutions and to show the existence of solutions for the inhomogeneous
problem.

In particular, if we assume p,w € C', then multiplying the system on the left by (1 —1),
(1 1) respectively, and substituting in z = 1 give

p(1) +w(1) = ZOZ00 Y
/ / _ P(1)+9Q(1) : ( : 3)
p'(1) + (1) +p(1) +2w(l) = ——5—=
The first equation yields the constraint p(1) + w(1) = ZE=20 We next note that for z # 1

we may invert the highest order coefficient in (2. 22) to obtam

(Vg (220G () e

Multiplication by (1 —1) then yields that as z — 1

, (P=Q)+2(p+w)
b= 20z — 1)

+0(1).

(P—)—-(P(1)-0(1))
z—1
words P — ( is differentiable at z = 1. In this case, we again multiply (2.22) by (1 —1),

and this time expand to order o(z — 1). In this case, we obtain

2(z = Dp'(2) —2(1 = 2(z = 1)) (p(2) — w(2)) = P(1) = Q1) + (P =)' (1)(z = 1) + o(z — 1).

In particular, if p,w € C' we must have that is continuous, or in other

Simplifying this using (2.23) gives the equation
1
(1) = —=(P(1) +9(1)) = 5 (P =) (D).
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This equation, along with (2.23) imply that if P, €, % are continuous and
P(1)=Q(1)=(P-Q)(1)=0. (2.25)

then if a solution to L(p,w) = (P,{2) exists, then up to scaling by a constant, its Taylor
expansion at z = 1 must be

p=1+(:z—-1)4o0(z—1), w=-—-14+o0(z—1). (2.26)

In particular, any homogeneous solution must have such an expansion.

Our next goal is to find the distinguished subspace of homogeneous solutions and to
solve the inhomogeneous problem for data subject to the constraints. A key observation is
that the equation L(p,w) = 0 can be transformed into a rational-coefficient 2nd order ODE
with three simple singularities. This transformation allows one to write down homogeneous
solutions using Gauss’s hypergeometric function.

We use the terminology that a fundamental matrix associated to L on an interval [ is a
smooth matrix-valued function U(z) defined on I such that LU = 0. We recall that if U is a
fundamental matrix, and M is a constant invertible matrix then U - M is also a fundamental
matrix, and moreover any two fundamental matrices are related in this way.

Lemma 2.2.1. (a) There exists unique (Prhom(2), Whom(2)) analytic on (0,00) such that

L(phom, Whom) = 0 and such that their first order Taylor polynomials at z = 1 agree with
(2.26).

(b) There exists analytic fundamental matrices Ux(2), Uy(z) for L defined on (1,00) and
(0,1) respectively. Moreover, these can be chosen such that as z — o0

=0 1)+ (o) o) == )+ (00 oF)

1 cos(g log(z)> sin(é log(z))

(3
wl’_‘wl’_‘

and as z — 0

Uy(z) = — + O
0(2) ~1/2 cos(g log(z)+90) sin(% log(2)+90> (2°%)
12 <in ﬁlogz +6 —sin ﬁlogz
Ui(z) = = (5 102(2) +60) (s (2) +0(7).

sin(fy) \ — cos(% log(z) + 90> cos(@ log(z))

(¢) The asymptotics of the fundamental solution (Prom,Whom) as z — 00,0 respectively
are, for some g, g, c1 € R, dy € R/27Z with \/pu3 + p3,c1 # 0,

(e - () + (62) .

(phom) _ o sin<§ log(z) + d1>

S +O(%?). 2.28
Whom z1/2 sin(@ log(z) + di + 90) = 22
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(d) Also, there exists constant invertible matrices My, My, such that as z — 1%, we have
respectively

(1 loglz—1|+3 O(z—1) O(]z—1|log|z —1|)
Voo Moo, UoMo = (_1 Coglz -1+ 1) Tlo-1) o —1gl—1)) 22

_ . 1 B 1
(UOOMOO)—l,(UOMO)—lz( gl —11+5 —logz 1] 2)
L (O(z = 1log|z = 1) O(|z — 1[log |2 — 1])

O(z-1) O(z—1)

(e) If we define the principal matriz solution on (0,1) x (0,1) U (1,00) x (1,00) to be

2 2 -
Us(2)Us () L . (z,2)€(0,1) x(0,1)
= 7
S(Zazl) = 7 A ’
Uso(2) U (2') (i Z,) , (2,2') € (1,00) x (1,00)
= Z
then if P(z),(2), P_Q_(f_(ll)_g(l)) are continuous on (0,00) and satisfy the constraints (2.25)
then
- ' P(Z,) '
(p,w) := R(P(2),2(z2)) .= [ S(z,2) A ldz (2.30)
1 Q(2)

defines an element of C*((0,00)) which solves L(p,w) = (P,Q) and

p(1) =p'(1) =w(l) =u'(1) = 0.
For the proof, see Subsection 2.5.1.

2.2.3 Difference equations and iteration scheme

We now consider (2.21), and substitute the following ansatz, where (p,w) are now unknown,

(]57 d}) = (phomywhom) + (paw)'

This gives the equation

{L(p, w) = N(e,p,w) . (2.31)

where we have defined

~

N(E)p7 CU) - N(Gaphom + D, Whom + W)'

The solution operator defined in Lemma 2.2.1.e allows us to rewrite (2.31) as the integral

equation
(p,w) = RN(€, p,w). (2.32)
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As a note, for N(e,p,w) to be well-defined, we impose the mass-positivity condition

€
(phom +p - 1) > 0.
Yx¥

1+

on solutions to (2.32). The integral equation can then be solved on [y, 00) using a classical
fixed point method with suitable Banach spaces. Before defining these Banach spaces, we
first introduce the notation

Doof(2) = =2*0.f.

Definition 2.2.2. We define our “solution” norm to be

[P @)Ly, = suppl + 2] + [Docpl + | Doc(zw) [ + sup 2(|p] + [w]) + 22 (Ip'] + |o'])):
22z Yoz

We define our “solution” Banach space to be
X, ={(p,w) € CY([yo,0)):  lim (Do (p), Doo(2w))  emists,

Z—00

I(p,wW)llx,, <00  and  p(1) =w(l)=p'(1) =w'(1) =0}

Definition 2.2.3. We define our “nonlinearity” norm to be

= sup
1<2<2

1P,

P-Q
‘ +sup 2P|+ |2°Q] + sup (2P| + |2°Q)).
z—1 2>1 yo<z<1

M,

We define our “nonlinearity” Banach space by letting

Ny = {(P.Q) € C(fy,00)): -

I(P, Q)||Ny0 < oo and P(1)=Q(1)=(P—-Q)'(1) =0}.

€ C%[yo,00)), lim (2P, 2°Q) ewists,
Z—00

As a comment, the first term in the norm is non-standard and it requires a computation
to show that it is, in fact, finite for non-linearities we consider.
We now state the three lemmas which will lead to our construction of exterior solutions.

Lemma 2.2.4. For y, < § there exists a C1 > 1 (independent of yo) so that if (P,Q) € Ny,
then
(pw) = R(P,Q) €X,,  and  |(p,w)]x, <o (P,

For the proof, see Subsection 2.5.2.

Lemma 2.2.5. If yo < 3, then for all C > 0 there ezists a Co(C) < 1 (independent

of yo) such that if e < C’O(C')yé/2 (ensuring mass-positivity) then there exists Co(C) > 1
(independent of yo, €), such that,
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(a) If (p,w) € Xy, [(p,w)llx,, < C then

(P,Q) := N(e,p,w) € Ny, and I(P, Q)||Ny0 < |e|Cs. (2.33)

(b) We have that (¢, p,w) — N(e,p,w) is C' as a function of (¢, p,w) with domain
De = (=Co(Chyy”*, Co(O)”)  {(p.w) € Xy Ip.wllyy < C}

valued in Ny, with

< O (2.34)

Ny()

ON o,
op’ Ow

ON
< Cyleo, HE

L(Xyq:Nyp)

for all (€9, po,wo) € Deo. In addition, if (e1,p1,w1) € Do we have the following Lipschitz

control of the derivative
ON ON
1% < Cller ol + o) — (m.n)ly,). (235)

‘(61,171401) - Oe ’(mmo,wo)
NyO

ON ON ON ON

G S e = G Gl

L(Xyo:Nyg)

< Gy (ler = eof + max(leol, er )| (1, 1) = (o, el ) - (2:36)

For the proof, see Subsection 2.5.3.

Lemma 2.2.6. (a) There exists a universal constant C3 so that if one fizes yo < 1,

then for |e| < yé/Q, there exists a unique solution (ple|(y),wle](y)) € Xy, to (2.32) with (all
inequalities independent of yo, €)

|(ple. I, < Calelys ™

(b) Moreover, for this range of €, we have that € — (ple], wle]) is C* valued in X,,. In
particular, we may define pyyle|, winl€] to be the unique solution to

ON ON ON
(plirw Wlin) = Ral(e,p[s],w[e]) + R<a_p> a_w)|(e,p[e},w[e}) : (plinvwlin)

and
Ople] Owle] B
de = Oe (prinle], Wiinle])-

In addition, we have

Ople] Owle]

< -1/
Oe = Oe Yoo

~ J0

Xy

(p[0], w[0]) = 0, H
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For the proof, see Subsection 2.5.4.
In preparation for the matching, we convert this statement to the original variables. In
particular, we define for each e,

€

%mmww:£%<%u+ @mmWy+@+kaw+ﬂW—U%—l—WMMM),

Ys &

= | (1= =)+ | =Prom(y + B) — Prom(y) | + —plel(ay + B) | ,
A=+ )+ )
vealel0) = £ (L0 o+ D) = 1= )

= (- + ) = o)) + -l + )

We can then compute
1 1 1 1
ex =—|1-== ——1 om - 5
Peat[€](Yo) 7 < Pl (a )Phom (Yo) + ap[ﬁ](yo))

%M«%wwmgi—nwm@w+immm0.

* *

In particular, we see that if ple](yo), w|[e](yo) are C! then so are ple](yo) and ule](yo). More-

over, as [|(y™%,0)lx, - 1 (U Phom: ¥hom )l x,, < 00, we have that

Hy2peagt7 y_luextHXyO 5 €+ ||(p[6], W[E])”Xyo :
Using these variables leads to the following corollary of Lemma 2.2.6.

Lemma 2.2.7. For a fired yp < 1, ¢ K y(l)/Q, there exists functions p, i which are C' on
(Y0, 00) with p > 0 satisfying (2.5) with a Hunter-type sonic point at y. = 1+ € of the form

Fm@:¢+;mm@+wmww
aext(y) = Eywhom(y) + EUeygt [6] (y)

WhETe Phoms Whom are defined in Lemma 2.2.1. We have the following bounds (independent
Of Yo, 6)"

sup_ [y peat], [y Pt |y 0L |9 Pl S e and (2.37)
Yoxy>
SUD |42 Pt | |tteat s U2 Pl s [yl S e 2. (2.38)
1<y<oo

Moreover, we have that € — (€pegt|€], €uest|€]) (yo) is C1 on a neighborhood of 0. In addition,
as € — 0 we have (inequality independent of yo)

eplel(yo) = O(ys®),  eule] = O(e?). (2.39)
Finally, we have the following bound on the velocity (independent of yo,€)

(i +y) > % (2.40)

45



Proof. We start with Lemma 2.2.6 and implement the change of variables. This yields proves
the lemma up to and including (2.39). To prove (2.40) one computes

@ = e(YW,pp + Whom + ).

We then use the asymptotics for wpem, given in Lemma 2.2.1 and (2.37), (2.38) for v’ to derive
the following bounds on [y, 00):

—1/2 -1/2 -1/2
Whom < 1<1> : W< 1 <1> : W < (e —1/2)1 <l> ,
~ YWhom ~ ~ \€Yo
Yy \Yy Y \Y Y \Y

If we then use y > yo, we get the global bound @' < eyal/Q. As we assuming ey(;l/2 < 1, by
shrinking the range of admissible e if necessary, we obtain |u'| < 1/2, yielding (2.40). O

2.3 Solving the self-similar equations on [0, 1|

2.3.1 Choice of variables and review of the isothermal sphere
equation
In the interior region, we will change variables from (p, @) to (@, %), where @ is defined by

the relation )
p=ce".

In this region, we will start with the formulation (2.4) and take a divergence of the second
equation, which looses no generality under the assumption that p, @ are C? on [0, 35]. When
we do this, the system becomes

(2 4+ yd,)(e”) + div(e®a) =0
div((y + @)0ya) + Aw +2e* =0 . (2.41)
a(0) =0,  @(0)=-2

The motivation for this formulation of the equation is that it highlights the connection with
the isothermal sphere equation, (2.9). We next review properties of (2.9). We switch the

[19e)] “,

radial coordinate from “r” to “y” to maintain consistency. As a further comment, although

we will study (2.41) on [0, yo], with yo < 1, this will involve @) for A < yog, so the asymptotics
of our representative solution () (and u,) for large values of its argument will be relevant.

As mentioned in the introduction there exists a ground state solution (), uniquely deter-
mined within the scaling symmetry class by requiring

Q(0) = 0. (2.42)
The asymptotics of this ground state as y — oo are

Q = —2log(y) + O(y~'7?). (2.43)
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Converting to the mass-density variable gives

1 1

(2.44)
Moreover, from the equation (2.9), it follows that the asymptotic relations (2.43) and (2.44)
can be differentiated arbitrarily many times. We also note that the linearized operator
associated to (2.9) about Qy = —2log(y),

~ 2

H = _(A + EL

has a two-dimensional kernel spanned by the real and imaginary parts of y‘é“g.
We now discuss homogeneous solutions for the linearization about () of the isothermal

sphere equation. We define an operator
H = —(A+2e9).
From the scaling symmetry of (2.9), we see that one element of the kernel is
vy = y0,Q + 2.

If one takes any solution v to Hv = 0, and defines the Wronskian with v; to be W = vjv'—vvf,
then differentiating the Wronskian identity yields W = Cy~2. By choosing C' = 1 and
solving the ODE v1v" — vv] = W for v, we can pick another homogeneous solution, linearly
independent from vy, to be (here Yj is an arbitrary constant)

Yo 1 /
Vg 1= —vl(/y Wdy).

We note that vy, ve = O(y%) as y — 00. In fact, one can obtain the following more detailed
asymptotics of vy, vs.

Lemma 2.3.1. As y — oo, the functions vy, vy satisfy, for some c3,cy € R* and d3,dy €
R/27Z,

sin(% log(y) + d3> sin(g log(y) + d4>

1
y1/2 = E +0(

Y

(v1,v9) = | 3 ), (2.45)

and one can differentiate these asymptotic relations arbitrarily many times.

This lemma is proved in Subsection 2.6.1.
As y0,Q + 2 = vy, by (2.43) we can express

mwz—m@w—/ %@4
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This allows us to refine the error in (2.43) to, for some ¢2 > 0 and dy € R/27Z,

Co sin<§ log(y) + d2>

1

Taking an exponential yields

1 Co Sin(% lOg(y) + d2> 1
¥ ==+ +0(=

; = ) (2.46)

and we can differentiate these asymptotic relations.

2.3.2 Derivation of the linearized operators

The goal in this section will be to view (2.41) as a perturbation of the isothermal sphere
equation, (2.9). In particular, we assume w(0) = —2log(\) and scale by defining

w =w(-/\) — 2log(N), u=Au(-/\).
Substituting these relations into (2.41) yields

(2 +y0y)e” + div(e”u) =0
A + 2e® = —X2div((y + )0, ) ‘ (2.47)
@(0) =0,  w(0)=0, w0)=-

win

We now consider A to be a small parameter, and formally do an asymptotic expansion,
w=> " (AN wj, w=">""" (A)u;. The zeroth order equation in X is

(2 + y0y)e™ + div(euy) =0
Awg + 2" =0 )
wO(()) =0, uO(O) =0, u{)(o) = _g'

We note that the second equation is exactly (2.9), and so we can put wy = (. With this
being known, one can write the first equation as

Q —
{(2+y8y)e + Jup =0 (2.48)

up(0) = 0, up(0) = —%

where
Ju = div(e9u).
We recall for further use that that the ODE

{Ju—l—sz

w(0) =0,  w(0)=-{Y

48



is solved by u = T'(f), where

1 Yy

T — N2 £ 2.49
1) = =g [ 0Prd (2.49)

In particular, in this case the solution is
uy = u, i= T((2 + y9,)e?). (2.50)

Recalling (2.14), u, has asymptotics
7

Usx = C2 Sin(g log(y) +d2 +90) y1/2 —|—O(1) (251)

and we can differentiate the asymptotics (the remainder decreasing in order by 1 each time).
To motivate definitions for the iteration scheme, we expand (2.47) to order A\? obtaining
the following inhomogeneous linear ode for wy, u;:

Lw; + div(e®u;) = 0
—Hw; + div((y + u)Oyu,) =0 . (2.52)
w1 (0) = uy(0) = uf(0) =0

where
Lw := (2 + y9,)(ew) + div(e®u,w).

We observe that this system admits a hierarchical structure. To solve the second equation
for wy, we may perform variation of constants using the homogeneous solutions vy, v9 studied
above. In particular, we define a solution operator satisfying H o S = id by

S()() = ( [ e <y’>2dz/) 0i(y) - ( [ i <y'>2dy') ). (253)

For f smooth up to the origin the formula gives the unique solution to Hw = f which is
smooth at the origin and satisfies w(0) = 0. Once w; has been found, we can the solve the
first equation for u; with the solution operator T'.
When we use the heuristic that applying S multiplies asymptotic expansions by 3?2, we
see that as y — oo,
wy = O(y*?). (2.54)

If we then solve for u;, using the heuristic that 7' multiplies asymptotic expansions by 2,
we see that as y — oo,
uy = O(y*'?). (2.55)

In the next section we study the full difference equation. These last two heuristic growth
rates help motivate the weights for the function spaces.

49



2.3.3 Difference equations and iteration scheme

We now discuss the full construction. We begin by establishing the notation

Q= Q(-/A) — 2log(N), uy = Au(-/N), vix = vi(-/N). (2.56)

We consider a fixed Ay < yo, and show existence of solutions with p(0) = 55 for A close to
Ao- To do this, we introduce variables w, u defined implicitly by

W = Qx + Nw(-/ o), @ = uy + Aou(-/ o).

We adopt the notations
Y1 = Yo/ Mo, =X

and note the scaling identities

Qx = Qr(-/ o) — 2log(Ao), uy = Aoty (/o).

We then compute that (2.41), with w(0) = —2logrAg, on [0, yo] is equivalent to the following
ODE system on [0, y1],

(2 + y9,) (€9 5™ + div(e9r 5" (u, + Aju)) = 0
A2 div((y + ur + AN2w) 9y (uy + N2w)) + A(Q, + Now) + 260 TXw =0 . (2.57)
w(0) = u(0) =u'(0) =0

We next define scaled versions of operators defined in the previous subsection.

How = — r*(A 4 2e9)w,

5.F = (( / ' fvz,xy')?dy') vy ( / ' fvl,r<y'>2dy’) ) ,

Jyu :=r? div(e“ru),

Tf == [ £/

r2y2eQr

We note that H,.S, =id, —J,. T, = id, Ju, + r*(2 + y9,)e®" = 0. We also define
Lyw =17 ((2 + y0d,) (e% w) + div(u,e® w)) , K,:=T,0L,08,.

We then use Taylor’s theorem, in particular
1
eQr+>\(2)w — 6QT + )\gw/ 6Qr+t>\(2)wdt
0

1
= 9 + Nwe9 + A§w2/ (1— t)eQTH)‘%“’dt,
0
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to write (2.57) as the difference equations

0= Lw+ Jou+ F.(w,u)
0=—-Hw+ G (w,u) , (2.58)
w(0) = u(0) =u/'(0) =0

where we define nonlinear functions
1
Fr(w, U) I:)\g’r2 ((2 + yay)(w2 / (1 . t)eQr—i-t)\gwdt)
0
1 , L 2
+ div(uw/ @G gt div(uer/ (1— t)eQr-i-t)\Owdt)) ’
0 0

1
G, (w,u) =r* div((y + u,)Oyu,) + N\r* (2w2/ (1 — t)eQ 5w gy
0
+ div(udyu, + (y + up)Oyu + Ajudyu)) .

We then note that (2.58) can be written in integral form as

{’U, = TT(FT(U), U)) + KT(GT(w7 u)) (259)

w = S, (G, (w,u))

As done in the exterior region, we solve this difference equation by showing a contraction in
a suitable space. In particular, we adopt the following definitions.

Definition 2.3.2. We define the “solution” Banach spaces Z,,,Y,, and “nonlinearity” Ba-
nach spaces Gy, , Fy, by

Zy = € C((0.): Ifll,, < oo, F(0) =0},

Y o= {f € C2((0.m]): Iflly, <oo, F(0) = F(0) = 0},
Gy = {f € CO0,m)): [1fllg, < o).

Fo = € CH0,)): 1], < o0, F(0) =0},

where

1£1lz,, = sup () *2(f 1+ ) 10.F1 + )" |07 f

y€[0,91]

1£lly, = sup ) 72(f 1+ ) 10.f1+ (w)* |02

y€[0,y1]

1fllg. = sup (y)*/?|f],
u y€[07y1]

1£ll5, = sup 211+ () 19, f1)-

ye[ozyl]

);
),

We then solve for w € Z,,,u € Y, by putting G, F' in G,, and F,, respectively. As a
note, the weights are consistent with the heuristics (2.54), (2.55). In addition, the number of
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derivatives in each norm is motivated by the heuristic that inverting the divergence operator
gains 1 derivative, and inverting H gains 2 derivatives.

As in the corresponding arguments for the exterior region, we summarize our construction
by means of three lemmas.

Lemma 2.3.3. If yp < 1 and \y < %Oyo is fized, then for r € (%,2) if G,F € Gy, Fy,

respectively we have that T,.(F), K,(G) € Y,, and S,(G) € Z,,. Moreover, we have

Tl my 3,00 190 g, 2400 1 g, 37, = C

In addition, we have that v+ (T, S,, K,) is C* with domain (3,2). For all ro € (3,2),

T, 05, 0K,
E|T0 ) W“o ) W“O < C'1~
L(]:yl,Yyl) L(gy17Zy1) L(gyl 7Yy1)
In addition, if r1 is also in (%, 2), we have the bounds
08, 05,
Ha_|r1 - a_‘m < Cy|ry —rol, (2.60)
" r L(Gyy,2Zy,)

and analogous difference bounds for T, K,.
For the proof, see Subsection 2.6.2.

Lemma 2.3.4. For all C' > 0 there exists C5(C) > 0 (independent of yo, A, r) such that for
vo < 1 and fived do < 3540, 7 € (3,2),

(a) If (w,0) € Zyy x Yy, and |lully, + [wll,, < C then

(Gr(w,u) Fy(w,0)) € Gy x Fyy  and | Fr(w,w)l5, + [Grlw,w)llg, < Co

(b) We have that (r,w,u) + (G.(w,u), F.(w,u)) is C* as a function of r,w,u with

domain )
(52 % {(w,0) € Z,, x ¥y Jwlly,, + lully,, < C)

valued in G,, x F,, with the uniform bounds

oG, OF,
‘ +H <. (2.61)
or Gor or Fon
G, r F, F,
K % I’ K <Cui, @2
Ow |l (z,,.6,) N vy 6, 10z, 7, 10Uy, 2,

for all ro,wo, ug in this domain. In addition, if (ri,w1,u1) is also in this domain, we have
the following Lipschitz control of the derivative

fortoe &

oy I = 5 logeao|| < Crllry = ol + [Jwy = woll 7, + flur = wolly, ), (2.63)
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0G oG
+ %yrl,plﬂm - %’T‘omoywo

ow |T17P17w1 - ow ‘To,poﬂuo

foutoe

L(Zyl,gyl) L(}/ylygyl)

< % Cillr = rol + lwr —woll 7, + llur —wuolly, ) (2.64)

with analogs of (2.61), (2.62), (2.63) and (2.64) holding for F' as well.

For proof see Subsection 2.6.3.

Lemma 2.3.5. (a) There exists a universal constant Cs such that for fized yo < 1,
Ao < 150, T € (5,2), there exists a C? solution to (2.41) of the form

W= Qrag + AW 7] (/Xo), &= g + Agu[ho; 7](-/A0)

with (w,u) € Zy, x Y, and |[wll,, +llully, <G (inequality independent of yo, No,r) and

it 1s the unique solution such that Htuyl + HwHZy1 < Cj.

(b) Moreover, we have that the map r — (u[Ao; r], w[Xo; 7]) is C* with respect tor € (3,2)
valued i Zy, XY, .

For proof see Subsection 2.6.4.
In preparation for the matching, we convert this statement to the original variables. As
a note, a consequence of the uniqueness we have that

wlrie; 1] = lew[/\o;r] (r), ul[rig; 1] = %u[/\o;r] (r-). (2.65)

In particular, we define for a fixed Ag,r,

Pint[Ao; 7] r=e@rrotAWoTI(/20) _ (Qrxg

1
=Xguwr; Ao (-/A)e® / el Mg,
0

Uint[Ao; 7] ::%u[)\o;r](/)\o).

By (2.65), the righthand side depends only on A := 7). In addition, we note
that the Cl-dependence w[A\g;7] on r implies (by keeping )y fixed), C! dependence of
(Pint| A\ (Y0), wint[A](yo)) on A. This change of variables leads to the following corollary of
Lemma 2.3.5.

Lemma 2.3.6. Ifyo < 1 and X < 540, there exists C* functions p, @ defined on [0, yo] with
p > 0 which solve (2.5) of the form

{p () = e + p [N (y)
Uint[A](y) = ux + )\3Umt[>\](y>

where Qyx, uy are defined by (2.56), pint, Uine Satisfy
Pint(0) = wint(0) = u;nt(o) =0
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and they obey the following bounds on [0,yo] (uniform with respect to yo, A)

y /Yy —-3/2 Y < >1/2
< < < <

y
A
1 Yy —3/2 Y Y
< (= n< 202
|P|N/\</\> ) |U|NA2<)\>' (2.67)
Moreover,
A= (Pint (Y0) wint (Y0))

is C* with domain (0, %yo). We also have the following velocity bound on [0, yo|:

. (2.68)

DO | —

Proof. We start with Lemma 2.3.5. Converting variables, and representing

1
Pint[A] = )\2w[)\; 1](-//\)€QA / et)‘%p‘;u('/)‘)dt, Wint|A] = u[A; 1](-/N),
0

yields the lemma up to and including (2.67). To show (2.68), we note that |uy| < A¥ <%>_1/2,
so along with (2.66), and the fact that z () /2, 22 (z)"/? are increasing,
Yo\ —1/2 ; 5 Yo\ /2
il SARY T Sy ] S22 S,
A A
so by choosing yo smaller if necessary we see |y + @] < yo < % O

2.4 Proof of the theorem

2.4.1 Existence of C'! Hunter solutions

We now prove Theorem 2.1.1, except for showing that the solution is real analytic, which is
covered by an independent argument in the next subsection.

Proof. We follow the outline presented in Subsection 2.1.3 and follow the proof of Proposition
2.5 of [26]. The first 8 steps correspond to the ones in their proof, and in the last step we
count the sonic points.

1) We start by picking yo < 1. We then wiggle y, if necessary so that (2.15) holds. Then,
for every € < €y < yo we apply Lemma 2.2.7 to obtain functions je[€], ey [€] defined on
[40,00). Then, for each A < %yo, we apply Lemma 2.3.6 to obtain functions pin:[A|, Gine[A]

on [07 yo)‘
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2) We next define the density matching function by

Flyol(e; A) = Peat[€] () = pint[ A (v0)

= (% + éphom(y) — eQ*> + (€pext[€](yo) — Pint[A]) lyo-

It is clear from the asymptotic expansions given by (2.28), (2.46), (2.37), (2.66),
Flyo](0,0) = 0.

Similarly, by (2.39) we have

0. F(0,0) = Zemio) _ A oLy g,

5/2 1
Yo w0’ Yo

We note that Flyo](0,A) = O(yg >A12), is not C* with respect to A, so in order to apply
the implicit function theorem we change variables by picking a positive § < %, and defining

=\, Fle,u) = Fle, s), s0
F(0,)) = F(0, u777) = F(0, ) ~ 5.

Thus, by the Ql dependence of the solutions on the parameters in Lemmas 2.2.7 and 2.3.6,
we have that F(e, 1) will be C! on some set of the form (—e¢, €9) X p9). Thus, by the implicit
function theorem, assuming p < py for some constant py (depending on yg), we have that

Flyo)(e, ) = 0 determines € as a C! function of . Converting back to A, we have a function
e(\) (of regularity C'z7) defined on [0, \;) so that

e(N) = O0(\Y?) (2.69)

and
Peat[€(N)](Y0) = Pint[A](v0)-

3) We note that by definition, we have that

() (p’;—@) i pm@o)) = (€ = )an) + P

B eQ 1 co sin(? log(y)-i-dz)

We let ¢(y) " Ik (it is of size O(y%) by (2.46)) and have
in (4 log(yo/A) + d
Phom (1) (Sl )y,
G(A)(y—g + pe:vt(y(])) =A / y(5)/2 + EQ(X) + pznt(y0>

If we substitute in asymptotics, we get that if A <y,

5/2

=573 (1+06) + 0l ™))
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N1/ 1/2

W (sin(? log(yo/A) + d2> + O(Al_/g) + O(?J%)) .

Yo

We now without loss of generality assume \/? < yg’/ ? and hence by (2.69), € < yg’/ ?. This
allows us to simplify the errors to

C1 2 C2 1/2 . 2
6(A)W(l +0(y)) = ﬁ (Sm(? log(yo/A) + d2> + O(?Jo)) :

Isolating € gives that as A — 0

€(A) = Ve (Sin (%7 log(yo/A) + dz) + O(?JS)) ;

C1

which can be rewritten via (2.15) as

1

€(N) = 22 (cos (glog()\) +dy — d2> + O(y%)) : (2.70)

4) We then define the second matching function as

1
oy AV/2 sin (6,)

Glwl(\) = (Theat[€(N)] (M0) — Tint[A](10)) -

By the C! dependence of the solutions on their parameters, and the regularity from the
implicit function theorem, we see that G[yo](A\) will be C* on (0,y;). We can then decompose
Glyol(A) as

1
Glyo](N) = sin(6o) (G1lyo)(N) + G2[yol (M),
where
1/2
Yo' "e(N) 1
Gilyol(A) = thom(yo) - WUA(?/O)a
. e(N) \5/2
gz[yo]()\) = Wum(%) - Jé/guint(y())'

We can compute these using (2.15), (2.28), (2.37), (2.51),(2.66), (2.70)
7 7
G1(yo) = cos(fy) cos <§ log(A) + di — d2> — cos <§ log(A) +di — do + 90) +0(y5)

= sin(fy) sin (g log(\) + dy — dz) +O(y3),
Ga(yo) = O(y5)-
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Combining gives

(VT
Glyo](\) = sin (7 log(\) +dy —dy | +O(y3). (2.71)
5) As mentioned in the outline, we now consider

2 1
Akt = €xp (W(—kw —dy +dy £ 1_O)> )

Assuming that k is sufficiently large so that Ay 1 < Ao, A\ x S yg/Q

, we have that

GIN0) = (-1)*sin(( 55 ) + OR)

Thus, as yy < 1, by continuity, for each £ > N for some N, we have that there exists
A € (Ak—, Ar+) such that G[A\¢](yo) = 0. These matching conditions ensure that we can
glue the exterior and interior solutions together to get a continuous functions which solves
the equation on [0, yo] and [y, oc]. Moreover, as a consequence of Lemma 2.2.7 and Lemma
2.3.6 we have |+ y| > 3 on [yo, 00) and &+ y| < £ on [0, yo]. In particular, yo is not a sonic
point, so by nondegeneracy of the equation, the matched solutions are classical solutions on
[0,00). It remains to count the zeroes of y?p — 1.

