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The two programa d&mcxﬁbad im thiﬁ papar X:xave been wriﬁ:ﬁ;en fm: t;hca i

mlal?sis of an ang\dar &iatribution by uﬂiu& the mmmum“lik@lmOOd mmOd'

The pragrams are pmrt:icmlmlv wiwd for the caaw in which the ieastz

o 'squa.res method is ina,pplica.bm, i.a, , when some ixztervalﬂ of the distxibution

. };a,re 80 poorly populamd that the distribution of amigned errors is not Gausaian. '

o The progra.ma, ‘called "AD«»C:M" and %D—%" have been written for the

709 and 7090 IBM computer of the Lawzence Rz»,diaaon Laboratory, Berkeiey-

| "»"'v‘.‘:They ha.ve to ba :run with the F{)RTMN MONI‘TQR aysmmo A capy of each |

G of these progrmm s a.v&ilabl& fxom Roheart: Harvey, Alvarez gmup, Lawrence
”,Radia,tion mzmmeory. o

Description ef the- M.@f:had

The fuactiom £1tte& to the expe rimental dam ia o |

e “”az pregigtees ey
' :where “l“ “2’ e00 u % ‘are given £um&iam» af e ;m;;le é a’ie"ining t;he angaalm:

'. "{distribumono - . , » _

S In Program “AD-.CW" the .Cum:tion £ fus apolynomml M order in ,

'.cos 6. Thus. uﬂ = cos ew | o

..

n,v .

: - ? On leave fwm thea Imxtim@ Imtmmmiwwmimim daw é‘aciemm& Nucmm res,

' Belgium.
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In. Program "AD«L@Q;" the £v.mct:1cma “i are the zmnorma&ized Legendre

L ';_-''pclymmzmi.alxsx that aatisfy ma mla&iom _ _ e _

L i P.'Q (cos 6) & -mr-m cos 9 el (ﬁos G) - ngw’ 1 Py 'é.(éofs;@.);"‘;_(‘Z) S

z-.j . SR L N }ﬂ(cqs a) L8Ry, l{coea)
(2&4‘#3) ?E “%ma @m»s@ ” , dcosa L

" Thca ma.ximnm va,me for n i@ 19 for both casas.

BT

The experimental dimmtmti&m is asaumeci to be kmwu withixx fcwo mtervzus:'__” |

‘;,‘7.._?o£ cos @ extending from ces 'E a. 6:0 cos 9 = h for the firat interval and from :
féos 8= c to coe: 8 = d for the secoud (Fig. 71) " Thie a.nows one to delete o
."x.egions of the di@tribuﬁan where iﬁ. ccui& ha:ve ‘been eiifﬁcult or impossible
_.:‘."?:-experimentally t;o memum t;%xa mreems, a8 for example m &h@. foxward and L
.“’.lbackward diz'eo:,t:nm*me B f o “ et \- - S
’i’he prob&bﬂiw ﬁm a, giwm mmxm ha,ez a value @ Sm dczm 3 m "
p(_ﬁi)cims@m 'b &ccﬁaa N L
P j '{"f fiw)d@.oaﬂ} - '

i”l ‘ ) . g: (5)

=
[ i M{@)dcas@}}

"rhe mmcimnm-mcelihaom as*’imawaa of thw coefﬁaianﬁa a.a, :ze.ag cev o

e

~ jmh) &re ‘ehoae for which i:hﬂ lmc‘iﬁeod functicm L I:.gq, Q%)e is mamrnum

un,d by solvlng tkae §c>13,0wing set of equatiea&.

4»0’

%,.‘gi}.,,%&,,x{) fox ‘Q ﬁxw z'a °°°sn€ | \ o 'A {6)

L4

(1) Erdelyi, Ma.gmxs, Obera@ttinger. qmd Tricemi, gher Tzanacemdenﬁai

A Functions, v°1, | s. iM@C‘vz’m‘w»HﬂE Book «:a.,, zm.,,, New York wm
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S f *’j i‘*ﬂ c08 6) &cos 93

b sj_O-"
j j[fﬁwse)éc@sﬁl

"'% mﬂmﬂ. a

L A ﬁrst a.tn.empt to detex‘mixm thez: wkummz m m«:’le by ﬁ:olvmg tha ﬁauowing

equaﬁons, obtamed by axpemding Eqa &7} in @ Taylor sariea a,nd keepmg

(uﬂ &mme ) d cos 6)

(fgicos 9) d cos @) e

h& ﬁk‘\gh.; o

b

» K |
uﬁ(COB Qi)uk(:.oa ei; NU .ﬁ:j {u; {cos 8)dcos e% D %j(ukﬁcma g)decs &

FA b d
£ icom 7% R U j *(cos 6) dcose]a

\
b".,

Y“Iere f (cos 6) re‘é#‘;mnts the i@ﬁoxm f in wﬁich the coefﬂcients ai ceca

” ha.ve be en replac@d by the appr@ximme ve.luem ai_ ; ; .9 a . In tha n AD Lc g", '
_ ” ase. the integmla in (9) have been raduced by using :.relcmon (2} and Qs)e

s The increments Aak mmzd b'gf mkving the myﬁmm.(‘)) area adcied to ﬁw a.ammx.ﬁ,fl_

e -'mate coefﬁcien& ai 'mm r«amﬂ ng valma of al are ﬂwn useé a@ a new
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- RS SR @onvergem:@ and V&ria_nﬂea o o

