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ABSTRACT OF THE THESIS

Nonlinear Time-Delay Dynamical Model of Oscillatory
Gene Expression in BMP-4/9 Vascular Endothelial Cell

Network

by

Daniel Yazdi
Master of Science in Biomathematics

University of California, Los Angeles, 2014

Professor Alan Garfinkel, Co-chair

Professor Elliot Landaw, Co-chair

Bone morphogenic proteins (BMPs) and their inhibitors are increasingly being appreci-

ated for their role in vascular development. Matrix Gla protein (MGP) and crosssvein-

less 2 (CV2) antagonize BMP-4 and BMP-9, respectively, and the expression of both

are stimulated by time-delayed BMP-9/ALK1 signaling, while ALK1 is stimulated by

delayed BMP-4 signaling. This double negative feedback system is an important regu-

lator of endothelial cell differentiation, angiogenesis, and maturation. Our collaborators

recently discovered oscillatory gene expression of these proteins in human pulmonary

artery endothelial cells (HPAECs) undergoing maturation in cell culture. We set out to

explore the biological mechanisms guiding this periodic gene expression and to pro-

pose a functional role for these oscillations. We used delay differential equations to

mathematically model this network and applied dimensionless analysis to study the

impact of relative protein degradation rates on oscillations. Monte Carlo parameter

sampling and Hopf bifurcation analysis, while adjusting 1 and 2 parameters, helped

identify conditions yielding periodic dynamics. We discovered that the presence of

the activator, BMP-4, is critical for oscillations and that its inhibitor, MGP, opposes

them, making their mutual regulation important for oscillatory gene expression. We
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also identified other mechanisms for oscillations including the necessary existence of

three time-delays, the presence of BMP-9 as a feedback regulator, and the function of

CV2 as an indirect inhibitor of MGP. Findings from the cell culture experiments and the

mathematical model led us to postulate that oscillations in this network are important

for the maintenance of progenitor HPAECs and the lack of oscillations is associated

with HPAEC maturation.
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0.1 Introduction

0.1.1 Presence of Oscillations in Biology

Crafted by evolution, biological systems are highly regulated to perform their desig-

nated function in a robust, reliable manner. This often involves the necessary checks

and balances in the form of feed-forward and feedback regulation guided by complex

nonlinear dynamics. However, traditional approaches in understanding biological sys-

tems tend to view physiology from a homeostatic perspective, with the body respond-

ing to internal and external perturbations to restore steady-state equilibrium. This ap-

proach is incorrect as many variables in the body have oscillatory behaviors including

temperature, blood pressure, hormone concentrations, and cardiac cycles that occur at

various time scales [6, 7, 8]. Temperature regulation is often misinterpreted as mainte-

nance of a hypothalamic set point amid internal and external temperature fluctuations,

when instead body temperature naturally exhibits endogenously generated oscillations

with a period of approximately one day [7]. Clinical studies have also demonstrated

self-sustained high amplitude oscillations in human insulin and glucose concentrations,

countering the notion of their set homeostatic concentrations [9, 10].

In addition to being a normal component of physiological processes, oscillations

can contribute to the pathophysiology of certain diseases. Patients with several neu-

rological conditions including Parkinson’s disease and essential tremor display motor

oscillations at signature frequencies. The origins of these oscillations are multifactorial

in nature with contributions from central nervous system oscillations, motor unit firing

properties, and reflex loop resonances that play a role in feedback regulation of motor

control [11]. In cardiac fibrillation, oscillations in cardiac wavelength, the product of

action potential duration and conduction velocity, cause reentrant waves of excitation

to enter spatiotemporal chaos, the substrate of fibrillation. [12]. These are just a subset

of the many examples of important oscillatory dynamics in physiology to display their

significance in health and disease.

1



0.1.2 Mechanisms of Oscillations in Biology

The prevalence of oscillations in biological systems begs for an understanding of the

mechanisms guiding their behavior. With this knowledge, it is possible to mathemati-

cally and computationally model the system to recreate the experimental findings and to

hypothesize how perturbations will affect the dynamics of the system. Mechanistically,

there are two important factors inherent in the creation of oscillations: steep negative

feedback and time delays. Negative feedback occurs when the product of a process

inhibits its own creation, a form of self-regulation. With appropriate feedback strength,

this process can exist in a stable state. However, when the feedback gain crosses a

critical value, it can push the system to a state of instability that contains oscillatory

dynamics. This type of self-regulation is ubiquitous in biological processes, including

the p53 pathway in cell cycle regulation, as a mechanism to counter the unpredictable

perturbations present in the internal and external environment [13].

Time-delays, the duration necessary for a signal to act on its target, are another

key-ingredient for the creation of oscillations. Regardless of the system, there is al-

ways a finite time-delay for any signal that inherently makes the system more prone to

incur oscillatory dynamics. A few examples in the biological realm include transcrip-

tional and translational delays associated with gene expression and protein synthesis,

the passage of hormones through the circulatory system to reach effector glands, and

cell signaling cascades through G-coupled protein receptors [14, 15, 16]. If the delay

is appreciable relative to the time scale of other processes in the system, the time-delay

can be mathematically modeled by replacing intermediate signaling events with finite

time-delays between the variables of interest. Doing so reduces the number of variables

and parameters in the mathematical model in an effort to simplify its analysis, but at

the cost of being less reflective of reality.
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0.1.3 Function of Oscillations in Biology

0.1.3.1 Temporal Compartmentalization

The ubiquitous presence of oscillations in nature is correlated with a functional advan-

tage of having such a behavior. Periodic dynamics allow ”temporal compartmentaliza-

tion” of competing forces [17]. The metabolic breakdown of glucose in glycolysis de-

pends on the activity of enzymes such as phosphofructokinase, and 1,6-biphosphatase,

for the ultimate creation of ATP. Gluconeogenesis, the endergonic reversal of glycol-

ysis, produces glucose when additional amounts are needed. Interestingly, glycolysis

requires the enzymatic rate of phosphofructokinase to be much greater than that of

1,6-biphosphatase, while gluconeogenesis demands the opposite. The cell mediates

the coexistence of the exclusive conditions through anti-phase oscillations of the two

enzymes, allowing each process to occur while the other is not [18].

0.1.3.2 Spatial Structure

In addition to temporal compartmentalization, oscillations have the ability to produce

spatial structure. A classical example of this is somite formation in a developing em-

bryo. A somite is a precursor for a segment of vertebrae body axis that develops into

ribs, muscles, peripheral nerves, and blood vessels. Growth occurs along the anterior-

posterior axis with progression in the posterior direction. This segmentation clock pro-

cess has a traveling wavefront of oscillating genes in the presomitic mesoderm that

creates new somites posterior to the previous one with each period of the cycle [19].

Experimental studies demonstrate oscillatory expression of genes in Notch signaling

with a period of 90 minutes in chick embryo [20]. Microarray transcriptome analysis

has shown that genes comprising the segmentation clock possess anti-phase oscillations

between members of the antagonistic Notch/FGF and Wnt pathways [21]. This demon-

strates the importance of inhibitory feedback regulation in the creation of oscillations

and the functional role of oscillations in somitogenesis.
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Analogous to a developing embryo, lateral root branching in plants follows a

similar pattern of oscillatory gene expression along a traveling shoot. This process

converts temporal information into periodic spatial patterning. Expression of the DR5

marker gene oscillates in the Arabidopsis root tip, known as the oscillation zone (OZ)

[22]. The cycling genes mark the locations for lateral roots at the pre-branch sites as

the root axis elongates (Figure 0.1). Microarray analysis of genes in the OZ revealed

around 2000 genes oscillating in phase with DR5, 1,400 cycling out of phase, and no

genes in other phases, similar to findings in the segmentation clock of vertebrates [22].

Somitogenesis and lateral root branching demonstrate an evolutionary convergent solu-

tion for creating spatially repeating structures from autonomous cyclic gene expression.

Figure 0.1: Root patterning in the Arabidopsis thaliana plant: A). Oscillatory gene
expression at the root tip establishes prebranch sites for new lateral root formation. B)
The prebranch site subsequently grows new lateral roots. [1]
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0.1.3.3 Cell Differentiation

Oscillatory gene expression has recently been implicated in maintaining the progenitor

status of various cell types. In neural progenitor cells, Notch signaling activates down-

stream expression of the basic helix-loop-helix transcriptional repressor, Hes1, which

inhibits transcription of proneural genes [2]. Inactivation of Hes1 has the opposite ef-

fect of upregulating expression of proneural genes. It has been shown that Hes1 gene

expression autonomously oscillates in dividing neural progenitor cells with a period of

2-3 hours via negative feedback on its own promoter [23]. Furthermore, the expression

of the proneural gene Neurogenin-2 (Ngn2) also oscillates in neural progenitor cells

under the regulation of Hes1. As the progenitor cells undergo neuronal differentiation,

the system transitions from oscillating gene expression to sustained low and high lev-

els of Hes1 and Ngn2, respectively (Figure 0.2). Maintained elevated expression of

Ngn2 is believed to be necessary for neuronal differentiation because its downstream

differentiation genes have a delayed response to Ngn2 signaling [2]. Thus, negative

feedback and time-delays are important mechanisms underlying the oscillatory gene

expression critical for progenitor cell maintenance, while the lack of periodic behavior

is associated with neuronal differentiation.
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Figure 0.2: Oscillations in Hes1 and Ngn2 gene expression: A) Neuronal progeni-
tor cells display oscillatory gene expression of Hes1, Dll1, and Ngn2. Differentiated
neuronal cells bifurcate to sustained high and low levels of Ngn2, and Hes1 and Dll1,
respectively. [2]

This concept of oscillatory dynamics in stem and progenitor cells introduces the

idea of cell types belonging to different dynamical attractors in gene expression state

space. In 1942, Waddington proposed the idea of an epigenetic landscape where cells

metaphorically traverse grooves on the slopes to rest at local minimum representing

a specific cell fate (Figure 0.3). This metaphor can be extended to a dynamical sys-

tems viewpoint of cell differentiation with unique gene signatures comprising stable

state space attractors. Perturbations to this system, such as inhibition of Hes1 gene

expression, create a bifurcation in the system pushing the cell to a more differentiated

attractor.
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Figure 0.3: Dynamical systems approach to cell differentiation: A) Waddington epi-
genetic landscape with grooves representing genetic pathways to a more differentiated
cell state, symbolized by local minima in the valleys [3]. B) Gene expression state
space depiction of stem cells existing in an oscillatory attractor and differentiated cells
gravitating to stable nodes [4]

.