6) We first claim that for all € < y3/> (so that Lemma 2.2.7 applies) 3%feqt[€](y) — 1 and
p’;% have the same number of zeroes on [yg, 00). Indeed, to see this, for convenience, we
introduce new variables by

Y1) = Pprom(er), () = & pen(e).

so the problem becomes that of equating the number of zeroes of 1 and 1+ on [log(yo), 00).
We then note that by (2.27) we have that as t — oo

¢ _ Mg@t/g + O(G_St/Q).

and hence has no roots. Similarly, by (2.28) we have that as t - —oo,

YP(t) = ¢ sin (gt + d1> +O(e?),

in particular, by (2.15)
W (log(yo)) = e1 + O(up)

so given that 1y < 1 this is bounded away from zero. Thus, we see that ¢ will only have
discretely many roots, and they will all be in [log(yo), Yo] for some large Y independent of
€,Yo. In addition, there exists a § > 0 so that if {¢;} are the roots of 1, the |¢)'| > 0 on
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Uilti — 155 ti + 1o5) and [¢| > 6 on [log(yo), 00) \ (Us[t; — 155.ti + 155])- Moreover, we have
that by (2.37) and (2.38)

D1, 1] S ey 2 (7).
QZ}/
conditions at log(yg) and oo, imply that ¢ and ¢ + ¢ have the same number of roots.

5 . .
< 155> Which, along with the boundary

Thus, as we may assume € < yé/Qe_YO/z, ‘@Z),

7) We next claim that if \; is as in step 5, then 32 [M\] — 1 and 3%e@» — 1 intersect 0
the same number of times on [0, yo]. To show this, we again, for convenience make a change
of variables. We define

x(t) := <et>% (A2eQrn (\pe!) — e ™) =

= <et>% (eQ(et) — e

5
X(t) = Ai <et>2 Pint(Are?).
and it suffices to show that x(¢) and x(¢) + x(¢f) have the same number of zeroes on
(—o0,log(yo/Ak)]. We then see that as t — —oo,

X(t) = = +0(1

and is thus not vanishing in this regime. Similarly, as t — oo, we have that, by (2.46),
7
X(t) = co8in (%_t + dg) +0(e7¥?). (2.72)

If we use that )\,1,/ 2 < y2 and change independent variables from ¢ to = defined by

2
t = log(yo) — ﬁ(x —dy + dy)
we have that by (2.15)
X(t) = ¢y cos(x) + O(y7)

and t; 4+ = log(yo/Ak+) corresponds to zy 1 = —km + 1%' Thus, as |cos(z)| is uniformly
bounded away from zero on [—km — £, —km + 1] we can assume |x(t)| is bounded away from
zero on a neighborhood of log(yo/Ax). Similarly, near the roots of x(t), the derivative of x(t)
is bounded away from zero. By Lemma 2.3.6, we have that on (—oo,log(yo/)\)),

XL X @] < X (') < -
Thus, as with before, we may conclude that y and y have the same number of zeroes.

8) By the previous two steps, the number of zeroes of y?p— 1 will be equal to the number
of zeroes of 5—; on [yp, 00), a fixed number with respect to k, plus the number of zeroes of

y?e“ —1 on [0, o), which changes with k. Thus, to show that the number of zeroes of 325 —1
increases by 1 with each increment of k, it suffices to show that y?e% — 1 has exactly one zero
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on [yo/Ar], [yo/Akr1] for k sufficiently large. Doing the same change of variables as in the
previous step, it suffices to show that x(t) has exactly one root in [log(yo/Ax), log(yo/Ae+1)]-
To do this, we define

X(t) = x(t) — cosin (gt + dg) :
By (2.46), we have that as t — oo,
X(t) =0(e™?) = 0(y3),  X'(t)=0(e"?) = Oyp).
so x(t) has the same number of roots as co sin(gt—i—dQ) on this interval. By chang-

ing variables from t to x, we see that co sin(?t—i—cb) will have exactly one zero on

[log(y0/ k), log(yo/ Ak )] because cos(x) has at least one zero in [1, 7 — L] and at most one

1
10° 10

zero in [—%,71 + lio]
Thus, for k sufficiently large we have that y?p, — 1 has a finite number of zeroes and
y?pr1 — 1 has exactly one more zero then y?p;, — 1. Thus, by shifting the labels if necessary

we get that 420y — 1 has exactly N + 1 zeroes.

9) All that remains is to count the sonic points. As |@+y| < i, we have that there

are no sonic points on [0,yp]. As @ + y is increasing past yy, we conclude that on [0, 00)
there is a unique point where the sonic point condition @ + y = +1 is satisfied. From the
construction in the exterior region, we know that y, = 1 + €()\) is a sonic point where the
Hunter conditions are satisfied.

[]

2.4.2 Proof that C' Hunter solutions are real analytic.

It remains to show that the C! Hunter solution is analytic. As a note, this subsection is
independent from the rest of the paper and some notations are redefined.
Analyticity on (0,00) \ y. is easy as we can locally rewrite (2.5) as

(7', a") = fly,p. )

where

f(yua)b)_( (y+b)2—1( ” a), m( %—i—b—f—y)
is analytic on C*\ {y = 0}, {y +b = +1}. Thus, by standard local ODE theory we have
uniqueness of C'! solutions and existence of real analytic solutions, so any C'! solution is real
analytic.

We next show that if (p, %) be a C! solution to the self-similar Euler-Poisson system
defined on an interval containing y, € (%, %) satisfying the Hunter boundary conditions
1 1 3

5 5 5 5 1
p1(y«) = " P (ys) = b Uy (ys) = 1 — ¥, Uy (ye) = — — 1. (2.73)

2ab b+y 2ab 1 >

then (p, @) is analytic at y,. This is a corollary of the following Lemma.
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Lemma 2.4.1. (a) If one fizes y. € (35,2) then there exists a real analytic solution to

the self-similar FEuler-Poisson system, (po, o), defined on a neighboorhood of y. satisfying
the boundary conditions (2.73).

(b) Let (p1,u;1) be a C solution to the self-similar Euler-Poisson system defined on an
interval containing vy, satisfying the Hunter boundary conditions (2.73) then there exists an
interval containing y. s.t. (p1,U1) = (po, Uo)-

The proof of part (a) essentially follows from the proof of Theorem 2.10 of [52]. The only
difference is that the matrix Ay must be replaced by AX (defined in Remark 2.5 of [52]),
leading to slight changes in inequalities (2.49) and (2.50). The rest of the proof carries over.

To prove part (b), we start with the following formulation of the ODEs:

<a+y uiy) (Z/,) +2ﬁ(a+y)@) _o.

We then linearize the equation about (pg, Ug) to get the operator

do+y o "o P\ (A . - (v
Lo(PaU):< L &o+y) (Z) +(_% u) (gg)+2(p(uO+y)+p0u)(§ :

which we may rewrite as

Lo(pu) = (09 7o p'+ o+ 2% R+ ()
0% pio o +vy ) \u —’i—§+2(a0+y) iy +2po | \u)

p

=

We then write the equation satisfied by their difference (p,u) = (p1 — po, U1 — o) as

Lo(p,u) + No(p,u) = 0. (2.74)
where
up' + pu' 1
No(p,u) = ( p'p oz /) + qu(y). (2.75)
"~ po(po+n) + ﬁoQ(ﬁo(il-P) +uu 1

We consider the solvability of

()=

To simplify the ensuing linear algebra we multiply on the left by (z* _11) , and then Taylor

expand the coefficients in y — y.. When we do this, we get

((y* =2)(y—y) +O0((y —5)*) 11— )y —v)+0(y - y*)z)) (p’)
2y*+0(y_y*> 2+O(y_y*)

+( ~2+0(y — ) 2—i+0(y—y*)>(p>_(y*R—U>
82y +O0(y—w.) - +O0(y—u.) u ywR+U
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From the first line, if we substitute y = y., we get the constraint —2p(y,) + 2 — yiu(y*) =
v R(y.) — U(y.). If we divide by y — y., we then see that in order to have p,u € C' we need

y«(R — R(y.)) — (U — U(y.))
Y — Y«

to be continuous at y,. This motivates the following spaces.

Definition 2.4.2. (function spaces) We let I. = (y. — €,y + €). We then define our “non-
linearity” space to be

N = {(RV) e cr): B2 e o),

R(y.) =U(y.) = R —=U)(y:) =0, [[(R,U)ll. <00}

where
YR —U

(R, Uy, = sup || + [U] +

yEIe *

We then define our “solution” space to be

Xe={(p,u) € CHI): p(y) = p'(y) = p(y) = P/ () =0, [[(p, )]l 5, < o0}

where
’

(0, u)ll . = sup|pl + |p| + |u] + |u
yele

Lemma 2.4.3. (linear continuity) If € is sufficiently small then there exists a resolvant Ty
and constant Cy > 0 (independent of €) so that LoTy = id and if (R,U) € N then

(pu) :==To(R,U)e X and  [[(p,u)llxy < CLl[(R,U)] .

Proof. As a first step towards defining T, we construct the homogeneous solutions. In
particular, we rewrite Lo(p, u) = 0 (dropping the subscripts of p, @) as

P ’+ 1 ity —p R A A 0 (2.76)
u) Cat+y? -1\ -5 aty)\-L+2a+y) w+25)\u) ‘
y 1% ,02 y p

We then let n = y — y, and Taylor expand in powers of 7,
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Thus, we have that

() + (A 1 E) o) (1) =0

We note that the coefficient of ﬁ has eigenvalues 0, y.—1, in particular if y, # 1 (the generic
case), the linearized system has a pair of homogeneous solutions which are 1, |y — y.
y = Y«. The residue of the (negative of) the coefficient of the zeroth order term is

S N G [ [ Gy

By analyticity of (p, @) (here we assume e is sufficiently small so that I, is contained in the
radius of convergence of the series at y.), it follows from the Frobenius method that there
exists homogeneous solutions (pp., Uno), (Pr1, un1) Whose asymptotics as y — y, are given

by
o i) _ (ye—2+0m) —n" "t +O(n")
Uly) := = -1 :
Upo  Un, ye +0m)  yn|” " +O(Inl")

We can then represent the principal matrix solution to Lo(p,u) = 0 as
. -1
W)+ MM))
1 y/

p(y")

—1
Y7 near

So(u,y') == U)U™ () (“

We may then define our desired resolvant as

(7))o= [ ot () e

We can asymptotically expand

U™l (y) = - < 1y—* Fom 2— 11t o) 2— )
Y2 =y \—¥nl " FO0(nIT) (ye = 2)Inl "+ O(In|7) )

(M s @/)1: e sne) * (o™ o)

Yy«
n

In particular, if is continuous, then we have that as n — 0,

() () ()

and hence (p,u) := To(R,U) are o(n) as desired, and so we have that

p(y.) = p'(y) = u(y,) = v (y,) = 0.

Using the asymptotics of the fundamental solutions it is straightforward to also check that

(o, W)l 2, S (I(R, U

- O
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Lemma 2.4.4. (nonlinear estimate) There exists Cy > 0 (independent of € sufficiently
small)so that if (p,u) € X then

(R,U) = No(p,u) €N and  [|(R,U)]x < Cafl(p.w)||”.

Proof. We recall (2.75), the definition of Ny, and decompose (dropping the subscripts of
ﬁ07ﬁ0)

R
_ u p,—|— 10 u/+2 p E’
Y= Yx« Y — Yx« Y = Yx« Y=Yy
U / ~ ~/
___"r ~~P P ~2/?P + u 42 P w.
Y=y Y—upoptp) y—upp+p) Y-y Y= Y
1 P u R U :
As p,u e C", v y—g. COMVErge as y — Y., SO we see that e gy, A€ continuous at y,.

Similarly, we may bound ﬁ, = by p/,u’ respectively and as each term is quadratic in
P, u, we obtain

R U
- — | S (o w)]
Y=yl 1Y — s

which implies the desired continuity bound. [

2
Xe

?

We now prove Lemma 2.4.1.b.

Proof. We rewrite (2.74) as
(p7 U) - _TONO(p7 U)

As (p,u) € C!' and their first order Taylor coefficients vanish at y,, there exists some small

e such that [[(p,u)| , < m We then have that

1
(. )l < CLCall (o, % < 5110wl

which implies that [|(p, u)[,, = 0. O

We finally show analyticity at y = 0. This is easier, and we proceed in a manner which
is similar to the sonic point case. In particular, we show the following lemma.

Lemma 2.4.5. (a) If one fizes pg > 0, then there exists a real analytic solution to
the self-similar Euler-Poisson system, pg, g, defined on a neighboorhood of 0 satisfying the
boundary conditions

ol0) =po, WO =0,  @(0) =0,  ao(0) = 2. (2.77)

(b) Let (pr,11) be a C' solution to the self-similar Euler-Poisson system defined on an
interval containing 0 satisfying the boundary conditions (2.77). Then there exists an interval
containing 0 such that (p1, 1) = (po, Uo)-
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Proof. In this case part (a) follows from Theorem 2.12 of [52]. For part (b), we consider the
operators Lg, Ny defined previously, and define the following spaces.

Ne={(R.U) € C([0,¢): R(0) =U(0) =0, [|(R.U)]y, <o0)},
IR, V)|, = Sup)IRH\U\,

y€[0,e

X ={(p.u) € C([0,€)): p(0) = p'(0) = u(0) = '(0) = 0, [[(p,u)l5, < o0},

(o u)ll g = sup |p[+ |p'[ + |u| + [o].
y€[0,¢€)

We then note that near y = 0, we can Taylor expand the coefficient in (2.76) as

1 ity —p @H2nE PN (000 +0(1)
@ty)?—1\ =3 a+y)\-L+26a+y) @+23) \0 2

and hence we may use the Frobenius method to construct fundamental solutions whose
leading order asymptotics as y — 0 are given by

- (Ph,z Ph,S) _ (1+O(y) iJF O(i))'

Up2 Unh3 0+0(y) »+0(;)
We then define Sy, Ty by

()= [ Satwa) () e

We can then asymptotically expand

N . -1
-1 <U(y)1+ () ) _ ( 0 p%> N (O(y) O(y))
o Wy ty y?po 0 O(y*) O(y®)
from which it is evident tlgat TO is bounded from ./\Nf€ to /'\N,’E and there exists C’l independent
of € such that if (p,u) = To(R,U),
(o, w)ll 5, < Cll(R, Ul

Again, straightforward estimates using (2.75) show that if (p,u) € X., then (R,U) :=
No(p,u) € N and that there exists Cy > 0 such that

(R, U)ll . < Coll(p, )]

We may then conclude the proof of part (b) as before, namely by defining (p,u) = (p1 —
Po, U1 — Up), noting that it satisfies

(/), u) = _TUNO(p7 u)

2,..
Xe

then choosing e sufficiently small so that [|p, ul| 3 < m, and then deriving
1
1p, wlle, < Sli(o, w)ll,
and concluding (p,u) = 0. O
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2.5 Deferred proofs from Section 2.2

2.5.1 Proof of Lemma 2.2.1

Proof. We discuss how to explicitly solve the homogeneous ODE

G OE)(E 25)E)

Our first step is to temporarily assume z # 1, and invert the first matrix to obtain

() (G ()

We then let ¢ = p + w and note that we have

i 0 —s27)(»
<Q’) " (‘71 (%2 1)) (Q> =0

If we then substitute ¢ = @

ISEERN

p’ into the second row we get that p solves

42 -2 2
z(22 — 1)p 22(22 — 1)p

//

=0. (2.78)

We then let p(z) = f(2?). In this case, if we let z = 22, we have that f(z) solves

Sr—3 1

'+ 2v¢(x — 1) 222(x — 1)

f=o.

We observe that this ODE is singular at = {0, 1,00} with simple singularities, and so by
classical ODE theory we can solve it using hypergeometric functions. It is convenient at this
point to switch variables to f(z) = g(1 — 2), g(£) satisfies

" 5_2 1

g+ g+ g=0. 2.79
-1’ "o 27
where £ = 1— % We recognize this as the hypergeometric equation with a = —3,b = —g, c=
1, where
1 V7
Tty

The unique solution to (2.79) which is smooth on (—oo, 1) and satisfies the normalization
condition ¢;(0) =1 is
v

n©=rF-1,-1 19 (2:30)

where F'(a,b,c,&) denotes the principal branch of Gauss’s hypergeometric function. By
inverting the changes of variables, we recover the following solution to L(p,w) = 0:

(L) = () (6 0)
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From this representation, (2.26) follows immediately. This yields (a).
To construct U, we start by defining the following analytic functions for £ € (0, 1):
vy 1

WO =F-1 -1 21-0  a@)=—20-"F0+ 11+

1 —=&).
27 27 27 5)

),

We use these fundamental solutions to construct a fundamental matrix for

Vo) (gg<5> g4<s>)‘

79
22’
(2.79

95(&)  94(8)

We note that the Wronskian W, := det V,, satisfies the following ODE and asymptotic
expansion as £ — 1

W+ gﬂvmﬂ, W = (1 =2+ 0((1 =633,

CVTE gl 6 (6O —a®
0= o a= (e W)

We note that these are two linearly independent solutions to (2.79). Thus, we may define
the following for z € (1, 00)

uﬁyzﬁizg)%a_%y

and it satisfies LU,, = 0, and as z — oo. Taking the limit as z — oo yields the stated
asymptotics for U. Similarly, using the formula for V.'(£), one can straightforwardly
compute the asymptotics for UZ'. To construct U, we start by defining the following
functions for £ € (—o0,0),

71 7 f1
— (—ey2pd 71_£_ 32 p 7__1 ¥z
Then, one lets

g:ga+gb g :_ga_gb

° 2 0 %

These are now real valued. One then defines for £ € (—o0,0),

_ (95(8) 96() _

We obtain the same ODE for the Wronskian with the boundary condition that as & — —o0,

Wy = V(e 4 0((—€) ).
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Solving the ODE for with this boundary condition gives

_VTVI=E
T

Thus, we may define for z € (0,1)

Wy = %ﬁl(f) =

ORI}

which satisfies LUy(z) = 0. As with before, we obtain the asymptotics for Uy and U, '. This
concludes the proof of (b).

For part (c), we first note that by the connection formulae for hypergeometric functions
(equation 5.10.12 of [91] for instance) we see that for £ € (0, 1),

r() 3 T(=))
(3 -2 . .
If we let us = % and py = —%%, then by linearity we have

() =)

yielding the stated asymptotics for (prom,Whom). By the another connection formula (equa-
tion 5.10.14 of [91] for instance), for £ € (—o0,0), we have

so this becomes
91(¢) = p595(C) + 11696 (C)-

<phom) — UO <:u5) )
Whom He

We then compute that if ¢; := \/pu2 4+ p2, then ¢; # 0, which yields the stated asymptotics
for (phom,Whom) for some d; € R finishing the proof of (c).
For part (d), we start by defining, for £ € (0, 1),

By linearity, we have

grel) = (1 o)m(‘ﬁ).

2u3
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We note that )
B ) E)
91 92,0 22! 2us

and take a determinant to derive

/ ! VvV 1- f
9192,00 — Y192,00 = .
3
We then note that because g = 1+ O(&) as & — 0, in this regime we can rearrange the
equation as
(92_,00),:1+(v1—€_1)
9 3 €93 3

which is equivalent to
(wm—bm&my:vl—é—ﬁ
g1 g7 .
Thus, for some constant C, we have

E A _ N2
92,00291(10g|§|+0+/ L=< g1(§))'

0 §'91(8)?

In particular, as £ — 0, for some constant C'

1
G200 = log [¢] + C' + O([¢] log [€]), %m=g+O®MW-
Thus, as z — 1, we have

v (1_1> ps —3=\ _ (1+0(z=1) log|z— 1|+ C +log(2) + O(|z — 1| log |z — 1])
=172 L )= \$+0GE-1) i + Ollog|z — 1) '

Thus, as z — 1, we have that
1
)
Ha 50

(1 log|z — 1| + C + log(2) n O(z—1) O(]z —1|log|z —1|)
- \—-1 —log|z—1]+1—C —1log(2) O(z—1) O(]z—1llog|z—1]) )"

Mo — 3 —i 1 —C—log(2)+%
=\ , 0 1

2u3

Thus, if

we obtain the asymptotics for U, My, claimed in (2.29). One can similarly define

g20(6) = (1 0)%(?)‘—4,
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and through a similar process construct Mj. In these cases, we have that
1
z

and asymptotically expanding the cofactor form of the inverse gives (d).
For part (e), we note that for z, 2/ > 1 we may express

/ /71 ! /71
S(Z,Z')(j Z) :Uoo(z)Moo(UooMoo)l(z’)(i z) :

and as 2z’ — 1, we can asymptotically expand using part (d) to obtain

(Use M)~ (2') (i j) T (2({)—1) _2(6}-1)> n (O(logO!(zl’)— 1)) O(logO!(21’>— 1\)).
(2.81)

z

Thus, as P,2 = o(1) and P — Q = o(z — 1), we have that as z — 17

foariafs 2)' (- (42

and hence we see that p,w = o(|z — 1]log |z — 1]) as z — 1T and p4+w = o(z — 1) (to be used
shortly). In particular, p,w are continuous on [1,00). One argues similarly using Uy, M, for
(0,1]. Moreover, the function is C* on (0,00) \ 1 and satisfies L(p,w) = P,§Q. For z # 1, we
can invert the leading coefficient of L to obtain

-1
<W'> N (% Z) (Q> 22— 1) ( o 241)\w (2.82)
and taking the limit as z — 1 (using p +w = o(z — 1) to control the latter term) shows that

(p,w) € C'(0,00) and
p(1) =p'(1) =w(l) =w'(1) =0.

2.5.2 Proof of Lemma 2.2.4

Proof. We suppose (P,2) € N,,. We note that by Lemma 2.2.1.e, it follows that (p,w) :=
R(P, Q) is well-defined, is in C'[yy, 00) and satisfies

p(1) =p'(1) =w(l) =w'(1) = 0.

By (2.81), and the asymptotics of Uy, My, as z — 0, we from the same arguments as in
the proof of Lemma 2.2.1.e, now done quantitatively that

+w P—-Q
sup |p|+|w|+‘p—'§ sup |P|+|Q|+‘ ‘
1<]2<2 z—=1] " 1<< z—1
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One then uses (2.82) and these bounds to conclude

sup |p'|, IW\< sup !PH!QH
1<]2]<2

=

As with before, the argument on [3,1] is the same, so we get

=

sup [p], [w'| S sup [P+ Q] +
1<)z1<2 1<z

For 2 > 2, we express (2.30) as
() - [ )0
T /2 U() (i j) N (g) (z’)dz’) |

As in the control near z = 1, the first integral is controlled by sup;., |P| + || + [£=2].
For the second integral, we then note that by Lemma 2.2.1.b, we have that as z — oo,

wof ) =6 3@ ab)

afl )2

so the second integral appearing above converges as z — oo by sup,s, [2P| + |22Q)|. By the
asymptotics of U (2) as z — 0o, we see that

so that for 2/ > 2,

1
< _(z’)2 (S:ilz) |=P| + |Z2Q‘) ,

P—-0Q
sup  + ] S s, P+ 1]+ \+sup|zp|+\zm|,
2>2 1<2<2 z—1 2392

as well as the qualitative observation that lim, . p, lim, ;. 2w exist. For z < 3, we use a
similar integral formulation, namely

<5) = —Uo(2) (Mo / I(UOMO)*(Z/) (i i) - (g)
Sl D) (Bew).

and to control the second integral we compute that as z — 0,

0 (f z)—l_ 1 —zfl/2sjn<4 log(z)> 0 N (O(Zg)
z sin(fp) \ 22 COS<4 log(z)> 0 2
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so that for yy < 2/ < %

1/2

By considering the asymptotics of Uy(z) as z — 0, and using z~'/2 < y, /%, we obtain

sup [2'2p| + |2 70| Sy 1/2 ( sup |P|+ 9| + ‘P ?‘ + sup [2P|+ |ZSQ‘)

y0<z<— l<y<a y0<z<—

As a note, this regime, z < %, is where the factor of v, /2 in the Lemma arises.
In summary, we have shown so far that p,w € C'([yo,00)), they satisfy the correct
boundary conditions at the origin, lim, . (p, 2w) exists and

1
sup Ip\ + |zw] + Suplzm(\p! +wl) Sy * 1P 2y, -
yo<z<
We then note that for z # 1, we may solve for (p/,w’) using (2.82). Taking the limit as
z — oo shows that .
SUp [ Doop] + [Doo (2w)| S w10 * (1P Dl

and lim, o (Deop, Doow) exists. Looking at the limit as z — 0 shows the final desired
estimate, namely
_1
sup 2¥2([p'] + W) S o * 1P, Q-

Yyo<z<l1

2.5.3 Proof of Lemma 2.2.5

Proof. As a first step, we will check that if p,w € C! [yg, oo) with vanishing first order Taylor
polynomials at z = 1 then P, := N(p,w) satlsfy € C%yp,0). As a note, this is a

bit subtle as Zp—_ll, ﬁ are not necessarily contlnuous. Before demonstrating this, we first
rewrite P — ) to make more explicit the smallness as we take € to zero. Indeed, we start by

computing

D 1

Al — Ay =0 (2 - 5)62(y*a “a o —1)
e <( o )= 2 1+y,%1<p—1>)
(- o1 ijfg; (<1+ S D)+ D) - 1) ,
(L= L) = ez = )il = (5 +5),
(P —Q) d/(z—ﬁ)€2(yfa—yja— : 1>+ﬁ’e( _ >(y*+ew)



Yul¥ 1 (22 -1) o, D 1 . .
BCRFE e )*6( T T
2(ye)? ¢
(z — B)? <(1 " Y ¥

We then compute
Yy X 1 22 -1

z—p .

y*a(y*—i_ew)_z—ﬁlqty%a(ﬁ—l)_ z

B I6] o) z—1.,. € z—1 p—1
_(Z_1>(y*a+2(z—ﬁ))+€(1+ Yuct )(w+1)+y*a(1_z—ﬁ)1+yﬁ(ﬁ—1)

:e<(z—1)(ﬁ+ g )+(1+2_1)(@+1)+1(1 2_1) p—1 )

ey ez(z—p) Yu ¥ v z—pB'1+ yLa(ﬁ - 1)
and also
2(y.a)? 2
_ (z(?/_(;))2 ((1 + yfoz (p—1))(y. + €ew) — 1) + Z—;(p+w)

_2(y*0z)2 - € .
(2—5)2(( —I—l)—l—y*a(p 1) +

(z-1)(2z—-p— ﬁZ))
2(z - pB)? '
Thus, if we define

a—1

My(a,b) = —(z = P)( —(b+1)),

*

Mg(a,b)::—((z—l)(ﬂ + p )+(1+2_1)(b+1)

ey €z(z — f) Y
1 z—1 a—1
+y*0z(1 B z—ﬁ)l—i—yfa(a— 1)) ’
1
My(a,b) = = (=== (b+ )b
2 * B
My(a,b) == (z(f giz ((a ~1)(b+1) - E)
B 22— 22+ B) B((z-1)(2z—F—p2)
() e ()
we have
P— Q= e My(p, &) + e/ Ma(p, &) + eMa(p, &) + eMa(p, ). (2.83)
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In preparation for considering the behavior as z — 0o, we can similarly factor a power of €
out from P and 2 individually. To do this, we first compute

€ . ~ / AN 2 L . Oz) — é € B o
(U == 1)l = ) = e = ¢ (- Di@s) = 20+ - 1))
) 0) et = L (LD @1 9)
e(l+e@+1)(@(z—B)) —e@z) =¢€ ((1 + e(@ + 1))_7%’ + (W + 1)(@z)’> :
EA/ QY 1 _EA/_EZA/ _é z—1
181+ 56-0 = T eG=me+ 506 -1)

We may thus define

My ::—( L ey - Pas -~ <ﬁ—1)>w') A

Y X e Yk
Mg = — ((y* + e@)%ﬁd/ + (W + 1)(&)2)’)

oy _é z—1 B p—1
P TGP0+ S0 -1) gaz(l+ S(-1)

and then we can write
P = €M5, Q= EMG. (284)

We now let ( = z — 1, and note that as ( — 0, we have
p=1+C+o(¢), w=-1+0(C), p=1+01), & =ol)
We then use these expansions to compute that as { — 0

2(_6

eM, = O((), eMy = — ¢ +2¢+0(Q),
Y Y
2
eM; =€ Ca + 0((), eM, = aC—2C+0(C). (2.85)
If we substitute these into (2.83), we see that IZT_? is continuous near z = 1 and
(P—Q)(1)=(P—-Q)(1) =0. (2.86)
We note that as ¢ — 0, we have
M5 = 0(1)

so by (2.84) P(1) = 0, which along with (2.86) ensures P(1) = Q(1) = 0.
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We next consider the behavior near z = oco. In this case, we note that assume p,w € X,
we have that ||p, »|| < oo, so there exists constants pg, p1,wp, w; such that

NN D1 1 . Wy, Wi 1
) =m+ B rol),  0() =L+ D o(),
“ P1 1 . Wo 2&)1 1
P(z) = 2 0(;), W'(z) = 2 s T 0(;)-
Using this, one computes that as z — oo,
po 1 1
My = ———— —
5 (l_yo)z—i_O(Z)’
LBwo  wi o 2u.a(py — 1 — Z) +2pZ 1
Mﬁz_yﬁzo_’__;_ Yy (pO - 5) 05+0<_2)‘
€z z z z

In summary, these computations show we have shown so far that if (p,w) € X, then
(P, Q) satisfies the correct boundary conditions at z = 1, oo for (P, 2) to be in N,,. Moreover,
it is clear that (P, 2) are continuous away from z = 1. We next show the inequality (2.33).
As a note, we use “<” to denote inequalities which are independent of yj, €.