. At each itez&tiom,, ﬂm quam;iﬁas ,;.; S _

L o [ e o
. i & o ? _‘.ﬂ‘ o { , (10) B N

are computed. Tbese qmnﬁtiea. whieh wmﬂd repmaenﬁ the atandard errora o

: _‘  if the coefficients a.gt wem nat c@mzdateﬂd are ua@d to build i;he convergence

A.' L AN H

0 .check ‘in the preeen& vemien @f ‘i,hea programa. t;he i&era&ion procedum is T

Rt

v;ﬁ_l' .si:opped ‘whe:n thé ‘f‘f'asst inscmmma ﬂx‘sdk “Q‘m‘?‘ ’W mlvmg i:hm sy'@tem (% are

éa.k Thia fmcﬁon cm xba mm’wﬂum&d ﬁm W«h‘a P” ngmma aa m immn.

_‘;,ﬁ 'I’ha iunc:tion fo whic.h ahcmm repmmnt the pmbabﬁlmy &i@tribunon !

L ; When this happene in the ccmme of the itexaﬁtm pxocedura,, new a.pproximate
coef.fxcients ak am dete mined bsr s,dding to t!m approxima,te caefﬁciema o*‘
the prekus step &/10 thez increzm.nm Aal 1 mcesmry,. the incmmem:s

are reduced again by the same mc@or azui the imrativa pmcec?iure is conunuea,.'_

: "fi . - A_; /_' Input E’ormat

The expex’imental smgular di.atx'ibuﬁan can be t.'eé inm the px @grax:z in

two diffez'ent waysz -

%a) as a list of individuai eevmam. aach wim ite cc:rmssponding vaiue of cos @; | '

(b) as a hiatogra.m, 1' or each intm'vaﬁ.@ ‘the sumber of me ovents md the

Vvalue of coa 8 coxmaponding %o ﬁm mxddm of m@ imarval are giwm MI the ‘
events cf ﬁhe inm:‘val m'@ tma&:@d by ﬂw pmgxmn as mough th@y’ had the same
' va.lue of cos a. Thm ma.!mfs @Mﬁer i:hc, introd.uct‘;ion af the &ata m%a the ¢oms-

| puter (and reducea the m;mlmr e»f input cama}, ’I'h,e inﬁ:ewalp lmve ta be

chosen sman enough in @x’dmr m hava a distribuﬁ;ion prmﬁ@ﬁy equivalem w o

. " . A . ~ . -

| au aam.uer tha.n a cemﬁn ﬁrmmnn of mmr mspeetw@ “amnda,xé erroré " BIDST

of‘the events. em take negaﬁwa vmﬁu«as fer an ar‘bierary set Qt’ the coefﬁciems.. -



;‘_\-_‘;"i"‘f.XERR. Formt(zox 1o, E‘w..»}

that of Gase 8- ' ' o

W \
L
N l

TVThe &otal namh@r @f mmnm mmst be Etaem &ha,n 2000@

S The input data ha.ve to be givem cm puucma cazdw, m the foliawirg order. R

1 One cma with eh.e WMmum mam’%mw M’ i@;@m&mmm em@wed and. v;he fa,cwz' ”

o - . 2 ' One card with the limi.ts of the experimental angulmr diaex'ibutxon (sae S

"’f“'r'.-."j'labove§ 2 by c. d Forma&(Z@X mo,s»)

PR L - -
O R :

One card with the numher @ﬂme wals ia Gme (b) abave. with thca total f S

. numbemof eventa in Gase (a.) Foxmﬁ: (.?;OX XE 0}

4 E‘or each intewal er @Mh azwm, ume cmd wﬁth &h@ cormapmnding vaslu@

’ 3""f""ﬂ'jf':,'{;(zox, F1o0. 5, noy St

RN thx'ougn é. inclusiw, are a,dded

:; "of cos 8 a.xui the cormsponding zm.mbw ‘af @vem;s (c;m in Caaa (a)) Forma_r.v | |

S 5. One card i@x' @he orﬂer Ro memm; {2.02;, 110) B VA
;6 The iuitial va.zues of the coefﬁisiqmt&, sach on one sard Format {20%, mz 4
5 Ax this paint, ifa ﬁxmtian £ oﬁ diﬁf@mm ordex B has to be ﬁm»d to
.".:;the same experimenw damo steps ?,» amd 3 am repea@eﬁo e

" 7 A bl&nk card if amther set @f diata. Im.a ﬂ.o bez; m&lymdd‘ fl‘heaxa caz’ds 2 AL