0.1.4 The BMP-4/9 network in endothelial cells

The emergence of oscillatory gene expression patterns as an important factor in cell

differentiation motivated us to mathematically study the bone morphogenic protein 4

(BMP-4) and BMP-9 regulatory network in vascular endothelial cells. Our collabora-

tors in the Bostrom Lab at UCLA identified the oscillatory expression of several genes

in this network in progenitor human pulmonary vascular endothelial cells (HPAECs)

that transitioned to non-oscillatory sustained expression upon differentiation (Figure

0.4).
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Figure 0.4: ALK1 mRNA expression: 50 ng/ml of BMP-4 is added to cell culture at
day 0. There is noticeable oscillatory gene expression of ALK1 in progenitor HPAECs.

0.1.5 BMP, MGP, CV2 regulatory network

Vascular development is an integral component of embryogenesis, organogenesis, and

wound healing, with BMP-4 and BMP-9 recently emerging as important proteins in

these processes [24, 25]. BMPs are part of the TGF� superfamily and act as mor-

phogens guiding the developmental architecture of various parts of the body through-

out life. BMP-4 is an essential stimulator of differentiation of human embryonic stem

cells to vascular progenitor cells through Smad signaling and is responsible for induc-

ing angiogenesis [26, 24] . Opposing the actions of BMP-4, BMP-9 inhibits VEGF-

induced angiogenesis and bFGF-induced endothelial cell (EC) proliferation [27]. They
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are connected to each other through the activin-receptor like kinase 1 (ALK1), where

BMP-4 induces ALK1 expression and BMP-9 binds to ALK1 as a ligand for down-

stream signaling [28]. Furthermore, mutations in ALK1 are associated with hemor-

rhagic telangiectasia (HHT) which manifests itself through ateriovenous malformations

(AVMs) [29].

The BMP signaling network is regulated in part by proteins that operate in a cou-

pled negative feedback manner. Matrix GLA protein (MGP) and crossveinless 2 (CV2)

bind directly to BMP, and inhibit its activity [30]. MGP is induced by BMP-9/ALK1

signaling and inhibits the activity of BMP-2, BMP-4, and BMP-7. Through BMP-

4 inhibition, MGP antagonizes angiogenesis, and the lack of MGP results in AVMs

similar those seen with reduced ALK1 levels [31]. CV2 expression is also induced by

BMP-9/ALK1 signaling and operates in a negative feedback regulatory manner by pref-

erentially binding to and inhibiting BMP-9, thereby reducing BMP-9/ALK1 signaling

[32]. CV2 is known to antagonize EC differentiation with the mechanism believed to

be through its inhibition of BMP-9. Experimental evidence indicates that mice without

CV2 display abnormal BMP signaling with increased vascular endothelium thickness

and increased expression of EC differentiation markers [32].

Previous mathematical analyses of BMP, in this context, have concentrated on

the activation-inhibition dynamics between BMP-2 and MGP. Garfinkel et al. studied

a reaction-diffusion partial differential equation, modeling mesenchymal stem cell or-

ganization [5]. The mathematical model predicted spatial pattern formation in the form

of stripes, spots, and stripe-doubling, and was replicated in an in-vitro vascular mes-

enchymal cell culture (Figure 0.5). This is clinically important because ectopic bone

organizes in nodular patterns within cardiac valves in adult diseases such as atheroscle-

rosis and calcific valvular stenosis. This model provides a glimpse of the mechanism

governing the pathophysiology of such diseases. Adjusting parameters in the model to

resolve the disease phenotype can also help identify potential therapies.

9



Figure 0.5: From stripes to spots: A) In vitro patterns in cultured vascular mesenchy-
mal cells and the numerical solution of the mathematical model. B) Treatment with
exogenous inhibitor MGP (40 ng/ml) resulted in cell aggregation to a spot-like pattern
instead of stripes. The spot pattern is replicated in the mathematical model by increas-
ing the source term for MPG [5].

The BMP, MGP dynamical system was further studied for Turing pattern for-

mation in the context of pulmonary vascular development [33]. Increased levels of

MGP in the transgenic mice acted antagonistically against BMP-4 and disrupted lung

vascular patterning with reduced side branching. A computational model using simi-

lar reaction-diffusion partial differential equations recreated the reduced side branch-

ing with increased MGP concentrations, supporting the activator-inhibitor role of these

morphogens in pulmonary vascular development. As highlighted by the previous exam-

ples, the BMP transcriptional system is active in numerous locations and times through-

out development by acting on different downstream transcriptional binding domains

responsible for regulating gene expression. As a result, this system can display various

functional roles in a context dependent manner.

Previous work modeling the BMP regulatory network has focused on elucidat-

10



ing its spatiotemporal dynamics, especially in pattern formation [5, 33]. In the early

modeling efforts the biological kinetics, the ODE part of the PDE, had only equilibrium

dynamics, including bistability [5]. The role of temporal fluctuations in biological sys-

tems, such as compartmentalization, spatial structuring, and stem cell differentiation,

all of which are connected to the BMP regulatory network, makes it of interest to study

the capabilities of the system for oscillations. Specifically, we designed a mathemati-

cal model of the BMP network in vascular endothelial cells, guided by the molecular

dynamics and time-delays of the system, to explore the conditions yielding oscillatory

behavior. In conjunction with our experimental results, we hypothesize that the os-

cillatory dynamics in the system correspond to the maintenance of the EC progenitor

state, while the elimination of oscillations is associated with differentiation into mature

ECs. Furthermore, analyses of the parameters in the model indicate that the presence

of BMP-4 induces oscillations, while too much of its antagonist, MGP, inhibits them.

11



Figure 0.6: BMP Network Diagram: Network diagram for biological relationship
accounted for in the model. BMP-9 endogenous ligands bind to ALK1 receptor to
stimulate production of CV2 and MGP with a transcriptional time delay of 20 and 6
hours respectively. CV2 and MGP bind and inhibit BMP-9 and BMP-4, respectively.
BMP-4 autocatalytically produces itself through ALK2 signaling and activates ALK1
transcription with a time delay of 8 hours. BMP-4/ALK2 signaling is associated with
EC progenitor state, while BMP9/ALK1signaling stimulates EC maturation.

12



0.2 Methods

0.2.1 The Mathematical Model

We constructed a simplified mathematical model of the BMP-4/9 regulatory network.

The model postulates 5 variables representing protein concentrations that are mod-

eled with nonlinear time-delay differential equations. The equations model the rate

of change in the molecule concentrations (ng/ml) over time (hr) and numerical integra-

tion in Mathematica computes the concentrations as a function of time. The kinetic

reaction terms are based on known molecular interactions of the five variables: BMP-4,

BMP-9, MGP, CV2, and ALK1.

BMP9 :
dA

dt

=
k1

⇣C + �1
� µ1A (0.1)

BMP4 :
dB

dt

=
k2B

2

(↵2 +B

2)(⇢M + �2)
� µ2B (0.2)

MGP :
dM

dt

= k3A(t� ⌧1)S(t� ⌧1)� µ3M (0.3)

CV 2 :
dC

dt

= k4A(t� ⌧2)S(t� ⌧2)� µ4C (0.4)

ALK1 :
dS

dt

= k5B(t� ⌧3)
2 � µ5S (0.5)

In Equation (0.1), the variable A is the concentration of BMP-9 (ng · ml). BMP-

9 is a major circulating vascular quiescence factor produced by hepatocytes and intra-

hepatic biliary cells and is present in the human plasma at a concentration of 2-12 ng/ml

[34]. The source term of BMP-9 is accounted for by a constant production rate of k1.

CV2 interrupts EC differentiation and preferentially inhibits BMP-9 by binding to it,

acting as a negative feedback in BMP-9/ALK1 signaling [32]. The inhibitory interac-

tion of CV2 with BMP-9 is modeled with the CV2 variable, C, in the denominator of

the BMP-9 source term. The parameter ⇣ models the strength of CV2 inhibition on

BMP-9. A larger ⇣ equates to a faster removal of BMP-9 from the system. In Equation

13



(0.1), the parameter �1 models the baseline inhibition of BMP9 without any CV2. Since

there should not be inhibition of BMP-9 without CV2, �1 = 1. BMP-9 is removed from

the system by degradation at a rate proportional to its concentration, µ1 (hr�1).

Equation (0.2) describes the variable B, the concentration of BMP-4. Similar to

some other members of the TGF� superfamily such as BMP-2, BMP-4 is regulated by

an autocatalytic loop [35]. The activation of BMP-4 is modeled by a sigmoidal func-

tion to capture its autocatalysis and the saturation dynamics when the concentration

of BMP-4 is elevated. The parameter k2 (ng · ml�1 · hr�1) represents the maximum

production rate of the BMP-4 autocatalytic loop, V
max

. The parameter ↵ is the concen-

tration of BMP-4 when the reaction rate is half of V
m

ax. Furthermore, MGP inhibits

BMP-4 by directly binding to it, supporting the inhibitory MGP variable, M, in the de-

nominator [33]. Analogous to Equation (0.1), the parameter ⇢ (ng�1· ml) measures the

inhibitory strength of MGP on BMP-4. The baseline inhibition parameter �2 = 1 for

the same reason �1 = 1. BMP-4 is eliminated at the rate µ2 (hr�1).