To show (2.33), we first note that if H(]o,cu)HXy0 < 1, then we have that ||ﬁ,dJHXyO S L

Thus, by making e sufficiently small, we have that

1

- Sl
1+ <(p-1)

~Y

and so the denominator causes no problems. Near zero it is useful to note that

sup |p|+ 19| + o] + || S 1. (2.87)
1<z<2
We then compute
P—-Q M, M, M M,
-1 17 +€z—1p +62—1 +€z—1‘

We then note that as, for ¢ € 1,2,3,4 M;(1) = 0, we have

sup
1<222

M.
1< s 1)
z—1 %§Z§2

Moreover, for these indices M; does not contain p’ or &', so by (2.87)

sup |[M]] < 1.
1<2<2
This gives
P—-0Q
up <l
1<z —1
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Similarly, we have by (2.87)
|M5| S 1

o (by writing Q =P — (2 — 1)%_?)

sup [P|+ Q] < [el.

1
1<

We now consider the regime z > 2 and note that as ||(p, )| < 1 we have for some constants

Do, Wo, 1 1
o- Ll < )] < -

L 1
2 2 ~ 22’ 22

p—pol S - AR
4

l\z

This gives |Ms| < 1 and [Ms| S %, so we have
sup [2P| + [2*Q| < [e.
z2>2

Finally, for z < 1, we have from ||(p, c2;)||Xy0 < 1 that

Bl @] S =72 B 1] S 2T

We also note by choosing e small,

€ wo _ 7]
l= e = 5 =3
So we may also estimate Zi 3 < % We also record ‘%‘ < z. We thus can compute
1 1
|Ms] S = |Ms| S —-
z’ z

Thus,
sup [P +|2°Q| Se
y0<z<7
concluding the proof of inequality (2.33).
We now consider differentiating the nonlinearity with respect to p and w. Near z = 1,
we represent the formal derivative of P — () with respect to p, by computing

S

aMQ 3]\/[2 . 1 Z—l 1 z—1
( | )‘( e T y*a)
() (e o
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2.0(a—1) 20 (s = 1)(2s = f - B2)>
G-pF €« 2G-pF )

This then gives the linear operators (partial derivatives of M; evaluated at py, @)

0P -9 EMd+€w OM, e 8M2+€8M3+68M4
op  dz 0" 9a P da da da
0P — 9 d oM, ,0M, OMs OM,
— M [ / .

b M Ty TP T e T ey,

We then note that if ||p, @||Xy0 < 1, we have that

o ||| 00| | 0| (0| (O
u W
%322 z—1 " da P84 Oa da
My | | oMy | .,0M,| |0Ms| |oM,
I <1.
Al e R el I (s | o |

so for any (p,w) € X,

sup
1<2<2

oP —Q N oP —Q
dp P Ow

w
wl Se sup P+ ||+ | + |[——
z—1 z—1

1
1<e<2

Se sup [p']+ |w/
$<2<2

< ellpwlly,

We next estimate the derivative away from z = 1. This is done by formally differentiating
the formulae for M5, Mg. When we do this, we obtain

op _ (1 (z=1F . PN i o))
ap_(y*oz . + (@o + 1)( ﬂ))dz+ Yaox )

oP z—f,. Bod po—1 (2= PB)py
8@1_6(( e (o = 1) e)dzjL Y Yy X '

—~

o (s i1 w1 \ao

op e(z=B)z(1+ SBo—1)  waz(l+ 5o —1)) ) dz

M< Bz—1) 1+@Lm5@—m>_am)
Y

oz = DA+ 50— VP | geaz(l+ 5o —D2) ~ da

5o =~ (24 =BG+ DI+ Gl = B +an+ 1= Le - )

Thus, under the hypotheses of the lemma, for (p,w) € X, for z > 2, we have the desired

bounds
oP

8pp

NEG
3ww

p
ell2p/) + 2]+ 2| + ) S S w)lx,,
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and (noting that |20’ + w| < |Z%Doozw‘)

/

P
z

of) 0N
- <
app’Jr aWW‘N e(|=

p

1 1 €
+ ; + §|Doow| + ;‘ZWD S ;H(p’w)”xyo'

It finally remains to examine the region yg < z < % In this case, we have again

?9_];1"+ aag < |2 + |22 4 272 + ) £ Sl o)y,
and
g_;szr g_Qw e(|z732p | + [277p| + |22 | + |27 Pw|) S |( P w)llx,,-

These estimates prove the first part of (2.34). As the coefficients of N vary smoothly
with respect to €, the first statement follows from the boundedness of N, and the fact that
when we differentiate the representations (2.83) and (2.84), we can no longer factor out a
factor of €, resulting in the second inequality of (2.34) not having a factor of € in front. To
show that the formal derivatives truly approximate N to first order, it suffices to show

ON ON ON
HN(EMM,M) — N (€0, po; wo) — (E’ Ers %M(eomo,wo) - (€1 — €0, 1 — Po, w1 — W)

Ny,

< G (ler = ol + ex = eolll(pr, 1) = (o, o) 1x,,
2
+max([eo], [er]) | (1, 1) = (po o), )

which follows from straightforward estimates. Once this is done, (2.35) and (2.36) follow
similarly. O]

2.5.4 Proof of Lemma 2.2.6
This is a classical fixed point argument.
Proof. We begin by proving (a). We let (po,wp) = (0,0). We suppose

1/2 1

yo 1/2

le] < min(——

For n > 1, we define (P,,$,) = N(&,pn—1,wn-1), (Pn,wn) = R(P,, Q). We inductively
suppose ||(pn,wn)||Xy <y_1/2602( )C1. If this is true for n = k—1, then || (pr—1, wk— 1)||X <
1, so by Lemma 2.2.5.a we have ||(P;§,Q;,C)||Ny0 < |e]Co(3). By Lemma 2.2.4, ||(pk,wk)|| <

|6\C’102(%)y0_1/2 as desired.
In addition, for £ > 1, we have that

||(p/€+17wk+l> - (pkawk)HXyO S Cly(]_l/2||N(€7pkawk) - N(Eypk—lvwk—l)HNyo

7



1

1/2

< Cup*CoR)lell| (b we) = (Prors i),
< 5”(pkawk) - (pkflawkfl)”xyou

where to get from the first line to the second we used the uniform bound on %—JZ, %—Jj and the

fundamental theorem of calculus. Thus, this iteration converges to a limit, (p[e], wle]), with
the desired bound. Uniqueness follows similarly from the contractive estimate, concluding
the proof of part (a). We note that if e = 0, as N(0,0,0) = 0, we obtain (p[0],w[0]) = 0.

To prove part (b), we consider €, ¢; satisfying (2.88). We let (po,wy) = (p[eo], wleo]),
(p1,w1) = (pler], wler]), which are well defined by part (a) and satisfy

(p07WO> = RN<€07p07w0)7 (plvwl) = RN(617p17w1)~
If we subtract these identities we obtain, by the bounds on the partial derivatives of N,

1(p1,w1) = (po, wo)lx,, = IR (N (€1, pr, w1) — N(eo, po, wo))llx,,
< Chyy PN (er, pr,w1) — N(eo, pos wo) |
< Clyo_l/202|€1 — €
+ Cryy P Comax(fer, lea])| (1, w1) = (po, o)l x,,
< Cuyi "20sler — ) + 3 o1, 00) — (oo, o)l
By absorbing the second term into the right-hand side we conclude

I(p1. 1) = (po. wo)lly,, < 2C1Caya "1 = ol- (2:89)

Next, for each €, we consider the linearization of (2.32), namely

ON ON ON
iny Vlin = R— €,ple],wle R—,— e,ple],wle]) * iny Wlin ) - 2.90
(Prins wiin) = B5 =l et i) + B(Z %0 5 ientawra) - (Prin, wiin) (2.90)
and note that
ON 1 —1/2 ON ON -1/2 1
R— < C2<_)Cly0 > R(_a _)|(e,p[e],w[s]) < 02(—)01,% €< =
‘ ‘ 86 Xyo 2 ap aw X-UO _>Xy0 2
so we can iteratively solve (2.90) resulting in a solution satisfying
1 _
| @i win)ll,, < 2C2(5)Cryg 12, (2.91)

We next define

(pdiffawdz’ff) = (p17w1) - (po,wo) - (61 - 60)(plm[€o],wlm[€o])‘

We note that
(Paiff,waiff) = R (N(p1,w1) — N(po,wo)
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ON ON ON
—(Ev 8_p’ %)(61 — €o, (61 - €o)plm[€0], (61 - GU)wzm[Eo]))
ON ON ON
= R(N(Phwl) - N(po,wo) - <E’ 8_p’ 8_w>’(eo,po,wo)(€l — €0, P1 — Po, W1 — wo))

ON ON ON
(E? a_p’ %)’(60,p07p1)(07pdiff7 Wdiff)

We use (2.35), (2.36) and (2.89) to control the first term and absorb the second term on the
left hand side to obtain

1 —1/2
|Waiss. iz, < 10(CCa(F)ye s = eof”

Thus, we see that (pe],w(e]) is differentiable with derivative (pi,[€], wiinl€]).
To show continuity of (pynle], wiinl€e]) with respect to €, we express

(Puin [61], Wiin [61]) - (plm [60] » Wlin [60])

ON ON ON
et (1. s ,
<( e ’ apa B )(61,p1,w1) ( 7pl7,n[61]awlzn[€1])

ON ON ON
—(E, (?_p’ %)(eo,po,wo) : (Lplm[ﬁo],wzmko}))
ON ON ON
= ((Ea a_pa a_w)(el,pl,wl) . (Oaplin[el] - plin[GO]awlin[‘El] - wlin[EOD)

ON ON ON ON ON ON
+ R (((57 a_pa a_w)(61,p1,w1) - (Ea a_pv a_w)(eo,po,w0)> : (17plin[€0]7wlin[€0]))

We bound the first term using the control of the derivative of %—]]\){, ‘?)—]j and bound the second

term using (2.35), (2.36), (2.89) to obtain

[(Prinler], wiinl€1]) = (rinleo], winl€o])ll x,,

N | —

| (prin€1], wiine1]) — (PZin[€0]7wlin[€0D||xyO <
1 _
+5(Ca(5)Cuo ) ler — ol
Absorbing the first term shows the desired continuity of the derivative, namely

1, _
1prin 1], wrinler]) = (prinl€ol, wiinleo)) | x,,, < 10(C1C2(5)%o 2Pl — eol.

2.6 Deferred proofs from Section 2.3

2.6.1 Proof of Lemma 2.3.1

Proof. We let v denote vy or vs. For y > 0 we then rewrite Hv = 0 as Hv = f, where

=2(e% — =)
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We now choose the following basis of homogeneous solutions for H,

) cos(@ log(y)) i sin<§ log(y))
1= e ’ b2 = e

S

Their Wronskian is 2 We introduce now the following integral operator so that HoSs = id:

5 00 2 ) 2

oI5

We now recall that we have f = O(y %) as y — 00, 50 S 0 Hv = O(i) as y — oo. We then
note that ) . .
v— Sy o Hv € ker H,

so we have for some constants aq, as
v = alﬂl —|—CL2?~JQ -+ Soo o Hv

. . 1
= a1V1 + aovy + O(;)

This, up to a linear change of variables, yields the claimed asymptotic expansions. To see

czca YL sin(dy —
why ¢z, ¢4 # 0, we have by (2.45), W = 342y—2(d1d2), and also W = y% ]

2.6.2 Proof of Lemma 2.3.3

Proof. We first consider the operator S,. We make the qualitative observation that if f(z)
is continuous then S, f is C? and S, f(0) = 0. We next assume that f € G,, and Hngy1 < 1.
To show that S, f € Z,, we argue differently for 0 <y <land 1 <y <y;. Fory <1, we
note that as y — 0, we have (uniformly in r),

1

Uir = O(y)a Vo,r = O(;) (292)

and so we have (all inequalities independent of g, A, )

sup |Sf1 S sup |£] S [1fllg,
0<y<1 0<y<1

Next, for y > 1, we recall that the homogeneous solutions v ,, v, have the following asymp-

totics as y — oo,
1

) (2.93)

Vi, V2r = O(

We then use the expression

5.00) = % (( [ foant2a0 Yo = ([ ot ) s
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((/ foar(y dy) ( /1 yfvl,r(y’)zdy) v2,r>

= 51 )+ Sa(y
We then use the asymptotics of the fundamental solutions near zero and infinity to bound

Si(y) < <?J>_1/2 ||f||Loo[0,1] S <?J>3/2 ||f||gy17

and the asymptotics of the fundamental solutions near infinity to bound

Sa) S Y| f| S W 1l

Leefty]

giving the desired pointwise control of f. To show control of the derivatives, we note that
when we differentiate the definition of S we get a cancellation, so

st =5 ([ rmtwra ) ot = ([ it pay ) e

This allows one to control (Sf)" using only pointwise control of f. Similarly,
" 2
(Sf)"=—(HS)f - gay(sf) —2e%(S)
2
=—f- gay(sf) —2¢%(Sf).

As the RHS can be controlled with pointwise control of f, we see that 9%(Sf) can also be
controlled with pointwise control of f. Using these observations, the control of the derivatives
of S works in the same way as the pointwise control. Thus, .S, is a bounded as a map from
gyl to Zyl'

We then define the formal derivative of S with respect to r as

Slin,rf = __S f + = ((/ fav2r dy) Ulr </ fv2r ) 8;;:71‘*’
8 r / / / a r
([ 2w Yo~ ([ postorar) S )

ov; _ —Ev{(g)
or r2 e’
and as we may differentiate the asymptotics of v;, we see that (2.92) and (2.93) continue to

where we note that

hold for agif, so the same arguments showing the boundedness of S show that this operator
is bounded. Straightforward difference estimates prove that

2
[Sry = Spy — (11— TO)Slin;roHL(gyl,Zyl) S | — ol

and
[Stins = Stinroll g, ,2,,) S 11 =70l
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which show that Sy, , is the derivative of S, and it is continuous with respect to r as desired.
We next consider T,. In this case, it is clear that if f € C! and f(0) = 0 then T, f € C?
and 7, f(0) = (7, f)'(0) = 0. If one supposes Hf”]ryl < 1, then for 0 <y < 1, we use that

e Qr goes to 2 at zero to compute

1 Yy
Tr _ - N2 du < . < .
) = 1230 / W) Fdy Sl o S 1L,

For y > 1, we use that e 9= y2 + O(y3/2) as y — 0o to compute

Tof(y) = — o / W) fdy — — / "Wyt

_r2y2eQ o r2y2eQ
5/2 1/2 5/2
S W oy + 0™ @2 1| S WP I,

Lo [1,y1]
To control a derivative, we use the identity

@y = () =2 ) 1=

and note that the right side involves no derivatives of f. This allows one to control 1
derivative of T,.f using pointwise control of f. Control of the second derivative of T, f
requires pointwise control of the first derivative of f, which is supplied by the norm of F,.
From this one obtains that 7, is bounded from F,, to Y,,. One can then compute the formal
derivative of T, with respect to r to be

o 2 1 aQr Y / N2 7,/
ﬂzn,wf - TTT‘f + T2y2€QT ar /0' f(y )(y) dy

where one can compute

0@ ,(g)_g

or 2l g
It is then straightforward to check that this operator is bounded, approximates T, to first
order in 7 and is Lipschitz with respect to r valued in L(F,,,Y,,).

Finally, to show that K, has the desired property, we note that it suffices to check that
L.: Z, — F, is bounded, and has the desired regularity when r is varied. It is clear that,
if fis C', f(0) =0 then Tf is C? and T'f(0) = (Tf)’(0) = 0. Finally, if f(0) =0 and f is
C?, then L, f is C'. The boundedness follows from the asymptotics of @,. Finally, one can
compute the formal derivative

0Q,
or

w) + div(u,e?r @w) + div(aur eQTw)) :

2
Linr :_Linr 2 2 0, @r
tin.r W = — Ly oW T (( +yd,)(e ar ar

Once again, straightforward computations show that Ly, , is a bounded map from Z,, to
Fyis Liin, approximates L, to first order and Ly, , is Lipschitz with respect to 7. O
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2.6.3 Proof of Lemma 2.3.4

Proof. We note that qualitatively if w,u € C%([0,yo]) and w(0) = u(0) = «/(0) = 0 then
G (w,u) € CY[0,11]), Gr(w,u) € C°([0,1]) and F,(w,u) = 0. As a first step in showing
boundedness of the linear operator, we define

Fr,l(w7u):>\ (2+y8>

/‘\

1
/ (1= t)e@rtAovgy),
0
1

Foo(w,u) = N div(uw [ @5 dp),
0

1
F,3(w,u) == \or? div(urwz/ (1 — 1)eQrt8wqy),
0
Gri(w,u) = r*div((y + u,)dyu, ),
1
37’2102/ (1 — t)e@r vy,
0

Aor? div (udyu, + (y + u,)Oyu + Ajudyu)

re(w,u) =
ra(w,u) =
so that we can express the nonlinearities as

Fr = Fr,l + Fr,? + Fr,3 and Gr = Gr,l + GT,2 + Gr,3~

We now assume that ||w||Z , ||“”m,1 < 1 and discuss bounding F,.;, G,,. As a first step, we

note that as y < £%, and A < we have (y) < % or in other words

N)\()?

10
Mo Sy ly) (2.94)
Similarly, by (2.46), (2.51) we have

€9, 40, S )72, lul S W) (2.95)

These pointwise estimates allow us to conclude

A<, RIS, B S8,
—1/2 —1 —1/2
Gl S )72, (Gl S, G Sy

These bounds, along with (2.94), show that |F|, |G| < (y)'/? as desired. We can similarly
see that |0, F| < (y)~"/?, finishing the proof of (a).
To show differentiability with respect to r, one formally computes

F 2
M“O = )\37’0(2 + ya )( (2 + 70 QT’| ) / (1 . t)GQTO—H)\Owdt,
or or 0
OF,. 50, .
ar2’ = Ao div(uw(2 + ro—— By ]ro)/o eQrHtaw),
aFr . r auT t "
ar,s lro = Aoro div(((2 + 7o aci v )ty + 70— o |r0)w2/0 (1 — t)eQtbugy),
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0G,1

Ouy

‘ ou,
’7‘0 =To le( (y + uro)a Urg +T0—F5— |7“oa Uy, + 7nO(y + uTo)ay or ””0>’

or or
8GT,2 . 2 aQT Qr-‘rt)\%w
e 2, = 20row? (2 + ro—— o |r )/0 (1—te dt,
9G, | du, du,
2y = N div(2(ud, g, + (34 1)y + Nudy) 4+ roudy Sy + 05 |y Dyt

From these formulas it is then straightforward to deduce (2.61).
To compute the derivatives of F,., G, with respect to w and wu, it is convenient to express

2
F.(w,u) = % ((2 + y8,) (€9 - div(e@ A (u, + Ag@)) - Lyw — Jyu,
0

2 2
Gr(w,u) = r* div((y + u, + ANjuw)d, (u, + ANgu)) + T—A(QT + A2w) + L 0e@+Nw 4 B 4y,

A5 A5
from which one computes the formal derivatives
OF, .
%Lﬂo,mw = /\(2)T2(2 + yay)(wo(/o 6Qr+t>\0 Odt)w)
1
+ \or? div ((/ QTN d ) wou,w + eQT“‘gwuow) :
0

OF, .
8—\w0,u0u = \or? dlv((/ QrttAs 0 dt)wouy),

u 0
oG, !
a_|w0,u0w = )\(2)7"22(/ 6QT+t’\5wdt)w0w

w 0
oG,

Wlwoﬂmu = >‘(2)7‘2 div((y +u, + )\(Q)UO)ayu + udy (u, + AguO))-

We note that each term contains a factor of A2, and if we use (2.94) and (2.95) to estimate
the rest of the terms, we see that if [w|, |wo| < ()*?, |ul, [uo| < (y)*?,

OF, _ oF, _

S lwoow| Su5 ) ’%Iwouou Sup )™
el ) oG, )
st SR |G ] 87

which is the boundedness described in (2.62).

With these computations done, straightforward difference estimates allow one to prove
that the formal derivatives so far computed are indeed first order approximations, and that
one has the Lipschitz continuity statements (2.63) and (2.64). O

2.6.4 Proof of Lemma 2.3.5

Proof. This is a standard fixed point argument using the integral formulation (2.59). The
proof is structured similarly to the proof of Lemma 2.2.6. We let (ug,wp) = (0,0) and we
shall inductively define, for n > 1,

(Wa, Un) = (Gr(Wn—1, un—1), Fr(wn—1,Un-1)), (Wn, un) = (S (Wh), T,-(Un), K.(Wy))
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We claim that this sequence will converge in Z, x Y,. Indeed, we see that that
||w1||Zy1, ||u1||Yy1 < C10y(1). We let C' = 2sup(C1C(1),1). We then require that y, be

sufficiently small so that 46’102(6')% < %. Assuming that for k£ > 1,

lwillz, > lwk-1llz,  lully,  luelly, < C,
we obtain
[wiir = wll g, + s — ully, < Ch (H(Wk+1 —Wille,, + Uk = UkHFyl)
< CiC( Oy (lwr, = wreill 5, + Il = ur-lly, )

< 1ol = wi-illz,, + llue = we-slly, )-

where to get from the first line to the second line we use (2.62) and the fundamental theorem

of calculus. Thus, as wy = ug = 0 and ||w1||Zy1, ||u1||Yy1 < %, we obtain inductively that
<oty Ly ¢
[unlly, : lwnllz, < (5 Tttt W) s G

1
[wn — wn—1||yy1 + flun — un—l”zy1 < 10n—1 <||Ul||yy1 + ||w1||zy1>

%. We note that if w’, v’ is a fixed point with ||w'||Zy17 ||u'||Yy1 < (3, then by the Lipschitz

bounds we have

Thus, if we let Cs = 100C' the sequence converges to a fixed point with norm ||w||Zy1 : ||u||Yy1 <

lw —w'll,, +u—=uly, <Co(Cs)Cryg(lw—w'l, +llu—uly, )

and hence by imposing y2Cy(C5)C; < % we obtain the desired uniqueness concluding the
proof of part (a).
To prove part (b), we consider rg, 7 € (%, 2). We let

(wo, up) = (w[Ao; o], u[Ao; T0]), (wy,u1) = (w[Ao; 1], w[Ao; 71])-

As they are solutions to (2.59), we have

wy — Wy = 54 (Gm (wl, u1) - Gm(whul))
+ (S1 — S0)(Gry (w1, ur)) + So(Gry (w1, ur) — Gry (wo, up)).

]

Expanding u; — ug similarly, and using the differentiability with respect to r, we obtain

lwor = woll,, + llur = wolly, < C1Co(C)fro — 1]

+201C3(C)8 (Jlw = woll,, + llur = wolly,, )
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~ 1
< CLG(O)ro =il + 5 <||w1 — wollz, + w1 — Uo||yy1>
and hence by absorbing the second term into the left-hand side, we conclude

lwr = woll 5, + [l = uolly, < 2C1C(C)|ro —rl. (2.96)

Next, for each r € (3,2), we consider the linearization of (2.59), namely

fin = 0T O ()4 D
Wiin, =

ow ’ du
és;“rGr + S”% + ST(%? %) ' (wlin7ulin)

(2.97)
with TS, K, F,G and their derivatives evaluated at (r,w[Ag; 7], u[Ao;7]). By the Lemmas

2.3.3 and 2.3.4,

oS, 0G,
Gor Sl <
H 5 Cr 5 —- . S 5C1Cy(C3),
oG oG
S, — + ’ S, —= < 5y2C'102(C'3).
‘ dw Zyy =2y, Ou Yy =2y, ’

There are similar estimates for the first equation. Thus, as we may assume 10y2C,Cy(Cs) <
£, we may iteratively solve (2.97) resulting in a solution (wyin[Ao; 7], win[Xo; 7]) satisfying

[wiinll 7, + lwinlly, < 20C1C5(Cs).
We next define (recall w;, u; = w[Ao; 73], u[Ao; 7))

(Waiff, waiff) = (wi,u1) — (wo, o) — (11— 70) (Wiin[Ao; Tols Wiin[Xo; T0])-

We note that

058, 0G,
Waiff = SmGn (wh Ul) - SroGro(meo) - (7“1 - TO)(EGT + STW)

0G,, 9G,, 9G,, 0G,,

— Sroa—w (w1 — wo) — ou (u1 - UO) + S,»Oa—w’wdiff + Sromudiff
= (ST‘l - ST0)<GT1 - GTO)(wbul) + (Sﬁ - STO)(G"'O(w17u1) - GT‘O (w07 ’LL[)))
oS,
# (8= 80— 0 = )5 ) Gyl )
+ ST‘O ((GT‘l - GTO)(wh ul) - (GT‘l - GTO)(w()? UQ))
oG,
+ S (Gry — Gry — (11 — To)ﬁ\m)(wmuo)
9G,, 0G,,

5y (Gron ) = G o) = (52 (= ) + 5 (u =)

0G,, 9G,,
+ S (5 gy ) (Wais £ Uaig )
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We absorb the last term into the left-hand side, and use (2.60), (2.63), (2.64) and (2.96) to
obtain ]
lwaigsll 5, < 100(C1Co(C))[r1 — 1o

One can estimate ug; ¢ similarly, and taking r; — ro we see that (w[Ao; 7], u[Ao; 7]) is differ-
entiable with respect to r at ro with derivative (wy,[Ao; 7o), win[Ao; To])-

Finally, to show continuity of (wy,[Ao; 7], win|[No; 7]) With respect to r, we introduce the
notation Wi = Win[Ao; 7;] and compute

Wiin,1 — Wiin,0

= Gy s, 10) 85, w1, 0) = S Gl 0, 00) = 1y S 0, 0)

+ Srl(%, 86%1 ) (Wiin 1 s Wina) — Sro(%, 8;’:0 ) (Wiin,05 Wiin,0)

= () = O )G )

(G = G110+ 2y (G (1,10) = G, w0)

(S = S 2w ) + S5 = B, ) Sy 2 (w6, 11— )
(= 8 D 5y (B 5, )

(= 5) Dt 52 Oy, PO ()

There is a similar decomposition for w,1 — win,0 We may then absorb the terms containing
Wiin,1 — Wiin,0 and Upin 1 — Uin,o to the left side, and bound the rest using (2.60), (2.63), (2.64)
and (2.96), allowing one to show

H’wlm,1 - wzm,onyl + Hulm,1 - ulin,O”Zyl < 10000102(é)|7"1 - 7”0|

and hence continuity.
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Chapter 3

Hunter-type Implosion Profiles for
Energy-supercritical Polytropic
Equations of State

3.1 Introduction

The (gravitational) Euler-Poisson system of partial differential equations models the evolu-
tion of a compressible gas. We will work under the assumptions that the gas is supported on
the Euclidean space R? and that there is no vacuum. We will let I; denote a time interval.
We shall also assume that the gas is isentropic, and described completely by its density,
p: I; x R® — R.g, and velocity vector field, u: I; x R3 — R3. Tt is also assumed that the
gas self-gravitates according to Newtonian gravity, and we shall choose units so that the
gravitational constant is 1. We shall also assume that equation of state is polytropic with
polytropic index v > 1. We shall choose units so that the pressure is given by p?. The laws
of local conservation of mass and momentum are equivalent (for smooth solutions) to the
following closed equations of motion

{@p + div(pu) = 0

) 3.1
Opu +u - grad u + %}p) +4m grad(A™(p)) = 0 &y

From now on we shall refer to this system as the Euler-Poisson system.
We now motivate the critical polytropic indices. From the first equation it is easy to see
that the total mass

M(p,u) = / pdzx
R3

is conserved. One can also check that the physical energy of this system, given by

E(p,u) = Jos 3Pl + 5507 — 21| grad A7 pPde v > 1
’ Jrs 3plul? + plog(p) — 27| grad A= pl?dw v =1

is also conserved.
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In addition, the set of solutions to the equation is invariant under the scaling symmetry

(A >0)

1 t = -y b
(p(t,x),u(t,x)) = <§p<X7 /\2_7)7)\ u(X? )\2_7))' (32)
We note that under this scaling
1 ,t = .t

M(ﬁﬂ(X? )\Q_A/)v ! Au(Xv /\2_7)) = )\4737M(p(t,a:),u(t,x)),

1 t =z t
E(5r(03 ya) ' AU(X, P
In particular, we see that if v = %, then the mass is invariant under this scaling. If 1 < v < %,
then the equation is mass-supercritical, in the sense that we do not expect a norm at the
same scaling as mass to control small-scale behavior. Similarly, v = g is the energy-critical
exponent, and 1 < vy < g is the energy-supercritical regime.
We also shall assume that the motion is radially symmetric and let r = |z|. We will use
the notations

)) = ATE(p(t, @), ut, 7).

2 1 ("
div, := 0, + —, div,; ' f(r) :== —2/ (r")2f(r")dr'.
r 2 Jo
Thus, in radial symmetry, we obtain the following system of 2 partial differential equations
in 2 unknowns:

(3.3)

Op + div,.(pu) =0
O 4 udpu + yp" "20,p 4 4w div*(p) = 0

We shall also restrict attention to self-similar evolutions, i.e. solutions to (3.3) which are
invariant under the symmetry (3.2). This is done by considering the ansatz (I; = (—o0,0))

1 r
p= (_t)gp((_t)g,v),

u= (=)0

(i

We introduce the self-similar coordinate

With these conventions, (3.3) takes the form

(v = i+ (2 — 7)ydyi + adyit + v~ 20,p + 4w div, ' (5) = 0. '

Fortunately, for v # %, this non-local system admits a reduction to a (local) system of ODEs.
In particular, the first equation can be rewritten as

1
4 — 3y

Substituting this into the non-local term of the second equation yields the main system of
ODEs we study

i+ (2-7)y 7 7 2t _
(" d ) () (w- i+ 155+ (2—v)y)> =0 B9
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As a comment, requiring smoothness at at the origin imposes the boundary conditions
7'(0) =0, u(0) =0, a'(0) = —=. (3.6)

This system has two explicit solutions. We follow the conventions of [52], and use the
name “Friedman solution” to refer to
1 2

(Pr,Ur) = (6_7r’ —gy)~

Similarly, we use the label “far-field solution” to refer to

. _ 2
Uv,uf>==(ky %ﬂ,O), (3.7)
where the constant k is defined as

v(4 - 3v)

SR SR

)7, (3.8)
Neither of these models implosion at a point. The Friedman solution models mass-density
blowing up at all locations simultaneously. The mass-density of the far-field solution is
singular at the origin and does not evolve. In this work we study smooth self-similar solutions
to (3.5) with the mass density radially decaying, in pursuit of the larger goal of gaining a
more detailed understanding of the local structure of the type of singularities which would
develop from regular and localized initial data.