A blanl\ cafﬁ vehich m fmﬂ;erpmted a8 the and af the calculationse g

Outpuz X“ommat L

P NI

Here is givem an emmpla ai output for a.v. mgule},r diatribut iom amaiyaeu :
B by the "ADmCos" pregmma &'Zihe maampleb is. «ahown mx ﬁw ﬁ@liowing pag w} ,
',Tha output foxma.t is idexztim}. fow the “&D-L@g" Pragm.mq 'E‘he t&me mqmma L

o "f?’"_f‘for the calculatiom ia abem% ? mmuws on “"‘wz ?EM 7&9 Compui:@r, ., E‘iguz-e Z )

.. ‘_'v';'vshows the experim@xxm da,w. aﬁcmg wﬁm t&m normalmeci fi.ated distmbm:-::
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Remarks | ‘
. l; At the end oi cach etop the value of the likelthood function is
computed and printed. R ‘ ) _
o : . When a. satufactory set of coemcients has been found. the arror
| matnx is computed ‘by {invezsion of the matrix £ormed with the eecond
| derivatives of the loga.rithm of the likelihood function L PEESPONEEE
o 3. “The t'\mction £ s intcgra.t:ed over the two intervalu (a. b) and
(¢, d) and the resulte are printed, - R U S I f '-;
4 The fitted dictribution normnlized to tho nnmber of eventa in the |
intervals {a, b) and (c. d) is tabulated {cr valuon of cos 6 irom -1 to +l for

:ntervala of width 0.1, ‘

4 Ifa eatisfactory eolution bas not been found after the allowed number
of iterations, the last increments Az, gre printed ln addition to the other
information. ‘ S s

6. If the function - f takes negativa valueo for the {nitial coefficients,
the calculatzon is stopped. The program has to bo gent ba.ck to the compute"'

with another set of initial. values,
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b ’ < DATA 1 Thv .
'; | S . oot - ’
i G - L0.9000 13
L - e L. , -0.7000 8
% ( . =0.5000 7
. Lo : w0 043000 13
v . v : ~0.1000 14
|- . ¢ ) : 0.1000 23
N ‘ S S 043000 27
] : - ' 045000 34
; ‘ . ¥ :0.7000 , 33
} R . 1 0.9000 " 21
o .
] ! ¢ RESULTS FOR ORDER N = 3
¥
L INITIAL PARAMCTERS
] ¢ . 0.T3DE 00
i , . 0.168E~00
3 . : Oo
1 ¢ " L. FUNCT. AFTER ITER NO. | = . =118.4885
-‘ . THE PROB. FUNCT. WAS NEG. AT xrcno NO.= 2 _
3 C . Lo FUNCT. AFTER ITER NO. 2 = ~112.8386
! L Lo FUNCT. AFTER ITER NO. 3 = ~113.6715
: Lo FUNCT. AFTER ITER NO, 4 = ~111.5691 ,
1 " numBER OF ITERATIONS = 4 FOR N = 3 gIK, FNCT« s’ «111.5675 :
i SATISFACTORY SOLUTION FOR THE PARAMETERS
: : C . 0.163E 01 ! _
) n : ' ~0.165E-00 i ’
| . -0.1T1E 01 -
! (
1 $Q. ROOT OF INV. OF SEC. DER.
I o 0.1009€~00 ) .
i C ) 0.1813£~-00 . :
! : 0.1674E-00
; . C INTEGRATED DlSTRIBUTION = 0.1890& 01
e . ERROR MATRIX
i C 0.7170E-01 0.1679E~01 ~0.1018:-00
; 0.16T9E-01 0.4727E~01 -0.4147E-02 .
: ¢ - 700 1018E-00 -0.414TE~02 0.1815E-00
i . SURTET
! . © FITTED oIstRisuiion ')
{ G- ~0.950 0.790& 01 '
; , . =G.850 0.562E 01 _
g - - . ~0.750 '0.419t 01
: : C © =0.650 '0.351E 01
i ' -0.550 0.348E 01
; ¢
1 - . b “ !
1 , N .
i’ { ~0.450 '0.399: 01 ..~
b ~0.350 0-494€ 01 ° .\
s ) : -0.250 0.623t 01 - : \ L
1 ( -0.150 0.T74E 01 Y
, . ~0.050 0.938¢ 01 .
i s : 00650 0.110€ 02 o _ -
¥ [ G 0.150 0.126€ 02 . "y : ,
: . : 0.250 0.140€ 02 .
3 o 0.350 .0.151E 02
i SO . -¥ o 0ess0 T { 0.157¢ oz, i b
; O 0.550 ;? 0.159€ 02"
= E N 0.650 '!' 0.155: 02 o
i G 0.750 Y. 0.143E Q2 e
i 0.850 - 0.124k 02 “
1 00950 0.948¢ 01 . : :
- ¢ A
1 . | ,J
g ( - . . ! "y
1s . ' ;
*
i
H »
: . s ¢ N
; L
) ' - ) h N ¥
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Fig. 2, Experimental and normalized fitted distribution,