The dynamics of the inhibitory molecule MGP are captured in Equation (0.3).

MGP is produced as a downstream product of BMP-9/ALK1 signaling. Previous stud-

ies from the Bostrom Lab have shown that MGP expression peaked 6 hours after

treatment of Human aortic endothelial cells (HAECs) with BMP-9 [32]. As a result

there is an imbedded time delay, ⌧1 = 6 hrs. The BMP-9/ALK1 ligand-substrate inter-

action is modeled by the product of the two concentrations with a production rate, k3

(ng�1· ml · hr�1). MGP is eliminated with a rate of µ3 (hr�1).

CV2 is another inhibitory molecule in this system represented by variable C

and modeled by Equation (0.4). Similar to MGP, CV2 production is downstream BMP-

9/ALK1 signaling. Expression of MGP precedes that of CV2 with a peak expression

occurring 20 hours after HAEC treatment with BMP-9 [32].The time delay from BMP-

9/ALK1 is captured by parameter ⌧2 = 20 hrs. The production of CV2 is modeled by

the product of BMP-9 and ALK1 concentration with a rate of k4 (ng�1· ml · hr�1). CV2

is eliminated with a degradation rate of µ4 (hr�1).
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ALK1, the preferred membrane bound receptor for BMP-9, is modeled by Equa-

tion (0.5) [27]. BMP-4 signaling is the driving factor for ALK1 expression [25]. ALK1

expression peaks 8 hours after treating HAECs with BMP-4, making ⌧3 = 8 hrs [32].

Parameter k5 (hr�1) represents the production rate of ALK1 from BMP-4 signaling.

ALK1 elimination occurs primarily through endocytosis from the plasma membrane.

Experimental studies have demonstrated that this rate is approximately 1.5 hr�1, which

is the value assigned to µ5 [36]. BMP turnover is thought to primarily occur through

BMP-bound receptor endocytosis since no extracellular proteases targeting ligands of

the TGF� superfamily have been identified [30]. As a result, the degradation rates µ1

and µ2, for BMP9 and BMP4, respectively, should be within several orders of µ5.

0.2.2 Non-dimensionalization

The dimensional model for this system contains 13 parameters when excluding the

three time delays and baseline inhibition rates. Non-dimensionalization reduces the

parameter dimensionality to 7 by lumping the parameters into dimensionless groups.

It also simplifies the analysis of the system by transforming absolute parameter values

into relative ratios. A sense of size is appreciated through relative comparisons of pa-

rameters values. The non-dimensional time t̂ is set as the ratio of time t (hrs) and a

time constant T , that we define to be 1
µ5

, the endocytosis rate of ALK1 [36]. Thus, the

unitless parameter t̂ = t

T

= t · µ5, whose value can be thought of as the total number

of ALK1 endocytoses occurring. Subsequent dimensional analysis yields the unitless

parameters:

✓1 =
µ5↵

2

k

2
2

, ✓2 =
⇢↵

4
k1k3k5

µ5k
2
2

, ✓3 =
⇣↵

4
k1k4k5

µ5k
2
2

,

�1 =
µ1

µ5
, �2 =

µ2

µ5
, �3 =

µ3

µ5
, �4 =

µ4

µ5
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This approach transforms the four degradation parameters, µ1, µ2, µ3, µ4, into

ratios between BMP-9, BMP-4, MGP, and CV2 degradation rates and the endocytosis

rate of ALK1, captured by the parameters �1, �2, �3, �4, respectively. The system dy-

namics can be studied in terms of relative degradation kinetics instead of absolute ones.

The remaining 3 parameters ✓1, ✓2, and ✓3 are not as easily interpreted. Experimental

data from our collaboration with the Bostrom Lab and parameters from the literature

help provide approximations for these values.

Dimensional analysis also adjusts the model variables to ones lacking dimen-

sion. Generically, for dimensional a variable X , we define X = X

⇤
X̄ , where X̄ is the

dimensionless variable and X

⇤ is the transforming constant. From this we obtained

Ā = A

✓
µ5

k1

◆
, B̄ = B

✓
k2

µ5↵

◆
, M̄ = M⇢

C̄ = C⇣, S̄ = S

✓
k

2
2

k5µ5↵
2

◆
.

The variables Ā, B̄, C̄, M̄ , and S̄ are the dimensionless forms of A,B,C,M, and S

respectively. In addition, we have dimensionless time-delay constants, ⌧̂
n

, obtained by

the relationship ⌧̂ = ⌧ · µ5. This yields our new time-delays

⌧̂1 = 9, ⌧̂2 = 30, ⌧̂3 = 12

The resulting non-dimensional system of time-delay ordinary differential equa-
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tions is:

BMP9 :
dĀ

dt̂

=
1

C̄ + 1
� �1Ā (0.6)

BMP4 :
dB̄

dt̂

=
B̄

2

1 + M̄ + ✓1B̄
2(M̄ + 1)

� �2B̄ (0.7)

MGP :
dM̄

dt̂

= ✓2Ā(t̂� ⌧̂1)S̄(t̂� ⌧̂1)� �3M̄ (0.8)

CV 2 :
dC̄

dt̂

= ✓3Ā(t̂� ⌧̂2)S̄(t̂� ⌧̂2)� �4C̄ (0.9)

ALK1 :
dS̄

dt̂

= B̄(t̂� ⌧̂3)
2 � S̄ (0.10)

0.2.3 Parameter Estimations

Gene expression analysis on cell cultures of HPAECs perturbed by BMP-9 and BMP-4

provide estimations for some of the production rate parameters. BMP-9 induces the

expression of MGP and CV2. The respective production rates in the model are k3 and

k4 with units ng�1 ml hr�1. After adding 10 ng�1 ml of BMP-9 into the cell culture,

MGP expression increased by 1.58 fold in 3 hours, accounting for the 6 hour time

delay. Normalizing the rate by the concentration of BMP-9 added to the culture makes

k3 = 0.053 ng�1 ml hr�1. Similarly, CV2 expression increased by 2.50 fold after 4.33

hours, accounting for the 20 hour time delay, and after normalization yields k4 = 0.057

ng�1 ml hr�1.

In another set of experiments the HPAEC culture is treated with 50 ng�1 ml

of BMP-4 and ALK1 expression increased by 1.82 fold after 9 hours, accounting for

the 8 hour time delay. The production rate of ALK1 in the model, k5 has units ng�1 ml

hr�1 and after normalization by the concentration of BMP-4 added results in k5 = 0.004

ng�1 ml hr�1. The experiments did not provide estimates for the growth rate parameters

of BMP-9 and BMP-4, k1 and k2, respectively, so approximations are made based on

the other production rates. The units for k1 and k2 are ng ml�1 hr�1. The production

rate estimate for BMP-4, k2, is derived from that of ALK1 since both BMP-4 and ALK1
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are induced by BMP-4 signaling through its ALK2 receptor. The units are adjusted by

multiplying k4 by the square of the concentration of BMP-4 added, 50 ng�1 ml, to

obtain k2 = 10 ng ml�1 hr�1. The source rate of BMP-9, k1 also has the same units as

k2 and is estimated to be k1 = 5 ng ml�1 hr�1, based on its human vascular circulation

rate [34].

The inhibition parameters ⇢ and ⇣ are set to 0.9 ng�1 ml to approximate an

inversely proportional reduction of BMP-4 and BMP-9 with the addition of MGP and

CV2, accounting for less than certain inhibition. The final parameter, ↵, represents the

concentration of BMP-4 when its autocatalytic reaction rate is half the maximum rate.

Based on a previous study from our lab, we approximate this value to be 20 ng ml�1

[37]. The initial conditions for all the simulations are: (BMP-9) A0 = 10 ng/ml, (BMP-

4) B0 = 50 ng/ml, (MGP) M0 = 0 ng/ml, (CV2) C0= 0 ng/ml, (ALK1) S0 = 50 ng/ml.

Table 0.1 summarizes the estimated parameters.

0.2.4 Monte Carlo Parameter Sampling for Oscillations

Constructing mathematical models for biological processes commonly involves many

unknown parameters. Paraphrasing Albert Einstein, a model should be as simple as

possible, but not simpler. A parsimonious strategy is often utilized since accounting for

all mechanisms results in a larger number of variables and uncertain parameters that

are difficult to measure experimentally. However, even after reducing a model to one

that captures the essential dynamics of the system, many parameters are still unknown.

In an effort to better understand the oscillatory conditions for this model we employed

uncertainty analysis on the model’s equilibrium dynamics by varying the parameter

conditions through Monte Carlo (MC) sampling.

MC statistical sampling is employed to evaluate the oscillatory dynamics of

the model under random non-dimensional parameter selections. This method provides

frequency plots of the parameter values that result in periodic behavior. For each non-
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Dimensional Parameters Value Units Function

k1 5 ng ml�1 hr�1 BMP-9 production rate

k2 10 ng ml�1 hr�1 maximum BMP-4 production rate

k3 0.053 ng�1 ml hr�1 MPG production rate

k4 0.054 ng�1 ml hr�1 CV2 production rate

⇢ 0.9 ng�1 ml MGP inhibitory coefficient on BMP-4

⇣ 0.9 ng�1 ml CV2 inhibitory coefficient on BMP-9

↵ 20 ng ml�1 BMP-4 concentration at half-maximal autocat-
alytic reaction rate

µ1 Unknown hr�1 BMP-9 degradation rate

µ2 Unknown hr�1 BMP-4 degradation rate

µ3 Unknown hr�1 MGP degradation rate

µ4 Unknown hr�1 CV2 degradation rate

µ5 1.5 hr�1 ALK1 endocytosis rate

⌧1 6 hr MGP transcriptional time-delay

⌧2 20 hr CV2 transcriptional time-delay

⌧3 8 hr ALK1 transcriptional time-delay

Dimensionless Parameters

✓1 9.00 coefficient for BMP-4 autocatalytic saturation

✓2 1.02 coefficient for MGP production

✓3 1.10 coefficient for CV2 production

�1 Unknown Relative degradation rate of BMP-9 to ALK1

�2 Unknown Relative degradation rate of BMP-4 to ALK1

�3 Unknown Relative degradation rate of MGP to ALK1

�4 Unknown Relative degradation rate of CV2 to ALK1

⌧̂1 9 MGP transcriptional time-delay

⌧̂2 30 CV2 transcriptional time-delay

⌧̂3 12 ALK1 transcriptional time-delay

Table 0.1: Model Parameters: This table contains the approximate values, units, and
the biological functions of the dimensional and dimensionless parameters used in this
study. 19



dimensional parameter, random sampling is performed on a log base 10 scale using

the uniform distribution on the interval [-3 to 3]. The logarithmic scale is used to

prevent undersampling of values on the outer ranges of the intervals, since each non-

dimensional parameter is a ratio of dimensional parameters. The log base 10 range of

[-3, 3] corresponds to a parameter ratio range of [0.001, 1,000], covering seven orders

of magnitude. For example, if µ1 = 0.01 (log10(0.01) = �2), ALK1 is degraded 100

times faster than BMP-9. Alternatively, a value of 100 (log10(100) = 2) corresponds

to an ALK1 degradation that is 100 times slower than that of BMP-9. For each set of

randomly selected parameters the model output is analyzed for the presence of periodic

dynamics.