3.1.1 Review of literature and statement of the theorem

We now discuss the existing literature on non-explicit smooth solutions to (3.5). Some
sources are omitted, and further discussions can be found, for instance, in [52], [54] and
[100].

Historically, the isothermal case, v = 1, has receieved the most attention. In this case, the
self-similar equations were first derived by Larson ([70]) and Penston ([99]) independently.
Moreover, through the use of numerical integration they identified a smooth solution, known
now as the Larson-Penston solution. Hunter ([59]) numerically found an additional discrete
family of solutions. Numerical mode stability analyses of the Larson-Penston and Hunter
solutions were carried out in [57] and [73]. These numerics support the hypothesis that the
Larson-Penston solution is a stable description of gravitational collapse and the ith Hunter
solution (i € Zs;) is codimension 7 stable. In particular, the first Hunter solution is believed
to play a role in critical collapse theory (see, for instance, [58] for a discussion).

The first rigorous mathematical result on the isothermal self-similar system is [52], in
which the authors proved existence of a solution whose properties match the Larson-Penston
solution. We comment that this result was preceeded by [51], a study of a dust-like, non-
self-similar, regime of gravitational collapse for the Euler-Poisson system. In [100], for each
1 sufficiently large a solution whose properties matches the ith Hunter solution was con-
structed. We comment that constructing the ith Hunter solutions for small ¢ (in particular
i = 1) remains an open problem.
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We now discuss the polytropic, mass-supercritical regime. The first numerical work in
this area was by Yahil ([113]) who numerically constructed analogs of the Larson-Penston
solution for g <y < %. This work was in part motivated by the observation that for the
isothermal case, the Larson-Penston solution has infinite mass and energy, but for g << %
the analog would have finite energy (but still infinite mass).

These Larson-Penston-type solutions studied by Yahil were constructed in the full mass-
supercritical range (1 < v < 3) in [54]. A difficulty in the construction of self-similar
solutions for v > 1 is that the algebra governing the local behavior of the solution near sonic
points complicates significantly. The authors of [54] made the novel observation that for
~v > 1 the algebraic Larson-Penston and Hunter sonic-point conditions merge into a single
solution branch, termed the Larson-Penston-Hunter-type Taylor expansion. In this work, we

use this insight to extend the result of [100] to the energy-supercritical range 1 < v < g. In

particular, we establish the following theorem (where (y) = y/1 4+ y? denotes the Japanese
bracket).

Theorem 3.1.1. For some integer N > 1 there exists real analytic solutions {(p;, U;)}52 N
to (3.4) on [0,00) subject to the boundary conditions (3.6) and the requirement p; > 0.
In addition, the graph of p;(y) interesects that of the far-field solution ps(y), (3.7), ezactly
i + 1 times. For these solutions, the sonic point condition, (i + (2 — v)y)?> —vp"~! = 0,
is satisfied at exactly one point y = y,. € (0,2yy), where y; is the sonic point for the far-
field solution, (3.14). At y., the solution p,u admits the Larson-Penston-Hunter-type Taylor
expansion (as defined in [54]). Finally, these solutions satisfy the global pointwise bounds
P ()7 S ()

This theorem is proved in Subsection 3.4.2. In contrast to the isothermal case, as far as
the author is aware, there are no numerical constructions of these Hunter-like solutions in
the existing literature for v > 1. It is not hard to generate the first few Hunter-type solutions
numerically by straightforwardly generalizing the approach of [59] to 1 <y < 2.

We also mention that in contrast to [54], we are not able to rigorously construct solutions
for g <v< %. It is unclear whether Hunter-type solutions would exist in this range or not.
This point is discussed further in Subsection 3.1.3 via analogy with a scalar wave equation.

We also comment that the existence proof in [54] used rigorous interval arithmetic to
control the signs of certain quantities. One feature of the approach we use is that due to its
more perturbative nature, we do not need to use computer-assisted techniques.

We mention two other classes of self-similar solutions for the Euler-Poisson system in
the literature. Firstly, if one considers dynamic entropy, then a new regime of solutions
has been found in [1]. Secondly, for the mass-critical polytropic index v = %, there is a
family of self-similar solutions to (3.1) found by Goldreich and Weber ([48]). These solutions
different in character from the type of solutions mentioned so far in that they are semi-
explicit and compactly supported. We refer interested readers to [56] for an introduction to
the mathematical literature regarding these solutions and their stability.

We also comment that one source of motivation for studying these types of blow-ups
for the Euler-Poisson system is the cosmic censorship conjectures of general relativity origi-
nally formulated by Penrose ([98, 97]). Indeed, for the Einstein-Euler system (describing a
relativistic self-gravitating gas) a relativistic Larson-Penston solution was numerically con-
structed by Ori-Piran for an isothermal equation of state and sufficiently small values of the
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(constant) speed of sound ([92, 94, 95]). These authors argued that the solution could be
suitably truncated to exhibit a naked singularity. A rigorous construction of the Ori-Piran
solution and a dynamically forming naked singularity was established in [53], which also
contains further references on related literature. It is currently unclear if our methods would
extend to the Einstein-Euler system to prove existence of relativistic Hunter solutions (or
even, as far as the author is aware, if such solutions exist in the first place). For additional
discussions on self-similarity, gravitational collapse and related models, we refer readers to
the (living) review [50].

Another related problem is constructing imploding solutions to the compressible Euler
equations in the absence of a gravitational force. In this case, the system admits an ad-
ditional scaling symmetry and the self-similar equations can be expressed as a system of
autonomous ODEs. Existence of (not necessarily smooth) solutions was first established by
Guderley and Sedov ([49], [102]). Smooth self-similar solutions were first constructed by
Merle-Raphaél-Rodnianski-Szeftel ([78]). The (finite-codimension) stability of these smooth
profiles allowed the authors to construct blow-ups for the compressible Navier-Stokes and
defocusing Schrodinger equations ([79, 77]). Their results on singularity formation have
been generalized to additional regimes. These include, in particular, implosions with mass
density bounded from below ([11]), implosions outside of radial symmetry ([16, 17]) and
also implosions where the vorticity simultaneously blows up ([23, 22]). Moreover, the in-
stability of these blow-ups have been studied numerically in [5]. We emphasize that in the
non-gravitational problem, the additional scaling symmetry leads to a choice in scaling pa-
rameter (labeled r in the above-mentioned works). There is no analog of this choice for the
isentropic Euler-Poisson system, and so one must use non-autonomous methods.

We conclude this subsection by mentioning that, even in the isothermal case, the stability
of the Larson-Penston and Hunter solutions has not been rigorously established. One would
like to show that, in analogy with the numerics, the Larson-Penston solution is stable and
that the ¢th Hunter solution is codimension-i unstable. One aspect of this problem that is
difficult is that the linearized problem is non-self-adjoint and non-explicit. A speculative
comparison of this problem with the related problem for a scalar wave equation is discussed
in Subsection 3.1.3.

3.1.2 Sonic point boundary conditions and local solvability

We see that the ODE system (3.5) is singular when

(G4 (2—)y)* =" =0.

Following the literature, we refer to a point y where this occurs as a sonic point. We
comment that in terms of the physical coordinates (¢,z), a sonic point corresponds to an

integral curve of the scaling vector-field t9; + (2 — ) Z?Zl 2'0,: being null with respect to

the acoustical Lorentzian metric, —c2dt? + 37, (da’ —u'dt)?, where ¢, = ~3p™% is the speed
of sound. When we transition to the y coordinate, we quotient along this curve introducing
a singularity into the equations.

We now discuss the local theory of smooth solutions to (3.5) near a singular point. In
particular, we shall provide a derivation of the Larson-Penston-Hunter-type expansion. In
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contrast to previous, more direct, treatments, such as [54] and [100], we will treat (3.5) as a
special case of a more general class of singular quasilinear ODEs. This treatment is the most
significant development from [100], and we emphasize it as we believe the methods could be
useful for studying self-similar solutions to other quasilinear systems.

The class of ODEs we consider will be those that can be put into the following normal
form. Note that we abuse notation and the (uy, us) below do not refer to velocity.

Definition 3.1.2. We say that a singular quasilinear ODE system for (uy(t),us(t)) is in
normal form if it is of the form

/

A(t7U1,U2> (u}1> +B(t,U1,U2) =0

for smooth functions A(z, 21, 22), B(20, 21, 22) valued in R**?, R? respectively with

A(0) = ((1) 8) B(0) = (8)

For such a system, we define four characteristic parameters to be

. 04n . 04n ._ 9B _ 9B
a= G20, b=FR0),  e=F20),  d=F0),

The author was unable to find a reference for the theory of smooth solutions to ODEs
of this form on a neighborhood of z = 0 (in particular in the quasilinear case b # 0), so the
necessary lemmas are proved in the Appendix using elementary methods.

To motivate these lemmas, we now suppose that (ui(t),us(t)) is a C' solution to an
equation of the form descirbed by in Definition 3.1.2. From evaluating the first line of the
matrix equation at t = 0, we see that u}(0) = 0. Now suppose that u5(0) = U. By expanding
the second line to o(t), we see that U must satisfy the quadratic equation

(a+bU)U + ¢+ dU = 0. (3.9)

Thus, we see that, depending on the parameters a, b, c,d, there will generically be at most
two possible choices for U. Indeed, for our problem one of these choices will correspond to
the Larson-Penston-Hunter Taylor expansion.

Going further, supposing now that (uy,uy) is C* for k > 2 and u,(0) = U, if we expand
the first equation to order o(t*~1) and the second equation to o(t¥), we obtain an equation
schematically of the form (suppressing the dependence on the coefficients A, B)

WP (0) = Fp(uE*1(0), u3*1(0))
(a+dU + (a+ bU)k) us? (0) = Fo(us™(0), us " (0))

In particular, we can solve the first equation for ugk)(()) and substitute it into the second

equation. The second equation is a linear equation for ugk)(O) and it is solvable if

a+dU + (a+ bU)k # 0. (3.10)
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Thus, assuming this non-degeneracy condition on the characteristic parameters, the higher
derivatives are uniquely determined. Heuristically one should be able to solve the ODE
exactly if one has a solution to the quadratic (3.9) and if for £ > 2 one has the conditions
(3.10). Justifying these heuristics rigorously is the content of the following lemmas. The
proofs of these lemmas (which are elementary in terms of tools) are provided in the Appendix.
As a comment, the statements of these lemmas do not give quantative bounds on the intervals
of existence, although in principle a closer examination of the proof would yield such bounds,

which would depend on the coefficients. The first lemma deals with solutions of regularity
ct.

Lemma 3.1.3. Consider a singular ODE system for u(t) = (uy(t),u2(t)) as in Definition
3.1.2 with characteristic indices a,b,c,d. Suppose that the quadratic equation (3.9) has a
root U. Suppose that a + bU # 0 and define k = %. Suppose that k > —1. Then, for
T sufficiently small the ODE system subject to the condition u5(0) = U admits a unique C*

solution u(t) defined on (=T,T).
For the proof, see Subsection 3.7.1. The second lemma deals with analytic regularity.

Lemma 3.1.4. Consider a singular ODE system for u(t) = (u1(t),us(t)) as in Definition
3.1.2 with characteristic indices a,b,c,d. Suppose that the coefficients A(z), B(z) are real
analytic. Suppose that the quadratic equation (3.9) has a root U. Suppose that a + bU # 0
and define Kk = Zi—gg. Suppose that k ¢ Z<_o. Then, for T sufficiently small the ODE
system subject to the condition u4(0) = U admits a unique real-analytic solution u(t) defined

on (=T,T).

For the proof, see Subsection 3.7.2.

A lengthy but straightforward computation shows that the system (3.5) can be placed
into the desired form near a sonic point. We summarize the desired information in the
following lemma.

Lemma 3.1.5. Consider a solution (p,a) to (3.5) with a sonic point at y.. Define

~ ~ Ug
po = p(ys), ug = U(yy), wo = —+2—7.

Y
Suppose that the following two equations in (po,wo, y«) are satisfied;

1 ool

Yso = 72007 (3.11)
47 pow
T2 = 20+ (7= Do+ (2= 7)(y — D). (3.12)

Then, there exists an invertible change of variables from (p,a) to (p,u) so that if (p,a) is
a C' solution of (3.5) then (p,u) is a C' solution to an equation in the normal form of
Definition 3.1.2 with characteristic parameters

22=79)+ (v = 3)(wo + (y — 1))
49* Wo

a = 5
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(v+1)

4po
¢ = T (CO+ I+ (27 7+ B + (2 =) (1 - 1?)
12 Am P
~ T (a4 20

d

= By—=1+(y—3)(wo+ (y—1))).

The conditions p'(0) = 0, @' (0) = U are equivalent to the equations for p'(y.) and @'(ys)
determined by letting

R= . W= (y) — vy e

and solving

Y= Wwo

U— L (wyR+ (wo+(y—1)))=0
woR+W +3wg—(4—3y) =0

The Larson-Penston-Hunter branch corresponds to the solution of (3.9) given by

—(a+d)++/(a+d)?— 4bc‘

U= 2

(3.13)

Moreover, the far-field solution obeys the Larson-Penston-Hunter sonic point conditions at

(=1)2=v) 2—v
2 2

Y3 4-3y 2
( )2 =

= _ 14
Finally, for the far-field solution we have
1 -1
arb=——t =507
2(2=7)yy 2

The proof of this lemma is deferred to Appendix 3.7.3. As a consistency check, we
mention that if one substitutes U = £2(woR + (wo + (v — 1))) into the quadratic (3.9) then
one obtains the quadratic

— (1 +7)wiR? + (9 — 7y — 8wy)wo R

602 + (8 — Gy )+ (—32 + 9y — 6) + = 37)(20; NA=Y) o (3.15)

which is consistent with [54] (their equation (2.69)).

We finally comment that the proof of local analyticity given by [54] for this system (their
Theorem 2.15) is similar in terms of techniques to our proof of Lemma 3.1.4 and could
in principle be modified for use with Hunter-type solutions. We treat the problem more
abstractly to clarify precisely the assumptions needed and to allow future works to “black
box” this part of the argument.
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3.1.3 Analogous results and open problems for a focusing scalar
wave equation

In the isothermal case, the author’s previous construction of Hunter solutions was motivated
by similarities between the Euler-Poisson system and a class of semilinear heat equations
(see [100] for more details and references). In this section, we will compare the theory of
self-similar solutions of (3.1) with that of solutions to the following semilinear focusing wave
equation (NLW) for ¢: I; x R? — R:

O2p — Ap — p? = 0. (3.16)

One advantage of using this equation as a model, instead of a heat equation, is that it is
hyperbolic, so the theory of non-linear stability of self-similar solutions to (3.16) should be
a good model for the Euler-Poisson system. As a first step towards deriving the self-similar
ODE, we note that this equation is invariant under the scaling transformation (A > 0)

p(t,2) = ATt/ 2/ A).
If a solution is invariant with respect to this symmetry, its profile will satisfy the ODE

(=) + (2 = M Do, - T Doy o (317)

In particular, we see that this equation admits (in our language) a sonic point, but unlike
the Euler-Poisson problem, the location of the sonic point is independent of the solution.
We also comment that, in the case d = 3, the energy-supercritical range of p for NLW is
p > 5 (this was v < g for Euler-Poisson) and the conformal-supercritical range of p for NLW
is p > 3 (this corresponds to v < 5 for Euler-Poisson).

For (3.17) there also exist versions of the Friedman and far-field solutions. The Friedman
(or ODE blow-up solution) is given explicitly by

_2pA D)
gOF_((p—l)?) '

The far-field solution (in the case p > 7% ) is given by

or = (A2 _<2(_Cl1_>22) L

Uniqueness and stability of the Friedman solution for (3.17) in 1 spatial dimension was
shown by Merle and Zaag ([81, 82, 84, 85, 86, 87]). In higher dimensions the stability
problem is more delicate and has been the subject of much recent work ([21, 32, 33, 34, 35,
36, 37, 38, 72, 88, 89, 96, 111]). We comment however, that for the purposes of modeling
gravitational collapse from isolated bodies, we expect the relevant profiles to decay as |z| —
oo. Consequentially, we shall focus on the non-Friedman self-similar solutions to (3.17).

We now briefly discuss some literature on the existence of such solutions. To rule out
the Friedman solution, we will restrict attention to self-similar solutions whose leading order
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decay rate as y — oo is at least that of the far-field solution, namely yfﬁ. This can be
viewed as a localization requirement. A numerical study of several exponents is carried out in
[7] in d = 3. In particular, for the energy-supercritical exponent p = 7 a family of self-similar

solutions was found (with decay rate y_P%l), including a solution with a single unstable
mode which was observed to play a role in describing the threshold between blow-up and
dispersion. Self-similar solutions in d = 3 for p which are odd and energy-supercritical were
rigorously constructed in [8]. We emphasize the close resemblance of Figure 1 of [8], depicting
their shooting construction of self-similar solutions to NLW, and Figure 2 of [59], depicting
the shooting construction of Hunter solutions. In higher dimensions, energy-supercritical
self-similar blow-up profiles were analyzed numerically in [69] and constructed rigorously
in [28]. One surprising feature of NLW is that in higher spatial dimensions, d > 5, the
(energy-supercritical) cubic NLW admits an explicit self-similar solution found and studied

by Glogié-Schérkhuber ([47]). We also remark that it decays faster (y_z)%l_l) than the far-

field solution (yfpzj) This solution’s role as a threshold was studied numerically in [46]. For
the quadratic NLW, in the energy-supercritical dimensions d > 7, there is again an explicit
self-similar solution found and analyzed in [27], which differs from the previously discussed
solutions in that it is non-positive. This work was extended beyond the past-light cone of
the singularity in [27].

One key difference between NLW and Euler-Poisson is that for NLW, each self-similar
solution known to exist has at least one linear instability direction, whereas for the Fuler-
Poisson system, the Larson-Penston-type solutions are expected to be linearly stable.

We also comment that as far as the author is aware, for d = 3, there is currently no
theoretical or numerical evidence of existence of self-similar blow-up profiles to NLW for
the conformal-supercritical, energy-subcritical range 3 < p < 5 with the far-field decay rate
Y = O(y_p%l). This is a bit surprising as for the more complicated Euler-Poisson system,
this corresponds to the range of exponents g <y < % for which a solution is known to exist
([54] following numerics of [113]).

The work on NLW which seems most potentially applicable for understanding the stability
of Hunter-type solutions to the Euler-Poisson system is [66]. In this work (for d = 3), the
author constructed self-similar solutions in the full energy-supercritical range, and showed
finite-codimensional stability of the solutions by adapting the framework of [79]. As our
construction of solutions is very similar to the approach taken in this work, one could hope
that the author’s framework could be used to show the finite-codimension stability of the
Hunter-type solutions we contruct. We comment that unlike the preceding work on the non-
linear heat equation (]26]), or the scenerio of the explicit solutions ([47], [27]), the dimension
of instability is not revealed in [66].

Indeed, if one is either interested in whether Hunter-type solutions exist for g << % or
interested in if one can show non-linear stability with the expected codimension, the related,
probably easier, open problems for the NLW equation (3.16) would be the following.

e For d = 3 and 3 < p < 5 do there exist any smooth self-similar blow-up profiles of
2
(3.16) such that ¢ = O(y #»71) as y — o007 If yes, do there exist infinitely many
solutions?

e Can one rigorously determine the exact codimension of instability for the solutions
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constructed by Kim in [66]?

3.1.4 Comparison with the isothermal problem, numerology and
proof outline

At a broad level, the proof of the theorem is an adaptation of the isothermal proof ([100]),
which was in turn based on techniques from simpler models (see, in particular, [26]). In fact,
the methods we use are largely insensitive to the choice of «y in [1, g) and the main challenges
of the polytropic case are that the algebraic expressions get more complicated. We comment
that in [54], the exponent v = 130 played a special role. One point in their argument where
this exponent appears is when the authors parameterize the curve of triples (pg, wo, ) which
satisfy (3.11) and (3.12) by y.. We parameterize this curve by wy and consequentially do not
see 7 = % at this step.

This work contains several technical improvents over [100]. The most significant of these
is in the treatment of local analyticity, as outlined in Subsection 3.1.2 and carried out in
Subsection 3.4.2. Moreover, the derivation of difference equations in Subsections 3.2 and 3.3
is streamlined. In particular, in Section 3.2, our linear lemma now accomodates compatible
non-zero Taylor coefficients. Moreover, in Section 3.3 we do not rescale the coordinate y.
In addition, in this work (through the use of Lemma 3.7.3) we perform the matching using
only a Lipschitz dependence of the interior and exterior solutions on A, €, which reduces
the number of estimates required. As these improvements are all technical, the paper is
organized identically to [100], which the reader is recommended to consult as a guide since
the algebraic expressions are much cleaner and there is more commentary in the proof.

We will now present some heuristics which allow relatively quick derivations of the nu-
merology. In particular, this section should illuminate why our methods cannot work for
v> L

The basic structure of the argument is to consider a fixed, small yy, construct a 1-
parameter family of “exterior solutions” on [y, c0), construct a 1-parameter family of “in-
terior” solutions on [0, 7] and then match them to obtain an infinite, discrete family. These
solutions are a priori C! and higher regularity is obtained through application of the theory
outlined in Subsection 3.1.2.

We begin with the (non-self-similar) Euler-Poisson system, (3.1). We shall define the

enthalpy to be
Y

v—1
Setting u = 0, taking the divergence of the second equation and changing variables from p
to w gives the Lane-Emden equation

w = oL

1
T ywrT =0, (3.18)
v

Aw + 47 (

We now summarize properties of solutions to this equation that can be found, for instance,
in [20]. We shall define @ to be the unique solution such that



The family of regular solutions to (3.18) is parameterized by
1
A Q)\ = )\2(7_1) Q(/A)
2—y

The far-field solution in this case is

Y 1 _2(y=1)
Qf = KT
v—1
which, if we change back to p, is
_ 1
pr = (=) Qi — e,
Y

We comment that for v < g, the Lane-Emden solutions are positive for all r and their spatial

decay matches the far-field solution (r_%). This is not true for v > £. In contrast to [54],
the Lane-Emden equation and its linearization plays a key role in our analysis, so it would
be unable to alter our proof to deal with v > g.

We now return to the self-similar system (3.5). We recall that the far-field solution,
(3.7), has a sonic point at y = y; (defined in (3.14)). If we linearize the self-similar system
about the far-field solution (py,@s), we obtain the following linear ODE which is singular at

y € {0,yr}

p ! |
(2—7)% vy~

(2(2 — )y — kIO =3y = Dhy ™55 = gk )
— 4r(2—7)%(3— 4 (
(k-2 - dmboys gty 4 gy~ (0 gy 1)

If we then define p = y2

57,
5 5 1
(55 (5 D) () T
)2y? — k7 lyy? T

¥ = y~ '@, then we get the system

22— )y k%yl - ~3(y — ky — {2 k%'
_ __2 — _ T(2—
(=272 4 TRE By (2%_—%” Ly 4 220k 5 42— ) (v — )y

We can simplify this to

D 1
%y (?7)+ 2,2 22
(2—=7)2y% = kv lyy™ 2
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2

Tk(2—~)2 1—_2_ 28 S 2y Z
(e v g ) (2) =
v

P TR P i T S P

4—3v

We can then simplify the residue at y = 0 to be

A7k27 (2—7)2 4rk? 2 2k
v(4-37) (4=37)k7 1y _ (2=7)?
o) _ 4r(2=7)?B3=)  —2r(2—yk> 7 (3y-2) _22=y) _3y=2 -

(4=37)k7 1y 2(4—37) k 2—~
We define
65 —2 — 207 + 28
pm 828 V2428 519
2(2—7) 2(2 —7)

We may then diagonalize (the negative of) this residue to be

-2 2k 1
2(2—7) :§27’2Y)2 = 3
e - 2—y)2 4 2— —3
== ;_7 ( ];‘/) 690 ( ];Y) e 6o
-1
—u+ v 0 13 ‘
N0 —p—iv) \e0Ehe 2o0Eie |

-2 =20 28
0y = arctan Voo s + 7. (3.20)
2+

NI

NI p—

where we define

We comment that this angle satisfies

2 =207 + 28
W2

From this, we may read off the asymptotics of the homogenous solution to the linearized
equations to be

sin(@o) = — \/ 7& 0.

DPhom = ;—; sin(vlog(y) + dy) + O(yfw%)’

2 — 2
Whom = ;_i% sin(vlog(y) + dy + 6p) + Oy ""27).

Njw

The exterior solutions we construct (for small €) will then be of the form

ﬁewt:&_'_iphom—'_"'
y> oy : (3.21)
aext = €YWhom + -
We comment that in order for the O(e) terms in the expansion for pe,: to have faster decay

than the principal term, we need p > 0 which is equivalent to v < g. We also comment

1 V7

that when v =1, (p,v) = 1

problem.

which recovers the numerology observed in the isothermal
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Turning now to the interior problem, we shall define a universal profile u, by solving the
linear equation

(3.22)

[\V]

w(0)=0,  w(0)=-2

{(( )yd, + 2)(Q)7T + div((ELQ) T w.) = 0

where @) is the solution to the Lane-Emden Equation (3.18) with Q(0) = -%;. When we

linearize (3.18) about the far-field solution, the linearized operator is (after flipping signs)

~ vy—1,1 1 2y
H:=—(A+4r 7T QT ),
@ +ar() ;)

which is simplified to
N 2(4 —37) 1
H=—-(A+——7"—
( (2= ¥

In this case, the fundamental solutions of H are given by y‘éii”. This is used to justify the
asymptotics

). (3.23)

Q- v kL . v cgsin(vlog(y) + da) Lol 1 y
oA 1 261 k2— 2(y— 1)+ 2(v— 1)4_2
f)/ y 2—xy y 2—y y 2—~

We comment again, that here the condition v < g plays a role to ensure that the first term
is in fact of leading order as y — oo.
This is in terms of enthalpy variables, converting to density yields

-1, 1 k co sin(vlo +d 1
(7 )’Y—lQ’Y—l =—+ 2 ( g-(i-u) 2) +O<—i+2u>
Y Y2 Y2 Yz
To solve for u, it is useful to use the Lane-Emden equation to rewrite (EQ)ﬁ = —%AQ
0 T

and then to use the identity
((2=7)y0y +2) 0o A= Ao ((2—7)ydy+2(y—1))
This allows us to solve for u, directly to be

ur = (@) 7T 0,2 - M8,Q + 20~ Q)

From this, we see that as y — oo, we have that

u,(y) = k12— 7)%02 sin(vlog(y) + dy + 0oy + O(y' ). (3.24)
For completeness, we also mention that from the Lane-Emden equation and Q(0) = ﬁ, we
see that as y — 0, Q(y) = -7 — 242 + o(y?) which gives u,(0) = —2.
For A sufficiently small, we will construct an interior solution of the form
Oint = ! L= 1 7= 1 A) +
i = QTN + .
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Turning our attention to the matching, when we evaluate the exterior solutions, (3.21),
at yo we will obtain

Peat(Y0) — 2’“37 —¢ %H cysin(vlog(yo) + di) + O(eyy ")

Yo Yo
- 3 .
= — = 2 e sin(vlog(yo) + i + 6) + Oley")

Yo Yo

Similarly, evaluating the interior solutions, (3.25), at yo will give

(o) = = = ey easin(vlog(yo/A) + da) + O(N'y, ")
Yo Yo
Tint (Yo) _ (2= 1 A +d,+ 6 Oy
& . sin(vlog(yo/A) + da + 6p) + O(My ")
Yo Yo

For simplicity, by the flexibility in choosing 1y, we may impose
vlog(yo) + dy = g mod 2. (3.26)

Matching the interior and exterior solutions will give the equations

cc1 + Oleyg ) = caX cos(vlog(A) + di — da) + O(N'yg )
ecrcos(0) + Oleyg ") = caM cos(vlog(A) + dy — dy — ) + O(N'yg ")

Solving the first equation for € as a function of A\, and then substituting it into the second
equation will yield

0 = sin(vlog(\) +d; —do) + O(yg ).

By choosing y sufficiently small, we see that this equation will have an infinite discrete family
of solutions which will correspond to the Hunter-type solutions. Finally, non-trivial task of
verifying analyticity of the solutions is accomplished through application of the framework
described in Subsection 3.1.2.

3.1.5 Organization and notations

We now summarize the structure of the paper (which is parallel with [100]). Section 3.2 de-
tails the construction of the exterior family of solutions. Section 3.3 contains the construction
of the interior family of solutions. The matching is performed in Section 3.4 culminating in
the proof of the main theorem. Sections 3.5, 3.6 contain proofs defered from Sections 3.2
and 3.3 respectively. Finally, Appendix 3.7 contains the relatively self-contained proofs of
lemmas used in Section 3.4.

For the reader’s convenience we also provide a partial dictionary of notational conventions
used in the paper. The meanings of some notations are depend on the section of the paper
in which they occur.

Selected section-independent notations:

e ~: polytropic index for the equation of state.
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e p,u: self-similar mass density and velocity.

e y: self-similar coordinate.

o (y): I+~

e pp,up: Friedman solution.

o py,uy: far-field solution.

e k: an explicit constant, see (3.8).

® 7, a sonic point.

e y;: the sonic point for the far-field solution, see (3.14).

e (): Lane-Emden solution (at the level of enthalpy).

e ();: far-field enthalpy.

e u,: a leading order velocity derived from the Lane-Emden solution, see (3.22).
e 1, v: exponents arising from linearized analysis, see (3.19).

e 0y: angle arising from linearized analysis, see (3.20).

e yo: self-similar coordinate at which the matching occurs.

e c: smallness parameter for the exterior region.

e )\: used for scaling, used as a smallness parameter for the interior region.

Selected notations used in Section 3.1:

(t,z): physical time and space coordinates.

(p,u): the physical (i.e. non-self-similar) mass density and velocity.

r = |z|: physical radial coordinate.

e (uy,uy): variables for the ODE normal form definition.

20, 21, 22: dummy variables for ¢, uy, us for the ODE normal form definition.

a, b, c,d: characteristic parameters for the ODE normal form definition.

U: solution to a quadratic equation associated to the ODE normal form.

e r: parameter for the ODE lemmas.

(p,w): variables for putting the self-similar Euler-Poisson system in normal form.

Selected notations used in Sections 3.2, 3.5:
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(p,@): convenient variables for the exterior analysis.

o, B: parameters for changing coordinates to z.

z: choice of coordinates which fixes the location of the sonic point.
(p,w): a convenient choice of variables in z coordinates.
(p,w): variables for the difference equation.

(E,F), (E,F) and (E, F): coefficient functions for the equations involving (p, @), (p, w)
and (p,w) respectively.

(a,b) dummy variables for (p,©), (p,w) or (p,w).
Do, Wo, Us, P1, wr: smooth functions of € that describe the sonic point conditions.
Po.ds Wo,d» D1.d, W14, difference quotients associated to the above functions.

Do.es Wo,es P1es Wie, further “error” difference quotients associated to the above func-
tions.

01,09, 03: smooth functions of € that describe compatibility conditions.
By, Flin: linearizations of E , F.

L and Ly, Lo, the linearized operator and its components.

N: the non-linearity in the difference equation.

01,09, 03: variables used for describing combatibility conditions.

(Phom, Whom): homogeneous solution for L.

Up, Use: fundamental matrices for L on (0,1) and (1, 00).

R: left-inverse to L constructed in Lemma 3.2.1.

Xy, Ny,: Banach spaces used for the iteration.

Xyol€], Nyo €]y Xy l€1, €], Ny, le1, €2]: affine subspaces of X, Ny,.

(p,w): final difference variables.

Selected notations used in Sections 3.3, 3.6:

w: self-similar enthalpy.
H: linearization of Lane-Emden equation about ().
H: linearization of Lane-Emden equation about @ £

w, u: a change of variables used for a heuristic.
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J, T, L,S: linear operators arising from the asymptotic expansion.

Iy, Ly, Hy, S\, T\, Ky: rescaled linear operators.

Fy,Gx1,Gh 2, Gy rescaled non-linear operators.

Z,Y,G, F: Banach spaces used for the iteration.
e (w,u): difference variables.

Selected notations used in Section 3.4:

e F,G: functions describing the matching.
Selected notations used in Appendix 3.7.

e p,4: preliminary variables for putting the equations in normal form.

3.2 Solving in the exterior region

We begin by choosing convenient variables for the exterior problem. In this case, we define
the variables p, w implicitly via

p=L a=y@-@-).

(poy) + 25=2p@ — (4 — 37)p =0
w(y(w — (2—7)))’+# +(y-D@-02-7) . (3.27)
AT pl oy
+y21% (%5 — =) =0

In these variables, the far-field solution is

(p,w) = (k,2=7).

We will be considering a perturbation of the far-field solution, and so we note that we may
write the system more abstractly as

E(y, p, ) (f)/) + Fy,p,®) = 0. (3.28)

where (using dummy variables a, b for p, @)

. by ay
E(y7 a, b) = ( s 21_ by) ’
7=5 &7

)
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ald = (2-7))

2—y

fW%aﬁ%:(Mb—(2—7»+{7—1ﬂb—(2—7»+ﬁigﬁﬁ;ab—;%dwg).

We note that E, ' are smooth with respect to a,b in a neighbhorhood of p,w = (k,2 — )
and we have

We now discuss boundary conditions at the sonic points in these variables. We comment
that in terms of p,w, the condition (3.11) becomes

VT Ry)
.= —— 3.29
! W(y.)* (8.29)
If we substitute this into (3.12) we get the equation
1
. v 4 =3y 20(y )+ (v = Do(y) + 2 —9)(y—1), 1
o= T B 0 e
w(y.)> AT Ys

Indeed, we see that if @(y.) is determined, then by (3.30), p(y.) is determined, and these
together determine y, by (3.29).

To compute the Larson-Penston-Hunter-type conditions for the derivatives of p, @, we see
that R, defined in Lemma 3.1.5, takes the form

~/
R P ) 2
plys)  2-7

and recall that it has to satisfy a quadratic equation, (3.15). Once R is determined, then we
can solve for W = y.&'(y.) by recalling that it must satisfy

O(y ) R+ W =4 — 3y — 30(y.). (3.31)

We comment that from (3.14), we may derive the useful identities

_2
2=y

2 =
i i

We parameterize the exterior solutions by the value @(y,) which we set to be wp[e] = 21%: One
then defines pole] by substituting w(y.) = wole] into (3.30) and solving for p(y.). Similarly,
we then define g.[e] via (3.29). One then defines, for € close to 0, that R[e] is the solution

branch near R[0] = —3% of (3.15). Finally, one defines Wle| via (3.31). We then define
5 ﬂd(O 2 > : W]
p1le] == = Rle| + —— |, wile] i= ——.
=5 Mt =30

Thus, in terms of the variables (p,®), Larson-Penston-Hunter-type expansion conditions at
Yx = Us|€] become

~1!

p(ye) = polel,  @(y.) =wole],  P(y.) =pile],  ©'(y) = @ile]. (3.32)



As a comment, we see from the above identities that as ¢ — 0, we have

Gole] = (2=7) = (2= 7)e + O(e?), (3.33)
o . 3y—1 2
pole] = k+—2<2_7)]€6+0(€ ) (3.34)
. 372 -8y +9
iule] =y + T ype + 0(),
. 2 —09n2 2
Rlg=——2 4 070 T2 L pe,

2—7 (57v=3)2-7)

2(7—37)(y— 1)
5y — 3

Wle] = e+ O(€).

In particular, these imply that

. (=9 +9+2) k 2
pile] = —e+ 0(€%), (3.35
=6 g o T )
2(7-37)(y—1)
(57 = 3)ys
We now do an e-dependent change of variables that will move the sonic point from yy to yy.
In particular, we will define

€+ O(e2). (3.36)

(jjl [6] =

o

Q= w7 ﬁ:: %*_yfy(h ZCZOéy‘}‘ﬁ,
Y« — Yo Y« — Yo
p = play + f), O :=w(ay + P). (3.37)

As a comment, «a, § are chosen precisely so that
ayo+ 0=y,  ay+B =y
We note that as ¢ — 0, we have
a=14+0(),  B=0(e).

This gives the system
/

w/

E(Zvl_)aga y07€) (p) +E(27]_?aga y07€) =0

where (in terms of the dummy variables a, b for p, @)

Z_B7avb)7 E(Zaa7bay076) = F(Z_B
« «

E(z,a,b,yp,€) := aE( ,a,b).

We note that in these variables, the sonic point boundary conditions become

plyr) = polel,  wlyy) =wole],  Plyy) = éﬁo[d, w'(yr) = é(jjl [e].
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We then define p, @ to be first order difference quotients, which are defined implicitly by

— ke teh
{B T (3.38)
w=2—-7v+ew

To translate the boundary conditions to these variables, we define

Pod = ﬁ[e];k
g i= LZ)[6}—6(2—7)
151,(1 = iﬁl [6]
(jjl,d = idjl [6]
and note that the conditions for p,w are
P(Yyy) = Po.alel, w(yy) = wo,alel, ﬁ/(yf) = pralel, C:/(yf) = W1 qle].

We also note that

el = 5=k + 00, puld = Zp S 0, 3
Goald = =2 =) +0(0),  inalg=20ZVO=3N o (3.40)

5y —3 Yr
As a comment, unlike [100], we do not perform additional manipulations to make these

constants independent of €, since this seems to add additional complications in the case of
v > 1. Substituting the change of variables (3.37) into (3.28) yields

E(27£7£7 ?J076>8z (g) +E(27]_97Q7 y07€> = 0. (341)
where
E(z,a,b, y076) =Q- E(z — 6aa'7 b)a E(zapac_da y0>€) = F(ﬂacZ?b)'
« - «

We then substitute change of variables (3.38) into (3.41) and obtain the equation

E> =3

E(z,p, @, 0, €)0. < > + F(z,p,0,y0,€) = 0, (3.42)

where

A

E(Z7aab7 y07€) = E(Z,k’ + 60’72 -7 + Eba yD;E)a

1
F(Zaa7bay07€) = E(27k+5a72_7+€b7y076)-

€
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3.2.1 First order difference quotients in ¢

We now perform several Taylor expansions, beginning by expanding the symbols in terms of
the dummy variables a,b. We start by noting that

i 2=y ky
E(yv a, b) - (2—’7)2yf2j y 9 + O(CL - k) + O(b - (2 - ’7))7
R 2=y

It follows that uniformly for z € (%, 2), we have that

(2—-79)z kz
E(Z,(l, b: yan) = (2—v)2y?% . +O(a’_ k) +O(b_ (2 _7» +O(€)
—5 % 2-7):
ery
We then have that
R (2—7)z kz
E(Z, a, b7 Yo, 6) = (2—7)23;?% - + O(E)
—F = (2—7)2

We similarly Taylor expand
4-3
0 Tjk

- 2 2 a—k
F(y,a,b) = 2(2—Eyf‘” 14 29?: (b —(2- 7))
Y27k

y>-

+0((a—=k)*) +O((a—k)(b—(2—=7) +O((b— (2= 7))*)

From this it follows that

0 43y

F(z,a,b,yo,€) 225 e ( a—K )
y Wy Y5 90, = —)2y2Y 2=y

E 0 2 W] b—(2—7)
227k z22=7

+0((a=k)*) +O((a = k)(b— (2 =7))) + O((b = (2 = 7))*) + O(e).

It then follows that

Pz, a,b,y0,€) = 2 | () 1o
» @ 0 Yo, 2(2—7)2214 K 14 23,'f27 b '
227k 227

Identitfying the leading terms for E, F , we introduce the notations (note that Fj;, is a 2 x 2
matrix while F' is a vector)

(2—7)z kz 0 %k‘
Elzn(z) = 2—~)2 % ) Ezn(z> - )2 237*/ ?%
O 2 (22 it I W T
227 z2=7k 22—



We then define the linear operator

A0 — Ll(ﬁaw) N Al d ﬁ ) ﬁ
L(p7 W) - (LQ(ﬁ,d}) - Elzn& & + Ezn o)

and note formally that as ¢ — 0, the linearization of (3.42) is L(p,w) = 0.
As a comment, before writing down the difference equations, we will let

1 1 1 N 2
Sle] = (_ﬁo[e] ﬁo[e]> (_ k k ) = (0 92—~ Pole ) )
wole]  wole] 2—y  2—v k  ole]

and multiply on the left by ST (3.42). This symmetrization is done to fix a loss of derivatives
that occurs when doing difference estimates, and we note that to zeroth order in €, S is the
identity matrix. Using this matrix we define

Wepa) = ()

~ ~/ " ~
= — <STE(3/7137@J7?/0, €) — Ezm) <£/> - (STF(y,ﬁ,dj,yo,e) — Fn, (g)) . (3.43)
We rewrite the non-linear system as

L(ﬁa A) = N(G,ﬁ,&))
{ =poale,  Wyp) =woalel,  Dyp) =pralel,  yp) =dnaled (3.44)

3.2.2 Properties of the linearized operator

We consider the linearized equation with an inhomogeneity,

(2—7)z kz (p’) 0 42:3~7k D P
2 2 + = o2 ();() (3.45)

We note that at z = y;, we can simplify these matrices to zeroth order as

((Q_Z)yf kyy > 0 STk
2y 2—yr)’ a3

and in particular the coefficient matrix has eigenvalues {0,2(2 — v)ys}. Left-eigenvectors
corresponding to each of these are

(1 -5, (35

When we multiply the equation (evaluated at y = yy) on the left by each of these respectively,
we obtain the following constraints:

—2(2 = 7)plys) — F=kw(yy) = P(ys) — 325yy)
2(2 =)y’ (yy) + 2ky s’ (yy) : (3.46)
+2(2 = )plys) + 522kw(yr) = Plys) + 725Qyy)
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If we start with (3.45), invert the coefficient matrix, and multiply on the left by (1 —L),

2—y
we obain ( L o)
E(3y—1) w P—3=0 1
—2(2—y)—— - Gy-1) = =2~ 4o .
Z = Y5 2= z—ys Z=ys Z=ys

We see that if (p,w) € C' then

P— 20— (P(ys) — %-0(yy)
Z—Yr

must be continuous on a neighborhood of z = y;. Multiplying the original equation by
(1 —%) and expanding to o(z — yy) gives

2z = ¥/ (ys) + (~22 = Vplyy) — §5w(yy))

: (37 — Dk (yy) Aplys) | 4kw(yy)
(22— ) - R gy o (B )
k

= Pluy) = 5= 205) + (P = 72— uy) - (= ) + ol = o)

—vy)

By (3.46), the equations agree to order 0. Comparing the terms of order 1, we get the
following constraint

(3y—-1) 4 k

2(v — Dy (y ——_kyw'y +4Ap(ys) + ———=kw(ys) = yp(P — ——Q) (y4).
(v = Dy’ (yr) 5 s (yr) + 4p(yy) CEE (yr) = yy( 2_7)(f)
(3.47)
We now suppose that
P — %Q (0'1 - 27)/0'2)
P =01+ o(1), Q=o0y+0(1), = +os5+0(1). (3.48)
z—yf z—yf
We will also assume
1
p=po+pi(z—ys)+o(z—yy), w=wy+ @wl(z —yr) +o(z —yy). (3.49)

In terms of these notations, the system (3.46), (3.47) becomes

—2(2—=9)po — %kwo =0 — %02

2(2 —v)ysp1 + 2kypwr +2(2 — ¥)po + %kwo =01+ 2%/02

2(y = Dyspr = G5 yrkwr + dpo + gromhwo = ysoy

We will consider wy to be a free variable. From the first equation, we have that

(o] kUQ
22— 2" T o) T

(3.50)
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We may then substitute this into the next two equations to obtain the system

2(2 = y)ysp1 + 2yrhw; + 223_37) kwo = 20,
2(’7 - 1)yfpl - ?)QWT_,Ynykwl - (2 7)2]{Cu = 2 01 (2622)2 + Yros

We may multiply the first of these equations by 3—, and then subtract the second equation
from it to obtain

20y —1)(7T—=37) 1 22—17) 1 2 1 2-91
= - wo— ——— 01+ — 0y — ~oy. (3.51
' 2=y —3) yr " By =3 yk By —3)2—1)y * 5y—3k 3 (3.51)
S —9v2 + 9y +2 ﬁw 3y+1 ig
2=y =3y 2=y —-3)ys
2 k
03. (352)

—_ _0'+
(5y—=3)2-7)%y; * B5y-3

We comment that if oy = 09 = 03 = 0, then, by plugging in wy = —(2—+), the homogeneous
solution has first-order Taylor expansion

_ (3y=1) —972+9v+2 k
{p = 2(;—7)k + E ey Q(z —yy) +o(z —yy)

5 (3.53)

—1)(7-3 .
w = (2 ) + I (2 yp) + oz — yy)

These Taylor coefficients are consistent with those computed in (3.39), (3.40). We now
state the main estimate regarding the linearized operator. As a comment, in comparison
to the analogous statement in [100], part (e) is now modified, as in this problem it is more
convenient to allow for non-zero values of oy, 09, 03.

Lemma 3.2.1. (a) There exists a unique homogeneous solution (Prom(2), Whom(2)) such

that L(Phom,Whom) = 0 and such that its first order Taylor polynomials at z = y; agree with
(3.53).

(b) There exists analytic fundamental matrices Uy (z), Uy(2) for L defined on (1,00) and
(0,1) respectively. Moreover, these can be chosen such that as z — o0

. O(-) O(5i)
Uoo(z): 0 11 z + O(z 12 ) O(Z 13 ) )

22— 22—7 22—
3(y=Dk O(—=—) 0O(=
g (1SR, (O o)
> 0 z2 Otﬁ) Otﬁ) ’

and as z — 0,

_ 1 cos(vlog(z))  sin(vlog(2)) A
Uo(z) = o (Cos(Vlog(Z) + ) sin(vlog(z) +90)) FOETE

1 2 sin(vlog(z) +6y) —sin(rlog(z)) s
U (z) = sin(6y) (— cos(vlog(z) + 60y) cos(vlog(z)) ) +O( )
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(c) There exists us, jia, ¢1, dywith \/p3 + p3 # 0, ¢1 > 0, dy € R/27Z such that on (1, 00)

<p;wm) U <2 22((211» , (3.54)

Whom

and (0, 1) respectively we have

(8m) = ().

Whom
(d) Also, there exists constant invertible matrices My, My, such that as z — 1%, we have

(3y=Dk (3y— 1)k|Z_ f| S0 1>>

UMy, UgMy = < 2(2—7) 2(2—) )
—@=7) =Tt -y
(=97%49v+2) k. (3v—1)(257°— 136724191772 )k S(r-1)
(2 1)(5@7 3) yy (Z - yf) 8(2— )((7 57)ur )(Z yf)‘Z — yfl
2(y=1)(7=3v) (y=1)(3v—1) (2572 —111y+104 s6-1)
’;f(57_3)’y (Z - yf) B 8(2—)(7=57)ys (Z yf)‘z - yfl
_5(»
+(( f>o@—y»v—yﬂ5wn)
) o(z —yp)lz —yg|™

(Z—yf

(e) If we define the principal matriz solution as
k2! o
) > : z,2' € (0,1)

=1/ 1 (2 - 7)2/
UO(Z)UO 1(2 ) (2%(2—7)2 (Z/)lf% (2 N ZI
S(z,2') = 4_3(7 w lj/ -1 ;
2—9)z z
Uoo(Z>UO_01<Z’) 1(2=7)2 ; ;122 , , 2, 2 e (1 oo)
BRI ()T (2-7)2

__k o __k
Praq @ PO 57000 e continuous on (0,00) and satisfy (3.48) then

then if P(z),Q(z), =
= R(P(2),Q(z2)) :== /12 S(z,2") <£Ej§) dz'
(P,QY) and the coefficients (defined

)) which solves L(p,w) =

defines an element of C*((0,
by (3.49)) satisfy (3.50), (3.51), (3.52) and also

2
( kv)al — 0y

“W=TTSh T

For the proof see Section 3.5.1.
3.2.3 Sonic point conditions at the difference equation level

We now note that if p,w are C* then as y — v,, we have
E(y., 5, @) := By, Bys), (y2)) + By, Blys), @y ), B (y2),
F(y*aﬁaaj) =F N( *)7@(y*)) + Fl(y*aﬁ(y*)7@(y*)aﬁ

—
N
*
S~—
&

(Y, D(y
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where

. OE OE OF
El(yaavba ay, bl) - (a_y + %al + %
oF  OF oF

a [
Jdy  Oa ob

bl)ly,a,ba

bl)ly,a,b~

We now note that by (3.29), (3.30), (3.31) and (3.15) that the following equations hold

1 =20 Eldl. gold. bole) =0

1 _23[;]] F(ﬂ*[E]aﬁO[E]u(j}O[d) =0

(1 gz[[ZDE(ﬁ*[ﬁ]ﬁo[da@o[e])'(gll[[?>+<1 ) Pl ol old) =0 g 0o
(1 —ff;[[z]]) El(&*[e]aﬁo[d?djo[e]?ﬁl [6]7(’31[6]) (f;%j)
(1 -2 Al bl dole. 1 ld) 6 e) =0

We next transition variables. We define E,, F';, El, E, by requiring

Eys.p.w) = E(yr p(ys), w(yr)) + E1(yr. p(yp) w(yr), 0'(y5), @' () (= — yy) + o(z — yyp),
F(yr,p,w) = E(yp, p(yr) w(yr) + E1 (v, () w(yr), p'(yp) & (yp)) (2 — yyp) + 0(z — yy),
E(ys.p.@) = E(ys, 5(ys), @(up)) + Er(yp, D(ys), @(yp) 0 (wp) &' () (2 — yp) + o(z — yp),
Flyp,p,@) = F(yz, pys), @r)) + Filyr, Dys), W), 0 (yg), &' (ys)) (2 — yp) + 0(z — yy)

and note that these are given in terms of the previous functions by

z—=p

E1(Z,a>b,@17b2>y0,€) :El( o 7a7baaa1>abl)7

1 - _
E1(Z,G> b, ai, ba, yo, 6) = aﬂ(%,a, b, aay, Oébl),

El(Z,CL, ba @1752790, 6) = E1<Z> k + €a, 2 — Y + Eba 6a176b1>y07€>7

. 1
F1(27a7 bu a17b27y07 6) - EE1(27]€ + 6@,2 -7 + 6b7 €ay, €b17y07€)'

We then define the “difference” equation boundary condition functions

Poq = Hd=*
wlg—(2—)

Wo,q =
ﬁl,d = ipl [6]
(j)Ld = i(i)l [6]
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From this we obtain the identities
4

1 —ﬁﬁ—ﬁ E(yf,ﬁo,d[ﬁ],&)lo,d[ﬁ]) =0
1 —289) Plys. Boale] crole]) — 0
ld By 7 : [ Prale] ( p0[€]> o . B
< (1 oi!o[d) E(yf7p07d[6]7w0,d[€]) <wl7d[€]> + (1 wo €] F yfap(],d[ﬁ]awo,d[e]) =0 ) (356)
po € - o o o €
(1 —§§—H> E1(yy, Po,ale], wo,alel, rale], wi,ale <p1d )

W1 d E

L + (1 _Zz[[i]]) Fl(yf;ﬁo,d[ﬁ],&fo,d[ |, P1ale], wrale =0

In particular, we return now to the difference equation (3.44). We suppose that the input
functions, (P, Wi, ), satisfy

Pin(yy) = Doalel,  @m(yy) =oalel,  Din(yr) = Pralel,  @in(yr) = wiale].  (3.57)
We may then note that

(1 —) Nepmin) = — (1 —22)

1 2\ Ne s o) e — (1 Y (Pn) o 2yg. (Pin
( 2_7) (Gapmawm)_ ( ijo) o +( 2_7) lin &

We comment that by (3.57), (3.56) we have

. ~ 4 . ~
(1 —g—g> K (g?’;) + (1 —g—?)) F =o(z —yy),
(1 =55) Bun= (2 0) (2 —ys) +o(z —yy),
(1 —55) Fin = (-2 —7) —8=2%)

4 4k
(i wm) (e oz -,

(1 55) Fin = (22 =7) (T=37)355) +o(1).

In particular, N satisfies (3.48) with coefficients

oile] == (2 — 7)9}”151 4+ Yyrkwy g+ (42_—3,7]{3(;)0d
aole] 1= &= W) D d+(2 ’Y)Z/fwld—i- 22 )p0d+3de

osle] = 2(7 — 1)pra— 277 kwl,d + Epo’d + W“’O@

()
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In this case, if one substitutes €], o2[€], 03l€], woq along with into the equations (3.50),
(3.51), (3.52) then they are consistent with

(pojpl,uh) = (ﬁo,d,ﬁl,d,dfl,d)-

3.2.4 Difference equations and iteration scheme

We now define the “error” boundary condition parameterization functions to be

(3v—1)
2(2—7)

9+ 97 +2 k

Po.cl€] = Do.ale] — k, Wo,el€] = woale] + (2 =)

260y -1)(7T=37) 1

231,6[6] = ﬁl,d[d - Cffl,e - fjfl,d[e] -

(57 =3)2 =)y’ 5y—=3  ys
We note that
ﬁO,e; &0,87ﬁ1,67 (jjl,e = O(E)
We also have that in terms of these coefficients
1le] = (2 = Vysbre + yrkine + ook,
i 20 - . —)2 o .
Gale] = Wpl,e + (2 = 7)yrwre + 2(21@7) Dod +3Woe s
o o 3v—1 ° o °
g3 [6] = 2(’}/ — 1)])17@ _ G 27_7_) kije + %po@ + —(Q_il;;zyfw&e
so in particular,
o1le], o2[€], o3le] = O(e).
We now consider (3.44) and substitute
(]37 dj) = (phom)whom> + (P, w)
which gives the following difference equations:
L(p,w) = N (¢, p,w
(p,w) O (e,p,w) O , O / o (3.58)
p(yf> - p0,€7 W(yf) - Wo,e; p (yf) = wl,e7 w (yf) - wl,e

where

A~

N(67p7 w) = N(Eaphom + D, Whom + CU).

We then rewrite this as

e 1
— RN L 2 e | —————(Phoms Whom)- 3.59
(paw) (Eap7w) + ( 5(7 — 1) +w0, > _(2 _ 'Y) (ph y Wh ) ( )

As a comment, to ensure that we are not dividing by zero in the original equation, we need
solutions to satisfy
k + G(phom +p) >0

The integral equation will be solved using a fixed point method. We first introduce

Daof(z) = —2""7=0.f
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Definition 3.2.2. We define the “solution” norm to be
1 1
1(p,w)llx,, = sup p|+ 277 w|+|Doop| +|Dcz?7w|+ sup 2(|p|+|w])+ 2" (p| +]w']).

22Yf Yo<z<yy

We define our “solution” Banach space to be

Xy = {(p,w) € C'([yo,0)): lim Do (p), Do(277w)  exists,  ||(p,w)|lx,, < o0}

Z—00

Definition 3.2.3. We define our “nonlinear” norm to be

P— 20— (P(0) - s£0Q(0
Pl = sup |22 (P(0) — 5 ())|

1<z<2 =Yy

+ sup |zﬁP| + |z%§2| + sup [2**P|+ ]22‘”%{%

22Yf Yyo<z<yy

We define our “nonlinear” Banach space to be

Pk
Ny = {(P.2) € Clyos )): — = € ([0, 0)

: lim (zﬁP,zﬁQ) exists, (P, Q)]|n,, < oo}

Z—00

Now for each € > 0, we shall define affine subspaces on which the iteration will take place.
We define the following e-dependent affine spaces,

Xyo [6] = {<p7 w) € Xyoz p(yf) = ]50,6[6]7
w(yr) = woelel,  Pyy) =prelel,  W'(yr) = wielel},

Nold = {(P.Q) € Ny: Plu) =61l Q) =uld  (P= 72—/ uy) = el

We also define the difference spaces

Xyoler, €2] = {(p,w) € Xyo: p(yy) = Poeler] — Poelea],  wlyy) = woeler] — woelea]
p/(yf) = ]31,@[61] - ]31,e[52]a W/(yf) = W1, 1] — @1,6[62]},

Nyoler, €2] = {(P,Q) € Ny,: P(yy) = 1le] — ailea],  Qyy) = afer] — Ga[e2]
(P = 5= (4y) = dule] ~ dnfe}.

Lemma 3.2.4. For yo < 4 there exists Cy > 1 such that if (P,) € Ny,[e] then

o Tol € (j) € B —— Wh €
(p, w) = R(P, Q) —+ ( 5(7 — 1) + 0,3[ ]) _(2 _ ’7) (phoma om) S Xyo[ ]



and
1 _ 1
1P )], < 5C190 " 12, )|, + 5C1lel- (3.60)

Moreover, if for some €1, €3, we have that (P;,$;) € Nyle;] and we define

e 1
iy Wi) = R P’L Qz M . el T84 om om
(p,U.)) ( ) )+ ( 5(7_1> +w0, > _(2 f}/)(ph , Wh )

then (p1 — pa, w1 — w2) € Xy, [€1, €2] and

1 _ 1
[(p1 = p2, w1 — wa)llx,, < iclyo“HPl = P, — Qyl|n,, + §C1|€1 — €. (3.61)
For a proof see Subsection 3.5.2.
Also, we have that the non-linearity is bounded as follows.
Lemma 3.2.5. If yo < %, then for all C > 0 there exists Co(C) < 1 such that if € <

2
Co(C)yy then there exists Cy(C) > 1 such that if (p,w) € Xy, [e], [|(p, w)]|x,, < C then

(P,Q) := N(e,p,w) € Ny e, (P, Q)||Ny0 < || Cs. (3.62)

Moreover, if for some €1,€s. we have (p;,w;) € Xy, [€e;] then N(e1,p1,w1) — N(€ea,p2,wa) €
Ny €1, €] and

||V (€1, p1,w1) — N(e2, pa, w2)ln,, < Colel[[(p1,wi) — (p2,w2)l[x,, + Coler — €] (3.63)
For a proof see Subsection 3.5.3.

Lemma 3.2.6. There exists a universal constant C3 so that if one fixes yo < ygf then for
€] < yb there exists a unique solution (ple](y),w[e](y)) € Xy, le] to (3.58) with

[(ple], wleDl|x,, < Cslelys”

Moreover, if |e1], |e2| < yb', then we have the Lipschitz estimate

|(pler], wler]) = (plea), wlea])llx,, < Csyp”ler — . (3.64)
For a proof see Subsection 3.5.4.
If we convert this back to the original variables we obtain

e /; N Ephom<a2y + B) N 6p[ﬁ](oaz + )

Y2 Y= Yy
We may express this as

;U= ey (Whom(ay + B) + wle](ay + B)) .

pm o) o W), = eponom(y) + et )
y= oy
where
Dewt [e](y) — phom(ay + Q_ phom<y) + p[€]<ayi+ B) : (365)
yz= yz=
Uezt[€](Y) = Y(Whom(ay + B) — Whom (y)) + ywle](ay + B). (3.66)

Converting the lemma to these variables gives the following result.
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Lemma 3.2.7. For yy < 1, € < yk, there emists ple], ule] € C([yo, 00)) which satisfy (3.4)
and may be decomposed as

Yy oy

{ﬁemt [6] (y> = % + iphomQ/) + 6pemt [6] (y>
aezt [6] (y) = Eywhom(y) + EUegt [6](y)

where we have the bounds

SUp 0" 75 peat s [0 ttemt s 19T 0L I U] S g™ (3.67)
y0<y<1
and
swp |y 5 peatly [UF e, |97 PPl o Pl S ey ™. (3.68)
<y<oo

Also we have that € — peri[€](Yo), Uext[€](Yo) is Lipschitz on a neighborhood of zero, with

Pext [0] (yO) = Uext [0] (yO) = 07 (369)
_ _8-5y _ 4(y—1)
’pemt[€1]<y0) pemt[€2](y0)’ S Yo 82—7 : ’Uext[El](yo) uaxt[&QKyO)’ Sj Yo ;_7 . (370)
€1 — €2 €1 — €2
Finally, we have the monotonicities
1 1 2 k
2 — (2 - )< oo —— 71
(wtEZ=my)252-7), F=3 gy mey (3.71)

Proof. The bounds (3.67)-(3.70) follow from Lemma 3.2.6, and then the definitions (3.65),
(3.66). We then compute

k / 2
i = eywy,,, + €Whom + €U, (p——) = Ep;@ -3 eﬁ’rl +€p.
y2-e Y- Ty
We then use the asymptotics for ppom, Whom from Lemma 3.2.4 to get
Whom| S YW TR, yhoml S YT,
__2 2 —
Y Phoml S YT W, T Bl Sy

We also note that by (3.67) and (3.68) we have

_ _ __1 _ 2 _q_
W S ey My My T, | Seyty T T ()M

Combining these gives

. _ 1 2 g _
al' Sey )= - —) [ S ey )"
We then note that as y > yo, we have that (y) < yy, ", so we have

N _ _1 2 k _
i S eyt (y) T, TN — — ) IS en”
y -y

Since we may Without loss of generality choose ey,” < 1, we may assume that these are
bounded by A ey and k: which proves (3.71). O
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3.3 Solving in the interior region

3.3.1 Preliminaries on the Lane-Emden Equation

We introduce the variable w (self-similar enthalpy) by

- vy—1_ 1
p=(—(—w).
gl
We then take the divergence of the second equation of (3.4) and obtain

(24 (2~ 7)yd,) (540) 77 + div (( Vlw)ﬁa) =0
div (v = 1) + (@+ (2 = )y)8,) @) + A + 4r () 71077 =0 - (3.72)
p0)=0, a)=0,  @0)=-3

We then recall that in this case the far-field solution is given by

= Y= 1)%%2;1? = kyfﬁ.