It is computational very expensive to perform linear stability and eigenvalue

analysis for time-delay differential equations numerous times for MC sampling, so in-

stead we use a numerical approach to detect the oscillations in the model output. For

each simulation we independently sample the 4 non-dimensional degradation parame-

ters and numerically solve the time-delay differentially equations for 2,000 time-steps

using the NDSolve function in Mathematica. We extract the final 200 time-steps, t
f

,

for each variable so that the initial transient behavior of the model is ignored and the

steady state stability conditions can be observed. This data is normalized against its

maximum value during that time-interval for each variable.

To identify oscillatory dynamics, we calculate the variance of t
f

. In the case of a

stable system var(t
f

) ⇡ 0. For periodic behavior and non-oscillatory unstable behavior

we expect var(t
f

) > 0 since the output is either fluctuating or exponentially growing.

We numerically set a threshold variance, var
thresh

= 0.01, and if var(t
f

) < var

thresh

we consider the output as a stable node. If var(t
f

) > var

thresh

, we calculate the

discrete derivative �tf (i) =
tf (i+�)�tf (i)

� for each variable output, with � = 1 for i = 1

to 199.

In the case of an unstable non-oscillatory node, �tf should be positive for all i,

while for an oscillating output �tf should have a mixture of positive and negative val-
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ues. We define the fraction of negative values for �tf compared to positive values as

�

frac

. If var(t
f

) > var

thresh

and �

frac

 0.05, the output is considered unstable and

non-oscillatory. If var(t
f

) > var

thresh

and �

frac

> 0.05, the output is considered os-

cillatory. This numerical method resulted in zero parameter conditions yielding unsta-

ble exponentially growing outputs, as expected for a biological model. While we can

characterize the dynamics of the model output relatively quickly without performing

stability analysis on each equilibrium point, this method has difficulty differentiating

between slowly decaying stable spirals, and limit cycles. However, for our practical

purpose of modeling experiments with finite time, capturing slowly decaying spirals is

still of value.

0.2.5 Hopf Bifurcation Analysis of Delay-Differential Equations

The MC global parameter analysis identifies approximate parameter regimes for which

oscillations occur in this model. The parameters with narrower distributions require

more specific values for the creation of oscillations. This technique is useful for ob-

taining a general understanding of parameters with sensitive ranges for oscillation, but

it is of interest to explore more specific conditions leading to periodic behavior. This is

done using linear stability analysis on the equilibrium points of the time-delay differ-

ential equations.

The equilibrium points for the model are points in variable state space for which

all the differential equations are equal to zero. In vector notation, x(t) = x⇤ is the vec-

tor of equilibrium points such that f(x⇤) = 0 , where f(x) is the system of delay

differential equations. Stability analysis with ODEs involves a finite-dimensional co-

ordinate space, while DDEs are contained within an infinite-dimensional phase space.

Displacements from the equilibrium point �x(t) occur up to the longest time-delay,

⌧

max

. In order for the equilibrium point to be stable, it must be stable in the presence of

perturbations occurring during its recent history, going back to t� ⌧

max

[38].
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For notational purposes, instantaneous variables will be indicated as x = x(t)

and delayed variables as x
⌧

= x(t � ⌧). If the equilibrium point is perturbed by �x(t)

along the interval [t� ⌧

max

,1), then

x = x⇤ + �x (0.11)

and its derivative is

ẋ = �̇x = f(x⇤ + �x, x⇤ + �x
⌧1 , x⇤ + �x

⌧2 , x⇤ + �x
⌧3) (0.12)

accounting for the three time delays. Applying the Taylor series method to

linearize Equation (0.12) about the equilibrium point yields

�̇x ⇡ f(x⇤) + J0�x + J

⌧1�x
⌧1 + J

⌧2�x
⌧2 + J

⌧3�x
⌧3 . (0.13)

By definition, the differential equations evaluated at the equilibrium point equal

zero, f(x⇤) = 0, simplifying Equation (0.13) to

�̇x ⇡ J0�x + J

⌧1�x
⌧1 + J

⌧2�x
⌧2 + J

⌧3�x
⌧3 . (0.14)

In this equation, J0 is the Jacobian of f(x, x
⌧1 , x

⌧2 , x
⌧3) with respect to x and J

⌧n

is the Jacobian with respect to x
⌧n .

Assuming the differential equation has a solution of the form

�x = Ae

�t

, �x
⌧n = Ae

�(t�⌧n)
, (0.15)

and applying this to Equation (0.14), we get
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�Ae

�t ⇡ J0Ae

�t + J

⌧1Ae

�(t�⌧1) + J

⌧2Ae

�(t�⌧2) + J

⌧3Ae

�(t�⌧3)
. (0.16)

Simplifying this expression yields

�A = (J0 + e

��⌧1
J

⌧1 + e

��⌧2
J

⌧2 + e

��⌧3
J

⌧3)A (0.17)

0 = (J0 + e

��⌧1
J

⌧1 + e

��⌧2
J

⌧2 + e

��⌧3
J

⌧3 � �I)A. (0.18)

The presence of a nonempty kernel for the matrix in (0.18) indicates its deter-

minant equals 0, thus providing the characteristic equation

|J0 + e

��⌧1J
⌧1 + e

��⌧2J
⌧2 + e

��⌧3J
⌧3 � �I| = 0 (0.19)

where I is the identity matrix. The characteristic equation (0.19) is transcen-

dental with an infinite number of solutions due to the presence of exponential terms.

For the system to be stable all real parts of the eigenvalues, �, must be negative. A

positive real component indicates an unstable equilibrium point. A Hopf bifurcation

occurs when the eigenvalue crosses the vertical axis, transitioning from a negative to

positive real part of the complex conjugate eigenvalues. Linearization is performed

on all equilibrium points to determine their stability. Unlike MC sampling, Hopf bi-

furcation analysis can differentiate between equilibrium point stability types, including

stable and unstable spiral nodes. The Mathematica software program is used for com-

puting the equilibrium points, solving the Jacobian Matrix, and finding the eigenvalues

from the characteristic equation.
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0.2.6 Cell Culture Experiments

We closely collaborated with the Bostrom Lab at UCLA who conducted cell culture ex-

periments on this BMP system. Human pulmonary artery endothelial cells (HPAECs)

were prepared and cultured on 12-well plates at day 0. There were approximately

20,000 cells/well. At day zero, the wells were divided into 4 treatment groups: addi-

tion of BMP-9 (10 ng/ml), BMP-4 (50 ng/ml), anti-BMP-9 + Noggin (100 ng/ml), and

a control group with nothing added. After the initial treatment, samples were collected

approximately every 8 hours for 6 days and real-time PCR analysis was performed to

measure gene expression levels of ALK1, MGP, CV2, and CD34. The data was nor-

malized to reflect relative expression fold changes based on the initial mRNA quantity

detected per molecule.
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0.3 Results

0.3.1 Monte Carlo Simulation

The MC parameter sampling allowed us to globally identify the differential equation

parameter regimes yielding oscillatory outputs. We ran the simulation 2,000 times,

independently random sampling the parameters �1, �2, �3, and �4 with replacement on

each run. Consequently there is a 4-element vector, p, containing the parameters being

resampled on each run. The dimensionless parameters simplify the interpretation of the

results to relativistic comparisons of dimensional parameters. Of the 2,000 simulations,

53 resulted in oscillatory behavior (1.8%). Figure 0.7 shows the parameter distributions

for oscillations in this model.

Of the four degradation parameters, those for BMP-9, BMP-4, and MGP showed

a bias towards lower ratio values in the presence of oscillations. Due to the lack of nor-

mality in the skewed distributions, the median is a better measure of center than the

mean. For �1, the relative degradation rate of BMP-9 to ALK1, the range of log val-

ues yielding oscillation is [�2.98, 2.47] with a median of -1.90 (-2.35, -1.53, 95% C.I.)

(Table 0.3). The median log �1 value of -1.90 corresponds to the degradation rate of

ALK1 that is 79.4 times faster than the degradation rate of BMP-9. The median C.I.

does not intersect the log-ratio of equality, 0, indicating that the center of the �1 dis-

tribution is biased towards lower relative degradation rates of BMP-9. High BMP-9

degradation rates do not favor oscillatory activity because BMP-9 must be present to

induce expression of MGP and CV2 for feedback regulation.

25



Figure 0.7: MC sampling parameter distributions: the log parameter distributions
that result in an oscillatory model output. A) �1, B) �2, C) �3, D) �4.