_ v k’yl
Qr(y) - : (,Y

The asymptotfics of the ground state (normalized by Q(0) = -13) as y — oo can then be
seen to be

Q= 1+ 0y ™).
In particular, we have the global p01ntW1se bounds
_2(v=1) _2(yv=1)
(y)" 27 SRSy 7. (3.73)
At the level of the mass-density, we have
Y-l ok -
(—Q) " =—(1+0H")
g Yy

We now define

S
We may then compute the leading asymptotics of the potential to be

(477 vy—1, 1 2-9 2(4—3v) 1 1

~y—1 y—-1) = _—

7—1( v ) 2-7)? v (y”“)
From the scaling symmetry of the Lane Emden equation (3.18) we see that one element of
the kernel of H is

(3.74)

vy = yo,Q + —2(27__71) Q.

We then define vy by imposing that v,v — vjvy = y~2, which gives

Yo 1 /
Vg = —vl(/y Wdy ). (3.75)

We note that v,v, = O(-) as y — co. The following lemma describes the next order
Y2

asymptotics.
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Lemma 3.3.1. As y — oo, the functions vy,ve satisfy, for some c3,cy > 0 and dsz,dy €
R/27Z,

sin(v log(y) + d3) . sin(v log(y) + d4)) + O 1 )
Y Y

and one can differentiate these asymptotics arbitrarily many times. Moreover, although vy =

O(é) as y — 0, vy, yvy are smooth up to y = 0. As a consequence, we have that on [0, 00),

we have the pointwise bounds that for k > 0

(01, Uz) = (03 y%ﬂ‘

[NIE
[NIES

_1_ 1 1
|8§v1\ S (y) 2 , [va] < Yyt (y)2.

This lemma is proved in Subsection 3.6.1. It then follows that for some c; > 0 and
dy € R/277Z we have that as y — oo,

7 a1 v cosin(vlog(y) + da) 1
Q - — 1k yQ(W L) + k2= y% + O(y%"'ﬂ

)

At the level of the mass density we obtain that as y — oo

-1 1 k sin(v lo +d 1
Q) = e, logly) ¥ o) | Ly (3.76)

y Yy

3.3.2 Motivating asymptotic expansion

_2(v=1)

We now assume w(0) = -23A" 2= and perform the scaling

2(y—1)

=X ()N, a = Mal/N).

We then substitute this into (3.72) to obtain

( + (2= 7)yd, )(VT )71 + div ((2%@)ﬁa> =0
@ + 4 (5 )771”7 = A div((y= D)+ @+ 2= y)d,)a) - (3.77)
u_J(O) = 771’ "0) = a(0) = 0, @(0) = _%

2
In this case one can consider doing a formal expansion in powers of A2=7. The zeroth order
contribution for u is the equation

{<2+ (2= 7)yd,) (Z1Q)TT + Juy =0

w(0) =0,  up(0) = -2

[\

where .
Ju = div ((LQ)vl—lu) .
Y
We then recall that the system

Ju+f=0
w@0) =0, w(0)=-{Y
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is solved by u = T'(f), where

1 Yy
1) == [ F) W
y?(Q) Jo
One then defines )
— 1
w = T((2+ (2= 7)y0) (= @)7).
We then recall that from (3.24) that as y — o

3 4(y-1)

uy =k~ (2 = y)2cpsin (vlog(y +da + 60)) y' " + Oy 2 ).
In particular, u, obeys the global pointwise bound

ue] S lyl(y) " (3.78)

As a comment, in this case, the next order equations one obtains are

div((-5Q) 7 uy) + Luwy = 0
—Huwy + div(((y = 1) + (us + (2= 7)y)9y)us) =0,
w1(0) = wi(0) = u1(0) = u1(0) =0

where

vy—1,1 1 2y oy —1.1 1 2—y
Lw:=(24+(2— 0, 71 1) + div v—1 T uW).
@2+ (2= 10 1=)77 (@ w) +div((o) ™ =0 )

We then note that since S will again multiply expansions by 3?2, we will get that
wi = O(y*™").
Since T" will multiply expansions by yH%, we will get that
w = Oy 7).

These growth rates motivate the function spaces, described in the next section, in which the
iteration will take place.

3.3.3 Difference equations and iteration scheme

As a comment, in contrast to the previous section, in this section we will not rescale space
and all the functions will be defined on [0, yo]. This is to make more clear the continuity of
the solutions with respect to changing A. We now define

_2(y=1)

Qx=A"7Q0/A),  w=2ul/A),  via=/A)
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2(y—1)
We now show the existence of solutions with p(0) = AT (equivalently @(0) = ~13 A~ = ).

We define difference variables (w, u) implicitly by

_2(y—1)

B(y) = Quy) + A" Twly),  aly) = ua(y) + A TEu(y).

We then have that (3.72) with the boundary condition w(0) = -23A™ 27 is equivalent to

the following system on [0, yo):

1

(24 (2 7)y9,)(2 ;l(Q + AT )
+div ((7 11 S )T (uy 4+ AT ) = 0

div((( D)+ (i + AT w4 (2= 7)y)d )(UAHHQ vu))
FAQa + X ) 4 dn(I2) T (Qa + AT ) =0
(w(0) = w'(0) = u(0) = u(0) =0

We then define

Ty = AT div((7 —

201, 2 -1 1 =
Lyw := X" "2 T2 <(2 +(2- ”Y)yay)(7 )T (@ w)

Sx

Tof = - . / F)Wdy
t1 7y2( 7 LQy)7T
K/\ = T)\OLAOS/\.

~
|
l\'J
3
+
4
VR
Q
Kh
<
l\.’)
y
Q.
<_
~_
=
>/
|
Q
~
(o4
=
>,
&
<_
\_/
\_/

We note that these operators satisfy

1 2
H\S), =1id, —J\T = id, XJ/\U’\ + A7 (24 (2 = 7)y0, )( QA) =

We will use the expansion

2(7 1) 1

v—1 +22 ) 7
(T(QAJr)\ )7~

—_— —_ —_— 1 —_ —
- (7 1Qk>ﬁ + )\,2(277714%1”(7 1)ﬁ ! / (@x+ A 2(Jﬂlbrﬁwt)%dt
v 0

= (T xS ()P0



a1, 4, y—1. 1 27 /1 20-1), 2 32
+ 2=y T2 ( ) - ( )(Q)\_{_)\ 2=y TZoyqt) - ldt
A ) )
to define
Fa(w,u) = A 55475 2 1 (2 — )yd,)(wH( L) 220
A , = 22—y 2—y — y—1
Y v (v —1)?
1
/ (1= 1)(Qx + tA~ 55 Fo570) 51 dt)
0
2(y-1 1.1 1 1 41
+A! iﬁﬂidw<ﬂ )T mg/«%+A éfﬂvwwwwa
g v—1 0
Ay=1) | 4 -1, 1 2-v
+ A 2 ta div (qu2 y—1
( ) (y—1)?

('y 1)

[a-n@ra
Gap(w,u) = div (((v = 1) + (ur + (2 = 7)y)0,) ua)
F AN TS div (ua uy+ (v =1) 4+ (ur+ (2 —=7)y)9y) u+ )\H%u@yu) ,

taZt) o ldt)

1 —1 2 1 .
Ghralw, u) = 4m\~ 57 TR ()7 72/ (1= )(Qr + A5 5 0t) T2 dt,
g (v=12Jq

Gr(w,u) = Gy1(w,u) + Gy2(w, ).
we then obtain the system
Lyw + Jyu + F)\(w, u)
= —Hyw+ G)\(w,u)
w(0) = w'(0) = u(0) = u'(0) = 0
which we can solve using the linear solution operators as

{u:n@xmwyug@gmm)
w = S\(Gx(w,u))

0=
0

(3.79)

We will now define the spaces in which our iteration will take place in and the norms which
we will use.

Definition 3.3.2. We have the following spaces

Z = {f € C*([0,4]): £(0)=f'(0)=0
Y= {f € C*[0,50]): f(0) = f'(0)=0
G == C°([0,%0)),

F={f € C([0,%]: f(0) =0)}.

On each of these spaces, we define a A-parameterized set of norms as follows.

= Dy 1 Ao, f1 + X0
1£llzi= sup (" CF I+ 2 MO f1+A700, 1),

y€[0,y0] A
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o Y\1+p—5% A2 A 2192
fllva = sup () W(ElfH;AI@yf\ + 10, 11),

y€[0,y0] A

1£lloy = sup ()17,

ye[ovyO}

A
fllz, = sup (1T + A0,

ye[O,yO}

As a comment, to read off these exponents, one can first motivate the growth rates of
Zy,, Yy, by considering w;, u; in the previous section. From these, one can get the rates for
Gy, , Fy, by requiring that S, T be bounded.

We have the following lemma regarding the linearized operators.

Lemma 3.3.3. Ifyy < 1, Ay < %Oyg, we have that if G, F € G, F, then T\(F), K\(G) €Y,
and S\(G) € Z. Moreover, we have that there exists a constant Cy independent of yo, A such
that

TNy, < Cil|F|| 7,
1SA (G2, < ChllGllgys
[[KA (G, < Chl|Gllg, -

Moreover, these family of operators have a Lipschitz dependence on A, so that in particular

~ Y
if A < Ay < 0 then we have

A2 — A1

max || T, (F) = Ta,(F)lly;, < G

min || Fl|7, ,
7

A2 — A1

max |9y, (G) = 5 (G)l|z, <

min [|Gllg, ,
(2

A2 — A\

max ||, (G) = Ky (G, < G min [[Glg, -

For the proof see Subsection 3.6.2
The analog of the nonlinear bound is the following.
Lemma 3.3.4. There exists Cy > 0 (independent of yo, \) such that if u,w € Y, Z respec-
2 2

tively and if ||ully, +||w||z, < C then if C-y; " < 1,y5 " C* <1 and A < . then we have

Fy(w,u), Gy\(w,u) are well-defined, lie in F and G respectively, and satisfy
[Ex(w, w)||7, + [[GA(w, u)]lg, < Ca.

Moreover we have the Lipschitz estimate that

|| Ex(wa, ug) = Fx(wr, wa)|| 7, + |G (ws, ug) = Ga(wi, wa)]lg,

_2
<Oy (14 O)yg " (llug = wallyy + [[wz = willz,). (3.80)

125



Fmally, we have the following estimate on how these operators depend on A, for 0 < A\ <

Ay < 4 107

A2 — A1
AL

m?‘x HF>\2 (wv u) — Iy (w7 U)“]f)\i + miaXHG)\z(wﬂ U’) — Gy, (w7 U)HQAZ» < Cy
For the proof see Subsection 3.6.3.

2
Lemma 3.3.5. There exists a constant C3 > 0 (independent of yo, A) such that for y;™" < 1,

A < 95, there exists a unique C? solution to (3.72) with w > 0 and the property that it can

be decomposed as

- _ (7 1) 2 - 2
D(y) = Qay) + A~ 77 I (y), =+ AT ()
with ||w]|z, + [|ully, < 100 Moreover, if 0 < Ay < Ay < 4%, then we have
Ay — A

Cs. (3.81)

max [Jw[Aa] = wih]l|z, + [[u[Xo] — u[M][ly, < A\

For the proof see Subsection 3.6.4
As a comment, the analog of Lemma 3.6 is then the following.

Lemma 3.3.6. If ygj < 1 is fized, then for X < ¥ there exists C? functions ping, Uing
defined on [0, yo] which solve (3.4) of the form

Yo, Y\ o Yy, 2 g

|pint] S (X>2<X> m [Uing| S p(ﬁ“ e (3.82)
Y.y Y Y, 2 _q_

mt| ~ )\2<>\> 7 1nt| ~ F<X>277 ' " (383)

Moreover, X = 0, (pint[ A (o), wine [N (10)) satisfies the following on (0, 15yo)
A

. ‘ . . N 1+% ) _
as well as the following Lipchitz estimates with respect to A for 0 < Ap < Ay < %
|pint[A2](y0) — pine[A1] (o) < e (f)“
Ao\ 1452 A1+ < A=A AZ (3.85)
[(52) "2 i [Ao) (o) — (52) P wime[M](wo) | S 257 (53)"

We also have the following bounds on [0,yo], for some absolute constants independent of
Yo, )\7
i+ 2=y Sw, PJY - (3.86)
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Proof. We begin with Lemma 3.3.5 and then define

—1.1 1 2 26 1 o 2(v-1) =
pdd] = ()T 5 ) [ (@ 55 )
8 v—1 0

The estimates (3.82)-(3.85) then follow directly. We may then use

—2(y—1)

_2(y=1) _2(v=1) —2(y=1) —S=
il Syl <wo. QRN =7 ()75 22y

Moreover, from (3.82) we have

2 Y- Yy-
AT ] STl (7 < Dol ol S TS L

2

As we impose 3¢ 7 < 1, applying the triangle inequality yields (3.86). O

3.4 Proof of the theorem

3.4.1 Matching and existence of C' polytropic Hunter solutions

In this section the following lemma is proved.

Lemma 3.4.1. For some integer N > 1 there exists C* solutions to (3.5) on [0, 00) subject to
the boundary conditions (3.6) and also p; > 0. In addition, p; intersects the far-field solution,
pf, exactly i + 1 times. Moreover, the sonic point condition (i + (2 —)y)*> —vp"~' =0 is
satisfied at exactly one point y = y. € (0,2ys), where ys is the sonic point for the far-field
solution, (3.14).

Proof. We follow the same eight steps as in [100]. As a comment, it is easier technically to
use a variant of the implicit function theorem which only requires (quantitative) Lipschitz
regularity. This variant is non-standard, and so the statement and (elementary) proof are
provided in Subsection 3.7.4.

1) We pick yo < 1 (dictated by the assumptions of Lemma 3.3.6). Without loss of
generality, we may require that (3.26) is satisfied. Then, we pick ¢y < yf (dictated by the
assumptions of Lemma 3.2.7). For € € [0, ¢g] we apply Lemma 3.2.7 to obtain a family of
solutions (peat|€], text[€]) on [yo,00). Then, for A < ¥, we apply Lemma 3.3.6 to obtain a
family of solutions (pin:|[A|, Uint[\]) defined on [0, yo).

2) We define

Flyol(e, A) + = Peatle] (Yo) — Pint[A] (o)

= i + LLphom(yO) - (,y — 1Q)\)ﬁ + (Epewt[eKyO) - Pmt[)‘](yO))
Yo | Yo |
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We let g(y) = (22Q)71 — —b— — ¢ 8n01osWltd2) o note that by (3.76) we have

y27'y Y2
1

2
yﬁ+2u

From (3.54), (3.69), (3.70), (3.84), (3.85), we see that we may express

q(y) = O( )-

e = 1 1
Flyol(e, A) = —crsin(vlog(yo) + di) — co——sin(vlog(yo/A) + d2) + —aq1(€) + 5 ¢2(N)
Yo Yo Yo Yo
where (@) ()
€1) — € ﬁ _
@(0)=0, IUTINET 0 4 O(eyy”).
€1 — €2
A1) — ga( 2 _
lm ) =0, LA Z@R) o5 | o)

A—=0F 22— 22—
Al = A

We then recall (3.26) which gives

Fyo = Yo 2 (ec1 — Megcos(vlog(N) + di — da) + qi(€) + ga(N)) (3.87)

2
. . . 55+
and note that if we consider the regime e, \* <y~ " then

_ 2 HY H 2
|Q1(€1) Q2(€2)|5y537’ |Q2(/\1) q2(Ay) <y237.

m m ‘N 0

(3.88)

2

We then note that if ;" < 1, then by Lemma 3.7.3, we have a well-defined function €(\),
Lipschitz in A*, which satisfies limy .o+ €(A) = 0 is locally uniquely determined for A > 0 by

Flyol(e(A), A) = 0.
3) We observe that from (3.87) and (3.88) we may read off

€(N) = 2 \n (cos(l/log(/\) +d; —dy) + O(yézw)) :

C1

4) We now define the second matching function to be

Gln)(N) = ——oy (e () — isne N (0))
coya® ™ Mesin(6y) (2=7)

This will be a Lipschitz function of \*. We then may compute that (by a similar computation
as for the first matching function), using (3.54), (3.69), (3.70), (3.84), (3.85),

2

Glyol(A) = —sin(rvlog(A) +di — da) + O(yg ).
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5) We then pick
1 1
Ai,:l: = exXp <—_]/(:]:E - dl + d2 + kﬂ'))
_2
and we have that if 7 is sufficiently large so that A\; + < Ao A/ S yé’”w then Glyo](\i+) is
well-defined and

Gl (N = (-1 sn () + 00

2

We may choose y; 7 < 1 if necessary to ensure that the remainder is bounded in magnitude
by %sin(l—lo). Thus, for each ¢ > N for some N, we have that by the intermediate value
theorem there exists \; € (\; 4+, A; —) such that G[yo](A\;) = 0. Thus, we may glue together
the interior and exterior solutions to get a continuous solution on [0,00). Moreover, by

(3.86), we see that the determinant

D(y) = (u+(2=)y)* ="~
—2(y=1)
is negative at yo (the negative contribution is O(y, >~ ) while the positive contribution is
O(yo)). Thus, D(y) does not vanish at the sonic point, so the ODE system is regular, and
so the solutions (pine, Wine) and (pest, tert) can be glued at yo to obtain a classical solution
on [0,00). We note that as previously mentioned, on [0, yo|, we have that D(y) is negative.
Moreover, we see from (3.71) that D(y) is increasing on [yo, 00), and so there is exactly one
sonic point. it remains to count the intersections with the far-field solution.

6) We first show that yﬁ p — k and ppom have the same number of zeroes on [y, 00). To
do this, we define

(t) = e ppom(el),  B(t) = e ().

The problem then becomes showing that ) (¢) and ¢ (t) 4+ ¢(t) have the same number of
zeroes on [—log(yp),00). We then note that by Lemma 3.2.1 we have that as t — oo,

1

0(t) = e+ O3
and hence has no roots. Similarly, as ¢t — —o0, we have

Y(t) = ey sin(vt + dy) + O(e%t).
_2
In particular, by (3.26) we have 1 (log(yo)) = ¢1 +O(y; ") which is bounded away from zero.
It follows that v will have finitely many roots and they will all be contained in an interval
[log(yo), log(Yp)] for some large Yy. Moreover, there exists ¢ > 0 so that if {t}; are these
roots then [¢'| > & on Uj[t; — 5.t + 155) and [¢| > & on the complement of this set. It

100
follows from (3.67) and (3.68) that

[ [0] S eyo ™ (e)*

Since the roots occured in a compact set, by choosing eyy” < 1, |¢)|, we may ensure [¢)/| < -

* 100
which will ensure that ¢ and v 4 1 have the same number of roots.
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2

2
7) We next claim that if y; 7 < 1 and M < yé’”W, then we will have that y%ﬁ —k

and y%(%lQ,\)ﬁ — k will intersect 0 the same number of times on [0, yo]. To see this, we
define

K0 = (e () (R Qe T - k).
Rt = (@ (077500
and note that as ¢ — —oo we have
X(t) = —k + O(exY)
and as t — oo we have, using (3.76),

X(t) = casin(vt + dy) + O(e ™).

2
72+
We note that we will have y < yo, so we have that, using \* < y; 7" !

_ Y. _ AH 2
€“t:(x) “§y7§y§W~
0

Thus, if we switch variables to x, which is defined implicitly by
1
t= log(yo) — ;(l‘ — d1 + dg)

we will have be (3.26) that
_2
X(t) = ez cos(x) + O(yy ).

and t, 4 = log(yo/Ar+) corresponds to x4 = —km £ ;5. We can thus see that |x(t)] is
bounded away from zero on a neighboorhood of log(yo/Ax). Similarly on neighboorhoods
of the roots of x(t) one can show that the derivative is bouned away from zero. Finally, it
follows from (3.82) and (3.83) that on (—oo,log(yo/\)) we have

2

(O] X ()] S (V)T ()2 < (AT < gy 7.

From this, similarly to Step 6, we may conclude that y and x have the same number of

zeroes. It then follows that y% Pint[Ni] — k and y?e® i — k intersect 0 the same number of
times.

8) We see that the number of zeroes of y%ﬁ — k will be the sum of the number of zeroes
of Prom on [yo,00) (a finite number, indepedent of ¢) along with the number of zeroes of

y%(%lQ&)ﬁ — k on [0,yo]. We now show that this latter number increases by 1 when

i — i+ 1. It suffices to show that the function x(¢) defined in the previous section has
exactly one root in [log(yo/Ai,1og(yo/Aix+1))]. We define

X(t) = x(t) — cosin(vt + dy).
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and note that by (3.76) we have that as t — oo

2

XOL X S

and so we see that x(t) has the same number of roots on this interval as ¢y sin(vt + dy). By
a similar argument as in the previous step, we may see that ¢y sin(vt + ds) has precisely one
root on this interval.

Thus, for ¢ sufficiently large, the number of roots of y%ﬁ— k increases by 1 as ¢ increases
2
by 1, so by re-enumerating if necessary we see that y2-7p;, — k has precisely ¢ + 1 zeroes.

[]

3.4.2 Proof that C' polytropic Hunter solutions are real analytic

We recall that by Lemma 3.1.5 the Lane-Emden equation can be put into the desired normal
form at the sonic point. We now state and proof an (easier) lemma regarding the singular
ODE problem at the origin.

Lemma 3.4.2. Neary =0, assuming p(0) = po, @(0) =0 (and py > 0) we can put (3.5) in
normal form. The parameters in this case are
a = po, sz? C:2p07 d:2p0

In particular, U = @/'(0) = % 15 determained uniquely and we have the nondegeneracies

a+ bU = py, K= 2.

Proof. We consider the ODE system (3.5). We assume that 5(0) = po > 0, and multiply the
mass-conservation equation by y. We divide the u equation by wg*?. Finally, we substitute
p = po + p. This gives the system

(pot+p)" 2 at(2—y)y o1 (y=Da s (7 _
(( )(p)+< + s (oo + B) (4 (2 7)3/))20.
Y

i+ 2=7y) ylpo+p)) \U 2(po + p)(a +y)

This equation is in the desired normal form. We may then read off

a = po, b=0, c = 2pp, d = 2pyg.

wro

In this case, the characteristic quadratic, (3.9), is linear and the unique solution is U = —
We thus have
a+ bU = py, K= 2.

We now prove Theorem 3.1.1.
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Proof. By Lemma 3.4.1 there exists a C'! solution with these properties. The solution is real
analytic for y € (0,00) \ y. by standard ODE theory (since the ODE is non-singular). We
comment that by Lemma 3.1.5, in a neighborhood of the soinc point, the system (3.5) can
be put in the form of Definition 3.1.2. We then comment that if we replace wy = 2 — v by
we = Wole], then the characteristic parameters will change contiunuously. Thus, by Lemma
3.1.5, for e sufficiently small we will have a 4+ bU # 0, k > —%. Thus, by the existence part
of Lemma 3.1.4, by choosing the Larson-Penston-Hunter boundary condition there exists
locally an analytic solution. By the uniqueness aspect of Lemma 3.1.3, this agrees with the
previously constructed solution, establishing analyticity at y;. Similarly, by Lemma 3.4.2,
on a neighborhood of the origin there is a unique analytic solution. Thus, the solutions
provided by Lemma 3.4.1 are in fact analytic on [0, 00) as desired. O

3.5 Deferred proofs of Section 3.2

3.5.1 Proof of Lemma 3.2.1

Proof. In this case, the linearized ODE we are considering is

(2—7)2 kz P’ 0 , %k P 0
271;533”:)221—% (2 B ’7)2 W' + (47"(2%7) 1+ # w) =V
v)2 2

4-37)22-7
We comment that the coefficient matrix is singular when fz7 = —4;’7. Assuming that this
is not the case, we may invert the first matrix to obtain
—4rk ; -3 (v—Dk Ark? ]
v 1 (4-37)2' T2 =722 (4 gy (22T Py _
i)+ — 5 Am(2—) 1 2mk(3v—2) = 0.
w 1— 2 | 5 5 w
=3 (4-37)z' T 7=7 2=z " (ay)a—3y)s T
We first let ( Dk
2—9
and then we have
__ Arnk _2m(672—15y+11)k?
7Y+ ! 22 (2-7)2t 2 P\ _y
W' 1 — 20} 4n(2=y) - 27rk(672715'y+102) wl =
(4=37) @3yt @72 o syt
We then let
B (672 — 15y + 11)k
! 2(2—7)?
and in terms of (p,q) we have
dmk
P ! ’ Tk D
q + o -2 | -1 2rk 1 2k (6—57) p =0.
1- 4-3y kz 2= (2=7)= (2—"1)(4—3’y)z1+% (2=7)z (4—37)(2—W)z1+%
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From the first equation we have that

1
47k

27 2
kz"2=)p
" )P

0= (g7)7 -

and we may substitute this into the second line to obtain the following second order equation
for p (note a factorization is used to simplify the coefficient of p)

B 1 5—7 4k _ 1 Ak 5, 2

// /

P+ —( - =)0 — — z T 2p=0.
L s i =7z (@—qy)ste =L 2=7)

We then let p(z) = f(% ?Z%). We let z = 2= ?;:z% and obtain the following equation for
f(z):

, 2-7(4 -3y
2x(z — 1) 202 (x — 1)

We then let f(x) = g(1 — %), E=1- % to obtain the following equation

" (_4 + 57)5 +3 - 579/ (2 — 7)(4 — 37)
28(£-1) 28(£—1)

e+ (52 — (8 = 57))f

f=o.

g=0. (3.89)

We recall the definitions

6 — 5y LV =207+
2(2-7)’ 2(2-7)

We note that this is the hypergeometric equation with

ft =

2 — 2 —
o= u—iv), b= X(p+iv), o=

5y — 3
5

The unique solution (up to a constant multiple) which is smooth on a neighborhood of £ = 0
is given by

7672—157+11 2—7 L 2—7 Loy —3
We recall that as & — 0, we have
2—~ L 2—7 ., 0y —3 (4-37)(2—7)
(e i), 2 i), T2 9 = 1+ S e ofg)

where F'(a,b,c,&) denotes Gauss’s hypergeometric function. By inverting the change of
variables, we get the following homogeneous solution for L:

phom,pre (2)
whom,pre (Z)
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3y—1 6(y—1)

- _ - ( - 2k g (1 _ 2k

B (672—157+11) (4—37)(672—157+11) (4_37)2 77 . (437)

=1 _ 2(2—~)2 2(2—7) (1 i ok ) g/ (1 . 21k
(672—157+11)k  (4—37)(6v2—15y+11)k (4—3"/)22% 1 (4-37)2 77

One can then check that as z — yy, we have

—18 18vy+4
Phom,pre =1+ #ylf( - yf) + O(Z - yf)
_ 2027 | 42)(=D(T-3y) 1

Whom,pre (By—1)k + (3vy—1)(57—3) W(z - yf) + O(Z - yf)

Finally, letting (phom, Whom) = k2((3 0 1)) (Phom pres Whom pre) and this finishes proving part (a).
For the next part, we start by considering

93(&) = F(E2(—p—iv), F(—p+iv),—1,1-¢)
ga(€) = =31 —FP(AER 2y, 2 20y 51— )

This gives the following fundamental matrix for (3.89):
_ (93(8) 94(§)>
0= (16 56)

In this case, the determinant satisfies the following ODE and asymptotic expansion as & — 1

;o (=4+57)6+3 -5y 1\t _
W/ + %= T) W =0, We=01-82+0(1-2¢)

Solving this ODE gives

(NI

)-

This leads to the following fundamental matrix

ey et (- ) ok

~ v<—15v+11 —37)(6v°—15v+1 == T

L (4—37) 2T

Uoo(z) I 2(2—7v)? 2(2—) (1 . 2Zrk ) VOO(l o A 52 )
(672—167+11)k  (4—37)(6v2—15y+11)k (4_37)2% (4 —3v)z2

This will satisfy LU, = 0. Taking the limit as z — oo gives

22—
2(2—7) ( o2k )% 1
(4—37)(692—15y+11)k

1 — (=1 (27rk )% 1 O( ) O( 1 )
~ (4—37)(6v2—15y+11) \4—3~ i i J:

Usx(z) = +

(2) I ( )

Finally, for the fundamental matrix of the lemma, we define

- 1 0
Uso(2) = Uss - (0 (4_37)(672_157+11)k(4_37);) )

2(2—) ok
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To consider the asymptotics of the inverse, we first compute

-1 . 6(7;1) (1- 2mk
dot (6 45%;1) (4—37)(672—157+11) (1327
. 2(2—7) 2(2—7) ( . 2rk .
(672—157+11)k  (4—37)(672—159+11)k (4_37)2727
2(2 — 7) ok

(4=37)(69* = 15y + 1)k (4 — 34),75 )
which in particular gives

-1

3y—1 . 6(y—1) ( o 21k
(672—157+11) (4—37)(672—157+11) (4_37)2%
o 202—y)? 2(2—y) (1- ok
(672—157+11)k  (4—37)(6v2—15y+11)k (4_3W)Z%
= ( ok 1 (@=37)By=1k o ork 1)
o 2 — 4 —3v)(1 — ——=——)~ — — 1-— T - )
( 7)( 7)( (4_37)22% ) 2(2—7) ( (4_37)22% )

This allows us to compute the asymptotics for the inverse of U to be

) 1 — O(—) O(—%)
—_ - ze= z2—

2(2—v) 2mk

Finally, the asymptotics of U_! follow from

L (1 0 o
Us = 0 (4—37)(672—157—{-11)1@(4—37)% U, .

2(2—) 2k
To construct Uy, we start by defining
2— . _ . — . — .
o= (=€) T 0P (= i), 2 — i) = 51— (2 = ), )
2— - — . — . — .
gy = (=€) T T F R (—p - iv), 25 (—p ot iv) = 5 1402 - ) g

We then define
g :ga_l'gb g :_ga_gb
5 2 ) 6 2@

which are real-valued. We then define for £ € (—o0,0),

_ 95(5) 96(5) _
%@—@@gﬁﬂ"%“mw

In this case, the boundary condition is that as & — —o0,

Wo = 222 n(-9)" + 0~ F).
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Thus, we get

57=3
W= G VIZE 2 (29 ( 96(€) —ga(§)> .
2 (o= 2=y VI=€ \-65(&) 95(6)
We then get the following fundamental matrix for z € (0, 1):
3y—1 _ 6(y—1) (1— —2mk ) .-
. (672—157+11) (4—37) (67— 157+11) TS T
Uo(2) = 2(2-7)? 2(2-9) ) e Vo(l = ———).
(62157 +11)k (4—37)(672—157+11)k( (43T (4 —3v)27

We then note that as & — co, we have

gy =9 (4 1) + o0

where

C4=-37)By—-1)=3(v—1)2—)u 2~
a (672 — 157 + 11)(4 — 3v) COS( Vlog(—§)>
3(v D2 -)v (2=
(4 = 37)(67% — 157 + 11) Sm( ’/10%“(—5))
(4-379)3y 1) +3(y - D2 -y (2 .
2

T, = sin

62— 157 £ 1) (4= 3)) ”log(‘@)

3(v -2 -y 2—1
(4= 37)(67% — 157 + 11) COS( 2 ”1°g<_5)>’

22U+ 2= (2-7
B U567 15y + 10k COS( 2 Vlog(_g))
—(2—9)% (27

T A3 62— 15y + 10k Sm( 5 ”log(_g))’
2274 -37)-2-p_ (2-7
2(4—37)(672 — 157 + 1)k Sm( 2 ”log(_f))

—(2-) 27
(4—37)(672 — 157 + 11)k COS( 2 ”1°g<_§)>'

T4:

We then claim that we may factorize this as
(T1 T2> B 3cos(—g%ﬂ/log(—f)) Ssin(—?ulog(—f)) A
T3 T, @_TVWCOS(—%T”Vlog(—ﬁ) + 6p) @sin(—?ulog(—g) + 6p)

for some constant-coefficient matrix A. Indeed, by inspecting the upper two entries if this
were to hold, we must have

(4=37)3y=1)—-3(y=1)(2—7)p 3(y=D(2—v
A= (672 —15v+11)(4—37) (4—37)(6v2—15v+11)
- _ 30— (4=37)By=1)-3(v=1)(2—y)p
(4—3+)(672—157+11) (642 —15y+11)(4—37)
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From this ansatz, verifying this factorization for T3 follows from showing the two equalities

(2= 1)H(((4 =373y — 1) — 3(y — 1) — 7)) cos(f) — 3(y — 1)(2 — 7)wsin(d))
=—22—7)*(4 -3+ 2—-7)n,

(2=7)2 (((4=37)(37—1)—3(y—1)(2—7)p) sin(f) +3(y—1) (2—7) cos(f)) = —(2—7)*v

Indeed, to verify these, we recall

2+ in(60) V=% — 20y — 28 V2—~
———— sin =— = —v—-
42— 0 42—~ 2

We can then simplify the first equation to be

cos(fy) = —

(24+79)(37* + 3y = 10) + 3(y — 1) (=7 — 20y + 28) = —16(2 — 7)(4 — 37) + 4(6 — 57).
This holds by direct computation. Similarly, the second equation can be rewritten as
24 =3By -1 +3(v =16 -57) =3(y-D(2+7)=—4

Another direct computation verifies this identity. In terms of the variable z, we have that

)

. U osy cos(ulog(( S )27772>> sm(ﬂog((

Uo(2) = ( )R o
4 =3y cos <V10g<(42 ?;:) ) + 90> sin (y log(( ) ) + 60)
(4*37)(23%1)*3(7*1)(2*7)u 3(y—1 2 I
6v4—15 11)(4-3 4-3 6 15 11
SR s 71+ 2 222
(4=37)(672—15y—+11) (672—15v+11)(4—37)
Finally, we define
U osy ~ (1=3)(3y-1) =30 D @) _30-h@-v -
—157+11)(4— - —157+1
Uo(2) = (=355 * Uol2)- AR T A WAL PR oyt ALL Y TC L
(4—37)(6v2—15y+11) (672 —15v+11)(4—37)

((cosCvios()  —sin(*vog())
( )

sm(g Vlog([?”)) (cos( ”’Vlog( 275?)))

2k
and it has the asymptotics stated in the Lemma. One can similarly compute the asymptotics
for U; ! finishing the proof of part (b).

Part (c) follows from the standard existence and uniqueness for linear ODEs as there are
no singularities on either of these intervals. In principle one could compute these constants
exactly using connection formulae (as done for v = 1 in [100]), but this is omitted in this
case.

For part (d), we start by defining the following on (—o0,0) U (0,1):

s0-1) (4—57 /=72 — 207 + 28 4—57+,\/—72—207+28 7 — 5y
— 1 1
4 4 T4 4 )

92(&) = [€]” €.
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We comment that this is a solution to (3.89) defined on a neighborhood of ¢ = 0 which
is linearly independent from ¢; (see section 5.10.1 of [91]). We now use (and ¢;) this to
construct a fundamental matrix for L on a neighborhood of z = y;. We recall that as & — 0,
we have

1-5y VP -209428 4-5y /97207428 75y

F
( 4 5) T4 5) T2 :¢)
672 — 157 + 11
= 1 .
Ty ol
We note that we have (assuming £ > 0)
_.50=D) 6’}/2 — 157+ 11 7-5, 754
92_5 2 + 2(7_57) 2 0(5 2 )7
5(y—1) _sv=3 6 2 _15v+ 11 s5(-1) 5(y—1)
gp= 20 Ve BT I s | ety
We then recall that
27k 2 4—r (z—yp)? 9
1- = (z—ys) — +o(z —ys)",
(4—3y)275  (2=Yyy o@—r d
from which it follows that
ok 2z —yy)\ T
™ Z— 2
el - --(2=0)
(4 —37)z7 (2 =7)yy
7—5v
2572 — 617 +32) 3 —7) (2(z—yp)\ 2. _
(2597 =61y +32) (3 7)( (2 yf)) +0(Z—yf)7257,
8(7 = 57) (2 =)yy
57—3
27k 5(y=1) (2(z—yr)\ 2
go(1 = L) = 9 ( 5 _ !
(4 —3y)z7= (2= 7)ys
—5(y=1)

_5(y=1)

) T et

N (257% — 1167* + 115y — 16) <2(z —ys)
16 (2=7)ys

We then note that as = — y;, we have that

3y—1 o 6(y—1) ( N 27k 9> 1 — 2k
2_ — 2 _ 2 2
(672—15+11) (4=37)(672—15y+11) (4—37)2 727 (4—37)2 75 B
_2(2—)? 2(2—7) ( . 21k g§ 1— LQ -
(6y2=157+11)k  (4-37)(672-15y+11)k (4-37)2 27 (4—3)227

(2—=7) — (2—7)(v—1)(25v2—1117+104) — —
aar) 2=y — T 2 =yr 2=y
5(y—1)

+ol(z—yp)lz—ysl™ 7).

. 253 —13672+191y—72
:< e )gu—y»rwwﬂ+( 7 5) )”Z‘WN“Z‘WNf%”

Thus, if we define the (prescaling) subordinate homogeneous solution by
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sub,pre 2 5(y=1)
(Lo} = (a2

Wsub,pre 2
3y—1 . 6(y—1) ( . 2k (1 . 2k
(672—157+11) (4—37)(672—157+11) == 92 (4897
. 2(2—~)2 2(2—7) ( . ok g/ 1— 2k
(672—157+10)k  (4—37)(672—15y+11)k (4_37)2% 2 (4-39)2 77
We then define (psub7 wsub) = ]2(&32’)/__7:3) (psub,prevwsub,pre) then
_5(W 1))
(phom psub) _ k(37 B 1) 1 R |Z - yf| S1)
= 55 N _ o-lek
Whom  Wsub 2<2 - 7) _25?371)1) - ’Y) |Z - yf|
2(—9v2+9v+2) 2573 —136724+1917—T72 S0 1)
k(3y —1) (37—17)(5713)yf (z=5) 74 2( 777 57) ;f ()Z kb
_ 4(2—7)(y—1)(7—37) (v=1)(25v2—111y+104 _5(y=1)
22-7) \ M) () O (2 — e — ]

_5('v—1)
+(o(z—yf) o= = yp)le =yl )
_ ’Y
o(z —ys) oz —yp)lz - yyl

Then, as in the previous section existence and uniqueness yield existence of M., My such
that

UooMoo — UOMO — (phom psub)

Whom  Wsub

yielding the first asymptotics stated in part (d) of the Lemma.
For part (e), we note that we can factor

(phom pmd’) = (Xo + X1(z —yy) + 0(z — yy)) (1 e 1>)

Whom  Wsub |Z — yf|
where
Gr-Dk  (3y—Dk (-99°499+2) k (3v—1)(257°— 136724191772 )k
X, = 2(2—7) 2(2—7) X, = (2=7)(5v=3) yy 8(v—2)%(57—T)yy
0 —(2—n) 3L ) 2(y—1)(7—37) ()= (2592 - 1119+104)
2 Ty (r3) O | )
We note that
Phom  Psub 1 0
= (Xo+ Xi(z — — 5(y— .
<whom wsub) ( 0 + 1(2 yf) * O(Z yf)) <O ‘Z — yf (’YQI))

We then write abstractly

-1
(2—7)2 kz P 1
(2%(2—7)2 Zli% (2 B ’}/)Z (Q) = .[QZ —y + Il + 0(1)

4—3v

It follows that the Taylor expansion of the solution will be given by (here I' can be chosen
to be arbitrary, it will cancel out)
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r 0 r 0 1 0
<£) — XO (O 2 ) X(;ljo (Xl (O 2 ) XalIO + XO (O 2 ) X&ljl
5(v—1) 5(y—1) (5v-3)

1 0
—Xo (0 2 ) X()_1X1X0_1]0) (z—yr)+o(z—yys). (3.90)

(57-3)
We thus let
T 0
AO:XO(O 2 )X(le
5(y=1)
1 0 _
Al:XO(O L)XOI’
5v—3
Ay = X1 X5,
and (3.90) can be simplified to
<5) = Aofo + (AQA()[O + A1[1 — AlAgfo) (Z — yf> + 0(2 — yf) (391)

We may then explicitly compute

53— (y=DI'—-4(2—y)  k(BEBy=1)(y=1)I'=2(3y—1))
Ay — 25(y—1)2 25(2—7)(y=1)2
07 | 42=)2-102—)’(=1I  2(3y=1)-102—) (=1L | *
25(y—1)%k 25(y—1)2
3v+1 (By—1)k
5v—3 2—7)(5v—3
Av={ e PR )
T (5y—3)k 5v—3
25’}/3—162’\/24-197’7—32 (75’74—331’YS+321"/2—81’\/+88>1€
Ay = T 2(T-57)(57-3)ys AT (5 =3)yy
(2-7) (2573 —10292+817+16) 7541 45143491342 —873v+376 | |
2(7—57)(5y=3)kyy 4(2=7)(7-57)(5v—3)ys
1 ko
I C=)
0 @2=)(o1—522) |’
B 2k
__o2(vk) Y01 o3
- -
_ 4(2—v)%y 4(2—7)y 2
I = (4—v)a1 ! o2 _f(2—7)<73 )’
dkys 4(2-)yy 2k

and then simplifying (3.91) gives the formula stated in the lemma. O]

3.5.2 Proof of Lemma 3.2.4

We suppose that (P, Q) € Ny,[e]. It follows from Lemma 3.2.1 that (p,w) is in C*[yo, oc]. Tt
follows the computations in section 3.2.3 that

p(yy) = boclel,  wlyp) =woelel,  P(yy) =prele],  @'(yp) = wielel.
It will also follow from examining the integral kernel of R that

kw+

P—_kQ
sup |p| + |w| + | TSR + it ~ ”|< sup |P|+|Q|+|—2|+0<>
Lo zZ—=ys 1<z yr

(3.92)
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= (P,Q) as

We may then rewrite L(p,w)
/
2 A
Elzn (w> - (P, Q) Ezn <w) )

We recall that as z — yr, we have that

lin
T2k 2
—(2—-7) 55 1
Ey; ' Flin = ( 2 2(2-) +O(1)
tn = an (2—y) 3v—1 _
o Ty ) A

and then if we invert Ej;, and use (3.92) we obtain
k

sup [p'| + [w'| $ sup [P|+ Q[ + |
1<z 1<z

For z > 2, we recall that as z — oo

((1 —3‘3i)k>+0( 1>><(1) ?>

Us(z) =
(=) 0 1 =
Eun(z) = <2 6 7 5 E 7) z+ O(zl_%),
from which it follows that
1 0 143y g )
1 -1 _ L 2—y (2-7)? L1 o =

and so for z > 2
P 1 1 e
Uz 1Elm (Q> | S == (Sup|zzivP| + |szwQ|) )
z>2

22y
Integrating this from 2 to oo gives the existence of the desired limits and bounds as z — oo

We similarly compute that as z — 0, we have that
k

z 0 2- 7, 2
B = (5 o) (Lo ) #0650
k

so that 1
00 2

E_l — _ O P 1 ;

lm(z) (% O> > + (Z v )

_Sifllg(lflog( ) s

— sin -1 142
UO ( )Elzn = Cos(ylog((g))) 0 M0 4 O(Zu 2—"/),

ksin(6o)
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This gives that for z <

Us " (2) By <£> S (7Pl + 1225
Integrating from yq to % gives the desired limits and (3.60) (note this is where one picks up
the factor of y,"). A similar argument gives (3.61).

3.5.3 Proof of Lemma 3.2.5

We first check that p,w do not vanish. Indeed, we see that if (p, &) = (Prhom, Whom) + (psw)
then

1B, @)l |xy, < €+ [[(Prom, Wnom)] x,,-

Examining the weights for y < v,y > yo respectively, we see that this is the same as (up to
a universal constant)

__1
(y)' =
y#

N () o <
9] < ~Z=(C 4+ |(Phoms Whom)||x,, ) @] <

yH (O+ ||(ph0m7whom)||XyO)-

In particular, bounding the weights by y,", we have that

‘Gﬁ‘v |€CZ)’ S Gy(;M(C + H(phomawhom)HXyO)-

and hence by choosing Cj sufficiently small, we can ensure
L1 . 1
Bl <k @l < 52— (3.93)

In particular, we see that p = k + ¢p does not vanish.
We first comment that by the computations in Section 3.2.3, if p,w € X, [¢], then we

__k 0
have that P;—;Jj € C°([yo, o0]), and the boundary conditions
k

Plyp) = oiled,  Qyp) = dale], (P - 7 )'(ys) = Gle]

are satisfied. One also obtains the proper boundedness of

P — 320 -(P(0) - 559(0)
sup | I
1<z<0 c =Y

We now consider the regime in which z — oo. It is helpful at this point to use the
fundamental theorem of calculus to rewrite (3.43) as

A A A/ A
N(Gvﬁa (21) =€ (Ee(zvﬁawa Yo, 6) (g/) + Fe('z?ﬁadjayOa 6))
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where

A

L9 . . L9 A
E.(z,a,b,y0,€) = —/ a—(STE)|(z,a,b, Yo, te)dt, F, = —/ a—(STF)|(z,a, b, o, te)dt.
0o o€ 0o v€

We note that in this case, since (p, w) € Xym Hﬁ,@nyo < 00, so there exists constants
Do, P1,Wo, w1 such that

~ ~ Zaoo,l 1 ~ d)oo,O djoo,l 1
p(z) = PDoo,0 + 1 + 0( 1 )7 W(Z) - T 1 + 2 + O( 2 ) (3'94)
227 227 227z 227
~ 1 ﬁoo 1 1 ~ 1 wooO 2 Woo,1 1
/ _ , / _ 0 ) .
A e T e e
(3.95)

To do the difference estimates more cleanly, we introduce two symbol classes. In particular,
we define

- k k 2—7v 2—7x
S* = {f(y,a,b) € C*([yo, 00) x [—57 5] X [_T’ T])i
\8;10228£3f| < Chy sy, yh_}rgo yll_kaélf exists and depends smoothly a, b},
S5 = {f(z.,b,€) € C=(lyo,00) x 5, 24] x 257, 2(2 )] x [0,1):

I al2 Als Al k—1
|azlaa2ab3654f| < Cllyl2,ls7l4|z| 1}7
lim 2" ~*gh gl 8};’8&* f exists and depends smoothly a, b, €},

Z—00

A kE k 2—v 2—
§* = {f(za.b,6) € C([yo,00) X [~ 5] ¥ [~ =5~ 1 x [0,1]):

|aila(1128238i4f| < Cll,l2,l37l4€l2+l3(1 + |a| + |b|)l4|z|k_ll}7
lim 217591920l 0! f exists and depends smoothly a, b, €}.

Z—00

We abbreviate Og(y*) f
a, b are restricted to (—

r an error in S* (and analogously for S,S). We then note that if
,5), (=32, 37), which will always be the case by (3.93), then

05(9)2 Os(y) )
Os(y™77) (2—7)y+b0s(y))

INIESISH

E@%+w2—7+®=(
It then follows that

E(z,k+a,2—~+b,yg,€) = ( Os(2) Os(2) ) )

Os(z77) (2=)(z — ) + bOs(2))
It then follows that

A _( 9s(=) Os(2)
E(Z,CL, b, yo,E) = (OS(Zl—M) (2 _ 7)(;; _ ﬁ) + bOS(Z))
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It then follows that

Eo(2,0,b,0,€) = ( Os(2) Os(2)

O5(=""77) (2 =)z~ B) +bOS(z))> (Lot fal o)

Ve = —2(222d

where % — (5o ) (in fact there is an asymptotic expansion).

Similarly, we note that in the same regimes,

bOs(1
Fly,k+a,2—~v+0b) = s(1) )

(b +aOs(y~7) +b0s(y~77) + 1Os(1)
bO3(1)
b+ao§@53)+bog@53)+b%%¢n)
bO4(1)
(b + CLOS(Z’iﬁ) + 503(27%) + b2O§(1)) .
B bO4(1) | )
FK&%@%‘»‘(@Mb+m%@vi)fmg@wi)+w04m> (Lt el 12D

As a comment, from this we see that as z — oo, substituting (3.94), (3.95), since the
contributions of (2 — 7)z0,w + w will cancel, we have that

E(Zak+aa2_7+bay07€):(

A

F(Z,Cl,b, 9076) =

From this we get the desired boundedness

sup [277 P| + |27 7Q < Cyle]
22Yf

By considering the asymptotic expansions more carefully, one sees that the desired limits as
2z — 00 exist.
Similarly, we note that as [p|, |0 < vo™, |7, |&'| < 9™ " we have that

sup |2 P|+ ’zZquﬁm < Cylel.
Yyo<z<yy

This finishes the proof of (3.62). A straightforward application of the fundamental theorem
of calculus and the symbol properties shows (3.63).

3.5.4 Proof of Lemma 3.2.6
Proof. We begin by supposing

Yo

1
_JU K Z
&6 10 )

< mi
le| < min( 5
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We then pick (po,wo) € Xy,[e] so that |[(po,wo)||x,, < ¥o" - € Ca(3) - Ci. We then define
(P, 2,) = N(€,pn—1,wn_1), and then

B 2261[d = ale] 1 w
(Pn,wn) = R(P,, Q) + ( 50y —1) + woﬁ[e]) —_(2 iy (Phoms Whom)-

We note that (P;,€Q;) € Nyle] and (pj,w;) € X, le]. We assume inductively that
(pr, wi)l|x,, < wo! - € Cs(3) - C1. it then follows by choice of smallness of e that

|(Pr, wi)llx,, < 5. It then follows from Lemma 3.2.5 that ||(Pry1, %t1)lln,, < |€]Ca(3).
From Lemma 3.2.4, we obtain H(pkﬂ,wkH)HXyO <y el 6’102(%), completing the induc-
tion.

In addition, for £ > 1, we have that

1 _
1 (Prt1s Wri1) — (Pr, wi)|]x,, < §C1yo “IN (€, pr,wi) — N (€, pp—1,wr—1)]

1

_ 1
< 501% HC2(§)’€W(Pk,wk) - (pkflawkfl)HXyO

1
< Sl wie) = (o1 wr-1) l|x,, -

Thus, we have a contraction, giving us a unique limit point, concluding the proof of existence
and uniqueness with Cy = C1Cs(3).

To prove (3.64), we suppose (p[e1],wler]) and (p[es], wlea]) each solve (3.58). We then use
(3.59) and Lemma 3.2.4 to estimate

Il wled) - (plea) wleallx,,
< 5Cu "IN pler) wlel) — Nieaplecd wleal) | + 3Ciler — el

We then use Lemma (3.2.5) and smallness of € to get

[|(pler], wlen]) = (plea), wlea))[x,, < %Cl - Ca(%)IEIyS“ l(pler], wla]) — (plea], wlea])llx,,

+ §C1C2<%)you|€1 - ‘52‘
< %Il(p[el],w[el]) — (ple2], wle2))l|x,,

2 1. _
+ 50102(5)% "leg — €.

We may then absorb the first term on the RHS into the LHS, and when we do this we obtain
the desired estimate. [

3.6 Deferred proofs of Section 3.3

3.6.1 Proof of Lemma 3.3.1

Proof. We proceed analogously as in the proof of the corresponding lemma of [100]. We note
that in this case, we may rewrite Hv =0 as

Hv=f
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where

4 oy —1, 1 229 2(4—-37) 1

= ( ( )T — —( 2) —2) v.
y—1" vy (2-7)?2y

Our basis of homogeneous solutions is then chosen to be

o cos(vlog(y)) _— sin(v log(y))
v =, Vg i=——71 -
Y2 Y2

The Wronskian (0,05 — 0102) is found to be 7. A right-inverse to H is found to be

Sutn=n [ Ty fdy — / "

14

We then recall that by (3.74) and v; = O(y2_%_“), we have that f = O(y_%_%) as
y — o0o. Thus, we have

Solf) = O(y* =77%).
Since v — Sy o f € ker H, we obtain

v = a101 + asls + O(yQ_%_Q“).

This gives the desired asymptotic expansions. The non-vanishing of the Wronskian W en-
sures that c3,¢q4 # 0 (and so they can be can to be positive). Moreover, it is clear that
vy is smooth up to the origin. We then note that the equation (3.75) ensures that yvy is
smooth up to the origin. Combining this regularity with the asymptotics as y — oo yields
the pointwise bounds stated in the lemma. O

3.6.2 Proof of Lemma 3.3.3
Proof. We first note that by scaling (3.73) and (3.78) we have that
T < PE=Tt A= < yl(Zy-n 3.96
QT ST lwl SIS (3.96)

and (since we may differentiate the asymptotics) for £ > 0
5 2 _ _2 _ _ -
05Q3 | S AT "“<%> = F R | S A k<%) nk, (3.97)

Similarly, as a consequence of Lemma 3.3.1 and the rescaling, we have that for k£ > 0

kY1 “kY\1-k YL
|OFvia] S A k(x) 2R 95van] S A k(x) ' k(x)”

We will use these bounds repeately in the following. We first consider Sy, and note that from
the regularity of v; at the origin (Lemma 3.3.1) we see that if f € G then we have S)f € Z.
We will then use

1< Sl (3.98)
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and the pointwise bounds in Lemma 3.3.1 to estimate

A Yy, 1
|f - vany?] S yP- <X>2|f|

<>

Y, 1_
Sy (5 le-

Integrating from 0 to y then gives
Y Ay
[ o 0Py S 62 Al
0 Y

Combining this with the bound for v ) gives

2(y—=1) -1

12 Y /2/<92?Jf“
NES S [ e P ) S e
0
Estimating the second term in the variation of constants formula similarly gives
Y2, Y\-
53115 B2 #11lg. (399

To bound the first derivative of S)f, we note that when we differentiate the variation of
constants formulat there is a cancellation, and so we may express

(Sxf) = m <(/0 fuan- (y/)zdy’) Ui (/O foix- (Z/)Qdy'> Ué,x) (3.100)

and then estimating the terms similarly yields

(STS 3551l

We then use H) o S\ = id to express
Ay —1
(

y-1 v

2 2=
(Sxf)'=-A"2f ;(Sxf), - )R (S ).
Estimating these three terms using (3.98), (3.100) and (3.99) respectively gives the desired
estimate

(SA)' S X257,

This yields the desired boundedness of S). Using that, as a consequence of Lemma 3.3.1

1 1, 1
lyoyu| S (y) 2, |yOy s 5§<y> 2

one can obtain the desired boundedness of Sy, — S),. We next consider 7). In this case,
since Q) is smooth and non-vanishing at the origin, it is clear that if f € F then T\(f) € Y.
We then estimate

1S 5E IS
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so that
d < Sy g —1—u
[ 1) @y s 5l

We then use that )
- 2 Y. 2
@IS A )

to obtain the desired bound
T S Gl
Differentiating 7T allows one to similarly conclude

(D)1 S =71l

One can then use

1715 3Gyl

to conclude the desired estimate

@15 55 D=1

One then uses a straightforward argument, along with the estimate

2(v—1)

ly0,Q| S (y)~ >

to obtain the desired boundedness of Ty, — T}, .
Finally, to show boundedness of the operator K, we consider the operator L, and note
that it maps Z to F. We then note that using

_ Y.,y
f1S )\2< I Mz TS 50 N 2
along with the asymptotics for @, Q%, uy, 0,uy, we obtain
L7 f] <( GO IFAIPA
(-)( Az,

Similarly, if one differentiates L, f and uses

5
N

PEPS A2< VPN

one obtains the desired estimate

[(LAf)' ISz,

<300
Once again, the bound for Ly, — L), follows analogously, using that one may differentiate

the asymptotics of (), u. Combining the estimates for Sy, T, and L) give the boundedness
OfKA andK,\z—KM. UJ
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3.6.3 Proof of Lemma 3.3.4

Proof. We first note that using the boundedness of ||u|ly, we have (using A(%) < 2 -y for
the second inequality)

Yys2— Y-
pal ST, N S T (e
Similarly, for & € {0,1} we have
9, F O] SATHDFT G, oyt ) S AR () R

Similarly, using boundedness of ||w||z,, for k € {0,1,2} we have that

- k<y> "C, |8k)\2 Ww| <)\ ( 2— ky02 7<y> %,HC‘

kol <
Dl SN 3) 1

A)
We then note that

_2(y=1)

Q+1 = AT (QU/N) + T w).

To compare this to (), we compute

2 Y 52 Y. __2 Yy, 201 52
AT w| S (X)ng V<X> =< <X> 2= My C

2
We note that since y; "C < 1, we may use (3.73) and obtain that uniformly for ¢ € [0, 1],

_20=1) <y _20=1)

2—y 2=y < Q +t 2(771)<g =

2
2—y T2y 2—y
w S .

In particular, this quantity is always positive, so we may take powers of it, and differentiate,
so Z the nonlinearity is well-defined. We note that as a consequence we have that uniformly
for t € [0, 1],

(@ + 01w g A ()
P (O +tA~ M2 ww)m|§)f%<%>—2’
A (Qu + ) T g 4 )

From these bounds, along with (3.96) and (3.97) one sees directly that

S

Gl ST +ys O

>~
¥

Gral S ()0,

2E Yy, Y\—1-2 2
< Y (LN L 14
B Sy (e,
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2
We will then use y; " C? <1, ()72 < (¥)7# to obtain the estimate

Y- Y, Y\_1-
< [ZL\N—H < Z/ZL H

One can similarly estimate
Ly
Fi| < Z(Zy~ 1w,
which shows the desired boundedness of the nonlinearities. We may similarly estimate

2

|Gaa (w2, uz) — G p(wy, wr)| S yﬁ”(%Y“(HUz — u1lly, + |Jwa — wi|z,),

|Ga2(wa, uz) — Gaop(wr,ur)] S CZ/()?*W%)_”(HUZ — u1lly, + [[wa —wi|z,),
2
[Faa(ws, uz) = Frawr, )| S Cyg (57 (uz = wllyy + llws = willz,).
=21
| F)2(wa, ug)" — Fya(wi,ur)'| S Cyg*”x(%yl “([lug — iy, + [Jwa — wil]z,)-

Summing these gives the desired Lipschitz continuity with respect to w,u. Finally, the
continuity with respect to A follows straightforwardly. O

3.6.4 Proof of Lemma 3.3.5

Proof. We consider the integral formuation (3.79). We let (ug, wy) = (0,0). We then induc-
tively define that for n > 1,

(Wo, Up) == (Gx(wp—1, Up_1), F(Wp_1,Un_1)),
(wn, un) = (S)\<Wn), T)\(Un) —+ K)\(Wn))

We note that ||wi]|z,, |[|u1]ly, < Ci-Cy. We then let C = 2max(C,Cy,1). We shall make
the assumption

Yy C? < 1. (3.101)

We then will inductively assume that for £ > 1,
lwllzy,  Nwe-allzy, Nullzy, w2, < C
It then follows that

w1 — willz, + uksr — urllvy <200 ([[Wear = Willg, + [[Ukt1 — Ukl|7,)
- _2
< 2C1Co(1+ Cyg ™ (l[wr — wi-1lz, + [k — we-1l]y,)-

By (3.101), we can conclude

1
wrr1 — wil |z, + |[urer — urlly, < 1 ([lwr — wi—1]|z, + [Jue — ur—1]y,)
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and so we see that the sequence converges. We may choose Cs = 100C. The uniqueness of
the fixed point follows as we have constructed a contraction. For the Lipschitz dependence,
we suppose that for € {1,2}

wlAi] = Sx (G, (w[Ai], ulAi]))-
Subtracting these equations gives
wAo] — w[h] = (S, = Sx)) G, (w[Aa], u[As])
+ Sx (G (wAa], ulAo]) — Gy, (WA, u[A2]])) + Sx, (G (wlAa], ulda]) — G, (WA, u[Ai])).

We then use the dependencies on A in the bounds of Lemmas 3.3.3 and 3.3.4 to estimate the
first two terms, and then difference estimate (3.80) to bound the third term, which gives

)\2—>\1 )\2_)\1
< C,C
‘ A 12 A1

+C1Coyy " (i [whe] = wiAll|z, + min|[ulA] — ufAllyy, )

C1C%

A similar bound holds for u[A\y] — u[\], and then one may use (3.101) to absorb the last
term into the left-hand side, which gives (3.81). O

3.7 Appendix

3.7.1 Proof of Lemma 3.1.3

Proof. The key idea is that if K > —1 then % + £ is ivertible as a mapping from {f €
C': f(0) = 0} into C°.
We consider the ODE system

u

A(t, uy, ug) (u ) + B(t,u1,u) =0
u1(0) = u2(0) = uf(0) =0, uh(0) =U

N~ =~

(3.102)

with A, B as in the statement of the lemma. We first note that if we multiply the system on

the left by
1
(25 1)
—an ]

Ar / B
. 412421 _ 42101 :
0 A22 A, Uy B2 A

then we note that this system is of the same form (and a,b,c,d do not change). Thus,
without loss of generality, we may assume that

we obtain the system

A =1, Ay = 0.
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so that the system takes the form

1 A12 Ull Bl .
(0 Azz) (%) + (BQ> = 0. (3.103)

. 3A22 . 832

e:= 3 (0), f= (9_21(0)

In preparation for carrying out a contraction mapping argument, we will perform finite
Taylor expansions of the coefficients in zg, 21, 2z2. We will use multi-index notation, so that
for a = (g, a1, 2), (20,21, 22),

We will also define

al = 040!051!042!.