The degradation rate of BMP-4, �2, is also skewed to log values less than 0. Its

distribution ranges from [�2.65, 1.54] with a median of �2.02 (�2.13,�1.52). How-

ever, only 1 of the 53 parameters has a log value greater than 0. Thus, the presence

of oscillatory dynamics highly favors the degradation of BMP-4 to be less than the

degradation rate of ALK1. If BMP-4 is degraded too quickly, it cannot adequately in-

duce ALK1 expression for BMP-9/ALK1 signaling. We expect the elimination rate for

BMP-4 and BMP-9 to be roughly less than or equal to the endocytosis rate of ALK1

since their primary mechanism of degradation is through BMP-bound receptor endocy-

tosis [30].

The relative MGP degradation rate, �3, distribution has a range of [�2.99, 1.07]

with median of �2.13 (�2.44,�1.62). The median C.I. does not contain 0, reflecting

the oscillatory bias for a lower MGP elimination rate compared to ALK1. If MGP

is degraded greater than 11 times faster than ALK1, the negative feedback signal on
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Parameter (p) Median (log10(p)) Median 95% C.I. Range

�1 -1.90 (-2.36, -1.53) [-2.98, 2.47]

�2 -2.02 (-2.14, -1.52) [-2.66, 1.54]

�3 -2.13 (-2.44, -1.62) [-2.99, 1.07]

�4 -0.58 (-1.10, 0.21) [-2.68, 2.62]

Table 0.2: MC sampling parameter distribution statistics with fixed delays: the
median values, median 95% C.I., and the range for each parameter distribution.

BMP-4 is not strong enough to induce periodic behavior. Its presence as a negative

feedback regulator of BMP-4 is thus critical for oscillations. The true value of �3 is

expected to be less than 1 since MGP is degraded slowly as a result of its positioning

in the extracellular matrix [28]. The distribution of �4, for the degradation rate of CV2,

has a log range of [�2.68, 2.62] and a median of �0.58 (�1.10, 0.21). Compared to the

other parameters, �4, induces oscillations for a more evenly distributed set of values.

The log median C.I. contains 0, reflecting the lack of a strong oscillatory bias to low or

high relative CV2 degradation rates. Since CV2 is a soluble protein, it is expected to

be eliminated faster than BMP-4, BMP-9, and MGP.

We also investigated the impact of uncertainty in the time-delays on the MC

distribution results. The experimental gene transcription time-delays are normally dis-

tributed with a mean equal to the peak delay, ⌧
n

, and a standard deviation equal to 10%

of ⌧
n

[32]. The probability density function for each ⌧ is plotted in Figure 0.8.
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Figure 0.8: Time-delay probability density functions: the normal distributions are
defined with a mean equal to the peak time delay, ⌧

n

and a standard deviation equal to
10% ⌧

n

. These distributions are used for MC sampling.

We performed MC sampling on the � parameters like before, except now we

sampled the time-delays from their respective normal distributions instead of designat-

ing them with a fixed value. The resulting MC distributions (Figure 0.9) are very similar

to Figure 0.7. BMP-9, BMP-4, and MGP are biased towards lower relative degradation

rates, while CV2 is not. This indicates that the uncertainty in the time-delays does not

dramatically change the MC simulation results making it reasonable to approximate the

time-delays with discrete constants instead of random variables.
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Parameter (p) Median (log10(p)) Median 95% C.I. Range

�1 -1.89 (-2.38, -1.04) [-2.93, 0.22]

�2 -1.76 (-2.26, -1.20) [-2.81, 2.50]

�3 -2.11 (-2.51, -1.56) [-2.97, 1.16]

�4 -0.32 (-1.03, 1.04) [-2.51, 2.81]

Table 0.3: MC sampling parameter distribution statistics with a normally dis-
tributed delays: the median values, median 95% C.I., and the range for each parameter
distribution. The time-delays are randomly sampled from normal distributions centered
around ⌧

n

.

Figure 0.9: Time-delay probability density functions: the normal distributions are
defined with a mean equal to the peak time delay, ⌧

n

and a standard deviation equal to
10% ⌧

n

. These distributions are used for MC sampling.

Central take-home points from MC parameter sampling:

• Oscillations prefer:

1. BMP-9 degradation < ALK1 degradation
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2. BMP-4 degradation < ALK1 degradation

3. MGP degradation < ALK1 degradation

4. CV2 degradation can greatly vary relative to ALK1 degradation

• Uncertainty in time-delays, ⌧
n

, does not significantly alter MC results.

0.3.2 1-Parameter Hopf Bifurcation Analysis

MC sampling of the parameter space provides an approximate global understanding of

the parameter distributions in the presence of oscillatory activity. It is of interest to

more thoroughly investigate how the model transitions into different stability regimes

as parameters are adjusted. To do so, we perform linear stability analysis on the equi-

librium points of the model while adjusting 1 or 2 degradation parameters and keeping

the rest constant.

0.3.2.1 BMP-4 Degradation

First we will explore the implications of changing the degradation rate of BMP-4, �2,

while keeping the other parameters fixed. Since BMP-9 is primarily degraded through

endocytosis when bound to ALK-1, we approximate µ1 as 1
10 · µ5, and thus �2 = 0.1

to account for the fraction bound being degraded. We also assume there much is more

ALK1 in the system compared to BMP-9 to avoid saturation. This is a reasonable

assumption due to the high initial ALK1 mRNA quantity in the control HPAEC culture.

MGP is a constituent member of the extracellular matrix causing it to be degraded

slowly. We set its rate to be slower than µ5 with a value �3 = 0.5. CV2 is a soluble

protein whose degradation rate is set to be on the same order as ALK1, �4 = 1.

We perturb �2 from a log value of -3 to 3 incrementing by steps of 0.05 to cover

the conditions when BMP-4 degradation is 3 orders of magnitude less than to 3 orders

of magnitude greater than ALK1 degradation. As �2 is increased the system transitions
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from 3 to 1 equilibrium points (Figure 0.10). This diagram plots the parameter �2

against the equilibrium points of BMP-9, BMP-4, MGP, and CV2. The red points rep-

resent stable equilibrium with Re(�) < 0, where � is the eigenvalue of the equilibrium

point. Blue points are unstable equilibrium points with Re(�) > 0. The consistently

red equilibrium trace is stable for all values of �2 explored. There are two curved equi-

librium traces with one portion being unstable throughout and the other bifurcating

from stable to unstable before annihilating with the other unstable point.

Figure 0.10: BMP-4 degradation rate (�2) equilibrium point stability diagram : The
x-axis contains the parameter value and the y-axis represents the equilibrium points of
the non-dimensional variables A= BMP-9, B= BMP-4, M=MGP, C = CV2. Red and
blue dots symbolize stable and unstable equilibrium points, respectively. The green
lines mark the boundary of the parameter regime exhibiting limit cycle dynamics.

The consistently stable equilibrium point is a stable node with Re(�) < 0 and

Im(�) = 0. The consistently unstable equilibrium point is an unstable node with
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Re(�) > 0 and Im(�) = 0. As �2 increases from log10(�2) = �1.65 to �1.60,

the third equilibrium point has a complex conjugate eigenvalue that transitions from

Re(�) < 0 to Re(�) > 0. Unlike regular ODEs, DDEs have a transcendental charac-

teristic equation with an infinite number of roots [39]. The numerical solution for the

characteristic equation at log10(�2) = �1.60 indicates that the largest Re(�) is posi-

tive, making the equilibrium point an unstable spiral (Figure 0.11 part A). This is a

supercritical Hopf bifurcation, which occurs when a stable spiral changes into an un-

stable spiral surrounded by a limit cycle [40]. This bifurcation is visible in the time

series plot in Figure 0.12. Before the Hopf bifurcation when log10(�2) = �1.65 the

5 variables exhibit damped oscillations. After the bifurcation when log10(�2) = �1.60

the variables are oscillating in a limit cycle.
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Figure 0.11: BMP-4 degradation rate (�2) eigenvalue analysis for the equilibrium
point exhibiting a Hopf bifurcation: A) The eigenvalues of the transcendental charac-
teristic equation after the Hopf bifurcation (log10(�2) = �1.6). The rightmost complex
conjugate eigenvalue has a positive real part indicating an unstable spiral equilibrium
point. B) The real component of the eigenvalue for the equilibrium point undergoing
the Hopf bifurcation as �2 is changed. This is the same eigenvalue for variables A, B,
M, C, and S. There is a supercritical Hopf bifurcation (marked by green lines) and an
equilibrium point annihilation.
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Figure 0.12: Limit cycle in time series: A) The spiraling stable dynamics of the model
before the Hopf bifurcation (log10(�2) = �1.65). B) The limit cycle dynamics of
the model after the Hopf bifurcation (log10(�2) = �1.6). A = BMP-9, B = BMP-4,
M=MGP, C=CV2, S=ALK1.

As �2 continues to increase, the unstable spiral node that gives rise to a limit

cycle encounters another bifurcation. When log10(�2) = �1 the two unstable nodes

collide and annihilate each other, leaving 1 stable equilibrium point. This bifurcation

eliminates oscillations and causes the system to reach a stable steady-state equilibrium

point. As a result, there is a bounded region of oscillatory dynamics between the two

bifurcations. This is visible in Figure 0.11 part B when the Re(�) > 0. The first Hopf

bifurcation occurs when the eigenvalue crosses the x-axis at �2 = log10(�1.6) and the

second bifurcation occurs when the equilibrium point disappears at log10(�2) = �1.

The BMP-4/9 network exhibits periodic behavior when the degradation of BMP-4 is

10 to 40 times slower than the degradation rate of ALK1. If the degradation rate is too
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fast, there is not enough BMP-4 present to induce oscillations.

0.3.2.2 BMP-9 Degradation

The model exhibits similar dynamics when the relative degradation rate of BMP-9,

�1, is perturbed. A degradation rate is greater than log10(�1) = �1.85 results in three

equilibrium points with the same dynamical properties described previously for BMP-4

degradation. However, the sequence of the two bifurcations occurs in the opposite order

compared to �2 (Figure 0.13). When �2 is decreased below log10(�1) = �0.20 the sta-

ble spiral equilibrium point undergoes a supercritical Hopf bifurcation (Figure 0.14),

corresponding to a degradation rate that is 1.6 times slower than ALK1 degradation.