2

R a (6% « « (0% _ (0% (07 (0%
la| = g oy, 2% = 200271 252, 0%f = 030071052,
i=0

We will also adopt the convention that

fu = 2507 P)0),

We then recall that for any smooth f(zg, 21, 22), we may use the fundamental theorem of
calculus to decompose the function to zero and first order as

Fz0,21,2) = f(0) + Y faem(2) - 2

a€Zs,
lal=1
= E fozza+ E fa,rem(z) Za>
a€Zi a€Zd
Ja|<1 |a|=2

where the remainder terms are smooth functions defined by

fol > jaj=1 Oa f (tz)dt la) =1
Jy 200 = 1) (S 252 ) dt o] =2

We will use the zeroth-order expansion for A, B to rewrite the line of the matrix equation
(3.103) as the equation (using multi-index notation and ug = t)

atul = _(Z ua(A12)a,rem)atu2 - (Z ua(BQ)a,rem)-

or|=1 Ja|=1

fa,rem(z) = {

We will then use the second-order expansion for Ags, By to rewrite the second equation. We
will also use the decompositions

buguly = (bUt)uly + buaU + b(uy — Ut)(uy — U) — bU?t, euyuy = euy(uy, — U) + euy UL

We may then write the second equation as

152



(a+ bU)tuly + (d + bU)uy + (f + eU)uy = (bU? — )t
—b(ug — Ut)(uy — U) — euy(uy — U) — Z u®(Ag)arem | uy — Z u*(B2)arem
|a|=2 |a|=2
We will then divide this equation by a + bU and also use the algebraic identity

bU? — ¢

= 1HU.
a+ bU (a+ DU

to rewrite the entire system as

ull = Fl(tvu)

tul + kuy = — Ly + (0 + 1)Ut + Fa(t,u) (3.104)

u1(0) = u}(0) = uy(0) =0, ub(0) = U.

where
Fl(tv Uy, Ug) - _( Z UQ<A12>Q,Tem>atu2 - (Z ua(B2)a,rem)
lal=1 la]=1
Folt, ur, us) by — Uy — U) — — s (u — U)
T2 a+ bU at+bU M2
L[S we(an) pp—— PN
— u arem | Uo — U a,rem
a+bU | 2, 22/, 2 a4+ bU =, 2/e

We will now choose a large constant D so that
Ul +1<D.

We next chose R sufficiently larger than D so that for v € Z>0, |7] < 3, uniformly for z in a
neighbhorhood of zero,

1 R

(A, < 7o (5)PID™
(B >|sﬁ%dﬁMDkw
(), < gigla +b01(5)D ™,

100
< M pl=2
(Bo)y] < oo+ BUI(Z)

As a comment, this may be done since A12(0) = B1(0) = A2(0) = B2(0) = 0, and so each
term will have a positive power of R or %. In particular, we have

<5 =
a+bU — D’ a+bU ~ 7 a+bU

| < DR.
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We will now define spaces (depending on T)

{XU ={feC'(~T,7): f(0)=0,f0)=U},  |Ifllx=IFl~
Ny = {f € CU=T,T): f(0) = (a+ 1)U}, [|fllx = [If]lz=

We comment that if o > —1, then < 4 T ¢ is invertible Xy — X (4 1yr with inverse given by

t
[ I.f = t—“/o (Y f(E)dt

Motivated by this, we will consider the integral formulation

{ulzfotFl t',u(t'))dt (3.105)

UQ:[ ( iizgul—i‘(&—i—l)[]t—FFg(t ’LL))

We will first describe boundedness of this iteration. Our goal will be to propogate

[lug — Ut||x < De.

We first note that in orderto control the contribution of iE,UU uy, we will need the pointwise
bound
C
1« < e

for some universal small constant C (depending on «). Assuming these bounds on u}, u,—U,
we can bound

Fy(t,u
\Aly sTRD, Y

||y < RDe® +TR*D

and then choose € sufficiently small so that Thus, to close, we may choose T sufficiently small
so that

TR’D < ¢,
which allows us to close the bound on u; and then choose € sufficiently small so that
eR <1
which allows us to close the bound on uy. Similarly, if we have that for u,,u, both in the
ball ||uz — Ul|x < De, [|ui||x < Se and we have the difference estimate
4]
a - < 57 a - < C
[|(ua)2 = (up)2||x < [1(ta)r = (uphillx < Crps,
we can estimate (replacing u,, u, with the output of the the integral formulation (3.105))
4] 4]
s = llx < 5, Il = (il < 3G

It then follows from a standard fixed point argument that the integral formulation (3.105)
has a unique solution (uy,us) € C*(=T,T) such that

a + 1
= 100R"
We note that such a solution will be a C! solution to (3.102) as desired, which gives the
existence part of the lemma. Moreover, any solution to (3.102) will solve the integral formu-
lation (3.105), and by continuity of the first derivative (by taking 7" smaller if necessary) we
can ensure (3.106), which gives the uniqueness part of the theorem. O

[luiflz < |luy — Ut||1 < De. (3.106)
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3.7.2 Proof of Lemma 3.1.4

Before presenting the main proof of this section, we will first establish the following related
lemma, which will be used in the proof. The key idea (for both this lemma and the main
one of the subsection) is majorization, see for instance the treatment of the analytic implicit
function theorem in [68]. Moreover, dividing by x + ¢ for successive integers i will not affect
the convergence, as long as this factor never vanishes. Our approach to dealing with this is
inspired by the method of the proof of Theorem 4.5 in [109].

Lemma 3.7.1. (Scalar, semilinear singular ODE) Suppose P(zy, z1) is an analytic function
on a neighborhood of 0 such that

P(0) = 0,,P(0) = 0.
Suppose k ¢ Z<_1. Then, for T sufficiently small, the ODE
{tw’ + kw = P(t,w)
w(0) =0
has a unique real-analytic solution on (=T,T).

Proof. We first show the existence of a formal Taylor series solution and then show that
the Taylor series converges. We will use standard multi-index notation. In particular, if
o = (g, ) € Z% and z = (2, 21) € R?, then we define

al == aplag!, 2% = 25" 27", 0 = 03007}
We will also use the abbreviation that for m € Z>( and multi-indices o € Z2,,,

(m)
Wy 1= d (O>, P, .=
m!

P)(0)

al

Thus, we can write the (formal) Taylor expansion of w and the (necessarily convergent)
Taylor expansion of P as

w(t) = i Wy t™, P(z0,21) = Z P,z
m=1

2
aGZZO
ao+2a1>2

We then note that formally, by collecting terms with the same powers of ¢, we may express

P(t7w<t)) = ZQT(Pavwm)tra

where for each fixed r, @), can be written as, using the indexing 8 = (S, ..., Bum),
Qr(Pou wm) = Z Z P(ao,oq) Z Cao,ﬁwﬁa
(a0, M)€Z, 1 =M pezd
ao+M=r |Bl=0i1
M, iBi=M
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where the coefficients c,, g are positive combinatorial constants independent of P, w. We use
here the notation that if 5 € Z,

w? = wfl --~w§}4.
We also comment, that since Pg1) = 0, we have that @, only depends on w; for j <r — 1.
We note that the equation specifies that for m > 1

(k 4+ m)wy, = Qum(Pa, W)-

Since by assumption we have that for all m > 0, k + m # 0, we can uniquely solve for each
Wy,. Thus, the formal power series is uniquely determined by the equation, and if it can
be shown to converge on an open interval containing zero we have a unique real-analytic
solution.

To show convergence we will use the method of majorants. We shall let R > 0 be a
sufficiently large constant to be determined later. We now define

_ 1

P = —1— R~.
o 2) = TRy = ) -

We note that the Taylor coefficients of P are all non-negative. We comment that as P is
analytic, by choosing R sufficiently large, we can ensure it is majorized by P, i.e.

|P,| < P,.

We then note that the implicit equation

V=-P(tV), V(0)=0 (3.107)

1
2

is solved by

_ 2(1— Rt) — \/4(1 — Rt)> — 4R*(2+ R)(1 — Rt)

B 2R(2+ R)(1 — Rt) '

In particular, by Taylor expanding each side of (3.107), we have that for » > 1 (from now
on we notationally omit the ranges of the summation indices)

V(t) :

o 1 o
V, = §Qr(Pa7 Vm) (3108>

We note that (by comparing the series solution with that of V = (=% — 1))

o 1
V., > §RT’. (3.109)
We will now prove inductively that for R sufficiently large, for £ > 1,

1o
wkSEVk-
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Indeed, as a first step, we note that there exists K sufficiently large such that for all k£ > K,

1
|1+

< 2. (3.110)

We then note that by the lower bound (3.109), by choosing R sufficiently large, we may

BB

assume without loss of generality that for all £ < K, |wg| < %
For k > K, we will work inductively. In particular, we consider the equation

tw' + kw = P(t,w).
and expand each side to order k. This gives

(k + H>wk = Qk(Pouwm)‘

where the RHS only depends on w, for r < k — 1. We next take the absolute value of each
side. We estimate the RHS using the triangle inequality, the fact that the constants c,, g
are positive and also (the second following from the inductive hypothesis)

Pol < Pay o] < Vi,
This allows us to estimate

| Q1 (P, wm)| < Qr(|Fal, [wml)

S Qk(Paaf/m)
1.
- Evlm

with the last line coming from (3.108). This gives

1 1 V. W
|wk| S a S 5
21+ %k~ K

with the second inequality following from (3.110). Thus, it follows that w is majorized by
V', and since the latter is analytic on a neighborhood of zero, it follows that w is analytic on
a neighborhood of 0. O

We now prove Lemma 3.1.4.

Proof. As a comment, as in the proof of Lemma 3.1.3, we may assume without loss of
generality that
An - ]., A21 - 0

Thus, we have the system

ull + AlZ(t7 Uy, ’LL2>'LL,2 + Bl<t7u17u2) =0
Agg(t, Uy, UQ)'LL/2 + Bg(t, Uy, UQ> =0
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We then switch variables from wuq, uy to vy, v9 which are defined by
U = vy, Uy = v + tU.
We then get the system
{vi + Ay (t, w1, v2)0 + Ba(t,v1,v5) =0
Aga(t, vy, v9)vh + Ba(t,v1,v3) =0
where (we also divide the second equation by a + bU)

12112(20, 21, 22) 1= Ai12(20, 21, 22 + Uz),

Bl<207 21, 22) = Bi(20, 21, 22 + Uzp) + UAH(ZOa 21, 22),

~ 1
Ago(20, 21, 22) 1= ot bUAZQ(ZO’Zl’ 2o + Uzp),
- 1 _
32(2’0, 21, 2'2) = ot bUB2(ZO’ 21, %2 + UZo) + UA22(ZO7 21, 22)-

We note that (using (3.9) for the third equality) we have that

82122(0)_1 0Ap b a_BQ_O 0B,
0z - Dzy a4+ bU’ Dz 0z

We may rewrite the second equation as

vl + kg = —(Ayy — 20)vy — (By — K23)

—(Azz — 20) |t 0tvy — (2’032 — K20%2) ()
; )

In particular, if we define (introducing a new dummy variable 2, for tv)

H (20, 21, 22, 52) := —(Ags — 20) % — (20B2 — K2022),
S<Z07 21, ZZ) L= _81(207 21, ZQ);
T<ZO7 21, 22) L= _A12(207 21, ZQ);

then we can write the system as

_ H(twi,va,tv5) . (3.111)

t

vy = S(t,v1,v9) + T(t,v1,v9)05
tvh + Kvy

We first examine the first equation. We recall that S(0) = 7'(0) = 0 and further that we can
Taylor expand

S(t,v1,v9)(t, 21, 20) = Z S0 (v1) " (v2) ™

3
VEZZO
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= Z PT(S“H (Ul)ma (02)m>tr7
r=1
where

PT(S% (Ul)mv (UQ)m)

= 2. 228 D om0 (v).

Yo+Mi+Ma=r y1 <My y2<Mp BaEZMl Byezl2

M\5a| 7 |Bs|="2
2229 4(Ba)i=M1 ZZ 1 1(Bp)i=M2

We use here the notation that, for instance, if 8, = ((Bu)1,...,(Ba)a) then (vy)Pe =

C (vl)g\ia)M. The constants c,, g, 3, are combinatorial in nature and necessarily
positive. We comment that P, only depends on (vq); and (vg); such that j < r. We may
similarly expand the term T'(¢, vq, v2)v), and we see that we may expand the RHS of the first
equation as

S(t,vi,v9) + T(t, v1,v9)0

- Z ( (V1)m, )+ Z < > r—1+ 1)PT(TW (V1) ms (V2)m) - (Ul)r—l—f—l) "

and we see that the coefficient of ¢ only depends on (v1); and (v2); for j <.
We comment that the numerator of the second equation satisfies

H(0)=0,,H(0) =0, H(0)=0.,H(0) = 05;,H(0) =0,
92 H(0) = 0.,0.,H(0) = 0.,0:,H(0) = 0.
We note that if we denote v = (v, 71,72, 73), we may Taylor expand

H(t, vy, vg, tuy) = Z H. t"ov] vg? (tv))
7627

= Z QT(H,},, (Ul)ma (UQ)m)tra

where

QT(HW(Ul)m7(U2)m) = Z Z Z Z H7

Yo+Mi+Ma+Ms=r v1 <M y2<Mz v3<M3

> >, N s (1) (02) P ()

Ba€ZL} ByELY B.ezl
|Bal=m1 |Bb|="2 |Bel="s

S Mai(Ba)i=M1 M2 i(By)i=Mo M3 i(Be)i=Ms

We also note that we may conclude
Q0(0) = @1(0) = @2(0) =0
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using the fact that v1(0) = v{(0) = v2(0) = v4(0) = 0 and also
H(O) = @on(O) = az1H<O) = 822H(0) = 852]'](0) = a?oH(()) = 0.

Moreover, using 0,, H(0) = 0, we see that (), only depends on (v1); for j < r — 1. Similarly,
using the fact that

0.,H(0) = 0,,0.,H(0) = 05;,H(0) = 0,,05, H(0) =0

and the first order vanishing of vy, v2, we see that @), only depends on (vs); for j < r — 2.
We now return our attention to the system (3.111). We note that if we differentiate the first
equation k£ — 1 times and evaluate at zero, by the above analyses, we can solve for (vq); in
terms of (vy);, (v2); for j < k — 1. Then, differentiating the second equation k times, we ay
solve for (v2)y in terms of (v1);, (v2); for @ < k, j < k—1. Thus, the Taylor series is uniquely
determined by the equation. It suffices to prove that the Taylor series constructed this way
converges.

As a first step, motivatived by the fact that v, and tv) will have Taylor coefficients
differing only by a factor of k, we define

H(ZO7 21, ZQ) = H<207 21,22, ZQ)-

We note that this will have an expansion

t U1, V2) Z (V1) ms (V2)m)t",

where

Qr(Hy, (01)m; (V2)m) =

Z Z Z f{’Y Z Z C0,8a,8 (Ul)ﬂa (UQ)ﬂb'

Yo+Mi+Ma=r v1 <My v2<Mas [3a€ZA[1 51,621”2

|Bal=71 |Bb|="2
S Ma i(Ba)i=M1 SN2 i(8y)i=

Once again we have that the coefficients are positive, @, only depends on (vy); for j <r—1
and @, only depends on j for j < r — 1. We note that we have the inequality that for any
H.,, vy, s, since |(v2)m| < |(t05)ml,

Qr(|Hy L, 100l |(02)m]) < Qr(1H, [, [(00)ml, [ (05)0m])- (3.112)

We will now perform a majorization argument. We will let D, R be sufficiently large constants
to be determined later (in particular we will first pick D to be sufficiently large, then pick
R large depending on D). We will pick these constants sufficiently large so that for v =

(’707 715 72) S Z;[M

1 R

i [Vl =2
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1 R

B i M pl- "

A Ip=e,
|(A22),| < 100!a+bU\( )
[(Ba),| < m|a+bU|( )MDI .

When we change variables from u to v, and assume |U| + 1 < D, this means that the
coefficient functions satisfy

|([112)7| < R\’Y\D*W’

|(B1)7| < R‘”‘Dl‘”,
1

|(A22) ’ §R|'Y|D v

From these, bounds, we obtain
|ﬁ7‘ < R|7|*1D1*V2*‘737 |Sv|7 ’T7| < R pl—e,
We then define

D 1
R\ (1—Rz)(1— Rz)(1 — £2,)

— 1+R20+Rzl+5z2+Rzo+5zoz2 ,

B 1
S(20,21,22) =D <(1 — Rz)(1 — Rzy)(1 — B2y) - 1) ‘

We comment that these functions majorize the terms appearing in our equation in the sense
that

H(zy, 21, 22) 1=

|H, | <H,, |8]<S, LI<S. (3.113)
We now consider the ODE
vy = 5’(775, v1, U2)(1 4 v))
Vs = LAt : (3.114)
v1(0) = v1(0) = v2(0) = v5(0) = 0

We will use an explicit solution to the ODE system to majorize the system (3.111). To start
with, we comment that if ¢,v; are fixed, the second equation can be viewed as a quadratic
for vy. In particular, if we define

1
Ay = e (2R’t + R* + R%) (1 — Rt)(1 — Ruy),
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Av= T (<2Rt + R(Ru + B22) (1 - Re)(1 — Bn),

Ag:=1— (14 Rt + Rv, + R*t*)(1 — Rt)(1 — Ruy).
then the equation becomes
AQU; + A1U2 + AO =0.
After simplifying, this quadratic can be rewritten as

R R _
AQ(EUZ)Q + Al(FtUQ) + Ay =0,

where
Ay = (2t + 1+ Rt)(1 — Rt)(1 — Ruy),
A = (—2 + R% + RQt) (1— Rt)(1 — Ruy),
Ay = RS2 = Rt) + <H(R? = R't) + R't.

We comment that these are each smooth functions of ¢, 5. Introducing the dummy variables

Yo, y1 for ¢, 7L, we define

o

As(yo,y1) == (2yo + 1 + Ryo)(1 — Ryo)(1 — Ryoyn),
Ay(yo, 1) == (=2 + Ryy + R%yo)(1 — Ryo)(1 — Ryows),
Ao(yo, 1) == R*y2(1 — Ryo) + 1 (R? — R'2) + R%y,.

° D —/011 — A/ /01% — 4/010/012
Q(yoy?h) =

R 24,

Thus, if we define

Then we can write the solution to the quadratic as

Vg = yo@(ymyl)\t,%-

We now define w = %', and we have that the second equation becomes

o

vg = tQ(t,w).

From this, when we differentiate in time, we get

vh = @(t, w) + tayoé(t, w) + tSTQ(t’ w)w'.
1

If we substitute this into the first equation of (3.114), we get, where S is evaluated at
(t,tw,tQ) and @) is evaluated at (¢, w),

tw' +w =51+ (Q + 19.,Q)) + tgggw’.
1
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We note that we can rewrite this as

(1— Sg—Q)tw +w=S(1+(Q+19,,Q)).
Y1

We may then divide by the principal term, and write the resulting equation as

S S . .
tw' +w = — w+ (14+(Q +10,,Q)).

(1-522) (1-5%)

QJLQ

This ODE has an analytic solution by Lemma 3.7.1. We call the analytic solution to this
ODE system W (t). It follows that if we define

Vi(t) =t W(0),
Va(t) = tQ(t, W (t)),

then Vi (t) and V4(¢) solve (3.114). In particular, we have the combinatorial identities
(V); = (S, (Vi) (Va)s Z (}) = 1+ DR T () ()i (3115

(Vo) = Qm( Hey (Vi) (Va)m)- (3.116)

We comment that since the right-hand-sides of the equations have non-negative Taylor series
it follows that the Taylor coefficients of Vi, V5 are non-negative. In fact, we see that

(S0 2 (320 (125 -1) ) O,

dF H(t, Vi, V5) d* D 1 )
= AW LRy s [ — 2 —1—Rt— .
(dtk t )(0) (dtk Rt (1 Rt Rt =R t)) (0)

from which we conclude the lower bounds that for m > 2,

DR(mfl)

(V= ———, (Vo) = =DR™. (3.117)

1
m 2
We will now prove that by choosing D, R sufficiently large, we have that

(e < Ve, ()i < 2(‘/2) (3.118)

As a first step, we note that we may choose K sufficiently large so that for all £ > K,

1
_l’_
d

<2. (3.119)

1+ %]

ik

—~
w

117) for the coefficients, by choosing D, R
holds for £ < K — 1. We now suppose k > K

We then note that using the lower boun
sufficiently large, we may assume that (3.118

~—
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and proceed inductively. We differentiate the first equation of (3.111) £ — 1 times and
evaluate at zero. We have inductively that

004] < IS @ (w20 + 3 ()0 = 14 DT (1) 1)) (1)
=1 .
< Po1S,), [(01)unls (02)m]) +Z() L DR 1)l | 2)]) - 100
=1

< Ay (i () + 3 ()= 0 DS, (W () - (i,

=1

where to obtain the third line we have used the inductive hypothesis and the upper bounds
for |S,| and |7T,| provided in (3.113). We then use (3.115) to obtain the desired estimate

|(01)k] < (Vi)

Similarly, differentiate the second equation of (3.111) k times, evaluate at zero and divide
by k + k. This gives

|Qrr1(Hy, (V1)m, (vV2)m)],

o7 (Qra (L |5 [ (W1)ml, [(v2)m])

o (QuallEL LI @0l [(E5)n)))

o (@en(FL V) 00 )

where to obtain the third line we use the inequality (3.112), and to obtain the last line we use
the inductive hypothesis and the upper bound for |H,| provided by the inequality (3.113).
We then use (3.116) and (3.119) to obtain the desired estimate

<1 1 (VQ)k<(V2)k
SO E kS &

k

Thus, we have established (3.118), and since the majorizing functions are analytic, we have
that the Taylor expansions of vy, vy converge uniformly as desired. O

3.7.3 Proof of Lemma 3.1.5

Proof. We consider the polytropic Euler-Poisson system (3.5). We note that the equation
(3.11) is equivalent to

1oL

Yl = Y2y ° . (3.120)
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We also will define

We note that

Yo Po
AO = A(y*,PmUO) - (M ) 3

00 YsWo

2powo +2(7 — 1)po )

By := B(y«, po, = z
0 7= Blyw o, o) ((7 = Doy = (2= 7)(y = Dy« + 775 poyute

We also note that assuming p — po, & — ug = O(y — y«), we have that

- (2= —y.) + (u—1uo) p = Po
A(y’f”“>:“‘0+< (=D =) 2= g+ (e

o5

)) + O(y - y*)2'
Similarly,

B(yaﬁa ﬁ) = BO
2(wo + (v = D)5 — po) + (@ — ug) — 22 (wo — (2~ 7))y — vs)
(v = 1)(@ — up) + 427 (P — po)y«wo + ﬁgﬂ,/)o(ﬁ — up) + 41(_2;77) po(y — v«)

+ O((y - y*)Q)

We will then define the matrices

L 1 1
| 4yiwo  4(yxwo .
C = (% (yew0) | D= yw _ gwo |-
dy.wo  4(yswo)? PO PO

We will now perform a first change of variables

(e) = () ()

We will implement this change of variables, and then multiply the equation by C'. We define

A=C-Aly,po+ Di1p + Diagth, uo + Darp + Dooth),
B =C - By, po+ Dup+ Dioh, ugDa1fp + Dasih),

so that the system can be written as

A p) () + Bl =0
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We will expand (assuming p,u = O(y — yx))

A=A+ 4 +0((y—v.)"), B=Bo+ B +0((y—u)).

where
2 (7+1) 3) 3
A= <4(y e (y*)) 1(”() £+( % 22-7) (lpo ¢+(7p3))¢ (v+1) )
= +
a leo p— j1po o 4y. ojo (v —y.) leo p— leo i

We note that we have

w-can- (1)

po (205 +3(y = Dwo — (2= )(y — 1) + 2
BO - CBO - 47 powo
Ay, \ 203+ (v = Dwo + (2 =)y — 1) — —L4 o

We then simplify using (3.12) to write

)

We also have

Blz !

4y.wo

_ ((4wo +3(y = 1))p+ (v — Dt — 22 (wp — (2= 7))y — ) + 1228 (2‘" + —@‘”(y‘y*))) |

4— 3; YxWo
(dwo + (v = 1))p + 3(y — 1)gh — 22 (wp — (2= 7)) (y —

dm (2=7)(y=y=)
Y y*)_4g07( + vyy)

YxwWo
We then comment that the first line, evaluated at y = y, gives

P () +

Pw+ (1) =0,

We then do an addition change of variables from g, 4 to p, % where

P:ﬁ@_y*)_

We then define

Do+ (=) -y, = aly— ).

*W0

Aly, p, 1) = Aly, p— yp“ (wo + (v = D))y — ), ),

vy}
B(yvpvaa) = E(?J,ﬁ -

y*pfjo (wo+ (v = 1)y — ), ) + A <—gj'%o(wOar (v — 1)))

and then note that we get



We note that now

We now compute

A1:

4y.wo Y 4po 4po 4po p 4pg 4yswo Yy
_0=3) 5 =3y 4 (=3)wot(y=1)) 22— +(=3)wotlr=1),  (4=3) 5 (4D o
4po0 4po 4y.wo 4yswo Yy 4po 4po

<2(2’Y)(’Y+1)(wo+(’vl)) Lot s o8y (=) (=8 (=8)wt(r=D) )

We then compute

wo

Yx
(dwo + (v = 1))p+3(y — 1) + po(*2wo(w07(2*v))*(4wo+(7*1))(wo+(7*1)))y

WoYx

dmpt 125 | ((2—7)—2(wo+(y—1)))
(B )

- 1 (4w0 + 3(7 _ 1))/3 + (,y _ 1)@ + PO(_2"JO(WO_(z_'Y))_(4"J0+3(’Y—1))(W0+(7_1)))y
b 4y*w0

2 =
Ay, w _%(%+ ((2—7)—2&33(%1)))@/)

_%Ww+w—1D(—ﬁ%@@—v%—w+4Xm+%v—DDy—i%ﬁ—%ﬁf)

Ay.wo (=3 wo+(r=D)y+ (v =3)p+(y—3)u

From these we can read off a, b, ¢, d. Then, examining the change of variables gives

{ﬁ@ﬁzﬁ@%Hﬂm—;&@wﬂv—U)
() = 20 (5(0) — @(0) — £ (wig + (7 — 1))

which yields the stated equations for R, W in terms of U. Finally, according to [54], the
Larson-Penston-Hunter branch corresponds to the left-most root of the quadratic (in R),
which corresponds to the branch stated in Lemma 3.1.5 since b < 0. We next confirm
that the far-field solution has the Larson-Penston-Hunter taylor expansion. Indeed, if we
substitute wy =2 — v, pg = % then we have We also note that we will have

)

37 —95 — 1 4(v—1
ard=175 4 _ (v + )’ . (722)/)0.
Ay pwo 4po 4y wy
if we substitute this into (3.13), we obtain
Po
Utarfietd = — .
fard Yo

which if we substitute back in terms of R, we obtain

Yrp'(Yy)) 2

Po 24

which is consistent with the derivative of the far-field solution. We can then compute

5(v—1)

a+bU = , d+ bU = .
4y rwo
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3.7.4 On matching with Lipschitz dependence on parameters

We will first prove a variant of the Inverse Function Theorem (where we replace the usual
assumption of C! differentiability with a quantitative lipschitz bound). This is then used
to prove a corresponding variant of the Implicit function theorem which is used in Section
3.4.1.

Lemma 3.7.2. Let B.(0) C RY denote the closed ball of radius e. Consider f: B.(0) — R4
of the form
f(x) = Az + g()

where A is an invertible matriz and g is a Lipschitz function satisfying
9(0) =0, lg(w1) — g(22)] < Li|wy — 24

We define
a=|lATH[™"

Suppose that Ly < a. Let § = ea(1 — £). Then for each y € Bs(0), there exists a unique x
in B.(0) such that f(x) =y. Moreover, we have that f~* is Lipschitz with

S =) L (3.121)
Y1 — 42 a

Proof. For a fixed yo € Bs(0), we define T, (z): B.(0) — R by
Tyo(x) = A7 (yo — g()).

We comment that if z1, 25 € B.(0) then
L Ly
Ty ()] < ==+ —lzl, [Tyo(21) = Ty (22)] < — 21 — 2

In particular, we see that if § = ea(1 — £1), then if |yo| < 6, {7 (0) }, will remain in Bc(0)
and will converge. Thus, f~! is well-defined. We then note that

y — Y2 = Az — 22) + g(1) — g(22).
We may then solve for 1 — x5 as
x1 —xp = A7 (y1 —y2) — A7 (g(@1) — g(a2))

We thus have

1 L
|z1 — 2o < —|y1 — yo| + _1‘371 — Iy
a a

from which we obtain (3.121). O
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Lemma 3.7.3. Let B.(0) C R? denote the closed ball of radius €. Consider f: B.(0) — R
of the form

flz,y) = az + by + g(z,y).
Suppose a # 0. Suppose that, on B, g(x,y) satisfies the Lipschitz estimate

l9(z1,31) — g(m2,90)] < Lo/ (21 — 22)% + (Y1 — 12)2.

Suppose that Lo satisfies
|a]
1+

Ly < |b|
)

Then, on a neighborhood of 0, the equation f(x,y

Lipschitz function o(y).
fe= (5 0) () + ("6"),

b b2 |b
¢ oo T B

= 0 uniquely determines x = p(y) for a

Proof. We let

We recall that

2 2
Similarly,
-1
a b B I ST |b| 4 b
”(o ) ”—\/“ e eV aE
We define
1
AL =

It follows that if Ly < Ay, then by Lemma 3.7.2 there is a Lipschitz inverse function

F (2, 29) = (x(zl,ZQ)) '

y(zlazQ)
By fo f~' =id, we have
f($(217 22)7 9(217 22)) = z1, ay(zh 22) = 2

It follows that y(z1, 22) = #2. We then have

22

f(x(z1, 22), E) = 2.
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If we substitute z; = 0, we have
22

f(z(0,29), =) = 0.

a

Thus, if we define
p(y) == z(0,a-y),

then we note that we have f(o(y),y) = 0. Thus, we see that we may parameterize the curve
with respect to y. O
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