The limit cycle exists until log10(�1) < �0.85, which is when the unstable spiral node

and unstable node collide and destroy each other. Beyond this point the steady-state ex-

pression of BMP-9 approaches its source rate, while the other variables decay to 0. The

�1 parameter range containing limit cycle dynamics is [log10(�0.85), log10(�0.2)], cor-

responding to a rate that is 7.1 to 1.6 times slower than ALK1 endocytosis. This range

consists of faster degradation rates compared to �2, suggesting that a longer presence

of BMP-4 compared to BMP-9 is important for allowing oscillations.
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Figure 0.13: BMP-9 degradation rate (�1) equilibrium point stability diagram : The
x-axis contains the parameter value and the y-axis represents the equilibrium points of
the non-dimensional variables A= BMP-9, B= BMP-4, M=MGP, C = CV2. Red and
blue dots symbolize stable and unstable equilibrium points, respectively. The green
lines mark the boundary of the parameter regime exhibiting limit cycle dynamics.
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Figure 0.14: BMP-9 degradation rate (�1) eigenvalue analysis for the equilibrium
point exhibiting a Hopf Bifurcation: The real component of the eigenvalue for the
equilibrium point undergoing the Hopf bifurcation as �1 is changed. This is the same
eigenvalue for variables A, B, M, C, and S. There is a supercritical Hopf bifurcation
and an equilibrium point annihilation.

0.3.2.3 MGP Degradation

Adjustments in the degradation rate of MPG, the inhibitor of BMP-4, resulted in the

same bifurcations seen previously, except in the opposite order compared to �2 (Figure

0.15). When log10(�3) > 0.55 there are three equilibrium points, a stable node, unstable

node, and stable spiral. A supercritical Hopf bifurcation occurs when log10(�3) < 0.55

(Figure 0.16). This transition creates a limit cycle that persists until log10(�3) < �0.15,

which is when the two unstable equilibrium points are destroyed in another bifurcation.

Periodic behavior can exist when the degradation rate of MGP is 1.4 times slower to

3.5 times faster than the degradation rate of ALK1. The model favors relatively faster

elimination of MGP compared to BMP-4 and BMP-9 for oscillations to exist. If MGP

stays around too long, its inhibition of BMP-4 activity shuts off oscillations.
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Figure 0.15: MGP degradation rate (�3) equilibrium point stability diagram : The
x-axis contains the parameter value and the y-axis represents the equilibrium points of
the non-dimensional variables A= BMP-9, B= BMP-4, M=MGP, C = CV2. Red and
blue dots symbolize stable and unstable equilibrium points, respectively. The green
lines mark the boundary of the parameter regime exhibiting limit cycle dynamics.
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Figure 0.16: MGP degradation rate (�3) eigenvalue analysis for the equilibrium
point exhibiting a Hopf Bifurcation: The real component of the eigenvalue for the
equilibrium point undergoing the Hopf bifurcation as �3 is changed. This is the same
eigenvalue for variables A, B, M, C, and S. There is a supercritical Hopf bifurcation
and an equilibrium point annihilation.

0.3.2.4 CV2 Degradation

Changes to the degradation rate of CV2, the inhibitor of BMP-9, also resulted in Hopf

bifurcations. Unlike the other decay rates, bifurcations induced by �4 do not create

or destroy equilibrium points. When log10(�4) < �1.2 the model has a stable node,

an unstable node, and a stable spiral (Figure 0.17). The unstable spiral undergoes a

supercritical Hopf bifurcation when log10(�4) = �1.2 and enters a limit cycle regime

until log10(�4) > 0.20, when it undergoes a reverse Hopf bifurcation to become a sta-

ble spiral once again (Figure 0.18). Periodic behavior exists when CV2 degradation

is 15.8 times slower to 1.6 times faster than the endocytosis rate of ALK1. Along

this equilibrium point, slower CV2 degradation corresponds to higher BMP-4 and CV2

concentrations and lower BMP-9 and MGP concentrations. Similarly, as CV2 degrada-

tion is increased, BMP-4 and CV2 concentrations are reduced while BMP-9 and MGP

concentrations rise. A greater presence of CV2 indirectly causes higher BMP-4 con-
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centrations because of its inhibitory action on BMP-9, leading to less expression of

BMP-4 antagonist, MGP.

Based on the 1-parameter linear stability analysis, limit cycles exist when BMP-

4 is degraded 40-10 times slower than ALK1, BMP-9 is degraded 7.6-1.6 times slower

than ALK1, MGP is degraded 1.4 times slower to 3.5 times faster than ALK1, and CV2

is degraded 15.8 times slower to 1.6 times faster than ALK1. Therefore, the presence

of BMP-4 is the most significant for oscillations, followed by CV2, BMP-9, and MGP.

Figure 0.17: CV2 degradation rate (�4) equilibrium point stability diagram : The
x-axis contains the parameter value and the y-axis represents the equilibrium points of
the non-dimensional variables A= BMP-9, B= BMP-4, M=MGP, C = CV2. Red and
blue dots symbolize stable and unstable equilibrium points, respectively. The green
lines mark the boundary of the parameter regime exhibiting limit cycle dynamics.
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Figure 0.18: CV2 degradation rate (�4) eigenvalue analysis for the equilibrium
point exhibiting a Hopf Bifurcation: The real component of the eigenvalue for the
equilibrium point undergoing the Hopf bifurcation as �4 is changed. This is the same
eigenvalue for variables A, B, M, C, and S. There are two Hopf bifurcations.

0.3.2.5 Time-Delays

Time-delays are important contributors to instability in mathematical models. We have

three time delays in this model, ⌧1, ⌧2, ⌧3, representing the transcriptional delays associ-

ated with the production of MGP, CV2, and ALK1, respectively, from BMP signaling.

Changing the time-delay values does not affect the number of equilibrium points or the

equilibrium point concentrations in this model. They only change the stability of the

existing equilibrium points. For ⌧̂1, a time-delay greater than approximately 1 results

in a supercritical Hopf bifurcation (Figure 0.19). The other stable node and unstable

node remain unaffected. As ⌧̂1 is increased to 40, corresponding to a time delay of

26.67 hours, the equilibrium point remains an unstable spiral and limit cycle dynamics

persist.
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Figure 0.19: ⌧1 eigenvalue analysis for the equilibrium point undergoing a Hopf bi-
furcation: The real component of the eigenvalue for the equilibrium point undergoing
the Hopf bifurcation as ⌧̂1 is changed. This is the same eigenvalue for variables A, B,
M, C, and S. Re(�) > 0 corresponds to periodic dynamics.

The time delay for CV2 production, ⌧2, also exhibits a Hopf bifurcation upon

increasing its value. When ⌧̂2 > 18, corresponding to a time delay of 12 hrs, the

stable spiral equilibrium point becomes an unstable spiral, creating a limit cycle (Figure

0.20). Unlike ⌧1, a more substantial time-delay is necessary for ⌧2 to initiate periodic

dynamics. In vascular endothelial cells, CV2 production exhibits the longest time delay,

20 hrs, compared to MGP and ALK1. The long CV2 time-delay may therefore be

necessary for oscillatory gene expression in progenitor HPAECs.
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Figure 0.20: ⌧2 eigenvalue analysis for the equilibrium point undergoing a Hopf bi-
furcation: The real component of the eigenvalue for the equilibrium point undergoing
the Hopf bifurcation as ⌧̂2 is changed. This is the same eigenvalue for variables A, B,
M, C, and S. Re(�) > 0 corresponds to periodic dynamics.

Changes to the final time-delay, ⌧3, for BMP-4 induced ALK1 expression also

adds instability to the model. When ⌧̂3 < 4, the system is stable, but past this point

the stable spiral node bifurcates into an unstable spiral node causing the system to

exhibit limit cycle dynamics (Figure 0.21). The ordered list of time-delays based on the

smallest delay required to induce oscillations is ⌧1, ⌧3, and ⌧2, which falls in the same

sequence as their biological values. Each experimental time-delay is situated in its

respective regime of instability and each is necessary for the existence of oscillations.

A summary of the 1-parameter Hopf bifurcation analysis can be found in Table 0.4
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Figure 0.21: ⌧3 eigenvalue analysis for the equilibrium point undergoing a Hopf bi-
furcation: The real component of the eigenvalue for the equilibrium point undergoing
the Hopf bifurcation as ⌧̂3 is changed. This is the same eigenvalue for variables A, B,
M, C, and S. Re(�) > 0 corresponds to periodic dynamics.

Parameter (p) Limit Cycle Regime

log10(�1) [-0.85, -0.20]

log10(�2) [-1.60, -1.00]

log10(�3) [-0.15, 0.55]

log10(�4) [-1.20, 0.20]

⌧̂1 > 1

⌧̂2 >18

⌧̂3 > 4

Table 0.4: 1-Parameter Hopf bifurcation analysis of limit cycle regimes: the pa-
rameter values for which the model exhibits limit cycle dynamics while adjusting the
indicated parameter and keeping the rest fixed.

Central take-home points from the 1-parameter Hopf bifurcation analysis:

• Adjusting the � degradation rates for each variable can lead to a Hopf bifurcation

44



and limit cycle dynamics.

• �1 (BMP-9 degradation) limit cycle region: 7.1 to 1.6 times slower than ALK1

degradation.

• �2 (BMP-4 degradatoin) limit cycle region: 40 to 10 times slower than ALK1

degradation

• �3 (MGP degradation) limit cycle region: 1.4 times slower to 3.5 times faster

than ALK1 degradation.

• �4 (CV2 degradation) limit cycle region: 15.8 times slower to 1.6 times faster

than ALK1 degradation.

• Oscillations favor the presence of BMP-4 over its antagonist, MGP.

• A slower degradation of BMP-9 compared to BMP-4 helps maintain the negative

feedback regulation necessary for oscillations.

• All 3 time-delays are necessary for oscillatory dynamics. CV2 transcription re-

quires a relatively long time delay of 12 hours compared to delays for MGP and

ALK1.

0.3.3 2-Parameter Hopf Bifurcation Analysis

Bifurcation analysis on one parameter results in a limited exploration of the parameter

space. Varying two parameters simultaneously provides significantly more information

about the relationships between the parameters and the stability of the model. We first

compare the degradation rates of BMP-4 and BMP-9 for oscillatory behavior.

0.3.3.1 BMP-4 and BMP-9 Degradation

We performed stability analysis on the equilibrium point undergoing a Hopf bifurcation.

Figure 0.22 depicts the parameter space between �1 and �2 that exhibits limit cycle
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dynamics. The region of instability for �2 is between [log10(�1.1), log10(�1.7)], while

�1 is contained within [log10(�0.4), log10(�2.0)]. This regime is slightly shifted to a

higher decay rate of BMP-9 compared to BMP-4.

Figure 0.22: BMP-4 and BMP-9 degradation rate (�2, �1) stability analysis on the
equilibrium point exhibiting a Hopf bifurcation: �1 and �2 parameter space analysis
for limit cycles. These eigenvalues are the same for the variables A, B, M, C, and S.
The red dot marks locations with stable dynamics. The blue dot marks unstable spiral
nodes that result in oscillatory kinetics.

0.3.3.2 BMP-4 and MGP Degradation

Next we compared elimination rates of BMP-4 and its inhibitor, MGP. Based on the

1-parameter stability analysis, we predicted that BMP-4 degradation rates should be

slower than MGP for the induction of oscillations. The results in Figure 0.23 show

that limit cycles exist when �2 is between [log10(�1.7), log10(�1.1)] and �3 is between

[log10(�1.0), log10(0.6)]. The degradation rate for MGP must be greater than the rate
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for BMP-4 for oscillations to occur. Since the � parameters are normalized by µ5, the

relative degradation relationship can be interpreted as an absolute one with µ3 > µ2 for

the presence of limit cycle dynamics. This supports the hypothesis that the activator,

BMP-4, induces oscillations while its antagonist, MGP, suppresses them.

Figure 0.23: BMP-4 and MGP degradation rate (�2, �3) stability analysis for the
equilibrium point exhibiting a Hopf bifurcation: �1 and �3 parameter space analysis
for limit cycles. These eigenvalues are the same for the variables A, B, M, C, and S.
The red dot marks locations with stable dynamics. The blue dot marks unstable spiral
nodes that result in oscillatory kinetics.

0.3.3.3 BMP-4 and CV2 Degradation

We also compared �2 to the degradation rate of CV2, �4. Once again, the �2 parameter

space for oscillations is bounded by [log10(�1.7), log10(�1.1)] (Figure 0.24). CV2

degradation, �4, has a much larger regime spanning [log10(�1.0), log10(1.75)]. BMP-

4 degradation consistently has a very specific limit cycle regime corresponding to a
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degradation rate that is 50 to 13 times slower than the endocytosis rate of ALK1. CV2

degradation can span a larger region with a degradation rate that is 10 times slower to

56 times faster than the degradation ALK1.

Figure 0.24: BMP-4 and CV2 degradation rate (�2, �4) stability analysis for the
equilibrium point exhibiting a Hopf bifurcation: �1 and �4 parameter space analysis
for limit cycles. These eigenvalues are the same for the variables A, B, M, C, and S.
The red dot marks locations with stable dynamics. The blue dot marks unstable spiral
nodes that result in oscillatory kinetics.

Central take home points from the 2-parameter bifurcation analysis:

• BMP-4 degradation rates that induce oscillations are consistently between 50 to

13 times slower than the degradation rate of ALK1.

• A strictly slower degradation rate of BMP-4 compared to MGP is required for

oscillations.
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• The presence of BMP-4 is favored over BMP-9 for oscillations.

• CV2 can induce oscillations for a wide range of parameter values, but oscillations

tend to favor a greater presence of CV2.

0.4 Experimental Results

The Bostrom Lab conducted experiments measuring mRNA expression of ALK1, MPG,

and CV2 after the treatment of progenitor HPAECs with BMP-4 and BMP-9. Ini-

tially there is little BMP-4 and BMP-9 in the fetal bovine serum (FBS) that bathes the

HPAECs, orders of magnitude less than the initial concentrations added. The addition

of 50 ng/ml of BMP-4 to the cell culture results in oscillatory gene expression of ALK1

(Figure 0.25). The oscillations have a period of approximately 24 hours. To determine

if BMP-4 is necessary for the oscillations, 100 ng/ml of Noggin and 300 ng/ml of anti-

BMP-9 are added to another set of HPAECs. Noggin is a polypeptide the binds to and

strongly inhibits BMP-4. Anti-BMP-9 specifically binds to and inhibits BMP-9.

When BMP-4 is inhibited by Noggin, oscillations are eliminated. The math-

ematical model predicts this finding since the addition of Noggin is analogous to in-

creasing the degradation rate of BMP-4. Thus, the presence of BMP-4 is critical for the

oscillatory kinetics of ALK1 seen in the progenitor HPAECs. Both the control group

and the BMP-9 treatment group do not demonstrate clear oscillatory behavior, but do

result in higher relative ALK1 expression compared to the Noggin + anti-BMP-9 group.

This is potentially due to BMP-4 produced by the ECs and BMP-9 in the serum. After

approximately 96 hours the cells transition from a pre-confluence to confluence state,

that we postulate is associated with further differentiation of progenitor HPAECs to

mature HPAECs. The ALK1 mRNA expression oscillates in the pre-confluence phase,

but stops once confluence is reached. At the point of confluence there is cell-to-cell

contact allowing Delta-Notch signaling to modulate gene expression.
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Figure 0.25: ALK1 relative mRNA expression: fold change of ALK1 expression
after the addition of either BMP-4 (50 ng/ml), BMP-9 (10 ng/ml), Control, or Noggin
(100 ng/ml) & anti-BMP-9 (ng/ml) to HPAEC culture. The vertical line marks the
approximate point of confluence.

According to the mathematical model, BMP-9 is an essential component to in-

ducing oscillations. Without it, the feedback regulation through MGP and CV2 would

not be present thereby eliminating this mechanism for oscillations. Previous modeling

of this system by Garfinkel et al. did not include BMP-9 and did not yield oscilla-

tory kinetics [5]. The addition of BMP-9 to the HPAECs lead to an increase in CV2

expression with an approximate time-delay of 20 hours (Figure 0.26). This reflects

the significance of including time-delays in the mathematical model. Upon activation,

CV2 expression roughly oscillated with a period close to 15 hours. The control group

and the addition of BMP-4 are not sufficient to enhance CV2 expression. The addition

of anti-BMP-9 and Noggin resulted in reduced CV2 expression without oscillations,
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demonstrating the importance of BMP-9 for enhanced periodic CV2 gene expression.

Figure 0.26: CV2 relative mRNA expression: fold change of CV2 expression after
the addition of either BMP-4 (50 ng/ml), BMP-9 (10 ng/ml), Control, or Noggin (100
ng/ml) & anti-BMP-9 (ng/ml) to HPAEC culture. The vertical line marks the approxi-
mate point of confluence.

Furthermore, BMP-9 is essential for MGP expression. The addition of BMP-9

increases MGP expression compared to the control group. The expression oscillates

with a period of approximately 24 hours (Figure 0.27). Exogenous BMP-4 cannot in-

duce MGP expression, as expected since BMP-9/ALK1 signaling is responsible for

this. The elimination of BMP-9 by anti-BMP-9/Noggin effectively shuts off MGP ex-

pression and its oscillatory dynamics.
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Figure 0.27: MGP relative mRNA expression: fold change of CV2 expression after
the addition of either BMP-4 (50 ng/ml), BMP-9 (10 ng/ml), Control, or Noggin (100
ng/ml) & anti-BMP-9 (ng/ml) to HPAEC culture. The vertical line marks the approxi-
mate point of confluence.

We were also interested in assessing the differentiation state of the HPAECs.

We measured the expression of CD34, which is an endothelial progenitor cell marker

[26, 41]. In the control group, expression peaked at 3 fold the initial value and steadily

declined by day 5 (Figure 0.28). BMP-9 alone did not have an impact on CD34 expres-

sion, as expected, since it signals for EC maturation. The initial BMP-4 impulse had the

strongest affect on CD34 transcription causing the expression to oscillate and peak at a

5 fold relative increase at day 2.5. CD34 expression declined post-confluence at day 5

to values similar to the other treatment groups. The addition of Noggin reduced CD34

expression and eliminated oscillations. This data supports other scientific findings that

BMP-4 is responsible for maintaining the progenitor state, and also provides evidence
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that it may do by promoting oscillatory gene expression [26, 41].

Figure 0.28: CD34 relative mRNA expression: fold change of CV2 expression after
the addition of either BMP-4 (50 ng/ml), BMP-9 (10 ng/ml), Control, or Noggin (100
ng/ml) & anti-BMP-9 (ng/ml) to HPAEC culture. The vertical line marks the approxi-
mate point of confluence.

Ultimately, the process of reaching confluence may play an important role in

cell differentiation. In addition to CD34 levels decreasing, there was a rise in MGP ex-

pression post-confluence when the culture was induced by BMP-9 (Figure 0.27). The

increased MGP likely suppressed BMP-4 activity and possibly inhibited BMP-4 main-

tenance of the progenitor EC state causing the cells to transition to mature HPAECs.

Central take home points from the experimental results:

• BMP-4 induces oscillations in ALK1 expression in progenitor HPAECs and the

inhibition of BMP-4 eliminates them.
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• BMP-9 induces oscillations in MGP and CV2 expression in progenitor HPAECs

and the inhibition of BMP-4 and BMP-9 eliminates them.

• BMP-4 stimulates oscillations in the expression of the endothelial progenitor

marker, CD34, in progenitor HPAECs. BMP-4 may help maintain the HPAEC

progenitor state by inducing periodic dynamics.

• Confluence and maturation of the HPAECs appear to eliminate oscillations.

• MGP expression levels exhibit sustained elevation when oscillations are termi-

nated. MGP may play an important role in stopping oscillations and triggering

HPAEC maturation.

• ALK1 and CD34 expression levels are reduced upon confluence and maturation.

Connections between the mathematical model and the experimental re-

sults:

• The presence of BMP-4 stimulates oscillatory gene expression of ALK1.

• BMP-9, in the presence of BMP-4, stimulates oscillatory gene expression of

MGP and CV2.

• Oscillations are terminated by the inhibition of BMP-4 and BMP-9.

• High levels of MGP promote the elimination of oscillations and may function to

trigger HPAEC maturation.
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0.5 Discussion

In this study, we explored the dynamics of a double-loop negative feedback system con-

taining BMP-4, BMP-9, MGP, and CV2 which are critical for vascular endothelial cell

differentiation and morphogenesis [24, 5, 33, 31, 32]. We mathematically studied the

mechanisms of oscillatory gene expression in the BMP-4/9 network and the potential

role for these oscillations. Only recently have scientists appreciated the significance

of oscillatory gene expression in the process of stem cell differentiation [4, 42]. Pro-

teins such as Hes1 exhibit oscillatory dynamics that correspond to different cell fates.

Out of phase oscillations between Hes1 and Ngn2 are found in neural progenitor cells,

while a transition to sustained expression of high Ngn2 and low Hes1 triggers the cells

to differentiate into neural cells [42]. As of now, no one has studied the dynamics of

BMP oscillations in progenitor vascular endothelial cells and their potential role in cell

differentiation.

We started at first principles, mathematically modeling the activator-inhibitor

interactions between BMP-4/MGP and BMP-9/CV2, BMP-4 stimulation of ALK1 ex-

pression, and BMP-9/ALK1 signaling of MGP and CV2 expression. This system is

known to have long time-delays for the transfer of biological information from ligand-

receptor binding to gene expression. Thus, for completeness we modeled the system

with 5 nonlinear delay differential equations for BMP-9, BMP-4, MGP, CV2, and

ALK1.

Experiments with human embryonic stem cells (hESCs) have shown that BMP-

4 Smad- dependent signaling is critical for differentiation into vascular progenitor cells

[26]. This progenitor state can further differentiate into mature vascular endothelial

cells by BMP-9 signaling [32]. The antagonists, MGP and CV2, work to regulate BMP

induced differentiation and maturation by acting on BMP-4 and BMP-9, respectively

[43, 32]. We postulate that the negative feedback relationship between BMP-9 and

BMP-4 functions as a mechanism to regulate progenitor EC differentiation into mature
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ECs, and manifests itself in oscillatory gene expression. This cellular programming can

be abstractly thought of as navigating in gene expression state space from an attractor

characteristic of progenitor ECs to one that is reflective of mature ECs [3].

We investigated the mathematical model’s potential to display oscillatory dy-

namics using various methods. Non-dimensionalizing the equations significantly re-

duced the number of parameters in the model and converted them into ratios of dimen-

sional parameters, simplifying the analysis. We approximated all of the parameters

except the degradation rates of BMP-9, BMP-4, MGP, and CV2 using experimental

values and data from the literature. MC sampling of the parameter space and numerical

detection of periodic dynamics in the model helped capture a sense of the parameters

inducing oscillatory gene expression. The skewed distribution for �2 in the presence of

oscillations reflected that BMP-4 elimination should be slower than the rate of ALK1

endocytosis for oscillations to occur.

Linear stability and Hopf bifurcation analysis provided a more detailed view

of the model dynamics. In agreement with the MC sampling results, the presence of

BMP-4 is critical for oscillations. Also, faster degradation of MGP relative to ALK1 is

important for oscillations, highlighting its antagonistic relationship with BMP-4. Os-

cillations did not occur if BMP-9 was eliminated too quickly due to its role in feedback

regulation, and slower degradation of CV2 compared to ALK1 preferentially promoted

periodic behavior. The presence of BMP-4 and CV2 induced oscillations while too

much MGP inhibited them. If oscillations are interpreted as the progenitor HPAEC

state, then BMP-4 and CV2 help maintain the progenitor status of ECs and MGP favors

their maturation. This agrees with scientific findings that BMP-4 regulates progenitor

status of ECs, and that CV2 antagonizes EC differentiation [26, 32].

While time-delays are often excluded from differential equations due to the

added complexity of analyzing the model, they are essential for the production of os-

cillations in this model under the parameter regime we investigated. The delay for CV2

expression, ⌧2, which is 20 hrs in vascular endothelial cells, needed to be greater than
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12 hrs in the model for limit cycle dynamics. Therefore, in addition to its negative

feedback on BMP-9 and thus MGP expression, CV2 promotes oscillatory dynamics

through its long time-delay.

The 2-paramter Hopf bifurcation analyses revealed information about the pa-

rameter relationships that are important for periodic dynamics, which could not be

obtained from the 1-paramter analyses. BMP-4 degradation rates that exist during os-

cillations consistently fell in the range of 50 to 13 times slower than ALK1 elimination.

Limit cycle dynamics favored relatively slower degradation of BMP-9 compared to

ALK1, again demonstrating the need for BMP-9 to be present due to its central role in

negative feedback. MGP degradation had to be strictly less than BMP-4 degradation for

oscillations to occur, displaying the significance of this activator-inhibitor relationship.

This mathematical model predicts that a relatively slow BMP-4 decay rate, coupled

with a faster MGP elimination is favored for periodic dynamics.

The experimental findings in the HPAEC culture show agreement with the math-

ematical model predictions. The addition of BMP-4 induced oscillations in ALK1 ex-

pression and the combination of BMP-4 and BMP-9 led to oscillatory MGP and CV2

expression. Treatment of the cell culture with the BMP-4 antagonist, Noggin, and anti-

BMP-9 eliminated oscillations and reduced expression of ALK1, MGP, and CV2. The

functional role of the oscillations can be postulated by measuring the expression of EC

marker, CD34, [41]. BMP-4 increased CD34 expression in an oscillatory manner with

a peak increase of 5 fold 2.5 days after being added to the HPAEC culture. Therefore,

BMP-4 may help maintain the progenitor EC state through high amplitude oscillations

of CD34. This maintenance is eliminated by reduction of BMP-4 levels through Noggin

or by the addition of exogenous BMP-9, which functions to promote EC maturation.

Once the cells reached confluence at approximately 96 hours, we believe they

differentiated from progenitor to mature HPEACs. This transition is marked by di-

minished oscillations in ALK1 expression and by the reduced presence of the CD34

progenitor marker. MGP continues to rise after confluence, which may be important
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for suppressing oscillations of ALK1 and associated with the maturation of HPAECs.

This agrees with findings from the mathematical model that an increased presence of

MGP is important for the elimination of oscillations. It may also be connected to the

functional role of assisting cell maturation by inhibiting BMP-4 signaling that is critical

for maintenance of the progenitor EC state.

Our study is limited due to several factors. The time-delay differential equations

do not consider spatial dynamics, including cell-to-cell contact and morphogen diffu-

sion gradients. Thus, it can be interpreted as a pre-confluence model prior to direct cell

interactions necessary for Notch signaling. Notch plays an essential role in cell dif-

ferentiation and pattern formation that we intend to explore in future variations of this

model [44, 45]. Furthermore, the BMPs, MGP, and CV2 are diffusible morphogens that

are important architects for vascular and pulmonary pattern formation, while ALK1 is

a membrane bound receptor [37, 5, 33, 46]. Incorporating spatial dynamics by trans-

forming the equations into delay partial differential equations may provide information

about the maturation of progenitor ECs into vascular spatial structures.

Certain pathologies including ateriovenous malformations (AVMs) and diabetic

vasculopathies are characterized by increased BMP signaling in endothelial vascular

cells [33, 47]. It would be interesting to explore the potential role of the BMP-4/9

regulatory network in pattern formation of pathological angiogenesis and atheroscle-

rotic calcification seen in AVMs and diabetes mellitus, respectively. Deletion of the

MGP gene in mice causes AVMs, and hyperglycemia activates aortic BMP activity to

promote vascular calcification [47, 31].

AVMs are characterized by reduced capillary branching and the shunting of

blood to large-diameter vessels. It would be interesting to explore if temporal oscil-

lations of this system play an important role in spatial vascular patterning, similar to

lateral root branching in plants [22]. Preliminary findings from the Bostrom lab indicate

that HPAECs form vascular EC networks upon maturation.

In the analysis of this model we made approximations on certain parameters and
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focused our methods on exploring the degradation rates of BMP-9, BMP-4, MGP, and

CV2 and their affect on equilibrium stability. We intend to explore other parameters in

the model, including the production rates and inhibitory coefficients to further study the

stability and oscillatory potential of this system. Some experimental limitations in this

study included the number of gene expression time-points collected. More time points

can help better characterize the oscillations and their properties. Experimentally mea-

suring the expression of BMP-4 will also provide us with a better understanding of the

system dynamics, relative to our current limited knowledge of only its experimentally

controlled initial conditions.

In summary, our study suggests that a greater presence of BMP-4 relative to

its inhibitor, MGP, is important for the induction of oscillatory gene expression. In

addition, transcriptional time-delays, such at those for MGP, CV2, and ALK1, play

an essential role in adding periodic instability to this system. We also found a pos-

sible association between BMP-4 induced oscillatory gene expression and its role in

maintaining progenitor HPAECs, as well as, the role of MGP in promoting progeni-

tor differentiation into mature HPAECs. Further experimental studies are necessary to

explore this hypothesis.
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